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Parallel computing for mixed integer programming 

Introduction 
A great variety of practical problems in areas such as logistics and manufacturing can be formulated as mixed 
integer programs. Therefore, effective and efficient mixed integer programming software will have a significant 
impact on improving the planning and operation of various production and distribution processes. Unfortunately, 
the available software cannot solve many of the large-scale instances to (near) optimalitv in a reasonable amount of 
time. Parallel computing provides an opportunity for substantial progress in mixed integer programming and in 
this project I am exploring and exploiting these opportunities. 

I am focusing on the development of an environment for the implementation of effective and efficient parallel 
linear programming based branch-and-bound algorithms for mixed integer programs. Topics that are being studied 
include reformulation, decomposition, row and column generation, row and column management, branching, 
parallel architectures, fine and coarse grained parallelism, task allocation, communication, and synchronization. 
The project also involves the development of a modular experimental code to test and evaluate the ideas and 
methodology that result from the basic research. 

This project will result in a better understanding of the potential of parallel computing for mathematical 
programming and the implementation of special purpose algorithms for specific problems in logistics and 
manufacturing. 

Mixed Integer Programming 
As mixed integer programming problems are very difficult, optimization algorithms have to rely on some form of 
enumeration, usually branch-and-bound. In the past decade, research on linear programming based branch-and-
bound methods for mixed integer programming problems has focused on improving the linear programming 
approximation. Reformulation techniques have been developed that have proven to be quite successful. As a result, 
two important variants of branch-and-bound have emerged: branch-and-cut and branch-and-price. 

The basic idea of branch-and-cut is simple. Classes of valid inequalities are left out of the linear programming 
relaxation because there are too many constraints to handle efficiently and most of them will not be binding in an 
optimal solution anyway. Then, if an optimal solution to a linear programming relaxation is infeasible, a 
subproblem, called the separation problem, is solved to try to identify the violated inequalities in a class. If one or 
more violated inequalities are found, they are added to the linear program to cut off the infeasible solution. Then 
the linear program is reoptimized Branching occurs when no violated inequalities are found to cut off an 
infeasible solution. Branch-and-cut allows separation and cutting to be applied throughout the branch-and-bound 
tree. 

The philosophy of branch-and-price is similar to that of branch-and-cut except that the procedure focuses on 
column generation rather than row generation. 

Parallel Computing 
Parallel computing systems offer the promise of a quantum leap in the computing power that can brought to bear 
on many important problems, including mixed integer programming problems. 

Parallel computing systems consist of several processors that are located within a small distance of each other 
and that are specifically designed to jointly execute a computational task. There are several issues related to 
parallel computation that do not arise in serial computation. A first issue is the task allocation, that is, the 
breakdown of the total workload in smaller tasks that have to be assigned to different processors, and the proper 
sequencing of the tasks when some of them are interdependent and cannot be executed simultaneously. A second 
issue is the communication of interim results between processors. In many parallel algorithms the time spent on 
interprocessor communication is a sizable fraction of the total time needed to solve a problem. A third issue is the 
synchronization of the computations of different processors. In any parallel algorithm, it is necessary to coordinate, 
to some extent, the activities of the different processes. In synchronous methods, processors wait at predetermined 
points for the completion of certain computations or for the arrival of data. In asynchronous methods, there is no 
requirement for waiting at predetermined points. 



Parallel Mixed Integer Programming 
The observation that any two nodes of the search tree, each dealing with a subset of the solution space, can be 
solved independently, provides a natural basis for parallelization of branch-and-bound algorithms. Branch-and-cut 
as well as branch-and-price algorithms provide additional possibilities for parallelization: 
1. Both branch-and-cut and branch-and-price algorithms require the solution of an optimization problem to 

generate violated rows and profitable columns respectively. In many cases, these problems are difficult and 
decomposable and could be solved by one or more dedicated processors. 

2. Both branch-and-cut and branch-and-price algorithms require advanced row and column management 
functions to control the size of the active linear program. Cut pools and column pools could be maintained by a 
dedicated processor. 

