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Designers of mechanisms often fail to give due consideration: to
degreee of freedom and degrees of constfaint offe:edlby kinematic pairs.
The result is ‘that mechaniems are frequently deaigned to be mére susceth

ible to wear than necessary and to require excesgively emcting geo-
metrical relationships to e present for satisfactory performanee.

"Kinematic designf principles areimodified to consiet of the
use of comnereially svailable pairs and sre then utilized to eliminste
the need for special geometrical relationships between pairs in the
following typea of mechanisms

1. . planar linkages,

2, mtating shaftg on multiple bearings,

3. ‘trenslating tables on multiple supports.

The methbod is based on the use of the general spatiel mobility criterion
(1.e., zero general constraints), resultant mechanisms are termed "
self-aligning" indicative of theli nature, | ”

Resultq of the three enumerated developments are condensed in
the-finél ehﬁpter in an.gt#empt to meke them useful'ﬁoifhe designet.
Ap@iications éﬁd extenéidhs-of the work eare also ﬁiscubsgd there, H

 Added features are fhé ca?aléguég of plannr_iinkageg in an

appendix including all-revolute éightsbaré and revoluté-prism six-bars,
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GLOSSARY OF ABBREVIATIONS

cylinder pair

cylinder-plene pair

number of degrees of mobility of a k:l_zieihat'ic chain

number of freedoms slloved by & pair

helix (screv) pair

'f_mn_iiy number; number of general conatraints

number of links in & kinematic chain

 plane pair

palr class aym'bol, nunber of pairs in & kinématic

chain with £ degrees of freedom

revolute pa:l.r

'_ centaining only R pairs

_containing both R and P pairs

sphel_re peir

- aphere-groove pair

sphere-grooved helix pair

sphere~plane pair
sphere-slotted cylinder pair
sphere-slotted helix pair

torus pa.ir

'toms-helix pair

number of conatraints provided by a pa:l.r '

ix




CHAPTER I

INTRODUCTION

Kinematic. Design

Mechanisms ere often designed in such & way that they are more
complex, more expensive, or more susceptible to weer end inaéeuracies
thoc'they'wouid be 1f the conceﬁte of aegreea of freedom-and aegfeés-
of constraint vere applied correctly in thelr designs Although they
should be familiar with these concepts many deaignera fail to apply

them effectively in their ﬂork. _

There are two distinct kinds of parts in any mechanism, ‘the linl:s
end the pairs which connect the links together. Common design proced-
ures are concentrated for the most pErt on the deeign of thenlinka, |
which is as 1t Bhould be, but the design of the pairs is often slighted,
Tthe designer being content to use only the three simple 1ower pairs--.
the revolute, the prism, end the helix, or screw. This practice almost
alvays produces redundant constreints demsnding that there be specisl
geoﬁétfical féletionehiﬁs between the;vatious pair axes of & mééhéniem
‘15 ofder for that mechanism to "fit togetﬁer,“ and even more'speciai
geometrical relationshipe must be ﬁet for theimechenism to be mocable.
Thetexpression "fit together" is meant not}to concern the relative
iength, or dimensions, of the links as does the Graghof Criterion for
planer linkages, but rather to concern the_relations of the pairs to one

~snother. Here, link dimensions are elways assumed to be adequate to




permit assembly of & mechanism,
Special gecmetrical relationships can never be met e ctlx in

& physical mechenism, but can only be apprcximt-ed with:ln certa.in

tclerance'a ;' 'l’o compenaate fcr the devia.ticns :from the 1dea1 geometrical

relationshipa, clearances mmt be deaigned intc the peirs of a mech-
anism larger than thcae required to ,just permit relat:lv'e mticn ot the
‘pa.ir elcments and lubrication, and ag well ’ the mevement cf a mechaniam
is o:[’ten dependent on the ability of 11:5 links te :t‘lex, a conditicn '

always a.cccmpanied by unnecessary stresses and indetermimate forces.

The designer 8 relet.ive aegree of relience on clearances versua flexure '

_ for mcbility var:l.es frcm one - deeign :prcblem t.o the next, ‘and there are
| nc generally accepted criteria available fcr detemining vhat clemmen
must be allcwed in mechanism design |

| Prcduction of _accu:_:_'_a__.tely ‘funetioning mechianisus by common de'si@
methcds .ae'pez.ade .ch.hig'le precieion "‘i:n. 'ﬁienufectﬁre.. The cost of pre-
¢ision wcrk increeees mch mcre repim.y as the reéuiments are miaeﬂ
.tha.n doea the imprcvement in the precisian. There is definitely an
economic limit 'I:o the preciaion wh:l.ch can be maintained :l.n a g:l.\ren
prcducticn situaticn, and coneequently, there is a.lsc a. lim:l.t to thc
accu.racy w:!.th which the mechanism being prcduced can fulﬁll :I.ta
ob,jec‘bive function. Thege shertccminga of the ccmcn design methcdn,
-cmins mechaniama ‘bo ‘be more camplex, mcre exyeneive, and more sna- .

ceptible to wear and 1naccmcies tha.n necesnary, may 'be at least

part:lally overcome thrcugh proper epplicatien cf the ccncepts cf degreea

of :Ereedom and degreee o:r constraint.

A philoao_ph_y of des__ign 'based_ on the’e’e c'oncep'ﬁs""hee:'exi"s_ted for __




many yeara s and is known aa kinematic s oF geometric s desgg The 1a1;ter

neme. better describes the philoaophy perhaps, but the namo "kinematic
design" seems to have been adopted more wiélely.

A kinematic doaign 18 defined as one in whioh each part of a
mechaniam is siven the theoretically minimum number of constrainta,
in the form of point contacts ’ consistent with the motion desired oi'
the part. 'I‘his effectively mea.ns that there a.re no apecial geometrioal
relationships to 'be met in order to assure that the mechsnism Tite
together » wi'bh rega.rd to the pairs, a.nd is smoothly opera‘ble. This

principle ‘of kinematic deaign" applied to mechanism design results
in the rollowing main advantagea ovor conventionnl doaign methods,_
according to A. F. . Pollard [1‘] | | |

1, It reduces elastic atrains in the coupled linka to &
minimum, .

2, It ol-iminates meny of the troublesome and costly limits
on functional surfaces which would otherwise be necessery
and substitutes guiding surfaces of precision in relation
to form but not in relation to size. o

. 3. Adjustments are read.ily provided both for ﬁmetional
operation and wear.

I 'Loca.lization of ‘the forces facilitaten design for exacting
: “conditions ‘of equilibrium. ' '

Tt should be added that any errors in the functioning of a kinematically

designed mechanism result mainly from weer and are consistent rather
" than erratic.
The most important disedvantage of kinematic design is th‘ai; it

depends on point contacts which inherently cause kinematically designed

‘Numbeérs in [ ] refer to references listed in the Bibliography,




mechanisms to have very limited 1oad-e§rryimg=papacities; -I£ is not
aurprising thén thet kinematic design hes found its most enthusiastic
advocates among the degigners'and-man?facturgrp5of instruments. They
have built instrumehta by thie principle ﬁhich hﬁve a_degree of pre;
cislon thet, in relafion to cost, is unatteinsble by the usual design

methods,

The early literature on kinematic design was pointed towsrd only .

ingtrument design. T. N, Whitehead [2] in 1934 stressed the application
of kinematic design to instruments and other very light-duty mechanisms.
He summed up the earlier developwénts_in the field thoroughiy, and also
presented meny idess of his own. Pollard [1] was also prominent in
kinematic design in the 1930's. In 19%0, W, Steeds [3] produced the:
first significent attempt et tying together kinematics of machinery

end kinematic design. His work also wes mainly concerned with Light-
duty.mechaniéms.

Later references on the subject are scercer than are the ea:ly.
onea, J. S. Begga L) gave.limited mention to kinemetic deﬁign'as.a
"special topic” in his 1955 text, but most modern kinematics texta
fail even to mention it. M. F. Spotts [5] and R. J. Herbert [6]
have since published papers on the aubgec_t,. the latter being the latest
(195T7) comprehensive wb:k. |

. Most designers are not interested in only light-duty mechaniems,
however.' The principle of kinematic design &s presenteﬁ thus far is
therefore of little use to them. Several attempts at modification ef
the principle are notable as helping to apply it to heavier mechanisms.

Whitehead [2] wae the first to_auggeat_such modificat;ons,ﬁprodnqing




‘whet he called “semikinematic designs.” Pollard [1] geve strong argu-
ments for the need of such modifications, but _di'd not produce any him-
" self. Steeds [3] later offered suggestions on the use of "geometric"
(kinematic) design for "heavy loads." The tvo latest suthors, Spotts
{57 and Herbert [6], both gave the metter light considerstion,

It 1s worthwhile to quote Steeds [3), pp. 58-59, &t this point.
H:ts___ideaa ere the basis of the work ‘presented in this ‘thesis.

Geometric [kinematic] deaign, involving as 1t does’ contac'b

at points, is suitable only for instruments, ete,, vhere the
weights of the pa.rba and the forceg acting are not 1a.rge, but
the principle that redundant constreint should be avoided finds
& wider application. - Thus ir redundant constreint is avoided
by using suitable connexions, each of which destroys a definite
number of degrees of freedom, then relative movements between
the points of support of a body will not distort the body. -
He went on to auggest the use of commercially available connexibhi‘a_f,"
" or pa.iram-namely » 1-a.md—socket Joints, bell-and-aocket slides,
cqntain only the three simple lower pairs.

I these commercially available pairs are of same degree of
precision ’ ag they alvays are, t.hey can approﬁmte the roint contacts
1mposed by -1 true kinematic design The higher the degree of preeisiqn, '_
the better 1s the appro:d.ma‘bien. Hecha.nisms BO designed have the
advantages of Id.nematic design without the hig diaadvantage of very
limited load capacity. The precision work involved is not left to the
mechanism desigr;ér , either, tut is up to the manufacturers of the pairs.
Precision pairs are much easier to obtaiﬁ than is precision in the fab-

rication of links, and muich cheaper, too, in many cases,




Problem Description

Countless numbers of meohanisms containing redundent constraints

exist, Three of the most common exsmples, all pertinent to this work,
are as shown in Figs. 1, 2, and 3. Esch of the three poaoesses
rednndﬂnt eonetraints requiring special geometrical relationahips to
be met if the mechenism ie to be operable. In the planar four-bar
linkage of Fig. 1, it 18 necessary that the exes of the four revolute
pairs (R) be parallel, It is also mecessary for movability thet the
pairs be located on their respective links in such & my that;, after
thi‘ee peirs have been Bssembled, ‘the two halves of the fourbhpair _
“match“pin the exielhdifeeploo'enabling the meoﬁeniem %o be aeeembled '
complefely. In the.coﬁmoh'two;beering“ehaft'(Fig;'2), the apeolel
geometrical ‘conditions are that the R paire be coaxiel end that the
axial distances between the two paira on the shaft and on the frame |
be equali Figure 3 shows’ a two-eupport translating teble in which
the tﬂo prism paire (P) must meet exacting conditions they must be
parallel andeq_uelly spaced on the table and the frame, -

Thus in each of these three examples, firet the aseeﬁbly and then
the normal operation of the simple device depends either upon ex--v
cessively precise manufacture, or else, given normal tolerences upon
.flexure of the members and play in the jointa. | o N

| The obJect of the WwOrk presented here is to eliminate the need
for the 'l:.ypes of special geometrical condit:l.ons which must be.f-p::'eeent
in the mechanisme of Figs. 1 2 and 3 by following the proposals -of
Steeds [3] cited above. Esaentially, & mechaniem vhich contains |

redundent conetraints" in the form of special geometrical relations

i
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Figure 1, Flanar Four-bar, Four-revolute Mechaniem

== =P

Figure 3, Trenslating Table on Two Prism Supports




is thereby transformed into an "equivalent” mechenism devoid of such

redundant constraints.

Self-aligning Design

The'"equivalen " mechanisms developed according to Steeds’

suggestions are referred to as self-aligning_nechaniems, end their

development is termed the aelfkalignment Process or aelf-eligning

) .EEEEE A pelf-aligning mechaniam mnst ‘be capeble of easentially the
game motion as iis non-eelf-aligning counterpart, and it will be seen
that & atrong phssical reaemblance exists- between the tﬂe.

Mechaniems designed according to the strict precess of kinematic
designcontain only’ ;poi.nt-epntact :]_ointe-, -wh_ile self-al-igning mechanisma
use 'comercially available.pairs at their",join-é's. In effec'b, the
difference between the two 1s that the theoretically zero-area point
econtacts of kinematic design are expanded 1nte finitegaree-ccntacts
in self;eligning design. The'letter_design process is iﬁe'mere
practical of the two since a practical theory of design must use only
prectical and cdmmercially available components. _ |

‘Problems to be solved here include the self-slignment of mech-
anisms of the three types shown above. Those three have been chosen
because they are the simplest representetive exnmplea of'tneir pag.
ticuler types. Chspter IV i concerned with the developuent of self-
aligning equivalents for planar 1inkages vith four and~mere-1ink5.

'Rctating shefta on twn, anﬂ more, bearings are treated in Chﬂpter v,
while Chepter VI concerns translating ‘tables on two, and more, snpporta.

Application of the principle-of_self—elignment-to medium- and

heaﬁyfduty'nechenisms is of prime concern since 1ight-duty-mechenigns--




are served weli by kinemstic deaig‘n"with 1ts point con{:acts Let it
he stressed, however, that the process of self-alignmsnt 1s also
a.pplicable to light-duty mechanisms - N

B Hopefully, the results presented will help to glve designers
”s'valuable insight into methods-whichrcan be'used to avoid'undesirable
redundant constrsints. Only if these research results can be under-

'stood and ap@lied by the designer, are they of practicsl value.
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CHAPTER II
PRELIMINARY CONSIDERATIONS

Basic Kinematic Terminology

Linke and Pairs

A rigid body with two or more elements is a link, elso called

member or ber. If one element of ohe 11nk ie connected to an element

of another link, the two connected elements are called a pair (of
elements), or joint. ’ |

Links nmay be elassifled according to the number of elemente they

posseas.. A E}EEEX link has two elements a ernggz link, three elements,

a guaternarx 1ink, four elements etc.

" Classificstion of pairs can be accomplished by a distinction
between lower and _ggggg paire In lower paire, the two elemente heve
a aurface contact with each other, while the two elemente of a higher
pair have only line or point contact A fnrther claseification of |

pairc depends upon their closure properties. Form closure in a pair )

means thet one element surroundo the other pnyeically 80 that the pair
is held together in all poseible poeitions.L If 8n external force is
necessary to keep the elements of & peir together, the pair hoa'force
closure Nearly all lower pairo have form cloeure vhile few higher
pairs have that property. Mot higher paira muat have force eloeure
to be effective. o o | |

A pair, es defined above, connects two links together. It is
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also poesible to connect more than two links together with a "péir“--

- mmltigle pair. The originelly defined pair, sometimes called siggle

8l 1e, 1s used exclusively in this thesis unless otherwiee specified.

