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SUMMARY 

The field of structural optimization, that is, 

obtaining the best performance for a structure within a 

specified class which satisfies certain given constraints, 

has occupied investigators for many years. Only in the last 

two decades, however, have large strides been made in this 

area, primarily due to the advent of large capacity digital 

computers coupled with novel numerical approximation tech­

niques. In an effort to learn more about optimum structural 

systems, studies have been made in search of optimum struc­

tural elements (i. e., beams, plates, shells, arches.) 

Consider a shallow arch of specified volume and 

length, under arbitrary boundary restraint and loaded 

symmetrically in the plane. The problem is to find, among 

all shallow arches of equal volume, boundary restraints, 

initial shape and load distribution, the one with the highest 

buckling load. This problem, unlike the high arch, is 

complicated by the fact that instability can occur through 

either a limit point (symmetric snapping) or unstable bifur­

cation (anti-symmetric mode). Because of this dual mode 

instability, which depends upon the arch rise, the technical 

approach is to separately consider each form of instability 

as the failure constraint; produce the optimum design; and 

then compare the various designs for the same value of arch 
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rise to determine the one with the maximum buckling load. 

The problem is formulated on the basis of displacement 

and discretized via the finite element method* Equilibrium 

equations are then obtained from the principle of the station­

ary value of total potential. The buckling criteria is 

obtained from Trefftz' interpretation of the energy criterion 

for stability. In the case of unstable bifurcation, critical 

conditions are found by requiring a nontrival buckled mode. 

In the case of limit point (symmetric mode) instability 

critical conditions are those at which the second variation 

of the total potential becomes positive semi-definite. With 

the equations now obtained sufficient for the analysis of 

any given design, the construction of the optimality 

criterion necessary for the optimal design for each type of 

instability is made. By equating to zero the second varia­

tion of the total potential, a functional is obtained which 

defines the axial thrust within the arch at the critical 

point. Constraining this functional to meet the constant 

volume constraint as well as specifying the mode shape by 

its relation to the primary path equilibrium mode, upon 

extremization one obtains the optimality criterion for each 

type of buckling failure. Interpreting the optimality 

criterion in terms of energy density, an iterative scheme 

is devised which uniformly converges to an optimal design 

for a given set of system parameters. Using this approach, 

numerous designs are generated which satisfy the respective 
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optimality criterion for a specified load distribution, 

initial configuration and boundary restraint. 

The designs obtained differ significantly under 

varying degrees of rotational restraint at the boundaries 

for a given failure mode. There are also fundamental 

differences in the optimal designs for the two different 

failure modes. 

To determine the strongest design for a low or high 

value of arch rise, an analysis is made to determine the 

critical response of the optimal designs. For low values 

of rise, the strongest design is obtained with respect to 

the limit point optimality criterion; for high values of 

arch rise, the strongest design is obtained with respect to 

the unstable bifurcation optimality criterion. For moderate 

values of arch rise, the optimization process presented, 

which is based on an assumed failure mode, does not yield 

the strongest design since the failure mode in this region 

changes during the optimization. It is seen, however, that 

for moderate values of arch rise the uniform arch may have 

a higher buckling load than either of the designs which 

separately meet the optimality criteria. This phenomena is 

strongly dependant upon the degree of boundary restraint 

and is almost non-existent for the simply supported arch. 

The demonstrated methodology allows one to systemat­

ically analyze a shallow arch of arbitrary shape and to 

determine for extreme values of arch rise the shape of the 

strongest shallow arch. 
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NOTATIONS 

A(x) Dimensional cross-sectional area, z, x-coordinates 

A(£) Dimensional cross-sectional area, z, £-coordinates 

A (£) A(£)/A non-dimensional area 

A Cross-sectional area of uniform column 
u 

A ._(£) The function A(£) satisfying the optimality 
°P criteria 

E Young's Modulus 

e Rise parameter = n (%/2) 
o 

F* Dimensional concentrated load 

F Non-dimensional concentrated load 

H Critical energy 

I(x) Dimensional moment of inertia 

I Moment of inertia of uniform column of length L 
u 

1(5) Non-dimensional arch moment of inertia 

1(C) I(^)/Iu 
A 
I Design obtained by optimizing for anti-symmetric 
^ buckling modes 

(e) opt Design obtained by optimizing for symmetric 
buckling modes for a specific value of rise 
parameter, e. 

constant = 
r- <H , A 

r 7 T — + a 

oAU) 

L Length in the x, z-coordinate system 

M* (x) Dimensional moment 

M(^) Non-dimensional moment 
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m, m Integer 

n Integer, 1, 2, 3 

p The value of p in the buckled state for an A(.£) 

p The value of p for A(£) = A .(£) 
opt cr opt 

P Dimensional axial thrust = / adA 
A 

P P Non-dimensional axial thrust = P 
E 

P = -P 

P^ Critical axial load for simply supported 
.fcj 

7T2EI 
-i U c o l u m n = 

L2 

Q*(x) Dimensional lateral load 

q(^) Non-dimensional lateral load 

q Critical value of amplitude of applied lateral 
load 

U* Dimensional total potential 

U Non-dimensional total potential 

u(x) Horizontal displacement of a point in x, z 
coordinates 

v(C) Horizontal displacement of a point in K , z 
coordinates 

v Prescribed volume 

V Non-dimensional second variation <52U 
T 

w (x) Dimensional initial configuration 

w(x) Dimensional deformed configuration 

y U ) = n. (S) - n (£) non-dimensional displacement 

a positive proportionality constant 
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direction 
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buckled modes 
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CHAPTER I 

INTRODUCTION 

Complicated structural systems such as buildings, 

bridges, water, air, and space vehicles are composed of basic 

structural elements. On the basis of their geometry and mis­

sion, these basic elements are called bars, columns, straight 

and curved beams, high and shallow arches, flat and curved 

thin plates and others. The constant demand for light weight, 

low cost, efficient structural systems has led many investiga­

tors to the field of structural optimization. The effort 

along these lines can be grouped into a) structural system 

optimization and b) basic structural element optimization. 

