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SUMMARY

The objective of this research is to dévelop eétimation algorithms
for noisy dynamical systems represented by partial differential eqﬁations,
and to evaluate their performance on a digital conpqtér; Filtering and
smoothing algorithms are develope& for noisy vector distributed systems,
each of whose componénts is at most second oraer. Two classes of systems
are assumed--those for which noise statistics are known and those whose
noise statistics are unknown. For the first class distributed white dis-
turbances in the dynamics and measﬁreﬁents are assumed and_the iﬁnovations'
approach is used. TFor systems where the noise statistics are unknown, a
least gquares fit estimation approéch is used. The.estimate is required
to minimize a positive definite functional which results in a tﬁo%point
boundary value problem, The solﬁtion to this boundary value problem is
obtained gsing invariant embedding, converting it into an initial (6;'
final) wvalue problem, The results of these algorithms are applied to
qepresentative problems in engineering, and.compared with previously

existing algorithms.




CRAPTER I
INTRODUCTION

The broblem of estimating states in distributed systems grises in

almost every kind of'dynamic_éystem. Every dynamic'system'is by nature

distributed, but if in the course of its motion its energy is sufficiently

concentrated at one point, it can be described by a lumped system. A
typical example is the charactgrization of the behavior of a homogeneous
vibrating beam by an ordinary diffefential equation describing the motion
of the lowest eigen-mode. Hoﬁever, there are other systems which at timés

cannot be thus described, and must be characterized by partial differen-

tial gquations. Noisy terms in distributed systems arise due to a number

of factors, 1ike incompiete information on_the system behavior, improper
characterization, etc. An example shall illustrate fhis._ Considef the
problem of modeling neutron flow in a nuclear.teactbf; A neutron is a
particle, but its flow is, for purpose3'6£ keeping analysis simplé, char-
acterized by that of a fluid. The.discrepancy between the chsracteriza—.
tion of neutron flow as fluid motion vis-d-vis particle motion gives
arise to a stochastic noise term which can be measured. Measurement in
itself introduces uncertainty, so we see that ourlsystem is characterized
by both dynamic aﬁd measirement uncertainties. 5o it is desirable to

know the actual state in the absence of noise, and it is to these points

_that this thesis addresses itself.
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1.1. History of the Problem

A considepabie body of literature exists pertaining to the esti-
mation_of states for distributed systems. These works have widely dif-~
ferent symbolisms, measurement processes and boundary conditions éssoci—
ated with them: Since no rigorous extension of the Tto calculus to
infinite_dimEnsional systems is at present available, although it is being
researched (1], such problems are attacked by Indirect means. Falb (2] |
considers the linear filtering probiem in Banach space formalism. .Thel'
behavior of the system is assumed represented by an abétract differential -
equation with additive "white noise.” Homogeneous boundary conditions
are assumed, and an abstract orthogonal projection lemma obtained. Using
an extension of Kalman and Bucy's &ork [12], the minimum-varilance estimate
in a Banach space 1s obtained. Tzafestas [3] and Thau (4] obtain identi-
cal results using the more conventional formalism for partial differential
equations, for continucus and discrete measurements, respectively.

A different approach to tﬁe linear filtering problem is taken by
Balakrishnan and Lions [S5]. Based on the observation that for a lumped
system with Gaussian disturbances, the estimatioﬁ problem is the dual bf

the optimal regulator problem, they derive a minimum mean square filter

in case there are noisy measurements, but no dynamic noise is present.

Meditch [6].a130 considers the filtering problem in an identical manner
for linear systems with dynamic noise present.

Tzafestas considers the filtering problem for linear Gaﬁssian
syatems using the maxiwum likelihood approach [9], and the maximum a
posteclort (MAPF) approach [10].

The linear smbothing problem has not been éo extensively studied




as the filtering problem. Tzafestas derives a '"two-filter' version of
the fixed interval smoothing algorithm for distribﬁted Gaussian systems
(3], [9). A different algorithm is defived using the MAP appreach {10].
The 'two-filter' algorithm'is far mere complicated ﬁhan the HAP-algorithm.
Using the rather complex limit procedure of Meditch [12], Tzafestas de-
rives fixed point an& fixed lag smoothing algorithms for linear Gaussian
systems.

The nonlinear estimation problem has been studied by Tzafestas [9],
[10] for additive Gaussian disturbances, .Using a first order lineariza-
tion of the model, extended Kalman algorithms are obtaiued._ Lamont (8]
using a least squares estimation criterion and the invariant embedding
approach has derived a nonlinear algorithm fof filtering. Seinfeld et al.
[14]) use an identical approach, but discretize the system to a iumped
system, Gavalas et al. [18] extend.Lamont's results to a very general
distributed-lumped system using the same technique. -Tﬁe nonlinear smooth-

ing problem has not been studied in any detail.

1.2, Statement of the Problem

The above review of the literature can be summ#rized tﬁus: The
linear Gaussian filtering algorithm have been derived using orthogonal
projections [2] - [4], least squares [5], maximum;likélihood [el, MAP
[10]. For arbitrary disturbances of unknown statistics, least squares
have been used [6]. The linear Gaussian smoothing problem has been ap-

_proached usiug MAPIIIO]. Extended Kalman estimati@n aigorithms exist
for nonlinear systems with additivé Gaussian noises [10]. .For ﬁoises of
arbitrary statistics, an invariant embedding filteriﬁg algorithm exists

(71, [81, [14]. No smoothing algorithms exist.




This points the need for having smoothing algotithms, for arbi;
trary noises, for both linear and nonlinear systemé. Smoofhing is of
intérest in general dynamical systems because of the improvement in the
estimate as evidenced by the reduction in error covariancg.

The compqt#tional problem-aséociated yith any estimation algorithm
is of supreme importance bécause eventually the glgorithm 1s going to bhe
p?ocessed on a computer, Veryllittle attention appears to have been
devoted to the computational aspects of the estimation problem, other
than the results of Seinfeld et al. [14], who approached the problem by
discretizing the system in space alone to get a.set of ordinary differ-
ential equations for the estimator. These are cumbersome fo splve on a
digital computer.

With this short survey into the previous lifrerature existiﬁg on
the subject, we can now detail the problems to .be consideyed in this
research: | |

(a) Definition of a gomplete get 6f problem cons;raiﬁts ﬁhich do -
not exclude nonlinearities or nongaussian statistics, and derivation of':
least squares estimators for the various smoothing prdbléms.' Filtering
algorithms similar to the ones obtained by Lamon; [8], Seinfeld [14],
are necessary adjunbts to the smoothing algorithms.

(b) Derivation of smoothing algorithms for systemws with white
nolse disturbances via the innovafions approach.

{e} An exémination of thé computational feasibility of the above
developed algorithms for computer execution time, storage requiréﬁents
and accuracy vis-a-vis the previously existing algorithms of Seinfeld

et al. [14] ard analyses of practicality by application to representative:

engineering problems.
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* CHAPTER IT
THE ESTIMATION PROBLEM WITR UNKNOWN NOISE STATISTICS

As stated in Chapter I, classical least squares coupled_with the .'. |-

invariant embedding approach'shall be used in this section to derive
smoothing algorithms for systems with unknown noise statistics. In this

chapter, the class of systems to be considered are defined and the

least squares functional obtained; prior to detailing the solution to

the various estimation problems outlined below.

2.1. System Mbdelland ProBlgg_Formulation_

Let {) be a bounded, connected, open subset of n-dimensional
Euclidean space E” with piecewise smooth boundary 9%t. Let t deuote
el

We coneider systems governed by the noisy vector partial differ-

time on the fixed interval [to,t

ential equation of the form

. : o
xa:' £ = N(x,y,¢,q(8)) + w(y,t), ye @, Eix(?,to)( =X, 2.1
where x(y,t) is the n-dimensional state vector;

w(y,t) is the n-dimensional disturbance vector of unknown

statistics;

N 1is an n-dimensional honlinear spatial differential or integro-

differential operator of order k defined on Q.




For each t ¢ [to,tf] we assume x(y,t)elg(g) and w(y,t)glg(ﬂ).

The n -vector g(t) (independent of y) is defined by

dgq(t)
at = Nq(t,Q) + gl(t)

‘and the boundaty condition is of the form -
Ny (%,y,8,2(6)) = £5{y,t) ¥y ¢ 3 @
The my- vector r(t) (independent of y) is governed by

dr(t) _ o ' S
Faal KOO | |

. 'where Nb is an ny-dimensional spatial operator on 32 with n; < n

and operator order < k;

£1(t), gz(y,t), £4(t) are independent random processes with unkaown

statistical characteristics;

Nq and Nr are nonlinear n; and nj-dimensional vector functioms.

The state of the system is St = &(y,t), q(é), r(t) 1Y e Q.
t e[to,tf]}.

The obgervation is assumed to be of the form¥*
z(y,t) = h(x,y,t) + v(y,t) y e Q

wvhere h is a bounded, continubus, L-yector spétial operator;
v(y,t) is the unknown additive measurement noise,

For all t ¢ [to,tf], v(y,t) € L%(Q) is assumed.

* ' S
Observability of the system is discussed in Appendix C.

(2.2)

(2.3)

(2.4)

(2.5)




The model as postulated here is rather general and encompasses a

]

very wide class of systens. In reality, by assuming broad generality

for the s&stem model, we would be sacrificing some very powerful mathe-

' maﬁical tool which would not otherwise easily extend to systems of

-arpitfary order. So, in particular, to facilitate application of Grgen's

' theorem and the concept of adjoint systems, we restrict our_s?steﬁs such

that
9x azx
‘ N(x,y,t,q(t)) = £0x,7,3%, =5, t, q(t))
T %

The estimation dalgorithms requiré a linearization about a nominal tra-

jectory and by making the assumption that a Frechet derivative of N

~exists, the application of Green's theorem greatly simplifies the anal-

ysis.

This also requires that we restrict our boundary operator to

Nb(x’y’t’r) = 3(15':%"?_" th!r)

where 3[ ]/90 denotes the derivative w.r.t. the outward normal n. Such an

assumption is not particularly restrictive, as it encompasses within
it all quasilinear parabolic and hyperbolic systems. The only system
of any importance left out is the transient biharmonic equation.

The model ae formulated then 1is a very general model describing
both distributed and lumped systems. Such systems arise, for instance,
in describing the heat condqption process where the temperature of the
medium Is controlled by the fuel flow [27]. Purely distributed syséems

arise so often in nature that no mention need be made of the field of




application of this model.
Note that the measurements on the system are considered only in

the volume 9 . No measurements on the boundary are assumed. Boundary

measurements can be incorporated into the system model by a slight ex-
tension of the present analysis.

The state estimation problems to be considered here are: (a) The

Filtering Problem. Given measured data 2(y,t) : ye Q from¢ = to to
the present time ¢t = t and an initial estimate ﬁ(y,to|to)_together with

its covariance matrix

P (y,¥;) = Ply,y),t jt )

find an estimate stlt of the current state St. (b) The Fixed-Interval

Smoothing!?roblem. Given measured data z(y,T) : y e Q% 1 ¢ [to,tf]

and an initial estimate i(y,t0|to) t y e together with its covariance
matrix, find a smoothed estimate St|t over the entire fixed-interval
==2C _ £

te [to.tf]. (c¢) The Fixed-Point Smoothing Problem. Given data as

above, find a swoothed estimate S at only one particular time t = T

t|r
within a time interval [to,tf]. (d) The Fixed-Lag Smoothing Problem.

Given data as above, find a running smoothed estimate S which lags

t|t+e
behind the time of the wost recent observation by a constant amount of
time p. .

The eétimation criterion for any admissible estimate St =

{x(y,t), q(t), r(t) : vy 0, t ¢ [to,tf]} is the minimization of the

least-squares error functional

i =3 fto ff (20r,0) = bilx,y,t) Qly,y;,t) (2(y,,¢t)




. ;
9
_ T ' ' %V
- h(x,y1,£))d0d0, + !glg[a—xa({-‘ﬁ - N(x,y,t}] R(y,¥1.t)
© ax(y,,t) | N
[ T ". N(Ksyl.t)]dﬂdﬂl + Iagfan(nb(xs)rst)) S(Y-Yl.t)

N, (x,7,,£)d(a0)d(e8,)) + |jq(e) - Nq(t)}lzTictj + [lee

- Nr(t) || 2T

W

at + fofoGx(y,t ) = x TR 7,y ) (xly ot )

- x (v,) dqdn, | (2.6)

In equation (2.6) the first three terms represent the weighted
observation residual over Q and the welighted dynamic residuals ovér 9]
and 30 respectively. The next two terms represent the weighted error
residuals in estimating q(t) and r(t) respectively. The last term is
the weighted residual for the initial state x(y,to). The weighting

matrices PO,Q,R,S are bounded, continuous, symmetric, symmetric in their
-1

EQ- spatial arguments, and positive definite. The inverse kernel Po is
33. defined by

i -1 -1

A [gBy (7202 (32,71)4% = [P (7,75)B (75,7048, = 8(y~y,) (2.7

Tl and T, are symmetric bound positive definite ﬁatrices. These facté
imply that a minimum for J exisats [18] subject to the constraints of

| equations (2.1-5).

5%' It 1is important to emphasize that no model for the ﬁncertainty

in either x or the variqus nolses are used, Weighted-least squares

st o
R

P R )
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eétimation theofy replaces modeling and optimality atguments.by the

intuitive judgment that a "reasonable" estimate of x would be obtained

by minimizing a weighted functional (2.6) of all the residual errors.

 2.2. The Euler-Lagrange Equations

In this section we reformulate the probler of minimizing the

functional (2.6) to facilitate application of variatioﬁal techniques.
Then the ﬁse of the calculus of variations to minimize (2.6) leads to
the derivation of the Euler-Lagrange equations for the estimation prob-
lems, ' These equations result'in a two-point boundary value problem
(TPBVP). These equations form the bagis for the work of the ﬁext few
sections wherin solutions to thé various estimation problems_are ob-
tained from this TPBVP by convérting it into-an 1nitia1 value problem.

The problem_is now recast go that the theory of optimal control
can be gpplied. We desire to minimize J with fespecﬁ'go St = {x(y,t),
q(t), r(t) : yaﬁ, t e [to,tf]} and {u1= i= 1,..,4} where o |

1 ts

J = -f fto{ !g!g(z(y'st) = h(x’y’t))TQ(Y’YI’t) (Z(Y9t) = h.(x’y],-’t))

T T

S(y,y,»t)uy(y;,)d(30)a (30 + |fu (t) 1% ey

g AL

, 2 ' -1,
* Wy g, ey } 28 + Jolo@Gty) = 2, o 8 oy

o t
: : N
(x(y;,to) - xo(yl))dﬁdnl = fto $ (St,ui,y,t)dt+ B x,l:o) (.2..8)

i
et
e
wy:
i

H :"2._ .: n

RTI WS



11
subject to the constraints
3’%—%&-“1- N(x,q,t) +u (};,t) , E ;x(y,toif = x(y), ye 8
—%%—- N (6,9) + u3(e)
| 2.9)

: Nb(x,r,y,t) = uy(y,t} yeaQ

dr .
T - Nr(r,t) + uq_(t)

The weighting matrices Po’ Q, R, S, T, Tz are as defined in Sec.
2.1 previously. The optimal controcl problem is recognized to be a Bolza
problem in the calculus of variations.

Defining the Hamiltonian H(ui,hi,y,t: i=1,3,4) as
H o= o(S,,u.,y,8) + [oA) (7, 000(x,q,y,¢8) + vy (y,8))de.
+ AE(Nz +u,) + kE(t) (NE + uq(t)) : (2.10)

where ¢ is as defined in (2.8) and Ak, shy are adjoint variables, we

obtain the extended functional

Y ftf H(S. 0, ,9.0) [Ty, 0[] a
= 0 xsto) + to{ t’ui’y’ - o' ¥,t -3_1?

- AT(B)ale) - AE(t)r(t)} dt (2.11)

Integrating by parts, this yields

TEeamts o oclmen

| H

S
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A
1
= 8(x,t ) + f M+ <k3,q> + <h,B + [ g Sp,x>daddt
o .

. : s it
- {19511,i>dﬁ + <Aa,&>*-<xq,r>}|tf | (2.12)
: o

where < , > denotes the scalar product.

A necessary COndition'fbr a minimum is that the first variation

of J vanish for arbitrary variations sst and 6u,, 1 = 1..,4 [20]. The

i)
first variation 1s given by

81 = I

se( o) . b (¢ &H .. o ... . 9H ..
P 8x> dﬂ + f { jQ¢§§,6x>dQ + <§E’6q> + <§;36r>

I:
GH -~
+ Ian Gﬁ’ 5x>d(39)} dt + It IQ 6u1>dﬂ + f Gu ,8Go>d(3Q)

t
BH aH -~ ~ ~ -~ f
+ —— 5 > 4 <..__.’5u >}dt-{ <) L8¥>dQ - <) ’5 > = <) ,.51-}

31.!3 3 duy b Q "’ 3-74 “ t

tef . SR _ -
+ It {<13,66> + <y 61> + IQ¢5€~,6x>dQ}dt _ (2.13)
o

where &§( )/3( ) denotes the functional derivative_[Zl].

