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SUMMARY 

This dissertation describes a moment algorithm for estimating 

the states or' noisy linear, time-invariant discrete systems having 

nongaussian :.i i s b ;rbances . It is assumed that the input signal is 

ergodic white noise with known finite bounds, out otherwise unknown. 

The measurement noise on the output is ergodic white noise having a 

known probability density function over a finite range. Both signal 

and measurement noises are permitted to be nongaussian. The system 

is assumed to be operating in the steady-state condition. 

The moment technique is combined with the reachable set concept 

in applying the Bayesian decision rule and the least mean-square error 

criterion. To obtain a computationally feasible suboptimal solution, 

all density functions are either expressed directly in terms of their 

moments or approximated by polynomials whose coefficients are functions 

of the moments. Formulas relating the moments of the observed data, 

the states, and the input signal are established. Thus, information 

for the density function of the input signal is obtained as the 

moments of the measured data are formed. An arbitrary initial guess 

for the input signal density function, and thus for the moments of 

the input signal, is necessary. This density function is then updated 

sequentially as additional data are obtained. Following the updating 

of the input signal, the moments of the conditional states are auto­

matically updated to yield an adaptive filtering algorithm. 



The suboptimal adaptive nonlinear filter is applied to zero-

order, first-order, and second-order problems. After the basic 

algorithm has been established for the zero-order problem, it is 

shown that the result is not seriously affected uy a significant 

amount of correlation between the input signal and the measurement 

noise. However, the amount of correlation does influence the proper 

number of moments to Lie used in the new algorithm. The filter is 

then applied to a class of zero-order non-additive noise problems. 

In addition, the algorithm is applied to a nonlinear first-order 

system by linearizing over the range of operation and to a time-

varying first-order system by averaging the time-varying parameter 

over several sampling intervals. These examples demonstrate that 

the new filtering algorithm performs satisfactorily even in those 

cases where the basic assumptions are only approximately satisfied. 

The reachable set concept is utilized for estimating the states in 

both first-order and second-order dynamical systems. Examples show 

that the new filtering algorithm developed in this dissertation 

compares favorably with the Kalman filter, especially in those systems 

where the input signal is much different from gaussian. In such cases 

the suboptimal adaptive nonlinear filter yields a much lower mean-

square estimation error than the Kalman filter. 
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CHAPTER I 

INTRODUCTION 

An important class of problems in coinmunications and control 

systems is the statistical estimation of the states of noisy dynamical 

systems. Such problems arise, for example, in determining the optimum 

controllers for many practical systems. In much of the recent work in 

control theory, it is necessary to assume that the states of the system 

are either exactly measurable or may be calculated instantaneously from 

other exactly known quantities. Because of external disturbances, 

instrument noise, and the intrinsic difficulty of physically performing 

the unbounded operation of differentiation, the assumption that the 

states of the system are known exactly is almost never justified. 

During the 1960's linear filtering theory, featuring the cele­

brated Kalman filter, has been used with some success. For example, 

the Kalman filter Is a part of the navigational control system on 

Lockheed's C-5A. A general assumption in the linear filtering problem 

is that both the signal and noise are gaussian. In this dissertation 

the gaussian assumption is relaxed, and the resulting optimal filter 

is no longer linear. Some previous results were reported on nonlinear 

filtering, but the basic computational problem was unsolved. 

The nonlinear filtering problem is a subset of the general non­

linear estimation problem. Suppose the signal and noise at t = kT, 

where k is some positive integer and T is the sampling period, are 
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given by x axid v , respectively, and only the sum z = x, + v can be 

observed. The estimation problem is to determine the best value of x. 

after observing the values zn , z_, . .. , z . The problem is classified 
1 2 n 

s 
as a data-smoothing problem if k < n ^ as a prediction problem if k > n , 

3 S 

ajid as a filtering problem if k = n . The objective of this disserta-

tion is to develop a new technique based on a method of moments to yield 

a feasible suboptimal solution for the nonlinear filtering problem. 

Background 

The general filtering problem has been a subject of research for 

several years. In the late 19̂ -0 's, Wiener (l) posed a solution to the 

linear filtering problem in the form of an integral equation referred 

to as the Wiener-Hopf equation. He also gave a method involving spectral 

factorization for solving this equation in the important special case of 

stationary statistics and rational spectra. Following Wiener's basic 

work, Zadeh and Ragazzlni (2) obtained the Wiener-Hopf equation for 

the finite memory case, and Booton (3) discussed the applicability of 

the integral equation for the nonstationary case. Thus, the linear 

filtering problem was reduced to the problem of solving the appropriate 

Wiener-Hopf integral equation. 

With little exception, the nonstationary Wiener-Hopf integral 

equation has withstood attempts to solve it. Recently, Kalman and 

Bucy (U,5) developed a procedure which applies without modification to 

stationary or nonstationary statistics and finite or infinite smoothing 

intervals. The solutions by Wiener and by Kalman and Bucy are equiva­

lent, and both are based on the assumptions that the signal to be 
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estimated is the output of a linear system driven by white noise and 

that the signal is corrupted by additive white noise. When the signal 

and noise are both gaussian, the Wiener-Kalman filter is indeed the 

optimal filter. However, its application (6,7) is limited due to the 

restrictions imposed by the assumptions mentioned above. 

In recent years the nonlinear filtering problem has been receiving 

an increasing amount of attention in the engineering literature. Using 

the calculus of variations approach, Eryson and Frazier (8) derived a 

maximum likelihood filter with the assumption that the input and the 

corrupting noise in the measurement are both white noise. Cox (9) 

derived a continuous minimum mean-square error filter by the dynamic 

programming approach with a white gaussian noise input and measurement. 

Cox (10) also derived a discrete version. As in most nonlinear filter­

ing schemes, the differences in these derivations are the criteria of 

optimallty and the approximations used. 

Schwartz and Stear (11) made some interesting computational com­

parisons and pointed out that no particular approximate nonlinear filter 

is consistently better J:r'an any other nonlinear filter, although non­

linear filters are in general better than a strictly linear filter, 

e.g. the Ka.lman-Bucy filter. Ho and Lee (.12,13) approached the problem 

from the viewpoint of Bayesian estimation theory, which requires the 

fewest assumptions and restrictions on the statistics of the signal and 

noise as well as on the dynamical system. They gave an estimation 

algorithm for discrete systems and showed the Wiener-Kalman filter for 

linear estimation with gaussian signal and noise as a special example. 
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Schweppe (l'+) initiated a completely new concept. He assumed that the 

input to the dynamical system and the observation errors were completely 

unknown except for bounds on their magnitude or energy. Making use of 

the concept of reachable states, Schweppe gave a recursive algorithm to 

calculate a time-varying ellipsoid that always contains the system's 

actual state. 

Although many variations of nonlinear filtering have been develop 

ed, the computational problems associated with nonlinear estimation are 

far from being solved. Generally the solutions are so complicated that 

they cannot be instrumented as on-line algorithms. 

