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CHAPTER 1
INTRODUCT ION

The purpose of the present research is to investigate the proper-
ties of loops which belong te a class of loops which we shall call
generalized Moufang loops. In 1934 Ruth Moufang [6] investigated the
properties of the multiplicative systems of alternative division rings.
By deleting the zero element from such a system, one obtalns a iosp, and

Moufang showed that the identity

(1.1) gxeyg = (g*'xylg

holds for any three elements g, %, and y belonging to such a loop. Any
loop in which (1.1) helds is called a Moufang loop. In 1959 J. Marshall
Osborn [7]), while studying a certain class of weak 1nverse property

loops, discovered that in any loop G of the type he was considering, the

identity
(1.2) gX°(y6ng) = (g-xylg
held where g, x, and y are in G and where 88 is an automorphism of G

depending only on g. We shall call any locp satisfying (1 2) a general-

ized Moufang loop.




In the first chapter we shall consider the origin of generalized
Moufang loops from the study of weak inverse property loops; the material
is expository in nature and, except where it is otherwise specified,
appears in a paper by Osborn [7]. In the second chapter, we shali dis-
cuss some of the basic properties common to any generalized Moufang
loop; give an example tc show that the class of generaiized Moufang
loops is strictly larger than the class of loops previously considered
by Osborn; and investigate the properties of generalized Mcufang locps
which also have the weak inverse property. In the third chapter we shall
further investigate the properties of the loopse which Osborn had con-
sidered previously, and in the fourth chapter we shall consider some of
the theory of holomorphs of generalized Moufang loops.

We shall write all loops which appear in this paper multipliza-
tively, and unless specified otherwise, we shall use 1 to denote the
identity of a loop. The symbol p will be used to denote the mapping
which takes an element x of a loop onto its right inverse, and we shall
denote the image of x under the mapping p by x” . The symbol A will
denote the inverse of the mapping p, and the image of x under A will be
denoted by xk; that is, x1 is the left inverse of x. To each element y
in a loop we shall use R(y), L(y) to denote the permutations defined by

the equations:

(1.3) xR{y) = =y and

(1.4) xL(y) = yx




The inverses of R{y} and L(y) will be denoted by le(y) and L-l(y),
respectively.

We now consider the definition of a weak inverse property loop

Theorem 1.1, Let G be a loop. Then the following four statements are

equivalent.

(1.5) If x, y, and z are any three elements in G and if xyrz = 1, then

we have x+yz = 1.

(1.6) For any twc elements X and y in G, we have y(xy)p

X

. A
(1.7) TFor any twe elements x and y in G, we have (xy) x

i
e

(1.8) If x, y, and z are any three elements in G and if x'yz = 1. then

we have xy+z = 1,

Procf: Assume that (1.5) holds. Let x and y be any two elements of G.

"

By definition we have xy-(xy)p l. Hence we cbtain x-y(xy)D = 1 by

xx”, and it follows that y(xy)p P

(1.5). Hence we have x-y(xy)’
since a loop is cancellative. Thus we have established (1.6).

Now assume that (1.6) holds. Replacing v by x and x by (xy)A in
(1.6), we may write that x((xy)xx)p = xy. Hence we see that ((xy)/\x)p z
y; that is, (xy)lx :yA, and (1.7) is established.

Now assume that (1.7) holds. Let x, y, and z be in G such that



X°yz = 1. Then we have x = (yz)k. Now we also have (yz)Ay = 2" Hence
we see that (yz)hy'z = 13 that is, xy*z = 1, and we have proved (1.8}.
We have now proven that (1.5) implies (1.8). In like manner one
can show that (1l.8) implies (1.7), that (1.7) implies (1.6). and that
(1.6) implies (1.5). Hence., we have proven the equivalence of all of

the statements. [}

Definition 1.1. A loop is called a weak inverse property loop if and

only if it satisfies any, and hence all, of the conditions of Theorem
1.1.

Special cases of weak inverse property loops are inverse property
loops and cross inverse property loops. Inverse property loops are loops

in which corresponding to each element x there is an element x = such

that x_lx = xx~ =1, and,for any vy, xml(xy) = (yx)x"l = y. R. H. Bruck

11 B
[2] has shown that in such loops (xy) =y lx l, and hence y(xy) 1.

y(y_lx'l) = x_l which shows that such lecops have the weak inverse

property. Cross inverse property loops are loops in which correspond-

p p

ing to each element X there is an element % such that xx° = 1, and
xy«xp =1 for all y in the loop. In such loops we have the identuity

yLml(xy). Thus we see that xy'y(xy)p Ty,

y(xy)® = (xyeyL ™y )) (xy)P

p P

y,mﬁhameyuyf::xvmmhimﬂmstMi

but we also have that xy-x
these lcops are weak inverse property loops. Bruck [2] has shown that
Moufang loops are inverse property loops; hence Moufang loops are alsc
weak inverse property loops. We shall show later in this chapter
(Example 1.1) that the class of all weak inverse property locps is

strictly larger than the class consisting ot all inverse property loops




and cross inverse property loops.
The following theorem provides a useful representation for R_l(y)

and L—l(y) in any weak inverse property loop.

Theorem 1.2. Let y be an element of a weak inverse property loop G.

Then we have the following representations for Rwl(y) and Lml(y).
-1 .

(1.9) R “(y) = oL(y)A
=1

(1.10) L “(y) = AR(y)p

Proof: Let y be in G. Then, for any x inG, we have the identity y(xy)p =
x° by (1.6). This implies that p = R(y)pL(y). Hence we have le(y) =
pL{v)Ar, and we have established (1.9). Taking the inverse of both sides
of (1.9}, we obtain the identity R(y) = pL-l(y)A. Hence we have L—l(y) =
MR(y)p, and we have established (1.10)}. 1
Bruck [2] has shown that the mapping p2 is an automcrphism of

inverse property loops, and R. Artzy [1] has shown that p2 is an aute-
morphism of cross inverse property loops; we now show that this result

holds in weak inverse property loops.

Theorem 1.3. In a weak inverse property loop, the mapping p2 and its

. 2 .
inverse A" are automorphisms.

Procf: Let G be any weak inverse property loop and suppose that x and

vy are in 6. By (1.6) we have the identity y(xy)p = %P, and hence




2 p

i

2
(y(xy)p)p = x"", Thus (xy)p'xp (xy)p°(y(xy)p)p =y, where we have

2 2
used (1.6) again at the last step. It follows that yp = ((xy)p 2° )p,

fr . . P2, P% L PP oyPPy L 0?
om which we obtain that x° +y = x ({xy) x ) = (xy) by (1.8)

2 is an automorphism of G, and its inverse A2 is also

again. Hence p
an automorphism of G. |

In any loop G the set NA = {aeG: a*xy = ax+y, for all x and y in
G} is a subloop of G called the left nucleus of G,* Similarly, it can
be shown that the sets Nu = {ae@: xa*y = x'ay for all X,yeG} and
Np = {a2eG: xy*a = x*yva for all x,yeG} form subloops of G called the
middle nucleus and the right nucleus, respectively.* The intersection
Nhf1 Nu(7 Np is also a subloop called the nucleus. Since these sets are
subloops in G, it is immediately evident from their definitions that
they are groups.

In general the left, middle, and right nuclei are distinct from
one another; Bruck [2] has given examples of loops in which they are
distinct. However, Bruck [2] and Artzy (1] have shown that these three
nucleli do coincide with each other in inverse property and cross inverse
property loops. We shall show that the nuclei coincide in weak inverse
property loops, but to do so we need the concept of autotopism. Asso-
ciated with any leop G is a group called the autotepism group of G. This
group censists of all ordered triples of permutations on the elements of

G which have the property that for any such triple (U,V,W), the identity

xU+*yV = (xy}W holds for all x and y in G. It is easily verified that

& .
See Bruck [2]. 1In that paper he uses the term associator for
the term nucleus.




this set forms a group under the operation given by (U,V,W)(U',V',W') =
(UU',VV' ,WW'), where UU' denotes the ordinary composition of U with U'

and likewise for VV' and WW'. We now prove the following.

Lemma 1.1. Let (U,V,W) be an autotopism of a weak inverse property loop

G. Then the triples (V,AWp,AUp) and (pWA,U,pVA)} are autotopisms of G.

Proof: From (1.5) of Thecrem 1.1, we have the identity yV-[xU-yVJp z
(xUI° for ali x and y in G. But since xU-«yV = (xy)W, we have yV~[(xy)W]p =
[xU1°. Since this holds for all x and y in G, it holds when x = (yZ)A.
Thus we have yV-[((yz) y)WI° = [(y2)*UI°. But by (1.7) of Theorem 1.1,
we see that (yz)Ay = zk. Hence we have yV-[zAW]p = [(yz)AU]D. It fol-
lows that (V,AWp,AUp) is an autotopism of G.

Now by (1.7) of Theorem 1.1 we have the identity (xU-yV)AxU 2
(y’\."))t for all x, vy in G. Again this implies that ((xy)W)ka = (yV)AD
Letting y = (zx)°, we obtain the identity ((x(zx)p)W)l'xU = ((zx)pV)A,
which implies that (zDW)k-xU = ((zx)pV)A. Hence (pWi,U,pVA) 1s an auto-
topism of G. 1

We are now ready to prove that the left, middle, and right nuclei

of a weak inverse property loop coincide.

Theorem 1.4. In a weak inverse property loop G, the left, middle, and

right nuclei coincide with each other and with the nucleus.



Proof: Let a be in the left nucleus NA of G. Then we have the identity
ax+*y = a-xy for all x and y in G. But this implies that the triple
(L(a),I,L(a)}) is an autotopism of G, where we have used I to dengte the
identity permutation. Conversely, if the triple (L(a),I,L{(a)) is an
autotopism of G, then a is in the left nucleus of G. We can also prove
that a is in the right nucleus Np of+G if and only if the triple
(I,R(a),R(a)} is an autotopism of G.

Thus suppose a 1s in Np, Then (I,R(a),R(a)) is an autotopism of
G, and by Lemma 1.1 (pR(a)Ar,I,pR(a)\} is an autotopism of G. Since p2
is an automorphism of G, (AZ,AZ,AZ) and (pz,pz,pz) are autotopisms of G,
and it follows that (A2,A2,A2)(pR(a)},I,pR(a)A) T(p2?,p2,02) =
(AR_l(a)p,I,AR-l(a)p) is an autotopism of G. But by Theorem 1.2 we have
AR-l(a)p = L(a}, hence it is true that (AR_l(a)p,I,hR_l(a)p) =

(L(a),I,L{a)) which shows that a is in N A similar argument shows that

3"
if a is in NA’ then a is in Np. Hence we have NA = Npo

Now suppose that a is in Np. Then (I,R(a2),R(a)) is an autotopism
of G, and we obtain that (R(a),Lml(a),;) is an autotopism of G by apply-
ing Lemma 1.1 and Theorem 1.2 in succession. Hence we have xa-szl(a) =
xz for all x and z in 6. Letting z = ay, we obtain that xa-y = svay for
all x and vy in G; that is, a is in Nu. A similar argument shows that if
a is in Nu, then a is in Np. It follows from all of the above that the
four nuclei of G coincide. 1§

The above theorem allows us to give another characterization of

weak inverse property loops.



Theorem 1.5. A loop G is a weak inverse property loop if and only if

Xy*Z = x*yz Whenever Xy*z is in any cne of the four nuclei of G.

Proof: Since 1 belongs to the nucleus of any loop, the hypotheses
immediately imply that G is a weak inverse property loop by (1.5}. Thus,
let G be a weak inverse property loop, in which case the nuclei coincide.
Suppose that x, y, and z are in G and that xy«z is in the nucleus. Let
a = xy*z. Then it follows that (xy'z)a\_'L = 1, and by two applications of
(1.5) we obtain that x'y(zawl) s 1. Now al is in the nucleus since the
nucleus is a group. Hence we have 1 = x-y(za_l) = x((yz)aml). By (1.8)
Wwe see that (x-yz)a"l = xﬂ(yz)a_l = 1. Hence we have (xy+z) = a =
(x°yz). |

The class of weak inverse property loops which Osborn studied and
which satisfy (1.2) is the class of loops all of whose loop isctopes have
the weak inverse property. Two algebraic systems are said to be isotopic
if and only if there is a triple (U,V,W) of one-to-one mappings having
domain S and range S' such that for any x and y in S, xU+yV = (xy)W.
The triple (U,V,W) is called an Zsotopisem. If G is a loop and if f énd g
in G, then we may define another binary operaticn © on G by the eguation

1

Xoy = xR-l(g)'yL‘ (£f). It cap be shown that the new system G_ is a loop

with identity fg which is isotopic to the original loop; it is called a
prinetpal isotope of G. It can also be shown that if G is a loop, then

%
any loop isotopic to G is isomorphic to a principal isotope of G.

%
See Bruck [2]. For readers interested in the origin of the con-
cept of isotopic loops, the paper '"What is a loop?" by Bruck [4] has an
introductory account,
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We now turn our attention to the question of whether cr not a
particular loop isotope of a given weak inverse property loop also is a

weak inverse property loop.
Theorem 1.6, Let f and g be any two elements of a weak inverse property

lecop G. Then the principal isotope Go of G given by =x:cy = xR-l(g)'yLwl&U

has the weak inverse property if and only if the triple of mappings
Y S - -1, . A

(1.12) (e MR, LR M), RN eILEe]M))

is an autotopism of G.

Procf: First, we calculate the mapping 0 the right inverse mapping in

Peo

G From the relation xox ° = fg, we cbtain that wal(g)-xooLml(f)z tg.

ot

¥ow by (1.7) we have
(xR gy (PO e exk ) = [P et
Hence, (£g) xR 1(g) = [xP°L7L(£)3", or
o = xR Ng)L([£e1 M pL(£)  for all x in G.
It follows that

(1.13) b0 = RTHeLIEg T )oL(E) .




il

Notice that we have derived (1.13) without assuming that G, is a weak
inverse property lcop.
Now assume that G, is a weak inverse property loop. Then by

-1 -l
po, crr yR “{g)+[xR Lkg]-

(1.6}, for any %X,y in G, we have yo(xoy)po = x
yL—l(f)]poL_l(f) = xPo. By letting x = ug and y = fv, we see that this
identity implies that (fv)R—l(g)°(uv)p°Lml(f} z (ug)DO for all u,veG.
Since G iz a weak inverse property loop, by (157),(ug)p°k-(fv)Rwl(g) =
[(uv)poL_l(f)]k for all u and v in G. But this implies that the triple
of permutations (R(g)pyA, L(f)R‘l(g), pobml(f)A) is an autotopism of G.
Using (1.13), we obtain that (L([fg]A)pL(fJA, L(f)le(g), R_l(g)L([fg]A))
is an autotopism of G. But pL{f)} = R—l(f) by Theorem 1.2. Hence (1 12)
is an autotoplism of G. A similar argument shows that if G is a weak
inverse property loop and if f and g are in G such that (1.12) is an

autctopism of G, then the principal isctope G, of G given by Xoy =

xR_l(g)'yL_l(f) is a weak inverse property lcop. |

Definition 1.2. A weak inverse property loop G is said to be an Osborn

loop if and only if every loop isotope of G has the weak inverse property.
Bruck [2] has shown that all of the loop isotopes of Moufang

loops are Moufang loops. Since any Moufang loop is also a wedk inverse

proPegty loop, we obtain that all Moufang loops are Osborn leoops, We

shall show tht all Osborn loops are generalized Moufang lecops, and we

shall also give an example of an Osborn loop which is not a Moufang

lcop.
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Lemma 1.2. Let G be a weak inverse property loop and suppcse that the
principal isotope G, of G given by xoy = x'yLﬁl(f) is a weak inverse

property loop for any fixed f in G. Then we have

(1.14) L(EIR(E) = RTI(EPIL(E);

the triple of permutations

(1.15) (L), ), LERE))

is an autotopism: and

(1.16) L(fx) = ROEDLGOLIER(E) = RCEEPILGORTE L),
for all x in G,

Proof: From (1.12), the triple (L(fA)R-l(f), L{f), L(fx)) iz an auto-
topism of G from which we obtain that the triple (L{f), AL(fA)p,
AL(fA)R_l(f)p) is an autotopism of G by Lemma 1,1. Now, for any x in G
and for any automorphism a of G, it is clear that L(x)o = aL{xa), R{x)oe =
aR(xa), L_l(x)a = aL_l(xu), and R_l(x)u = aR—l(xa). Hence we have
A _ Ay 2.0 p oo=l,.p
AL(E )p = AL(f")o"2 = pL{f )X = R “(f ) by Theorem 1.2 and Theorem 1.3.
.. A1 ) Ay o1 R

Similarly, we have AL(f")R “(f)p = AL(f )pAR ~(£fl)p = R "(f"JL(f). Thus

. A A=l -1 -1
the triple (L(£), AL(f')p, AL(F IR (£)p) = (L(£), R (), RT(£FI)L(F))
is an autotopism of G. It follows that £x1RT(£7) = xRH(EPIL(E) For
L

all x in 6. But, since 1R “(£°)ef’ = 1, we have IRYNEP) = £, Hence we
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see that fx+f = xR T(f°)L(f) forallx in G, and it follows that L(E)R(f)
R_l(fp)L(f). Thus we have established (1.14%), and using (1.14) in the
autotopism (L(f), R-l(fp), R-l(fp)L(f)), we have proved that (1.15) is
an autotopism of G. Using the autotopism (1.15), we have the identity

fx-yR-l(fp) = (xy)L(f)R(f) for all x and y in G. Hence yR_l(fp)L(fx)

n

yL{X)L(f)R(f) for ally in G. It follows that R—l(fp)L(fx) = L(x)L(fIR(E),
or L(fx) = R(F IL(X)LIFIR(E) which, together with (1.1u4), establishes

(1.18)., 1@

Theorem 1.7. Let G be an Osborn loop. Then, ccrresponding to each ele-
ment g in G, the permutation L(g)L(gA), which we dencte by Gg, is an

automorphism of G. Furthermore,

(1.17) 8 = L)Lgh) = R "R (g) = LRI @R (e,
and, for any two elements x,z in G.