The first variation 8J shall vanish if

! sH

_—E—_ ,‘GT]"‘=‘0 YEQ

sl
b

(2.14)

o] o
Wy
H
[
-
|
[
“
)
ar
=

| 1
a
=+
1
a2
-]
a
=+]
o
=]




13 .
together with the terminal conditioms
ll(y,t ) =0
-1
M.t = <fP YD R (1Lt ) - % (y1))48
(2.15)
As(tf) =0 = A3(t)
lu(tf) =0 = J\q(to)
The control 4, can be obtained from (2.14) to yield
G (y,t) = - IQR'I(ym,t) (y1,t)de - (2,16)

To obtain SH/S% ; y € R, and 6H/6X ; y € 3 2, we write the full expres-

sion for &M:

SH = fg E—,Gx>dﬁ + IGQ ,0%>d(3Q) + f A1,(N)A5x>d9

where (N)ﬁ denotes the Frechet (strong) derivative of the operator N[22].

Using the compact Green identity this becomes

SH = fn + (le ,8%>d + Ia‘Q = L (v ) A, 68> (39) (2.17)
3
Hence éH 1 6¢
_ 'gg il 6“ + (N) hl . yeg (2,18)

- along with the boundary condition:
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* - o
%ﬂ- =0m (NJoA ye o Q : (2.19)

¥

since 60/8x is zero for y € 8 2. In eqns. (2.17)-(2.19), (N)ﬁ denotes
the adjoint of the linear operator (N)i’ |

Eqns, (2.14) and (2.18) along with (2.10) yield

-3 ' .
—EEE' (N)al + fg(. ) Q(y,yl,t)(z(Y1,t) - h(k,y,,t))d2;, yeq  (2.20)

u, (y,t) = - Iaés-l(y,yl,t)K(yl,t)hl(yI,t)d(anl) yean (2.21)
w3 (t) = = T, (0 - @.22)

u(t) = - T, (6) o (2.23)

- Aa(t) = jQ(N)gll(y:t)dQ + (N&)§A3(t) @26

- R0 = [0 G,0d060 + GO0 @25

The form of K(y,t) and the boundary conditions for Xl(y,t) are obtainad

by assuming that the linear operators (N)x and (Nb)x have the form [23)

(N)xl-]' = f 5 t) ?5fi%——-+ Y B (y,t) al-], C(y,t)
i,j=t 13 ;5 qa1 vy

(2.26)
a[ ]

) -] = Ay, (37,001 + By, (y,t)

where 3/3¢ is the derivative w.r.t. the conormal of R relative to the




i

operator (Nb)x. With this formalism, one can show [23]

K1) = (D) (7, DA (5,8)

where

nrn 23172
AU(ytt) "'{ Z [ Z Aij cos_(n,xi)] } _

3=1 Li=1

15

(2.27)

with n the interior normal of @, Furthermore, with this fdrmaiism, the

boundary condition for X,(y,t), eqn. (2.19), becomes, with the help of

Green's identity (23]

9 A
A: 1

= 0 ye 3R

where

n A
D. =B, — a_ij
i i jzl ij

The boundary wvalue problem can now be written down as

3t

§(E) = No(@,8) = TTH(E)A4(0)

B(t) = Na(£,8) ~ T,(0)a, (t)

T, -1,T 2T _ *
o5t Ay My, At - izlni cos)n,y A (y,8) = (8D )

ax(y,t) _ N(%,4,7,t) - IQR‘l(y’yI,t)Al(y,t)dQ yeQ

(2.28)

(2,29)
(2.30)

(2,31)

along with the adjoint equations (2.20), (2.24), (2.25) and boundary

equations (2.21) and (2.28) with terminal conditions giﬁen by (2.15)
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In essence, any estimation algorithm comprises of estimator equations,

adjoint equations and boundary conditions tasbulated in Table 1.

Table 1. General Estimation Algorithm

Estimator  Estimator Eqa. = Adjoint Eqn. . B.C. I.C.
X(y,t) (2.29) (2.20) (2.21),(2.28)  2.15a
q{t) (2.30) (2.24) 2.15b
£ (2.31) ' (2.25) 2.15¢

The above equations are used to derive the filtering algorithm in

Appendix A, and the smoothing solution in the next few sections,

2.3, The Smoothing Problem

Much attention has been devoted to the linear and_noﬁlingér filter~
ing algorithms [1]1-[6], [8]-[10] for distributed systéms,.with some
attention to the prediction probleﬁ.[3], [9]). The smoothing problem
has received considerably less attention despite the fact that consider-
able reduction In error, above that obtained by the filtering solution,
is possible. Previous approaches to solving the linear smoothing problem
have included orthogonal projections [3], Bayes' approach for white
Gaussian.disturbances [10]. The only algorithms for nonlinear plants
existing are linearized Kalman algorithms [10], obtained by linearizing
the plant about a nominal trajectory. Purely nonlinear estimatore for

arbitrary disturbances do not exist.

The results obtained in this section are extensions on previous

e mrm———— m e e et
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attempts to get smoothing results [10] and form a major con;ribution of
this thesis. We shall develop éolutions to the varioﬁs smoothing prob-
lems ocutlined in Sec. 2.1 which avoid the direct solution of the TPBVP .
posed in Sec, 2.2, The approach used is invariant‘embedding, which con-

: verté-the BVP into a more general élass of problems. To proceed with the
invariant embedding solution for smoothing, we need the filtering solu-
-tion. The filtering solution has already been developed for similar
models by Lamont and Kumar [8], Hwang, et al. [18]). Its derivati&n is
given in Appendix A because of the frequency with which it is referred to.

2,3A. Fixed-Interval Smoothing

Often it is necessary that better estimates than the crude filtered
estimate be‘obtained for data interpretation purposes. If in case there
is no need for immediate data interpretation, the filtered estimate can
be stored in its entirity over the entire observatipn pefiod, and we can

‘refine this estimate using the fixed interval smoothing routine. The
fixed Interval smoothing problem was outlined in Sec, 2.1, The estimaté
resulting is in general the best obtainable for anj smoothing routiné
because knowledge of the filtered estimate over the entire observation
interval is available. For linear systems least covariance of error
also results. The disédvantage is the amount of computer memory storage
required, As the fixed interval smoothing problem inveolves data over the
entire observation interval, it is clear that the algorithmic computation
must be done off-line. We first assume that we have obtained the filtered
estimate ii(y,t),ﬁ(thf(t)} and associétéd covariances from the algorithm
of Appendix A, Then we wish to solve the TPBVP posed by eqns. (2.20),

(2.24), (2.25) and (2.29)-(2,31) along with associated boundary conditions,

el kel b im Do wm T oatposle
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backward in time for all te [to,tf] with initial conditions .

-

x(y,tfltf) = X(y,t.), q(tfltf) - q(tf),_r(tf[tf) = £(t) (2.32)
where ﬁ(y,tltf), ﬁ(t|tf), E(t]tf) denote smoothed estimates., In terms

of our new notation for the smoothing solution and the initial conditions at

at the final time t_, we can write the TPBVP as

f’
ai(y,tltf) X o __']( | o
— at N(x(y‘,tltf) ’Y;q(tltf) »t) - IQR YY1 ,t)ll(y,tltf)dﬂl
(2.34)
s ~ "1
qltlty) = Na(i(elep),0) - T (rs(elep) (2.35)
é(tltf) = Nf(f(tltf),t) - T;l(t)lq(tltf) - C(2.36)
with initial conditions given by (2.32) and boundary condition
[Nb]ﬁ x(y,tltf) =0 vyedl ' (2.37)

The adjoint equations are

(V) (v,tle,) + oh '
ot ﬁ(y,t.]tf)h ¥ f Ig[aﬁ(}',tltf) ]

a(z - hix(y,,t|t ), yp.tleday - - (2.38)
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. T _
- kq(tltf) = fanlﬂblkal(y.tItf)d(an)f-[NE]E(tltf)xq(tltf) (2.40)
with boundary conditions
Iﬂblg(y’tltf)kl(y.tltf) =0 yeodan (2.41)

Egns. (2.32?41) now cogstitute_the fixed interval smoothing iPBVP. As
is apparent'from (2.32) and t2.33) tﬁe fil;ered estimate {ﬁ(y,tf),
ﬁ(tf),li(tf)} and the terminal adjoints Al(y,;f), Aa(tf), Au(tf) consti-
tute a set of boundary conditions at the terminal stage which convert
cur TPBVP to an initial vélue frobiem which may.be backswepﬁ to obtain
a fixed interval smoothing estimate., To avoid stabiliti problems assoc-
iated with reverse time solution of canonic equations, it is preferable
to make 2 linear approxihation for the A's that expresaés'the depend-
ence of the fixed-interval smoothing solution.on the filtered sclution.
For linear systems {(cf, Chapter III) this would be equivalent to a
Riccatti transformation of the adjoint variable. From eqn., (2,.15) we

see that an appropriate choice is

Mntley) = - IQPIf(y,yl.t)(i(y.t|tf))dn_— Pls (vaDice |ty

- P;}(y,t)i(cltf) (2.42a)

P

I L P
et L5 e i g
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(/e = - [RTIGL,0R,t[e)de - PLedc e )
_1.. . . . .
- Por(e(ey) | - (2.42b)
aele) = - [p7i¢ t)i(. t|t)da - p‘l(t)”(tlt )
- PRt |e,) ' | (2.42¢)
b f :
where
x(y,tlty) = - x(y,t) + x(y,c]ey) - (2.43)

with similar expreasions. holding for E(E I'tf) and E(t]tf). Substituting

(2.42a,b,¢) into (2.34), (2.35), (2.36) respectively ylelds for the

smoothed estimate

3K(Y,t|tf) N(3 I N I II -1 |
— a't'_ - (x(Yat tf)s q(t tf)s Yat) + Q QR (Y!Ylst)

PT1(y15¥2, E(y,, | )d21d0, + [ K (7,5, 0P H(1,0)
q(t|eg)an, + Iga'lcy,y,,:)r;ﬁ(yl.c);(clcf)an (2.44)
&(tltf) = N&(a(tltf),t))-l- T;l(:){fnl’gll(y,t)i(y,tltf)dn + P}%(t)a

* pgi(:)f(tltf)} (2.45)

Heley) = NoG(elep),0) + TElct){ Fur 7, 00%(, t e )da
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* BR(0aleley + PO tf)}  (2.46)
with boundary conditions
) x(.tley) =0 yedq (2.47)

Eqns., (2.44)-(2.47) with terminal conditions given by (2.42) along with
the filtering algorithm of Appendix A constitutes the smoothing algori- _

thm.

Analysis of Smoothing Structure: An examination of the smoothed esti-

mator eqns. (2.44)-(2.47) reveals that the estimator equations are inde-
pendent of the smoothing error covariancea, being dependent only upon
the filtering error covariances. To obtain a measure of the smoothing
error covariance for our very general model ig rather cumbersome. How;
ever, for a somewhat simplified model the mathematics c#n be kept within
manageable proportions. We make the simplifying:assumption that the
only disturbances acting on the system are distributed in nature. No
lumped disturbances are assumed. This ha§ the effect of eliminating

the q and r terms from our system model. Concomitantly, the smoothed

estimate becomes {cf. eqn. (2.44))

Hontlep | NGy, t[t),y,8) + [ [ R%71% ag 4 (2.48)
3t ¥, f s¥> .9 Q 11 Ql 92 .

with boundary conditions given by {(2.47). Define the smoothing error

covariance in the usval manner, that isg,

P Ly tle) = B (ax(y.t[e)ex (v, €|t ) (2.49)
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where Pll is a symmetric, positive definite matrix. With this defini-
tion, the covariance may now be caiculated, as for the lumped case, fol-
.lowing Bryson and Frazier [26], to be compared vis-a-vis the filtering
error covarlance. |

To perform this calculation, linearize eqn. (2.48) along a nominal
trajectory ﬁith ite boundary condition (2.47). This involves terms in
x(y,t) and x(y,t), the filtered estimate and the noisy statés, too. So
linearize the filtered estimate and the noisy TPBVP also, along with
~ their boundary conditions. This gives rise to a linear TPBVP akin to
the one for lumped systems treated by Bryson and Frazier [26]. (See
Sec. 3 on fixed interval-smoothing, too). The solution of this linéar
TPBVP is easy to write in terms of its Green's function, to yield

sx(y,t(t,). Substituting this result into (2.49) and differentiating
yields

aP. (y,y,,t|t,) _ .
1171 £ 1 T
Tt = HPll(y,yl,tItf) + Pll(y,yl,t|tf)M

- R_l(y,yl.t) (2.50)

with boundary and final conditions
NJs P Gruyputlt) =0y e 3 2,y,5B - @.sn

Pll(y’yl ’tfltf) - Pll(y’yl’tf) (2'52)

To summarize, the fixed interval smoothing estimate is obtained
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uéing a Riccatti transformation on the adjoint variable.. It.involves
processing in reverse time after forward time compufation of the filtered
estimate has been completed,.and hencé'is necegsarily éffline. The esti-
mate is independént of the smoothing error covariance, bging dependent
on the filtering error covariance only. The smoothing error covariance
‘has been obtained by.linearizing the estimate about a nominal trajectory
and solving the resulting BVP, Results in this séction are extensions
of.previous results [10]. The estimator is nonlinear, while the only
previous result existing [10] describes a linearized estimator.

The fixed-in;efval smbothing estimate can be tabulated thus (after

processing the filtering algorithm of Appendix A),

Table 2., Fixed Interval Smoothing Aigorithm

Estimator Estimator Eqn. Boundary Condition Terminal Conditions

i(y.tltf) (2.44) (2.47) (2,42a)
fi(tltf) (2.45) ' (2,42b)
E(:|tf) (2.46) - (2.42¢)

2.3b. PFixed Point Smoothin&

The fixed point smoothing problem was outlined in Sec. 2.1. Here
we require the smoothed estimate at only one point t, within the obser-
vation interval [to,t ]f denoted by Stllt, As for the case of fixed
interval smoothing, at the point t,, the filtered estimate {i(y,tl),

a(tl), §(tl)} constitutes boundary conditions for the smoothed estimate,
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Likewise for the #djoint variables arising in the TPBVP formulated in .

‘Sec. 2.2, Thus we may write at the time t,

iy,6|6) = &(r,6)), (e, 10) = q(e)), Bef0) = £(e))  (2.53)

y G, o) . Ai(y,tl), gl 16) = A (e)), A (e [€) = A, (£)) - (2.54)

As for the filtering solution, t, is considered a running variable, and
a 'fixed stage' invariant embedding solution [13] to the TPBVP of Sec.
2,2 obtained.

As in Sec. 2,3a, we denote the general class of solutions to the

BVP by

x(y’t]_‘tf) - rl(cls Cgs Cq.! Y’ tig tf)
aCe le) = 23061, 5, Gy, £y, t) (2.55)

r(t1|tf) =r,(C,C,C,t

10 ©

4 £

where C,, C,, C are as defined in eqn. (A.1). The desired solution

obviously is rl(0,0,0,y,tl,tf), rB(O’O'O’tl’tf)’ rq(0,0,0,tl,tf) since
the C's represent'perturbations about the optimum, Also, it is

apparent from (2.53) that a final condition on (2.35) at time t1 is
ri(cl’ Ca’ Cq, ¥y tla tl) = Sl(cl, Ciy €4y ¥y tl)
r3(Cl, Csy €y ts tl) - SS(CI’ Ca, Cq, tl) (2.56)

1, (Cy, C3, Gy, t), ) = §,(Cy, C3, Gy, €y)




25 | y

- where Si’ 1 =1,3,4 represents ﬁhe filtering solution obtained by solv-

ing the “running-ti@e" invariant embedding equations of Appendix A.