Development of the General Filtering Equation 

As mentioned in the previous section, Ho and Lee gave the most 

general solution to the filtering problem. Since their work is signifi­

cant for the development of the suboptimal filter in later chapters, a 

simplified version of the Ho and Lee result tailored to the problem of 

this thesis will be outlined in this section. In addition, the special 

case of the Ka.Lman filter is included for later use In comparing with 

the proposed suboptimal adaptive scheme. 

Problem Statement 

It is assumed that at any stage k + 1, the following data are 

given as a result of the previous computation or as part of the problem 

statement: 

(1) The system equations governing the evaluation of states are 

given by 
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:,+1 - g ( V wk) (1.1) 

Zk+1 "= "(xk+l> vk+l} (1'2; 

where at stage lc+l5 x, ,n is an n-vector representing the states of the 
k "hi. 

system, and v. , and z, n are m-vectors representing measurement noise J ' k+1 k+1 b 

and measurement data, respectively. Moreover, w is a p-vector repre-
K. 

scn t ing the input s i g n a l a t stag* k. The l e t t e r s g and h r e p r e s e n t , 

r e s p e c t i v e l y , n- and m-vnctor funct ions of the i n d i c a t e d arguments. 

(2) The complete s e t of measurements i s given and denoted by 

Z k + 1 = ( z 1 , z 2 , . . . , z k + 1 ) (1.3) 

The following density functions are known 

f |Z (:\|Zk) (l.U) 
!v' k 

f K ) (1.5) 

k, <v
t+i) ^-e 

.: ' +1 

where w and v are independent white random discrete time series. In 

addition, it is assumed that w1 and v are independent of the states 
K ie+i. 

for all k. 

The problem is to estimate the states x, _ based on the complete 
k+1 

s e t of measurement da ta Z, ,-, . 
k+1 



The Bayesian Solution 

It is well known (15) that the best estimate of x , , given 

Z -, , in the sense of least mean-square error is 
K"hl 

x k + l = E ^llvl] (1-7) 

I W x Jz , .(xk+llZk+l)dxk+l "k+1 x, ,-, Z, ,n -co k+1 1 k+1 

where f 1 (x, _, I Zn n) may a l s o be e x p r e s s e d as 
x, ,-, Zn n K + 1 1 k+1 

k + l I k-4-l 

f 1 „ ( x ., I zn ., , Z, ) . By t h e B a y e s i a n r u l e , one has 
x, n z, ,n , Z.. Tt+11 k + 1 7 k7 

k+1 1 k+1 k 

\ J ^ . z,(zk+iK+i' zk ) - \+n |z ( W V 
'k+11 I t + 1 ' k T c + l i " k 

S t + A + l Xk+1' k + l ) = \ + l l Z k U k + l | Z k ) 

; i .8) 

Dae to assumption (3) and (1.2) , it is seen that with x, -, given z -, 

is independent of Z . Hence, (1.8) becomes 

hJ\+iK^-\+1\zJ\J\) f 

fx, JZ, A + J W = " f ,7 U J z J (1*9) 

H t + l ' k+1 z. ,-, Z1 k+11 k' 
k+11 k 

The problem is to evaluate each of the three density functions on the 

right hand side of (1.9) in terms of known quantities. 

Assuming that (1.2) can be inverted to give v , i.e., 



v
k+i = ir^\+v W ( ia°) 

where x, -, is considered to be a fixed vector in this calculation, then 
*k+l 

,cro\ 

z k + l ' x k + l "'-1- ^ v k + l v ^ " , J - ^ " ' " ' w ~ k + l VilW = f
Vl_.Xvk+i = h"1(zk+i' xk+i)lxk+i)ldet(s^)l 

1.11) 

The second density function f i ̂  (x, n I Z, ) in (1.9) can be obtained 
xk+ilV k + 1 k 

from f I (w , x |z ) by the transformation given by (l.l), i.e., 
Wk\' k 

with 

f v A | i l " k ' ^ = fw K } - f
xJzv

(xkJV ( i a3) 
k k1 k k k1 k 

which is valid because w , v , and x are mutually independent for all 
k k k 

k. Thus, only the denominator in (1.9) is yet to be found. Since the 

total probability of any random variable, e.g. x |Z , is unity, one 

has 

-m k+1 i k+1 

Therefore, using (l.lU) in (1.9) > one may write 

\ + i K ( z - A ) = l \+1|xk+1
(2k+ilxk+i)-Xk+1|zk^k+il\)^+i 

(1.15) 



Alternately, f i„ (z |z ) can also be obtained from 
k+11 k 

f | (x_ , v ,|z ) by the transformation given by (1.2) , i.e., 
^k+l^+l1 \ *+1 

vA^^JvW (1-16) 

with 

\+?k+1\^*> **+A> " S + 1 I ^ ^ - f ( v ^ (1-17) 

since x, , v are independent for all k, and v is white noise. 

After these three density functions have been evaluated in the 

above manner, f i 7 (x, , n | Z, n) may be obtained from (.1.9), and 
Xk+l' k+1 k + ± K+± 

x may be computed from (1.7) • 

The Bayesian rule in (1.9) will be used extensively in Chapters 

IV and V, where the filtering algorithm of Chapter III will be applied 

to dynamical systems. 

The Kalman Filter 

The results presented earlier In this section may also be used 

to derive the Kalman filu^r, which applies when the physical model in 

(1.1)-(1.2) is given by 

z 

xk+1 = fxk + rvk (1.18) 

'k+i = ^ + 1 + vk+i ( l a 9 ) 

where w and v are independent, white gaussian random sequences, $ is an 

n by n matrix, f is an n by p matrix, and H is an m by n matrix. Cor-



responding to (l.^), it is assumed that the density function 

f.. IZ M\) d-20) 
k 

is gaussian. The mean value and the covariance matrix of xn Z, are 
k1 k 

denoted by x and P , respectively, i.e. 

^ I V = i k (1-21) 

v V 2 ! z J = Cov(xklV =p
k ^-^ 

The mean value and covariance matrices of w, and vn _ are given by 
k k+1 

E(wfc) = E(vk+1) = 0 (1.23) 

Cov(wk) = Q ; Cov(vk+1) = R (1.2^) 

where Q is a p by p matrix and R is an m by m matrix. 