Successes and failures have been reported in both groups 

through the past few years. In the second group one might 

differentiate between elements whose design is governed by 

buckling (columns, rings, arches, and compression panels) 

and elements which are designed on the basis of strength 

and deflection limitations (beams, bars, transversely loaded 

plates, etc.,). 

The interest in the low arch is of great importance 

because this particular structural geometry has been used as 

a basic structural element in large structural systems as 

well as a fundamental structural configuration by itself. 
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1.1 Statement of the Problem 

The investigation reported herein is carried out within 

the framework of the following problem statement: 

Given a symmetric shallow arch (see Fig. 1) of speci­

fied mass, length, rise and various boundary conditions 

(mixed or not - with or without elastic supports) resting 

on an elastic foundation and loaded by a symmetric transverse 

load, find the optimum distribution of stiffness such that 

its load carrying capacity against buckling is a maximum. 

The design objective is thus to maximize the buckling load. 

The shallow arch presents an interesting and challenging 

problem primarily because it is the simplest structural 

configuration that exhibits the known mechanisms of buckling: 

namely, snapping symmetrically (limit point instability), 

snapping anti-symmetrically (unstable bifurcation), and clas­

sical stable bifurcation. Thus, any attempt to produce an 

"optimum" design must be done with the possible types of 

instabilities as the primary failure criteria. The design 

space is composed of all those shallow arches of specified 

volume and with the same set of system parameters (i.e., 

those parameters that collectively describe the initial 

shape, loading and boundary conditions). It will be shown 

in subsequent chapters that the analysis-synthesis process 

leading to a local optimum design can be broken into two 

separate investigations depending upon whether the arch is 

constrained to buckle symmetrically (limit point) or 
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anti-symmetrically (unstable bifurcation) with respect to 

the primary (unbuckled) equilibrium path. Furthermore, the 

arch rise parameter, the height of the arch at its mid-point, 

plays a dominant role in differentiating between the type 

of failure modes experienced by the arch for a given destab­

ilizing lateral load. 

Since the design objective is to maximize the critical 

load for each type of failure mode, this necessitates the 

introduction of certain optimality criteria which are met via 

an iterative scheme. The optimality criterion is different 

for each type of failure mode, but both depend upon meeting 

a criterion of uniform energy density for the optimum geometry. 

Although the unstable bifurcation analysis is amenable 

to an eigenvalue solution, the limit point analysis, due to 

the coupled non-linearity of the governing equation enjoys 

no such simplification. Moreover, the synthesis process, 

with limit point instability as failure mechanism depends 

explicitly upon the rise parameter whereas the corresponding 

process with unstable bifurcation as failure mechanism does 

not. 

Finally, optimum designs are obtained in each case 

within the restriction that the cross-sectional inertia and 

area are related by I(€) = pA(£) , where p is a specified 

shape factor and the exponent n is given the values 1, 2, 

or 3, meaning respectively that the thickness of the arch 

cross-section varies and the height is constant; the thickness 
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and height vary proportionally; or the height varies and the 

thickness is constant. 

1.2 Historical Review 

The search for optimum designs transcends the spectrum 

of structural shapes including beams and columns, (1-6, 19, 

21, 22), stiffened and unstiffened plates and shells (7), 

and finally complex indeterminate trusses and advanced aero­

space structural systems composed of numerous basic elements. 

(8-10, 15, 17, 25) Moreover, these optimum designs are 

sought for many different failure criteria including strength, 

deflection, stability and dynamic response. 

The earliest published effort in man's attempt to find 

the best or optimum design within a given framework of 

constraints is generally attributed to T. Clausen (11) who 

in 1851 correctly solved the problem for the optimal shape 

of a simply supported column of minimum weight with a pre­

scribed buckling load as the failure criterion. The column 

problem was later independently solved by Keller (1) in 1960. 

The optimum column for various classes of system 

parameters has received wide and varied attention in the past 

decade and a half, and appears to have served as impetus 

for a broad range of structual optimization investigations 

as well as for cohesive theoretical studies, a comprehensive 

review of which was made by Sheu and Prager in 1968 (12). 

Tadjbakhsh and Keller (3) extended the work of Ref.(1) to 
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columns with different supports and gave the first proof of 

the optimal character of the design. A reformulation of the 

optimality criterion from energy concepts, rather than the 

incremental equilibrium equations, was presented by Taylor 

(4), and Prager and Taylor (13). The last reference, 

together with Taylor and Liu (5), also introduced minimum 

cross-sectional area constraints into the formulation. The 

effect of self-weight on the optimal design of the column 

has been investigated by Keller and Niordson (2), and Huang 

and Sheu (14). Growing efforts during the late 1950's to 

utilize the computational speed and capacity of digital 

computers resulted in the development of numerous algorithms 

for the automated structural design of complex systems. 

