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SUMMARY

This dissertation describes a moment algorithm for estimating
the states of noisy linear, time-invariant discrete systems having
nongaussian dizturbances. It is assumed that the input signal is
ergodic white noise with known finite bounds, »ut otherwise unknown.
The measurement noise on the output ic ergodic white noise having a
known probability density function over a finite range. DBoth signal
and measurement noises are permitted to be nonrsussian. The system
is assumed To be operating 1n the steady-state condition.

The moment techrique is combined with the reachable set concept
in applying the Bayesian decision rule and the least mean-square error
criterion. To obtain a computationally feasible suboptimal solution,
all density functions are either expressed directly in terms of their
moments or approximated by polynomials whose coefficients are functions
of the moments. Formulas relating the moments of the observed data,
the states, and the input signal are established. Thus, information
for the density function of the input signal is obtained as the
moments of the measured data are formed. An arbitrary initial guess
Tor the input sigrnal density function, and thus for the moments of
the input sipgnal, is necessary. This density funetion is then updated
sequentially as additional data are obtained. Following the updating
of the input signal, the moments of the conditional states are auto-

matically updated to yield an adaptive filtering algorithm.
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The suboptimal adaptive norlinear [1lter is applisi to zero-
order, lirst-oricr, znd second-order problems. After the bagic
alporithm has been established lor the zero-order problem, 1t is
shown that the r-onlt is not seriocusly aflfected by a significant
arount of correlation between the input sipnal and the measurement
noise. However, the amount of correlation does influence the proper
number of moments To be used in the new alpsorithm. The filter is
then applied to 2 classe of zero-order non-additive nolse problems.

In addition, the alrorithm is applied to a nonlinear first-order
system by linearigzing over the range of operation and to a time-
varying first-order system by averasing the time-varying parameter
over several sampling intervals. These examples demonstrate that

the new filtering algorithm performs satisfactorily even in those
cases where the basic assumptions are only approximately satisfied.
The reachable sebt concept is utilized for estimating the states in
both firgt-order and second-order dynamical systems. Examples show
that the new filtering alporithm developed in this dissertation
compares favorably with the Kalman filter, especially in those systems
where the input sipgnal is much different from gaussian. In such cases
the suboptimal adaptive nonlinear filter yields a much lower mean-

square estimation error than the Kalman filter.



CHAPTER T

INTRODUCTION

An important class of problems in communications and control
systems is the statistical estimation of the states of noisy dynamical
systems. Such problems arise, for examnle, in determining the optimum
controllers for many practical systems. In much of the recent work in
control theory, it is necessary to assume that the states of the system
are either exactly measurable or may be ecalculated instantanecusly from
other exactly known quantities. Because of external disturbances,
instrument noise, and the intrinsic difficulty of physically performing
the unbounded operation of differentiation, the assumption that the
states of the system are known exactly is almost never justified.

During the 1960's linear filtering theory, featuring the cele-
brated Kalman filter, has been used with some success. TFor example,
the Kalman filter is a part of the navigational control system on
Lockheed's C-5A. A general assumption in the linear filtering problem
is that both the sgignal and noise are gaussian. In this dissertation
the gaussian assumption is relaxed, and the resulting optimal filter
is no longer linear. BSome previous results were reported on nonlinear
filtering, but the basic computational problem was unsolved.

The nonlinear filtering problem is a subset of the general non-
linear estimation problem. Quppose the signal and noise at t = kT,

where k is some positive integer and T is the sampling period, are



given by and v _, respectively, and only the sum 2z, = x_ + v, can be
= X g2 TR 4 : k"% T R
observed. The cstimation problen is to deteriine the bhest value of X

after cobserving the values 213 Bpp wee g Hyoe The problem is classified
[
3

as a data-smoothing problem if k < n_, us a »rediction preoblem if k > ns,
=]

and as a filtering problem if k = o« The objective of this disserta-

tion is to develop a new technigue based on a ethod of moments to yleld

a feasible suboptimal solution for the nonlinear filtering problem.

Background

The general filtering problem has been a subject of research for
several years. In the late 1940's, Wiener (1) posed a solution to the
linesr filtering problem in the form of an integral equation referred
to as the Wiener-Hopf equation. He also gave a method inveolving spectral
factorization for solving this equation in the important special case of
stationary statistics and rational spectra. Following Wiener's basic
work, Zadeh and Ragazzini (2) obtained the Wiener-Hopf equation for
the finite memory case, and Booton (3) discussed the applicability of
the integral eqguation for the nonstationary case. Thus, the linear
filtering problem was reduced to the problem of solving the appropriate
Wiener-Hopf integral equation.

With little exception, the nonstationary Wiener-Hopf integral
equation has withstood attempts to solve it. Recently, Kalman and
Bucy (4,5) developed a procedure which applies without modification to
stationary or nonstationary statistics and finite or infinite smoothing
intervals. The solutions by Wiener and by Kalman and Bucy are equiva-

lent, and both are based on the assumptions that the signal to be
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estimated is the output of a linear system driven by white noise and
that the signal is corrupted by additive white noise. When the signal
and noise are both gaussian, the Wiencr-Kalman filter is indeed the
optimal filter. However, its application (6,7) is limited due to the
restrictions imposed by the assumptions menllioned above.

In recent years the nonlinear filtering problem has been recelving
an inereasing amount of attention in the engineering literature. Using
the calculus of variations approach, Pryson and Frazier (8) derived a
maximum likelihood filter with the assumption that the input and the
corrupting noise in the measurement are both white noise. Cox (9)
derived a continuous minimum mean-square error filter by the dynamic
programming approach with a white gaussian noise input and measurement.
Cox (10) also derived a discrete version. As in most nonlinear filter-
ing schemes, the differences in these derivations are the criteria of
optimality and the approximations used.

Schwartz and Stear (11) made some interesting computational rom-~
parisons and pointed out that no particular approximate nonlinear filter
ig consistently better *"an any other nonlinear filter, although non-
linear filters are in general better than a strictly linear filter,
e.g. the Kalman-Bucy filter. Ho and Lee (12,13) approached the problem
from the viewpoint of Bayesian estimation theory, which requires the
fewest assumptions and restrictions on the statisties of the signal and
noise as well as on the dynamical system. They gave an estimation
algorithm for discrete systems and showed the Wiener-Kalman filter for

linear estimation with gaussian signal and noise as a special example.