Expanding both sides of (2.55) in a functional Taylor.series expan-
sion and proceeding in the same manner as in Appendix A, yields 1n.the |

limit as At + 0, the 'fixed stage' invariant embedding equatibna

'
€
B
£
2
N

[y

t

3r 8r ar 3r :
0 S N | 1 3H
T, IQGCI 8r, gn T 3C; ory  8C, or, 0 1=1,3,4 2.5

[+F
h

.i? ‘Equations (2.57) alone with the ‘rumning-time’ invariant émbedding

equations (3.6) constitute an IVP. Consequently, we can consider only
%:‘ r;, ty, r, since the s i=1,3,4 génerate the filtered estimate of

Appendix A, To a first order appréximatiou, assume solutions of the

: form,

5 -
}§ _ rl(cl’ca’ch}y;tl’tf) = x(Y!tlltf) - Igrll(y;YI,tl!tf)cl(yl) dgi
iR .
i |
;" = P13(Yst19tf)c3 - qu(y.tl, tf) (2.58)
i%i‘ . (C,,C3,Cy,ty,t.) = &(t |ty - IQPSI(y,tl,tf)cl(y) dn
= Pa3(ty,t.)C; = Pyu(ty,t)C, (2.59)
e - : |
: rh(césc:iscl}stlstf) = }(tlltf) - J‘qu_l(?',tl,tf)cl()")dg

4

éj “Pu3(ty,te)Cy = Byu(t),t.)C, (2.60)
4 .

g _

with terminal conditions

s canf et
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i(Y,tllti) - ﬁ(y,tl)
alelt)) = qep) - . - (2.61)

t(ryfe,) = v(t))

Piylt1st)) = Py (t) 1,1 = 3,4

P3(y,t),t)) = Pgy(y,t))

Py3lysty,ty) = By3(y,t)

(2.62)

Py (¥,t,t1) = By (y,ty)

= P t
Py (y,t1)t)) ul(y’ )

Substituting (2.58-2.60) into each of the equatioms (2.57) respect-

ively yields after carrying out a Taylor series expansion as in the

Appendix A,

ai(y,tlltf)

T
dh
T = IQIQPH(Y,YI stl’tf) (5xty,EfS)

Qlz - h(x(y;,t.)y,,t,)1dR,d0- e

aqltyley)

—i ] P. (y,ty,t.) N
dtf Q/Q 31V 1ty 3xiy,tfs

alz - hGk(y,,t0),y,,t) 140 de - (2.64)
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jiifllf"l-- [oloF l,1(3*.t1,t: )(—:—QE-——)T
ax(y,t.)
Qlz - h(ﬁ(yl;tf).yl,tf)léaldn a (2.65)
with ﬁoundary conditions .
[N, 1. o iy,tle) =0y 29 (2.66)

" x(y,t)

The moment algorithms are obtained by comparing-coefficients of first

order terms in C's in the Taylor series expansion. This yields

3P, {¥,¥ .ty ,tL) ' ' g
11 sF132%1»
e = Py (y,yaty,t ) (NIT * P30yt N],
+ Iﬂfﬂpll(y'ylitlstf) (“2_33__ TQ(z—h(;,yl,tf}) .
ax(y; ttf) X
P11(y3,y;,t) 49243 : (2.67) -
aP13(y,t1,t,) T
=P t. .t )N~ + t .t
3tf IB(Y’ 1% f)[ q]a(t IQIQ 11(Y’Y1‘ )
ohy T A
P, (y,t),t,)
14 LI T
__hﬁif gk A Pl“(y’tl’tf)[uflé(cf) + IQIQPll(y,yl,tl,tf)

x

[(‘)h) Q(z_h(x(YZ N ),Yz N ))] 1;‘(}'2 ,tf)dnldﬂz {2.69)
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8P, (y,t1,t.) ' :
31M s 1"y T - T
=P, (y,t;,t.)[N]- + P (¢, ,t ) [N].
3tf 31 Lo B x(yl 9tf) .33 1*+7¢ q(tf)

+ [P (y,t,,t) 2’-’-TQ(z-h(fc( t.),yz,t.)) i
. Rla 31\t £ K Y1, £ »¥2 £ : ..
_-_ o - | s
f Pi1(3y,y,,t,)d0,4d0, | | | | (2.70) ‘ 1__
' 3P33(Ystlstf) . T o J
G = P33(t1,t ) [N~] + [of P31y, t1,t,) .
- Aty Fraige, ‘%0 T i
3 ah \T
# 57 ) QG- Pis(yy, t.)de)de (2.71)
g 9x X
2%
: Py (y,ty,tp) _ T o T
T - Pu1<y.t1,tf>INJ£ + Pga(tl,-tf) [.N]& + I.Qfgm(y,tl.tf)
i; 'éh T -
|} _ag Q(z-h(x(y'l’tf) ¥l !-tf)) APII(YI QYthf)d‘Qld‘QZ
L _ x
K (2.72)
éf AP, 3(t,y,t.) | '
i *Tf T

T3 = Pusltyr) INDD 4 [ofoPui(y,eg,tp)

5 ' sh} T '
" e Q(z-h) API 3y ,_tf)dﬂdﬂl (2.73)
3 X
¥ P, (t. ,t.) :
g Wyrtyete T
" = P (t ,t)[N-], + P t),t,.)
iR ; 3t b4 1 e £(t,) fnfa wily,tr,t,

[/50\T |

(-:) Uz-w)| Pyy(yy,t )dean, . (2.74)

9x Jx. £

: - e mam wemsmmme o -
fmteFn C e 4 m e e e ————
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where [']i denotes_differentiation'w.r.t. the filtered estimate i(y,tf).

The boundary conditions are given by

* :
P13: [Nb]EPll(y’YUtlstf) + qu(}'9yl’t13tf) [Nb]f(tf)K(y'l’tf) =0

Prg: [Nb];:P13(Y9t1 stf) + [Nb];:(tf)P“a (tl stf) -.0 yeoft

Pjy s [Nb]%Plh(y,tl,tf) + Iﬁb]}(tf)PL“

P3p @ Pal(y,cl,r:f)[NbLx + Pgu(tl,tf[Nb]% =0 yedn

T T :
P’-I-l : qu(y:tl ’tf) [Nb]§ + ,Pqu(tl !tf) [Nb]i‘(tf) y € 3 K

(tl’tf) =0 y eaq

(2.75)

(2.76)

(2,77)

(2.78)

(2.79)

The fixed point smoothing algorithm can now be summarized. Along with

this algorithm, the filtering algorithm Appendix A° has to be processed.

As before, the fixed point smoothing estimate ig independent of the

various error covariances. The fixed point algorithm covariances con-

 sists of processing the filtering algorithm forward in time along with

the algorithm in Table 3. The approximate error covariances can be

computed by the linearization procedure of Sec. 2.3b. Define the error

covarilances as

-~ AT
Pu(y,y,ty|ty) = eléx(y,tq|t)ox"(y1,61(t )}

. AT
Pla(y’tlltf) = e{Gx(y,t1|tf)6q (§1|tf)}




Table 3. Fixed Point Smoothing Algorithm

30

_Equation I.C. B.C.
Estimate i;y,tl|cf) (2.63) (2.61) (2.66)
altyje) (2.64) (2.61) none.
E(clltf) (2.65) (2.61) none
Moments P,y )t t ) (2.67) (2.62) (2.75)
Pr3ly,ty,ty) (2.68) (2.62) (2.76)
P1, (7.6, (2.69) (2.62) 2.77)
LIRS (2.70) (2.62) (2.78)
P33(t1,tf) (2.71) (2.62)_ none
R, (e D _'(2.72) _(2.62) none
P,q(y,tp,t,) @an e (2.79)
Puq(t1’tf) (2,74) (2.62) none
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Plu(y,tlltf) - e{éx(y,tl|t )62T (t,lt )}

P33(t1'tf) = E{Ga(tlltf)ﬁaT(tlltf)} .

) T (2.80)
P3h(t1|tf) = e{Gq(tlltf)ér (tlltf)} -
qu(t1|:f) -'c{aé(tlltf)GET(tiltf)}

where the P's are symmetric, positive definite matrix functions. Carry-

ing out the linearization procedure yields

apll(Y9YI’tlltf)
-t

f

= - IQI Pll(y’)'l!tlnt )( )Q(y2s:’3st)( x)

Pyi(y; »Y1,%1,t.)dR,dg _ - (2.81)

B30y, ) - |
s sh )T {ah
s el ol p1a0sm e paaye,

(2.82)
1, (y,ty|te) ' h\T. fon
atf == IQIQP.]]_(YQYI’t]_ stf)('z?i') Q(a )PIQ(YZ 9t1 ’t )dQ dﬂz
(2.83)

9933(t1|tf)

oty

(2.84)

il oEE N B R
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L
P, (ty]t.) T - | | i
34 f gh} 3h . F
.__.._...é..'.:_f...........— = - IQIQPgl(y,tl,tf) (—a-::‘-) Q(Bf() Pi1y (1 ,tl,tf)_dfldﬂl ;
(2.85)
1 aPI (t,|t.) e\
b | 33 1l &g 0 ab\T fahY |
ﬁ. —__EE;_____ f - IQIQP%I(Ystlitf)(Eg Q Ei' ?IH(Y}atlstf)denl
v (2.86)
with boundary conditions
ﬁ 1. Byt t) =0 yeaq, yed (2.87)
%y (N1 Prs(y,eyfty)) =0 yeada | (2.88)
¥ .
f _
:‘: - " t a (O e 3 8 . 2.8
:  [Nb]x Plk(y"lltf) ( ¥ (2.89)

and initial conditions given by the filtering error covariances at the

time t,, 1.e.,

e NSRRI W

Er .

.i Pll(y’ylst]‘t;)" P]1(Ys?1,tl)

/ |

%f P13(Y.t1|t1) = Pya(y,ty), Py (y,ty)t)) = P, (y,t;)
i | .

5 Py3(ty[ty) = Pya(e;) , P3u(ty]t)) = Pyu(t))

Pyt jeg)

5 R e R T A

Py, (ty) | ' | | (2.90)

R g IR e 2 T

To summarize, the fixed point smoothing algorithm kas been obtained

from the 'fixed-time' invariant embedding equation using a Taylor serles
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" . expansion about the filtered trajectory. The procedure consists of pro--

cessing the filtered estimate alone upto time t;, the point at which the

smoothed estimate is desifed, and then concurrently processing the fil-
tering and smoothing algorithms. The smoothing algorithm is independent
- o of its associated error covariahcés. The error covariances can be ap-
.proximately computed by linearizing the TPBVP and solving it using Green's

functions, The results thus cbtained are extension of previous results

and consider a far more general model than the one considered by Tzafestas

[10], which takes into account only distributed Gaussian disturbances,

R LT Tt

Furthermore, these algorithms are nonlinear, while the ones in ref, [10]

ﬁ_ are linearized Kalman structures,
7

?_ 2.3c, Fixed-Lag_ﬁmoothin&
. In Sec. 2.3a we obtained a fixed-intefval smoothing algorithm that
yielded an approximate soclution to the nonlinear TPBVP arising in Sec.
2.2. The algorithm must necessarily 5e processed off-line, and it is:
necessary to store the filtered_estimate'ahd the associated covafiance
matrix, fixed-lag smoothing may be performed oﬁ—liﬁe, andlstofage
requirements are less than fbr fixed interval smodthing; However,
storage requirements exceed that for fixed point smobthing.

The fixed-interval smoothing problem was oﬁtlined in Sec. 2.2, In
estimate St at time t, we use observations upto an interval t + T,

where t + 1<t In general, the estimate over the required interval.

fl

will not be as good as fixed-interval smoothing, but will result in

estimates better than the filtered'estiméte in that additional obser-
vation information has been utilized. If the algorithms were exact,

as they would be for linear systems, the fixed-lag smoothing error
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covariance would lie between the filtering covariance of.error and fixed
interval smoothing error covariance.

The procedure for solving the fixed lag smoothing algorithm is very
gkin to solving the TPBVP associated with the fixed point smoothing
estima;e. Denoting by T the time delay we denote the general class of

solutions to the BVP by
x(y’tlt +T) = rl(clgcascqsygtst +T)

q(t|t + T) = r3(C;,C3,Cy,y,t,t + T) (2.91)

r(tjt + T) = r,(C,,C;,C,,¥,t,t + T)

where €|, C;, C, are as defined in eqn. (A.l). With the correspondence

the fixed lag smoothing invariant embedding equations are (2.,57) along
with (A;6) with boundary counditions (2.56)., Let ug assume solutions to.

this initial value problem of the form (cf. eqns., (2.58)-(2.60))

r,(C;,C5,C,,7,t,t + T) = x(y,tlt + T) - fn?il(y,-yl,t,t + T)C, (v,)4®,

- Pys(y,t,t + ICy - P, (y,t,e + 1), (2.92)

13(C1,C5,C,, 7, 6,6 + 1) = q(t|e + ) - [Py (y,t,t + TIC, (y)d0

- P33(t,t +T)C3 - P, (t,t + T)C, (2.93)

T L TLIOMI T DD 2T




1,(C1,C5,0,,t,t + T) = #(t|e + T) - [oP, (y,t,t + T)IC(y)dq

- Puy(t,t + T)Cy - Py, (t,t + T)C,

with terminal conditions'stolto+T = {x(y,tolto + T), q(tolgo + 1),

35 -

(2.94)

f(tolto 4+ T)} obtained from the fixed point'smOOthiﬁg estimate, The

quasi'moments (the P terms) also have their terminal condition governed

by the corresponding quasi-moments of the fixed point smoothing algori-

thm, Following the analogous procedure to Sec, 2,3 of substituting

(2.92-94) into each of the equations (2.57) respectively and carrying

out a Taylor series expansion yields

_2&2;515__) N(x(y,tlt +T), a(t + T),y.t) + [R lP 1(Y1-t)°l(‘:|t + 17

+ f -1 -1 (t|t + T)da,+ fnf R lP“(yl,y2 ,t)
3 Tydq. da, - et )
k(y,,t{t + T)da,da, + fnfgpllﬁy’yy.txt_+ T)

Q(yl,yz.t + Tz - h(x(yz,t|t + T)y,,t + T) daa de,

T
aﬁfy,t+T5)

2.95)

aele + D = N (GCele+ 1,0 + TIl(t) . 31(y,t)x(y,t|t + T)dR
P_l(t)"(t‘t +T) + Pi(e)E( |t + f)
33 q . 3y rit|t -+
sh Y, - '
-+ Igngu(}'st’t + T) 9x(y,t+T) Qly,y;,t + T)
(z ~ h(ﬁ(yl,: + T%?l,t + T))dada, (2.96)
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r(t{t + T) = ur(G(clt +1),t) + T;l(t) jgp;{(y,t)i(y,tlt + T)df
-1, .. R '
+ P53 (0ale|t + T) + P (O)F(e|t + T)
+ .J’QfﬂPhl(_Y,t,t +T) PACRT0) Qly,y;,t + T)
(z - h(x(y;,t + T)y,,t + T)dodo; - (€2.97)
with boundary conditions
(w1, X(y,tlt +T) = 0 yeasa - (2.98)
g(y,t4T) .
where
x(y,tlt + T) = R(y,t|t + T) - #(y,¢t) (2.99)

and identical expressions hold for q, r.

The quasi-moment algorithms are obtained by comparihg coefficients

of first order terms in a Taylor series expansion. This yields

3P (y,¥yy,t,t+T)

at = JoJgP11(y,y2,8,64m) [(—3——3-}1———) Q'(z—h)]

ﬁ(Y2st+T)

x(y3,t+T)

PlI(Y3sY1't + T)d92d93_+ Pll(YsY1stat + T)

1 ' .

