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SUMMARY

Finite element (FE) modeling technigueptimize model parameter values for
improving the predication accuracy oframerical model This research investigates
algorithms utilizing the frequenegomain modal properties and the thsh@main dynamic
responses for FE model updatitigterms of frequencgomainmodel updatinga global
optimizationalgorithm, the surof-squares (SOS) method, is proposed to solve the modal
dynamic residual formulation for finding optimal model parameters. The SOS method can
reformulate a nonconvex polynomial optimization problem into a convex semidefinite
programming (SDP) problem, the glologitimal solutionof which can be reliably solved.

In order to improve the computational efficiency, the sparsity of the optimization problem
and facial reduction technique are investigated for reducing the size of the reformulated
SDP problem. The proposeslOS methodand effciency improvement techniquese
validated through numerical studies of a fetory shear frame structure and a plane truss

structure.

In terms of timedomain model updatindhe constrained extended Kalman filter
(CEKF) and the constrained unscentedni@n filter (CUKF) are proposed to recursively
update model parameters for both linear and nonlinear strudturesgorating constraints
during the model updating process can effectively prevent parameter estimates from being
unrealistic. Analytical solion of the Kalman gain is derivashen there are inequality
constraints. With the explicit expression of the Kalman gain, the estimation process can be

significantly accelerated. The proposed CEKF and CUKF are validated through numerical

XV



studies of a linar fourstory shear frame structure and a single degree of freedom (SDOF)

BoucWen hysteretic system.

Besides numerical studies, experimental measurements are also used to evaluate
the model updating performance of the proposed methods. The first exampbeistory
shear frame structure in laboratoffne second example is a fgitale reinforced concrete
frame structure in fieldModel updating performance of proposed SOS optimization
method and constrained Kalman filters are investigated throughacmmp between

simulated responses and experimental measurements.
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CHAPTER 1. INTRODUCTION

In civil engineering, finite element (FE) models are widely used to simulate
behaviors of structures and provide guidance for design and maintenance. For example, the
FE models can be used to analyze the internal stress and strain distribution of staucture
to predict dynamic responses of structures uegeitationssuch as earthquake and strong
wind. The validity of an FE model depends on the suitable values of model parameters.
While nominal property values asdnplified modeling are usually adoptedFE models
in practice there are always uncertain material properties and boundary conditions in
structures. Thesencertaintiesnay cause inaccurate and unreliable simulation results. To
address this challenge, FE model updating techniques have desdopbd to update the
uncertain model parameters based on experimental data collected from str&agures.

1-1 illustratesthe FE model updating predure.Starting from initial model parameters,
the structural responses are simulated and compared with experimentdhagataodel

parameters are updatedtil the difference betweesimulated and experimental responses

> Model parameters

|

Construct FE model

[ Update ] l

Simulate structural response

Acceptable
difference?

Yes

Field test
Measure structural response

Updated FE model

Figure 1-1 Flow chart of FE model updating



, Acceleration

satisfies the requiremerffter tuning model parameters, the updated FE model can more

accurately predict behaviors of a structure under various loading[déhses

Besides improving simulation performance, FE model updating techniques also find
extensive application in structural health monitoring (SHM). Structural dacsagesult
in changes ao$tructuralproperties, especially reduction of stiffness. By updatingsiral
stiffness parameters over time, structural dancagebedentified,and the updating results
may helpevaluating the structural conditioheughels and De Roeck identified the damage
pattern of a prestressed concrete bridge by FE model updaimg modal datf2]. Fang
et al. developed a sensitivilpased model updating approach to identify the damage in a
tested einforced concrete frani8]. Weberet al.investigated a redarization method for
FE model updating and applied the method for identifying damage of a frame using both
simulated and experimental d@#. Otherstudiesrelated to FE model updating for SHM

can be found if5-9].

Experimentally measured data serve as the baseline for FE model updating. With the

development of sensing technology, dynamic responses (e.g. acceleration and
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Figure 1-2 Frequency domain and time domain model updating algorithms



displacenent) of structures can be measured from vibration experiments. These responses
and the modal properties extracted from the measurements provide relevant information
regarding the structural properties of interest (e.g. stiffness, damping and mass)irgccord

to the data utilized for model updating, these algorithms can be categorized into two groups:

1) frequencydomain algorithm, and 2) timgomain algorithm, as shown kigure 1-2.

1.1 Frequency-Domain Model Updating

Most of the frequencgomain algorithms are based attinear, elastic, and time
invariantstructural modelTo apply these algorithms, the modal properties, such as natural
frequencies, mode shapes and damping ratios, of a structure are extracted from
experimentally measured data and serve as the baseline for updating the FE model. Certain
parameters (e.g. difess, damping, and mass parameters) in the FE model will be updated
by minimizing an objective function measuring the discrepancies between the experimental
and simulated modal properties. In order to obtain reliable solution of updating parameters,
globd optimization algorithms have been investigated to solve the formulated model
updating problem. Sectich1.lintroduces various FE model updating algorithms using
frequencydomain data. Sectidh1.2presents several methods to solve global optimum of

the FE model updating problem.

1.1.1 FE ModelUpdatingUsingModal Properties

Modd propertiesobtained from vibration tests for structures are usually used to
update parameters in FE mod®atural frequencies are known to be significantly affected
by the structural parameters including material density and elastic modulus, andrthus ¢

serve as an indicator of the change in model paramefbemg et al. updated the



parameters in an FE model reduce the difference between the measured and simulated
natural frequenciegnd this approactvas validated through a scaled suspensiorgbrid
model [10]. Besides natural frequencies, incorporatmgde shapes into the objective
function can achieve more accurate updated FE motablev&e et al. proposed an
approach to take into account both the experimentally obtained natural frequencies and
corresponding mode shapes to update stiffness and mass matrices of the FE thodel
Teughelset al.investigated damage assessment of a reinforced concrete beam by using a
sensitivitybased FE model updating approach which iteratiaglyimizes the difference
between the measured natural frequencie$ @wde shapes and the corresponding
simulated prediction§l2]. Jashi and Rentilized the modal flexibilty residual formed

from natural frequencies and mode shapes to conduct FE model updating and detect
possible damage in structurgk3]. Mottersheadet al. introduced a sensitivity method
incorporating the natural frequencies and the mode shapes for FE model uptigting
Some studies attempted to minimize the dynamic fomget residual of the equations of
motion in frequency domain, which is defined as the difference between the two sides of
the equation using updated model and measured dynamic forces and displagEBents
16]. When evaluated at resonance frequencies and assaorimgl modes, the dynamic

force vanishes and the input residual simplifies to the modal dynamic residual of the

generalized eigenvalue equatidi7-19].

Researchearalso investigate the frequency response functions (FRFs) for updating
FE models using the frequency domain data. Imregahinvestigated the FRbased FE
model updating method and corresponding solution stratE2gsThe effectiveness of

the proposed method and numerical stability were studied through pdatiediurrsize



finite element model of a plateeam structurg21]. Sipple and Sanayei presented an FRF
based FE model updating framework and showed the usefulness of this approach through
several simulated test cases for damage detd@ipnAroraet alutilized complex FRFs

to update not only mass and stiffness matrices but also damping faa}rix

1.1.2 Global OptimizationMethods

The frequency domain FE model updating algoritivase shown greatrogressn
parameter identification, condition assessment, and damage detgctmimimizing the
difference between asuilt structures and the corresponding numerical modgfscally,
these optimization problermiermulatedfor model updating are nonconvex, which means
there can be unknown number of local minima over the feasible domain. Traditional
optimization algorithms, e.g. the gradient based algorithm, can be easily trappedaat a lo
minimum and fail to find the global solutioAttempts have been made to seek the global
optimum of the model updating problerhgvin and Lieven applied the genetic algorithm
(GA) and the simulated annealing (SA) algorithm to update an FE moddaopkat wing
structure[24]. The results show that these stochastic search algorithms are capable of
finding global solution of the model updating problem, while the performance highly

depends on the choice of updating parameters.

Besides stochastic search algorithgrgdient search from multiple starting points
has also been investigated for solving the globéihapm of model updating problem.
Teughelset al. utilized a population of coupled local minimizers (CLM) from gradient
based optimization algorithm to find the global optimum of the optimization prdl2gm

The algorithm has been validated through model updating for a reinforced concrete bea



Bakir et al. compared the CLM algorithm with local optimization algorithms, such as
LevenbergMarquardt algorithm and Gaudtewton algorithm, and demonstrated that the

CLM algorithm achieves better results in FE model updating pro2shs

Although achieving success in finding reliable solution for model updatinggmnsbl
both stochastic search algorithms agrddient search from multiple starting poimte
heuristc. Thus, these algorithms can improve the updating results to some extent but

cannotguarantee global optimality

In this dissertatiorthe sumof-square$SOS)methodis proposed to solve tmeodal
dynamic residual formulation ifFE model updatinglt has been shown that if an
optimization problem consists of only polynomials, the $@#hodand its variant can be
applied to approximate the nonconvex prablith a convex semidefinite programming
(SDP) problem. The fiormulated SDP problem can be solved efficiently by many existing
algorithms, such as the interdpoint method. As the SDP problem is convex, the solution
is guaranteed to be globally optimdhe SOSmethodhas made significant impact on
global optimization in many different fields, for example tensor decompogRigr28],

computational geometf29], and control theor{30Q].

In the field of FE model updating, the SOS optimization method can be applied to
solve the modal dynamic residual formulation, which consists of polynomial objective
function and polynomial constraints. The global optimum of the modal dynamic residual
formulation can be obtained from the solution of the reformulated SDP prdbtemever,
despite the appeal of yielding global optimality, the computational complexity of the SOS

methodgrows rapidly when the polynomial optimization problem has a large number of



variables and/or high degrgé@l, 32]. One method to alleviate the difficulty is to exploit
thesparsity in the polynomial optimization problem and eliminate some constraints in the
formulated SDP problenT.he secalled sparse SOBethod can result in an SDP problem
with smaller size and improve the overall computational efficiency. Furthermauenst t
outthat the SDP problems formulated by both the standard and the sparse SOS approaches
may fail to satisfy the Slater condition (strict feasibility), which plays an important role in
the convergence of most interpoint solvers[33]. The failure to satisfy the Slater
condition increases the difficulty of finding the optimal solution of the SDP problem using
numerical algorithmsTlo addresshis challenggefacial reduction techniquean be applied

to restrict such an SDP problem onto a feasible set with lower dimension and yields an
equivalent SDP problem for which there are strictly feasible points. The smaller equivalent

SDP can then be solved by a numerical solver in a more stable manner.

1.2 Time-Domain Model Updating

The other category of FE model updating algorithms is the-diomeain algorithms.
Rather than using the modal properties extracted from the measured data,-thentiane
algorithm directly utilizes the measured time history data to cdrfelaanodel updating.
Sectionl.2.1lintroduces various FE model updating algorithms using-tioreain data.
Section 1.2.2 presents Kalman filtérg techniqguesor model updatingSection1.2.3

coversalgorithms incorporatig constraints during Kalman filtering process.

1.2.1 FE ModelUpdatingUsing Time-DomainData

The leastsquares estimation (LSE) has been investigated to update model parameters

by recursively minimizing the difference between simulated and experimental response



of structures. Yang and Lin proposed an adaptive tracking technique based on LSE for
tracking the abrupt changes of system parameters in structures and validated the proposed
method through simulatioi34]. Most of these LS#based methods require measurements

on displacement and velocity. The high measurement requirement limits the appti€ation

LSE-based methods on practical applicatif3f.

Sequential Monte Carlo method is another technique for-diomeain model
updating.Li et al. proposed a fast model updating approach based on sequential Monte
Carlo method and validated the approach through simul§8i6jn Chatzi and Smyth
proposed a model updating approach with mutation operatpreoving the quality and
guantity of samples to achieve better estimation of param@érsSequential Monte
Carlo method usually relies on a large number of sampling points to estimate parameters
together with system states. Although this method pedomell on parameter
identification, the computatioromplexity limits the application on small or meditgize

problems.

1.2.2 Kalman Filtering Techniques for Model Updating

The nonlinear versions of Kalman filter, especially extended Kalman filter (EKF)
and unscented Kalman filter (UKF), are also commonly usewtiiication algorithms for
civil structures. Kalman filter produces posterioriprobabilistic estimates of unknown
state variables based on system equations and noisy measurements. Parameter
identification is performed by treating the model parametemigmented system states
and thus, estimated through the measurement data. It should be noted that the augmented

system isusually nonlinear, no matter the original system is linear or nonlinear. EKF



linearizes the system equation and measurement equatomd the current optimal
estimate, and updates the estimate based on the linearized eqiatnget. al.developed

an adaptive EKF to tack changes of system parameters for structural damage dagction

A powerful alternative to EKF is UKF which relies on thescented transformation
for estimating system states and parameters. UKF is designed based on the intuition that it
should be easier to approximate a given distribution than to approximate an arbitrary
nonlinear function. At each iteration, UKF generatesample distribution by a set of
sampling points called sigma points, which capture the mean and covarianceaof the
posteriori distribution of system stateFhese sigma points can be easily propagated
through the nonlinear system equation and used faatiqudthe estimateChatziset al
validated UKF on damage detection and finite element model updating through

experiments on a steel struct(igg)].

Different from freqency domain algorithms that are mostly applicable to linear
structures, EKF and UKF can be used for system identification of nonlinear structures.
Nonlinearity and inelasticity are usually encountered in structures under severe dynamic
loading, such as g@quake and strong wind. Reliable modeling of structures subject to
such extreme events is of critical importance to structural damage assessment and post
event maintenance. These nonlinear and inelastic structural behaviors due to dynamic
loading usuallyexhibit in a form of hysteresis, which refers to the pdgpendent
relationship between restoring force and deformation. The area of the hysteresis loop
represents the dissipated energy during the loading duration. Detailed modeling of
hysteretic behaviarof structures is usually too complicated for engineering application

[40]. In addition, the olatined models are always problem dependent and difficult to be



extended for general usage. For these reasons, phenomenological models are developed to
characterize the hysteretic features. A survey on the phenomenological models for
hysteresis can be found [41]. Among these models, the BeWWen model has been
extensively used in civil engeering to describe the hysteresis phenomenon of, for
example, magnetorheological (MR) damppt&-44], beamcolumn joints[45, 46], and

soil-structure interactiof47].

The governing equation of the BeWiden model is a firsbrder nonlinear differential
eqgudion, the parameters of which control the shape and size of the hysteresis loop. In order
to accurately describe the hysteretic properties of structures, the parameters in the Bouc
Wen model need to be identified from the output and/or the input of trestl system.

The application of EKF and UKF in parameter identificafimnhysteretic systenis also

extensively investigated and reported in the literafti8es3].

1.2.3 Constrained Kalmalffrilters

It has been shown that EKF works well for system with mild nonlinearity but often
provides unreliable estimates for highly nonlinear systems due to the large linearization
error. Researchers have investigated techniques to improve the accuracy of EKF and
applying constraints on parameters during the estimation process is one effective
technique. Yang and Ma proposed a constrained EKF, in which the constrained parameters
are replaced by parameters in the entire solution space through specific functions, for
exampe sinusoidal functions and square functjéd]. In this way, the original problem
has been converted to a problem of estimating new parameters using the standard EKF.

However, theséunctions are not ont-one functions and thus multiple values of a new

1C



parameter could correspond to the same value of the original parameter. This fact increases
the difficulty of accurate parameter estimation. Sen and Bhattacharya investigated a
constained EKF which restricts the Kalman gain to ensure that the updated estimate lies
within the constrained spa¢B5]. This restricted Kalman gain is obtained by solving a
constrained optimization problem, which can be computational expensive. This
dissertation adopts the idea of restricting the Kalman gain and derives the analytical
solution of the Kalman gain when teeare inequality constraints. With the explicit

expression of the Kalman gain, the estimation process can be significantly accelerated.

Comparingwith EKF, UKF providesbetteraccuracyin nonlinear structure model
updating. Wu and Smyth compared EKF and UKF on updating parameters of a single
degree of freedom (SDOF) Bod¢en system, and showed that UKF outperformed EKF
in estimation accuracy for this highly nonlinear systgf]. Nevertheless, UKF also
attempts to find the optimal estimate of model parameters from the entire parameter space
while themodel parameters usually possess physical meaning and cannot take arbitrary
values. This requirement necessitates applying boundary constraints in the parameter
identification using UKF for reasonable estimation. Kandetmal proposed a constraide
UKF algorithm projecting sigma points which are outside the feasible region onto the
boundary of the feasible regi¢b6]. However, this proje@in method canot ensure that
the sigma pointcapture the mean and covarianmlesystem states. Vachhaat al
proposed a constrained UKF algorithm by reducing the step size of sigmg pdintis
constrained method can preserve the mean but cannot preserve the covariance of system

states. In this dissertation, instead of constraining sigma points, the Kalman gain in UKF
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is constrained by the same way as EKF to ensuretligaestimates follw applied

constraints while preserving the mean and covariansgsbém states

1.3 Organization of Dissertation

The rest of this dissertation is organized as follows.

Chapter 2 introduces the formulation of the modal dynamic residual approach for
linear FE nodel updating. To find the global optimum of the model updating problem,
detailed description of the SOS optimization method is presented. Numerical study of a
four-story shear structure is conducted to compare the performance of the SOS
optimization methd and local optimization algorithms and to show that the SOS method
can reliably find the global optimum. The sparsity in the SOS method is exploited to reduce
the computational efforts. To further reduce the size of the optimization profaieia,
reducton algorithmis investigated to take advantagfethe failure of the Slater constraint
gualification Numerical studies of a 2D plane truss structure are presented to show the
sparse SOS method and facial reduction algorithm can effectively improve the

computational efficiency.

