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SUMMARY

The principal objective of this work ﬁas a study of the analytical
and experimental characteristics of the servo torsional vibrograph, the
investigation of which has been made by considering the frequency and
impulse responses of the device.

A device was needed to measure long period, low amplitude tor-
sional vibrations which occur in large rotary machinery, To measure
this vibration, a vibrograph is required which has an extremely long
natural period, has a convenient output, and is not so large as to
affect the efficiency and operation of the machinery. To achieve this
objective, a serve feedback system was designed which, when added tec a
basic vibrograph, increased its natural period and improved its response
characteristics. The basic torsional spring-mass system was modified by-
artificially decreasing the spring constant with a servo system. The
servo system reduced the spring's relative displacement and by its
action decreased the spring constant and the natural frequency.

Three amplifiers supplied the required action of the serve system.

The principal feedback amplifier and the servo amplifier were in the main

feedback path. In order to provide a stable null point an additional
amplifier was used in a feedback path around the serve amplifier;
tachometer feedback was also provided around the servo amplifier.

All analyses were based on linear analytical models of the

system. In the frequency response analysis two criteria were used

to find the optimum value for the parameters; the 10 per cent amplitude
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error frequency and the 10 per cent phase angle error frequency. The
frequency of the maximum amplitude was alsc calculated but was not used
as a design criterion. The error frequencies were found for a wide
range of all the parameters in order to optimize the frequency response.
An equation was found for the optimum value of the servo amplifier gain,
and the best value for eacﬁ of the other parameters was found.

‘Using the sensitivity function, the feedback system was proved
to be insensitive to small unexpected changes in the vélues of the
parameters.

The root locus technique was used to investigate the stability
of the system, For all positive values of each of the parameters the
system was found to be stable. An equation was found for the optimum
value of the parameters for critically-damped vibrometer action. This
action is necessary when the device is to be used for the measurement
of aperiodic inputs.

The experimental investigation was undertaken in order to deter-
mine the validity of the mathematical model and to determine the prob-
lems which would arise in a prototype of the device. For values of the
. parameters, which were in the linear range of the components, the
theoretical response waé found to duplicate the actual response very
closely in the tests for the frequency response and the transient
response.

The principle of the serve torsional vibrograph was proved by
the investigation to be of practical value and the design, with small
design modifications, could be used in practice for the measurement of

very long period, low amplitude, torsional vibrations.

R R ety ,-.»-1

B

o,

T

e

YTy




CHAPTER I.

INTRODUCTICN

Definition of the Problem

This work is concerned with the invéstigation and design of a
torsional vibrograph whose natural period and characteristics have been
modified by means of a servo system. Vibrographs are instruments for
measuring the displacement of vibrating bodies and the instrument under

investigation was designed to measure torsional or angular vibrations

of long.period and low amplitude. In general the vibrograph is designed-

to have a low natural frequency so that the ratio of the frequency of
the vibration to be measured to the natural frequency of the instrument
will be as high as possible.

For this reason, in the measurement of a rotational or torsional
vibration, it is necessary to have a torsional spring-mass system whose
period is much longer than the periocd of the vibration to be measured.
Much has been doné to extend the use of the torsional vibrograph te
higher frequencies, principally with application to the internal com-
busgtion engine (1,2,3,4,5)}. However, very little research has been.
conducted toward extending the range of the torsicnal vibrograph to long

periods. A need has arisen to -extend the range to lower frequencies in

order to measure torsional vibrations in large gear hobbing machines and

other large rotary machinery. In the area of celestial navigation and:

seismic study there is also a great need for devices which are capable

ke
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of measuring torsional vibrations of very long periocd.

The schematic of-the basic vibrograph appears in Figure 1, In
its simplest form it is composed of three basic elements: the spring
with constant X, the mass M, and the viscous damper with constant C'.
The input. vibration X causes the mass to oscillate with the metion W
and the relative motion Z: |

When the input to the spring-mass system is a sine wave, the

ratie eof the input to ocutput motion is expressed by the following

equation:
-2 C'w
Ce “n
. o ARCTAN w 3
(). 1 - (=)
2 _ n n
* 2
w32 c! w
o= (2% r G &Y
n c n
where,
w = input frequency
N = natural undamped frequency. ef. the system
C' = damping censtant
Cc = eritical damping constant.

When values computed from this equation are plotted versus frequency

the graphs in Figure 2 result,
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Figure 2. Frequency Response of Basic Vibrograph
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From the graph most of the important characteristics of the vibrﬁ-
graph can be deduced. As the .frequency ratio increases the magnitude of
Z/X approaches unity and its phase angle approaches -180 degrees. Thus
the.impressed.motionfisfduplicated by the motion of -the mass relative to
the .vibrating body and base of the vibrograph, lagging it by 180 degrees.
In the limit.it can be said that the suspended mass is metionless and
the relative motion is the motion of the vibrating object.

The ameunt.of -damping required to produce a good viprograph is
subject to two contradictory factors. . An -ideal vibrograph would have
the phase angle close.to 1éo dégrees for all frequencies above. the
natural -frequency since, if thé(phase angle does vary, there will be
distortion of .superimposed waveforms of different frequencies due to.
their difference in phase angle. From this consideration a minimum
amount of damping is desirable. . However if there is little -or no damp-
ing then, as the vibration changes.in frequency or amplitude, there will
be insufficient damping to damp out the unwanted transient vibrations
which will result and distoert the .output. In the basic vibrograph a
compremise must be reached between these two oppesing characteristics.

The basic problem which initiated this research was:the desire
to create a device for measuring the rotational irregularity of the
master gear in.a hobbing machine. If this vibration could be precisely
measured, a signal could be fed back te the cutting apparatus through
appropriate components and thereby nullify the error which would have
been made in the generated gear. For this task a vibrograph of .long.

natural period is needed since the master gear irregularities encountered -

are of very low frequency. At the present time ‘there is no suitable
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device .discussed in the literature other than the one presented here
which is capable of measuring this low amplitude, long:period.vibration.
In order to preduce a vibregraph which will have an:extremely
leng natural periocd, have convenient oeutput for the apparatus, and yet
not be so large aé to affect the efficiency and operation of;the
machinery, a servo feedback system was chosen. In order to decrease
the natural frequency of a basic spring-mass-system, either the spring
constant must: be decreased or thejmoment-of:inértia of the mass must.
be increased.. The servo torsional vibrograph is augmented by a serve
system which effectively decreaseé the spring constant and thug lengthens
the pericd of the instrument to any period which is desired within the.

stability of the device.

Literature Search and Historical Backgpound

Previous research in the .measurement of low amplitude, long
period torsional vibrations by means of a vibrograph is almest nen-
existent. However, the measurement of translational vibratiens has
received a great deal of research, particularly with respect to .
seismic instruments.

Most of the material on the measurement.of low amplitude trans-.
latienal vibrations occurs,iﬁ the field of seismology: Seismic-waves,
except for locdl shocks, are of very low magnitude and vary widely in
period. An instrument is needed which has a very high magnification
(100 to 100;000) and has characteristics which are close to the theo-
retical and censtant over long periceds of time.

Many different types of instruments have been produced. which
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function according to varied principles (6,7,8,9)., In the past, the.
trend was toward very large masses supported by weak springs with
eritical damping, these being excellent examples of an elementary
vibregraph. Current practice in seismoelogy puts the emphasis on a
measuring instrument whose response can be completely predicted. No
longer is it a requirement that the output of the seismograph be linear
since the seismic record is analyzed by digital techniques which use
the response characteristics of the instrument to deduce the actual
ground motions. Also, current seismographs do not in general measure
the actual displacement of the ground. Most have outputs which are.
proportional to the velocity or acceleration of -the seismic metion.
Seismographs almost always use critical damping to eliminate transient
vibrations of the instrument's seismic mass.

On the other hand, for a vibrograph an output which is propor-
tionél to the output .is desired for simplicity and.éase of utilization
of the output signal. However, much insight can be gained:by the study
of the techniques and instruments of seismology.

Early in this century, work was started omn the electromagnetic
seismograph which derives its name froﬁ the type of pickup it uses.
The current from the pickup is.fed teo a.ﬁery_sensitive galvanometer
which registerslits motion either by means of a light beam-mirror
arrangement or Electronically. The output of the galvanometer is pro-
portional to the velocity of the ground motion. The galvanometer has
a pronounced effect on the seismograph and thus the two have te be.
considered as a complete system. By changing the galvanometer charac-

teristics, the frequency response of the basic seismograph can be.

—
ke 2

i

T T A oot v e 4 — ¥ T r =y




altered, producing.a marked change of natural peried. Much work has
been done on predicting the transfer function of these seismographs
(10,11,12,13,14,15,16,1?,18), the time domain seolution of the syétems
(9,10,15,19), and the frequency response (18,20,21).

Several seismographs'héve been designed which use feedback to
alter their response. characteristics. Feedback is used to flatten
their response, change their natural period, and add to the ruggedness
and stability of the instruments.

Feedback proportional to velocity fed to a coil-magnet assembly
was used by Fleming (22) and Tucker (23) to flatten the response curves
of a seismograph. Both instruments have an output which is proporticnal
to acceleration and use feedback to alter the damping characteristics
of the instrument. Tucker also decreased the natural peried by means
of feedback. He developed the characteristic transfer function, sim-
plified it, and predicted the response of the instrument.

Sutton and Latham (24) made a complete analysis of a lunar
feedback-controlled seismometer. The feedback was used to shape the
response of the system and to compensate for long-term drift. Output.
was agaiﬁ_proportional to acceleration, Feedback was passed through
a. low pass filter to a coil and magnet assembly which provided force on
the seismic mass thus acting to restore the mass toward its electrical
center position.

Another type of long period seismograph is the one designed by
Gilman (25). A permanent magnet on the frame surrounded a coil which

was attached to a simple pendulum and a constant current was passed

through the coil. The coil-magnet combination was polarized to produce
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a force . on the mass opposite in direction to the gravitational restoring
force. This resulted in a lengthened period, but instability resulted
at long pericds because of an unéven magnetic field caused.by the
presence of magnetic impurities.

Sheffield (26) developed.an electronic. vertical long.peried seis-
mograph which achieved long-period seismograph action through magnetic .
field support of the seismic mass and electronic feedback. A two-mass,

two-degree-of-freedom system was developed which had the seismic mass

almost entirely supported by means of a constant magnetic field in order.

to reduce . the size of the spring which was needed to suppert the mass.
Feedback was introduced to produce a force on a second mass which was-
positioned between the seismic mass and the base. The combined actien
of the twe magnets produced a seismic device of long peried which very
¢losely duplicated the action of a normal seismegraph.

Another method of lengthening the period of the electromagnetic
seismograph is the use of a shunt capacitor between the transducer coil
and the galvanometer; period -increases of a magnitude eof ten can be
obtained. (27,28,29).

Limited research has been done cutside the field of seismolegy.
The mest important papers are by Matsushama and Nakada (30,31) and
Nakada, Asakura, Fukuda and Watanabe (32) which concern an electro-
mechanical system which was develeped to measuré translational vibra-
tions of long peried. A pendulum was produced whose period was length-
ened by means of a serve system. The paper (30) included a theoretical
analysis for one particular system; damping was,not'considereé, and a -

first order model for the servo system was used. Included was a
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description of a practical model which was only moderately successful
because of the marked dependence of the response on fhe angular mis~-
alignment of the base.

The investigation of devices which measure rotational vibrations
of low frequency has been totally neglected because of the great interest
in high frequency phencmena and also because of the predominant interest
of seismolegists in translatory vibrations. For seismic feedback systems
very little analytical work has been done toward either optimization of -
the designs or determination of the maximum stable increase in natural
period., Seismic systems based on magnetic components are generally not
applicable to industrial applications because of their sensitivity to
changes in gain in the amplifier, nonlinear flux fields, and their sensi-

tivity to changes in magnetic flux caused by slight changes in voltage.

kS

Investigation Procedure

The initial phase of this research dealt with the;théoretical
investigation of the servo torsional vibrograph. Primary interest was
focused on a study of the frequency and impulse responses. Each param-
eter of importance was varied and its effect on the frequeney response
noted. In this manner a complete characterization of the effect of
each variable under consideration was obtained and from this large
amount of data the best or optimum design was selected. The transient
behavior was investigated to find the best compromise for the.dampe&
phase angle characteristics of the instrument. Also investigated for a.
wide range of parameters were the sensitivity to small unforseen changes

in the parameters and the stability of the device by means of root loci.
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In the experimental phase of the research, a prototype was built
which had characteristics in the middle-range of the variables which .
were to be investigated. Since a complete parameter study was to be.
undertaken, it was deemed impossible to conduct the study on the machine
itself since the range of the variables would be too great. Thus it was
decided that the prototype would be built just to verify the.theoretical

equations which would be used for the parameter study and to find ocut

what problems would develop in the investigation of a practical medel of.

the system.
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CHAPTER II

ANALYTICAL INVESTIGATION

Derivation of Basic Equations.

Al

General Description

For the analytical investigation of the ser&o torsicnal vibro-
graph_it wds necessary to set up a mathematical model of the system.
This model waswconétructed by first finding the transfer function of .
each component of the system. A transfer function is defined as the
ratio of the Laplace transform of the output variable to the transform
of the input variable with .all initial conditiens assumed to be zereo.
Each transfer function is based on the assumption that all coﬁponents
have linear characteristics.

