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SUMMARY 

This thesis addresses the problem of optimal expansion planning 

of an electric power transmission network over a finite planning inter­

val. A procedure has been developed which yields an expansion policy, 

optimal with respect to a flexible economic criterion, and which 

incorporates realistic network constraints. 

The problem is formulated as a discrete time deterministic 

optimal control problem. 

A control at a time t is defined as the transmission facilities 

to be put in service at this time. To be determined is an optimal 

sequence of controls which will provide an admissible transmission 

system at any time during the planning period. An admissible trans­

mission system is defined in terms of operational constraints of network 

security and reliability. These constraints require the solution to the 

problem of power flow on the network. The flow of power is modeled with 

the Kirchhoff's network laws, simplified at some degree. 

The objective is the minimization of the economic cost of the 

expansion policy. This cost consists of investment cost, cost of energy 

and power losses, and financial charges. The definition of the economic 

cost is very general. The terminal value of the system at the end of 

the planning period is automatically accounted for. 

The controls are assumed to be discrete because of standardization 

of transmission facilities. There is a tremendous number of controls 



which can be applied for the expansion of a transmission system. How­

ever, because of the existing network coherency (Chapter III) in power 

transmission systems and by using upper bounds created by the optimizing 

algorithm, the number of admissible discrete controls is limited to a 

manageable one. An algorithm, consisting of a detection scheme, a 

feasibility condition, and an optimality condition, generates the 

admissible controls. 

The optimization problem is solved by a non Linear Branch and 

Bound method. It is developed from an enumerative algorithm. Histori­

cally, enumerative algorithms have not been considered for this problem 

because of its size. However, the transmission network planning 

problem with finite planning period is a bounded problem. The non 

Linear Branch and Bound method, with the aid of the algorithm which 

generates the admissible controls, is able to compute the bounds at the 

beginning of the algorithm. Enumeration of the trajectories is then 

limited by these bounds. 

The non Linear Branch and Bound has low storage requirements. 

In-core solution can be obtained for even large transmission systems. 

Cost escalation and construction lead times are handled without extra 

complications. 

The general transmission planning problem can be solved by 

Dynamic Programming too. However, application of Dynamic Programming 

to the problem of this thesis encounters huge practical difficulties. 

A tremendous amount of data is required to be stored and retrieved 

during the computations. The important cases of cost escalation and 

lead time of the construction of transmission lines tend to increase the 



dimensionality of the problem. These practical difficulties are dis­

cussed in Chapter V. This chapter is basically independent from the 

rest of this thesis and may be skipped without loss of continuity. 

It has been mentioned that the flow of power is modeled with 

the Kirchhoff's network laws, simplified at some degree. This simpli­

fication is not necessary. The exact Kirchhoff's laws can be used for 

the power flow model. Accuracy is increased at the expense of efficiency. 

Chapter VI is denoted in a discussion of the computational requirements 

with the exact power flow model. Again, this chapter is independent 

from the rest of this thesis and may be skipped without loss of 

continuity. 

The planning procedure of this thesis has been implemented and 

tested. Two test systems have been used. A detailed evaluation of 

the performance of the algorithm is given in Chapter VII. The conclusions 

of this evaluation are: (a) The storage requirements of the algorithm 

are low. As a matter of fact, in-core solutions can be achieved for 

even large networks. (b) The present planning algorithm yields the 

global optimum with high level of confidence. (c) The execution time 

of the algorithm is reasonable. 

The method of this thesis is very flexible. Operational controls 

in power systems can be included in the formulation of the transmission 

planning problem. The impact of just one operational control, the 

corrective rescheduling of the generator outputs, on the transmission 

planning problem has been investigated. It is concluded that corrective 

rescheduling yields considerable savings. 



In summary, this thesis reports the successful application of 

an enumerative optimization process to a huge discrete optimization 

problem, the electric power transmission network planning over a 

finite period of time. 
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CHAPTER I 

INTRODUCTION 

General 

The subject of this dissertation is the long range planning of 

a power transmission network. The specific problem considered is to 

determine the most economical expansion policy of an electric power 

transmission network over a finite planning period. The problem is 

formulated as a discrete time deterministic optimal control one. The 

solution of this problem is achieved by the non Linear Branch and Bound 

method. This optimization algorithm is developed from an enumerative 

procedure by taking advantage of specific properties of the problem. 

The problem of planning a transmission network is a huge 

computational problem. The reasons are: 

(a) The decisions the planner has to make are 

discrete because of standardization of 

transmission equipment. 

(b) There is an enormous number of discrete 

alternative decisions for expanding a 

transmission network. 

(c) The constraints to be satisfied by the 

transmission network are numerous and 

non linear. 



Because of the size of the problem enumerative approaches have 

not even been considered for its solution. Enumerative approaches, 

however, possess great advantages: 

(a) They provide the optimal solution for any 

class of problems. 

(b) Non-linearities in the equations are easily 

handled. 

(c) They provide flexibility in the mathematical 

modeling of the problem. 

(d) The implementation of an enumerative algorithm 

is relatively simple. 

