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CHAPTER 1
INTRODUCTION

1.1 An Overview

Heat transfer fundamentally governs the dynamics of Earth's surface and subsurface en-
vironments. Internally generated geothermal heat and externally supplied solar radiation
together sustain continuous energy redistribution toward thermodynamic equilibrium. This
energy ow powers the "great world engine” (Figure 1.1), driving atmospheric circulation
essential to Earth's global hydrological cycle (Figure 1.2). Atmospheric motion transports
large amounts of water vapor across regions, facilitating condensation, cloud formation,
precipitation, and the subsequent redistribution of freshwater resources. Evaporation at
Earth's surface, driven primarily by radiative heating, further intensi es the linkage be-
tween terrestrial, aquatic, and atmospheric systems. Surface runoff, generated from precip-
itation events, actively shapes terrestrial landscapes through sediment erosion, transport,
and deposition. Concurrently, the dissolution of the continental crust introduces minerals
and nutrients into rivers, lakes, and oceans, linking hydrological pathways directly with
biogeochemical cycling and in uencing ecosystem productivity and sustainability.

These interconnected hydrological processes are profoundly in uenced by microscale
phenomena governed by heat transfer principles, including heat diffusion that regulates
subsurface temperature gradients; phase change processes such as evaporation, conden-
sation, melting, and freezing that mediate energy exchange at interfaces such as soil-air,
water—air, and ice—water boundaries; and radiative heat transfer that governs surface en-
ergy balance. The necessity of solving heat transfer in most hydrological problems is an
uncontested fact. Accurate parameterization of these micro-scale phenomena within Earth

system models enable reliable predictions of climate variability and environmental change.



Figure 1.1: A planetary view of the thermodynamic Earth system, with its cascades of
energy conversions (left, solid lines), its effects (right, dashed lines), and associated forms
of energy shown on the right. Adapted from [1].

1.2 Literature Review

Since the late 20th century, a series of modeling advancements have enhanced our ability
to simulate heat transfer processes within Earth system models.

Dickinson's (1984) formulation of the Biosphere-Atmosphere Transfer Scheme (BATS)
marked one of the rst comprehensive land surface schemes in climate models [3, 4]. BATS
models the land as a composite of soil, vegetation, and snow, with separate prognostic
temperatures for canopy and ground. By accounting for vegetation cover (transpiration,
canopy interception, albedo) and a layered soil, BATS improved the simulation of sensible
and latent heat uxes exchanged with the atmosphere.

Sellers et al. (1986) advanced biosphere-atmosphere coupling with the development
of the Simple Biosphere (SiB) model [5]. A key innovation was the implementation of
a two-layer canopy scheme that separately predicts canopy and ground temperatures by

distinguishing heat storage and uxes between vegetation and soil. The model incorporates



Figure 1.2: Estimates of the current global water budget and its annual ow using observa-
tions from 2002-2008. Adapted from [2].

seven state variables, including the two temperatures and multiple soil moisture stores. This
structure enabled for an improved simulation of diurnal turbulent heat uxes by directly
coupling photosynthesis with transpiration.

Verseghy (1991) developed the Canadian Land Surface Scheme (CLASS) [6], which in-
troduced a physically based three-layer soil model to simulate heat and moisture diffusion.
CLASS solved the vertical heat conduction equation while accounting for layer-specic
thermal conductivity and representing multiple surface types (bare soil, snow, and vege-
tated ground) within a grid cell. This approach signi cantly improved the simulation of
sensible heat ux and ground temperature in cold climates and seasonally snow-covered
regions.

Bonan (1996) built on these developments with the NCAR Land Surface Model (NCAR



LSM 1.0) [7], improving in Itration parameterizations and incorporating biophysical uxes
such as canopy interception and snow-albedo feedbacks into land surface heat ux calcu-
lations for use in NCAR's climate models. These enhancements improved the simulation
of seasonal surface temperatures under varying hydrological conditions.

