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SUMMARY

Supervised learning tasks like building a classifier, eating the error rate of the
predictors, are typically performed with labeled data. losttases, obtaining labeled data
is costly as it requires manual labeling. On the other hanthbeled data is available in
abundance. In this thesis, we discuss methods to perforergapd learning tasks with
no labeled data. We prove consistency of the proposed methodl demonstrate its ap-
plicability with synthetic and real world experiments. lonse cases, small quantities of
labeled data maybe easily available and supplemented argle lquantities of unlabeled
data (semi-supervised learning). We derive the asympadficiency of generative mod-
els for semi-supervised learning and quantify the effedabéled and unlabeled data on
the quality of the estimate. Another independent track efttiesis is efficient compu-
tational methods for nonnegative tensor factorizationKN'NTF provides the user with
rich modeling capabilities but it comes with an added corapomal cost. We provide a
fast algorithm for performing NTF using a modified active seithod called block prin-
ciple pivoting method and demonstrate its applicabilitgocial network analysis and text

mining.
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CHAPTER|

INTRODUCTION

1.1 Learning without labels

A common task in machine learning is predicting a responsebia y < ) based on
an explanatory variable € X'. Assuming a joint distributiop(x, y) and a loss function

L(y,y), a predictorf : X — )Y is characterized by an expected loss or risk function

R(fo(X)) = E paay{L(y; fo(2))}- (1)

Typically, this task is performed with labeled data. But @veral cases, labeled data
maybe costly to obtain. In some cases,it may be unavailal®etal privacy considera-
tions where the predictors are constructed by organizatiging training sets with private
labels. For example, in medical diagnosis prediction, tlegligtorsfi, ..., f. may be ob-
tained byk different hospitals, each using a private internal labedetd Following the
training stage, each hospital releases its predictor tgthic who then proceed to esti-
mateR(f1), ..., R(fx) using a separate unlabeled dataset. In such cases, theneésia
for developing ways to predict error rates with only unl&kedlata.

Another motivation for using unlabeled data is domain aalém where predictors that
are trained on one domain, are used to predict data from a oewid from which we have
only unlabeled data. For example, predictors are oftendrhon labeled examples drawn
from the past but are used at test time to predict data draawm & new distribution associ-
ated with the present. Here the labeled data used to trajréugctors will not provide an
accurate estimate due to differences in the test and trainkiitions. Another motivation
is companies releasing predictors to clients as black bwiisout their training data) in
order to protect their intellectual property. This is theugtion in business analytics and

consulting. In any case, it is remarkable that without lalwet can still accurately estimate



supervised risks.

Also, many popular linear classifiers, such as logisticesgion, boosting, or SVM,
are trained by optimizing a margin-based risk function. $tandard linear classifiets =
signd> 0, X, withY € {—1,+1}, X € R?the margin is defined as

d
Y fo(X) where fo(X)= ) 0,X;. 2)

j=1
Training such classifiers involves choosing a particuldneraf 6. This is done by min-

imizing the risk or expected loss. Since the risk (droppinigom the previous notation)
R(0) depends on the unknown distributipnit is usually replaced during training with its

empirical counterpart based on a labeled training set

leading to the following estimator

~

0, = argmin R, (0) where
0

R, (0) = E jx ) LY, fo(X)) (4)
= 3L, (X)), ©
i=1

Note, however, that evaluating and minimiziRg requires labeled data (64). While suit-
able in some cases, in cases, where labeled data is diffrantipmssible to obtain, there is
need for training classifiers with only unlabeled data.

In some case, a small amount of labeled data maybe availatily and supplemented
with large quantities of unlabeled data. It is referred amismipervised learning in the
literature. It is particularly useful when the costs of abirag labeled and unlabeled sam-
ples are different. In particular, assuming that unlabela is more easily available, SSL
provides improved modeling accuracy by adding a large nurabanlabeled samples to
a relatively small labeled dataset. Of particular impoctars the dependency of that im-

provement on the amount of unlabeled and labeled data. katfesof structured prediction



the accuracy of the SSL estimator depends also on the sp@eifioer in which sequences
are labeled. The quantitative dependency of quality ofreste on the amount of labeled
and unlabeled data helps one to trade-off quality and casibiafining labeled samples.

In this thesis we develop methods for the above mentionesifieation and error rate
estimation tasks with only unlabeled data and mild asswmnptiChapter 2 discusses meth-
ods for estimating the error rates of predictors with unledbedata. It also talks about
semi-supervised extensions for the same. Chapter 3 deratassd method to build linear
margin-based classifiers without any labeled data. In @naptwe quantify asymptotic
variance of semisupervisedly estimated generative staisnodels as a function of num-
ber of labeled and unlabeled sample.

Chapters 2 and 3 are joint work with Pinar Donmez and Guy LebaMy contribu-
tions were Sections 2.2, 2.4.1, 3.2, 3.4 (grid search) athd 3Chapter 4 is joint work
with Joshua Dillon and Guy Lebanon. My contributions weret®as 4.3, 4.4, 4.5 and
4.9.

1.2 Nonnegative Tensor Factorization

Tensors, which refers to multi-dimensional arrays, prexadnathematical and algorithmic
framework for analyzing multi-scale, multi-dimensionatd and extracting meaningful in-
formation from them. Tensor factorizations [23] are miitiear generalizations of matrix
factorizations and are powerful tools for analyzing mdithensional data. Tensor mod-
eling and tensor factorizations enable the analysis of ¢exmata objects, which are not
well understood by conventional matrix-based methods. &oos data sets from various
areas have been studied using tensor factorizations [31].

Recently, nonnegative tensor factorization (NTF) [44,/&8 attracted growing interest
since it provides interpretable factorizations [45] whateccomponents are inherently non-
negative. For example, pixels in digital images, chemioalcentrations in chemometrics,

high dimensional data in Internet traffic or large-scaleiaatetworks [53] are naturally



represented by nonnegative numbers. Once nonnegativedae obtained, each object
can be understood as an additive linear combination ohsitriparts of the data. This is
one of the most important properties of nonnegative masrctdrization (NMF) [34, 35].
When we deal with tensors, a simple extension of the singallaie decomposition (SVD)
to a higher-order case [33] can be used, but it might fail tbdiaze in a meaningful way
since it does not consider the intrinsic nonnegativity ie tlata. Instead, NTF has been
successfully used to analyze such data sets. An interestimgection between NTF and
latent class models in statistics has been also shown [44].

While NTF provides several advantages, modern data sethwéind to be extremely
large make the problem computationally challenging. Presviapproaches for computing
NTF include the following. Andersson and Bro proposed an MIgerithm based on al-
ternating least squares framework [1], and Kim et. al. psgploan algorithm based on the
active set method for the nonnegativity constrained legistuies problems [28]. Welling
and Webber proposed an algorithm based on multiplicatidatgs [58]. Friedlander and
Hatz proposed an algorithm based on solving bound constidinear least-squares prob-
lem [21]. Despite the presence of such algorithms, therst®xieed for developing com-
putational faster algorithms, especially for analyzinmgéadata sets.

We propose a fast algorithm for NTF based on the alternatimgegativity constrained
least squares (ANLS) framework [27, 28], in which a seriesarinegativity constrained
least squares (NNLS) problems are solved in each iteratMMe. propose to solve the
NNLS problems by a fast active-set-type algorithm, called block principal pivoting
method [43, 29], which overcomes some limitations of thendéad active set method.
This algorithm is carefully tuned for the special charasters of the NTF computation
and is well suited for large scale data. We also extend our AI§Brithm to other NTF
formulations such as regularized NTF and sparse NTF. Caegrer of algorithms using
various data sets show that the proposed new algorithm dotpes existing ones in terms

of computational speed and approximation accuracy.



Figure 1. 3-way PARAFAC model: The tensor is represented as a lineabamation ofr
rank-1 tensors. This will provide a rank-r approximatioritte original tensor.

1.2.1 Modeling with tensors

Multi-linear algebra, the algebra of tensors, providesxalfle framework for modeling and
analyzing multi-dimensional data. For example, a higheeoextension of well-known
Eigenfaces approach, call@énsorface$57], has been proposed for modeling faces for
recognition. In Tensorfaces, a set Bfimages with each image of pixel si2é x N is
modeled as & x N x K tensor, rather thaiV? x K matrix, and a tensor extension of SVD is
calculated for finding the low rank approximation of the datansorfaces provide several
advantages over the conventional Eigenfaces method. IdAlinkelnalysis, an extension
of the popular HITS model was proposed [30] using tensor® t€hsor model used here
incorporates anchor text information in the adjacency matgiven a set off web sites
and K keywords, al x I x K tensor is constructed such that,, is 1 if pagei points to
page; using termk, and0 otherwise. Several semantic information may be incorpgarat
by increasing the number of dimensions to more than both of the examples, the entries
of the tensor are nonnegative and incorporating that cainsfor factorization will provide

a more meaningful lower-rank approximation of data.

Sun et. al., [53] used Tucker decomposition, another typemdor factorization, for
analysis and visualization of social networks. A tensomisried by taking into account
both the network and content aspect of the social networlenTblustering is performed
on the factors of the decomposed tensor to find out which $gpéople discuss, who are

the experts in a given topic, etc. They also provide an efftcmeethod for hierarchical



context-specific visualization of such social network lobse tensor decomposition. They
demonstrate efficiency of their approach through experismen social networks.

Chapter 5 is joint work with Haesun Park. Section 5.2.2 istjaiork with Jingu Kim.



CHAPTER I

UNSUPERVISED ERROR RATE ESTIMATION OF PREDICTORS

2.1 Definitions

A common task in machine learning is predicting a responsebla y < ) based on
an explanatory variable € X'. Assuming a joint distributiop(x, y) and a loss function

L(y,y), a predictorf : X — )Y is characterized by an expected loss or risk function

For example, in classification we may have= R4, Y = {1,...,1}, andL(y,§) = I(y #
y) wherel(A) = 1if Ais true and 0 otherwise. The resulting risk is known as theigkl

or simply the classification error rate
R(fs(X)) = P(f predicts the wrong clags (7)

In regression we may have = ) = R, andL(y, 7)) = (y — 9)?. The resulting risk is the

mean squared error

R(fo(X)) = Ep(ﬂﬂ,y)(y - f@(X))2- (8)

For simplicity, we drog from the notation and usi( f) to denote the risk of a predic-
tor. We consider the case where we are provided redictorsf; : X — YV, i =1,....k
(k > 1) whose risks are unknown. The main task we are faced withiimatng the risks
R(f1),..., R(fx) without using any labeled data whatsoever. The estimatiaR(g;) is
rather based on an estimat®f f;) that uses unlabeled dat&, ..., =™ = p(z).

A secondary task that we consider is obtaining effectivesws for combining: pre-

dictorsfi, ..., fr in a completely unsupervised manner. We refer to these tsks taf risk



estimation and predictor combination as unsupervise@siged learning since they refer
to unsupervised analysis of supervised prediction models.

It may seem surprising that unsupervised risk estimatiqrossible at all. After all
in the absence of labels there is no ground truth that guideis estimating the risks.
However, if the marginap(y) is known it is possible in some cases to obtain a consistent

estimator for the risks using only unlabeled data i.e.,

lim R(fi;zW, ... 2™) = R(f;) withprobabilityl i=1,... k.

n—oo

In addition to demonstrating consistency, we explore thyeng@sotic variance of the risk
estimators and how it is impacted by changes it@mount of unlabeled datad, (num-
ber of predictors), and(f,),..., R(fx) (risks). We also demonstrate that the proposed
estimation technique works well in practice on both synthatd real world data.

The assumption thaiy) is known seems restrictive, but there are plenty of casesevhe
it holds. Examples include medical diagnosig/) is the well known marginal disease fre-
quency), handwriting recognition/OCR({) is the easily computable marginal frequencies
of different English letters), regression model for lifepextancy f(y) is the well known
marginal life expectancy tables). In these and other exesgpl) is obtained from ex-
tremely accurate histograms.

The collaborative nature of this diagnosis is especialgfuisfor multiple predictors
as the predictor ensemb{d, ..., fx} diagnoses itself. However, our framework is not
restricted to a largé and works even for a single predictor with= 1. It may further be
extended to the case of active learning where classifiergueged for specific data and
the case of semi-supervised learning where a small amoudabefed data is augmented
by massive unlabeled data.

We proceed in the next section to describe the general frankeand some important
special cases. In Section 2.3 we discuss extensions to tlezajdramework and in Sec-
tion 3.2.2-2.5 we discuss the theory underlying our esiongtrocess. In Section 2.6 we

discuss practical optimization algorithms. Section 2./fitams an experimental study.



2.2 Unsupervised Risk Estimation Framework

We adopt the framework presented in Section 3.1 with thegdelguirement that the pre-
dictorsfi, ..., fx are stochastic i.e. their predictign= f;(z) (conditioned orx) is a ran-
dom variable. Such stochasticity occurs if the predictoescanditional models predicting
values according to their estimated probability i&.models a conditional distributiof
and predictg/ with probability ¢;(y'|x).

As mentioned previously our goal is to estimate the risk @ssed with classification
or regression modelf, . . . , f, based on unlabeled dat&, . .., (™ ~ p(z). The testing
marginal and conditional distributiongz), p(y|x) may differ from the distributions used
at training time for the different predictors. In fact, egoiedictor may have been trained
on a completely different training distribution, or may kadeen designed by hand with no
training data whatsoever. We consider the predictors ak lblexes and do not assume any
knowledge of their modeling assumptions or training preess

At the center of our framework is the idea to define a parameatetord < © which
characterizes the riskB(f), ..., R(fx) i.e. R(f;) = g,(¢) for some functiory, : © —

R, 7 = 1,...,k. The parameter vectdtis estimated from data by connecting it to the

probabilities

p;(y'ly) £ p(f; predictsy’| true label isy).

More specifically, we use a plug-in estimatéf,) = g;(f) whered maximizes the likeli-

hood of the predictor outpufs” = f;(z) with respect to the modeb (7) = [ ps(4]y)p(y) dy.



The precise equations are:

R(f W, 0™ = g;(0™ @D, ... 5™))  where (9

~(7) def , A(7 ~ (2
gD = (@G0, g
gy = fi(2)

o™y, ™)) = argmax €(0; 51, ... 5™) (10)

00350, ™) = logpe (@, 3y)) (11)

=1
=3 tog [ (3. 51 i)
i=1 Y

The integral in (11) is over the unobserved lapél associated with:. It should
be a continuous integrqui‘j):_oo for regression and a finite summati@iﬂnz1 for clas-
sification. For notational simplicity we maintain the intagsign for both cases with the
understanding that it is over a continuous or discrete nreaswuepending on the topology
of ). Note that (11) and its maximizer are computable withoutlabgled data. All that is
required are the classifiers (as black boxes), unlabeled:tfat. . ., (), and the marginal
label distributiorp(y).