It was desired to construct a stable system which would decrgase
the natural frequency and enhance the characteristics of a basic tor-
sional spring-mass system. The equation for the natural frequency.of .a

simple torsional spring-mass system is:

“n T4T
where,
w, = natural undamped frequency
K = spring constant of torsienal spring
J = moment of inertia of the mass.
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Therefore, for a fixed mass, it is necessary to reduce the spring
constant te obtain any decrease in natural frequency. Since-there is a
limit to the size decrease of the spring in question and there are
weight and size restfictions for the mass, it -is necessary to decrease
the spring constant artificially.

In order to accomﬁlish_this reductien, it is necessary teo move
the spring suppert in tﬁe same direction as the motion of the inertial
mass, thus reducing the spring displacement and. the spring constant.

A servo .system was used to accomplish this motien. Thié servo system
consists of the basic spring-mass system, three electronic displacement
transducers, two amplifiers, and a serve motor-amplifier, TFigure 3, on

the fellowing page, shows a schematic¢ representation of the system:
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f Descriptioﬁ of the Serveo Vibroggfph Network_(Figure 3) i
g The desired motion of the spring base is produced by the alpha |

network which measures at its source the relative motion between the %

inertial mass and the spfing support. The signal from the transducer

i - .o
¢ is fed through the high gain alpha amplifier to the servo motor-

, amplifier. From the servo motor the rotary motion is reduced in speed,
SL changed in direction, and applied .to the spring base. The alpha network

is the basic matural freguency reduction mode and all other circuitry is

!1- added to medify the characteristics of the instrument and to add to.its
stability.

The beta network is added to.correct for drift in the alpha cir-
cuit and to keep the instrument in its neutral position. The tachometer ¢
feedback is supplied to add damping to the servo moter-amplifier circuit %

and to add to its stability. The output transducer measures the rela-

— e —

tive motion between the inertial mass and the base of the instrument and

Ty

is fed directly to a recorder. In operation, the machine is placed with
its vertical centerline:: coincident with the centerline of the rotary
motion which -is te be énalyzed;

If the-mofion_to«be,sampled has a constant velocity, then the
vibrometer will have no output. - But, if the basic metion has a ter-
sienal vibration superihpésed upén_it,'then-the_inertial mass will be A
displaced.aﬁd the serve system actuated; The output will then be

directly preportional to the input vibration.

Basie Theoretical Equations

From the schematic dfawing of -the system (Figure 3), the block

diagram, in Figure ¥ can be deduced.
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The block diagram.of the system represents all the electrical and
mechanical interconnections which are present in the system. For. the

spring-mass system in Figure 1 the velocity of relative motion is:

dz _ dW _ dx
at ~ dt  dt 1)

and the differential equation of the motion of the system is:

2

'J%ﬁ-c' gi'+1<z=.o 2)
dt t

‘where, -

W = motion of.the inertial mass
X = motion of the spring support

7 = relative motion between the mass and the spring base, or

Z =W -X {(3)

1}
{i
o
J = moment of inertia of the mass r L
Y = servo moticn.
Substituting Equation (1) and (3) into (2) and eliminating 7, the follow-. 4
ing differential equation is obtained: g
2w aw c'dx
J—+ C' — + KW = —— + KX (4) .
2 dt dt . ]
dt N
and with initial conditions equal to zero, the transfer function is:
e e S e e e

ATn e
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C's + K
J52 + Cls+ K

| =

Cls + mn

s +Cs +uw 2
n

where,

c, =.C/J

YK/J

£
1]

Laplacian operator -

5]
1

For all other components the standgrd'linear representation will
be used (33). The transfer functions for each.component are presented
in Table 1.

The diagram in Figure § is a representation of .the linearized

system which will be used for the amnalysis of the servo system.

i

T

LA ALNEE

T AT

The system can be simplified using standard block diagram. ﬁ

reduction techniques (33). The components in the H-network (Figure 5)

can be reduced to
- o Tl Y Km P :
Tm s? + (1 + Kt-Kmy)s + B T2 ¥ Km P
|
and if X
. h
1
) Cl s + wn .
€= 2

s  +C. s+t w :
1. n !




Table

1. Component Transfer Functions
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Component

Transfer Function

Comment

Spring Mass System

Amplifier gains
Alpha
Beta

Gamma

2
Cls + wn

2 .
s” + Cls-+ wn

2

Linear differential transformers

Alpha .
Beta
Output

Tachometer Generator

Gears

Servo motor

and

Set Constants.

Inherent Constant
of Device

Proportional te velocity

where K, = constant
of propertionality

Gear ratio

Where,
_ kk
km = o -w
_ dJm
m = m.

Jm = Motor -Inertia

Blocked metor torque
at rated voltage

kk = Rated voltage -

Fm = Motor viscous ‘fric-
tion

= Blocked rotor torque

No load speed’

4 e mmch o ity T oo o e e ey
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Aot e

the diagram can be reduced to the following transfer function which

represents the entire system.

(G - 1)(H + 1)
1 - H(G - 1)

Z/X =

or if the values of G and H are intreduced, the final result is ob-

tained. Equation (5) represents this transfer function. 4

—s2(Tms? + (14KmKty)s + (aT +BT, DKnPy)

Z/X = m 3 5 5 (5) g
Tms ' + (L+KmKty+C Tm)s® + (w Tmt(oT +8T,)KkmPy + C) (L+KnKty))s ;
L2 ' 2, {
+ (mn (1+KmKty) + ClePysTg)s + 0 KmP\"BT2 :
and if j
A =1+ Km Kty |
_ | I
B = (aT, + BT, )Kkm P vy 1
C=21+KnkKty+C, Tm : |
- 2 ’ : b
D= w  Tm+ (aT) + BT K Py + C (1 + Xm Xt y) b
=y 2 | ]
E = 0 (1 + Km Kt v) + Cl Km P vy BTQ_

- z
F = w Km Py BT2I

then ;

Tm s’ + A s° + B g2 ;

Z/X = (6 ) &

me*+Ccs®+Ds?+Es+F 4

'

b

:

i

3
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Frequency Response Equations

The steady state response of any system to a sinuseidal input can
be calculated by replacing the Laplace operator s in the transfer func-
tion with jw where w is the input frequency and.j is the complex
operator. The transfer function is transformed by this substitution to
a new sinusoidal transfer function.which is in general .a complex func-
tion of the frequency and can be most conveniently represented by a2 mag-
nitude and a phase angle.

Equation (6) ¢an now be transformed.into a sinusoidal transfer
function by the transformation s = jw. The.magnitude of the transfer

function is

Tmat = Ba2)Z + (Awd)zm

|z/%| = , : (7)
Y{Thw' - Dw? + F)¢ + (~Cw® + Ew)*
at a.phase angle of
2 3 ho_o2
¢ = ARCTAN(Aw/(-Tmw“+B)) - ARCTAN(1-Cw +Ew)/(Tmw -Du”+f) (8)
or in another form the phase angle is
—[(CTm—ATm)w5 - (BC+ETm—-DA)w3 + (BE-AF)uwl)
¢ = ARCTAN - (9)

[Tn’w® + (AC-TmD-TmB)w" + (FTm + BD-AE)w? - BF]

If the input frequency is allowed to approach infinity it can be

seen that for any value of the parameters

e ]

e etk R oy e e T T - -y e —— oo
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Lim |%*£Q_ = 1 /-180 degrees
e
Therefore if the input frequency is large the ratio of the output motion
to.input motion will approach unity at a phase angle of 180 deg;ees, and
the output will duplicate the input, lagging it by 180 degrees.

When representative values are substituted into Equations (7) and
(é).é saﬁple graph of the frequency response can be calculated, The
values for a plot of this type were obtained from a computer program for
the Burroughs 5500 which appears in the Appendiz. The following con-
stants were assumed as a representative sample for the frequency

response curves which appear in Figure €.

a = 100, 1000, and 5000
y = 5000

s - 10

Cl = b.l 1/second

w = 1.0 cycle/second

Kt = 0.00031 volt/radian/sec
Tm = 0.013 radian/sec

Km = 8.05 radian/sec/volt

6

P 6.9 x 10

The constants were approximately those of the experimental machine.

Figure 6 appears on the following page:
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Optimum Frequency Response

For the parameters whose frequency response is pictured in
Figure 6 a decreasé in natural frequency can be noeted for each increase
in alpha gain. An extension of this procedure would be to graph the
frequency response for a wide range of walues for each of the param-
eters. However, feor the large number of parameters.involved-this would
be too cumbersome.. The alternate method selected was that of choosing
certain properties of the frequency response curve which were found by
means of the electronic cqpputer_for each set of variables.

With reference to Figure 6, the frequency response:and its
accompanying phase angle have the same general shape respectively for
each value of alpha. This situation is true for all variations of
the parameters. At low frequencies the freguency response begins at
a very low number, rises to a maximum. as the frequency increases and
then decreases toward unity. The phase angle starts at zero. and
decreases to -180 degrees. For the parameter study the following four
characteristics were found for each curve:

1. - Frequency at which the amplitude is a maximum.with the
amplitude and phase angle at this frequency;

2. Frequency for a phase angle of 90 degrees with the amplitude
at this point;

3. The 10 per cent amplitude error frequency and the correspond-
ing phase angle;

L, The 10 per cent phase angle error frequency and the corre-

sponding amplitude.
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Hereafter the 10 per cent amplitude error frequency and 10 per
cent phase angle error frequency will be abbreviated 10%AME frequency
and 10%PHAE frequency, respectively. The characteristics are

graphically illustrated in Figure 7, which appears on page 25.
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The 90-degree point was selected because the natural undamped
frequency of the basic vibrograph (Figure 2) always occurs at a phase
angle of 90 degrees. Thus, if the simple case can be extended to this
mofe complicated system, a pseudo .natural undamped frequency for the
servo vibrograph can be found,

Since the vibrograph is designed to be used in the range of
frequencies above the natural frequency, the natural frequency of the.
instrument is of less interest than the response of the system at the
point where it is to be used. In industrial control of large rotary
machinery, an instrument of this type could have a maximum error of
10 per cent without seriously affecting the end use. Thus, a 10 per
cent-error criterion is the most important aspect of the performance of
the instrument. If, however, a different befacent-error criterion were
to be selected, although the exact lower bound of the accuracy would
be incorrect, the optimized paraﬁeters would still be the best that are
obtainabie.

In order to find the maximum of the function in Equation (7),
the iterative technique of interval-halving was selected., In this pro-
cedure the_ffequency and value of the maximum amplitude are obtained
from Equation (7) and the phase angle for this frequency from Equation
(9).

The 10%AME and 10%PHAE frequency were also found by means of

interval-halving. The 10%AME frequency was obtained from
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2 2
LJumﬁ*-@f) + (Aw®)

['J(m“ - De’ + F)? 4 (~Cu

3 + Em)2

which was solved for the value of frequency to the right of the maximum
(if such existed) which solved the equation. From Equation (9) the cor-
responding phase angle was calculated.

For the 10%PHAE frequency, Equation (9) was set equal to 162
degrees and sclved for the corresponding frequency. The amplitude at
this frequency was calculated by means of Equation (7).

The frequency at which the phase angle reaches 90 degrees was-
calculated by equating the denominator of Equation {9) to. zero. The.
equation was solved by Newton's method and the corresponding amplitude
was calculated by means of Equation (7).

Each of the system parameters was varied throughout the range of
possible values in order to optimize the performance of the instrument.

Five of the 11 variables were not varied. Km, T, and T, were held con-

stant since they are in the same uninterrupted forward path of-the block.

diagram as y, o, and B, respectively. The natural undamped frequency-
(wn) was held constant since it is simply a reference point for the
system and would be made as low as possible:in any practical model in
order to get the lowest possible natural frequency. P was also held
constant since its increase or decréase would simply change the effectiwe
servo amplifier gain. The five constants above were set for the param-

eter study at the following values:

ai 0

[T —r =y ST




28

w = 1.cps : (10)
Km = 1 rad/sec/volt

T) =-100 volts/radian

T2 = 100 volts/radian

P o=7x T

The values for the variable parameters were chosen so that they
varied in value about the middle of the range for commercially obtain-
able components. The widest latitude was allowed for the constants
alpha and gamma since these are the gains of the amplifiers and can be
changed easily. The beta gain was allowed to vary only at low values.

The following were the values for the parameter study:

¢ = 10,25,50,100,250,500,750,1000,2000,3000,4000,5000,10000;
y = 10,25,50,100,250,500,750,1000,2000,3000,4000,5000,10000;
g =0, 0.01, 0.1, 1.0, 10,

Cl = 0, 0:1, 0.5, 1.0;" 1/second

Kt = 0, 0.01, 0.025, 0.1 volt/radian/second

Tm = 0.001, 0.01, C.l. radian/second

Every combination of all the variables was used to provide a com-
plete study. The coﬁplete operation was carried out on the Burrough's
5500 computer which made in the entire process over eight million
separate calculaticns. The computer program and a sample output. appear
in the Appendix. From the output of the computer approximately 365,000
frequency response characterisfic numbers were obtained. Since there

was. such a massive amount of data only a small portion can be presented
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here. The curves in Figures 8 through 22 were chosen to represent the
frequency response characteristics because they are representative of.
the larger data set.