The desired result may be obtained by applying (1.9) directly to 

the system given by (1.18) and (1.19)• The evaluation of the three 

density functions involved in the solution of (1.9) yields the Kalman 

recursive filtering equations. From the given conditions (l.20)-(1.2^) 

and the linearity of the system (1.18) , it is noted that f i „ (xn -, I Zn 
x, -, Z, k+11 k 

k+11 k 
i s gauss ian with 

S ^ + l K ) = $ \ (1-25) 

Cov(x k + 1 | z k ) = $Pfcf
T + TQr1 i M ^ (1.26) 



Simi lar ly , f i (z n | z ) i s gauss ian with 
Z k + J \ K + ± 

E ( z k + 1 | Z k ) =E,±k 

^KJV = H M k + i H + R 

(1.27) 

(1.28) 

F i n a l l y , by the same r ea son ing , f i (z [x ) i s a l so gauss ian 
Vf-l'V-l k + 1 k+1 

with 

^Vi'W = ^ W 

GOV(zk+llw = R 

(1.29) 

(1.30) 

Inserting (1.25)-(1.30) into (1.9) > one obtains 

f
X l _ [Z. . ( x k + l ' Z k + . ^ 

k+11 k+1 

+1 
H T + R | 2 

(^)n/2|RplMk+1|* 
> . 3 i ) 

exp i - g . ( x k + l ' $ \ ) T M k + l ( x k + l - $ V 

T - 1 
+ ( \ + l " ^ R" K+1 " ^k+1 

" <Vl " H$V ^ Z + R)" K+l - ^\)} 

Completing the square in the exponent of (l.3l) gives 



f i (x Iz ) (1-32) 

\+ilW'k+l1 k+l) 

T i 1/2 
HM, nH1+R I 1^ 

1c+1 ' 
72 • eXp{" l (xk+l " W P k+l ( x k+l " W } (2 . ) '^ |Rr^|M + J 

where 

M ^ = $Pk$T + rqrT (1.33) 

P - 1 ^ = ^ + H V ^ (i.3« 

Using the matrix inversion lemma (18) , one may rewrite (1.3^) as 

p
k+i = \ + i - \ + I H T ( H \ + I H T + ^ " H + i {x'^ 

Therefore, the recursive formula for the best estimate in (1.21) is 

*t+i = f \ + \ + I H T ^ + I H T + R) " V + i - H $ \ ) (x-36) 

Equations (1.33)-(1-36) are referred to as the discrete Kalman filtering 

equations. 

Specific Applications for Nonlinear Filtering 

The optimal filter for a noisy system either containing a non-

linearity or having nongaussian disturbances is generally nonlinear. 

It is well known in optimal control theory that for the linear-quadratic 



problem with additive input gaussian disturbances and gaussian measure­

ment noise, the Separation Theorem can be applied to obtain the overall 

optimum system (.16) . This theorem, which is sometimes referred to as 

the Certainty-Equivalence Principle, states that for the linear-

quadratic problem an optimum system can be designed by combining the 

optimal linear filter with the optimum deterministic feedback law. 

Analogous statements can not be made, in general, for nonlinear systems 

or systems with nongaussian disturbances. From the viewpoint of appli­

cations, however, the optimal estimates of the state variables represents 

a first step in any stochastic optimal control problem. The design of 

the optimal feedback control law in general cases remains an extremely 

difficult, and as yet unsolved, problem. 

In the following paragraphs, two examples will be described to 

show the applications of nonlinear filtering. The first example con­

cerns position estimation from angular measurements. As shown in Figure 

1, the height y of an object A is to be estimated by the angular measure­

ment z from Point 0. Measurements made at discrete points in time are 

given by 

\ = 9k + vk (1-3?) 

where v is the measurement noise. It is assumed that d is fixed and 

known and that y is stationary and distributed uniformly on some interval 

(y 5̂ Y u)• Since 

k̂
 = ta^_1 (yk/d) (1.38) 
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A (d, yj 

Figure 1. Vertical Position Estimation from Angular Measure­
ments. 

tan' Jl tan" yu 

Figure 2. Transformation of y into 9 by (I.38). 



the density function of 8. is much different from gaussian as shown in 
k 

Figure 2. Hence, it is expected that nonlinear estimation would be 

somewhat better than linear estimation. This assertion is verified for 

a particular example in Chapter III. 

A second example is the estimation of the output shaft position 

9 and velocity P for a positional servnmechanism which has a field-

controlled dc motor. The presence of a nongaussian randomly varying 

disturbance torque L(t) requires a nonlinear filtering scheme. The 

dynamics of the motor are given by 

J 6 + f 9 = L(t) + u (1-39) 
m m 

where J represents the moment of inertia of the rotating parts , f 
m ° * ' m 

represents the viscous friction, and u is the input reference torque. 

Suppose the output shaft position is monitored at discrete time intervals 

and has a measurement noise v, , i.e. 
k' 

zk = ek + v k C 1 - ^ 

Furthermore, the measurement noise is assumed to be bounded with a known 

probability density function. This class of problems is examined in 

Chapter V. 

There are numerous other such applications for nonlinear filtering 

in control system design. The foregoing examples are intended only as 

representative of the types of problems which may be considered. 

Approach to the Filtering Problem 

The problem to be investigated in this thesis is the estimation 
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of the states in noisy linear discrete systems. The classes of systems 

which will be considered are those in which the dynamical behavior is 

described by first-order or second-order difference equations. The input 

is ergodic white noise with known bounds3 but otherwise unknown. The 

measurement noise on the output is ergodic, independent, white noise 

which is uniformly distributed within some known bounds. 

For estimation purposes the Bayesian decision rule and the least 

mean-square error criterion will be used. All the density functions of 

concern will be expressed in terms of their moments or will be approxi­

mated by polynomials where the coefficients are functions of the moments. 

Formulas relating the moments of the observed data, the states, and the 

input will be established. Thus, information for the density functions 

of the states, as well as the input, will be obtained as the moments of 

the measured data are found. An arbitrary initial guess for the density 

function, and thus for the moments of the input signal, will be made. 

This density function will be updated sequentially as additional data 

are obtained. 

Several algorithms will be formulated, and the value of each will 

be verified by computer simulations. The results will be compared with 

those of the Kalman filter to illustrate the superior features of the 

new filtering procedure. 

Outline of the Thesis 

Following this introductory chapter, the problem is specified 

fully in Chapter II. The polynomial approximation of density functions 

is treated in detail, and the updating algorithm Is shown by a computer 
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flow chart. In Chapter III the zero-order formulation is presented to 

illustrate the particular utility of the method of moments. The computer 

simulation of a particular example shows a favorable comparison with the 

linear filter. The effects of correlation between input and. measurement 

noise as well as a non-additive noise problem are investigated. In 

Chapter IV the filtering algorithm for the first-order problem is pre­

sented. The same algorithm is tested for a specific nonlinear system 

and a slowly time-varying system. In Chapter V the filtering scheme is 

applied to second-order systems. The reachable state concept of Schweppe 

is fully utilized in this app.lication. In Chapter VI some conclusions 

as well as some recommendations for further research are presented. 
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CHAPTER II 

THE METHOD OF MOMEHTG 

The moment technique is applied in this dissertation to approxi­

mate and update density functions pertinent to the filtering scheme and 

to avoid the usual problems in evaluating the convolution integral for 

two density functions. According to the Bayesian decision rule, the 

optimal estimation in the sense of least mean-square error is given in 

the form of the integral (1.7) with the conditional density function 

given by (1.8). In most cases this integral is evaluated by the Monte 

Carlo technique or by numerical integration. Because a large amount of 

computer time is required to determine the optimal estimate of the 

states by either of those two techniques, neither can be instrumented 

as on-line algorithms. To overcome this difficulty, the density func­

tions appearing in (1.8) are approximated by polynomials. Thus, the 

Integration of (1.7) can be performed analytically and the resulting 

optimal estimation is in a computationally feasible form. Since in 

practical cases the polynomials are of finite degree, the estimation is 

suboptimal. Increasing the degrees of the polynomials increases the 

accuracy of the estimations, but also increases the required computing 

time. When two Independent variables are added to form a new random 

variable, the convolution integral is usually unavoidable. The few 

exceptions occur in those cases where the sum and original two random 

variables have density functions of the same functional form or where 
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the summation can be performed easily by using characteristic functions. 