In this project, we are exploring the possibilities that parallelization has to offer specifically for branch-and-cut 
and branch-and-price algorithms. 

Research Plan 
To accomplish the goals set for this project, the following four phase research plan research plan has been adopted. 
1. Development of a plain parallel LP based branch-and-bound algorithm for mixed integer programming. 
2. Development of parallel branch-and-cut and parallel branch-and-price algorithms for specific optimization 

problems. 
3. Experimentation with the parallel algorithms developed in the first phases to develop and analyze task 

allocation procedures, communication protocols, row and column management schemes, and tree search 
strategies. 

4. Examination of the various components of state-of-the-art mixed integer programming solvers to determine 
whether they offer additional opportunities for parallelization. 

Project status 
The first phase of the research plan has been completed. A plain parallel LP based branch-and-bound algorithm for 
mixed integer programs has been implemented in C++ and has been tested on two different platforms: a network of 
workstations and an IBM SP/2 parallel computer. Because it is essential to minimize idle time and search overhead 
in order to achieve a high speedup, we have developed a flexible load balancing algorithm. 

The second phase of the research plan is in progress. A parallel branch-and-price algorithm has been 
developed for the generalized assignment problem. With this algorithm, we have been able to solve instances with 
sizes that were impossible to solve with any of the existing sequential algorithms. We have also completed the 
design for a parallel branch-and-cut algorithm for mixed integer programs and are currently working on its 
implementation. The activities of this phase have already lead to important insights in the general characteristics of 
parallel branch-and-bound algorithms for mixed integer programming. 

The third phase is in progress as well. We have designed four different row management schemes for branch-
and-cut algorithms. The schemes differ in the storage location of the generated cuts: cuts are kept in local pools, in 
a global pool, in replicated global pools, or in a distributed global pool. Each of these row management schemes 
has different communication requirements. The choice of which schemes works best depends on the problem type, 
cut type, and architecture. We are in the process of implementing these schemes. 
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Parallel computing for mixed integer programming 

Introduction 
A great variety of practical problems in areas such as logistics and manufacturing can be formulated as mixed 
integer programs. Therefore, effective and efficient mixed integer programming software will have a significant 
impact on improving the planning and operation of various production and distribution processes. Unfortunately, 
the available software cannot solve many of the large-scale instances to (near) optimality in a reasonable amount of 
time. Parallel computing provides an opportunity for substantial progress in mixed integer programming and in 
this project I am exploring and exploiting these opportunities. 

I am focusing on the development of an environment for the implementation of effective and efficient parallel 
linear programming based branch-and-bound algorithms for mixed integer programs. Topics that are being studied 
include reformulation, decomposition, row and column generation, row and column management, branching, 
parallel architectures, fine and coarse grained parallelism, task allocation, communication, and synchronization. 
The project also involves the development of a modular experimental code to test and evaluate the ideas and 
methodology that result from the basic research. 

This project will result in a better understanding of the potential of parallel computing for mathematical 
programming and the implementation of special purpose algorithms for specific problems in logistics and 
manufacturing. 

Mixed Integer Programming 
As mixed integer programming problems are very difficult, optimization algorithms have to rely on some form of 
enumeration, usually branch-and-bound. In the past decade, research on linear programming based branch-and-
bound methods for mixed integer programming problems has focused on improving the linear programming 
approximation. Reformulation techniques have been developed that have proven to be quite successful. As a result, 
two important variants of branch-and-bound have emerged: branch-and-cut and branch-and-price. 

The basic idea of branch-and-cut is simple. Classes of valid inequalities are left out of the linear programming 
relaxation because there are too many constraints to handle efficiently and most of them will not be binding in an 
optimal solution anyway. Then, if an optimal solution to a linear programming relaxation is infeasible, a 
subproblem, called the separation problem, is solved to try to identify the violated inequalities in a class. If one or 
more violated inequalities are found, they are added to the linear program to cut off the infeasible solution. Then 
the linear program is reoptimized. Branching occurs when no violated inequalities are found to cut off an 
infeasible solution. Branch-and-cut allows separation and cutting to be applied throughout the branch-and-bound 
tree. 