T - T

Nl 4 [N]- P (y t,t + T)
X(y, t41) . x(y,t+T) 117271t
' : T -1
+ P (y,t,t + THN], + R (r,3,,0)

q{t+T)
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Pl.l(yz. ,y3,t‘f)P1‘1 (y, ) ,t,t+T)d92d313- + [lf]q(t+T)

Pal(y,t,t + T) (2.100)

BPI3(y,t,t+T)

_ T :
= P1a{y,t,t + T)[N _]. + [N].P (y,,t,t + T
ot [ Rl qQ(t'f'T) 313.Y1’ - )
+ [P ( -+ T oh Tatz ot
JolaPn1(¥ysy1,t,t ) BTN Q(z - h(x(y, ,t + 1),
Yot +_T))_] P13(y,,t + T)dR;de, + IQR-l(y,yz,t) :
-1, ' .
Py ,y,, )P 4(y,,t,t + T)d, - (2.101)
9P, (y,t,t+T) T
= P(y,t,t + T) [N _]. + [N). P, (y,,t,t + T)
+ JQIQPII(YsYI’tst +T) (m Q(z - h(z(y,,t +1),
¥yt # T))] ) P1u(yy,t + T)d01d49, + fﬂR-l(y,yl,t) '
x
-1 .
Pll(YIQYZ’t)P]_q(YZQtst + T)dﬂl (23102)
P 33(y,t,t+T) _ : T -
- e = Pa3(y,t,t + T) [N]- + [N ]. Psa(y,t,t + T)

x(y,t4T) © 9 q(e+T)

T
h RN .
+ IQIQP 3i{y,t,t + T) [(m) Q(z ~ h(x(y),t +.I)’

N TR e e A TR g e

B R Y LT S Y S
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y ot f T)i] Pl (v .y,,t + T)dﬂldﬁz + fgr;l(c)

X
-1
P31ly, 0P, (y,y,,t,t + T)dqy (2,103)
aP33(t,t+T)
= P33(t t+1 K17 4+ (n 1. Po(t
- i £+ T)
o€ 1°4(t+1) U g(ee) P "
+ T lP l(t)P (t t+T) + ——-23-———-T
33 8% 34 SalgP 31(V L,E+T) (3ﬁ(y,t+T)
- Q(z - h(x(y,,t + T), ¥y,T + t)%] Pisly,t + T)deadg,
X
(2,.104)
BP“I(y,t,t+T) : :
5T - P“(y t st + T) [N] + (N ]r(t-l-T) ql(y,tst + T)
+ [ f P (y.t.t 4T oh g G .
QY41 Y’ ’ ) 3§(Y,t+T5 Q(Z - h(x(y:l)t + T)’
Y.t + T)i]“ P11(y1,¥2,t + T)ae,de, +'IQT;1(t)
o , ;
-1 ' -
Piy(y,0P);(y),t,t + Tyda, (2,105)
=P {(t,t + T) [N ]. + [N 1P, (t,t +7T)

at 1" q(t+T) 19

T
+ JolPui Gt + T)[(ﬁ—(;%‘—m) Az - hix(y,,t + T),

¥yt + T))] 13(y ,t + T)dpdn, + T (t)P (t)Psa(t,t+1D
X _ (2.106)
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. . _ _
'Pnu(t't"'T)s P (: t +T) [ _]T + [N ] P (t,t +T)+ 1".'"(0
at uy T (t+T) LI S
_ : 3
B, (D)P,, (£,t + 1) +.jgfﬁPq1(y.t,t + T)[e{(}?,‘:’ﬁ)‘)
Q(z —h)].Plh(yljt + T)dade o S @aon)

X

with initial conditions detérmined from corresponding terms in the fixed

point smoothing algorithm, and boundary conditions

* ' |
Pi1 ¢ N1 Pry(y,y1,t,t + T) +Pidy,y1,t,t +DDIN T . K(yy,tp) =0

(t+T)
Y Yl € 9 & (2.108)
P, [N ] Pigfy,t,t +T) + [N ], Pus(t,t + T) = 0 =
137 P li, e 1 | blrerT) T -
P : (N1, P, Ly,t,t +T) + [N ] P, (t,t + T) =0
TR b]x(y,tﬂ') 167 D p(eeT) *
- yeaR _ (2.110)
[1 ( +T) [N ]T Py, ( + TN, ] (2.111)
: Py (y,t,t R + t,t . .
e B % (y,t+T) 3 b7t (1)
P P .(y,t,t + T)[K R + P, (t,t + Tj[N ]T (2.112)
41 " AN R b x(y, t+T) by - b iy (t4T)

The fixed lag smoothing algorithm can now be summarized.
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Table 4. Fixed Lag Smoothing Algorithm
Equa;ion I.C. o B.C.
Estimates | _
x(y,t |t + T) (2.95)  From fixed.point | (2.98)
: smoothing algorithm
gt|t + 1) (2.96) " _ ‘none
fele + 1) (2.9 " | none
Moments P, (y,y,,t,t'+ T) (2.106) | " | (2.108)
P ,(y,t,t + T) (2.101) | w ' | (2.109j
Plu(y,t,t + T) - (2,102) " (2.110)
P31(y’t't + T) (2.103) " : (2{111)
P33(t,£ + 5) _ N (2.104) o ' none
P, r,t,t + ) (2.105) : " - (2.112)
P, (t,t + ) (2.106) " | none
P;;(t,t +.T) (2.107) " noge
[ AU E O T IPTE s - cwmmo o
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To recapitulate, the fixed lag smoothing algorithm has been ob-
tained from the 'flxed time' invariant embedding equations. It ié;seen
that the estimates are independent of thelr error covariances. An
approximate computation of the error covariances can be made'by lineariz-
ing #he TPBVP and solving the resulting linear system using the techni-

que described in Sec. 2,3b. We define the error covariances thus

I

Pri(y,y Lt + T = efok(y,tle + Dok (v ,t]t + D)

Po,ly,tle + 1) = el8k(y,tle + T8q (ele + T))

Pl (y,t]t + T) = e{ox(y,t|t + T)sr (t |t + T)}

P,,(tlt + 1) = e{sq(e]e + Tor (t]t + )

e{sq(t|t + T)GET(tlt + 1)}

?3q(t‘t +T)

il

P (|t +T) = efor(e|e + T) 65 (t |e + T) }

where the P's are symmetric, positive definite matrix functioms., Carry

ing out the linearization procedure yields

oP. . (y,y,,t, t+T) T
11Y5Y)8, 3h
5t = - Jogh1 syt + T)(?§T§:E$f A2575,t)

ah -1 '
(3ity,t+T5) PI].(YB ’yl Tyt F T)dﬂzdﬂa - R -(Ysyl st)

+ [N]Q(y,t)P11(y’y1’t t+T) +Py(y,y,tlt +T)
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v} + NI Py (y,tft + 1)

x(y1,t) q(e) 37
T —_ .
+ Pra{y,t|t + T)[Nl&(t) + 27,0,y et + )
- T
+ P (v, .ttt + DE . (2.114)
1 _ .
where _
—_— C . -1 . oo
S0,y stle+T) = R (7572, 0B [ (7,735,002 (y5,y,,t|t + T)dR,d 0,
oP + '
nOelen Py (y,t]t + T
at _
[N ]T + [N]. P .(y,t[f: + T)
9-q(t) x(y,t) 13 i
h T 3h

- Poi(¥,¥,,t,t + T) of———
falgtii 6. 207, 8D ] Noi(y,,tem)
PIB(YB 0t + T)dgzﬂg3+ 52Pl3(y,t|t + T)

' =T
+P . (y,t t+TE, : (2.,115)
where

— | -1 -1 -
E Pttt +T) = IQIQR (¥,7,,0P] (¥, ,ya,t)Plagya,tIt + T)de,dq,

- T
arua(:,tlnw) Pttt + 1) [Nr]i:(t)

+ [Nlﬁ(y,t)P“(y,tIt + 1) - [ Py, .t £ 4 T)

- TQ oh P, (y3,t,t+T)dQ, dan
ax (¥2 , t+T) aﬁ(}’3;,t+'l') 14V¥ast, oty
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| T N
+ 5B, (v,tlt + 1) + Py (y,t]e +T)Z3 ~ (2.116)

where
2P, (v, el + 1) = [ R IPT1¢ t)P,, ( | t|t + T)d2,dn
=P, ly,t + o3 Ny) 11 sty3; 143¥3, AR

apal(y,t | e+T)
Bt

T
= le(y,.ﬂt +T) [N];:(t)

+ N1 Pyly,t|t+T) - [P (y,e,0 +T)
a4cey) | /a3l

CLI N I N t,t + T)d2, do
[a;‘(y,t,'_-r) Q aﬁ(yl Jt+T) 11\¥1 ’.y2: ’ | 1%

+ ELP, Lt +T) 4+ Py (v, [t + DE, (2.117)

where

i— . . —l -1 ' . | »
SR 0utt+ T =T (t)IQ(P31(y,t}Pll(y,y1,t,t + 1),

3P4, (t|t+T) ' 3h 1" 3h
e =~ JdaEnvate 4 T).[ai(y,t-l-T)] Q[aii(yl,t‘i-T)]

=1 —_ :
P)3(y,,t,t + Tde,da, - T, (t) +'=5P33(t[t +T)

+ Pyt + E]T (2.118)

where

E Py (tle + 1) = .[Nq]a(-t)P33(t|t +T) + T;l(t)P;:;'(t)P%(tlt + T)
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3P, (t]e+T)

_ _ T
- h
at = JoJPu atie + D) (a,}(y,tﬂ))
A )P a(yy .t + TYARAR. + E P (t]t + T)
ox(yy,t4T) | “13WV1.E 17 2Py
P.(tjt+T)ET ' ' (2.119)
43 t|t )=, | 2.

where

= i 1. -1, -1,
_GPH(clt +T) = [Nq]q(t) + T, (t)an(t)Paa(th: + T)

o : . . _
3P (t|t+T ah zh

=1 =
P (y,,t,t + T)dQ - T,7(t) + E P, (t|t + T)

+ P (t]t + D E,T (2.120)
where

Eop,(tlt +T) = [Nr]{-(t)P‘*"(tlt +T) + T;l(t)P;&(t)Pm,_(th + T)

with initial conditions obtained from the fixed point smoothing covari-

ance algorithms, and boundary conditions

[Nb]ﬁ(y PN syLtlt +T) =0 yeaq, y,ed (2.121)
E]
[Nb]iP13(y,y1,tlt +T) =0 yean (2.122)
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[N J.P (y,tlt +T) =0 yeEdQ (2.123)
b5 1y | .

To recaﬁitulate, the fixed lag smoothing algorithm bas been
ob#ained from the extended 'fixed-time' invariant embedding équation
using a Taylor seriés eﬁpanaion'abuut the filtered tréjectory. The
p rocedure consists of processing the.fixed point smoothing algoriﬁhm_
from the time t0 te time t0 + T, to 6bta1n initial conditions for the
fixed lag smoothing algorithm, and then simultaneously prdcessing_the
fixed lag smoothing and filtering.algorithms. The smoothing algorithm
is independent of the assoclated error covarilances. The error COVSri-.
ances can be approximately computed by linearizing the TPBVP about a
nominal trajectory and then solving it, usiﬁg Green's functions. The.
results thus obtained are extenéions of previous reéults by Tzafestas
[10] in ;hat a more general model is considered for the system, with
both volume and boundary disturbance, Furthermore the resulting

algorithm is nonlinear im nature instead of extended Kalman.

2,4, Algorithms for Linear Systems

Until-now, we have considered rather géneral second order'oper-
ators with linear Gateaux derivatives for describing our system equation
(2.1). We now show how the results obtained in the previous éections
can be applied to linear systems. The results obtained in this section
shall display the generality of the results obtained in previous sec-
tions, | |

For simplicity, we shall consider.onlf the fixed interval smoothing

algorithm for linear distributed systems alone. The other linear
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algofithms are obtained using an identical apprecach, With this assump-

tion let the linear system be

EE%%452-= Lyx(y,t) + w(y,t) yeR (2.124)

| with boundary condition
NBx(y,t) =0  yedQq (2.125)

where l..y and N, have the elliptic form

b
v a(+) v 3
L) = A (y,t) 5= + ] B (y,t)—<+ C(y,t)(+)
y 1,§=1 1) 85 g 1777 ¥y |

H0) =4, )+ a0 25
1

where 3/30 denotes partial'differentiation along the conormal of 3
relative to Nb(~).

The estimation criterion relative to the linear observation

z{y,t) = B(y,t)x(y,t) + v{y,t) vy e (2.126)
is

t T
J = %-fti fgfg(z(y,t) - H(y,t)x(y,t)) Qly,y,,t)(z(y;,t) - H(yy,t)
T
x(y ,t)dade, + fnfgw (v, R(y,y, ,)w(y, ,£)dade dt (2.127)

where Q and R are bounded, symmetric, symmetric in their spatial
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arguments and continuous,
The canonical equations then yield the estimate (cf. eqn. 2.74)

Bﬁ(y tIt ) .
E f -1 ~-1;
e = Ly xyele) +'IQIQR' v,y 80P " (yy,52,¢)

(x(y,,t|t )de, do, B | (2.128)
with boundary conditions

[N, Ixly,t) =0 yed

From this we see that the linear estimate is obtained from the nonlinear
estimate by recognizing the following equivalence between linear and

nonlinear systems

Nonlinear Linear
N~ x(y,8)  —— L %(y,0)
SR T Ly 40
N1, r(e) e L, (e

r

because of the fact that the derivatives [N]£ [Nq]” [Nr]‘ are assumed
' q T

linear (i.e., they are Frechet in nature). Similarly the equivalence

Jh ~

Eriing H(y,t)x(y,t) holds.

With the above noted equivalences, the linear distributed parameter

algorithms result, They are not summarized here as they follow easily
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from the nonlinear algorithms using the above relatioms.

Also, we notice that as the domain & C E" shrinks to a point in En,
that 1s, the state equation is given by

d:jtgt) = Lx(y,t) +w(t) -, { a bouﬁded matrix

the .estimate reduces to the smoothed estimate for the finite dimensional

case [12]

-

et = LRG,te) + RO O (2.219)

This points to the validity of our derivation, In fact, for all the
nonlinear algorithms given earlier, as the domain { approaches a point,

the algorithms collapse to corresponding finite dimensional algorithms

{12], verifying their validity.

2.5. Summary

In this chapter, we have developed general filtering and smooth-
ing algorithms for mixed distributed and lumped parameter systems with'
volume and.boundary disturbances. Only volume measurements wefe con-
sidered. The estimation criterion was assumed to be a minimization of
a positive definite quadratic form using classical least squares. The
TPBVP arising from minimizing this quadratic functional was converted
into an initial value problem using invariantlembedding. To obviate
introduction of noisy measurements into the smoothed estimate, recdurse
was made to results from linear éstimation theory and the fixed inter-

val smoothing estimate assumed a 1inear functional about the filtered




trajectory. The other smoothed estimates wereobtained from simultaneous

solution of the 'fixed stage' and 'running stage' invariant embedding

equations. It was found that all smoothing estimates were independent
of their associated error covariances. These covariances were computed

by linearizing the TPBVP and solving the resulting system using a Green's

function approach,
Furthermore, linear algorithms are shown to be a subclass of the
i more general monlinear algorithms. It is also shown that as the domain’

of estimation reduces to a point in Buclidean n-space, the algorithm

collapse to the corresponding lumped parameter algorithms. This serves

to prove the validity of these algorithms.

The important problem of numerical algorithms shall be considered

in Chapter 1V to demonstrate the feasibility of the previously developed

algorithms.
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CHAPTER ITI
INNOVATIONS APPROACH TO DISTRIBUTED ESTIMATTION

In the previous chapter we considered the problem of estimating
the states of quasilinear second order systems with additive dynamic
and measurement noises. No assumption was made on the statistics of the

noises, and the problem was treated as an optimal control problem in an

infinite dimensional space. The optimal estimate was assumed to minimize

a positive definite quadratic form, and the resulting two-point boundary

~ value problem (TPBVP) converted into an initial value problem (IVP),

- This IVP was then solved approximately using a Taylor series expansion.-

In case the nolse statistics are known, however, a number of dif-
ferent approaches to the estimation problem can be taken, like the maxi-~

mum a postevriori approach [10], maximum-likelihood ratio approach [9],

- etc. All these methods end up with an attempt to maximize a poéitiﬁe

definite functiom, . qalled the likelihood funétion. However, for noise
densities o£her than Gaussian, the likelihood function is difficult to
obtain, if not impossible, which severely restricts the applicability of
the above methods. To obviate these difficulties, Kailath_[lS] developed.
the innovations approach to least squares estimation. Thisg metﬁod, which

is an extension of Bode and Shannon's [24] derivation of the stationary

_Wiener—filter, can be used with success for a large class of white and

colored noise processes.  Furthermore, unlike the methods of Chapter 1I,

v

exact quantitative error calculations can be made, using this method.
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For the ahalysis in Ehis chapter, we consider linear second order systems
with indepeﬁdeﬁt incremént white additive dynamic and measurement noises.
This is the DP analogue of the class of lumpéd linear éystems considered

by Kailath and Frost {15], [16]. The objective function is considered

to be a minimum variance estimator objective function. The minimﬁm vari-

ance ‘estimator is obtained using innovations [15] and with fhe proper

identification, reduces to the invariant embedding estimate of the pre-

vious chapter.

3.1, System Mcdel and Problem Formulation

Consider the class of noisj linear second order DP’ systems des-~

cribed on an open bounded domain @ e En, with piecewise smooth boundary

¢, by

B < Lxy,0 + 67, Duly, ) 3 yem ez '(_3..'1)_
with boundary conditions
Nbx(y,t) =0 yedq R | {3.2)
gnd mégsurement process described by *
z{y,t) =IH(y,t) x(y,t ) + v(y,t) . | - .(3.3}

where x(y,t): y € Q v.3 @ 1is the n-dimensional state of the systenm,

wiy,t): vy £ & is the independent 1ncremént additive white dynamic noise,

* .
The system { Ly, H} is assumed to be observable (see Appendix C).
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v(y;t): y ¢ 8 is the independent increment additive white measurement

noise, Uy,.t), G(y,t) are bounded matrix functions over 22, L

v is a

spatial matrix operator of the form

. 2 n
aij(y) _"3._[_].[. Z bi(y) _J.J.

n

2 3 |
L1 =} : + Ciy)[ Isyen  (3.4)
y 1,3=1 oy 35 s

j 1=1

and Nb is a first order boundary operator of the form

n o
ALY oAl emnrrsyena (3.5)

n being the outward normal. The noises are zero mean, white in time with

covariance matrices defined by

E {wiy, 0w’ (v, )}

ww(y,y’,t)a (t - t")

E{viy, v (3} = v (yiedse - ey (3.6

£ {vly, u (v, O}

[]

0

It is assumed that in the absence of noise, systém (3.1) with
b. c. given by (3.2) is well-poged in fhe sense of Hadamard [17], i.e.,
a regular solution exists, is unique, and evolves continuously with
the data.