Kinemetic Chains

Cfe 1inks are Joined together with pairs, the assemblage 1s called

a kinematic chain. The chain is said to be cloeed if each 1ink is

joined to at 1eaet two other links} otherwise, it is an o _EL__chain.

A mobile closed kinemetic chain in which one link has been fixed
to a frame or reference 1is a mechenlam. Mbbility is defined 1n 8 suc-
ceeding section. If gll of the paira in a mechaniam are 1ower, formp-
cloaed pairs the mechaniam is known as a1l ge. The chein from
which a linkege is formed by fixing one link ia called 8 lower-ggir

chain.

ggggeee of Freedom, Degrees ol COnetraint

" fué free motion of one rig;.d: iaody with respect to a eecond body
comprisee six degrees of freedom, i e., Bix independent variables are
reqmired to degscribe & relative displacement. The six variables are
most easily considered to be the three linear displacementa in the
directions of the mutually'perpendicular axes of an x-y-z coordinate
system fixed to one body, ‘and the three rotations about those ssme .&xes.

Each variable vhich is left undetermined by & pair connecting the two

bodies is called & d_gree of freedom, or simply & freedom, f, of thet

pair, Similarly, each variable which is determined by a palr is called

a degree of-conatreint, or & constraint, u (unfreedom), of that pair.
A constraint may also existin & pair as an equetion relating one

variable to another, 1l.,e., one variable is determined by the value of

= s rr—p
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'another 'va;i'iable. It is clear that the gum of the degrees of freedom
and the degrees of constraint of & pair connec‘l:ing two 11:;1:3 18 equnl
| to eix, the total number of varieblee.
) Pairs 8y be claaeif:l.ed y. 48 hes been done by L. Harrieberger :
[?] 5 according +to the number of freedoms they allow. Class I includee '

only those pe.irs with one aegree of :t‘reedom, Class II, tuo deiree '-_'a' af

freedom, etc. ' Each clees has a clees aymbol. pl, Pps ps, ph, ‘and p5’
'reepectively. The' "kmmn ph:mieally reelizable pairs" ‘have been: 1dent-
iﬁed and tebulated by. Hmiaberger [7] His table 1s partially repro~
duced here as Ta'ble 1. Each type of pair w:l.thin 8 claes 13 givem a
type eymbol and a name repreaentetive of the pair of seometric ahapea
vhich defines the practica;l. conetruction of the pair !’ee terminology
of Table 1 hés ‘been adopted for use here, R

_zgggreea of M:bility |

A closed kinematie chain :I.e alao referred to ae heving & cert.ein
'mmber of degrees o.f i‘reedom Th:l.s mm‘ber is identlcal to 'I.'.he mnnber

of in&ependent variables which mnat be ':,:;"'_"::._cified to de:l’ine eompletely

the rela.tive poeitiens of the 1in.‘h;e of the ehein » regardless of the

_11nk. dimenaione .

'.l'he tem "degree of freedom" 1ecks elar:l.ty since the two meanings“

_ ex:l.et . one 1ntroduced in the previaue eectien conceming pairs an,d
this one with referdiite to chaim. To alleviate this’ problem, ‘the

tem d.e -ef mbilitx , 1? ', 18 used here, and net without precedence P

to rerer to the mva‘bility of chains.
The degree of mobility, or simpl:f the mbility, er a chain is -
1denticel %o the mo'bili'by of a. mecha.nism derived from tha.t chain by

e
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Table 1. Classificetion of Physically Realizable Pairs

Degrees Class. Type

Class of , Name
B
Freedom Symbol ymbol
R Revolute '
I 1 -2 P Prism
“H Helix
T  Torus
II 2 Pps C - Cylinder
'Ilh Torus-helly
8 Sphere
.8 g Sphere-slotted
cylinder
IIT 3 pa Ssh Sphere~slotied
g ‘helix
_PL : Flane
B g Sphere-groove
v ') P S ah ﬁzt;ﬁe-grooved
CP Cylinder~plane
v 5 Ps SP Sphere-plane

fixing one link of f.he chain to the frame of reference. As specified
esrlier, mobility is independent of linmk diﬁenéidns,'exﬁept for
:_aingular cases and it is detemined by only the number of 1inka »

'l'.he number and types of pairs, a.nd the number of general comtrainta '

in the mechanism, ags is discussed. later in this cha.pter. -

Plener Chains ve, Spstisl Chtns

Any kinemgt:!_._'_e__ chain ,' in'.___vhi_ch the actusl paths of motlion o:f all
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points in the chain can be shpwn'in cne plane, is a.planar:kinemﬁtic*

'.iehain. !bst chains in practice are intended to be planar Homever,
1t ie imposaible to huild an exactly plepar chain, 80 reaaonable_
approximations are called Planar, Ghains whieh are not planar are
called spatial,

As hﬁé alreaay been described, wix independent relative freedoms

exist between any twn uneonnected bedies in apace. Kinematic ¢hains

_in ﬁhich all #ix are independently present are called "enera_”
_ehains. Spatial ehains also exiat haying fewer than Bix freeaams:avail-
able, as is discussed_later in this”chgpter,

Three independent freedoms éxiﬁt'in:a planea;twﬁ perpenﬁicular
tmmlati@ns and one rota‘bien a.bout an &xis normal to the two tranala- :
tions, A planar chein in which all three freedoms are present indePen
deritly might be called "general planar," but it is mrdinﬂrily understoed '

that & plapar chain has qll threa_gv&ilablﬂ'unless_otherviae_deaignateq,

@General Constraints

Constrainte as discussed thus far are imposed only by the kine-
matic pairs of & chain, It is common for there also to be constraints
due to special geometric éonditions existiné in the chain. The most
common example of this is the plenar four-bar,.four-revolute chain
discussed in Chapter I (see Fig. 1). There are, of course, an
infinite number of different all-revolute plenar cheins all having
the same special geometrical relations. As well, there are many
other known types of chains with special gedmét:fy; e.8., the spherical |
chains, the Bemmett four-bar chain, the Sarrus six-bar ..e..he;:l..n, the

Bricard six«bar chain, and many others., The specisl geometry in theee
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chains is not necessarily simply defined, and it may even be as yet
-undefined Chains for which ‘the Bpecial geometry is undefined have
cauaed much difficulty to kinematicians since it is very diiiicult
to determine the exact number of constraints supplied by the gecmetry.
Hany researchers have devoted large amounts cf time to overcoming this
‘problen. |

Two Russian authora, I. 1. Artobolevski [9]) and W. W. Dobrovol'ski

[l@], introduced the term general constrainte as & name for the syecial

geometrical relationships which mist be present in so many chains.
L. Harrigberger and A. H. Soni [11] have given a'simple BEnglish-
language explanation of the concept. The later sections of this chapter,

on families of chains end mobility eriteria, make use of the idea,

Femilies of Chains

Kinematic cheins have been grouped into femilies, m, 8ccording
to the_number.of.gencral constraints present [9, 10].d T™ose chains
vhich have no general constraints are of the family m = O; those with
one general cOnstraint.ére.of the faﬁily m=1; familieh with up to
five general constraints are conceivable, The families and some cf

their representetive chains are listed in Table 2,

Mobility Criteria

A mobility criterion is an equation or set of conditions which,
if satisfied, predict the dggreenof mobility of a kinematic Ch§1n¢
Most kinematic chaing wnicn are in use todey are plepar. This type of
chain vas also the first to be enalyzed by the early kinematicians,

although spatial chains certainly existed at that time. It is not
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Table 2. Families of Kinematic Chains

Femdly General Representative

m ';Censtreinte o | : Chaine L
0 _ 0 General epatial |
1 U Sarrus eix-bar, Bricard
"~ gix-bar
2 : 2 . Fiye perallel screvs, four

: non~cep1aner prisms

3 3 Plapar, epherical, Bennett
- _ four-ba.r
4 b Three coplenar prisus,

three ¢oaxial screvs

5 S Rotating sheft on multiple
' R bearinga trensiating
table on’ multiple P
eupporte S .

':nurpriaing then that the firet mebility criteria were eetabliahed

_'fbr planar chaina. _The earlieet weE by Chebyehev in 1870 [12
13). In the eymbelogy of thie theeie, Chebyehev S farmula had the

form .

311 - 2p1 —. ll-'s.g. ) ) (l)

vhere n 1is the number of links in the chain. If a plenar (m = 3)
chein-eEtinfieequs (1), 1t hes one degree of'mobilityf(?;s'l).
Grubler and Graehof leter developed the same relation, 1ndependently.

A P. thytcheff ie credited uith having developed the firnt
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general spatial mobility criterion in 1923 [11]:
F = é(n - 1) - 5;91 - h‘Pg - 3_1’3 - QPh - P5- (2)

K. Kutzbach produced the same relationship a few years later, This
eriterion, being general, does not -explé.in the existence of the
"paradoxical" | chains__j}mieh have special geozngtr:i_.c_ai z;elationshipa._,: '

i.e., g'eneral constraints,

_Eq_uafion (2) yields an importent fact about spstial mechanisma.

cons:l.de:ﬁ & sgingle-loop F = 1 _c_hg;r_x. By Eq. (2),
1=6(a-1)-5p - hpg - 3p3 - Epy - P5-

The number of links, however, in a single closed loop is the same as

thé number of pairsf? 1.e.,
n=D) +Dy+ Pyt P + P
~ These two equat;ons combined give
Py *+ 20y + 3pg + hpy + 5pg = Te |
But the Suﬁ of the freedoms of the pairs in tﬁe chain is
| E} =P, f 2py + 3pg + kpy + 5pge

Hence, _wi_mtever pairs are uged and regardless of the number of pairs

(vhether 3, &, 5, 6, or T) the total sum of their freedoms is

P

[ .. e
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in & eingle closed loop. In & multiple-loop chain, & loop may receive

constraints by virtue of its sharing pairs vith other loops, in wvhich
case it must contain more than Beven freedoms among its pairs. In

short the pairs of each loop of an F = 1 general spatial chain must :

_contain at least -seven freedoms.

Artobolevaki {9] and Dobrovol'ski [10] have modified Eq. (2)
to include the number of general constraints,.m.(also the family
number), so that | |

S5«m

Fe(6-m)n-1)-) (6-m-1ip,. N©

i=1

If the number of general constraints in a chain ie known, then Eq. (3)
glves the mobility. |
The kinematic chains which are to be'develeped here, hawever,

are to possess no general conatraints, i. €., m = 0, becauae ‘the object

18 to eliminate the need for apecial geometry. Ifm = 0, both Bgs. |

_(2) and (3) take the form

= 6(n - 1) - Z (6 - 1oy, | ()

the general spatial mobility criterion to be used here.
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CHAPTER III
GENERAL - PROVISIONS

Procednre
; In Chapter I, the obaect of this theaie has been stated to be
linkgges,_rotgtlgg:ghe;ts on-mnltiple bearinge, ang%gyggalating tablea'
_pﬁ'mu;ﬁiﬁle.sﬁp@crfe;” Some pripciples basic.tc_twb, or“tcfallvth¥Ee,“
of 'I;hese aeveiopments are preeented in this ehaptei-;-
. e :Eirst step toward developing & aelf-aligning mechanism 1s
to chocse -1 particular type of mechanism containing general censtraints
'and then analyze it accorﬂing to the mcbility criterion given by Eq.
(3) " Buch en enalysis preeuppoaes that the number of general constraints
in the mecheniem is known, a8 it mist be for aRy mechanism which one'
intepds to*render_ﬁelfaaligning. mhe_resultant mobillty from ﬁhe
_ anaiyefs Just mentioned is aiso to, 'be- the mobility of the equivalent
:_self-aligning ‘mechanism, calculated by the general spatial criterien
of Eq. (h), in which the general censtrainta have been diaallemed.
Transiticn from the first mobility criterion, Eq. (3), to the most
general one, th (4), 18 accomplished esaentially by adding enough
select freedoms to certain pairs of the mechanism in order to elindnate
the need for special gecmetrie relationshipa i, e., erasing the general
constraints. Succeeding sections describe these eelect freedcms, _
tpe_forms the_modified_pairs-may;take, and the pcrticular freedoms

vhich may'be_ggqed to pqire in & given mechanism.
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Comercially Availsble Pairs

It is'neeeesary-ﬁo set down eome eriperie;for the pairs vhich
mey exist in sel?_alierlins ﬁe.c}zanimq 'J:;.mrer and higher pairs ‘have
been defieed in Chapter II, along with the closure properties ofﬁp#irﬁ.
Table 1 has presented the lh physibaily:realizable'paire, manﬁ of which
are commercially avail&ble ag units in themselves. Commereiel'avail-
ability is8 prerequisite for any pair which would be used here in a
self-aligning mechanism, -gince only such pairs can be ueed econumically
in practice. ‘Aleo, it is advgntageeus to_hagg fbrm,closqre in the

pairs of qfself-aligning_mecheniém_since this allows the pairs to

operate effectively in any physical orientation. Earlier, it vas stated .

that norma]_]_y only lower pairs lave form closure. Many __comercielly
availeble, form-closed pairs, however, are_not.lpwer pﬁ;rs but rathe#
ere assemblagee of geveral higher pairs united as one pev.::i_.:_r_.-.T €.8., ball
bearinge, roiler bearings, ball bushings, etc. These assemblages cen
be considered as lower pairs since they have the overall effecf ef
1ower pairs ﬂhen Joining two links, and indeed they are clasaified
here &8 lower pairs. Recalling from Chapter I that the precision of
self-aligning mechanisms_is'deyenﬂent wpon the degree ofﬁprecision,in
pairs, 1t is necessary that all pairs possess some degree of preeision;
in fact, pairs can be buillt with almost no limit to their degree of
precision. Self-aligning mechanisms ﬁay be of any quality precision
deslred and still be smoothly mobile since they do not depend on precise
menufacture (except within the paire) for their mobility.