The developments in structural optimization based on 

numerical search techniques mushroomed quickly because it 

suddenly opened up a new promising area for research work 

with computer applications attracting the interest of many 

capable researchers to a territory formerly almost the 

exclusive domain of the structural engineer. In the wake 

of the demonstrated successes, and anticipating further 

improvements in numerical search techniques, computer 

capability and structural analysis methods, an effort was 

initiated to investigate the feasibility of applying mathe­

matical programming techniques to the optimization of large 

structural systems using finite element methods as the 

analysis module. It was hoped not only to replace fully 
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stressed design methods, applicable to strength design only, 

but to couple the general purpose optimization capability of 

direct numerical search techniques with the general purpose 

analysis capability of the finite element methods to handle 

structural optimization problems with a wide range of behavioral 

and side constraints. (15) These efforts met with limited 

success when applied to large structural systems due to the 

exorbitant amount of computer time and capacity required 

coupled with the result of degradation in accuracy (16). 

To avoid the pitfalls of direct search techniques 

utilized for the optimum design of large structural systems, 

indirect methods built around optimality criteria were devel­

oped by Venkayya and others (17, 18). These approaches 

frequently result in a specification of the energy distribu­

tion when the optimum design is reached. Similar observations 

are made by Taylor (4) and Prager and Taylor (13) for the 

column problem mentioned previously. 

While much effort is currently being expended in indus­

try to automate the design of complex structure, equally 

important efforts have been made in the study of the optimal 

character of basic structural elements themselves. Simitses, 

Kamat and Smith (6) have studied the optimal column through a 

finite element formulation utilizing redesign methods based 

upon the satisfaction of the optimality criterion. The optimal 

design of simply supported beams with given structural volume 

having the highest fundamental frequency was obtained by 

Niordson (19). Numerous investigations have subsequently 
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considered the optimization of basic elements and structural 

systems subject to dynamic constraints (20-26). 

In addition to the column problem, more complicated 

structural elements have been the target of optimization 

methods. Simitses and Ungbhakorn (7) presented a two-stage 

methodology for obtaining a minimum weight design of stiffened 

cylinders subjected to axial compression. For the fuselage 

type circular cylindrical shells considered, the primary 

design constraint was taken to be general instability. Refer­

ence (7) contains a bibliography of important contributions 

regarding optimum design of stiffened plates and shells. A 

critical review of these efforts is contained in reference 

(9) . 

The study of the instability of the shallow arch with 

prescribed geometry has occupied investigators for many years. 

Timoshenko and Gere (27) provide several examples of arch 

buckling under various loads and boundary conditions. Refer­

ence to early initial work is given. Marguerre (28) discusses 

the snap buckling of the slightly curved beam subjected to 

destabilizing lateral loads and formulates the buckling criter­

ion by enforcing the stationality of the second variation of 

the total potential. Kaplan and Fung (29) reported analytical 

and experimental results for the classical buckling of shallow 

arches using a Fourier representation for displacements under 

various loads and boundary conditions. Schreyer and Masur 

(30) studied analytically both symmetric and anti-symmetric 
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instability of a clamped circular arch under uniform pressure 

as well as a concentrated load. Walker (31) used a finite 

element formulation to study the bifurcation and post buckling 

behavior of a clamped and simply supported circular arch under 

dead loading. Thomas (32) presented a finite element formula­

tion using a cubic displacement function for the instability of 

beams, frames, and arches. He considered three different cases 

of load behavior: loads remain normal to deformed element; 

loads remain parallel to their original direction; and the 

loads remain directed toward a fixed point. Only classical 

buckling was considered and no attempt was made to include 

the limit point instability associated with the shallow arch. 

In addition to instability for static load cases 

mentioned above, extensive results have been published 

[Ref. Simitses (33), Hsu, Kuo, Lee (34), Hoff and Bruce (35)] 

regarding the buckling, both snapping and bifurcation, of 

shallow arches under a wide variety of dynamic loads. 

Owing to the large volume of interest over the years 

in the character of instability of shallow arches, it is a 

natural consequence that investigators would extend their 

efforts to the determination of those designs which have the 

greatest capability of withstanding destabilizing loads. 

Utilizing the theoretical base provided by Keller (1) and 

Tadjbakhsh and Keller (3) for the column, in addition to the 

energy interpretation given by Taylor (4), Wu (36) success-

bully attacked the problem of generating the strongest simply 
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supported high circular arch subjected to uniform pressure. 

Subsequently, Wu's perturbation approach was extended by 

Budiansky, Frauenthal and Hutchinson (37) to a general class 

of high circular arches for which a Rayleigh quotient can be 

given and buckling occurs via an anti-symmetric mode. Rapp 

(38) investigated the instability of shallow arches for sym­

metric buckling modes within a specified class of nonuniform 

area distributions. He demonstrated that the distribution of 

area significantly affects the critical conditions. Recently, 

Christensen (39) studied the optimization of a shallow, clamped, 

uniformly loaded, circular arch for symmetric buckling using 

a perturbation technique. The design space was restricted to 

small changes from the uniform arch and small values of arch 

rise so that snapping was assured to be the failure mode. 

Several investigators over the past decade have sought 

to unify the numerous approaches to structual optimization 

problems by placing them on a firmer theoretical foundation. 

Optimality criterion approaches have thus come under close 

scrutiny. 