The estimation problems to be considered here are the same as

outlined in Sec, 2.2 of the previous chapter, viz. (1) filtering,
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{(ii) fixed interval smoothing, (1ii) fixed point smoothing, (iv) fixed
2
b lag smoothing.

The estimation criterion for any admissible estimate St =

{x(v,t): v e @, te[to,tf]} is the minimization of the mean square error

functional,

E <X(Y,t]_). - ;(Y,t1|t2). X(Y9t1) - ;K(Y;t1|t2)> o (3- ?)

The best estimate x{(y,t)|t2) of x(y,t;) which minimizes (3{7} given the

initial estimate x(y,tolto) and its covariance matrix

~ - T .
Va(r,yi,t)) = E {x(t e ) x G, e e )y (3.8)
is called the minimum variance estimator [13]. The estimation error is

x(y,t,[t,) = x(.t)) - x(5,t,]¢,) BERD

Define by I(y,t) the innovation

(y,t) = z(y,t) - B(y,t) x (y,t) ©(3.10)

"where I{v,t) has the same covariance as that of the noise v(y,t) [3}, i.e.,
E{I(7,t) T (y,£)} = b (7,9,,0) 8 (6 - £) 3D

Using the above property of the innovation process, namely it is

L R P e . . -
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‘white with the same covariance as the measurement noise, we shall derive
expressions for the estimator x(y,ﬁ|t2) in the following section, bv as-
suming that ﬁ(y,t1|t2) is a linear transformation on the innovation pro--

cess such that the variance of the error is minimized.

3.2. The Innovations Approach
Innovations, as devéloped Ey Kail_ath and. Frost [15], (161, appli.ed
to linear least squares estimatioh problems consists basically of whiteng
ing.the observafion seqﬁence and then treating the simplér wﬁitened
problem. - In effect it is an extensiom, to linear time varying systems, of
of Bodg and Shannon's approach to the derivation of the classical statipn--
ary Wiener filter [24].

Recently Atre and Lamba [25] apﬁear to have takén:an approach
similar to the one defined in this section. 1In this research a composite
solution of entire_estimation problem is considered, of which the filter-
ing result of Atre and Lamba [25] is a fallout.

The basic problem in the use of the imnovations approach is t.o
obtain by means of a causal, invertible linear operation on the observa-
tioﬁ z(S,T) a white noise process referred to aé the innovation I{(S,T)
(eqn. (3.10)). 1In the general pfoblem, the determina;ion of a suitable
transformation may be a deterrent to the use of the-approaéh. However,
in linear distributed systems, as pointed ocut in the previcus section,
the innovation process is white [3] for zero meén uncorrelated yhite

dynamic and process noises. Since z(y,t) can be obtained from I(y,t) as

2(y,t) = I{y,t) + H(y,t) x(y,t}) ; y e @ (3.12)
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we see that I{y,t) aﬁd'z(y,t) are relgted by é causal, invertible linear
transformation, and hence I(v,t) is an.inno§ation process fof this prob-
lem. In other words, any estimate based.on 2{y,t} can also be written
in terms of I(y?t) so that z(y,t) and I(f.t)'are "equivalent.".

From the orthogonal projection lemma for distributed systems (3],

it is known that the estimation error i(y,tl|té) and the observation

sequence z(g,T) : 8 € Q,-to < 1 <t are orthogonal. That is,

E {2(s,1) X (y,t;]t)} =0 - S (3.13)

Because of the equivalence of z(s,1) and I(s,T), we may then express the

estimate as

~ ta '
x(y, e e,) = [ [ E(y.ty 5 s,1)I(s,1) ds dt 4

to 4]

where £(y,t; 3 s,7) is chogen such that the trace of the variance of the

error

tr{var (x(y,t) - x(y,t)))

is a minimum. This requires, from the orthogonal projection lemma [3]

(cf. (3.13)),

E {ﬁ(y,tlltz)iT(s,T)} =03y, s . ._“ - (3.15)

Substituting from (3.14) into (3.15) we get
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i {x(y,ty]ts) IT(s,'r)} = B {{x(y,t)) -~ x(y,t1[tr)) T-T(Ss‘f)]

t2
E {x(y,t;) IT(SoT)} - ! fﬁ(y,tl ' 31;T1) L {I(Sl&Tl)

t, 1Y)
IT(S,T) ds dt; = 0 : : : ' _(3.16)|
such that using (3.11) we get
E {x(y,t)) I (y',t")} = Qﬁ(y.tl; s, 1)y (8,5, 79 ds (3.17)

as the Wiener-Hopf equation governing the system. This is the infinite

dimensional analogue of the finite dimensional Wiener-Hopf equation [15].

Using (3.17) we can write our estimate (3.14) as

- t - .
Ryt |ty = f 2};} fQE {xGv,t9) IT(Y’,r)}J:v'l(y',s,T)I(s,r)dy ds dt (3.18)
. L) '
This 1s a principal result of this section, and represents the solution
for filtering (t; = t), smoothing (t; > t)) as well as prediction
(t2 <tj). The only remaining step is to find an expression for
E {x(y,t,) IT(y,t)} which we do in the next few subsections for the wvar-

ious estimation problems ocutlined in Sec. 2.2.

3.2A. BSolution to the Linear Filtering Problem
The filtering problem was outlined in Sec. 2.2. As previously
pointed out this pfoblem has also been receqtly treated by Atre and

Lamba [25], whose results parallel the ones obtained in this subsection.
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In terms of the notation of the previous subsection, with t =

ty = t, we can write the filtered estimate
' - t ) . T i —‘.1 f. - | r -
k(y,0) = [0 oo B Ix(y, )T ()1, (748, 1) (s, 1) dy’ ds dr - (3.19)
D .
Recognizing
T, , ’ T | .
E {x(y,t)I"(y',7)} = Vo(y.y ', O (y7,1) Tzt (3.20)

we get, on differenmtiating (3.19) w.r.t. t and substituting from (3.1),
the filtered estimate,
X t A -
RO AL A CRTROT LIRS Ml RS

ot

[z(y",t) ~ Bxly",t)] dy'dy” ' (3.21a)

‘with boundary condition N x(y,t) = 0, y € 3.Q (3.21b)

The expression for the error covariance kernel Vi(y,y’,t) is

obtained after differentiating the error equation (3.9) w.r.t. t to get

ax(y,t - -
B = Lk + B0, 000, 0) - ofo oo oot ye

[H(y”,t)x(y”,t) + v(y”,t)] dy’dy” C(3.22)
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with homégeneous boundary condition
Nbi(y,t) =0 y £ 93 & (3.23)
and initial condition
. _ : : | |
X(y,t,) = X (y) _ - (3.28)
. where
| r - - T ] : I
Voly,y',t) =E {x(y,t) x "(y’,t)} (3.25)

Eqns, (3.22-24) constitute a linear Cauchy problem whose solution can

easily be written in terms of the system}s Green function [ 3] as
X(y,t) = [ B (y,t;5,t )% (8) ds + [C [ = (y,135,7) |B(S,0)w(S,1) -
. > Qh- > * L] o O to Q o Y’ > 3 L] 3

)‘Q fQ vi(s,y’,T)HT(y’,r)w;l(y_’, Y",T)V(y”,‘r)'dy'dy"]ds dt

(3.26)
where the Green's matrix = (y,t;8,1) satisfied the linear system -
3:._(y,t;s,'r); aN = (y,t38,7) ; y,S €’ ' (3.27a)
at y o . _
with
E (y,t;8,t) = 8(y -~ S)I t (3.27b)
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and

Yy = . Ly - - ' L =l on ) ' n. '
Ny = L () o vy RGO Ty Ly e () dy'dy (3.27¢)
Substituting (3.26) into (3.25) and differentiating ylelds for the error

covarlance

W (Fay1,8) | L0yt + Vilry Ly 4 Gly 0, (y.y,, 06 (h,t)
t)HT( t)w-l( eIV~ ( t) dy.d (3.28)
—IQIQ i'{(y.t!yzi YZ L] V_ YZ QYB 2l Y Y3 ,yl * yz y3 .

with boundary condition

Eqns. (3.21) and (3.28-29) constitute the minimum variance estimator and
its associated error covariance for the filtering problem.

The results obtained here are identical to the filtering algorithm
for white Gaussian disturbances obtained by Tzafestés [lQ] using a
Bayesian approach and the complicatgd limit argument of Mediteh [12],
The model aésumed here does not feStrict the noises to be'Gauésian, and
the derivation is much simplier too. .If the noises.were aésumed wﬁite
in time and space the filter réduces to.tﬁe one obtained by Tzafestas and
Nightingale [31, Thau [4] using orthogonal projections. The technqiues
used here allow the dériﬁation of the filter in a much ;impiEf manner

than in the previous references. Also, with the identification
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and assuming the model of Chapter II is purely distributed and linear,
this filter is identical to the invariant embedding filter of the last

chapter and to the one derived by Lamont [8].

Table 5. The Filtering Algorithm

Estimate Equation Initial Condition Boundary Condition
2(y,t) (3.21a) (3.24) (3.21b)
Variance V; (3.28) (3.8) _ (3,29a)

3.2B. The Fixed Interval Smoothing Problem

In this subsection and the others following we consider the prob-
lem of obtaining smoothed estimates. The importance of smoothing has
alreadf been pointed before and need not be emphasized again. The
results obtained in these subsections.are ex;ensions beyond Atre and
Lamba's [25] work on the filtering ﬁroblem, and emcompass their work as
a particular case of our géneral solution.

Thé smoothing problem was defined in Sec. 2.2. As for the filtered

estimate, the starting point for our estimate is eqn. (3.18), viz.

N N 'fﬁ | | T | -1 B
R(y,t,le,) = B(y,t)) + Jtlfﬂfg E{x(y,t,)1 (y’,_'r)}'bv (y’,y", 0} I{y~,1)dy’ dy"dr
' (3.30)




Substituting (3.30) into {(3.32) and recognizing that ﬁ(y,tl) and v(y,tl)

e
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From (3.20) ve have
. T, T _ _
EAx(y,t )T (y", 0} = Valy,tp 5 v/, DR (y/,7) (3.31)
where V;{-(y,t1 ; v',1) is the smoothing error covariance described by
Voly,t ; 5,1) = Cov{X(y,t) x(s,)} (3.32)

are uncorrelated for t; > t, we get, using (3.26-27)

Valystss,1) = [ V’;;'(Y,r,t)ET_(S,-:; r,t)dr (3.33)

Substitute (3,33) and (3.31) into (3.30) to get for the smoothed estimate

i(y,t]|t2) = i(y,tl) + IQ Vi(y,s,tl)l(s,tl,tz) ds-  (3,34)

where

ts
A(s,ty,tr) = It IIQIQ ET(y,‘r;S,tI)HTty’1)¢;l(y,r,T)I(r,T)dY drdr (3.35)

Differentiating (3.34) with respect to t, and using Green's identity

yields for the fixed interval smoothing estimate’

ax(y,ty [ty .
? . T
—5 = RO ) + [l 60,609 G0y1, 067 (L)

V;I(yl,yz,tr)(ﬁ(yz,tlItz) - x(yz,t1))dydyz (3.36)
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with boundary conditions
ubi‘c(y,clltz) =0 yedQ (3.37)
and terminal condition
ﬁ(y,tlltz) = io(y,tz), the filtered estimate {3.38)

An examination of the estimator equation (3.36) shows ihat the estimate
depends only on the filtering errof covariance, being independent of the
smoothing error covariance. It would, however, be desirable to have a
quantitative measﬁre of the effect of_smoothing on thé estimate error
variance. To this effect,‘substituting from (3.34) into the smoothing

error expression (3.9) yields
x(y,t;{t,) = x(y,ty) - fQ.V;:(Y,y',tl)k(yitl,tz) dy’ (3-39)
The smoothing error variance is therefore
Vi(?,y;t1|t2) = E{x(y,tlltz)xT(y',tl|t2)} ._' | (3.40)

which on substituting from (3.533) yields

' t
~ = Yo -, 2 - g T .
vx(y’y”tllté) Vi(Y;Yr’tl) ft Iﬂfgfgfx(y’yz’tl) = (Y3 sT ’_yzotl)

HT(YB’T)d";l(Y3ayluf)H(Yt;’T) E (Ys ’tl ;anT)

V-( It ) dy dy dy dy dt 3.40a
X y5:39 ] Y2 y3 Yﬁ y5 - | ( )
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This is a very appealing result, since it indicates exactly the amount -
by which the smoothing of future data reduces the variance of the error
in the filtering estimate of x(y,t1). In this form, however, the answer
is computationally not very tractable since the system's Green's func-
tion must be evaluated. To have a more tractabie solution, we differ-

entiate with respect to t, and substitute from éqn. (3.27) to get

vV~ (y,v,t (t.) .
x 2! _ o s i T

T .
- Gy, )¢ (y,y3t)G (yit) (3.41)
with boundary conditions
Nbvi(y,y;tl|t2) = { yedQ,y'ell (3.42)

and terminal condition

Vo(.yht,lty) = Vilyayie,) (3.43)

whe re

1) = fofo 60tV (5,3, 06 (7 4 OVF (3,00 )y dy,  (3.46)

To summarize, we have obtained the fixed interval smoothing
algoyithm for lineay DP systems(with t, fixed) using innovations. The
algorithm consists of processing the filtering algorithm of See. 3.2A

forward in time upto t, and then processing the smoothing estimator,
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eqns. (3.36-37), backward in time from t, to time to. The terminal
‘condition is determined by the filteriﬁé estimate at time t,. Tﬁe
smeothing erreor covariance has been shown to be an improvement over the
filtering error covariance. As before; a backward sweep must be made
in order te compute the smeothing error covariance.

The algorithm in this subsection is identical to the oﬁe obtained.
by Tzafestas [10] for linear_DP systems with white Gaussian disturbances
‘using a rather cumbersome limit technique. The ease ﬁf derivation of
our algorithm is apparent from the simpie ﬁathematica inﬁolﬁed, and

morecver, no restriction on noise statistics are imposed. In this sense,

it is more general than the one in ref. [10]. Moreover, this algorithm

involves fewer equations than thé "two filter' algorithms proposed by
Tzafestas and Nightingale [3], [9], which saves on storage and comﬁutef
execution time.

Tﬁe algorithm can be tabulated as shown in Table 6. '(The filter-
ing algorithm of the previous section needs to be processed before the

implementation of this algorithm.)

Table 6. Fixed Interval Smeothing Algorithm

Equation ' B.C. I.C.

Estimate X (3.36) (3.37) C(3.38)

Variance Vi (3.41) : (3.42) {3.43)
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3.2C. Fixed Point Smoothing Estimation

In Sec. 3.2B on fixed interval smoothing, we considered smoothing
with t) = t and t; fixed. In fixed point smoothing we have t, =ty
fixed and ty = t, the running variable.  With this identification, our

general smoothing estimator expression, egqn. (3.30, becomes
f(vat |0 = %Gt + [5 L LLv-(9,3,,60 B T tiygat,)
*ty s C*QQQX 2] gl - Yoo -71,*

T -1 | -
H (y2,1)9, (¥55Y4, 1)1y 4, 1)dy dy,dydr (3.44)

Differentiating this expression with respect to t yvlelds the fixed

point smoothing estimator

3ﬁ(y,t*|t)
—r

= foQ'Vi(yl.t;?,t*)HT(yl,t)wzl(y1,Y2,t)(Z_- H(y,,t)

X(y5,t)) dy,dy, | (3.45)

using (3.33). The moment algorithm is obtained by differentiating

(3.33) to yield

WV {y s t5y,ty)
ot

(3.46)

= . T
- vi(Y]’t’y,t*) Nyl .

with initial conditions

x(y,t, |t,) = k(y,t,) (3.47a)
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vi(YSt*;y”t*).= vi(y;yfyt*). - (304?b)

and boundary conditicns

N x(y,t, ft) =0 y€38 (3. 48a)

N V-(y,,t ; y,t,) =0  yeo, y,ef (3.48b)

As vet we hgve not obtained an expression for the smoothing error covari-

T

ance. Thils can be obtained by differentiating (3.4) w.r.t. t; = t to

yield

3v"(Y:}"st*|t) '
X T ~1
a3t = - IQIQ vi(ylst H y’t*)H (yl’t)qJV (YISY2’t)

By, OV=(y sty 5 ¥2,t) dy,dy, (3.49)

with initial condition.
Vo (3,37t lt,) = Vo(y,y7,t) - (3.50)

and boundary condition
| NV-(y,7'; t,lt) = 0_ yedf, y'el (3.51)

To summarize, the fixed point Smoothing estimate is obtained by
processing the filtering algorithms upto t, and the processing the

smoothing algorithm eqns. (3.45-48). The smoothed estimate is
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independent of the smoothing error covariance.