(1.18) gx'(zeg'g) = (gexz)g.

Proof: We set £ = 1 in (1.12) and take the inverse of the result to
obtain that (L-l(gA), R(g), L-l(gA)R(g)) is an autotcpism of G. Hence
we see that lL-l(gA)-xR(g) = xL_l(gA)R(g)fbr any x inG. It follows that
g*xR(g) = xL_l(gA)R(g). Hence we have R(g)L{g) = L”l(gA)R(g). Thus the
autotopism (L_l(gx), R{g), L‘l(gA)R(g)) can be written in the form

(L—l(gk), R(g), R(g)L{g)). By (1.15), (L(g), R"l(gp), L(g)R{(g)) is an
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autotopism of G, where we have substituted f for g. Hence, the triple

- -1, A ‘ - ‘
(L(g)s KH(e"), LgR(@)NL ™ eh), Rg), R(gILeN™T = (L(g)Llgh),
-1, pyo-l -1, -1 ) .
R "(g")R “(g), L{(g)R{g)L "(g)R "(g)) is an autotopism of G. But

P A - - -
1L{g)L(g") = g~>g = 1; 1R l(gp)R l(g) = gR l(g) = 1, and

-1 -1 _ -1 -1 . .

1L(g)R(g)L ~(g)R “(g) = (gg)L "(g)R "(g) = 1. Now if (U,V,W) is any
autotopism of G such that 1U = 1V = 1W = 1, then xU+l = xW for any X in G,

which implies that U = W. Similarly, we can prove that V = W = U,

Applying this tc the specific case at hand, we have L(g)L(gA)
-1, pioa-l, -1, -1 u

R (g )R “(g) = L{g)R(g)L “(g)R “(g), and we have established (1.17).
Letting Gg dencte this mapping, we have proved that (eg,eg,eg) is an
autotopism of G. Hence xeg-yeg = (xy)eg forany x,yin G. It follows
that eg is an automorphism of G. From (1.17) we obtain that R_l(gp} S
SgR(g)u Hence we may write the autotopism (1.15) as (L{g), egR(g),
L(g)R(g)), where we have replaced f by g. But this says that, for any

X and z in G.
gx-(z8 +g) = (grxz)g
and we have established (1.18). |
It feollows immediately from Theorem 1.7 that Oshern loops are

generalized Moufang loops.

Corollary 1.1, If G is an Osborn loop which is also an inverse prcperty,

cross inverse property, or commutative loop, then G is a Moufang loop.
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Proof: If G has the inverse property, then ng = g-l(gx) = x for all x,
g in G. Hence Gg is the identity mapping for all g in G; this implies that
the loop G is Moufang by (1.18). If G is commutative, then we have

L(g) = R(g). Hence we see that Bg = L(g)R(g)L—l(g)R-l(g) =
R(g)R(g)R-l(g)R_l(g) = 1, and again G is Moufang. If G has the cross
inverse property, then we have xL(gA)R(g) = (gkx)g = %x. Thus we obtain
that L(gA) = R_l(g). Hence we have L(g)L(gA) = L(g)R—l(g) =
L(g)R(g)L'l(g)R'l(g) by (1.17). It follows that R(g) = L(g); that is, G
is commutative, and hence G is Moufang. @

We now concern ourselves with a structure result for Osborn loops.
Associated with any loop G, there is a permutation group which is gener-
ated by all permutations of G of the form R(x) or L(x), where x is in G.
An inner mapping U of G is an element of the permutation group for which
iU = 1. Inner mappings are the loop theory analog of inner automor-
phisms in group theory. A subgroup N of a group G is said to be normal
in G if and only if, for every inner automorphism o of G, it is true that
Na << N. A subloop N of a loop G is said to be normal in G if and only
if it is true that NU & N for every inner mapping U of G. Bruck [2] has
shown that the elementary theory of normal subgroups, factor groups, and
homomorphisms carries over entirely to the loop theory case with the
exception of Lagrange's theorem. We now show that the nucleus N of an

Osborn loop iz normal.

Lemma 1.3, Let G be a loop in which the four nuclei coincide and in

which, corresponding to each element x in G, there are autotopisms (U,V,W)
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and (U',V',W') such that U = L(x), U' = R(x). Then the nucleus N of G

is normal in G.

Proof: We show first that to every inner mapping U of G, there corre-
sponds a u in G such that (xy)Usu = xU+*(yU-u) for all x,y in G.
Now U has the form U = U U,-«-C_, where U, = L{x), L_l(x), R(x), or
R_l(x) since U is an inner mapping. By the hypotheses and by the fact
that the autotopisms of a loop G form a group, we know that, for each
i=1,2,-++,n, there exists mappings Vi and Wi such that (Ui’vi’wi) is
an autotopism of G. Let V = VlV2---Vn and W = wlwz---wn. Then (U,V,W)
is an autotopism of G. Applying this autotopism to the pair (1l,y), we
have 10-yV = yW, or yV = yW for all y in G. Now set u = 1V. Then
xU+u = xW for all x in G. It follows that xU+(yUeu) = xU-(yW) =
xUeyV = (xy)W = (xy)U-u.

Now suppose that n belongs to N and that U is an inner mapping of
G. Then V = U-l is an inner mapping of G. Let a = nU and let v be the
element in G associated with V such that xV+(yVs+v) = (xy)V+v for all x,y
in G. Then we see that (ax)Vev = aV«(xVev) = n(xVev) = (n*xV)v, or
{(ax)V = n+xV for every x in G. Hence we have (ax:y)Vev = (ax)V-(yV-v) =
(nexV)I(yVev) = n(xVe(yVev)}) = n((xy)Vev) = (n-(xy)V)v = (a*xy)V+v, or
ax*y = a*xy for all x and y in G. Hence a is in N. It follows that N
is normal in G. |

Bruck [3] gives essentially the same proof as above; however, his

theorems are stated for Moufang loops.
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Theorem 1.8. Let G be an Osborn loop. Let N be the nucleus of G. Then

N is a normal subloop of G, and the factor loop G/N is a Moufang loop.

Proof: To show that N is normal, it is sufficient tc show that for each

f in G, the permutations L{f) and R(f) occur as the first permutations of
some autotopism of G. By (1.15), L{f) occurs as the first permutation of
some autotopism of G. In (1.12) we let g = £ obtaining that (R-l(f),
L(f)R_l(fp), R-l(fp)) iz an autotopism of G, and hence (R(f), R(fp)L'l(ﬂ,
R(£”)) is an autotopism of G. It now follows that N is normal in G by
the preceding lemma.

Now let a and b denote the autotcpisms of G obtained from (1.12)
by substituting g = 1 and f = 1, respectively. Let ¢ denote the auto-
topism (1.12). Then abe ' = (LOEHR™N(E), Lg), L Neh), R,

R L NREL Y, ReLTHE), L5 RGE)) -

MR L HrREL 1Y), 1, LEV R M @LEMHL )R () s
an autotopism of G. Applying abc-l to the pair (x,g), we have

LR LRI 221" R(g) = xR(2ILGENIR (@)L () R,
or xL(fA)R_l(f)L(gA)R(f) = xR(g)L(fA)R'l(g)L(gA); hence we have
L(fA)R-l(f)L(gA)R(f) = R(g)L(fA)le(g)L(gA)o But from (1.16), with f,x
replaced by gl,flﬁ respectively, we have L(gAfK) = R(g)L(fA)R'l(g)L(gA),

Hence the autotopism abc_l takes the form
- A - - X
(Lt e eg1y, 1, LR e neMr g1 Ry

For the moment, let this autotopism be denoted by (U,I,W). Then we see

that xU+y = (xy)W for all %,y in G. Hence we have xU+l = %W for all
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x in G, which implies that U = W. Thus we see that xU+y = (xy)U fcr all
®*,y in G, and it fcllows that 1U+y = yU. Letting u = 1U, we have
U = L{u). Hence (L(u); I, L{u)) is an autotopism ot G; that 1s, for all
®,yeG, we have ux*y = u*xy. Thus we see that uis in N. Now let ¢ be the
natural homomorphism from G onto G/N. Recalling that U =
L(gAfK)L_l([fg]R) and that u = 1lU, we have [fg]k a = gAon Hence
[f¢°g¢]h°u¢ = (g¢)A(f¢)A, But u¢ is the identity of G/N since u belcngs
to N. Thus we have (xy)A = y)\xA for all x,y in G/N. It is clear that
G/N is an Oskhorn loop; hence we have [xy]Ax = yA since an Osborn loop
is a weak inverse property loop. It follows that (ykxh)x = yA, Simi-
larly, it can be shown that xh = x” and xktxyA) = yk. But this impiies
that G/N is an inverse property loop; hence G/N is Moufang by Cecroilary
1.1. 1

In Chapter IIT we shall strengthen the above theorem. We now
turn our attention to the automorphism Bx, which was intreduced in

Thecrem 1.7, and we construct an example of an Osborn loop which is not

a Moufang loop.

Theorem 1.9. Let G be an Osborn lcocop. Let X be in G and let b be in
the nucleus of G. Let a be such that xex = xa. Then we have the fci-
lowing identities:

(1.19) 8 = I

(1.20) ()" = %", and (bx)° = «Pb”
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(1.21) abx = 8., and exb = ex
(1.22) 6 =82 =8p" foralli> 0
X x X

Al Ai+2 i i-2
(1.23) x" 6 =x" , and % 8, = x° for all i > 0
(1.248) (xx)l = (xx)p = xA°xp

i i+2 i i-2 1 i-2 1 i+2

(1.25) xA a = xA : axA = x;l ; % a=% s oax® = X°

for all i > O,

FPurthermore, a is in the nucleus of G.

Proof: Suppose b is in the nucleus N and suppose that x is in G. Then

we have =6, = b-l(bx) = x. Hence (1.19) heolds. TFurthermore, we have

b
A =1 A A -1

X'b Tebx = x -b_lbx = xAx = 1., It follows that x'b = (bx)A for all
x in G. Similarly, we may prove that pr-l = (bx)® for all x in G¢. Thus

we have established (1.20). Now if y is in G, then y#@ % - (bx)k(bx-y) =

b
xkﬂfl-(b-xy) = xA'b-l(b'xy) = xx'(xy)eb = xA-xy = yex. Since the nucleus

is normal in G, there is some ¢ in the nucleus such that xb = cx. Thus

we have 8 = 8 = 8§ . Hence (1.21) holds. Furthermore, we see that
xb cx X

yex'x = xxp°(y9x-x) = (x-xpy)x for all x and ¥y in G by the generalized

Moufang identity. Hence we have yex = yL(xp)L(x) = y@ 0 for all x and y
X
in G. It follows that Gx =8 0 for all x in G. Replacing x by xk, we
%
have & |, = BX for all x in G. It follows by induction that ex = 6,1=

X?\ X

6 pi for all i > 0. Thus (1.22) holds. In particular we see that
X
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My _oods L Ai+l i+l . .
x"8 = o ex;:\l+l' X (A ’x)\1+2) = M2 fonan i> 0. A similar argument

1 i-2
shows that xp Bx = xp . Hence (1,23) holds. Now it is also true that

2 3
xx'xx = xBx = xx . Hence we have (xx-xx)h= xl , and (xx)h = (xk°xx)lxl =
2
3 3 P 2
xA -xl, by (1.7), or xA°xp = (xA 'xA) = (xx))\p = (xx)° since p? is an
2
automorphism of G. A similar argument shows that XX = xe;l = xx-x” and
3 3
hence that (xx*x")” = x° . Thus we have x°+x" = (xx)° by (1.6). There-

2
fore we see that xA'xp = (x°%° )A = (xx)pk = (xx)A. Thus we have

(XX)A = xkxp = (xx)p, and we have established (1.2u). Now from

Xa = xBx = X8 0 = x(xpx) We obtain that a = x"x. Let ¢ be the natural
x
homomorphism from G onto G/N. Then we have a¢ = xp¢-x¢ = (x¢)p-(x¢).

But since G/N is a Moufang loop, we have (x¢)°+(x¢) = (x¢)l'(x¢) = 14¢.
2
Hence a is in N, Now 1 = xA ‘xA = xa-xA = x-axA implies axl = %", 1t
2
follows by (1.24) that x %’ = (xkx)\)p

hence x°a = xA. Thus we have x‘a = xl = (x

PP = xp'axA = xpa-xk, and

I

®

”
1

Pg

X

- e P =
Yy = (xﬂx) = % Gx = x
Ai Ai i Ai+2 ]
Now if i is even, we have X a = x a’ = (xra) = % . Similarly,
i i+l i+l i+l i+2
if 1 is odd, we have xA a = (xp)k a= (xpa)l = (xx)A = xx

Ai Ai+2

Thus we have x a = x for all i > 0. A similar proof shows that

i i-2

xF a=x° for all i > Q.

A . . s
Now we have 1 = x x = x a*x = xp-ax, since a is in N. Thus we

2 i i i+2
If 1is even, then we have axp = (ax)p = xp
i N i+l A i+l i+l
If i is odd, then we have ax® = a(x’)P = (ax™)? = (x°)° =
i+2 i i+2
X . Hence we obtain that ax” = x° for all i > 0. A similar
i Ai_Q
argument shows that ax = x , and we have established (1.25}. |

see that ax = xp
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Our next goal is teo exhibit an Osborn loop. The loop we give is
the one which Osborn [7] constructs. We shall establish properties for
this locop which he establishes, but we shall use a different method. We
shall use a result of Eric Wilson [8], a result which establishes a suf-
ficient condition for a weak inverse property loop to be isomorphic to

all of its loop isotopes.

Lemma 1,5. Let G be any loop and let f,g be in G. Then & is isomorphic
to the principal isotope G, given by xoy = xR—l(g)-yL_l(f) if and only
if there exists an autotopism (U,V,W) of G such that 1U = f and

1V = g.

Proof: Suppose that there exists an autotopism (U,V,W} of G such that
10U = £ and 1V = g. Then if x belongs to G, we have 1U-xV = xW; that is,
fexV = xW. Hence we have xW = xVL(f) for all % in ¢&. It follows that
W = VL(f). Similarly, it can be shown that W = UR(g). Hence the auto-
topiam (U,V,W) takes the form (WR—l(g), WL_l(f), W). It follows that
xWoyW = xWR—l(g)-yWL"l(f) = xUsyV = (xy)W. Hence W is an isomorphism
from G ento G,.

Now assume that G is isomorphic to G,. Then there is a cne-to-
one mapping W from G onto itself such that xWeyW = (xy)¥W. Hence we have

xWR-l(g)-yWL-l(f) = (xy)W. It follows that (WR_l(g), WLt

(f), W) is an
autotopism of G. TFurthermore, we see that lWR—l(g) = (fg)R-l(g) = f,

and lWL"l(f) = (fg)L"l(f) =g. 1
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Theorem 1.10 (Wilson's Condition). Let G be a loop in which the identity

(1.26) clex) = (cy)[c'xy]p

holds for all c¢,x, and y in G. Then G is a weak inverse property loop

which is isomorphic to all of its loop isotopes.

Proof: With ¢ = 1 the identity {(1.268) reads xp = y(xy)pfbreﬂi X,y 1n G;
that is, G is a weak inverse property loop. Now, in (1.26) we replace X
by (yz)lA and obtain that c[c(yz)’\]p = (cy)[c-(yz)ky]p. Applying (1.7},
we obtain c[c(yz)A]p = (cy)[cz)‘]p for all ¢,y,z in G.  Hence the triple
(L(c), AL(c)p, AL(c)pL{c)) is an zutotopism of G forall ¢ in G. By Lemma
1.1 the triple (L(C)DL(C)A, L(c), L(c)) is also an autotopism of G for
all cin G. By Theorem 1.2 we have pL(c)r = R_'l(c), and (L(CJR—-L(C),
L(c), L(c)) is an autotopism of G. Thus we have shown that A(c) =
(L(c), AL(edp, AL(c)pL(c)) and B(c) = (L(c)R7T(c), Llc), L(c))) are
autotopisms of G for each ¢ in G, Now consider the autotopism
B(gAL(f)-lp)A(f) for each f,g in G. Denoting the first and second

permutations of this autotopism by U and V, respectively, we have

L' L N (E)R M T )e)L(E), and

c
1i

L(g L ()0 AL (£)p,

<2
il

and it follows that 1U = (g'L 7 (£)p)R (g L H(£)p)L(£) = £ znd
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v = gAL'l(f)pAL(f)p = g. It follows that G is isomorphic to all of its
isotopes by Lemma 1.5, since f and g were chosen arbitrarily in G.

We now give Osborn's [71 loop H.

Example 1.1, Let H he the set of zgll ordered pairs of integers. We

introduce a binary operation on H defined by the foliowing equaticns:

(1.27) [2i,k][29,m] = [2i+23,k+m]

[2i+1,k]J[27.m] = [2i+29+1 ,k+m+]]

[21,k1[23+1,m] = [2i+2j+1,m-k]

[2i+1,k1023+1,m] = [2i+2§+2,m-k-31.

By routine checking, one can verify that H is a loop. We first

identify the nucleus of this loop.

Lemma 1.6. &Given any u, v, and w in H, we have usvw = uvew if and only
if at least one of these elements is "even"; that is, the first integer
of the ordered pair is an even integer. Otherwise, we have (u<vw) =

{uvew)a, where a = [0,1].

