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SUMMARY 

The principal objective of this work was a study of the analytical 

and experimental characteristics of the servo torsional vibrograph, the 

investigation of Which has been made by considering the frequency and 

impulse responses of the device. 

A device was needed to measure long period, low amplitude tor­

sional vibrations which occur in large rotary machinery. To measure 

this vibration, a vibrograph is required which has an extremely long 

natural period, has a convenient output, and is not so large as to 

affect the efficiency and operation of the machinery. To achieve this 

objective, a servo feedback system was designed which, when added to a 

basic vibrograph, increased its natural period and improved its response 

characteristics. The basic torsionail spring-mass system was modified by 

artificially decreasing the spring constant with a servo system. The 

servo system reduced the spring's relative displacement and by its 

action decreased the spring constant and the natural frequency. 

Three amplifiers supplied the required action of the servo system. 

The principal feedback amplifier and the servo amplifier were in the main 

feedback path. In order to provide a stable null point an additional 

amplifier was used in a feedback path around the servo amplifier; 

tachometer feedback was also provided around the servo amplifier. 

All analyses were based on linear analytical models of the 

system. In the frequency response analysis two criteria were used 

to find the optimum value for the parameters; the 10 per cent amplitude 
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error frequency and the 10 per cent phase angle error frequency. The 

frequency of the maximum amplitude was also calculated but was not used 

as a design criterion. The error frequencies were found for a wide 

range of all the parameters in order to optimize the frequency response. 

An equation was found for the optimum value of the servo amplifier gain, 

and the best value for each of the other parameters was found. 

Using the sensitivity function, the feedback system was proved 

to be insensitive to small unexpected changes in the values of the 

parameters. 

The root locus technique was used to investigate the stability 

of the system. For all positive values of each of the parameters the 

system was found to be stable. An equation was found for the optimum 

value of the parameters for critically-damped vibrometer action. This 

action is necessary when the device is to be used for the measurement 

of aperiodic inputs. 

The experimental investigation was undertaken in order to deter­

mine the Validity of the mathematical model and to determine the prob­

lems which would arise in a prototype of the device. For values of the 

parameters, which were in the linear range of the components, the 

theoretical response was found to duplicate the actual response very 

closely in the tests for the frequency response and the transient 

response. 

The principle of the servo torsional vibrograph was proved by 

the investigation to be of practical value and the design, with small . 

design modifications, could be used in practice for the measurement of 

very long period, low amplitude, torsional vibrations. 
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CHAPTER I -

INTRODUCTION 

Definition of the Problem 

This work is concerned with the investigation and design of a 

torsional vibrograph whose natural period and characteristics have been 

modified by means of a servo system. Vibrographs are instruments for 

measuring the displacement of vibrating bodies and the instrument under 

investigation was designed to measure torsional or angular vibrations 

of long period and low amplitude. In general the vibrograph is designed 

to have a low natural frequency so that the ratio of the frequency of 

the vibration to be measured to the natural frequency of the instrument 

will be as high as possible. 

For this reason, in the measurement of a rotational or torsional 

vibration, it is necessary to have a torsional spring-mass system whose 

period is much longer than the period of the vibration to be measured. 

Much has been done to extend the use of the torsional vibrograph to 

higher frequencies, principally with application to the internal com­

bustion engine (1,2,3,4,5). However, very little research has been 

conducted toward extending the range of the torsional vibrograph to long 

periods. A need has arisen to extend the range to lower frequencies in 

order to measure torsional vibrations in large gear hobbing machines and 

other large rotary machinery. In the area of celestial navigation and 

seismic study there is also a great need for devices which are capable 



of measuring torsional vibrations of very long period. 

The schematic of the basic vibrograph appears in Figure 1„ In 

its simplest form it is composed of three basic elements: the spring 

with .constant K, the mass M, and the viscous damper with constant C . 

The input vibration X causes, the mass to oscillate with the motion W 

and the relative motion Z. 

When the input to the spring-mass system is a sine wave, the 

ratio of the input to output motion is expressed by the following 

equation: 

•2 Co) 
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/ C a) 
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where, 

a) = input frequency 

a) = natural undamped frequency•of-the system 

C = damping constant 

C = critical damping constant. 

When values computed from this equation are plotted versus frequency 

the graphs in Figure 2 result. 
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From the graph most of the important characteristics of the vibro-

graph can be deduced. As the frequency ratio increases the magnitude of 

Z/X approaches unity and its phase angle approaches -180 degrees. Thus 

the impressed motion:'is duplicated by the motion of the mass relative to 

the vibrating body and base of the vibrograph, lagging it by 180 degrees. 

In the limit it can be said that the suspended mass is motionless and 

the relative motion is the motion of the vibrating object. 

The amount of damping required to produce a good vibrograph is 

subject to two contradictory,factors. An ideal vibrograph would have 

the phase angle close,to 180 degrees for all frequencies above the 

natural frequency since, if the phase angle does vary, there will be 

distortion of superimposed waveforms of different frequencies due to 

their difference in phase angle. From this consideration a minimum 

amount of damping is desirable. However if there is little or no damp­

ing then, as the vibration changes in frequency or amplitude, there will 

be insufficient damping to damp out the unwanted transient vibrations 

which will result and distort the output. In the basic vibrograph a 

compromise must be reached between these two opposing characteristics. 

The basic problem which initiated this research was the desire 

to create a device for measuring the; rotational irregularity of the 

master gear in.a nobbing machine. If this vibration could be precisely 

measured-, a signal could be fed back to the cutting apparatus through 

appropriate components and thereby nullify the error which would have 

been made in the generated gear. For this task a vibrograph of long 

natural period is needed since the master gear irregularities encountered 

are of very low frequency,, At the present time there is no suitable 



device discussed in the literature other than the one presented here 

which is capable pf measuring this low amplitude, long period vibration. 

In order to produce a vibrograph which will have an extremely 

long natural period, have convenient output for the apparatus, and.yet 

not be ;so large as to affect the efficiency and operation of;the 

machinery, a servo feedback system was chosen. In order to decrease 

the natural frequency of a basic spring-mass system, either the spring 

constant must .be decreased or the moment of inertia of the mass must 

be increased. The servo torsional vibrograph is augmented by a servo 

system which effectively decreases the spring constant and thus lengthens 

the period of the instrument to any period which is desired within the 

stability of the device.. 

Literature Search and Historical Background 

Previous research in the measurement of low amplitude, long 

period torsional vibrations by means of a vibrograph is almost non­

existent. However, the measurement of translational vibrations has 

received a great.deal of research, particularly with respect to , 

seismic instruments. 

Most of the material on the measurement of low amplitude trans­

lational vibrations occurs in the field of seismology. Seismic waves, 

except for local shocks, are of very low magnitude and vary widely in 

period.; An instrument is needed which has a very high magnification 

(100 to 100,000) and.has characteristics which are close to the theo­

retical and constant over long periods of time. 

Many different types of instruments have been produced which 
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function according to varied principles (6,7,8,9). In the past, the 

trend was toward very large masses supported by weak springs with 

critical damping, these being excellent examples of an elementary 

vibrograph. Current practice in seismology puts the emphasis on a. 

measuring instrument whose response can be completely predicted. No 

longer is it a requirement that the output of the seismograph be linear 

since the seismic record is analyzed by digital techniques which use 

the response characteristics of the instrument to deduce the actual 

ground motions. Also, current seismographs do not in general measure 

the actual displacement of the ground. Most have outputs which are 

proportional to the velocity or acceleration of the seismic motion. 

Seismographs almost always use critical damping to eliminate transient 

vibrations of the instrument's seismic mass. 

On the other hand, for a vibrograph an output which is propor­

tional to the output is desired for simplicity and ease of utilization 

of the output signal. However, much insight can be gained:by the study 

of the techniques and instruments of seismology. 

Early in this century, work was started on the electromagnetic 

seismograph which derives its name from the type of pickup it uses. 

The current from the pickup is fed to a very sensitive galvanometer 

which registers its motion either by means of a,light beam-mirror 

arrangement or electronically. The output of the galvanometer is pro­

portional to the velocity of the ground motion. The galvanometer has 

a pronounced effect on the seismograph and thus the two have to be 

considered as a complete system. By changing the galvanometer charac­

teristics, the frequency response of the basic seismograph can be 



7 

altered, producing a marked change of natural period. Much work has 

been done on predicting the transfer function of these seismographs 

(10,11,12,13,14,15,16,17,18), the time domain solution of the systems 

(9,10,15,19), and the frequency response (18,20,21). 

Several seismographs have been designed which use feedback to 

alter their response - characteristics. Feedback is used to flatten 

their response, change their natural period, and add to the ruggedness 

and stability of the instruments. 

Feedback proportional to velocity fed to a coil-magnet assembly 

was used by Fleming (22) and Tucker (23) to flatten the response curves 

of a seismograph. Both instruments have an output which is proportional 

to acceleration and use feedback to alter the damping characteristics 

of the instrument. Tucker also decreased the natural period by means 

of feedback. He developed the characteristic transfer function, sim­

plified it, and predicted the response of the instrument. 

Sutton and Latham (24) made a complete analysis of a lunar 

feedback-controlled seismometer. The feedback was used to shape the 

response of the system and to compensate for long-term drift. Output 

was again proportional to acceleration. Feedback was passed through 

a low pass filter to a coil and magnet assembly which provided force on 

the seismic mass thus acting to restore the mass toward its electrical 

center position. 

Another type of long period seismograph is the one designed by 

Gilman (25). A permanent magnet on ,the frame surrounded a coil which 

was attached to a simple pendulum and a constant current was passed 

through the coil. The coil-magnet combination was polarized to produce 



a force on the mass opposite in direction to the gravitational restoring 

force. This resulted in a lengthened period, but instability resulted 

at long periods because of an uneven magnetic field caused by the 

presence of magnetic impurities. 

Sheffield (26) developed an electronic vertical long period seis­

mograph which achieved long-period seismograph action through magnetic 

field support of the seismic mass and electronic feedback. A two-mass, 

two-degree-of-freedom system was developed which had the.seismic mass 

almost entirely supported by means of a constant magnetic,field in order 

to reduce the size of the spring which was needed to support the mass. 

Feedback was introduced to produce a force on a second mass which was 

positioned between the seismic mass and the base. The combined action 

of the two magnets produced a seismic device of long period which very 

closely duplicated the action of a normal seismograph. 

Another method of lengthening the period of the electromagnetic 

seismograph is the use of a shunt capacitor between the transducer coil 

and the galvanometer; period increases of a magnitude of ten can be 

obtained.(27,28,29). 

Limited research has been done outside the field of seismology. 

The most important papers are by Matsushama and Nakada (30,31) and 

Nakada, Asakura, Fukuda.and Watanabe (32) which concern an electro­

mechanical system which was developed to measure translational vibra­

tions of long period. A pendulum was produced whose period was length­

ened by means of a servo system. The paper (30) included a theoretical 

analysis for one particular system; damping was not considered., and a 

first order model for the servo system was used. Included was a 
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description of a practical model which was only moderately successful 

because of the marked dependence of the response on the angular mis­

alignment of the base. 

The investigation of devices which measure rotational vibrations 

of low frequency has been totally neglected because of the great interest 

in high frequency phenomena and also because of the predominant interest 

of seismologists in translatory vibrations. For seismic feedback systems 

very little analytical work has been done toward either optimization of 

the designs or determination of the maximum stable increase in natural 

period. Seismic systems based on magnetic components are generally not 

applicable to industrial applications because of their sensitivity to 

changes in gain in the amplifier, nonlinear flux fields, and their sensi­

tivity to changes in magnetic flux caused by slight changes in voltage. 

Investigation Procedure 

The initial phase of this research dealt with the theoretical 

investigation of the servo torsional vibrograph. Primary interest was 

focused on a study of the frequency and impulse responses. Each param­

eter of importance was varied and its effect on the frequency response 

noted. In this manner a complete characterization of the effect of 

each variable under consideration was obtained and from this large 

amount of data the best or optimum design was selected. The transient 

behavior was investigated to find the best compromise for the damped 

phase angle characteristics of the instrument. Also investigated for a 

wide range of parameters were the sensitivity to small unforseen changes 

in the parameters and the stability of the device by means of root loci. 
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In the experimental phase of the research, a prototype was built 

which had characteristics in the middle-range of the variables which 

were to be investigated. Since a complete parameter study was to be 

undertaken, it was deemed impossible to conduct the study on the machine 

itself since the range of the variables would be too great. Thus it was 

decided that the prototype would be built just to verify the theoretical 

equations which would be used for the parameter study and to find out 

what problems would develop in the investigation of a practical model of 

the system. 
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CHAPTER II 

ANALYTICAL INVESTIGATION 

Derivation of Basic Equations, 

General Description 

For the analytical investigation of the servo torsional vibro-

graph it was necessary to set up a mathematical model of the system. 

This model was constructed by first finding the transfer function of 

each component of the system. A,transfer function is defined as the 

ratio of the Laplace transform of the output variable to the transform 

of the input variable with all initial conditions assumed to be zero. 

Each .transfer function is based on the assumption that all components 

have linear characteristics. 

It was desired to construct a stable system which would decrease 

the natural frequency and enhance the characteristics of a basic tor­

sional spring-mass system.. The equation for the natural frequency of a 

simple torsional spring-mass system is: 

Jn = J I 
where, 

a) = natural undamped frequency 

K = spring constant of torsional spring 

J = moment of inertia of the mass. 
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Therefore, for a fixed mass, it is necessary to reduce the spring 

constant to obtain any decrease in natural frequency. Since there is a 

limit to the size decrease of the spring in question and there are 

weight and size restrictions for the mass, it is necessary to decrease 

the spring constant artificially. 

In order to accomplish this reduction, it is necessary to move 

the spring support in the same direction as the motion of the inertial 

mass, thus reducing the spring displacement and the spring constant. 

A servo system was used to accomplish this motion. This servo system 

consists of the basic spring-mass system, three electronic displacement 

transducers, two amplifiers, and a servo motor-amplifier. Figure 3, on 

the following page, shows a schematic representation of the system: 



ALPHA AMP 

Figure 3. Schematic of the Servo Torsional Vibrograph 
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Description of the Servo Vibrograph Network (Figure 3) 

The desired motion, .of-the spring base is produced by the alpha 

network which measures at its source the relative motion between the 

inertial mass and the spring support. The signal from the transducer 

is fed through the high gain alpha amplifier to the servo motor-

amplifier. From the servo motor the rotary motion is reduced in speed, 

changed in direction, and applied to the spring base. The alpha network 

is the basic natural frequency reduction mode and all other circuitry is 

added to modify the characteristics of the instrument and to add to its 

stability. 