Chapter 3 briefly reviews EKF and UKF algorithms for FE model updating. Details
of the constrained EKF (CEKF) and the constrained UKF (CUKF) are provided for
parameter identification. Numerical studies of a linear-&iary shear tsucture and a
nonlinear single degree of freedom (SDOF) Bden hysteretic system are conducted to
evaluate the performance of the proposed CEKF and CUKF algorithms. In the nonlinear

example, a modified and differentiable Beviten model is proposed. Fdre proposed

12



model, partial derivatives of the system equations with respect to hysteretic parameters can

be analytically and explicitly calculated for the implementation of EKF and CEKF.

Chapter 4 investigates the proposed model updating approachesxsngnental
data of a fousstory shear structure. Depending on a linear model, thestaer stiffness
parameters of the structure are updated through SOS optimization method on modal
dynamic residual formulation. Depending on a nonlinear model witletegs, parameters
including damping coefficients, intstory stiffness, and hysteretic parameters are updated
using Kalman filters (EKF, UKF, CEKF, and CUKF). Based on the updated model
parameters, the structural responses of the structure are simaatetbmpared with

experimental measurements to evaluate the updating performance.

Chapter 5 presents experimental validation of the propog#- and CUKFon a
full-scale concrete frame structure. Experimental setup and details of the FE model are
introduced. Model order reduction techniques are applied for improving computational
efficiency of timedomain analysis. Based on experimentaiiyasured acceleration
responses of the frame, model parameters are identified through constrained Kalman filters.
Model updating performance of proposed approaches are evaluated through comparison

between simulated responses and experimental measurements.

Chapter 6 summarizes the research and presents main conclusions. Future research

directions on FE model updatingeadiscussed.
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CHAPTER 2. MODEL UPDATING USING SUM-OF-SQUARES

(SOS) OPTIMIZATION OVER MODAL DYNAMIC RESIDUAL

This chapter addressesite element model updating for linear and elastic structures
using frequency domain data. Modal dynamic residual formulation iptedidere to
update selected model parameters. This approach formulates an optimization problem to
find the suitable values of model parameters by minimizing the residuals of the generalized
eigenvalue equations from structural dynamics. In general, dhmsufation leads to a
nonconvex polynomial optimization problem, for which local optimization algorithms can
be applied but may converge at a local optimum far away from the global optimum. To
address this challenge, stofisquares (SOS) optimization methis utilized toconvert
nonconvex polynomial optimization problems into convex semidefinite programming
(SDP) problems, for which the global optimum can be conveniently solved. Furthermore,
whenthe polynomial objective function consists of several payiads only involving a
small number of variablesparse SOS optimization method can be applied to significantly
reduce the computation efforts iminaing some constraints in the formulated SDP
problem To further improve the efficiency of SOS optintina methods, facial reduction
technique is used taegularize the SDP problenasising from modal dynamic residual
formulationinto ones with smaller sizdé-inally, the proposed methods are validated by
simulation on a foustory shear structure and amdatruss structure. Model updating of
the fourstory shear structure has shown that the SOS optimization method can reliably
find the global optimum of nonconvex model updating problems using the modal dynamic
residual formulation. The plane truss struetaxample demonstrates that fparse SOS

optimization methodyreatly reduces the computation effbyt exploiting the sparsity in
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the polynomialand the facial reduction technique furtheduces computation timey

regularizng the SDP problemwhich fal the Slatecondition(strict feasibility)

2.1 Modal Dynamic Residual Formulation

This sectionintroduces thanodal dynamic residual formulation for finite element
model updatindpased on linear, elastic, and thimariantstructural modelsFor brevity,
the formulation is provided only for updating stiffness values (although the formulation
can be easily extended for updating mass and damping coefficient). Consider a linear
structure withO degrees of freedom (DOFs). The updating variable for stiffness values is
represented by a vector variable¢ s, where each entryis the relative change from
the initial/nominal value of a selected stiffness parameter (to be updakedktiffness

matrix¢ N a can be written as an affine matrix function of the updating variable

£ —¢ (21

where€ N g denotes the initial stiffness matrix aBd N s denotes the-th
(constant) stiffness influence matrix corresponding to the updating varalfnally,
E d@ Ogq represents that the structural stiffness matrix is written as an affine
matix function of the vector variable™ a1 . Because some stiffness parameters may not

need updating, it is not required tigat B € .

In theory, given a pair of resonance frequéncgnd mode shape vectorN g , only the
actual/correct valuefaipdating parameter’ can provide the stiffness matéx *“ that

satisfies the generalized eigenvalue equation:
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g 1 E (2-2)

Based on this concept, modal dynamic residual formulation updates pararbgter
minimizing the residuals of the generalized eigenvalue equations in structural dynamics.
The residuals are calculated using matrices generated by the finite element model in
combination with experimentally obtained modal properties. To obtain modal properties
of the structure from dynamic modal testing, sensors are instrumented to measure responses
of the structure. In general, not all DOFs of the structure can be measurest B DOFs
measured by sensors is denoted asand the set of the remaining unmeasured DOFs is
denoted a¥ . The number of DOFs in the set is denoted as, , and similarly the
number of DOFs in the setis denoted as, . The measured modal praties of the

structure usually include the first several resonance frequencies,

1 R ] N g , and measured entries .

Lx i

,mh o gFER Ng o of corresponding mode shape$he

maximum magnitude of each modepe . j is normalized to be 1.

The entries corresponding to the unmeasured DOFsy

sih orFE R of Nog ool , are unknown and need to be treated as

optimization variables. With updating variable 1 and unmeasured mode shape
entries y, N A >t as the optimization variables, the model updating problem can

be formulated by minimizing following residuial
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p=xj

ETE ¢ 1 E

>5¢

(2-3)

A

ABD E A

D

(@}

o

where&£2% denotes théb-norm;E is the mass matrix, which is considered accurate. The
formulation implies that both and ‘E are reordered according to the detsand> .
Constant vectoE denotes the lower bound forand constant vecta} denotes the

upper boundThesign* ” i s over | oadevdseinegualitye pr esent ent

Although the bound constraints in E&-3) define a convex feasible set, the objective
function is a4-th order plynomialfunctionwhich is nonconvex general. A special case
is when all DOFs are measured, i.e, vanishes in the optimization problem. The
formulation then leads to a convex leagtuiares problem of updating parameter
However, in practice, usually not all DOFs are instrumented/measured and the problem
Eq.(2-3) is a nonconvex optimization problem with the cross term betweestd - [5§].
When the problem is nonconveaxrost offthe-shelf optimization algorithms can only find
some local optimavhich may greatly differ from the global optimum and result in

inaccurate updating results.

Although the optimization problem E(R-3) is generally nonconvex, the objective
function and constraints can be equivalently formulated as polynomial functions. This
property enables of finding the global optimum of the optimization problem by the sum
of-squares (SOS) optimization method. The SOS optimization method can relax a
nonconvex polynomial optimization problem into a convex semidefinite programming

(SDP) problem. The SDP problem then can be reliably solved by existing optimization
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algorithms, sch as the interigpoint method, and the global optimality of the solution is

guaranteed59]. The nexisection presents details of the SOS optimization method.

2.2 SOS Optimization Method

This sectionintroduces thesOS optimization method whiatan be applicable for
finding the global solutions for polynomial optimization problerifie relationship
between nonnegative polynomials and SDP problems is presented first. Based on this
relationship, this section describes the SOS optimization methodethats nonconvex
polynomial problems into convex SDP problems. In addition, théadeis shown to
extract the solutions of the original polynomial optimization problems from the solutions
of dual problems of the formulated SDP probleffour-story shear structure is simulated
to validate the proposed SOS optimization method. Showmhén example,local
optimization algorithms such as Gaudsewton algorithm and trusegionreflective
algorithm,can be applied directly theoptimization problem, while tyecannot guarantee
to find theglobal optimumOn the other handhe SOS optindation method careliably

solve the global optimum from the formulatemhvexSDPproblem.
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Notations used in this section are listed able2-1.

Table 2-1 Notations used in SOS optimization method

d Theset of integers
Y The set of nonnegative integers
s The set opositive integers
A\ The set of real symmetric matrices of size €
\ The set of positive semidefinite matrices of size €
A\ The set of positive definite matrices of size €
AD A positive semidefinite matrilan
‘An A positive definite matrixAN
SAFAD Thg—:-in?er proq'uc;[ between matricé&™ A and’AN \ 85AHAC
4CAA Boww
0 Variable vectordo  whoFE o N 1
Nonnegative pwervector. | h ER ~u
0 A monomial ind with power .0 & & E ®
@ The coefficient for monomial
"Q0 A polynomial in6."Q6 B ®o .

AA® | The degree of a polynomi&po . A A T AB |

2.2.1 Nonnegative Polynomials

Nonnegative polynomials are of practical importance in numerous optimization
applicatiors. In general checking whether a given polynomial is nonnegative or not is a
hard problem, and no efficient algorithnas been reportetd solve this problenj6Q].
However, if a polynomialQd can berepresenteds a sum of squared polynomials, then
"Q0 is clearly nonnegative over its domakor example, it can be easily concluded that

Mo cw w W COw W CWO is nonnegative as it can be
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expressed a€o ho ho 0 0 ® & . This expression of
"Q06 as a sum of squaktepolynomialsacts as a certificate of nonnegativity, which gives
an immediate proof of the nonnegativity 6¥6 . With the devopment of convex
optimization, it has been shown that checkivigether a given polynomidlas an SOS
decomposition, i.€Q06 can be represented assum of squared polynomialsr not is

equivalent to solve a semidefinite programming (SDP) prolp&&in

A necessary condition for nonnegativity of a polynontizd is that the degree
A A is even. Considering a polynomi@6 B &0 with even degred A ©@
co ON ¥ ,"Q0 has a SOS deompositionif and only if there is a positive semidefinite

matrixfjf 6 such that
MO O 6166 ®B®oo6 omMO (2-4)
whered 6 N g %is a vector containing all the base monomials with degree dip to
66  phohoFE ho ho hy o FE Foo FE ho (2-5)

According to the theory of combinatori¢61], the number of monomials i
variables with degree up tas € & s ° The equality in Eq(2-4) implies that both

sidesof the polynomiaB w6 @ 6 6 0 i) Oshould have the same coefficient for
the same monomia . To explicitly describe this coefficient matching conditioneug
of matrices ‘A is defined asach matriXA N a ¢ 8 beingan indicator matrix for

monomiald inthe matrixdo ©0 0 :
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w . opif 2-6
Ab it (2-6)

Here the natural ordering of muitidices M ¥ and N ¥ are used to index the
entries of A . Figure 2-1 illustrates the coefficient matching betwe&do and
® 606 oM QAs shown in the figure, on the ldfand side ofFigure 2-1 (a), the
coefficient of monomiab in the polynomialQé is & ; on the righthand side oFigure
2-1 (a), the coefficient of monomial in the polynomia® 6 6 6 hj OsB n s,
which can be written a§A i} Q The indicator matrixA indicates the pdson of
monomialod in the matrixd 6 0 0 . ltis easy to verify thaf  "A , and’A is sparse

Only a few entriesn ‘A are one and all the others are zero.

pEO EoE

-
w & b0 E [ O & _
SE
Mmh
6(0)6 (0) f
(a) PolynomialQo
& o] I

S

nA ﬁ

(b) Coefficientd for monomiald

Figure 2-1 Coefficient matching
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Using the notation shown above, checking whether a given polyn@dahas an

SOS decomposition can be formulated as a feasibility SDP problem:

AEE 1
(2-7)
OOAB®, 6AMO wh | InNQd B wo
o)

Example: Consider a polynomidRd ind  @ho  withdegreeoA A Q@ ¢

MO P O TO® B OO PO (2-8)

The polynomial has six monomials. The power index, monomials, and corresponding

coefficients are shown below:

Table 2-2 Monomials and coefficients in the polynomial Eq. (2-8)

(0, 0) (1, 0) (0, 1) (2, 0) 1, 1) (0, 2)
o 1 ) ) &) 0w &)
&) 1 2 4 2 2 13

The base monomial vectordo and the matrixo 6 0 0 are shown as:

00

e &o
(@}
o-
(@}
o-
e
e
e
e

According to Eq(2-6), the indicator matricesA are shown as:
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p T T mp T T 1T p
A T T T A i p T T A i T T T
T T T T T TT p T T
T T T T T TT T 7T TT
Ak mp T A ; m T p A i T 1T TT
T T T mp T T 1T p

Solving the feasibility problem in E-7), the solution is calculated as:

3 P S
n P
C

© N0

p
po

Here the monomiab w is usedo illustrate the coefficient matchinghe monomial
has power vector  plp . and can only take values oftmt, pht, and 1ip . The
two possible pairs of and satisfying are: () pht and ip ; (i)

mip and pht 8The two pairs of and are then used tonstrucmatrix A
as above. Finally, to verifigA i} O @ , the coefficient ofw e in polynomial

Moo oM AsdA ; M O ¢, which equals the coefficient af o in "Q0 .

This positive semidefinitenatrixfj can be decomposed ‘BSEby many different
decomposition algorithms, such as Cholesky decomposition or eigen decomposition. The

Cholesky decomposition provides

© °
Q
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Thus, the polynomial in Eq2-8) can be written ashe sum of two squared

polynomials

QO b 6RdO  EB "E® PO C® O oo

2.2.2 SOS Relaxation ¢folynomialOptimizationProblems

Consider a general polynomial optzation problem:

(2-9)
OOA B Qo wo T Q pgfE RQ

where' Qo da © a and’Qd dga © a are polynomials with degrees AfA @ and
A A @, respectively. The optimal objective function value of the problem irf(Z8). is
denoted asQ. Finding the optiral objective valueQ "Q 06° can be equivalently
reformulated as solving for the maximum lower bound of the funéflom over the

~ =

feasible set 6N 8 $Q6  ThQ phchE hQ:

i ETE 7
(2-10
O0AB®. Q06 ™ Lo
The optimization problem in E@R-10) is convex, as the objective function is affine,
and the feasible set is defined as an intersection of an infinite number of halfspaces. On the
other hand, the constraints in Kg-10) are intractable because there are infinitely many

halfspaces involved. To implement the constraints, the SOS decomposition is [#jized
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A sufficient condition forQ o [  mover the feasible set is that there exist SOS
polynomialsi 6 andi 0 ,Q phchE RQ satisfying the follwing SOS decomposition

of Q6 :
Qo o i o i 07Qo (2-11)
SubstitutingQ 6 and™Qo from Eq.(2-9), the following equation isbtaired
o [ i o i 0 @0 0 (2-12

The functionQ 0 [ is then represented as a polynomial with degre@of/here

Ois the smallest integer satisfying the inequadity I'H%HGA A®@ . Here the SOS

polynomiali ¢ has degree R AIC  coandi 0 has degree A AC ¢Q,
whereQ is the largest integer satisfying the conditgi? ¢o6 A A®. Indeedfor any
oN , nonnegativity of the SOS polynomials implies tfab | 1 The indicator
matrices’A and A; ,'Q phchE AQare introducedor coefficient matchingRecall

is the variable index in functio® 6 and is the variable index in functio® o in

Eq. (2-9). Analogous to Eq2-6), eachA and eaclA; are defined as:

. E £
Ay ﬁ E £
(2-13
3 © EA&
Ak n EZ&E
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Here the natural ordering of muitidices and are used to index the entries of
‘A and’Aj . Representing the inequality constraints in @g10), Q6 [ 1! oN
, through coefficient matching, the optimization problem is then relaxed to an SDP

problem with’ , 1y , and’E as optimization variables:

| Aﬁi%ar
OOABD oAM O OALREC o 1
(2-14)
oA h O 6A;, HREO & h |
6 h "ES h Q phghE B

Solving the SDP problem in E(R-14) provides the maximum lower bouhd for
the original optimization problem in E{R-9). Althoughin rare casest is possible that
r“ "Q, in practical applications, this lower bound achieved by SOS relaxation usually

reaches the optimal value of the original optimization problent,‘i.e. Q [60].

To summarize the optimization proceduFégure 2-2 shows the flow chat of the
procedure. First, the problem of minimizing a polynoni@ld over a set
oN 8 $Q6 THQ phchE RQ (Eq. (2-9)) is equivalently reformulated as finding the
best lower bound® of "Q 6 over the set (Eq. (2-10)). Second, the condition that
"Q6 | moverset isrelaxed to a more easily solvable condition@ab | has

an SOS decomposition over se{Eq. (2-14)).
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minimize"QX(0) over a set Equation(2-9)

rewriting

maximizel

subjecttdX6) [ Tover aset Equation(2-10)

relaxation

v
maximizel
subjecttd(0) T is SOS over a set

Equation(2-14)

Figure 2-2 Flow chat of the optimization procedure

2.2.3 Minimizer Extraction

To accomplish model updating, only finding the lower bound or the optimal value of
the objective function™Q) is not enoughThe mirimizer of the original optimization
problem in Eq(2-9) can be extracted from the solution of the dual problem of the SDP
problem in Eq.(2-14) [63]. Define the dual variables, including Lagrangian multiplier
vectoro and matrice$) 6 andff 6 ,"Q phcFE RQHere the natural order for the dual

variableo is shownas:

6 0 ® high MO fn MO fign FE PO fs FE O R (>-19)
The Lagrangian for the problem in Eg-14) can be written as:

flr W FEPMAM 1 & & 1 GAMO oA FEO
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o & oA MmO oA, HEO &y O & HEO

Go rp & A oA M (2-16)

The dual function is then formulated as the supremum of the Lagrangian with respect

to primal variables , ) , and’E. The dual function is found as

" oMM O OB i) FEM M
i FE
S ik oA M on, &L
H ot her wi se

Thus, the dual problem of the SDP problem in @€4) can be written as:

(2-18)

A ® Ap 6 "Q phcfE A

It has been shown thatfif "Q, the optimal solution of the dual problem in Eq.