Schweppe (14) initiated a completely new concept. He assumed that the
input to the dynamical system and the observation errors were completely
unknown except for bounds on their mapnitude or energy. Making use of
the concept of reachable gtates, Schweppe gave a recursive algorithm to
calculate a time-varyins ellipseid that always contains the system's
actual state.

Although many variationg of nonlinear filtering have been develop-
ed, the computational problems asscciated with nonlinear estimation are
far from being solved. Generally the solutions are so complicated that

they cannot be instrumented as on-line algorithms.

Development of the General Filtering Equation

As mentioned Iin the previcus section, Ho and Lee gave the most
general solution to the filtering problem. Since their work is signifi-
cant for the development of the suboptimal filter in later chapters, a
gimplified version of the Ho and Lee result tailored to the problem of
this thesis will be outlined in this section. In addition, the special
case of the Kalman filter is included for later use in comparing with
the proposed suboptimal adaptive scheme.

Problem Statement

It is assumed that at any stage k + 1, the following dats are
given as a result of the previous computation or as part of the problem
statement:

(1) The system equations governing the evaluation of states are

given by



gy 5 (% Wi (1.1)
= 1t ¥ s {
Zk._;_l e& "('*],:“‘_19 ¥ I+1) \1.2)

where at stape Ii+L, X 1 ig an n-vector ropresenting the states of the
gystem, and Vi and 4 BT n-vectors representing measurement noise
and measurement data, respectively. Moreover, W is a p-vector repre-

zenting the inruft signal at stnre k. The leotfers g and h represent,

=

respectively, n- and m-voctor functicns of the indicated arpurconts.

(2) The complete set of measurcments is given and denoted by
Zyag = (25 Bps wee 5 7 y) (1.3)

(3) The following density functions are known

ka ’ ZK(:{IQI | ') (l » h)
£, () )
k
£ (v,.,) (1.6
V_:_ +l 72 +.1 )

where w and v arc independent white random discrete time sericse. In
addition, 1t is assumed that Wy and Vi Are independent of the states
4%

for all k.

The problem is to estimate the states Xk+l based on the complete

set of measurement data Zk+l'



The Bgyesian Soluticn

It is well known (15) that the best estimate of X 7o given
7 in + - legat _ SEETG e
ék+l’ in the sense of least mean-squar: error 1

Yo = E[Xk+llzk+l] (1.7)
zfxmfx |z (&ﬂmmﬁﬂ%i
S k41 %1 -

wherc f (x_-|2 ) may also be expressed as

Xk+llzk+l k+L e+

ka+1'2k+1’ Zk(xk+lizk4l’ ZK)' By the Bayesian rule, one has

il (Z | JZ).f ( IZ)
6 pn Coalt - e T L
X B kA Tk T T (2, 4]2)
k+1! “k+1 %HJ% k411 “k
(1.8)
Due to assumption (3) and (1.2), it is seen that with X . &iven z,
is independent of Z . Hence, (L1.8) becomes
f (z_ - |x_ )¢ ( |z )
5 (Xk ’Z - Zk+llxk+i I+l TR+L Xk+lIZk s I's o
Foqn|Dpgy R AL fzh+l|zk(zk+1lzky

The problem is to evaluate each of the three density functions on the
right hand side of (1.9) in terms of known quantities.

Assuming that (1.2) can be inverted to give v

k412 lseay
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Vi T <Z_k 412 Feaa/ (1.10)

where Xk+l is considered to be a fixed vector in this caleulation, then

Vic+l
zk+1'xk+l(zk+l{xk+l) ) ( k4 sl (2490 Kﬂ%l)! k+l),det( )'

The second density function T 'Z in (1.9) can be obtained

X’k-{-llz ]f+l
from f_ (w, , x [Z ) by the transformation given by (1.1), i.e.,
kaklzk k k'"k
}{k+l’zk = g(XkJZkD Wk.) {l.L2)
with
T x |7 (> %, |20 = pr(wk)-ka‘zk(xk(zk) ()

which is wvalid because Wy vk, and Xk are mutually independent for all

k. Thus, only the denominator in (1.9) is yet to be found. Since the

total probability of any random variable, e.g. Xk+1 Zk+l’ is unity, one

has

lwo X}qﬂ_’zk_,.l(}i{“"l[zk*“l) dxk%—l =1 (l.lh)

Therefore, using (1.14) in (1.9), one may write

(Zk+llzk) - JP fz

£
201l K o k+1'xk+l

ﬁ+l’ k+l

(|2 )

(1.15)

k llz



, . = e b ;
Alternately, f, |Z (Zkf1|“k> can also be obtained from
k+l' "k
& (3 =3 ¥ -|2.) by the transformation given by (1.2), i.e.,
+] 4
%, 41V | e el
= 1 T 1.1
Z %y = 00g 12, v ) (1.16)
with
i s 1 3 We on [ Bl B8 SR T o, R
% Ve | B B Tkl Tk %y oq | By AL Ok e+l

since oo vy are independent for all k, and v is whife noise.
After these three density functions have been evaluated in the

above manner, f 7 (xk+llzk+1) may be obtained from (1.9), and

] LY

%, ;, May be computed from (ET) «

The Bayesian rule in (1.9) will be used extensively in Chapters
IV and V, where the filtering algorithm of Chapter III will be applied
to dynamical systems.

The Kalman Filter

The results presented earlier in this section may also be used
to derive the Kalman filicr, which applies when the physical model in

(1.1)-(1.2) is given by

5% = 3x_ + Tw (1.18)

2ol = B T Ve (1.19)

vhere w and v are independent, white gaussian random sequences, & is an

n by n matrix, I is an n by p matrix, and H is an m by n matrix. Cor-



responding to (l.4%), it is assumed that the density function

ka|zk(xklzk) (1.20)

is gaussian. The mean value and the covariance matrix of xklzk are

denoted by £ _ and P respectively, i.e.

k
B(x |2) =& (1.21)
E[(xk"ﬁk EJZK] = Cov(xklzk} =B (1.22)
The mean value and covariance matrices of Wi and V., 8re given by
B(w,) = E(v_,) =0 (1.23)

Cov(wk) =Q 3 Coviv =R (1.24)

k+l)

where §Q is a p by p matrix and R is an m by m matrix.
The desired result may be obtained by applying (1.9) directly to
the system given by (1.18) and (1.19). The evaluation of the three
density functions involved in the solution of (1.9) yields the Kalman
recursive filtering equations. From the given conditions (1.20)-(1.24)
and the linearity of the system (1.18), it is noted that

f Z
xk+l|zk(xk+1|19
is gaussian with

E(XkﬂtlI Zk) = 8%, (1.25)