Besides being a diagnostic tool for the predictor accur&®§can be used to effectively

aggregatef, ..., f; to predict the label of a new exampté®

" = argmax pgme(y | f1(z"), ..., fe(z"))

yey
k
= argmaxp(y) [ [ pope( 52" [ ). (12)
ye i=1

As aresult, our framework may be used to combine existingsdiars or regression models
in a completely unsupervised manner.

There are three important research questions concernengltbve framework. First,
what are the statistical properties#fe and 2 (consistency, asymptotic variance). Second,

how can we efficiently solve the maximization problem (79)ndAthird, how does the

10



framework work in practice. We address these three quesitiddections 3.2.2-2.5, 2.6, 2.7
respectively, We devote the rest of the current section &ongixe some important special

cases of (79)-(11) and consider some generalizations indkiesection.
2.2.1 Non-Collaborative Estimation of the Risks

In the non-collaborative case we estimate the risk of eaehabithe predictoryi,. .., fx
separately. This reduces the problem to that of estimahiagisk of a single predictor,
which is repeated times for each one of the predictors. We thus assume in thisestion
the framework (9)-(11) withk = 1 with no loss of generality. For simplicity we denote the
single predictor byf rather thanf, and denotg = ¢; andg® = ¢\”. The corresponding

simplified expressions are

R(f;9W, ... 9™) = g(@™e(mW, ..., 4™)) (13)

o™, ™) = afg;ﬂaleog / Py )p(y ) du(y?)  (14)
i=1 y

wherej® = f(2),

We consider below several important special cases.
2.2.2 Classification

Assuming labels) = {1, ...}, the classifielf defines a multivariate Bernoulli distribu-

tion py(y|y) mapping the true label to g

Po(ily) = O5.y- (15)

wheref is the stochastic confusion matrix or noise model corredpyito the classifief.

In this case, the relationship between the igl{') and the parametéris

R(f)=1-_ 0,py). (16)

yey

11



Equations (15)-(16) may be simplified by assuming a symmetror distribution [14]

1_3)1(@75@/)

i) =" (1=

1 (17)

R(f)=1-6 (18)

where! is the indicator function and € [0, 1] is a scalar corresponding to the classifier
accuracy. Estimating by maximizing (14), with (15) or (17) substituting completes the
risk estimation task.
In the simple binary case= 2,) = {1, 2} with the symmetric noise model (17) the
loglikelihood
(6) =3 log 3 616001 — )10, (19)
=1 =1

may be shown to have the following closed form maximizer

émle:p<y:1)_m/n
2p(y=1) -1~

wherem = |{i € {1,...,n} : 9 = 2}|. The estimator (20) works well in practice

(20)

and is shown to be a consistent estimator in the next seatmnif converges to the true
parameter value). In cases where the symmetric noise madgldpes not hold, using
(20) to estimate the classification risk may be misleadimg.example, in some cases (20)
may be negative. In these cases, using the more general ({&jehstead of (17) should
provide more accurate results. We discuss this further fitweoretical and experimental

perspectives in Sections 3.2.2-2.5, and 2.7 respectively.
2.2.3 Regression
Assuming a regression equation
Yy = ar + e, e ~ N(0,7%)
and an estimated regression model or predigtera’z we have
I /-1

g=dx=da (y—e€) =0y — O
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wheref = a’a™'. Thus, in the regression case the distributigfj|y) and the relationship

between the risk and the paramet#if) = ¢(0) are

palal) = (20%5%) e (- L) @
R(fly) = bias?(f) + Var (f) = (1 — 6)%*)* + 61> (22)
R(f)=60*7" + (1 — 0)°E ,() (v?). (23)

Note that we consider regression as a stochastic estinmetioat it predictg) = a’x + € or
ylz ~ N(a'z, 7%).

Assumingp(y) = N(uy,0;) (as is often done in regression analysis) we have

exp (_ () —0y)? (y-— uy)z) dy

20272 205

pa(§) = / Po(P1y)p(y)dy = (2mb>r2m0%) 2 /
R R

(24)

I N 11 A R )
o p 2927-2 O-2_|_7-2 202 0-2_|_7-2 9( 2_|_ 2)
0/2m (7% + o) y y \%y OOy

where we used the following lemma in the last equation.

Lemma 2.2.1(e.qg., [41])

/ Ae_Bx2+CI+D dr = A \/g exp (C2/4B + D) (26)

o0

whereA, B, C, D are constants that do not dependon

In this case the loglikelihood simplifies to

SO 1 (g

_ 2 2y _ [ &i=1\d ) YLwi=ld )\ — o, TY

£(0) = —nlog (6,/2e(r* + o)) <2(T2+0—5) 2\ rrez )8 202 )
(27)

which can be shown to have the following closed form maximize

(NG no a2 n NG
e _ S0 J (1, S0 50 S (50 8)

2n(12 4+ 05) 4n?(72 + 05)2 n(r? 4+ 05)

where the two roots correspond to the two cases where/' /a > 0 andfd = a'/a < 0.

13



2.2.4 Noisy Gaussian Channel

In this case our predictof corresponds to a noisy channel mapping a real valued signal
y to its noisy versiory. The aim is to estimate the mean squared error or noise level
R(f) = E|ly — g||*. In this case the distributiopy(¢|y) and the relationship between the

risk and the parametdt(f) = ¢(0) are

pull) = (20%) 7 exp (U 00) 9)
R(fly) = (20)
R(f) = 92Ep(y) (y)- (31)

The loglikelihood and other details in this case are stitéogivard variations on the
linear regression case described above.

As mentioned above, in both classification and regressistimating the risks for
k > 2 predictors rather than a single one may proceed by repetimgptimization
process described above for each predictor separatelyt i lﬂ%( 1) = gj(é;.*"e) where
é;“'e, e ,é,T'e are estimated by maximizing different loglikelihood functions. In some
cases the convergence rate to the true risks can be acedldagointly estimating the
risksR(f1),..., R(fx)in a collaborative fashion. Such collaborative estimatsopossible
under some assumptions on the statistical dependencydretive noise processes defining
thek predictors. We describe below such an assumption followealdescription of more

general cases.
2.2.5 Collaborative Estimation of the Risks: Conditionally Independent Predictors

We have previously seen how to estimate the risks pfedictors by separately applying
(9) to each predictor. If the predictors are known to be coowially independent given the

true labeli.epg (71, ..., 9k|ly) = ]_[j po,; (|y) the loglikelihood (11) simplifies to

n k
0(0) = "log /y T ps, @190y P) du(y @), where g\ = f;(z?)  (32)
i=1 j=1

14



andp,, above is (15) or (17) for classification and (21) for regr@ssMaximizing the log-
likelihood (32) jointly overd;, . . .., 6, results in estimator&(f,), . .., k(f,,) that converge
to the true value faster than the non-collaborative MLE (#49re on this in Section 2.7).
Equation (32) does not have a closed form maximizer reqyittie use of iterative compu-
tational techniques.

The conditional independence of the predictors is a muctk&reeondition than the
independence of the predictors which is very unlikely tadhah our case, each predictor
f; has its own stochastic noise operalo(r, s) = p(y = r|y = s) (regression) or matrix
[T5],s = p;j(y = rly = s) (classification) wherd7, .. ., T;, may be arbitrarily specified. In
particular, some predictors may be similar €.~ 7}, and some may be different e.g.,
T; # T}. The conditional independence assumption that we makesrstivsection is that
conditioned on the latent labglthe predictions of the predictors proceed stochastically
according tdly, . .., T in an independent manner.

Figure 2 displays the loglikelihood functiori§)) for three different dataset sizes—
100, 250, 500. As the sizen of the unlabeled data grows the curves become steep@@l‘fnd
approachy™®. Figure 3 displays a similar figure fér= 1 in the case of regression.

In the case of regression (32) involves an integral over dybofk + 1 Gaussians,

assuming thag ~ N (u,, 02). In this case the integral in (32) simplifiesjig(4:”, . . ., 9,")

o0 k R )
 (f AT ) 4 g
oo 0,7V 2m oyV 2T

j=1
; 2
1 o0 1 @ — 1\ 2 @ W ,
THV2m) oy Hj:l 0 /o % =N

oo i 59 ; 2 (52
few (<3 (F+4) 007+ (4 + Sh g ) w0 -4 (4 + T %)

— 53 (33)
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Figure 2: A plot of the loglikelihood functiong(d) in the case of classification far= 1
(left, 0™ = 0.75) andk = 2 (right, ""® = (0.8, 0.6) "). The loglikelihood was constructed
based on random samples of unlabeled data with sizeg00, 250, 500 (left) andn = 250
(right) andp(y = 1) = 0.75. In the left panel they values of the curves were scaled so
their maxima would be aligned. Fér = 1 the estimatorg™® (and their errorgdf™e —
0.75|) for n = 100, 250, 500 are 0.6633 (0.0867), 0.8061 (0.0561), 0.765 (0.0153). As
additional unlabeled examples are added the loglikeliltamdes become steeper and their
maximizers become more accurate and closéf'to
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Figure 3: A plot of the loglikelihood functior?(#) in the case of regression fér= 1 with

g"e =0.3,7 =1, u, = 0 ando, = 0.2. As additional unlabeled examples are added the
loglikelihood curve become steeper and their maximizetsipser to the true parameter
g resulting in a more accurate risk estimate.
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where the last equation was obtained using Lemma 2.2.1 gungeGaussian integrals.
Note that this equation does not have a closed form maximezgliring the use of iterative

computational techniques.
2.2.6 Collaborative Estimation of the Risks: Conditionallyy Correlated Predictors

In some cases the conditional independence assumption im#ue previous subsection
does not hold and the factorization (32) is violated. In ggstion, we discuss how to
relax this assumption in the classification case. A simifpraach may also be used for
regression. We omit the details here due to notationaltglari

There are several ways to relax the conditional indeperedassumption. Most popu-
lar, perhaps, is the mechanism of hierarchical loglineadetsfor categorical data [8]. For
example, generalizing our conditional independence agsamto second-order interac-
tion log-linear models we have

l
logp(91, - -+, Uly) = ay + Z Bigiy + Z VG015 (34)
i=1 1<J

where the following ANOVA-type parameter constraints agedted [3]
0=> Bigy iy (35)

0= Voiiuinn = D Vidguipy Vi b

The 3 parameters in (34) correspond to the order-1 interactidwedsn the variables
7, - .-, Yk conditioned ory. They correspond to thé in the independent formulation
(15)-(17). They parameters capture two-way interactions which do not apgpehe con-
ditionally independent case. Indeed, setting;, 4,, = 0 retrieves the independent models
(15)-(17).

In the case of classification, the number of degrees of fi@ediofree unconstrained
parameters in (34) depends on whether the number of clas2esrimore and what addi-

tional assumptions exist ot and~. For example, assuming that the probabilityfaff;
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making an error depends on the true clagsit not on the predicted classgsy, results in
ak + k? parameters. Relaxing that assumption but assuming bitesgification results in
2k + 4k? parameters. The estimation and aggregation techniquesloss$in Section 2.2.5
work as before with a slight modification of replacing (1%} with variations based on
(34) and enforcing the constraints (35).

Equation (34) captures two-way interactions but cannotehloigher order interactions.
However, three-way and higher order interaction modelsstna@ghtforward generaliza-
tions of (34) culminating in the full loglinear model whicloes not make any assumption
on the statistical dependency of the noise operafors ., 7. However, as we weaken the
assumptions underlying the loglinear models and add higiekar interactions the number
of parameters increases adding to the difficulty in estinggtfie risksR(f1), ..., R(fx).

In our experiments on real world data (see Section 2.7),aften the case that max-
imizing the loglikelihood under the conditionally indemmt assumption (32) provides
adequate accuracy and there is no need for the more genéjdB&. Nevertheless, we

include here the case of loglinear models as it may be negeggsssome situations.

2.3 Extensions: Missing Values, Active Learning, and Sefiypervised
Learning

In this section, we discuss extensions to the current frasrlewSpecifically, we consider

extending the framework to the cases of missing valuesjeaatid semi-supervised learn-

ing.

Occasionally, some predictors are unable to provide theipud over specific data
points. That is assuming a datasé€?, ...,z each predictor may provide output on an
arbitrary subset of the data poirt§; (V) : i € S;}, whereS; C {1,...,n},ji=1,...,k.

Commonly referred to as a missing value situation, this @gemmay apply in cases
where different parts of the unlabeled data are availabteddalifferent predictors at test
time due to privacy, computational complexity, or commatien cost. Another example

where this scenario applies is active learning where operat involves a certain cost

18



c; > 0 and it is not advantageous to operate all predictors witlsémee frequency for the
purpose of estimating the risk®(f1), ..., R(fx). Such is the case whef) corresponds
to judgments obtained from human experts or expensive mahihat is busy serving
multiple clients. Active learning fits into this situationitiv.S; denoting the set of selected
data points for each predictor.

We proceed in this case by defining indicatdysdenoting whether predictgris avail-
able to emitf;(z(). The risk estimation proceeds as before with the obserketiHbod
modified to account for the missing values.

In the case of collaborative estimation with conditionalependence, the estimator and

loglikelihood become

g™ — arg max ((6)
0

(6) =Y log > /y po(i”, - 0) () (36)
i=1 7:8ri=0
= log ) / /y o@D p ) dp(3) ()
=1 7:Br;=0

wherepy may be further simplified using the non-collaborative ajppig or using the col-
laborative approach with conditional independence orih@glir model assumptions.

In the case of semi-supervised learning a small set of ldlsdéa is augmented by a
large set of unlabeled data. In this case our framework nesras before with the likeli-
hood summing over the observed labeled and unlabeled dataxBmple, in the case of
collaborative estimation with conditional independeneehave

n k m k
() =3 log /y [ 120, @190 ) dinty) + 3 tog [ [ oo, (37 19w
i=1 j=1

i=n+1 j=1
(37)

The different variations concerning missing values, &ctearning, semi-supervised

learning, and non-collaborative or collaborative estioratvith conditionally independent

or correlated noise processes can all be combined in diffevays to provide the appro-

priate likelihood function. This provides substantial rabidg flexibility.
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2.4 Consistency o™ and R(f))

In this and the next section we consider the statistical\Gehaf the estimatoé™¢ defined
in (79) and the risk estimatdi’(fj) = gj(ém'e) defined in (9). The analysis is conducted
under the assumption that the vectors of observed prediotaputs)®) = (QY), o ,Q,Ef))

are iid samples from the distribution

Po(3) = poCin, i) = /y Do, - Buly)p(y) dia(y)-

We start by investigating whether estimatite in (79) converges to the true param-

eter value. More formally, strong consistency of the estimd™e = 9(5™), ..., 5™),
g, g™ X py, is defined as strong convergence of the estimatéy 1 — oo [20]
lim 0™(g™M ... §™) = 6, with probability1. (38)

n—oo

In other words as the number of samplegrows, the estimator will surely converge to the
true parametef, governing the data generation process.