The beta network is added to correct for drift in the alpha cir­

cuit and to keep the instrument in its neutral position. The tachometer 

feedback is supplied to add damping to the servo motor-amplifier circuit 

and to add to its stability. The output transducer measures the rela­

tive motion between the inertial mass and the base of the instrument and 

is fed directly to a recorder. In operation, the machine is placed with 

its vertical ce.nterlihe;; coincident with the centerline of the rotary 

motion which is to be analyzed. 

If the motion to, be sampled has a constant velocity, then the 

vibrometer will have no output. But, if the basic motion has a tor­

sional vibration superimposed upon, it, then the inertial mass will be 

displaced and the servo system actuated. The output will then be 

directly proportional to the input vibration. 

Basic Theoretical Equations . 

From the schematic drawing of the system (Figure 3), the block 

diagram. in Figure .4' can be deduced. 
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gure 5. Servo Vibrograph Block Diagram with Transfer Functions 
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The block diagram of the system represents all the electrical and 

mechanical interconnections which are present in the system. For the 

spring-mass system in Figure 1 the velocity of relative motion is: 

dZ_ _ d.W _ dX_ ( . 
dt dt dt U ; 

and the differential equation of the motion of the system is 

**l r\V. 

KZ = 0 (2) 
dw

 + c £ + 
dt 2 d t 

where, 

W = motion of the inertial mass 

X = motion of the spring support 

Z = relative motion between the mass and the; spring base, or 

Z = W - X (3) 

J = moment of inertia of the mass 

Y = servo motion. 

Substituting Equation (1) and (3) into (2) and eliminating Z, the follow­

ing differential equation is obtained: 

jd*W + C'£tKW = ̂ + K X W 
,.2 dt dt 
dt 

and with initial conditions equal to zero, the transfer function is: 
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W_ _ C ' s + K  

X J s 2 + C's + K 

C n s + a) 
1 n 

~~2 2 
s •+ C . s + a) 

1 n 

where, 

cJL = c'/J 

a) = V K / J n 

s = Laplacian operator 

For all other components the standard linear representation will 

be used (33). The transfer functions for each component are presented 

in Table 1. 

The diagram in Figure 5 is a representation of the linearized 

system which will be used for the analysis of the servo system. 

The system can be simplified using standard block diagram 

reduction techniques (33),, The components in the H-network (Figure 5) 

can be reduced to 

a T y Km P 
H = 

Tm s2 + (1 + Kt Km y)s + 3 T y Km P 

and if 
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Table 1. Component Transfer Functions 

Component Transfer Function Comment 

Spring Mass System 

Amplifier gains 

Alpha 

Beta 

Gamma 

C.s- + a) ' 
1 n 

2 • „ 2 
s + C n s •+ a) 1 n 

Set Constants 

Linear differential transformers 

Alpha 

Beta 

Output 

Tachometer Generator 

Gears 

Servo motor 

K x s 

P ' 

Km 
2 

s + s Tm 

Inherent Constant 
of Device 

Proportional to velocity 
where K, = constant 
of proportionality 

Gear : ratio 

Where 9 

Km = 
kk 

Km = 
Fm - m 

Tm = 
Jm 

Tm = 
Fm - m 

and Jm = Motor Inertia 

Blocked motor torque 

vv = at rated vo: Ltage 
Rated voltage 

Fm = Motor viscous fric­
tion 

Blocked rotor torque 
No load speed 
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the diagram can be reduced to the following transfer function which 

represents the entire system. 

Z / X =,£G - 1)(H+ 1) 
- H(G - 1) 

o r i f t h e v a l u e s of G and H a r e i n t r o d u c e d , t h e f i n a l r e s u l t i s o b ­

t a i n e d ^ E q u a t i o n ( 5 ) r e p r e s e n t s t h i s t r a n s f e r f u n c t i o n . 

- s 2 ( T m s 2 + (l+KmKtY)s .+ (aT + $T )KmPy) 
Z/X = — 3 — ±—i — ( 5 ) 

Tms + (1+KmKt-Y+C Tm)s + [co Tm+(aT +3T )KmPy + C (l+.KmKtY)Js 

+ (to 2(l+KmKtY> + CnKmPY$T_-)s + a> 2 KII IPY6T 0 n 1 2 n 2 

and i f 

A = 1 •+ Km Kt Y 

B = (aT + 3T2)Km P Y 

C = 1 + Km Kt Y + C Tm 

D = co 2 Tm + (aT., + 3T^)Km P Y + C n ( l + Km Kt Y ) 
n 1 2 1 ; 

E = co 2 ( 1 + Km Kt Y ) + C Km P Y 3T 

F = co 2 Km PY 6T0 n 2 

t h e n 

ii 3 9 
Tm s + A s + B • s 

Z/X = 3 . ( 6 ) 
Tm s • + C s .. + D s + E s ..+ F 
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Frequency Response Equations 

The steady state response of any system to a sinusoidal input can 

be calculated by replacing the Laplace operator s in the transfer func--

tion with ja) where co is the input frequency and j is the complex 

operator. The transfer function is transformed by this substitution to 

a new sinusoidal transfer function which is in general a complex func-

tion of the frequency and can be most conveniently represented by a mag­

nitude and a phase angle. 

Equation (6) can now be transformed into a sinusoidal transfer 

function by the transformation s = jw. The magnitude of the transfer 

function is 

Z / X | = /(Timo** - B o / ) 2 + ( A a ^ ) 2
 ( y ) 

/Clmw 4- Du)2 + F ) 2 + (-Cw a-+ Eu))2 

at a phase angle of 

<f> = ARCTAN(Au)/(-Tmu)2+B)) - ARCTAN(l--Cu)3+Eu))/(Tmu)4-Du)2+f) (8) 

or in another form the phase angle is 

<f> = ARC TAN 
-[(CTm-ATm)a)5 - (BC+ETm-DA)(D3 + (BE-AF)u)] 

k-[Tm
2(D6 + (AC-TmD-TmB)a)^" + (FTm + BD-AE)u)2 - BF]> 

(9) 

If the input frequency is allowed to approach infinity it can be 

seen that for any value of the parameters 
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Lim 
(jJ^OO 

/<J) = 1 /-180 degrees 

Therefore if the input frequency is large the ratio of the output motion 

to input motion will approach unity at a phase angle of 180 degrees, and 

the output will duplicate the input, lagging it by 180 degrees. 

When representative values are substituted into Equations (7) and 

(9) a sample graph of the frequency response can be calculated. The 

values for a plot of this type were obtained from a computer program for 

the Burroughs 5500 which appears in the Appendix. The following con­

stants were assumed as a representative sample for the frequency 

response curves which appear in Figure 6. 

a = 100, 1000, and 5000 

Y = 5000 

3 = 10 

C = 0.1 1/second 

a) =1.0 cycle/second 
n J 

Kt = 0.00031 volt/radian/sec 

Tm =0.013 radian/sec 

Km = 3.05 radian/sec/volt 

P = 6.9 x 10"6 

The constants were approximately those of the experimental machine. 

Figure 6 appears on the following page: 
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Figure 6. Theoretical frequency Response 
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Optimum Frequency Response 

For the parameters whose frequency response is pictured in 

Figure 6 a decrease in natural frequency can be noted for each increase 

in alpha gain. An extension of this procedure would be to graph the 

frequency response for a wide range of values for each of the param­

eters. However, for the large number of parameters involved this would 

be too cumbersome.. The alternate method selected was that of choosing 

certain properties of the frequency response curve which were found by 

means of the electronic computer for each set of variables. 

With reference to Figure 6, the frequency response and its 

accompanying phase angle have the same general shape respectively for 

each value of alpha. This situation is true for all variations of 

the parameters. At low frequencies the frequency response begins at 

a very low number, rises to a maximum as the frequency increases and 

then decreases toward unity. The phase angle starts at zero and 

decreases to -180 degrees. For the parameter study the following four 

characteristics were found for each curve: 

1. Frequency at which the amplitude is a maximum with the 

amplitude and phase angle at this frequency; 

2. Frequency for a phase angle of 90 degrees with the amplitude 

at this point; 

3. The 10 per cent amplitude error frequency and the correspond­

ing phase angle; 

4. The 10 per cent phase angle error frequency and the corre­

sponding amplitude. 



Hereafter the 10 per cent amplitude error frequency and 10 per 

cent phase angle error frequency will be abbreviated 10%AME frequency 

and 10%PHAE frequency, respectively. The characteristics are 

graphically illustrated in Figure 7, which appears on page 25. 
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Figure 7. Frequency Response Characteristics 
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The 90-degree point was selected because the natural undamped 

frequency of the basic ..vibrograph (Figure 2) always occurs at a phase 

angle of 90 degrees. Thus, if the simple case can be extended to this 

more complicated system, a pseudo natural undamped frequency for the 

servo vibrograph can.be found. 

Since the vibrograph is designed to be used in the range of 

frequencies above the natural frequency., the natural frequency of the 

instrument is of less interest than the response of the system at the 

point where it is to be used. In industrial control of large rotary 

machinery, an instrument of this type could have a maximum error of 

10 per cent without seriously affecting the end use. Thus, a 10 per 

cent-error criterion is the most important aspect of the performance of 

the instrument. If, however, a different per. cent-error criterion were 

to be selected, although the exact lower bound of the accuracy would 

be incorrect, the optimized parameters would still be the best that are 

obtainable. 

In order to find the maximum of the function in Equation (7), 

the iterative technique of interval-halving was selected. In this pro­

cedure the frequency and value of the maximum amplitude are obtained 

from Equation (7) and the phase angle for this frequency from Equation 

(9). 

The 10%AME and 10%PHAE frequency were also found by means of 

interval-halving. The 10%AME frequency was obtained from 

can.be
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N(Tnw4 - Bw2 
2 

) + (Au, 3 ) 2 

V -
2 

Dw + F ) 2 
"+ ( -Cu>3 + Eo))2 

which was solved for the value of frequency to the right of the maximum 

(if such existed) which solved the equation. From Equation (9) the cor­

responding phase angle was calculated. 

For the 10%PHAE frequency, Equation (9) was set equal to 162 

degrees and solved for the corresponding frequency. The amplitude at 

this frequency was calculated by means of Equation (7). 

The frequency at which the phase angle reaches 90 degrees was 

calculated by equating the denominator .of Equation (9) to zero. The 

equation was solved by Newton's method and the corresponding amplitude 

was calculated by means of Equation (7). 

Each of the system parameters was varied throughout the range of 

possible values in order to optimize the performance of the instrument. 

Five of the 11 variables were not varied. Km, T and T were held con­

stant since they are in the same uninterrupted forward path of the block 

diagram as y» a» and 3, respectively. The natural undamped frequency 

(co ) was held constant since it is simply a reference point for the 

system and would be made as low as possible in any practical model in 

order to get the lowest possible natural frequency. P was also held 

constant since its increase or decrease would simply change the effective 

servo amplifier gain. The five constants above were set for the param­

eter study at the following values: 
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co = lcps (10) 

Km = 1 rad/sec/volt 

T-L = 100 volts/radian 

T =100 volts/radian 

P = 7 x 10."6 . 

The values for the variable parameters were chosen so that they 

varied in value about the middle of the range for commercially obtain­

able components. The widest latitude was allowed for the constants 

alpha and gamma since these are the gains of the amplifiers and can be 

changed easily. The beta gain was allowed to vary only at low values. 

The following were the values for the parameter study: 

a = 10,25,50,100,250,500,7 50,1000,2000,3000,4000,5000,10000; 

Y = 10,25,50,100,250,500,750,1000,2000,3000,4000;,5000,10000; 

3 = 0 , 0.01, 0.1, 1.0, 10; 

C = 0, 0.1, 0.5, 1.0; 1/second 

Kt = 0, 0.01, 0.025, 0.1; volt/radian/second 

Tm =0.001, 0.01, 0.1. radian/second 

Every combination of all the variables was used to provide a com­

plete study. The complete operation was carried out on the Burrough's 

5500 computer which made in the entire process over eight million 

separate calculations. The computer program and a sample output appear 

in the Appendix. From the output of the computer approximately 365,000 

frequency response characteristic numbers were obtained. Since there 

was such a massive amount of data only a small portion can be presented 
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here. The curves in Figures.8 through 22 were chosen to represent the 

frequency response characteristics because they are representative of 

the larger data set. 

The graphs each have one of the response characteristics on the 

ordinate versus a system parameter on the abscissa. In plotting the 

curves.all the system parameters were, held constant except the one on 

the abscissa. In addition to the parameters in Equations (10) and the 

variable on the abscissa, all graphs have the following parameters in 

common: 

3 = 1.0 (0.01-10) (11) 

C = 0.1 (0..0-1.0) 1/second 

Kt =0.0 (0.0-0.1) volt/radian/second 

Tm = 0.01 (0.001-0.1) radian/second 

The range for each parameter is listed beside its standard value. Each 

figure contains 16 curves for all combinations of a = 10,100,1000,10000 

and y = 10,100,1000,10000. For each variable parameter (i.e., $, C , Kt 

and Tm) the 10%AME, 10%PE^E, and natural frequencies were plotted. The 

90-degree point was not included since it was found to add no useful 

informat ion. 