The.results in this éection aré extensions of the previous work _
of Tzafestas, who obtained a éomewhat identical algorithm for Gaussian
disturbénceés[lo] using very cowplicated limiting procedures. The deri-

“'vation in this section is rather simple ana extends to a much broader
class of-disturbances than Gaussian noise. These algorithms are identi-
cal to those derived in Chapter 11 for.linear purely distributed systems

if the correspondence noted at the end of Sec. 3.2A 1s observed.

Table 7. Fixed Point Swmoothing Algorithm

Equation B.C. I.C.

Estimate (3.45) ' {3.48a) (3.47a)

- Moment (3.46) {3.48b) ' (3.47)
Covariance (3.49) (3.51) - o (3.50)

The filtering algorithm of Sec. 3.2A needs to be implemented

with this algorithm.

3.2D. The Fixed Lag Smoothing Problem

The fixed lag smoothing problem was outlined in Sec, 2.2. The
analysis over here is an extension of the general smoothing aﬁalysis
of Sec. 3.2A, with t] = t and t2 =t +If, T being the fixed delay.

Cur starting point, as before, is eqn. (3.30), the smoothed

estimate, and eqn. (3.31);"Dif£grentiate (3.31) with respect to

t (= t,) to get
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Myheledr) A Y PNITS D ” "
Tl LML fo B (9500 74y, ) Iy ", 1) dy
+ [ f =J} nt o+ T3y, OB (37 e+ T (v + T
glg= 0 3Ys ¥ b, y,t + )

I(y,t + T) dy’dy” - (3.52)

Differentiate (3.30) w.r.t. ¢t(= tl) and substitute from (3.52), (3.22),

(3.28) to get the fixed lag smoothed estimate,

aX(y,glt + I)= Lyx(y,tlt +T) + fﬂfg G(y,t)ww(y.yl,t)GT(Yl,t)

-1 . .
Vi (Y'l’yZ,t)(x(Y2’t|t + T) - x(stt)) dyldyz
+ oS fo V2 ly y’t)"‘T(y t + T’y't)HT(y t+T)
v xV T 1’ 33> A%

Wty 7,0t + DG, + 1) dy’dy,dy, (3.53)

with initial conditions obtained from processing the fixed polnt algori-
thm from tD to t0 + T. The error kernel matrix is obtained from (3.27)

and is

3E (v, tHT ; y4t) -
ot

— p— ' T
N, E Gt + T35yt - B (y,t+T;y »EIN_ {3.54)
the boundary conditions are

Nx(y,tle + T =0 - yedan  (3.55a)
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N E (7.t + T ;5 y',6) = 0 (3.55b)

An examination of the estimator equation (3.53) reveals that it is inde-

pendent of the error covariance. An expression for the smoothing error

~can be obtained, as in the other smoothing cases, by differentiating

- (3.9) with respect to t(= t;) to get

V= (y,y/,t|t + 1) -
. = . . - ’ ~ r
o (Ly + T )Va(y.y sl + T) + Vo(y,y,t|e + D)

, = T T
(Ly " + Hy,)T - fgfgfg V-(y,7;,8) 2 "(y,t + T ¥, 000 (vt + 1)
-1 = - . :
L (¥5,¥55t + T)H(y5,t + T) S (y3,t+ T;yst)dy dy,dy;- waGT (3.56)

with initial conditicns obtained from the fixed point.smoothing algori-

thm and boundary conditions

N Vi(y,y',t|t +T) =0 yedd, vel (3.57)

To summarize, the fixed lag algorithm proceeds by processing the

filtering algorithm along with eqns. (3.53-57). The initial conditions

are obtained by processing the fixed point smoothing algorithm upto the

time interval to + T.

These algorithms apply to a more general class of noise statistics

than those considered by Tzafestas [10] which applies only to Gaussian

distributions. The derivation is far more simpler, too. For the purely

distributed case, these algorithms are identical to the ones derived in

T

T
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Chapter II using invariant embedding.

Table 8, Fixed Lag Smoothiﬁg AMgorithm

Equation B.C. . 1.C.
Estimate {3.53) (3.55a) From'fixed point
smoothing algorithm
‘Moment (3.56) (3.55b) | "
%' Variance {3.56) | {(3.57) "

The fixed point smoothing algorithm must be implemented alongside the

above tabulated algorithm, along with the filtering algorithm.

3.3. Summary

In this chapter, we have developed general filtering-apd smooth-

i ing algorithms for second order linear DP systems with independent incre-
i:: . ment volume disturbances in the dynamics and measurement process. The

é. | estimation criterion was considered to be the minimization of the least

i squares estimation error which results in a minimum variance estimator.

The approach taken is the innovations approach. The innovation for the

class of systems considered here is white, which facilitates in the

| devivation.

| The prbcedure consists of expressing the minimum variance esti-

mator as a linear transformation on the innovations process. This

R ‘results in an Infinite dimensional Wiener-Hopf equation, which
|
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- represents the solution for all the estimation préblems, viz, filtering,
smobthing and prediction. _Solution'of-the_Hiener—Hopf eﬁuation is facil-
itated by the fact that the innévations process_is wvhite, as previocusly
_noted.

The error covariance is obtaiﬁed by differentiating the error to
yvield a linear TPBVP whose éolufion is obtained using a Greep's functidn'_
approach. The resulting expression clearly indicate the superiority ﬁf
sﬁOothing vig-a-vis filtering in that the error covariance is reduced.

The implementation of the various estimation algorithms has already been
tabulated in Tables 5 and B. The smoothing algorithms'either require a
parallel implementation of the filtering algofithm(fixed point and fixed
lag smoothing) or serial implementation after the filteriﬁg algorithm
{fixed interval smoothing). 'Furthermore, as pointed out in Section 3.24,
these algorithms are identical to.the pureiy linear distributed least
squares estimation algorithms of Chapter IT if the follqwiﬁg correspond-
ence between the noise covariances cof this chapter and the weighting

matrices of Chapter II are observed.

Least Squares Innovations
-1
Q ) — v,
R + o ot
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CHAPTER 1V

NUMERICAL IMPLEMENTATION OF REPRESENTATIVE EXAMPLES

In the previous chapters we concentrated upon developing estimation
algorithms for a class of linear and nonlinear DP systems using varidus
techniques. No mention was made of the computational feasibility of the
developed algorithms. In this chapter we shall examine this aspect of

. the previously developed algorithms, and examine various methods of solv-
ing the PDE's on a digital computer, since the object of any algorithm
is to execute it on a digital machine.

Three considerations are important in any numerical algortihm being
executed on a digital computer, viz, aﬁcuracy, speed of éxecution and
storage requirements. In our estimation scheme a measure of the accuracy,
ignoring computer round-off and truncation, is thé error covariance speed
of execution and computer memory requirements are functions of the finite
difference approach used to solve the estimator integro-partial differ-
ential equation, We shall examine these requirements in the following
sections for different finite difference methods.

While there are numerous schemes for solving partial differential
equations, for instance finite difference techniques, collocation schemes
and spline methods, we shall concentrate only on finite difference
schemes in this dissertation., The purpose of this chapter is not to
exhaustively review sclution techniques, but only to explore one of the .

alternate schemes, specifically the finite difference method, for solving
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two point boﬁndary value probleﬁs. The applieatian of varlous methods
for solving distributed estimation problemé has received iittle atten-
tion, and except for the ﬁork of Seinfeld et al. [14] using a discrete
space continuous time approach, no ﬁther study appears to have béen
méde.

It should alse be pointed out, as done before in Chapter III,.that
fhe approaches of Chapters II and II result in essentially identic#l
algorithms. With this in mind, we shall treat examples using the algo-

rithms of Chapter II alone in our numerical experimentation.

4,1 Numerical Experiments

In this section we consider the application of the algorithms of
Chapter II (and concomitantly, as mehtioned previously,:Chapter II1) to
representative engineering problems. Two schemes of discretization shall
be studied; viz.: |

1. Discrete Space-Discrete Time (DSDT) in which the linear-and
nﬁnlinear integro~partial differential equations are disﬁretized in
both their spatial and temporal co-ordinates.

2, Discrete Space Continuous Time (DSCT) in whiﬁh the system model
partial differential equations are discretized in their spatial co-ordi-
nate only. This results in estimator equations as derived by Seinfeld
et al. {14]. The resulting sysfem of ordinary differential equations
are then solved using any of thé_numerous techniques available for solv-
ing such equations. |

The first problem considered is the estimation of mass flow x(y,t)

in a chemical reactor. The chemical reactor is a cylinderical tube
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packed with catalyst. The reactants flow through the pécked bed, react

ont the surface of the catalyst, and the products continue through the bed.

Dispersion in the radial and axial directions occurs Because of the flow
around the particles., We consider the.axial disPersioﬂ problem here
alone, and compare the results of DSDT simulation of the equations of
Chapter II with the DSCT estimator algorithms of Seinfeld, et al. [14].
Consider an isothermal éituation with a Second order reactor [27}.

The mass balance is, in dimensionless form

2 ' . :
X X' po X _ R(Pe)x? + w(y,t) (4.1)
ot 2 3y : .

ay
where Pe is the axial Peclet number VL/D, R is the reaction rate group,
V the axial velocity, L the length of the reactor and D the axial dis-
persion coefficient. w(y,t) is the additive noise of unknown statistics.

The boundary condtions are

g_;‘ - st y=-1, allt (4.2a)
-g-;-‘-+ Pe(l ~x) =0 y=0, allt (4.2b)

with initial condition
x(y,0) = 0 all y (4.3)

Measurements of the form

=1




2(y,0) = x(y,t) + v(y,t) ;v e (0,1) G

are assumed,

The cdefficients Pe and R were ehosén as

estimation algorithm of Seinfeld, et al. [14]. The basis for comparison

that was made is shown in Table 9 and the actual equations are given in

Appendix ‘B.

- The filterihg algorithm (Appendix A) was solved along with the discrete

Table 9. Filtering Algorithm

Pe = 10,

?5”

R=1/2,

This Research

Seinfeld, et al. [14]

. (a) No. of Space

Intervals
(b) Time Step (At)

{¢) Method Used

(d) Noise Statistics

(e} Initial Condition
(i) Estimator

(ii) Error Covariance

0L sec.

DSDT approach using

Crank-Nicholson method

to solve estimator

equation and alternat-
ing direction implicit
technique to solve the

- error covariance equa-

tions.

Independent, zerc mean
with covariances

8(t - t’)/At (because
of time discretization)
and uniform distri-
bution.

x(y,0) = .00

P(y,y;,0) = 2.50

8
.0l séc.

Adams-Moulton pre-
dictor-corrector
approach to solve
both the estimator
and error covari-
ance ordinary dif-
ferential equations,
using a step size
At = .01 sec.

Independent, zero
mean, with covari-
ances 68(t) and a
uniform distribu~
tion.

ii(O) =,00,i=1,..8
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Results of the simulation using the two approachés are shown in
Figures 1 and 2, which indicate the superiority of the DSDT (this re-.
search) approach to the DSCT approach in that error covariance and esti-
matﬁr error is reduced.coﬁsiderably. Besides the reduction in error
covariance, a consliderable amoﬁnt of computer execution time is séve&.-
Computet execution time aloné is considered as a factor as it'precludes
idiocyncracies of programming taken into account by the compilation

time. For this problem we have

Table 10. Filtering Computational Requirements.

Current Research Seinfeld
Dynamic Storage ' .2500 words 3300 words
Execution Time 25 sec. 170 sec.

Results for fixed interval and fixed point smoothing at t; = 0.5 sec, are
also shown in Figures 1 ana 2., The errdr covariance Figure 2 clearly
points out the superiority of smoothing over filtering. As before the
smoothing algorithms were solved using 8 space intervals and the DSDT
approach listed in Table 9, The procedure is recapitulated in Table 11.
Results for storage requirements and computer execution time for
both smoothing and filtering are given in Table 12. Smoothing, as is to

be expected, is slower than filtering.




1.0

—+ x(1/2, t)

Filtered solution DSDT (this researcﬁ)
Filtered solution DSCT (Seinfeld [14])

Fixed point smcothing solution

Fixed interval smoothing solution

w=Noise free solution

1 i | [} - |
L ] ¥ T ¥ L
.2 b Y .8 1.0

— time (secs.)

Figure 1. Chemical Reactor Kinetics-State Estimate.
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1 - Filtering Error Covariance DSCT H
2 ~ Filtering Error Covariance DSDT (this researchf’
3 -~ Fixed Interval Smoothing Error Covariance

4

Fixed Point Smoothing Error Covariance (t,=.5) |-

Figure 2.

tipme (secs;)

Chemical Reactor Kinetics ~ Error Covariances
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f: Table 11. Smoothing Algorithm
i? Smoothing S Filtering
| .
¢ (a) No. of Space 8 ' 8 ' b
Intervals 13
(b) Time Step Size .01 sec. .01 sec.
EL (c)} Method Used DSDT as outlined in DSDT as outlined in
i . Table 9. Table 9.
(d) Error Covariances As in Table 9 for As in Table 9.
: the DSDT approach.
!H (e) Initial Conditions
. (1) Error Covariance P(y,yl,d) = 2,50 For fixed interval
: ) ' smoothing:
' ' - Pily, i 1) = P(y,y,1)
the filtering error
covariance,
For Fixed Point Smooth.

Pa(y,¥1,.5/1) =
P1(y,¥1,.5/1), the
5 _ _ filtering error

: ' covariance

(ii) Estimator . %(y,0) = .00 _ Fixed Interval Smooth-
| ing:
% (v,1/1) = &(y,1),
the filtered estimate,
Fixed Point Smoothing:

#2(y,.5/1) = %, (y,.5/1),
the filtered estimate.

e

e
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Table 12. Sm@othing Computational Requirements.

Filtering Smocthing - Filtering

-DSDT Fixed Pt. Fixed Int. DSCT (Seinfeld)
Storage . ~2500 words 2700 3100 3300
Execution Time 25 sec. 32 45 170

In all of the above e?perimentation the weighting coefficients for the
dynamic and measuremaﬁt residuals in the performance index were both -
chosen to be constantg equal to one., These coefficieﬁts_being kept con-
stant, next the estimﬁtion algofithm waé implemented for vatious values
of dynamic and measurément_noises. A plot of the_fixed intérval smooth-
ing error covariénce for fixed value of tﬁe dynamic noise covariance

(= 6(; - t') is shown iﬁ Figure 3. It seen that as the measurement
nbise covariance is ingreased, because it is being weighted less and
less in the performanc; index, the error covariance increases. ' For

very small values of téé measurement noise covariance, it is relatively

i

heavily weighted, and éhe dynamic noise predominates. However, the

magnitude of the dynamic noise is kept constant, as 1s its weightage.

Sl
il

s0 that for measurement noise covariance of upto l.a(t:—'t'),.the arror
covariance is almost cohstant. This graphically demonstrates the need

of selection of proper beightage to keep the error covariance within

bounds.

Example 2. The next ex&mple is taken from the field of nuclear réactor

kinetics [28). Consider the equation

R B TSP R R b




P(1/2, 1/2, t)

[P R

Chemical Reactor Kinetics

Error Covariance

Fixed Weigtage for Dynamic and

Measurement Residuals p
Dynamic Noise Covariance Fixed (: (¢t - t'))
Measur. Noise Covariance Varied

Measurement Noise Covariance
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Figure 3. Chemical Reactor Kinetics-Error Covariances for
Varied Measur. Noise Covariances.
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% _ 2x ﬁ2( ¥x - 6y % (y,t) (0,m (4.5)
ovs > yix ¥ wiv, y e ’ . .
! 3y

which represents the dynamics of a space dependent reactor with no de-

layed-neutron effects and a general prompt feedback [28]. The initial

and boundary conditions are
x(y,0) = £(y) > 0, o ox(0,t) = x(I,e) =0 (4.6)

The space dependent buckling Pz(x) gives the initial multipiication of
the neutron distributiong p? is positive and piecewise continuous, and
in all cases it is sufficiently large so that at time zero the ngutroﬁ
distribution is increasing with time and not in a steady state. 6 is
the constant negative feedback coefficient (8§ > 0) . w(y,t) is the addi-

tive noise of unknown statistics. Interior measurements of the form

z(y,t) = x(y,t) + v(y,t) (4.7

were assumed, where v is additive noisg'of unknown statistics.

As in the pfev10us example, both the discrete (Seinfeld [14])
and continuous filtering and smoothing algorithms were applied. The
basis of comparisoh_was exactly the same as in Tables 9 and 10, except
that instead of white independent, uniform noises, Gaussian white inde-
pendent nolses with =zero mean and unity covariances were used. The

numerical solution was obtalned for a homeogeneous reactor with

P2=10, & =1

f(y) = .1 sin y
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The NDSDT Tiltering, fixed Interval smoothing and fixed point
smoothing (t, =5 sec.) were obtained for t ¢ (0,2.] secs. The DSCT
equations, with the same numbér of interior points as beforé-(i.e;, a3)
were also simulated for the filtering algorithm using identical ﬁrobabilf
ity density functions as before. Results of thig gimulation ‘are dis-
played in Figures 4 and 5., Besides the reduction in error covariance,

a considerable amount of storage and execﬁtion time reduction is achieved.