Following Taylor (4), Salinas (40) provided a compre­

hensive presentation of the variational basis for problems 

in optimal structural design, and demonstrated the duality of 

potential energy and minimum volume formulations. He consid­

ered one and two dimensional conservative elastic systems from 

both minimum weight and maximum load carrying capability points 

of view, and demonstrated that the optimum structure for both 
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minimum weight (volume) and maximum load are the same for 

unconstrained and (linear) buckling problems. Prager and 

Taylor (13) present a uniform method for treating the optimi­

zation of sandwich type structures for maximum stiffness, 

fundamental frequency, buckling load, and safety. Venkayya, 

Khot and Reddy (18) discuss the energy distribution in optimal 

structural designs. Gellatly and Berke (16) discuss the 

applicability of optimality criteria approaches to stress and 

displacement limited designs. Prager, Marcal et. al. (41) 

treat the minimum weight design of various structural forms 

subjected to static, dynamic and thermal loads. Berke (42) 

points out that iterative resizing techniques based upon 

optimality criteria may be subject to some convergence prob­

lems. The introduction of scaling factors has been success­

fully used to smooth the convergence process. Prager (43) 

has presented necessary and sufficent conditions for global 

optimality for certain truss layouts subjected to displacement 

as well as energy constraints. 

It is seen that most previous methods attempting to 

optimize structural elements with buckling as the failure 

mechanism are necessarily dependent up the formulation of a 

Rayleigh quotient for the critical load parameter. To date, 

no attempt has been made to extend this idea of an "energy 

quotient" to the non-linear snap-through problem. The search 

for the strongest arch for specified end restraints must be 

made with both limit point instability as well as unstable 
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bifurcation in mind since the character of the failure changes 

dramatically for certain ranges of system parameters. Thus, a 

unified approach is presented herein that considers instabil­

ity through snapping as well as bifurcation and converges to 

a local optimum design via the iterative redistribution of 

inertia based upon optimality criteria which demand uniform 

energy density. 

Even with the extensive work being conducted in the 

field of automated structural design on both the applied and 

theoretical levels (see Refs. 44 and 45 for recent reviews), 

numerous general questions remain unsolved. It is hoped that 

the specific problem treated herein will provide further 

insight into the applicability of the optimality criterion 

approach to the optimization of basic structural components 

and thus be beneficial to the understanding of the related 

problems for structural systems. 
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CHAPTER II 

MATHEMATICAL FORMULATION 

In dealing with the optimization of structural elements 

which are governed by buckling, initially the attempt was toward 

linear eigenvalue problems such as the column (4, 5) and the 

high circular arch, (36) the reason being that for such elements 

a Rayleigh quotient exists and the derivation of the needed 

optimality condition is straightforward. Unfortunately, this 

energy approach cannot be applied directly to shallow arches 

(a highly nonlinear system) without some modification and 

reinterpretation because of the dual mechanism through which 

instability might occur. 

It is well known that the shallow arch (or slightly 

curved beam) subjected to quasi-static lateral loading exhibits 

two quite distinct mechanisms of instability upon reaching 

certain load levels; namely, snapping symmetrically (limit 

point instability) or snapping anti-symmetrically (unstable 

bifurcation). (48) Furthermore, these load levels can be 

related directly to the arch geometry for given sets of system 

parameters, namely those parameters that collectively define 

the load distribution, the initial shape and boundary conditions. 

A basic ingredient to the solution for the optimum shape for a 

given set of system parameters is the buckling analysis for 

intermediate designs. Therefore, one must first derive equations 
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which relate the buckling load to the structural geometry, 

by considering the inertia (or area) as position dependent, 

and then formulate the optimization problem. To this end 

the technical approach shall be divided into two parts. 

Part I deals with the relation of the critical load to the 

structural geometry and the response of the system. It is 

instructive to derive these relationships at first analy­

tically by means of the principle of the stationary value of 

the total potential and utilize Trefftz' interpretation of 

the energy criterion for instability to relate the critical 

load to the primary path response and the buckling modes. 

Afterward, the continuous system will be discretized via the 

finite element displacement formulation yielding a system of 

algebraic governing equations through which a solution becomes 

tractable. Part II will focus on the derivation of the 

optimality criteria associated with limit point instability 

and unstable bifurcation separately. 

2.1 Buckling Analysis 

Consider the symmetric shallow arch shown on Fig. 1. 

The arch is resting on an elastic foundation and is elastic-

ally supported at both ends. Its cross-sectional area and, 

consequently, its flexural stiffness is in general nonuniform, 

but symmetric with respect to x = L/2, The transverse 

loading consists of a concentrated load F* applied through 

the plane of structural symmetry and a symmetrically 
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distributed load Q* (x). 

The equilibrium equations for the deformed configuration 

are obtained within the limitations imposed by the following: 

(1) homogeneous and isotropic material obeying a linear 

constitutive law; 
dw ? 

(2) the arch is shallow, [—-= ] <<1 

(3) the arch is thin, h<<L; 

(4) normals to cross-sections remain normal during 

deformation; 

(5) the load is applied quasi-statically; thus no 

dynamic response of the structure is accounted 

for; 

(6) the loads and reactions occur in and remain in the 

plane of deformation. 

With reference to Fig. 1, and employing the above 

assumptions, the following kinematic relations apply (46): 

when z is measured from a centroidal plane of the arch 

cross-section, 

E = e + ZK (1) 
X X X 

o 2 2 

where e x = u , x + %<w,x - W Q , X ) (2) 

K' = - w , + w f ( 3 ) 
X XX 0 XX 

Note that the comma denotes differentiation with 
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respect to the spatial coordinate that follows. 

Assuming that the behavior of the material is linearly 

elastic, one may derive the following expression for the 

axial load P and the bending moment M*. 