In each of the graphs in Figures 8 through 22, dotted lines show 

portions of each curve in which the maximum value of the amplitude of 

Z/X is less than 1.1 (Figure 7). This convention is not used on the 

10%PHAE curves since it has no significance. On several of the plots of 

the 10%AME frequency a jump occurs: this discontinuity occurs when the 

value of the maximum amplitude decreases below 1.1 and the 10%AME ampli­

tude changes from 1.1 to 0.9 with a resulting jump in the 10%AME 
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frequency. The influence of each of the parameters on the frequency 

response characteristics is only discussed for significant values of 

gamma and alpha (i.e., values that are large enough to have the desired 

effect on the instrument). The minimum frequency at which a.vibration 

can be measured accurately is determined from.the larger value of the 

10%AME and 10%PHAE frequencies. The Key to Figures 8 through 22 appears 

on the following page: 



Key to Figures 8 through 22 

a y = 10 a = 10 

b Y = 100 a = 10 

c Y = 1000 a = 10 

d Y = 10,000 a = 10. 

e Y = 10 a = 100 

f Y = 100 a = 100 

g Y •= 1000 a = 100 

h Y = 10,000 a =100 

i Y = 10 a = 1000 

j Y .= 100 a = 1000 

k Y = 1000 a = 1000 

1 Y = 10,000 a = 1000 

m Y = 1° a = 10,000 

n Y = 100 a = 10,000 

o Y = 1000 a = 10,000 

p Y = 10,000 a = 10,000 

Al (for angle) Zl (for amplitude) a = 10 

A2 (for angle) Z2 (for amplitude) a = 1Q0 

A3 (for angle) Z3 (for amplitude) a = 1000 

A4 (for angle) Z4 (for amplitude) a = 10,000 

-rrmr-r—ii—--irT—ir - i - innmin-n—inr—fnnrr^nnrT- iwi i raai innnnrrn rrnn Dninmnir i r itTBir rniiin ma 
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Two parameters, C (the damping constant) and Tm (the servo 

motor time constant) have little effect on the frequency response of 

the instrument (Figures 8 through 13). As C increases from zero.to 

one, the 10%AME frequency decreases very slightly and the 10%PHAE 

frequency and the frequency of the maximum increase slightly. As Tm 

increases from 0.001 to 0.1 the 10%AME, 10%PHAE and maximum's frequen­

cies all decrease. Since both the factors have so little effect on the 

error frequencies their value should be set by the nature of the com­

ponents . 

Figures 8 through 13 appear on the following pages: 
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The changes in the frequency response characteristics are more 

pronounced for the tachometer feedback constant (Kt) (Figures 14, 15, 

and 16). As Kt increases, the value of the maximum and the 10%PJiAE 

frequency both increase. The 10%AME frequency decreases, undergoes the 

1.1-0.9 discontinuity and then increases. The optimum value for the 

tachometer constant,should be less than 0.005 volts/radian/sec and set 

at a value which will damp out unwanted chatter and other nonlinear 

effects of the servo amplifier-motor 'system." 

Figures 14 through. 16 appear on the following pages: 
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Figure 14. Influence of the Tachometer Feedback Constant (Kt) 
on the 10 Per Cent Amplitude Error Frequency 
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Figure 15. Influence of the Tachometer Feedback Constant (Kt) 
on the 10 Per Cent Phase Angle Error Frequency 
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In addition to the curves in Figures 8 through 16, it was neces­

sary to plot five more curves in order to completely analyze the system. 

Since a small number of values for alpha and gamma were plotted in dif­

ferent combinations , another set of curves was needed to find the optimum 

value for the two. Gamma (the servo amplifier gain) was plotted on the 

abscissa for values of the null amplifier gain, 

3 = 0.0, 0.01, 0.1, 1.0, 10.0 ... 

for individual values of the principal feedback, gain, 

a - 10, 100, 1000, 10000 . 

Only values of 

3=0.0 and 1.0 

appear through the range of alphas in.Figure 17 and 18 as representative 

of the entire set. The curve for the frequency of the maximum will not 

be presented since it was not used as a design criterion. 

Figures 17 and 18 appear on the following pages: 
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As the principal feedback gain (alpha) increases, the 10%AME, 

10%PHAE, and the maximum's frequency all decrease. 

The changes in the frequency response due to changes in the gamma 

gain for larger values of alpha and beta are of particular interest. As 

gamma is increased (Figure 18), the 10%AME frequency decreases through 

two discontinuities and then increases. The 10%PHAE frequency decreases 

as gamma increases for higher values of alpha and gamma. 

One of the most significant points of Figure 18 is the value of 

gamma where the 10%AME and 10%PHAE frequency curves intersect. At this 

point the amplitude of the maximum is at a low value, the 10%AME fre­

quency is almost at its minimum, and the phase angle error is at its 

highest acceptable limit. If this value for gamma is obtained for a 

wide range of alpha and beta and is plotted on the ordinate versus beta 

on the abscissa with a separate curve for each alpha, the curves in 

Figure 19 result. Each curve is a straight line on the log-log coordi­

nate system (straight lines would also result if alpha were on the 

ordinate). Thus, the value for the optimum gain for gamma can,be 

expressed as a function of beta, alpha, and the servo motor gain constant 

(Km). 

12,000 

Km a 3 

which holds for 3 > 0.01, a > 50, T =100 volts/radian, and T_ = 100 

volts/radian. 



'igure 19. Influence on the Beta Gain (3) on the value of 
the Optimum Gamma Gain (y) for Several Values 

of the Alpha Gain (a) 
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As the null feedback amplifier's gain (beta) is decreased, the 

value of the maximum's amplitude and frequency decrease until the maxi­

mum disappears (Figures 17 and 22). The 10%AME frequency decreases with 

an increase in beta until the 0.9-1.1 discontinuity appears and then it 

increases (Figure 20). The 10%PHAE frequency increases for the whole 

range as beta increases (Figure 21). The values of the parameters from 

the criterion for the optimum servo amplifier gain (gamma) produce a 

maximum amplitude greater than 1.1. Thus the smallest value of beta 

which will keep the servo vibrograph in its null position will be the 

best. 

Figures 20 through 22 appear on the following pages: 
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Figure 22. Influence of the Beta Gain (8) on the Frequency 
of the Maximum 
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In order to investigate the sensitivity of the servo vibrograph 

to small changes in each of the parameters, the sensitivity function 

with respect to amplitude (Z/X) was employed. The values of the sensi­

tivity function were found to be quite small, thus showing that the 

sensitivity of the amplitude to small changes in the parameters is quite 

small (Appendix D). 

The sensitivity with respect to the 10%AME frequency cannot be 

found in a closed form. It can, however, be found approximately from 

the optimization graphs on the preceding pages. At the optimum values 

of each of the parameters, a 10 per cent: change in: 

Kt produces approximately a 1 per cent change in the 10%AME 

frequency; 

3 produces approximately a 5 per cent change in the 10%AME 

frequency; 

Y produces approximately a 1 per cent change in the 10%AME 

frequency; 

a produces approximately a 1 per cent change in the 10%AME 

frequency; 

and the changes for Tm and C are negligible. 

Thus, excepting the natural frequency of the vibrograph, the gain of the 

null amplifier produces the largest percentage of change in the 10%AME 

frequency. 
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Stability and Impulse Response 

Characteristic Equation 

The equation 

Tm s4 + Cs3 + Ds2 + Es.+ F = 0. (13) 

which is the denominator of Equation (6) is called the characteristic 

equation of the servo vibrograph. For the particular case in which all 

the constants have specified values, it is a rational function with con­

stant coefficients and thus its roots will be real numbers, complex con­

jugate numbers or a combination of the two. The impulse response of the 

system can be calculated by taking the inverse transform of Equation (6). 

If any of the roots of Equation (13) have positive real parts the system 

will be unstable because of the resulting increasing exponential term in 

the inverse transform. 

Damping Characteristics of the Servo Vibrograph System 

Since the characteristic equation is of the fourth order, it will 

have four roots. There are several possible combinations which can 

result: 

1. Four equal real roots; 

2. Two sets of distinct real roots; 

3. Three equal and one distinct real roots; 

4. Four distinct real,roots; 

5. Two equal conjugate complex pairs; 

6. Two distinct conjugate complex pairs; 
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7. One conjugate complex pair and two equal real roots; 

8. One conjugate complex pair and two distinct real roots. 

If the characteristic equation has repeated roots (cases 1, 2, 3, 

5 and 7), then some terms of the impulse response will have time as a 

functional multiplier. If there are complex roots (cases 5, 6, 7, and 

8), the impulse response will have terms with a sinusoidal multiplier 

and if there is a real part to any of the roots, the impulse response 

will have terms with an exponential multiplier (possible for all cases). 

Case one is of particular interest if the wave form of the input 

vibration is of a,random nature with no harmonic component. This case 

is analogous to critical damping in a simple vibrograph, in that the 

decay is at a maximum rate but no oscillation occurs. Any set of real 

roots which are not all equal will have at least one smaller real root. 

If it is assumed that the characteristic equation has four equal real 

roots of value R then the characteristic equation with these four roots 

would be 

4 4 ^ 9 9 ^ 4 
(s + R) = s + 4Rs + 6R s + 4R s + R (14) 

In order to have the four real roots in Equation (14), each 

coefficient must equal its corresponding value in 

s4 + Cs /Tin + Ds /Tm. + Es/Tm + F/Tm = 0 (15) 

or 
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4R = C/Tm (16) 

6R2 = D/Tm (17) 

4R3 = E/Tm (18) 

R4 = F/Tm . (19) 

Solving Equations (16), (17), (18), and (19) for R, then 

or 

R = _L_ = itH = 6IL = ill 
4Tm 6C 4D E 

3C2 = 8DTm (20) 

CD = 6ETm (21) 

CE = 16FTm . (22) 

Solving Equations (21) and (22) for 3' if 

1 + y Km Kt 
Tm 

(Tyx + T 3)P Km y 

(23) 

a = ST (24) 
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T P y Km 

and the values of C, D, E, and F are substituted then 

Ma' + C , M 2 + C,a> 2 + C , a ' + C 2M - 5Ma) 2 

1 1 n 1 1_ n _ 

6C 

2 2 2 
a) M + a) MC n n 1 

( 2 5 ) 

( 2 6 ) 

16a) 2 - MC, - C / 
n 1 1 

( 2 7 ) 

E l i m i n a t i n g 3 ' from E q u a t i o n s ( 26 ) and ( 2 7 ) and s o l v i n g f o r a ' t h e n 

(a)2M2+a)2MCn )6C. - (C1M2+Cno)2+C2M-5Ma)2)(16a)2-MC -C?) 
. n n i l 1 1' n 1 n n i l ,nnS 

a ' = , ( 2 8 ) 
(16a) 2 - MC, - C 2 ) ( M •+ C.- ) 

n 1 1 1 

Also solving Equation (20) for a' then 

3 M + 3C, - 8 a) - 2C. M 
t 1 n 1 ,nn\ 

a' .= (29) 

E l i m i n a t i o n of a ' from E q u a t i o n s ( 28 ) and ( 2 9 ) r e s u l t s i n t h e f i n a l 

e q u a t i o n : 

CnM4 + 4M3(Cn2 - 4OJ 2 ) + 6M2C,(-8o) 2 + C 2 ) ( 3 0 ) 
1 n 1 n 1 

+ 4M(-12C 2o) 2 + 64a) 2 + C , 4 ) + C n
3 ( C 2 - 16a) 2 ) = 0 

I n n 1 1 1 n 



The equation can be factored into the following: 

(M.+ C + 4a> )(M + C. - 4w ) ( C . M 2 + 2C . 2 M - 16Mw 2 + C 3 ) = 0 ( 3 1 ) 
i n i n l 1 n . 

and from t h i s t h e r o o t s a r e 

M= -C . ± 4a) ( 3 2 ) 
i n 

8a> 2 - C . 2 ± 4a) /4a) 2 _ c 2 
M = - 2 i * _ ^ L_ ( 3 3 ) 

C l 

As an example of the range of values that can result from the 

roots of Equations (32) and (33) if 

a) = 1 cps = 6.28 rad/sec 
n 

C. = 0.1 1/sec 
^ 1 

Kt = 0 

P = 7 x 10"6 

then the following of the variables can be calculated (excluding nega­

tive values of the roots). 

Mx = 2.5 M2 = 6300 

Tm1 = 1/25 Tm = 1/6300 

R± = 6.25 R2 =: 1575 

» f 7 

a-L = 195 a = 1.49 x 10 
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\ = 3 9 . 2 3 = 1 . 5 6 x 1 0 9 

J1Y1 = 2240 32Y2 = 3.. 54 x 10 

a Y-, = 9000 a y = - 3 . 5 1 x 10 

The subscripts are for the first and second roots in Equations (32) and 

(33), respectively. The second.root for M is much too large and for this 

case yields a negative value of the product,ya. The other root is a 

possible solution. 

The impulse response for the case when all four roots are equal 

and real is: 

F(t) = ̂ p^-^TmR 4 - AR3 + BR2)t?e"Rt (34) 

+ 4(-4 TmR3 + 3AR2 - 2RB)t2e R t 

+ 12(6 TmR2 - 3AR +-B)te R t 

+ 24(-4 TmR + A)e R t ] • + 1 

where, 

t = time 

R = root 

F(t) = impulse response 

For the case in which all the roots are real and distinct, the 

impulse response is of the form 
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-R t -R t -R t -R t 
F ( t ) = A e . + A e + A

3
 e + \ e + 1 (35) 

where, 

A . = 
1 

[ ( R , ) 4 :+ (A/Tm)(-R,)3 + (B/Tm)(R i)
2](R.. - R. ) 

l l -1- i l 

(Rx - R i ) (R 2 - Rp(Rg - Ri>(R4 " R i> 

fo r i = 1 , 2 , 3 , 4 , and 

R.£= roots of characteristic equation,, 

Equations (34) and (35) approach one as 1: approaches infinity. 

If there are complex roots of the characteristic equation, the 

impulse response will take the following form: 

F(t) = ... + A' eat sin(bt + *J0 + 1 (36) 

where, 

a = real part of the complex conjugate root 

b = positive imaginary part of the complex conjugate root 

(s + a-jb)(s + a + jb)(s4 + (A/Tm)s3 + (B/Tm)s2) 

A' = 
(s + a-jb)(s + a + jb)(s + R )(s + R ) 

* 

evaluated at s = a + jb 

phase angle of A' . 

Root Loci and the Stability of the System 

If gamma were varied from zero to infinity (all other constants 

remaining constant) and at each value of gamma the roots,of the 
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characteristic equation were found, a.locus of these roots could be 

plotted with real values on the abscissa and imaginary values on the 

ordinate. If any value of the locus appeared with a positive real 

part, the system would be unstable at this point because of the increas­

ing exponential in the impulse response. The value of the imaginary 

part of any point on the locus represents the natural damped frequency 

of the component and the value of the real part is proportional to the 

damping of the impulse response due to that particular root. Thus, for 

high values on the real axis, the component which corresponds to the 

particular root dies out very quickly and large values on the imaginary 

axis represent large natural damped frequencies. 