(2-18) can be calculated §64):
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0" phhesFE his FE h s (2-19)

where the entries correspond to the monondials Thus, the optimal solutiod’ for the
original problem in Eq(2-9) can be easily extracted frobd, as the Xto the ¢ p ™
entries. Since most of the prim@diial interior methods simultaneously solve both the

primal and dual problems, the optimal solut@rcan be computed efficiently.

The SOSoptimization methogrovides the great theoretical advantage of converting
a nonconvex polynomial optimization probleniara convex SDP problem. Thus, all the
desirable properties of convex problems can be exploited to analyze and solve the problem.
However, the size of the SDP problem remains a significant challBegell that there
are¢ optimization variables in theptimization problem in Eq(2-9). In order to achieve
the SOS representation in E@-14), the degree of SOS polynomial 6 should be

AAC Q 20, wheredis the smallest integer such tiaii | ABA®,Q

mphcFE AQ Similarly, the degree of SOS polynomiald should beA AC 'Q
Q 'Q, whereQ s the smallest even integer such that A A @, Q phcfE AQ The

séQ SQands‘Q s‘Q’

sizes of the matrice§ and'E are 5 s &

respectively, and the number of equality constraints in(Z44) is € ;Q

[58]. The

size of the SDP problem in E(-14) can be very large asandbr’Q grow, making the
problem while theoretically convex, practicallgifficult to solve This difficulty
necessitates exploring the problem structure to improve the solvability of the SDP problem

which will be addressed in Secti@B and Sectior?.4.
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2.2.4 Numerical Study: Fou6tory Shear Structure

To validate the proposed SOS optimization methods for model updating,-a four
story shear frame is first simulatdéiqure 2-3). In the initial model, the nominal weight
and interstory stiffness values of all floors are set as 12.060 Ib and 10 Ibf/in, respectively.
To const+hwaetl tdn st asesstvalue ef the fountle stosy tisiredifcad by
10% to 9 Ibf/in, as shown iRigure 2-3. Mo dal propbutli % sfrubeu
directly wused aalprdpertep d is assuenad tieal ohly thedfirst three
floors are instrumented with sensors and o
for model updating. The first resonance fr e
mode shape entries eaf 0P WQAABG@ |, ; T® o thpstTT,

respectively. Recalling notations in E8-3), hereg p.

k, = 9 1bf/in
m,=12.060 1b

ky = 10 Ibf/in
m,=12.060 Ib

k, = 10 Ibf/in
m,=12.060 Ib

k, = 10 Ibf/in
m, =12.060 Ib
S S S S

Figure 2-3 Four-story shear frame structure used for SOS optimization
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To make 3D graphical illustration possible for the nonconvex objective function, the
optimization variables include the stiffness parameter change only of the fourth floor,
denoted as— and the fourth entry in the mode shape vector, denoted jasnd
abbreviated as . Here the variablerepresents the relative changeé®from the initial
nominal value of 10 Ibf/in, i.e— "Q p 1ifp mIn other words, it is assumé&d, "Q,
and™Q do not require updating; the change is known to happen @itiut need to
identify/update how much the change is. The valye as obviously influenced by the
previous normalization in, . With only two optimization variablesand[ , the

nonconvex objective function can be written as:

I ETE qf g & 1 e N
] (2-20)

OOABBQ— p —p — ™

Figure 2-4 illustrates the nonconvex objective functid® 6 against the two
variables;,—andl . Figure2-4 (a) plots the contour of objective function over the feasible
set s p — p . Here for clarity of the plot, the bound pf issetas ¢ [ C
in the plot. The global optimue®  —2h “ isat T mhp® v T which corresponds
to the “true” values of the two variables,
named a® P8t &) ¢ yando p8t rthndt 1t Tt locate at the boundary.
This contour plot clearly shows that the olbipe function is nonconvex, especially around
the squared region where a saddle point 1@ T hp8t 11 TlocatesFigure2-4 (b) shows

the 3D closeup of 'Q 6 around the saddle point with the vertical axis as the objective
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function value. The figure again demonstrates the nonconvexity of this small model

updating poblem.

6 (pamm@c)x o ( ™ npd u)t

2 \ 50 200 ]
3 -
‘u 3 5:(5)7

5 5" 50—
i ( T8t ps T 80 00—

[ / / 500 —
Q

-1 uo) 60\QQQ 'LQQQ
2, \ 0.5 0 0.5 1 o B
0 ( p8t Bt T
(a) Contour of objective functiofQ over the (b) Detailed plot of objective
feasible set function"Qaround the saddle poi

Figure 2-4 Plot of objective function ] ¢ ,i.e.J] Ph

In this example, the SOS optimization method is applied to solve the global optimum
of the optimization problenThe nonconvex problem is recast into a convex SDP problem
using the formulation in Eq2-14), and the dual problem is illustrated in E2.18). By
solving the primal and dual problems, the optimal solutions cacaleelated as*

1@t 11 for the primal and®  ph 1 Tip® vHE  for the dual Recalling Eq.(2-19),
the optimal solutiord® for problem(2-20) is now easily extracted as @ Tha® v T

which is the samas the global optimum shown kigure 2-4.

To compare with the SOS optimization method, two local optimization algorithms
are adopted to solve the optimization probldine first local optimization algorithm is
GaussNewton algorithm for nonlinear least squares probldB. GausdNewton
algorithm is a modified version of Newton algorithm with an approximation of the Hessian

matrix by omitting the higher order term. Through the MATLAB commésaphonlin
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[66], the second algorithm uses trusgionreflective algorithm[67]. The algorithm
heuristically minimizes the objective function Isolving a sequence of quadratic

subproblems subject to ellipsoidal constraints.

For a nonconvex problem, depending on different search starting points, a local
optimization algorithm may converge to different locally optimal poifitable 2-3
summaizes the model updating results calculated by different algorithms. The results show
that if the search starting point happens to be close to the saddle péiiguie 2-4 (b),
GaussNewton algorithm and the trustgionreflective algorithm converge at boundary
points @ ando , respectively) of the feasible region. The corresponding objective
function values are both much larger thidn 78t t.MONly when the stéing point
happens to be chosen away from the saddle point, the local optimization algorithms can

find the global optimum. On the other hand, the SOS optimization method does not require

Table 2-3 Model updating results of the four-story shear structure using SOS
optimization method

Optimization Starting point Updated value Error Cf)bjec_twe
algorithms unction
— | — | T — [ value
Gauss | "™ 0.9501.00000 | 1.0000.827 100% 28.30% 2.898
Newton

0 0.000/0.000] 6° | 0.100/1.154| 0.00% 0.00%| 0.000

Trust |around o509 000/ 6 1.000,0.000| 100%| 100%| 1.914

region l
reflective | ¢ 0.000/0.000| 6 | 0.100/1.154] 0.00%| 0.00%| 0.000
SOS - — | o | 0.100/1.154] 0.00% 0.00% 0.000
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any search starting point ori , but recasts the nonconvex prbl into a convex

optimization problem and reliably reaches the global optimum.
2.3 Exploring Sparsity in the SOS Optimization Method

This section investigates the sparsity in SOS optimization method, which can be
utilized to reduce the size of the formulatddFSproblemsAs discussed in th8ection
2.2, the SDP problem formulated by the S@&imization methodan be computationally
expensiveas the SDP problem enforcé® coefficient matching for all monomialg
in "Q 6 . Fortunately, the high sparsity of the polynomials in optimization probler(RE3).
can strongly reduce the overall computation efforts since only a few of mononitalé in
require coefficient matching, thus resulting in a smaller size of optimization varpbles
and’E in the SDP problem. A plane trusssimulatedand the results show that the sparse

SOS optimization method can save a great amount of computational efforts.
2.3.1 Sparse SOS Optimization Method

In this thesiswe examine specific sparsity pattemherethe plynomial objective
function consists of several polynomials only involving a small number of variables. Take
the modal dynamic residual formulation in E&:3) as anexample. The total number of

optimization variables in Eq2-3) is¢ ¢ & , including the stiffness parameter

~Mx o~

N 5 and the unmeasured entries oeh o FER of Nog ot

= x

in the mode shapes. Nevertheless, the objective fundtimonsists of ¢
polynomials, each of which involves onlyv 1 and 5N g >8This motivates the

representation of each of these polynomiak individuallyin SOS form, so thahe
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SOS representation does not need to contberrross terms between, ; and 5, Q

~

Q

Consider a constrained polynomial optimization problem in which thectolge

function consists ofit number ofpolynomials:

E Qo Q0 W .0 h
(2-21)

4

O0A® Q0 wo mh Q phehE hQ

Instead of representin2 6 as an SOS directly, each polynomi&} o is
represented as an SOS. Hendy the sparsity in the objective functisconsideredThe
condition forQd [ mover the feasible setis that there exist SOS polynomials
{0 ,Q picFEM , andi 6, 'Q phchE AQ, satisfying the following SOS

decomposition ofQ 6 | :

Qo T ) i 0'Q0 (2-22)

SubstitutingQ 6 and™Qo from Eqg.(2-21), the following equation is obtained

©.0 i 7 e i o w0 (2-23)

As the sparsity in"Qo6 is not considered, the indicator matrice® j
corresponding to function 6 are the same as those in E13). The indicator matrices

‘A, corresponding td ; 0 are introduced below:
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1p1 : I (2-24)

Note that although each polynomig} 0 is representeds an SO%$olynomial
separately, the equality constraint on coefficent B @ . should hold for every
monomialé in"Qo6 T . The SDP problem through the sparse S@pfmization

methodcan be formulated as:

| AGEIT
W RE
OO0A B A O GARHEO w T
§ § s (2-25)
AR M O 0A; REO @ h |
i 6 f Qi
'ES h Q phgfE AQ

The dual problem of Eq2-25) can be formulated in the similar way as shown in
Section2.2.3 and the minimizer of Eq2-21) can be extracted from the solution of the
dual problem. Exploring sparsity can effectively reduce the overall computational efforts
of the SOS optimization methodo further improve the computational efficiency, the size

of the formulated SDP problem E-25) can be reduced more using the method

introduced in Sectio.4.

2.3.2 Numerical Study: Plane Truss Structure
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To validate theproposedsparseSOS optimization methoébr structuralmodel
updating, a plane truss structusesimulated Figure 2-5). The truss model has 10 nodes,
and each node ba vertical and a horizontal DOF. All member cresstional areas are
set as8 x P A2, and the material density is set &s 8E¥ °. Flexible support
conditions are considered in this structure. Vertical and horizontal spiihgad™Q) are
allocakd at the left support, while a vertical sprif@)(is allocated at the right support.
The Young’'s moduli of the trussObfdhewp are di
level truss bard) of the diagonal and vertical truss bars, @af the bottorlevel truss
bars. The mechanical properties of the structure are summariZedblm2-4, including

the initial/ nomibual tVvdlexwe siadnd atl lue “ as

* S \J J
| I —
Q —> Horizontal measurement T Vertical measurement

Figure 2-5 Plane truss structure with 8 DOFs measured
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Table 2-4 Model updating parameters of the plane truss structure

N . « Ag Ideal updating
Property Initial/Nominal : ”
bui I t" resultfor—
Top (O) 2 2.2 0.100
Young' s|Diagonal & Vertical
(x 110Nj m?) (0) 2 1.8 0.100
Bottom (O) 2 1.9 0.050
Q 6 0.167
Springs 5
(x 1504 m) ~Q 6 0.500
Q 6 0.167
I n this study, mo dbad i | pr’o psetrrtu cetsu rcoef atrhee
“experimental?” p r o p eightt DOEsare medsurediby sers@as u me d  t

illustrated inFigure 2-5. Mode shapes extracted from the
available at these eight measured D(#esthermore, it is assumed that only the first two

modes (associated with the two lowest resonance frequencies) are availabtlér m
updating.Figure 2-6 shows the first two resonance frequencies and mode shapes of the

plane truss structure.

Mode 1: 68.727 Hz Mode 2: 99.263 Hz

1.5 ‘ . ; 1.5 ! . ! !
1144 P _,‘.‘777 1l '--,ﬁ‘_--*__-ﬁ\_"',,,

f .5 AT 1Y 1 | p : LN N q
O0.5F-+F-«~-L ;1 gl | __\_\_1_ — YR — Q5PN 3; R T

V[, 2 1 1 N N ‘o A L __ N

O I = :-__' I O = I ] I = 1

1 L 1 05 1 : 1 L

VS0 1 2 05— 0o 1 2

Figure 2-6 Modal properties of the plane truss structure for the 15t and 2" modes
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Six stiffness parametersy a°are updated, ncl udi ng three Young’
structure ©, 0, andO) and the spring stiffness value®(Q, and Q). The ideal
updating result for each-is shown in the last column @&ble2-4. The lower bound for
is set asE 15 x and the upper bound is setifps 14 .1 The bounds effectively
restrict the variation range of the stiffness parametersl@8%. In totalg 1 DOFs

of the structure are unmeasd. As per Eq(2-3), all unmeasured entries in the two

available mode shapess, :h N 52 4are treated as optimization variables together
A

with . The total number of optimization variables &s ¢ ¢ Z, 6

2 1 2 3 0To minimize the modal dynamic residualthe model updating problem can

be formulated as follows with optimization \atsleso hy .
- PN e F] 2
I EI E 0 h g 2 '
R Q h € 1 “E .
1 2 (2-26)
OOABBQ— 1 — oh Q1,E2,6

Using the standard SQfptimization methogdthe nonconvex problem in E(-26)
is recast into an equivalent convex SDP problem ®€l4). In the SDP problem,

optimization variables, fj ,"E "Q 1 E,6 are introduced. The varialjleis a scalar.
With'Q ¢o0 Tt andé 3 Qthe size of variablg is & 5 ° & 5 ° 3 ?? 02

302

30 =4 9 64 9. Recallin SOS decomposition E2-12), Q is the largest integer

satisfying the conditiomQ ¢6 A A®@. In this example, witfQ 1, the size of

€ 0 Q E 0 0Q 302 1 302 1

€ 30 30 3131

variable “E is
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304

30 4 B 7ltear equality

In addition, coefficient matching generatnfsé Q

constraints. It took 457h6min-49s to solve this SDP problem formulated bydtandard
SOSoptimization methodn a computing clusters using 16 CPUs and 84.56 GB RAM

memory[68].

The sparse SOS optimization meth&d. (2-25) can significantly redce the
computation load.The objective function of problem in E@2-26) consists of two
polynomials, each of which contains updating parametarsd unmeasured entries in the
mode shape v, Q ph;. Each polynomial has 1 &ariables and degree o
20 1. Applying the sparse SOS approach, the nonconvex problem {@-26) can be
recast into an equivalent convex SDP problem, with optimization variables
Q 12,andE "Q 1 E,6 . The variables and'E "Q 1 E,6 share the same size

as those produced by the SOS approach. With 20 1 ande¢ 1 8the size of

. . E O € 0 182 18 2 _ L
variablerj is & & 18 18 =1 9 01 9. 0he coefficient
matching also generates‘c' 5 Q 3 3? 04 4 B 7 @inear equality constraints.

Solving the SDP problem formulated by the sparse SOS approach td@airl4s on
the same computing clus{&8]. Comparing to the standard SOS optimization method, the

sparse SOS method can effectively improve the computational efficiency.
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Table 2-5 briefly summarizes the problem size of the standard and sparse SOS
methods applied on model updating of plane truss structure. It is shown that the sparse SOS
optimization method can effectiyereduce the problem size and improve computational

efficiency.

Table 2-5 Problem size of the standard and sparse SOS optimization methods

Size offf |#off} | Size of E |# of'E| Computation time
Standard SOS 496 x4 1 31x3 6 457h16min49s
SparseSOS| 190x1 2 31x3 6 3h13min-14s

Table 2-8 summarizes the updating results obtained fthenstandard and sparse
SOS methodsBoth approaches can solve the model updating problem with acceptable

accuracy.

Table 2-6 Updating results for the plane truss structure with the first 2 modes
measured at 8 DOFs

Variables| Ideal updatingesults * | Standgrd SOS * Sparse SOS*
— 0.100 0.099 0.099
— 0.100 0.101 0.101
— 0.050 0.051 0.051
— 0.167 0.165 0.166
— 0.500 0.501 0.500
— 0.167 0.168 0.167

2.4 Facial Reduction for Regularizing SDP Problems

This sectiordescribs the facial reductiotechniqueor regularizing SDP problems

which fail the Slater condition qualificatioAlthough effectiveness @&OS optimization
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methodson global optimality has been demonstrated, it turnshaittheformulatedSDP
problems may fail to satisfy the Slater condition (strict feasibility), which plays an
important role in the convergence of most intepomt solverd33]. The failure to satisfy

the Slater condition increases the difficulty of finding the optimal solution of the SDP
problem using numerical algorithnBacial reduction technique one of the méiods to
overcome this challeng&he technique restricts such an SDP problem onto a feasible set
with lower dimension and yields an equivalent SDP problem for which there are strictly
feasible points. The smaller equivalent SDP can then be solved by acalrselver in a

more stable manner.

Facial reduction technique is first introduced with emphass mractical algorithm
which only inspects constraints of SDP probleisxt, this algorithm is shown to be
applicable to th&DP problems arising fromodal dynamic residual formulation. Finally,
simulation on a plane truss structure demonstrates that the facial reduction technique can
efficiently reduce the size of the formulated SDP problems. This technique enable SOS

optimization method to solve modeldgting problems of largegcale structures.