Dai et al. (2003) introduced the Community Land Model (CLM) as a unifying platform
that integrated features from the NCAR LSM, BATS, and other models [8]. CLM advanced
soil heat transfer by incorporating up to 10 soil layers with explicit treatment of liquid
water and ice phases, along with a multilayer snowpack. The use of variable soil thermal
properties improved simulations of ground heat uxes, while new parameterizations for
ground and canopy heat uxes improved surface air temperature predictions. Ek et al.
(2003) contributed to operational forecasting using the Noah Land Surface Model (Noah
LSM) [9], which introduced frozen soil parameterization. Its four-layer soil con guration
enabled improved simulation of heat capacity and thermal conductivity variations during
freezing and thawing, leading to improved predictions of soil temperatures in cold regions.

Oleson et al. (2008) incorporated urban processes into CLM by developing an ur-
ban parameterization that introduced distinct surface types (roofs, walls, and roads/canyon
oor) within each grid cell, each with its own energy balance equation, thermal properties,
and heat storage capacity [10]. The model separately modeled the temperatures of these
surfaces and accounted for anthropogenic heat sources. This innovation enabled more ac-
curate modeling of urban heat islands and extended the applicability of land surface models
to human-modi ed environments.

Golaz et al. (2019) developed the E3SM Land Model (ELM) as the terrestrial compo-
nent of the Energy Exascale Earth System Model version 1, branching from the Commu-
nity Land Model version 4.5 (CLM4.5) [11]. ELM represents the culmination of previous
developments that utilize exascale computing and high-resolution modeling to simulate
complex terrestrial processes. Key innovations include integrated plant hydraulics to cap-

ture drought-induced stress on transpiration, topography-informed radiation schemes that



account for slope and aspect effects on solar heating, and a treatment of soil moisture and
ice through multiphase ow modeling. These advances enable more accurate simulations
of surface energy uxes, including microclimatic variations in mountainous terrain and the
effects of drought on canopy cooling.

In recent years, the evolution of heat transfer modeling in the Earth system has under-
gone a profound transformation from analytical and numerical modeling to accelerating
integration of ML (Machine Learning) approaches [12]. This shift represents a paradigm
change in Earth system science, leveraging the data-intensive foundations of numerical
models [13]. Notwithstanding the advancements, the "black box” nature of many ML al-
gorithms obscures the interpretability between inputs and outputs, hindering the extraction
of physical insights [14]. Therefore, in an era dominated by numerical models and data-
driven ML methodologies, analytical models are increasingly recognized as essential tools
for advancing Earth system science by providing clarity, mechanistic understanding, and
new physics [15]. They yield closed-form solutions that explicate mechanistic insights,
delineating scaling laws and pivotal parameters like thermal diffusivity or boundary layer
thickness. Analytical solutions play a crucial role in supporting machine learning models
by serving as reliable benchmarks for validation, ensuring physical consistency, and reveal-
ing potential biases. Moreover, they can generate physically grounded synthetic datasets,
which are especially valuable for training ML models in data-sparse regions or under ex-
treme environmental conditions. Analytical models also contribute to the development
of hybrid physics—ML architectures by embedding governing equations in neural network
structures, improving generalization, and reducing the risk of over tting [16]. Although the
rise of machine learning modeling may challenge the dominance of numerical approaches,
it ultimately ampli es the value of analytical frameworks. In this context, this work is

grounded in the enduring value of analytical models.



1.3 Research Scope

Itis in the spirit of advancing understanding and modeling of heat transfer across the Earth's
surface that most of the studies in this work are developed. Particular attention will be
given to improve the parameterization schemes of surface temperature, lake evaporation,
permafrost freezing and thawing, and snow warming through an analytical approach. It
is not only of academic interest, but also a scienti ¢ necessity with practical relevance for

addressing the pressing environmental challenges of the 21st century.