For this problem

Table 13. Computational Requirements.

Filtering Fixed Int. Fixed Pt. Filtering
{This Research) Smooth, Smooth. {Seinfeld)
Storage ~2500 3200 . 2700 3200
(words) '
Execution Time 26 _ 50 35 175
(secs.)

4,2, Discussion and Comparison of Results

As reported before, the two example§ conéidéred in this section
were simulated on a UNIVAC 1108 computer. The costs and other impor-
tant performance factofs resulting from the simulation are listed in
Tébles9-13and the results are elaborated upon below.

For purposes of comparison, each example in evaluated using the
same initial conditions for the esfimate and error covariance for both’
the DSDT (this research) and DSCT approaches. Furthermdre, to ensure

proper compar-son, the gspace and time intervals were kept the same.
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x(x/2,t)

— Noise Free Solution - o
Fixed Interval Smoothing Estimate

Filtered Estimate DSDT (this research)
Filtered Estimate DSCT
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time (secs)

Figure 4, State Estimate for Nuclear Reactor Kinetics
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All these factors are tabulated in Tables 9 and 10. To account for the
time discretization in the DSDT approach, the introduced noise covari-~
ances were adjusted by a factor 1/at, At being the time step size. All

these factors ensured that a rationale for a proper comparison between

the DSDT and DSCT approaches existed.

In the DSDT approach, the well known Cfank—Nicholson method fbr
parabolic equations [29] was used for simulating both the noisy data
(eqns. (4.1) and (4.5) and the estimator equations. The error covariance
equations, being in two space dimensions, was solved using the implicit
alternating direction method [29].

For the DSCT'approach, the discretized noisy equation along with
the estimator and error variance equations were solved using the Adams~
Moulton predictor-corréctor method with the starting values sﬁpplied by
a fourth order Ruﬁge—xutta routine, The time steps for the differential
equation éolving routine were kept the same as for the DSDT approach.

Results on the performance of the two approaches are given in
Tables 9-13 along with Figures 1-5. As is apparent from Tables 10, 12 anci 13,
the execution time for the DSDT approach is considerably ( ~6/7 times)
less than the DSCT approach of Seinfeld [14}. This is not surprising,

keeping in view the fact that in general digital computers are slow

in solving differential equations vis a vis algebraic equations. This
should not however detract from the efficacy of the Seinfeld algorithm.
Implemented on  an analogue system, a striking improvement in results
wﬁuld be achieved for this algorithm. Results comparable to our fil-

tering algorithm shall be obtained on a hybrid system with the Seinfeld

algorithm.




these results are qualitative in nature alone, we can deduce from them
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So far we have demonstrated the efficacy of the DSDT approach

over the DSCT approach. This is not a property of our estimation algori-

thm, rather a property of the numerical algorithm used to implement the
es;imation algorithm. It has been shown that the DSDT approach can play
a significént'part in reducing computational time, as well as lessening
stdrage'requirements, for distributed estimation problems.

The smoothing algorithms'of Chapter I were implemented using
the.DSDT approach alone. The same space-time interﬁals were observed
for smoothing as were done for filtering to facilitate:compariscn.
Reéults of the.smoothed trajectoriés are shown in Figures i and 4 while

the smoothing error covariance is displayed in Figures 2 and 5. While

'thaﬁ smoothing does indeed improve the system pgrformance, in that error
covariance for smoothing is less than for the filtering algorithm (Eig-
ures 2 and 5), and also that the smoothed trajectory follows the noise
free esfimate much more closely than the filtered trajectory (Figures
1l and 4). Among the different kinds of smoothing, fixed interval smooth-
ing gave the best results using the above two criteria. However, aé is
indicated by-Iables 12 and 13, this was at the expense of increased stor-
age and computer execution time vis-a-vis filtering. Fixed-point
smootﬁing gave results intermediate between fiked interval smoothing
and the filtered estimates.

A quantitative estimate of the improvement rendered by smoothing
for nonlinear systeﬁs is difficult to obtain. An approximate expression
for the examples considered in this chapter may be obtained from the

smoothing error variance, eqn. 3.40a after linearizing the nonlinear
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systems considered (eqns. (4.1) and (4.5). Eqn. (3.40a) repeated here is

2¢ ¢ =T N
Vo, yityfty) = Valy,yie) - ftljﬂfﬂjﬂ V2 (957558) (55, 0)

T
.....311 Ell - . '
dyody sdy,dysdt . h (4.8)

where the Green's function matrix (4.8) = satisfies the linearized sys-

tem (3.27) with N replaced by its functional derivative, (4.8) indicates

that the smoothing error variance Vi(y,y2t1|t2) is always less than the

filtering error variance Vi(y,yz,t). However, this ié not an easy ex-

R
i
a3
ey
9
iz
b
i

pression to'_evaluate because of the multiple 1ntegrationé involved..
Furthermore, this is a coarse approximation; So our safest guide is a

qualitative rather than a quantitative examination of the reduction in

error variance achieved.

4.3. Summary

To summary, in this chaptér'we have considered application of
the various estimation algorithms developed in other chapters of this.
thesis to representative engineering problems arising in chemical and
nuclear reactor theory. .It was found that the algorithms of this
regearch result in a considerable amownt of saving in computer memory
and execution time over the previously existing algorithms, when exe-
cuted numerically. However, it was found that the equation giving a

quantitative relationship between the filtering and smoothing error
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covariances was rather difficult to solve numerically, and hence a

qualitative judgment factor was used. For the examples considered in

- this research, smoothing did indeed improve system performance, in that
L

%j it approximated more closely the noise free trajectory than the filtered
%t estimate, and also resulted in lesser error covariance than the fil-

3 . i

tered estimate;' This was, however, achieved at the cost of increasing

execution time and storage requirements,

R

ape e Bt Lk g
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CHAPTER V

e a e

i LA L0 TR S S A

CONCLUSIONS AND RECOMMENDATIONS ~

This dissertation presents the development of estimation élgorithms
for a class of linear and nonlinear second order distributed systems.
The salient features of the algorithms developed are that they (1) are
on-line, except for the fixed~interval smoothing algorithm, ﬁhich is
necessarily off-line, (2) are substantiated by-thedretical analysis, (3)

require fewer partial differential equatiomns to be solved than previcusly

Fhodpt

1 existing algorithms. For instance, the 'two-filter' version of the fixed

interval smoothing estimator [ 3] employs six partial differential equa-
tions, whereas the filter, using essentially an identical model, as

developed in Chapter III uses only three equations.

The general class of systems for which estimation algorithms are

developed using a least squares approach are described in Chapter II,

No prior knowledge of noise statistics is assumed. Basically, the noisy

N s e & o A Ak St iR St

plaﬁt is described by a vector partial differential equation

TITWEA T

x, = f(x,y.xy,xyy,t,g) + w(y,t) | (5.1)

e

where w(y,t) 1s the distributed noise of unknowm statistics. g is'a

ks
N
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parameter described by the ordinarf differential equation

E{r) = £(t,g) + £(t) (5.2)
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£1(t) is lumped additive noise of unknown statistics. Furthermore, homo-

geneous boundary conditions of the form
f(x,y,xy,t,iz) =0 , yef (5.3)
are assumed, where £,(t) is a noisy term whose behavior is described by
r(t) = f(r,t) + E3(t) (5.4)

Such a general system governs a large class of 4istributed systems,
involving, for instance, heat exchangers.

Furthermore, in the absence of the parameters and r, this.lumped-
distributed system reduces to a more conventional distributed system,

either parabolic or hyperbolic, whose behavior is governéd by
¥ = By, ,x 0 +wly,t) yeaq : (.5f_5)
with homogeneous boundary conditions
s(x.y,t,xy) =0 yedq (5.6)

Such systems arise extensively in the physical world.

The solution to the estimation problem is obtained by constraining
the estimator.to winimize a pbsitive definite quadratic form. This gives
rise to a two-point boundary value problem.: The boundary value problem

is converted to én initial value problem using invariant embedding. In
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the case of filtering a 'running-stage’ invatiant.embedding technique
is employed to obtain the estimator equation. in the case of fixed
point and fixed lag smoothing, 'fixed-stage' invariant embedding is em-
ployed. Thé Ricatti transformation is used to affect the fixed-interval
smoothing estimator.

Such a solution to the estimation problem is significant, not only
for purely distributed systems, but also for the lumped;distributed.sys~
tems which arise so frequently in heat exchange problems, for instance.
The nonlinear and linear smoothing problem considered in Chapter I1I
enables one to take advantage of the considerable reduction in error
covariance échieved using smoothing via. a vis filtering. A quénti—
tative examination of simulation results in Chapter IV brought out the
improvement rendered possible. Furthermore, fhese smoothing algorithms,
as pointed out earlier, are online.

In Chapter IXII, a more restricted class of linear second order
distributed systems are considered, to take advantage of the well devel-~

oped adjoint formalism, using Green's theorem, available for such éys-
tems. The system equations are

X, = L(y,xy,xyy, x,t) + w(y,t) veR (3.7)

where [ is a linear second order vector operator, along with the first

order homogeneous boundary conditions

Nb(x,y,xy,t) =0 vye 3 (5.8)
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and linear measurements
Z2(y,t) = H(Y,t). x(y,t) + V(y.t) ' (5.9)
The noises w and v are assumed zero mean, iﬁdependent increment

white processes. Using the innovations approach, minimum variance esti-

mates for the filtering and smoothing problem are obtained. This has

" the advantage of again having the smoothing algorithms online. An exact

. analytical expression for the reduction in error variance using smooth-

ing'vis 4 vis filtering is available (Eqn. (3.41)) and demonstrates the
feasiﬁility of smoothing over filtering.

With proper identification the results for linear systewms, using
the techniques of Chapters II and II1 are identical. It is shown that
the same algorithms result éhen the weighting matrices for the d}namic
and observation fesiduals using least squares are chosen as the invgrse
of the dynamic and measurement noise covariances. Furthermore, as the
domain of estimation rTeduces to a point in Euclidean ﬁ-space, corre-
sponding lumped estimation algorithms tesult.

The results are applied t§ representative problems arising in
various engineering disciplines. The numerical problem posed by these
algorithms is treated in Chapter IV. One of the representative methods
of solving partial differential-equafions, viz. the finite difference
method is examined from two different viewpoints., In the first approach,
akin to the one used by Seinfeld [14], the discretization ié done only
in space. The resulting set of ordinary differential equati§n3 are then

solved using any of the conventional methods for solving these equations.
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In the second approach, discretization in both space and time ig affected.
The resulting set of algebraic equations are then solved using the Thﬁmas
algorithm [29]. The results of the two approaches.taken are compared

for accuracy, computer execution timé and storage requirements. It isfseeﬁ.
that for the class of problems considefeﬂ here and for the approach.taken
here, namely the finite difference method, digcretization in both space
and time is far superior to the other method, discretization in space
along. This comparison is based on the criteria established previously,

viz. accuracy, execution time and storage requirements.

Recommendations for Further Study

As pointed out in Chapter I, a rigorous extension of Fokker-Planck
techniques to the infinite?dimensional estimation problem needs to be
investigated. Recently Balakrishnan [1] has initiated the study of Ito
processes iﬁ abstract spaces. These methods have been successfully ex-
ploited by Bensoussan [30], Lions [31], etec., to derive Kalman type
algorithms for unbounded linear operators. However, as yvet the applica-
tion of Fokker-Planck techniques to unbounded (linear and.nonlinear)
operators has not been initiated rigorously. This study would be very
profitable and give a great deal of insight to the general estimation
problem, as it would entail a study of the spectral properties of the
operators to which such techniques can be applied. Thau [32] took a
step in applying Fokker-Plaﬁck techniques fo linear DP.systems by calcu-
lating the backward Kolmogorov equation for the heat equation, in one
dimension, excited by whité Gaugsian noise. However, the approach taken

was purely heuristic and cannot be extended easily to higher order
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linear (or nonlinear) systems.

Another field which needs investigation is the sensitivity probleﬁ
of various linear and nonlinear estimation algorithms to errors in mode]-
ing the plant, 1nitial error covariance or the noise covariance whén they
are known. This would help give Iinsight into errors that may arise due
to any simplifying assumptions in the plant dynamics or noise statistics.

A field of major interest which has not been studied at all in the

DP literature is the adaptive estimation problem. The techniques and the

algorithms developed in this dissertation are very useful in carrying out
online adaptive estimation, and can be extended to incorporate identifi-

cation also. This area needs further investigation.
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APPENDIX A

THE INVARIANT EMBEDDING SOLUTION TO THE FILTERING PROBLEM

As pointed out in Section (2.3) a filtering algorithm is a neces-
sary adjunct to any smoothing algerithm., The preéentation here is not
new and has already been presented elsewhere by Lamont [8] and Seinfel&
et al. [14]). This is given ovér here only to coﬁplemeht the various
smoothing algorithms derived in Chapter II,

Invariant embedding primarily consists of converting a boundary
value problem (BVP) into an initial value problem by embedding the BVP in

a more general class of problems. For the BVP arising in Sec. 2.2, we

embed the terminal condition at time tf, Eqn. (2.15) into a more general

class of final conditions thus:

Al(y’_tf) = CI(Y) y ¥ E :
Aa(tf) = Cy {(4.1)
A (Eg) = ¢,

Denote the general class of solutions to the BVP by

x(y,tp) = 1, (€),65,C, 53,80
a(t,) = r3(C),C4,C,,t,) - (4.2)

r(t,) = rq(Cl,Cs,Ch,tf)
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The solution desired is rl(0,0,0,y,tf), r,{0,0,0,t), r“(0,0,0}t }.

Since
x(y,tf + At) = r (C, + A, Ca + aca, Cu + ACq, Yite + ntf) (A.3)

the left and right hand sides of (A.3) are expanded in a Tavlor series to

yield

Sr
8H | . 1
rl(Ci + ﬂCi,y,tf) = rl(Ci,y,tf) + Ea}at = rl(Ci,y,t )+ L?EET 4C d0

Brl 3r1 . 3rl i= 1,3,
13
+ g At + Cy + 35 4C, (A.4)
f 3 [
From (2.14)
éH
Jﬂ_".c1 - - E?lﬂt
_ oW '
ACy = aruat (A.5)
AC, = - Eﬂ At
3 31:'3

Substituting (A.5) into (A.4) yields, in the limit as At = O

ar §

L (em o Tiam %% om _ ow (A.6)
Btf 6C, ér Iry drz  3C, 9ry &Gy ’
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Equations (A.6) give the desired initial value problem for

S, {x(y,t), q(t), r(t), y € Q}. Assume solutions of the form [8]
r)(6,,6,,C,,y,t) = R(y,t) ~ [P (y,y,t)C (y)) df,
~ Praly,tJC3 - Plh(Ystf)Ch

r4(C;,C4,C,,t) = a(ty) - By (7591580 () do

- P33(Yntf)cs - PSh(y'tf)Cq ) (A.?)
r,(C1,C3,Cy,t) = (k) - [P, v,y .t)C (y)) a2

where X, {, ¢ are the desired solutions. The P11 term is assumed contin-

uous, bound, symmetric and symmetric in its arguments, too, i.e.,

| T

and similar results hold for the other P terms, viz,
T T
P]3(Y9t) = P3] (Ylt) H P]Q(Y$t) = Pu] (YSt)
T

T

P,5(t) = Py, (E)
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 Substituting (2.39a) into (2.36) yields

ax(y,t.) 9P 9P., AP .
£ 11 ek E I U .
‘atf Q Btf Cldgl Btf CS a:f Cy + jg Pll{[mrlcl

T .
- ;Q(-:-'-;—l) Q(z-h) dﬂl} da, + an{["q]za Cs

+ [Q [N]racldnl} +P {[Nr]rhct, + [39 [-nb]rlxcld(an)}

) -1 _
= N(r]_(cl’c3’cl.|’y’tf)’ rgsy.tf) - IQR CldQ _ (A.B)
Linearize (A.8) about a nominal trajectory rl(D,0,0,y,tf),'ra(0,0,0,tf);

rh(O;0,0,tf) and compare coefficients of like terms in €(0) and C(l) to

get

) A
(o), 3x 3n\T

(z - h(;{,yl,tf}) de,de, ye @ (A.9)

(1, 11 - { * -1
c:l : 'f;; __atf ¢ da, Ig PyIN]X + [n]xp LYR O+ Pla[N]& Py

X

3h
+ fgfg (3}{) Q{z - h(x,y,,t)) Pudﬁzdns}
x

€ 42, + [3q P1, [N )2KC d(02)) (A.10)
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In (A.10) the first term on the right can be written, using Green's

identity,
- T o
IR'PIINﬁCI da, = IQ PuNi1 €, a8 + !an ([Nblell)cld(anl) ' (A‘ll)