Assuming that the riskB( f;) = ¢;(¢) are defined using continuous functigsstrong
consistency of™® implies strong convergence &f(f,) to R(f;). This is due to the fact
that continuity preserves limits. Indeed, as fyefunctions are continuous in both the
classification and regression cases, strong consisteribg oisk estimatoréz( f;) reduces
to strong consistency of the estimatéf.

It is well known that the maximum likelihood estimator isaftstrongly consistent.

Consider, for example, the following theorem.

iid

Proposition 1 (e.g., [20]) Let g™, ... 4™ < py,, 6y € O. If the following conditions
hold
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1. © is compact (compactness)

2. py(7) is upper semi-continuous thfor all g (continuity)

3. There exists a functioR (j) such thate ,, |K(g)| <oco  (boundedness)
andlog ps(g) — log pe, (5) < K(§) Vi 6

4. For all ¢ and sufficiently smafh > 0, sup g_g -, per(9) is  (measurability)
measurable i

5.p9 = po, = 0 = 6y (identifiability)
then the maximum likelihood estimator is strongly conaiste., 6™ — 6, asn — oo

with probability 1.

Note thatpy(y) in the proposition above correspondsqupg(my)p(y) du(y) in our
framework. That is the MLE operates on the observed dataedligtor outpug)V), . .., 3™
that is sampled iid from the distributign, (7) = fy P, (Uly)p(y) du(y).

Of the five conditions above, the last condition of identifipis the only one that
is truly problematic. The first condition of compactnesgigally satisfied in the case of
classification. In the case of regression it is satisfiedragsyithat the regression parameter
and model parameter are finite anet 0 as the estimatat™e will eventually lie in a com-
pact set. The second condition of continuity is triviallyisted in both classification and
regression as the functicft‘y\ pe(yly)p(y) di(y) is continuous ird oncey is fixed. The third
condition is trivially satisfied for classification (finitealuedy). In the case of regression
due to conditions 1,2 (compactness and semi-continuitygavereplace the quantifig®)
with a particular valué’ € © representing worst case situation in the bound of the loga-
rithm difference. Then, the bound may be realized by the difference of log terms (with
respect to that worst cag¥) whose expectation converges to the KL divergence which in
turn is neverc for Gaussian distributions or its derivatives. The fourdimdition of mea-
surability follows ag, is specified in terms of compaositions, summations, muttgilons,

and point-wise limits of well-known measurable functions.
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The fifth condition of identifiability states that;if(7) andpy, (y) are identical as func-
tions i.e., they are identical for every value@fthen necessaril§ = ,. This condition
does not hold in general and needs to be verified in each oie apiecial cases.

We start with establishing consistency in the case of diaatibn where we rely on
a symmetric noise model (17). The non-symmetric case (1&joiee complicated and is
treated afterwards. We conclude the consistency disqusgitth an examination of the

regression case.
2.4.1 Consistency of Classification Risk Estimation

Proposition 2. Let fi, ..., fi be classifiersf; : X — Y, |Y| = [, with conditionally
independent noise processes describeq1d). If the classifiers are weak learners i.e.,
1/l < 1—err(f;) < 1andp(y) is not uniform the unsupervised collaborative diagnosis

model is identifiable.

Corollary 2.4.1. Let f1, .. ., fi be classifierd; : X — Y with || = [ and noise processes
described by (17). If the classifiers are weak learnersli/é.< 1 — err(f;) < 1, andp(y)

is not uniform the unsupervised non-collaborative diaggw®del is identifiable.

Proof. Proving identifiability in the non-collaborative case peeds by invoking Proposi-
tion 2 (whose proof is given below) with = 1 separately for each classifier. The condi-
tional independence assumption in Proposition 2 beconademdant in this case of a single

classifier, resulting in identifiability of,, (¢,) for eachj =1,... .k O

Corollary 2.4.2. Under the assumptions of Proposition 2 or Corollary 2.4€luthsuper-

vised maximum likelihood estimator is consistenti.e.,

P ( lim 6™e(gD, ... y™) = (grve, . ,eg“e)) —1.

Consequentially, assuming th&{f;) = ¢;(#),7 = 1,..., k with continuousg; we also
have

P(lim R(-f] ;y(1)7‘ c 7y(n)) = R(-f])? v] - 17 A '7]{:) - 1'

n—oo
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Proof. Proposition 2 or Corollary 2.4.1 establishes identifiilivhich in conjunction

with Proposition 1 proves the corollary. O

Proof. (for Proposition 2) We prove identifiability by induction o&. In the base case of

k =1, we have a set dfequations, correspondingte=1,2...1,

po(h =1) = y_ﬂgl_i_(z:p ) 1l_911))

J#i

= oy =i+ (L=l = ) =T

Or(lply =) — 1)+ 1 —p(y = 1)
(1—=1)

from which we can see thatif # 6 andp(y = i) # 1/l thenpy(9:1) # p,(91). This proves

identifiability for the base case &f= 1.

Next, we assume identifiability holds férand prove that it holds fak + 1. We do so
by deriving a contradiction from the assumption that idadtility holds for £ but not for
k+1. We denote the parameters corresponding té tlabelers by the vectors € [0, 1]
and the parameters corresponding the additibrall labeler byd,. 1, g1 1.

In the case of; classifiers we have

l

1
pe(glv oo 7:&/6) = Zpe(lglv S 7lgk’|y = 'L)p(y = 'L) - ZG(AMQ)
i=1

i=1

where

G(A0) < ply =) T[ 0 H 91'>>.

JEA; JEA;

A Z e {1,2.. .k} : g; =i}

Note thatthe4,, ..., A, form a partition of{1, . . ., k} i.e., they are disjoint and their union
is{1,...,k}.

In order to have unidentifiability for the + 1 classifiers we nee@, 0y..1) # (1, Mk+1)

and the following equations (correspondingd®.; = 1,2,...,1) to hold foranyy,, . . .,

23



which corresponds to any partitiody, . . .,

0
011G (A, 0) l_?IEZGAm9 = 141G (A1, ) ZY?IEJ?&m
1#1 i#1
0
011G (As, 0) l_?IEZGAm9 = 141G (As, ) ZY?IEJ?Am
0
O G(AL, 0) Z_Tl§:GA”’ = 1 G (A ) Zleiy?Am

(39)
We consider two cases in Whic€h, 0x.1) # (7, nx+1): (@) 0 # n, and (b)) = n, Op1 F#
m+1- 1IN the case of (a) we add thHeequations above which marginalizés,; out of

Po(J1,- - Uk, Urg1) @NADy (J1, - - ., Uk Yr+1) tO provide

l l
Y G(AL0) =) G(Ain) (40)
=1 i=1

which together with9 # n contradicts the identifiability for the case btlassifiers.

In case (b) we have from tHeequations above

0
9k+1G(At7 l_];—’_l (ZG A279 At7 ))
l
= nk+1G(At7 I _77k1+1 (Z G Au 77 At, 77))

for anyt € {1,...,1} which simplifies to

l
0= (9k+1 — nk—i-l) (lG(At, 9) — Z G(.AZ, 9)) t= 1, ey k. (41)

i=1
As we assume at this point thiat, ; # 7,1 the above equality entails

l

=> G(A;0). (42)

i=1

IG(A,,0)

We show that (42) cannot hold by examining separately thesgdg = ¢) > 1// and
p(y =t) < 1/I. Recall that there existsteor which p(y = t) # 1/1 since the proposition

requires thap(y) is not uniform.
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If p(y =1t) > 1/l we choosed; = {1, ..., k} and obtain

which cannot hold as the term on the left hand side is nedgskager than the term on
the right hand side (if(y = ¢t) > 1/l andf; > 1/1). In the case(y =t) < 1/l we choose
As={1,...,k}, s # t to obtain

=0 [ =2 = Spw =0 [T 1=¢ +ptu =54,

=1 i#s j=1 =t

which cannot hold as the term on the left hand side is nedssaraller than the term on
the right hand side (if(y = ¢) < 1/l and§; > 1/1).

Since we derived a contradiction to the fact that we Haidentifiability but notk + 1
identifiability, the induction step is proven which estahks identifiability for any: >

1. U

The conditions asserted above th@f) # 1/l andl/l < 1—err(f;) < 1 are intuitive. If
they are violated a certain symmetry may emerge which rartiermodel non-identifiable
and the MLE estimator not consistent.

In the case of the non-collaborative estimation for bindagsification with the non-
symmetric noise model, the matiéxn (15) is a2 x 2 matrix with two degrees of freedom
as each row sums to one. In particular we héme= py(y = 1y = 1), 612 = pe(y =

lly = 2), 091 = pe(y = 2|y = 1), 02 = po(y = 2]y = 2) with the overall riskR(f) =
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1 —0uply = 1) — Oop(y = 2). Unfortunately, the matri¥ is not identifiable in this
case and neither is the scalar paramétep(y = 1) + 0yp(y = 2) that can be used to
characterize the risk.

We can, however, obtain a consistent estimatof¢and therefore foR(f)) by first
showing that the parametér; p(y = 1) — 69p(y = 2) is identifiable and then taking the

intersection of two such estimators.

Lemma 2.4.3.1n the case of the non-collaborative estimation for bindagsification with
the non-symmetric noise model ap@,) # 0, the parametef;; p(y = 1) — Oaop(y = 2) is

identifiable.

Proof. For two different parameterizatiodsn we have

po(i=1)=py =1)011 + (1 —p(y =1))(1 — b52) (43)

po(0=2)=ply=1)(1—0u)+(1—ply=1))0xn (44)
and

Py =1)=ply=1L)n1+ (1 —ply =1))(1 —n2) (45)

Py =2)=py=1)(1—=nu)+ (1 —=ply=1))ne. (46)

Equating the two Equations (43) and (45) we have

ply=1)(011 +02)+1—ply=1) =0 =ply = 1)(m1+m22) + 1 —ply = 1) — no2
ply=1)01 — (1 —ply =1))n =ply=D)m1 — (1 — py = 1))na

p(y =1)011 — p(y = 2)02 = p(y = L)p11 — p(y = 2)n22

Similarly, equating Equation (44) and Equation (46) alssutes inp(y = 1)01; — p(y =

2)05 = p(y = 1)m1 — p(y = 2)ne2. As aresult, we have

po=py = ply=1)01—ply=2)0n=ply=1)n1—py=2)nx.
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The above lemma indicates that we can use the maximum ldadilmethod to obtain
a consistent estimator for the parametgm(y = 1) — fop(y = 2). Unfortunately the
parametef;p(y = 1) — O,op(y = 2) does not have a clear probabilistic interpretation and
does not directly characterize the risk. As the followingpasition shows we can obtain a
consistent estimator for the rigk( f) if we have two populations of unlabeled data drawn

from distributions with two distinct marginajs (y) andp.(y).

Proposition 3. Consider the case of the non-collaborative estimation n&by classifica-
tion risk with the non-symmetric noise model. If we have s&te two unlabeled datasets

drawn independently from two distributions with differemdrginals i.e.
22" Ropi(z) = plaly)pi(y)
Yy
.1}'/(1), cee 7x/(m) flg p2<$) = Zp(‘r‘y)pQ(y)
Y
we can obtain a consistent estimator for the classificatisk R( f).

Proof. Operating the classifief on both sets of unlabeled data we get two sets of ob-
served classifier outpug?, ..., g™, '™, ... 5™ whereg® X 37 py(dly)pi(y) and
A >, Po(Uly)p2(y). In particular, note that the marginal distributigngy) andp.(y)

are different but the parameter matfixs the same in both cases as we operate the same
classifier on samples from the same class conditional bligioinp(z|y).

Based on Lemma 2.4.3 we construct a consistent estimatps for= 1)01; — p1(y =
2)f by maximizing the likelihood of)"), ..., ™. Similarly, we construct a consistent
estimator fom,(y = 1)01; — p2(y = 2)022 by maximizing the likelihood of/V), . .., ¢/™.
Note thatp;(y = 1)011 — p1(y = 2)02 andpy(y = 1)011 — pa(y = 2)6s, describe two
lines in the 2-D spacé/;, 0s,). Since the true value df;;, 65, represent a point in that
2-D space belonging to both lines, it is necessarily thersetetion of both lines (the lines
cannot be parallel since their linear coefficients are ithstions which are assumed to be

different).
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As n andm increase to infinity, the two estimators converge to the parameter val-
ues. As a result, the intersection of the two lines descriyetthe two estimators converges
to the true values oft;, 652) thus allowing reconstruction of the matrikand the risk

R(f). O

Clearly, the conditions for consistency in the asymmetai®ecare more restricted than
in the symmetric case. However, situations such as in Pro@os$ are not necessarily
unrealistic. In many cases it is possible to identify twoalnrdled sets with different distri-
butions. For example, if denotes a medical condition, it may be possible to obtain two
unlabeled sets from two different hospitals or two diffénegions with different marginal
distribution corresponding to the frequency of the medicaidition.

As indicated in the previous section, the risk estimatianmfework may be extended be-
yond non-collaborative estimation and collaborative ¢oodally independent estimation.

In these extensions, the conditions for identifiability ché@ be determined separately, in a
similar way to Corollary 2.4.1. A systematic way to do so mayolbtained by noting that

the identifiability equations

~

0:]90@1,---7%)—pn@h---aﬂk) VUi, - Uk

is a system of polynomial equations (&, 7). As a result, demonstrating lack of identi-
fiability becomes equivalent to obtaining a solution to atesysof polynomial equations.
Using Hilbert's Nullstellensatz theorem we have that a sofuto a polynomial system
exists if the polynomial system defines a proper ideal of ihg of polynomials [15]. As
k increases the chance of identifiability failing decays daaoally as we have a system of
I* polynomials with2k variables. Such an over-determined system with substgntiare
equations than variables is very unlikely to have a solution

These observations serve as both an interesting thedreticaection to algebraic ge-
ometry as well as a practical tool due to the substantiabrekan computational algebraic

geometry. See [52] for a survey of computational algorittamg software associated with
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systems of polynomial equations.
2.4.2 Consistency of Regression Risk Estimation

In this section, we prove the consistency of the maximumniitiked estimatop™® in the

regression case. As in the classification case our prooérenh establishing identifiabil-
ity.