Because of the forementioned advantages, an enumerative approach 

is attractive for problems which assume discrete solutions and which 

are conceptually complex. The transmission planning problem falls in 

this class of problems. In general, it can be formulated as an optimal 

control problem. The controls or alternative decisions to expand a 

transmission network are discrete and numerous. This thesis reports 

that information from the optimization method and constraints which 

have to be satisfied by the controls can be used in order to prove that 

the majority of the discrete controls are not qualified to be in the 

optimal trajectory. The controls which can not be disqualified are 

limited in number. These controls should enter the optimizing algorithm. 

An enumerative approach is practically feasible in this case. The non 

Linear Branch and Bound is developed from an enumerative approach. It 



takes advantage of the specific properties of the problem in order to 

disqualify the majority of the discrete controls. This function is 

analyzed in Chapters III and IV. 

In the following sections the general objectives and require­

ments of a planning study for a transmission network will be stated in 

loose terms. The existing methods for the solution of the problem will 

be presented. Their capabilities and shortcomings of the most repre­

sentative methods will be discussed. Conclusions will be drawn which 

lead from these methods to the method of this thesis. 

Objectives and Requirements 

In the 20th century the use of electricity has been spread in 

almost every human endeavor. This is so because it is easy and simple 

to convert electric energy in any other form of energy. Today the 

economic life of a community depends heavily on the availability of 

electric energy. Large power systems generate and distribute electric 

energy to the users. 

Figure 1.1 shows the basic structure of a power system. Genera­

tion plants convert energy of some type (thermal, hydro, nuclear) into 

electric energy. The electric energy is transmitted through network 

type systems to the consumers of electric energy. 

Vertically, the power system is divided roughly into four 

layers: 

(a) Distribution level 

(b) Subtransmission level 

(c) Transmission level 



(d) Tie line system (which connects a number of 

power systems into a power pool). 

Horizontally, each layer divides into a large number of systems 

which are isolated electrically (and usually geographically) from their 

neighboring systems of the same level, and they are electrically con­

nected with each other only through the systems of higher vertical 

layers. The purpose of connecting the individual power systems by tie 

lines is to pool their facilities with the aim of mutual economy and 

for assisting each other during emergencies. 

The demand for electric energy is increasing at a rate of seven 

to ten per cent annually. This trend is likely to continue for many 

years to come. Power systems will have to increase their generation 

and network capacity in order to meet the demand. In view of the ex­

tremely high investment costs of the power systems, it is imperative to 

thoroughly analyze the way of increasing the capacity of the power system 

in order to make maximum use of the available resources. The power 

system planner is facing a challenging and complex problem. It is, 

however, a worthwhile problem because even small improvements in the 

planning practices will mean large savings. 

This thesis addresses itself to the problem of planning a trans­

mission network. 

The transmission network consists of transmission lines which 

carry the electric energy from the plants, where it is generated, to 

places close to consumption centers. There the electric energy is 

supplied to the subtransmission system. The transmission network 
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carries bulk amounts of power at usually extra high voltages and above. 

The transmission network should meet certain requirements which 

are discussed below. 

Reliability 

The system should be able to provide the customers with electric 

energy continuously. Any interruptions will cause inconvenience to the 

customers and will curtail revenues for the power company since there 

will be customers willing to buy electric energy but cannot do so. 

Furthermore, in the case of an interruption, restoration of service is 

always costly. Since the transmission network carries bulk amounts of 

energy, an unreliable network may cause frequent interruptions of 

service to a large number of consumers, a highly unfavorable performance 

to both the electric utility and the customers. 

Security 

A transmission network is subject to random events such as 

lightning, short circuits, accidents, etc. which may cause the loss of 

transmission lines, if such an event did happen and the system lost 

some of its facilities, would the remaining system be able to operate 

safely? It should be understood that the operation of the power system 

is a dynamic phenomenon and any sudden disturbance will cause oscilla­

tions. If the transmission network is not well designed, the oscilla­

tions might drive the system out of stability and possibly to a complete 

or partial blackout. This has actually happened in many systems. 

Efficiency 

The transmission of power should be done with minimum losses on 

the transmission network. Energy lost is money lost. Furthermore, a 
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lossy transmission network calls for more installed generating capacity 

and therefore higher investment costs. It is, therefore, desirable to 

transmit power in an efficient way. 

The demand for electric energy increases with time and in order 

to meet the reliability, security, and efficiency requirements, more 

capacity should be added to the system. Transmission capacity can be 

added only in discrete quantities. The characteristics of the lines to 

be added to the system have to be chosen among several standard types 

(e.g. 230 kV, 345 kV, 500 kV, etc.). This presents mathematical 

difficulties since we are dealing with variables which take discrete 

values. 

Finally, the economics is of major concern. We are facing the 

problem of achieving the maximum result with minimum use of resources. 

Every available resource (labor, land, capital, etc.) can be translated 

into dollar figures. It is then appropriate to talk about cost. The 

major objective in long range planning is to minimize the cost over a 

long period. The investment level of individual decisions is not of 

primary interest. However, in the actual implementation of a timed 

series of decisions, the investment level might be a burden because 

of budgetary limitations. 

Because of the extremely high investment costs of the transmission 

networks, it is imperative to have procedures for adding the right kind 

of equipment at the right time in the right location to achieve the 

desired level of quality of service at lowest cost over a long period. 