P = JA E £
x
d A = E A(*)e° (4) 

M* = JA zEexdA = EI(X)K X (5) 

The total potential consists of the strain energy (sum 
* * 

of stretching, U , and bending, U_, energies), the energy 
m Q 

* 

stored into the elastic foundation and springs, U_/ and the 
hi 

* 

potential of the external forces, U . Using the shallow arch 

kinematic relations and linear constitutive relations these 

energy contributions become 
JI i! U = h \ EA(x) e dx (6) 

m J o x 

\L 

IF = h I EI(w, - w , )2dx (7) 
B /o 'xx o xx K i! 

i -̂  
U p = h) 3 (w-w )2dx + h o. [u(o)2 + u(L)2] (8) 

t, J o o o 

+ h 3* |~[w, (o)-w (o)]2+[w, (L)-w . (L) ]2] 
0 I X O X X O.X. 

fL * * _ 
U = - I [Q (x)+F fi(x-x)] (w-w ) dx (9) 
p J o o 

where <5 (x-x) is the Dirac-5 function. 
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It is convenient to nondimensionalize all the parameters 

according to the following: 

K = v x/L ; S*(x-L/2) = p6(E,- I ) (10) 

n(5) = w(x)/p; v(?) = u(x)/p ; q(?) = Q /P^-g 

P/ D ; 3= (B*/Ptp) (r)"2 ? F = F*/PT,£ 

E 

M = M*/pP~ ; a = (a*/P_) (~) 7 6 - 3* /P^L 
£i 0 0 E TT O O E 

p2 = I /A ; P_ = TT2EI /L2 ; e = (TTP/L) u u E u' E 

A = A/A ; I = I/I 
u ' u 

Note that I and A are the second moment of the area u u 

and the area of an equal volume column of length L and radius 

of gyration, p. 

On the basis of the nondimensionalized parameters, we 

have 

Ee 
P = — - A[^~- + (n')2 - (n.')2 ] (ID 

2 eE 

* Ee 
M = -^- I (n" -ti") (12) 

2. o 

* I1* - ?„i „ „ 2 

J 2v U„ - P̂ s:̂  L A [ ± V - + (n')2- (n!)2] d£ (13) 
m E E 7̂  J eh o 

TT J 0 E 
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°B = V E 2T 

* L 
U^ = P ^ e . E E E 2TT 

J: 
u: 

I [ T I " - n " ] 2 ds 
0 

(n-n ) 2 d£ +a { v 2 (o) +v2
 (TT) } 

0 O 

( 1 4 ) 

( 1 5 ) 

{n ' (o) - n ' (o) ) 2 + 3 (n* ( i r ) -n 1 U ) ) 2 

0 0 0 0 

I u* = P E e E ^ I [q (c ) + F S U - U l (n-n ) at 
i 0 

( 1 6 

where the prime denotes differentiation with respect to £. 

By introducing the nondimensionalized total potential 

u = 4* u* T VEL T 

we have 

°T = "'J J: IT 2 

§ - d€ + 2 I I ( n " - n " ) z d ? 
A / o o 

( 1 7 ) 

IT f 7T 
2 

/ : 
+ 2 3 | o ( r i - n o ) z d£ - 4 J Q [q U) +F6 (£-£) ] (n -n Q )dS 

+ 2 a ( v 2 ( o ) + V 2 ( T T ) } +3 ( n ' ( o ) - n ' (o) } 2 

o o o o 

+ 3 ( n * ( T r ) - n ' (TT) } 
0 0 

where p = 
^E E 

( n ' ) 2 ] 
o 

( 1 8 ) 
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If we let the equilibrium positions be denoted v and 

fi and if we let v and n in Eq. (17) be 

v = v + e,c (19) 

n = n +e-|_T 

where e is a small constant, and c(?) and y(?) are kine-

matically admissible functions, then 

AUT = UT[?, v+£lc,fi + £ Y]-UT[?,v,n] (20) 

= <51U +<52UT + higher order variations 

where^uT, <5
2u etc., are terms in the expansion of Eq. (17) 

according to powers of e\ and denote first, second etc., 

variations in the total potential. 

Use of the principle of the stationary value of the 

the total potential (<5iU = 0) and integration by parts 

leads to the equilibrium equations and associated boundary 

conditions, which are: 

Equilibrium Equations 

p' = 0 (21) 

[I (rT-rT)] - pri" + & (im ) - q U ) - F5(£- O = 0 
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B o u n d a r y C o n d i t i o n s 

p = v ( 0 ) a Q £ E
% ; 1 ( 0 ) [ n n C 0 ) - n ^ ( 0 ) ] = + 3 Q [ r , ' (0) - r ^ (0) ] (22) 

p = v U ) a e J 2 ; I (TT) [ n » ( TT ) - n » (TT ) ] = - 3 [i\ ' (TT) - n ' (TT ) ] 
0 ri 0 0 

The first of Eq, (21) implies that p, the axial thrust, 

is independent of £ (constant w.r.t £ ) . Furthermore, 

because of the geometries considered (see Fig. 1) 

n(0) = r, (TT) = Y(0) = Y(TT) = 0 

Next, if we return to the expression for p, we have 

2v = * [ — V + (n')2 - (n1)2] <- -s o 23 
A(£) " ^ 

Integration from 0 to IT, since p is constant, yields 

'i.»lE» e
E V 0 ^ O 

P / " "v'd; • % / " [(n') 2 - (n^)2] dC (24) 

e *5 / o 

E J ° 
-A [ V ( T T ) - V ( 0 ) ] + H / ' [ ( n ' ) 2 - (n')2]d? 



20 

Expressing the boundary conditions on v(£) in terms of p from 

Eq. (22) yields 

P = 1/2 1 [ (n')2 - (n')2]d£ (25) 

f-
J or 

[ | . ^ E - + -2-] 
A(U E o 

From the same in-plane boundary conditions we obtain that 

a. v 2 (TT ) = 
o a e_ 

o EC 

; a v 2 (0) = - £ 
a e„ 
o E 

(26) 

This allows us to express the total potential (at 

equilibrium positions) solely in terms of n, its space-depen­

dent derivatives and the structural geometry. 