The philosophy of branch-and-price is similar to that of branch-and-cut except that the procedure focuses on 
column generation rather than row generation. 

Parallel Computing 
Parallel computing systems offer the promise of a quantum leap in the computing power that can brought to bear 
on many important problems, including mixed integer programming problems. 

Parallel computing systems consist of several processors that are located within a small distance of each other 
and that are specifically designed to jointly execute a computational task. There are several issues related to 
parallel computation that do not arise in serial computation. A first issue is the task allocation, that is, the 
breakdown of the total workload in smaller tasks that have to be assigned to different processors, and the propeT 
sequencing of the tasks when some of them are interdependent and cannot be executed simultaneously. A second 
issue is the communication of interim results between processors. In many parallel algorithms the time spent on 
interprocessor communication is a sizable fraction of the total time needed to solve a problem. A third issue is the 
synchronization of the computations of different processors. In any parallel algorithm, it is necessary to coordinate, 
to some extent, the activities of the different processes. In synchronous methods, processors wait at predetermined 
points for the completion of certain computations or for the arrival of data. In asynchronous methods, there is no 
requirement for waiting at predetermined points. 



Parallel Mixed Integer Programming 
The observation that any two nodes of the search tree, each dealing with a subset of the solution space, can be 
solved independently, provides a natural basis for parallelization of branch-and-bound algorithms. Branch-and-cut 
as well as branch-and-price algorithms provide additional possibilities for parallelization: 
1. Both branch-and-cut and branch-and-price algorithms require advanced row and column management 

functions to control the size of the active linear program. Cut pools and column pools could be maintained by a 
dedicated processor. 

2. Both branch-and-cut and branch-and-price algorithms require the solution of an optimization problem to 
generate violated rows and profitable columns respectively. In many cases, these problems are difficult and 
decomposable and could be solved by one or more dedicated processors. 

In this project, we are exploring the possibilities that parallelization has to offer specifically for branch-and-cut 
and branch-and-price algorithms. 

Research Plan 
To accomplish the goals set for this project, the following four phase research plan research plan has been adopted. 
1. Development of a plain parallel LP based branch-and-bound algorithm for mixed integer programming. 
2. Development of parallel branch-and-cut and parallel branch-and-price algorithms for specific optimization 

problems. 
3. Experimentation with the parallel algorithms developed in the first phases to develop and analyze task 

allocation procedures, communication protocols, row and column management schemes, and tree search 
strategies. 

4. Examination of the various components of state-of-the-art mixed integer programming solvers to determine 
whether they offer additional opportunities for parallelization. 

Project status 
The first phase of the research plan has been completed. A plain parallel LP based branch-and-bound algorithm for 
mixed integer programs has been implemented in C++ and has been tested on two different platforms: a network of 
workstations and an IBM SP/2 parallel computer. Because it is essential to minimize idle time and search overhead 
in order to achieve a high speedup, we have developed a flexible load balancing algorithm. 

The second and third phase of the research plan are in progress. Basic parallel branch-and-cut and 
branch-and-price algorithms have been developed. The implementations rely heavily on the weak synchronization 
and consistency requirements of branch-and-cut and branch-and-price algorithms, which provide the flexibility 
that is necessary to be able to exploit parallelism successfully. For example, the correctness of a branch-and-cut 
algorithm does not depend on whether or not cuts are generated nor does it depend on when cuts are generated. 
Experimentation with these basic algorithms has increased our understanding of the issues in developing parallel 
implementations of branch-and-cut and branch-and-price algorithms. 