It is believed that the use of high speed electronic computers in the 

field of system planning should be directed towards optimization rather 



than mechanization of planning procedures. 

In this work, the problem of planning a transmission network is 

formulated as an optimization one. The objective is to minimize a 

flexible economic criterion subject to security, reliability, and 

discrete circuit additions constraints. 

State of the Art 

The problem of choosing an optimal transmission network expan­

sion plan is an extremely complex problem that has not yet been satis­

factorily solved. It is difficult to quantify the costs and constraints 

of a transmission network. Since the early days of digital computers, 

however, attempts have been made to solve the problem. The first 

attempts amounted to a mechanized procedure: A performance standard is 

established and whenever the system does not meet the standards new 

constructions are decided upon until the system satisfies the criterion. 

Definition of performance standards is controversial. 

In view of the extremely high investment costs of the trans­

mission networks, it is believed that the use of high speed electronic 

computers in the field of system planning should be directed towards 

optimization rather than mechanization of planning procedures. It is 

common to express the power flow laws, reliability, security, and 

quality of service, as constraints. The objective is the minimization 

of the cost of the system. 

The approaches for the solution of the problem can be classified 

into two categories: static and dynamic. The static transmission 

planning problem seeks to design an optimal network which will 



accommodate the needs of a certain system at a target year without 

considering the time of construction of the network reinforcements. 

The dynamic approach seeks to determine an optimal sequence (in time) 

of network reinforcements which will prove the system sufficient to 

accommodate the dynamically growing needs of the system at every time. 

The static approach tends to exaggerate the economic impact of 

the economy of scale on the system. By economy of scale we mean the 

fact that the acquisition cost per unit capacity of an installation 

decreases as the capacity of the installation increases. 

With respect to the power flow laws, the methods can be 

divided into two categories: 

1. Those which use a transportation model. 

2. Those which use Kirchoff's laws to determine 

the power flow. 

Transportation models fail to reproduce the actual flow of power 

on the network and therefore will be excluded from this discussion. 

Available Methods 

The combined costs method [10] formulates the problem as a linear 

program through use of simulation techniques. The solution is obtained 

by iterating between simulation and the linear programming problem. 

The merit of the method is based on the fact that a similar 

model can be developed for the generation planning problem and the 

two problems can be concurrently solved. It is, however, impractical 

to incorporate reliability constraints or the effects of controls on 

the expansion of the system. 



Another method [5] defines as economic cost the following 

performance index: 

M W P 

«- J ^ ^ - W 

where: 

M - number of rights of way in the network 

W - weight factor 

P - actual power flow through the lines on the 

right of way I 

P - power transmission capability of the lines 

on right of way I 

K - cost of one unit of susceptance on the 

right of way i 

y - equivalent susceptance of the lines on 

the right of way I 

n - an externally defined integer number 

which is to be minimized subject to DC-power flow constraints 

N 
P 
i 

: 

Vi 

, = I y^ce. - e >, i = 1,2, . . . ,N 
i=i ^ D 

where: 

N - number of nodes in the network 

6. - phase angle of the voltage at node i 
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and limits on the number of lines on each right of way. 

m m max . 
yfl ^ y„ ^ y- # * = i/2<- • - • *M 

The gradient V(PI) with respect to admittance y on the rights 

of way indicates the most effective rights of way in minimizing the 

performance index. Based on this indication, combinations of discrete 

line additions are considered and the optimal will be that combination 

which yields the smallest value of the performance index. 

The overall approach is static and therefore unable to evaluate 

the economic impact of the economy of scale on the system. Another 

drawback of the method is the fact that the state of the system is 

evaluated in one single number which might prove the method highly 

deficient for certain situations. 

Another method [13] linearizes the DC load flow equations around 

the operating point in order to define the problem as a linear program. 

Minimize: 

K = 7 K Ay 
m m 

m 

subject to: 

M 3̂  
-iji <; $ + J r-5- Ay < ij> . k = 1,2, . . . ,M 
k k u. 3y Jm k 

m=l Jra 

Aym ~ qm/ m = 1/2' * ' * 'M 



where: 

K - is the cost of one unit of capacity on the 
m 

right of way m 

Ay - is the decision variable = transmission 

capacity on the right of way m 

\p - is the absolute maximum permissible phase 
JC 

angle difference on the right of way k 

The above model is the point of departure for the method in 

reference 14. 

For each right of way the optimal cost versus capacity curve 

is calculated subject to discrete line additions and space constraints 

The result is a staircase function for each right of way. 

The decision variables are X..: 
i: 

rl if line additions equal to the j 

: » % 

step of the î h right of way is made 

otherwise 

Linearizing around the operating point one can define the 

problem to be: 

Minimize: 

M n(i) 
Z = I I C n A n 

i=l j-1 ^ x3 

subject to: 



n(i) 

I X. . < 1 i = 1,2, . . . ,M 
j=l 1 3 

M n(i) 

£ 2 AiikXin " bk k = lf2' ' ' • 'P i=l j=i ^ 13 k 

where: 

M - number of rights of way considered 

n(i) - number of discrete steps in the cost-capacity 

curve of the i right of way 

p - number of overloads 

C.. - cost associated with the j step in the 
13 

cost capacity curve of the i right of way 

A. ., - W,/9y. .)Ay. . 
ljk k Ji] ^13 

Ay.. - admittance associated with the j step of 

the i right of way 

h - the amount of the k overload 
k 

A branch and bound algorithm is employed for the solution of 

the above problem. 