The graphs each have one of ‘the response characteristics on the
ordinate versus a system parameter on the .abscissa, In plotting the
curves all the system parameters were held constant except the one on.
the abscissa. In-addition,to the parameters in Equations (10) and the
variable on the abscissa, all graphs have the following parametérs in
common:

B =1.0 {0.01-10) (11)

(0.0-1.0) 1/second

@]
H
Lo
-

Kt =.0.0 (0.0-0.1)  volt/radian/second

Tm-= 0.01 (0.001-0.1} radian/second
The range for each parameter is listed Lbeside its standard value. Each
figure contains 16 curves for all combinations of o = 10,100,1000,10000
and y = 10,100,1000,10000. For each variable parameter (i.e., B, Cl, Kt
and Tm) thé 10%AME, 10%PHAE, and natural frequencies were plotted. The
90-degree point was not included since it was found to add ne useful
information.

In each of the graphs in Figures 8 through 22, dotted lines show
pertions of each curve in whicg the maximum value of the amplitude of
Z/X is less than 1.1 (Figure 7). This convention is not used on the
10%PHAE curves since it has neo significance. On several of the plots of
the 10%AME frequency a jump occurs: this discontinuity occurs when the
value of the maximﬁm amplitude decreases below 1,1 and the 10%AME ampli-

tude changes from 1.1 to 0.9 with a resulting jump in the 10%AME
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frequency. The influence of each of the parameters on the frequency
response characteristics is only discussed for significant values of
gamma .and alpha (i.e., values that are large enough to have the desired
effect on the imstrument}. The minimum frequency at.which a vibration
can be measured . accurately is determined from the larger value of the
10%AME and 10%PHAE frequencies. The Key to Figures 8 fhrough 22 appears

on - the following page:
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Key to Figures 8 through 22

[a)

p

Al (for angle)

A2 (for angle)
A3 (for angle)

A4 (for angle)

y = 100

¥y = 1000

y = 10,000
¥y = 10

Yy = 100

¥y = 1000

¥y = 10,000
¥ = 10

100

-
H

¥y = 1000
¥ = 10,000

v.-= 10

Y = 100

¥ = 1000

v = 10,000 .

Z1 (for amplitude)
22 (for amplitude)
Z3 (for amplitude)

Z4 {(for amplitude)

10

10

10

1o

100

100

100

100

1000
1000
1000
1000
10,000

10,000

/10,000

10,000
10

100
1000

10,000
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Two parameters, Cl (the damping constant) and Tm {the servo. _g

motor time constant) have little effect on the frequency response of i
the instrument (Figures_S through 13), As Cl increases from zero to g
one, the 10%AME frequency decreases very slightly and the 10%PHAE %
frequency and the frequency of the maximum increase slightly. As Tm 2
increases from 0.001 to 0.1 the 10%AME, 10%PHAE and maximum's frequen- ;
cies all decrease. Since both the factors have so little effect on the E
error frequencies their value should be set by the nature of the com- ;
g

ponents. 3
Figures 8 through 13 appear on the following pages: E
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: The changes in the frequency response characteristics are more L

k pronounced for the .tachometer feedback constant (Kt) (Figures 14, 15, ;

i .

g and 16). As Kt increases, the value of the maximum and the 10%PHAE ;

Wy . :

i} frequency both increase. The 10%AME frequency decreases, undergoes the &

. . | :

i& 1.1-0.9 discontinuity and then increases., The optimum value for the E

, tachometer constant should-be less than 0.005 volts/radian/sec and set )

i

at a value which will damp out unwanted chatter and other nonlinear ﬁ

effects of the serve amplifier-motor’3ystem.i' E

a.i-

Figures 14 through 16 appear on the following pages: f
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In addition to the curves in Figures 8 through 16, it was neces-
sary to plot five more curves in order tc completely analyze the system.
Since.a small number of values for alpha and gamma. were plotted in dif-
ferent combinations, ancther set of curves was needed to find the .optimm
value for the two. Gamma (the serve amplifier gain) was plotted on the

abscissa for values of the null amplifier gain,

g = 0.0, 0.0, 0.1, 1.0, 10.0
for individual values of the principal feedback gain,

¢ = 10, 100, 1000, 10000 .
Only values of

B = 0.0 and 1.0

appear through the range of ‘alphas in Figure 17 and 18 as representative
of the entire set. The curve for the frequency of thé_maximum will not

be presented since it was not used as a design criterion.

Figures 17 and 18 appear on the following pages:
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As the principal. feedback gain (alpha) increases, the 10%AME,
10%PHAE, and. the maximum's.frequency all decrease.

The changes in the frequency response due to changes in the gamma

gain for larger values of alpha and beta are of particular interest. As
gamma is increased (Figure 18), the 10%AME frequency decreases. through ﬁE
two discontinuities and then increases., The 10%PHAE frequency decreases
as gamma increases for higher values of alpha and gammg.

One of the most significant points of Figure 18 is the value of ]
gamma where the 10%AME and 10%PHAE frequency curves intersect. At this
point the .amplitude of the maximum is at a low value, the 10%AME fre-. i

quency is almost at its minimum, and the phase angle error is at its

highest acceptable limit. If this value for gamma is obtained for a

wide range of alpha and beta and is plotted on the ordinate versus beta ?h
on the abscissa with a separate curve for each alpha, the curves in i
Figure 19 result. Each curve is a straight line on the log-log coordi-

nate system (straight lines would also result if alpha were.on the

ordinate). Thus, the value for the optimum gain for gamma can. be

expressed as a function of beta, alpha, and the servo motor gain constant

(Xm).
12,000 i
Km a B 4
which holds for B 2 0,01, a 2 50, Tl = 100 velts/radian, and T2 = 100 g

volts/radian. ﬁ
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As the null feedback amplifier's gain (beta) is decreased, the.
value of the maximum's amplitude and frequency decrease until the maxi-
mum- disappears (Figures 17 and 22). The 10%AME frequency decreases with
an increase in beta until the 0.9-1.1 discontinuity appears and then it
increases (Figure 20). The 10%PHAE frequency increases for the whole
range as beta increases (Figure 21)}. The values of the parameters from
the criterion for the optimum servo amplifier gain (gamma)-produce a
maximuam amplitudé-greater than 1.1. Thus the smallest value of beta
which will keep the servo vibrograph in its null position will be the
best.

Figures 20 through 22 appear on the following pages:
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-
In order to investigate the sensitivity of the servo vibrograph ;
to small changes in each of the parameters, the sensitivity function ;
with respect to amplitude (Z/X) was employed. The values of the sensi- ;
tivity function were found to be quite small, thus showing that the 1
sensitivity of the amplitude to small changes.in the parameters is quite i
small (Appendix D). é
The sensitivity with respect to the 10%AME frequency cannot be ]
found in a closed form. It can, however, be found approximately from ?
the optimization grapﬁs on the preceding pages. At the optimum values ?
of each of the parameters, a 10 per cent change in: ;i
Kt produces approximately a 1 per cent change in the 10%AME i
frequency;
B produces approximatelf a 5 per cent change in the 10%AME  €
frequency; Iﬂ
Y produces approximately a 1 per cent change in the 10%AME :;
frequency;
o produces approximately & 1 per cent change in the.lO%AME ]
frequency; g
and the changes for Tm and Cl are negligible.- f
Thus, excépting the natural frequency of the vibrograph, the gain of the
null amplifier preoduces the largest percentage of change in the 10%AMD
frequency.
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Stability and Impulse Response
Characteristic Eguation
The eguation
™ms® + cs® + Ds? + Es 4+ F =0 (13)

which is the-denominator of Equation (6) is called the characteristic

equation of the serve vibrograph. For the particular case in which all
the constants have specified values, it is a rational function with con-
stant coefficients and thus its roots will be real numbers, complex con-

jugate numbers or a combination of the two. The impulse response of the

system can be calculated by taking the inverse transform of Equation (6).

If any of the roots of Equation (13) have positive real parts the system
will be unstable because of the resulting increasing expeonential term in

the inverse transform.

Damping Characteristics of the Servo Vibrograph System

S8ince the characteristic equation is of the fourth order, it will
have four roots. There are several possible combinations which can
result:

1. Four equal real roots;

2. Twoc sets of distinct real roots;

3. Three equal and one distinct real foots;

4, Four distinet real .rocts;

5;' Two equal conjugate complex pairs;

6. Two distinct conjugate cemplex pairs;
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7. One conjugate complex pair and two equal real roots;
8. One conjugate complex pair and two distinct real roots.
If the characteristic equation has repeated roots (cases 1, 2, 3,

5 and 7), then some terms of the impulse response will have time as a

functional multiplier. If there are complex roots (cases 5, 6, 7, and
8), the impulse response will have terms with a sinusoidal multiplier
and if there is a real part toc any of the roots, the impulse response.

will have terms with an exponential multiplier (possible for all cases). 3

Case one is of particular interest if the wave form of the input
vibration is of a random nature with no harmonic component. This case ]
is analogous te critical damping in a simple vibrograph, in that the
decay is at a maximum rate but no osecillation occurs. Any set of real

roots which are not all equal will have at least one smaller real rocot.

i A AT

If it is assumed that the characteristic equation has four equal real.
roots of value R then the characteristic -equation with these four roots.

would be

b 2 3 4

(s + R)* =5 + u_Rs3 + 6R25 + 4R°s + R _ (14)

In order to have the four real roots in Equation {(14), each

coefficient must equal its corresponding value in

I C A

sq.+ CSS/Tm + Ds2/Tm + Es/Tm + F/Tm =0 {15)

or




4R

6R

4R

e
1}

Solving Equations (16), (17), (18), and (19) for R, then

C/Tm

D/Tm

E/Tm

F/Tm. .

or

ac

ch =

CE

Solving Equations (21) and (22) for

8DTm

6ETm

16FTm

(Tla + TQB)P Km vy

Tm

55

(16)
(17)
(18)

(19)

(20)
(21)

(22)

(23)

(24)
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T, P Y Xn :
" - L N
B B o (25) :
and the values of C, D, E, and F are substituted then %
Mot + CM° ¢ cow P4 Cat # 0 0M - Sy !
B! = - (26)
GCl ;
wn2 M2 + mn2 MCl 5
B! = 5 5 . (27) |
16w © - MC) - C) ;-
1
Eliminating B' from Equations (26) and (27) and solving for «' then F
2.2 2 2 2.2 2 2 2 '
. (mnM +wnMCl)6Cl - (ClM +Clmn+C1M-5an)(lﬁwn-MCl-Cl)
(len - MCl - Cl (M + Ci) b
Alsc solving Equation (20) for &' then 1
3M2+3012—8wn2—2C1M
ol = (29)
8
Elimination of -a' from Equations (28) and (29) results in the final
equation:
TS 3 2. 2 2 2 2
CoM" + 4M7(C1” - bu %) + BMC (-8u " + C %) (30)
2 2 2 b 3 2 2. _
4 uM( l?Cl wn. + 64u)n + Cl )+ Cl (Cl - lﬁwn } =0 .




The equation can be factored inte the following:

' 2 2
(M +Cp + bo J(M + C) - o )(C N + 2C,°M - 16Ma_

and from this the roots are:

‘= - t
M Cl L
8w 2 - C.2 ¢ yy Vi 2 - C.2
1 n n 1
M=
Cl

As an example of the range of values that can result from the

roots of Equations (32) and (33) if

1l ecps = 6.28 rad/sec

w -
n.
X Cl = 0.1 1/sec
Kt = 0
P =7 x10°°

then the folleowing of the variables can be calculat

tive values of the roots).
Ml = 2.5 M2 = 6300
Tml = 1/25 Tm2 = 1/6300
Rl = 6,25 R2 = 1575
L] t.
@, = 195 a, = l.49 x 10

57 ¥
3
;
n
t1i
|
M
2ic® =0 (3D il
. il
:
(32) i
(33)

ed (excluding nega-

7

i
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Tt ]
oA A e
. Ak

T

! _ o g

; B, = 39.2 B, = 1.56 x 10
B.y. = 2240 By = 3.54 x 10°

. 1M1 7 27y T %

: _ _ 8 .
alYl = 9000 azyz = -3.51 x 10

g

The subscripts are for the first and second roots in Equations (32) and
(33), respectively. The second root for M is much too large-and for this
case yields a negative value of the preduct:ya. The other root is a

possible solution.

The impulse response for the case when all four roots are equal

and real is:

o o 03 2,.3 -Rt
F(t) = 5= [(TuR™ - AR” + BR")t7e (34)
+ u(-t ToR® + 3aR% - 2RB)t2e KT
+ 12(6 THR? - 3AR + B)te NT
+ 24(-4 ToR + A)e ¥ 4+ 1
where,

t = time

R = root

P(t) = impulse response

For the .case in which all the roots are real and distinet, the:

impulse response is of the form

e T

s .;-«_____“ 3

TEEN:
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where,

b -3 32 _ .
L LR /IR ¢ (BRI, - By
1 . . : .
(R, - Ri)(R, - R{)(Ry = R{(R, - Rj)

for i =1, 2, 3, 4, and
R;=roots of characteristic equation.
Equations (34) and (35) approach one as t approaches infinity.
If there are complex roots of the characteristic equation, the
impulse response will take the following form:

F(t) = ... + A" e2C sin(bt + ¥) + 1 (36)

where,
a = real part of the complex conjugate root.
b = positive imaginary part of the complex conjugate root
(s + a-ib)(s + a + ib)(s* + (a/Tm)s® + (B/Tm)s?)
{s + a-jb)(s +a + jb)(s + R, )}{(s + R,)
Al = 10T 2
b
evaluated at s = a + jb.
¢ = phase angle of A!