The moment technique discussed in this chapter is applied to overcome 

the disadvantages of the usual convolution method. 

As shown in Chapter I, the calculation of the best estimate for 

the current states of a system requires the knowledge of the density 

functions of the input signal, the previous states, the noise, and the 

measurement data. However, the density function of the input signal is 

often unknown, and no information about the states of the driven system 

can be derived from it. Using the Bayesian rule, Cunningham and Breipohl 

(17) developed a mathematically simple and intuitively satisfying tech­

nique to estimate the distribution function of a random variable, in 

which prior knowledge is included in the empirical function. An equiva­

lent result emphasizing the moment aspect was developed concurrently and 

independently during the course of this thesis research. The concept is 

applied in this chapter to estimate and update the moments of the measure­

ment data and is extended in Chapters III, IV, and V to handle the moments 

of random variables involved in the estimation of the states. 

In the following sections the problem is first formulated, and 

then the approximation of density functions by polynomials Is treated 

in detail. Finally, the moment updating scheme is described with the 

aid of a computer flow chart. 

Statement of the Problem 

A model of the problem under consideration is shown in Figure 3. 

The quantities w , xfc, v^+1, and x were defined in Chapter I in the 

development of the general filtering equation. The letter d represents 



19 

a s c a l a r in the zero-order problem and an n -vec to r in the n t h order 

dynamical problem, and y, i s the s c a l a r output of the system at t = kT 

with 

Jk+1 k+1 
2.1) 

w k Linear 

Discrete 
System 

X 
k+1 

w k Linear 

Discrete 
System 

X 
k+1 

fl
T 

Linear 

Discrete 
System 

fl
T 

Linear 

Discrete 
System 

k+1 

~%„ 
k+ l jL k+1 

- * < 2 > 
Nonlinear 
Filter 

x. k+1 

Figure 3- Tke Nonlinear Filter to be Designed. 

The system to be investigated can be placed in one of the 

following three categories: 

(l) The zero-order system is simply given by 

k k (2.2) 

z1 = x, + v, 
k k k 

2.3) 

(2) The first-order system has the following model 

x, ,-, = hx1 + v. 
k+1 k k (2.U) 



z k + l = \+l+ \ + l ( 2 - 5 ) 

where h is a r ea l scalar and |h| < 1. 

(3) The second-order system is described by 

xn n n = h_x, . + cLw 
l ,k+l 1 l ,k 1 k 

(2-6) 

X2,k+1 = h2X2,k + d2Wk 

yk-kl = d l x l , k + l + d2X2,k+l <>2-V 

\ + l = yk+l + Vk+1 <2-; 

where hu , h , d , and d are real scalars, and |h | < 1, |h | < 1. 

Assumptions 

The following assumptions are made: 

(1) The input signal w and the measurement noise v are ergodic, 

discrete time series composed of mutually independent random variables. 

(2) Both w and v have known bounds. 

(3) The density function of v, i.e. f (v) , is known. For sim­

plicity, it is assumed to be uniformly distributed on (-1, l). 

(k) The density function of w, i.e. f (w) , is unknown. However, 
w 

f (w) must belong to a class of functions such that f (x) can be approxi-
W X 

mated by polynomials. 

(5) The noise v is independent of x and w. 
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(6) The system is operating in the steady-state condition. 

The problem is to find the suboptimal estimate of x, -, based on 

the measurement set Z, , in the sense of least mean-square error. 

Use of Polynomial Approximations 

The orthogonality of Legendre polynomials makes it possible to 

expand certain functions, which satisfy Dirichlet's conditions, in a 

series of Legendre polynomials. Let the value of x be scaled in such a 

way that x is bounded on (-1, 1) , and the corresponding density function 

satisfies Dirichlet's condition on (-1, 1) . Thus, one has 

00 

f (x) = X A.P.(x) for x e (-1, 1) (2.9) 
x ±s0 

where A.fs are the coefficients, and P.(x) 's are the Legendre polynomials 

The general expression for the ith Legendre polynomial is given by 

P W o -L s ±=m , (2rft ! v x1-^" (2 io) 
F±{X)

 2i ^ j! (i-2j)!(i-j)! X ^ - ^ 

where 

r p- when i is even 

m = J 
—^— when i is odd 

(2.H) 

For example, the first few Legendre polynomials are 

P 0 W = 1 (2.12) 

P1(x) = x 
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P2(x) = \ (3x
2 - 1) 

P3(x) = \ (5x3 - 3x) 

\U) = g (35xU - 30x2 + 3) 

P5(x) = | (63x
5 - 70x3 + I5x) 

P6(x) = -^ (23lx
6 - 3^xk + 105x2 - 5) 

In a practical case, (2.9) must be truncated to a finite number of 

terms. Therefore, 

N 
f (x) = E A.P.(x) 
x . ̂  1 1 ' 

i=0 

x e (-1,1) (2.13) 

The square error introduced by this approximation is 

-1 

N 
f (x) - E A.P. (x) 
x i=0 1 1 

dx (2.11+) 

2 
Setting the derivative with respect to A. of e in (2.1^) to zero 

J 

one obtains 

r1 r N 1 
f (x) - E A.P.(x) P.(x) = 0 J-L L x i=0 1 iv 'J ^ (2.15) 

j = 0, 1, 2 ... N 



Note that 

2J+1 
if i = j 

P. (x)P.(x)dx = 
i J 

(2.16) 

0 if i ̂  j 

Hence, 

A. = 
2i+l J 

i 2 
f (x)P. (x)dx 
x I 

(2.17) 

Using (2.17), the first seven Legendre coefficients may be computed as 

*o-i 
J 

±1 
f (x) -ldx = ^ (2.18) 

A- =! £ fxw-dx = i m ̂  

^ 
A2 ~ 2 . 