Proposition 4. Let fi, ..., fi be regression model§(z) = ajz withy ~ N(u,,07}),
y = ax+e. Assuming that # 0 the unsupervised collaborative estimation model assuming

conditionally independent noise proces§&&®) is identifiable.

Corollary 2.4.4. Let f1,..., fr be regression model§(z) = alx with y ~ N(,uy,ag),
y = ax + €. Assuming that: # 0 the unsupervised non-collaborative estimation model

(32) is identifiable.

Proof. Proving identifiability in the non-collaborative case peeds by invoking Proposi-
tion 4 (whose proof is given below) with = 1 separately for each regression model. The
conditional independence assumption in Proposition 4iesaedundant in this case of a

single predictor, resulting in identifiability of, (7;) for eachj = 1,... k. O

Corollary 2.4.5. Under the assumptions of Proposition 4 or Corollary 2.4eluthsuper-

vised maximum likelihood estimator is consistent i.e.,

P ( lim GMe(yV, .. y™) = (grve . ,egue)) — 1.

n—oo

Consequentially, assuming th&{f;) = ¢;(#),7 = 1,..., k with continuousg; we also

have

P(lim RS yD, .y ™) = R(f), vj':1,...,k;) — 1.

n—~0o0

Proof. Proposition 4 or Corollary 2.4.4 establish identifiabilitghich in conjunction with

Proposition 1 completes the proof. 0J
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Proof. (of Proposition 4).
We will proceed, as in the case of classification, with indutbn the number of pre-
dictorsk. In the base case &f= 1 we have derivegy, (7;) in Equation (24). Substituting

init g, = 0 we get

PGl(@l = 0) =

o (o ()

exp | —% —

014/2m(72 + 02) 205 \og +71°

X 1 1 72

P, (51 =0) = exp <_y2 ( T 1)) : 47
N/ 2m (T2 4+ 05) 20y \oy +7

The above expression leads@p # 1, = pp, (11 = 0) # p,, (g1 = 0) which implies

identifiability.
In the induction step we assume identifiability holds foand we prove that it holds
also fork+1 by deriving a contradiction to the assumption that it doadwdd. We assume

that identifiability fails in the case df + 1 due to differing parameter values i.e.,

PO.05s0) U1y - - Ukes Ukr1) = Py ) 1o -+ Uno Unp) VY € R j =1, k+1  (48)

with (6,0,41) # (n,me41) Whered,n € R*. There are two cases which we consider
separately: (af # n and (b)0 = n.
In case (a) we marginalize both sides of (48) with respecj.tq which leads to a

contradiction to our assumption that identifiability hofds &

/_Z P6.00,0) (15 - - Uiy Y1) Y1 = /_: Poes) Tty - - Uk, Y1) Apgr
Po(Grs - k) = Py(U1s- -, Uie)- (49)
In case (bY = n andfy.1 # nxy1. Substituting); = - - - = gx1 = 0in (48) (see (33)
for a derivation) we have
Py =0,...,0ks1=0) = Poyne, (01 = 0,..., Jpq1 = 0) (50)
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or

(1, k]2 )" ;

NZS 2\ o2 + 05 exp L _ My

7-k+1(\/§)k+20y9k+1 H?:l 9, 2 <U—12 + k—21> 205
Y

— - exp
TR (V27) 20y Hj:l 1j

which cannot hold i) = n butf,,1 # ng41. O

2.5 Asymptotic Variance o@{j'e and R

A standard result from statistics is that the MLE has an asgtigally normal distribution
with mean vectop'™® and variance matrixn.J(6"®))~!, where J(0) is ther x r Fisher

information matrix

J(0) = E ,,{V log ps(9)(V log ps (7)) ' } (51)

with V log py(7) represents the x 1 gradient vector ofog py(7) with respect t@. Stated

more formally, we have the following convergence in disitibn asn — oo [20]
Vi (6% = o) ~ N(0, 1 (6")). (52)

It is instructive to consider the dependency of the Fish&rmation matrix, which
corresponds to the asymptotic estimation accuracy,, @np(y), 6.
In the case of classification considering (17) wite- 1 and) = {1, 2} it can be shown

that

B a2a —1)2 (2a —1)%(a— 1)
1) = B2a—1)—a—+1)2 (a—0(2a—1))? (3)

wherea = P(y = 1). As Figure 4 (right) demonstrates, the asymptotic accucddie
MLE (as indicated by/) tends to increase with the degree of non-uniformity(af). Recall
that since identifiability fails for a uniform(y) the risk estimate under a uniforpty) is

not consistent. The above derivation (53) is a quantificaticthat fact reflecting the added
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difficulty in estimating the risk as we move closer to a unifdabel distributiorw — 1/2.
The dependency of the asymptotic accuracy®fiis more complex, tending to favei®
values close to 1 or 0.5. Figure 4 (left) displays the emalraccuracy of the estimator as
a function ofp(y) and6™¢ and shows remarkable similarity to the contours of the Fishe
information (see Section 2.7 for more details on the expenits). In particular, whenever
the estimation error is high the asymptotic variance of gteretor is high (or equivalently,
the Fisher information is low). For instance, the top comtan the left panel have smaller
estimation error on the top right than in the top left. Simylathe top contours in the
right panel have smaller asymptotic variance on the top tiggm on the top left. We thus
conclude that the Fisher information provides practicalwall as theoretical insight into
the estimation accuracy.

Similar calculations of7 (§"®) for collaborative classification case or for the regression
case result in more complicated but straightforward dédowa. It is important to realize
that consistency is ensured for any identifiaB€®, p(y). The value(J(6"™))~! is the
constant dominating that consistency convergence.

A similar distributional analysis can be derived for th&estimator. Applying Cramer’s

theorem [20] toR(f;) = ¢;(6™®), j = 1,...,k and (52) we have

V(R(f) = R(f)) ~ N (0, Vg(6™°)J (6™ Vg (6™ ") (54)

~

whereR(f), R(f) are the vectors of true risk and risk estimates for the diffepredictors
fi,-.., fr andVg(0"™®) is the Jacobian matrix of the mappipg= (g1, . . ., gx) evaluated
atgte,

For example, in the case of classification with= 1 we haveR(f;) = 1 — ¢; and the
Jacobian matrix is-1, leading to an identical asymptotic distribution to thatled MLE

(52)-(53)

V(R(f) = R(f)) ~ N (07 ((9( (20 —1)? (2a — 1)%(a — 1))‘ ) . (55)

20—1)—a+1)?2 (a—02a—1))?
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2.6 Optimization Algorithms

Recall that we obtained closed forms for the likelihood maxers in the cases of non-
collaborative estimation for binary classifiers and nollatxmrative estimation for one di-
mensional regression models. The lack of closed form maedmiin the other cases ne-
cessitates iterative optimization techniques.

One class of technique for optimizing nonlinear loglikelddls is the class of gradient
based methods such as gradient descent, conjugate gediedtquasi Newton methods.
These techniques proceed iteratively following a searcéction; they often have good
performance and are easy to derive. The main difficulty vitirtimplementation is the
derivation of the loglikelihood and its derivatives. Foaexple, in the case of collaborative
estimation of classification/ (> 2) with symmetric noise model and missing values the

loglikelihood gradient is

Sp) 5 S Tl b7 = 419) = 65)((1 = 1)6) "= (1 - gy) 0=

o Z y(® riBr=0 5
90 i=1 Zy(i) p(y®) Zr:ﬁm-:o Z%(L) Hﬁ:l hy,
o g N\ @ #yD)
By — 610657 =4) <1z 9110) ' (56)

Similar derivations may be obtained in the other cases inagg$itforward manner.

An alternative iterative optimization technique for findithe MLE is expectation max-
imization (EM). The derivation of the EM update equationagsin relatively straightfor-
ward. For example in the above case of collaborative estimatf classification( > 2)
with symmetric noise model and missing values the EM updgt@tions are

AR —argmaxzz DY d"E, Yt Zlogpg @y (57)

=1y =0 5 Jj=1

=SS S 0G0 )G =)

=1 4@ 7:6,;=0 A(i)

¢ (G0 D) = py) T, (3 |y, 69)
Equ«gm_oE <>P( )Hj:lpj(yj ly®,00)

33



where¢® is the conditional distribution defining the EM bound ovee tloglikelihood
function.

If all the classifiers are always observed i&;,= 1 Vr, i Equation (78) reverts to (32),
and the loglikelihood and its gradient may be efficiently poed inO(nik?). In the case
of missing classifier outputs a naive computation of the igratcbor EM step is exponential
in the number of missing valueé® = max; > _3,;. This, however, can be improved by
careful dynamic programming. For example, the nested suimnsover the unobserved
values in the gradient may be computed using a variationegtimination algorithm in

O(nlk*R) time.
2.7 Empirical Evaluation

We start with some experiments demonstrating our framewsirkg synthetic data. These
experiments are meant to examine the behavior of the estimat a controlled setting.
We then describe some experiments using several real watddets. In these experiments
we examine the behavior of the estimators in an uncontraé&tting where some of the
underlying assumptions may be violated. In most of the arparts we consider the mean

absolute error (mae) or tifg error as a metric that measures the estimation quality
1 k
ma émlej gtuey — — pirue _ émle ) 58
¢ ) =1 ; [05e — 7] (58)

In the non-collaborative case (which is equivalent to thHeaborative case wittk = 1) this
translates into the absolute deviation of the estimateapeater from the true parameter.

In Figure 4 (left) we display mdém'e, ') for classification witht = 1 as a function
of #™€ andp(y) for n = 500 simulated data points. The estimation error, while overall
relatively small, decays agy) diverges from the uniform distribution. The dependency
on " indicates that the error is worst f6¥¢ around 0.75 and it decays #&'® — 0.75|
increases with a larger decay attributed to high€?. These observations are remarkably

consistent with the developed theory as Figure 4 (rightjwshoy demonstrating the value
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Figure 4: Left: Average value ofg™e — ¢"¢| as a function of™e andp(y = 1) for

k = 1 classifier anch = 500 (computed over a uniform spaced grid 16f x 15 points).
The plot illustrates the increased accuracy obtained bgsadaiformP(y). Right: Fisher
information.J () for k = 1 as a function of"® and P(y). The asymptotic variance of the
estimator is/~! () which closely matches the experimental result in the lefigha

of the inverse asymptotic variancgf) which agrees nicely with the empirical measure-
ment in the left panel.

Figure 5 (left) contains a scatter plot contrasting valug§"8 and #™e for & = 1
classifier antb(y = 1) = 0.8. The estimator was constructed based on 500 simulated
data points. We observe a symmetric Gaussian-like distoibwf estimated valueg™e,
conditioned on specific values 6f“¢. This is in agreement with the theory predicting an
asymptotic Gaussian distribution for the mle, centeredmadhe true valué™e®. A similar
observation is made in Figure 6 (left) which contains a simstatter plot in the regression
casef = 1,0, = 1,n = 1000). In both figures, the striped effect is due to selectiof"sf
over a discrete grid with a small perturbation for increagsibility. Similar plots of larger
and smaller values (not shown) verify that the variationde around¥'™e decreases as
increases. This agrees with the theory that indicate&a ') rate of decay for the variance
of the asymptotic distribution.

Figures 5 and 6 (right) show the n(fl@'e, g'e) for variousk values in classification
and regression, respectively. In classificatiéfi® was obtained by sampling data from

ply = 1) = 0.75 = 6™e Vi. In regression, the data was sampled from the regression
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Figure 5: Left: Scatter plot contrasting the true and predicted \&hf& in the case of a
single classifiek = 1, p(y = 1) = 0.8, andn = 500 unlabeled examples. The displayed
points were perturbed for improved visualization and thipetl effect is due to empirical
evaluation over a discrete grid 6“¢ values. Right: ma@™e, ) as a function of the
number of unlabeled examples for different number of cfassi@i"® = p(y = 1) = 0.75)

in the collaborative case. The estimation error decreasewege classifiers are used due to

the collaborative nature of the estimation process.
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Figure 6: Left: Scatter plot contrasting the true and predicted \&hf# in the case of a
single regression modél= 1, o, = 1, andn = 1000 unlabeled examples. The displayed
points were perturbed for improved visualization and thipet! effect is due to empirical
evaluation over a discrete grid 6" values. Right: ma@™e, ¢"®) as a function of the
number of unlabeled examples for different number of resjoesmodels "¢ = o, = 1)

in the collaborative case. The estimation error decreasaesase regression models are
used due to the collaborative nature of the estimation gsoce
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collaborative vs. non—collaborative estimation for k=10
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Figure 7: Comparison of collaborative and non-collaborative estiomefor & = 10 clas-
sifiers. maé™e, §"€) as a function of: is reported fol"® = 0.75 Vk; and P(y = 1) =
0.75. The colored lines represent the estimation error for eladividual classifier and the
solid black line represents the collaborative estimatmmail classifiers. The estimation
converges to the truth faster in the collaborative caseithttte non-collaborative case.
equation withd™e = 1 andp(y) = N(0, 1). In both cases, the mae error decays withs
expected from the consistency proof and withs a result of the collaborative estimation
effect.

To further illustrate the effect of the collaboration on #s&imation accuracy, we es-
timated the error rates individually (non-collaboratiefor 10 predictors and compared
their mae to that of the collaborative estimation case iufdg. This shows that each of
the classifiers have a similar mae curve when non-collalverastimation is used. How-
ever, all of these curves are higher than the collaboratige ourve (solid black line in
Figure 7) demonstrating the improvement of the collabeegbrocess.

We compare in Figure 8 the proposed unsupervised estimiaiorework with super-
vised estimation that takes advantage of labeled infoonai determine the classifier
accuracy. We conducted this study using equal number of pbegnfior both supervised

and unsupervised cases. Clearly, this is an unfair compaifsve assume that labeled

data is unavailable or is difficult to obtain. The unsupegtdigstimation does not perform
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Figure 8: Comparison of supervised and unsupervised estimationiffereht values of
classifiers witht = 1,3,5,10. Supervised estimation uses the true labels to determine
the accuracy of the classifiers whereas in the unsupervasatdthe estimation proceeds ac-
cording to the collaborative estimation framework. Desfiie fact that the supervised case
uses labels the unsupervised framework reaches simikaslby increasing the number of
classifiers.

as well as the supervised version especially in generalefttesless, the unsupervised es-
timation accuracy improves significantly with increasingnber of classifiers and finally
reaches the performance level of the supervised case doéabarative estimation.

In Figure 9 we report the effect of misspecification of the gzl p(y) on the estima-
tion accuracy. More specifically, we generated synthetia daing a true marginal distri-
bution but estimated the classifier accuracy on this datangisg a misspecified marginal.
Generally, the estimation framework is robust to smallyodations while over-specifying
tends to hurt less than under-specifying (misspecificatioser to uniform distribution).