Root Loci and the Stability of the System

If gamma were varied from zero to Infinity (all other constants

remaining constant) and at each value of gamma the roots.of the

]

e e e e o — —mp = N
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characteristic equation were found, a locus of these roots could be
pilotted with real values on the abscissa and imaginary values on the
ordinate. If any value of the locus appeared with a positive real
part, the system would be unstable at this point because ef the increas-
ing exponential in the impulse response. The value of the imaginary
part of any point on the locus represents the natural damped-frequency
of the component and the value of the real part is proportional to the
damping of the impulse response due to that particular root. Thus, for
high values on the real axis, the component which corresponds to the
particular root dies out very quickly and large values on the imaginary
axis represent large natural damped frequencies,

Thus to investigate the transient response and stability of ‘the
serve vibrograph, the root. loci with respect to gamma were determined
for a range of values of all the parameters, In order to find the path
of - the root locus for each set of parameters an electronic computer
was used to find the roots of the characteristic equation for a finite
number of values . of gamma. Plottiﬁg the value of these reots forms a
root locus. The routine for finding the roots. (both simple and complex)
of a polynomial is a standard program at the Georgia Institute of Tech-
nology's Rich Computer Center and will not be presented here,

For a wide range of all the parameters the root.locus was found
and plotted. Each parameter was. varied -through the range of values for
the frequency response study although in larger steps because of the
slow convergence of the program. In ne instance; for positive values.
of the parameters, did the root locus have a value which was in the.

positive real half of the root locus plot,
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Presented in Tables 2, 3, and % is a sample of the results ob-
tained. The value at gamma equal zero and infinity are respectively
called poles and zeros. A root locus plot starts at each of the peles
and proceeds to one of the zeres which may be finite or infinite. There
must be an equal number of .poles and zeros. In Figure 23 a diagram of-
all the root loci corresponding to the values in the tabies is pre-
sented.. A breakaway point occurs when the locus converges to.a point
and breaks away from the original curve at right angles to it.

When C. is zero the .pole.is at a value of 6.28 which is the

1
natural frequency-of'the basic vibrograph in radians (i.e., 1 cps).
The value of the pole is unaffected by changes in the gains. The only
parameters which affect the pole are the natural frequency and the
damping (Cl). C, serves to move the pole off the imaginary axis. The
values at 100 and zero are just limit points as gamma approaches.zero
and at zero do not really exist.

| The emergence of breakaway points can best be described by
examining the movement of the .zeres as.the parameters change. Tm has.
litt;e effect on the root locus for the wvalues considered here. Cl
tends to move the pole and the zero which are on the imaginary axis in
plot A slightly to the left as in plot B (Figure 23).

With no damping, an increase in beta increases the imaginary
coordinate of the zero which is on the imaginary axis, and an increase
in alpha decreases this zero point. With damping, the zero moves up-
ward to the left with increasing beta and downward to the right.with.
increasing alpha. Thus increasing beta increases the -1imit of the

natural frequency and the damping while increasing alpha decreases the

TR T
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Table 2.

| _C»0 Kis0 Tm=0.0 KmslO P=7x10"® Ty»100 T2=(00

Root Leocus Characteristic Point Locations

ax00 a*1000 @=10,000
ZERDS _ PREAKAWEY PTS. 5 CAWAY PTS. | CAWAY PT3, |
508 2 6';;@- nms 1%9%2 1I;{3@- Yil 288-3 61%3@3# 9@ 2|
0.002 0 <z |- .99¢-2 |- N 5. LI‘-7—‘:““*7_ "
0.008 0 -6.28@-2 -6.75& 0/1 67@ 2 -1.99@-2 |-6.7%@ 0/1 27@ 1 -6.282-3 |-6.75@ 0/1 2
-4..92& 1/3.63@ 2 -4.92@¢ 1/3.63¢ 1 ~h.92@ 1/3.63@
5 ROOT LOGUS PLOT | ROOT LOCUS FLOT | __mrnoo'r '
9 A A A
L2l
0.00¢ 0] 1.99¢-1 |1.99@-1/1.42¢ 3 6.28@-2 [-6.28@-2/4. 1,99@-2 {-1.99@-2/1.
0.0W 0 -1-9%‘1 ‘6!7“ 0/10680 2 -6023@-2 -6.75@ 0/1023@ ’-1«9”‘2 "6 7& 5 3@ 0
-4.92¢ 1/3.63¢ 2 -4.922 1/3 63@ 1 -4.92@ 1/3 .63@ 0
- ROOT LOCUS PLOT ROOT LOCUS PLOT ROOT LOCUS PLOT
5 A ) ’
0.00@ 0] 6.25@-1 |-6.340-1/4. 1.99¢-1 [-1.99@-1/1. 2 6.266-2 -6 280-2 4e9@ 1
0.00@ 0 |-6.25@-1 |-6.63@ O/1. 5@ 2 -1.9%@-1 [-6.74@ ofl.gg 1 _6.28@-2 / 23@ 0
4.92@¢ 1/3.59@ 2 ) -4,92@ 1/3.63@ 1 -t. 92@ 1/3 63¢@ O
ROOT LOCUS PLOT ROOT LOCUS PLOT | ~ [ROOT LOCUS PLOT
- A _ A A
0.00@ 0| 1,808 0 [-2.39@ 0/1l.47e 2 6.250-1 [-6.348- 1 1,99@-1 |-1.99@-1/1.
0.00@ 0 [-1786@ 0 |-5.28@ 0/1.39@ 2 ~6.25@-1 (-6.63@ 3;1 29@ -1.99@.1 [-6.74@ 0,41
-4.93¢ 1/3.29¢ 2 -4.92¢ 1/3.5%¢ 1 _ T Fhe92@ 1/3. .63@ o
ROOT LOCUS PLOT ROOT LOCUS PLOT ROOT LOCUS PLOT
e A A A
{«)
POLES: REAL IMAG REAL IMAG REAL IMAG REAL NOTE: @ a= x 100
0.008 0 0,008 0 ; 0,008 0 628@0 0.008 0 - 0 -1
‘ &
PR o —TY i R A I AL B -y w T -




Table 3. Root Locus Characteristic Point Locations

tl G205 Ki=0 Tm=0.01 Kmsl.Q0 P:7xi0¢ T=100 T>=00
. a=100 a=1000 a=10.000
ZEROS |BREAKAWAY PTS. ZERDS BREAKAWAY PTS. ZEROS REAKAWA .
REAL IMAG GAIN EEAL IMAG L REAL -
—2,500-5] 6.28@-2 -6.2@271..#3 <2.508-6 | 1.99@-2 |-1.99@-2/1.42€ 3 |2.500-7 6.2%3 6.28@-37L.49€ 2
=2,500-5 [=6,28@-2 [-6.73@ 0/1.61@ 2 [-2.500-6 |-1.99@-2 [-6.7h& 0/1.61@ 1 |-2,50@-7 |-6,28@-3 |-6.74@ 0/1.61@ O
_ -L9ke 1/3.5% 2 ~4.94@ 1/3.59@ 1 -k s94@ 1/3.59%@ 0
3 ROOT LOCUS PLOT ROOT LOCUS PLOT [ROOT LOCUS PLOT
) B B B
-2,508-4 | 1.99@-1 |-1.98@-1/1.42@ 3 |-2.50@-5 | 6.28@-2 -6.28@-2/.'..26@ 2 k2.508-6] 1.992-2 |-1.99@-2/1.42@ 2
-2.50@-4 [-1.99@-1 |-6.72@ G/1.61le 2|-2.50R@-5 |-6.28@-2 [-6.73@ 0/1.61@ 1 |-2.50€-6 |-1.90@-2 [-6.7L@ O/1.61@ O
: -4.94@ 1/3,59@ 2 -4.94@ 1/3.5% 1 -4,.94@ 1/3.56@ O
- ROOT LOCUS FLOT ROOT LOGUS PLOT ROOT LOGUS PLOT
e B B B
Q)
-2.488-1 1 6,25@-1 [-6.29@-1/4.46@ 2[-2.508-4 | 1.99@-1 [-1.98@-1/1.42€ 2 -2.-50@-5' 6.28@-2 |-6,288-2/L.48@ 1
-2.488-3 |-6.25@-1 |-6.62@ oﬁ.sae 22,5084 [=1.99@-1 |-6.72@ 0/1.61@ 1 |2,.50@-5 |-6,28@-2 {-6.73@ 0;1. 1@ 0
-5 94@ 1/3.562 2 ' =490 1/3.592 1 -4.9@ 1/3,59@ O
ROOT LOCUS PLOT | ROOT LOCUS PLOT ROOT LOCUS PLOT
- B8 B B
—2.27@-2 | 1.89@ O |-2.30@ 0/1.45@ 2 |2.486-3 | 6.25@8-1 |-6.29@-1/4.46@ 1 |-2.50@-4 | 1.99@-1 |-1.98@-1/1.,2¢ 1
-2,27@-2 |-1.89@ O |-5.40@ 0/1.35@ 2 [-2.48@-3 [-6.25@-1 |-6.62@ 0/1,588 1 |-2.50@-4 [-1.99@-1 [-6.72@ 0/1.61@ O
-4.95@ 1/3.26@ 2 -4.94@ 1/3.56@ 1 . 4942 1/3.59@ O
ROOT LOCUS PLOT ROOT LOCUS FLOT ROOT LOCUS FLOT
o B B | B8
Q)
POLES; REAL IMAG REAL TMAG REAL TMAG REAL IMAG NOTE: @ a~ x 10°
0.008 ¢ 0.00@ 0 ; -2.508-1 6.28@ O ; -2,50@-1 -6.282 0 ; -1,00@2 2 0,002 0
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Table 4,

= Ci*Q Kis0.025 Tm=00l Km=.0 P=7x10"® Ti=100 T2=100

Root Locus Characteristic Point Locations

az=l00 g=1000 a=10,000
ZERQS BREAKAWAY PTS, ZEROS BREAKAWAY PT8, |  ZEROS BREAKAWAY PTS. |
REAL MAG REAL
-2.sw‘ﬁ%5® 0 |NONE 2. 808-% o.oﬁfo—- W5 3.05@ _B‘Ei'['_-z. @l ‘6%_ 0 [=6.73@ O/1.7
-1.400 0| 6.13@ 0 -1.452 0 | 0,008 0 -1.42@-1 | 0,00@ O [-5.45@ 1/&.27& 0
.1.408 01-6.13@ O .2.65¢ 1 | 0,008 O =2,808 21 0.002 0 |-5.04@ 2/3, 2
el RCOT LOCUS PLOT | RCOT LOCUS PLOT -| ROOT LOCUS PLOT |
o c 0 E
il
_2,80@-3 0.008 O |NONE -2.81@-3 [0.008 O [-6.53@ 0/3.05@ T —2.86@-3 | 0,008 0 |-6.73@ 0/1.762 O
1,408 O] 6.12¢ O L1.49@ O | 0,008 O -1.38@-1 | 0.00@ O |=5.49@ 1/&.23 0
1,408 Q-6.12a O 2,652 1 | 0,008 O -2.802 2 | 0.00@ O |-5.04&@ 2/3. 2
ROOT LOCUS PLOT ROOT LOCUS PLOT ROCT LOCUS PLOT
3 c 0 E
0
.2,81@8-2| 0.00& 0 |NONE -2.808-2 [0.00@ 0 [-6,52& 0/3.04R@ 1[-3.85@-2| 0.00@ 0™ [-6.71@ 0/1.76@ 0
L 1..02 0| 6.12¢ O L1.46@ 0 {0.00@ O 1 1,03@-1 | 0,002 0 |-5,49@ 1/4.47@ O
-1.40@ 0[-6.12€ O -2.65@ 1 |0.002 0 -2.80@ 2 | 0.00@ O |-5.04@ 2/3, 2
- ROCT LOCUS PLOT ROOT LOCuS PLOT : ROOT LOCUS PLOT
_ C D E
“ .
Q .
~2.86@-1 | 0,008 O {NONE [3.8L8-1 {0,008 0 |-6.51@ 072,542 1 [-7.04R-2 | 1.86@-1 [-1.99@-1/2.208 1
‘1.‘}@ 0 600& 0 -1.0” 0 O-OM 0 -7-%2 -103&-1 -6-72@ 0/1-75‘ O
L1.40@ 0 |-6.06@ O L2.68@ 1 |0.008 O -5.49@ 1/4.47@ Of
ROOT LOCUS FLOT ROOT LOCUS FLOT -5.05@ 2/3.648 2
ROOT LOCUS PLOT
e C D ¢
]
0
PCLES: REAL IMAG REAL IMAG REAL IMAG REAL IMAG KOTE: @ a - x 102
0,008 0 0,008 0 ;3 0,000 0 6,280 6,280 008 2 0,008 '

59




i

ok B

66

limit.

