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LIST CGF SYMBOLS

thermal accommodation coefficient.

area perpendicular to heat flow.

alternating current.

American Wire Gage.

radiating surface area in Equation 69.

Boltzmann constant,

British thermal unit.

Birmingheam Wire Gege.

centimeter.

heat capacity at constant pressure.

heat capacity at constant volume.

heat capacity of gas at constant pressure.

heat capacity of gas at constant volume.,

distance between close parallel plates—Equations 62 and 66.
particle size.

direct current.

diameter

lower point of truncation of a population-——page 52.
upper point of truncation of a population—page 52.
mean particle size.

effective inter-particle distance for radiation——Equation T2.
solid length parallel to heat flow—Figure 32(a).

median particle size,
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hr

in.

ID

constant = 2.71828 ...

electromotive force.

coefficient of linear expansion.
semi-principal axis of ellipsoid.

foot.

factor defined by Equation 8.

angle (or "view") factor in Equation 69.

emissivity factor in Equation 69.

number of series geas lengths associated with a unit representa-

tive length of solld.
heat transfer coefficient—Equation 39.
hour.
an integer.
inch.
inside diemeter,
temperature Jump distance—Equation 62.
thermal conductivity.
kilovolt-ampere.
thermal conductivity defined by Equation 12.
thermal conductivity of continuous phase,
thermal conductivity of discontinuous phase.
effective thermal conductivity of two-phase body.
effective thermal conductivity calculated by Equation 11.
contribution of forced convection to ke.
thermal conductivity of bulk gas.
epparent thermal conductivity of gas defined by Equation 66.

modified gas thermal conductivity defined by Equation 68.



gsc

contribution of gas and solid in series and in parallel to ke-
Equation 67.

mean thermal conductivity over a temperature range-—Equation 3L,

- contribution of natural convection to ke.

contribution of radiation to ke.

contribution of particle-to-particle contact to ke.
length; in particular the distance between potential taps.
logarithm to base e,

logarithm to base 10.

empirical constant in Equation 15.

empirical constant in Equation 1k,

mass of solid.

empirical constant in Equation 15.

index of refraction.

empirical constant in Equation 1h4.

_nc
Prandtl number = 'E?E %

outside diameter, ®

a quantity defined by Equation 13.

absolute pressure,

breakeway pressure defined by Equation 8l.

degree of packing defined by Equation 32.

standard deviation of P,-—Equation 28.

length occupled by discontinuous phase per unit length.
area occupled by discontinuous phase per unit area.
volume occupled by discontinuous phase per unit volume,
heat flow per unit time.

heat transfer per unit time by radiation-—-Equation 69.
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q° heat flow per unit time per unit area given by Equation 62.
Q heat flow per unit time.

Q heat flow per unit time through gas and solid in series and in
gsc parallel.,

R radius.

S solid area perpendicular to heat flow—Figure 32(a).

Sln logarithmic (to base e) standard deviation.

t temperature.
- average temperature = 1/2 (ti + ti+l)'

to temperature at zero time.

T absolute temperature.

TC thermocouple,

u function defined by Equation 30.

v function defined by Equation 28.

v volts.

Vd volume fraction discontinuous phase.

Vi mip Dinimm volume fraction solid—procedure on page 56.

Vi payx Deximm volume fraction solid—procedure on page 56.

VT volume of test cylinder.

W coefficient in Equation 18,

b4 space coordinate.

X length of representative cell of two-phase body.