1 / . 2 5 , 0 J 2 ) 

- 1 
f x ( x ) . | (3x - l )dx = £ ( 3 m ^ - l ) 

A3 . 1 £ fx(x) \ (5x3-3x)dx . 7 ( 5 m (3 )_ 3 m (D ) 

A = 2 , 
\ 2 J 

J 

u - l 
f (x) - i (35x -30x2+3)dx - -^- ^ ^ _onJ2 ) l 6 ( 3 5 ^ - 3 0 m ^ + 3 ) 

_ 11 
A5 " 2 

rX 

*-l 
fx(x) - | (63x5-70x3+15x)dx = g (63mx

5)-70mx
3) + l ^ 



A6 = ̂  j fx(x) .3^ (23lx
6 - 315xU + 105x2 - 5)dx 

= 1| (23lm
(6) - 315m

(U) + 105m
(2) - 5) 

2)C- X X X 

where m;1 , with i = 1, 2, ... 6, is the ith moment of x. Substituting 
x 

(2.18) into (2.I3) and rearranging the terms, one may express the 

resulting equation in the form of an ordinary polynomial, i.e. 

f (x) = E a x 1 (2.19) 
X i=dO ± 

For N = 2, the coefficients in (2.19) are 

aQ = -1 .875m x
2 ) + 1.125 (2.20) 

an = 1 . 5 * ^ 1 x 

a. = 5.625m^2^- 1.875 
cL _X 

Moreover, for N = k, the coefficients in (2.19) become 

aQ = 7.3828.125mx^ - 8 . 2 0 3 l 2 5 m ^ + 1.7578125 (2.21) 

a, = -I3.125m[3)+ 9-375m(l) 
J- -A. J\. 

a
2 = -73.828125m^) + 68.90625m^ - 8o203125 
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a^ = 2 1 . 8 7 5 m ^ - 13.125m^ ; 

3 x x 

a^ = 8 6 . l 3 2 8 l 2 5 m ^ - 73.828.125m^ + 7-3828125 

F i n a l l y , for N = 6 ? one ob ta ins 

a = -29.326l72m^6 ') + 1+7.373014.7m' ' - 21 .533203m^ (2.22) 
U X X X 

+2.392578 

an = 8.1.2109375m^ - 103 .359375m^ + 28 .7109375m^ 
J- Ji. J\. Ji. 

aQ = 615 .849609m^ - 913 .6230^7m^ + 3^8.83789.1m^ 
cL X X X 

-2.I.5332O3 

a„ = -378.98+375m|^ + 1 ^ 2 . 9 6 8 7 5 1 ^ - 103.359375m ( l ) 

J -*• X X 

a^ = - I 8 ^ 7 . 5 ^ 8 8 2 8 m ^ + 2605.517578rn^ - 9 1 3 . 6 2 3 0 ^ 7 : ^ 

-^7.3730^7 

a. = 3l4l .0859375m^ - 378.981+375nr3'> + 8 l . 2 1 0 9 3 7 5 m ^ 5 x x x 

a . = 135^.8691^1m^6^ - 18^7.5^8828111 '; + 615.8^9609*1^ 
O X X X 



-29.326172 

It was found that for a large class of density functions the 

approximations are quite good when moments of x up to the sixth-order 

are used. Consider the density function given by 

r 1 - I x| for I x| < 1 

fx(x) =J (2.23) 

^ 0 elsewhere 

The square error versus the order of the highest moments used for (2.23) 

is shown in Figure h. For the case of a truncated gaussian density 

function bounded on (-1, 1) , it was shown that the square error was 

less than 10 " when only moments up to the sixth-order were used. 

It is more straightforward to derive (2.20)-(2.22) by the fol­

lowing method in which the use of Legendre polynomials is not required. 

The density function f (x) is approximated directly by a polynomial in 
x 

the desired form (2.19). The square error In this approximation is 

2 r1 r N i 2 

e = f (x) - £ a x . dx (2.2U) 
±1 L i=0 1 J 

p 2 
S e t t i n g - — = 0 , wi th j = 0, 1, 2, . . . N, one has 

oa. 

rr1- r N 

^1 
f (x) - E a x x

J d x = 0 (2.25) 
i=0 J 

or e q u i v a l e n t l y 
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Figure U. Square Error Versus Order of Highest Moment Used 
for Approximating (2.23) by Legendre Polynomials, 



^ ^ - ( - X ) ^ ) . ^ (2.26) 

for j = 0 , 1 , 2 , ... , W 

The equation (2.26) represents a set of N+1 simultaneous linear equations 

If this set is solved for a , a.,, ... , a^, where N = 2, k, and 6, the 

solutions -will he identical to (2.20), (2.21), and (2.22), respectively. 

The equation in (2.26) is referred to in numerical analysis as 

the normal equation. Ralston (18) warns that the coefficient matrix 

obtained in solving (2.26) for the unknown coefficients a„, a , ... , a 

is often ill-conditioned. For that reason the use of orthogonal poly­

nomials, such as the Legendre polynomials, is usually recommended in 

such cases. However, due to the high precision of the B-5500 digital 

computer utilized in this research, the solutions of (2.26) for N up to 

6 were not affected by this numerical consideration, and either method 

described above could be used to obtain the correct results. The normal 

equation approach will be extended in Chapter V to the second-order 

problem. 

The Updating Algorithm 

Due to the basic assumptions made in the previous section, the 

measurement z is an ergodic, discrete random process. Therefore, one 

may use the concept of the sample mean to determine the moments of z, 

i.e. 
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m[±) = (z,1 + zl + ... + z1 )/n i = l , 2 } . . . ,N (2.27) 
z 1 2 n s 

s 

where n is the number of sample points observed. At the beginning of 
s 

the estimation procedure, the moments of z are determined from an initial 

guess of the density function of the input signal w. As values of mea­

sured data z are obtained, the moments of z are updated sequentially. 

In the following chapters the formulas relating the moments of w, x, v, 

and z will be derived for particular systems. Thus, the moments of x 

and w may be updated as a result of the updating of the moments of z. 

To update the moments at every sampling period was found to be 

inadvisable. Not only did this frequent updating require a large 

amount of computer time, but It made the updated moments fluctuate 

rapidly. After observing the results of several simulations it was 

found proper to update the moments only once every twenty intervals. 

The computational algorithm utilized for updating the moments of z is 

shown in Figure 5« 

The algorithm may be described in seven steps as indicated in 

Figure 5« The Initial moments of z, denoted by m ' for I = 1, 2, ... , 
o 

N, are assigned with arbitrary values in Step 1. In Step 2 three 

storages are set to zero, where n is a counter Indicating the total 

number of sample points observed, m stores the accumulation of z , 

i.e. 

i'\ ns • 
m U ; - E z,1 (2.28) 
zs , -, k y ' 

k=.l 



Begin 

I 
1. m 7) initial guess of moments 

of z 

2. m ny 
zs 
n n o 

3-

1 
z -t random number 

genera tor 

I 
k. K

1- m ( i ) ; z i ( 

n 
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n + 1 
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n + l 
c 

7-

no 
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Figure 5. A Flow Chart Showing the Updating of the Moments 
of z. 
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and n is another counter indicating the number of sample points observed 

since the updating procedure. In Step 3 a random number is generated. 

i (i) 
In Step h z is added to m ' and both counters n and n are increased 

•̂  zs s c 

by 1. The counter n Is checked in Step 5 "to determine whether a preset 
c 

number W of sample points have been observed. If this number has not 
up 

been observed., then the algorithm returns to Step 3? where another random 

number will be generated. If the counter n shows that N sample point to c up 

have already been observed, then the algorithm will proceed further into 

Steps 6 and J, where the counter n Is set to zero again. Then the 

estimated moments of z, denoted by I , are computed from (2.27)• 
Zi 

F i n a l l y , the updated moments of z arc obta ined as 

W 0 (X) , S _ ( l ) / N 

m = m J + m (2.29) 
z n +n z n +n z 

s o o s o 

where n indicates that m Ts are equivalent to estimated moments o z 
o 

obtained from n prior measurements. The value of n indicates the o o 

relative confidence in the initial guess. 