Figure 10 shows the mean prediction accuracy for the unsigeel predictor combina-

tion scheme in (12) for synthetic data. The left panel digplelassification accuracy and
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Figure 9: The figure compares the estimator accuracy assuming thatdnginalp(y) is
misspecified. The plots draw m@&'e, 9"*¢) as a function of: for £ = 1 and§"™® = 0.75
when P™&(y = 1) = 0.8 (left) and P™&(y = 1) = 0.75 (right). Small perturbations in
P"™e(y) do not affect the results significantly; interestingly egpecifying P™e(y = 1)
leads to more accurate estimates than under-specifyirggpecification closer to uniform
distribution)

the right panel displays the regression accuracy as mehbyte— = 7" | (je" — yPeW)2,
The graphs show that in both cases the accuracy increases anidn in accordance with
the theory and the risk estimation experiments. The paef&€ was chosen uniformly in
the rangg0.5, 1), andP(y = 1) = 0.75 for classification and™® = 0.3, p(y) = N(0,1)
in the case of regression.

We also experimented with the natural language understgrathtaset introduced in
[51]. This data was created using the Amazon Mechanical JAKKT) for data annotation.
AMT is an online tool that uses paid employees to completdldaigeling and annotation
tasks. We selected two binary tasks from this data: the aégttailment recognition (RTE)
and temporal event recognition (TEMP) tasks. In the forrask tthe annotator is presented
with two sentences for each question. He needs to decidéhethidte second sentence can
be inferred from the first. The original dataset contains 8&f@tence pairs with a total of
165 annotators. The latter task involves recognizing thepteal relation in verb-event
pairs. The annotator is forced to decide whether the evestrited by the first verb occurs

before or after the second. The original dataset contai@spé@s and 76 annotators. In

both datasets, most of the annotators have completed oalydiud of tasks. Therefore, we
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Figure 10: Mean prediction accuracy for the unsupervised predictorlination scheme
in (12) for synthetic data. The left panel displays clasatfan accuracy and the right panel
displays the regression accuracy as measuret by}n o (grew — yhew)2 The graphs
show that in both cases the accuracy increaseséthdr in accordance with the theory
and the risk estimation experiments.
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Figure 11: magd™e ¢'"¢) as a function ofn for different number of annotatork
on RTE (left) and TEMP (right) datasets. Lefa = 100, P(y = 1) = 0.5 and

grue — {0.85,0.92,0.58,0.5,0.51}. Right: n = 190, P(y = 1) = 0.56 and grue —
{0.93,0.92,0.54,0.44,0.92}. The classifiers were added in the order specified.
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selected a subset of these annotators for each task suaatittatinnotator has completed
at least 100 problems and has differing accuracies. Theelataontain ground truth labels
which are used solely to calculate the annotator accuradynah used at all during the
estimation process. For efficiency, we selected only theantes for which all annotators
provide an answer. This resultedsin= 100, 190 for RTE and TEMP, respectively.

In Figure 11 we display maé™e, ém'e) for these datasets as functionrofor different
values ofk. These plots generated from real-world data show simiggadito the synthetic
experiments. The estimation errors decay to fi axreases and generally tend to decrease
ask increases. This correspondence is remarkable since twae tdlbelers have worse than
random accuracy and since it is not clear whether the camditindependence assumption
actually holds in reality for these datasets. Nevertheldgscollaborative estimation error
behaves in accordance with the synthetic data experimadttha theory. This shows that
the estimation framework is robust to the breakdown of tlseiiaption that the classifier
accuracy must be higher than random choice. Also, whetleecdhditional independence
assumption holds or not is not crucial in this case.

We further experimented with classifiers trained on différeepresentations of the
same dataset and estimated their error rates. We adopt&irtpeorm dataset generated
by [10]. Ringnorm is a 2-class artificial dataset withh dimensions where each class is
drawn from a multivariate normal distribution. One class haro mean and a covariance
Y = 41 where] is the identity matrix. The other class has unit covarianu# @ mean
= (\%2_0, \/LQ_O, . \/Lz_o). The total size i400. We created different representations
of the data by projecting it onto mutually exclusive sets wh@pal components obtained
by Principal Component Analysis (PCA). We trained an SVMssifier (with 2-degree
polynomial kernel) [56, 26] on samples from each represemavhile holding out1400
examples as the test set resulting in a total of 5 classifféedested each of the 5 classifiers
on the test set and used their outputs to estimate the corrds parameters. The true

labels of the test set examples were used as ground truticdata the mae of the mle
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estimators.

The mae curves for this dataset appear in Figure 12 as a dancfithe numbemn
of unlabeled examples. When all classifiers are highly ateufupper left panel), the
collaborative unsupervised estimator is reliable, seareig2(a). With a mixture of weak
and strong classifiers (upper right panel), the collabegainsupervised estimator is also
reliable. This is despite the fact that some of the weak iflass in Figure 12(b) have
worse than random accuracy which violates the assumptidhg iconsistency proposition.
This shows again that the estimation framework is robusttasional deviations from the
requirement concerning better than random classificatbenracies. On the other hand,
as most of the classifiers become worse (bottom row), theracgwf the unsupervised
estimator decreases, in accordance with the theory des@limpSections 2.5 (recall the
Fisher information contour plot).

Our experiments thus far assumed the symmetric noise mbdgl Despite it not be-
ing always applicable for real world data and classifiersljdtresult in good estimation
accuracy in some of the cases described thus far. Howevarne cases this assumption
is grossly violated and the more general noise model is megd®. For this reason, we
conducted two experiments using real world data assummgitire general (15).

The first experiment concerned domain adaptation [9] for 2on& product reviews
in four different product domains: books, DVDs, electradnd kitchen appliances. Each
domain consists of positiveg/ (= 1) and negativey = 2) reviews withp(y = 1) = 0.75.
The task was to estimate the error rates of classifiers (IiBeM [56, 26]) that are trained
on 300 examples from one domain but tested on other domaims.mie values for the
classification risks are displayed in Figure 15 with the omlg indicating the test domain.
In this case, the unsupervised non-collaborative estim@aitperforms the collaborative
estimator due to violation of the conditional independesssumption. Both unsupervised
estimators perform substantially better than the basestenator that uses the training

error on one domain to predict testing error on another domai
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Figure 12: mag6'™e, ™) as a function of the test set size on the Ringnorm dataggt-

1) = 0.47, andd™eis indicated in the legend in each plot. The four panels remostly
strong classifiers (upper left), a mixture of strong and waagsifiers (upper right), mostly
weak classifiers (bottom left), and mostly very weak classf(bottom right). The figure
shows that the framework is robust to occasional deviafimm the assumption regarding
better than random guess classification accuracy (upplet panel). However, as most
of the classifiers become weak or very weak, the collabaativsupervised estimation
framework results in worse estimation error.
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book | dvd | kitchen| electronics|| 20newsgroug
training error 0.22 | 0.23] 0.26 0.30 0.028
non-collaborativg 0.04 | 0.04| 0.08 0.06 0.006
collaborative 0.10 | 0.10]| 0.09 0.08 n/a

Figure 13: magd™e, ¢ for the domain adaptatiom(= 1000, p(y = 1) = 0.75) and

20 newsgroupr{ = 15,000, p(y = 1) = 0.05 for each one-vs-all data). The unsupervised
non-collaborative estimator outperforms the collabesaéistimator due to violation of the
conditional independence assumption. Both unsupervisd&ors perform substantially
better than the baseline training error rate estimatoroth bases the results were averaged
over 50 random train test splits.

In the second experiment using (15) we estimated the risk-(aotlaboratively) of 20
one vs. all classifiers (trained to predict one class) on theekvsgroup data [32]. The train
set size was 1000 and the unlabeled data sizel @@#¥). In this case the unsupervised non-
collaborative estimator returned extremely accurate egkmators. As a comparison, the

risk estimates obtained from the training error are fouesrarger than the unsupervised

MLE estimator (See Figure 15).
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CHAPTER Il

TRAINING MARGIN BASED CLASSIFIERS WITHOUT LABELS

3.1 Definitions

For standard linear classifiet§ = signy. 6, X, with Y € {-1,+1}, X € R?the

margin is defined as
d
Y fo(X) where fy(X) =) 6,X;. (59)
j=1

Training such classifiers involves choosing a particuldne®f . This is done by mini-

mizing the risk or expected loss
R(0) = E px) LY, fo(X). (60)

Three popular examples of the lossare

Li(Y, fo(X)) = exp (=Y fo(X)) (61)
Ly(Y, fo(X)) = log (1 +exp (=Y fy(X))) (62)
Ls(Y, fo(X)) = (1 = Y fo(X))+. (63)

that correspond to exponential loss (boosting), loglasgigtic regression) and hinge loss
(SVM) respectively.
Since the risk?(6) depends on the unknown distributipnt is usually replaced during

training with its empirical counterpart based on a labetathing set

(XD ymy (X ymy Ly (64)
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leading to the following estimator

0, = argmin R, () where
0

R, (0) = Eﬁ(X,Y)L(Ya fo(X)) (65)
= L) (66)

Note, however, that evaluating and minimiziRg requires labeled data (64). While suit-
able in some cases, there are certainly situations in whinéléd data is difficult or impos-
sible to obtain.

We construct an estimator fét(#) using only unlabeled data, that is using
X0 xM Ly (67)

instead of (64). Our estimator is based on the following olz@@®ns. When the data is

high dimensionald{ — oo) the quantities

are often normally distributedf{(X) = (0, X') as in (59)). This phenomenon is supported
by empirical evidence and may also be derived using noneidral limit theorems. We
then observe that the limit distributions of (68) may beraatied from unlabeled data (67)
and that these distributions may be used to measure maagedhosses such as (61)-(63).

We examine two novel unsupervised applications: (i) ediimgamargin-based losses
in transfer learning and (ii) training margin-based classs. We investigate these applica-
tions theoretically and also provide empirical results ymtlsetic and real-world data. Our
empirical evaluation shows the effectiveness of the pregdisamework in risk estimation
and classifier training without any labeled data.

The consequences of estimatiRy) without labels are indeed profound. Label scarcity

is a well known problem which has lead to the emergence of sgmervised learning:
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learning using a few labeled examples and many unlabelesl oftee techniques we de-
velop lead to a new paradigm that goes beyond semisupend@aaung in requiring no

labels whatsoever.

3.2 Unsupervised Risk Estimation

In this section we describe in detail the proposed estimditaanework and discuss its theo-
retical properties. Specifically, we construct an estimtoR(9) (60) using the unlabeled
data (67).

Our estimation is based on two assumptions. The first assoimist that the label
marginalsp(Y') are known and thagi(Y = 1) # p(Y = —1). While this assumption may
seem restrictive at first, there are many cases where it h&@gamples include medical
diagnosisf(Y") is the well known marginal disease frequency), handwritgapgnition or
OCR ((Y) is the easily computable marginal frequencies of diffetettérs in the English
language), life expectancy predictionY") is based on marginal life expectancy tables).
In these and other example$Y’) is known with great accuracy even if labeled data is
unavailable.

The second assumption is that the quanfityX )|Y follows a normal distribution. As
fo(X) is a linear combination of random variables, it is frequentbrmal whenX is high
dimensional. This assumption holds empirically for marghhidimensional data (see Sec-
tion 3.2.1). From a theoretical perspective this assumpsionotivated by the central limit
theorem (CLT). The classical CLT states thfatX) = Ele 0;X; is approximately nor-
mal for larged if the data componentX, ..., X, are iid. A more general CLT state that
fo(X)|Y is asymptotically normal ifX, ..., X; are independent (not necessary identi-
cally distributed). Even more general CLTs state thé& )|} is asymptotically normal if
Xq,..., X, are not independent but their dependency is limited in some We examine
this issue in Section 3.2.1.

To derive the estimator we rewrite (60) by taking expectatioth respect toy” and
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o = fg(X)

R(0) = E (s, 00 ) LY, fo(X)) (69)

= Y / o(fo(X) = aly)L(y. ) do

ye{—1,41} R

—ply=1) [ p(oX) = aly = 1L(1, ) do
+ply =-1) /Rp(fe(X) =aly = —1)L(—1,a) da.

Equation (69) involves three ternigy, «), p(y) andp(fa(X) = «aly). The loss func-
tion L is known and poses no difficulty. The second teim) is assumed to be known (see

discussion above). The third term is normal (assuming a Glldidcf. Section 3.2.1)

fo(X) |y =Y 6:Xi|y ~ N(uy,0,)

with parametersg.,, 0, v € {—1, 1} that are generally unknown. Note that although we do
not denote it explicitly;,, ando, are functions of.

We conclude with estimating = (i1, 1) ando = (o7,0_1) by maximizing the
likelihood of (67)

(1™, 6™ = arg max ¢, (1, 0)  where
[T

Ca(pao) =Y log p( fo(XD)) (70)
=1

=2 _log > p(fs(X?),y")

y(0)

=D log Y py w0 (fo(XD)y™).
=1

y(®)
Note that the loglikelihood (70) does not use labeled ddta kbely® is marginalized
over as it is unknown). Also, the loglikelihood (70) paraerés ;1 = (uq, 4—1) @ando =
(01,0_1), rather than the paramet@éassociated with the classifier. We consider the latter

one as a fixed constant at this point.
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The estimation problem (70) is equivalent to the problemstiheating the means and
variances of a Gaussian mixture model where the label masgame assumed to be known.
As we show in Section 3.2.2 the estimator (70) is consistiat, is lim,, (2™, 5™) =
(u,0) asn — oo, leading to the convergence of the plug-in estimate (segd®e®.2.2 for

a proof)
P( lim R,(0) = R(@)) —1 where (71)

R.(0)= > »ply (72)

ye{_17+1}

< [ By s ((X) = aly) Ly ) do
R Yy Yy
3.2.1 Asymptotic Normality of f,(X)|Y

The quantityf,(X)|Y is essentially a sum afrandom variables which for largéis likely
to be normally distributed. As we show in Figure 14 this haldgractice for text, digit
images, and face images data. From a theoretical standpaintality may be argued
using a central limit theorem. We examine below three pregjrgly more general central
limit theorems and discuss whether these theorems arg likeiold in practice for high
dimensional data.

The original central limit theorem states t@le Z; is approximately normal for large

dif Z; are iid.

Proposition 5 (de-Moivre) If Z;,i € N are iid with expectation: and variances? and

Zy=d! Zle Z; then we have the following convergence in distribution
Vd(Zy— p) /o ~ N(0,1) asd — oco.