2.4.1 Facial Reduction

Further improvemerit computational efficiencfor SOS optimization methods can
be achieved by tackling the redundancy resulted fiteenfailure of the Slater condition
(strict feasibility), i.e, when there is no feasible positive definite matrigesy and
‘En forthe SDP problems in E(R-14) and Eq(2-25). When the Slater condition fails

for the SDP problem, SDP solvers, especially those based on the iptanbmethods,
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often struggle to find the optimal point. For simplicity of discussiba,standard primal
form ofanSDP problem withAN N and’A ¥ \ is considered

i E] E GARO
) (2-27)

The initial step of an interigpoint method is finding a strictly feasible point, a
positive definite matrix for the SDP problem. If there is no strictly feasible point, i.e. there
is nof n that satisfieSAMO &, "Q phchE AQ the Slater condbn qualification
fails. As a result, slight perturbation can make the SDP problem infeasible, which increases
the difficulty for the numerical algorithms solving the problem. In this case, several
techniques can be applied to reformulate SDP problemshwihil the Slater condition
gualification, such as using the homogeneousdiedf embedding methd&9]. Here the
facial reduction techniquis appliedto regularize the SDP problems. The idea of facial
reduction is to reformulate the SDP problem onto a feasible domain with lawengion.

Thus, the equivalent SDP problem is not only more robust for numerical algorithms to

solve but also smaller in size.

Lete P s be a convex set. A subseP E is called a face of, if and only if

&1/ W e OOAE 1OBAG v vET BO
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A faceM is a proper face if it is neampty and not equal ®. Figure 2-7 shows
examples of proper faces of two convex setEidnre2-7(a), the edge OA is a proper face
of the convex setin . InFigure2-7(b), both the edge OA and facet OBC are prdpees

of the convex setin .

@)

(a) Convex set im (b) Convex set irn

Figure 2-7 Proper faces of convex sets

The feasible set of tf®DPproblem in Eq(2-27) can be described by the intersection
of an affine subspace AN Vv FAMO OFQ phcFE RQ with the semidefinite
coneX\ . If this SDPproblem is feasible but not strictly feasibkegan be reformulated as

an optimization problem over a lower dimensional face (proper face) pf0, 71].

Facial reduction algorithms were first proposed for general conic programming (CP)
problems and later found many applicationSDP problems. The goal of facial reduction
algorithms is to reformulate an SDP problem as one over the proper face with lower
dimension. In the cases of semidefinite problems, finding the proper face containing the

feasible set can be achieved by saodva sequence of SDP subproblems, which may be as
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difficult as solving the original SDP problem. To address these issues, here an alternative

approachs adoptedo achieve facial reduction by simply inspecting the constraints of the

SDP problenj72].

Example: Consider an SDP problem:

[ ETE TppQ ©
h h P p w w
(2-28)
.~ A an p T[v(b w
OO0OA J n T[hw ) Tt
O 0 .
o o ©

The equality constraint requires thiat 1. The positive semidefinite matrrx

8 3 6 requiresthatow @, and thuso 10 Ash ITTI S is not positive
definite no matter what value takes, the Slater condition (strict feasibility) qualification
fails. This SDP problem in Eq2-28) can then be reformulated as a regularized SDP
problem with lower dimension. In this simple example, the SDP problem degenerates to a
linear programming (LP) problem, a special case of SDP problems. Compared to the SDP

problem in Eq(2-28), the following equivalent problem is regularized and smaller in size.

(2-29)

N
J
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Geometrically, an SDP problem in E@-27) minimizes an affine functioAf O
over an intersection beeen an affine subspace (defined by linear equai#es)O ©,
"Q phghE RQ and a positive semidefinite coRed . Figure 2-8 illustrates the feasible
set ofthe SDP example in EqR-28). The intersection of the affine subspace mand
the positive semidefinite compd is one proper face of the positive semidefinite cone.

The proper face is described simplysas T, i.e. a halfline in this space.

Figure 2-8 Feasible set of the SDP example in Eq. (2-28)

This example motivates and illustrates the approach to achieve facial reduction by
inspecting the constraints of the Sp@blem. This facial reduction approach is based on
the property of a positive semidefinite matiixvhose leading principal minors are all
nonnegative. For thieth linear equality constraifA O @, it is first checledwhether
the following equialent form can be obtained by permutating rows and columns of

matricesA andn:
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If @ T no facial reduction can be performed according to this constradnt. If
T has to be a zero matrix. Therefore, this redundant consteairtte eliminatedand
all the rows and columns @fcorresponding to the nullified varialffe can be dieted
together withthe corresponding rows and columns in other matifce®) "“QNote that if
o is found to be negative, théncanbe concludedthat the SDP problem is infeasible as
there is no such positive semidefinite matfiixsatisfying this constraint. The idea of
inspecting constraints to achieve facial reduction is proposgtityet al.[72]. This facial
reduction technique is named as SISERP, since a sievike structure is finally obtained
as the rows and columns are eliminated in the matfieesi’A . The implementation of
the SieveSDP algorithm is available as public domain softwaieveSDP [72], and this
facial redudbn techniques appliedo SDP problems arising fromodal dynamic residual

formulation
2.4.2 SDPProblemsArising from Modal DynamicResidualFormulation

Consider the original model updating problem in &43), the objective in general
is a 4th order polynomial, and the monomials with degree of 4 are the crossterms,
o0 N 5. The standard SO&ptimization method irEq. (2-14) generates an SDP problem
with redundant constraints. For example, consider coefficient matching equality constraint
for monomiall  which does not exist in the objectiverfction. For simplicity in
discussion, the index of this monomimblenoteds fth , which means that only

the power of j is 4 and others are 0.
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As there is n¢ | in the objective functiofiQ ¢ , the corresponding coefficient
® i T From coefficient matching in the standard S@S&imization methodthe

indicator matrix for monomial j has only one nozero entry:

mnmE nmE n
~é E 8 E &y
Awi AT E p E T»8
8 E é E &
gn E m E mo

Meanwhile, the model updating problem in E243) only incorporates bounds on

and the bounds can be equivalently rewritten as polynoffidgls — 0 Y —

1. SinceB | 0 "Q0 as in theright-hand sideof Eq. (2-11) cannot produce monomial
[, all the indicator matrice&\y 7n . Thus, the coefficient matching equality
constraint in Eq.(2-14) for monomiall  is 0A i ) O m. By Eq. (2-30), the

constraint is redundant and can be eliminated; the corresponding diagonal entry in the

matrix variablef] should be zeroed out.

The sparse SOS®ptimization methodthrough Eq. (2-25) generates similar
redundancy. When representing the objective functiore as  number of SOS
polynomials, only thg-th polynomial contains the monomijal ;. This fa¢ implies that

the indicator matrices Eq. (2-25) are
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The indicator matrix correspondingito 0 is'Ay i for the same reason as

the standard SO&ptimization methodThus, the coefficient matching equality constraint
in Eq. (2-25) for monomiall  is 8Aj s i O 1, which is redundant and can be

eliminated. The corresponding entry in matrix variapleshould be zerm out.
2.4.3 Numerical Study: Plane Truss$r&cture

To validate the facial reductigachniquefor reducing the size of the SDP problems,

the same model updating problem E2:26) is solved by the standard asdarse SOS

optimization methods with facial reductieechnique

The facial reduction techniqués first applied tothe SDP problentq. (2-14)
formulated by the standard SOS optimization metfide size of variabl§ is reduced
top wel 9, &bout 40% of the original size. The sizevafiable’E is not changed,
remaining a8 1 3 1As a result, the number of linear equality constraints iscestito
1 & 2, @bout 22% of the original number 48 7. & took only 1h55min to solve this

SDP problem regularized by the facial reduction technique on the same computing cluster.

The facial reduction techniques again applied tahe SDP problentq. (2-25)

formulated by the sparse SOS optimization metAde size of variablg is reduced to
1121 1,2about 60% as the original size. The sizevafiable’E is not changed,

remaining a8 1 3 1The number of the linear equality constraints is reduc@tbto, 2
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about 16% of the original number 4fB 7. 6t took only 10mir53s to solve this SDP

problem regularized by the facial reduction algorithm on the samputing cluster.

Table 2-7 briefly summarizes the problem size of the standard and sparse SOS
methods with facial reduction technique applied on this model updating problem.
Comparing to the computation loads withouplgpg facial reduction technique shown in
Table2-5, the facial reduction technique can significantly savectimeputation timeas it

regularizstheformulatedSDP prdlems into ones with smaller size

Table 2-7 Problem size of the SOS optimization methods with facial reduction

Size of | #of | Size of | # of | Computation
N N E "E time

Standard SOS with facial 196 x| 1 31x1 6 1h55min0s
reduction

Sparse SOS with facial reduct|1 1 2 x| 2 31x3 6 10min53s

Table 2-8 summarizes the updating results obtained ftbhenstandard and sparse
SOS methods with facial reduction technigiB®th appoaches can solve the model
updating problem with acceptable accurddye updating results slightly deviate from the
ideal updating results’. These numerical inaccuracies of the SDP solutions are inevitable
as the problems are solved on doutecision floating point SDP solvefg3, 74]. To
further refine the updating resultbe data processing method proposed5| is adopted.

The identified parameters from the SDP solutions are used as the initial points and the
function Isgnonlin in MATLAB Optimization Toolbox[66] is applied to solve the

prodem in Eqg.(2-26). It can be verifiedhat the SDP solutions serve as good starting
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points, and the model updating results from the local optimization solver reach the global

optimal solution.

Table 2-8 Updating results for the plane truss structure using facial reduction

technique
Variables Ideal updating Sta_mdard SQS vaith Sparse SQS \évith facii
results facial reduction reduction
— 0.100 0.096 0.097
— 0.100 0.100 0.102
— 0.050 0.051 0.052
— 0.167 0.164 0.164
— 0.500 0.500 0.501
— 0.167 0.166 0.168

In practice, incorporating more expwaental modes in model updating usually
provides better updating results. However, for SOS approaches, utilizing more modes
introduces more optimization variables and makes the SDP problems more difficult to
solve. With the help of facial reduction, suaisolvable problems can be simplified to be
solvable again. To study this issue, we now assume that the first five modes are available
for model updating. Modal properties of the first two modes are already shdvigune
2-6. Resonance frequencies and mode shapes of the third to the fifth modes are

consequently shown iRigure 2-9.

Mode 3: 208.71 Hz Mode 4: 314.71 Hz Mode 5: 404.26 Hz
15 1.5— g 15— : :
| P ekt O | g === o= | e T T
1 q____l__-- .. 1 : ’/11 -/ \_— . A 1 f ,*-—-, \\ e
05t A e N1 05, = . o] 05 A AN N
/7 /" NG - - NP oL W N Vs ! - - W
O F== = o R T T N
o - 5 L i 5 | 1
R I . R R 5 05— T 0 1 2

Figure 2-9 Modal properties of the plane truss structure for the 39, 4 and 5 modes
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The same stiffness updating variablest s corr esponding t o
moduli in the structure@, O, andO ) and the spring stiffness valuég ('Q, and'Q), are
updated through the optimization process. To formulate the optimizatadmepr, all

unmeasured entries in the five available mode  shapes;

sih vgh vgh vgh o5 N a®Tare treated as optimization variables together with

. The total number of optimization variablestis ¢ ¢ 2, 6 5 12
6 6which is notably higher than the example shown in the previous section. The same
lower bound and upper bound forare adopted, and the optimization problem can be

formulated ina similar way as shown i&qg. (2-26).

Previous dscussion indicates that the sparse SOS approach with facial reduction is

the most efficient method to solve the FE mlagpdating problem. For this problem, there

are five polynomials of € 1 E )

in the objective function, each of which

0C o5

involves updating parametersand unmeasured entries in the mode shapg, Q
1 E,5. Each polynomial has 1 &ariables and a degree’@f 20 1. The sparse
SOS approach introduces optimization variailesi Q 1E,5, and’E 'Q

1 E, 6 .Thevariabl¢ isascalar. WitlfQ 20 T and¢ 1 8the size of variablg

is : : =19019.0wWithe 660 2and

Q 1, the size of variable’E is € éo Q e 0 0 662 1

¢ 6 6
6 6626 1 6 7 6 7 The coefficient matching generate§ & Q 6 g 64

9 1/ 9 Imear equality constraintéfter the facial reduction algorithm is applied on the
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SDP problem, the size of variabie is reduced t@ p ¢ 1 1, 2bout 60% of the original
size. The size ofariable’E is not changed, remaining &s7 6 7The number of linear
equality constraints is reduced2o® 5, @bout 3% of the original number. Solution of this
regularized SDP problem took-B8min6s on the same computing cluster to successfully

complete.

Table 2-9 summarizes the updating results obtained from the sparse SOS approach
with facial reduction. Compared to the results with only 2 modes, the updating results with
5 modes available are more acate. Therefore, it is not necessary to further optimize the

parameters using the functitsgnonlin

Table 2-9 Updating results for the plane truss structure with the first 5 modes
measured at 8 DOFs

Variables| Ideal updating results® | Sparse SOS with facial reductioh
— 0.100 0.100
— 0.100 0.100
— 0.050 0.050
— 0.167 0.167
— 0.500 0.500
— 0.167 0.167

2.5 Summary

This chapter presents SOS optimization methods over modal dynamic residual for
linear model updatingModal dynamic residual approach formulataspolynomial
optimization problem to update the unknowrodel parameters as well as unmeasured

entries in the mode shape vectdfghen not all DOFs are instrumented/measured by
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sensors, this formulation leads to a nonconvex polynomial optimization probdeal.
optimization algorithms can be applied directlysioch a problemwhile the/ cannot
guarantee to find thglobal optimum and may generate inaccurate values for the model
parametersAs shown in the example of a fesitory shear structure, only when the starting
point is chosen far away from the saddle point, the local optimization algorithms can find

correct values for model parameters.

The SOSoptimization methodonvers a polynomal optimization problem into a
convex SDP problem, of which the global optimality is guarant®¢kile the SOS
optimization method ispromising in solving nonconvex polynomial problems, the
formulatedSDP problentan be very expensive solve. The size dhe SDP problem has
been discussed and the problem may be practically unsolvable when the number of
optimization variable and/or the degree of the polynomial are large. The sparse SOS
optimization method is then presented to take advantage of the sjaisiey objective
function to reduce the computation efforth@hthe polynomial objective function consists
of several polynomials only involving a small number of varigblggarse SOS
optimization method can be appliedeliminate some constraints imé formulated SDP

problem

It is shown that the SDproblemsarising from modal dynamic residual formulation
fail to satisfy the Slater conditiofthis failureincreases the difficulty of finding the optimal
solution of the SDP problem using numericaloaithms. The facial reduction technique,
especially a practical algorith8ieve SDP, is discussed and appliedr&strict such an SDP
problem onto a feasible set with lower dimension and yields an equivalent SDP problem

for which there are strictly feastpoints.The smaller equivalent SDP can then be solved
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by a numerical solver in a more stable maniammerical simulation on a plane truss
structure demonstrates that the facial reduction technique can effectively reduce the size of
an SDP problem andukb save the overall computational efforts to find the global optimum

of the model updating problem.
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CHAPTER 3. MODEL UPDATING USING CONSTRAINED

KALMAN FILTERS

This chapter addressdmite element model updating for linear and nonlinear
structures using time domadata. The nonlinear versions of Kalman filter, especially
extended Kalman filter (EKF) and unscented Kalman filter (UKF), are commonly used
identification algorithms in civil engineering. Kalman filter producasposteriori
probabilistic estimates of unkwn state variables based on system equations and noisy
measurements. Parameter identification is performed by treating the model parameters as
augmented system states. The parameter values are then also estimated from the
measurement datBifferent fromfrequency domain algorithms that are mostly applicable
to linear structures, EKF and UKF can be used for system identification of nonlinear

structures.

As one of the most widely used approaches in state estimation for nonlinear systems,
EKF linearizes thenonlinear system equation around the current estimate and calculates
the Kalman gain based on the linearized system equdtibas been shown that EKF
works well for system with mild nonlinearity but often provides unreliable estimates for
highly nonlinar systems due to the large linearization error. A powerful alternative to EKF
is UKF which relies on the unscented transformation for estimating system states and
parameters. UKF is designed based on the intuition that it should be easier to approximate
agiven distribution than to approximate an arbitrary nonlinear function. At each iteration,
UKF generates a sample distribution by a set of sampling points called sigma points, which

capture the mean and covariance of ahgosterioridistribution of systen states These
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sigma points can be easily propagated through the nonlinear system equation and used for

the state estimate.

The standard EKF and UKF are briefly introduced. To improve the parameter
identification performance, the constrained EKF (CEKFJ dhe constrained UKF
(CUKF) are proposed to ensure that the parameter estimates satisfy constraints from
physical laws. The performance of the proposed methods is investigated through
simulation on a linear foestory shear frame structure and a nonlireagle degree of

freedom (SDOF) BouwVen hysteretic system.
3.1 Extended Kalman Filter (EKF) for Parameter Identification

This sectiorpresent€EKF for structural model parameter identificati@iF is an
extension of Kalmaifilter for optimally estimating the state of a nonlinear system from
measurement data. The standard EKF is briefly introduced and the constrained EKF
(CEKF) is proposed to prevent the estimates from being unrealistic during estimation

process.
3.1.1 TheSandard EKF

Consider atate vectod ‘| Al h 1 1 containing displacement vector velocity
vector’l , and model parametersfor the FE model updating problenthe general

dynamical systerts governed by a nonlinear steagpace equation as:

o [Jorini (31
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where’l is known excitation applied on the system dn®" h+ is a zeremean
white Gaussian process noise with covariance matiix At time 6 "OY0, the

measuremert is givenas:

o Jo flnl (3-2)

where | D~ h+ is the zeramean white Gaussian measurement noise with

covariance matrix -.