Thus to investigate the transient response and stability of the 

servo vibrograph, the root,loci with respect to gamma were determined 

for a.range of values of all the parameters. In order to find the path 

of the root locus for each set of parameters an electronic computer 

was used to find the roots of the characteristic equation for a finite 

number of values of gamma,. Plotting the value of these roots forms a 

root locus. The routine for finding the roots (both simple and complex) 

of a polynomial is a standard program at the Georgia Institute of Tech­

nology's Rich Computer Center and will not be presented here. 

For a wide range of all the parameters the root,locus was found 

and plotted. Each parameter was varied through the range of values for 

the frequency response study although in larger steps because of the 

slow convergence of the program. In no instance, for positive values 

of the parameters, did the root locus have a value which was in the 

positive real half of the root locus plot. 



Presented in Tables 2, 3, and 4 is a sample of the results ob­

tained *, The value at gamma equal zero and infinity are respectively 

called poles and zeros. A root locus plot starts at each of the poles 

and proceeds to one of the zeros which may be finite or infinite. There 

must be an equal number of poles and zeros. In Figure 23 a diagram of 

all the root loci corresponding to the values in the tables is pre­

sented. A breakaway point occurs when the locus converges to a point 

and breaks away from the original curve at right angles to it. 

When C is zero the pole is at a value of 6.28 which is the 

natural frequency of the basic vibrograph in radians (i.e., 1 cps). 

The value of the pole,is unaffected by changes in the gains. The only 

parameters which affect the pole are the natural frequency and the 

damping (C ). C, serves to move the pole off the imaginary axis. The 

values at 100 and zero are just.limit points as gamma approaches zero 

and at zero do not really exist. 

The emergence of breakaway points can best be described by 

examining the movement of the zeros as the parameters change. Tm has 

little effect on the root locus for the values considered here. C 

tends to move the pole and.the zero which are on the imaginary axis in 

plot A slightly to the left as in plot B (Figure 23). 

With no damping, an increase in beta increases, the imaginary 

coordinate of the zero which is on the imaginary axis, and an increase 

in alpha decreases this zero point. With damping, the zero moves up­

ward to the left with increasing beta and downward to the right.with 

increasing alpha. Thus increasing beta increases the limit of the; 

natural frequency and the damping while increasing alpha decreases the 
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Table 2. Root Locus Characteristic Point Locations 

o b 
ii 

<n 

o 
II 

-6 coifl Ci«0 Kt«0 Tm=O.OI Km-1.0 P«7xl0"* T|«IOQ T2=I00 

ZEROS 
REAL 

0.00@ 0 
0...008 0 

0.00@ 0 
0.00@ 0 

w • w ^ w 
0.00® 0 

gg|QO  
BREAKAWAY-PTS. 

^MAG 

1-6. 
-2 
-2 

1. 
- 1 . 

- 6 . 2 5 @ - l 

1, 
- 1 , 

REAL GAIN 

-6.75® 0/1.67® 2 
-4.92@ 1/3.63® 2 

ROOT LOCUS PLOT 

A 

-1.99®-1/1.42® 3 
-6.74® 0/1.68® 2 
4.92® 1/3.63® 2 

ROOT LOCUS PLOT 

A 

C • > ! Jft 1 / l I < * i» #•» 

—umjiytg—j./if .<fo<e x 
-6.63® 0/1.65® 2 
-4.92® 1/3.59® 2 

ROOT LOCUS PLOT 

A 

-2.39® 0/1.47® 2 
-5.28® 0/1.39® 2 
-4.93® 1/3.29® 2 

ROOT LOCUS PLOT 

A 

POLES: 

ZEROS 
a» 1000 

REAL 
0.00® 0 
0.00® 0 

0.00® 0 
0.00® 0 

0.00® 0 
0.00® 0 

BREAKAWAY PTS. 
IMAG 

1.99@-2 
-1.99®-2 

6, 
-6 , 

-1.99@-1 

6 . 2 5 @ - l 
- 6 . 2 5 @ - l 

REAL GAIN 
-1.99®-2/1.42® 3 
-6.75® 0/1.67® 1 
-4.92® 1/3.63® 1 

ROOT LOCUS PLOT 

A 

-6.28@-2/4.49@ 2 
-6.75® 0/1.68® 1 
-4.92® 1/3.63® 1 

ROOT LOCUS PLOT 

A 

-1.99®-1/1.42® 2 
-6.74® 0/1.68® 1 
-4.92® 1/3.63® 1 

ROOT LOCUS PLOT 

A 

-6.34@-l/4.48@ 1 
-6.63® 0/1.65® 1 
-4.92® 1/3.59® 1 

ROOT LOCUS PLOT 

A 

REAL 
0.00® 0 

IMAG 
0.00® 0 

ZEROS 
_REAL_ 
0.00® 0 
0.00® 0 

,IMAG 
6.28@-3 

-6.28@-3 

0.00® 0 
0.00® 0 

0.00® 0 
0.00® 0 

q»IOfOOO 
BREAKAWAY PTS. 

1.99@-2 
-1.99@-2 

b. 
- 6 , 

1, 
- 1 , 

.REAL GAIN 
-6.28@-3/4.49@ 2 
-6.75® 0/1.67® 0 
-4.92® 1/3.63® 0 

ROOT LOCUS PLOT 

A 

-1.99@-2/1.42@ 2 
-6.76® 0/1.68® 0 
-4.92® 1/3.63® 0 

ROOT LOCUS PLOT 

A 

-6.28@-2/4.49@ 1 
-6.75® 0/1.68® 0 
-4.92® 1/3.63® 0 

ROOT LOCUS PLOT 

A 

-1.99®-1/1.42® 1 
-6.74® 0/1.68® 0 
-4.92® 1/3.63® 0 

ROOT LOCUS PLOT 

A 

REAL 
0.00® 0 

IMAG 
6.28® 0 

REAL IMAG 
0 .00® 0 -6 .28@ 0 

REAL 
^Lt 

IMAG 
0.00® 0 

NOTE: @ a = x 1 0 s 



Table 3. Root Locus Characteristic Point Locations 

w1 
*l Ci=0.5 Kt=0 Tm=0.0l Km=I.O P=7xl0"« T|»IOO T2=I00 

a-MOO a-=1000 a-M0.000 
ZEROS BREAKAWAY PTS. ZEROS BREAKAWAY PTS. ZEROS BREAKAWAY PTS. 

REAL IMAG REAL GAIN REAL IMAG REAL GAIN REAL IMAG REAL GAIN 

o 
6 
M 

<n 

-2.50@-5 
-2.50@-5 

6.28®-2 
-6.28@-2 

-6.28@-2/4.48@ 3 
-6.73® 0/1.61® 2 
-4.94® 1/3.59® 2 

-2.50@-6 
-2.50@-6 

1.99®-2 
-1 .99®-2 

-1.99@-2/1.42@ 3 
-6.74® 0/1.61® 1 
-4.94®^ 1/3.59® 1 

-2.50@-7 
-2.50@-7 

6.28@-3 
-6.28@-3 

-6.28@-3/4.49@ 2 
-6.74® 0/1.61® 0 
-4.94® 1/3.59® 0 

o 
6 
M 

<n 

-2.50@-5 
-2.50@-5 

6.28®-2 
-6.28@-2 

ROOT LOCUS PLOT 

B 

-2.50@-6 
-2.50@-6 

1.99®-2 
-1 .99®-2 

ROOT LOCUS PLOT 

B 

-2.50@-7 
-2.50@-7 

6.28@-3 
-6.28@-3 

ROOT LOCUS PLOT 

B 

6 
it 

en 

-2.50@-4 
-2.50@-4 

1.99@-1 
-1.99@-1 

-1 .98@-l / l .42@ 3 
-6.72® 0/1.61® 2 
-4.94® 1/3.59® 2 

-2.50®-5 
-2.50@-5 

6.28@-2 
-6.28@-2 

-6.28@-2/4.48@ 2 
-6.73® 0/1.61® 1 
-4.94® 1/3.59® 1 

-2.50@-6 
-2.50@-6 

1.99@-2 
-1.99@-2 

-1.99@-2/l .42@ 2 
-6.74® 0/1.61® 0 
-4.94® 1/3.59® 0 

6 
it 

en 

-2.50@-4 
-2.50@-4 

1.99@-1 
-1.99@-1 

ROOT LOCUS PLOT 

B 

-2.50®-5 
-2.50@-5 

6.28@-2 
-6.28@-2 

ROOT LOCUS PLOT 

B 

-2.50@-6 
-2.50@-6 

1.99@-2 
-1.99@-2 

ROOT LOCUS PLOT 

B 

"iT 

<n 

-2.48@-3 
-2.48@-3 

6.25@-l 
-6 .25@-l 

-6.29@-l/4.46@ 2 
-6.62® 0/1.58® 2 
-4.94® 1/3.56® 2 

-2.50@-4 
-2.50@-4 

1.99@-1 
-1.99@-1 

-1.98@-1/1.42@ 2 
-6.72® 0/1.61® 1 
-4.94® 1/3.59® 1 

-2.50®-5 
-2.50@-5 

6.28®-2 
-6.28@-2 

-6.28@-2/4.48@ 1 
-6.73® 0/1.61® 0 
-4.94® 1/3.59® 0 

"iT 

<n 

-2.48@-3 
-2.48@-3 

6.25@-l 
-6 .25@-l 

ROOT LOCUS PLOT 

B 

-2.50@-4 
-2.50@-4 

1.99@-1 
-1.99@-1 

ROOT LOCUS PLOT 

B 

-2.50®-5 
-2.50@-5 

6.28®-2 
-6.28@-2 

ROOT LOCUS PLOT 

B 

g 
ii 

en 

-2.27@-2 
-2.27@-2 

1.89® 0 
-1.89® 0 

-2.30® 0/1.45® 2 
-5.40® 0/1.35® 2 
-4.95® 1/3.26® 2 

-2.48@-3 
-2.48@-3 

6.25@-l 
-6 .25@-l 

-6.29@-l/4.46@ 1 
-6 .62® 0/1.58® 1 
-4 .94® 1/3.56® 1 

-2.50@-4 
-2.50@-4 

1.99@-1 
-1.99@-1 

-1.98@-1/1.42@ 1 
-6.72® 0/1.61® 0 
-4.94® 1/3.59® 0 

g 
ii 

en 

-2.27@-2 
-2.27@-2 

1.89® 0 
-1.89® 0 

ROOT LOCUS PLOT 

B 

-2.48@-3 
-2.48@-3 

6.25@-l 
-6 .25@-l 

ROOT LOCUS PLOT 

B 

-2.50@-4 
-2.50@-4 

1.99@-1 
-1.99@-1 

ROOT LOCUS PLOT 

B 

POLES: REAL 
0.00® 0 

IMAG REAL IMAG REAL 
0.00® 0 ; -2.50@-l 6.28® 0 ; -2.50<§ 

IMAG REAL IMAG NOTE: @ a - x 10 a 

>-l -6.28® 0 ; -1 .00® 2 0.00® 0 
(J) 
-p 



Table 4. Root Locus Characteristic Point Locations 

oil ,*l C»=0 Kt= 0.025 Tm=0.0l Km =1.0 P*7x I0"6 Ti=IOO T2*I00 
a*IOO a=IOOO a=l0.000 