Each right of way is replaced with a number of decision variables 

therefore increasing the dimension of the problem. But the major 

drawbacks of this method and any other method which linearizes around 

the operating point, are as follows: 

1. There are numerous operating points of the 
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system (contingencies, generation schedules, 

load levels, etc.) which are of interest to 

the planner. Linearization around these 

points will increase the number of con­

straints tremendously, and more important: 

2. The derivatives of line flows (or phase 

angle difference) relative to admittance 

increments change drastically with even 

one line removed or added to the system. 

Therefore, these derivatives cannot be 

used quantitatively in the decision­

making process. 

Another method [15] uses discrete dynamic programming and a 

mathematical stochastic model of the alternative expansion plans to 

arrive at an answer which is optimal within a certain level of confidence 

A strategy S. = (a ,a , . . . ,aTT) is an ordered set of numbers 3 J. I. H 

which completely defines an expansion plan through the years 1,2,3, . 

. . ,H. The idea is to confine the optimization algorithm to a subset 

of all possible strategies, called a neighborhood. A neighborhood is 

generated randomly, the optimization is carried out and then another 

neighborhood is selected and the procedure is repeated. The process is 

stopped when a heuristic criterion is met. Specifically, the objective 

function is: 
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V w * * * 'V =" 
total accumulated present worth 
cost for given alternatives at 
stages 1 through t 

C(a ) = present worth cost of an alternative at stage t 

1 if the plan satisfies the 
performance criteria 

P. (a_*a . . . . ra.) — 
1 » otherwise 

At each stage t the forward dynamic programming is used: 

Vai Vi'V = -c(at] 

+ m a x [Vi ( a i ' • • * 'at-i )pt ( ai ' • • • 'at-i 'at ) ] 

V i e M t - i 

for a l l a e AN 

where: 

AN ~ the set of alternatives at stage t. 

The imperfections of the method are: 

1. No theory is provided for the construction of 

the neighborhoods. 

2. It fails to recognize that some rights of way 

are ineffective in reinforcing the network. 



3. The definition of the state of the system at 

a stage t does not admit the problem to an 

effective application of dynamic programming. 

In applying dynamic programming, the formulation of the problem 

is very important. In reference 16, a judicious definition of the state 

of the system is introduced and the optimization is achieved by dynamic 

programming. The state of the system coincides with given standard 

designs of the transmission network. The method is exact if the de­

signs of the optimal strategy are assumed to be included in the given 

standard designs. Therefore, further work is required in order to fill 

in this gap. 

Conclusions 

The available methods are suboptimal due to either considerable 

approximations of the model or omission of important problem constraints. 

These approximations or omissions jeopardize the validity of the results. 

Furthermore, none of the methods considers the possibility of alleviating 

contingencies by on-line control action instead of construction. With 

the ever increasing applications of on-line corrective controls in power 

systems, it is imperative to evaluate the impact of such practices in 

the area of planning. 

It is apparent that a general formulation of the transmission net­

work planning problem is needed. This formulation should be free of 

controversial approximations. Furthermore, it should be flexible in 

order to incorporate new practices in the area of power system operation 

such as the corrective controls. A formulation which meets the stated 

requirements is presented in the next chapter. 
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CHAPTER II 

THE GENERAL TRANSMISSION PLANNING PROBLEM 

Formulation 

The general transmission planning problem considered in this 

work can be formulated as a discrete-time deterministic optimal control 

problem. The statement of this problem is as follows: 

(i) A system described by the linear difference equation 

x(k+l) = x(k) + u(k) (I) 

where: 

x = state matrix, LxM dimensioned 

M = number of rights of way 

L = number of discrete circuit types 

u = Control matrix, LxM dimensioned 

k = Index of stage variable 

Note: The entry a.. of either matrix x or u equals the number of 

circuits type i existing on the right of way j. 

(ii) A variational performance criterion 

N-l N- l I (u(k)) 
J = I S r <• I — r - r + i t x ( k + l ) , k + l ] } ( I I ) 

k=o (1+r) X=k (1+r) 

where: 

I (u(k)) = investment cost plus interest of control u(k) 

Z (x(k+l),k+l) = operational cost 



r = interest rate (per stage) 

(iii) Constraints 

ueu(x(k) ,k+l) (III) 

xeX(x(k-l),u(k-l),k) (IV) 

where: 

u(x(k),k+l) = set of admissible controls at 

state x, stage k. 

X(x(k-1),u(k-l),k) = set of admissible states at 

stage k. 

Notes; 1. The determination of the set of admissible controls 

at state x, stage k+1, u(x(k),k+l), is a difficult 

problem by itself and it is presented in another 

chapter under the name "Automatic Generation of 

Alternatives." 

2. The set of admissible states at stage k, X(x(k-1), 

u(k-l,k), can be generated in a straightforward 

manner from the set of admissible controls at 

state x, stage k-1, by using equation (I). 