Proof: Let u = {2i+l,kJ, v = [2j+1,m], and w = [2r+1,p]. Then we see

that usvw = {2i+1,k][2§+2r+2,p-m-r] = {2i+24+2r+3,p-mtk+j+1], and



2y

uvew = [2(i+j+r+1)+2,p-mtk+j]. Hence, if ali of u, v and w are "odd,"
then we have (uvew)a = u°vw, and no odd elements are in the nucleus.
By direct checking one may verify that, if any of u,v w are even, then

it is true that uv'w = u'vw. §

Corollary 1.2. The nucleus of H consists of precisely the even elements.

In particular, 2 = [0,1] is in the nucleus.

Corollary 1.3. The lcop H is a weak inverse property locp.

Proof: Suppose that xy*z = [0,0]. Then at least one of the elements
X, ¥, Or z must be even. Hence we see that x+yz = [0,0].

We now show, using Wilson's conditien, that H is isomorphic to
all of its loop isotopes; this will imply that alLl of its loop isctopes

are weak inverse property loops; that is, H is an Osborn loop.

Theorem 1.11. The loop H is isomorphic to all of its loop isotopes.

Proof: We show that H satisfies Wilson's condition. Thus let c,x, and

y be in H.

Case 1. Let ¢ be even. Then ¢ is in the nucleus, and it follows that
-1 - ‘
(cy)[c'xy]p = (cy)[(xy)pc 1= ely(xy)Pc l] = exPet = clcx)® by

Theorem 1,9. Hence (1.26) is satisfied in this case.




Case II. Let y be even. Then we have cy-[cexyl’ = cy-[ex-yl® =

cy-[yml(cx)p] = c(cx)’, and (1.26) is verified in this case. |

Case III. Let ¢ and y be odd and let x be even. Then cy-[;'xyjp =
(cy)[cx-y]p. Now the product cx+y is even. Hence (cy)lex+y1® =
c'y[cx-y]p = c(ex)’ by (1.8). It follows that (1.26) is true in this

case.

Case IV. Let ¢, v, and x be odd. Then [c*xy]p is odd, and we hawve
(cy)'[c'xy}p = c'y[(cx'y)a]pa_l z c'y[a-l(cx-y)p]a'l = C’y[(CX“y)p] by
Lemma 1.6 and the fact that a'lz = za for any odd element z in E. Now
we have c'y[(cx-y)D] = c(ex)f by {1.6). Hence we have (cy)[c*xy]p =
clex)®.

We have shown that Wilson's condition holds in all cases. It
follows that H is isomorphic to all of its loop isotopes and that H is
an Osborn locp. |

By direct checking, one can verify that, if x is odd, then
xA # x°. Hence H cannot be a Moufang loop. Now since H is an Osborn
loop, this implies that H cannot be an inverse property or a cross
inverse property locp by Corollary l.1; hence H is also an example of a
weak inverse property loop which is not an inverse property or cross
inverse property loop.

In group theory one says that the group & 1s generated by the set
S if the intersection of every subgroup of G which contains the set 5 is
G itself. If the set S is finite, one says that the group is finitely

generated. If n is the greatest lower bound on the cardinaiity of



all generating sets for G, one says that G has n generators. These 1deas
carry over to loop theory. We shail show that the loop H, constructed
above, has one generator and that, if H' 1s an Osborn loop with c¢ne
generator, then H' is a homomcrphic image of H; that is, H is the free
Osborn loop on one generator. It i1s possible to give a direct proof of
this by using induction. However, such a proef is quite tedicus. We
shall instead appeal tc the thecry of universal algebras to show the
existence of such a loop and prove that the loop H constructed above is

.
"

iscmorphic to the free Osborn loop on one generator.

Theorem 1.12. The loop H, which was constructed above, is the free

Osborn loop on cne generator.

Proof: Let K be the free Osborn loop on one generator and suppose that
K is generated by the element x. Now it is easy to see that

[l,O]p[O,l] = [~1,-13(1,01 = [0,1] and that [1,0] generates H. It fol-
lowse that there is a homomorphism ¢ from K onto H such that =¢ = [1,0].
Now xl-xx = xo for some o in K. Hence we have {x¢)+{(ad) = (xa)d =
(xh-xx}¢ = [1,01[0,1] = %x¢*[0,1], which implies that a¢ = [0,1]. Now a
is in the nucleus N of K by Theorem 1.9. Let A be the subloop cf K
generated by a. Then A is a group since a is in N. We shali show that
A is mormal in K. By Theorem 1.9 we have axva = a*xa = axAQ * %, Hence

we see that ax = xa_l and xa = a_lx. It follows immediately that xA = Ax,

Now let S = {yeK: yA = Ay}. If r and s are in S, then we have

“See Cohn [5] for an account of the theory of Universal Algebras.
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{rs)A = r*sA = r*As = pA*s = Apres = A+rs. Hence rs is in §. A similar
argument shows that, if p and g are such that rp = s and qr = s, then

we have pA = Ap and qA = Ag. It follows that S 1s a loop. But x belongs
to S. Hence we see that S = K since K is generated by x. Thus we have
KA = AK. Bruck [2] has shown that the inner mapping group of a loop G

is generated by the mappings R(x)R(y)R_l(xy) and R(y)L(x)R_l(xy) and
their inverses for all x and y in G. Now, if b is in A, then we have

b and (x-by)R_l(xy) = (xb-y)R—l(xy) =

(bx+y)R (xy) = (bexy)R *(xy)

(cx'y)R—l(xy) (c-xy)R_l(xy) ¢ for some ¢ in A since S§ = K. Simi-
larly, one can show the same results for R(xy)R—l(y)R-l(x) and
R(xy)L-l(x)R_l(y)- It follows that if I is the inner mapping group of
K, then A7-Z A, Hence A is normal in K.

We have shown that o¢ = [0,1]. Hence ${A) is the group generated
by [0,1] in H. It is clear that ¢(A)h = h¢(A) for all h in H; hence
$(A) is normal in K since ¢(A) is contained in the nucleus of H. Now
¢(a) is the infinite cyclic group; hence the restriction of ¢ to A,
denoted by QJA, is an isomorphism from A onto ¢(A).

Now consider K/A. We shall show that K/A is a group. Let
S = {pA: (pA))\2 = pA for p in K}. Then, if p, q are in K, we have
(pAqA))\2 = (pA)Xz(qx‘\))\2 = pAgA. Hence, pAqA is In S. TFurthermore,
(pA)L-l(qA) and (pA)R—l(qA) are in S by similar arguments. It follows
that S is a loop. Now ®A is in 5 since (xA)p(xA) = (xpx)A = aA = A, or
(xa)° = (xA)A. Hence we have S = K/A since xA generates K/A. It follows
that 12 is the identity automeorphism in K/A., Since the automorphism BxA

agrees with Az on the generating set {xA}, we have proved that exA is

the identity automorphism in XK/A,
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Now let yA be in K/A. We have yA(xA-yA)“l - (xayT? by (1.6

-1 ) .
hence we see that (yA)BXAyA = (yA)BXA, or yA = (yA)eerxAyA' By using
(1.7), one can show that =A = LXA)exAyAeyA' Now we have axAyAeyA =

-1 N oL . ,
L{xAyA)L([xAvA] )eyA = GyAL([xAyA]ByA)L(([xAyA]GyA) } since ByA is an

yAyAeyA - eyAe(xAyA)GyA
(xAyA)ByA = (xAyA)L(yA)L([yA]hl) = ((xy)L(y)L(yA))A = [(xy)By]A. Let n

automorphism. Hence we have 8 . But we see that
be the natural mapping from K cnto K/N, where N is the nucleus of K,

‘ A -1.
Then we have ((xy)ey)n = ((xy)L{(y)L(y IIn = ({xy)n)L{yn)L({yn) 7)) = {(xyIn

since K/N is an inverse property loop. It follows that (xy)ey = xy*'q

where q is in N, Hence we have (yAyA)GyA = (xAyA)qA where gA is in the

nucleus of K/A. By Theorem 1.3 we have exAyA = e(xAyA)qA = S(XAYAJSYA
Thus we see that xA = (xA)8 .8 . Hence we also have xAyA =
vA xAVA
5 - -,l = . 'l g
((xA)eyA (yA)eXA)exAyA, or (xAyA)BXAyA = (xA)eyA (yA)GXA. But since

- 2
(xAyA)exiyA = (xAyA)D = xAyA by Theorem 1.9 and the fact that inverses

are unique in K/A, we have xAyA = (xAJGyA-yA since ex is the identity

A

mapping in K/A. It follows that (xA)ByA = xA. Turthermore, since §

yA

is an automorphism and since 8 , coincides with the identity mapping on

vA

the generating set {xA}, 6 _, is the identity mapping. It follows that

vA
K/A is a Moufang loop since yA was chosen arbitrarily in K/A. Bruck [3]
has shown that Moufang locps are diassociative; that is, that every sub-
loop of a Moufang loop which is generated by one or two elements is a
group. Since K/A has one generatocr, K/A 1s a group.

Now let ¢ be the natural homomorphism from H onto H/¢(A). Then

¢n maps K onto an 4nfinite eyelic group, and A is contained in the kernel

of ¢n. Now, for each zA in K/A, define (ZA)g = z¢ « ¢(A). Note that ¢

is a well-defined mapping since, if yA = zA, then z = yaj, for some
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integer j. Hence we have z¢+¢(A) =~ y¢(a¢)j'¢(A) = y¢-¢(A). Now, for
any yA and zA in K/A, we have (yAzA)& = (yz)A$ = (yz)d*¢A =
(yoedA)(zd-0(A)) = (yA); (ZA);- Hence ; is a homemorphism from K/A into
H/é(A). It is clear that % is onto. But K/A is a cyclic group, and
H/¢(A) is the infinite cyclic group. Hence 5 is an isomorphism. Now
let z¢ = [0,0]. Then we have (zA)a = z¢+¢(A) = 0, but, since ¢ is an
isomorphism, this implies that zA is the identity in K/A. Hence we see
that z is in A. Now ¢ is an isomorphism when restricted to A; hence z

must be the identity of K. It follows that ¢ is an isomorphism of K

onto H. |
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CHAFTER II

GENERALIZED MOUFANG LOOPS

In this chapter we concern ourselves with the basic properties
of generalized Moufang loops and their relationship to weak inversze
property loops. We shall show that, althcugh they have many properties
in common with Osborn leops, they form a strictly larger class of loops.
We now define formally the concept of generalized Moufang locp which

was defined informally in Chapter I.

Definition 2.1, Let G be a loop. We say that G is a generalized

Moufang loop or M-locp if and only if, corresponding to each element x

in G, there is an automorphism Gx of G such that, for any y and 2z in G,

(2.1) Xz (yax'x) = (xezy)x.

By Theorem 1.7 we see immediately that Osborn loops are generalirzed
Moufang loops. Since Moufang leoops are special cases of Osborn loops, we
see that Moufang loops are also special cases of M-loops. We begin zur
investigation of M-loops by deriving some of the properties cof the auto-

morphisms SX.

Lemma 2.1. Let G be an M-loop. Then, for every x in G, we have the fol-

lowing identities:



(2.2) Xy* % x'(yex-x) for all y in G

(2.3) g = LGOL(xY) = RHEPOIR ™ (%) = LGORGOL L (0OR(x )
(2.4) 8 = 8
(2.5) X8 = x

Ezggf; If y is in G, then (2.2) is just a special case of (2.L) with

z = 1, Now by (2.2) we have yL(x)R(x) = yBxR(x)L(x) Since v is any
element in G, we have Bx = L(x)R(x)Lwl(x)le(x), and we have established
part of (2.3). Note that y@x-x = xxp-(yex-x) = (x'xpy)x by (2.1).

Hence we have yBX = x'xpy = yL(xD)L('x), It follows that Bx = L(XD)L\X,‘J

for all x in G. Replacing x by xh, we see that exA = L(x)L(x") for ail

-1 -1

x in G. Now consider y® A8 1. (XA-xy)e = (XA)B mi'(xy)e . We
<A X P X
-1

have xlax = th(x)L(x)R_l(x)Lml(x) = [x(xAx)]R_l(x)L-L(x) =

lel(x) = %P, and we also have (xy)exml = (xy)Lwl(x)L”l(xp) = yL‘L(xp)ﬂ

Hence we have y#6 Aex‘l = xlexwl'(xy)ex"l B xp-yL“l(xp) = y. It follcws
, X
that 6 ,8 -1 I,or 8 =86 = Lex)Lix").
< X b4 «*

We have now shown that Bx = L(x)LLxA) = L{x)R(x)L_l(x)Rwl(x} and

that © = 8 ., From © = B for all x in G, it immediately follows,
A X XA X
replacing x by xq;that Bx = B o for all x in G, and we have establiished
X

(2.4). To establish (2.3) we have only to show thart Gx = Rhl(xp' "

R 7{x7.
Now we have xz-yx = (x+z(y@ _l))x = x((zy0 —lJe sx) = %o (28 y)exn,
X X X X

for all y and z in G, where we have used (2.1), (2.2) and the fact that

. . s . A
BX 1s an automorphism. In this identity choose y = x . Then we have
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Xz = x((zex)xl°x)?or z = (sz)xh'x. Since z is arbitrary in G, we have

9 7" = R(xMR(x), or 8 = RM)R™(x"). Hence we have 8 .
b
R-l(xp)R_l(x) for all x in 8. But we also have Sx =8 0 = R—l(xp)R_l(x),
Ry, A2
= xL{x" YL{x" ) =

and we have verified (2.3). TFinally, we have x9
X

2 .
xA = xex, and we have verified (2.5). @

The above lemma raises the question of the existence of a loop G
with the properties that, corresponding to each element x in G, there is
an automorphism Bx of G, given by (2.3), and that G is not an M-loop.

We now show that there do exist such loops.

Example 2.1. Let G2 be the free group on two generators; that is, G2 is

a group with two generators and every group with two generators is a
b

homomorphic image of G2

Let A be a cyclic group of order 2. Let K be
the cartesian product G2 x A. We introduce a binary operation on K as

follows. If e generates A, we define

(2.6) [X,ei][y,ej] = [xy,ei+j+l]

2
if the set {x,yl generates G, Otherwise, we define

(2.7) [x,ei][y,ej] = [xy,ei+j].

% . . ]
The existence of Go is shown in any book on universal algebras.
For example, see [5].
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It is clear that the binary operation is well defined and that
[l,e0] is an identity for the system. In Lemmas 2.2, 2.3, and Theorem

2.1, K refers to the above exampile.
Lemma 2.2. The system K is an inverse property loop.

Proof: We have already shown that X has an identity. Suppose that

[a,el] and [b,eJ] are in K,

Case I. The set {a,b! generates G2° Then the set {a,awlb} generates

G2 since the group generated by the set {a,a"lb} obviously must contain

the set {a,a(a-lb)} = {a,b}. Similarly, the set {a,ba—l} generates G,
It follows that [a,el][a_lb,ejwl_l] = [b,ej] and that [baml,ej—luL]&m£]4

[b,ejj. Furthermore, if [x,ek] is such that [a,el][x,ek] = [b,ej], then

ax = b. Hence we have x = a_lbn Then, since taqawlb} generates G2, we

itk+l _ ol

must have e Hence we have i + Xk + 1 = j (med 2). It focliows

- . R -1 s s .
that k = jJ - 1 - i (mod 2). Hence we have [x,ek] = [a b,el™t Lt2n4

]

where n is an arbitrary integer. But, since A has order 2, we have

ej~-—1—-l+2n . ej-l—l ej‘l’l+2n]

for any integer n. It follews that [arLb,

actually represents a unique element in K. Hence the solution

j-i-1

[a_lb,e ] to the equation [a,el][x,ek] = [b,eJ] is unique. Simi-

e+jm1ml

larly, it is clear that the solution [baml, 1 to the equation

[x,ek][a,el] = [b,ej] is unique.

Case II., The set {a,b} does not generate G The argument for this

o

case parallels the one above and is omitted.




We have shown that K is a loop. Now suppose that [a,el] is in K.

Then we have [a,el][aﬂl,e“l] 3 [1,e0] and [a_l,e—l][a,elj = [L,eO]‘

Hence we see that xk = xP for all x in K. Now, if {a,b} does not

generate G,, then neither do the sets iaML,ab} and {ba,a'l} generate G2

29
Hence we have [a—l,ewi]([a,ei][bqejj) = [b,ej] = ([b,ej][a,ei])[amL,e‘iJ.

: - . -1 .
If {a,bl does generate G_, then the sets la l,ab} and {a T,bal alsc

2’
generate 62 since the respective groups generated by these sets ccntain

the set {a,b}. It follows that [aml,e"l]([a,el][b,ejj) =

[at,e  Irab,e3" ] = [b,e972] = [b,e] and that ([b,elila,e’l)la t,e™ 7 ~

- - + . - = ) & . .
[ba,el+j l][a l,e l] = [b,e]+2] = [b,eJJN Hence K is an inverse property

loop.

Lemma 2.3. Corresponding to each x = [x,el] in K, there exists an aute-
. ) = ~1,-p..-1 -

morphism B; given by B; = L(x)L(x ) = R "(x )R "(x) =

L(E)R(Q)Lﬂl(§)Rpl(i) = 1, where I is the identity mapping.

Proof: Since X is an inverse property loop, we have §L(§)L(ia) =

ik(§§) = qu(§§) = y, for every y = [y,e?]. Hence we have L)Lz = 1,

and L(§)L(§A) is an automcrphism of K. Similarly, it is clear that
wl,=prp-l,ymy o u
R (x")R (%) = I is an automorphism.

Now suppose that the set {x,y} generates G Then we have

5
1+3+1 2i+2j+2] since
3 12

Xy*x = ([x,ei][y,ej])[x,ei] = [xy,e 1x,e’] = [xyx,e

the set {x,yx} generates G, if the set {x,y} does. But we also have

2
- == i i i i L+ 9+L 2i+942, - -
x*vx = [x,e ]([y,e]][x,e 1) = [x,el][yx,el LR [xyx,e T 1= xyex.
A similar calculaticon shows that, if the set {x,y: does not

generate GQ, then we still have §-§§ = §§-§. It follows that ;-§§ =



Xy*x, for any x and y in K. Hence we have L({x)R(x) = R(X)L(x), or

LGORGIL IGERR) = 1 = LouE") = ‘VGPOIR N, 8

Theorem 2.1. The loop K is not an M-loop.