The EKF estimation is separated into two main steps, i.e. measurement update step
and time update stefn the measurement update step, dhariori estimated ;  of the

state is available. The predicted measureraent of stated is estimated as:

R (3-3)

The Kalman gain matri is calculated to minimize the trace of the covariance

matrix for thea posterioriestimate:
E 5 £ € & 3 € n¢& (3-4)
Hereé andg are the linearized matrices of the measurement eqution
Ll (39

1066,
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0 0

R |

After measuremerti is available, the posterioriestimated ¢ is calculated using

the Kalman gain matrix as:
0g Oy E 0 0y (3-7)

Along with the measurement update of the st covariance matrix, . for the

a posterioriestimatecan be evaluated as:
6 ¢ € EE 6 ¢ € EE EE ¢ E (3-8)

In the time update step, thepriori estimated of the state is predicted based on

the system model:
o ¢ Oy Qofith Qo (3-9)

Along with the time update of the statiee covariance matrix, . for thea priori

estimatecan be evaluated §86|:

. (3-10)

Here © and are the state transition matrices and can be calculated by

linearization of statspace equatiofj
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o p ' M Yo 3-11
75 s (311

(LS (3-12)
T'loog
Repeating Eq(3-3) ~ Eq.(3-12), EKF can recursively update the system states for a

nonlinear system.
3.1.2 TheConstrained EKF

The standard EKF on parameter identification problems finds the estimate of
parameters through the entire unconstrained solution space. However, in structural
applications, some model parameters must satisfy equality or inequality constraints from
physics. Wthout incorporating those constraints in the estimation process, the standard
EKF may lead to infeasible solutions. Therefore, certain constraints on parameters need to

be incorporated in EKF algorithm.

EKF is the minimurrmeansquareerror (MMSE) estimato for the linearized
dynamical system. The Kalman g&nat timed "OY0of the unconstrained EKF (Eq.
(3-4)) can be analytically derived by minimizing the tracetloé a posteriori state

covariance matrix:
[E] EMRMRAR ,, ¢ B B 48 E (3-13

When a general constra'wt() Tis imposed on the system states, the cldead

solution of the Kalman gain matrix is usually difficult, if not impossible, to obtain. In this
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situation, the Kalman gain of the constrained EKF can be numerically calculated by solving

the optimization prblem:

E 40ARA®BR & B B & E
(3-14)

The computation cost increases from solving this optimization problem. Using the
optimal Kalman gain matri solved from Eq(3-14), the updated posterioriestimates
0s Oy E o 0 are guaranteed to satisfy the constrnté s T

The covariance matrixg . corresponding to the updatadocsteriori estimates can also

be calculated usin§ .

Instead of a general functidh 6 T, constraints encountered in engineering
applications are usually affine, /8.0 "H . Here/AN q is a constant coefficient
matrix and’H* 8 is a constant coefficient vector. Suppose that at tme'(¥o,¢  of
the ¢ inequality constraints are activk 6 "H , Where’A N 5 and™H N
a . In this scenario, explicit analytical solution can be found for the optimal Kalman

gain to the optimization problem E(B-14). The optimization problem to compute the

Kalman gain with equality constrai®t 6 "H is formulated as:
EIE 40ARAB , & B B &8 E
(3-19
OO0AB A 0o Eo 05 H
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To lighten notations, denote the measurement resiblwald innovation covariance

s, attimeo ™Woas:
o 6 (3-16)
o B oo, B & it (3-17)

Using Lagrange multiplier ¥ 1, the Lagrangian for the problem E-15)

formulated as:

e 40ARAE ,, &8 B B 4% E
(3-19)
Ao, El H

Note that 6, and € & € & . The partial

derivatives ofl 'Eh  with respect tdEand , respectivelycan be calculated as:

—fl Bh & B g CEE 4 & Al (3-19
“amoomo s EIH (3-20)

The optimality requires that both partial derivatives are zero. As3umen 0

is a full rowrank matrix withO A T ¢ €. We can express the Kalman g&n

as a function of the Lagrange multiplier First, the partial derivativeéfl Bh in Eq.

(3-19) is set as zero. Solving theuasqion—,EfI Eh for Eprovides:
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E . Pay (3-21)

Substituting Kalman gain expression E8t21) into the partial derivative E3-20)

and solving the equatior fl 'Eh for provides:
¢AA A O o ¢ 3 og | HOT s (3-22)

Denote the unconstrained Kalman gain and @hgosteriorstate estimate of the

unconstrained EKF as:
E s, E o (3-23
6 o0y ET (3-29)
The Lagrange multiplier in Eq.(3-32) is simplified as:
¢CAA Aog "H T 5 7 (3-29)

Finally, substituting the simplified into Eq.(3-21), the Kalman gain of CEKF can

be rewritten as:

E E A AA Adg H I og | T e (3-26)
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The same solution is obtained #¥] while the derivation is more complicated. Using

this Kalman gain, the posterioriestimated ¢ of CEKF is found to be related to the

unconstrained EKF estimatico'ns :

6 0s A AA Abdg H (3-27)

Finally, CEKF algorithm is summarized as follows.

Initial Estimate

State estimate 0 Mo

State covariance , . : . .
M o o0og 0 0y

for Q TmipfE R

Measurement Update

?g‘:%su“;fme”t 16 o Rept.(3-16)
::r:)r:/(;\:?atliqocl matrix o Efog, £0" Bt o Rept.(3-17)
Kalman gain E o, E8% o Rept.(3-23)
State estimate 6g O E Rept.(3-24)
Check constraints
if There is no active constraint
E E
0 S 0 S
else if There are active constrairlso "H
E E AAA A6 H T, T T, Rept.(3-26)
6 05 A AA A6 H Rept.(3-27)
end if
State covariance o, & EE 5 & EE EE & E  Rept(38)
Time Update
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State estimate 6 ¢ O "QORTh Q0o Rept.(3-9)
y
State covariance 6 4 0, ° T Rept.(3-10)
end loop

3.2 Unscented Kalman Filter (UKF) for Parameter Identification

This sectionpresentsUKF for structural model parameter identificatidoKF is
another nonlinear variant of Kalman filter, which propagates the first two moments of
states through suitably selected sigma points and corresponding wéigatstandard
UKEF is briefly introducedand the constrained UKF (CUKF) is proposed to prevent the

state estimates from violating constraints due to physical laws.
3.2.1 TheSandard UKF

Similar to EKF, onsider astate vectod | fil h 1 . Thenonlinear statspace

equationis denoteds:

o [Jofiinl (3-29)

where’l is known excitation applied on the system an@®" h - is a zeremean
white Gaussian process noise with covariance matix At time 0 Y0, the

measuremert is given as:

O-

Jo A1 Al (3-29)
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where | D~ h+ is the zeramean white Gaussian measurement noise with

covariance matrix .

In generalthe statespace equation and measurement equation have noiges,
a7 and’l N a 7, entering those equations nonlinearlJhus, the most general
formulation of the UKF concatenates the process and measurement noise with the state

vectoro N a ¢to form an augmented state vector with dimension &€, &€+ &€x:
6 o 1 " (3-30)

Attimed Yo, the estimate of the augmented state vector is:
0 0 (3-31)

with error covariance matrix:
. (3-32

The UKF estimation is separated into two main steps, i.e. measurement update step
and time update step. Assuming by induction thata priori estimatedo ; and its

covariance matrix, is known ¢l p sigma points’ ¢ 5, "Q ThplE igh p,

are generated as:
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<
P
<

(3-33)

<
R

wherel/ds the matrix square root an® refers to thd-th column of the matrixl is a
scaling parameterand can be any number as longias I 1[76, 78]. Thech p

weighting coefficients for the sigma points are given as:

o |
(3-39)
® "p Q phchE R
co
Using ™ ¢ & Nés 3 ~'|$ h ~'|§ r , the predicted measurement
" s nof each sigma point can legaluated as:
SRR T o LT (1 AU ' TipfE i (3-35)

The predicted measurement,  of stateo is calculated as the weighted average

of the predicted measurements of sigma points:

o 60 . & (3-36)

The innovation covariance matrix o can be evaluated as:
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As noisesT and’l need not to be estimatedere the cross covariance, o
between thea priori estimated ; and its measurements , rather than the cross
covariance 4 4 ¢ Is required From the sigma points and the predicted measurements

of sigma points, theross covariance o, can be calculated as

-9 : IR, (3-39)

According to state estimation thedig], the Kalman gain matrix is calculated as:

E o .s (3-39)

After measuremerd is available, the measurement residual is obtained:

o o (3-40)

Thea posterioriestimated ¢ is calculated using the Kalman gain matrix as:

6y O0¢ E (3-41)

Along with the measurement update of the stide,error covariance matrix, .

for thea posterioriestimatecan be evaluated as:
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6, o, E o, E (3-42)

In the time updatestep,c0 p sigma points™ ¢, 'Q TP k0 p, are

<

generated again using updated covariance ma&risx as:

<
2

13
an
5¢
(@)
an
Cc
0
e
R(
E_(

(3-43)

4

sk Oy o ‘Q phghE ho

The corresponding weight factais, 'Q ipfhE hc0, are the same as those in Eq.

(3-34). Using™ ¢ ) 05 R 7'3 R Tls r , each sigma point propagates through the

nonlinear system to perform the time update.

y . o
"0 gk % Q78 AR 5 Qo Q mpiE R (349)

Thea priori estimated ¢ can be calculated dse weighted average of the sigma

points:

6 . @0 (3-45)

Thecorrespondingrror covariance matrix, . can be evaluated as:
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(3-46)

Repeating Eq(3-28) ~ Eq.(3-46), UKF can recursively update the system states for

a nonlinear system.
3.2.2 TheConstrained UKF

Similar to EKF, the standard UKF searches for the optimal estimates of system states
through the entire unconstrained solution space. Reasonable constraints need to be
incorporated in the UKF estimation process to ensure that the estimates of parameters
saisfy physical laws. Whea number of inequality constraints are actidked "H
, the same method introduced in SecBah2can be implemented to adjusalikhan gain

and make sure theeposterioriestimated ¢ stays within the feasible domaffinally, the

constrained UKF (CUKF) algorithm is summarized as follows.

Initial Estimate

State estimate 0 Mo

State covariance M 06 o

for 'Q mipfE ke

Measurement Update

Augmented state vector

estimate 0 0 Rept.(3-31)
Augmented state vector 0% Rept.(3-32)
covariance s I pL.
7
0
Sigma points Rept.(3-33)

7C
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T e Rk Oy oo Q phefE
. I
W m
o o |
Weighting factors 0 Rept.(3-34)
© T phohE oo
Measurements afigma ~ e e
points s B Q7% g H Y j Rept.(3-35)
Innovation covariance o w " g r Oy s h Oy Rept.(3-37)
Cross covariance 6 o w "~ "’s F O s h Oy Rept.(3-38)
Kalman gain E 6 6 6 Rept.(3-39)
Measurement residual 0 0 Rept.(3-40)
State estimate 0g O El Rept.(3-41)
Check constraints
if there is no active constraint
E E
0 S 0 S
else if there are active constrairtsd "H
E E AAA A0y H T s T T4, Rept.(3-26)
6 6¢ ANAA Ao 'H Rept.(3-27)
end if
State covariance o o E s, E Rept.(3-42)
Time Update
) sh 0 $
“<p O o | "Q phchE )
Sigma points eh N s pic Rept.(3-43)
" sk Oy o | . Q phcFE M)
. . 2 2 y 2 ~ ~ T
Propagate sigma points "% sk "% ) Q7O ghIN '§ F QO Rept.(3-44)
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State vector estimate 0 ®° i Rept.(3-45)
State vector covariance . W "% gh 0 ¢ "% 4R 0 Rept.(3-46)
end loop

3.3 Numerical Studies on Model Updating

This section presents two simulation examples validating the proposed model
updating methods using Kalman filters. The first exampédiisear fourstoryshear frame
structure EKF and UKF are applied to identify damping coefficients and -sttaty
stiffness values of the structure. The second example is a nontingde degree of
freedom (SDOF) BoudVen hysteretic system. Various Kalman filters, including EKF,
CEKF, UKF, and CUKF, are used for identifying model parameters of the nonlinear

system.

3.3.1 LinearModelUpdating ofa Four-Sory ShearFrameStructure

To investigate Kalman filters for parameter identification, the linear structural model
is constructed foa fourstory shear framd-{gure 3-1). The true mass, damping, and inter
story stiffness values are annotated in the figure. It is assumed that all the four DOFs are
instrumented with sensor measuring acceleration at sampling frequency of 200 Hz. The
covarianceof the input noise is set &s prm [ jO ,andthe covariance of sensor
noise is setasn, p T | jO & A scaled El Centro earthquake excitation of 40 s
duration is applied to excite the structurethis example, all the damping coefficients and

inter-story stiffness values are chosen to be updated while the mass values are considered
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as accurate. The initial estimates for damping coefficients aredgtas ¢ . 301 ,Q
plgfoft ; the initial esimates for the intestory stiffness values are set &

pu Tl ,"Q plghott. Physical laws require that both damping coefficients and-inter
story stiffness values are positive, te. mand’Q 1 'Q phfoft. The system state
space equation imtegrated through a 4ibrder RungeKutta method to obtain the

acceleration responses of all floors.

k,= 2000 N/m
¢,= 3 N-s/m
m,;=5Kkg

k;= 1600 N/m
;=4 N-s/m
my= 5 kg

k= 1200 N/m
¢,=5N-s/m
my=5 kg

k= 1000 N/m
¢,;= 6 N-s/m

m;= 5 kg }&»

Figure 3-1 Four-story shear frame structure used for Kalman filters

Based on the described EKF altKF algorithms, thetime histories of thea
posteriori estimatedor the damping coefficients and the instory stiffness values are
shown inFigure 3-2. The figure shows that both EKF and UKF can update the unknown
parameters recursively from their initial values to the corresponding true values. The
performance of EKF and UKF are similardach other, except that the UKF estimate of

o is faster than the EKF estimate. In addition, the stiffness parameters converges to the
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c4(Ns/m)

true values faster than the damping coefficients. This is because the stiffness parameters
contribute more to the structl response, and thus the measurement data is more sensitive
to the stiffness parametdi®0]. As all estimates satisfy constraints during both EKF and
UKF identification processes, there is no need to apply constrained Kalman filters on thi

simulation example.

—— True value — — EKF estimate — - — UKF estimate
10 : : : 2000 ; ; ; ;
£ 1500
~ = ~
b 1 £
lH Z 4000 [\
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OU é 10 15 20 25 30 35 40 5000 5 10 15 20 25 30 35 40
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2
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Figure 3-2 Identified results using EKF and UKF on the four-story shear frame
structure

A comparison othe final estimated values using the EKF and the UKF algorithms
is shownTable3-1. The comparison shows that both the EKF and the UKF are capable of
identifying the unkown model parameters of this festory linear structure with
acceptable accurac@verall, the estimation errors using UKF is slightly smaller than the

errors using EKF.
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Table 3-1 Comparison of estimation results on the four-story shear frame
structure using EKF and UKF

Parameters | Actual values =KF uer
Values Errors (%) | Values | Errors (%)

w . O 6 6.0082 0.1364 6.0005| 0.0082
w . O 5 5.0174 0.3489 5.0242| 0.4831
o . O 4 3.9392 1.5204 3.9738| 0.6548
o . O 3 3.0554 1.8470 2.9875| 0.4168
Qi 1,000 999.7391 0.0261 | 999.7982| 0.0202
Q Ll 1,200 1200.5577 0.0465 | 1200.5070| 0.0422
Q Ll 1,600 1601.1534 0.0721 | 1600.8751| 0.0547
Q i 2,000 1997.2610 0.1370 | 1997.8292| 0.1085

3.3.2 Nonlinear Model Updating of aSngle-Degreeof-Freedom (SDOF) Bou@en

Model

The next example to investigate constrained Kalnfdters for parameter
identification is an SDOF Bod@/en hysteretic modelF{gure 3-3). The governing
equation of the system with mags, damping coefficienty stiffnessQand ground

excitationrj is shown as:

5

Figure 3-3 Bouc-Wen hysteretic system with viscous damping
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ano o Qo ano o (3-47)

Here the excitation to the systenbis a1 0, and the ground acceleration input
i O is contaminated with uncertainty. The nonlinear restoring forceiis Qg0 , and

ais a hidden hysteretic displacement. A fiostler differential equation describes the

hysteretic displacement:

O N TS G s np B 10CHN (3-48)

Herel |, ande are dimensionless parameters controlling the shape and magnitude
of the hysteresis loof) C Dis the signum function. This differential modehs many
advantages in describing nonlinear hysteresis. By adjusting the parameters, this model is
capable of generating a large variety of hysteretic loops. In order to identify proper values
for the BoueWen parameters, constrained Kalman filters (CEK& @UKF) are used to

search parameter values usingtéak dynamic response data.

3.3.2.1 Differentiable BoueWenModel

Notice that the model equation E8-48) is not differentiabl@try mora 1, and
this singulatty is not ideal for the linearization in EKFhreereasonsausing e non

differentiability are discussed as follows.

(i) Derivative of the signum functio® C & with respect toland derivative of the

absolute value functiogicswith respect tao
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As the absolute functiogis O C & @ it suffices to only discuss the derivative of

the signum functio® C d>. This derivative iot defined atd 1t In order to address

this problem, the hyperbolic tangent functior 1OEan be adopted to approximate the
signum functiorO C D.