1.3.1 SurfaceTemperaturef the Earth

Surface temperature of the Earth plays a uniquely important role in solar radiation energy
entering the Earth system through the surface energy balance, i.e. the partition of solar
radiation into long-wave radiation and turbulent and conductive heat uxes into the atmo-
sphere and the earth. Prediction and simulation of surface temperature by solving partial
differential equations describing the Earth-atmosphere interaction processes are mathemat-
ically challenging and computationally costly in addition to the long-standing dif culty in
physical parameterization of the turbulence of the atmospheric and oceanic boundary layer.
The rst dynamic equation of surface temperature was formulated for soil known as the
force-restore model (FRM) [17, 18, 19, 20, 21, 22, 23, 24], which was formulated as an
approximation and simpli cation of the partial differential equation describing the temper-
ature distribution of the soil layer to reduce the computational cost of numerically solving
a partial differential equation. Similar dynamic equations of water, snow and ice surface
temperature do not exist. Motivated by this, a uni ed dynamic equation of surface temper-
ature for all surface types including soil, water, snow and ice will be introduced in Chapter

2.



1.3.2 EvaporatiomandInverseTemperaturé.ayer

Evaporation plays a uniquely important role in the Earth system by linking the water, en-
ergy, and carbon cycles. In many regions, it has become an increasingly signi cant driver
of water loss (e.g. Figure 1.3). Rising air and water temperatures, prolonged ice-free peri-
ods, and intensi ed net radiation have accelerated evaporation rates, leading to decreased
lake levels and heightened competition for freshwater resources [25]. Observed water tem-
perature tends to decrease with depth, implying that thermal energy (or heat) is transferred
from shallower to deeper layers. Meanwhile, heat transfer from water into the atmosphere
to balance latent heat (evaporation), sensible heat ux and net longwave radiation loss
is only possible when there exists a layer beneath the water-atmosphere interface within
which water temperature increases with depth, referred to herein as the “inverse tempera-
ture layer” (ITL). Contrary to the thin (millimeter thick) cool-skin on the top of oceans [26,
27, 28] with negligible thermal storage, the depth of ITL is much larger and has substantial
heat storage resulting from the absorption of solar radiation. Therefore, understanding the
behavior of the ITL and its effect on evaporation motivates the observational, computa-
tional and modeling analyses for advancing our understanding of water evaporation, which
would provide new opportunities to improve water-surface evaporation models.

Chapter 3 investigates the mechanisms responsible for the observed behaviors of the
ITL by identifying the environmental conditions of the existence and diurnal cycle of the
ITL focusing on the effect of solar radiation and wind-driven near-surface turbulence on

water temperature pro le.

1.3.3 PermafrosiThawingandFreezing

Arctic warming has been accelerating over the past decade [29, 30, 31], emphasizing the
need for more accurate predictions of permafrost (soil that remains beldvedntinu-
ously for two or more years) thawing over large areas. Site level borehole temperature

measurements show the fastest ground temperature increases in the continuous permafrost
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Figure 1.3: The sun sets over the drought-stricken Lake Mead on June 24, 2022 in the Lake
Mead National Recreation Area, Nevada. Adapted from Texas A&M Stories.

regions [32]. Boreal and Arctic terrestrial ecosystems are particularly vulnerable to this
warming trend due to their large soil organic carbon reserves, which contain nearly twice as
much carbon as the Earth's atmosphere [33, 34, 35]. Permafrost degradation (Figure 1.4)
leads to the decay of once-frozen organic matter, potentially transforming the Arctic into a
net source of greenhouse gases [36, 37]. Furthermore, a positive feedback between green-
house gases and permafrost thaw results from a lower albedo through the surface energy
budget [38, 39]. For these reasons, much attention has been focused on understanding the
interaction between the permafrost and the projected future climate [40, 41].

For the rst time we derived an analytical expression of ALT under general boundary

conditions of time-varying surface temperature and heat ux, presented in Chapter 4.



Figure 1.4: Permafrost thawing in the Arctic region of Svalbard, Norway. Adapted from
Nature Picture Library.

1.3.4 SnowpacklTemperatur@ndlsothermalProcess

Snow temperature plays a critical role in determining the timing and rate of snowmelt.
Isothermal condition mark the onset of snowmelt and often precede wet-snow instabilities.
In mountainous and high-latitude basins, accurate snowmelt prediction is essential for wa-
ter resource managers to anticipate changes in storage requirements, irrigation schedules,
and hydropower operations (Figure 1.5). Once the snowpack becomes fully isothermal, its
structural integrity weakens, increasing the risk of wet snow avalanches.