Y space coordinate; in particular the depth of a thermocouple in

the test cylinder.
Z space coordinate.
Z constant in Equation 66.

o] a shape factor defined by Equation 51.
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an angle defined by Equation 21,

ratio of gas heat capacity at constant pressure to gas heat

capacity at constant volume.
finite difference.
finite difference.
emissivity.
constant = 1.7811 ...
viscosity of gas.
time,
mean free path of gas molecule-—Equation 65.
quantity defined by Equation 2k,
term to indicate order of magnitude——Equations 36 and 39.
constant = 3.14159 ...
density.
density of pore-free solid,
Stefan-Boltzmann constant.

thermal diffusivity =

X
oCp °

molecular diameter of gas as determined from viscosity.
sphericity in Equation 86.

quantity in Equation 19.

quantity in Equation 19.
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SUMMARY

Attempts to understand how heat 1is transferred through powder-gas
systems usually devolve to attempts to determine the systems' thermal
conductivities. There are an unlimited number of powder-gas "systems"
possible, even for a single solid in a single gas, and appeal is gen=
erally made to some theory which predicts thermal conductivity in order
to reduce the number of experimental measurements required. Reliable
thermal conductivity measurements on sufficiently well characterized
powder-gas systems over a wide range of conditions are needed for an
understanding of the basic phenomena governing heat transfer in these
systems. Also, such measurements permit meaningful evaluations of
theories proposed to predict thermal conductivity of two phase systems
from more easily measured properties and existing tabulated properties
of the pure constituents.

This study presents measured thermal conductivities for ex=
tensively characterized magnesia, alumina, and zirconle powders.
Thermal conductivities of the powders in dry air at atmospheric pressure
were determined at volume fractions solid varying from 0.49 to 0.70 as
a function of temperature from about 200°F to ebout 1500°F. Particle-
size distribution (by several techniques), chemical composition, x~-ray
diffraction pattern, weight loss on heating, pore-free density, and
surface area of each powder were measured. Mean particle sizes of the

powders varied from about 211 to 1023 microns.
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The thermal conductivities of the various powders were determined
by a steady-state method employing radial heat flow in & hollow cylinder
and by an unsteady-state method based on the model of heating a cylinder
of a perfect conductor surrounded by an infinite amount of the material
whose thermal conductivity is being measured. The unsteady-state method
was used to corroborate a few of the results obtained by the steady-state
method; it provided an independent check on the results. The uncertalnty
of the steady-state measurements was estimated to be about 110 per cent;
and the uncertainty of the unsteady-state method, about i1l per cent.
Reproducibility of the observations was about I3 per cent. These measure-
ments are the basis for the following conclusions: (a) the conductivity
of the powder in air at atmospheric pressure increases with temperature
for each material; (b) the thermal conductivity increases with increas=-
ing volume fraction solid for a given powder at e fixed temperature;

(c) the thermal conductivity is critically dependent on volume fraction
solid near the maximum volume fraction solid obtainable with a powder;
(d) a sorbed film increases the conductivity of the powder above that of
the powder after it has been treated to remove the film below about 850°F
for megnesia and alumina and below about 1050°F for zirconia; (e) mechani-
cal pressure (as distinguished from gas pressure) on the powder enhanced
the conductivity of the powder; (f) an alumina powder had a slightly
lower conductivity than a magnesia powder at the same volume fraction
solid with essentially the same shape factor in accord with predictions
of the theory proposed in this work; (g) two magnesia powders having the
same volume fraction solid and close to the same shape factor but dif-

ferent particle-size distributions, mean particle sizes, and points of
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truncation had the same effective thermal conductivity, in accord with
predictions of the theory proposed in this work.

Prediction of the thermal conductivity of a powder-gas system is
possible in principle for single-sized particles of known shape in a
fixed spatial arrangement if the thermal conductivities of the con-
stituents are known. However, for most real powders the particles are
not single sized, the shape is not known, and the spatial arrangement
is not fixed. Theoretical relations based on idealized models of these
real powders generally relate the thermal conductivity of a powder-gas
system to the volume concentrations of the constituents and thelr
thermal conductivities. Implicit in the derivations are assumptions
of particle shape and spatial arrangement. Ofttimes to force these
relations to fit a broad spectrum of experimental data recourse has
been made to empirical constants. Too much reliance on empirical and
semi-empirical relations leads awey from an understanding of the funda-
mental heat transfer processes taking place in powders, and often leads
to the conclusions that heat transfer through powders is hopelessly
complicated and not amenable to sound mathematical treatment. Too
little use appears to have been made of the well-established small
particle technology and filrm mathematics describing small particle
relationships.