Océh OAT K (3-49)

Here” Tmis a factor controlling the curvatur€igure 3-4 shows the plot of

O A 1" Bowith different values of . When the value of is larger, the differentiable

functionO A 17 Eobetter approximate® C & .

LN

o

|
(&)

Figure 3-4 Plot of "| 'H1z #

Using this approximation, the Boen equation is then modified as:

¢ np OAT'HG 1 T OATH (3-50)

(i) Derivative of the exponential functi@d with respect t@a>(® p)
For the termiQ OA T Exa in Eq. (3-50), — requires taking derivative with

respect to the base. The derivative of the exponential funitiomth respect tavis
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calculated as-¢& @d .Wheno p, the derivative is undefined é Tt To avoid

this singular point, we can simply régrid p. Applying this constraint on the state
equation of the BoutVen model requires p, which satisfies most of engineering

applications.

(iii) Derivative of the exponential functiab with respect tao(¢d )

For the termiQ  OA 1" Exa in Eq. (3-50), — requires taking derivative with
respect to the power. The derivative of the exponential fundiiomith respect tavis
calculated as-¢&d & 1 T3 which is not defined fod Tt In the system equation Eq.
(3-50), the base of exponential functions@sA 1” Exd which is always nonnegative.
Therefore, we only neetb consider the cagé T®Note that in(ii), we required p.

Using L'Hospital's rule the limit of the functiond 1 ©, asd approachest can be
calculated as:

| E4r— 1 EL& T (3-51)
o oW w

(0]

I EOT B 1 E4—
(6] Ow

In the application of EKF, we define the derivativegd Tat®d T

To demonstrate the efféatness of the proposed differentiable BaMen model,
simulation on an SDOF nonlinear hysteretic systéigufe 3-3) is conducted. In this
simulation example, system parameters are sét asL kg, 0 .N&/m,’Q 1 N/m,

1 2,/ 1,and¢ ¢. Inthe differentiable BoukVen model, the curvature controlling

parameter is set ds p T.7A scaled El Centro earthquake excitation of 40 s duration is
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q (m/s) q(m)

z(m)

applied to excite the systerRigure 3-5 plots the displacemen velocityrj, hysteretic
displacemend, and the hysteretic loops using the original Ben model (Eq(3-48))

and the differentiable Bot/en model (Eq.(3-50)). The dynamical responses and
hysteretic loops of the two model are almost the same to each other. The simulated results
indicate that the proposed differentiable BaMen model is capable of capturing the
hysteretic behaviors of the system with acceptalslcuracy. In the discussion afterwards,

the proposed differentiable BoWigen model will be adopted for paramei@entification.

—— Original — — Differetiable

1 L L 1 L 1 1 . L 1 1 L 1 1 i
0 5 10 15 20 25 30 35 40 -0.6 -0.4 -0.2 0 0.2 0.4 0.6 0.8 1
Time (s) q(m)

Figure 3-5 Structural responses of the SDOF Bouc-Wen hysteretic system

3.3.2.2 ParametetdentificationUsing EKF and CEKF

In this parameter identification example, the values of system parameters and
excitation are the same as in Sect®o8.2.1 The mas$ is treated as accurate and other
parameters are chosen for identification. The model parameters are summaifiabtin

3-2.
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Table 3-2 Model parameters of the SDOF Bouc-Wen system

Parameters| Actual values| Initial values
w(Ns/m) 0.3 0.15
O(N/m) 12 6

1 2 1
[ 0.5
€ 2 4

The statespace system equation for parametentification can be formulated as:

(3-52)

43334
AR N D

Q

The absolute acceleration of the mass is measured X0 and the measurement
eguation is given as:

G @ Woja o (359

The covariance of the process noise is set as pm [ jO , and tke
covariance of sensor noise issetas p 1 | jO . Model parameters are identified
using EKF and CEKEF firstin the identification process, the linearization of system

equatiorl(Eq. (3-52)) and measurement equaticth. (3-53)) uses analytically derived

partial derivatives.
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For CEKF, inequiity constraints applied on the parameters are listed as fol&ijs

T, g€ p (3-54)

Usingthe EKF and CEKFRalgorithms the parameters of the nonlinddoucWen

hysteretic system are identified together with the original system states, including

displacement, velocity, and hysteretic displacenfagtre3-6 shows thdime histories of

thea posterioriestimates of the parameters and the system states. Except for the damping

parameteand the stiffness paramef€) all the other parameters cannot be updated

correctly by EKF On the other hand, the proposed CEKF can recursively update all the

parameters from their initial values to the corresponding true values. The constraints can
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Figure 3-6 Updating results on the SDOF Bouc-Wen hysteretic model using EKF and

CEKF
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effectively prevent the estimates from being unreasonable values. The estimates of stiffness
paameterQand damping coefficienbconverge faster than the estimates of hysteretic
parameters, which remain not updated and change rapidly after about 2 seconds. This is
because the structure has not exhibited nonlinear behavior within the firsh2setthe
estimation process. The plots show that after about 4 seconds, all the CEKF estimates reach

values quite close to the true values.

Similar to the estimation of parameters, the estimated states and hysteretic loop from
the proposed CEKF match waelith the actual states and hysteretic loop, respectively. In
Figure 3-6, the CEKF curves of states and hysteretic loop and the actual value curves
overlap with eachtber. On the other hand, EKF can provide accurate estimates for velocity
r and hysteretic displacememtwhile the estimate of displacemepsuffers slow drift

over time during the model updating process, and results in an inaccurate hysteretic loop.

A comparison of the final estimated values using different identification algorithms
is summarized inrable 3-3. EKF estimation errors of all the hysteretic paramedees

greater than 25%. The difficulty of EKF identifying parameters of highly nonlinear systems

Table 3-3 Comparison of estimation results on the SDOF Bouc-Wen hysteretic
model using EKF and CEKF

Parameters
values Values Errors (%) Values | Errors (%)
@ N§m 0.3 0.3149 4.9603 0.3007 0.2185
QNjm 12 12.4596 3.8297 11.9958 0.0353
1 2 0.8424 57.8792 2.0109 0.5464
r 1 0.7389 26.1072 1.0026 0.2634
€ 2 1.2313 38.4326 2.0080 0.4011
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has also been reported by other resear¢b8sOn the other hand, the proposed CEKF is

capable of accurately identifying model parameter values; all estimation errevihane

1%. This simulation example shows that the proposed CEKF outperforms EKF when

applied forparameter identification of highly nonlinear systems.

3.3.2.3 Parameter identification using UKF and CUKF

The same problem is solved by UKF and CUKF. For CUKF, the same inequality

constraints Eq(3-54) are applied during the identification process. UsimgUKF and

CUKF algorithms the parameters of the nonlinear Ballen hysteretic system are

identified together with the original system states, including displacement, velocity, and

hysteretic displacemerftigure 3-7 shows the time histories of tlaeposterioriestimates

—— True value — — UKF estimate — -— CUKF estimate
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Figure 3-7 Updating results on the SDOF Bouc-Wen hysteretic model using UKF and

CUKF
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of the parameters and the system states. Both UKF and the proposed CUKF can recursively
update all the parameters from their initial values to the corresponding tues.vilost

of the UKF curves and CUKF curves overlap with each other, except for the estimates of
I andl during time span 2 ~ 4 s. It shows that CUKF algorithm can effectively prevent
the estimates from violating constraints. Like CEKF, the estimatssfioiess parameter

"Qand damping coefficierbconverge faster than the estimates of hysteretic parameters,
which remain not updated and change rapidly after about 2 seconds. Similar to the
estimation of parameters, the estimated states and hysteretic loop from both UKF and the

proposed CUKF match wekith the actual states and hysteretic loop, respectively.

A comparison of the final estimated values using different identification algorithms
is summarized ifable3-4. Both UKF and CUKF can achieve accurate model parameter
values. All estimation errors of UKF angthin  0.3%; all estimation errors of CUKF are
within  0.2%. This simulation example shows that considering constraints during UKF

estimation process can slightly improve the accuracy atihification results.

Table 3-4 Comparison of estimation results on the SDOF Bouc-Wen hysteretic
model using UKF and CUKF

Parameters
values Values Errors (%) Values | Errors (%)
® N§m 0.3 0.3003 0.1092 0.3002 0.0828
QNjm 12 11.9987 0.0111 11.9987 0.0107
1 2 2.0044 0.2177 2.0042 0.2109
[ 1 1.0024 0.2352 1.0021 0.2135
3 2 2.0034 0.1707 2.0032 0.1592
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3.4 Summary

This chapter investigates model updating using constrained Kalman filters. Model
parameters can be recursively updated, together with system states, from noisy
measurement data through nonlinear variants of Kalfiftans, especially the extended
Kalman filter (EKF) and the unscented Kalman filter (UKF). Incorporating constraints
from physical laws during the updating process can effectively prevent estimates of
parameters from being unrealistic. Details of the tramed EKF (CEKF) and the

constrained UKF (CUKF) are provided.

Numerical simulations are conducted to validate the proposed methods. Model
updating of the foustory shear frame structure has shown that both EKF and UKF can
reliably update the model paraters to the corresponding true values, and all estimates
satisfy the constraints during the identification processes. The SDOF example with Bouc
Wen hysteresis demonstrates that EKF can easily result in unreliable estimates of model
parameters due to lagdinearization error for the highly nonlinear system. Comparing to
EKF, CEKF can effectively prevent the estimates of model parameters from being
unrealistic and finally provide reasonable estimates by applying constraints on parameters
during the estima@in process. In addition, both UKF and CUKF can achieve accurate
updating results for model parameters of the hysteretic system. Considering constraints
during UKF estimation process can slightly improve the accuracy of the identification

results.
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CHAPTER 4. EXPERIMENTAL VALIDTION OF MODEL
UPDATING APPROACHES ON A FOUR-STORY SHEAR

STRUCTURE

To compare the proposed model updating methdas, ¢hapterpresents the
laboratory experiment with a fostory shear structure. The methods include the SOS
optimization from @apter 2 that minimizes modal dynamic residuals and constrained
Kalman filters from Chapter 3. Dynamical responses of the structure and base excitation
are measured by accelerometers and displacement sensors. Modal properties of the shear
structure are exdcted from the acceleration data through the eigensystem realization
algorithm (ERA). The acceleration data are also used in constrained Kalman filters for
identifying model parameters. The displacement data are added for evaluating the

performance of miel updating methods.

To apply the modal dynamic residual formulation;2@F linear model is built and
the SOS optimization is conducted to update the stiffness variables from the experimentally
obtained modal properties. As for constrained Kalman $iltar4ADOF nonlinear model
with BoucWen hysteresis is built. Based on this nonlinear model and experimental
acceleration data, model parameters, including damping coefficientsstotgrstiffness
parameters, and hysteresis parameters, are recurspadyed together with the system
states. The performance of various model updating methods are evaluated and compared
through simulating the dynamical responses of the shear structure using the updated model

parameters.

4.1 Test Structure
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The fourstory shear structure is madeabfiminum alloy with rigid plates as floors
and flexible strips as columnEi@Qure 4-1). The total height of the structure is 1.182 m.
The weight of each floor is measured by scale. The structure is mounted on a shake table
which provides horizontal base excitation. An acceletem (#0) and a displacement
sensor (#0) arstalled at base to measure the excitation signal generated by the modal
shaker. In addition, accelerometers (#1~#4) and displacement sensors (#1~#4) are
instrumented to measure dynamic responses of the seLthe sampling frequency of
sensors is set as 200 Hgincecompletesensomeasuremerns available from all théour
DOFs,we can extract afiour resonance frequencies, damping ratios, and mode sbfpes

this 4DOF model structure

Accelerometer #3 i tw | = — 1 |« Displacement sensor #3

a)

Accelerometer #2 HESIEe -% : l Displacement sensor #2

= A

Accelerometer #1 SRR | |« Displacement sensor #1

' {

Accelerometer #0 Displacement sensor #0

Figure 4-1 Experiment setup of the four-story shear structure
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To excite the structure, a scaled chirp signal from 0 Hz to 10 Hz is generated as ground
excitation. The measured ground acceleration and displacement and structural responses

of each story relative to the ground are showRigure 4-2. The eigensystem realization
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Figure 4-2 Measured accelerations and displacements
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algorithm (ERA)[82] is applied to extract modal properties of the shear structure from the
acceleration datdarigure 4-3 plots the mode shapes of all the four modes of the shear
structure. Identified resonance frequencies and damping ratios are annotated in the figure.

The extracted modal properties agree with expectation for asfory shear structure.

Frequency = 0.84 Hz Frequency = 2.66 Hz
Damping ratio = 0.37% 4 amping ratio = 0.61%
3 3
2 27
1 1
1 0 1 /l\ L
0 0.5 1 -1 -0.5 0 0.5 1
(a) Mode 1 (b) Mode 2
Frequency = 4.25 Hz Frequency = 5.75 Hz
4 Damping ratio = 0.56% 4 Damping ratio = 0.76%

0 . 7K . 0 . 7K !
-1 -0.5 0 0.5 1 -1 -0.5 0 0.5 1

(c) Mode 3 (d) Mode 4

Figure 4-3 Modal properties of the four-story shear structure
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4.2 Linear Model Updating Using SOS Optimization Method

The fourstory shear structure is simulated as a fO@F linear model first. In this
model updating problem, only the int&ory stiffness parameters are updated. Considered
as accurate, the mass of each floor is weighted by a scale and found to be 5 kg. All the four
initial/nominal interstory stiffness parameters are set as 1.5 kN/m prior to model updating.
To update all the four stiffness parameters, updating (vector) variabke is introduced
in the optimization problem. Eachrepresents the relative chandatiffness parameter

Qin kN/m from the initial value, i,e— Q p& j p®, Q phchoft.

In this example, all four vibration modes showrrigure4-3 are awailable for model
updating, i.e¢ 1. As all DOFs are instrumented with sensors, the modal dynamic

residual formulation degenerates to a convex optimization problem as follows:

| ET E i € 1 E
(4-1)
O0A® E i
The lower bound for variableN a is set askE (meaning the lowest

possible stiffness parameter value is 0) and the upper bound igjsetas  (meaning

the highest possible stiffness parameter value is twice the initial/nomina).value

To conduct model updating, both the SOS optimization method and two local
optimization algorithms (Gaugsewton algorithm and trusegionreflective algorithm)
are adopted to solve the problem E2t3). After the optimal solution” is solved, the

updated stiffness parameters can be calculated using the nominal Viabés4-1
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summarizes the updated intstory stiffness parameters obtained from different
optimization methods. The updating results agree with expectation that due to the
convexity of problem Eq2-3), both Gaus®Newton algorithm and trusegionreflective
algorithm converge at the same optimal solution point as the SOS optimization method. In
addition, the updated intstory stiffness values of lower stories are much less trarot

the top story, because of the significBat effect of the structure.

Table 4-1 Updated inter-story stiffness parameters (Unit: KN/m)

Parameters GaussNewton | Trustregionreflective SOS
ko) 1.0358 1.0358 1.0358
K 1.2495 1.2495 1.2495
0 1.5187 1.5187 1.5187
ko) 2.5620 2.5620 2.5620

Using the optimal intestory stiffness parameters, an updated numerical model can
be constructedlable4-2 compares the modal properties extracted from experimental data
and calculated from the updated model. Because the updated stiffness values are the same
from different optimization abged "t hms prow
for all algorithms. Besides resonance frequencies, the modal assurance criterion (MAC)
value is provided qualifying the similarity between each experimentally extracted mode
shape and the numerically simulated mode shapeThe MAC value is calculated

as:

91



S o# (4-2)

where&2% denotes théb-norm. A MAC value closer to 1 indicates the collinearity of two
vectors; a MAC value closer to O indicates the orthogonality of two vectors. The
comparison demonstrates that the updated model achieves closer modal properties to the

experimental ones, i.lawer 3'Qand higher MAC values.