With these relations, identifying P,, as the error covariance of the esti-

-mate of x, we get

P e sr w4 N]: + [N]. PT + R}
Btf_ x 11 11 xl 13 q q 31

+ [ . . P -'“-’-t-‘-TQ(z-h(x ), P40 40, &0 (A.12)
o' 0 11-3;‘ !Yg! ﬁ 11 2 3) Yo Y]_ .

where the arguments of the various terms are self evident. The boundary

condition for P, is obtained from (A.10) and (A.11) and is

*
(8,15 By, 0ayyt) + By (HED N1, KOuE) =0 (A.13)

yed Ry

with initial conditions
Pi(yyst) = B (y,y) 39, ¥, €8 ' - (A.14)

The estimator équation for i(y.tf) is given by (A.9) with boundary con~

dition _ _
x=0 3 Al
[Nb]ﬁx _ y € | ( 5).
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. and initial condition
Ry,t) = %, () (A.16)
)y (1)
Similarly, comparing coefficients of vt:3 and Cq ve get
LT K | T
EE;" (Y;tf) = [NlﬁPla + [N]aP33 + P13[Nq]&
+ [ e (2 TQ(z-'-h) P,.d2.d2_, yeo (A.17)
Q40 "1l ai . 1377172 ¥y *
X
aF :
*1n T
| atf = [N],}Plu + [N]al’3u + Plu[Nf-]i‘-

T | |
+ folq P“[(g—;) Q(z - h)];P”dR_ldnz - (A.18)

with boundary conditions

Pyt [N1gP + (N1 =0  yecoo (4.19)
Py [Nb]ﬁplh + [NbePu“ =0 vyeadR. {A.20)

-In an identical fashion, substituting (A.7b) and A.7¢) into (A.6b)
and A.6c) respectively, comparing coefficients of like terms in the C's
after a first ordef linearization yields for the estimatér equétions

q

dq . | s\ . -
a“t_t? ’ Nﬁ(tf’% + fnfg Psl(a_ﬁ)_.. Az - h(X,y),t.)) d, d2, - (a.21)
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o N(e,,D) + [ P h Y (z - hiR,y, ,t.)) 4o de
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and the error covarlance equations

dPyy(t,)

. v
——-—-—-—dtf - = [Nﬁ]éi.Pﬂ + P33[N§]_& + T (e
ah\T
+ Jolg Pw[(g;) oz - h)] P, 49,d9,
i
dPéq(tf)_ : .
B = [NEI]E!P_3“ + Py, (W21
|  [{ah\T
+ IQIQ P31 [('gi") Q(z - h)] P,,d8,d0,
%
dp,, (t.) _
LT " _T -1
——EE;—_- - [Nr];Phu + qu[“f]; + T, (tf)
| 5h\T '
+ fofa Pun [(;';) Q(z ~ h)] P, d0,dn,
x L

The filter obtained is summarized in Table 14.
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{A.22)

(A.23)

(A.26)

(4.25)

The results cbtained in this section are not ner but a more

general model than previous works by Lamont [ g ],_Seinfeid (14] has been

consldered. In case the state of the system is described 6n1y by

{x(y,t)} rather than {x(y,t), g(t), r(t)} the estimator reduces to the

one obtained by Lamont [ 8 ]. Furthermore these equations may be regarded

as the continuous analogue of the discrete estimator obtained By Seinfeld

tilkl..u,...__;_.._:'.._--__ el A e o — . e ae s SR _a e  aee e
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Estimates
2(y,tp)
q(ty)
t(t,)
- Covariances

P11 (31sy2ste)

Pyt

Py (yste)
.P33(tf)
Pa(t))

P, (t,)

Equation

(A.9)
(A.21)

(a.22)

(A.12)
(A.17)
(A.18)
| (A.23)
(A.24)

(A.25)

Init. Condition

" (A.1b)
ﬁ(O)_

$(0)

P, (7,0
P, {y,0)
P33(0

By, (0) |

Puq(o)

B.C.
(A.15)
Ndne

None

(A.13)
(4.19)
(A.20)
None
Nqne

None

SR N . ko
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et al. [14]. The purpose of this derivation, as previously stated, is to

to serve as a necessary adjunct for the smoothing algorithms developed in

Section 2.3.
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APPENDIX B
NUMERICAL TMPLEMENTATION OF THE ESTIMATION ALGORITHM

It was pointed out in Chapter Iv that the.estimation algorithms
developed_ip Chapters iI and II would be studied using the finite dif-
ference method. Two techniques for discretizing were outlined in that
éhapter~—viz. discrete space discrete time (DS5DI) and the discrete space
continuous time (DSCTj approaches. In this appendix we examine the dis-
cretization of the estimator equations using thesé two approaches. The
techniques used in discretizing the integro-partial differential equa-
tions are detailed briefly, and the resulting discrete eqﬁations afe
outlined fully. .

"The procedure is detgiled for the chemical reactor problem con-
sidered in Chapter IV. Similar remarks apply to the other problem con-

sidered in that chapter. For convehience, we repeat the model equations,

dynamics: A W10 5y 4 w(x,p) (8.1)
at 32 ox
X
. dy _ =
b.c.f py. 0 x =1 ¥t (B, la)
b.c.: Zrwa-y»=0 x=0 % (B.1b)

i.c.: y(x,0) = © ¥ x _ (B.2)
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measurements: z{x,t) = y(x,t) + v{x,t) : x ¢ (0,1) {(B.3)

The noisy dynamics and measurements were simulated by assuming w

and v to be zero mean, white in time and independent, viz.,

E {vi{x,t)} = E {w(x,t)} = 0
E {V(x,t)vT(x',t')} = §{t - t')8(x - x")

E {w(x,t)w(x’,t')} = 8¢t -t')6(x = x')

The distribution of v and w was simulated as being uniform in the inter-~

: vai [-/E;/E} which gave the required ﬁean and variance. Choosing a per-

formance index of the form {cf. eqn. (2.6)
T ' 2 4, 3Y 2
=3 Io Io $(z(x,t) - y(x,0)) Gl Jaxdt  (B.®)

where N is the nonlinear spatial operator on the R.H.5. of (B.1l) results

in (cf. Appendix A, Table 1) the filtering estimate u

du _ 32%u 3u » 1 ,
Tt 10 7 ~ 5u? + fb P(x,x ,t) (z(x ,t) - u(x ,t)) dx  (B.5)

with boundary conditions

du _ .
o 0 x=1 ¥t | ._(B.Sa)

%;-‘E.-q- 101 - u) = 0, x=0 ¥t (B. 5b)
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and initial conditions (assumed)

u(x,0) = .10 ¥ x e (0,1) (B.6)

the error covariance

(x, xt) = 2 L% opcutn,t) + u(x,,t)) - (ap . 2 )
a2 axy2 1
+8(x - x)) - fo P(X,X,,t)P(x,,X,,t) dx, (8.7
and boundary conditions
aP ' . -
— =0 at x-l-&‘-x >t and at X, =0 ¥x,t .{B.8)
ax 1? 1
x=0 X, = 0
%— 10u = 0 % x5 D ¥xeD . (B.8a)
*t *t
and initial conditions (assumed)
P(x,xl,O) = 2,50 (B.9)

The various smoothed estimates can also be similary written down, fol-
lowing the analysis of Sec. 2.3. For illustration's sake we give below
the fixed interval smoothing algorithm that results.

Fixed interval smoothiqg_pstimate:
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2
aulx,t|t) ) 3 u(x,tltf) i 10?uxt]t))
ot

= ™ - Su(x.tltf)

. | .
+ L p7 x5t (ulxyatle) - uix,t) dxg (B.10)

with boundary conditions

—_— = x=1 Xt - (B.1lla)
3}{
Bulx,t|ty) - - :
— .+ 100 - ucx,tltf)) =0 x=0 ¥t (8.11b)
initial condition
u(x,tfltf) = u(x,tf), the filtered estimate {B.12)

- The smoothed estimate is, of course, independent of its corresponding

error covariance. Similar results hoid for other algorithms. We shall
not discuss them further here, for brevity's sake.

As pointed out previously, the main thrust of this appendix is
to obtain the discretized equations that were actualiy implemented on
the U-1108, The noisy data was geﬁeratedusingthe Crank~Nicholson method
[29] with forward prﬁjection in time. The Craﬁk-Nicholson procedure is
a second-order correct analog of the time derivative. All thg finite
differenées are written about the point X5 tn+1/2,.which is halfway
between the known and the unknown time levels. In Figure 6 this point

is shown as a cross. Values of the dependent variable, u, are computed
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only at the points designated by circles. The second-order cbrrect ana-

log of the time derivative at x

i tn+1/2 is
1
t
n+1 o o o o
+
n o o 0 o

i-1 i i+l X

Figure 6. Center of Analogs for Crank-Nicholson Method.

3u - “atl " %on _(?3x) (Ar)? _
3t At 3 24, <.
1,n+1/2 ot 1,042

The second-order correct approximation for (3%u/3x2) is obtained by the

arithmetic average of its finite difference analogs at xi’tn and xi’tn+1'

The resulting analog is

azﬁ) ' . 1) %41,n 28 A + Y-1.n + Uiblndl - 2%op1 T “1—1,u+1'
ax2fi,nb1/2 2 (ax)2 : (8x) 2

For this problem define X, = (i - 1/2)ax, ﬁk and At being space-time

intervals to get

Yoatl ~ Yo

At

=1 fs2 + 52 -
2 )6x“i,n+1;2 6x“‘i,rmfz} > {?‘:%‘i,n + "'xuiﬂ.,n}

- %—{ui,n+1/2(ui,n + ui,n+1)} + wi,n+1/2 {B.13)

Y PR SRV e e e
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where

Gx Y on = (ui+1ﬂ4n - ui-lfz,n),ﬁx

uxui,n = (u1+l,n - ui—l.n)IZﬁx

Incorporating the boundary conditions {(B.l) we can write the

difference equation for R equil-spaced intervals,

' 25x%%
- 2 Lai |
{1 + 5&x)ui_1’n 1 (2 + 5Ax% ui,n|1f2 + At')lﬁqnll

. 2
+ (1 - = (1 + SA 2 _28x7
(1 - 5Ax%) ui+1,n+1 (1 + 5Ax) ui—l,n + (2+5m§ u:i_,n+1/2 “at )ui,n

L4580 uy - 2xw 0 2 <I<R-1 (B.14)

The L.H.S. of this equation ig the value of u at the new time level

(n + 1) in terms of the old time level. As such it involves an unknown

coefficient u, at1/2’ This can be obviated by projecting thig coeffi-
»

cient forward in time thus

= av) At _
Y1,0¢1/2 = Y4,n + (é;)i 2 (B.15a)
. oo

where

(%%) =uw + —QE—_ (1 + 5Ax) u
i,n ? 25x%2

1~1,n + (1 - 54x) ui+1,n

- 2 '
@+ 5axPuy )y o+ AP (B.15b)
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Then eqn. (B.14) and (B.15) give the differenée equation governing the

interior behavior of the system. The boundary equation becomes

_lspe? 282 | _ |
{Sax ul,n+1/2+ At + (1 + 5Ax)} ul,n+1 + (1 5Ax) uz, +1

= =(1 - 54%) u + {5(8x)2u - ZQEE + (ll+ 54x) Y u
: 2,n 1,0+1/2 At 1,n

- 208x% - 28x%w, 1=1 (B.16)

with u, computed from (B.15). Equations (B.l4) and (B.16) com-
,n+1/2 . .

prise a set of implicit tridiagonal system of equations which is sdlved

using the Thomas algorithm [29] for such systems.

The filter equation (B.4) was solved using the above procedure,
too. The integral was approximated by Simpson's rule. The error co-

variance equation (B.7) was solved using the implicit_alternating direc-
tion methed [29].

A brief sketch of the alternating direction-implicit method is in
order here. For a two space dimension problem such aé'posed by the co-

variance equation (B.7) this method involves the alternaﬁe use of two

different finite difference analogs to (B.7). Fdr the first finite dif-

ference equation the analog to 3%u/3x? is written at the new time level,

tn+1’ and the analog to the y-derivative, Bzu/3y2 is written at the

cld time level, tn' Consequently, they are implicit in the x~direction

and explicit in the y-direction.” The resulting tridiagonal system can

be easily solved using, for instance, the Thomas algorithm [29], TIf
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this were used repeatedly, the method would be unstable except for re-

stricted values of the ratio (Atf&yz)siﬁcethe difference equation is

explicit in the y-direction. So for the next time step a tridiagonal

S

system is set up which is explicit in the x-direction and implicit in

“,-1 7 . 1

the y~direction with the same size At, hence the name of the

method. The procedure is repeated till such time as convergence is

L

achieved.
%; We can now write the discretized error covariance equation tB.?).
éi ﬁenote by i the index in the x—di;ection, by j the index in the X -
E; direction. Let n denote the time index. The increment in both spatial
%E dimensions is the same, Ax. Then we can write x-implicit equations: |
|'¢ (P;':i" R P;!t]i’ j)mxz + (Pti"j o - 2 ¢ Py, ,j) /ax?
I |
|] - 10 (ngij - P‘ifi,j)m * (1 41 Pli:,j—l)/zmc
h - 1087} (;i“*l + 1%14-1) +8, - j’j 2% (xg , P" (x4 ) dx

= (PI;-'.; 134 j) /ot | o (8.17a)
X, ~implicit eguations;'

i ntl o ontl n+l x2 n+2 n+2 | . n+2 é
(P:H_l’j 2P, 3t P )/a + (P 1,940 %P5t Pi,j_l)/ﬂx

Y - _ atl  ontl ntZ  oni2
b 10 (Pi_ﬂ’j Pi_l'j)/2&x+ (Pi’j-‘_l Pi’j_l)lz,ﬁx
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- nt2 [ n¥2 | ne2 1 ol 1, .
- 10Pi'j (?1 + uj )'+ Gij Io P. (xi,x)P (x,xj)dx
n+2 n+2 | ' o g . :
= {p - P At : B.17b
(1,3 i,j)’ | - - A

These equations are succesively solved along with the associated

boundary conditions using the Thomas algorithm [29). The integralg were

computed by Simpgon's rule.

Next the DSCT method as used by Seinfeld et al. [14] is described
Concéptually, this method is tather simple. The space derivatives are

approximated thus (i denotes the spatial index)
Sufdx = [u(d,t) - u(l - 1,t)]/Ax

32u/3x2 = [u(i + 1,£) - 2u(i,£) + u(d - 1,t)}/ax?

With this correspondence, the noisy system (B.1-2) can be discretized
to yield

= - A -

- 5yi + wi(t) = fy,t) + wi(t) (B,18)

with (cf, B.la and B.lb)

v, = (v, + 108x)/(1 + 104x) (B.19a)

Y=Y,y (B.19b)
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The measurement process is
zi(t) = yi(t) + vi(t) 1= 2,33in -1 (B.20)

The simulation was carried out by assuming the noises to be independent
white. processes with zero mean and unit covariance. The distribution
was assumed to be uniform. Thus

E {v,(t)}= Elw,(t)} =0

E {“1(t)“§(f)}' 0

E (v ()V3(1) = E {ug(e)wj ()} = 6(c = )

The estimate was desired to minimize the quadratic form

t |
12310 [e® - g2 + G - 2,009 (8.21)

G

This resulted in the invariant embedding equations corresponding to the

ones obtained.by Seinfeld [14].

Estimate: | u = f(u,t) + P(z - u) _ (B.22)
Errer Covariance: P= Eé—P + é(ﬁﬁ) ¥ +1I-pP2 (B.23)
du du -

with initial conditions {assumed)

u(e ) = .00 - @24y

P(t ) = 2.5 (B.25)
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APPENDIX C
OBSERVABILITY CRITERION

There exists no general observability criterion for the class of
nonlinear systems cousidered in Chapter II [31]. However, for linear
systems as considered in Chapter 111, the following Lemma [31}] holds.

For convenience, we repeat the unforced system model of Chapter III.

2. L x(y,¢) | (c.1)
b.c. Nbx(y;t) = 0 - _  (¢;2)
Measurement: z2(y,t) = H(y,t)x(y,t) (C.3)

where Ly is an nxn matrix differential operator, x(y,t) is the n vector
state, and H(y,t) is a bounded mxn matrix.

Lemma [31]: The system (C.1-3) is observable at t, if and bnl& if the

linear self adjoint operator

' t _ : _
M= fto QB ©R(y,E5y,,t DI*[H(y, Ky, 3y, ,t_1de dt

has a bounded inverse for some t, > L Here K(:) denotes the system's

Green's function, and (%) denotes the adjoint operation. This lemma:
implies that the system is observable at t, if and only 1f M is positive -
definite and the columns of H(')K(°;yi’to) are independent at to for

some t_ >t .
1 Q
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An example of a system which is not observable [31] is one in

which a measurement is taken at just one point, i.e.,
H(-) = [, 8(y -y ()da

where the operator [ in (C.l1) is ellipti¢. For such a system M (eqn.
(3.4)) is always unbounded. Such systems are not considered in our

research.
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