In view of the foregoing, a theoreticel expression is presented
to relate the effective thermal conductivity of statistically describable
two-phase systems to the conductivities of the pure phases, the volume
concentrations of the phases, and a shape factor. Auxiliary equations

to relate bulk gas conductivity and small inter-particle distance and
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to predict a radiation heat transfer contribution to effective thermal
conductivity are derived. The shape factor is a property of the dis-
continuous phese and is related to the two-phase body only through the
volume balance. In the derivation of the expression no assumptions are
made concerning particle shape, size, or spatial arrangement. However,
the derivation is based on a simplified model in that the isotherms in
the model are assumed to be planes perpendicular to the heat flow. In
exact solutions of the heat flow equation, no assumptions are made re-
garding the heat flow or temperature pattern. On the other hand, exact
solutions have been effected only for simple shapes in fixed arrange-
ments that seem to fall far short of describing actual powder-gas
systems.

The shape factor required for solution of the equation proposed
in this study was obtained from the particle-size distribution of the
powders. Results calculated by the proposed equation agree well with
the measured effective thermal conductivities. Predicted and experi-
mentel conductivities generally sgreed within 5 per cent.

Comparison of the experimental conductivities with an exact solu-
tion of the heat flow equation in which the particles are as;umed to be
ellipsolds far enough apart so as not to interact showed that this exact
solution underestimates the measured effective thermal conductivities.
Comparison of the experimental conductivities with a simplified solution
in which the particles are assumed to be spheres and the heat flow lines
are assumed to be straight parallel lines showed that the simplified

_solution gave falr agreement depending upon the value of a constant set

by the geometry of the model.
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The results of this investigation suggest that the effect of
particle parameters, the effect of mechanical (not gas) pressure, the
effect of sorbed films, and the effect of radiation heat transfer on
the thermal conductivity of powders are interesting areas for further
work. Powders having known particle-size distributions, surface areas,
shape factors, etc. should be synthesized or blended sc that the in-
fluence of these parameters may be investigated systematically. Better
control of particle parameters will permit more meaningful inter-

comparisons between different investigetions of heterogeneocus systems.
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CHAPTER T
INTRODUCTION

Knowledge of the facility with which heat 1s transported through
matter and through a vacuum is important in the consideration of many
applied and theoretical problems. Perhaps the transport of heat through
porous media is the least amenable to mathematical analysis. Certainly
the literature of the field is large and difficult to interpret. To
reconcile the results of different investigators and to find an accord
in the various proposed models and analyses 1s even more difficult,
This study presents experimental heat transfer data on a variety of
porous materials which have been extensively characterized, and success-
fully correlates these date as well as all the literature data that are
adequately characterized in terms of a proposed model for heat transfer

through porous media.

Heat transfer is conventionally described in terms of the "co-

efficient of thermal conductivity" or more commonly, the "thermal con=-
ductivity." It is that property of a material which determines the
temperature gradient under fixed heat flow. The definition of thermel
conductivity, k, is contained in the generalized statement of experience

with heat flow called Fourier's law or equation

dt
Q= k= (1)

where the heat flow per unit time, @, and the temperature gradient, dt/dx,

are perpendicular to the area A.



Thermal conductivity may be measured by either static or dynamic
methods. In static methods the sample is allowed to come to steady-state
conditions; i.e., the temperature is a function of a space coordinate
only, and the temperature at two or more positions 1s measured. The
thermal conductivity is then determined from an integration of Equation
1. In dynamic methods the sample is in an unsteady-state; i.e., tem-
perature is a function of a time coordinate as well as a space coordinate,
and the temperature change with time at one or more positions is measured.
The thermal diffusivity, 1, is then usually determined from an appropriate
(though approximate) solution of the equation which relates thermal con-
duction to temperature history. For a homogeneous isotropic material,
containing no heat sources or sinks, if thermal conductivity is constant

and if the small difference between Cv and CP is negligible

dt Bat % %
BT gobes # =l (2)
ox oy oz
where 6 = time,
T = p% = thermal diffusivity,
P
p = density, and
Cp = heat capacity at constant pressure.