ZEROS BREAKAWAY PTS. ZEROS BREAKAWAY PTS. ZEROS BREAKAWAY PTS. 
REAL IMAG REAL IMAG REAL J GAIN REAL IMAG REAL GATN 

5 
d 
n 

01 

-2.80@-4 
-1.40® 0 
-1.40® 0 

0.00© 0 
6.13® 0 

-6.13® 0 

NONE - 2 . 8 0 @ - 4 
- 1 . 4 9 ® 0 
- 2 . 6 5 ® 1 

0.00@ 0 
0.00@ 0 
0.00@ 0 

-6.53® 0/3.05® 1 - 2 . 8 1 @ - 4 
- 1 . 4 1 @ - 1 
- 2 . 8 0 © 2 

0 .00© 0 
0 .00© 0 
0.00© 0 

-6.73® 0/1.76® 0 
-5.49® 1/4.47® 0 
-5.04® 2/3.64® 2 

5 
d 
n 

01 

-2.80@-4 
-1.40® 0 
-1.40® 0 

0.00© 0 
6.13® 0 

-6.13® 0 
ROOT LOCUS PLOT 

c 

- 2 . 8 0 @ - 4 
- 1 . 4 9 ® 0 
- 2 . 6 5 ® 1 

0.00@ 0 
0.00@ 0 
0.00@ 0 

ROOT LOCUS PLOT 

D 

- 2 . 8 1 @ - 4 
- 1 . 4 1 @ - 1 
- 2 . 8 0 © 2 

0 .00© 0 
0 .00© 0 
0.00© 0 

ROOT LOCUS PLOT 

E 

d 
n 

01 

-2.80@-3 
-1.40® 0 
-1.40® 0 

0.00@ 0 
6.12® 0 

-6.12® 0 

NONE - 2 . 8 1 @ - 3 
- 1 . 4 9 ® 0 
- 2 . 6 5 ® 1 

0.00@ 0 
0.00@ 0 
0.00@ 0 

-6.53® 0/3.05® 1 -2 .86@-3 
- 1 . 3 8 @ - 1 
- 2 . 8 0 © 2 

0.00© 0 
0.00© 0 
0.00© 0 

-6.73® 0/1.76® 0 
-5.49® 1/4.47® 0 
-5.04© 2/3.64® 2 

d 
n 

01 

-2.80@-3 
-1.40® 0 
-1.40® 0 

0.00@ 0 
6.12® 0 

-6.12® 0 
ROOT LOCUS PLOT 

c 

- 2 . 8 1 @ - 3 
- 1 . 4 9 ® 0 
- 2 . 6 5 ® 1 

0.00@ 0 
0.00@ 0 
0.00@ 0 

ROOT LOCUS PLOT 

n 

-2 .86@-3 
- 1 . 3 8 @ - 1 
- 2 . 8 0 © 2 

0.00© 0 
0.00© 0 
0.00© 0 

ROOT LOCUS PLOT 

F 

TT 
0 1 

-2 .8l@-2 
-1.40® 0 
-1.40© 0 

0.00© 0 
6.12® 0 

-6.12® 0 

NONE - 2 . 8 6 @ - 2 
- 1 . 4 6 © 0 
- 2 . 6 5 ® 1 

0.00© 0 
0.00© 0 
0.00© 0 

-6.52© 0/3.04® 1 - 3 . 8 5 @ - 2 
- 1 . 0 3 @ - 1 
- 2 . 8 0 © 2 

0.00© 0 
0.00© 0 
0.00© 0 

-6.73® 0/1.76® 0 
-5.49® 1/4.47® 0 
-5.04® 2/3.64® 2 

TT 
0 1 

-2 .8l@-2 
-1.40® 0 
-1.40© 0 

0.00© 0 
6.12® 0 

-6.12® 0 
ROOT LOCUS PLOT 

c 

- 2 . 8 6 @ - 2 
- 1 . 4 6 © 0 
- 2 . 6 5 ® 1 

0.00© 0 
0.00© 0 
0.00© 0 

ROOT LOCUS PLOT 

D 

- 3 . 8 5 @ - 2 
- 1 . 0 3 @ - 1 
- 2 . 8 0 © 2 

0.00© 0 
0.00© 0 
0.00© 0 

ROOT LOCUS PLOT 

E 

O 
u 

ox 

-2.86@-l 
-1.40© 0 
-1.40® 0 

0.00® 0 
6.06© 0 

-6.06© 0 

NONE - 3 . 8 4 @ - l 
- 1 . 0 7 ® 0 
- 2 . 6 8 © 1 

0.00© 0 
0.00© 0 
0.00© 0 

-6.41® 0/2.94® 1 - 7 . 0 4 @ - 2 
- 7 . 0 4 @ - 2 

1.86@-1 
-1.86@-1 

-1.99@-l/2.20@ 1 
-6.72® 0/1.75® 0 
-5.49® 1/4.47® 0 
-5.05® 2/3.64® 2 

O 
u 

ox 

-2.86@-l 
-1.40© 0 
-1.40® 0 

0.00® 0 
6.06© 0 

-6.06© 0 
ROOT LOCUS PLOT 

c 

- 3 . 8 4 @ - l 
- 1 . 0 7 ® 0 
- 2 . 6 8 © 1 

0.00© 0 
0.00© 0 
0.00© 0 

ROOT LOCUS PLOT 

D 

- 7 . 0 4 @ - 2 
- 7 . 0 4 @ - 2 

1.86@-1 
-1.86@-1 

-1.99@-l/2.20@ 1 
-6.72® 0/1.75® 0 
-5.49® 1/4.47® 0 
-5.05® 2/3.64® 2 

O 
u 

ox 

-2.86@-l 
-1.40© 0 
-1.40® 0 

0.00® 0 
6.06© 0 

-6.06© 0 
ROOT LOCUS PLOT 

c 

- 3 . 8 4 @ - l 
- 1 . 0 7 ® 0 
- 2 . 6 8 © 1 

0.00© 0 
0.00© 0 
0.00© 0 

ROOT LOCUS PLOT 

D 

- 7 . 0 4 @ - 2 
- 7 . 0 4 @ - 2 

1.86@-1 
-1.86@-1 

ROOT LOCUS PLOT 

F 

POLES: REAL IMAG REAL IMAG REAL IMAG REAL IMAG NOTE: @ a = x 1 0 s 

0 .00® 0 0.00@ 0 : 0 .00© 0 6 .28© 0 : 0.00@ 0 - 6 . 2 8 © 0 t - 1 . 0 0 © 7 0 .00© 0 
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limit. 

When tachometer feedback (Kt) is added to the system the zeros 

change their position much more radically. The motion of the zeros can 

best be represented by referring to Figure 23. With increasing Kt, the 

zeros.start with positions such as those in Plot A and proceed as fol­

lows: A-F-E-D-C . With increasing alpha the progression of the zeros 

is C-D-E-F-A. For large values of Kt an increase in.beta has the same 

effect as an increase in alpha, only to a lesser extent for the ranges 

of beta considered here, and for small values of Kt, beta has just the 

opposite effect. 

The root locus for the optimum values.of all the parameters (from 

the frequency response study) is plotted in Figure 24 (for gamma vari­

able). At the optimum value of gamma, the values of the roots are: 

Real Imaginary 

-0.144 0.136 

-0.144 -0.136 

-97.4 131.0 

-97.4 -131.0 

The larger roots have an effect which lasts for only a short time. The 

smaller roots,cause a long-period damped sine wave to appear in the im­

pulse response. Increases in gamma cause the impulse response to have 

a higher frequency and lower damping and decreases in gamma cause the 

opposite effect. Increases in alpha cause the gain points of this root 

locus to be shifted toward the,zeros. 
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Thus, if it is desired to have a frequency response which is not 

that of a critically damped servo vibrqgraph, the exact impulse response 

can be controlled by selecting a suitable location on one of the root 

loci. For the linear system it can be assumed:that the system will be 

stable for any positive value of all the parameters that might be 

selected by any design criteria. 
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CHAPTER III 

EXPERIMENTAL INVESTIGATION 

General Procedure 

In.order to test the theory of the servo torsional vibrograph a 

prototype was built to verify the basic frequency response equations, 

check the impulse response, and to find the inherent problems of such a 

device. In order to.test the frequency response of the instrument a sine 

wave of varying frequency and amplitude was fed into the base of the 

vibrograph. Several different values of the gains and the tachometer 

feedback were tried to check the response at different points. The in­

put vibration and output of the vibrometer were plotted by means of a 

Sanborn two-channel recorder. The impulse response was obtained by 

tapping the inertial mass of the vibrograph and recording the resulting 

output. 

Prototype Construction 

The drawings (Figures 34, 35, and 36) show in detail the con­

struction of the servo torsional vibrograph which is pictured in Figure 

25. In Figures 37 and .38 the electrical detail drawings are presented. 

All the component part numbers which are presented in parenthesis 

here are designated either on the detail drawings or in the parts list 

(Table 5). All of the rotary motion measurement for the servo vibro­

graph is made by means of linear variable differential transformers 

(LVDT). LVDT (1) measures the relative motion between the vibrometer 



Figure 25. Prototype of the Servo Torsional Vibrograph o 
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base (9) and the inertial mass (14), and LVDT (2) measures the relative 

motion between the ground plate (15) and the vibrometer base (9). The 

output of the first is proportional to the output (Z) and that of the 

second is proportional to the input (X). LVDT (1) and LVDT (2) are 

independently excited by means of Sanboi?n recorder preamplifiers and 

their output is fed to a two-channel Sanborn recorder (31). 

The input voltages for the alpha and beta amplification networks 

are supplied from LVDT (4) and LVDT (3),, respectively. Both are excited 

by means of a signal generator (28) - amplifier (Figure 36) combination 

at a frequency of nine kilocycles. 

The output of LVDT (3) is proportional to the relative motion 

between the vibrometer base (9) and the spring base (5) and serves to 

provide a stable null position for the vibrograph. The output of LVDT 

(4) is proportional to the relative motion between the inertial mass 

(14) and the spring base (5) and provides the basis for the natural 

frequency reduction of the servo vibrograph. 

The alpha and beta amplifiers (Figure 37) are identical and both 

have a maximum gain of approximately 5000. From the output transformers 

of the alpha and beta amplifiers, the two signals are demodulated and 

then subtracted (i.e., alpha - beta). The filament and plate voltages 

are obtained from a separate power supply (29). 

The D. C. voltage is then fed into the Link servo amplifier (30) 

which in turn drives the servo motor that is mounted on the vibrograph 

base (9). The servo motor drives a tachometer generator (22) and a 

gearbox (19). The voltage from the tachometer is fed back to the second 



72 

stage of the servo amplifier. From the gear box the rotary motion is 

transmitted through a bellows coupling (18) to a micrometer head (16) 

which converts the rotary motion to a translation of small amplitude. 

The micrometer motion is transferred to the spring base (5) which 

rotates about the vibrograph centerline, Attached to the spring base 

is the torsional spring (6) which transmits the motion of the base to 

the inertial mass. 

All pivots within the vibrograph are precision ball bearings in 

order to reduce coulomb friction. The weight of the inertial mass is 

carried by the torsional spring with a provision at the bottom of the 

center shaft to carry some of the weight by means of a single ball 

bearing. Since the vibrometer base is cantilevered from the center 

shaft an additional support is provided by means of a level concentric 

ball bearing race (12). In order to insure that the vibrometer would 

not be affected by small misalignments of the base, the inertial mass 

is balanced by means of the weight (10); leveling screws are also pro­

vided (13). 

It should be noted that the inertial mass cage, the servo motor 

support, and the support of LVDT (1) and LVDT (2) are an integral part 

of the base (9). All LVDT core elements are mounted in such a way that 

centering and aligning can be accomplished without difficulty. 

The input vibration is supplied by means of a nonconcentric 

circular cam (23) which applies an approximate sine wave to the base of 

the vibrograph. The cam is propelled by means of a variable speed motor 

(26) whose speed is reduced by the gearbox (20). In order to isolate 

the .vibrations of the separate gearbox-motor assembly, the motion is ; 
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transferred from the assembly to the circular cam by means of a shaft 

and a set of universal joints (25). 

The ground plate (15) is 20-1/4 inches long by 14-1/2 .inches 

wide. The total height of the instrument.is 15-3/4 inches and the : 

distance from the instrument's centerline to the centerline of the 

micrometer-servo motor assembly is 5-3/4 inches. 

Operation and Design Refinement. 

In order to keep the servo system at its null position the beta 

gain has to be set high enough to overcome the drift in the components. 

Due to the mechanical and electrical drift in the alpha circuit for 

these particular components, a relatively high value of the beta gain 

is required (5 to 10). In the experimental model it was necessary to 

put limit switches on the spring base in order to keep it within the 

mechanical limits imposed by the bellows coupling (18) and the spring 

holder (12). The limit switches (not shown) shut off the input voltage 

when actuated. 

The LVDT's have a large dead zone and, at high gains and no 

input, a high frequency chatter occurred about the null point. This 

chatter does not affect the output since it is of too high a frequency 

to actuate the inertial mass. The amplitude of the chatter could be 

decreased and the frequency increased by the addition of a small amount 

of tachometer feedback. 

The original design featured a spring which was cantilevered from 

the side of the spring base (5) and fixed to the center shaft. The shaft 

was supported entirely by the single ball bearing at the bottom of the 
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central shaft. The cantilevered spring arrangement was not used in the 

final design because of high friction, spring end support difficulties 

and high natural frequency. It was replaced by a torsional spring which 

in addition to supplying a wider range of natural periods, also furnished 

a support for the mass which was almost frictionless. 

The input motor when mounted directly on the ground plate pro­

duced comparatively high transverse vibrations in LVDT core mounts. 

Since the output from the LVDT's were affected by this vibration, it was 

found necessary to separate the motor-gear box assembly by means of 

universal joints (25). In order to further isolate the vibrograph from 

extraneous vibrations, all contact points with the ground are isolated 

by means of foam rubber. 

When the LVDT's are at their null point they do not produce zero 

A.C. voltage. In order to smooth out the voltage at the null point a 

variable resistor was added in the circuit before the input of the alpha 

and beta amplifiers. The center tap voltage of the LVDT is applied to 

the resistor's variable tap (Figure 37), and the output voltage signal 

is smoothed by viewing it on an oscilloscope. The secondhand third 

variable resistors (left to right in Figure 37) are for gain adjustment. 

The demodulator provides phase-sensitive half phase rectification 

of the A.C. alpha and beta amplifier outputs. The variable resistors 

in these circuits are for balancing the demodulators. 

Experimental Procedure 

Frequency Response Tests 

At each selected value of the parameters the input vibration was. 
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varied in frequency from the maximum motor speed to the minimum. The 

frequency was varied in steps and the transient vibrations were allowed 

to damp out by means of the internal damping of the basic vibrograph and 

the damping caused by the servo system. After the sinusoidal vibration 

had reached the steady state condition, the recorder was turned on and 

the input and output motion was recorded on the Sanborn recorder at a 

suitable rate of paper feed. An attempt was made to obtain a wide range 

of values for the output and to test the servo vibrograph until the 

input frequency was below the natural frequency of the servo system. 

In order to set the gains of the alpha and beta amplifiers, the 

inertial mass is clamped so that it can not move in relation to the 

ground plate. The micrometer (16) is used to supply an accurate gradu­

ated motion for the calibration. The following is the procedure for 

setting the gain for either the alpha, or beta amplifiers. 

1. Adjust the demodulator and LVDT voltage supplies at their 

highest unsaturated value. 

2. With alpha and beta amplifiers turned off, null the demodu­

lator output. 

3. Turn on either the alpha or beta amplifier. 

M-. Move the micrometer a small number of thousandths of an 

inch and convert this to radians. 

5. Adjust the variable resistors to obtain the desired D.C. 

output; always making sure by means of an oscilloscope that the ampli­

fiers are not saturated. 

The gain as adjusted above is thus a combination of the LVDT and 

the amplifier transfer functions. By themselves the LVDT's have a con-
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stant transfer function of about 80 volts/radian and thus, to simplify 

calculations, a constant transfer function of 100 volts/radian is assumed 

in the overall.LVDT-amplifier transfer function. Thus the transfer func­

tion as measured is a combination of the LVDT's, the A.C. amplifiers, 

and the demodulators (i.e., D.C. volts/radian). 

Since.the amplitude of the output is not of specific interest, 

only the relative magnitude of the input and output need be considered. 

With the input amplitude set at a constant value and the inertial mass 

clamped, the output motion and input motion as measured by the two 

LVDT's, (1) and (2), are identical. Thus if.the two amplitudes were 

equalized by means of adjustments on the Sanborn recorders, the relative 

magnitude would be correctly calibrated. The input frequency is deter­

mined by referring to a time reference scale on the Sanborn recorder. 

In order to calibrate the A.C. tachometer feedback, it was 

necessary to get its equivalent D.C. input voltage. The method used 

consisted of first finding the D.C. input voltage-speed curve for the 

servo amplifier-motor combination by itself and then with tachometer 

feedback added. At any set speed the input voltage with and without 

tachometer feedback could be ascertained, and if subtracted, yield the 

tachometer feedback voltage at that speed. The quotient of the feedback 

voltage and the speed is the tachometer constant. 