T T
Cov(x p1|2,) = ®B 3" +Tar™ = m . (1.26)
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Similarly, f K.;._‘[I” (Zkﬂj ) is gaussian with
E(ZK{LIZK) = Ho%_ (1.27)
cov(z, . 12) = HMHIHT + R (1.28)
Finally, by the same reasoning, fzk+lka+l(zk+l’xk+l) is also gaussian
with
-(Zkﬁllxk+1) - HXk+.l (1.29)
Cov(z, |, ) =R (1.30)

Inserting (1.25)-(1.30) into (1.9), one cbtains

| T %
HM _Ho4R|2
. M o

g B TB Y - (1.31)
VA S LA | B I
Xk_+3.I gy eos A (2m) o ’RIEJMKJ@’E

l ~ T “':l. ~
.exp{" 5[(}{};& - AR M, (g - 8%

(2 49 HX;HL Zeyy G )

A T T "".l S
- (2 - HER) (Mo B 4 R) (g o - h@xk}]}

Completing the square in the exponent of (l.31) gives
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i ] (XF fZ' ) (1-32)
}Lk 4l Zk g ! +H1 T+
= ” )I17QIRII/2“_ EE ’ e}q’{ 300 = B B (B - R
i heil
where
T T
M o =8B, 8 +TQr (1.33)
<3 = T -1
- . ]
Pl =M +HRH (1.34)

Using the matrix inversion lemma (18), one may rewrite (1.34) as

7 T L "
P = Mepn - M o® (B, +B) TG, (1.35)

Therefore, the recursive formula for the best estimate in (1.21) is

" o ) |
Fea T 25 % 5+iH (HM1+1 (Zk+l - H@Xk) (1.36)

Equations (1.33)-(1.36) are referred to as the discrete Kalman filtering

equations.

Specific Applications for Nonlinear Filtering

The oprtimal filter for s nolsy system either containing a non-
linearity or having nongaussian disturbances is generally nonlinear.

Tt is well known in optimal control theory that for the linear-quadratic



problem with additive input gaussian disturbances and gaussian measure-
ment noise, the Separation Theorem can be applied to obtain the overall
optimum system (16). This theorem, which is sometimes referred to as
the Certainty-Equivalence Principle, states that for the lincsr-
quadratic problem an optimum system can be designed by combining the
optimal linear filter with the optimum deterministic feedback law.
Analogous statements can not be made, in general, for nonlinear systems
or systems with nongaussian disturbances. From the viewpoint of appli-
cations, however, the optimal estimates of the state variables represents
a first step in any stochastic optimal control problem. The design of
the optimal feedback control law in general cases remains an extremely
difficult, and as yet unsolved, problem.

In the following paragraphs, two examples will be described to
show the applications of nonlinear filtering. The first example con-
cerns position estimation from angular measurements. As shown in Figure
1, the height Y of an object A is to be estimated by the angular measure-
ment zZ, from Point O. Measurements made at discrete points in time are

given by
z, = 8_ + Vv, (1.37)

where v is the measurement noise. Tt is assumed that d is fixed and
known and that y i1s stationary and distributed uniformly on some interval

(y’f’, yu) . Since

o, = tan™" (y,/d) (1.38)
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Figure 1. Vertical Position Estimation from Angular Measure-
mente .
r ; \
£, ) 1ka (o)
I W k
A o)
k
Ve CIn
- -
I
ol v ¥ = c3 = O
1 v - tan Y% bar Yy
d d
Figure 2. Transformation of Yy into 6, by (1.38)
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the density funection of 0, is much different from gaussian as shown in

k
Figure 2. Hence, it is expected that nonlinear estimation would b=z
somewhat better than linear estimation. This assertion is verified for
a particular example in Chapter III.

A second example is the egtimalion of the output shaft position
A and velocity A for a positional servomechanism which has a field-
controlled dec motor. The presence of a nongaussian randomly varying

disturbance torque L(t) requires a nonlinear filtering scheme. The

dynamics of the motor are given by
B +r B =1L + Fety
ga+fp=Lt) +u (1.39)

where Jﬁ represents the moment of inertia of the rotating parts, fm
represents the viscous friction, and u is the input reference torgue.
Suppose the output shaft position is monitored at discrete time intervals

and has a measurement noise v

, l1.€.

k

Z, =86, *tV (L.hO)

Purthermore, the measur-~ent noise is assumed to be bounded with a known
probability density function. This class of problems is examined in
Chapter V.

There are numerous other such applications for nonlinear filtering
in control system design. The foregeing examples are intended only as

representative of the types of problems which may be considered.

Approach to the Filtering Problem

The problem to be investigated in this thesis is the estimation
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of the states in noisy linear discrete systems. The classes of systems
which will be considered are those in which the dynamical behavior is
described by [irst-order or second-order difference equations. The input
is ergodic white noise with known bounds, bab otherwise unlnown. The
measurement noise on the output is erpodic, independent, white noise
which is uniformly distributed within some known bounds.

For estimation purposes the Bayesgian decision rule and the least
mean-square error criterion will be used. All the dengity functions of
concern will be expressed in terms of their moments or will be approxi-
mated by polynomials where the ceocefficients are functions of the moments.
Formulas relating the moments of the observed data, the states, and the
input will be established. Thus, information for the density functions
of the states, as well as the input, will be obtained as the moments of
the measured data are found. An arbitrary initial guess for the density
function, and thus for the moments of the input signal, will be made.
This density function will be updated sequentially as additional data
are obtained.

Several algorithms will be formulated, and the value of each will
be verified by computer simulations. The results will be compared with
those of the Kalman filter to illustrate the superior features of the

new filtering procedure.