For a subfreezing snowpack energy must rst be used to warm it to an isother@al
condition before any surplus energy can produce melting [42]. Changes in the amount of
sensible and latent heat stored in the snowpack prior to melting are controlled by solar and

longwave radiation, snow surface sensible and latent heat uxes (condensation or deposi-
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Figure 1.5: Runoff in a Sierra Nevada mountain stream in Placer County, taken on April
17, 2012. Adapted from California Department of Water Resources.

tion), and precipitation [43, 44, 45]. Incident and emitted longwave radiation (3—00
wavelength) occur at the very top surface of the snow. Solar radiation (013—Bave-
length) does not directly participate in the snow surface energy budget, as it penetrates to
considerable depths within the snow [46]; however, it is implicitly included in the conduc-
tive heat ux.

Accurately modeling the snow temperature pro le is challenging because snow is a
highly heterogeneous medium [47]. Over the years, various modeling approaches have
been explored to simulate snow temperature pro les. Numerical models typically dis-
cretize the snowpack into multiple layers and solve the heat equation using nite element
methods. Widely used examples include SNTHERM, CROCUS, and SNOWPACK, which
are widely used for avalanche hazard assessment and climate studies [48, 49, 50]. While
numerical methods offer high exibility to incorporate complex physical processes and

spatial variability, they are computationally intensive and can obscure the mechanistic un-
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derstanding of key processes. In contrast, analytical and semi-analytical models often have
limited practical applicability due to overly simpli ed assumptions, such as uniform ther-
mal properties throughout the snowpack and the exclusion of solar radiation absorption in
their formulations. Classical solutions frequently employed include the error function so-
lution for semi-in nite domains and particular solutions for prescribed periodic boundary
conditions [51].

This gap motivates the improvement of current analytical frameworks. Chapter 5 presents
an analytical model of the snow temperature pro le that incorporates depth-varying ther-
mal properties and volumetric absorption of solar radiation. The model captures the “snow
greenhouse effect”, a special case of the ITL phenomenon in transparent media, where sub-
surface temperature maxima occur beneath the snow surface during daytime. Furthermore,
an analytical solution to the Stefan problem with a volumetric source term is developed to

mechanistically explore the transition of the isothermal process.
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CHAPTER 2
A DYNAMICS OF SURFACE TEMPERATURE FORCED BY SOLAR
RADIATION

Surface temperature of the Earth plays a uniquely important role in solar radiation energy
entering the Earth system through the surface energy balance, i.e. the partition of solar radi-
ation into long-wave radiation and turbulent and conductive heat uxes into the atmosphere
and the earth. Surface temperature depends on the pathways of solar radiation entering the
Earth system through the surface energy budget [24]. For transparent media (e.g. water,
snow and ice), temperature gradient results from the absorption of solar radiation leading
to heat transfer towards the surface. The solar energy is not only the dominant forcing of
temperature change but also the energy supply of long-wave radiation (loss) and turbulent
heat uxes into the atmosphere. For non-transparent media (e.g. soils), solar radiation is
absorbed within a very thin layer of depth on the order of micrometers that can be idealized
as a mathematical surface with zero depth. From the perspective of the pathways of solar
radiation into the Earth system, non-transparent medium is viewed as the limiting case of
transparent medium for which the penetration depth of solar radiation tends to zero.

A fundamental physical principle governing the dynamics of surface temperature is the
conservation of energy represented by the energy balance equation linking radiation and
conductive/turbulent heat uxes at the earth-atmosphere interface [52]. Surface tempera-
ture and heat uxes are commonly related through the temperature gradient- ux relation-
ships that couple the surface temperature and uxes to the temperature and heat uxes of
the interior atmosphere and Earth.

Previous studies have revealed other fundamental physical principles underlying the dy-
namics of surface temperature than the conservation law. For example, surface temperature

(and soil wetness) evolves in such a way that evapotranspiration (ET) over the land sur-
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face is maximized under the constraint of radiation energy supply [53, 54]. The maximum
principles of ET lay a theoretical foundation for a new dynamics of surface temperature
(and the associated surface heat uxes) without explicitly referring to the atmospheric and
below-ground temperature distribution. The non-parametric expression of the maximum
principles of ET opens the possibility of a general dynamic equation of surface tempera-

ture without specifying the parameterization of conductive and turbulent heat uxes.