Table 4-2 Comparison of experimental and simulated modal properties

Experimental result Initial model Updated model
Modes "Q  (Hz) "Q(Hz) | 3°Q(%) | MAC | "Q(Hz) | 3°Q(%) | MAC
1 mode 0.8435 0.9574 | 13.5047| 0.9969| 0.8591| 1.8564 | 0.9991
2"9mode 2.6605 2.7566 | 3.6133 | 0.9506| 2.7412 | 3.0325 | 0.9845
39 mode 4.2515 4.2234 | 0.6614| 0.6565| 4.2750 | 0.5509 | 0.9945
4™ mode 5.7484 5.1808 | 9.8746| 0.7053| 5.7207 | 0.4822| 0.9996

4.3 Nonlinear Model Updating Using Constrained Kalman Filters

4.3.1 EKF and CEKRModelUpdating

In the time domain model updating, each irgry element of the shear structure is
modeled with viscous damping and hysteresisias/s inFigure4-4. The hysteretic force
within the i-th story is'Qd, where the hysteretic displacemeénts described by the

differentiable BouéWNen model.
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Figure 4-4 Four-story shear structure with viscous damping and hysteresis
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The equation of motion for this fowstory structure with nonlinear hysteresis can be

expressed as:

El A £6 ERQ 0 (4-4)

where'l ¥ a is the displacement vectadN s is the hysteretic displacement vector
with eachd described by Eq(4-3), EN a is the mass matriXAN A is the

damping matrixR N g s the influence vector] N a is the ground acceleration,
0 N a is the input uncertainty, ared containsthe interstory stiffness values. Note that

this definition ofé and the definition ob in Eq.(4-3) together describe the effect of inter
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story hysteretic forces in tleguations of motion. Thus, the definition is different from the

typical linear stiffness matrix of a@OF structure:

(4-5)

Qv
Q
Q

The statespace system equation for parameter idieatibn can be formulated as:

i

§d Ry O

o 50y o . &

r’w?& Y 0 &
A y & (46
o ) om ] (4-6)

Ay Bom (v &

o & oy T oy

[ m

00 o T o

Hered is determined by Ed4-3). Acceleration data is used for model updating. At

thek-th time step, the absolute accelerations of all floors are measuved as :

o E A o (4-7)

The covariance of the process noise is sét as 3. S i j& 2, and the

covariance of sensor noiseissetas 3. p i j& %

To identify the model parameters together with the system states, EKF and CEKF
introduced in Chapter 3 are conducted. Again, considered as accurate, the mass of each
floor is 5 kg. Dampig coefficientsw, stiffness parametef®, and hysteretic parameters

T, , and¢ are identified through the measurement data. The initial estimates are set as
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s S5Ns/m™y 1.8mM7T ¢ 0.,5¢ 0.05nd¢, 4. For

CEKF, inequality constraints applied on the parameters are listed as follows:

W T T n fr M o m™m & p (4-8)

Figure4-5 plots the time histories of treepasteriori parameter estimates of the four
story shear structure using EKF and CEKF on experimental data. The estimates of damping
coefficients and stiffness parameters start updating from the beginning of vibration. After
significant changes during time sp&rom about 10 s to 20 s, the estimates gradually
converge to constant valuek.is observed that the updating results of EKF and CEKF on
damping coefficients and stiffness parameters are close to each other. However, it should
be noted that estimatesmerated from CEKF always stay within the feasible domain, while

some estimates from EKF fail to satisfy the constraints during the identification process.
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Figure 4-5 Updating results of EKF and CEKF on the four-story shear structure using
experimental data
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For example, EKF estimate af becomes negative at about 20 s as shown in the figure.
The estimates of hysteretic parametgrg ( ande) change slowly at the beginning of the
identification process, and change rapidly at about 5 s. After the rapid updating, the
estimates df and’ remain steady, while the estimate¢ostarts to fluctuate. The EKF

and CEKF estimates éfdiverge at about 20 s, and finally reach at different values.

Table4-3 summarizes the estimated results provided by EKF and CEKF for the four
story shear structure using experimental data. Both EKF and CEKF results show that lower
stories demonstrate much lesterstory stiffness due to significaRt3- effect of the lab
structure. The stiffness values estimated by EKF and CEKF are similar to those obtained
from previous frequency domain model updating approaches (assuming linear structure)

shown in Sectiod.2 It should be noted that the hysteretic parameters estimated by EKF

Table 4-3 Estimation results using EKF and CEKF on the four-story shear

structure
Parameters EKF CEKF
w N$m 0.0594 0.0635
w N$m 0.7010 0.2309
@ N§m 0.0219 0.3562
@ N$m 1.1048 0.8935
0 k Nm 0.9418 0.9418
'Q k Nm 1.2932 1.2958
Q k Nm 1.4560 1.4612
Q k Nm 2.4484 2.4520
I 0.0032 0.0257
r 0.0152 0.0163
¢ 2.0319 1.2079
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are not reasonable, fags smaller than . On the other han€CEKF ensures the hysteretic

paraneters remain within realistic bounds.
4.3.2 UKF and CUKFModelUpdating

The parameter identification problem of the laboratestaty frame is also solved
by UKF and CUKFdescribed in Chapter 3o be consistent with EKF and CEKF, the
same initial values and constraints are adopfaplire 4-6 plotsthe time histories of tha
posterioriparameter estimates of the featory shear structure using UKF and CUKF on
experimental data. The UKF and CUKF estimates show similar trends as the BKF an
CEKF estimates. The estimates of damping coefficients and stiffness parameters start
updating from the beginning of vibration, change significantly during span from about
10 s to 20 sand gradually converge to constant values. The figure showsotinat UKF

estimates of damping coefficients, especially, reach negative values during the
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Figure 4-6 Updating results of UKF and CUKF on the four-story shear structure using
experimental data
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identification process. On the other hand, the CUKF estimates always stay within feasible
domain by incorporating constraints in parameter identification. SitoiBKF and CEKF
updating results, the UKF and CUKF estimates of hysteretic paranietgrsafde) start

to rapidly update at about 5 s. The estimatés afid’ quickly reach at constant values.

The UKF and CUKF estimates &falso diverge at ab®20 s and converge to different

values in the end.

Table4-4 summarizes the estimated results provided by UKF and CUKF for the four
story shear structure using experimental data. Again, both UKF and CUKF results show
that lower stories demonstrate mueks interstory stiffness due to significaRt3- effect
of the shear structure. The stiffness values estimated by UKF and CUKF are similar to the

results obtained from previous frequency domain model updating approaches (assuming

Table 4-4 Estimation results using UKF and CUKEF on the four-story shear

structure
Parameters UKF CUKF
® N$m 0.0079 0.0169
® N$m 0.6285 0.0509
w N$m 0.0947 0.5020
w N§$m 0.8199 0.5762
0 k Nm 0.9457 0.9469
Q k Nm 1.2969 1.3046
Q k Nm 1.4610 1.4649
Q k Nm 2.4544 2.4665
I 0.0075 0.0352
r 0.0215 0.0278
& 1.4411 1.0339
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linear structure) showmiTable 4-1. The results inTable 4-4 are also close to those
obtained from EKF and CEKF shown Trable4-3. It should be noted that ifiable 4-4,
UKF estimates o6y, , and’ fail to satisfythe constraints from physical laws, @ss

negative and is smaller than .
4.4 Comparison Between Updating Results of Different Approaches

To investigate the performance of parameter identification algorithms, structural
responses are simulated using the updated parameter values obtained from different model
updating approaches in Sectiér?2 and Sectiord.3. In the simulation, the process noise

covarianced and the measurement noise covariancare set as 0.

The linear model updating using SOS optimization method in Sedt®only
provides updated values for stifss parameters. To simulate reasonable structural
responses, a Rayleigh damping matrix is constructed using the first two damping ratios
identified from experimental dataFiQure 4-3). Sructural responses, including
displacement and acceleratioih, can be calculated according to t&g. (4-9) shown

below.

El A €1 ER (4-9)

Here R Ngq is the influence vectorFigure 4-7 plots the simulated
displacement responses of the shear structure using initial stiffness parameters and those
updated through SOS optimization method. Displacement responses of entireaime sp

from O s to 50 s are plotted kigure4-7 (a). The closaip plots of 5 s to 8 s are shown in
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Figure 4-7 (b), and the closeap plots of 30 s to 33 s are shownHigure 4-7 (c). The
comparison demonstrates that the updated stiffness parameters from SOS optimization
method can predict displacement responses close to the measurement data. On the other
hand, the liear model using the initial stiffness parameters cannot provide accurate

displacement responses.

Measured data —--— Initial values - — — SOS method
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(a) Displacementin 0 ~ 50 s (b) Displacementin5~8s (c) Displacement in 30 ~ 33 s

Figure 4-7 Simulated displacement using initial stiffness parameters and parameters
updated by SOS optimization

Figure 4-8 plots the simulated acceleration responses of the shear structure using
initial stiffness parameters and those updated through SOS optimizatsdinod.
Acceleration responses of entire time span from 0 s to 50 s are ploEapia4-8 (a).

The closeup plots of 5 s to 8 s are shownHigure 4-8 (b), and the closep plots of 30 s

to 33 s are shown iRigure4-8 (c). The simulation results show tlihe updated stiffness
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parameters from SOS optimization method can predict acceleration responses close to the
measurement data. The acceleration responses simulated using the initial stiffness
parameters are quite different from the measurement dagégiaining but become closer

to the measurement data as time increases.

— --— |Initial values

- — - SO0S method
30 31 32 33

o WWW\WWW
1
. v q

0 31 32 33

0

Gy(mis?)
o o »m

Gy(mis?)

-0.

Gy (mis?)

a5 (m/s?)
: o

4, (mis?)
o

0 10 20 30 40 50 5 6 7 ] 30 31 32 33
Time (s) Time (s) Time (s)
(a) Acceleration in 0 ~ 50 s (b) Accelerationin5~8s (c) Acceleration in 30 ~ 33 s

Figure 4-8 Simulated acceleration using initial stiffness parameters and parameters
updated by SOS optimization

Next, updated miel parameters from EKF and CEKF are used to simulate the
dynamical responses of the shear structbisplacementi and acceleratioih can be
calculated according to the nonlinear system equation@Ey.and Eq.(4-4). Figure4-9
plots the simulated displacement responses of the shear structure using initial model
paraméers and those updated through EKF and CEKF algorithms. Displacement responses
of entire time span from 0 s to 50 s are plotteHigure4-9 (a). The closaip plots of5 s

to 8 s are shown iRigure4-9 (b). The simulation results show that parameters updated by
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a, (m)

a, (m)

a, (m)

EKF and CEKF provide similar displacement responses at the beginninga@ing to

the displacement responses generated from initial model parameters, the EKF and CEKF
responses are much closer to the measurement data. Theglpets of 30 s to 33 s are
shown inFigure 4-9 (c). It can be seen from the figure that CEKF updated parameters
performs consistently well over time. On the other hand, the EKF updated parameters
cannot provide accurate displacement responses as time increases. Different from the
results of linear mael (Figure 4-7), the nonlinear model using initial parameters can

generate relatively accurate displacement responses in the later part of simulation.

a, (m)

Time (s)
(a) Displacementin0~50s

Time (s)
(b) Displacementin 5~8s

Measured data — --— |Initial values - — - EKF —-— CEKF
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Figure 4-9 Simulated displacement using initial model parameters and parameters
updated by EKF and CEKF

Figure 4-10 plots the simulated acceleration responses of the shear structure using
initial model parameters and the updated parameter values from EKF and CEKF

algorithms. Acceleration responses of entire time span from 0 s to 50 s are plBitgaian

10z



4-10 (a). The closaup plots of 5 s to 8 s are shownRigure 4-10 (b).At the beginning,

both EKF and CEKF updated parameters provide acceleration responses close to
measurement data, while initial model parameters cannot generate accurate acceleration
resporse. The closelp plots of 30 s to 33 s are shownFigure 4-10 (c). Similar to the

results of linear model shown Figure 4-8, acceleration responses provided by all the

model parameters become closer to the measurement data as time increases.

Measured data — --— Initial values - — - EKF —-— CEKF
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o
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(a) Accelerationin 0 ~ 50 s (b) Accelerationin 5~ 8 s (c) Acceleration in 30 ~ 33 s

Figure 4-10 Simulated acceleration using initial model parameters and parameters
updated by EKF and CEKF
The dynamical responses of the shear structure are simulated again ttimeugh
nonlinear system equations K4-3) and Eq.(4-4) using updated model parameters from
UKF and CUKF.Figure 4-11 plots the simulated displacement responses of the shear
structure using initial model parameters and those updated through UKF and CUKF

algorithms. Displacement responses of entire time spantfiota 50 s are shownliigure
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a, (m)

a, (m)

a; (m)

a, ()

4-11 (a). The closeup plots of 5 s to 8 s are plottedkigure 4-11 (b), and the closep

plots of 30 s to 33 s are shownHigure4-11 (c). The displacement responses from initial
parameters are the same as those shoWwigime 4-9, and are plotted here for comparison
with the updated parameters. The daion results show that parameters updated by UKF
and CUKF provide similar displacement responses at the beginning. Similar to CEKF, the
updated parameters from CUKF performs consistently well over time. On the other hand,

the UKF updated parameters canpoovide accurate displacement responses as time

increases.
Measured data — --— Initial values - — - UKF —-— CUKF
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Figure 4-11 Simulated displacement using initial model parameters and parameters
updated by UKF and CUKF

Figure 4-12 plots the simulated acceleration responses of the shear structure using

initial model parameters and those updated through UKF and CUKF algorithms.
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Acceleration responses of entire timeusgrom 0 s to 50 s are plottedkigure 4-12 (a).

The closeup plots of 5 s to 8 s are showrFigure4-12 (b), and the closep plots of 30 s

to 33 s are shown iRigure 4-12 (c). Again, the acceleration respessof initial model
parameters are plotted for comparison. Similar to the EKF and CEKF, parameters updated
by both UKF and CUKF can provide acceleration responses close to measurement data

throughout the entire time span.

Measured data

0 10 20 30 40 31
Time (s) Time (s) Time (s)

(a) Accelerationin 0 ~50 s (b) Accelerationin 5~ 8 s (c) Acceleration in 30 ~ 33 s

32

Figure 4-12 Simulated acceleration using initial model parameters and parameters
updated by UKF and CUKF
To quantify the performance of model updating meth®db)e4-5 summarizes the
root mean square (RMS) errors of the simulated responses for the entire 50 s time span.
For each row in the table, the smallest error is circled, and the largest error has highlighted
badground. The comparison shows that the SOS updated parameters performs well in

terms of displacements of the third flaprand the fourth floor , and acceleration of the
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third floorj , while having large estimation errors for all the other acceleration responses,
includingn , , andrj . The constrained Kalman filters, CEKF and CUKF, are able to
reduce the estimation errors of the Kalman filters, EKF and UKF, respectively. Cognparin
EKF and UKEF results, the errors of UKF are generally smaller than those of EKF. As for
CEKF and CUKF, the displacement errors of CUKF are smaller than those of CEKF, while

CEKEF performs better in terms of acceleration responses.

Table 4-5 RMS error comparison of simulated responses

RMS error CEKF UKF CUKF

2.3347 4.0796 2.1697
3.1165 51741

3.6720 6.1322 3.2725

q; (X 107* m)

q, (X 107* m)

qs (X 107 m)

qs (x 107* m) 4.0522 6.7637 3.6253

gy (x 1072 m/s?) 6.9007 4.3505
G (X 1072 m/s?) 5.4344 5.0976
G5 (x 1072 m/s?) 3.8885 - 3.9826
s (X 1072 m/s?) @ 5.5358 3.8978

45 Summary

This chapter investigates model updating performance of the SOS optimization to
minimize modal dynamic residuals and constrained Kalman filters. The comparison uses
experimentally measured data from a fetiory laboratory structure. Based on-®@F
linear model, the intestory stiffness parameters are updated through modal dynamic
residual formulation using modal properties extracted from acceleration data. As all t

DOFs are measured by sensors, the modal dynamic residual formulation leads to a convex
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optimization problem, for which the SOS optimization method and local optimization
algorithms find the same optimal solution of the stiffness variables. The mogaltme

of the updated modelre shown to be close to those extracted from experimental data.
Next, based on a-BOF nonlinear hysteretic model, constrained Kalman filters are used
for updating damping coefficients, intstory stiffness parameters, and ugéVen
hysteretic parameters. The updating results demonstrate that incorporating constraints

during the estimation process can effectively prevent the parameters from being unrealistic.

Finally, the updated model parameters are used to simulate theidghaasponses
of the shear structure. Compared with the experimental measurements, tup&Ds
stiffness parameters can generate relatively accurate displacement responses, while the
accelerations of the first, second, and fourth story have larges.e@onstrained Kalman
fiters CEKF and CUKF outperform standard Kalman filters EKF and UKF in terms of

both displacement and acceleration responses.



CHAPTER 5. EXPERIMENTAL VALIDTION OF MODEL
UPDATING APPROACHES ON A FULL-SCALE REINFORCED

CONCRETE FRAME STRUCTURE

This chapteninvestigates the performance ajnstrained Kalman filters on model
updatingthrough experimental data collected from a-fdale reinforced concrete frame
structure.For large and complex structures, it turns out that only updating stiffness
parameter may not guarantee accurate simulation of dynamical responses. Thus, the SOS
optimization method is not studied using this frame structlifee test structure and
experiment setup are firgitroduced in Sectiob.1 Themeasuredccelerationesponses
at critical locationsare usedby constrained Kalman filters for identifying model

parameters.

A 2D FE model is built for the reinforced concrete frame structure. In See@pn
the proposedCEKF and CUKFare investigated using simulatdgnamicalresponsesf
the FE modelModel parameters, including stiffness variables and damping ratios, are
updated based the acceleration data. The effectiveness of rikagus during the

parameter identification process is demonstrated.

In Sectiorb.3, experimentally obtained structural responses are used to update model
parameters for the reinforced concrete frame struclE&F and CUKF are conducted to
update the stiffness variables addmping ratios for the frame structure. Dynamical
responses of the structure are simulated using the updated models from CEKF and CUKF.
The performance of proposed model updating methods are evaluated by comparing the

simulated dynamical responses witk #xperimental data.
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5.1 Frame Structure and Vibration Test

Four reinforced concretrames were constructed and tested in the Structural
Engineering and Materials Laboratory on Georgia Tech canffigaré 5-1). The four
frames are sperate from each otheith a gap between every two neighboring frames.
Each frame consists of two stories and two bays with a total height of 24 ft and a total
length of 36 ftWhen testingpf each frame, a #kip hydraulic linear inertial shaker was
installed on the secoradevated slab and utilized to excite the frame with a scaled El Centro
record. The moving mass of the shaker can provigaane excitation along longitudinal
direction. Experimental measurements from the frame #1 areinigbd thesis study
When consucting the frame, the concrete was poured in five staggsire 5-1(b)

illustrates the pour sequence for the frame.

| 18 ft 18 ft
| g “1
K — Pour 1
| 2nd elevated slab L
Linear inertia 12 ft ; Pour 2
shaker
Y ¥ L 5 [ ]Pour3
1st elevated slab ’
¢ 12 ft [ ] Pour4
______ v [:| Pour 5
(a) Reinforced concrete frame (b) Sequence of construction

Figure 5-1 Full-scale test frame and pour sequence

A total of 44 inplane acceleration channels werstalled to measure the dynamical
responses of the concrete frafgure5-2 illustrates the sensor instrumentation, including
27 channels along longitudinal direati (annotated by blue arrows) and 17 channels along
vertical direction (annotated by red arrows). These sensors were installed engtidand

guarterlength ofeach beam or column membgvith these critical locatiommeasured,



the modal properties ofnierest can be extracted from the measurenTdrd. sampling

frequency was set as 200 Hz.