Although most unsteady-state methods determine k indirectly from t, some
offer the possibility of determining both k and 1 from a single experi-
ment.

Thermal conductivity depends on the chemical composition, physical
structure, and the state of a substance. It is not a constant for any

one material, but may be a function of a number of variables. Factors



which may influence the thermal conductivity of nonmetallic solids have
been very well summarized by Austin (l)* as follows:

(a) chemical composition, molecular structure in pure compounds,
and impurities in solid solutions;

(b) physical texture: (1) porosity, total void space and size
and shape of pores with solid phase continuous, size and shape of grains
with gas phase continuous; (2) presence of a vitreous or liquid phase,
total amount and distribution of phase; (3) development of ceramic bond
and sintering, time at temperature level; and (L4) anisotropy and direc-
tional effects;

(c) temperature;

(d) pressure, stress or strain; and

(e) heat flow.

The thermal conductivities of most metals, at ordinary tempera-
tures, show a small and nearly linear decrease with increase of tem-
perature, but a few (e.g., aluminum and platinum) show the opposite
effect, as do also many alloys. The thermal conductivity of most non-
metallic meterials varies considerably with temperature (see for example
Kingery (2) and Figure 1). The thermal conductivity of many crystalline
materials decreases with increasing temperature, being in general pro-
portional to the reciprocal of the absolute temperature. The thermal
conductivity of an amorphous body, such as fused silica, increases with
increasing temperature (Figure 1). However, the temperature dependence
of k cannot be predicted with certainty, and thermal conductivity data

cannot be reliably extrapolated to higher or lower temperatures.

*
Numbers in parentheses refer to references listed in the Bibliography.
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Fig. 1. Variation of Thermal Conductivity of Dense Solids with
Temperature (2).



Among the many factors that influence thermal conductivity of
nonmetallic solids, physical texture causes great variation. Speaking
broadly, there are two types of porous materials, cellular and granular,
A cellular material is a two-phase system in which the solid phase is
continuous and the gas phase is dispersed. A refractory in which voids
(cells) are formed by the volatilization or combustion of some ingredient
during firing is representative of this type of substance. A granular
material is a two-phase system in which the gas phase is contimuous and
the solid phase is dispersed. Snow, sands, wools, and dusts are repre-
sentative of this type of substance. In general, a granular material has
a lower conductivity than a cellular one of the same material and
porosity.

Factors influencing thermal conductivity are treated in more detail
by Austin (1), Barrett (3), Kingery and McQuarrie (4), and Powers (5) as
well as most standard texts on heat transfer.

A survey of the literature on thermal conductivity reveals that
steady-state methods of measuring k are more widely used than unsteady-
state methods; however, unsteady-state methods have become more widely
used since instruments for accurately recording rapidly changing tem-
peratures as well as computers for handling the more complex solutions
of Equation 2 have become available. Steady-state methods determine
thermal conductivity directly while unsteady-state methods generally deter-
mine thermal diffusivity so that a knowledge of density and heat capacity
is required before thermal conductivity can be determined. The so-called
"thermal conductivity probe" is an unsteady-state method that permits

direct measurement of k. It is based on the heating of a cylinder of



perfect conductor surrounded by an infinite amount of the material whose
conductivity 1s being measured. Other unsteady-state methods permitting
direct measurement of k, as well as T, are discussed by Carslaw and
Jaeger (6). Since confidence in unsteady-state methods is usually
based on agreement with steady-state methods, the use of steady-state
methods appears to be desirable until a fairly comprehensive collection
of reliable data has been acquired.