Outline of the Thesis

Following this introductory chapter, the problem is specified
fully in Chapter II. The polynomial approximation of density functions

is treated in detail, and the updating algorithm is shown by a computer



i
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flow chart. In Chapter III the zero-order formulation is presented to
illustrate the particular utility of the method of moments. The commuter
simulation of a particular example shows a favorable comparison with the
linear filter. The effects of correlation between input and measurement
noise as well as a non-additive neise problem are investigated. In
Chapter IV the filtering algorithm for the first-order problem is pre-
sented. The same algorithm is tested for a specifiec nonlinear system
and a slowly time-varying system. In Chapter V the filtering scheme isg
applied to second-order systems. The reachable state concept of Schweppe
is fully utilized in this application. In Chapter VI some conclusions

as well as some recommendations for further research are presented.
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CHAPTER 1L
THE METHOD OF MOMENTS

The moment technique is applied in this dissertation to aepproxi-
mate and update density funetions pertinent to the filtering scheme and
to avoid the usual problems in evaluating the convolution integral for
two density functions. Accordins to the Bayesian decision rule, the
optimal estimation in the sense of least mean-square error is given in
the form of the integral (1.7) with the conditional density function
given by (1.8). In most cases this integral is evaluated by the Monte
Carlo technique or by numerical integration. Because a large amount of
computer time is required to determine the optimal estimate of the
states by elther of those two techniques, neither can be instrumented
as on-line algorithms. To overcome this difficulty, the density func-
tions appearing in (1.8) are approximated by polynomials., Thus, the
integration of (1.7) can be performed analytically and the resulting
optimal estimation is in a computationally feasible form. Since in
practical cases the polynomials are of finite degree, the estimation is
suboptimal. TIncreasing the degrees of the polynomials increases the
accuracy of the estimations, but also increases the required computing
time. When two independent variables are azdded to form a new random
variable, the convolution integral is usually unavoidable., The few
exceptions occur in those cases where the sum and original two random

variables have density functions of the same funetional form or where
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the summation can be performed easily by using characteristie funetions.
The moment technique discussed in this chapter is applied to overcome
the disadvantages of the usual convolution method.

As shown in Chapter I, the calculation of the best estimate for
the current states of a system reguires the knowledge of the density
functions of the input signal, the previous states, the noise, and the
meagurement data. However, the density function of the input signal is
often unknown, and no informaticn about the states of the driven system
can be derived from it. Using the Bayesian rule, Cunningham and Breipohl
(17) developed a mathematically simple and intuitively satisfying tech-
nique to estimate the distribution function of a random variable, in
which prior knowledge is included in the empirical Tunction. An equlva-
lent result emphasizing the moment aspect was developed concurrently and
independently during the course of this thesis research. The concept is
applied in this chapter to estimate and update the moments of the measure-
ment dats and is extended in Chapters III, IV, and V to handle the moments
of random variables involved in the estimation of the states.

In the following sections the problem is first formulated, and
then the approximation of density functions by polynomialg is treated
in detail. Finally, the moment updating scheme is described with the

aid of a computer flow chart.

Statement of the Problem

A model of the problem under consideration is shown in Fipgure 3

The quantities w, , X, , Vv, ,, and £k+1WNH€ defined in Chapter I in the

development of the general filftering equation. The letter d represents
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a scalar in the zerc-order problem and an n-vector in the nth order
dynamical problem, and Vi 47 igs the secalar output of the system at t = kT

with

= T o
= & %y (2.1)

Ve 41

W Linear % i |

k K+L Nonlinear '

—>{ Discrete > B Filter ey
System '

Figure 3. The Nonlinear Filter to be Designed.

The system to be investigated can be placed in one of the
following three categories:

(1) The zero-order system is simply given by

X, =W, (2.2)
Z =X bV (2.3)

(2) The first-order system has the following model

X_ ., = hx, +w (2.k4)



K+l kA

where h is a real scalar and 'hl « 1y

(3) The second-order system is described by

X) eal = % T4

(2.6)
o gl T B Ay
ar = : 3y
Va1 = 91%1 k41 T 9% k1 (2.7)
Bioad = Vgl ™ Vst (2.8)

where h and d,, are real scalars, and Ihl] = R !hpl < Iz

1> Bps 4y o
Assumptions

The following assumptions are made:

(1) The input signal w and the measurement noise v are ergodic,
discrete time series cormosed of mutually independent random variables.

(2) Both w and v have known bounds.

(3) The density function of v, i.e. fv(v), is known. Tor sim-
plicity, it is assumed to be uniformly distributed on (-1, 1).

(4) The density function of w, i.e. fw(w), is unknown. However,
fw(w) must belong to a class of functions such that fx(x) can be approxi-
mated by polynomials.

(5) The noise v is independent of x and w.
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(6) The system is operating in the steady-state condition.
The problem is to find the suboptimal estimate of Xy based on

the measurement set Zk+l in the sense of least mean-square error.

Use of Polynomial Approximations

The orthogonality of Legendre polynomials makes it possible to
expand certain functions, which satisfy Dirichlet's conditions, in a
series of Legendre polynomials. Let the value of x be scaled in such a
way that x is bounded on (-1, 1), and the corresponding density function

satisfies Dirichlet's condition on (-1, 1). Thus, one has

f (x) = & A.P.(x) for xe (-1, 1) (2.9)
x . ;g
i=0
where Ai's are the coefficients, and Pi(x)‘s are the Legendre polynomials.

The general expression for the ith Legendre polynomial is given by

m J % S iEw
-1 2i-2)! -
2 j=0 :
where
i -
3 when i is even
m = (2.1.1)
-1—:,25 when i is odd
For example, the first few Legendre polynomials are
Py(x) =1 (2.12)

P, (x)

i}
P
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P (x) =3 (3 - 1)

P(x) =3 (5 - 39)

B (x) =% (35% - 305° +3)
y\x) =g (35x - 30x 3
PS(XD _‘% (63x5 - 70x3 + 15%)

(23lx6 = 3.15xh + 1O5x2 - 5)

g
O
_—
2
il
=

In a practical case, (2.9) must be truncated to a finite numbher of

terms. Therefore,

N
fx(x) g 35 Ain(x) x e (-1,1) (2.13)
i=0 '

The square error introduced by this approximation is

o2 =J'l ]:fx(x) ” Iio AP, (%) fox (2.1L)
=1 i

Setting the derivative with respect to A. of e® in (2.14) to zero,

one obtains
J'l[f ) - 1 A.P.(x)]P (%) =0 (2.15)
Jo L x j=g T 1 J )

j=0,1,2 ... N
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llote that
2 - 2
1 gk 1=
[ P (0P (Dax = (2.16)
) 0 it i#j
Hence,
2i+l
A, == Jl f}:( YP. (x) dx (2.17)

Using (2.17), the first seven Legendre coefficients may be computed as

1 =L
Ao=§:[l1fx(x) Sl = 5
_ 3 S _3,@)
Al_gﬁf}{(‘{) xdx 2r
_zf 2 iy s B
By =5 s fx(x) > (3x"-1)dx T (3m
17 ¢ 0t (53-39ax = L (om
A3=§Il V¥ g \GXT-Bxjdx = Lom,
_9 L LTy~ Si
A =5 ) fx(_) ‘5 (35x -30x +3) dx
. 1 ;G (e _n
A5 ) fx(x) ‘5 (63%”-70x"+15%) dx = T7