Summary and Conclusions 

The problem was divided Into three categories and completely 

defined as the zero-order, first-order, and second-order problems. 

The magnitude of the moments involved was shown to Indicate their 

relative importance in the complete filtering algorithm. The formulas 

expressing the coefficients of the approximating polynomials as func­

tions of the moments of the corresponding random variables were derived 

for those cases where.up to second, fourth, and sixth moments were used. 



Finally, the algorithm for updating the moments was introduced by a 

programming flow chart, which will be applied in Chapters III, IV, and 

V. 
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CHAPTER III 

THE ZERO-ORDER PROBLEM 

The zero-order formulation is presented in this chapter primarily 

to illustrate the particular utility of the method of moments developed 

in Chapter II. After stating the problem briefly, a series of steps 

are investigated to result in the implementation of the solution by the 

Bayesian decision rule. Following those steps, a computer flow chart 

is provided to describe the complete filtering algorithm. Then a 

particular example which was simulated on the digital computer is pre­

sented. The suboptimal nonlinear filtering result is compared with the 

solutions obtained by the optimal nonlinear filter and by a linear 

filter. Furthermore, the required computer time versus the number of 

moments used is expressed in term of the number of operations involved, 

and a typical machine time per step of estimation is given. The effect 

of the correlation between input signal and measurement noise is also 

investigated. Finally, a non-additive noise example is presented to 

show another feature of the new technique. 

Solution Via the Moment Technique 

The zero-order model given in (2.2)-(2.3) may be expressed as 

z k = x k + \ (3.1) 

where the problem is to find the suboptimal estimate of x given z 



3^ 

in the sense of least mean-square error. Corresponding to (l.7)-(l.8)3 

one has 

** = E[xklzk] (3-2) 

\ ^ K K ' ^ ' V 3 ^ 
k' k k , 

X, • s 1 r <±X 

where -L and u, , which are to be determined later, form the interval 

(A , u, ) in which x, \z, is distributed. Due to the basic assumption 

that v is uniformly distributed on (-1, 1) , one may use (3«l) to obtain 

f I (z, Ix, ) = f (v, = z, - x ) z. x, k1 k' v, k k V (3-3) 

0.5 when 

0 elsewhere 

z, - xn < 1 
k k1 

Corresponding to (1.15) > f ( O is found as 
k 

fz,(zk> =J. fz, k ^ l ^ V V ^ 
k 

(3 A) 

^k 
•5'fx^(xk)dxk 

Inserting (3.3) and (3J4) into (3.2) , one obtains 
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x1 -f (x. ) dx. 

x, = - ^ (3-5) 
K nil 

, \ ( x k ) d x k 

Due to the stationarity of x, one has, for all k 

f (x,) = fx(x) (3.6) 
k 

Approximating f (x) by a polynomial as shown in (2.19) and inserting the 
-X. 

approximation into (3-5) > "the suboptimal estimate is 

\N 

So *M+2 - 4+2)/( i+£) 
- 0.7) 
E a (u - A )/(i+l) 

i = 0 1 k k 

where the letter N indicates the order of the highest moment used and 

the a. Ts are, as given by (2.20)-(2.22) , functions of the moments of 

x. The updating of the moments of x will be developed later after the 

determination of (i , u ) has been considered. 

Bounds of ^ \ 

Since i t i s assumed that x i s bounded on the in te rva l (x . , 
m m 

x ) , then the joint random variable x, z. is distributed in a paral-
max k k ^ 

lelogram as shown in Figure 6. Observing the right ends of Lines I 

and II, it is seen that 
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z =x +1 
k k 

v=z--k 

(x . , x . +1) mm mm 

mm 

(x . . x . -1) mm mm 

u, =x 1 
k max J JL 

(x , x +1) 
max max 

(x , x -1) max max 

Figure 6 . D i s t r i b u t i o n Region of x , z for x e (x . , x ) 
and v e ( - 1 , 1) . k k mm max 



r x when zn ^ x - 1 
! max k max 

\ = (3.8) 
z, +1 when z. < x - 1 
k k max 

Similarly from the left ends of Lines I and II, one has 

* k = i 

z, -1 when z1 > x . + 1 
k k m m 

(3.9) 
. x . when z, <> x . + 1 
m m k m m 

For example, in the case where x e (-1, 1), (3»8) and (3-9) become 

if z, > 0 
k 

u k = <j (3.10) 
z. +1 If z. < 0 
k k 

z. -1 if z, > 0 
k k 

K H (3-11) Lk 
I -1 if z, < 0 

k 

Hence the method of determining bounds of x |z is quite simple, and 

this method will also be applied to the first-order and second-order 

problems in the following chapters. 

Updating of the Moments of x 

Since the density function of x is unknown, the prior information 

must be an initial guess. Hence, the a.'s appearing in (3.7) will not 



be very reliable in general. To update the filter given by (3.7), the 

procedure for updating the moments of x must be developed in detail. 

Taking expected value of the ith power of both sides of (3-1) > 

one has 

E C z ^ E C ^ + v ^ ] 

= E[ S Q x ^ v£] (3.12) 
3=0 J K K 

Since x and v are stationary and mutually independent, the relationship 

between the moments of z, x, and v may be obtained from (3*12) as 

m ^ = S ( > i 1 " J ' ) ^ ) (3.13) 
z ^ J x v 

Note that the m '̂ rs are assumed to be known and the estimated moments 
v 

of z may be obtained from (2.27)• One can estimate the moments of x 

by inserting m into (3*13) and by shifting the terms into proper 

positions such that 

H ( i ) = m ( i ) - s (Vi_;))<>i(;rt (3-14) 
x z --1 J x v \o 1 

where nr1' rs are the estimated moments of x, which should be computed 
-A. 

sequentially for i = 1, 2, ... , N. Thus, in addition to the estimated 

m and known m 's, the right hand side of (3.1^) consists only of 

those nT^ rs which have been computed previously. Finally, the moments 
X. 

of x are updated by applying a formula equivalent to (2.29) •> i.e. 



n / .N n / .\ 
m ^ = - ^ m ^ + _ f - ffl^ I = 1 , 2, ... , N (3.15) 
x n -Ha x n +n x 

s o o s o 

where n and n were defined in Chapter II as, respectively, the number 
s o 

of sample points observed and the equivalent number of sample points 

from which the initial guess of the moments of x are obtained. As 

before, the ml ' 's represent the initial guess of the moments of x. 
x o 

The a.'s in (3*7) are updated sequentially, since they are func­

tions of m s, which are updated sequentially according to (3.I5). 
X. 

Hence, the adaptiveness of the filter given by (3*7) is accomplished 

through the utilization of various moments. 