UT = J j l l W ) 2 - (n;)2Jd?]
2 + 2 J^KrT'-Ti;;) /I 

I: + 23 (n-n ) z d£ 
"0 0 -4 o[q(€)+P*<€-€)] (n-no)]d5 

(27) 

+ 23 [{V(0) - Tl'(0)}2 + {Tl ' (7T) - fy' (TT)}2] 

where J = h / 
Jo A 

d? + _1 
A e„a 

E o J 

28) 

Again, as before, if we let fj denote equilibrium 

positions and let r\- n + e 2
Y / su^stitute this into Eq. (27 
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and obtain the first, second, etc., variations according to 

the powers of e we have 

A UT = S 1 UT + 6 2 UT + e t c . 

w h e r e S2U 

2 e 2 

2 

= V [ c , n ] = P ( Y * ) 2 d £ + 2 J n 
Jo Jo 

n 2 
i i 

Y ' C U (29 

Jo ^ + J 0 + 3 Y 2 d? + I ( Y " ) 2 d ? 

+ 6 [ Y * ( 0 ) 2 + Y ' ( T T ) 2 ] o 

Note that the vanishing of the first variation leads 

to the same equilibrium equation [second of Eqs. (21)] 

and corresponding boundary conditions, as before. 

According to the energy criterion for stability, when 

the buckling load is reached the second variation becomes 

positive semi-definite. In other words, for at least one 

non-trivial displacement y(£), 62U has a minimum value of 

zero. Trefftz observed that the conditions that 62U have 

a non-trivial minimum are that the equation 5[62U ]=0 be 

satisfied for at least one non-trivial y(C)• This is 

applicable to both manners by which the primary path can 

become unstable (existence of limit point as well as of 

bifurcation point). Thus, at the critical point the first 

variation, with respect to yr of the second variation of the 
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total potential, Eq. (29), must vanish, 

Letting y denote the nontrivial buckled mode and 

expressing y = y + ê e in Eq. (29), we obtain, 

A V = V[£ ,T),y + z3Q] - V[E,,T),y] (30) 

= 61V' + 62V + higher order variations 

where 6XV = 2 [ /*TT „ /'IT A „ /~TT „ 

P / y ' e ' d ^ + 2J / n ' y ' d ? / n ' e ' d U 3 1 ) 
/"fT A /*ir „ 
/ Y6d? + / Iy"e**d£ 

»/ o ~' n 

+ 6 ( Y ' 8 ' ) + $ (YfQ ') o o o rr 

Integration by parts and use of the admissibility 

conditions on y and 9 lead to the following differential 

equation (necessary condition on y at q ) and boundary 

conditions. (omitting * on y) 

[I(5)Y"(5)]" ~ PY" + 2 Jn" / V Y ^ + 3Y = 0 (32) 

Jo 

y' = lY" at £ = 0 (33) 
o 

0 
y 1 = - l y " a t K = fT 

Also, because of the admissibility condition on y 
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Y (0) = y (O = 0 

Through this approach y{£) actually denotes the 

buckling modes at a critical point of the primary equilibrium 

path, while n(?) need only represent the primary equilibirum 

path (symmetric response of the arch). 

In summary, the field equations for the general 

symmetric arch are: 

Equilibrium Equation 

[I(Tiu-n^)] - pn" + 3<Ti-n0) = q U ) + F6 U-£) (21) 

Boundary Conditions in n 

n(0) = nCir} - 0 (22) 

1(0) [r,"(0)-n" (0)] = 6 ln'(0)-n'(0)] 
0 0 0 

i (IT) [n" dO-n" (*)] = -B [n' (TT) -n ' (TT)] 
0 .0 0 

Buckling Equation 

Jn" / \ [I(5)Y"(5)1 " PY" + 2 Jti" / n"YdC+SY = 0 (32) 



24 

Boundary Conditions in y 

Y (0) = y (TT) = 0 (33) 

I(0)y" (0) - 3oY '(0) 

I(ir)Y" (TT) = -By '(TT) 

where p and J are given by Eqs. (25) and (28), respectively. 

The simultaneous solution of the field equations yields the 

primary equilibrium path at. the critical load n, the critical 

load parameters [Q , p^ ] for any load distribution, and the 
\-f X. L I 

shape of the buckled mode y. As reported in Ref.(10) and 

outlined in Appendix A, numerous examples are presented for 

which the critical conditions for a uniform arch are deter­

mined utilizing for the bifurcation problem the direct solu­

tion of Eq. (32). For the snapping problem, two methods 

are demonstrated: (1) combining Eqs. (21) and (32) at the 

midpoint £ = TT/2 or (2) utilizing as the buckling criterion 

the vanishing of the second variation of the total potential. 

The finite element formulation to follow and the solution 

methodology presented in the next chapter will rely for the 

limit point analysis upon method two above, primarily 

because of numerical simplicity. (Refer to Appendix B for 

details of the finite element discretization). 
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It is convenient to express the total potential, Eq. 

(27) in terms of displacement y(£) by letting y (€)=n (£)-n (£). 