Those pairs which meet the criteris above sre listed in Teble 3,
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Table 3. Commercislly Available Pairs

| Begfeea

Type ;
. of Examplea
Symbol Freedom _

 Journal, deep-groove ball, cylindrical
R 1 roller, and thrust ball bearings;
. hinge; pin Joint

P. 1 Spline, ball spline, doveteil s'lid'e,.
' keyed shaft-and<bushing
B : S 1 Nut-and-screw, ball nut-énd-screw
T 2 erass-anderoller univérsal Joint
¢ 2 Ball bushing, piston-in-cylinder,

gimple shaft-and-bushing

e Ball-end=-gocket -Joint; spherically
8 3 seated ball, aelf-aligning roller -
bearings

Spherically seated ball buahing, gelf=
8 ) aligning pillow block on ladder bear
: ings, ball-and-socket slide -

alohg'with at least one physical example in each case, Seven of the

14 phyaically realizable pairs vhich were listed in Table 1 dre not -

1ieted in Table 3, @8 they do not satisfy the criteris. This is not

to say that they can never do so. New fermn of & pair may be. develeped'

in the future aatisfying the eriteria. Only those pairs listed in
Table 3, however, are to be used here in the design of self-aligning
mechani ems. |

The édmmercially aveilable pairs listed in Table 3 are not

SuffiCient to meet.all_needs@ For instance, there is no Class V pair,




i.e., one allowing five degrees of freedom. Suck & pair will be needed
in the translating teble problem (see Chapter VI). Two pairs vhose
freedoms total five, hovever, may be joined by a binary link to form

vhat will be called here a compound pair. This ‘compound pair allbiéis"

the five freedoms deairEQ providins no two of the freedoms are identieal._
The most ‘conmon example of this in practi ce. occurs vhen twe ball-and- |
socket .jo:lnts ( 8 pairs) are joined by a coupling member. Unlese the
:poaaible rotatim of the member about its own axis is ob:jectionable »
' the _as-sembly effectj.yq_j.y allows five degrees of freedom -wh_en- usgd_ a,a__;_a_
‘pair in itgelf to'cohﬁébt-two bodies; rebtficting dnly the"rélhtiVE
'tranalational freedom which wnuld allow the bodies to move towarﬂ or
avay -from,-- -ane another. Compound paira may also be impmviaed in the_'
_form of three ‘pairs and an intemediate ternary member. ia type of
_compound pair\i__s to find use in_ the ;‘otg't;;ng sha:l‘t _pmb:_l.em- of Chapter .
?; JCOmpaund pairs aré not uaea;'EOwever, unlesa absdiutély;ﬁéééﬁsary_
: ta produce the simplest, and ‘therefore’ usually the most’ economical

self—aligning version of & particular mechan:lem

_ Selecticm '_q:_l' Eligible Pairs

Converting a mechanism gbnt_a‘_j.ning géneral constraints into &
self-aligning mechenisn primerily involves the addition of ohe or
more freedoms to one or more of the pairs of the mechaniam so that the
reau:l.ting equivalent meehaniam sa.tisﬁea t,he general spat:lal mob:llity |
eriterisén given by Eq. (h) Freedams cannot be indiacriminately added
‘o peirs, However; certin preceutions mist be teken.
© Appendix A consists of an example problem vhich demonstrates the

need for these precautions. From the development there, & simple rule
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can be_stdtea fdr'the purposes of this thesis.

Rule Only freedoms noh-existent in a mechanism having
general | constrainta mey be added to the paira _
of that mechanism in order to produce an equive

~ alent self-aligning mechanism.

The expression "freedome non-existent in a nechanism" réiuires_
some explenation. iﬁ the case of a planar mechenism, the freedoms
vhich are existent are two orthogonal translatiens and the rotation
shout the axis normal to the two translations., In a rotating shaft
or a translating table, thé;e is only one freedom existent--a rotetion
or translation, respectively. All others are nen-existent.

Any pair which would be eligible to exist in & self-aligning
mechanism must not only be derivgd from a pair in the equlvalent
mechanism containing general c&ﬁétraints according to the rule, but
mst also be commercially aveilable according to Table 3, ’

It is lmportant to realize that parallel trenslations within a
mechanism of the three types discussed here.reelly represent only cne

+

translational freedom, and similarly, rdtations_about parﬁllel axes

repregent only one rotational freedom, Treanslations added to the pairs

of & mechanism should be approximately perpendicular to the_tranalatiané

already-présent in the system; iikewiae, rotational freedoms added to

a gysten should be about axes roughly normal to the rotational axes

already present. | |
Unforiunetely, & rule is not stated as easily for most of the

other systems of mechanlisms in the five families possessing general

constraints (see Table 2). It is not clear in many of these what is

‘meant by "freedoms non-existent in & mechanism" since, for instence,

the rotational freedoms present at one configuratibn of a mechanism

—
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may not be the same as those present at a subsequent one. A much more
involved development would be necessary to self-align & mechanism of
this type than is used here for planar lihkages, rotating Bhﬁfta and
transiating tables,. | _ |

In adc}-iﬁion to the 1imifationa- ".set.-? down by the rule ebove,
further restl;ictiona re_gar.ding elig.:lble.pairﬁ. are.made where needed
in the interest of practicality end economy.

These first ___tl:;ree chapters have presented all ;cqnceptsfn_ecesa_ary
to the comprehension of -the'.-developments to follow. - From this point,
Chapters IV_, V and VI may be taken in any orc;lle.r without loss of conti-

nity.

= . - i
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' CHAPTER IV
SELF-ALIGNING PLANAR LINKAGES

: Ple.na.rmnkages

A plenar mecheniem, as defined by Hartenberg and Denavit [11}] ,
Cis a mechenism in which "the true peths ef all particlee of all 1inke
nay be shmm in one_ plene, '.the plane of the paper.'" With this def-
inition, planer me_eh'_an:l.sms may exiet in the _families m= 3, m= h,
end m = 5. - This 1s not to say, however, that all meehahims of -these_
three families are planar, €8, spherieal mechanisms are also of the
- family m = 3, ’ but are certainly not planar, ' |
The meaning of "planer” as used here, hovever, is restricted to
the familyw m = 3, vhich may be celled the "general._"" planer case __beeeu'ae
it _ﬁes the least general constraints (three) 'l&eeiaenisms-ef :faaﬁj.'li-ee'
m="54%andm= 5 possesa additional general constraints.
The three genersal constraints can. be nmet emetly only in the

_ "i’dea.l ‘planer mechenisms"-- those vhich exist only theoretically. The
.physicel appro:d.mationa to these mechanisms are "real pla.nar mecha.nisms
When no distinction is necesaary between the ideal and real the common
term planar mecheniem" is used

_ Attention throughout this thesis is limited to meehanisma con=
teining only simple » 1ower pairs. Mu:l.tiple pairs do eccur quite :I.’re- _
q_uently in planar mechanism, however, and the procedures can be
sccommodated by recogm‘.zing that (1) & m_:l.tiple R palr occurs when one

or more sides of & polygon representing 2 link are reduced to zero




length so that two or more R pairsvcﬁincide,-and (2) & mltiple P
pair occurs when two or more P pairs on the same polygonsl link have
the;éaﬁé ﬁirection'of travel, |

Only tvo kinds of (:_I_.g_%:er , form-closed) pairs exist in planer
linkageg,_the revolute R énd priem P, Eaeh allowa.ong degree of_
relative freedom between its elements, _Accqrﬂinglyejphérebaré two
distinet groups of plenar linkages. Let those which contain only;R_

pairs be designated R-type, and those containing beth R and P pairs,

.RP=type,.

Flenar Linkages of Mobility F = 1

The numbér of ﬁaifs;_pi, in = Planar linkage is ﬂetgrminéd]by-
the mobility of the linkage, F;-and the number of links, n. The re.-

lation is
v, =4 (3(n-1)-¥]

@8 may be directly obtained from Eq. (3) vhere m = 3. For & mobility

F = 1, this simplifies to
P, =% (3n - b) (5)

Notice that an odd number'qf.links,tqils to give an 1nteger@for Py
in Eq. (5)955 meaningless result. The number of limke then must be
even in en F = 1 plensr linksge. hSubSﬁit@ting variocus even vﬁlueg |
for n into Eq._(5), 1tfia'r§gd{1y'§é§n thﬁt F = 1 planar four-ber,
six-bar, eight.bar, ; . . linkages havenfour}_sévén, teﬁg],l._. pelirs,
respeé#itely. ' - | o

P&angt#linkgges_ﬁf both_ﬁhE[R-.an@lRbeypea_are cetalogued in




Appendix B. Illustrations there show lower-pair kinematic cheins,

not linkages; i.e,, no liﬁk is designated as fixgg,iuiféégg_link of

one of theae_éhains is fixgq,.thqt chain becomes ﬁ.liﬁkage. "Each

different 11ﬁkage formed by,fixing_ygrious_links 1s_c311ed anzipyg:sioh

of the chain. B
Note that four-, B.ixl-_:, end eight-ber R-type chains are catalogued

(see Figs. 23;.2k,and 25). Retype ¥ = 1 chains with wore links gre

not needed. Attempts to catalogue the ten-bar chains by Alt (s:gé

,cfoasleymtlsj)land Croasley'[lél h#vgwresulted in the cstalogue of

230 chains by Davies end Crossley [17). Woo [18] has also produced

the same catalogue., It pmbvideg a good foundation for an extension of

this work, No:compléte catalogue existe for a chain with’mprgsthan-

ten links, | | |
Four= and six-bar RP-type F = 1 chains are catalogued in

Aendi:f:-'_B (see Tigs. 26, 27 and 28),. As evidenced by the increase

from three four«bafs_to 50 six-bara; the number of chaina with eighf,

or mo:é; links would be extremely 1argé. They are_gﬁt'of_the scope of

this thesis, N

Planar Linkages of Mobility F > 1

In Appendix B, the R-type five-bar F = 2 chain end the four
seven-barg are illustra'téd (see Figs, 29 and 30). larger chains and
hiéhhr degrees of mﬁbility are discussed, but not catalogped, Only the
_multiplg-mohil%gy chaings shown.there, with the exception §f the one
with fractionated mobility.(Fig, 30d), are to be of importance here,’

No RP-type chains with F > 1 are shown in Appendix B, They

are gimilar to the R-type chains, but the presence of the two types
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of pairs in them nmultiplies the number of possible chains, Self~

alignment of any of these chains would be quite voluminous,

Self-alignment of Plener Linkages

The task is to apply the principle of self-slignment to planer
linkagea in order to produce self-eligning "planar" 1inkages.: A planer
linkage moves in & three-freedom space (& plane) and possesses three
general constralnts. Its mobility is given by Eq. {3) wvith m = 3.
Self-aligning linkages, on the other hand, move in six~-freedom spece,
having zero general constraints (m = 0), end their mobilities &re
aceording to Bq, (4).

The aelf-aiignihg_linkages‘here are referred to as "planar"
since they are intended to resemble their planar counterpartafin both.
_appearance and function. Thus, it is meaningful'to'refer to the plane
of the paper a8 the "plane of the linkage" -for beth;planar-linkgges-.
and their self-aligning equivalents, even though in & aelf-aligning
linkage there is no need'forjexact parallelism of R aies and peryena‘
dicularity of R end P pairs in order to guarantee mobility. - In fact,
. the words, "persllel” and Eﬁegpeadicular""(and'the;rggynpﬁymé) are
uaed.in discussing self-aligning mech#ﬁiéms only a2e &lds in d&escribing
approximate relations between pairs. | |

| ﬁéf@ré.ﬁhe'self-éiignmegf Proceps can proceed, it 1s necessary
‘to determine'whiphipairs ere eligible to aﬁpeaf-iﬁ the.SQLf-aligning
linkeges. The_rﬁle;of Chepter ITI, commercial availﬁbility”(ﬁee Taﬁié'
3), and practical coﬁsidefétidna are the bages. Each of the peire |

vhich may exist in planar linkages (i.e., R and P) must be changed




~ added to it. If one rotationsl freedom is added, a T pair results;

‘1g not able to perform such a'maneuve:'#na therefore canriot’ serve in

to eliminate 1t from consideration as an ‘eligible pair in this develop--

- ment of self-aligning planar linkages.

into other pairs according to the rule and then the resultant pairs
mist be tested eccording to the other criteria.
Considering the revolute R, it is obvious that most simply it

can remain an R in the self-aligning linkage, having had go_frEeqamsf

two rotations produce an S pair, A&aition'of the one {axial) ﬁrana-
lation to an R yields a C pair, One :ppation,ang the trangxgtign.being
added does not give a pair listed in Table 3, The only other possible
way to add freedéma“;sftp'qdd all three;fﬁhereby'creating qp Sg'pa1?.
Thus accofding to the rule, éﬁ13'of 6-p1anap iinkage_mustﬁapﬁeaf in the
equivalent Belﬁfalignins 1inkgge_as qne”of'thg fbllowiné:

1. en R coincident with the original R, or

2, & T with ohe'rotgtibnjcoipgiﬁﬁnt”with'the:o;ﬁg;ngifﬁ, or

3. 8 C Vith sxis coincident with the originel R, or =

k, en S with center om axie of the original R, or

5. an 8 ‘with traﬁélaﬁiod5pafailei to, aﬁd centgr_Ioeaﬁgd on,

8 _ L
axls of the original R.

To replace an R pair in some of the ways just lieted is not al-
vaye feasible. For example, if an R peir in'a'plangri;inkﬂgeéin;re_-

quired to alleﬁ]gﬁmﬁlgte'rﬁgplutiOBQ;nthe E’pair”in_iﬁsﬁhggmantfqrm

the capacity of the R. This shortcoming of the T i reeson enough.

' SBimilerly, a C pair cantiot always replace en R peir,  The transla-'

tion of the € pair is hdrmal'towthe3plane of the linkage. - The lengths -
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of the 1inks connected by such a pair are’ usually mich larger than
the deairable axial 1ength of the pair 1tse1f deging frem cqmmnn prac-
‘tice in planar linkagea. A aimple force analysia of the pair ehowa
that either the pair must have Yery: low sliding frictiea or it muat

;p”t“;excessive-length, oﬁherwise, emooth actieh 15 unlikely.' The low

ffriction alternative ia qnite expensive aince then e ® pair with both
good rotational and gmod translatienal capabilities 13 reqnired. The
latter elternative, a 1enger pair, 13 undesirehle frum the standpoints
of cost and epace. Conseqnently, a € is not to rep;ace an R 1n the
'development of self;aligning ‘planar linkngee.

' S paire ere very plentiful and’ veraatile, eeeming ideally

suited for the praposed-appliqetion. The S pair, on ﬁhe contrary,-
fiS*elimiﬁﬁtéﬁ'by the'saNEﬂaiSEEEhts as-presented,abeve fer ‘the C paixiﬁ
wa turning to ‘the prism pair P, it 15 again poseihle that the

pair remain a P througheut the selfualignment Process, :?he_on;y_pther

possidle for forit to take, scording to the rule snd Table 3, iavolves

the addition of a rotationsl freedom to form & C pair, Thus, a P
polr in & plansr Linkage appears in the equivelent self-aligning 1ifk-
‘&ge, subject to further ¥estrictions, &s either: |
1. a___' P coincident with the original P, or
2, aC withaxisparauel to t_he tranalatien of the original P,
TherE'ere“reesene.fér.nOt ailoﬁingfa”f pair to'rémEin a P“ﬁ@i?:
- 4in the aelf-aligning linkage True P pairs are rare in practice.
Where they could occur, the pair is most often a C, .g., the eommon
hydraulic cylinder, Two factors are primarily reaponaible--the partial

':faelf-alignment 1ntroduced and ‘the lower cast of the C com@ared with _

T
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the P, For these reasons (1) C pairs may oceur in plﬁce of P p@iﬁé in
‘self-aligning planar Llinkeges, ghd (2) e11 P pairq_inlpi?ﬁ#r'l;nkages
are to be converted to C pairs in the p;oqéaahpfiseif-a;ignmégf);ﬁﬁleﬁg':
doing 8o intéducéa an ekcega of.aaditional fféedoms Into the.linkage. ~
R It has been established, therefore, that in the self-alignment
of planar linkeges an R pair must either remain en R or become an B;
likevise, & P must become @ C pair, except in the event tﬁat too many
freedoms are added by so doing. The arguments expressed leading to
these limitations are admittedly debatable, but they are practical
end are considered valid for the work presented here. Without these,
or similar, limitations, the task at hend would be practically in-
surmountable, It is certain '_i;hét some, or 811, of the pairs elimtnated
eould be used advantageously in the design of self-aligning linksges.
The general procedure is the same.regardleaa of the eligible pair

apsumptions.