When tachometer feedback (Kt) is added to the system the zeros
change their position much more radically. The motion of the zeros can
best be represented by referring to Figure 23. With increasing Kt, the
zeros . start with positions such as those in Plot A and proceed-as fol-
lows: A-F-E-D-C ., With increasing alpha the progression of the zeros
is C~-D-E-F-A, For large values of Kt an increase in beta has the same-
effect as -an increase in alpha, only to a lesser extent for the ranges
of beta consideﬁed here, an& for small values of Kt, beta-has.just the
opposite effect.

The root locus for the optimum values.of all the parameters (from
the frequency response study) is plotted in Figure 24 (for gamma vari-

able). At the optimum value of gamma, the values of the roots are:

Real Imaginary
~0.144 0.136
-0. 144 -0.136

-97.4 131.0
-97.4 -131.0

The larger roots have an effect which lasts for only a short time. The
smaller roots. cause a long-period damped sine wave to appear in the im-
pulse response. Increases in gamma cause the impulse response to have
a higher frequency and lower damping and decreases in gamma cause the
opposite effect. Increases in alpha cause the gain points of this root

locus to be shifted toward the zeros.




Q=1000

Wys10 CPS
Tm=0.0l

T =100
OPTIMUM ‘y'=380

Y =VARIABLE (VALUES ON GRAPH)

K1=0.0025
P=7x10-%

OZERO

I
a
—

REAL

Figure 24. Root Locus for Optimum Values of the Parameters Plotted on Three Scales
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Thus, if it is desired to have a frequeﬁcy response which is not
that of a critically damped servoivibfograph, the exact impulse response:
can be controlled.by selecting a suitable locatién on one of the root
loci.. For the linear system it. can be assumed-that the system will be

stable for any positive value of all the parameters that might be

Frepim ety i e o b S5 i

selected by any design criteria.
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CHAPTER IIT
EXPERIMENTAL INVESTIGATION

General Procedure

In order to test the theory of the serve- torsional vibregraph a-
prototype was built to verify the basic frequency response equations, -
check the impulse response, and to find the inherent problems of such a
device. 1In order to. test the frequency response of the instrument a sine
wave of varying frequency and amplitude was fed into the base of the
vibregraph. Several different values of the gains and the tachometer
feedback ‘were fried to check the response at different points. The in-
put vibration and output of the vibrometer were plotted by means of a
Sanborn two-channel recorder. The impulse response was obtained by
tapping the inertial mass of the vibreograph and recording the resulting

output.

Prototype Construction

The drawings (Figures 34, 35, and 36) show in detail_the con-
struction of the servo torsional vibrograph which is pictured in Figure
25. In FPigures 37 and 38 the electrical detail drawings are presented.

All the component part numbers which are presented in parenthesis

)
here are designated either on the detail drawings or in the parts list

(Table 5). All of the rotary motion measurement for the servo vibro-

graph is made by means of linear variable differential transformers

(LVDT). LVDT (1) measures the relative motion between the vibrometer

g
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Figure 25.

0L

Prototype of the Servo Torsional Vibrograph
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base (9) and the inertial mass (14), and LVDT (2) measures the relative
motion between the ground plate (15) and the vibrometer base (9). The
output of the first is proportional to the output (2Z) and that of the
second is proportional to the input (X). LVDT (1) and LVDT (2) are
independently excited by means -of Sanborn recorder preamplifiers and
their output is fed to a two-channel Sanborn recorder (31).

The input voltages for the alpha and beta amplification networks
are supplied from LVDT (4) and LVDT (3), respectively. Both are excited
by means of a signal generator (28) - amplifier (Figure 36) combination
at ‘a frequency of nine kilocycles.

The cutput of LVDT (3) is proportional to the relative motion
between the vibrometer base (9) and the spring base (5) and serves to
provide a stable null position for the vibrograph. The output of\LVDT
(4) is proportional to the relative motion between the inertial mass
(14) and the spring base (5) and provides the basis for the natural .
frequency reduction of the serve vibrograph.

The alpha and beta amplifiers (Figure 37) are identical and both
have a maximum gain of approximately 5006. From the output transformers
of the alpha and beta amplifiers, the two signals are demodulated and
then subtracted (i.e., alpha - beta). The filament and plate voltages
are obtained from a separate power supply (29).

The D. C. voltage is then fed into the Link servo amplifier (30)
which in turn drives the servo motor that is mounted on the wvibrograph
base (9)., The serve motor drives.é tachometer generator (22) and a

gearbox (19). The voltage from the tachometer is fed back to the second

23
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stage of the servo amplifier. From the gear box the rotary motion is
transmitted through a bellows coupling (18) to a micrometer head (16)
which converts the rotary motion to a translation of small amplitude.
The micrometer motion is transferred to the spring base (5) which
rotates about the vibrograph centerline. Attached to the spring base
is the torsional spring (6) which transmits the motien of the base to
the inertial mass.

All pivots within the vibroegraph are precisioﬁ ball bearings in
order to reduce coulomb friction. The weight of the inertial mass is
carried by the torsional spring with a provision at the bottom of the
center shaft to carry some of the weight by means of a single ball.
bearing. Since the vibrometer base is cantilevered from the center
shaft an additional support is provided by means of a level concentric
ball bearing race {12). In order to insurve that the vibrometer would
not be affected by small misalignments of the base, the inertial mass
is ‘balanced by means of the weight (10); leveling screws are also pro-
vided (13).

It should be noted that the inertial mass cage, the serve motor
support, and the support of LVDT (1) and LVDT (2) are an integral part
of the base (9). All LVDT core elements are mounted in such a way that
centering and aligning can be accemplished without difficulty.

The input vibration is supplied by means of a nenconcentric

circular cam (23) which applies an approximate sine wave to the base of

the vibrograph. The cam.is propelled by means of a variable speed motor

(26) whose speed is reduced by the gearbox (20). In order to isolate

the vibrations of the separate gearbox-motor assembly, the motion is .
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transferred from the assembly to the circular cam by means of a shaft
and a set of universal joints (25).

The ground plate (15) is 20-1/4 inches leng by 14-=1/2 inches
wide., The total height of the instrument. is 15-3/4 inches and the
distance from the instrument's centerline to the centerline of the

micrometer-serve motor assembly is 5-3/4 inches.

Operation and Design Refinement .

In order to keep the servo system at its null pesition the beta
gain has to be set high enough to overcome the drift in the components.
Due to the mechanical and electrical drift in the alpha circuit for
these particular components, a relatively high value of the beta gain
is required (5 to 10). In the experimental model it was.necessary.to
put limit switches on the spring base in order to keep it within the
mechanical limits imposed by the bellows coupling (18) and the spring
holder (12). The limit switches (not shown) shut off the input_voltage
when actuated.

The LVDT's have a large dead zone and, at high gains and no
input, a high frequency chatter occurred about the null peint. This
chatter does not affect the output since it is of toeo high a frequency
to actuate the inertial mass. The amplitude of the chatter could be
decreased and the frequency increased by the addition of a small amount
of tachometer feedback.

The original design featured a spring which was cantilevered from
the side of the spring base (5) and fixed to the center shaft. The shaft

was supported entirely by the single ball bearing at the bottom of the
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central shaft. The cantilevered spring arrangement was not used in the
final design because of high friction, spring end support difficulties
and high natural frequency. It was replaced by a teorsicnal spring which
in addition to supplying a wider range of natural periods, also furnished
a support for the mass which was almost frictionless.

The input motor when mounted directly on the ground plate pro-
duced comparatively high transverse vibrations in LVDT core mounts.
Since the output from thée LVDT's were affected by this vibration, it was
found necessary to separate the motor-gear box assembly by means of
universal joints (25). In order to further isolate the vibrograph from.
extraneous vibrations, all contact points with the ground are iselated
by means of feam rubber.

When the LVDT's are at their null .point they do not produce zero
A.C. voltage. In order to smcoth out the voltage at the null point a
variable resistor was added. in the circuit before the input of the alpha
and beta amplifiers. The center tap voltage of the LVDT is applied to
the resistor's variable tap (Figure 37), and the output voltage signal
is smoeothed by viewing it on an escilleoscope, The secend. and third .
variable resistors (left to right in Figure 37) are for gain adjﬁstment.

The demodulator provides phase-sensitive half phase rectification
of the A,C. alpha and beta amplifier outputs. The variable resistors

in these circuits are for balancing the demodulatoers.

'Experimental Procedure

Frequency Response Tests

At each selected value of the parameters the input vibration was,




75

varied in frequency from the maximum motor speed to the minimum. The
frequency was varied in steps and the transient vibrations were allowed
to damp out by méans of the intefnal damping of the basic vibrograph and
the damping caused by the servo system. After the sinusoidal vibration
had reached the steady étate condition, the recerder was turned on and
the input and output motion was recorded on the Sanborn recorder at a
suitable vrate of paper feed. An attempt was made to obtain a wide range
of values for the output and to test the servo vibrograph until the
input frequency was below the natural frequency of the servo system.

In order to set the gains of the alpha and beta amplifiers, the .
inertial mass is clamped so that "it can not move in relation to the
ground plate. The micrometer (16) is used to supply an accurate gradu-
ated motion for the calibration. The following is the procedure for
setting the gain for either the alpha or beta amplifiers.

1. Adjust the demodulator and LVDT voltage suppliesﬁat their

highest unsaturated value.

2. With alpha and beta amplifiers turned off, null the demodu-

lator output.

3. Turn on either the alpha or beta amplifier.

4, Move the micrometer a small number of thousandths of an
inch and convert this to radians.

5. Adjust the variable resistors to obtain the desired D.C.

output; always making sure by means of an oscilloscope that the ampli-

fiers are not saturated.

The gain as adjusted above is thus a combination of the LVDT and:

the amplifier transfer fuanctions. By themselves the LVDT's have a con-
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stant transfer function of about 80 volts/radian and thus, to simplify

calculations, a constant transfer function of 100 volts/radian is assumed-

in the overall LVDT-amplifier transfer function. Thus the transfer fune-
tion as measured is a combination of the LVDT's, the A.C. amplifiers,
and the demodulators (i.e., D.C. volts/radian).

S8ince the amplitude.of the output is not of specific interest,
only the relative magnitude of the input and output need be considered.
With the -input amplitude set at a constant value and the inertial mass
clamped, the output motion and input motion as measured by the two
LVDT's, (1) and (2), are identical. Thus if the two amplitudes were
equalized by méans of adjustments on the .Banborn recorders, the relative
magnitude would .be correctly calibrated. The input frequency is deter-
mined by referring to a time reference scale on the Sanborn recorder.

In order.to calibrate the A.C. tachometer feedback, it was -
necessary to get its equivalent D.C., input voltage. The method used
consisted_bf first finding the D.C. input voltage-speed curve for the
serve amplifier-motor combination by itself and then with_taﬁhometer
feedback added. At any set speed the .input voltage with and without
tachometer feedback could be ascertained; and if subtracted, yield the
tachometer feedback voltage at that speed. The quotient of the feedback
voltage and the speed is the .tachometer censtant.

In order tc find the damping constant C, the logarithmic decrement

1

is used as in the following equations:

(37)
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2w 6
_Ccr o n
Cl =3 = ————————; (38)
ho™ + &
' 2
o2 1.0
“nd _an Ty (3] (39)

where,
§ = Logarithmic decrement.
wn. = Natural .frequency of the basie vibrograph.
mnd =-Natural damped frequency of the basic vibrograph.
C' = Damping constant.
Cl = Damping constant as used in servo vibrograph equations.
J = Moment of inertia of the mass:
Xn =.Amplitude of the n-th cycle.

In order to find the natural frequency and the logarithmic decrement,
the vibrograph is set into motion and the damped vibration is recorded.
The natural damped frequency is assumed equal to the natural frequency,
and the logarithmic decrement and the damping constant Cl are deter-
mined, Equation (37) and (38), respectively. Then the natural damped
frequency is checked by means of Equation (39).

The circular cam assembly has a provision for adjusting the

amplitude of the input motion. The minimum amplitude is 0.0155 degrees.

and the maximum is about .65 degrees. Since only low amplitude vibra-
tions are of interest and at high amplitudes the amplifiers will

saturate, only the lower range of possible amplitudes were used in the

frequency response tests.
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Transient Tests

In place of an impulse response test, a tapping test was used to
test the transient response of the servoe vibrograph.. Fgr an impulse
{unity) response, the amplitude would be sﬁch that all the amplifiers
would ‘be saturated and the recorder would be off scale (Figure 31).
Since saturated amplifiers afe nenlinear, the impulse response-&uring
the first instant of time would not be as predicted by the linear model.
Since the components which cause these large amplitude initial vibra-
tions - die out in a very short time, only the more imporfant lenger
lasting vibrations due to the roots with smaller damping need be con-
sidered. The remaining root's impulse response generates a simple.
damped :sine wave. In order to compare the theoretical wave to the
response .of the instrument, the tapping test was used. The tépping,test
generates the predominant damped sine wave while keeping the danger of .
saturation to a minimum. The tapping test consists simply of tapping
the inertial mass in such a way that the amplitude is low enough to
keep all components in the linear range, and recording the resultant
damped -vibration. The amplitude of the theoretical damped vibration is
caleculated by the Equations (35) and (36) on the eiectrbnic computer.
The theoretical.curve and the response curve of the instrument are |

normalized so that they can be compared.

Frequency Response Characteristics.