(iv) An initial state 

x(0) = c (V) 

Find; 

The control sequence u(0),u(l), . „ . ,u(N-l) such that J in 

equation (II) is minimized, subject to the system equation (I) the 



constraint equations (III) and (IV) and the initial condition (V). 

The defined problem with the relations I through V is the 

general statement of the long range transmission network planning. 

Because of its generality, many important aspects of the problem are 

hidden. For example, the actual constraints which determine the ad­

missibility of a control are not explicitly spelled out. Therefore, 

it is expedient to undertake a thorough explanation of the presented 

formulae. The following sections are devoted to this task. 

The State of the System 

The system matrix is defined as follows: The entry x.. of the 

matrix x(k) equals the number of circuits type i (l<i<L) existing on 

the right of way j (l^j^M) during stage k. 

The number of discrete circuit types for a typical transmission 

network is very small. The Georgia Power Company transmission network 

consists of three discrete types of circuits: (1) 115 kV, (2) 230 kV, 

and (3) 500 kV. For this network L = 3. 

The system matrix provides information about the transmission 

facilities existing in the system and their topology. The expression 

"Base case configuration of the network" denotes the same information. 

The Controls 

The control matrix u is dimensionally identical to the state 

matrix x and it is defined in a similar way: The entry u.. of the 

matrix u(k) equals the number of circuits type i (l^i^L) to be con­

structed on the right of way j (l^j<M) during stage k (0<k<N-l). 

In practice the number of circuits under construction at a 

particular stage is very small. This means that the matrix u is 
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highly sparse. 

The controls (decisions to reinforce the transmission network) 

are assumed to be applied at discrete time intervals, i.e. at the 

beginning of a stage. This is quite desirable indeed in long-range 

planning of a transmission network because the aim of the decision 

maker is to make in advance relatively large investments to compensate 

for long range demand trends. Optimal real time adjustments are not 

the objective of long range planning. On the other hand, electric 

power demand exhibits daily, weekly, monthly, seasonal, and annual 

peaks. In most instances, the annual peak is considerably higher than 

the other peaks and most importantly it occurs in the same period of 

the year for example, July-August. If reinforcements of the network 

are necessary, they should be implemented and ready to operate before 

this period of the year. Therefore, it is realistic to assume that 

the length of a stage equals one year. Furthermore, the control u(k) 

is assumed to denote the transmission facilities which are ready to 

operate at the beginning of year k+1 (stage k+1). If the transmission 

facilities described by the control matrix u(k) require T time to be 

constructed (T = construction lead time) then the decision for 

implementing the control u(k) should be taken at time 

t = k+l-T (1) 

Of course if t<0, then the control u(k) is inadmissible since it is not 

conceivable to make a decision prior to the present time. Equation (1) 



allows for fractional construction lead times. 

The above discussion of the construction lead times is a simpli­

fication because the control u(k) may involve the construction of 

different transmission facilities with different construction lead 

times. The purpose of the discussion was to make clear that the present 

formulation allows for construction lead times. However, the objective 

of this long-range planning is not to analyze the decisions in real-time 

but rather to determine when more transmission facilities are needed, 

where should they be located and what should they be. 

Performance Criterion 

The performance of the system can be measured with the following 

variational performance criterion: 

N-l N-l I (u(k)) 
J = I r { I — 5H7+ A (x(k+l),k+l)} (ID 

k=o (1+r) X=k (1+rr K d 

In practice the above expression represents the "economic cost" 

of expanding and operating the transmission network throughout the plan­

ning period. It is necessary to point out that the "economic cost" can 

not be universally defined. The term "economic cost" means different 

things to different companies and it is rather dependent on the economic 

environment in which the activities of a particular company are placed. 

In long-range planning the level of investment itself is not of 

primary interest but rather the overall cost of the system in a rela­

tively remote future time. The problem becomes complex because of the 

economy of scale resulting from relatively large investments. Further­

more, an investment made now might have an economic impact on the system 



for a period longer than the planning period. It is imperative, there­

fore, to define a performance criterion which automatically satisfies 

all these requirements. 

The performance is defined to be the sum of the investment costs 

and the operational cost both of them converted into present value. 

Investment Cost. As it has been mentioned an investment made 

during the planning period might have economic effects on the system 

beyond the end of the planning period. This is always the case. A 

transmission line has an expected economic life of over 40 years while 

we are interested in planning periods 10 to 30 years. 

To avoid problems of this nature, we make the following assump­

tion: Suppose there is an infinite source of capital. We can borrow 

money from this source at any desired amount but in return we have to 

pay back the capital plus interest at an annual rate r. The first 

payment is due the year of the energization of the equipment and the 

rest of them one per annum for as many years as the expected economic 

life of the equipment is. All payments are equal. 

The described assumption yields the following calculations. Let 

the implementation of a decision call for investing A. at time x., 

i = 1,2, . . . ,n. Further, energization of the equipment takes place 

in year k. Assume N is the expected economic life of the equipment. 
E 

Then payments of level C are due at years I, I = k,k+l, . . . ,k+N -1. 
hi 

Of course the present worth value of the investment and the payments 

should be equal. 



n A. ""V 1 „ 
P.W.V. - I *-- I 

1 = 1 (l +r)
X i *=* ( 1 + r )" 

and 

n A. 