In steady-state methods for measuring thermal conductivity the
principal problem is achleving a heat flow pattern which corresponds to
that assumed in solving Equation 1. Test specimens may take a shape
for which an exact solution of Equation 1 is possible. These shapes
are a plane plate (slab), a sphere, a cylinder, and a prolate spheroid.
In flat plate arrangements heat flows through a sample of constant cross
section whose lateral surfaces are, ideally, covered with a nonconductor
of heat. Since there is no perfect thermal insulator, a technique
frequently used to reduce lateral heat flow to negligible values is to
provide heat guards (separately heated portions of the test material)
whose temperature profile matches as closely as is practical the tem-
perature profile of the test sample. To obtain adequate guerding for
accurate determinations of k, quite large samples are required in this
arrangement, Radial flow through a hollow sphere or prolate spheroid
is an attractive arrangement since no heat losses occur except through
the leads to the heater and thermocouples, but the forming of uniform
heat sources and fabricating of hollow samples is frequently a difficult
requirement. Cylindrical arrangements lose heat at thelr ends. A

technique to reduce axial heat flow in a cylinder to negligible values



is to provide end heat guards. Another technique to reduce axial heat
flow in a cylinder is to use a sample which is long compared with its
diameter and to work only in the center section where the isothermal
surfaces are essentially cylindrical.

In unsteady-state methods the principal problem i1s knowing how
nearly the boundary conditions in an experiment match those postulated
in solving Equation 2. Boundary conditions in unsteady-state methods
are achieved by guard methods and/or sample configuration. Advantages
of unsteady-state methods are that some permit very rapld measurements
and that some may be used in situ which is a distinct advantage for
materials such as snow, rocks, and moist solls. Accurate temperature
measurement, especially at very high temperatures, 1s a problem common
to both methods. Standard texts such as Jakob (7), Carslaw and Jaeger
(8), and Kingery (9) present some of the advantages, disadvantages, and
mathematics of established steady-state and unsteady-state methods of
measuring thermal conductivity. Ross (10) presents an excellent survey
on methods of measuring thermal conductlivity.

Each method and arrangement of apparatus indicated above has
certain limitations and the cholce of one over another is governed by
physical structure, temperature, and conductivity. However, thermal
conductivity can be measured with equivalent results by both steady-state
and unsteady~-state methods, by different arrangements of apparatus, and
by different investigators. This fact is indicated by the results of
Woodside (11) on silica aerogel using both steady-state and unsteady-
state methods and by Powell's comparison of the thermal conductivity of

iron measured by several investigators (12). It is further indicated by



the results of Adams (13) and of Kingery (14) on the determination of k
for aluminum oxlide using steady-state radial heat flow in a hollow
prolate spheroid, sphere, and cylinder.

Fram & consideration of the advantages and limitations of the
various satisfactory arrangements outlined above, an apparatus utilizing
radial flow in a hollow=-cylinder was chosen to measure the thermal
conductivity of varlous porous materials as a function of temperature
and volume fraction solid under steady-state and unsteady-state con-
ditions. To reduce heat flow out the ends of the cylinder, both a

sample long compared with its diameter and heat guards were used.



CHAPTER II

REVIEW QF THE LITERATURE ON THEORETICAL EQUATIONS FOR THERMAL
CONDUCTIVITY OF MIXTURES

A powder may be defined as a heterogeneous system in which solid
particles are surrounded by a fluid or, in the case of a vacuum, by
empty space. In the limits the solid and surrounding fluid may be
considered to be either in series or in parallel with each other.
Surely in a real porous body part of the fluid is effectively in series
and part in parallel with the solid, so the true effective conductivity
may be assumed to be between these limits. Assuming no convection in
the pores and no radiation between solid surfaces, the effective thermal

conductivities for these limiting distributions of material are
k,= (1-V) k_+ Vi, (3)

for parallel layers or laminae and
(L-v,) v

1 d
P (4)
ke kc kd.