Computer Simulation Flow Chart 

A flow chart is presented to explain the detailed steps of the 

complete filtering algorithm. Moreover, the flow chart is coded for 

computer simulation for the particular example given in the following 

section. The complete simulation procedure may be described in sixteen 

steps as shown in Figure 7» In Step 1 initially guessed values are 

assigned to m for i = 1, 2, ... , N, and a. rs are computed from the 
x 1 
o 

appropriate set of equation in (2.20)-(2.22) depending on the value of 

N. In Step 2, five storages are set to zero, where k is a counter 

indicating the current sampling period, n has already been defined 

In Chapter II as a counter indicating the number of sampling points 

observed since the last updating procedure, and n is another counter 
e 

indicating the number of sampling points observed since the last mean-

square error was evaluated and printed. The storage m ' is given by 
zs 
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of (3-7) 

13-

11. 
1 

W 
nu 
de 

W$> 

F i g u r e 7 . Flow C h a r t f o r t h e Z e r o - O r d e r P r o b l e m . 



(2.28), and ers stores the accumulation of square error. In Step 3 

the time counter k counts 1 and the random numbers x, and v are each 

generated by a random number generator. Then x, and v, are summed 

together to form the measurement data z, . In Step k z is accumulated 

in m for i = 1, 2, ... , W, and the counters n and n are each 
zs 7 c e 

increased by 1. The counter n is checked in Step 5 to decide whether 

the updating scheme in Step 6 should be performed or be omitted until 

a later sampling interval. In Step 6 the counter n is set to zero 

again, and n is given the value of k, which is the number of sampling 
s 

points observed at that time.. Then the updating scheme as shown In 

the block is performed In the manner described in the last section. 

The filtering scheme is started in Step 7, where the bounds of x |z , 

i.e. JL and u. , are found. In Step 8 the denominator of the filter 

given by (3-7) is computed and denoted by de. The value of de may be 

negative due to the errors in the a.'s, which in turn are due to the 

inaccuracy in the moments of x. The absolute value of de may also be 

too small to make a correct division. Hence it Is checked in Step 9 

to see whether de is smaller than a small positive number e, which is 

assumed to be equivalent to zero in a. practical computation. If de 

is smaller than e, then the filter given by (3.7) is considered to be 

invalid, and the estimate is given in Step 13 as 

* W J = § ( \ + V (3.16) 

which is obtained by arbitrarily assuming that x is uniformly distributed 

on (x . , x ). In Steps 10 and 11, the numerator of (3.7) and the m m max 



estimate of x is computed. If x falls outside of the interval (-L ? 

u ) , then again the filter given by (3.16) is applied as shown by 

Steps 12 and 13. In Step .1̂  the square error is accumulated in the 

storage ers. The counter n is checked in Step 15 to determine the 

2 
printing of the mean-square error e shown In Step 16 with 

n 

2 ers k=l , , 
eN = IT = n (3*17) 

s s 

Finally, the algorithm indicates a return to Step 3 f°r beginning the 

computations for a new sampling period. 

An Example 

In this section the zero-order algorithm is thoroughly tested on 

a specific example. The mean-square error introduced by the optimal 

filter is computed first. The optimal error Is used to justify the 

quality of the suboptimal adaptive filter developed In the previous 

sections. The mean-square error versus the highest order of moments 

used in the approximating polynomial is also examined. 

Statement of the Example 

For the model given by (3.1) 

zk = x k + \ (3.1) 

let the state x have the following stationary density function 

r — - x when |x| < 1 

fx(x) J (3.18) 
I 0 elsewhere 
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where J is some positive even number. Moreover, the noise v is uniformly 

distributed on (-1, 1) . The density function given in (3.19) is such 

that when J = 0 both the suboptimal filter and linear filter are optimal. 

As J becomes larger, and consequently the density function becomes much 

different from gaussian, the linear estimation is further from the optimal 

On the other hand, the suboptimal estimation can be made very close to 

optimal by using higher order moments. This feature is explored in the 

following sections. 

The Optimal Filter 

Let the optimal estimate of xn given zn be denoted by x, 
k ° k kop 

Note that from (3.10) -(3.11) one has 

,(z -1, 1) when z > 0 

\ ) = j (3.19) 

. (-1, z, +1) when z < 0 
k 

The optimal estimate x, may be obtained by inserting (3.18) into (3.5) 
,t\.t-JJJ 

and performing the integration to yield 

1 ( 1 \ J + 2 

J+2 * , l A J + l 

1 - (y1) 
\ =< 

:op 
. J + l ( z + l ) J + 2 - 1 
^ * , _ . j+ i—7 w h e n z < ° 

(z k+l) + 1 

when z > 0 

(3.20; 

The corresponding mean-square estimation error is 



4 = ECK-W2] (3-21) 

^J^'^-VVvV^ 

r2 - 1 

+ n\ < - w \ ^ ^ 

=2 J2!1., K - wSi^^'vv^^^ 

.2 . 1 

= 2J J - ^ - W 2 - 0 - 5 - ^ * ^ 
o v 1 

2 
The numerical values of e are listed in the second column of Table 1 

op 

and plotted in Figure 8. 

The Suboptimal Filter 

It is assumed that the density function of x is known and given 

by (3.18). Thus, the moments of x may be computed as 

^ = £ * i 5 r * J ^ (3.22) 
J+l . . 

when 1 is even J+i+1 

0 when i is odd 



^ 

Table 1 . The Ensemble Average of e for the Zero-Order Example 

J 2 
e 

op 
2 

6 2 
2 
h 

2 
e6 

2 
e l i n e a r 

0 0.166667 0.166667 0.166667 0.166667 0.166667 

2 0.176796 0.176796 0.176796 0.176796 0.211+286 

h 0.1U8112 0 . 1 5 1 ^ 8 0.1U8112 0.11+8112 0.227273 

6 0.12li269 0.190682 0.12^*66 O.12U269 0.233333 

8 0.106289 0.201550 0.107^2^ O.106301 O.2368U2 

.0 0.092598 0.210309 0.132257 0.092705 O.239I3O 

Fig"are 8. The Ensemble Average of e for the Zero-Order Examp-L 
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Therefore, the a.'s In the suboptimal filter given by (3-7) may be 

obtained Ore::1 (2.20) - (2.22) . The corresponding mean-square estimation 

error is computed from. (3.21) with x, being replaced by x. ,T. The 
hop kN 

2 
numerical values of c" for II = 2, k, and 6 are also listed in Table 1 

and plotted in Figure 8. As expected, the following properties may 

be observe-"'! : 
1) . e^ = el = e" = e when J = 0, 2 

' 2 k 6 op 

2 2 2 2 
2) . f- > e, = er = e when J = k 

2 4 6 op 
2 2 2 2 

3) . e^ > e, > er = e when J = 6 y 2 J4 6 op 
i+) . e„ > e, > e, > e when J = 8, 10 ; 2 k 6 op 

2 2 
It is seen that ê - is quite close to e for J = 8 and J = 10. This 

6 op 

implies that the suboptimal filter is a good approximation for the 

optimal filter in this example. 