I — 
= 1-1 d+r)

XJ_ 
k+N -1 (2) 

E i 

I - H r 
fc=k (1+r) 

Note that x. need not be an integer. 

In our case it is pertinent to consider the decisions consistent 

from the following unit: Construct in year k a transmission line of 

type j on the right of way m. Then the amount C can be dependent on 

the indices k, j, and m. 

C = C(k,j,m) (3) 

The above model of the costs is very general and it can account 

for escalation of cost. This is so because of the index k: the same 

type of transmission line, j, on the same right of way, m, costs 

different if constructed at different times. 

Note that investments are not limited in occuring in intervals of 

integer number of years. Only payments have to be made in intervals of 

integer number of years. 
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The above cost model is very flexible to incorporate trends and 

policies of particular companies. For example, if the retrieval of 

the invested amount of money is desired in a short period of time, then 

a shorter expected life in the computation of C(k,j,m) will reflect this 

policy. Or, if the money market is tight, then a higher interest rate 

will be appropriate. In any case, the computation of C(k,j,m) is a 

task to be defined by the administration of the particular company. 

Assuming the values C(k,j,m) are given, the function I (u(k)) is 

of the following simple form. 

M L 
I (u(k)) = 1 1 C(k,j,m) • u (4) 

m=l j=l D 

The above cost model automatically accounts for salvage values 

of the equipment at the end of the planning period. The proof follows. 

Assume that energization of a transmission line, type j, on the 

right of way m, occurred, in year k. Further assume that N is the 

number of years in the planning period. The cost of this transmission 

line over the planning period is: 

Cost= I ^ L d ^ J . (5) 

Z=k (1+r) 

On the other hand, the salvage value of this line at the end of the 

planning period is 



k+NE-l 

Salvage value = J C ( k ^ / ^ (6) 
£=N+1 (1+r) 

Now the cost can be rewritten 

N
 k + N

E
_ 1 k + N

E"
1 

Cost = T C(k'3'm> = V C(k,j,m) _ V C(k,j,m) 
JL=k (1+r)31 £=k (1+r)* £=N+1 (1+r)* 

k+N -1 k+N -1 
7 C(k,j,m) r C(k,j,m) # 1_ 
A ,, . v^ „ .4., ,, t A-N-l ' ... . £=k (l+r)~ £=N+1 (l+r)~ " * (l+r) N + 1 

It is easy to recognize the terms: 

k+N -1 is the salvage value at the end 

V C(k,jym) 

£=N+L (l+r)*"^'1 o f t h e P l a n n i n9 period. 

k+N -1 is the total investment cost 
L y C(k,j,m) 

xI referred at the start of the 
£=k (1+r) 

planning period. 

Therefore, 

Cost = Present worth value of total investment minus salvage 

value at the end of the planning period. 

Operational Costs. Operational costs mainly stem from losses on the 

transmission network. 
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Let us discuss the general nature of the losses on the trans­

mission network. At every instant t, the energy balance equation 

holds 

P = P T + PT (7) 
Gen Load Loss 

The load P , is an exogenous variable. The losses PT , however, are 
Load Loss 

functionally dependent on the network and the generation schedule. At 

every instant t, they have to be satisfied. In other words, in an 

interval At, the losses P call for the following: (1) An amount 
Loss 

of energy equal P • At has to be generated. (2) In the interval 
Loss 

t, t + At, we need to have generation excess with respect to the demand 

P„ , equal to P . This fact should be considered irrespectively 
Load ^ Loss * J 

from reserve requirements. 

The above considerations make clear that operational cost can be 

split into two categories: (1) cost of energy losses (heat dissipation 

on the circuits), and (2) cost of installed generating capacity to 

compensate losses on the network. 

These costs are directly associated with the transmission network. 

Cost of Energy Losses. Energy losses in year k can be computed 

from the following integral 

Elnf^irS - t T ( l rt*.t,ltVt,at 
* t=(k-l)T £=1 

where rp(k,t) is the equivalent resistance of the circuits on the right 
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of way I, and I (k,t) is the total current flowing through the circuits 

on the right of way £. 

In reality r (k,t) is not constant throughout the stage k due 

mainly to outages and switching practices. Other reasons are construc­

tion of new circuits. Considering, however, our assumption that energi­

zation of new equipment takes place at the end or the beginning of a 

stage, we conclude that r (k,t) is not affected by construction of new 
A* 

circuits within a stage. Also, outages last for a very short time and 

switching is applied only in special cases. Therefore, the equivalent 

resistance r (k,t) of the circuits on the right of way Z is constant 

during stage k except for a small fraction of the duration of the stage. 

Therefore, we can write: 

r£(k,t) = r£(k) (9) 

The above equation can be stated in another way: For purposes of com­

puting the energy losses on a transmission network, the network configu­

ration can be considered invariant throughout the duration of a stage. 

The total current, I (k,t), through the circuits on the right of 

way I, is in reality a random process, which is in a functional 

relationship with three other random processes: (a) network configura­

tion, x(k); (b) power demand, P (k,t); and (c) generation schedule, 
Li 

PG(k,t). 