In order to find the damping constant C, the logarithmic decrement 

is used as in the following equations: 

6 = loge^i- (37) 
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, 2u> 6 

C 1 = X = — ( 3 8 ) 

•y^iT2 + 6 2 

* A = \ * 2 -T: ( T ) < 3 9 > 
nd *\ n 4 M ; 

w h e r e , 

6 = Logarithmic decrement. 

a) = Natural: frequency of the basic vibrograph. 

a) = Natural damped frequency of the basic vibrograph. 

C = Damping constant. 

C = Damping constant as used in servo vibrograph equations. 

J = Moment of inertia of the mass. 

X = Amplitude of the n-th cycle. 

In order to find the natural frequency and the logarithmic decrement, 

the vibrograph is set into motion and the damped vibration is recorded. 

The natural damped frequency is assumed equal to the natural frequency, 

and the logarithmic decrement and the damping constant C are deter­

mined, Equation (37) and (38), respectively. Then the natural damped 

frequency is checked by means of Equation (39). 

The circular cam assembly has a provision for adjusting the 

amplitude of the input motion. The minimum amplitude is 0.0155 degrees 

and the maximum is about 0.65 degrees. Since only low amplitude vibra­

tions .are of interest and at high amplitudes the amplifiers will 

saturate, only the lower range of possible amplitudes were used in the 

frequency response tests. 
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Transient Tests 

In place of an impulse response test, a tapping test was used to 

test the transient response of the servo vibrograph. For an impulse 

(unity) response, the amplitude would be such that all the amplifiers 

would be saturated and the recorder would be off scale (Figure 31). 

Since saturated amplifiers are nonlinear, the impulse response during 

the. first instant of time would not be as predicted by the linear model. 

Since the components which cause these large amplitude initial vibra­

tions die out in a very short time, only the more important longer 

lasting vibrations due to the roots with smaller damping need be con­

sidered. The remaining root's impulse response generates a simple 

damped sine wave. In order to compare the theoretical wave to the 

response of the instrument, the tapping test was used. The tapping test 

generates the predominant damped sine wave while keeping the danger of 

saturation to a minimum. The tapping test consists simply of tapping 

the inertial mass in such a way that the amplitude is low enough to 

keep all components in the linear range, and recording the resultant 

damped vibration. The amplitude of the theoretical damped vibration is 

calculated by the Equations (35) and (36) on the electronic computer. 

The theoretical,curve and the response curve of the instrument are 

normalized so that they can be compared. 

Frequency Response Characteristics 

In the tests of the frequency response of the servo vibrograph 

the value of the amplitude ratio (Z/X) was obtained for a wide range of 

the parameters. The phase angle could not be obtained accurately 
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because of its rapidly changing value in a narrow frequency range 

(Figure 6). Figures 27 through 30 show the frequency response of the 

prototype together with the theoretical response for several values of 

the parameters. These figures are representative of the results of, 

all the frequency response tests run on the servo vibrograph. 

For low values.of the amplitude ratio (Z/X), the agreement of the 

experimental and theoretical:response,curves is very good. As the input 

frequency approaches the natural frequency of the servo system, the 

response of the instrument generally departs from the theoretical curve., 

The nonlinearities in the system cause the divergence from the 

theoretical. The most predominant cause of this divergence is the 

saturation of the gamma amplifier. At high values of alpha gain (Figure 

30) and at frequencies near the natural frequency of the servo vibro­

graph the input into the gamma amplifier is above the saturation voltage 

of this particular servo amplifier. When the alpha gain is set at a 

high enough value to saturate the gamma amplifier at frequencies higher 

than the natural frequency, a second apparent natural frequency results 

at a frequency of about two cycles/sec (Figure 30).. 

The LVDT's had several nonlinearities which affected the response 

of the system. The lack of response at frequencies below the natural 

frequency was caused by the dead zone in the LVDT's and the small rela­

tive motion :between the spring base and the inertial mass. The chatter 

whiqh was caused by the LVDT dead zone was only evident at frequencies 

below the natural frequency. The LVDT's also indirectly caused satura­

tion of the alpha amplifier prematurely because of their large residual 

A.C. voltage at the null point. A small amount of tachometer feedback 
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tended to inhibit the overloading of the gamma amplifier and also 

decreased the output's dependence on the chatter of the servo system. 

The large amount of beta gain was needed to keep the vibrograph 

in its null position because,of the drift in the alpha amplifier and 

LVDT* The drift increased with increases in the-LVDT •.input voltage 

and with increases in alpha gain. 

The action of the servo system is very small at high input fre­

quencies and does not affect the output amplitude to any great extent. 

It does, however, increase the effective damping of the system and 

eliminates transients quickly. As the system approaches its natural 

frequency, the servo system displaces the spring base more radically, 

and the output motion becomes more dependent on the servo action and' 

less on the relative motion of the inertial mass. Thus, at low frequen 

cies below the natural frequency of the basic vibrograph, the principal 

output motion comes from the servo system. 

When the frequency response has a high peak, the servo system 

tends to limit the experimental response to a lowervalue than the ; 

theoretical as the amplifiers saturate. In the device which is to be 

used in practice this amplitude limiting feature would be of<great 

value, since it would limit the servo.action if an unexpected long, 

period vibration should occur. 

The maximum amplitude which the instrument.can measure is 

dependent on the saturation point of the amplifiers and the frequency 

of the input. The experimental data was all collected at amplitudes 

near the minimum available input amplitude (G.0155 degrees) in order 



81 

to decrease the possibility of saturating the gamma amplifier. At low 

values of the ;input amplitude the amplitude ratio (Z/X) was constant 

for equal values of the parameters and different Z and X values at the 

same frequency. The limiting factor to the lowest amplitude vibration 

which could be measured is the dead zone in the LVDT's; this lower limit 

is approximately 0.001 degrees. 

Transient Response Characteristics 

The transient response of the servo vibrograph was tested by 

means of the tapping teste Typical results obtained from the tests 

are pictured in Figures 32 and 33. In order to compare the results, 

both the theoretical and experimental values were normalized by 

assigning one to the value of their first maximum and plotting the 

damped vibration relative to this point. The theoretical impulse 

response is presented in Figure 31 for several experimental values•-

of the parameters. 

The principal reason for the disagreement of the actual and 

theoretical curves is the nonlinearities in the system. In the transient 

test the relative motion between the mass and the spring base was of a 

greater amplitude than in the frequency response tests. Thus the pos­

sibility of saturation was much greatero The addition of tachometer 

feedback suppressed the. saturation and also decreased the system's 

dependence on the servo S3̂ stem chatter. The chatter and saturation of 

the gamma amplifier have a pronounced effect on the transient response. 

As can be seen in Figures 32 and 33 with high gain or no tachometer 

feedback the natural damped frequency is less than predicted by the 
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theoretical and the damping is greater, For the tests in which the 

effective gains were smaller the- agreement-with -the- theoretical is very 

good. 



CHAPTER IV 

CONCLUSIONS AND SUGGESTIONS FOR FURTHER RESEARCH 

Conclusicms 

The theoretical analysis of the servo torsional vibrograph made 

in this study demonstrated that the servo-augmented vibrograph does 

improve the response and decrease the natural frequency of a basic 

torsional vibrograph. For the ranges of the variables which were 

studied, natural frequency reduction of the order of 100 to 1000 could 

be obtained. 

The frequency response characteristics were in general similar 

to those of a.lightly damped vibrograph with a small maximum.amplitude 

and a desirable phase angle characteristic. 

In order to find the optimum value for the parameters;with , 

respect to the frequency response, the 10 per cent amplitude error 

(10%AME) frequency and the 10 per cent phase angle error (10%PHAE) 

frequency were found for a wide range of the parameters. Thus if the 

input frequency were above the two minimum required frequencies, the 

output response would closely duplicate the. input vibration for both 

simple sine waves and superimposed.sine waves. The variables which had 

the greatest effect on the frequency response of the servo vibrograph 

were the principal feedback amplifier gain (alpha), the null feedback 

amplifier gain (beta), the servo amplifier gain (gamma), and the tach­

ometer constant (Kt). The servo motor time constant (Tm) and the damp-
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ing of the basic vibrograph (C ) had a much smaller effect on the two 

frequency response characteristics. 

For the optimum performance of the servo vibrograph the following 

values of the parameters are best: 

1. The principal amplifier gain (alpha) should be at the highest 

value possible. 

2. The null feedback amplifier gain (beta) should be at the 

smallest value which will produce a stable system. 

3. The optimum value of the servo amplifier gain (gamma) is given 

by the following equation: 

- 12,000  
^ " 1/2 1/2 Km a ' B 

where.the values of the LVDT transfer functions are assumed to be 100 

volts/radian, $ > 0.01, and a > 50.. 

M-o The tachometer constant should have a value high enough to 

dampen the inherent chatter of the system but should-not exceed 0.005 

volt/radian/sec. 

5. The values of the servo time constant (Tm) and the damping 

constant of the basic vibrograph (C, ) should be set by the nature of 

the components since they have little effect on the frequency response* 

The sensitivity function was analyzed in order to find the effect 

of the servo vibrograph of small unforseen,changes in the parameters. 

All the parameters except the natural frequency of the basic vibrograph 

were found not:to affect the sensitivity with respect to amplitude 
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(Z/X) to any great extent. The natural frequency can be set and main­

tained at a specified value and therefore its sensitivity is not impor­

tant. For the sensitivity with respect to the 10 per cent amplitude 

error frequency, the null amplifier gain (beta) produced the greatest 

value excepting the natural frequency. The feedback network of the 

servo vibrograph decreases the sensitivity of all the parameters to an 

acceptable level. 

If the vibration is expected to be of a periodic nature the 

transient response is of less importance than the frequency response. 

The optimum overall response for this case can be obtained by selecting 

the values for the parameters from the frequency response criteria and 

then checking the roots of the characteristic equation to insure that 

sufficient.damping is present. If, however, the input vibration is 

expected to be aperiodic as in seismic work, then the servo vibrograph 

should be critically damped. In order to accomplish this damping, all 

the roots of the characteristic equation should be equal; expressions 

for the values of the parameters which would produce these equal roots 

are presented ,in Equations (32) and (33). 

In order to determine the stability of the system and to find 

what effect the parameters had on the transient response, the root locus 

for many different values of the parameters was calculated. The system 

was found to be stable for all positive values-of all the parameters. 

The servo motor time constant (Tm.) had little effect on the root 

locus and the damping constant (C ) caused the transient terms to die 

out more quickly as could be expected. The tachometer feedback constant 

and the gains of the amplifiers have a pronounced effect on the dominant 
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transient terms. Their exact effect at any particular value of the 

parameters has to be determined from the roots of the characteristic 

equation. These roots and the shape, zeros* poles, and breakaway 

points change position to such a great extent with small changes in the 

parameters that no general rule can be derived for determining the 

effect of the more important parameters on the transient behavior of 

the system. For the optimum values found in the frequency response 

study, the impulse response of the system is a long-period damped sine 

wave, and has only one dominant term; 

The experimental portion of the investigation was carried out to 

prove that the mathematical expressions for the frequency response and 

impulse response were valid and to discover what problems would arise in 

the prototype of the servo torsional vibrograph. The mathematical model 

was proved by the experimental investigation to be accurate for all 

cases in which the components of the system remained in their linear 

range. Generally the components remained;linear at low input and out­

put, amplitudes and at gains that were less than the maximum. 

The experimental and analytical investigation proved that the 

servo torsional vibrograph will measure vibrations of long period and 

low amplitude. Using the principles discussed in this work, a practical 

model of the servo vibrograph could be produced which would be compact, 

light in weight and,produce an output signal proportional to the vibra­

tion to be measured. Its output could easily be utilized by any servo 

system to control large rotary machinery and thereby increase the. 

accuracy of the finished product from that machine. It is ideally 

suited for the measurement of very low to moderately high frequency 
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oscillations of small amplitude. 

Suggestions for Further Research 

Further research should be directed toward the evolution of a 

practical design and the utilization of the servo torsional vibrograph. 

The first reasonable extension of this work would be the inclusion of 

design refinements into a second generation servo vibrograph which 

would be of more compact shape, and be of more rugged, foolproof con­

struction. After the practical model of the servo vibrograph has been 

developed, the next step in the research would be in the application 

of the vibrograph to its practical uses. The design and implementation 

of the servo systems necessary to utilize the potential of the servo 

vibrograph would culminate the research. 

Specific design modification suggestions appear in the Appendix 

(Appendix C). 
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APPENDIX A 

EXPERIMENTAL DATA 
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APPENDIX B 

PROTOTYPE CONSTRUCTION 



Figure 34. Top View of the Servo Torsional Vibrograph Prototype 



Figure 35. Front View of the Servo Torsional Vibrograph Prototype 
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SCALE (INCHES) 

Figure 36. Driving Motor and Gear Box 
for the Sine Generator 
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1. Output linear differential transformer (LVDT), Shinko Electronics 
(Japan), Type 24L-L, No. 1965B05. 

2. Input LVDT, Shinko Electronics, Type 24L-L, No. 196 5B050. 

3. Beta LVDT, Shinko Electronics, Type 24L-L, No. 1965B05. 

4. Alpha LVDT, Shinko Electronics, Type 24L-L, No. 1965B050. 

5. Spring Base, aluminum. 

6. Spring, piano wire. 

7. Spring holder, brass. 

8. Main Support, aluminum. 

9. Vibrometer base, aluminum. 

10. Balancing weight for inertial mass, brass. 

11. Vibrometer base ball bearing support, aluminum. 

12. Spring base spring holder, aluminum. 

13c Leveling screws. 

14. Inertial mass, four stainless steel disks. 

15. Ground plate, aluminum. 

16. Micrometer drive, Starrett, No. 263R micrometer head, 0-1 inch. 

17. Micrometer for determination of input amplitude, Starrett, No. 263R 
micrometer head, 0-1 inch. 

18. Bellows coupling, PIC Design Corp., No. Tl-3. 

19. Servo motor gear box, Link Aviation Inc., Ratio-100:l, Part No. 
880 59, Serial No. 1-16918. 

20. Input gear box, Link Aviation Inc., Ratio-75:l, Part No. 88055, 
Serial No. 1-16258. 



105 

Table 5. Parts List (Continued) 

21.. Servo motor, Kollsman Inc., Type 890F-0160230, 115 volts, 60 
cycle, 2 phase, 2 pole, 3350 RPM, Stall torque-6.7 oz.in., Rotor 
Moment of Inertia-17.5 gram cm^. 