2.1 Formulation

The inference of the desired dynamics of surface temperature takes advantage of an analyt-
ical solution of temperature distribution of snowpack, as a paradigm of transparent media,
under idealized conditions of constant snow properties, e.g. snow density, thermal conduc-
tivity and diffusivity, etc. Consider one-dimensional heat conduction in the medium with a
heating source due to the absorption of solar radiation, the conservation of energy leads to

the governing equation of temperature distribufigix; t) [55],

—@T@?;t) + Zg0at) =

1L@Tx;t),
et

O<x< 1; t>0 (2.1)

wherex is the vertical coordinate witk = O at the snow surfacey(x;t) the solar heat

source, the thermal conductivity and thermal diffusivity of bulk snowg(x;t) in Equa-

tion 2.1 is the divergence of solar radiation in snowpack following the Beer's law[56, 57],
@ n X (0]

g(x;t) = @x exp d R2 (1) (2.2)

whered is the e-fold penetration depth of solar radiation in snowRpaet solar radiation

at snow surface. Also consider the following idealized boundary conditions of temperature
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and solar radiation to facilitate the inference,

T(x=0;t)= To+ Tcos( ot)
T(x!1 ;)= T, (2.3)

Ry = Rocos( ot + o)

whereT, is a constant reference temperature afddthe constant amplitude of the diurnal
variation of surface temperature; ( 2= o; o the length of day) the diurnal frequency,

and g the constant phase difference between surface temperature and solar radiation.

2.1.1 ParticularSolutionof the NonhomogeneouldeatEquation 2.1

Rewrite surface boundary condition and heat source term, seeking a periodic solution leads

to

a(x;t) =Re &(x;! )ei(!t + o)
h i

f(xt)=Re f{x!)e" 2.4)
h i

T(x;t)=Re T(x;! )ei!t + T,

ReplaceT;gandf by T;g;f

@aTr 1
= = — =
ax T g(x;!) (2.5)
T(x=0)= (2.6)
where 2 = il= i is the imaginary number. The Green's function solution equation
of Equation 2.5 - Equation 2.6 is
Z @G
T(x!')= — g(x® )G x%)dx%+ f (x%1) = (2.7)
@RXO:O
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Here the Green's function is,

G(x;x% )=

(x x9) g x+x9

2

(2.8)

The solution of Equation 2.7 can be construed for a more general case of multiple

exponential functions of solar radiation absorption parameterized by Equation 2.22,

Xy Z, @
T e @
XoooR, 4x
B '2d ;oo
Z 1

i=1

2di x0=0
d

S Gdx%+ T

e Xo:die (x XO)dXO+

e xozdie (x+x0)dX0+

QG
@Rx‘):o
z 1

x0=x

Te *

i ed e X Ry

& 2

i=1 I

+ Te ”

e xozdie (x0 x) dx°

(2.9)

Transforming back to real space frofigx;! ) to T(x;t), the particular solution of the

heat equation becomes,

h i
T(x;t)=Re T(x;!)e" + T,
2 3
XN di e d e * Ro . .
~ Re4 F, . d"5+Re TE'" X + T,
. dr 2
i=1
+ Te ™ cosft x=)+ Ty
X dR " :
= |:i(2l+—0di4!2)e e coslt + o)+ !d7sin('t + o)
i=1
X dR X
+ F——p e coslt - 0 Id 7 sin It
i1 (2+d"?2)
+ Te ™ coslt x=)+ Ty
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WhenN =1,

dRy w=d
( 2+ g4 Z)e
N dRo x
( 2+ d4 2)e

T(x;t) = coslt + o)+ !d?sin(it + )

cos It X 0 Id 2sin It X 0
+ Te ™ cosft x=)+ Ty
(2.11)
where P 2=l , , the characteristic penetration depth of heat conduction [58].
The inference of a general equation of surface temperature is obtained by substituting
the trigonometric functions of (0; t) andR; in Equation 2.3 by the general functiofg
andR; and their time-derivatives with (conductive) surface heatQix ~ @T(x = 0;t)=@x

(positive into the medium).