(2.18)

(2) 1)

(3) 3Dy

(_m( ") -30m,. (2) +3)

(63m}(c5 ) -TOm}(f) - lbmi’l‘))



rl fx(x)rfg (231x6 - 3.15xLL + 105x2 - 5)dx

-,
B =% Jy
13 (6) (1) (2)
= = 4+ 105n - K
52 (23Im " - 315m 05m_ = - 5)
where mél), with i =1, 2, +v.. 6, is the ith moment of x. Substituting
and rearranging the terms, one may express the

(2.18) into (2.13)
in the form of an ordinary polynomial, l.e.

resulting egquation
o N 3
fx(x) = T ax (2.19)
i=0
For N = 2, the coefficients in (2.19) are
- (2)
8y = —-l.875mX +1.125 (2.20)
- (1)
a) = l.5mx

5.625mi2)— 1.875

1l

4, the coefficients in (2.19) become

1l

Moreover, for N
(2 1.7578125 (2.21)

7.3828125m§u) = 8.203125mX

Il

(1)

- (3)
= -13.125mx + 9.375mx

A}
(2) _ 8.203125

mn
X

—73.828125m£h) + 68.90625

o
nd
|



Ay

It

- (3)
21.875mx - 13.125mx

86.1328l25miu)

Finally, for N = 6, one obtains

&
ay = —29.3261?21?1}&“) + b7.373047m

[

8y,

+2.392578

81.21093?5mi5)

- 103.359375m

(1)

+

- 73.828125mi2) 7.3828125

(L)

X x

(3)

+

28.710 93'}’5m}({l)

615.8u9609mi6) - 013.623047n Y 3&8.837891m§2>

-21.533203

-378.98u375mi5)

_1847.548828,0)

p. 4
+H17.373047

3141085937502

X

l35t.869lh1mi6)

+

x

(1)

X

Y
Fd uu2.96875mi3’

103.359375m

+ 2605.517578m}(f) - 913.6230L:m}(c2)

- 378.98&375m(3) + 81.21093?5mi})

P4

(1)
- 18L7.5L8828m

X

+ 615.8h9609mi2)

25

21.533203m(2) (2.22)
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-29.326172

It was found that for a large class of density functions the
approximations are guite good when moments of x up to the sixth-order

are used. Consider the density function given by

fx(x) =

1 - Ixf for |xl <1
{ (2.23)

L0 elsewhere

The square error versus the order of the highest moments used for (2.23)
is shown in Figure 4. For the case of a truncated gaussian density
function bounded on (-1, 1), it was shown that the square error was
less than thlO when only moments up to the sixth-order were used.

It is more straightforward to derive (2.20)-(2.22) by the fol-
lowing method in which the use of Legendre polynomials is not required.
The density function fx(x) is approximated directly by a polynomial in

the desired form (2.19). The square error in this approximation is

2
t [ [o00 - B
e = f(x) ~ X a.x.} dx (2.2L)
g, i=0 T &=
Setting %g— =0, with j =0, 1, 2, ... I, one has
J
[ e - 3 :
f(x) - ¢ a.}:.] x'dx = 0 (2.25)
2 i=g -1

or equivalently



Sqguare Error

.016 L

oL L

.010 F

.008

Figure b,

Square Error Versus Order of Highest Moment Used
for Approximating (2.23) by Legendre Polynomials.
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il 1 i4j+L (D
15:‘0 T (2 - (-1) )ai =m (2.26)

for J =0, 1, 2, eo. , N

The equation (2.26) represents a set of N+l simultaneous linear equations.
If this set is solved for ay, &), -+. , & where N = 2, L, and 6, the
solutions will be identical to (2.20), (2.21), and (2.22), respectively.
The equation in (2.26) is referred to in numerical analysis as
the normal equation. Ralston (18) warns that the coefficient matrix
obtained in solving (2.26) for the unknown coefficlents a_., 85 wee s By
is often ill-conditioned. For that reason the use of orthogonal poly-
nomials, such as the Legendre polynomials, ig usually recommended in
such cases. However, due to the high precision of the B-5500 digital
computer utilized in this research, the solutions of (2.26) for N up to
6 were not affected by this numerical consideration, and either method
described above could be used to cbtain the correct results. The normal
equation approach will be extended in Chapter V to the second-order

problen.

The Updating Algorithm

Due to the basic assumptions made in the previous section, the
measurement z is an ergodic, discrete random process. Therefore, one
may use the concept of the sample mean to determine the moments of z,

i.e.



mt o= (z; b g o g B 2 )/n § o=l B owon g B (2.27)
_ S

jl
[R%]

where n, is the number of sample points observed. At the beginning of
the estimation procedure, the moments of z are determined from an initial
guess of the density funetion of the input signal w. As values of mea-
sured data z are obtained, the moments of z are updated sequentially.
In the following chapters the formulas relating the moments of w, x, v,
and z will be derived for particular systems. Thus, the moments of x
and w may be updated as a result of the updating of the moments of z.

To update the moments at every sampling periocd was found to be
inadvisable. MNot conly did this frequent updating require a large
amount of computer time, but it made the updated moments fluctuate
rapidly. After observing the results of several simulations it was
found proper to update the moments only once every twenty intervals.
The computational algorithm utilized for updating the moments of z is
shown in Figure 5.

The algorithm may be described in seven steps as indicated in
Figure 5. The initial moments of z, denoted by méi} for i =1, 2, ves ,
N, are assigned with arbitrary values in Step 1. In Step 2 three
storages are set Lo zero, where o, is a counter indicating the total
number of sample points observed, méi)stores the accumulation of zi,

i.8.

(@ = 4
o = E # (2.28)

n ]
k=1 &



Begin

.

Fie
T m‘l) <« initial guess of moments
- Z
9 of z
(1)
2. Zs
Bea B ©

— | Z <—— random number
i generator

Figure 5. A Flow Chart Showing the Updating of the Moments
of z.
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and n is another counter indicating the nunber of sample points cbserved

gsince the updating procedure. In Step 3 a random number is generated.