R-type Linkeges of Mobility F = 1
Four-bar, The self-aligning equivalent to the four-bar plansr
linkage of Fig. 23 mey contain only R and £ pairs. Equation (4) takes

‘the form
l =6k ~1)a 5pl - 393,
opy + 3P3 = 17,
and since there are to be only four pairs in 8ll,

p1+:p3=)+°

L
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There is no simltaneous solution of positive integral velues
to these two equations. It is obvious that & negative or non-integer
solution 18 useless ﬁince.neither a nggative number of pairs nor a
fraction of a pair msy exist In a_cleaed kingmatic chain.

At this point, it is ﬁeceséary to realize that a binary link
between two.S peirs posgesses é_"spin" propeftyrin that it is free to
rotate about the axis through the two S pairs. Thus, s linkage éontain;
mg a binary betwégn two S pairs has an additional mobility, ‘Such a
binary spin is harmless:wnen the binary is simply & connectiﬁg rod |
betveen tvwo other membera. On the other hand}_the sﬁin is not acceptable
1f & certein point on the binary (not on the spin axis) is intended to
trace some curve in the plane of the-linkaée as i required of coupler
poinfs in many planar iinkﬁges. Hence, binary spins ere acceptable
in some cages and are not acceptable in others.

Tt is assumed here that the spins are not objectionsble. If &
se;ﬁ-aligning chain contains a spint only those—inversions:in.which-
the apin does not disrupt the-perfqrmgncé of the linkeage are considered
to be valid, |

If the mobility of the four-bar is increased to F = 2 by allowing

8 binary spin, the two_simultaneaus-eqnétiona are changed to:
5P1 + 3P3 = 16,

plﬂa3=‘h

These equations are satisfied by Py = p3'= 2, Thus, & self-aligning

equivalent linkage 1s possible 1f it contsins two R pairs and two S
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pairs, The tvio posaible kinematic chains are shnwn in Pig. h Spin
freedoms are indicated by curved 8ITOVS. The chain (a) possesses 8
binary apin.gs described sbove, while in (b)_twn'bingries gére alloved
to spin withlrespeet to the other two, This latter condition is uéually :
very undesirable since the spin is really & "folding" of th'e ‘chain, and
in fact disqualifies the chain from being called “aelf-aligning plannr"
since the motion of such a chain need not resemhle the motion of the
corresponding planar chain. Fulding is thus not to be allowed
Hencg, there is only one valid self-aligning equivalent to the
'R-type four-bar plenar ehain—-that of Fig. ha, This chain can become
a linkage by fixing any link, except that the spin :Link understanﬂa‘bly
cannot be tixed. If the spin link vere fixed, the plane of the linkage
would be indeterminate. The inversion 1in which the RpR member is fixed.

is the most interesting since it pivots the 1inks_wh1¢h_commonly serve

(&) valid . - (b) Invalid

Figure bk, Self-aligning Fquivalents to the R-type Planar Four-bar Chain
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as input and output links on the one degree-of-freedom R psirs rather
than on the S pairs. |
‘It has been shown in-Chg@ter_II;thgz each' loop of_a”mgltiplé;
1oop_F =1 ae}fealigning chain.must ﬁafe:at 1e§e§sgeﬁen-freédqma'among
its pairs, _Inréontrﬁﬁts-eqph loop of & planar (m = 3) chain muét_
have at 1eaaﬁ four freedoms. consequently; it is dedﬁceq that each
such loop must recéive at least three freedoms inm the transition of
the;planar chain 1nto_the_self-aligning éqﬁ;valent. These three
freedoms_cq::espond to the-eiiminﬂtion of the three gehbrq;-constrainta.
It isjappéfgﬁt that 1nfofder for at least three=£reéqﬁﬁglpé'be added
to an R-type plenar loop, two R paire must be repleced py S pairs
since each such replecement adds only two freedoms to s lbap .. This
action produces.ﬁ.apin in some cases and does not in others; deﬁeﬁdent
on ﬁheﬁhgr:or not one or both of the S yqi?s'are phared with other
loope. These technicalitiep:Qrefenlarged,ﬁyon-in the later developménta:
of the gigfdana elght-bar chaine, which are all miltiple-locped,
_Six-ﬁgr, R-type planar six-bar linkages each_contgih seven R

- palrs; therefpr;{_the tvo equatidns:fdr & gelf-aligning egpivalent'are-
F =___6._(6' -1) -5 - 3, = 1,
which reduces to
o *+ 3P3 = 29,

‘and

pl + p3 = Ts
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_A,aimultaneous solution of positive inmtegral valuee is possible in

thiﬁ.cage-pl = h, p3 = 3. HNote that'this aplution is q;x;ggd at
using ¥ = &, il.e., there is to be no binary epin present

Two different series of six-ba.r pla.nar linkages exist, the Watt
and the Stephenson (see Fig. 2h). Hach has twojingepgndent loopa,_agy
the 1nteriqr_loo§a, ahd one dependenf loop, the gg:%pygxél loop. Each

loop of & general spatial linkage must have at least seven freedoms

among itspalrs 1f the loop is to be mobile. This applies to all loops, |

both independent and:dependent, in & linkege vhen developing = aelf-
aligning counterpart, The ﬂgpendgnt loop serves as q_gheck on the
other loops. (It is, in fact, possible to "turn & linkage inside out”

%0 that vhat vas the peripherel loop is found in the interior, and

~ & formerly interior loop comprises the periphery.).

Each loop of the self-aligning equivalent to & plener Watt
linkege must have two S pairs and there are %o be only three S pairs
in all, Each of the_thregmloopa then mast hold one S in common with

each of the other loops. The connection between the twb ternary

" 1inks 1is then an 'S pair since this is the only pair common to the two

interior loops. Allowing'ﬁor_kinematic Bymmgtry,zthe_other_two_S_pairq

may be7situated in any of the four'waya ahoﬁn in Fig. 5.
Frequently in practice, a ternary member has the form of &

bar with its three peirs being :I.n & line., If the te_:_‘;lary with three’

8 pairs in (a) haa its pairs on & line, then the member is free to spin

similar to the way binary members may spin. This ternary sp:l.ﬁ ia very
objectionable and mist be avoided. An S peir replacing an R pair

in a linkage can be pleced enywhere along the R axia and retain the
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Figure 5. Self-aligning Equivalents to the R-type
Planar Watt Six-bar Chain

(a) (e)

Figure 6. Self-aligning Equivalents to the R-type
~ Planar Stephenson Six-bar Chain

| = il
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rotation of the R, The spin of the one term.ry in (a) can be a.vbided
by simply constructing that link zo that the three S pa:l.rs are not |
coll:l.nea.r , &nd preferably not even nearly collinear, |
Linkages formed $rom the chains of (b), (c) and (a) ‘sufferc rrom'
a liability to fold \men all three 8 ;pairs happen to be collinear in

'some position of the linkage. _It :I_.s :_megse_ible to formilate a simple

genersl rule vhich will aséui-e' that a folding aL:.étioﬁ is not possible
in chains 1ike these s:l.nce t.he S pairs are not all on one link. - The
form shown in Fie;. 5a is for this rea.son the preterred" :self—aligning
equivalent to the R-type Watt plansr chain. "
Turning now to the Stephensan six—b&r there are :!‘ive distinet

arrangements for the placeme.nt ef the S pa.irs ag shown in Fig. 6. In

' (a), the terna.r:,r with three S pairs may Bpin (1ike in Fig, 5a) if

‘bhe 1link heg the ‘S pairs all in line, This is easily avoided however,
by purposely constructing the link with the & pairs not collinear. In

' (b) (c) , (d) and (e) there is again posaible & folding act:lon :l.f the

8 pa:l.rs eVer beeome collinear. No simple -gem_ere.l rule _can be made
-I;o guarantee that to be 1mpossih1e. i'he chein of_?ig,_ 6a is ?feferred
over the others. " |

For both the Watt and the Stephenson s the preferred arrangement

of- the three S pairs is then that 'l',hez,r be all located on one temary

'l:l.nk with the resemtion 'bha.t the three S pairs must net lie on & line,

There are no Bpins present in such a chain therefore > an F = l linkage
is formed by ﬁxing any link. |

ggt-’bar- Eight-bar Retype plana;r 1inksgea each contain ‘ten
R pairs, The simlt.e.neous equations for the aelf-al:l.gning equivalents
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H‘-.‘.‘;h Foledns Bare

5p) + 3py = ¥, |
andﬂ

Pyt .P3 = 10,

These have no solution of positive integrel numbers, Just &s there was

~ ‘Allowing there to be one binsry spin present in the 1inkiige,

' the equations are

5pp +.3p3 = bo,

pi'+ Py = 10.
These are satisfied by P, = Py = 5. Thus, s self-aligning R-type
_eight-bar has five R pairs and five S pairs, with one birary spin -
present. The linkage has effectively only one dégree of mobility e

Keeping in ming@ that every loop in & general spatial -kinemn'fic'

f éﬁEin”must'ébntain'atjlf"ﬁ?aeven freedams and that each self-aligning
planar eight-bar chain ia to bossess one binary Bpin, 1t is einmple to
' arrange the five s pairs in eaeh of the 16 varieties oi‘ plane.r e:lght-
bars listed in Appendix B (see Fig. 25) Bue to the 1arge number of
varietiea, 1t is Judged aufficient to diaplay only those chains similar

%o those called "preferred” in the six-ber developmert; i.e., those
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in vhich ap:l.ns ‘of pelygonal linke and folds can be prevented, One

" polygonal link sivays has S peire exclusively,
The"eelf2511gnihg'eqpivﬁieﬁte.efftréfﬁéfiééﬁifghgigg,"ee shown

in Fig. 7, are devéloped by’plebine ieﬁr"stpﬁii?iéﬁfteéJQ§§térﬁ§?y

ilnk:and’tﬁeh placing the fiith“s.so'that 8 binary sﬁin*ie’préaéﬁt.;'it;

f;jbe placed in any ef ‘three equivalent places in chain (1); there

are two distinct arrangements for (11) The fifth S pair hes-no effect

on there‘being twe S peirs in every loeg. The qnaternery link with

_only S pairs mnet be deeigned 80 ‘that the four S peire are not collinear;'

'otherwise, the quaternary may epin._

respectively. The development here hes pleced three S peire on one

'ternary”and then pleced the other twe in ‘such & pelttion thet [ binery

'spin occurs eomewhere end elSG that each 1eop hes at 1eaat twe S pairs.
'__"I'he ternary with the three 3 pairs must be deeigned with its pairs non-
collinear.

ire 10 ehewe the different arrangemente for the Seriee 3

,'hﬁihe; Here, one greup of chaine is formed by placing feur S peira _
_on the quaternary end then placing the other S vhere 1t in needed to
produce the apin and to put two S peire 1n each 1@@p._ Another group“
of chains iB formed by placing three S yaire en e ternery and then ;e
_plecing the other twe S peira vhere they are reqnired to produce the

- apin and give each loop at leget two _S_ pe_.irs._ The polyg_en.&],__ 1link
containing eﬁly § pairs mst be comstructed with those peireﬂnon-
collinear. | |

There 1s only one preferred aelf-aligning R-type planar four-




(1)

Figure T, Self-aligﬁin33Equivalenta-tofthe‘Rbtype Planar Eight-bar

Figure 8, Self-aligning Equivalents to the R-type Planar Eight-bar

ko .

Chaing of Series 1}

(144)

Chaina of Series 2

(11)
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Figure 9. Self-aligning Equivalents to the R.type Planar Eight-bar Chains
of Series 3
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Figure 10, Self-aligning Equivalente to the R-type Plenar Eight-ber Chains
of Series 4
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bar chain"and- only two six-bars 3 in contrast, there are 57 preferred
eight-bar-chaing., There should be a linkage emong the numerous in-
versions of these chains to satisfy every need for a self-aligning

R-~type eight-bar linkage.,

More then Eight-Bars, It is simple matter to determine the
number of S pairs heceésary to form the self-aligning equivalents to
eny more complex R-type planar F = 1 linkage. If the two similtanecus
equations are solved for such linkeges, the resulting numbers of R
and S pairs are as given in Table L, Note that linkages whose nunber
of links is even.‘l.:,r divisible by four posaeas & binary Bp:ln. Gnly &8
guperficial imrestiaation has been carried out with regard to tha _
velidity of the values given in Table 4 beyond n = 10, but there 1s
no apparent reason to doubt their validity end that of those mre:;-éa
by the generalized expressions at the end of the table.

A proc.ef_:lure. siﬁﬁiar to that use&' on_lthe slx- and eight-bar
linksges is aﬁggested for use on the R&ype-_lin!’;aﬁges'with' 10, 12, 14,
+ « » members, These planar 1in}:ag'es are very rare in 'practice;
possiblyn d\;e in part to th‘e. difficulties in obtalning smooﬁh sction
fromanm = _,3_1;_meehénim with so many m&mbe_xi’s. Thexre are obst‘ions:_l.y
miltitudes of gosaible self-aligning linkeges derivable from each.

RP-type Linkag_a of Mobility F =1

Planar 1inkages conta.ining both R and P pairs have been designated
R?-ty-pe linkages. . The procedure used here to convert such & 1inkn_ge_
to a éélf-alignihg form 15. (1) to replace all P .paira by € ﬁa:lrs,
and (2) to replace enough R pairs by 8 pairs so that the 1:I.nkage
satisfies the general spatial mobility cri'berion. Other mles are




Teble k., Pairs in Self-aligning R-type F = 1 Planar Linkages

Waber of  Number of  Nmber of  Blnary
“Links - 'R-Pairs § Pairs _Spin
n » ES o Present¥*

Yes'

10 _ Mo

o)
@ =N W N

12 -Yeél

No

\-TE . ST NNV I VR VO

14 © 10

. . . ;e

bk 2430k -1) 2+ 3(k- 1) Yes

Me+2  h+3(kel) 34 3k-1) No

(k=1,2,3...)