Proof: We show first that K has two generators. Suppose the set ix,vi

generates G We shall prove that neither of the sets {xs,y} and

o
2
{x“,xy} generates G,

Suppose that the set {xa,y} generates G Consider the direct

product A of the cyclic group of order three with the integers. This

5"

group is a homomorphic image of G Let n dencote this homomorphism.

o
We show that the set {(xn)a,yn} generates A if the above assumption

holds. Suppose that a is in A and that A' is a subgroup of A such that
{(xn)s,yn} € A'. Then we have {x3,y}‘§-n-l(h'). But n_l(A') is a sub-

group of G2n Hence we have n'l(A‘) = G, since we are assuming that the

2
1.,
{(A'). Hence we

set {xs,y} generates G Thus we see that n_l(a)(E n

5
have a in A' since the mapping n is single valued. Since a was arbi-
trarily chosen in A, it follows that A' = A. Thus we have shown that any
subgroup A' of A containing the set {(xn)a,yn} must be ail of A. Hence
{(xn)s,yn} generates A. This is clearly false. Hence {xa,y} does not

generate G A similar argument shows that the set {xggy} does not

9

generate G Since the set {x,xy] generates G2, we know now that the

X
set {xz,xy} does not generate G,,.

Now let x = [x,eoj and y = [y,eO], where the set {x,y} generates

G.. Then we have (st)_l(igﬂﬁf) = ([xa,eO][y,eo])_l = ([X2,e0][xy,eJ) =

2
-1

Ly x_3,e0][x3y,e] = [1,e]. Since [l,e] is not the identity of K, this
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calculation shows that the loop K is not a group and that the subloop
of K generated by {x,y,e}, where ¢ = [1,e],is the same as the one
generated by the set {X,V}.

We now show that the set {X,y,e} generates K; hence it will fol-
low that the set {§,§} generates K. Let E be the subloop of K generated
by the element e. It is clear from (2.6) and (2.7) that E is contained
in the nucleus of K and that EK = KE. If we define a mapping ¢ from K
onto G, by setting [z,ej]¢ = z, it is immediately evident that ¢ is a
homomorphism and that E is the kernel of ¢. Bruck [2] has shown that the
kernel of a homomorphism is normal in any loop G and that any loop
homomerphic image G' is isomorphic to the factor loop of G over the
kernel of the homomorphism., Hence the factor loop K/E is isomorphic to
G?’ and it follows that the set {xE,yE} generates K/E. Now suppose z
is in K. Let K' be the subleop of K generated by the set {x,y}. Suppose
z is not in K'. Then there exists an element z'in X' such that zE =
z'E since the image of K' in K/E is K/E because the image of K' in K/E
contains the set {XE,yE} which generates K/E. It follows that z = E'éj,
for some integer j, and that z is in the subloop generated by {x,v,e}.
Since z was arbitrarily chosen in K, we have proved that the set {§,§,5}
generates K. But this then implies that the set {x,y} generates K.

Thus K is generated by a set consisting of two elements.

Now suppose that K is an M-loop. Since the automorphisms associ-
ated with each x in K all coincide with the identity mapping, the iden-
tity (2.1) reduces to (1.1), and K would be a Moufang loop. Moufang [6]
and Bruck [3] have shown that any Moufang loop which is generated by a

set consisting of two generators is a group. The system K is not a
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group; hence K cannot be an M-loop. |
Despite the above example, it 1s still possible %o give a simple
characterization of M-loops by using autotopisms; we now proceed to doc

this.

Theorem 2.2. Let G be a loop. Then the following statements are eguaiva-

lent:
(1) The loop G is an M-loop.
(ii) TFor every f in G, the triple
(2.8) (L(£), RTL(EP), LOEIR(E))

is an autotopism of G.

{iii) TFor every f in G, the triple
(2.9) (L), ), RN )
is an autotopism of G.

Proof: Suppose that G is an M-loop. Then we have fx-(yef'f) = (Fexyir
for evéry f, %, and y in G.
It follows that the triple (L(f), GfR(f), L(fIR(f)) is an auto-
. ool Pyl o =1l e
topism of G. By lLemma 2.1 we have BfR(f) = R {f)R (fIR(f) = R “(£7).

Hence the triple (2.8) is an autotopism of G.




Now suppose that G is a loop in which the triple (2.8) is an
autotopism of G for every f in G. Applying this autotopism to the pair
(1,%), we obtain that FoxRI(£P) = xL(EIR(E); that is, xR L) =
L{fIR(E) for all x in G. Hence we have L{f)R(f) = R_l(fp)L(f), and we
have proved that the triple (2.9) is an autotopism of G for every f in
G. In like manner, if the triple (2.9) is an autotopism of G far every
f in G, then we may show that (2.8} is an autotopism of G for every f
in G by applying the autctopism (2.9) to the pair (x,1).

Now suppose that G is a loop in which (2.9), and hence (2.8}, is
an auvtotopism of G for every f in G. Taking the inverse of (2.9) and
substituting fA for f, we obtain that (L-l(fk), R(f), L-l(fA)R(f)) is an
autotopism of G. Now applying this autotopism to the pair (1,x), we
obtain 1L7H(EM ) exf = x07H(E IR(E); that is, £exF = xL N IR(E) since

Leehy

t

1L~ f. BSince x was chosen arbitrarily in G, we have proved that
-1, A

ROEIL(E) = L N(FYHR(E). It follows that the triple (L (£'), R(:),

R(fIL(f)) is an autctopism of G. Thus the triple o = (L{(f}, R_l(fp),
LOORCEDLLTHEN) ,RELREOLEN T = (LOLEEN) ,RHEHR (8),
L(f)R(f)L—l(f)R'l(f)) is an autotopism of G. Now we have lL(f)L(fA) H
£ = 1, IRTVEPIRTIE) = £R7I(E) = 1, and LL(EHR(AL ORI =
ffL"l(f)R_l(f) = 1. ﬁence each of the permutations in the autctopism

a leaves the identity element of G fixed. Applying the zutotopism o to
the pair (x,1), we obtain that xL(f)L(fA)°lR_l(fA)R_l(f) =
RL(EREOLHER(E); that is, LIOLEY) = LERELIORL(£).

Similarly, it can be shown that R_l(fp)R_l(f) =

LOE)R(E)IIOR™(£). Thus, letting o, = LOE)L(EY), we obtain that



(ef,af,ef) is an autotopism of G, hence Sf is an automorphism of G. Now

(2.8) can be written (L(f), efR(f), L{f)R(f)). Thus

fx'(ny'f) = (fxy)f,

for every £,x,y in G, and we have shown that G is an M-loop. 1}

Corollary 2.1. Let G be an M-loop. Then, for any £ in G, we have

(2.10) LOEYR(E) = R SCEPIL(E);
the triple

-1, A ‘ _
(2.11) (L “(£f"), R(f), R{(EIL(E))

is an autotopism of G;

(2.12) R{EIL(F) = L_l(fA)R(f).

These facts are contained in the procf of Theorem 2.2, and &

separate proccef here is not needed.

Corollary 2.2. Let G be a lcop. Then the following statements are

equivalent:
(i) The loop G is an M-loop.

(ii) The triple



0

1

(2.13) (LY, &7y, LR E)

is an autotopism of G, for every f in G.

Proof: If G is an M-loop, then the inverse of (2.13) is an autotopism
by (2.11), and hence (2.13) itself must be an autotopism of G.

Now suppose that (2.13) is an autotopism of G for every f in G.
Then (L_l(fk), R{(f), R(fIL(f)) is an autotopism of G for every f in G.
Applying this autotopism to the pair (x,1), we obtain that
“LHEMIR(E) = xROEIL(E), or xL N(FIR(E) = xRUEFIL(E). Since x is
arbitrary in G, we have proved that L‘l(fA)R(f) = R{(EIL(E). It follows
that the triple (L-l(fk), R(f), Lkl(fA)R(f)) is an autotopism of G.
Taking the inverse of this autotopism and replacing f by fp, we obtain

(2.9). Hence, G is an M-loop by Theorem 2.2. |

Corollary 2.3. Let G be a loop. Then the following statements are

equivalent:

(i) 1If f,x are in G, then

(2.14) L(fx) = R(ETILIXILIEIR(E).

(ii) The loop G is an M-loop.

(iii) TIf f,x are in 3, then

(2.15) L(Fx) = RGEDILOR T(EDILIE).




Li

Proof: Suppose that (2.1%) holds for every f and x in G. Then we have
fasy = (f(x“yfp))-f for every y in G. Substituting yR_l(fp) for y in
this identity, we have fx-yR_l(fp) = (fery)ef. This identity hodds for
all y and x in 6. Hence the triple (L(f),R-l(fp),L(f)R(f)) is an autc-
topism of G. It follows that G is an M-loop by Theorem 2.2,

Now suppose that G is an M-loop. Then by Theorem 2.2 the tripie
(L(f),Rwl(fp),R_l(fp)L(f)) is an autotopism of G for every f in G.
Hence we have fx'yR-l(fp) = (xy)R-l(fp)L(f) for all x and y in G.
Replacing y by yfD in this identity, we obtain that fx-y =
(X°yfp)R-l(fp)L(f) for all y in G. Hence we have L(fx) =
R(fp)L(x)R_l(fp)L(f), and we have established (2.15).

Now suppose that (2.15) holds for all f and x in G. Then we
have the identity fx-y = (x'yfp)R-l(fﬁJL(f) for all y in G. Replazing
y by yR~l(fp) in this identity, we have the identity fX°yR~l(fp) =
(xy)R-l(fp)L(f) for all x and y in G. It follows that the triple
(L(f),le(fp),le(fp)L(f)) iz an autotopism of G for each f in G. Henze
by Theorem 2.2 G is an M-loop. Then by Corollary 2.1 we obtain that
(2.15) holding for all f,x in G implies that (2.14} holds for all f,x

in G. W

Corollary 2.4, Let G be an M-loop and let G' e a loop homomorphic image

of G. Then G' is an M-loop.

Proof: Let ¢ be a homomorphism from G onto G'!' and let f£',x', and y'
be elements in G'. Since the range of ¢ is all of G', we may find

elements f,x, and y in G so that f¢ = f¢, x¢ = %', and yv¢ = y'.

’
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Now since G is an M-loop, we have fx-y = (f(x~yfp))'f by (2.1+). Hen:e
we have f'x' y' = (f'(x"~y'(f‘)p))-fﬂ since ¢ is a homomorphism. Sipnze
y! may be any element in G', it follows that L{(f'x'j =
R(FTPIL(x*IL(ER(E') for all £' and x' in G'. Thus G' is an M- lcop by
Corocllary 2.2. §

It can be seen from the above resuits that M-i1cops have many
properties in commen with Osborn loops. Another property which they
have in common is one that they share with any weak inverse property
loop; namely, the four nuclei of an M-loop ceoincide. Before proving

this, however, we prove the following.

Lemma 2.4. Let G be an M-loop and suppose that a is in the left,
middle, or right nucleus of G. Then we have aex = a and xea = x for

any x in G.

Proof: We use Lemma 2.1 frequently in what fellows. Suppose that a

is in the left nucleus of G. Then aB;l = ax-xp = auxxp = a for all x

in G. Hence we have a8 = a. We have x08 = x8,. = ava ™ty = aa"tox = x.

If a is in the middle nucleus of G, then aex =

S ITTURS 5 | s , ,
(xa*x)L ()R "(x) = (xrax)L "(x)R "(x) = a. Furthermcre, we have X6 -
a ax = a a‘x = X.

Now suppose that a is in the right nucleus of G. Then we have

ab = % e*xa = xAx'a = a. Furthermore, we have xea = (ax*a)Lml(a)le(a) =

(arxa)L TR Ha) = x. I



We are now ready to prove the coincidence of the four nuclei.

Theorem 2.3. The four nuclei of an M-loop G ceincide.

Proof: Let N

3 ? Nu, and Np denote the left, middle, and right nuclei of
G, respectively. Suppose a is in NAV Let x,y be in G. Then we have
X*ya = (a-xL—l(a))u(ya) = (aNXL‘l(a))(yGa'a) = (a(xLMl(a)"y))a =
((a'mel(a))y)a = xy*a. It follows that a belongs to Np and that
o
N, E N
Now suppose that a is in No' Let x,y be in G. Then we have
-1 -1 -
xray = (yexL “(y))ray = (y-xL (y))(aey-yJ = {y-{xL l(y)“ﬁl))y =
((y°xL-l(y))“a)y = xa'y. It follows that a is in NLl and that
NS N<CN.
A= p - M
Now suppose that a is in Nu' Let x,y be in G. Then we have
-1 -1
ylarxy) = yasxy = (y(a*x8_ "))y = y[{a k8 )6 -yl = y[(ad_<x)y] =
y Y Y y
y(ax+y), where we have made one application of (2.2). It follows that

. = . ) i S _ = =
Xy axe*y for all x,y in G and that NAQQ Npt_ Nu = NA’ or NA Np

N . Hence we have N = N N AN =N =N =N. ¥
u A p u A P K
Yet another property shared in common by M-loops and Osborn locps

is the following.

Theorem 2.4. If an M-loop G is an inverse property, cross inverse
property, or commutative loop, the G is a Moufang loop.
The prcof of this theorem is identical to the proof of Corollary

1.1 and is omitted.



Despite the commeon properties which Osborn loops share with M-
loops, there is one property which all Osborn lcops have but which M-
loops need not have; it is the weak inverse property. We shall give an
exanple of an M-loop which is not a weak inverse property locp, but we

shall need the following lemma.

Lemma 2.5. If G is a weak inverse property M-locp and 1f x is in G,

A : , . ,
then we have (xx) = (xx)p; that 1s., squares have unique inverses in (.

AL 22
Proof: By (2.3) and (2.5) of Lemma 2.1, we have X (xx) = xGX = X
AZ A A, A ) . .
Hence we have 1 = ®x +x = x (xx)ax", and. since G is a weak inverse

A . .
property loop, we also have x ‘(xx)xk = 1, But by {2.2) of Lemma 2.1,
) A i . .
we have 1 = :u:)k(x}v:)“x)L T x ~‘((Xx)6x'x)‘)u It follows that XA"‘(xX )XA :
1 = xA((xx)vaxA)t or (wx) = (xx)Bx. Hence we have xx = (xx)ex =
A2 a2
x x

2
®0 wxex = = (xx)k since A2 is an automorphism of G by Theosrem

A
1.3. Hence we have (xx)" = (xx)". |
Example 3.2. Let M be the cross product of the even integers with the
integers. We introduce a binary operation on M by defining [21,m][2j.nl=

[2(i+3), (min)-15(23-1)].

Theorem 2.5. The system M is an M-loop which is not a weak inverse

property loop.

Proof: We show first that the system M is a lcop. It is clear that
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[0,0][2i,m] = [2i,m][0.0] = [2i,m]; hence [0.0) is an identity for M,
Now let [2i,m] and [2j.n] be given. Then we hawve

[2i,m][2j~-21 n-m+i(3-i)(2(j-i)-1)] = [2i,n], and

[29-21 ;n-m+i(j-1)(2(j-1)~1)] is in M. It is also clear that if [x,y]
is in M and if [2i,m][x,y] = [2j,n], then we have x = 2j - 2i, and

y = nem+i(9-1)(2(5-i)~1). It follows that M is a ioop.

By Corollary 2.3, we need only show that in M,L(fx) =
R(fp)L(x)L(f)R(f), for every f and x in M, in order to show that M is
an M-loop. Thus let £ = [2i,k], = = [2j,q], and v = [2r,p]. Then we
have fx = [2i+2],(k+g)~ij(2§-1)], and yL{fx)} = fx.y = [2(i+j+r),
(k+q+p)w2ij2+iﬁ~2ir2~2jr2+ir+jr]» Furthermore , we have P =

3

[2(-1),21°+i%-k], and yROEILGOLEIRCE) = [2(iti+r),

pkrqr2i 2412221 %pm 12302 eui 2325 erg - 152392 210221 % i rrii TS 4ui P
13+ir-12-2129-2i 241 5+ir] = [2(i++p),ptqtr-212+15-2in2-2r2+jrtin] =
fx+*y. It follows that L(fx) = R(EPIL(X)IL(EIR(E). Hence M is an M- Loop.
Now let x = [2(1),0]. Then we have xx = [2(2),-1], and
L2(2),-1102(-2),21] = [0,20+4(~-4-1)] = [0,0]; hence we see that (xx)° =
[2(-2),21]. But we also have [2(-2),-111[2(2},~11 = [0,-12+4(3)] =
[0,0]; hence we have (xx)l = [2(-2),~11] # [2(-2),21] = (xx)P. Hence

squares do not have unique inverses in M, and in view of Lemma 2.5, M

is not a weak inverse property loop. |

Theorem 2.6, The nucleus N of the M-loop M of Example 2.3 consists of
all elements of the form [0,m], where m is an integer. Furthermore, N

is normal in M, and the factor loop M/N is the infinite cyclic group.
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Proof: Let [2i,k], [2j.q], and [2r,p] be any elements in ¥ such that
([21,k1[29.91)[2r,p] = [2i,kx1([23,9][2r,p]). Then we have
[2i42§+2r,k+q+p-17(27-1)-r(i4+3){(2r-1)]1 = [20i+j+r) . k+g+p-ri(2p-1})-
i{r+3){(2(r+3)-1)]. This implies that ~2ij2+ij~2ir2+irw2]r2+jr =
—2jr2+jr—2ir2—uijrm2ij2+ir+ij" It follows that 4ijr = 0, and hence
we have either i = 0, j = 0 or v = 0. Hence if [x,v] is in N, then

®x = 0; that is, N C {[0,m]: m is an integer}. Conversely, for any i,j,

k,q, and my, we have [0,m]([21,k][27,q9]) = [0,mI[21+2].k+g-13(2j~-1}] =
[2i+29,k+g+m-1§(23-1)] = [2i,k+m]1[29,q] = ([0,m1[2i,k]1)[2j,q]. Hence
fo,m] is in the nucleus of M. It follows that N = {[0,m]: m is an
integer}. Now, for each [x,y] in M, define [x,yl¢ = X. Then ¢ is a
well-defined mapping from M onto the set of even integers. 1t is clear
that ([x,v1lu,v1)$ = [x,y1l¢-[u,v]¢. Hence ¢ is a homomorphism from M
onto the set of even integers with kernel N. It follows that N is
normal in M and that the factor loop M/N is an infinite cyclic group
since M/N is isomorphic to the even integers. |

The above theorem shows that M-loops can have a structure that
is quite close to the structure of Osborn loops even though they may
not be Osborn loops.