The network configuration can be considered constant during a 

stage for the same reasons the equivalent resistance r (k,t) is considered 
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constant during a stage. We can write 

I (k,t) = f£(x(k),PL(k,t),PG(k,t)) (10) 

In theory, by knowing the statistics of the vector random 

processes P (k,t) and P (k,t) and the functional f0 , it is possible to 
L G Jo 

determine the statistics of Ip(k,t). 

However, our approach is deterministic because of the fact that 

the main random process P (k,t) can be predicted with great accuracy for 
Li 

a period of few future years. Therefore, 

I£(k,t) = f£(x(k),PL(k,t) ,PG(k,t)) (11) 

where an upper bar means expected value. 

The integral (8) is then computed by simulating the operation of 

the system throughout the stage k and using the functional relationship 

(11). 

It is, however, expedient to make use of the coefficients of 

losses defined as follows. 

kT 
/ r (k) • Ip(k,t)dt 

• » * » - w > ; l 2 — 
(lPealC(k))2 • T 

where 1^ (k) is the current on the circuits of the right of way I 
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during peak hour in year k. 

The coefficients of losses are rather insensitive to small 

variations of the network configuration. This fact can be proven very 

important from the computational point of view. 

In terms of the coefficients of losses, the total losses on the 

network during stage k are: 

EnZZgTT -T*™ I ^ • **« • ^ w ) 2 <»> 

where p(k) is the price of one unit of energy during stage k. The price 

p(k) of one unit of energy is considered, constant throughout the duration 

of the stage, but it may differ from stage to stage due to escalation 

of fuel costs. 

Cost of Installed Generating Capacity to Compensate Losses on 

the Network. This component of the cost stems from the fact that when 

there are losses on the system, the generating plants have not only to 

produce the energy losses but also to have adequate generating capacity 

in order not to curtail any revenue creating load. To clarify this 

point, recall the equation 

p^ = PT * + P (7) 
Gen Load Loss 

We can rewrite this equation in the following form 

GA Load Loss 
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where P = total generating capacity of the system, and R = reserve 

generating capacity. 

Of course the reliability [28] of the system is a function of 

R: 

Reliability - f(R) - (|Pffl - P L o a a - PLoss> (15) 

In this approach P and P are considered to be deterministically 

known. In any event, they are independent of the state of the trans­

mission network. On the contrary, the variable P ^ is dependent on 

the state of the transmission network. Therefore 

Reliability = f(R) = f' (P ) = f"(x(k)) 
Loss 

It is trivial to assess [29] that the function f(R) is monotoni­

cally increasing and therefore the function f' is monotonically decreas­

ing. In other words, a lossy system is less reliable than a less lossy 

system with the same generating capacity and topology. 

The question at hand is what is the cost of losing reliability 

because of the losses. From equation (14) it is obvious that in order 

to maintain a specified generation reserve R over the demand P ,, we 
Load 

need extra generating capacity of P MW. Therefore, it is expedient 
LOSS 

to consider as cost the annual investment cost plus interest of 

installing generating capacity equal to P . This is rather a 
LOSS 

simplification since one can install generating capacity only in big 
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chunks but it is rather acceptable as a reliability penalty. 

Let g be the annual investment cost plus interest to install one 

unit of generating capacity. It is computed in exactly the same way as 

C(k,j,m) and it is considered constant for simplicity. Then the cost 

of installed generating capacity to compensate losses on the network is 

3 p L o S s = ' - t U w ( i r « ) 2 ( i 6> 

The above formula is based on the realistic assumption that the maximum 

losses on the system occur during peak load condition. In summary, the 

operational cost of the transmission network at stage k is 

%2 (x (k) ,k) = p(k)T J ez (k) r£ (k) (lP
eak (k)) 2 + g I r (Je) (I^eak (k)) 2 (17) 

Constraints 

The constraints are expressed with the relationship (III) and 

(IV) which are cited again 

ueu(x(k) ,k+l) (III) 

xeX(x(k-1),u(k-1),k) (IV) 

where u(x(k),k+l) is the set of admissible controls at state x, stage 

k+1, and X(x(k-1),u(k-l),k) is the set of admissible states at stage k. 

It is appropriate in this point to clarify the following: 



A. The set of admissible controls, u(x(k),k+l), at state x(k), 

stage k+1 is conditional, the condition being that at stage k the state 

of the system is x(k). This condition has a tremendous impact on the 

size of the set u(x(k),k+l). This problem is investigated in Chapters 

III and V. 

B. The set of admissible states, X(x(k-l),u(k-l),k) at stage k, 

is conditional too. The condition being that the state of the system at 

stage k-1 is x(k-l). Same comments, as in A, can be applied about the 

size of the set X. 

C. We need to define admissibility of a state only, since the 

equation of motion (I) is invertible, i.e. given the states of the 

system in stages k, and k+1, the control u(k) is completely defined. 

Admissibility of a control u(k) is then defined in terms of admissibility 

of a state: The control u(k) is admissible if and only if the state of 

the system x(k+l) = x(k) + u(k) is admissible. The state x(k) is 

assumed to be admissible. 

D. Given the set of admissible controls u(x(k),k+l), the set 

X(x(k),u(k),k+l) is uniquely determined. 

From the above discussion, it is obvious that we are confronted 

with two problems. 

1. We need a rational definition of an admissible 

state x(k), in stage k. 