'In 8ddition to the mobility F = 1 of the linkage
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conceivable, _

Fou;'-b,a,r'._ .RP-type planar 'fciui‘-bar chains may possess either
one or two P pairs.(sée Pig, 26).' Since all the P pairs are to be
replaced by C ﬁ#irs,'the aelf-aligning chains wili:have-pz péirs'aq
well 88 Py and/or_pB pgirs, _Tpg mobility eriterion, Eg. (h),1rquirea_

that

Fabb-1)- 5Py = hpé —'3p3 =1,

_ from which
5Py * hpe + 393 = 1T,
Also, the number of pgi#s in the selfgaligning'chain:;s'
P, + 9, +_r3 =4,

in vhich p2'is equal to the number of P pairs in the plapar ehainﬁ
There are three RP-type four-baf chains,-conVEniently'describgd
&s being R-R-R-P, R;R-P-P? and R-P-R-P with reference tb the types of
pairs snd the order of the paire in the chain, In the first, only one
P existe, and therefore p, = 1. The solution of the equations for the
.B;R-RfP”%S_thén P = 2, p2|=_p3 = 1; wheré the'pl pairs are bpth:B_;
pairs, the p, 18 a C, and the Py is en S. The C pair mist be oriented
vith its axis perellel to the originel P pair, and two of the R peirs
of the plenar chain are not changed. The third R is replaced by the
S pair (qée Fig, 1la), It is not clear at this point whicth is the

‘best to replaqe.-




Consider the problem wﬁich would arise in the chain just de-- -
scribed 1f the 8 joint should come to lie on the C exis ai-._ aote
poe____it:lon of t‘l}e-_‘ ehain. An unez;peeted folding action or epin could
_te.k.e place in euch a configuraticm rendering such 2 chain invalid as
a self-aligning cha:l.n. There ig no all-encompassing rule here to
guarantee thet a chein i& valuable in all_positione, -_e:.:'c.ept that the
S must never lie on ﬁhe C axia, I.Thie isa geoniet‘-ric. retx_-ictiqn,l de-
pexdent on the des’igner for a‘pﬁlication. Most effectively, it :I.s net
by requiring the 1ink dimensions to be such that the S can pever come
even close to the € exie. The two chaina of Fig. 1la are thus ae;g_-
alisning equivalents to the R-R-R-P planar chain subject to this '

seometrical restriction.

(b) R-R-P-P (c) R-P-R-P N

Figure 11l. Self-aligning Equivﬁlente to the RP-type Planer Four-bar Cheins :




bt

The two .four-bar planar chains having two P pairs each present
a different problem from that just covered. The two simultaneous
equations .take a different form. In order to obtein a positive integer
solution, it is necessary to allow a spin to be present, i.e,, _to. let

F = 2, The two equations are then
591 * 1"?2 + BPB = 16:

P)*Dp+Py =k

~ where Py = 2, The solutlon is P =Py = 1. Just as for the R~type

chains, the extra mobility has been added here with the idea of

allowing & spin. It is readlly apparent, however, thet there are not

two S_pairs'_pres.ent. Hence, any spin muet occur on & member between

& C and an S, This is practical only if the S is placed on the ¢ axis;

Othervise, the spin would have a very diéconcerbing effect on the motion
of the chain, The cheing derived from the R-R-P-P and R~-P-R-F planar

. chains are shown in Figs. 1lb and lle, respectively.

Note that if the two C pairs in (c) vere to come into a position
such that tﬁey were parallel, then two binaries could tranalate at
random with respect to the other tm. This type oi’ action ;. like the
folds d:tacusaed earlier, is not to be allowed :Ln eny case. Some means
m‘ust be employed by the desi'gner to assure that such & translation |
cam;ot occur, Similarly, the S 4n both (b) 9.nd (c) must never lie
on the axis of both C pa:l.ra 8imlitanecusly, _

Six-bar, The six-bar planar RP-type chains each possess one,

two, three, or four P peirs as shown in Fige. 27 and 28 in Appendix B,




In the process of self-aligmment, the P peirs are all replaced by C.
vairs, The equivalent self-aligning chainq way have R, C, and S pair_s,
i.e., Py By, nd Pgs therefore, the mobility ___critgrion; Eq. (b},

becomg_s
Fu6(6 - 1) - 53y - ko, - 30y,
5p, + kpy + 3py = 30 - F.
The seqo‘nd of the usual two simultanecus eqnati'qna is
P, + p_a'”.j--l- .93 = Ta -

Unless a spin must be alloved in order to obtain a s.ql\:__tbi'on to these
equations, the mobility is F = 1. Allowing one spin, 1t is F = 2,

The two equations fofﬂ F =1l are
5py + Upy + 3p3 = 29,
Bt Rty =T
and for F = 2, they are
op *+ l"PQ + _3P3 = 28,
Pt Pyt P3 =T

Referring to the discussion presented earlier concerning multiple~
loop chains, each loop of the six-bar chains here must receive at

least three new freedoms in the self-slignment process, This fact




18 helpful in distributing pairs throughout the chainag.

" where the mobility has been taken to be'F = 2. The éolutipn to these:

ho

For the planar chains containing only one P pair, the F= 1
equations above do not give a positive integer solution.- It is necessary

to introduce & spin. The applicable eéquations then are
5p1 _+__3p3 = 2k,
PPy 6

sinece it 1s already known thet Py = 1, The solution is P, - p3 = 3.
For the case of'twd P pairs existing in the planar chain, the

equations are (F = 1)
5p1 + 3‘_[_33. =21,
Pl + P3 = 5'

The corresponding solution is P = 3, Py = p3.= 2.
When three P pairs belong to the plenar chain, the resulting

equations are

5py + 3pg = 16,
b, + 7, = b,
eqpapiops_is Py =Pg = ?, Po.= 3.

If there are four P pairs in the plensr chein, it is necessary

to solve'simulténeously thé equations for F = 1 in the form

[
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P +'p3'= 3.

That solution ;a p, = 2,'p2 = L, Py = 1.

As hes been Been in the four-bar development, thiere are more
obstacles to aelf-alignmént of RP-type ch&ins than there are to self-
aligument of R-type chains. One of the obstaclés, of coursé,uié the
binary spin between two S pairs. Another is the C-S axial epin of a
binary meﬁbér a8 described just abové in the féui&bar deia;oﬁment.
These two conditions mey be useful at tiﬁéﬁ;-but.it manf be remembered
thet they can be allowed 1o be present only 1f they have been taken
into account in the mobility relation. "

Three other cemplications are never aeceﬁtable. 'The§ all
involve two binaries in eeries between one of the rollowing combinationa.

1. two S peirs, -

2. one S and one C,

3. two € péirs,

The first allows the linkagé to fold in the mﬂnner.deséribed
earlier. The secdﬁd produeéb*anbtﬁérlﬁype of fold, The 1ast condition
listed represents a translation of the two binaries with respect to
the remainder of the chain. In gddition, there are'higher-order con-
ditions tp'béquoidea, e.g., thé.dliénmeﬁt_of three S pairs a@fosa.a
chain céuaihg an'evén ore ééribus fold than thosé“ﬁlready mentIOned.~
They are too invclved end too many in number to be summed up neerly

es simply as has been the cage for even the eight-bar Rptype chaine.

=
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In Appendix B, there ie shown & totsl of 50 RP-type planar
six-bar chains, compared to the two“R;typé'sieabar'chains. Tt has
been estsblished thet three kinds of pairs may be preeent 1n self-_

aligning BP-type chaine-unemely, the Ry C, end 8. Conseqnently, it is

“obvicus that a com@lete catelogue of the RP—type self-elignins chains

would be quite large. Horeover, the lack of . & general method or avoid--

ing the problems discussed 1n the previoue paragreph makes a complete
catalogue very difficult to obtein.- It mmet auffiee to show only the
few exsmples of Fig. 12. Any number of self-sligning chsins csn be

developed by the deeigner frem the four sets of equetiens ond their -

selutione ebove, providing he 18 cereful to etay within the guidelines

discussed in this section.

More then Six Bars. It 1s possible, of course, to'apply the

self-elignment principle to RP-type constrained chains with more then
'six links " The sketchy development of the six»bsrs, hovever, suggests

that one might meet even greater obstaeles in lerger ehsins.i Amp con- _
cluded for the siprere, it would be necessary to consider one psr- |
'tieuler mechanism in’ erder to errive at 8 flewlese solution. |

“ Any self-eligning RP-type chain shown here can be made into

seversl different linkages by inversion. The fixed_link must_not_be

s link vhich 13 free to spin. |

Linkgges of Mbbility F>1

Development of self-sligning linkages in this chapter has so
far been limited to liskeges'ﬁith Fs= l.- Consider now briefly the
procedures involved in the development of se]f-aligning plener linkeges

with F > 1. The’ proceduree are similar to those already used for

gy ot
+,
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(e) Three-P _ (d) Four-P

Figure 12, Examples of Self-aligning Equivalents to
the RP-type Planar Six~bar Chains

<7

(a) Five-bar

(b) Seven-bars

Figure 13. Examples of Self-aligning Equivalents to
F = 2 Planar Chains

— e
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the F = 1 linkages. The only difference is that here-the-mobiiity"
equation containe a larger value of F, Whenever & spin muet be allowed,

the mﬂbility 15 increaged by one Juet ee before.'

R-tygea ninggggg._ In the case of R-type ‘cheins, 1t is necessary
to add enough 8 paire (replacing R pairs) 80 that the general mobility
eriterion is eatiafied, end Bo that each loop gains at: 1eaat three
freedoms, Let the five-bar F = 2 chain (see Fig. 29v;n_Appendix B}
be 1nvestigated first regarding eelf-alignment. _Theimdbility eqﬁetion'_

'redueea.to

Sp; +.3p3 = 22
vhile the number of paige_p?eqeht 15

Pyt P30

'There is no positive 1nteger golution; therefore, the first eqpatien |

becames, for, F_= 3 (1nc1uding a spin),
P, + 3P3 = 21

with the. eecond equation remaining the game. .The eolution 1e” pl 3

.p3.= 2. Gnly one, eelf-aligning five-bar exiete-—the one shown in

Fig. 133._ Hbte the similarity te the F 2] four-bar of Fig._k#.-
Seven-bar ¥ = 2 chains (eee Fig. 30). are 8180 . eaeily nede self-

aligning. The appropriate equgtionﬁ_ere_
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plel-paaB

These]equationé.have the solution pl =5, p3 = 3, Using the arguments

presented for the “ﬁrg£¢rréd" F = l?sixfba;g) tﬁe'iﬁgéeiself}hiigﬁing

) sé&éﬁ-ﬁars ‘are as ahown"in 'Fig. 13b, Recall ﬁhat the "piééferred six- |

bars are thoae with all three g8 pairs onh one ternary and ﬂith thet

ternary conatructed so that the three S pairs are not on a 1ine.
Naturally, larger chains can be made: self-aligning, and larger -

mobilities handled, in the #ame way as have been the five- and seven-

‘bar chains here,

RP-type Linkag_a. Considering the difficulties 1nvb’1;"vea in. de-
veloping: selfnaligning RP-type chaina of‘mobility F=1 1n a ﬁrevieus
'section, it is certain that similar difficulties would be preaent heref
with the chains of multiple mobility. No attempt is made to handle
"any cheins of this sort. |

A’ aifferent viewpoint may be helpful in seif-aligning mro_i'ple |
mobility chains of both the R and the BP types. If the mebllity of 8
planar chain 15 F > 1 one can reduce the chain to anF =1 chain by
shrinking (F -1) bine.ry 1inks to zZero 1ength, provided each bimry
to be shrunk is connected to ita neighbore only by R pairs. Reversing
the process, the expansion.of'gn R pair in a'planar*chain into two R.
pairs aoiried by & binary 1ink produces ‘a chain with one 'mobiiity nore
then that of the original ¢hain. This phenomanen also holds true for
self-aligning Plenar chains as is nade clear by a comparisiom of the

F= 1 self-aligning chaina of Figs. ke, Sa, Ga with the F = 2 chaine
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of Fig..13. Observe that these F = 2 chains eﬁch differ from at least
one of the F = l'chains by one binary and one'R'pair._ Similar steps
could be taken to form self-aligning chaina of any mobility.

This chapter has been concerned with the self-alignment ef
planar (m = 3) linkages._ Lower-pair kinematic chains have been used
in. the illustrations, exclusively. Any one of the chains shown .
could be made inte a linkage by merely fixing one. link which is not
being allowed to "Bpin . Chapter VII discnsses the application of |

ﬁhese developments to &esign problems
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CHAPTER V

SELF-ALIGNING SUPPORTS FOR ROTATING SHAFTS

- Roteting Shafts
Two bodies connected by one revolute pair form one of the simplest
(open) kinematic chains. If, however, the bodies are joined by two R

j:a_ira ; the chain becomes closed. This closed, 'oné-loop chain '1's obv-j__.'

ously immobile unless the two R pairs are coaxisl, a very special geo-
metricel relstionship signifying the presence of general constraints.
As an illustrstion, the two bodies might be a household door and its
door jamb, the two being joined by two hinges. It is most readily
congldered, however, as & rotating shaft on two bearings, a ciu:lte
comon mechanism in practice (see Fig. 2 in Chapter I). Just as there
are two-bearing shafts, there are also shafts with three, four, and
more, bes¥ings, In this chapter, the principle of ﬁelf-alignmmt will
be applied to such multi-bearing shafte in order to prodﬁce self-
aligning equivalent nechenisms in which the only intended mobility is
a rotation of one member relative to the other. |

‘Table 2 (see Chepter II) shows that rotafing shefts 'on'mletiple
R bearings possess five general constraints (m = 5)., Bach besring is,
in fact, a portion of one extended revolute pair, e.g., coﬁt_iidei' a
piano hinge., These five general constreints are to be removed in the
ensuing development.