We now show that if an M~loop also has the weak inverse property,

then it must be an Osborn loop. The proof is breoken down into a

sequence of six lemmas and a theocrem.

Lemma 2.6, Let G be an M-loop which is also a weak inverse property
loop. Let % be any element of G. Then the following triples are auto-

topisms of G:
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(2.16) (LR ), Lx), L)
(2.17) (R(x), L(x" IR(xP). R(x"))
(2.18) (R(x), RxPIL 10, RGP
(2.19) (R71(x), RGOL(x), R7NxM)
(2,20) E 1), THEMORG, RN

Proof: Since G is an M-loop, the triple {L(x),R_l(xp)ijl(xp)L(x)) is

an autotopism of G by Theorem 2.2. Hence the triple
(2.21) ERTIGEILGOA, Lix). eR™IGPIN)

is an autotopism of G by Lemma 1l.1.

Since 3 is an automorphism of G, we have pR(Xp)A = pR(xp)Azp =
pAZR([xp]Az)p = kR(xh)p. Hence we see that ple(xp)h = Ale(xA)p_ We
have also Ava(xA)p = L(xh) by Theorem 1.2. It follows that
pRhl(xp)L(x)A = pRMl(xp)ApL(x)A = Ale(xA)ppL(x)A = L(xA)RMl(x)g where
again we have used Theorem 1.2. Hence the autotopism (2.21) :zan be
written in the form (L(x)\)le(x)gL(x)gL(x)\))5 and we have established
that (2.16) is an autotopism of G.

Now we apply Lemma 1.1 to the autotopism (2.8) to obtain that

the triple
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(2.22) (R™1(x"), ALGx)R(x)o, AL(x)0)

ig an autotopism of G.
Since p? is an automorphism of G, it follows that AL{x)p =

_l 02
{x~ )}, where we have used

2 2
AL(x)p2x = Ap2L(x" )A = oL(x” A = R
Theorem 1.2 at the last step. Hence we see that AL(x)R(x)p =

2 _ 2
AL(x)pAR(x)p = pL(xp JAMR(x)p = R l(xp L l(x), where we have again

-1 -1

used Theorem 1.2. Thus (R_l(xp), R (xpz)L"l(x), R (xpz) is an auto-
topism of G; hence (R(xp), L(x)R(xpz), R(xpz)) iz an autotopism of G
for any ® in G. Substituting xA for x, we obtain that (R(XJJL(XA)R(XD),
R(x")) is an autotopism of G for all x in G, and we have established
that (2.17) is an autotopism of G. Applying (2.17) to the pair (l.y),
we obtain that x‘yL(xA)R(xp) = yR(xp). Hence we have yL(xA)R(xp)L(x) "
yR(x") for all y in G. Thus we have L(XA)R(xp)L(x) = R(xP), or
L(XA)R(XD) = R(xp)L_l(x)u It follows that the autotopism (2.17) can
be written as (R(x),R(xp)L_l(x),R(xp)), and we have established (2.18).
Now we take the inverse of (2.9) and substitute xA for % to
obtain that (L_l(xk),R(x),L—l(xA)R(x)) is an autotopism of G. Since
(2.16) is an autotopism of G, it follows that (L“l(xk),R(x),
LRGN (LGMRTH 0, L), LGN = (R0 ,RG0LGO LT RGOLG))

is an autotopism of G. By Corollary 2.1, with f replaced by x in

(2.10), we have R‘l(x)L(xA) = L(XA)R(xA). Hence we have L-l(xA)R(x) =

-1 A

[R_l(X)L(XA)]Fl = R (XA)Lwl(x Y. Tt follows that L_l(xA)R(x)L(xA) =

le(xK)Ldl(xA)L(xk) = R-l(xk) and that (R‘l(x),R(x)L(x),R_l(xA)) is an

autotopism of G; hence we have established that (2.19) is an autotopism
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of G. Now by (2.12) of Corollary 2.1, we have R(xJL(x) = L‘l(xk)R(x)o
-1 =1, A -1, A . .
Hence (R "(x),L "{x JR(x),R "(x")) is an autotopism of G, and we have

established that (2.20) is an autotopism of G. |}

Lemmz 2.7, Let G be a weak inverse property loop. Then G is an M-loop

if and only if, for every f and x in G,
— ~1l..p p
(2.23) L(fx) = L(x)R “(x )L{(fIR{x").

Proof: Suppose that G is an M-loop, Then by (2.18), (R(x),R(xp)Lml(X),
R(x°)) is an autotopism of G for every x in G. It follows that we have
the identity fxwyR(xp)L_l(x) = (fy)R(x’) for every f and y in G. Sub-
stituting yL(x)R-l(xp) for y in the above identity, we obtain that

_ -1..p p - - : -1, p P .
frey = (FoyL(x)R (¢ Vx, or yL{fx) = yL{x)R “(x"YL{f)R(x ). Since y
is any element in G, we have (2.23}.

Now suppose that (2.23) holds for every f and x in G. Then we
have fx-y = (f“(xy)R_'l(xp))xp for every y in G, Substituting
yR(xp)L_l(x) for v in the above identity, we obtain the identity
fx~yR(xp)L_l(f) = (fy)xp. It follows that (R(X)UR(XD)L‘l(x):R(xp))

, : ) P 02, -1, o
is an autotopism of G for every % in G. Hence (R(x ),R(x" )L ~(x"),
2
R(xp }) is an autotopism of G for every x in G. By Lemma 1.1,
- 2 - - 2 -
(pR i(xp JALR l(xp),pL(xp)R l(xp YA) is an autotopism of G. Since A%

2 2
is an automorphism of G, we have pR(xp YA o= pR(xp )Azp =

oAZR([xP° 7

2 - .
Jo = AR(x)p = L l(x)@ where we have used Theorem 1.2.
. . =1, p =1, p
Hence the autotopism above can be written (L(x),R “(x"),R “(x JL(x)).

It fcllows that G is an M-loop by Theorem 2.2. |
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Lemma 2.8. Let G be any loop and suppose that (U,I,W) is an autotopism
of G, where I is the identity mapping. Then the element u = 1U is in

the left nucleus of G.

Proof: Applying the autotopism (U,I,W} to the pair (x,1), we obtain
that xU°1 = xW, or U = W, Now applying the autotopism (U,1,U) to the
pair (1,x), we obtain that u-x = xU, or L(u) = U. Hence (L(u),I,L{u))
is an autotopism of G. It follows that for any x and y in G, ux-y =

u*xy. Hence the element u is in the left nucleus of G. |

lLemma 2.9. Let G be & weak inverse property M-locop. Then we have

p

XBXLwl(x) = xpx, and % x is in the nucleus N of G for every x in G.

Proof: Let x be in G. Then we have xexL_l(x) = XGXDL_l(x) =

e

x(xpx)L“l(x) = xPx by Lemma 2.1. We now show that x x is in N. By

Lemma 2.6 the triples (L(x")R™I(x),L(x),L(x')) and (R(x),L(x"IR(x").

R(x”)) are autotopisms of G. By Theorem 2.2, (L(x),Rmi(xp),R”i(xp)L(x))

. . - - -1, . .
is an autotopism of G. Furthermore, (exl, le,ex )} 1s an autotopism cf

G since 8 1is an automorphism of G. Thus the product (L(XA)RJL(X),

L(x),L(xA))(R(x),L(xl)R(xp),R(xp))(L(x)yR“l(xp),le(xp)L(x))(e;laﬁ;lge;l):

(LGMLGOTT LGOL( )8, Lx LGoeTh) = (LxMueoe]t, 1,
L(X))L(X)e;l) is an autotopism of G. Now let u = lL(xA)L(x)egll Then

- - 2 2
by Lemma 2.1 we see that u = (xxA)BXl = xP %7, By Lemma 2.8, x" %P is

in the left nucleus of G. In view of Theorem 2.3 we may conclude that

xx is in the nucleus of G for every x in G. #
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lemma 2.10. Let G be a weak inverse property M-lcop and let x be in G.
i A o] o] A 92

Then, letting a = xpx, we have xa = X , ax "~ % , Xxa = K 4 &ax = %X ,
- =1 A _ A -l.p _ P
xa T ax, a X = Xa,a X = %X a.
p p A%
Proof: We have xa = ®(x x) = xL{x JL(x) = x6 = x8 = x by Lemma 2.1.
A2 A A ol i
Now we also have 1 = x X = xa°x , and, since G is a weak inverse

A . A .
property loop, we see that x'ax = 1. Thus we have ax = xp, since

A . ) < ,
xx" = 1 = xvax’ . Since squares of elements in G have unique 1inverses by

Lemma 2.5 and since p? is an automorphism of G, we have xhxk = (XAXA)Dz -
xPx” = xpﬁaxku By Lemma 2.9, a is in the nucleus of G. Hence xkx& =
xp-axh = xpa-xlp It follows that xa = xA. Now we have 1 = xAx =

xPasx = xp°ax, which implies that ax = xpzq Furthermore, we have
xp°xaq1 = pr°av1 = a°a—l z 1, which implies that xa_l = sz = ax. From
axA = xp, we obtain that axka = xPa = xA. Hence we have an = mle

and an-l = axA. From xpa = xA, it follows that axpa = axA = xp. Hence
we have ax’ = x"al and xPa = a %P, | K

Lemma 2.1i. Let G be a weak inverse property M-loop and let N be the
nucleus of G. Then N is normal in G, and the factor loop G/N 1is a Mou-

fang loop.

Proof: If x is in G, then by Theorem 2.2 and Lemma 2.6, (L{x), R-l(xp),

L(x)R(x)) and (R(w), L(xA)R(xp), R(xp)) are autotopisms of G. It follows

ote
The procf of this lemma appears in Osborn's [7] paper; however,
there he assumes that G is an Osbeorn locp.
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that N is normal in G by Lemma 1.3,
We now show that for any x and y in G, the element e = yexL_l(y)

° to obtain that

iz in N, In (2.186) of Lemma 2.6, we replace x by X
(L&)R—l(xp), L(xp), L{x)) is an autotopism which we will denote by .

In (2.9) of Theorem 2.2, we replace f by yl to obtain that (L(yx),
R-l(y), R-l(y)L(yA)) is an autotopism of G whose inverse we will denote
by 8. From (2.20) of Lemma (2.6) we obtain that (R™1(x), L (x )R(x),
R-l(xk)) is an autotopism which we will denote by y. Finally, we let §
denote the autotopism (L([yx]A, R-l(yx), L([yx]A)R([yx]A)) which is
obtained from (2.8) by substituting I:yx:l)L for £. Then SaBy =
LyMLEOR O R0, B Hyoua RGIEHMRGD,
L([yx]A)R([yx]A)L(X)L-l(yA)R(y)R-l(xl)) is an autotopism of G. Now con-
sider the second permutation of 8aBy, which we shall call V. From
Theorem 1.2 we have R-l(yx) = pL{yx)A. Hence by Lemma 2.7, we have

R (yx) = pLiyx)r = pL(x)R T(xP IL{yIR(xP A =

(OL(X)X)(DR_l(Xp)l)(DL(y)l) (pR(x")A). Since A2 is an automorphism of G,
we have pR(xp)A = pR(xp)Azp = plzR([xpsz)p = AR(xl)p. Hence we have
oR™H(x"1n = ARTHxMp and (LGOMGR™H (I (pLIy N (R IN) =

LGN OR™Hx M) (GLIMORE D) = RIGILMDR™ L™ (1) by
Theorem 1.2, It fcllows that V =

R LGOLx )R )L ML IRy L (xMIR(x).

13
o

Now if a = xpx, then by the preceding lemma we have axA

and a is in N. Eence we have zL(x") = zL(axA) = axl'z = a'xkz
zL(xA)L(a) for any z in G. Thus we see that L(x") = L(axl) =
L(xA)L(a). Furthermore, we have zL(a)R(y) = az-y = a*zy = zR(y)L(a)

for all y and z in G; hence we have L(a)R(y) = R{y)L{a) for all y in G.



Tt follows that V = R™I()Lx" R (v )L ™) L= La R(y)IL T x R(x) -

R_l(x)L(xA)R_l(y)L(a)R(y)Lwl(xh)R(x) =

R L GOLMR MR DL HERx) = RN OLGM L)L (x Rex) =

Rwl(x)L(xp)Lml(xh)R(x)n But since xl = x"a by the preceding lemma, we

have zL(xA) = zL(xpa) = x%arz = xPeaz

it

zL(a)L(xp) for any z in G.
Hence we may write L_l(xA) = UHxPa) = (manxP Tt = LGP L e,
Tt follows that V = R 1)Lz )L N (x" )L N a)R(x) = B Hx)L 1 (a)R(x) =

(L(a)R(x)) ™ IR(x) = (RGOL(a)) Rix) = L HaRH(0)Rx) = L Ha).

1 -1

It follows that GoBy = (L([yx]A)L(x)R‘l(xﬂ)L“l(yA)R‘ (x), L “ia),
A ‘ - A =] . . . .

L{[yx] )R([yx]A)L(x)L l(y JR(yIR J'(x’\)). Since a is in N, we obtain

that (L{a), I, L(a)) is an autotopism of G. Since G 1s a weak inverse

-l(a), I{a), I) is an autotopism

property loop, (pLla)r, L{a), pIAr) = (R
of G by Lemma 1.1 and Theorem 1.2. Denoting this autotopism by €, we
have safye = (L(Lyx1 LRGP TyMR R a), T,

A A - A - A . .
L(Lyx] JR([yx] JdL(x)L l(y JR(y )R l(x )) is an autctopism of G.

It follows that the element u =
lL([yx]A)L(x)R_l(xp)Lml(yA)R-L(x)R-l(a) is in N by Lemma 2.8 and Theorem
2.3. Thus ua = 1L([yx]A)L(x)R‘l(x°)L‘l(yA)R=l(x) is in N since both u

\ A A o) A o)
and a are in N. It follows that x[yx]l = (y (ua'x))*x = (y ua-x}x =
(yAua)e;l‘ Now we have [yx]A = [yx]pb, for scme b in N by the preceding
P p AL rotuareL -
lemma. Hence we see that v b = x(yx}) b = x(yx) = (y uajex . Thus we

P R [ e, . P LA
have (y b)eX = y »ua, or (yﬁx) b = (yﬂx) bGX = (y b)eX = yua, or

") A -1 A P . .
(yex) = y uab ., Now we have y = y ¢ for some ¢ in N; hence we have
p

ypex =y -cuabwl, Since y may be any element in G, we have yex = ye

for some e in N.
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We now show that the facter locp G/N is a Moufang loop. By
Corollary 2.4, G/N is an M~loop. Now suppose xN is in G/N and consider
6 > @n automorphism of G/N. For any yN in G/N, we have (yN)SXN =
(yN)L(xN)L([xN]k) = (xN)A[(xN)(yN)] = (xAvxy)N = (yGX)N =
(y-yBXLml(y))N = yN'(yexL_l(y))Nu But we have just shown that ySXL_l(y)

is in N. Hence we have (yN)GxN = yN. It follows that 6 is the

N
identity mapping in G/N for all xN in G/N. Thus it is obwvious that G/N

is a Moufang Loop. §
Theorem 2.7. A weak inverse property M-loop G is an Osborn loog.

Proof: We shall show first that the triple (L@AfA)L-l([fg]A), I,
L(gAfx)L-l([fg]A)) is an autotopism of G for all f and g in G. Let N
be the nucleus of G. Let u = ngAf%Lfl([fg]A)ﬂ Then we have [fg]A'u =
gAfAu Suppose ¢ is the natural homomorphism of G onto G/N; then
(g¢)A'(f¢)A = [f¢'g¢}k-u¢. By the preceding lemma, G/N is a Moufang
loop. Hence G/N is an inverse property loop, which implies that
(gfb)l'(fdﬂ)A = (g¢)wl“(f¢)_l = [f¢”g¢]ql = [f¢.g¢jka It follows that
u¢ is the identity element in G/N. Thus we see that u is in N. Hence
(L(u), I, L(u)) is an autotopism of G. Let x be any element in G.
Then we have xL(gAfA)Lml([fg]A) = (gAfA'x)Lml([fg]A) =

(Ceg1 e g0 = (Fg) owor H0£gl") = ux = xL(w). It follows

that L(u) = Lig £ )L L([£g1") and that

(2.24) (L(gAfA)L'l([ngA), I, L(g*fA)L“l([fg]x))
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is an autotopism of G for every f and g in G.
‘ ALA Ao Ao A
By Corollary 2.3 we have L(g £ ) = R(g)L(f )L{g IR(g ). Hence

the autotopism (2.24) may be written in the form
(2.25) ROLE L HRE LI 5IY), 1,
A CA Ayo=1. Al
R(g)L(f IL(g )R(g L ~([£fg1 ).