2.1.2 TheApproachto the DynamicEquationof the Earth'sSurfaceTemperature

Asx ! 0, the radiation terms may be written as

R;(t) = Roe *“cosft + o) ,_, = Rocos(t + ) (2.12)
d_. d .
—Rn(t) = Ro— COSQt + 0) = IR osln(!t + 0) (213)
dt dt
and the temperature terms

T To= Tcos(t) (2.14)

dT .

—_ = | |

at I Tsinlt (2.15)

q — p_
= Zand =1y thusax! O,
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P p— p

dT 2! di + "~ 21 +d1?
5= (T Tor Q+ ;')S( T @) RS

P= g+ 21 & dre

ls( 2+ a4 2) dt

Since

P= a1+ Par e e _pf 2+'O’~7_( d +d¥)
Is( 2+ d¥ 2 . ( 2+ d4 2) n
N T _pfp’;( d o)+ d®! dRs
ls( 2+ d4 2) T L ( 2+ d¥ 2 dt

Denoteu = L, we have

P

2e P vy 2P d v
( 2+ d42) - 24+ 412

1+ S 1)_1+pg(u 1)

1+ u? - 1+ u?
p'.'_ 3 2 p"_ 3 2
5 ( d )+ d°! S5 (d + dw)+ d°!
( 2+ d42) - 24+ 412
_u dzz—w(U‘Ll)_u p1g(u+1)
B 1+ u? B 1+ u?

Then the dynamic equation of surface temperature of the Earth is

p__
T, 2! R
b: ° Q+C1Rﬁ+C2d e Lo(Ts  To)
BSOS SR R ST
v 1+ 02 27 1+ u2 !

(2.16)

(2.17)

(2.18)

(2.19)

(2.20)

(2.21)

wherels ¢ is the thermal inertia of the medium with densitand speci ¢ heat,
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and = c . Itisimportantto re-emphasize tHaf in Equation 2.21 is a general function

not limited to the expression in Equation 2.3. Note that represents the time scale

of R} which is not necessarily an exact periodic function as in Equation 2.3. Therefore,
Equation 2.21 is a postulation rather than a derivative under the special boundary condition

Equation 2.3.

Figure 2.1:C;; C, in Equation 2.21 withimy; C;;C, =0

Equation 2.21 is postulated as a general dynamic equation of surface temperature of
transparent media (snow, ice, water-body, etc.) forced by time-varying solar radegtion
and to-be-parameterized medium surface heatQuxNote thatl s is the thermal inertia
of the bulk medium, a physical property of the medium material. For waterbhgdy,a
material property of liquid water when a "cool skin” exists on the top of water surface [59]
under weak to moderate wind. Under the condition of strong wind, material proparty
is replaced by an eddy diffusivity to characterize the effect of turbulence on heat transfer in
the water boundary layer, e.g. [6@;; C, (Figure 2.1) are medium transparency dependent

dimensionless functions characterizing the effect of solar radiation and the relative role of
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solar radiation vs. internal heat transfer within the medium on surface temperature. The
dimensionless variable is the ratio of "radiative diffusivity”, introduced here &gd?,
to thermal diffusivity . C; > 0is a monotonically decreasing function wi@y(u !
0)=1,C(u!'l )=0andC, OwithCy(u! 0)=0,C(u'!'1l )=0. These
properties ofC;; C, have important implications to the dynamics of surface temperature of
non-transparent media discussed below.

C1; C, in Equation 2.21 hold for the simple Beer's law as in Equation 2.2. A more
general representation of the attenuation of solar radiation in a transparent medium, e.g.

seawater [61]g(x;t) in Equation 2.2 may include multiple exponential functions,

g ’ - @X - 1 p dl n,i:1 i = .
leading to,
C_w Pt 1)p§_ C—><1 F o (u‘+1)p%. bodf i .
1_i:1 I 1+ui2 ’ 2—i:1 i 1+Ui2 y Ui =1; ‘n
(2.23)

whered; is the wavelength dependent penetration depth of solar radiation [64;ahe
corresponding percentage contribution to the total solar radiation.