It is by coineldence end chence if & real mechanism meets
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exactly reatrictione imposed by gemeral constra.in'ba. DPesignern 'ha.ve |
atten@ted to remea.y this yroblem :l.n retating ahnfts in severa.l mys ’
“etiong the.m (1) by specifying la.rger cleara.nces in ,juurna:l. be&rings
‘than are ‘conducive to 1ong life and well—constrained motion, and (2)

_ ‘by substituting ¢, S, _and. Bg pa.irs for the R pairs acting a8 bearingﬁ -
.'I‘heae attempta have not ‘always been successfﬁl. There is a need to
analyze ‘the problem and to ap:pl:r ‘the principle ef self-aligrment :I.n
order to’ determine 'bhe various ¢ombinations of comnercially awa:l.la.ble
© pairs which properly eliminate the ‘general eon_aﬁras.‘nt's hien shafts are
nounted on two, three, and fowr bear:!.ngs - o

¢ Rotating Shafts
: -"E]_iﬂible Pairs

Aa discussed in Chapter’ III, not e.ll palrs are necessarily

' we:l.l-su:l.ted to replaee other pairs in the: development o:t‘ sel:l’-aligning"

mechanisms. - From thet diacussion, the eligible pairs here dre derived

_'from the R pa:lr by the addition of any o'r the five remaining freedoms

Some :Eurt'.her reatrictions may Ye made due to pra;ctica.l considerationa..-
" A bedring of & aelf-a.ligning retating shatt might, ‘therefore,

rminanﬂpair, orbea'.{', C,S orS derivedfromthe R. Ifs.n

R pair, or & C pa:‘.r A a.cts as - bea.ring :Ln a: self-a.lignins rotating

sheft mechani_sm, no rglm‘l_:_ion 3_.3 obtained in the chief problem,

that of making the i-otational axes of the bearings coincide, It would

be mﬁossible ,.I without general eons:trainta, for any other pair te jJoin

the freme to some other point on the shaft if an R or a { were to be

one of the shaft bearings, In other words, the use of en Ror a C

inevitably causes overconatreint in the mechaniem.
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The commercially available versions of the T pair are not particu-'_
larly suited for use as be&rings gelnce the rotations of the usua.l T are
not designed to be continous. In contrast , &n S5 pair may serve very
well a3 a bearing; the only stipulation needed is that its center lie
on the rota-bional axis of the shaft,

Basic to the present development is the premlse that o shaft
bearing should allow no relative trenslation betwe% ite two elements
perpendicula.r. to the rotational axis of 'l".he.ahaft'.- Thia premise. allovs
a rotating shaft mechanism to be orlented independently of the force
field present, meth'e'r.sravifati_pnal ,. magnétic » or vhetever. The
ﬁ 8 pelir may therefore be used here if it is orfented with its trens-

‘lational d:l.rection para;l.lel t@ the rotational &xis of the sha.ft Tis
center mist lie on the aha.:ft ax:ls. - |
It 18 concluded that the palrs elligible %o Berve as bearings in

e self-aligning miltiple-bearing rotating shaft are Limited to twoe-the
$ and the S, Both supply the rotational freedom of the ahaft about
its axis and also prevent translations of the shaft ':iaml .to that
axis, | |
Two-bearing Shafts

"It 18 poselble to develop self-aliguing two-bearing rotating

shaft mechanisms which setisfy the general spatial mobility éfiter:lon |
ag e:@resséd by Eq. (4). For the equivalent Be1f~aligning mechanism
conta.ining only 8 a.nd S ;paira s the mbility is F = 1; the number of
members is n = 2; a.ndpl "p2=1’5 sesincem one, two, orfi-ve
degree-o:l'-freedom paira are eligitle. The mobility eriterion tekes '
the form
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i .;;5@ -.1)' ) 3Ps - 2p, =1,
30, + 20, = 5
In addition, the totel mmber of pairs in the mechenism mist be
93'+ Dy = 2

The only solutien. to the above two equ‘a',tioné is ps = P = 1.
The ‘bearinga of a tm-‘bes.ring self-a:l.:l.gaing rotating shaft must thus
be one S pair and one S pair, as 111uatrated in Fig. lh This |
parbicular shaft design is eonmnly in use.
Three-bee.ring Shafts

I'b 15 often desira.hle ) O even necessa.ry, to support a rotating
shaft on more 'bhan two 'bearinga In cape of three bearings s the

. simdtaneous aquations to be golved are

Figure 1h. Self-aligning Rotating Shaft on Two Bearings
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3P3+2P1|_=51
P3"’P1'_F’3.-

But a positive integer solution does not exist, From Eq. (), it is
obvious that if a PS palr, or pairs, 'were allowed in this ﬁechaaiem,
there might be & Bolution to the two resultant equetiona which would

each differcfrom the laet two above b'y -1 p5 term on the left<hand a:l.de.

No such peir could serve as & beering ; however, even 1!‘ it vere ava:l.leble ’

because it could not prevent both tranelatione perpendicular to the
shaft axis, '

It becomes desirable to emplcy what ar'é_ celled "compound peirs”
in order to develop self-aligning three-bearing shaft designs. ILet &
cempound peir coneist of & binary member and two. pairs, one of them
joining to the shaft and one to the freme. If this is inserted in

-place of one bearing s i._t cen clearly offer ne more freedoms .than the ‘

S pair and still prevent all 'branelatiens normal to the ehaft axia, '

e.nd therefore it offers no improvement. Compound pairs can aleo take

~the form of & ternary member and three pairs, as, for emxpleﬂ, when two

of the three shaft bearings ccn.nect the shaft to an interm'ediete .

ternary vhich is in turn con.nected to the :t‘rame by means of its third

_pa_ir. The meche.niem is :l.n this vay converted to one hav'ing three

mem'bera (n = 3) and four pairs. |
So:me reetrict:l.ons mst be pleced on the selection of the palrs
vwhich can be uaed in the various 1oceticna in such a mechaniam. The

three ghaft bearings mst still be q:;e_ or the other of the two eligible

|
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forms--5 and 8- The bearings vhich connect the shaft to the inter-.
mediate ternary could be (1) as determined earlier :l’or the two-bearins
shafts, i.e., sn S and sg, or (2) both S, pairs, relying on the third
shaft bearing to rea_trict- axiel tran_sla_.t:lon of the shaft. This 1atter
case requires the third besring to be an S, while the former cese allowé
it to be eitﬁér an 8 or an a 'I'he only mstrietion conceming the
pair connecting the intermediate temary to the frame 1s th&‘b At must
not ellow translat:lona normel to the shaft axis since these tr_emalationa
would be pe.ased on to the bearings of the shaft. |

The equations for the three-bearing shaft with a ternary 1nter-

nmediate member are then
5p, + 4y + 3py + 2p) = 11,
pl+p2+p3_+ph=ll-.

In the preceding paragraph, it has been pointed out that at least one
‘b_e'aring_ mst be an Sg and at least one mist be an S, with the third
being either an 3 or an 8 g This cen be put into mathematical terms

as
Psz.l) Pll_zli p3+Pu23- .
The sclution to these -equations and conditions ere as follows:

Solution Py Pp Py By
A o 1 1 2

B o o0 3 1
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Since & bearing mst be either an 8 or an s_g , the pair between the ter_n:
sry and the freme in A is & p,, i.e., elther & T or & C, These two forms
ave shown in Figs, 158 end 15b, The ternary-frame pair in B mist be
& pg (_S) peir as shown in Fig. 15¢.

" It should be noted thaﬁ, in (a) and in (b), the S pair could

be located at any of the bearings, but it is shown in probably the most

(e) itzvalid

Figure 15, Self-alligning Rotating Shafts on Three Bearings
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pra.ctica;l place as the bearing joined directly to the frame Another -
point is thet the two bearings on the ternary link need no'b be ad,jacent
to one...aneth@ -'with_:l__-respect to the shaft; 1.e,,- the third 'be‘aring
could be between th'em,- but this would be ‘an unlikely configurstion.

Two pf_thés_e three designg are bovever :lmpractica.l. The |
afrang'eme_nt'_of. (b) 18 inva.lid because the © pair ellows & translation
parallel to théff?s}héﬁ- axis,’ As shown in the figure, the:-,inte:ﬁea;ate“
ternary is not premted :t’rom E:I__.iding off the Sha;ﬂ_i a.nd th‘us. disconnect-~ -
ing the mechenism, Smitaneoualy, it.does not provide for b.d;)u.éfment
mtation about the vertical axis. The shaft design o:l.’ (c) is likewlse
not a.cceptable since the entire mecha.nism can fold abou'b 'bhe axle
through the centers of the tvo 8 paire on the frame | |

The mechenlsm of Fig. _ 5a, however ’ is cmnsidered to be the va.lid.

design; a‘inc.e it 'doea'-“ not displey obvious drewbacks,

“Four= 'bea.ring Shafts

Carrying the present develomen'b one ‘step" further s 8 four-

bearing ehaft mechanism is now considered. The two ;eqnations_ to be
‘solved simltaneously, assuming no conpound pair'b,fﬁf:‘e

3p3 + 29]'. = 5,
Py Ry = L,

But again, there is no positive integer solution. If one compound
pair is added as has sufficed for ‘the three-bearing pfob_len;, still
no solution exists., Two such compound paris mst be.'adde'd;- producing -

the equstions
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5py + bpy * 3p$ + 2pj; = 27,
Byt i>2 + Py + Py = 6 |
For m&aoﬁs similar to-" th;se used for-{,hé three-bearing ghaftg, 1t 1s
also necessary that_
P3'_2.1., .ph = 2’.'?3.4‘ phﬁ.z k,

Three solutions e:d.sf to this set of two equations and three inequality

conditions. They are as follows: -

__Solution E]_- .13.2. _1:3 E.l.‘.
A o 1 3 2
BI o 2 1 '3
¢ 1.0 2 3
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In solution A, one of the ternary intermediate members is joined to
the rrmne with an & pa.:l.r, ﬂhile ‘the other is Joined with eitha- 8T
or a.___c. Solutim B req_u:l.res the temaries to be paired te the frame
with two T palrs, or two C

,_.or one of each. One of the pq.ira
is aﬁ"ﬁ; aP,oranHin ap_:_l_.utién_ €, vhile the others can be S or

s pairs, B:’r‘"‘eéséﬁtialiy "’bhé same arguments as préaéﬁted for 'the

| three-beariﬁg ahaﬂ: the only valid design here is thet of B with two
T palrs and no (] pairs. This design is shom in Fig. 16, Note the
aim:llarity to the VEJ.id three-bearing design of g, 153. _

The self-aligning rotating shaﬁ: mechanisms h&ve thus beesn
dé'.\'rel‘oped', p:!.e'l:u;red achemtieally ) and discussed. Those with three
‘or four bearings may sppear Mmewhat impract:l.cal but in Cha.pter VII
'aome praetica:l. and useful variations of these mechaniems’ are discuased"-
for the ﬂeaigner,
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CHAPTER VI

SELF-ALIGNING SUPPORTS FOR TRANSLATING TABLES

Iransleting Tables _
A common design px-éblem is that of joining two bodies so that
they may move relative to one snother with only one 'transiétiana; free-
dom and with no rotstionsl freedom, Examples of such one-traﬁsl'ation

machines are an overhead crane snd ite rails, end the table end bed of

- & plening mechine,

If the two members are joined by only one palr, necessarily &
P peir, the kinemetic chein 1s open and thus does not require epecial

geometrical re‘laition'ships (general cons'bra'.ihfs) in order for the

desired motion to take place, ‘Genersl constraints ere ﬁres’feh"b, hovever,

in & mobilé chain of this _tj-pe if the two members ere Joinmed by two,
or more, P pairs. |
If one member of & chain of the type described sbove 18 Pixed

to the frame of reference, & mechenism is formed. - It 1s convenient to
label such é mechanism & "transleting teble" just ag'the typleal one-.
rotation mechanism has been labeled a rotating shaft in Chapter V.
(see Fig: 3 in :Ghapter""li)'. |

- Normally, P pairs in practice are effected as dovetail slides,

splines, tongue slides, etc. In emch of these, the surfaces of the

two members are ideally in comtact over their entire common areas,

ellowing & uniform finite clearance. Thie is a practicsl inipo'ssibilit-'y'

since 1t would require perfectly planar surfacés.affa?;ﬁged in an exsct
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manneﬁ, However, it is often neceasary to pﬁoduee_a very precisely
linear_mbtion,'éuchuaa"in a planing maehine;_éhd-in.ordef to do eo,

high penalties must be paid both in the form of money and of time to

produce by eonventiéhal methods the highly precise mating pair'reggired.'

Even 1f the :sli.di_ng' peir can be made 'q_u.ite ;preci_eely, there are so
- ﬁany redundant eonEtfaints present.ﬁhat it.ia-diffieult to ﬁredicf
exactly what motion will take place as the slider is actuated snd is
'confronted with the irregularities which are unaveidably present._

Tt 18 therefaretobvieunly advantageous to use something other than P

pairs 1n the design of one-translation mechanisms, eapecially 1arge ones._

Translating tables on multi;ﬂe P bearinga, as stated above, poa-
Bess general constraints namely, five in nnmber according to Table 2,
_ Multiple-bearing translating table mechaniame of the tvo- three-, and _

four-bearing types are now treated with the principle of self-alignment.

Self-aligning Translating Tables
Elig}ble Pairs h

Gertain psirs can be eliminated from eonsideration as bearinga
in translating table mechanisma. Any pair whidh does’ not allow an
]inﬂependent translational freedum is naturally 1neligible. This |
eliminates the R, H, T, and S pairs as translational bearinga but does
not exnlude them frem occurring in compaund pairs, however, if compounﬁ
peirs are required at some time during the developmenta.; The eligible
pairs would seem then to be the remaining three commercially available
paire (P, C, and S ), especlelly as they all satisfy the general rule

established in Chapter TIZ.




The P can be eliminated from consideration as a bearihg in a
miltiple-bearing tableimechadism, however, except as it may occur in |
& compound peir since a P acting es & bearing would determine ih 1tsels
the plane and 1ine of motion of the table. No othei' paii-"céula. join
the table and freme uiohoﬁt introduoing general constraints. Further;
the P pair is not allowed to be & translational bearing as a part of
a compound pair since the prime purpose of these developments 13 to |
elimdnate the need for suoh bearings., The P may occur here only a3 an
"adjustment" padr in a compound pair, |

Only the C and S pairs, then, are eligible to serve as trans-
lational bearings in the development of Belf-aligning tablea. _

THO~ bearing Tables

The general spatial motility-criterion, Eq. (h), subject to the

mobility of & rota'bing shaft, F =1 ,_and with two membera and two

‘pairs, takes the form

hp, + apy =5,
Only ?a_and pj, pelre are eligible to serve as bearingo;'theyefore,
P2 + P’-I- .=’.20

No positive integer solution exists to these two eqnations.
It is. therefore neoesaary, even 1n thie aimplest two-bearing
case, to introduce a compound pair. Addiog_ooe_pair and_one member,.

the two eqpations take the form _

5131 + hpa + 3P3+ 2P}4. =11,
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Figure 17. Self-sligning Translating Tables on Two Supports

Pyt Pyt Pyt Py =3

aince any elass of pair ma.y exist in the compound pair., The two pairs
eerving as bearings mast be either C or 8 g pairs, conseq;uently, the

inequality
.+ . =

The only solutions to the two eq_uatiqhs ah_d_ one Inequality condition

are:

‘Bolution 5;. fg E f& :
A B R o 1
B0 2 1 0

In A the bearings are one C a.nd one S while the pair joining the
intermedia.te member to t.he table :Ls an R, a P, or an H. The last

possibility > the H, is ver:f unlikely :f'or ebvious reasons. ’.Ehe"P

‘

is aomewmat more 1ike1y, its translation being normal to the :I.n‘bended

translation of the table a.nd normal to the 1oad force be:.'.ng exerted
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on the table, The most likely configuration, using an R, is shown in
Fig. 17e. Note that the R axis is roughly parellel to the intended
tzfanslation of the 'I:abie. The C a.nd.-'.Sg vairs eould be interchan_g_ed in
the figure without csusing:difficulties. | | .

Solution B requirveé the two besrings to be C pairs and the third

peir to be an 8. This configuration is shown in Fg. 1Tb.

Note that both valid two-bearing designs require two separate
bearing surfaces, i,e., the Tods shown in Fig, 17. If the rods were

made to colneide, the table would tend to spin on the rod,

Three-bearing Tables
Su;'pporting 8 table on three bearings seems to be most :_I.ogit;:al;

much the seme 88 & three-legged stool 1s the most stable configuration

~ for a stool,

The simltaneous equations, without compound peirs being used,

1"132*'291‘_:5:

Pp + By = 3.