(1)

In Step L z' is added to m

and both counters 0, and n, are increased
by 1. The counter n, is checked in Step 5 to determine whether a preset
number Nup of sample points have been observed. If this number has not
been observed, then the algorithm returns to Step 3, where another random
nunber will be generated. If the counter n, shows that Nup sample point
have already been observed, then the algorithm will proceed further into
Steps 6 and 7, where the counter n, is set to zero again. Then the

(1)

estimated moments of z, denoted by f '~ , are computed from (2.27) »

Finally, the updated moments of z are obtained as

(1) Yo (1) %s (1)
Tz nth "z n_m &
5 O

(2.29)

el i ; .
where n indicates that m; )'s are equivalent to estimated moments
Q

obtained from n, prior measurements. The value of nO indicates the

relative confidence in the initial guess.

Summary and Conclusions

The problem was divided into three categories and completely
defined as the zero-order, first-order, and second-order problems.
The magnitude of the moments involved was shown to indicate their
relative importance in the complete filtering algorithm. The formulas
expressing the coefficients of the approximating polynomials as fune-
tions of the moments of the corresponding random variables were derived

for those cases where up to second, fourth, and sixth moments were used.



Finally, the algorithm for updating the moments was introduced by a
programming flow chart, which will be applied in Chapters III, IV, and

V.

32
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CHAPTER ITIT

THE ZERQO-ORDER PROBLEM

The zero-order formulation is presented in this chapter primarily
to illustrate the particular utility of the method of moments developed
in Chapter II. After stating the problem briefly, a series of steps
are investigated to result in the implementation of the solution by the
Bayesian decision rule. Following those steps, a computer flow chart
ig provided to describe the complete filtering algorithm. Then a
varticular example which was simulated on the digital computer is pre-
sented. The suboptimal nonlinear filtering result is compared with the
solutions obtained by the optimal nonlinear filter and by a linear
filter. PFurthermore, the reguired computer time wversus the nunber of
moments used is expressed in term of the number of operations involved,
and a typical machine time per step of estimation is given. The effect
of the correlation between input signal and measurement noise is also
investigated. Finally, a non-additive noise example is presented to

show another feature of the new technique.

Solution Via the Moment Technique

The zero-order model given in (2.2)-(2.3) may be expressed as
S (3.1)

where the problem is to find the suboptimal estimate of % given z)



in the sense of least mean-square error. Corresponding to (1.7)-(1.8),

one has

(3.2)

P>
=
|
=
"
b
[
o
1

k [ L Xl{

where {k and s which are to be determined later, form the interwval

is distributed. Due to the basic assumption

({k, uk) in which xk'zk

that v is uniformly distributed on (-1, 1), one may use (3.l) to obtain

£ (z |x1) =B I =B =~ %) (3.3)
zk]xk k17 k vk K k Xk
0.5 when 'Zk - Xl{ < 1
<O elsewhere

Corresponding to (1l.15), £y (Zk) is found as
k

o
£, (z) = £ (z, x )£ (x dx L
2 k J;k Zk’xk KI X x) (3.4)

i
2 Q.57 }
L,, 5+ (50

.4

Tnserting (3.3) and (3.4) into (3.2), one obtains



e
j xk'fx (X?)dxk

L - &
}{’_l(:

(3:9)
j‘u*{ £ (x)ax
Lk Xy K k
Due to the stationarity of x, one has, for all k
ka(xK) = fx(x) (3.6)

Approximating fx(x) by a polynomial as shown in (2.19) and inserting the

approximation into (3.5), the suboptimal estimate is

E e d® e »
iy T : ) 3.
g a_i(u3;+l = ziﬂ") /(i41)
320 k

where the letter N indicates the order of the highest moment used and
the ai's are, as given by (2.20)-(2.22), functions of the moments of
%x. The updating of the moments of x will be developed later after the
determination of ({k, uk) has been considered.

Bounds of Xk’zk

Since it is assumed that x is bounded on the interval (Xhin
xmax)’ then the joint random variable Xy 2y is distributed in a paral-

lelogram as shown in Figure 6. Observing the right ends of Lines I

5

and IT, it is seen that



Figure 6.

Distribution Region of x 2z, for x ¢ (x
T k" k
and v g (=1, 1).
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o =
| z, +1
i

87

(3.8)

when Z

Similarly from the left ends of Lines I and II, one has

[Zk_l when Z, > X + 1
o when % s,
min k min
For example, in the case where x ¢ (-1, 1), (3.8) and (3.9) become
Il 1P 2, = 0
Uy =1 (3.10)
f
zk+l if z, <
[ Zk_l L z, >0
1, =1 (3.11)
~E if Zk =0

Hence the method of determining bounds of %, ]2 is quite simple, and

k

this method will also be applied to the first-order and second-order
problems in the following chapters.

Updating of the Moments of x

Since the density function of x is unknown, the prior information

must be an initial guess. Hence, the ai’s appearing in (3.7) will not
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be very reliable in general. To update the filter given by (3.7), the
procedure for updating the moments of x must be developed in detail.
Taking expected value of the ith power of both sides of (3.1),

one has

B[z] = E[(x, +v)"]
G s
= E{jib (j)xk vk] (312}

Since x and v are stationary and mutually independent, the relationship

between the moments of z, x, and v may be cbtained from (3.12) as

(1 . 5 a8,
= % LW (3.13)

Note that the m&a)'s are assumed to be known and the estimated moments

of z may be obtained from (2.27). One can estimate the moments of x

by inserting ﬁz(l) into (3.13) and by shifting the terms into proper

positions such that

mii) ) mii) ) .%l(ﬁ)ﬁii'j)mij) (3.14)
J=

where mil)’s are the estimated moments of x, which should be computed
sequentially for i = 1, 2, «ua. , N. Thus, in addition to the estimated
and known mia)

those m(J)'
X

ﬁgl) 's, the right hand side of (3.l4) consists only of
s which have been computed previously. Finally, the moments

of x are updated by applying a formula equivalent to (2.29), i.e.



where n. and n, were defined in Chapter II as, respectively, the number
of sample points observed and the equivalent number of sample points
from which the initial guess of the momcnts of x are obtained. As
before, the mii)'s represent the initial guess of the moments of x.

o
The ai’s in (3.7) are updated sequentially, since they are func-

tions of mil)'s, which are updated sequentially according to (3.15).
Hence, the adaptiveness of the filter given by (3.7) is accomplished
through the utilization of various moments.