The dynamic equation of surface temperature for nontransparent media (e.g. soil) is a
special case of Equation 2.21 where the penetration depth of solar radiation tends to zero.
Whend! Ohenceu! O(ordi ! Ohenceu; ! 0in Equation 2.22), Equation 2.21

reduces to, D
dTs _ ~ 21,Q
dt s

o(Ts  To) (2.24)

whereQ becomes ground heat ux in the surface energy balance equation of the non-
transparent mediufR,, = Q+ E + H. The surface energy balance equation for transparent
media given in Equation 2.25 below is also used to obtain Equation 2.24. Equation 2.24

is the force-restore model (FRM) of soil surface temperature based on Equation 2.1 when
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g(x;t)  Ofor non-transparent media. It is important to emphasize that the classical FRM
was treated as a derivative of other physical equations with approximation [17] rather than
a postulated fundamental equation. Hence, Equation 2.21 is a uni ed dynamic equation of
surface temperature for both transparent and non-transparent media.

The reference temperatufgin Equation 2.21 represents the constant or slowly varying
(e.g. daily or longer-term) surface temperature due to other environmental conditions when
Equation 2.21 is used for simulating diurnal cyclesTof For exampleT, is the climatol-
ogy or deep soil temperature in Equation 2.24 [Z4]for water body is the mixed-layer or
deep water temperature that may change seasonally. To facilitate the numerical integration
of Equation 2.21T, may be selected as the initi] obtained from observations at a time
whenQ is equal or close to zero, e.g. around sunrise or sunset time Wherclose to its
daily mean. The integration of Equation 2.21 may restart every week or so depending on
the data availability to better capture the slow varying componens.dfor seasonal snow
layer without long-term trend or seasonality, the integration of Equation 2.21 may start at a
time whenQ reaches diurnal minimum ank set as the initialls obtained from observa-
tions as shown in the proof-of-concept test below. Theoretically more frequent restart leads
to more accurate simulation @§. Assuming constant, may contribute to the possible
biases of the simulateli, which can be reduced by restarting the integration with updated
initial condition of temperature.

The postulated dynamic equations Equation 2.21 and Equation 2.24 presumably hold
for inhomogeneous media where the physical parameters including density, thermal con-
ductivity (diffusivity) and eddy-diffusivity vary in depth and time. The effect of these
variable parameters on surface temperature is represented tiQou@hserved as an
input variable of Equation 2.21 or Equation 2.24 directly results from the heat transfer in
inhomogeneous media. Model€using the proposed approach (see section 2.2 below)
implicitly includes the effect of inhomogeneous media on surface temperature con rmed

by the simulation of soil surface temperature using Equation 2.24 [24]. More validation is

20



shown in section 2.3. It is important to emphasize that the use of a one-dimensional diffu-
sion equation with uniform parameters is to facilitate the inference of the general dynamic
equation. Mathematically, the temperature distribution solved from the heat transfer equa-
tion, e.g. Equation 2.1, with spatially variable parameters is determined by the prescribed
temperature (heat ux) boundary condition implicitly (explicitly) depending on local ther-
mal properties at surface. The horizontal heat transfer does not affect surface temperature

throughQ since the surface has zero depth.

2.2 Parameterization of Surface Heat Flux

For given surface heat ug and net solar radiatioR;,, Equation 2.21 is a linear differen-

tial equation ofTg that has analytical solution. Direct observationQdbr non-transparent
media (soils) or ground heat ux are abundant. Yet direct observatio@sfof transparent
media (water-body, snow, ice, etc.) are sparse at best. H@noere often needs to be
estimated from available meteorological da@amay be obtained as the residual of the sur-
face energy balance equation [63] using eld observations of radiation and turbulent heat
uxes. When direct measurements of turbulent heat uxes are unavailable, they are com-
monly calculated from multiple-level temperature and humidity data using the bulk ux
formula [64].