The fundamental issue in parallelizing a branch-and-cut algorithm is the management of the set of cuts. A good 
distributed cut management scheme should aim to achieve the following goals simultaneously: 
• Minimize total cut generation time over all processors. A careful design may allow communication to beat cut 

generation, thus reducing overall cut generation time. 
• Maximize "useful sharing" of cuts. Since sharing of cuts involves communication, we would like to share only 

relevant cuts. 
• Minimize latency of access to cuts. If there exists a relevant cut, the processes should be able to readily find it. 
• Minimize bandwidth. We do not want to flood the communication system with cuts. 

It is easy to see that these goals are inter-related, and tradeoffs have to be exploited by varying the degrees to which 
each is satisfied. 



One straightforward implementation for distributed cut management consists of a central process that holds all the 
cuts, and acts as a server to all the other processes. The advantage of such a centralized scheme is the sharing 
of information. This sharing results in minimal duplication of effort in cut generation, and potentially in some 
synergism, because a cut generated at one processor may be found to be effective for nodes of another processor as 
well - this second processor benefits from the cut, which it may never have been able to generate itself. The 
disadvantage of this approach is high contention and latency; the central process can become a bottleneck and 
communication costs can be high. Clearly, this scheme does not scale well with the number of processors. 

Another approach to distributed cut management is to make the cut pools fully distributed and independent, where 
every process maintains its own cut pool locally, and no sharing takes place. The advantage of the independent 
distributed sets is that the latency of access to a cut is almost constant, and it is bounded by the maximum cut 
generation time. However, at least two undesirable phenomena occur. First, duplication of effort takes place in 
terms of cut generation and memory7 requirements for storing the cuts. Second, since the cuts that are generated are 
typically globally valid, irrespective of the process at which they are generated, the advantage of sharing the global 
information is lost in a distributed implementation. Hybrid cut management schemes may be necessary to have a 
proper balance between the two extremes discussed above. 

We have implemented a flexible cut management scheme that allows experimentation with the various schemes 
outlined above. 

Branch-and-price poses many challenges to the parallel implementer as well. Should there be a single central pool 
of generated columns? Is there an advantage to sharing generated column information between processors? If so, 
how? If information is not shared, should the task scheduling algorithm be adjusted to take into account that some 
processors may be able to solve some problems faster than others, having already generated most of the applicable 
columns? Because columns are typically not globally valid, it may be better to have a subtree as a unit of work 
instead of a node, which is typically the case in branch-and-cut algorithms. 

With all the necessary tools in place, in the remainder of the project we will complete and fine tune the cut and 
column management schemes, we will investigate how the parallel computing environment can be exploited to 
determine good feasible solutions early in the search process, and we will explore ways to take advantage of the 
startup phase in which not all processors are evaluating nodes of the search tree. 
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SUMMARY OF COMPLETED PROJECT 

Parallel computing can significantly enhance our ability to solve large-scale 
mixed integer programs (MIPs). Since a great variety of practical problems in 
areas such as logistics and manufacturing can be formulated as mixed integer 
programs this will have a significant impact on our ability to effectively plan and 
operate various production and distribution processes. 

Although parallellization of traditional linear programming (LP) based 
branch-and-bound algorithms is fairly straightforward, this is not the case with the 
more recent and more sophisticated branch-and-cut and branch-and-price 
algorithms. The reason being the fact that more information can and needs to be 
shared between the different processors. 

Our research has demonstrated that the key to building effective and 
efficient parallel MIP solvers is to carefully analyze the importance of globally 
valid information generated during the solution process, such as conflict graphs, 
pseudo costs, and valid cuts, and, based on this analysis, to carefully design the 
algorithms that generate, use, and maintain this globally valid information. 

Cut management in parallel branch-and-cut algorithms is an illustrative 
example. A flexible hybrid distributed cut management scheme, based on four 
types of cut pools, has been shown to outperform fully centralized and fully 
distributed cut management schemes on a variety of computing environments. 

During the research project, we have developed PARI NO (PARallel 
Integer Optimizer). PARINO is an easy-to-use environment for developing and 
testing parallel implementations of integer programming techniques. 
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