Applying this autotopism to the pair (x,g), we obtain that
)R(LEDLEMREOIL 521 ) g = (rg)R(ILEHLE R HIL (L £g1”
or that xR(g)L(EMLg" IR(z™L (I Fg)" R(g) =
<R2(2ILE LM R(eML ([ £21").  Since % may be any element in G, we
have R(g)L(£)L(g"R(gMHL (£ R(g) = RA@)IL(EMLg™ R(eMHL L £)" ),
or LEIL(R(EMHT NI EIMRE) = RepIL(eHLg M R(gMIL (g1,

It follows that (2.25) may be written in the form
(2.26) (R(LEHLGMHREN L el , 1,
LEMLE RGEML N £21MR(2)).

By Corollary 2.3 and Lemma 2.7, we have R(g)L(fA)L(gA)R(gA) =

ALA Avoml A . .. . )
{g"f") = L{£f )R "(f)L(g )R{f). Using this identity on the first permu-
tation of (2.26) and using on the last permutation of (2.26) the fact
that L(fA)R(gk) = R_l(g)L(fA), which we obtain from (2.10) of Corollary

2.1, we obtain that
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(2.27) (LR oL RE L N1, T,
LR N ne )L Eg1HR(G) ).

Let the inverse of (2.27) be denoted by §. Let y be the auto-

l(g), R'l(g)L(gA)) which is obtained from (2.9} by

topism (L(gl), R
substituting gA for £. Let B be the autotopism (L(f}\)R‘l(f)9 L{E),
L(fA)) which may be derived from (2.16) by substituting f for x. Then
the autotopism 88y is (L([fz1)R™I(H)L (e reeILTEHLENHR L (E)n(g" s,
LR M), RN e Hr g R e net R g nighy) -
(L) HRTH(E), LEOR M), R7H@)L([£g]")).  This autstopism is
(1.12)y hence G is an Osborn loop. |

We conclude this chapter with a few remarks concerning the
normality of the nucleus of M-loops. All known examples of M-loops have
ncrmal nuclei; but it is not known whether this must be the case. We
have seen that for any Osborn loop G, L(fx) = L(X)R_l(xp)L(f)R(xp) tor
any f and x in G. This identity does not hold in Example 2.2; however,

we have the following theorem.

Theorem 2.8, Let G be an M-loop and suppose that L{fx} =
L(x)R-l(xp)L(f)R(xp) for every £ and x in G. Then the nucieus N is

normal 1n G.

Proof: Let f,x, and y be in G. Then we have the identity fxr'y =

(fd(xy)Rnl(xp)) x° by hypothesis. Substituting yR(xp)L-l(x) for y in



this identity, we obtain the identity fx'yR(xp)L_l(x) = (fy)"xp for all

f.y in G. Hence (R(x), R(xp)Lbl(x), R(pr) is an autotopism of G.

Since (L(x}, R“l(xp), L(x)R(x%)) is also an autoctopism of G by Theorem

2.2; we have that N is normal in G by Lemma 1.3. §
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CHAFTER TIII

THE STRUCTURE OF OSBORN LOOPS

The main purpose of this chapter is tc strengthen the result of
Theorem 1.8. If we consider Osborn's lcop H (Example 1.1), we see that
it contains a normal subloop A, generated by the element a = [0,1], such
that the quotient lecop H/A is Mcoufang. This subloop is a proper subloop
of the nucleus. In this chapter we show that the nucleus of any Osborn
loop G contains two subloops, one contained within the other, such that
both sublocps are normal in G; the quotient locp of G over the larger
subloop is Moufang; and the quotient Lloop over the smalier loop is an
Osborn lcop in which the left inverse of any element x 1z equal to tha-
element's right inverse. We shall also show that these subloops are
minimal in the sense that they are the smallest normal sublcops which
yield quotient loops having the properties mentioned above. We then
investigate structure of these two subloops and present some results con-

cerning their relationship to one another.

Definition 3.1, Let G be a loop and let A be the subloop of G generated

by the set {x"x: x€G}, Then A is said to be the immer canonical subloop

of G.

Definition 3.2. Let G be a loop and let E be the subloop of & generated

by the set {nyLEl(y): x,yeG and ex = L(xJL(xk)}. Then E is said to be

the outer canonical subloop of G.
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L_l(x) - ¥°x is in E for every x in G. Henze A is

Note that x6
xP

a sublocp of E.

Lemma 3.1. Let G be an Osborn loop. Then the outer canonical subloop

E of G is contained in the center cf the nucleus of G.

Proof: Let N be the nucleus of G and consider the factor loop G/N. Let

¢ be the natural homomorphism from G onte G/N and let %,y be in G. Then
-1, . Ayo—-1 A -1

we have [yGXL (y31¢ = [yL(x)L{x")L “(y)1l¢ = [{x""xy)L “(y)1¢ =

[(x¢)k'(x¢)(y¢)]L‘l(y¢). Now G/N is a Moufang loop by Theorem 1.8. It

follows that [(x¢)A"(X¢)(y¢)]Lwl(y¢) (y¢)L'l(y¢) = 1, the identity of

t

G/N. Hence yGXL_l(y) is in N; that is, E is contained in the nucleus N
of G since the generators of E are in N.

Now let b be in N and let e be a generator of E of the type
specified in Definition 3.2. Then we have e = yGXL_l(y) for some x and
y in G. The mapping L(y)R_l(y) has the property that lL(y)R’l(y) = 1.
Hence L(y)R-l(y) is an inner mapping of G, and the element f = bL(y)R_lQﬁ
is in the nucleus of G since N is normal in G. It follows that y+eb =

yesb = yexnb = yex'bﬂx = (yb)ex = (fy)ex = fex“yex = foye = fyee =

vbee y-be, where we have made use of Theorem 1.9 in asserting that

bex = b and that fo = f. It follows that be = eb. Thus the generators
of E commute with every element in N, Now suppose S = {geE: gb = bg for
all beN}. Then we have gh*b = g+hb = g+bh = gb+*h = bg+f = b gh for all

g,h in 8 and all b in N, Hence we see that gh is in §. Clearly e_l is

in 8 if e is in 8. Hence § is a group. Since $ contains a set which

generates E, we have S = L. |
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Lemma 3,2, Let G be a loop and let M be a subleoop of the nucleus of G.
Suppose that 5 is a generating set for M such that Sg € gM and g8 < Mg

for all g in G. Then M is normal in G.

Froof: We show first that Mg = gM for all g in G. Let Q be the set
{aeM: (ay)L-l(y)aM for all yeG}. Note that S is contained in Q. Sup-
pose that b,c are in Q. Then, for any y in G, we have (bc‘y)L—l(y) =
(beey)L™Hy) = (bely* (e M DL ™) = Ihy- (et ™y NI L) =

[y (oy L™y eyt ™ HyNIL ) =

[y +((5y)L ™ (3 ) ey )L™y )ILHy) = [byIL ™3I0 (ey )L THy)T and
[(byL-l(y)][(cy)L_l(y)] is in M since (by)L_l(y) and (cy)L-l(y) are in

M and M is a subloop of the nucleus. It follows that be is in Q. Now
consider b1 for any b in Q. We have (b-ly) = y'(b-lyJL_l(y) for any

y in G. Hence we see that y = b-b-ly = b’(y'(b_ly)L-l(y)) =

by« (b TILTHy) = (v oyl My TRy = vy L) 6Ty LT
since (by)L-l(y) is in the nucleus of G, Hence we have (b-ly)L_l(y) =
[(by)L_l(y)]-l and (bdly)L_l(y) is in M. It follows that Q is a subgroup
of M. But we have 87 Q since Sg _ gM for all g in G. Thus Q equals M
since S generates M, and we see that Mg _ gM for all g in G. In like
manner, one can show that gM _ Mg for all g in G; thus we have gM = Mg
for all g in G.

Bruck [2] has shown that the inner mapping group I of G is
generated by all of the permutations of the form R(x,y) = R(x)R(y)R_l(xy),
T{x,y) = R(y)L(x)R_l(xy), where x,y are in G. Thus t¢ show that M is
normal, we need only show that M is mapped into itself by all such permu-

tations and their inverses. Thus let a be in M. If x,y are in G, then
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we have aR{x,y) = (ax-y)le(xy) = (a-xy)R_l(ny = a, or aR(x,y) = a.
Thus we have aR'l(xjy) = a. It follows that {(M)R(x,y) < M and

(M)R_l(x,y)cs M. Furthermore, we have aT(x,y) = aR(y)L(x)le(xy) =

It

(xday)R_l(xy) (xa*y)Rdl(xy) = (((xa)R_l(x)'x)y)R-l(xy)u Now we have

xM for all x in G; hence we have (xa)R_l(x) in M. It

i

shown that Mx
follows that (xa)R_l(x) is in the nucleus and that aT(x,y)} =
-1 -1 _ -1 -1 ) -1,
(((xy)R "(x)*x)y)R “(xy) = ({(xa)R "(x)'xy)R “(xy) = (xa)R ~(x) and
(xa)R"l(x) is in M. Thus we see that MT(x,y)} < M.
-1 _ -1 -1 _
Now we also have aT ~(x,y) = (a*xy)L (x)R “(y) =
(axsy )L GOR Hy) = (e (ax)L T x0)yIL xR Hy) =
-1 -1 -1 _ -1 ) -1 .
(%0 ((ax)L “(x)»y)IL “(xI)R “(y) = (ax)L (x) since (ax)L (x) is in M
and the nucleus. It follows that MT'l(x,y)<§ M. Hence M is normal in
Go l
The proof of the above lemma is contained implicitly in the proof
of Theorem 1.12. We are now ready te prove that the subloops E and A

are normal in G.

Theorem 3.1. Let G be an Osborn loop and let A be its inner canonical

subloop of G, If a is in A and r is in G, then we have
(3.1) a(rr) = (rrla.
Furthermore, A is normal in G, and the factor loop G/A is an Osborn loop

in which inverses are unique; that is, the left inverse of any element

equals that element's right inverse,
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Proof: Suppose that a is a generator of A of the type described in
Definition 3.1 and that r is in G. Then by Lemma 2.10 and Theorem 1.9,
we have sa = ses for some s in G. Now we see that (s'rr)es.rr =
(s'rr)l = sAz'rr = sa*'rr = s*al(rr), where we have used Theorem 1.9,
and the fact that squares have unique inverses in the Osborn leop G.

By definition of A we have (s-rr)es.rr = (s*rr)d for some 4 in A.

2
Using Theorem 1.%, we obtain that {(s+*rr) = d(S‘PP)A = de{(s-rr)d.

Hence we have d-l(s-rr) = (s*'rr)d, It follows that sa*rr = (s'rr)es_rr=

(s*rr)d = d-l(s-rr) = dhls'rr. Hence we have d‘ls = sa. But we also
2 -
have asa = asx = s by Thecrem 1.9. Hence we see that & ls = sa. It

follows that d—ls'rr = sa*rr = a s*rr, or d = a. Hence we have
s*alrr) = sasrr = a_ls°rr = d_l(s'rr) = (s*rr)d = s*(rr)a, or alrr) =
(rr)a.

Now let S = {geA: g(rr) = (rr)g for all r in G}. We have
shown that a generating set for A is S. If a,b are in S, then we have
aberr = asb(rr) = a*(rr}b = al(rr)+b = (rr)a<b = (rr)+ab, or ab is in S.
Similarly, we have al in S if a is in S.

It follows that S is a group and that S = A, since S contains a
set which generates A. VWe have now established that (3.1) heolds.

We can now prove that A is normal in G. Again let a be a
generator of A of the type described in Definition 3,13 then we have
a - x"x for some x in G. Let y be in G and set b = ypy and ¢ = (xy)p(xy).

A2 a2 a2

Then we have (xy)¢c = (xy)exy = (xy) =x y = xasyb = xeayb since )2
is an auteomorphism of G. It fellows that ay = ycb_l. Since a(yy} =

(yy)a, we have ay*y = y*ya or ycb_l-y = y*ya. Thus we see that



cb_ly = ya. Now we have shown that if a is a generator of A of the type
described above and if y is in G, then ay = yp and ya = uy, where u is
in A. It follows that the set § = {x"x: xeG} has the property that

Sg< gA and g5 C Ag for all g in G. Thus A is normal in G by Lemma 3.2.
Now consider the factor loop G/A. We have (XA)AZ = XAZA = (xex)A =
(xi@)A = x(x"%)A = %A for any %A in G/A. Hence we have (XA)A =
CTSL

We now show that A is minimal, in a certain sense.

Theorem 3.2, Let G be an Osborn loop with inner canonical subloop A.
Let R be any normal subloop of G such that G/R is an Osborn loop in

which inverses are unique. Then A is a subloop of R.

Proof: Let x be in @. We have (x°x)R = (xR)P(xR) = (xR)wl(xR) =1,
the identity in G/R. Hence x°x is in R. It follows that a generating
set for A is contained in R; hence A is a subloop of R. 1§

We now proceed to show that E is normal in G.

Theorem 3.3. Let G be an Osborn locp. Then the outer canonical subloop

E of G 1is normal in G, and the factor loop G/E is a Moufang loop.

Proof: Suppose that e is a generator of E of the type described in
Definition 3.2. Then we have ye = yex for some % and y in G. Now let
z be such that zy = x. Then we have (zy)ex = (zy)eZy = zy-va for some a
in A, the inner canonical subloop of G. Hence_we have (zy)a = (zy)ex =

zex-ye. Let £ = zexL"l(z). Then f is in E and zf-ye = 2zy+a, or
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fye = va. By Theorem 3.1, A is normal in G; hence the element
g = aL(y)R-l(y) is in A since L(y)R-l(y) is an inner mapping of G. It
follows that fye = gy. Hence we have ye = f_lgy, where f_lg is in E.

Now let h be such that (yy)ex = ye*ye = yy*h. Then h is in E
and we see that ey = yhe_l.

Now let r be any element in G. Let w be such that r = wy. Then
we have re = wy*e = w'yBX = (we;l'y)ﬂx = h-(we;l-y), and h is in E by
the preceding part of the preof. Furthermore, wex can be written as kw
for some k in E. Hence we have w = k-we;l, QT kwfl: we;l. It follows
that re = h(we;l'y) = h(k-lw-y) = hk_l'wy = hk“ler. We have shown that
re = hk—l'r, where hk-l is in E. ©Now consider (yr)ex = yr+l for some
£ in E, Then we have yex'rex = yr+*&, or ye*nm = yre£, where nm = rex

r%m_l and Rm'l is in E.

It

Thus we see that m is in E and enm = rl, or er
It follows that eg is in gE and ge is in Eg for all g in G. Thus we see
that E is normal in G by Lemma 3.2.

Now consider the factor loop G/E. Let xE and yE be any two
elements in G/E. Then we have (xE)A[(xE)(yE)] = (xh-xy)E = (ye)E for
some e in E. But this implies that (xE)A[(xE)(yE)] = {ye)E = yE. It
follows that the automorphisms ex of the factor loop G/E are identity

mappings and that G/E is a YMoufang loop. |

Theorem 3.4. Let G be an Osborn loop and let R be a normal subloop of

8 such that G/R is a Moufang loop. Then R contains the subloop E.




(&3]
]

Progf: Let e = yBXL_l(y) for some x,y in G. Then we have eR =
-1 _ A -1 _ A - ) ‘
(y6 L “(y)IR = ([x -xy]L "(y))R = [&®R)"-{xR)(yR)IL "{yR) = IR sinze G/R
ig a Moufang loop. It follows that e is in R. Since these e’s generate
E, we have EC R. §
We now turn our attention to the relationship of these two sub-

loops to one another.

Lemma 3.3. Let G be an Osborn loop. Then the following identities hcld

for any x,v in G.

(3.2) 8 8 =09
Xy ¥y X
‘ -1 _ -1
(3.3) ysxy = ysy 8,
(3.4) x6~ 1 = xo7le
Xy Xy
(3.5) Xy = xBy-yex
(3-6) yexx = y
(3.7) (yy)ex = yy

Proof: For any z in G, we have zexey = zL(x)L(xA)By & (x)\-xz)By =

(xBy)Av(xey°zey) = (xf)A*(xf-zey) for some f in E, the outer canonical

sublocp of G. Thus we have z8_8 = z6 6__. But, since £ is in the
Xy v xf
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nucleus, we have B = GX by Theorem 1.9. Hence we see that zaxey =

xf

z8 8 for all z in G; that is, 6. 6 = 6§ & and we have verified (3.2).
¥y X X'y v x

Now by Theorem 1.1, we have y(xy)p = x” since G is a weak inverse

2 2 2 42
property loop. Thus we have y(xy)p-(xy)p = xp(xy)p = 2P yp } since
p? is an automorphism of G. It follows that ye;i = ye“l p=

o o2 _ o, p% p? p? -1 (xy)
yixy) «(xy) =x"(x"y Y=y & 02 * yey 8., where we have used
x
Theorem 1.7 and Theocrem 1.9. Thus we have established (3.3).
Now we may alsoc use Thecrem 1.1 to conclude that (xy)Ax & ykc
12 2 y2 2
Hence we have (xy)A -(xy)xy = (xy)A yA = xA yA *yAg It folliows that

32 2 12 - -
xexy = xe(xy)* = (xy))L '(xy)Ax — yl -yl = xexeyi2= xexeyi, where we
have again used Thecrem 1.7 and Theorem 1.9. Using (3.2}, we obtain
that x = %8 e'le'l = xe'le Bul, or xe“l = xe'le . Hence we have
Xy Xy Xy xy Xy L

established (3.L4).