for series layers or laminae where

ke = effective thermal conductivity of the two-phase body,
kc = thermal conductivity of the continuous phase,

kd = thermal conductivity of the discontinuous phase, and
V. = volume fraction of the discontinuous phase.
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For a given Vd’ if kc and kd are approximately equal, Equations
3 and 4 show that the distribution of material mskes little difference
in the effective thermal conductivity. However, for most powders kd
is large compared to k., so that some account must be taken of the
ratio of series to parallel laminae. For example, a porous material
with a V, of 0.58 and a kd/kc of 1000 has a k_ for parallel laminae of
580 k, and a k for series laminae of 2.4 k . For the same Vd with
kd/kc equal 50, k_ for parallel laminae is 29 k_ and k_for series
laminae is 2.3 kc. This may be contrasted with the case, again with

Va

and ke for series laminae is 1.4 ke

= 0.58, which for kd/kc equal 2, k_ for parallel laminae is 1.6 k,

Equation 3 may be viewed as a volume fraction-weighted arithmetic
mean of the separately determined kd and kc, and Equation 4 may be viewed
as a volume fraction-weighted harmonic mean of the separately determined
kd and kc' Since the effective thermal conductivity of a powder, as=-
suming negligible radiation and convection, should be found between the
upper limiting wvelue, Equation 3, and the lower limiting value, Equation
4, several investigators have considered the intermediate weighted geo-
metric mean to describe the effective conductivity of a powder.

Lichtenecker (15) presented such an empirical relation as follows

v (1 - vd)

k, =k, © ok " (5)

Woodside and Messmer (16) found that for packed beds of quartz sand, glass

beads, and lead shot (va = 0.41 to V, = 0.81) in verious fluids (ranging

a
from Freon-12 to water) Equation 5 overestimated ke when kd/kc exceeded

20.
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Numerous theoretical expressions have been derived for evaluating
the effective thermal conductivity of a heterogeneous body. These deri-
vetions seem to fall into two categories: the first of which contains
no assumptions about the heat flow and temperature patterns and the
second of which contains an assumption about either the heat flow or
the temperature pattern. Expressions in the first category are some~
times referred to as accurate, rigorous, or exact solutions. Expressions
in the second category are referred to as "simplified" or approximate
solutions. The words accurate, approximate, etc. refer to the mathematics
of the solution and not necessarily to the effective conductivity pre-
dicted by the solution. 1In an excellent survey of theoretical relations
for determining the effective conductivity of heterogeneous substances,
Powers (17) clessifies theoretical relations as equations based on flux
laws (the first category above) and as equations based on Ohms law (the
second category above). Babanov (18), Gorring and Churchill (19),
Laubitz (20), and Woodside and Messmer (16) review some of the schemes

used 1n deriving relations to predict ke.

Exact Solutions

Although many of the exact solutlions have evolved from work in
electricity, magnetism, hydrodynamics, etc. they apply equally well to
any case of mass or energy flow under a potential difference or driving
force.

Maxwell (21) derived an expression for the effective conductivity
of a heterogeneous body composed of spheres of one conductivity embedded

in a matrix of another conductivity. His equation is
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N kd+2kc-2vd (kc-kd). 6
e c kd + 2kc + Va (kc -'de

It is assumed that the spheres are so far apart that they have no in-
fluence on one another. Lord Rayleigh (22) considered the interactions
between particles for the cases of uniform spheres and cylinders in
"rectangular order" (spheres in a cubic array and cylinders in a square
array). For small values of A the Rayleigh equation for spheres is
identicel to Equation 6 (Mexwell's equation).

Many expressions have been derived based on modifications and
extensions of the Maxwell and Rayleigh equations (23, 24, 25, 26, and 27).
Burgers (23) and Fricke (24) developed more general solutions for parti-
cles embedded in a matrix by assuming the particles to be ellipsoids.
With the assumption also that the particles are far enough apart so as
not to interact, Fricke obtalned

k

d
l+Vd(F-k—--l)

e C .
ke =5 | T3 Vs ¥ -1 | L

for spheroids (fl = £, # fé)

-1
/ il 4y . (8)
F = 1/3 YL g
1=1 kc 3
and
if=l. (9)
i=li

The factor F represents the ratio of the overall average tem-

perature gradients in the two phases. The factors fi are the semi-
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principal axes of the ellipsoid. If fl = f2 = f3, i.e., the particles
are spheres and Equation 7 reduces to Maxwell's equation. In calculating
the thermal conductivity of soil, de Vries (28) took £, =1, = 1/8 and

£y = 3/4. Woodside and Messmer (16) found that Equation 7 with de Vries'
values for fi gave falr agreement with their experimental conductivities
for beds of quartz sand, glass beads, and lead shot in various fluids

at about 86°F. They concluded that Equation 7 with de Vries' values

of f, underestimates k_ when kd/kc is very large (from their data,

"very large" kd/kc appears to be about 100).