Thus obtaining 

uT[y] = J / ^ ( y ' 2 + 2y»n^)d?l + 23 / * V d 5 (34) 

A - i f * 
+ 2 / I ( y " ) <U - 4 I [q(£) + Ff i (£ -€) ]yd£ 

^ 0 ^ 0 

+ 2 3 o { y ' ( 0 ) 2 + y ' ( T T ) 2 } 

By discretizing the continuous system into m elements and 

assuming a displacement function for an arbitrary element in 

the form of a cubic, one may express the displacement in the 

i element in terms of the generalized coordinates a. as, 
3 1 

y1(5) = aQ + axC + a 2?
2 + a ^ 3 = LTa (35) 

Letting the vector of generalized nodal degrees of freedom 

be u and interpolating the element displacement function in 

terms of its nodal values of displacement and rotation, one 

obtains 

y 1 ^) = ^i&T'Sii ( 3 6 ) 

where matrix B. is a 4 x 4 relating the a. to the u.. 
;-i 3 — 1 — 1 

Using Eq. (36) in Eq. (34), performing the appropriate 
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element integrations and summing over the m elements, one 

obtains the following matrix representation for the total 

potential U : 

Um[u] = J[u
TK0u + 2VC

T u] + 2guTK0u (37) 
1 Z b — —J — 

+ 2 ^ ^ - 4QV5
Tu + 2 3 uTEu 

In obtaining Eq. (37) from Eq. (34) the load q(£) was expressed 

as QN(£), where N(£) is some specified symmetric load distribu­

tion. The initial configuration n (€) was expressed as en (£) 
o o 

where n (E) is some specified symmetric initial shape function. 

Likewise, we may express the definition of p, Eq. (25), 

as 

p = -J[uTK0u + 2Vr
Tu]. (38) 

— — z o — 

Now Eqs. (37) and (38) are the fundamental relations from 

which the field equations will be derived. Expanding U (u) 

about some arbitrary vector ev obtain 

AU [u,y] = ^ U [u,v] + <52U [u,v] + higher order terms 

Setting 61Uqi(u,v) = 0 for arbitrary non-trivial v we obtain 

[% " PS2
 + 3 % + 3

0 =
] - = P-6 + Q~5 ( 3 9 ) 
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The equilibrium configuration given by Eqs, (38) and (39) 

reaches a critical state in accordance with Trefftz1 inter­

pretation of the energy criterion for stability whenever the 

second variation is stationary for non-trivial v. 

Let V(v) = 62UT(v) (40) 

setting 61v(6_,y_) = 0 for arbitrary non-trivial 6_, the buckling 

equations representing the discrete analog to Eq. (32) are 

[K.. - pK0 + BK_ + 3 R + KATT (u)lv = 0 (41) 
L —1 L —z —3 o= =NL — J — 

K7T (u) E 2J[K0uu
TK0 + K0uVc

T + Vc
TuK0 + VCVC

T] -ML — — 2. —z —z D —D z —6—o 

An alternative, but theoretically equivalent, [see 

Ref. (49)] statement of the instability criterion is to 

require the second variation to vanish at both the limit 

point as well as bifurcation point. This yields the 

following expression: 

vT[K.,-pK0 + 3K^ +3 S + 2J{K0uu
TKo + 2KouV^

T + v V,-T}]v=0 (42) — —1 —z —5 o~ — z —z —z b —b—b — 

The simultaneous solution of Eqs. (38) and (39) and 

either (41) or (42) yields those load conditions at which the 

arch becomes unstable. In other words, for some externally 

applied load Q, there is an internal reaction p and a 
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displacement u such that the coefficient matrix of Eq. (41) is 

singular or Eq, (.42) vanishes for non-trivial buckling mode 

shape v. The solution methodology for each type of instability 

will be developed in detail in the next chapter. 

The solution to the buckling problem for any set of 

system parameters can be greatly simplified by specifying 

apriori the mode shape v (or y)as being either symmetric (in 

the case of limit point) , or anti-symmetric (unstable bifurca­

tion) with respect to the pre-buckled equilibrium displacement 

field u (or y). This is accomplished in the following manner. 

During the quasi-static loading process, the pre-buckled 

deformation is symmetric about the mid-line E, = TT/2. At the 

point of incipient bifurcation, Hoff and Bruce (35) have shown 

that the buckled mode y (^) ^S anti-symmetric with respect to 

£ = -nr/2, hence, the orthogonality of y (E,) and n(£) causes the 

integral in the buckling equation (32) (or similarly K v) to 
NJ_i— 

vanish when p = p , and Q = Q . Imposing this condition 
CX. C- _L 

apriori reduces the determination of the critical internal 

thrust p to an eigenvalue analysis utilizing either the discrete 

or continuous formulations given by Eqs. (41) or (32) respec­

tively. 

In the case of limit point instability, the symmetric 

buckled mode v and the symmetric primary path u are assumed to 

be related by v = cu for some constant c at the critical point. 

The buckling criterion for this case is then obtained from (42) 

as 



29 

u*1"^ - pK2 + 3K3 + 3 R + ENL(u)]u = 0 

Utilizing this modified version of the buckling condition in 

the simultaneous solution with Eqs, (38) and (3 9) provides a 

simple, direct and efficient means for finding the limit 

point critical conditions for any inertia distribution and 

set of system parameters. 

At this point we have obtained in discretized form the 

necessary equations which describe the arch in its buckled 

state (either limit point or unstable bifurcation) for arbi­

trary condition of geometry, loading and boundary restraint. 

Upon development of the optimality criteria in the next 

section, a complete set of equations will have been derived, 

the solution of which yields the optimum design and associated 

critical conditions. 

2.2 Development of Optimality Criteria 

The solutions obtained for the foregoing system of 

governing equations by either formulation require specification 

of the inertia (or area) distribution as well as a set of 

system parameters. Extensive experience (App. A) indicates 

the validity of the following assertion: namely, that the 

axial force p increases monotonically with increasing applied 

lateral load values, Q, on the primary equilibrium path. 

Thus, one can examine the second variation of U ,(Eq. 