Using all of the sbove identities, Theorem 1.9, and the fact that

2
- : : 02 _ S IS N
p¢ is an automorphism, we obtain that (xy) (xy)eXy Xexy yexy
-1 -1 2 2

2
- = p - D g - p = -
xex Gy yey BX % ey y Gx (xey yex) . It follows that xy xey yBX,

and we have established (3.5}.
In order to calculate y@__, we first calculate y8 . If N is
X% XXy
the nucleus of G, then in G/N we have (xx-y)N = (xNxN)-:yN = xN+(xNyN)} :
{x*xy )N since the factor loop G/N is a Moufang loop. Thus, if n is such
that (xx+y) = (x'xy)n, then we have (- xy)NnN = (x*rynN = (xx-y)IN =

(x-xy)N. It follows that n is in N. Hence we see thath =8 L
XXy {3 xy)n
~1

! by Theorem 1.9, Thus we have yb© = yb 6 78 =
X*RY XXy XX OXX*Y

Y -1 A -1 A -1
[x (xx)]ex o, = [x (xy)]Gx G g ° [x (xy)]ex. 8 ~, where we have

Xy Xy X

also used (3.2) and Theorem 1.7. Now consider EXA(Xy)]eX~xy =

X*+X

By (3.3) and (3.4) we have

o -

A _ A,
x'6 (xy)ex.xy = (xBx y) (xy)Bx

¥Ry
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5 S | -
xex*xy = xex exy and (xy)ex

1
.xy
the identity (3.2), we obtain that xBx

Using these identities and

- -1
= (xy)exyex.

- -1 -
= xexexy and (xy)ex'xy =

-1 A ) A )
(xy)exyex . Hence we have [x (xy)]ex°xy = (xex-xy) (xy)ex'xy =
l ( e_l

1A - -1 _ -1 1l
(xexexy) (xy)exyeX = Xy

A -1 _
eyex) “(xy)8_ 8~ =

X Xy X

A -1 _
ex) (xy)exyex = (x@
(xey)A-(xy)Bxye;l, where we have again made use of (3.2) and (3.4). It

1 1

A -1 A “1,.-
fellows that [x (xy)]ex. Bx = [(xBy) (xy)exyex ]GX . Now let c, a,

Xy

and b be such that xa = xex, yb = yey, and xy*c = (xy)exy. Then a, b,
and ¢ are in the nucleus by Theorem 1.9, and we have y#8 =

XXy
A -1 _ A, B h, Sl
[x (xy)]ex'xyex = [(xey) (xy)exyex ]Bx = [(xey) ((xy)c)ex ]ex .

Also by Theorem 1.9, we have ((xy)c)ﬂ;l = (xy)B;l°ce;l = (xy)e;l-c since

. _ X, “1ag-1
¢ is in the nucleus. Thus we see that yexx-y = [(xey) ((xy)C)ex ]ex =

[(xe ) e (Gry)eteedTelt = [l )M Geyre) M heTe t =
[(xey)k-(xy)e;lje;l-cs;l = [(xﬂy)l'(xy)e;lje;l'c. Now by (3.5) we have

_ _ A, -lo.=1,
that xy = xey yex. Hence we see that ysxx'y = [(xey) (xy)ex ]SX c

1 1

A ~lag=1,  _ A, ~1, yqa-l. L
[(xBy) -(xey-ysx)ex ]BX c = [(xey) (xByBx y)]eX c =

[(xey)k-(xe;ley°y)]ax'c, where we have again made use of (3.2). Now
from xa = xBx, we obtain that xe;l-a = x, or xe;l = xa_l. Furthermore,

32 32 a2
by Theorem 1.9 we have xy*c = (xy)@xy = (xy) =x y = xex-yey =
xa+*yb, from which we obtain that ayb = yec, or a_ly = ybc—l. It follows

that
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yexx'y = [(xey)l-(xe;ley-y)]e;l-c
= [(xey)h'(xa-l)ey'y]e;l°c - [<xey)*-((xey-a‘l)y)Je;l-c
= [(xey)k'(xGy’(a_ly))]B;l°c z [(xey)A'(xey-ybc_l)]6;1°c
= o) (b ey e 267 e = Tl ) Cre oy o™ 16 e
- ([(xey)*-(xey-y>Je;l-(bc“l>e;l)c - ([(xey)*-<xey-y)1e;l-bc‘l)c
= [(xBy)A'(xey'y)]B;l°b,
where we have made use of Theorem 1.9 again. Now we have x8_ = xe for

some e in the outer cancnical subleop of G. Hence e is in the nucleus,

and we see that 8_08_ = 8 = B8_ by Theorem 1.9. It follows that
Xy xe X

vo = [(x6 ) e(x8 +y)16 Y eb = yo _ 87tep = yo 87leb = yb. By (3.3)

XXy y vy X xey X X X

-1 - ~ -1 _ -1
we have yexx.y = yey exx‘ or y = yﬂy exxexx-y = yexx.yey exx’ where we
have used (3.2). It follows that y#@ = yé g L = (yb)e_l =
XX 'Y ¥ XX ®X

-1, -1 _ -1, -1,

yBXX bexx = ysxx b by Theorem 1,9 and (3.2). Thus we see that yexx b =
= — wa—d _ .

yexx'y = yb, or y = yexx. Thus we have yexx = y, and we have established
(3.5).

By (3.5) we have (yy)6x'x6yy = yy*x. But by (3.6) we also have
xeyy = x, where we have interchanged x and y. Thus we have yy'x =
(yy)ex°x6yy = (yy)ex-x. It follows that (yy)eX = yy, and we have estab-

lished (3.7). N
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Corollary 3.1, Let G be an Osborn loop. Then the subloop of G generated

by the set S = {x2: xeG} is a Moufang loop.

Proof: Let 5' = {yeG: yex =y for any x in G}. If r and s are in S',
then we have (rs)Bx = rex'sex = rs for all x in G; that is, rs is in

S'., Now let u and v be in G such that ru = s and vr = s. Then we have
r°u9X = (ru)Bx = sex = s; that 1is, uBX =y, Similarly, we have VSX = v,
Hence u and v are in S'. It follows that S' is a sublosp of G. By

{3.7) we have yQGX::y2 for every y in G, 1t follows that S S'. Hence
S' contains the loop generated by S. Thus by Theorem 1.7 we see that
XZ*YX = (xz)-(yexvx) = (xvzy)x for any X, y, and z in the lcop generated

by Sy that is, the set S generates a Moufang locp. |

Theorem 3.5. Let G be an Osborn loop. Let x,y be in G and let a,b,c,
and e be in G such that xa = %0 » yb = ye, - (xy)c = (xyjexy, and

ye = yﬁx. Then we have the following identities:

(3.8) eye = y
(3.9) xe = x§

y
(3.10) e? = apc”!

Furthermore, the square of any element in the outer canonical

subloop E is in the inner canonical subloop A.
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Proof: Observe that e is in E, and hence e is in the nucleus of G.
From (3.7) we have yy = (yy)ex = ye'ye = ye+eye, which implies that
eye =y, Thus we have established (3.8).

Now let f be such that xf = xey. Then by (3.5) we see that
Ky = xey'yex = xfrye = x*fye, or y = fye. Since we have shown that

¥y = eye, we have f = e, and we have established (3.9).

Now we have (xy)@x = xXa*ye T xraye. Since x+ayb = xavyb =
22 a2
X

)\2
y = (xy) = (xy)exy

ay = ycb_l. Hence we have (xy)@x = x+aye = xy-cbmleb By (3.8) we

It

Xyr*c = x*'yc, we see that ayk = yc, or

have cb_le(xy)cb_le = xy, Where we have read xy for y and cb_le fer e.

It focliows that (xy)e_lbc'l = cb‘le(xy). By Lemma 2.10 and the fact

that the outer canonical sublocop E is an Abelian group, we obtain that
(xy)e-lbc-l = cb-le(xy) = b_lec(xy) = bmle(xy)c-l, cr (xy)e_lb =

b-le(xy). By (3.9) we are permitted to read x for y in (3.8). Hence

- -1
we have exe = x, or xe = e lx. We also have e "y = ye by (3.8). Thus

we see that b—le(xy) = (xy)e_lb = e-l(xy)b = e_lxb_ly, where we have
. -1 -1.-1 2 -1
again used Lemma 2.10, It follows that b "'ex = e "®b 7, cr e™b "x =
- - - 42,2 32 _
xb l. Now from a lxb ly = xa*yb = xex-yey = xA yA = (xy)A = (xy)exy =

{xy)c = c-l(xy) = c-lxuyLi we obtain amlxb_l = cmlx, or xb@l = c_laxp

Thus we have e2b~lx = :»r;bml = ac-lx. It follows that e2 = abcml, and we
have established (3.10).
Result (3.10) shows that the square of any generating element of

E of the type described in Definiticn 3.2 is in A. 8ince E is an

Abelian group, it follows that the square of any element in E is in A. |



Theorem 3.6. Let G be an Osborn loop which 1s generated by a set con-
sisting of two elements. Then the inner canonical subloop A is generated
by a set containing no more than three elements, and the outer cancnical
subloop E is generated by a set containing no more than four elements,

three of which are in the inner canonical sublocp A.

Proof: Let the set {xy} generate G and let a,b, and c be such that

xa = x@x, yb = yﬁy, and xy"c = (xy)&xy. We shall show that the sublocp
S generated by the set {a,b.c} is normal in G, and we shall make free
use of Lemma 2.10 and Theorem 1.9 in the calculations that fellcw. TFrom

r2 )2
Xy = xa*yb = ®vayb, we obtain thart

)\2
(xy)c = (xy)exy = (xy) =

It

ay = ycb_l° By Theorem 3.1, we have a*yy = yy*a. Hence we see that

-1 -1
yeya = yyva = a-yy = ay'y = ycb Ty, or ya = cb "y.

Ml}d:!ml‘“y-j we see that

From cmlﬂxy = xy*c = (xy)exy = xa*yb = a

c~lax = xb_l, or xb = ca'lxu From Theorem 3.1, we obtain that bxex =
bexx = xx'b = xexb = x-ca Tx = xca T-x. Hence we have bx = xca
From ay = ycb_l we obtain that yc¢ = ayb = abwly, and from
bx = xca_l we obtain that banlx = xc. Similarly we may prove that
ex = xa—lb and cy = ybwlan
Now let Q = {deS: dxexS and xdeSx}, We have shown that a,b,
and ¢ are in Q. Now let r and s be in Q and let r' and s' be in S such
that r= = =xr’' and sx = zx'. Then we have rs+x = r+*sx = prexs’® =
rxes' = xr'egs' = xer's'. We have just shown that (rsvx)Lml(x) is in 8.

Similarly, we can show that (x-rs)R"T(x) is in S. Hence we see that rs

is in Q. Similariy, we may show that r"l is in Q. It follows that Q
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is a loop and that Q@ = 8. We have shown x5 = Sx. We may also show
that yS5 = Sy.

Now let Q' be the set {zeG: 25 = Sz}. Let r and s be in Q. Let
d be any element in S. Then d*rs = dr*s = rd'+s = p*d's = resd" =
rs+d", where d' and 4" are in § such that dr = rd' and d's = sd"™. Thus
we see that ders is in (rs)S. Since d was chosen arbitrarily in S, we
have (rs)S 2 S(rs). We may also show that (rs)S = S(rs). Hence we have
rs in Q'. DNow let v be in G such that rv = g. Let d be in 5. Then
we have r*vd = rved = sd = d's = d"*vrv = d'pr*v = pd"*v = r-d"v, where
d* and d" are in S such that d's = sd and d'r = rd". Thus we see that
vd = d"v and that v5 & Sv since d was arbitrarily chosen in S. We may
also show that Sv< vS. Hence we see that Sv = v8 and that v is in Q'.
In like manner we may show that, if v' is such that v'r = s, then v is
in a*. It follows that Q' is a loop. Since we have shown above that
®x and y are in Q', we have Q' = G. Now by Lemma 3.2, 8 is normali in G
since we have shown that z3 = 5z for every z in G.

Now consider the factor loop G/S. It 1s generated by set

32 A2

{x8,yS}. XNow we have (xS5) = x 8 = xGXS = xa°*S = x8., Similariy, we
see that (yS)Az = y8. Since A% is an automorphism, it follows that A2
is the identity mapping in G/S. Hence G/S is a loop in which inverses
are unigue. Now by Theorem 3.2, we have S22 A. But it is clear
that A2 5. Thus we see that S = A.

If z is any element in G, we denote zS by z. Thus % and y
generate G/S since x and y generate G. We shall show that the outer
canonical subloop of G/S is generated by the element e = §8§Lil(§J.

-2 - - - . -
By Theorem 3.5, we have e = 1, ey = ye, and ex = Xe, Since e 1s in
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the nucleus of G/S and since the set {xX,y} generates G/S, we see that
the sublcop F generated by e is normal in G/S by Lemma 3.2 since the
equations ey = ye and ex = xe together with the fact that e is in the
nucleus of G/S imply that e G/S _ G/Se amd that /S e [ e G/S. Now let
Q = {zeG/S: EB;LFI(E)EE}. Clearly, we have y is in @, and since
xy = xe by (3.9), we have x in Q. If r,s are in Q, then we have
(§§)6§ = pfesg = 5'%5@, where £ and g are in E. But since F is normal in
in G/S, we have fs = sg', where g' is in E, Thus (55)8§ =
rsegg' and éé‘ is in E. Hence we see that rs is in Q. Now let z be
such that rz = s. Then we have 58; EB§ = §8§. Let f' and h be such
that f'r = 59; and zh = EG;. Now we have f'r = rvf for some f in G/S.
But, since r is in §,we have f is in E. Hence we see that f' is in E
since F is normal in G/S. Now we have rzsb = ?'-l-gé since both h and f'
are in the nucleus. Since ?'—l is in F and since F is normal in G/S, we
have ?'-lg = sk, where k is in E. It follows that rz*b = §'§§, orp
h = kg and h is in E. Hence we have z is in Q. In a similar manner one
can show that if qr = s, then g is in Q. It follows that Q is a loop.
Since Q contains x and y, we have Q = G/S. Similarly, we may also show
that the set {zeG/S: EBQL'l(z)sE} = G/S.

Now let q be in G/S$ and let Ta = {zeG/S: EBEL_I(E)CE}. From
yq = §ea-ae§, we obtain that yq = §Bg-a'a, where q'q = ae§. Now we have
q'q = qq" for some g" in E. Since E is normal in G/S, we have al in F.
It follows that y is in Ta. Similarly, we can show that x is in Ta. By

applying an argument to Ta which is parallel to the one applied to Q

above, we obtain that Ta = ¢/S. Thus we have established that if z and
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§ are in G/S, then EeaL_l(E) is in F; that is F contains a set which
generates E. Hence we have E < F, but it is clear that E Qlﬁ. Thus we
see that F = E.

Now let e be in G such that eS = e. If f is an element of the
outer canonical subloop E of G, then T = fS is in E. Hence we have
£ = Ei for some integer i. It follows that feql is in the inner
canonical subloop A or S. Hence f is in the subloop generated by
{e,a,b,c}; that is, the outer canonical subloop E of G is generated by
the set {e,a,b,c}. |

The above theorem is not true, in general, for M-loops, a fact

which we now show.

Example 3,1. Let M be the triple product of the integers with them~

selves. We introduce a binary operation on M by the following equations.
(3.11) [2i, k, mJ[23, p, q] = [2i+23, k+tp-1j(23-1); gtm-ij(2j-17]

[2i+2]+1, k+p—ij(2jvl)w32*]a

[2i+1, %, m1[27, p, al

n+m-ij(2j~l)mj2]

[2i+29+1, m+p ij(23+1),

[2i, k, m1[25+1, p, q]

qtk-ij(23+1)]

[2i+1, k, mI[25+1, p, ql = [2i+2§+2, mtp-ij(29+1)-3°-1,

q+kmij(2j+l)~j2]
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By direct computation it can be shown that M has an identity

[0,0,0] and that ¥ is an M-loop.

Theorem 3.7. The inner cancnical subloop of M consists of all elements

of the form [0,n,m], where n and m are integers.

Proof: Let x be in M and suppose that x i1s of the form [21i,k,m]. Then

we have xP = [2(-1), —k+2i3+12, um+213+i2]. Hence we have x°x =

3

[o,ui,u1%],

Now suppose that x is of the form [2i+1, k, m]l. Then we have

2 = [2(-i-1)+41, -m+2i3+41%421, -k+2i%+ui+31+1] and x°x =

3 3

[2(-1-1)+1, -m#2i3+4i%421, ~k+2i°+4i%43i+1][2i+1, k, m] =

2 2

Lo, 41 +61 +31+41, 4id+61°4+31].
It follows that the inner canonical subloop A is a subset of the

[1,0,0], we have %Py =

H

set of elements of the form [0,n,m]. If x

[¢,1,0]1, and, if x = [-1,0,0], we have xPx

[0,0,-1]. Since the set
{[0,1,01, [0,0,-11} generates the set of elements of the form [0,n,m]
and is contained in A, we have A = {[0,n,m]: n,m are integers}i. 1§

Tt is clear that the element [1,0,0] is a generator of M, but the
inner canonical subloop of M is generated by no set consisting of less
than two elements. One may verify by direct calculation that the direct
product M M is an M-loop which has a generating set of two elements
and whose inner canonical subleoop has no generating set of less than
four elements. We now show that Osborn's loop H is a homomorphic image

of M.
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Theorem 3.8. Osborn's loop H (Example 1.1) is a homomorphic image of

M.

Proof: For any [i,j,k] in M define [i,j,kJ¢ = [i,j-k]. Now let x and

y be in M,

Case I. The elements x and y are of the form x = [2i,k,m], y = [2j,k,n].
Then we have x¢ = [21, k-m], y¢ = [2], R-nl, and (xy)¢ = [2i+2],
kt2-(m+n)]. Furthermore, in Osborn's loop H, x¢°y¢ = [21, k-m]

[27, 2-n] = [2i42], Xx-m+R-n] = (xy)¢.