Figure 5-3 plots two sets of example acceleration data collected by accelerometers

Al6 and A18, together with the corresponding frequency spectra. The response spectra

indicate that the motion of the gture due to shaker excitation is significant in frequency

A44 M43 A2 A4l A40 A39  A38 A37
A3 [TA27 | Al6_| [A26 | — A8
1 1] ¥ ] ] 7

—>A22 > A15 —> A7
—>A21 > A14 —> A6
> A13 —> A5

36 A35  A34  A33 A32 A3l A30 A29 A28
L >A20] >A25 | —>A12 | —>A24 | — A4

17 v 17 Y v v 1] y

—>A19 ALl —> A3
—>A18 —>A10 — A2
—>A17 A9 —> A1

Figure 5-2 Sensor instrumentation

range from 0 ~ 10 Hz, while higher frequermmmponentslso exist
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Figure 5-3 Example of acceleration responses and frequency spectra
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5.2 Finite Element Model and Model Updating with Simulated Measurements

A 2D FE model for the reinforced concrete frame is buihigi§ulerBernoulli beam
elements as shown fgure 5-4. The model consists of 23 nod@4 elementsand36
DOFsin total. Axial deformations of beam elements are eé&tgd in this model he three
bases are modelled dxed end Composite sections are adopted to consider the
contribution from both concrete and rebdrable5-1 sumnarizes the nominalalues of

Young' softnocdnereté and steel rebars for the initial model.

23 22 10 21 20
o l L l
15 { 1 ¥ 5
14 =¢> —>0Q --> 4
119 | 18 8 |17 116
13 ¥ 7 ¥ ¥ 3
12 —¢> —>7 —<4> 2
11 6 1
T T

—> measurement

Figure 5-4 FE model for the reinforced concrete frame

Table 5-1 Nominal values of Young’s moduli of concrete and steel (Unit: Kips/in?)

Material Y o u nrgodui
Concrete 3,800
Steel 28,000

Using the FE modekhe proposed model updating methaal® first studied with

simulated dataThe constrained Kalman filters, CEKF and CUKF, are applied to identify
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the stiffness parameters and damping ratios of the strudilmdel updating with

experimental data will be presented in upcoming Seé&ian

Five stiffness variables™ a corresponding to the five pourBigure 5-1(b)) are

selected for updating. Similar to the model updating problems in Chapter 2, the stiffness
variables represent the relative change from the nominal valué&bie 5-1. In this
simulation study, the true values of stiffness variables are set ‘as

T8 brdh @ b b ] . Besidesfive stiffness variables ¥ s, two damping
ratios N g are also updated for constructing a Rayleigh damping matrixthis
simulation example, the true values @dmping ratiosare set as’ mdt brdt v .
Acceleration responsesimulated f r om t-hei |“tds structur e ar
“experimental?” dat a 15 accelerationdaghdnnels puded,tas n g . T
illustrated inFigure5-4. To improve tle computational efficiency, Guyan model reduction

technique is applied to condense the FE model to the 15 measured DOFs. Based on the

condensed moddahe dynamical responses are calculated through Newbsakmethod.

Constrained Kalman filters, CEKF an@UKF, introduced in Chapter 3 are
conducted to identify the model parameters together with the system states. The initial

estimates are set ag; g mand—p 18t ¢ Inequality constraints applied on the

parameters are listed as follows:

P — p ™inp - T8 (5-1)

The time histories of the posterioriestimates of the stiffness variables and damping

ratios of the reinforced concrete frame structure obtained from CEKF and CUKF are
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plotted inFigure 5-5. The identifi@ results show that both CEKF and CUKF can update
the stiffness variables and damping ratios recursively from their initial values to the
corresponding true values. It can be seen from the-djpg#ot Figure 5-5(c) that both

CEKF can CUKF can effectively restrain the damping ratio estimates within the feasible

domain.
True value — — CEKF estimate — -— CUKF estimate
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Figure 5-5 Identified stiffness variables and damping ratios from CEKF and CUKF
using simulated data

Table5-2 summaries thdéinal estimated valuesf model parametergsing CEKF
and CUKF algorithms The comparison shows that both t6EKF and theCUKF are

capable of identifying the unknown model paeders of thiseinforced concrete frame
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structurewith acceptable accuracylhe performance of the CEKF is similar to the

performance of the CUKF. All estimation errors aithin  4%.

Table 5-2 Comparison of estimation results on the reinforced concrete frame using
CEKF and CUKF with simulated data

Parameters | Actual values CERF CUKF
Values | Errors (%) | Values | Errors (%)
— 0.25 0.2403 3.8626 0.2415 3.4198
— 0.10 0.0990 1.0419 0.0962 3.8425
— 0.15 0.1533 2.2247 0.1497 0.2085
— 0.15 0.1493 0.4343 0.1476 1.6149
— 0.20 0.2047 2.3491 0.1956 2.1820
- 0.05 0.0500 0.0623 0.0499 0.2161
- 0.05 0.0497 0.6969 0.0499 0.1048

5.3 Model Updating with Experimental Measurements

In this section, the proposedEKF and CUKFare applied to estimate model
parameters of the reinforced concrete frame structure using experimental measurements

describedn Sections.1

The samdfive stiffness variables ¥ 4 and two damping ratios™ a for the
Rayleigh damping matrix are updated again using experimental measurerheritstial
estimates are set as; g mand—p 181 ¢ Inequality constraints of the model

parameters are listed as follows:

™ — T, ™inp - T8 (5-2)
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Figure 5-6 plots the time histories of th& posterioriparameter estimates of the
reinforced concrete frame structure using CEKF and CUKF on experimental data. The
stiffness variables and damping ratios start updating from the beginning of vibration.
During the beginning 2 s, the parameter estimates change significantly and some of them
reach the bound. After that, the parameter estimates gradually converge to cahsésnt v
It is observed that the updating results-eind— using CEKF and CUKF are close to

each other, while the estimates of other parameters reach at different values.
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Figure 5-6 Identified stiffness variables and damping ratios from CEKF and CUKF
using experimental data

Table 5-3 summarizes the identification results provided by CEKF and CUKF for
the reinforced concrete frame structure using experimental data. Both CEKF and CUKF
results show that the stiffness values of members constructed b5y #feahd 3" concrete
pours deaease from the nominal value, while the stiffness value of members constructed
by the ¥ concrete pour increases. The stiffness value of members constructed By the 2

concrete pour changes slightly from its nominal value. In terms of damping ratios, the
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values updated by CUKF are reasonable for reinforced concrete structures, whose damping
ratios typically range from 0.05 to 0.183]. On the other hand, CEKF provides slightly
higher values of damping ratios, especially-far

Table 5-3 Estimation results using CEKF and CUKF of the reinforced concrete
frame structure using experimental data

Parameters CEKF CUKF
— 0.2641 0.2931
— 0.0293 0.1236
— 0.1980 0.2803
— 0.2047 0.2746
— 0.1052 0.0021
- 0.0836 0.0736
- 0.1311 0.0720

Based on the parameter identification results from CEKF and CUKF, updated FE
models are built. The dynamical responses of the reinforced concrete frame structure are
simulated using the same excitatiigure 5-7 plots the simulated acceleration responses
of the frame structure at location A16 and A18 using initial model parameters and the
updated parameter values frddEKF and CUKF algorithms. Acceleration responses of
entire time span from O s to 40 s are plottefigure5-7(a). The closaip plots of 15.5 s
to 17.5 s are shown fRigure 5-7(b). The comparison shows that both CEKF and CUKF
updated parameters provide acceleration responses close to measurement data, while initial

model parametersaonot generate accurate acceleration response.

11¢



Measured data — --— Initial values

G4 (in/s?)

§pqg(in/s?)

0 10 20 30 20 155 16 165 17 175
Time (s) Time (s)
(a) Accelerationin0 ~40 s (b) Acceleration in 15.5~17.5s

Figure 5-7 Simulated acceleration using initial model parameters and parameters
updated by CEKF and CUKF
To quantify the performance of CEKF and CUKRble5-4 summarizes the root
mean square (RMS) errors of the simulated acceleration responses for the entire 40 s time
span. Compared with the initial FE model, both the CEKF and CUKF updated FE models

provide simulated response#th less RMS errors

Table 5-4 RMS error comparison of simulated acceleration responses of updated
models from CEKF and CUKF (Unit: in/s?)

Channel| Initial CEKF | CUKF | Channel| Initial UKF CUKF
A2 0.7727 | 0.3505 | 0.3413 | A29 0.1734 | 0.1284 | 0.1384
A6 1.5568 | 0.7493 | 0.7507 | A3l 0.0455 | 0.0347 | 0.0322

Al10 0.8014 | 0.3528 | 0.3322 | A33 0.0536 | 0.0285 | 0.0316
Al12 1.3393 | 0.5241 | 0.5684 | A35 0.1548 | 0.1153 | 0.1198
Al4 1.5241 | 0.7099 | 0.7072 | AS38 0.2009 | 0.1287 | 0.1404
Al16 1.9091 | 0.8508 | 0.8940 | A40 0.1061 | 0.0598 | 0.0630
A18 0.7764 | 0.3531 | 0.3363 | A42 0.0846 | 0.0464 | 0.0453
A21 1.5536 | 0.7462 | 0.7514




5.4 Summary

Based on a 2D linear FE model, this chapter presents model updating fescalell
reinforced concrete frame structure. The propdSE&F and CUKFare validated using
simulatedacceleration regmses Reasonable bound constraints are applied on model
parameters. The simulation results show that both CEKF and CUKF can effectively prevent
parameter estimates from violating the constraints during the identification process. The
final identificationresults show that both CEKF and CUKF can reliably update the model

parameters to the corresponding true values.

The proposed model updating methods are repeated using experimental
measurements. Constrained Kalman filters are conducted to update thespiiremeters
and damping ratios using measured acceleration data from the dynamical test.
Incorporating constraints during the estimation process can effectively prevent the
parameters from being unrealistic. The updating results of CEKF and CUKF shitay sim
trend of stiffness change, while CEKF provides higher damping ratios. The updated model
parameters are used to simulate the dynamical behaviors of the reinforced concrete frame
structure. The simulation results show that acceleration responses whdai®d models

are much closer to the measured responses than the initial model.
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CHAPTER 6. SUMMARY AND FUTURE WORK

This research studies techniques to improve the performance of finite element (FE)
model updating for civil structures. A global optimization altjon, the sunrof-squares
(SOS) method, is proposed to solve the modal dynamic residual formulation for frequency
domain model updating. Methods improving computational efficiency of the SOS method
is discussed for practical application. In terms of tohoeain model updating, the
constrained extended Kalman filter (CEKF) and the constrained unscented Kalman filter
(CUKF) are proposed to update both linear and nonlinear structures. Extensive simulations
and experiments are conducted to validate the propdsedoéel updating methods. This
chapter first summarizes main conclusions of the dissertation, and then discusses potential

research topics in future.

6.1 Summary of the Dissertation

The main conclusions and major findings of this dissertation are summarized as

follows:

1. In this dissertation, modal dynamic residual formulation is adopted to update
stiffness parametenssing experimental modal properties of a structimegeneral, the
formulated optimization problem is nonconvex, for whiataditional optimizatio
algorithms, e.g. the gradient based algorithm, can be easily trapped at a local minimum and
fail to find the global solutionThe SOS optimization meth@dnrecastsuch anonconvex
polynomial probleminto a convexSDP problem. As the SDP problem is caxy the

solution is guaranteed to be globally optimidumerical studies on a fostory shear



structure shows the nonconvexity of the model updating problem and validates that the
SOS optimization method can reliably find the global optimum.

2. While the opimization method is promising in solving honconvex polynomial
problems,the computational complexity dhe formulated SDP problegrows rapidly
when the polynomial optimization problem has a large number of variables and/or high
degree As the formulatedobjective function consists of several polynomials only
involving a small number of variables, sparse SOS optimization method is applied to
reduce the computational effort. To further improve the computational efficiency, the facial
reduction technique iapplied to yield an equivalent SDP problem with smaller size.
Numerical studies on a plane truss structure demonstrate that the sparse SOS optimization
method and facial reduction technique can reach the global optimum of the model updating
problem while gynificantly reducing computation effort compared with the standard SOS
optimization method.

3. Model parameters can be recursively updated from the measured dynamical
responses of structures using nonlinear Kalman filters, such as EKF and UKF. In order to
achieve reasonable parameter estimates, constraints are incorporated during the
identification process. Details of CEKF and CUKF are provided in the Chapter 3.
Numerical studies on a fotory shear structure show that both EKF and UKF can
accurately identy the stiffness parameters and damping coefficients for such a linear
structure. To further investigate the model updating performance of Kalman filters, a
differentiable BouéNen model is proposed for implementation of EKF and CEKF.
Simulation on an SDOBoucWen hysteretic system demonstrates that EKF can easily

result in unreliable estimates for model parameters, especially for hysteretic parameters,
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due to large linearization error of the highly nonlinear system. Compared with EKF, CEKF
can effectivelyprevent the parameter estimates from violating the constraints, and finally
achieve accurate identification results. In addition, both UKF and CUKF can provide
reasonable updating results and CUKF performs slightly better in terms of accuracy.

4. Experimenth measurements of a fostory shear structure are used to
investigate the performance of the proposed model updating methods, i.e. the SOS
optimization minimizing modal dynamic residuals and constrained Kalman filters (CEKF
and CUKF). A 4DOF linear models built for updating intestory stiffness parameters
through modal dynamic residual formulation. With all DOFs measured by sensors, the
modal dynamic residual formulation leads to a convex optimization problem. SOS
optimization method and local optimizan algorithms are applied to solve the model
updating problem and are shown to reach the same optimal solution. Modal properties of
the updated model are closer to the experimental modal properties than the initial model.
A nonlinear hysteretic model uilt for updating model parameters through constrained
Kalman filters. The updating results show that CEKF and CUKF can prevent model
parameters from violating constraints and provide reasonable estimates. Dynamical
responses of the CEKF and CUKF updateatiels are closer to the experimental data than
the EKF and UKF updated modelis.addition,nonlinear model updating using the CEKF
and CUKF results in more reliable acceleration response than linear model updating using
the SOS optimization method.

5. The poposedCEKF and CUKFRare investigated using numerical simulation and
experimental measurements on a-fidale reinforced concrete structure. A 2D linear FE

model is built for model updating. The effectivenes€&KF and CUKHs validated in
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simulation frst. Using simulated acceleration responstifiness parameters and damping
ratios can be recursively identified by CEKF and CUIRRarameter estimates always
follow the constraints during the estimation proc&sgerimental measurements are then
used 0 update model parameters. CEKF and CUKF are condwagathto identify
stiffness parameters and damping ratios of the structure. CEKF and CUKF wiaviide
stiffness parameters, while damping ratios identified by CEKF are higher than those by
CUKF. Smulation results demonstrate that acceleration responses of CEKF and CUKF
updated models are much closer to the measured responstetimiiial model The SOS
optimization method is not studied using the-&dhle reinforced concreteamestructure

as only updatingstiffness parameters may not guarantee trustworthy simulation of

dynamical responses for large and complex structures

6.2 Future Work

Based on research work presented in the dissertation, several future studies are

recommended aslfows:

1.The proposed SOS optimization minimizing modal dynamic residuals
encounters challenges when updating FE nsoidellarge structuresising experimental
data contaminated with noises. These measurement noises inevitably bring errors in
identified malal properties and thusdversely affect the model updating results.
Systematistudiemneed tde conducted to investigate the influence of noises on the model
updating resultsising modal dynamic residual formulation. Another promising research
direction can be developing frequendpmain model updating approaches which are

insensitive to measurement noises.

122



2. For constrained Kalman filters, the noise covarianeee of significant
importance for reliable model updating and needs to be determined pragsesty/dn prior
statistical knowledge of the data. Under certain circumstance, accurate statistical
information of the measurement data is difficult to obtain. Therefore, the effect of noise
covariance needs to be analyzed and investigated for accuratmptaaidentification.

3.The proposed SOS optimization methods hdemonstrated promising
performance on updating small and medium sized FE models, i.e-D#-4nodel for
shear structure and the dlane truss modeStudies need to be conducted on applytireg
presented model updating methods on lasgaite structural models with hundreois
thousands of DOFs. The SOS optimization method is based on convex optimization which
is still a very active research area. Developing more efficient solvers for SbRm=o
would improve the computational efficiency of the SOS optimization method. In addition,
model order reduction techniques, such dgmamic condensatiofi84] and system
equivalent reduction expression process (SERBS]) can be investigated for the SOS
optimization methodtoward larger applications and under realistic constraints on
computing resourceModel updating using constrained Kalman filters would also benefit
from the model order reduction techniques.

4. Nonlinear FE model updating has foumdnyapplicatiorsin structural analysis
and damage detection. This research demonstrates the appli¢at@mrstwained Kalman
fillers to update model parameters for a fetary shear structure with BoWen
hysteresis. Different nonlinear patterns, including material nonlinearity and geometry

nonlinearity, can be further investigated for model updating waf structures using
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constrained Kalman filtersAdditional stability analysiss neededor nonlinear model

updating using constrained Kalman filters
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