(29), in terms of displacement) and at the critical point, 

62U (y) = 0, obtain the following representation for the 
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critical value of p; 

2J 

P 

[//(Y'+nMY'd?j + fjiLy«)*dw fj 
cr 

I(Y")2d?+3 / Y
2<H+R(B ) (43) o o 

/ 
"(Y')2d? 

where, R(Bo) E 3Q 
2 ]2 

Y' (0) + Y' (ir) 

yU) = n(C) - n U) 
o 

and y(g) and y (?) a r e respectively the primary equilibrium 

path transverse displacement and buckling mode [solutions of 

Eqs. (21) and (32) at the critical loading condition {Q ,P }] 

Recalling the functional relationship between J, and A(£), 

Eq. (28), and considering those cross sections for which the 

inertia-area relation is of the form I = pA , p = constant 

and n = 1, 2, or 3, one seeks for a given loading, initial 

shape and boundary conditions, that geometry given by 

{![£,), J(I)} such that p and thus Q is a maximum (for 

arches of the same volume). A necessary condition for p [I] 

to be a maximum with respect to arbitrary variations in I(^) 

subject to the constant volume integral constraint is for 

the augmented functional to become stationary. This functional 

is given by: 

_* 
P = p - X cr ^cr / . 

A(^)d£ - v C44) 
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where v is a specified volume, p is given by Eq, (43), and 

X is a Lagrange multiplier. Equating the first variation of 
_* l _* 
p with respect to changes in inertia, 6Tp , to zero one 
rcr Ircr 
obtains the following optimality condition; 

j ^ - [~2J /^Cy" + n^)ydd+ nl(0 [y(|)"]2 = y f* (y ' ) 2d£AU) (45) 
J Q J L JQ 

This integro-differential equation relates the optimum shape 

I (£) to the primary path response y(£), the initial symmet­

ric shape n(£)/ and the buckled mode v(£). Furthermore, it 

o 
_* _ 

is easily shown that p and thus p are stationary with 
J l c r Jr c r J: 

respect to the buckled mode y (E, ) , since in accordance with 

Trefftz ' criterion, y (E,) is a non-trivial solution of Eq. (32), 

obtained through the extremization of the second variation of 

the total potential, U-,. 

One can specialize the optimality criterion Eq. (45), 

for those buckled mode shapes y(£) which are either symmetric, 

corresponding to limit point instability, or anti-symmetric, 

corresponding to unstable bifurcation. In the former case, 

the form of Eq. (45) does not change while in the latter the 

criterion becomes 

An l(l)(y")2 = constant (46) 

The vanishing of the integral in Eq. (45), in effect, has 

negated the dependence of the optimum shape upon the prebuckled 
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shape y(C) and the initial shape n (£). This representation 

has been developed and utilized by Prager and Taylor (13) and 

many others (see Refs, 5, 6, and 18). 

In summary, the governing equations which upon solution 

yield the optimum geometry and the associated critical condi­

tion for arbitrary loading, initial shape and boundary condi­

tions are the following: 

Unstable Bifurcation: (anti-symmetric mode buckling) 

A. Equilibrium condition (primary path) 

[K-,_ " pK2 + pK3 + 3 R]u = pVg + QV_5 (39) 

p = -J[UTI2_u + 2Vgu] (38) 

B. Buckling condition: 

[K, - pK0 + j3K̂  + 3 R ] v = 0 (41) 
= 1 =Z =3 o= — — 

C. Optimality criterion: (continuous form) 

[A(?)]
n 1 [Y"(?)] 2 = constant (46) 

Limit Point Instability: (symmetric mode snapping) 

D. Equilibrium conditions: (primary path) 
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[K-, - pK0 + 3K-. + 6 R]u = pvc + QVc —1 "2 3 o~ — —6 —5 (39) 

P = -J[H.TK2u +
 2VgU_] (38) 

E. Buckling Condition: 

u[K-, - pK0 + 3K0 + 3 R + K _]u = 0 — —1 —z — j o ~ =nli — 
(42) 

K T = 2J[K uu
TK0 + 2K_uv"J + VCV^] =nli — 2 — 2 — 2 o —o—o 

assuming u and v are related by u = cv 

F. Optimality Criterion: (continuous form) 

A(£) 
/ 
Jo 

2J / (y" +n")yd5 
' o o + m m [ Y"U)] 

X = [A / (y')2d?]A(?) 

(45) 

During the solution process the coefficient matrix in Eq. 

(41) is assembled on the basis that v is anti-symmetric, 

while the coefficient matrix of Eq. (39) , although appearing 

the same, is assembled on the basis that u is symmetric. 

Thus, at p = p Eq. (41) is singular while Eq. (39) is not. 
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CHAPTER III 

SOLUTION PROCEDURE 

In the previous chapter, all the necessary equations 

were derived governing the solution for the optimum shape 

using both an anlytic as well as a discretized approach via 

the finite element formulation. The analytic formulation was 

presented to clarify the finite element analog, whereas the 

finite element system of equations will actually be developed 

further and used in a computer program (see Appendix D) to 

yield optimum designs. 

The optimization process is quite naturally divided 

into discrete stages for a given set of system parameters, 

namely 

(a) For a given initial design, a buckling 

analysis is performed yielding the critical 

conditions and the buckling mode. 

(b) The critical conditions are then used in 

conjunction with the optimality criterion 

to generate a better design. 

Such an analysis-synthesis process is used by prac­

tically all investigators who employ an optimality criterion 

approach. The synthesis process, step (b) above, depends 

upon the formulation of a workable process for incorporating 

the requirements of the previously derived optimality 