2. We need to determine the set of admissible 

controls u(x(k),k+l). 
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Problem (2) is very important and it is thoroughly analyzed in Chapter 

III. 

Regarding problem (1), it should be noted that a lot of confusion 

exists in what is an acceptable transmission network. This is rather 

justified because the operation of a transmission network is very com­

plex. The fact that a transmission network is subject to random events 

such as faults on equipment, or abrupt change of generating output/or 

load create transient phenomena which might lead to transmission line 

outages. Furthermore, operating practices and assisting media have 

evolved and are still evolving through research and today operating 

and controlling a transmission network is a rather sophisticated and 

complex task. 

In the following, operational considerations will be taken into 

account in order to define admissibility in a rational way. In particu­

lar, two different definitions of an admissible state will be given. 

Both definitions are rather rational because they consider events with 

appreciable probability only according to the recommendations of the 

Federal Power Commission. The first definition does not take into 

account the possibility of alleviating contingencies by on-line control 

action while the second one does. 

It should be clear that the formulation of the problem is not 

dependent on the definition of an admissible state. In any case the 

operating department of the particular company can specify what is 

acceptable and what is not. 

Before the admissibility of a state is defined, it is expedient 

to discuss the power flow model for the transmission network. 



Power Flow Model. The flow of power on a transmission network 

is an electromagnetic phenomenon which is commonly described by the 

Kirchhoff's laws. These laws lead to the so-called AC-load flow 

equations which are non-linear and their solution requires an iterative 

scheme. In a planning study a simplified model is desirable because of 

the computational size of the overall problem. This is the so-called 

DC-load flow model which is derived in reference 13. 

The simplified model is a reasonable approximation to the complete 

AC-load flow equations based on the following assumptions: 

1. The voltages are assumed to be constant at 

any node due to the action of perfect regu­

lators at each node. 

2. The reactive part of a circuit's impedance 

is much higher than the active part. 

3. The voltage phase angle difference across 

a circuit is relatively small. 

The above assumptions are very close to reality for most 

transmission systems. 

The DC model of a transmission line is illustrated in Figure 

II.1. The flow of power in a circuit with impedance z and voltages 

ej61 ejG2 
V1 , V at the terminals is given by 

p i2 = y i 2 ( e r e 2 ) (18) 
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where: 

*12 " -T-2 (19) 

r +x 

The quantity y is called the transmission "capacity" of the circuit 

1,2. If similar equations are written for all circuits in the network, 

we obtain, in matrix form, 

Y(k)9(k) = Pfc(k) (20) 

where: 

Y is the matrix of the transmission "capacities" y.. 

0 is the vector of voltage phase angles, and 

P, is the vector of generation minus load at each node. 
b 

More details for the DC model can be found in the references [13] and 

[21]. 

All developments in this thesis have been based on the DC power 

flow model. However, it will be shown that the exact AC power flow 

model can be used (Chapter VI) without major modifications. The penalty 

for using the accurate AC-model will be longer execution time. 

Loading Capabilities of Transmission Lines. The loading 

capability of a transmission line is determined by either thermal 

limitations of the conductor materials or stability considerations. 

The limits as they are dictated by the above two reasons, should be 

calculated and the minimum will be the loading capability of the line. 



In a practical system thermal limitations determine loading capability 

of short lines and stability determines loading limits for long lines. 

The borders between short and long lines depend on the system's layout. 

Short Lines. For each conductor material there is a temperature 

limit above which the material loses its mechanical strength. By 

adopting a safety factor, the safe temperature limit is readily deter­

mined. The current carrying capability of the conductor is defined as 

the maximum current through the conductor which will not cause the 

temperature of the conductor to raise above the limit. The current 

carrying capability can be translated into power carrying capability. 

Finally, the power carrying capability can be translated into maximum 

permissible phase angle difference across the line. 

Long Lines. For long lines, the stability of the system is the 

main factor for determining loading capability. Therefore, a stability 

study should determine the maximum permissible load on a long line. But 

this would be computationally infeasible for planning studies. 

An approximate stability constraint [13] is defined as follows: 

k t l < * £ 

is the actual phase angle difference across the trans­

mission line %, and 

is the maximum permissible phase angle difference across 

the transmission line £. 

where: 

I 

h 
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In summary, the loading limit of a transmission line can be 

expressed with the maximum permissible phase angle difference across 

the line. 

9. - 6. < i|>. . (21) 
1 :' - 13 

The maximum permissible phase angle difference ip.. across the line i,j 

is a function of the length of the line as it is illustrated in Figure 

II.1. 

The Power Injections. The loading level of the transmission 

lines in a network depends on the power injections at the nodes of the 

network. It is expected that the power injections play an important 

role in the planning of transmission networks. Therefore, a discussion 

on this subject is pertinent. 

Each node of a transmission network can be classified into three 

categories: (1) nodes connected to a generating plant, (2) nodes con­

nected to a load or to the subtransmission system, and (3) nodes 

connected to a generating plant and a load or the subtransmissicn 

system. 

In any case, if P . is the output of the generation plant [P .=0 

if the node is in category 2] and P . is the load or the power injected 

to the subtransmission system, then the power injected to the node i is 

P. = P„. - P„. 
1 Gi Li 