As a result, the quantitEf:1 Z; (which is a linear transformation afd(Z; — 11)/o)
is approximately normal for largé. This relatively restricted theorem is unlikely to hold
in most practical cases a§,, . .., X, are often not iid. Moreover, even X, ..., X, are

iid, the summandg; = 6,.X; are not iid.
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Figure 14: Centered histograms ¢ (X )|Y = 1 overlayed with the pdf of a fitted Gaus-
sian for multipled vectors (five rows: randomy ~ U(—1/2,1/2), Fisher’s LDA, logistic
regression], regularized logistic regression, ahdregularized logistic regression-all reg-
ularization parameters were selected by cross validatiad)datasets (columns: RCV1
text data [36], MNIST digit images, and face images [42]) e Tifiteen panels show that
even in moderate dimensionality (RCV1: 1000 top words, MNtiits: 784 pixels, face
images: 400 pixels) the assumption thigtX )|Y is normal holds well (except perhaps for
[, regularization in the last row which promotes spaise
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A more general CLT by Lindberg does not require that the sunt®s4; be identically
distributed.

Proposition 6 (Lindberg) For Z;, i € N independent with expectatign and variances?,

and denoting:? = Zd a2, we have the following convergence in distribution/as: oo

i=1 "1

d
si' > (Zi — pi) ~ N(0,1)
i=1

if the following condition holds for every> 0

d
lim 5,2 "E(Zi — 1)1 (x,—pu>esay = O- (73)

d=o0 =1
This CLT is more general as it only requires that the data dsioms be independent.
The condition (73) is relatively mild and specifies that cimitions of each of theZ; to the
variances, should not dominate it. Nevertheless, the Lindberg CLTilbrgit satisfactory
as in many cases the data dimensions are dependent.

More general CLTs replace the condition tiiati € N be independent with the notion

of m(k)-dependence.

Definition 1. The random variable&;,i € N are said to ben(k)-dependent if whenever

s —r >m(k)thetwoset{7,..., 2.}, {Z,, ..., Z,} are independent.

An early CLT form/(k)-dependent RVs is [25]. Below is a slightly weakened version
of the CLT in [6].

Proposition 7 (Berk). For eachk € N let d(k) and m(k) be increasing sequences and

suppose thaka), c Zgz,i) is anm(k)-dependent sequence of random variables. If
1. E|Z™2 < M for all i andk
2. Var(ZZ-(_’i)1 +... 4 ZJ(’“)) <(j—1i)K foralli,j, k

3. limy—oe Var (Z{" + ... + Z\),) /d(k) exists and is non-zero
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4. limy,_oo m?(k)/d(k) =0

) g k) :
then=:=—_ s asymptotically normal ak — oc.

v/ d(k)

Proposition 7 states that under mild conditions the sumnm(f)-dependent RVs is
asymptotically normal. Ifn(k) is a constant i.em(k) = m, m(k)-dependence implies
that aZ; may only depend on its neighboring dimensions. Or in othexd&/odimensions
that are removed from each other are independent. The fulépof Proposition 7 is in-
voked whenn (k) grows withk relaxing the independence restriction as the dimensignali
grows. Intuitively, the dependency of the summands is netfito a certain order, but it
cannot grow too rapidly.

At the end of the day, the question of whettigrX )|Y" is approximately normal should
be determined in practice, within a specific context. In meases the dimensionalityis
high. For example, in the case of text documenisi§ the relative number of times word
1 appeared in the documenmtrorresponds to the vocabulary size which is typically adarg
number in the rang@0® — 10°. Similarly, in the case of image classificatiali;(denotes
the brightness of thepixel) the dimensionality is on the order tf* — 10%.

The question of whether such datai$k)-dependent and whethgy(.X)|Y is normal
is an empirical one. Figure 14 answers this question in therettive for three separate
datasets containing text and image data. Specifically, #nable f,(X)|Y is approxi-
mately normal for RCV1 data (text) [36], handwritten digitages, and face images [42].
This holds broadly both for randomly generatednd foré estimated using Fisher's LDA
and logistic regression (top 3 rows). We further observe tleamality holds forf ob-
tained using regularized logistic regression with a br@ame of regularization parameters
governing the amount of sparsity. The distributionfgpfX)|Y" deviates from normal for
radically sparsé, as evidenced by the histogramg pfegularized logistic regression (last
row).

Encouraged by this empirical observation and by the thealahotivations we pro-

ceed in the next section to prove identifiability and unsuiged consistency of the risk
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estimator, assuming normality ¢§(X)|Y".
3.2.2 Unsupervised Consistency

Under the assumptions specified above, in particularthgtis known and thayf, (X)|Y

is normal, the plug-in estimator (72) is consistent in theupervised sense. In other words,

the risk estimatofz,, converges to the true risk as the amount of unlabeled dateases.
We start with proving identifiability of the maximum likelitod estimator (MLE) for

a mixture of two Gaussians with known mixture proportionsvoking classical consis-

tency results in conjunction with identifiability we shownsistency of the MLE estimator

for (11,0) parameterizing the distribution ofy,(X)|Y. Consistency of the estimatdt,

follows.

Definition 2. A parametric family{p,, : « € A} is identifiable whem,(z) = p(x),Vz

impliesa = o/,

Proposition 8. Assuming known label marginals wity = 1) # p(y = —1), the Gaus-

sian mixture family

Puo(®) =ply =1)N(z;p,07) +ply = —1)N(z; p—1,02))
is identifiable.

Proof. It can be shown that the family of Gaussian mixture model witlknown label
marginals (that i(y) is also a parameter) is identifiable up to a permutation ofahels
y [54].

We proceed by assuming with no loss of generality fiigt= 1) > p(y = —1). The
alternative case(y = 1) < p(y = —1) may be handled in the same manner. Using the
result of [54] we have that i, , () = p () for all z, then(p(y), 1, o) = (p(y), 1, 0’)
up to a permutation of the labels. Since permuting the labelates our assumption

p(y =1) > p(y = —1) we establisiiu, o) = (i, 0’) proving identifiability. O
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The assumption tha{y) is known is not entirely crucial. It may be relaxed by assugnin
that it is known whethep(Y = 1) > p(Y = —1) orp(Y = 1) < p(Y = —1). Proving

Proposition 8 under this much weaker assumption followstidal lines.

Proposition 9. Under the assumptions of Proposition 8 maximiz{ii@) as a function of
(u,0) = (1, u—1,01,0_1) provides a consistent estimator for the distributiong,dfX )|Y =
landfy(X)|Y = —1. In other words, the sequence of MLE estima(@ﬁg), ﬂ(_"l), &Y‘), &(_"1))

converge as — oo to the true parameter values with probability 1.

Proof. The loglikelihood (70) is identical to that of a binary Gaiassmixture with known
label marginals which we prove to be identifiable in ProposiB. Consistency thus fol-

lows from classical MLE theory e.g., chapter 17 of [20]. O

Proposition 10. Under the assumptions of Proposition 8 and assuming thellasgiven
by one of(61)-(63), the plug-in risk estimaté72) is consistent i.e.R,(6) — R(6) with

probability 1.

Proof. The plug-in risk estimaté, in (72) is a continuous function (whehis given by
(61), (62) or (63)) ofu1 S 1,a§ ), (note thafu,, ando, are functions ob), which we
denoter,,(0) = h(a{™, ™), 6™ &).

Using Proposition 9 we have that

lim (", 4,67, 61%) = (40, 1, o1, o)

n—oo

with probability 1. Since continuous functions preservais we have

true true true tru 6)

nh_{& h(/lb/l%a-l?aé) = h(:ul yHo 501 509

with probability 1 which implies convergendem,, ... R, () = R(#) with probability
1. O

The above proposition shows th&f,(§) — R(6) with probability 1. Using standard
arguments (Chapter 16 of [20]) it can be shown that for a cam@awe have the fol-

lowing uniform convergenceup, |R,(0) — R(#)] — 0 with probability 1 (under some
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regularity conditions). Consequentially, the minimizéitlee estimated risk converges to
the minimum of the expected riskg min, R,,(§) — argmin, R(6) (see e.g., Chapter 17
of [20]). The implication is profound: the above trainingoppedure provides a classifier
that converges to the optimal classifier (the minimizer @))&s the number of unlabeled

examples increase without any labels whatsoever.

3.3 Application 1: Estimating Risk in Transfer Learning

We consider applying our estimation framework in two wayse Tirst application, which

we describe in this section, is estimating margin-basdd ris transfer learning where
classifiers are trained on one domain but tested on a somaiiffexent domain. The

transfer learning assumption that labeled data existéotraining domain but not for the
test domain motivates the use of our unsupervised risk aitbm The second application,
which we describe in the next section, is more ambitiouss kkancerned with training
classifiers without labeled data whatsoever.

In evaluating our framework we consider both synthetic agal-world data. In the
synthetic experiments we generate high dimensional data fwo uniform distributions
XY = 1and X|Y = —1 with independent dimensions and prescripédl) and clas-
sification difficulty. This controlled setting allows us tgaamine the accuracy of the risk
estimator as a function of, p(Y), and the classifier accuracy.

Figure 20 (left and middle panels) shows that the relativerén estimating the logloss
decreases with achieving accuracy of greater than 99% #for- 1000. Interestingly, the
figure shows that the estimation error decreases as thdielesssecome more accurate and
asp(Y’) becomes less uniform. We found these trends to hold in otpaErements as well.
A hinge-loss estimation experiment resulted in similauhsswhich we omit due to lack
of space. In the case of exponential loss, however, the asimperformed substantially
worse. This is likely due to the exponential dependency efltdss onY fy(X) which

makes it very sensitive to outliers.
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Data R, |R, — Ry| | |Rn, — Ru|/Ryn | 0 p(Y =1)
scivs. comp | 0.7088| 0.0093 0.013 3590 | 0.8257
Sci vs. rec 0.641 | 0.0141 0.022 3958 | 0.7484
talk vs. rec 0.5933| 0.0159 0.026 3476 | 0.7126
talk vs. comp| 0.4678| 0.0119 0.025 3459 0.7161
talk vs. sci 0.5442| 0.0241 0.044 3464 | 0.7151
comp vs. rec| 0.4851| 0.0049 0.010 4927 | 0.7972

Figure 15: Error in estimating logloss for logistic regression cléisss trained on one
20-newsgroup classification task and tested on another.oldsved the transfer learning
setup described in [16] which may be referred to for moreiteTde train and test sets
contained samples from two top categories in the topic heagabut with different subcat-
egory proportions. As a result, the train and test distitimg are similar but not identical.
The first column indicates the top category classificatish.tdhe second column indicates
the empirical log-los$z,, calculated using the true labels of the test set (66). Thid #nd
forth columns indicate the absolute and the relative embthe unsupervised logloss es-
timates. The fifth columm is the test set size and the last column is the label marginal

ply =1).

Figure 15 shows the accuracy of logloss estimation for aweald transfer learning
experiment based on the 20-newsgroup data. Following therarental setup of [16] we
trained a classifier (logistic regression) on one 20 newggassification problem and
tested it on a related problem. Specifically, we used theahghical category structure to
generate train and test sets with different distributise®(Figure 15 and [16] for more
detail). The unsupervised estimation of the logloss risk wery effective with relative

accuracy greater than 96% and absolute error less than 0.02.

3.4 Application 2: Unsupervised Learning of Classifiers

Our second application is a very ambitious one: trainingsifeers using only unlabeled
data andh(Y). We measure the performance of the learned classifier asctdnrof the
unsupervised train set size in terms ofR, (72) and in terms of the supervised logloss
estimateRz,, (66) (labels were used only in evaluation).

More specifically, we consider two algorithms (see Algarithl-2) that start with an
initial #©*) and iteratively construct a sequence of classifiéls . . ., 6(") which steadily

improve the unsupervised logloss estimate (#2)0") < R,(0"~), as computed based
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Algorithm 1 Unsupervised Gradient Descent

Input: XM, ..., X® e R?, p(Y), step sizev
repeat
Initialize t = 0, 0®) = 99 € R?
Computefy (X)) = (00 XU Vj=1,...,n
Estimate(/i1, fi—1,01,6-1) by maximizing (70)
fori=1toddo
Plug-in the estimates into (72) to approximate

ORn(01)  Rp(60Y + hie;) — R (609 — hye;)

(e; is an all zero vector except fg¢;]; = 1)

end for

o AR, (0 AR, (6
FormVR,, (Q(t)) ( B, 6((,5) )7 ER) Rae((t) ))
d

Updated (1) = g(t) — avﬁn(e)(t)), t=t+1
until convergence
Output: linear classifiepfina = g(*)

(74)

Algorithm 2 Unsupervised Grid Search

Input: XM, ..., X™ e R, p(Y), grid-sizer
Initialize 6; ~ U(—2,2) for all ¢
repeat
for i =1toddo
Constructr points grid in the rang@; — 41, 0; + 47|

Compute the risk estimate (72) where all dimensior&@fare fixed except folg)]; which

is evaluated at each grid point.
Set[9(*+1)]; to the grid value that minimized (72)
end for
until convergence
Output: linear classifiepfina = ¢
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on an unlabeled training set of size Although we focus on unsupervised training of
logistic regression (minimizing unsupervised loglossneate), the same techniques may
be generalized to train other margin-based classifiers asi&GVM.

Algorithm 1 adopts a gradient descent-based optimizatitneach iteratiort, it ap-
proximates the gradient vectvrf%n(e(t)) numerically using a finite difference approxima-
tion (74). Algorithm 2 proceeds by constructing a grid shaiong every dimension of?)
and sefg®]; to the grid value that minimizeR,,.

We tested the two algorithms on two real-world datasets:té&elRCV1 text catego-
rization and MNIST digit recognition datasets. In the cade©@V1 we discarded all but the
most frequent04 words (after stop-word removal) and represented docunusittg their
tfidf scores. We experimented on the binary classificatisk ¢d distinguishing the top cat-
egory (positive) from the nexttop categories (negative) which resulteghip = 1) = 0.3
andn = 199328.

70% of the data was chosen as a (unlabeled) training set and shevas held-out as
a test-set. Figures 16-17 display the logloss estimateh the unsupervise&, and the
supervisedR,,) on the training and test sets as well as the test set erreroratRCV1
data. The classifiers were constructed by Algorithm 1 in F@dl6 and by Algorithm 2 in
Figure 17.