In the tests of the frequency response of the servo vibroegraph
the value of the amplitude ratio (2/X) was obtained for a wide range of

the parameters. The phase angle could not be obtained accurately
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because of its rapidly changing value in a narrow frequency range
(Figure 6). Figures 27 through 30 show the_freéuency response of the -
protoetype tegether with the theoretical response for several values of
the parameters. These figures are representative of the results of
all the frequency response tests run on the servo vibrograph.

For low values:of the amplitude-ratic (Z2/X), the agreement of the
experimental and theoretical response.curves is very good. As the input
frequency appreaches the natural frequency of the servo system, the
response of the instrument generally departs from. the thecretical curve.

The nonlinearities in the system cause the -divergence from the
theeretical. The most predominant cause of this divergence is the
saturatien of the gamma amplifier, At high values of alpha gain (Figure

30) and at frequencies near.the natural frequency of the servo vibro-

graph the input into. the gamma amplifier is above the saturation veoltage.

of this particular serve amplifier. When the alpha gain is set at a
high enough value to saturate the gamma amplifier at frequencies higher
than the natural -frequency, a second apparent natural frequency results
at - a frequency of about two cycles/sec (Figure 30).

The LVDT's had several nonlinearities which affected the response
of the system, The lack of response at frequencies below the natural.
frequency was .caused-by the dead zone in the LVDT's -and the small rela-
tive motion between the spring base and the inertial mass:. The chatter
which was caused by the LVDT dead .zone was enly evident at frequencies
below the natural frequency. The LVDT's also indirectly caused satura-
tion of -the alpha amplifier prematurely because of their large residual

A.C. voltage at the null peint. A small amount of tachometer feedback
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tended to inhibit the overioading of the‘éamma amplifier and also

de¢reased the output's dependence on the chatter of the serve system.

The large. amount of beta gain was needed to keep the vibrograph

in its null pesition because of the drift in the alpha amplifier and,
LVYDT.. The drift increased with increases in the LVDT input veltage .
and with increases in-alpha gain.

The actien of the servo system is very small at high-input fre-
quencies and does not affect the output_amplifude-to any great extent.
It does, however, -increase the effective damping .of the system and
eliminates transients -quickly. As the system appreaches its natural
frequency; the servo system displaces the spring base more radically,

and the output motion becomes more dependent on the servo action and-

less on the relative motion of the inertial mass. Thus, at low frequen-

cies below the natural frequency of the basic vibregraph, the principal-

output metien comes from the serve system.

When the frequency response has a high peak, the servo system
tends - to.limit the experimental respense te a lewer:.value than the,
theoretical as the amplifiers saturate: In the device which is to be
used in practice this amplitude-limiting feature would be.ofhgreat
value, since it would limit the servo actien if .an unexpected .leng.
period vibration sheuld eccur.

The maximum amplitude which the instrument. ¢an measure is
dependent on the saturatien peint of the amplifiers.and the frequency
of the .input. The experimental data was all cellected at amplitudes

near the minimum available input amplitude (0.0155 degrees) in .order
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to decrease the pessibility of saturating the gamma amplifier. At low .
values of the input amplitude the amplitﬁde ratie (Z/X) was coenstant

for equal values of the parameters and different 2 and ¥ values at the-
same frequency. The limiting factor te the lowest amplitude vibration y
which could be measured is the dead zone in the LYDTls; this lower limit

is approximately 0.001 degrees. !

Transient Respense.Characteristics

The transient response of the serve vibrograph was tested by.

means of the tapping test. Typical results obtained.from the tests . f
are pictured in Figures 32 and 33. In eorder teo compare the results,
both the theeretical and experimental values were normalized by -
assigning one to. the value of their first maximum and pletting the
damped vibration relative to this peint. The theoretical impulse
response is presented in Figure 31 for several experimental -values.

of the parameters.

The principal reasen for the disagreement of the actual and-
theoretical curves is the nenlinearities in the systeh. In the transient
test the relative motion between the mass and the spring base was of a
greater amplitude than in the frequency response tests. Thus the pos-
sibility of:saturation was much greater. The addition of tachometer
‘feedback suppressed - the saturation and also decreased the system's
dependénce_on the servo system chatter. The chatter and saturatioen of
the gamma amplifier have a pronounced effect on the transient response.
As can be seen in Figures 32 .and 33 with high gain or ne tachometer

feedback the natural damped frequency. is less than predicted by the
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theoretical and the damping is greater. For the tests in which the

effective gains were smaller the agreement with the theoretical is very

good.
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CHAPTER TV
CONCLUSIONS AND SUGGESTIONS FOR FURTHER RESEARCH:

Conclusicns

The theoretical analysis of the servo torsional vibrograph made
in this study demonstrated that the servlo-augmented -vibrograph does
improve the response and decrease the natural frequency of -a basic
torsional vibrograph. For the ranges of the variables which were
studied, natural .frequency reductien of -the order of 100 to 1000 could
be obtained. | |

The frequency response characteristics were in general similar
to those of a. lightly damped vibrograph with a small maﬁimum.amplitude
and a desirable phase angle characteristic.

In order to find the optimum value for the parameters.with
respect to the frequency respense, thg 10 per cent amplitude error.
(10%AME) frequency and the 10 per.cent .phase angle error {(10%PHAE)
frequency were found for a wide range of the parameters. Thus if the
input frequency were above the two minimum required . frequencies, the
output response would closely duplicate the input vibration for beth
simple sine waves and. superimposed sine waves. The variables which had
the greatest effect on the frequency respense ef the serve vibregraph
were the principal feedback amplifier gain (aipha), the null feedback

amplifier gain (beta), the serve amplifier gain (gamma), and the tach-

ometer constant (Kt). The serve moter time constant (Tm) and the damp--
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ing of the basic vibroegraph (Ci) had a much smaller effect on-the two
frequency respensé characteristics.

For the optimum. performance of the serve vibrograph the following
values of the parameters are best:

1. The principal amplifier gain (alpha) sheuld.be at the highest
value possible.

2. The null feedback amplifier gain (beta) should be at the
smallest value which will produce a stable system.

3. Tﬁe-optimum:value of the serve amplifier gain (gamma) is given

by the following equation:

_ 12,000
km o172 gl/2

where the values of the LVIT -transfer functiens are assumed to be 100
velts/radian, 8 > 0,01, and « > 50,

4, The tachometer constant should have a value ‘high eneugh to
dampen_the inherent chatter of the system but should-not exceed 0.005.
volt/radian/sec.

5 The values of the serve time constant (Tm) and the damping
constant,of.the basie vibregraph jcl) should be set by the nature of .
the compenents since they have little effect on the frequency response.

The sensitivity function was analyzed in order to find the effect
of the servo vibrograph of small unforseen changes in the parameters.
All- the parameters except the natural frequenéy_of the basic vibregraph .

were found not.to affect the sensitivity with respect to amplitude.
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(Z/X). to any great extent. The natural frequency can be set and main-
tained -at a specified value and therefore its sensitivity is not impor-
tant. For the sensitivity with respect to the -10 per cent amplitude.
error frequency, the null amplifier gain (beta) produced the pgreatest.
value excepting the natural frequency. The feedback network of the
servo vibrograph decreases the;sensitiﬁity of all the parameters to an
acceptable level.

If the vibration is expected te be of a periedic nature the
transient response-is-of less importance. than the frequency response.
The optimum overall response for this case can be obtained by selecting
the values for the parameters from.the frequency response criteria.and
then checking the roots of the characteristic¢ equation te insure that
sufficient damping is present. If, however, the input vibration is
expeéted to be aperiodic as in seismic work, then .the servo. vibrograph
should .be critically damped. In order teo accomplish this damping, all
the roots of the characteristic equation should be equal; expressions
for the values of'the parameters which would preduce these equal roots.
are presented in Equations (32) and (33).

In order to determine the stability of the system and to find
what effect the parameters had on the transient respense, the root lécus:
for many different values of the parameters was calculated. The system
was found-to be stable for all positive values.of all the.parameters.

u The serve motor time censtant. (Tm) had little effect on the roet,
locus and the damping-constant-(cl) caused the transient terms to die

out more quickly as could be expected. The tachometer feedback constant

and the gains of the amplifiers have a pronounced effect on the dominant
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transient terms. Their exact effect at any particular value of the
parameters has to be determined from the roots of the characteristic.
equation. These roots and the shape, zeros; poles, and breakaway
points change pesition to such a great extent with small changes in the
parameters that ne general rule can be derived for determining the
effect of the more important parameters on the transient behavior eof-
the system. Tor the optimum values found: in the frequency response -
study, the impulse response of the system is a leng-period damped sine
wave and has only one dominant tefm;

The experimental portion of the investigation was carried out to

prove that the mathematical expressions for the frequency response and

impulse response were valid and to. discover what problems would arise in.

the prototype of the serve torsienal vibregraph.. The mathematical medel
was proved by the experimental investigation to be accurate for all
cases in which the components of the system remained in their linear
range. Generally the components-remained:linear at low input-and ocut-
put .amplitudes and at gains that were less than the maximum,

The experimental and amalytical investigatien proved that the

serve torsicnal vibrograph will measure vibrations of long period and

low amplitude. Using the principles discussed in this work, a practical.

model of the serve vibregraph could be preduced which weuld be -compact,
light in weight and preduce an output signal prepertienal to the vibra-.
tion to be measured. Its output.ceuld easily be utilized by any servo
system to control:large rotary machinery and thereby increase the

accuracy of the finished preduct from that machine. It is ideally

suited for the measurement of very low to moderately high frequency

S
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. escillatiens of small amplitude.

Suggestiens for Further Regearch

Further research should be directed toward the evelution of a

practical design and the utilization of -the serve torsional vibrograph. -

The first .reasonable extension of this work would be the inclusion of-
design refinements into a second generation serve vibrograph which
would be of more compact shape, and be of more rugged, foolpreef con-
struction. After the practical model of the serve vibregraph has been
developed, the next step in the research would be in the application

of the vibregraph to its practical uses: The design and implementation
of the serve systems necessary to utilize the potential of the serve
vibrograph would culminate the research.

Specific design modification suggestions appear in the Appendix

(Appendix C).
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APPENDIX A

EXPERIMENTAL DATA
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3
- - ~EXPERIMENTAL , —— COMPUTER [
az10 B =10
y = 5000 G =047
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1o Tm=0.03 = 0982
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| \\ Kt=0.00031
-\ i
-

Figure 32. Transient Response of the Servo Vibrograph
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Figure 33. Transient Response of the Servo Vibrograph
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APPENDIX B

PROTOTYPE CONSTRUCTION
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Top View of the Serve Torsional Vibrograph Prototype

Figure 34,
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Table 5. Parts List

10.

11.

12.

13,

14,

15,

160

17.

1s8.

1s.

20,

Output linear differential transformer (LVDT), Shinko Electronlcs
(Japan), Type 24L-L, Nc. 1965B0S5.

Input LVDT, Shinko Electronies, Type 2uL-L, No. 1965B050.
Beta LVDT, Shinko Electronics, Type 2u4L-L, No., 1965B0S5.
Alpha LVDT, Shinko Electronics, Type 24L-L, No. 1965B050.
Spring Base, aluminum,

Spring, piano wire.

Spring holder, brass.

Main Support, aluminum.

Vibrometer base; aluminum.

Balancing weight for inertial mass, brass.

Vibrometer base ball bearing support, aluminum.

Spring base spring holder, aluminum.

Leveling screws.

Inertial mass, four stainless steel disks.

Ground plate, aluminum,

Micrometer drive, Starrett, No. 263R micrometer head, 0-1 inch.

Micrometer for determination of 1nput amplitude, Starrett, No. 263R
micrometer head, 0-1 inch.

Bellows coupling, PIC Design Corp., No. T1-3.

Servo motor gear box, Link Aviation Imec., Ratio-100:1, Part No.
88059, Serial No., 1-16918.

Input gear box, Link Aviation Inc., Ratio-75:1, Part No., 88055,
Serial No., 1-16258.

[
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Table 5. Parts List (Continued) %

21, Servo motor, Kollsman Inc., Type 890F-0160230, 115 volts, 60 ]
: ¢cycle, 2 phase, 2 pole, 3350 RPM, Stall terque-6.7 og.in., Rotor '
1. Moment of Inertia-17.5 gram cmZ,

:; 22. Tachometer generator, Kollsman Inc., Type 890F-0160230, Input
Volts-32, Output-3.0 veolts/1000 RPM. b

1. 23. Sine cam, steel and aluminum.

24, Sine cam support, magnesium and steel.

25, Universal joints-and connecting shaft,

26, Input drive motor, Dayton Motor Co., A.C.-P.C., series motor, 115
volts, Model 2MO34, 1/15 H.P., 5000 RPM.

27. Oldham coupling.

28, Signal generator, RCA audio signal generator, Type WA-ULEB,

. : [ !

29. Power supply, Heathkit regulated power supply, Model 1P-32. j
30. Servo amplifier, Servo Systems Co., Model No. M-116, Serial No. 34?, :
115 volts, 60 cycle, Gain-5000 with 80 mv. input, A.C. or D.C. B
input. i

31. Sanbern preamplifiers -and recorderi: Preamplifiers, Model 350-1100B .
Carrier Preamplifier, Recorder, Model 296. if

32, Motor speed regulater, Seco Vari-Volt, Model 806, Seco Vari-Velt, 3
Model 806, Seco Electronics, 1000 watts. i

e e betn £ - g -
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APPENDIX C
SUGGESTED DESIGN MODIFICATIONS

The: mere important design medifications. are listed below:

1. In order.to eliminate the mechanical censtraints on the.
spring base the micrometer should.be eliminated and in its place:a
high ratie worm_gear.shéuld be substituted.