22. Tachometer generator, Kollsman Inc., Type 890F-0160230, Input 
Volts^32, Output-3.0 volts/1000 RPM. 

23. Sine cam, steel and aluminum. 

24. Sine cam support, magnesium and steel. 

25. Universal joints and connecting shaft. 

26. Input drive motor, Dayton Motor Co., A.C.-D.C. series motor, 115 
volts, Model 2M034, 1/1-5 H.P., 5000 RPM. 

27. Oldham coupling. 

28. Signal generator, RCA audio signal generator, Type WA-44B. 

29. Power supply, Heathk.it regulated power supply, Model 1P-32. 

30. Servo amplifier, Servo Systems Co., Model No. M-116, Serial No. 347, 
115 volts, 60 cycle, Gain-5000 with 80 mv. input, A.C. or D.C. 
input. 

31. Sanborn preamplifiers and recorder^. Preamplifiers, Model 350-1100B 
Carrier Preamplifier, Recorder., Model 296. 

32. Motor speed regulator, Seco Vari-Volt, Model 806, Seco Vari-Volt, 
Model 806, Seco Electronics, 1000 watts. 

Heathk.it
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APPENDIX C 

SUGGESTED DESIGN MODIFICATIONS 

The more important design modifications are listed below: 

lo In order to eliminate the mechanical constraints on the 

spring base the micrometer should be eliminated and in its place a 

high ratio worm gear should be substituted. 

2. In order to decrease the possibility of the saturation 

of the servo amplifier and still maintain a high gain, the gain should 

be reduced and the gear ratio decreased., This change should be accom­

plished in conjunction with the worm gear modification. 

3. In order to decrease the system's size and to lessen the 

effect of translational vibrations on the system the linear variable 

differential transformers should be replaced with rotary differential 

transformers mounted on the central shaft. The rotary differential 

transformers should have the smallest dead zone practicable. 

4-. The principal - feedback amplifier (alpha) should-have its 

overall gain increased in order to get large decreases, in the natural 

frequency. 
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APPENDIX D 

SENSITIVITY ANALYSIS USING SENSITIVITY FUNCTION 

In order to investigate the servo vibrograph's response to small 

unexpected changes in the system parameters the sensitivity function 

was employed.. The sensitivity expresses, the ratio of the percentage 

variation in some specific quantity to the percentage variation in one, 

of the system parameters, It may be defined mathematically as. 

M _ dM/M _ dM_ K. 
K dK/K ~ dK M 

where, 

M = the system characteristic, 

K = the specified parameter. 

For the transfer function of the servo vibrograph the .sensitivity 

function can be calculated for each of the system parameters if the 

transfer function is substituted for M, each of the system parameters 

2 
(P, to , Tm, Kt, a, 3, Y» and C ) is substituted for Kand the pre-. 

scribed derivative is taken. Since the parameters Km, y and a» T and 

3, TQ occur in the same uninterrupted segment of the block diagram 

(Figure 5) the sensitivity functions will be the same for each,set. 

If 

Q = Tm s4;+ C s + D s + E s +.F -

2 
R = Tm s + A s •+ B 
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M-= Z/X 

then the sensitivity functions are: 

2 2 2 
Km P a Tn y[Cn Tm s (to Tm + C, A)s + a) A]s 

M _ 1 1 n_ 1 n 
b P Q R 

-a) [Tm s 2 + A s + KmP g L y ] 
CM _ n 2 

03 ^ 
n R 

2 2 
„ -Km P Tm a T, y [ C r s • + u> ] s 

CM _ 1 1 n 
Tm Q R 

I „ . - m 2 . . . 2 
Km 

M SKt 

Km" Kt P a Tn Y ^ [ C , s + a) " ] s 
1 1 ..' n . 

Q R 

2 2 2 
w Km P a l ' . Y [ C . Tm S + (OJ Tm + C, ) s + a) ] s 

S • = S = — 1 1 n 1 . n , 
K m " r ~ QR 

Km P a Tn YCC, Tm s 3 "+ (a) 2 Tm + C , A ) s 2 "+ E s + F] M _ M _ 1 1 __n • 1 - . _ 
a " bT. ~ : 

" 1 . Q R 

2 „2 m „ m 2, KnT P^ a T, 3 T„ y [C. s + w ] 
2 1 n . 

s M = s M = " • -1 

B T 2 QR 

-C,[Tm s - ' + A s + K m . P g Tn y ] s 
QM 1 2 ' 

V 1 

Since the equations are functions of all the parameters and the 

Laplace operator, a sine input is assumed and the sinusoidal transfer 
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function for each is calculated by setting s.= joo. Since the phase 

angle of the sensitivity function has little significance, only.the 

magnitude is calculated. 

If 

G = [-Tm2 a)6 + (D Tm + AC .+ BTnOa/4 

- (FTm + AE + BD)oj2 + B F ] 2 

+ [Tm(C + A)ai5 (ETm ••+ AD + BC)u>3 

+ (AF + BE )<*>]' 

H.= .>|(Tm-w4 - D u>2'+ F ) 2 + (-C-.to3 + E co)2 

then the magnitude of each of the sensitivity functions is expressed as 

follows: 

Km P a Tn y ^ ( w 2 Tm + C, A)2-u>4 + [-C, Tm a)3 ':+ u> 2 A co]' 
1 ' y n . 1 • 1 . . n 

S 2 
0) 

n 

j 2 -/(-Tm oo2 + Km P 6 T ; y ) 2 + A2 oo2 

Km P Tm 
/ 2 6 4 M~ 

a • T , Y V C, oo + 0 ) oo Y >/ 

Tm 
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Kt 

Km2 Kt 
2 I 2 4 

P a T • y J C , a) + -a) 
1 • 1 . n 

4 . 2 
0) 

,M ,M 
s„ — S 

Km Y 

Km 
I 2 2 4 3 2 

P a T. y J ( w Tm + C . ) co + (--C. Tm u + .u> a>) 1 7 n 1 1 n 

,,M ,M 
S = K,„ 

a T i 

Km P a T y J C ( " ^ Tm + ( ^ A)u)2 + F ] 2 + [-C Tm a)3 + E w] 

,M ,M 
S = K.iv 

t* T 2 

2 2 2 / 2 2~~ 4* 
KnT P z a T 3 T y J C, to + w 

1 2 ^ 1 n 

1 ^ C, J [ A 2 co4 + [-Tm a)3 + Km P B T2 y w ] 2 

H 

The feedback system in the servo vibrograph causes each of the 

sensitivity functions to be of a very small amplitude and thus the 

instrument is not affected by small changes in the system parameters. 

Moreover, as the gains (alpha and gamma) are increased, the sensitivi­

ties are decreased to even lower values. The only sensitivity function 

which has a significantly large value is that of the sensitivity ofZ/X 

with respect to the natural frequency of the basic vibrograph. Since 

this is set by the size of the inertial mass and spring and since both 

can be .controlled and maintained at a constant value, there is no cause 

for concern. 
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As an example of the shape and.magnitude of the sensitivity 

curves with respect to the input frequency, a sample is presented.in 

Figure 39. The values for the parameters are as follows: 

a = 100 Kt = 0.00031 

Y = 5000 Tm - 0.013 

6 = 10 Km = 3.05 

— R 

co = 1 cps P = 6.9 x 10 

C =0.1 T = T2 = 100 

For these values the, 10%AME frequency is 0.49 cps, the 10%PHAE 

frequency is 0.165 cps and the maximum!s frequency is 0.15 cps with an 

amplitude of 17.4. 

The sensitivity reaches a.maximum at a frequency (0.3 cps) 

slightly higher than the natural frequency and has the following values 

at the 10%AME frequency for an assumed 10 per cent variance in each 

parameter. 

— 6 
Y and Km = 1.11 x 10 per.cent 

P = 6.38 x 1.0 per cent 

Tm =4.45 x 1.0 per cent 

— R 

Kt = 5.26 x 10. per cent 
— R 

a and T = 6.37 x 10 per cent 

0 and T =2.64 x 10~10 per cent 

2 
co =1.01 per cent 
n ^ 

_3 
C = 7.90 x 10 per cent 



1 0 1 ^—I I I 11 I I I ' I I I 1 ^ p i I I I I , 1 I 

0.01 0.1 I |0 

FREQUENCY(CPS) 

Figure 39. Sensitivity of the Servo Vibrograph 
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Due to the small values, the sensitivity with respect to the 

amplitude (Z/X) is not an important factor in the design of the servo 

vibrograph. 
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APPENDIX E 

SAMPLE COMPUTER PROGRAMS 

"II 'I T-



BEGIN ^ 
COMMENT S H BYRNErJ 
COMMENT FREQRESPONCE CURVE 
FILE OUT FO 6<2H5> ) riLt UUT ru ;»6tz»i5'J-' i 

«C£Lr 2Er« L!^ 
D * E P F P F R E Q P N U M 1 P O E N I P Z O X * N T A N P D T A N P P H I P P H I D P A N G P A N G R P W I 

LABEL El , 
FORMAT OUT 

FQRM1("FREQ « " P E 1 5 , 8 > » Z/X e " > E 1 5 V 8 P " e DEG » » 
P E I 5 9 8 ) , 

F0RM4<» ZERO DENOM DEN1" ) p 
TORMeCX^^ALPHAs^pElS^SfW 6AMA s*,E15v8,>" BETA *»i»El5w8), 

LIST 

F0RMftX2p«FREQ ^sEiSpftp" Cl swpE15,8*w KT **pE15,8}p 
F 0 R M 8 < X 2 P * T M * * P E 1 5 * 8 P « KM 3WpE15,§p" P »*pE15,8) J 

ANSiCFREQ*ZOX*ANG3p 
ANS3CALPHAlpGAMA^BETAl5, 
A N S 4 C 0 M 2 P ^ C 1 P K T I A ) P 

ANS5lTMpKMpP) J 
KT1A • 0900031 l; 
0M2P • 0,982 I 
CI • 0,17473 I 
TM • 0,0129793422 I 
KM • 3,050532 I 
BETA1 • 10 I 
0M2 «• 38,07452 J 
P «• 6,9197801370-6 I 
GAMA <• 5000 J 
ALPHA1 • 100 I 

W R I T E C F 0 » F O R M 6 P A N S 3 ) I WRITECFOp F0RM7i>ANS45 J W R I T E < F 0 P F Q R M 8 P AN55) 
ALPH • lOOxALPHAlxP 1 
BETA • lOOxBETAlxP I 
KT • KT1A J 
A*{KMXKT*GAMA • 1,0) I 
B*(GAMAxKMx(ALPH +BETA3) J 
C*<190+KMXKTXGAMA+C1KTM) I 
0*<GAMAxKMx(ALPH +BETA>*ClxU,0+KMxKTxGAMA)+0M2XfM) 



l*5£^?A!5A x K M xBETA+OM2x<Uo*KMxKTxGAMA)r > 
F*CGAMAxOM2XKMxBETA) J J 

FOR FREQ * O f l STEP O U UNTIL 5 ,0 DO BEGIN 
W • FREQX6,28318 \ 

NUM1 • SQRT<(TMxW*4*BxW*2)*2 + CAxW*3)*2) I 
DEN1 * SQRfCCTMxW*4-DxW*2*F}*2 * CExW- CxW*35*2) I 
IF DENI»0,0 THEN BEGIN WRlTECFOpF0RM4) I GO TO El END J 
ZOX;•-* NUM1/DEN1 I 
QF • W J 
NTAN**.((CxTM«AxTM)xQF*5«CBxC*ExTM»-DxA)xQF*3 + CBxE»AxF5xQF) J 
DTAN*»(TMxTMxQF*6*CAxc-TMXD*TMx8)xQF*4^CFxTM«8xD.AxE)xQF*2*BXF^ 
IF DTANSOQO THEN ANGR*3sl4l59/2vO ELSE 
ANGR*ARCTAN(NTAN/DTAN} * J " t w ~ 

l£ J2I5Ji<Oe05ANDtNTANs>OoO) THEN ANGR*ANGR«3e14159 * 
IF (DTAN<0^0)ANOCNTAN<OfiO) THEN ANGR*ANGR«>3C 14159 ; 
ANG>ANGRX57V2958 I 

WRlTECFOi»FORMl>ANSn J 
E l l 

END J 
E N D , 

i—' 
CD 
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BEGIN 

COMMENT S H BYRNE - FREQUECYRESPONCE CHARACTERISTICS 
PROGRAM FINOS 
1 FREQUENCY AND AMPLITUDE AT A 90 DEGREE PHASE ANGLE 
2 FREQUENCY*AMPL|TUOE* AND PHASE ANGLE AT MAXIMUM 
3 10 PERCENT AMPLITUDE ERROR FREQUENCY WITH PHASE ANGLE 
4 10 PERCENT PHASE ANGLE ERROR FREQUENCY WITH AMPLITUDE I 
LABEL E2*E3m'T2>T6,T5pF2VF3,U8,U9>V8 j 
INTEGER!MpRipR2pR3pR4pR5pSpRpIRpR6pR7*R8pR9 j 
REAL F R E Q P P E R , F R F Q P P F R , A N G P 7 Z 1 P Y Y F P Y Y P P A L P H A 1 P G A M A P B E T A 1 P O M 2 P P C 1 P K T 1 A P T M 
P P P A P B P C P D P E P F P K M P K T P A L P H *BETApQM2pAR,8RPCRPDRPXFPXPNUMPDENPERR0RPQ*Yp 

Z0>Ylp|pZii»QFpN*L*NTANpDTANpANGRpZZZpIMApIMAGi>UlpU2pU3i»U4pU5pU6pU7*Z0 i 
INTEGER ARRAY BOfO J ! 33-OH 31 « 
REAL ARRAY RSrOlt33^0U33 I 
FILE OUT TO 6(2*150 I 
FORMAT OUT 