The link between surface temperature and surface heat uxes revealed by the maxi-
mum principles [53, 54] justi es theoretically a parameterizatiorQoin terms of surface
temperature without using temperature gradient derived from above and/or below surface
temperature. A physically based non-gradient parameterizati@ @nd other surface
heat uxes) is the maximum entropy production (MEP) model [63, 65]. The MEP model
is built on the theories of non-equilibrium thermodynamics and atmospheric boundary tur-
bulence synthesized by the Bayesian probability and information theory. The MEP model
provides the simultaneous solution of turbulent/conductive surface heat uxes as the par-

tition of radiation uxes in the surface energy balance equation. The MEP uxes are ex-
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pressed analytically in terms of surface radiation uxes and temperature and/or humidity
automatically closing the surface energy budget at all space and time scales. It does not
explicitly depend on temperature/humidity gradients, wind speed and surface roughness.
The MEP model has been extensively validated and widely applied e.g. [66, 67, 68, 69,
70,71,72,73, 74, 75, 76] either reproducing or outperforming the bulk ux formula. The
MEP parameterization @@ has been used in the FRM of soil surface temperature [52].

The MEP parameterization @ for transparent media is expressed as,

Q=R; H(RmT) E(RnTs) (2.25)

where sensiblél and latenE heat ux are implicit functions oflTs and net radiatiofR,

as the solution of the algebraic equations,

" #
1+B( )+ 2 )I 'll-s|'l H = R,:E = B( )H
r olFte , (2.26)
_ 36 . o3
B()=6 1+ 1 ; CRLT?

whereq is the saturation speci ¢ humidity afs according to the Clausius-Clapeyron
equation] s thermal inertia of bulk snow, the "apparent thermal inertia of the air” (Equa-
tion 10 of [65]). The physical parameters include the latent heat of vaporization (sublima-
tion) of liquid (solid) water (2:5(2:83) 10°Jkg * , the speci ¢ heat of the air at con-
stant pressure, 1C°* J kg 1K 1 andthe gas constant of water vapqr 461 Jkg 'K * .
Radiation uxes towards medium surface are de ned as positive and the sigpstafH

are opposite to that of radiation uxes. The MEP parameterizatio@ of Equation 2.25-

Equation 2.26 is a nonlinear function & for given solar and longwave radiation.
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2.3 Proof-of-Concept Validation

The postulated dynamic equation of surface temperature in Equation 2.21 can only be vali-
dated by its explanatory and predictive capacity. The non-transparent media version, known
as the FRM in Equation 2.24, has been repeatedly validated. This study will provide the
rst proof-of-concept validation of Equation 2.21 for transparent media. Snow surface
temperature is used as a paradigm of transparent media considering relatively abundant
and publicly available observations over snow surfaces from, for example, the Arctic and
Antarctica.

Hourly solar and longwave radiation, eddy covariance (EC) latent and sensible heat
ux, snow surface temperature and other meteorological variables are available from two
sites with seasonal snow cover in Canada as part of the Fluxnet-Canada Research Network
(FCRN) [77]. Ontario Eastern Peatland, Mer Bleue (since June 01 1998) is located east
of Ottawa (45.40N, 75.50W, 70m above sea level). All instruments were situated on (or in
proximity to) an 8-m tower. Vegetation is dominated by shrub canopy of 0.2 - 0.3 m height.
Quebec - Eastern Boreal, Black Spruce / Jack Pine Cutover (established in 2001) is ap-
proximately75 km southeast of Chibougam#49:27 N; 74:04 W; 400 mabove sea level)
covered with woody vegetation of height exceeding 2 m. Hourly data of radiation uxes,
snow surface temperature and other meteorological variables were collected at an Auto-
matic Weather Station (AWS11) near Neumayer station (71.10S, 06.48W, 690 m above sea
level) with perennial snow cover from January 2001 to January 2019 in Antarctica [78]. EC
turbulent uxes data are not available due to limited power supply at the site. Snow densi-
ties at Canadian sites are estimated from measured snow depth using a modi ed expression
based on measurements on the Canadian Prairies [79]. Antarctica snow/ rn densities are
estimated following [80]. Snow density dependerih Equation 2.1 is determined using
an empirical equation [81]. Since solar radiation within snow is rarely measured in eld ex-

perimentsd is estimated as a tting parameter such that the simulated surface temperature
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