2. In order to decrease the possibility of the saturation
of the servo amplifier and still maintain a high gain, the gain should-
be:réduced and the gear ratic decreased. This change sheuld be accom-
plished in conjunction with the worm gear modification.

3. In order to decrease the system's size and to lessen the
effect of translational vibrations on the system the linear variable
differential transformers should be replaced wifh rotary differential
transformers mounted on the central shaft. The rotary differential
transformers should have the smallest dead zone practicable,

4. Theiprincipal:feedback amplifier (alpha) should have its

overall gain' increased in order to get large decreases in the natural

frequency.

i

o T M. o
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APPENDIX D
SENSITIVITY ANALYSIS USING SENSITIVITY FUNCTION :

In order to investigate the servo vibrograph's response to small -
unexpected - .changes in the system parameters the sensitivity function
was employed. The sensitivity expresses the ratioc of the percentage
variation in some specifié quahtity to the percentage variation in one .

of the system parameters. It may be defined mathematically as.

M o_ aM/M _ dM K
K~ 3K/K-~ dK W

8

where,

M

the system characteristic,

K = the specified parameter.

For the transfer function of the serve vibrograph the sensitivity
function can be calculated -for each of the system parameters if the

transfer function is substituted for M, each of the system parameters-
(P, wng; Tm, Kt, o, B, Y, and'Cl) is substituted for K and the pre-.

scribed derivative is taken. Since the parameters Km, y and &, T, and

1
B, TQ occur in the same uninterrupted segment of the block diagram-

{(Figure 5) the sensitivity functions will be the same for each set.

It

Q=Tns?'+Ccs’+Ds’+Es+F.

Tm 32 +As + ¥

wd
n
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M= Z2/¥

then the sensitivity functions are:

2 z2 2 .
Km P a Tl.}f[Cl_Tm-s (wn Tm + Cl. A)s + o Als

Q R

2

2 . .
Mo —mn_[Tm s“+As+KmP B T2 7]

n E

, 2. 2
SM ) —Km P-Tm o Tl Y[Cl g + @ Is
m QR
K Kt P o T. v2[C. s + w 2]s
M : 1 Y l-s ?n_
Sk = '
QR
Km P aT, y[C, Tm 32 + {(w 2"Tl'n + C.)ls + w 2]5
MM 1.7 . n . 1 n.
Km Y QR
| km P o T. y[C. Tms° + (w2 Tm +C. A)s° +E s + F] -
SM - SM - 1 '"-71. ' S
e QR
2 2 2 2.
oo N F el BT, viG s a,
B T2_ QR
C.(Tms?’+As+KnP@BT, yls
M4 | 2
C; R

S8ince the equations are functions of all the parameters and the

Laplace operator, a sine -input is assumed and the sinusoidal transfer

=

vy g LSRN

T T TI L

_ad . aie oo

i

pp—
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function for each'is.calculated by setting s.= jw.  Since the phase
angle of the semnsitivity function has little significance, only. the :;
magnitude is calculated. ' i !

If

G = [-Tn? w® + (D Tm + AC + BTm)w'

- (FTm + AE + BD)w? + BF]?

+ [Tm(C + A)w> _ (ETm + AD +-BC)w®

4 + (AF + BE)wl}?

H.= J(Tm uaq -D w2'+ F)2'+ (-tC_t.u:3 + E w)2 ﬂ

then the magnitude.of each of the sensitivity functions is expressed as

follows:

@

Xn P o Ty Jw 2o, MW+ e T’ 0 ? AWl

] -

G

2 2 7 .2 2
| M W J(-Tm w” + Km P B-TQ;y) + A% W
5.9 =
2 6 TR TS
| M_‘-_ Km P Tm a-Tl Y \/Cl W ta o w
- STm - :

G
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2. , 2.I 2 4 T
! M I ) Km™ Kt P a_Tl Y Cl w f mn w
Sge| =
G.
5 7 & _ 3 2 2
l M ’ ’ M| A Km P a Tl_y-\j(wn Tm + Cl) w o+ (—Cl_Tm W tow w)
SKITI = IS =
Y G
_ c, 2 2 2 3 .
KmPaT, v JL(-0 Tm + C. Ao + F)°" + [-C, Tm "+ E w]
M ISMI: 1 n 1 - 1. .
o Tl a
2 .2 -2 2 2. m
M M A Km~ P" a Tl.B T2 Y \lCl W+ W
SB = ST- -
2 G
C J[AQ o + [-Tm o>+ Km P B T, v wl
’SM|= 1 2 |
Cyl H

The féedback system in the servo vibrograph causes each of the.
sensitivity functions to be.of a very small amplitude and thus the
instrument is not affected by small changes in the system parameters.
Moreover, as the gains (alﬁha and gamma) are increased, the sensitivi-
ties avre decreased to even lower values. The only sensitivity functien
which has .a significantly large value iz that of the sensitivity of . Z/X
with respect to the natural frequency of the basic vibrograph. Since
this is set by the size of the inertial mass and spring and since both
can be . controlled and maintained at a constant value, . there is no cause.

for concern.

g
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As an example of the shape and magnitude of the semsitivity

curves with respect tc the input frequency, a sample is presented.in

Figure.39. The values for the parameters are as follows:

T AT A S g M B g TEE aTy

TETIETT T i Ty

o = 100 Kt = 0.00031

y = 5000 Tm = 0.013 -

B = 10 Km = 3.05

w = 1 cps P = 6.9 x 10°°
¢, = 0.l T, =T, = 100

Fer these values the 10%AME frequency is 0.49 cps, the 10%PHAE-
frequency is 0.165 cps and the maximum?s~freqﬁency is 0.15 cps with an
amplitude of 17.4.

The sensitivity reaches a maximum at a frequency (0.3 cps)

slightly higher than the natural frequency.and has the following values

at the 10%AME frequency for an assumed 10 per cent variance in each

parameter,
vy and Xm = 1.11 x l0_6 per.cent.
P = 6,38 x 10-6 per cent
Tm = 4.U45 x 1078 per cent
Kt = 5.26 x 107° per cent
o and Tl = 6.37 x lO-_6 per.cent.
B and T, = 2.64 x 10710 per cent
mn2 = 1.0 per cent
c = 7.90 X 10_3 per cent
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) Due to the small values, the sensjitivity with respect to the

amplitude (Z/X) is not an important facter in the design of the servo

vibrograph.
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SAMPLE COMPUTER PROGRAMS

11y

R

TPV I P

e,




BEGIN
CDHHENT 5 H: BYRNE*

COMMENT" FREQ RESPUNCE CURVE ' ¥
FILE:OUT FD: 6(2at5) I
REAL: ﬂFrﬂLPHllnGlHAnKTIA’BETHIJUNQP:C1:TH:KH&KTQOM2:P:BETA:ALPH:A:B.C,
D!E:FoFREGSNUHIlDENlJZOX£NTAN907ﬁNnPHI:PHID:&NG:‘NGR’ }
LABEL E1- } :
FURMAT Dyt .
FORMIC"FREQ w: %, E15,8," 27X 8 "E15,8," 8. DEG ® ™
: 1515 8),.
'FURMQ(" © ZERD: DENDM: DENI"™ ) 9 -
FORMBCX2, "ALPHASY,E15,8," GAMA =",[E18., 8o" BETA 3",E15,8),.
FORM?(X2:"FREQ '"3515_39“' ¢ R LFE S LN Bn KT 1'#&E15§a}n"
. | FORMBCX2s"TM  a",E15,8,m KM -3%,E15,8," P an,E15,8) J
vigt . - :
: "ANS{CFREQ»70XsANGY»
ANS3ICALPHAL > GAMARBETAL Y,
ANS‘(UMZP:CInKTiﬁ):
'!NSS(TN:KH,P) 3
P OKT1A: 0,00031
-:'DHZP&&-03932;_ 3
£ eouiTary g
B £ BTSN 0129793ﬁ22 }
KM. « ‘3, 050532
‘BETAYL - 10
OM2. ¢ 38 0?452 l
Pue- 6t9l97801379'6
“GAMA. ¢-8000. - 3. |
ALPHAL ¢-100 3° '
un:rzcra.rnnue.ANSS): uaztztrn,ruaur.au5431 WRITECFO5FORMB, ANSS) '3
ALPH ¢ 100XALPHA1IXP: _ : -
BETA- ¢ 100XBETALXP 3
KT &-KTtA: 3
l*fK“NKTKGﬁNA 2N l 0) .'3[_
'B‘(GAN“IKHX(ALPH +BETA)) .
Cell, OﬁKHlKTIGAHi*Ci“TN)
DeCGAMAXKMXC ALPH' *BETA)+CIX{1 0#KHKKTKG‘M#)%GM2!TH) }

" STT

———— e T ST T o i L R S
— - e o P e S A S W A O] ni?




[T s e, ey e

for

E*CCIXGAMAXKMXBETA
F(GAMAXOMXKMxXBET
FREQ ¢ 0.1 STEP: 0ot
N ¢ FREQx6,28318
NUME ¢ SQRTCCTMxW*
DEN1 . ¢ SQRTCCTMxN*

JE—— e

:guéxc;;g+xnxxrxsann)1 3.

“UNTIL: S,0 DO BEGIN

3

GuBXW*2) 4D ¢ C(AXWNA3)#2) .3
A=DXN*2$F Y2 ¢ (EXxNe CxN#3)%2) .}

:;peggulqo,orrazﬂ:BEG{N:nnlrstruaannna-gaeofTGEEl' END: J

20X .- ¢ NUM17DENY 3
aF ¢« W 3 _
NTAN¢=((CxTM=ARTM)
DTAN&»(TMXTMXQF 86+
3 . .

IF- DTANSO,0 THEN A
ANGR&ARCTANCNTAN/D
-IF  (DTAN<O,0)ANDIN

XQF#5=(BxXCHEXTMmDXAIXQF A3+ (BXEAXFIXQF) .
(Axc-TMxnhvuxB)xaF*a+cFxTM+BxD-AxE)xQF12-BxFO.

NGR¢3.1815972,0 ELSE
TAN) 3.
TAN30.0) THEN:-ANGR¢ANGR+3,14159 3

?IFHIDTﬂN<050§AND(NIAN<050):THEN!kNGR}ANGR'361§359=l;

ANGeANGRXS7,2958.

WREITECFOsFORME»ANSTY 3

£l
END. .

END: 3

j :
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BEGIN: . _
cﬂaﬁtﬂT‘S'H BYRNE3--FREGUECY'RESPONCERCHhRACTERISTICS;
PROGRAM FINDS: . o
t- FREQUENCY "AND.-AMPLITUDE: AT A 90 DEGREE PHASE ANGLE
2:  FREQUENCY,AMPLITUDE: AND PHASE ANGLFE AT MAXIMUM
3° 10 PERCENT AMPLITUDE ERROR: FREQUENCY WITH PHASE ANGLE
4 10 PERCENT“PHIsE_ANGLE:ERRQR.FREQUENCY-HITH:AMPLJTUDE?'l-
LABEL - E2,E3:T1+T72,76,75,F2,F3,U8,U9,vs ]
INYEGER MsR1sR2sR3I»R4+RS5»SsR» IRsR6SR72REsRY ]
RE&L-FREO:PER:FRFQpPFﬂbANGiZZl;YYFhYYP.ALPHAIosAMniBﬁwﬁl;BMZBpCIbKTlA;TH
;P;Aaaiciossyr;KM;KTJnLPH:,BETA.Duz,AR,BR;caaoapxrix:NUM.BEN;ERRDR»Q,Y;r
ZB;Y!@I?Z@nQFbN:t!NTANgDTANbANGR:ZZZbIMA:IHAG»U&:UZ:U3:UQ:US:UG:U?:ZO: 3
INTEGER: ARRAY BO{O#133,0113) - - ' 1
REAL ARRAY  RSf01133,01123) 3.
FILE OUT  FD 6¢2,15) 3
FORMAT OUT C
B "IFORMGt/,"GAHA(HDR)’&-ALPHA(VERI)'as10925;50}100:250:500:?50»?;?
11000520005 3000,4000-,5000,100003  BETA =",E15,8)».
FORMT(X2s"FREQ =", £15,8,n (1 EZW4E15,8:" KT En,EL15,8)
FORMB(X22"TM  2"2E15,8s" KM -~ 2",E15,8," P ®",E15,8) ,
FORMOC "10CE12,8)) . ». N i
'rnnul1(;:9NATURAL+UNDAMPED=rneoﬂ;///) s
FORML2C(/s"Z/X MAX®2a//7) - » :
FORM13C/»"NATURAL. DAMPED FREQ™,//7) »
FORM1AC/+"FREQ===10 % DOFF FINAL VALUE™5///) .
FORM13C/,"ANGeua=10 X OFF FINAL VALUE",///7) .
FORM16¢/>"FREQ===162 DEGREES"™,///) -
FORMY7C/»"7/Xwm=162 DEGREES™;///7) »
FORMLBC '/, "ANGm==MAX 2/X"s///) .
FORMIO(XB512,9¢X10,12)) ,
FORM20(X58,12,2¢X10,12))Y »
FDRMth/:!ZlX*!??O*DEGREES"i///)' »
_ FORMI0(XS0,3(E12:.4)) .
LIST: _ _
ANP3CBETAL)Y ,
ANSACOM2PRClaKT1A) 5.
ANSSCTM KM P) -, .