Computer Simulation Flow Chart

A flow chart is presented to explain the detalled steps of the
complete filtering algorithm. Moreover, the flow chart is coded for
computer simulation for the particular example given in the following
section. The complete simulation procedure may be described in sixteen
steps as shown in Figure 7. In Step 1 initially guessed values are
assigned to mii) ford = 1, 2y wew 5 N, 8hd ai's are computed from the
appropriate sez of equation in (2.20)-(2.22) depending on the value of
N. In Step 2, five storages are set to zero, where k is a counter
indicating the current sampling period, n, has already been defined
in Chapter IT as a counter indicating the number of sampling points
observed since the last updating procedure, and ne is another counter

indicating the number of sampling points observed since the last mean-

square error was evaluated and printed. The storage még)is given by
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L

(3

L compute ai’s from one

- initial guess,

of (2.20)-(2.22)

! K ~— k+l

generate Xk, vk
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de «—— denominator

of (3.7)

N -=—— numerator

10.
of (3.7)
1L|2 i
K de

ere ers +(§{qu—xk) 2

Figure 7. Flow Chart for the Zero-Order Problem.
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(2.28) , and ers stores the accumulation of square error. In Step 3

the time counter k counts 1 and the random numbers Xy and vk are each

generated by a random number generator. Then X and v, are summed
together to form the measurement data 2 In Step U zi is accumulated
in méi) for 1 =1, 25 «+s , N, and the counters nc and ne re each
increased by 1. The counter nC is checked in Step 5 to decide whether
the updating scheme in Step 6 should be performed or be omitted until
a later sampling interval. In Step 6 the counter n, is set to zerc
again, and o is given the value of k, which is the number of sampling
points observed at that time. Then the updating scheme as shown in
the block is performed in the manner described in the last section.
The filtering scheme is started in Step 7, where the bounds of |2,
i.e. {k and u ., are found. In Step 8 the denominator of the filter
given by (3.7) is computed and denoted by de. The value of de may be
negative due to the errors in the ai's, which in turn are due to the
inaccuracy in the moments of x. The absolute value of de may alsoc he
too small to make a correct division. Hence it is checked in Step ©
to see whether de is sm=ller than a small positive number ¢, which is
assumed to be equivalent to zero in a practical computation. If de

is smaller than e, then the filter given by (3.7) is considered to be

invalid, and the estimate is given in Step 13 as
bid :£(,f/ +u,) (3.16
W2 Ve T Yk 3.16)

which is obtained by arbitrarily assuming that x is uniformly distributed

on (xm 5 Kmax)' In Steps 10 and 11, the numerator of (3.7) and tlic

in
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estimate of %, is computed. If ik falls outside of the interval (Lk,
uk), then again the filter given by (3.16) is aspplied as shown by
Steps 12 and 13. In Step 14 the square error is accumulated in the
storage ers. The counter ne is checked 1in Step 15 to determine the

o 2 i .
printing of the mean-square error e_ shown in Step 16 with

-
nr-

7 (R = w)"
&= - B (3.17)

N n n
3 s

Finally, the algorithm indicates a return to Step 3 for beginning the

computations for a new sampling period.

An Example
In this section the zero-order algorithm is thoroughly tested on
a specific example. The mean-square error introduced by the opbtimal
filter is computed first. The optimal error is used to jusbify the
quality of the suboptimal adaptive filter developed in the previous
sections. The mean-square error versus the highest order of moments
used in the approximating polynomial is alsoc examined.

Statement of the Example

For the model given by (3.1)

Z_ =% +v {Fed)

let the state x have the following stationary density function

£%£ a7 when lx| <1
£ (x) ={

elsewhere

(3.18)



43

where J 1s some positive even number. Moreover, the noise v is uniformly
distributed on (-1, 1). The density function given in (3.19) is such

that when J = O both the suboptimal filter and linear filter are optimal.
As J becomes larger, and consequently the density function becomes much
different from gaussian, the linear estimation is further from the optimal.
On the other hand, the suboptimal estimation can be made very close to
optimal by using higher order moments. This feature is explored in the
following sections.

The Optimal Filter

.

Let the optimal estimate of x_given z be denoted by %
e I kop

Note that from (3.10)-(3.11) one has

(Zk_l’ 1) when z=0

({'k’ 'U-h) = (3-19)

(=1, zk+l) when z <0

The optimal estimate ﬁkop may be obtained by inserting (3.18) into (3.5)

and performing the integration to yield

J+2
I - (Zk_l) when B 10
- Z =
J+2 l-(z-DJﬂ
I
Leop = s (3.20)
J+L (z+1) - K
when ¥ <

¢E (zk+1)”'+:L e 1

The corresponding mean-square estimation error is
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2 2
o = E[(x, - g(op) ] (3.21)
Zk+1 . o
= Ij i; (xk h xkop) kazk(xk’ Zk)dxkdzk
2 g
[ x-% )2 (%, z)dxdz
+ 3 i;-l ( xkop % TP dxk k

]

2 1
2 _r I_l (x - 5E;;DP) 2f2klxk(zklxk) ka(xk) dx, 4z,
0 “k

B opd & 2 +L
2 [ ]| g - ) t0us i Ranan
k

0

]

The numerical values of eip are listed in the second column of Table 1
and plotted in Figure 8.

The Suboptimal Filter

It is assumed that the density function of x is known and given

by (3.18). Thus, the moments of x may be computed as

1 i J+
mi } jl X £§- ) ax (3.22)
=
J+1 5
{m when i is even
0 when i is odd
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The Ensemble Average of e
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Table 1. for the Zero-Order Example.
2 2 2 2
op €2 it €6 €linear
0.166667 0.166667 0.166667 0.166667 0.166667
0.176796 0.176796 0.176796 0.176796 0.214286
0.148112 0.151L48 0.148112 0.148112 0.227273
0.124269 0.190682 0.124L6e6 0.124269 0.233333
0.106289 0.201550 0.107k2k 0.106301 0.2368L2
0.092598 0.210309 0.132257 0.092705 0.239130
2
(= e
“lineay e e —
T
= 2
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16 ‘A’,/\ - - -
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Figure 8 The Ensemble Average of e2 for the Zero-Order Examp.i. .
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Therefore, the a.'s in the subortimal filter given by (3.7) may be

4

echbained from (2.20)-(2.22). The corr=sponding mean-square estimation

being replaced by X The

error is computed from (3.21) with ﬁkoy

oy

A 2 . . . .
numerical values of ey for I = 2, 4, and & are also listed in Table 1
and plotted in Ficure 8. As cxpected, the following propertics may

he obsorver:

1). ug = UE = e: = egp when Jd =0, 2
2). mg > ei = eg = eip when g =l
3) eg > ef > eg = eip when J =6
h) . eg B ef > eé > Cip when I = 8y W

Tt is seen that eg is quite close to eip for J = @ and J = 10. This
implies that the suboptimal filter is a good appreximation for the
optiwcal filter in this example.