Equations of the Maxwell-Rayleigh type usually yield results that
correspond falrly well with experimental results for cellular material
and emulsions. Gorring and Churchill (19) compared a large body (99
systems) of literature data with equations of this type and found good
agreement between experimental and calculated results. However, exact
solutions have usually not ylelded good agreement when compared with
experimental results on powders. ]Perhaps the difficulty is, as pointed

out by Laubitz (20), that although the mathematics is exact the model

is so artificial that it radically departs from real powders.

Simplified Solutions

Assumptions about the heat flow or temperature pattern, i.e., the
assumption of a more restricted model, can reduce the problem of cal-
culating the effective thermal conductiyity of a hetergeneous system
from that of solving a partial differential equation to that of solving
an ordinary differential equation (Fourier's law). Simplified solutions
are generelly of two types: 1in the first the heat flow lines are as-

sumed to be straight and parallel, and in the second the isotherms are
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assumed to be planes perpendicular to the heat flow. Solutions of the
first type are sometimes said to be based on the assumption of linear
heet flow, the assumption of zero sidewise conductivity, or the as-
sumption that the conductivity of the components is vanishingly small

in directions perpendicular to the heat flow. Solutions of the second
type are sald to be based on the assumption of linear isotherms, the
assumption of infinite sidewise conductivity, or the assumption that

the conductivity of the components is infinite in directions perpendicular
to the heat flow, Lichtenecker (29 and 30) derived expressions for the
electrical conductivity and the dielectric constant of aggregates for
several models (squares, triangles, circles, and ellipses in & square)
using both of the above assumptions. His solutions were two dimensional,
i.e., independent of the third dimension.

Linear Heat Flow

For cubes in a cubic array with the assumption of linear heat

flow, the expression for effective thermal conductivity is

k
(1 = le/3 £ V) + é (vdl/3 - v,)

1/3 ¢ 1/3

(L = V) = U

d

This expression was derived by G. S. son Frey (31) to describe the elec-
trical conductivity of binary aggregates., Lichtenecker's (29) two-
dimensional model corresponding to this case gives an equation which is
easlly converted to the above equation, showing that the model is in-
dependent of the third dimension. For most powders encountered in

practice, Equation 10 gives results which are factors of 2 to 3 lower
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than experimental results. Tsao (32) presents a more general form of this
equation assuming the particles to be parallelepipeds.

Schumann and Voss (33) derived an equation based on a two-dimension-
al model in which the solid is bounded by & rectangular hyperbola. The

expression they obtained is

3 3
k, =k, (1-vd) +[1-(1-vd)]ka (11)
where
k k p (L+p) (k =-k.) k (1 +p)
k= ‘(’kd =7 |1+ kckdlnck (12)
B g TP A8y = By e TPk, - ky) PX4
and
(1-V) = (" +p) mBE=-p. (13)

Since the calculation of ke from kc’ kd, and Vd is somewhat involved,
Schuman and Voss presented s graph of k.e/kc versus kd/kc with (1 - Vd)
as a parameter to permit rapid estimetion of ke.

Wilhelm et al. (34) observed that, on the average, experimental
conductivities were larger than those computed by Equation 11. They
hypothesized that this difference in calculated and experimental con-
ductivities could be explained by the neglect of solid-to-solid contact.
They deduced an expression to correct the effective conductivity as cal-
culated by Equation 11.