Agein, no positive integer solution exists,

Adding one member and one pair to form & compound pair _wift.h

one of the pairs already present, the equations teke the form
5P1 +. 1|.p2 +3P3 + 2pl‘ = ll,

Py +Ppt Pyt =k
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The condition

P2+Ph.z3-

~is also applicable since the three bearinga should be c or S pairs,

Two solutions to the tuo equations and one condition exist, and are

'aa rollowa.:"

golution fl.‘fg fﬁ Eﬂ
A 1 © 0 3
B o 1 2

One form.of solutiOn A is shown in Fig. 18a. "The R pair could be
placed at any corner of the triangular table shown with like éffeet,

provided that itz axis is not normal to the 1ntended tranalation of the

table, An HoraP could also be used in place of tke R, but muld

generally be less desirable.
Solution B 1 1llustrated in Fig. 18b, The S pair must be

used 1n conjunction with the C pair, rather: them an 5, since an 5-5,

compound peir would have en intermediste member carabie of spinning.

' _Thét mobility would require -genei'al constraint to-be preaent elsevhere

in the meehanism; The C-S com@ound pair could be placed at any corner
of the table with like - results.

Note thgt- -each_lpf_ the three-bearing tables has two Sg' pairs and
8 five-fi'ee_dom compound pa’ir.. Obaervé also thét: both tables sho_ﬁa in_
Fig. 18 have two besring surfaces, the rods pointing in the intended

tranglational direction. There could just as well be three rods in
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each mechanism if for some reason that were preferred.

Four-bearing Tahbles

It may' be desired to provide support to a translating table at
four points, e.g., at each corner of a rectanguler table. Withqut a

compound pair, the two simlténéous equations are
l-l-pe + eph. g. 5’
Pyt By = e

There is no positive integer solution.
If a link and & pair are added totiske one bearing compound, as

has been done for the three-bearing tebles, the resulting equations are

5py + bpp + 3p, + 2p = 11,
P1+P2+P3+_p)+=5°

The appropriate inequality, in view of the fact thst all besrings must

be elther C or Sg pairs, is
Py + Py = b,

Only one solution é::lst_s for these. two gqua.t:loﬁa and the. inequality:
p1' =py; =0, p'3 = l_.,‘pu:=’_4.f This mpliea that there.is a compound
pair with seven freedoms, there being an S on onre end of the inter-
mediate member and an Sg 6n. the othéf_ ‘end, That member ﬁou.‘l.d be
capable of spimning and': thus enother solution is necessery.

Considering the other kind of compound pair produces a valid
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result., Connecting the table to an intermediste member at two pairs
and then joining the intermediate member to the 'fran_ng.invblveé the

1ast two equations above s while ‘the conetraint is changed to
Pa + P}I_ 2 3- '

The solution is again the -.saime-a-'pl =Py =0, By =1, P, = 4 BSuch an
arrangement is shown in Fig. 19. The intermediate member can join
‘any two corners of the table, and there can be three besring rods
instead of the two showm. |

Note that the term "four supports" is actually & misnomer here.
There are only three translational bearings in the mechanism, Another
'possibility exigts in which there are four suppérts.' : Thia is the case
1f two corners of the table are éoﬁnecte& to the frame each through ite
own compound'paif.'-Such & mechanism, however; contains & general
constraint and mst depend on flexure of the teble if ell mppoﬁs are
to 'em-y a part of the loed, |

It is suggested that a teble ¢an be supported et any number o:f
pla.ces by simply caacading intermedia.‘be members as has ‘been done here
in going from the mechanism of Fig. 18a to that of Fig. 19. The three-
bearing 'I;able is the basically stable one as related earlier :ln analogy
'with the three-legged stool.

Chapter VII presents some discussion about the development of -
this chapter eépec_i'a.lly im;porba.nﬁ._to ‘the de’signer.-.
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CHAPTER VII
USE OF RESULTS FOR DESIGN FURPOSES

In order to condense the previous chapters into‘the form most
useful to the designer, this chapter presents a brief synopsis of the
purposes of this thesis enﬁ the principles involved, proposes epoli-'_'
cations for the results, snd suggests extensions to the work presented

_esrlier.

Reflection on Basics

The primary purpose of this thesis ic %o assist the designer in
more effective application of the concepts of degrees of frecdom and
degreea of constraint in the design of mechanisms, without which de-ql

ot l

_signs are more susceptible to wear and inaccuracies thsn otherwise.'

The principle of kinematic design is the primsry basis. It essentially.”
involves the avoidenca_of syecial geometrical relationships (general
constraints) by giving each member of a mechanism the theoretieally
minimum number of constreints consistent with the motion deaired.;
-Strictly, kinematic aesign immoses constraints only et point contacts._
This impractical property is replaced here by the nse of commercially |
-aveilable pairs et joints, thereby allowing mechanisms to be handled

' regardless of their load Bizes Pbint contacts limit loading very
severely even though they must in reality be small finitehzreas. _'J
MEchenisms designed by the principle of kinemctic deeign, but with

commercially available pairs instead of point contacts are termed
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"gelf-aligning."” _

There are several .'diti'binct advantages to kinematic design as
opposed to conventionai design, 8ll of whichare aleo held by self; |
eligning mechanisms. First, elastic strains in thé'linim ere minimized,
Meny of the close tolerances needed in cohventional design ere eliminated;
small 1naccurac1g§ in manufacture do not affect smooth motion of the
links, providing tﬁé pairs used are a@eﬁuatel-y free-moving, & condition -
vhich is the responsibnity of the pair ma:mfacturér..' "Weer is more.
even in self-a_.l_igning mechanisms;, and there is less wear sinée forces
are 1nhereﬁt1y smaller. The forces throughout a .aelf-_al'igning mechaniem,
and the locations of its ﬁmb_era',. may _ﬁe' determined or predicted alc.-
curately in any position of the mechanism, .riisr_egérding_ eléﬁtic--and
plaétic.defomatiqns. One of the most important .admtaéés is that
a self-alj.srling mechani sm does not bind even after plastic straining
of 1ts links, This ie particularly advantageous in mechanisme vhich
are subjected irregular impact loads, |

Three .main Problems have been attacked in this thesis-~the éelf-:
alignment of plenar linksges, miltiple-bearing rotating sha:ﬁﬁ (a8
the typ'ic_:al one-rotation mechanisms), end miltiple-support trenslating
tables (as the typical one-translation mechanisms): These three
problems, covered in Chepters IV, V, end VI, respectively, are three
of the mos;t common in practice and often present problems due to thei_x_-'
nee'ds for special geometrical relationships,

Assumptions have necessarily been made in the development of .
self-aligning mechanisms.  In the interest of praeticality, tﬁe 'pa;:l_.rs

allowed to be present in self-aligning mechenisms have been limited




to those which are commercially available (see Table 3). A rule hes
been established in Chapter III for the éeigction of those commercially
available pairs eligible to appear in the various types of self-aliguing
mechani sms eonsfd.ered in this thesis, Each of the three chapters dewoted
to the solution of one of the mein problems containg a diécussion of the
pairs eligible for use in that chapter, Every mechanlsm coneldered
herein has been assumed to have 1link lengths adequate to allow assenbly
of the mechanism, It has also been s'!:l.pula'béd that only those commer-
cially available pairs which are avajlable as ferm;close'd are to be used,
Thig precludes the need for force-closure and mekes mechanisms more
versatile in that changes of the force field do not tend to dj.sassenble
the mechanism, This might be important in space trawvel or in use on

a.nj moving vehicle,

Applications

As has been already stated, the work presented here is applicable
to the design of a mechanism of any weigh%, from the ughtest instru-~
ment to the heaviest construction equipment, .The smooth, sure motion
éf self-aligning mechanisms makes them most attracﬁive as high-precision
machines whether- Iight—, medium-, or heavy-duty, Self-alignment allows
the component parts of such machines to be lightened to the minimm
because of reduced stresses and assures accurate knowledge of the
pos:lﬁons of the various parts,

A review of the moat important results of the previous develop=-
ments and a discussion of the aj:plications of self-aligning mechanisms
follows. |




Planar Linkages

Chapter IV has developed the self-aligning planar linkages.
The R-type F = 1 chains are shown in Pigs. La, Sa, Ea, Ts 8,_ 9, and
10. Their possibilities for spplication are mume__rablé.' Anyvhere &
planar linksge serves, 'ﬁhe equivalent selfaaligning linkage would serve
better, although it might fot be economically Justifieble in a1l '_ea_s'es.
s pairs must be substituted for R palrs as describéd"in Table '1&.
in the formation of self-aligning F = 1 R-type linkeges. Tt is impor-
tant thet the S pairs be arranged so that in no position .of.the' 1inkage
is a folding or an undesirable spin present. This is mét_banc_lily
sccomplished in @l but the four-ber.by placing & maximum nuuber
of § peirs on & palygonal link in such & way that they are definitely
not coll:l.nea.r, | |
RP-type linkages present & tmach more difficult situation. f‘or
the purposes here, 1t has been decided to replace all P pairs by c
ya.irs and then replace enough R pairs by 5 pairs so that all of the
genersl constraints are removed |
one particular situation especially desems conment.  The foure
bar RfﬂwaP chain most often serves in the-alider—cra.nk inversion,- é-.s.. s
in reciprdeating én‘gines and compressors. The self-aligzing farms (see
Fig. 118.) do mt lend them.selvea well to such usage 5 eapec:lally 1f "
the mechanism is to per:form at high speeds and/or with high forces
involved !I'his is because the 8 must be 1ocated in 8 vay that never

allows 11: to lie on the c a.:d.s. This unsymetrical conﬁguration may

~ produce inadmissible :t‘orce and moment relations.

‘Meny practical congiderations are involved in the design of a
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sel:f;aligﬂing linkage. One of these is that, in order to avoid inter;-
ference;, the links of a planar linkage must be in parallel planes end
mst either project from one snother at an R pair ss cantilevers or
they must be forked, with two coaxial R bearings serving as an R_pa_:l.r._
This affects the plecement of s pairs. An S pair cannot be split in a
forked fasmén. UsuaJJ.y,. if split joints are used in a mechaniem,
they are the joints which connect to the frame, e.g., the mein besrings
of a reciprocating engine crankshaft, . . |

The advantages of selfaalignﬁent méikle 1% extremely attractive
in the limited production of lérge: linkages, For example, 1f one
vere to attempt to drill parallel holes at the extremities of large
linke into which pins would be inséﬁeé to form R pé.ira s the operation

would require a 1m_:ge » expensive ré.dial drill. This would be impractical

| if only & few pieces of that size were needed, Much less refined drill-
ing would be required if self-aligning bearings were used in the n:la;mer
des.r.:ribed in Chepter IV. Similarly, self-alignment is well-guited fér
use .in gituations which are expected to require field meintenance and
maificstion. Even bent parts can be used if a mechanism is self-
sligning.
Roteting Shafts

Principally, self-alignment should be applied to rotating shafts
vhere it is necessary to have emooth rotation and determinste bearing
reaction forces, To help motivate 'bhe\ designer towai'd fhe ﬁﬁe of aelf-
eligning three- and four-bearing rotating shafts, several possible
purposes for application can be suggested. The critical speeds of &
shaft are generally increased by the eddition of & bearing, The larger
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‘the nnmber of bearinge,fthelsmaller are the defiections of the shaft,
lessening the chances of interierence. fBearing-ioada and-shert shear
forces and bending moments are all decreased thie ia most important
when 1oads are 1arge. "If two separately des;gned shafts ere required
to be rigidly ‘Joined together, they may be supported effectively as
8 self»aligning multiple»bearing sheft.

hege poasible reesons for applications are not always ﬂhnt they

may seem, however. For exemple, the critical epeed of & particular _'

self-aligning shaft may be raised by increﬂsing the number of bearings,

but the overall dynamic propertiee of the mechanism mey be wersened

since the intermediate member introduced becomes & part of the oecillat-

ing ayetem. _
The tweabearing self-aligning rotating shaft oi Fig 14 1e

qnite often used in praetice, but no present use is known of the self- o

aligning three- and four—bearing modela of Figa. 15a and 16 respectively.

Perhaps a more realistic drawing of a three-bearing ehaft (aee Fig. 20)

mey give an insight into possible applieations. Figure 20 aleo suggestq

the appearance of the four-bearing shaft eince the two are quite
similar, Note that the T pair has been transformed into two R pairs,
roughly intersecting each other and the shaft axis. The one R has
been separated into two sections (one aection hes been removed in

the figure to reveal the remainder of the mechaniam) and weuld beet _

- take the form of a twe-bearing shaft itself, pivoting onﬁan S and Sg.
The small rotation inveived, hcwever, and the relative stiffneea of the

intermediate membere would prebably allow-the use of en R and aC as

shown.
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Figure 20. Pictorial Viev of a Self-aligning Rotating Shaft
o on Three Bearings -

Figure 21. Pictorial View of a Self-aligning Tranalating

Table on Three Supports
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An interesting arrangement for an Sg connecting a ehaft to the

. frame exists 1n the spherically seated pillow block on "ladder _(tranela-

tional) bearings available from at least one manufacturer.

_Tranalating Tables

Self-elignment of transleting tables is perheps mcre etrengly
motivated than that of rotating shafts. Large prism paire, .g.,
dovetail slides and tongue slides, tend to be either extremely expensive
and heavy, or inaccurate and high in friction. In addition, such pairs'
are very vulnerable to damage._ Fer one, thing, the lubricetion needed
in meny such pairs attracte foreign debria which ia harmiul tc the pair.
The three-bearing tablee of Fig 18 are those most likely to find
applicaticn. Figure 21 showe a more pictorial view of the mechaniem
of _:Fi_g. 18b.

Highly finished circular steel rcde ere available for use 8e
the rails at reaecnable cost. It weuld probebly be econcmically
feaeible to simply replace the rods whenever they become dietcrted or
'wern. “Zero~clearance“ lov= fricticn translaticnal bearings of both
the C and the S varieties are elac available to be peired with the
steel rode

One particuler pcssibility for the tablee is that the € pair
of Fig. 2, for example, could be changed to a screw, cr helix, H. -ln
that way, the power to drive the table could be transmitted throughlthe

o

screw. The C-S member, then an H«S member, ﬂeuld preferably reet on
ite oun threaded rod while the twe S pairs would reet on one smeoth
rcd tcgether cr on tuo eeparate rods.- | '

A desireble condition in the uee of eelf-aligning tables is
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that the support rails should be parallel, otherwise, the table has a
helical motion instead of pure translation._ Non-parallel rails do -
not affect the smoothness of the motion, however. The rails may be-
eaaily attached to the fr&me of reference in auch a way that they may
be adJusted for parallelism. o |
Aqother problan is that self-aligning tables as proposed here
- may not be capcble of poesessing enough rigiﬂity to perform satis-
factorily in the precence of large impulaive forcee. Such loading.
sometimes demands & conventional tsble design because of its larger
mass. | o
| It should be remembered that Whatever haa been developed for
a rotating shaft or translating table alao holds for any one-rotaticc or :
one-translation mechanism, respectively. An interesting concept here
is that & roteting sheft on miltiple bearings could actuelly be &
siogle_R pair in a larger mechanism. Simlilarly, a translating table
could be a single F pair;

Proposed Extensions

Plentiful opportunitieo exigt for extensions of the work pre-

sented here. Many can be imagined based on Bimply changing some of
the basic asaumptions used, €.8.; by establishing that some other
pair has been made available in;addition to those'listed ag commercially
available in Table 3, |

 The oresence of the T pair could be allowed in self-aligning
plenar linkages if it were available in e form in which one of ite
rotations could be complete or if ‘that were not considered to be a

necegsary ability. There is one particularly ihteresting catalogue of
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the forms of commercially available linksge joints [20] vhich may be
helpful in extending the self-sligment of linkages. Perkiaps the
C pair could be alloved in R-txpe linkages, It might be pragtiisal ;

" 'too, for P pairs t0 be present 1n certain RP-type linkeges.