81T




ANSE{FOR Se1 STEP. 1 UNTIL: 10 DD RSIR»$)):»-

ANSTC(FOR Se¢iy STEP { UNTIL $3 DO RS[R,S5})s-

ANSB(FOR Se1:STEP 1 UNTIL 10 DD BOLR»S3I) .,
. ANSQ(FUR“S;lleTEP-l'UNT1L513-03530{R;s;) E .

DEFINE:  ZOXIC((TMXY#AmBXYXYI#24AXAXYH6)/(CTMXY 8uDXY#24F )42 4.

: ' C*CxYn34Exy)n2)) 23 ' '

KT¢KT1A 3

OM2P . ¢:1,0. '3

OM2639,478217612 3

TMeO 01 5 :

KM" 1,0:3

Pe T,00=6 3

Cle- 0,413

BETA1¢10,0 }

BETA¢ 100XBETAIXP 3

R1¢0:3 R2¢13 3 R3¢26 ) RE¢39 § R5¢52 § 5¢0 2

R6¢653 R7¢78) R8¢ 91} R9e¢i0a ;
FOR ALPH#&;*-10;0125;0v5050:100.o;25050:500;0;?50@0:1000;03:
T .':20000013000i0340005015000@0@100@0@0 D0 BEGIN
RIGRI+1IR26R2413RIERIL1IRA4RAL1IR5¢RS5¢1) Se0 3.
R6¢R6+1 '} R7T4R741°} ROCRB ¢1 5 R9eRY9 +. { 3. -
FOR GAMA ‘ﬁ'1030:2530!50@0:100¢0;250¢0b50059§?50509100030!-
) _ - 20004053000,0,4000,055000,0,10000,0. DO BEGIN
i -Se541:}: ‘ ' e ' '
ALPH¢- 100xALPHAYXP: 3. _
i : FOR ‘M¢ R1,R2,R3,R8,R5»R6,R7,RB,RY:
E ‘DO BEGIN BDIM»SY ¢ 03 END3
j : A (KMXKTXGAMA -+ 1,0) 3
Be(GAMAXKMXCALPH +BETAY) 3
CeC1,0¢KMXKTXGANASCEIXTM) 3 _
othnHAxKMk(ﬁtPH=+BEI§)*Clxtl.OﬁKMxKIkGAHA)+ﬂM2xTMO‘ }
ECCCIXGAMAXKMXBETA+ON2R{1 e O4KMXKTXGAMAY)Y 5 _
FelGAMAXOM2XKMXBETAY 3
AReTMXTM 3 ' _
BReAXCoDXTH»BXTMS -
CREFXTM4BRO=AXE - 5
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E3:

Ti:-

‘DR¢ =BXF: }:

XFel100:.03 - M40 3:Xe0,1.

IF DR#0,0 THEN BEGIN'

NUMe 2, 0XXxXXXXAR 4 BRXXXX = DR

DﬁN* S.OKXxxxaR + 2,0%XBRxX &+ CR 3

END

ELSE: BEGIN: ButR1:53630.:
IMAG¢BRxBR: = 4 ,0xARXCR 3

IF IMAG<040 THEN BEGIN BO[R1,S)¢ 31 3}
XFe0o,0 3 GD:TB:E3 3 END: 3}

IMA. *(-BR - SORT(IHﬁG})Iz.oxAR 3

XFeIMA-

IF 1MA <o.o THEN: 'BEGIN' XF+0.,0 3 BOIR4,51¢32 } ENDJ
60 T0: E3 _END: 3 '

IF ¢DEN®0,0) "THEN. .

BEGIN' Xé¢X+0,1 3 MeM+i ) GD YD E2 END I
XF& NUM/DEN 3 ERROR ¢ - XF w X 3

IF XF<0,0 THEN XFeM ¢ 1.0 ELSFE BEGIN:

"IF ABS(ERRBRJ € 040005 THEN

GO TD E3 __END 3

IF M > 100 THEN BEGIN BO[R!JS]*ZO } GO:'Y0 53 ' 3 END’
M & Net 3o 'XeXF 3 GD:-TD E2 3

Q*SGRT(ABS(XF)) 3

FREQ ¢ 0/6,28318 }

IF- 0!0:0 THEN RS[(R9s51¢0,0 ELSE. BEGIN Y*QlRS[RO:S]*SRRT(ZUX)

END:

Bﬂ[R9oSJ*BﬂfR1:S] 3

RS[R!:Si*FREﬂ

Me 3 o

¥Y¢#6,0 3 ZO&ZUX 3 OY1e6,0° 4.

142,00 3.

YieYy -+ I !

IF- Y1 <. 0,0 THEN BEGIN Yieyl = §3- 1¢0,5%136G0: 70 T1 END.

1IF 71’62c831853 THEN: BEGIN BOTR2,5)¢41 3
'ZZIGSQRTtZt)lYYF¢Yl/6 28318

Yieq 0

IF 2041 0 THEN: BOLR2,$1¢29 } GO TO 76 } END3.
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- Ye¥1 .}
21«20X 3

i : . MeM#+y 3

! ‘IF:M » 1000 THEN BEGIN: BOLR2,S)¢20 3 GB 70 T2 3 END3

IF: 21> 20 THEN BEGIN Z0e2) 3 GD TO: Tl END ' 3

: Te=0,5x1 3

i (8 A35t11<o.00001 THEN: 6O. Tp T2

Z0¢71:3 .GD-TO T19 '

T21 ZZIOSQRtha)lYYFGYIIG 28318 3

Téy RSLR2,81¢221 3 RS[R3;SJOYYF J

' QFeYL 3 '
NTAN&-((CxTM-AxIM)xQF*S-(Bxc+ExTH-DlA)IOF*3+thE-ﬁKFJ!QF) .
-DTAN&-(Tnxrnxqr*6+tA!c-ruxnnruxs)xQF*4+(rxtM¢BxD-sz}xGth-erJ
3 _

IF. orun-o.o ‘THEN ANGR¢-3 1&159/2 ELSE:

uNGR+nRCTAN(NTAH/DTlN) 1 '

IF (DTAN<O,0)ANDCNTAN»0,0) THEN. hNGRthGR+3o14159 3.

IF (DTAN¢0 OYAND(NTANCO,0) THEN. ANGR#ANGR*S.!ﬂ!SO ]

-lNGoANGRRS? 2958 }

50(331S]*BD[RB:S]*BD[RZ:S] 3

RS{R8»S)I«ANG '}

)| F—————y

H IF ABS(140 ' 7Z1) < 04% THEN: BEGIN BOI{R4sS)e51 3
; Yie1,0 END } -

| YeYL 3 Meo 5 Ne1,0 5 1¢1,0

. r23 Yevs] S

IF Y040 THEN BEGIN YeYo1 3: 1¢0,5%1 3:G0 TO F2: END- )
LoABS(SGRT(ZUX) 1,03 3

MeMa 1 |

IF M. >» 100 THEN BEGIN antna.s1ozo + BOLRA4»S13GD: TO: FIJENDS
I1F CNXL) "€ (0,1%xN) THEN: BEGIN: - ' '

1«-0 SXT ¥

17 ABS{1)<0, 00001 THEN GO0 ToFr3. 3.

Ne=N. END 3

GO To F2 3
F3 FRFQeY/6,28318 3
_ QFeY 3 _
751 -RS[R&:S]OFRFQ 3
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'NTANt-t(CtTM-AxTM)xoris-(BxC+ExTH-DxA)nar*3+(BxEn&xFJ*OF) 3
-BTANt-tTN!TMoni6+(Alc-TN*D-TMRUanF*u+(FxTM+BxD-AxEJ*QF*2-BxF)
3

1F: DTAN=O, 0. THEN aNGRo-B 1&159/2 ELSE:

*ANGR&&RCTAQ(NT&N/DTIH) I

“IF: (DT&N¢0,0)AND(NTAN>0.0) THEN ANGREANGR+3,14159 } .

IF: CDTAN<O ,0)ANDCNTAN<O:0) THEN - ANGR@ANGR'3.14!59 3

:ANG&!HGRK57.2958 3
‘RSCRS»SICANG 3.

BOLRS»S1¢BOIRA,S) -

YOYL: ) MeD 3 Ne1:0 3 I‘laO 3

UleRTM-ﬁ*TM 3

U2¢BrC+EXTH=DXA }

UIeBXE=AXF: }

UBeTMXTM -3

USeAXC=TMXD=TMXB J .

US¢FXTMeBRD™AXE 3

UY&BKF )

Y#Y+I }

IF: Y$0,0 THEN BEGIN Yey=3 3 160 5x[ }. 60 TB U9 END: 3
NTANes(U1xY®S = U2XY*3 & U3Jxy ). }
OTANe=(UAXYRE ¢ USKYNY 4 UgxYu2 = 7y 3.
kNGRt&RC?AN(NTANIBTlN) i

"IF CDTANCO,0IANDCNTAN>040) THEN" ANGR*&NGR*3.14159
IF . CDTAN<O,0)ANDCNTANSO:0) THEN ANGRGANGR'BoIQISQ )

Lonas(ANGR) ]
MeMet )

JIF: M > 100 THEN BEGIN 30{R6351080[R7t510203 GO TO: UBSEND3 -
“IE- (H!L)>t?.82?431N) THEN: BEGIN

[¢=),5x]".

-IF: ABS(I)<0.00001 THEN 80 TD us 3

Ne=N - END 3

60-T0: U9 3

RSIR6,S1+Y/6,28318 §
~ RSIR7,S1eSQRTCZOX) §
END: "3 END: 3.
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"BEGIN INTEGER: BREAKFORNEWSEGMENT" 3
WRITECFOLPAGE]) 3
FOR IR*l:!05:2791#)92:40353!66:79 ‘00- BEGIN:
FOR ReIR: STEP { UNTIL  C(IR+#12) DO: BEGIN
WRITECFO»FORM,ANSS) SWRITECFOsFORM19,ANS8) SEND 3:
i WRITECFOsFORMG» ANP3 )} WRITECFO.FORMT . ANSA) S NRITE{FO»FURKBsANSS) 3
- IF IR:- = § 'THEN WRITEC(FDsFORMI1) ELSE BEGIN

IF IR = 14 THEN WRITECFOsFORM12) ELSE: BEGIN
i IF IR = 27 THEN WRITECFOsFORM13) E_SE BEGIN
| IF'IR = 40 THEN WRITE(FOsFORM14) ELSE BEGIN.
IF IR = 66 THEN WRITECFOsFORM16) ELSE BEGIN
IF IRs: 79 THEN WRITECFOsFORMLT) ELSE BEGIN
IF IR'® 92 THEN WRITECFO»FORM18) ELSE BEGIN

IF IR s 105 THEN WRITE(FO»FORM21) E_SE BEGIN

; WRITECFO.FORMY5) ENDJ ENDS-END3 ENDJ ENDS ENOD3 - ENDJ ENDS
| ~ FOR: R¢IR STEP: { UNTI(L CIR+12) DO BEGIN
WRITECFO»FORM1OsANS7)3 ~ WRITECFO,FORM20,ANS9) ‘3 END 3
WRITECFOLPAGE)) 3

END '}
END } '
COMMENT HEANING OF: SUB=CONSTANTS
: 00«ND" coune«r "20¢ITERATION: OVER 190

| 10¢. DR™:. ‘31¢IMAG:.  32eNEG ALL  FOR UNDAMPED NAT FREQ Ruars

I A1 «FREQ > 10 ¢PS A9%FREQ >-10 CP5 AND Z/X < 1,0

| S1¢HAX Z/X LESS' THAN 10X OFF: 7te. SAME’ AND ov:R 1oo 3.
END. : ) ' ' ' 138-'
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331708400

0

3:1212040

0

3,30810400

0

3,20720400

0:

3,5036001

o 51
1,79878=0)
- 81

GAMACHOR) AND ALPHACVERT) = 1051002500+1000550005 10000

331670400

‘3427008400

0

4,36288=01

5%

2420720#01% .

51

1,17960«01

0

9,47120=02

0

3431268400

0

3,1493040

: 0
2¢11000=0¢
1 !
1492708=0

0

1,38278=01

: .0
1,01328~01
o

3,31120400

0

31110840

0

1,81388=01

51

23011801

0 ;

1,39950=01"

\ 0
1,01918=01
0

'FREQ -»:1,000000008400 C1 = 1,000000008=0}

TN

% 1,000000008=02" KM

3 1,000000000+00: P

fRQQUENC??*-tO"PERcENT-gpr;pIN“LighLUE;__,

3,30980+00

o.

13,0720840

[+ B

1,6185001"

51

245001820

0 .

1,8118040¢

6
1,02340%0
' .o{

3,30968+00:

o i

3,06648400-

o .

1,597108=01

51

2,52180=01

0:

1;41329:01

By
1,02398=p
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KT 3 1,000000000=02 -
= 7,000000000~06
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