Their suggested correction is

log(ke-k ) =M+ N (14)

esv 1=V
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where kesv = effective thermal conductivity calculated by Equation 11 end
M and N = constants obtained empirically from experimental measurements.
For k_ in Btu/hr+£t+°F, M = -1.759 and N = 0.0129.

Preston (35), from a study of his data plus the data used by
Wilhelm et al., suggests the following modification of the Schumenn and

Voss equation:

k =m (k, )", (15)

where for ke in Btu/hr'ft'oF, m= 1,536 and n = 0.959.
Deissler and Eian (36) derived the following expression, velid
for V4 = m/6, for the effective thermal conductivity of spherical

particles in a cublic array:

m
k 2
2(-9- - 1)
Ba

They alsc derived an expression for cylinders in a square arreay,

kc kc TFI
- l) Lo 1n — + l - - (16)
K, ky In

valid for V, = /4, with heat flow perpendicular to the longitudinal

axis:
k

c
- sin l

2

{-- — 1) (17)

Since this is a two-dimensional model, Lichtenecker's (30) equation cor-

—-.--l) 3——--
d

responding to this case can be converted to Equation 1T.
Using the two Equations, 16 and 17, above plus the fact that at

Vd =1, ke = kd and at Vd =0, ke = kc, Deissler and Eian constructed
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a log-log plot of ke/kc versus kd/kc with (1 - Vd) as a parameter. Values
of (1 - Vd) intermediate to the four known values are determined by inter-
polation. They found good agreement between conductivities estimated by
thelr analysis and experimental data from both their studies and the

data compiled by Wilhelm et al. Laubitz (20) generalized Equation 16

for V., equal to or less than w/6. Equation 17 may be easily generalized

da
for V, equal to or less than m/4 in similar manner.

Gorring and Churchill (19) developed an expression for effective
thermal conductivity for a cubic array of particles bounded by parabo-
loids of revolution. They obtained fair to excellent agreement with
experimental data (56 systems) on packed beds and powders. The form

of thelr equation which they used in these comparisons is

1/3
 oox | L2 [Za (18)
e “c|.2/3 |k
W c
where W 1s a coefficient obtained through a volume balance of the phases.
Willhite, Kunii, and Smith (37) derived an equation based on & two-
dimensional model which 1s a modification of the one used by Kunii and
Smith (38) which, in turn, is similar to the model used by Yagi and
Kunii (39) for uniform spherical particles. The relationship for ef=-

fective conductivity proposed by Willhite, Kunii, and Smith is

lic Q kc ;
ke=kc[1+vd(1-k—+vd(a] (1-?)] (19)
d d
where k \@
c . 2
1l- T sin” B
1 d (20)
®©=3 K, [k k_ ’
ln—-[—- cosB}- l-— [l-cosps)
k k k
c c d
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2 Vd
sin B=1323V, - 5.3 > <?t>
and the quantity 0 1s proportional to the equlvalent length of the path
for heat transfer through a given spherical particle by conduction.
They took ti equal 2/3 for spherical particles of |ow conductivity. For
nonspherical particles and spherical particles of high conductivities
they found that using Q equal 1/2 inproved agreerent between cal cul ated
and experinmental conductivities. The nunber of points of contact in
beds of spherical particles, (si n2 B)'l, is taken fromthe experinental
work of Smith, Foote, and Busang (40). WIlhite, Kunii and Smth found
good agreenent between predicted and experinental results for a large
body of data inthe literature (33, 35, k, k2, k$ and kk). Masamune
and Snith (75 present a further Variation of this nodel with terns to
predict the effect of pressure on bulk gas conductivity and to eval uate
a solid-to-solid heat transfer contribution to effective thermal conduc-
tivity.
Li near | sot hermns
For cubes in a cubic array with the assunption of |inear isotherns,
the expression for effective thernmal conductivity is
(. VIS, S,/I3
k., =k ¢ (22)
ofc - vd2/3 *\/ r (vd2/3 -V J

c
This expression was first derived by G S. son Frey (31) to describe the

electrical conductivity of binary aggregates. Russell (k6) |ater obtained