A computer simulation was performed to compute the time average 

2 2 
of ê - by taking the sample mean of (x - x /) as shown by (3.17) with 

K = 6. The results are plotter] in Figure 9? which, when compared with 

corresponding ensemble-averaged values listed in Table 1, shows that 

the mean-square error is ergodic as expected. Thus, the time-averaging 

technique yielded acceptable results. 

The Suboptimal Adaptive Filter 

The complete filtering algorithm described by the flow chart 

in Figure 7 "was simulated for this particular example. It was initially 

guessed that the input signal was uniformly distributed on (-1, 1) , and 

n was arbitrarily chosen to be 100. The mean-square errors were com-
o 
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Figure 9. Time Average of e^ for the Zero-Order Example. 
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puted in the manner given by (3.17)• Computer simulation results for 

J = 10 and J = 0 are shown in Figures 10(a) and 10(b), respectively. 

2 
In Figure 10(a) , comparing the values of e 's at n = 3000, it is seen 

1 lJ O 

2 2 2 2 2 
that e„ > e, > er . However, when n < 2200, e, was smaller than er . 2 k 6 s k 6 (6) The inaccuracy of m ' for the first 2200 samples had a degrading effect 

on the results, which tended to offset the advantages normally realized 

by using higher-order moments. 

In Figure 10(b), which shows the case of J = 0, i.e. when x is 

2 2 2 
uniformly distributed on (-1, l) , it is seen that e < e, < e,. Since 

f (x) is constant on (-1, 1) , a zero-degree polynomial may be used as 
x 

an exact expression for f (x) . Therefore, the use of a higher-order 
.X. 

polynomial decreases the accuracy due to errors in the updated higher-

order moments. 

2 
If the e vs n curves in Figures 10(a) and 10(b) are compared 

closely and if the computer time is also considered, it would be quite 

reasonable to select N = h as an appropriate tradeoff value, i.e. to 

use the moments up to fourth-order in the complete filtering procedure 

for this particular example. 

Execution Time Versus Number of Moments 

For on-line operation, the sampling rate is limited by the 

execution time of the filtering algorithm. In this section the execu­

tion time is separated into two parts and expressed in terms of the 

number of operations required. 

Data Accumulation and Signal Estimation 

The first consideration in determining the execution time is to 
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examine the computer time required to accumulate the measurement data 

and estimate the state of the system. In the flow chart of Figure 7? 

these operati.ons are performed in Steps h9 5> 7•> 8, 9, 10, 11, 12, and 

13, which are executed in almost every sampling period. The required 

number of operations is listed in Table 2, where the symbol *- represents 

replacement, "> represents comparison, and the other symbols are self-

explanatory. It is seen that the execution time Is approximately 

proportional to N, the order of highest moment used In the algorithm. 

Table 2. Number of Operations Required for Data Accumulation 
and Signal Estimation 

N 2 h 6 

± 5N+5 15 25 35 

X 7R+5 19 33 ^7 

-1- 1 1 1 1 

• « - 3N-R3 Ik 20 26 

> 5 5 5 5 

Table 3- number of Operations Required for the Updating Scheme 

N 2 4 6 

± 2 3 
N + ~ N + 2 9 21 U7 

X 2 N 2 + N 
2 2 

7 26 57 

T 3 3 3 3 

-«- IN-^ 1 3 21 29 
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Updating Scheme 

Another consideration in determining the total computer time 

required is the tir.ie required in the updating scheme, which is performed 

in Step 6 of the flow chart given in Figure 7- This step is executed 

only once every twenty sampling periods. The required number of opera­

tions i.s shown in Table 3. It is seen that the execution time required 

2 
for this part is almost proportional to N . A typical machine time based 

on the speed of the 3-55'00 is given in Table h. 

Table h. Typical Machine Time/step in ^ sec. 

N 2 1+ 6 

Data Accumulation and 
Signal Estimation 

1T60 2330 3290 

Updating Scheme 775 2030 1+005 

Total 2235 U360 7295 

If the updating procedure, which is executed only once in every 

20 sampling periods, can be handled by another fixed program computer, 

then the maximum permitted sampling rate will be greatly increased. 

One may also use part of the sampling period for the execution of the 

updating scheme to increase the permitted sampling rate. In such a 

case, the updated moments will not be available before a certain number 



of sampling periods will have passed. 

Gomparison with the Linear Filter 

The optimal filter will he linear if the input signal and 

neasurement noise are both gaussian, or if they have some special 

density functions, e.g. J = 0 in the particular example of the last 

section. Applying the orthogonality principle to the zero-order 

problem, the linear estimator is 

2 ml ' 
• __ x  
>v linear = ~J2) ' (2j" \ 

m + rrr ; 

x v 

3.23) 

(2) 
Specifically, for the example given in the last section, m is given 

-X 
(2) 1 

in (3.22) with i = 2, and m - —. Thus, one has 

5 _ (J+i)/(J+3) _ _ 3J +3 „ , , ?Ux 
\ linear ~ ( J + 1 ) / ( J + 3 ) + 1 \ ~ WTZ \ ^ ' ^ 

and the corresponding mean-square error is given in (3.21) with x, 
kop 

replaced by i, ,, . The numerical values of this error, denoted 1 J k .linear 
2 

by e . , are listed in Column 6 of Table 1 and plotted in Figure 8. 
.Line ar 

Note that when J = 0 the coefficients a. in the suboptimal filter 

given by (3-7) are all zero, except a = 0.5, regardless of the value 

of N. Making use of (3.19) in (3-7), one has 

\ i ^ ! z k (3.25) 



Also, if one inserts J = 0 into (3-20) and (3.2k) , one obtains 

X = X. ,. =» | Z, for J = 0 (3.26) 
kop K linear 2 k 

Hence, both the linear filter and the suboptimal filter are optimal. 

This fact is also shown in Table 1 and in Figure 8. 

Simulations for the linear filter were performed under the 

assumption that the second moment of the input signal x was known 

exactly. The mean-square errors ere plotted in Figures 10(a) and 

10(b) for comparison. In Figure 10(a), which is for J = 10, it is 

seen that the suboptimal filters gave better results than the linear 

filter. However, in Figure 10(b), which is for J = 0, the curves 

shows that 

2 2 2 2 2 
e2 = elinear ' e6 " e^ > linear (3-2-7) 

2 
where en . is also the optimal error which can be obtained from 

linear 

simulation. Thus, the use of higher-order moments degraded the esti­

mates X. I and x , due to the inaccuracy In the updated higher-order 

moments. 

It is obvious that there are fewer problems in using the linear 

filter for on-line operation. Hence, one may conclude that in those 

cases where either th( sampling rate is too high to be handled by the 

suboptimal adaptive filter or the density function of the state is 

Imown and is not far from gaussian, then the linear filter is preferred. 

Otherwise, the suboptimal adaptive filter is more suitable for the 

estimation of the noise corrupted state. 