The results indicate that minimizing the unsuperviseddsglestimate is quite effective
in learning an accurate classifier without labels. Both aljms reached test set error rate
of 0.1 after 50 iterations (for gradient descent) and 2%ittens (for grid search). Training
a supervised logistic regression on the same training s&j lebels yields test error rate of
0.07. This indicates that our approach achieves perforeelose to that of the supervised
alternative without using a single label. Furthermore the lines corresponding to the
unsupervised%n and the supervisef,, decrease with for both the train and test set. The
improvement in accuracy and logloss was smoother for theigmadescent than for the

grid search.
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Figure 16: Estimation accuracy of classifiers learned by minimizing tmsupervised
logloss estimaté,, (72) on RCV1 data. The panels display the performance okmed
classifier in terms of the unsupervis&;{ and the supervisef,, logloss estimates based
on the training set (left), based on the test set (middle)thedest classification error rate
(right). The performance criteria are plotted as a functibthe iteration number of Algo-
rithm 1 (gradient descent). The figure shows that the algoritbtains a relatively accurate
classifier (test set error rate 0.1, aRg decaying similarly taR,,) without the use of a sin-
gle labeled example. The test error rate is 0.07 for supeshgistic regression. See text
for more detail.
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Figure 17: Estimation accuracy of classifiers learned by minimizing tmsupervised
logloss estimaté,, (72) on RCV1 data. The panels display the performance okmed
classifier in terms of the unsuperviséq and the supervisef,, logloss estimates based
on the training set (left), based on the test set (middle)thedest classification error rate
(right). The performance criteria are plotted as a funcbbthe iteration number of Al-
gorithm 2 (grid search). The figure shows that the algorittotaims a relatively accurate
classifier (test set error rate 0.1, aflg decaying similarly toR,) without the use of a
single labeled example. The test error rate is 0.07 for suget logistic regression. See
text for more detail.
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Figure 18: Estimation accuracy of classifiers learned by minimizing tmsupervised
logloss estimate, (72) on the MNIST data. The panels display the performandaef
learned classifier in terms of the unsupervi%éldand the superviseR,, logloss estimates
based on the training set (left), based on the test set (g)iddd the test classification error
rate (right). The performance criteria are plotted as ationof the iteration number of
Algorithm 1 (gradient descent). The figure shows that therdlgm obtains a relatively
accurate classifier (test set error rate 0.1, Bpdlecaying similarly taR,,) without the use
of a single labeled example. The test error rate is 0.05 fperuised logistic regression.
See text for more detail.

61



1 10 20 30 40 1 10 20 30 40

= = test error

1 10 20 30 40

Figure 19: Estimation accuracy of classifiers learned by minimizing tmsupervised
logloss estimaté,, (72) on MNIST data. The panels display the performance digwmed
classifier in terms of the unsuperviséq and the supervisef,, logloss estimates based
on the training set (left), based on the test set (middle)thedest classification error rate
(right). The performance criteria are plotted as a funcbbthe iteration number of Al-
gorithm 2 (grid search). The figure shows that the algorittotaims a relatively accurate
classifier (test set error rate 0.1, aflg decaying similarly toR,) without the use of a
single labeled example. The test error rate is 0.05 for suget logistic regression. See
text for more detail.
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Figure 20: Left and middle panels show the dependencéitf — R,|/R, for logloss
(based on synthetic data) on the number of unlabeled examg@ed how it changes with
the classifier accuracy (acc) and the label margigl). The risk estimation error nicely
decreases with (approaching 1% relative error at = 1000 and decaying further). It
also decreases with the accuracy of the classifier (leftyramduniformity ofp(Y"). Right
panel: Performance of unsupervised classifier training G Rdata (top class vs. classes
2-5) for misspecifieg(Y'). The performance of the estimated classifier (in terms a@fi tra
set empirical logloss$:,, (66) and test error rate measured using held-out labels¢dses
with the deviation between the assumed and (¢ = 1) (truep(Y = 1) = 0.3)).
The classifier performance is very good when the assysigdl is close to the truth and
degrades gracefully when the assuméd) is not too far from the truth.
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In the case of MNIST data, we normalized each of2Rex 28 = 784 pixels to have)
mean and unit variance. Our classification task was to djstsh images of the digit one
(positive) from the digit 2 (negative) resulting 1867 samples ang(Y = 1) = 0.53. We
randomly choos&0% of the data as a training set and and kept the rest as a test set.

Figures 18 and 19 show the performance of the learned ckassifir the MNIST
dataset for the gradient descent and the grid search dgwit The results are similar
to those obtained on the RCV1 dataset. The learned clasdii@et test-set classification
error rate of 0.1 and the decay of the train-set and testssietate2,, as a function of the
iteration numbet closely mirrored the behavior of the supervised criterign For this
data supervised logistic regression achieves test seta@05 which is on the same order

of magnitude as our unsupervised technique.
3.4.1 Inaccurate Specification op(Y")

Our estimation framework assumes that the margiig) is known. In some cases we may
only have an inaccurate estimatepd?”). It is instructive to consider how the performance
of the learned classifier degrades with the inaccuracy ohssemeg(Y).

Figure 20 (right) displays the performance of the learnedsifier for RCV1 data as
a function of the assumed value pfY” = 1) (correct value i(Y = 1) = 0.3). We
conclude that knowledge @fY) is an important component in our framework but precise
knowledge is not crucial. Small deviations of the assum@d) from the truep(Y") result
in a small degradation of logloss estimation quality antiseserror rate. Naturally, large

deviation of the assumedY’) from the truep(Y’) render the framework ineffective.
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CHAPTER IV

ASYMPTOTIC ANALYSIS OF GENERATIVE SEMISUPERVISED
LEARNING

4.1 Overview

Semisupervised learning (SSL) is a technique for estirgatiatistical models using both
labeled and unlabeled data. The practical value of SSL haivated several attempts to
mathematically quantify its value beyond traditional swsed techniques.

Of particular importance is the dependency of that improseinon the amount of un-
labeled and labeled data. In the case of structured predithie accuracy of the SSL
estimator depends also on the specific manner in which segseme labeled. Focusing
on the framework of generative or likelihood-based SSL i@pdb classification and struc-
tured prediction we identify the following questions whisle addressQ1: Consistency
(classification).What combinations of labeled and unlabeled data lead tag@recodels
in the limit of large data.

Q2: Accuracy (classificationflow can we quantitatively express the estimation accuracy
for a particular generative model as a function of the amotitabeled and unlabeled data.
What is the improvement in estimation accuracy resultimgnfireplacing an unlabeled
example with a labeled one.

Q3: Consistency (structured prediction)Vhat strategies for sequence labeling lead to
precise models in the limit of large data.

Q4: Accuracy (structured predictionHow can we quantitatively express the estimation
quality for a particular model and structured labelingtstgg. What is the improvementin

estimation accuracy resulting from replacing one labeditngtegy with another.
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Q5: Tradeoff (classification and structured predictiorflow can we quantitatively ex-
press the tradeoff between the two competing goals of ingat@rediction accuracy and
low labeling cost. What are the possible ways to resolvettiaeoff optimally within a
problem-specific context.

Q6: Practical Algorithms. How can we determine how much data to label in practical
settings.

The first five questions are of fundamental importance to $®bry. Recent related
work has concentrated on large deviation bounds for disoétive SSL as aresponse to Q1
and Q2 above. While enjoying broad applicability, such panametric bounds are weak-
ened when the model family’s worst-case is atypical. By dang finite sample analysis,
our approach complements these efforts and provides itssighich apply to the specific
generative models under consideration. In presenting enssto the last question, we re-
veal the relative merits of asymptotic analysis and how nitpley, perhaps surprisingly,
renders practical heuristics for controlling labelingtcos

Our asymptotic derivations are possible by extending thentty proposed stochastic
composite likelihood formalism [17] and showing that gextime SSL is a special case of
that extension. The implications of this analysis are destrated using a simulation study
as well as text classification and NLP structured predicégperiments. The developed
framework, however, is general enough to apply to any gémer&SL problem. As in
[37], the delta method transforms our results from paranmetgmptotics to prediction risk

asymptotics.

4.2 Related Work

Semisupervised learning has received much attention ipabedecade. Perhaps the first
study in this area was done by Castelli and Cover [12] who éxadnthe convergence of
the classification error rate as a labeled example is addad tmlabeled dataset drawn

from a Gaussian mixture model. Nigam et al. [40] proposedaatmal SSL framework
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based on maximizing the likelihood of the observed data. dited volume describing
more recent developments is [13].

The goal of theoretically quantifying the effect of SSL hasently gained increased
attention. Sinha and Belkin [49] examined the effect of gsimlabeled samples with
imperfect models for mixture models. Balcan and Blum [3] &malgh et al. [48] analyze
discriminative SSL using PAC theory and large deviationrmss Additional analysis has
been conducted under specific distributional assumptiacis as the “cluster assumption”,
“smoothness assumption” and the “low density assumpf{8]’'However, many of these
assumptions are criticized in [4].

Our work complements the above studies in that we focus oargéwe as opposed to
discriminative SSL. In contrast to most other studies, wiévdenodel specific asymptotics
as opposed to non-parametric large deviation bounds. Vghil bounds are helpful as
they apply to a broad set of cases, they also provide lessmiafiton than model-based
analysis due to their generality. Our analysis, on the dihed, requires knowledge of the
specific model family and an estimate of the model paramétes.resulting asymptotics,
however, apply specifically to the case at hand without tieel ioé potentially loose bounds.

In particular, our work provides a new framework for examgnthe accuracy-cost SSL

tradeoff in a way that is quantitative, practical, and mesjscific.

4.3 Stochastic SSL Estimators

Generative SSL [40, 13] estimates a parametric model bymmiaiig the observed likeli-

hood incorporatingd. labeled and’ unlabeled examples

L L+U
0(0) =Y logpg(XD YD)+ Y™ logpy(X) (75)
i=1 i=L+1

where py(X ")) above is obtained by marginalizing the latent labe| ps(X @, y). A
classical example is the naive Bayes model in [40] wheteX,Y) = po(X|Y)p(Y),
po(X|Y = y) = Mult([,],...,[0,]v). The framework, however, is general enough to

apply to any generative modgj(.X,Y).

67



To analyze the asymptotic behavior of the maximizer of (78)agsume that the ratio
between labeled to unlabeled examples L/(L+U) is kept constant while = L+U —
oo. More generally, we assume a stochastic version of (75)ews&ch one of the samples

XM X™ s labeled with probabilityA

(,(0) = ZZ()logpg +Z (1= ZD)logpe(XD), 2D ~Bin(1,\).
(76)

The variableZ ) above is an indicator taking the value 1 with probabilitgnd 0 otherwise.
Due to the law of large numbers for largewe will have approximately. = n\ labeled
samples and/ = n(1 — \) unlabeled samples thus achieving the asymptotic behafior o
(75).

Equation (32) is sufficient to handle the case of classificatHowever, in the case of
structured prediction we may have sequenkés, Y ) where for eacli some components
of the label sequenc¥® are missing and some are observed. For example one label
sequence may be completely observed, another may be cefgplabbserved, and a third
may have the first half labeled and the second half not.

More formally, we assume the existence of a sequence lgppbhicy or strategyp

which maps label sequenc®s’) = (Yf“, Cey Yéf)) to a subset corresponding to the ob-
served labelg (Y ) c {Y\7, ..., v}, To achieve full generality we allow the labeling

policy ¢ to be stochastic, leading to different subsets{Bf”, ..., V,’} with different
probabilities. A simple “all or nothing” labeling policy atd label the entire sequence
with probability A and otherwise ignore it. Another policy may label the endieguence,

the first half, or ignore it completely with equal probaldg

v v with probability1/3

p(Y)=110 with probability1/3 - (77)

VAR 40

/2y With probability1/3

68



We thus have the following generalization of (32) for stuwetd prediction

Z log po(p(¥ ), X ). (78)

Equation (78) generalizes standard SSL from all or nothahgling to arbitrary labeling
policies. The fundamental SSL question in this case is ngplyiwhat is the dependency of
the estimation accuracy enand\. Rather we ask what is the dependency of the estimation
accuracy on the labeling policy. Of particular interest is the question what labeling
policies o achieve high estimation accuracy coupled with low labetogt. Answering
these questions leads to a generative SSL theory that tataugtiy balances estimation
accuracy and labeling cost.

Finally, we note that both (32) and (78) are random variaiMesse outcomes depend
on the random variableg() ... Z(™ (for (32)) or p (for (78)). Consequentially, the

analysis of the maximizet, of (32) or (78) needs to be done in a probabilistic manner.

4.4 Al: Consistency (Classification)

Assuming that the data is generated frpgJ{ X, Y') consistency corresponds to the conver-

gence of

~

0, = argmax {,,(0) (79)
0

to 0, with probability 1 asn — oo (¢, is defined in (32)). This implies that in the limit
of large data our estimator would converge to the truth. Nio&t large data — oo in
this case means that both labeled and unlabeled data irdeas(but their relative sizes
remain the constark).

We show in this section that the maximizer of (32) is consiséssuming that > 0.
This is not an unexpected conclusion but for the sake of cetapess we prove it here
rigorously. The proof technique will also be used later wiendiscuss consistency of

SSL estimators for structured prediction.
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The central idea in the proof is to cast the generative SSimatbn problem as an
extension of stochastic composite likelihood [17]. Ourgirfollows similar lines to the
consistency proof of [17] with the exception that it does asgsume independence of the

indicator functionsZ® and(1 — Z®) as is assumed there.

Definition 3. A distributionp, (X, Y) is said to be identifiable # # 7 entails thap, (X, Y)—

py(X,Y) is not identically zero.

Proposition 11. Let© C R" be a compact set, ang(z, y) > 0 be identifiable and smooth
in 0. Then if\ > 0 the maximize#,, of (32) is consistent i.ed, — 0, asn — oo with

probability 1.

Proof. The likelihood function, modified slightly by a linear comlition with a constant

is? (0) =

1 — , . , _ _
= (2D 10g pp(X D, V) — Xlog p, (X, V1)) 4
n

i=1

%Z (1 = ZD)log pe(X ™) — (1 — \) log pg, (X)),

converges by the the strong law of large numbers as oo to its expectation with proba-

bility 1
1(0) = =AD(pgy (X, Y)[|po(X,Y)) — (1 = A) D(pa, (X)]||pe(X)))-

If we restrict ourselves to the compact set= {0 : ¢; < |0 — 6y|| < ¢} then
|[logpe(X,Y)| < K(X,Y) < o0, V0 € S. As a result, the conditions for the uniform
strong law of large numbers, cf. chapter 16 of [20], holdSoleading to

P { lim sup [€,(0) — u()| = 0} = 1. (80)

n—oo ges
Due to the identifiability opy (X, Y') we haveD (py, (X, Y)||pe(X,Y)) > 0 with equal-
ity iff 6 = 6. Since alsaD(pg,(X)||pe(X))) > 0 we have thaj(f) < 0 with equality iff
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0 = 6, (assuming\ > 0). Furthermore, since the functigri) is continuous it attains its
negative supremum on the compactsup,.g 1(6) < 0.