FORM6(/^GAMA(HOR0 * ALPHA(VERT) * I0,>25p50pt00p250p500p750,*p" 
1000>2000*3000p4000*5000,t0000) BETA 5*pEl5-83* 
F0RM7CX2*»FREQ * * P E 1 5 * 8 P « CI * " P E 1 5 , 8 P » * KT -"*E15e8) , 
F 0 R M 8 « X 2 P W T M » W P E 1 5 » 8 P » KM *<SEl5a8*" P a^TlSoft) . 
F0RM9C 10(E12*4)) P ~ " " ' 
FORMUC/p*NATURAL UNDAMPED F R E Q W P / / / > , 
F0RM12(/PWZ/X M A X " P / / / ) p 
F0RM13£/pwNATURAL DAMPED FREQ"p / / / ) p 
F0RM14(/*WFREQ'-—10 * OFF FINAL V A L U E * * / / / ) - P 
FORMlSC/pnANG-^-'lO * OFF FINAL V A L U E * * / / / ) ? 
F 0 R M 1 6 C / P « F R E Q * - - 1 6 2 DEGREES'^/ / / ) p 
F0RM17C/p«Z/X — *162 DEGREES"*///) P 
F0RM18C /p*ANG* —MAX Z / X « P / / / ) p 

F0RM19CX8pl2*9tX10pI2)) p 
F 0 R M 2 0 C X 5 8 , I 2 P 2 C X 1 0 P I 2 ) ) p 

F 0 R M 2 1 C / P « Z / X - — 9 0 DEGREES"*///) p 
FORMlOCX50p3(E12o4)) I LIST 
ANP3CBETA1) , 
A N S 4 C 0 M 2 P » C 1 P K T 1 A ) 

ANS5CTMpKM,P) , 



}Ji5^E2R s«*i STEP i UNTIL 10 DO RscR*sn p 
ANS7CFOR S H I STEP 1 UNTIL 13 DO RSCR^Sl)^ 
ANS8<F0R S*l STEP 1 UNTIL 10 00 B0{R>S3) * 
ANS9<F0R S M I STEP 1 UNTR 13 DO BO{R,S35 I 

DEFINE: ZQX*t((TMxY*4-BxYxY>*2 + AxAxY*6)/aTMxY*4«DxY*2*F5*2 • 
(#CxY*3+ExY)*2)) #; 

KT1A* Of01| 
KT^KTIA | 
0M2P * U O J 
0M2*39.478417612 J 
TM«.0«01 I 
KM* l eOJ 
P* 7,QP"6 ; 
C H 0,1 I 
BETAl+lOtO'J 
BETA* lOOxBETAlxP | 
Ri *0 J R 2 * 1 3 - | . R3*26 1 R4*39 J R5*52 I S*0 J 
R64-65I R 7 * f 8 l R8* 911 R9M04 I 

FOR ALPHA! «• 1 0 , 0 * 2 5 , 0 * 5 0 , 0 * 1 0 0 , 0 , 2 5 O 9 0 P 5 0 0 « 0 P 7 5 0 . 0 * 1000*0* 
2000 ,0 *3000*0 *4000 ,0 *5000 f>0* l0000 ,0 DO BEGIN 

R i *R i * i lRz *R2* l )R3« -R3 + U R 4 4 . R 4 * i ; R 5 * R 5 * l l S*0 J 
R6*R6+l J R 7 * R 7 * i I R8*R8 • ! I R9*R9 + 1 J 

FOR GAMA • 10V0* 2 5 , 0 * 5 0 ^ 0 * lOO^O^SOgOpSOO^O^SOvOp 1000 ,0* 
2000,0*3000,0*4000,0*5000,0*10000,0 DO BEGIN 

5 * 5 • 1 * 
ALPH* I O O X A L P H A I X P J 

FOR M* Rl*R2/R3pR4*R5*R6pR7*R8*R9 
00 BEGIN BOCM,sr + 0 ) ENOJ 
A*(KM«KTXGAMA:•• + •' 1,0) ) 
B*CGAMAxKMx<ALPH +BETA5) J 
C«-(1,0*KMXKTXGAMA*C1XTM) J 

0*(GAMAXKMXCALPH >BETA5+eix(i0O+KMxKTxGAMA)*OM2XTM) 1 
E*CClxGAMAxKMxBETA+OM2xUvO*KMxKTxGAMA>> J 
F*(GAMAxON2XKMxBETA) I 
AR4-TMXTM j 
BR«-AxC»DxTM^BxTMJ H 

CR>FxTM*Bxo*AxE I "° 



E2* 

E3| 

Til 

OR* -BxF J 
XF*lOO»0l M<-0 I X*0^1 I 
IFDR#OvO THEN BEGIN 
NUM* 2,0xXxXxXxAR + BRxXxX -
DEN* 3.0XXXXXAR + 2„0xBRxX * 
END 
ELSE BEGIN BOCRUSl*30 J 

DR 
CR 

IMAG^BRxBR • 4e0xARxCR 
IF 1MAG<0*0 THEN BEGIN 
XF*O,0 ; GO TO E3 I __ w 
IMA *C«BR'!••+ SQRT<IMAG)>/2p0xAR I 
XF*IMA I 

i 
BO{Rl*SH 

£ND> I 
31 

RrftTN IF IMA <0«0 THEN 
GO TO E3 END I 
IF (DEN*0,0) THEN 
BEGIN X*X+0,1 I M*M*1 
XF* NUM/DEN I 
IF XF<0*0 THEN 
IF ABS(ERROR) 
GO TO E3 
IF M > 100 THEN 
M • MM J X*XF I 

HHU' 

E2 
i 

BEGIN 

J GO TO 
ERROR > XF - X 
XF*M * loO ELSE 
< "'0*0005: THEN 
END I 

BEGIN B0CR1PS]<-20 

GO TO E2 } 

END I 

I GO TO E3 I ENDI 

I Q*SQRTCABS<XF)) 
FREQ > Q/6«28318 I 
IF Q»0»0 THEN RSCR9PS1*0*0 ELSE BEGIN Y*QIR$£R9*Sl*SQRTCZQX) 
END I 
B0tR9*S]*B0CRl>S} 
RStRl>Sl>FREQ I 
M*0 I 

ZOtZOX I 
I 
II 
0*0 THEN BEGIN Yl>Yt - fl I«vO,5xlJGQ 

IF Yl>62,831853 THEN BEGIN BOtR2*$1*41 I 
ZZI *SQRT (ZDI YYF*YI/6,28318 
Yl*i,0 I 
IF Z0<1.0 THEN B0tR2>$]*49 ) GO TO T6 I ENDI 

Y*6.0 
1*2.0 
Yl*Yi 
IF Yl 

I 

YH61O I 

TO Tl END 

ro 
o 



T2t 
T6t 

F2| 

F3t 

T5i 

GO TO 
END 

T2 $ END* 
) 

Y*Y1 J 

zi«-zox r 
M*M4»1 I 
IF M > 100 
IF 21 > Z0 
I**d«5xi I 
IF ABSU><0*00001 THEN 
ZO«-Zt ) GO TO Tl 'I' 
Z Z l * S Q R T C Z l > m F * Y l / 6 , 2 8 3 l 8 I 
R$CR2,S)*ZZ1 I R S C R S A S H - Y Y F J 
QF*Yl I 
NTAN*«C(CxTM-AxTM)xQF*5-CBxC*ExTM-0XA)x0F*3+(BxE-AxF)xQr) J 
Df A N * * ( T M X T M X O F * 6 + C A X C - T M X D * T M X B 5 X Q F * 4 ^ { F X T M * B X O * A X E 5 X Q F * 2 S 5 B S F ) 

THEN BEGIN B0CR?,$1*20 } 
THEN BEGIN Z0>Z1 J GO TO Tl 

GO TO T2 \ 

IF DTAN«0,0 THEN ANGR4-3,14159/$ 
ANGRvARCTANCNTAN/DTAN) •% 
IF (DTAN<OvO)AND(NTAN>0«0) THEN 
IF (DTAN<6,0)ANDCNTAN<0,0) THEN 
ANG4.ANGRX57.2958 I 
BOCR3#S]*BOtR8>S3*BOCR2*S3 \ 
R5tR8#S3>ANG I 

ELSE 

ANGR«-ANGR*3oi4159 
ANGR4-ANGR-3.14150 

< 0 ,1 THEN 

N* l iO ) I * i « 0 

IF ABStl tO•> ZZ1) 
Y 1 H . 0 END I 
Y*YI I M*0 ; 
Y * Y * I r 
IF YSOoO THEN BEGIN YtY-I 
L«-ABS(SQRT(ZOX) *1,0> ' I. 
M4-M + 1 I 
IF M > 100 THEN BEGIN 
IF CNxt) < ( O . l x N ) THEN 
I>-0>5xi I 
IF AB5C 1 X 0 , 0 0 0 0 1 THEN 
N+*N END M 
00 TO F2 1 
FRFQ«-Y/6,28318 ) 
QF+Y I 
RS£R4#S]>FRFQ I 

BEGIN B0CR4>S}>51 \ 

J 1*0,5X1 J GO TO F2 END \ 

80CR4*S]*20 
BEGIN 

GO TO F3 r 

• B0CR4*S]JG0 TO F3JENDJ 

H 

ANG4.ANGRX57.2958


U8t 

N T A N * « P ( C C X T M » A X T M > X Q F * 5 - < B X C * E X T M - 0 X A 5 X Q F * 3 * C B X E « A X F ) X Q F ) J 
0TAN*p(TMxTMxQF*6*CAXC-TMXD^TMxg)xQF*4+(FxTM*Bx0pAxE5xQF*2«BXF> 

IF DTAN«0>0 THEN ANGR«.«3ol4159/$ ELSE 
ANGRMRCTAN<NTAN/DTAN> J : 
IF (OTAN<0vO)AND(NTAN>090^ THEN ANGR*ANGR*3eH159 I 
IF CDTAN<OwO)AND<NTAN<0*0) THEN ANGR*ANGR*3,14159 \ 
ANGMNGRX57V2958 \ 
RSCR5*S1>ANG J 
B0CR5>S1>B0IR4*S3 \ 
Y«-Yt J M*o * N f U O M H . O ) 
Ul*CxTM-AxjM I 
IJ2«'8xC*ExTMl*DxA J 
U34-BXE-AXF J 
U44-TMXTM T 
U 5 * A X C - T M X D » T M X B T 
U64.FXTM4BXD*AxE ^ 
U7fBxF I 

U9| Y«-YH! J 
IF YSOtO THEN BEGIN Y4-Y-I J I4 .0 .5XI T GO TQ U9 END I 
NTANt«(UlxY*5 - U2xY*3 * U3xY > J 
O T A N « - C U 4 X Y * 6 *• U5xY*4 • U6xY*2 - U75 ) 
ANGR*ARCTAN(NTAN/OTAN) J 
If (DTAN<QvO)AND<NTAN>Ot05 THEN ANGR«-ANGR*3» H 1 5 9 I 
IF (OTAN<0,0)ANDINTAN<0,0) THEN ANGRMNGR-3, S4159 J 
LMBSCANGR) J 
M*M*1 I 
IF M > tOO THEN BEGIN BQtR6*S1«-B0CR7»SJ«-20J GO TO U8JENDJ 
IF CNxt)>C2^82743xN) THEN BEGIN 
I**0,5XI J 
IF ABS<I><0*OOOOl THEN GO TO U8 I 
N**N END I GP TO U9 V 

RSCR6#Sl4-Y/6v283l8 I H 
RSfR7#SX*SQRT(Z0X) -J: K 
END I END r 



BEGIN INTEGER BREAKF0RNEW5EGMENT J 
WRITE<F0CPAGE1) I 

FOR IRMJ>105*27,14#92*40»$3P66#79 DO BEGIN 
FOR R*IR STEP 1 UNTIL U R M 2 ) DO BEGIN 

WRITE<F0>F0RM9#ANS6) IWRlTEtF0i>F0RMt9,ANS83 IEND I 
WRlTEtF0#F0RM6*ANP3)i WRITE<F0»F0RM7*ANSA5I WRITECFQ*F0RM8,ANS5) 
IF IR * 1 THEN WRITEtF0»FORMin ELSE BEGIN 
IF IR * 14 THEN WRITECF0»FORM12) ELSE BEGIN 
IF IR • 27 THEN WRlTE(FO»FORM13) ELSE BEGIN 
IF IR s 40 THEN WRITE<F0*F0RM14) ELSE BEGIN 
IF IR » 66 THEN WRlTE<FD*FORM165 ELSE BEGIN 
IF IR » 79 THEN WRITE(F0»F0RM175 ELSE BEGIN 
IF IR • 92 THEN WRlTFCFO*FORM185 ELSE BEGIN 
IF IR * 105 THEN WRlTEtF0*FORM21) ELSE BEGIN 

END* ENOI ENOI ENDI ENDI END! WRITE(F0*F0RM15) 
FOR RHR STEP 1 UNTIL UR+12) DO BEGIN 

WRITE«F0*F0RM10»ANS7)I WRITECF0,F0RM20*ANS9) 
WRlTECFOtPAGEl) I 
END I 
END I 
COMMENT MEANING OF SUB-CONSTANTS 
00*N0 COMMENT 20<-ITERATI0N OVER 
3 0 f 0R» 0 3HIMA6 32*NEG 
41*FRE9 > 10 CPS 49*FREQ > 10 CPS 

ENDI END! 

I END I 

too 
ALL 
AND 

FOR 
2/X 

5UMAX 
V8| 
END. 

UNDAMPED 
< i»0 

NAT FREQ ROOTS 

Z/X LESS THAN 10$ OFF 7I* SAME AND OVER 100 I 



3*31709*00 3*31679+00 3,31269*00 3,31129*00 3*30989*00 3,30969*00 
0 0 0 0 0 0 

3*3212^*00 3,27409*00 3.14939*00 3,11109*00 34,07209*00 3,06649*00 
0 0 0 0 0 0 

3,30819*00 4,36289-01 2,11009*01 1,81349*01 1*61859*01 1 ,,59719-01 
0 51 51 51 51 51 

3,20749*00 2,20729-01 1,92709*01 2,30119-01 2,50019*01 2,52189-01 
0 51 0 0 0 0 

3,50369-01 
<?1 

I*17969-01 
A 

1,38279*01 
A 

1,39959*01 1,41189*01 1,41329*01 

1,79879-01 9,47129-02 
V 

1,01329-01 1,01919-01 
u 

1,02349*01 
u 

1,02399-01 
51 0 0 0 0 0 

GAMA(HOR) AND ALPHAfVERT) * 10»100*500*1000*5000*10000 BETA-;* 1,000000009*01 
FREQ * 1.000000009*00 CI » 1,000000009-01 KT a 1,000000009-02 
TM » 1«00000000^"02 KM "1,000000009*00 P •» 7,000000009-06 

FREQUENCy—-10 PERCENT OFF TINAL VALUE 
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