'.Ehe self-aligning planaz' 1inlmges could be developed endlessly
by coneldering cheins with & larger mumber of 1:r,n1;s__gna/or with larger

' mobilities than those discussed here.

A minor gxt"ehsion' might be the consideration of the mré'z‘-isions*' .
(one each) of the rotating sheft and ‘Era.nsla:bihlg fﬁa.blg, i.e., where
the shaft or table is fixed and the “"frame" moves. The pro'blems of :
coupled shafts and coupled tables could alao be mvestiga.ted.
Extensions might also reach into differemt families of mechenisms

" (see Table 2) or into other members of thé femily m = 3, e.g; spherical

méchanisms. Most of these possibilities would be more aifficult then
the ﬁork-'preaéh‘bed here since the rule 'fc":r éliéible ‘pairs as '.'s"i.-..a;.ted
herein is meaningless unless the rotations present are gbout mtua.lly
perpendicular s.xes. Each sub-feanily of mechanisms wuld probably
require & dir:rerent rule for engible pa:l.rs s th:l.s rule being one- of
the necessary bases of the self-aligning process.

There are countleaa other possibilities for the development

of self—a.ligning designs. Only & few of the simpleat design pmblems

have been discusesed here, but they are probably the most important and

the most likely to f£ind applieation..
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* APFENDIX A
PRECAUTIONS. IN ADDING FREEDOMS 70 PAIRS

In Chapter III i'b ia mentioned that precautions must be taken
in the addition of freedmms to. pairs in the self-a;].ignment process.
The need for such precauti-ons is perhaps best i-llusrtrated by & simple
example coneerning 'bhe familiar four-bar, slider-erank planar link.age,

_ which contains three R pairs end one P (see Fig. 22), Being planar ’
it 18 of the family m = 3 (see Teble 2). A mobility anslysis of the

plenar mechaniem by Eq. (3) yields
F=3m-1)-2p -
=3(3) - 2(k) -0 =1

sinee the number of links is n = 4, the mumber of one-freedom ﬁaira
is p, = 4, and the muwber of two-freedom pa:l.rs is p, = 0. Requiring

the mobility given by Eq. (4) to be the same gives the compatibility

NN N

Figure 22, Planar Slider-crank Mechenism
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relation for the freedoms of the pairs of the self-aligning mechanism.
Here again, n = 4, and

P=1 36(3) - spl - ,-I'Pa - BPS“ 291]. -ps,

~vhich simplifies to

5py + lp, + 3pg + 2p) + Py = 1T.

It 1s elso sppavent thet there is.a totel of four peirs in the self-

aligning mechanism, just as there is in the planar linksge, and thus
Py + Pyt Pyt By * g = b,

A1l pairs in: the self-aligning mecha.niam mst be among the types listed
in 'l‘able 3 as being conmrcially a.vailable R u.nless there 1is no solution
to- the problem using only those pa.:l.rs in which case eompound pa:_l:rs

mst be resorted to. Since no pairs allowing five degrees of freedom
are l:l.sted p5 = Q, 'I‘here are then three solutions to the two equa.tions
above, The _vgluea_ qf Pys pa, -1:3 » P), are, respectiveq.y, aa follqu.

(1) 3, 0, 0, 1; (2) 2, 1, 1, 0; and (3) 1, 3, O, O. Compound paize

are therefore not required. Let the first solution of the ._equatiéns

be ':I.hfeﬁtié&bed, nemely, Py = 3, Py = p3 = O, a.n.d Py = 1. This in- -
dcates that & possible self-eligning mechanism contsins three p, pairs

(eech an R, a P, or an H) and cme__%i'»s palr (the only Pli- pair commercially

‘available), Let ‘the S palr be derived sxbitrerily from 'bhe ‘P pair of

the originaa. slider-crank 3 meaning that three rotationa:l. freedma have

been added to the pr_:l.gin_al P pair_. The direction of “the tra.nslational
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freedom of the S5, mist be the same &s that of the P 1f the 8, 1s to
serve in the capacity of the P. The three p, pairs must then be R

peirs since they are to have been derived from the original three R

:':'lip'é.iré-, with the' pde’s:lbilit’:,r- of edditional 'fre'edm s beingallo """ot";éd' to

each ’ ut all of the added ﬁeedoms a:ra being absorbed by the P pa:l.r _
as it transforms into the sg. _ |

The proposed self-aligning mecha.nism,then, consists q:r’_-_l_:._i_:e' _

 2our original :Links conn scted by thethree original Rpaira and " :Sig
- pair, the 1ast servingin ‘the capacity of the former P pair. Onme of
the principal purposes of the bozive‘;-a_ipn of the mechaniamto ‘the ai.éi":_E- :
a.].ign:!.ng sﬁ_;te' is to avoid the need for .;apéeial'fgapmetriqai relationships

between the pairs, e.g., allowing t‘hg R pair axes to be only roughly
pafallel here ,. not: éﬁéetly pa.rallel as theymst be in & tmlyplanar
mechanism, I'l:would certainly be #éif—de.feating: if, iay_ chance or ﬁy |
design, the R axes were'_'.very- nearly M1el , &nd conﬁeﬁueﬁfiy _éa'used
the mecha.nism to have a mobility different from that &nticipated in

the design. Such is the case with the R-R—R-S g 3 four-bar now mder -

_ consideration, Th:l.s 18 easily realized by cempa.ring the original 1:lnk-

agg"" with the proposed one. ‘The former has one’ translational freedom '

(the P pair) and one rotetional freedom about each of three parallel

‘axes (the three R pairs), with the translation oriented perpendicula.r

to the three R axes. Now, 1f the three R axes in the letter are

' :pare.llel to one anot.her and perpendicul&r to the translatiomal freedom

of the 8, g’ “the four :t‘reedoms which exist :I.n the rormer mecha.nism also
are present in the latter, furthemre, the S pair haa a reta.tional

freedqn_: _abou'l:_ each of any _three mitually per_pendieul_ar axes, and there-




foré s :li’ one of these axes 1is chos'en para;l-iel +to the axes of the three
R pa:lrs s the proposed self»aligning mecha.nism possesaes two degreea |
of mobility—-ene more than des:lred or expected The excéss mobility '.ls
' o‘bviously en undesira‘ble coztsequence er ‘the parbicular 'Hay in’ 'wh:l.ch
the three freedoms have bem d.istr:l.buted anong the pairs. ‘Perhaps cone -
verting en R pair into ‘the sg,_ e:_r:ffus_ing one of ‘the other sol;i%iéz‘ix_'jééﬁg'__
of the two equations, would pfévide'é'atisfactoﬁ results in proeming |
8 Self-aligaing mecha.nism. |

This e:mauple illustrates well the situation to be a.voided in
dietri'buting the add.ed freedoms ameng the paire of a mecha.nism in
'order to make it self—aligning. A rule is Bta:bed in Chap'ber IIT to
sumrize the necesaa.ry precautions ﬂhich must be taken as 1llustrated o

here o




APPENDIX B
CATAIOGUE OF FLARAR KINEMATIC CHAINS

In connection with Chapter IV, the planar kinematic chains of
both the R;typ-e end the RP-type are partially cetelogued heve, Four-,
a;.x; , and eight-bar F = 1 chainé of tHe R-type are completely c_atalagued,
vhile the Rl;-fhy.p_e is limited to four- and six-bers. Planar chains wilth
F > 1 are also discuased briefly, the only eatélogues of -suéh chains |
given here being those of the R-type F = 2 five- and seven-bars. Each
chein shown cen be made into a linkege by fixing eny link with respect

to a frame of reference,

Planar Chains of Mobility F = 1
R-type Chains | o

The number of R pairs in an F = 1 R-type chain 1s as determined
by Bq. (5). This section catalogues the F = 1 R-type planer kinematic
chains with four, six, and eight links. |

Four-bar, There is only one four-bar planer .ldnmatic chain,

It is comﬁosea of four bina.ry links ami_ four R pairs, as 15 shown in
Fig. 23.," | |

| .Siﬁc-ba_.r.i Six-ba.r R_;-type' Planar chains -each _conta.in two ternary
1inks, four binary links, end seven R psirs, Two different chains
exist, as shown in Fig, 24--the Watt having its two ternaries directly
odﬁnected, and the Stephenson in vhich the termaries are not directly

connected,




follows:

Series 1

Series 2

Sexles 3

.Eight-bar.
chainsg exist, Tﬁey.may be grouped for convenience into four series &8

Figure 23. Four-bar R-type Plener Chain
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Sixteen varieties of R-type eight-bar planar kinematic

chains composed of two quaternary links
and six binary links (two varieties) '

chains composed of fbur ternary links end
four binary links with each ternary con-
nected to only two of the other ternaries,
either directly or through one or two bi-.
naries (three varieties)

chains composed of four ternary links:and:
four binary links with each“ternary con=,

- _nected to each other ternary, efithérdi-

Series I -

rectly or through one or two binaries (six

- varieties)

‘c¢hains composed of one quaternary link, tvwo
ternary linke, and five binary links (five
varieties)

Thege series and their chains are shown in Fig 25,

RP-tyEg Chains

The planar linkages containing both R pairs and P peirs have.

been labeled RP-type planﬁr linkages.

three condifibns_ﬂhich mst be met in a planar RP-type chain:

1. Nb'iink of the chain may contein only prismatic
+ peirs whose directions of motion are parallel to
each other. '

2, Binary links qf the chain which have only prismatic

Hain [8], pp. 19-20; sets down

3
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(a) Watt | S (b):stephen30n

Figure 24, Six-bar R-type Planar Chains

(11)
(b) Series 2

(4) Series 4

Figure 25, Eight-bar Retype Flaner Chaine by Series
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pair elements may not be directly eonnected vith
. each other,

3. Nb closed link polygon in the chain may have less :
than two turning [revolute] pairs.

‘These restrictions on the placement of P peirs in planar F = 1 linkages
have I'baen strictly adhered to in tﬁei-formation of the catalogues fo-
-follaw. The first condition is really a matter of dimensions and is
assumed to be met in each chain presented. Tha_@esigner of a particular
mechanism Must see to it thet that qimenaional.canditiop_is met, Hain
[8) clarifies the necessity of his restrictions ﬁith-iliuatfations.

The third condition implies that there 18.n0 planar (m = 3)
chain wnich is made up entirely or P pairs. The “three-wedge” chain
(three coplanar P'raire) is plansr in the sense that "the ‘true paths
of all particles of all iinks may be shown in one plene”; but it has
one additional genersl constraint in that there is no rotation preaant é
and 1is of the famtly m = 4 [9, 117.

Four-bar, Three varieties of RP-type F = 1 plenar four-bar

O
(a) R-B-R-P (b) R-R-P-P _ (9_) R-P-R-P

Figure 26, Four-bar RP-type Flanar Chains
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bar RP-type Plenar

Flzure 27. Watt Sixe-




ob

1 (d4) Four P pairs

Figure 28. Stephenson Six-bar RP-type Planar Chains

R
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chaina exist, One hae only one P pair, vhile the others have two P
pairs eech (eee Fig. 26)

Siprer. There -appear ‘to be 50 aiprar RP-type kinematic chains
--2h of the whtt type and 26 of the Stephenecn type. Each chain has

from one to four P peirs, four being the maximum number in compliance

-with Hain'e restrictions [8]. He has catalogued them only rccently

[21] The Watt chains are showm’ 1:1 Pig. 27, ,.and the Stephenson chains

in Fig, 28,

Planar Cheine of Mobility F > 1

R-type chai'ns

" he simplest F = 2 closed planar chain is made up of five binaryl
links snd five R pairs connected in one lccp, the reeult of edding one
link and one pair to the constrainbd four-ber-R-type chain in Fig. 23. :
The next simplest F = 2 chains are made by adding 8 binary_and R tc a
constrained R-type six-ber chain, thus producing.seven-barzcheinsiwithz
eight pairs each, Another seven-ber F = 2 chein exists in the Zorm of
one queternary link and six binary links, ldentical to the chain formed
by giving twc constrained four-bars & common link. The;F.a 2 R;type
five-bar and seven-bar chaina are illustrated in Figs. 29 and 30,
respectively. |

A chain of the form.of Fig. 304 is seid to have "fracticnated
mobility“, -} conﬂition vhich 1s not to be coneidered here. It ie

obvious, hoﬂever, that the separate loops of & fractionated mcbility

- chain may be consldered individually; e.g., the two constrained four-

bar loops in the chain Just discussed,
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Nine.-'bar F = 2 chaing can be formed from the eight-bars in a
menner simila.r to that used-for 'Eh_e_ : smaller :e_hai_x_xa ,and £0 on for -_1§rger
F = 2 cheing. Davies and Grosaley [1‘7’_] and-idaﬁdléscﬁz{tié] haw;- caﬁdiéguea
the R-type F 2 ﬂine-bars ‘and the fo:mer have laid the foundation for |
B c'ata.logue of ‘the eleven‘-'bars. No' 1arger F = 2 cheins ave 1uaom to
have been catalogued to any exben‘b. | o |

'I!he simplest F = 3 elosed chain is & six-ba.r w:l.th six R pairs 3
formed, -:erom the F = 2 ri.ve-bar by a.dding- a binary and R. Others can
be' formed smilarly from seven-bars, nine-bars, etc, Theré 16 10 need
to illustrate any of the F = 3 chaing here beca.use they a.re out of the
acope of 'I:.his pa.per » except as they mﬂy be mentioned ae possibilities
for expansion of the work presented here; l:l.k.ew:lse for chains with
F > 3.

RP-t}gpe Chains
'I'here are also RP-type kinemat'lc chains with F > 1, These can

be fomed :Ln & manner very similar to the formation of the R-type cha.ins. :

'I'here ’ a binary a.nd an R pair are added to & chain to 1ncrease ita _

mobility by one. He:r:e s & blpnary and a pair ) _either an. R or a P ’ :l.s
added, on the condition that the resul‘bing chain does not violate any

of Hain's three restrictions.
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