Case IT. The elements x and y are of the form x = [2i+l, X, m] and
v = [23, 2, n]. Then we have x¢ = [2i+1, k-m], y¢ = [2j, &-n], and

(xy)e = [23+2§+1, k+g-m-n+j] = [2i+1, k-mI[27, 2-n] = x¢-y¢.

Case I1I. The elements x and y are of the form [2i.k,m] and
[2j+1, &, n], respectively. Then we have (xy)¢ = ([2i+2]j+1,

g4m-n-kx1) = [2i, k-mI[23+1, %-n] = x¢*y¢.

Case IV, The elements x and y are of the form [2i+l, k, m] and
[2341, &, n], respectively. Then we have (xy)¢ = [21+2§+2, L+m-n-kxj] =
[2i+1, x-m]J[23+1, &n] = x¢-vo.

It follows that ¢ is a homomorphism from M onto H. 1§
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We consider now the guestion of the coincidence of the inner and
outer cancnical subloops of an Osborn loop. It is not known whether or
not the inner and outer canonical subloops must coincide, but one suffi-
cient condition is known. Suppcse that G is an Osborn loop in which
x2 =1 for all x in &, Then we have xl = xp = x for all x in G, and
hence inverses are unique in G. Furthermore, we have x{(yx) = x(yx)dl =
y_l = (xy)_lx = (xy)x for all x and y in G. Hence we have y =

yL(x)R(x)L_l(x)R—l(x) for ail x and y in G. By Theorem 1.7 it follows

that BX is the identity mapping on G and hence that G is Moufang.
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CHAPTER IV

HOLCMORPHY THEORY

In this chapter we shall investigate the structure of some
holomorphs of the locps we have been considering. The concept of a

holomorph is familiar from group theory; we redefine it here for ioops.

Definition 4.1. Let G be a loop and let 4 be any group of automor-

phisms of G. Then the holomorph A(G) of G by A, or the A-holomorph of

G, 1s the set 4 x G with a binary operation defined by
(ay, x)(B, v} = (aB, xB+y)

for all o,B in 4 and all x,y in G.

Bruck [2] has shown that the holomorph of a loop is also a icop.
We first investigate the holomorph of an M-loop.
Theorem 4.1. Let G be an M-loop and let A be a group of automorphisms
of G. Then the following statements are equivalent:

(i) The triple

(4.1) (L(£), R7IED), L£FIR(fa))

is an autotopism of G for every f in G and every o in A.



(ii) If f,x are in G and o is in A, then we have

(4.2) L(fx) = RESIL(x)LIFIR(Fa).

(iii) The holomorph 4(G) is an M-loop.

Proof: Suppose that (i) is true, Let f be any element in G and let o
be any automorphism of G which is in A. Then we have the identity
fXWyR_l(ﬁf) = (f(xy))(fo) for all x and y in G. Substituting yﬁﬁfh for
vy, we obtain that fx+y = (f(xwytﬁf)))(fa), or yL(fx) =
yRﬁﬁp)L(x)L(f)R(fa) for every y in G. The identity (4.2) now follows
since y is any element in G.

Now suppose that (ii) is true. Let f = (y,f), x = (a,x), and
y = (B,y) be in the holomorph A(G). We shall show that yL(fx) =
§R(§D)L(§)L(f)R(§)u Now we have fx = (y,f)(a,x) = (ya, fa*x) and

_l, prnl) and

fx*y = (yoB, (foB-xB)y). We also have o= (y
FROFOILILIDIR(E) = F(RFF)F = (yaB, (faBe(xB-y£’))f) =
(yaB, yR(fp)L(xB)L(faB)R(f)) = {(yoaB, yL(faB-xB)) = (vaR, (fuB-xBly) =
?Q'ﬁ = §L(§§), where we have used (4.2) with f replaced by faB, x
replaced by xB, and a replaced by (uB)”lu It follows that L(fx) =
R(EF°)L(R)L(EI)R(E) and that A(G) is an M-loop by Corollary 2.3.

Now assume that (iii} is true. Then by Theorem 2.2 we have rthat
the triple (L(F), R—l(§p), L{EIR(F)) is an autctopism of A(G) for every
f = (y,f) in 4(G). Let x = (a,x) and y = (B,y) be in 4A(8). Then we

have §§-§R_l(%p) = (f+xy)E. We now calculate §le(%p). Suppose
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y _l(fp) = (8,z) for some z in G and some & in A. Then we have
g =z, or (8,y) = (Gyﬂl, zY‘l-pr‘l). It follows that & = By and
that z = yR-l(fpy_l)Y. Hence we have §R—l(fp) = (fy, yR-l(pr-l)Y).
Thus from §§°§R-l(§p) = (fexy)f we obtain that

(ya, farx)(By, yE £y 1)y) = (yaBy, (fagy-xey) - yR (£y)y) =
(yoBy, (foBy*(xBy*yy))f). It follows that (faBY-xsy)-yR_l(fpy)Y =
(foBy *(xBy*yyY))f) for every f, x, and y in G and every «, B, and ¥y
ql(fpy-l) =

in G. Since y is an autctopism of G, we have (faB+xB)'yR

(faB -(xB-y))-fy_l for all f, %, and y in G and all o, 8, and v in 4.

Substituting xB_l for x and fB-la-l for £, we obtain that
(£x)*yR~ (fps ~1ymd l) (fexy)-£8 -1 lY "L for a11 f, x, and y in G
and all o, B, and v in 4. Replacing B_ l -1 by a, we obtain that

fx-yR_l(fpa) = (fexy)*fo for every f, x,and y in G and every « in 4.
Hence (i) is true. |

We turn now to the preblem of a holomorph of an Osboern loop.

Lemma 4.1. Let G be a weak inverse property lecop and let 4 be an auto-
morphism group of G. Then the holomorph A{G) is a weak inverse property

loop.

Proof: Let {wa,x) and (B,y) be any two elements in A(G)}. Then we have

(u,x)(a_l, xpa_l) = (1, xa-l-xpa_l) = (1,1), where we have used 1 to

denote the identity automorphism in A. It follows that (a,x)p =

(o —, xpu_l). Hence we have (B,y)[(a,x)(B,y)]p = (8,y) (a8, xBey)F =

(B )(B , (o l-ys_la_l)p). But we have yB_la-l-(xa_l-yB-la_l)p




~l)p = xpa_l since G 1s a weak inverse property lccp. Hence we see

that (8,y)[(a,x)(B,y)1° = (a_l, mela“lw(xaAlJwala‘l

(xa
¥y =
-l p =1y _ P . s v i : r
(o ",x 0 ") = (a,x). It follows that A(G) is a weak inverse property
loep. 1
Bruck [2] has shown that any holomorph of an inverse prcperty

loop is also an inverse property loop.

Theorem 4.2. Let G be an Osborn loop and let 4 be any group of auto-
morphisms of G. Then the holomorph A(G) in an Osborn lcop if and cniy

if 4(G) is an M-loop.

Proof: Suppose that the holomorph A(G) is an M-loop. Since G is an
Osborn loop, it must be a weak inverse property locp, and hence A(G) is
a weak inverse property loop by Lemma 4.1. Since A(G) is an M-locp by
assumption, it must also be an Osborn loop by Theorem 2.7.

Conversely, if A(G) is an Csborn loop, it is obvious that A{G)
is also an M-~lcop. (]

Bruck [2] has proved that the inner mapping group I of a commu-
tative Moufang lcop G is an automorphism group of G. Furthermore, Bruzk
(2] establishes the existence of a commutative Moufang loop G whose
I-holomorph I(G) is not Moufang. Since G is a Moufang loop, it must be
an inverse property loop. It follows that I{(G) cannot be an M-loop
since all inverse property M-loops are Moufang locps by Theorem 2. 4.
Thus there are examples of M-loops with holomorphs which are not M-loops.

We now exhibit an Osborn loop with the property that any holio-

morph of it is an Osborn loop. This loop is the same loop which Osborn



[7] constructed and which we gave in the introduction as Example L.L.

The proof of following theorem uses Theorem L. l10.

Theorem 4,3. Let H be the free Usborn icop on one generator. Let 4
be any automorphism group of H. Then the A-holomorph of H is iso-

morphic to all of its loop isotopes.

Proof: Let (y,c), (a,x), and (8,y) be in A(H). We shall show that

(v,e) T{y,e)(a, ) = [{y,e)(B,y)I(y,e)({a,x)(B,y1)I°. Now we have
(v, = (e, (ertea )y and

[Cv,e) (B30 I (rae) () (8,5003° = (yaly™h, (crys oo (xoy a7t 7).

Hence we need only show that if x, vy, and ¢ are in H and if o is in 4,

we have the identity
cleax)? = (c"mel)[ca'(x'mel)]p .

But this identity helds for all x, y, and ¢ in H and all «,R in 4 if

and only if the identity
(4.3) clcax)® = (cy)car(xy)I®

heolds for all x, y, and ¢ in H and all « in 4. We shall show that
(#.3) actually does hold in H.
Note that the nucleus of any loop is invariant under automcr-

phisms. Since the nucleus of H ceincides with the set of even elements,

we have that if z is any element of H and if § 1is any autcmorphism ot H,



then z& i3 even if z iz even., and z¢ is odd if z is zdd.

Case T. Let ¢ be =ven, Th:in we have (Ly)[ha'kxy)]p =

\;j}L(xy)pvc ol o [ieyr ixy "1 o - [cvy\xy;p]‘; Ly < ex-¢ T =

. -1 B . )
c\xﬁ~a o) ot :\:d'xﬁp where we have wsed Theorem L.1 and Thecrem 1.9,

I'hus we have esgtabliished (4.3, [n this case

Case [I. Let y be even. Then we have Layfecarixy) =

C

(y)llexxry]” = coylicaxsyl® = z(z0-x)°, and we have established (4.3)

Case Iil. Let ¢ and y be odd and let x be even. Then we have

(cy)[cau(xy)]ﬁ . \;y)[Lca~x)y]p 3 ;vy[(:avx)yjp = c(:a‘x)p since

{wa'%Jy is =ven. Henze we have verified (4.3) in this case.

Case iV, Let ¢, x, and y be odd., Let a = [0,i]. Then we have

R . 1 R o SN _1P -1 R 4
Coyileas{xy)]” = (ay)lica-x y+al” = (cyltela ({za*x)y) ] by Lemma 1.6
and Thecrem 1.9, Now since ((ca‘x)y)p is an odd element, we have
awl((cu-x)y) = {({ca*x)yla. It folilews that (cy)[cu-(xy)]D -

S CoaP L ) Gl - - WL e
ey dela "Ceearxpy) ] = Jey i Litzoex)yy al = eryiicaziy) = clenvxr) .
where we have used Lemma 1.6 again and alse the fact that A(H) is a
weak inverse property loop. Thus we see that (4.3) holds in this case.
It follows that A{(H) is iscmorphic to all of its lecp isotopes and hence
that ail of its locp isotopes are weak inverse property loops. Hence

A{H} is an Osbormn ioop. B
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The proct of the abive thecrem parallels closely that of Theorem
1.11., The theorem itseif is nst as strong as it seems, for., as we now

show, the groun of all aatcmerphisms ¢f H is an infinite cyclic group.
Thecrem Y.4. The automcrphism group of H is an infinite cyclic group.

Procf: Recall that x -~ [1,0] generates H. Consider the loop generated
by xhn This locp must centain x, and hence the loop generated by XA
Is H. This implies the existence cof an automorphism @ of H which maps
x onto xAn We now show that this automerphism generates the automor-
phism group of H.

Let B be any autcmorphism of H and consider the factor loop

B/A, where A is the normal sublocp generated by the element a = [0,1].

It is clear from the definition of H that H/A is 2 ¢yclic group. Now

Z

. A ) A2
from the relation x = xBx = ®a, we obtain that (xB) = xB+af, or

[(XB)A]Az = (XB)AZA = xRA+3BA., But we also have [(xB)A]A{ = xBA since
H/A 1s a group. It follows that (xBJA = [(XB}A]Az = xRA-aRA, thar is,
aR is in A, Thus we see that AB T A.

Now we define {(yA,;® = (yB}A for any yA In H/A. Let y and z be
such that yA = zA. Let q be in (yB)A. Then q = yB:r for scme r in A.
Hence we have qul 2 yvrB_lu It follows that qBLL is in yA = zA since
AR A, Thus we see that unl - qvs for some s in A, or q = zR<sB,
which is in (zRJA. Thus ¢ is a well-defined function from H/A into
H/A. If zA is any element in H/A, then (qul)Aé = zA:; that is, ¢ maps
H/A cnto H/A. Now we have (yA zA)® = ((yzJA)® = ((yz)B)A =

{yBezR)A = (yB)A-(2B)A = (yA)®-12zA)}?. Hence ¢ is an endomorphism.



Since H/A is an infinite cyclic group, this implies that ¢ is either
the identity mapping <r eise ¢ is the automorphism which takes every
element ontoc ite own inverse.

Suppose that ¢ is the identity mapping. Then we have

%A = (%A)¢ = (xB)A; that is, xB = xal for some integer 1. It foliows

A2k

e

that %8 - % s xa“t.  3ince x generates H, we have proved that

B = azlu If ¢ is not the identity mapping, then we have XAA = (xA) T

o ) A i ) .
{(zA)® = (xB)A; thar 15, ¥ = x8-a  for scme 1nteger i. Hence we see

21

* xa B3 that is, a = o B

that xa = xA = xBra” = (xB) X )8

: . 2L .
slnce x generates H-/A. Hence we have g « ot . It fellows that the

automorphism group of H 1s generated by o. K
We now consider scme of the general properties of the holomorphs

¢t M-loops.
Theorem 4.5, Let G be any lcop and suppose that 4 is any automorphism
group of G. Then the inner and outer canonical subloops of A(G) are

isomorphic respectively to the inner and outer canonical subloops of G.

Prcof: Let E be the outer canonizal subloop of G and let E be the outer

canonical subicop of A(G). If e is in E, we define e¢ = (1,e), where 1
is the identity of A. It is clear that ¢ is a one-to-one mapping from
E onto a subset of A(G).

If e is a generator of E of the type described in Definition 3.2,
then we have re = res for some r,s in G. Furthermore, we have

(1.,.r-)6(1 = (1,s)A((1,S)(1mr)) = (1,5")(1,80) = (1,re) = (1,0)(1,e),

,8)
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tlence { ,e) is a generator of E of the type described in Definition %.2.

Now suppose that (y.g) is such a generator of E. Then for some
(3.x) and (8.y) we have (o,x, ((a,.x)(B,y)) = (B,y)(y.g), or
VB 1xB}A°(xB~y)} = 4By, yy*g). But this implies that y = . and that g
is a generatsr of E of the type described in Definition 3.2. Hence ¢ 1s
a cne-to-one mapping from a set which generates E onto & generating set
sf E. Now if e and g are any elements in R, we have egvgd = (-,e}t g/
« eg}) - (egi¢ which impiies that ¢ is an isomorphism frem E inte E.
But . since E¢ contains a generating set for E, ¢ must be an isomorphism
rem E cnto E. A similar argument shows that the same conclasion is
vallid for inner canonical subloops. §

The above thecrem shows that we cannost expect to consiruct
sxamples ¢f Osborn loops which have distinet inner and outer canonical
subloops by taking holomorphs of Osborn locps whose inner and outer
caponical subloops coincide. We conclude this chapter with a result
which tells us something about the mappings Bx = L(xJL(x)) in holcmorphs

of M- leops.

Theorem 4.6. Let G be an M-loop and iet A be an automorphism group of
G, Then the mappings L(k)L(iA) and Rfl(ﬁp)le(ﬁ) are automorphisms cf
the holomorph A(G) for every x in A(G) if and only if exB z SX for every
% in G and every B 1n A. In this case we have L(i)L(;h) E R“l(ﬁp)R‘l(i}

fur every x in A(G).



Procf: Let % = {a,x)., y = (B,y}, and z = ty,z) be elements in 4{G, and

e wA o .
let 9; dencte the mappings LixJLix ) for ali x in A(G}. Then we have

jo. o+ %y = et )T, (8y))

=48, (xB)"(xBry)) < (B, yO_ o).

B

The abcve caicuiation holds for all v in A(G); hence we see thas

zex <y, zexy) and (yz)ﬁg = (By, LYY'Z)GXBY)n It #ollows that

\yzjﬁk - ye;-za; it and cniy if {By, (yv'z)estJ ~ (B, y@xB)(y, zexY

By yvava z9 ), where we have used the fact that Bsy . f@rY for a..
Y =

Xy

v in 4 and all s in G. Henrce Bx is an autcmorphism of A{G) _f and sn.y

1f the i1dentity

\yv)exsy-zaxaf = yyBXBY-ZGXY

hords for ail %y vy and 2 in G and ail @, B, and vy in 43 that is, 6; is

an automorphism of A(G) if and only 1f eXBY = exy for aii % in G and ai.

. ; o .1 -1
8. v in A. Now exsv GXYJi'and Soly af y eXBY

ase the fact that exY - Yexw for all % in G and all v in A. Hence we

=1. .
oy dxy, where we again

have eXBv = GX? for a1l 8 in G and ail B,y in 4 if and cnly if GXB = Bx

fsr all % in 6 and ali B ino 4.
A similar argument shows that the mappings R™LEP B (%) ace auro-
merphisms for all x in A(G) if and cnly if exB = GX for aii x in G and

arl B in A, Now suppcse that these mappings are automorphisms. Let
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% = (&,x) and y

{B,y) be any elements in A(G). We calculated above

that YLOOL(x")

B) = (B, yﬁx). In like manner we may calculats

(B, yo_
that §RTL(§p3Rwl(§) = (R, yexa_l) = (R, yex). Hence we see that
LGOLKY) = RAGHR Go. I
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