A computer simulation was performed to compute the time average

~ £V6)2 as shown by (3.17) with

of eg by taking the sample mean of (xk

Il = 6. The results are plotted in Figure 9, which, when compared with
corresponding ensemble-averaged values listed in Table 1, shows that
the mean-square error is ergodic as expected. Thus, the time-averaging
techniqgue yielded acceptable results.

The Suboptimal Adaptive Filter

The complete filtering nlsorithm deseribed by the flow chart
in Figure 7 was simulated for this particular example., Tt was initially
guessed that the input signal was uniformly distributed on (-1, 1), and

n, was arbitrarily chosen to be 100. The mean-square errors were com-
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puted in the manner given by (3.17) . Computer simulation results for
J =10 and J = O are shown in Figures 10(a} and 10(b), respectively.
2 2 N

In Figure 10(a), comparing the values of e 's at a, = 3000, it is seen
that e2 5 92 = eg. However, when n < 2200, 02 was smaller than eg.

2 4 6 ? 5 L 6
The inaccuracy of m§6)for the first 2200 samples had a degrading effect
on the results, which tended to offset the advantages normally realized
by using higher-order moments.

In Figure 10(b) , which shows the case of J =0, i.e. when x is

uniformly distributed on (-1, 1), it is seen that e2 < ei < eg. Since
fx(x) is constant on (-1, 1), a zero-degree polynomial may be used as
an exacl expression for fx(x). Therefore, the use of a higher-order
polynomial decreases the accuracy due to errors in the updated higher-
order moments.

If the e; Vs n, curves in Figures 10(a) and 10(b) are compared
closely and if the computer time is also considered, it would be quite
reasonable to select N = L4 as an appropriate tradeoff value, i.e. %o

use the moments up to fourth-order in the complete filtering procedure

for this particular example.

Execution Time Versus Number of Moments

For on-line operation, the sampling rate is limited by the
execution time of the filtering algorithm. In this section the execu-
tion time 1s separated into two parts and expressed in terms of the
number of operations reguired.

Data Accumulation and Signal Estimation

The first consideration in determining the execution time is to
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examine the computer time required to accizmulate the measurement data
and estimate the state of the system. In the flow chart of Figure T,
these operations are performed in Steps Y, 5,7, 8,9, 10, 11, 12, and
13, which are executed in almost every sampling period. The required
number of operations is listed in Table 2, where the symbol « represents
replacement, > represents comparison, and the other symbols are self-
explanatory. It is seen that the execution time is approximately

proportional to N, the order of highest moment used in the alporithm.

Table 2. Number of Operations Required for Data Accumulation
and Signal FEstimation

Iy 2 L 6

- 5N+45 15 25 35
X TI+5 19 53 L
= 1 1 il 1
~— 3N+3 1k 20 26
5 9 5

Table 3. Number of Operations Required for the Updating Scheme

N 2 4 6

+ No+ %R +2 9 2L L7
32+ 1L 2 5

X = N&+ 5 7 6 57

- 3 3 3 3

-— ' L5 13 21 29



Updating Scheme

52

Another consideration in determining the total computer time

required is the time required in the updating scheme, which is performed

in Step 6 of the flow chart given in Figure 7.

only once every itwenty sampling periods.

J_[l'l.._l :

This s2tep is executed

» required number of opera-

tions is shown in Table 3. It is seen that the execution time required

for this part is almost proportional to HE

on the speed of the B-5500 is given in Table 4.

Table 4. Typical Machine Time/Step in y sec.

A typical machine

time based

T 2 Iy 6
Data Accumulation and
!
Sirmal Estimation L1460 2330 3290
Updating Scheme 775 2030 Loos
Total 2235 4360 7285

If the updating procedure, which is executed only once in every

20 sampling periods, can be handled by another fixed program computer,

then the maximum permitted sampling rate will be greatly increased.

One may also use part of the sampling period for the execution of the

updating scheme Lo increase the permitted sampling rate.

In such a

case, the updated moments will not be availsble before a certain nunber



of sampling periods will have passed.

Comparison with the Linear Filter

The optimal filter will be linear if the input sighal and
measurement noise are both gaussian, or if they have some special
density functions, e.og. J = 0 in the particular example of the last
section. Applying the orthogonality rrinciple to the zero-order

problem, the linear estimator is

(2)
o X
“k linear = _(2) 2y “k (3.23)
m +m
X v
Specifically, for the example given in the last section, mig) is given
in (3.22) with i = 2, and még)z ? Thus, one has
2 o _(J41) /(3+3) 2 +3 .
“% linear = “ TL1T +6 %k (3.24)

wuvwa)+§

and the corresponding mean-square error is given in (3.21) with ikop

replaced by % . The numerical values of this error., denoted

k linear

2 ; N
by Erunpap? BFS listed in Column 6 of Table 1 and plotted in Figure 8.
A

Note that when J = 0 the coefficients 2, in the suboptimal filter

given by (3.7) are all zero, except &y = 0.5, regardless of the value

of N. Making use of (3.19) in (3.7), one has

ey
I
ol
[w)

(3.25)

kN



Also, if one inserts J =0 into (3-20) and (3.2k) , one obtains

X =X , >

. | Z for J=0 (3.26)
kop K |inear 2 k

Hence, both the linear filter and the suboptinal filter are optimal.
This fact is also shown in Table 1 and in Figure 8.

Smlations for the linear filter were perforned under the
assunption that the second monment of the input signal x was known
exactly. The nean-square errors ere plotted in Figures 10(a) and
10(b) for conparison. In Figure 10(a), which is for J =10, it is
seen that the suboptinal filters gave better results than the |inear

filter. However, in Figure 10(b), which is for J =0, the curves

shows t hat
2 2 2 2 2
€2~ ®inear ' 6 " °A7 linear (3-2-7)
2 . . . .
wher e € inear 'S also the optinal error which can be obtained from

simil ation. Thus, the use of higher-order nonents degraded the esti-
mates X | and x , due to the inaccuracy In the updated hi gher-order
nonent s.

It is obvious that there are fewer problens in using the |inear
filter for on-line operation. Hence, one nay conclude that in those
cases where either th( sanpling rate is too high to be handl ed by the
suboptimal adaptive filter or the density function of the state is
Imown and is not far fromgaussian, then the linear filter is preferred.
Q herwi se, the suboptinmal adaptive filter is nore suitable for the

estimation of the noise corrupted state.