Combining this fact with (80) we have that there exidtsuch that for all > N the
likelihood maximizers ort achieves strictly negative values @f(9) with probability 1.
However, since’ (9) can be made to achieve values arbitrarily close to zero uhdef,,
we have tha¥, ¢ S forn > N. Sincec,c, were chosen arbitrarilﬁn — B with

probability 1. O

The above proposition is not surprising. As— oo the number of labeled examples
increase tac and thus it remains to ensure that adding an increasing nuohib@labeled
examples does not hurt the estimator. More interestingeigjtiantitative description of the

accuracy ofi, and its dependency @i, \, n which we turn to next.

4.5 A2: Accuracy (Classification)

The proposition below states that the distribution of theiimazer of (32) is asymptotically
normal and provides its variance which may be used to chexiaetthe accuracy o, as a
function ofn, 6y, A. As in Section 4.4 our proof proceeds by casting generatBle & an
extension of stochastic composite likelihood.

In Proposition 12 (below) and in Proposition 14 we Vse, (H ) to denote the variance
matrix of a random vectof/ underp,,. The notations— ,~ denote convergences in
probability and in distribution [20] an® f(#), V?f(#) are ther x 1 gradient vector and

r X r matrix of second order derivatives §f6).

Proposition 12. Under the assumptions of Proposition 11 as well as convexity we

have the following convergence in distribution of the maz@nof (32)

Vi(0, — 05) ~ N (0,571) (81)
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asn — oo, where

¥ = AVarg, (V1) + (1 — X\)Varg, (12)

Vi = Vylogpy, (X,Y), V2= Vylogpg,(X).
Proof. By the mean value theorem and convexity@fthere isn € (0, 1) for which §'=
0o + n(6,, — 6,) and

V0 (0,) = YV, (00) + V20, (6") (6, — o).

Sinced,, maximizes/,, we havev/,,(6,) = 0 and

Vil = 00) = =/ (V20,(01)) ™ (VLa(600)). (82)

By Proposition 11 we havé, = 6, which implies that’ =2 6, as well. Furthermore, by

the law of large numbers and the fact thigt - W impliesg(W,,) % g(W) for continuous
9,
(V20,(01) 7" = (V2a(6o)) (83)
2 (AE 4, V2 10g pgy (X, Y) + (1= N)E, V2 log py, (X)>_1 —x!

where in the last equality we used a well known identity conicey the Fisher information.

For the remaining term in the rhs of (82) we have
] — . .
—VAV () = —vi— > (WO + Q) (84)
i=1

whereW ) = ZOV log pg, (XD, YD), QW) = (1 — ZD)V log py, (X V). Since (84) is an
average of iid random vectoi& ) + Q© it is asymptotically normal by the central limit

theorem with mean
Ep,(Q+ W)= AEyVliogpy,(X,Y)+ (1 —ANEVlogpy,(X)= A0+ (1 —X)0.
and variance

Varg, (W + Q) = Eg,W? + E,Q* + 2E 4, WQ

= A\Vary, V1 + (1 — X\)Vary, Vs
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where we uset (Z(1 - Z))=EZ—-EZ*=0.

We have thus established that
V0V, (6) ~ N(0,%). (85)
We finish the proof by combining (82), (89) and (85) using Shyts theorem. O

Proposition 12 characterizes the asymptotic estimaticaracy using the matrix.
Two convenient one dimensional summaries of the accuracthartrace and the determi-
nant of . In some simple cases (such as binary event naive Baygs) can be brought
to a mathematically simple form which exposes its depengend,, n, A. In other cases
the dependency may be obtained using numerical computing.

Figure 21 displays three error measures for the multinon@sle Bayes SSL classifier
[40] and the Reuters RCV1 text classification data. In akéhigures the error measures
are represented as functionsofhorizontal axis) and (vertical axis). The error measures
are classification error rate (left), trace of the empiriogle (middle), and log-trace of the
asymptotic variance (right). The measures were obtained loeld-out sets and averaged
using cross validation. Figure 22 (middle) displays thengstptic variance as a function
of n and\ for a randomly draw.

As expected the measures decrease widmd A in all the figures. It is interesting to
note, however, that the shapes of the contour plots are iraffasacross the three different
measures (top row). This confirms that the asymptotic vaedright) is a valid proxy for
the finite sample measures of error rates and empirical msethwé conclude that the
asymptotic variance is an attractive measure that is sinailinite sample error rate and at

the same time has a convenient mathematical expression.

4.6 A3: Consistency (Structured)

In the case of structured prediction the log-likelihood)(i&specified using a stochastic
labeling policy. In this section we consider the conditionsthat policy that ensures esti-

mation consistency, or in other word convergence of the mipar of (78) tod, asn — oo.
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We assume that the labeling poligyis a probabilistic mixture of deterministic se-
quence labeling functions,, . . ., xx. In other wordsp(Y') takes valueg;(Y),i = 1,... .k
with probabilities);, ..., \,. For example the policy (77) correspondsygY) = Y,
2(Y) =0, x3(Y) ={Y1,...,Y /2 } (WhereY = {Y1,...,Y,,})andx = (1/3,1/3,1/3).

Using the above notation we can write (78) as

n k

G(0) =3 2 log pe(x; (YD), X ) (86)

i=1 j=1

ZO ~ Mult(1, (A, ..., M)

which exposes its similarity to the stochastic composkelilinood function in [17]. Note
however that (86) is not formally a stochastic compositeliiood sinc@j@,j =1,...,k
are not independent and singe(Y’) depends on the length of the sequeitésee for
exampley; andx; above). We also use the notatistt for the subset of labels provided

by x, on lengthm sequences
Xi(Y1, ., Y) ={Yi i€ S
Definition 4. A labeling policy is said to be identifiable if the followingap is injective
k
U Ulpe({Y; i r € 871, X)) — po(X.Y)
m:g(m)>0 j=1
whereq is the distribution of sequences lengths. In other wordsreths at most one

collection of probabilities corresponding to the Ihs abtheat does not contradict the joint

distribution.

The importance of Definition 4 is that it ensures the recowér from the sequences
partially labeled using the labeling policy. For exampldalaeling policy characterized
by x1(Y) = Y1, Ay = 1 (always label only the first sequence element) is non-iflehte
for most interesting, as the first sequence component is unlikely to provide seffici

information to characterize the parameters associatddtransitionsy; — Y;. .
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Proposition 13. Assuming the same conditions as Proposition 11,/and. ., A, > 0 with
identifiabley, . . ., xx, the maximizer o{86) is consistenti.ed,, — 6, asn — oo with

probability 1.

Proof. The log-likelihood (78), modified slightly by a linear comltion with a constant
is

k

= ZZ (Z( log po(x; (Y @), XDy — ) 10gp90(xj(Y(’)),X(’))).

=1 j=1

3

By the strong law of large numbef$§(0) converges to its expectation

k

==X o atm) - Dloa{¥ 4 € 571X llp(4Yi 1€ 57, )

m>0
Sincey is a linear combination of KL divergences with positive wagy it is non-
negative and is 0 if = 6,. The identifiability of the labeling policy ensures thdt) > 0
if 0 # 6,. We have thus established that#) converges to a non-negative continuous
function 1(0) whose maximum is achieved é&§. The rest of the proof proceeds along

similar lines as Proposition 13. O

Ultimately, the precise conditions for consistency wilpéad on the parametric family
pe under consideration. For many structured prediction neodeth as Markov random
fields the consistency conditions are mild. Depending onptteeise feature functions,
consistency is generally satisfied for every policy thaelaltontiguous subsequences with
positive probability. However, some care need to be appiiethodels like HMM contain-
ing parameters associated with the start label or end laloeléth models asserting higher

order Markov assumptions.

4.7 A4: Accuracy (Structured)

We consider in this section the dependency of the estimatioaracy in structured predic-
tion SSL (78) onn, 0, but perhaps most interestingly on the labeling policyDoing so

provides insight into not only how much data to label but atsehat way.
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Proposition 14. Under the assumptions of Proposition 13 as well as convetity we

have the following convergence in distribution of the maz&nof (86)
Vi(0, — 6p) ~ N (0,571) (87)

asn — oo, where

k
D Eq(m) {Z )\jVar QO(V‘/}m)}

i=1

Vim = log pe,({Yi : i € S'}, X).

Proof. By the mean value theorem and convexityathere isn € (0,1) for which ¢’ =

0o+1(0,, — 6,) and
Vi, (0,) = Vi(00) + V20,(0') (6, — 6).
Sinced,, maximizes/, V¢, (6,) = 0 and
Vil = 00) = —V/n(V24,(0) 7V (60). (88)

By Proposition 13 we havé, = 6, which implies that’ =2 6, as well. Furthermore, by

the law of large numbers and the fact thatif, = W theng(W,,) = g(W) for continuous

g,

(V20 (07) 71 = (V2 (00)) ™ (89)

v ~1
= (Z g(m) Y NE 90(V2VJM)>

m>0 j=1

= — (Z Q(m) Z )‘jvar 90(V‘/jm)> :

m>0 Jj=1
where in the last equality we used a well known identity conicey the Fisher information.

For the remaining term on the rhs of (88) we have

VAVE(00) = Vi S W, (90)
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Figure 21: Three error measures for the multinomial naive Bayes SSisiflar applied to
Reuters RCV1 text data. In each, error is a functiom ¢fhorizontal axis) and (vertical
axis). The left depicts classification error rate, the nmadi#picts the trace of empirical mse,
and right depicts the log-trace of the asymptotic varianResults were obtained using
held-out sets and averaged using cross validation. Phatigunoteworthy is a striking
correlation among all three figures, justifying the use ghagtotic variance as a surrogate
for classification error, even for relatively small valués.o

where the random vectors

k
= (@) ()
Wi — Z 1{Iengtr(y(i)):m} Z Zj v‘/jm
1

m>0 j=

have expectation 0 due to the fact that the expectation cfdbee is 0. The variance oF;

is

k
7 7 )T
Var GOVVZ' =E 0o Z 1{|engt|”(Y(i)):m} Z Z]( )VV;(WE VV;(WB

m>0 j=1
k

=Y am) Yo NE (VVVVET
m>0 j=1

where in the first equality we used the fact that’ can have only one length and only one

of x1, ..., xx is chosen. Using the central limit theorem we thus conclbde t
ViV, (60) ~ N (0,571)

and finish the proof by combining (88), (89), and (85) usingt§ky’s theorem. O

4.8 A5: Tradeoff

As the figures in the previous sections display, the estonaiccuracy increases with the

total number of labels. The Cramer-Rao lower bound statastkte highest accuracy is

1



vl 12
10 10
= @

8

8 & \hb
- 6 o
) = .:°°oo
4 é a 4 ..0000
2 - 00, o

2 = R 12 .‘08£0Q0
o E E, %0 @® o

n L L L L L L L L L L 0 4
1300 2000 1000 1094 1187 1280 1374 1467 1560 1654 1747 1840 0 500 1000 1500 2000

Figure 22: Left figure represents log-trace of the theoretical vagaand demonstrates
phenomena under a simplified scenario, i.e., a mixture ofl¥p0-dim multinomials with
unbalanced prior. Middle figure demonstrates the practigplicability of utilizing asymp-
totic analysis to characterize parameter error as a fumdi@ize of training-set partition.
The training-set is fixed a&000 samples and split for training and validating. As the pro-
portion used for training is increased, we see a decreaseoin €he shaded portion of the
right panel depicts the empirically unachievable regianrfaive Bayes SSL classifier on
the 20-newsgroups dataset.

obtained by the maximum likelihood operating on fully ohs&el data. However, assuming
that a certain cost is associated with labeling data SSllvesa fundamental accuracy-cost
tradeoff. A decrease in estimation accuracy is acceptalleturn for decreased labeling
cost.

Our ability to mathematically characterize the dependesfdpe estimation accuracy
on the labeling cost leads to a new quantitative formulatibthis tradeoff. Each labeling
policy (A, n in classification ang in structured prediction) is associated with a particular
estimation accuracy via Propositions 12 and 14 and with acpéar labeling cost. The
precise way to measure labeling cost depends on the situgttisand, but we assume that
the labeling cost is proportional to the numbers of labekedes (classification) and of
labeled sequence elements (structured prediction). Bsisnaption may be easily relaxed
by using other labeling cost functions e.g, obtaining ueledd data may incur some cost as
well.

Geometrically, each labeling policy may thus be represkmta two dimensional scat-

ter plot where the horizontal and vertical coordinatesespond to labeling cost and esti-

mation error respectively. The right panel in Figure 22 esponds to multinomial naive

78



Bayes SSL classifier and the 20-newsgroups classificati@asea Each point in that panel
corresponds to different, \.

The origin corresponds to the most desirable (albeit uraahie) position in the scat-
ter plot representing zero error at no labeling cost. Thaclaf points obtained by varying
n, A (classification) and (structured prediction) represents the achievable regidhe
diagram. Most attractive is the lower and left boundary et ttegion which represents la-
beling policies that dominate others in both accuracy abeliag cost. The non-achievable
region is below and to the left of that boundary (see shad@dmen Figure 22, right). The
precise position of the optimal policy on the boundary of #lclievable region depends
on the relative importance of minimizing estimation errodaninimizing labeling cost. A
policy that is optimal in one context may not be optimal in fiedent context. It is inter-
esting to note that even in the case of naive Bayes classificéfEigure 22, right) some
labeling policies (corresponding to specific choices of) are suboptimal. These policies
correspond to points in the interior of the achievable regio

We consider in particular three different ways to define aimogd labeling policy (i.e.,

determining how much data to label) on the boundary of théeziable region

(A\*,n*); = argmin tr(X1) (91)
(An):An<C
(A,n")y = argmin An (92)
(A\n):tr(Z-1H)<C
(A", n*)3 = argmin An + a tr(X 7). (93)
(Am)

The first applies in situations where the labeling cost isnged by a certain available
budget. The second applies when a certain estimation agcigacceptable and the goal
is to minimize the labeling cost. The third considers a mgmarsetric treatment of the
estimation accuracy and labeling cost.

Equations (91)-(93) may be easily generalized to arbitiedygling costs (n, ). Equa-
tions (91)-(93) may also be generalized to the case of stredtprediction withp replacing

(A, n) and costp) replacingn.
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4.9 AG6: Practical Algorithms

Choosing a policy A, n) or p resolves the SSL tradeoff of accuracy vs. cost. Such a resolu
tion is tantamount to answering the basic question of howyntetels should be obtained
(and in the case of structured prediction also which ones$oRing the tradeoff via (91)-
(93) or in any other way, or even simply evaluating the asyipaccuracytr(X) requires
knowledge of the model parametgrthat is generally unknown in practical settings.

We propose in this section a practical two stage algorithnsdmputing an estimate,
within a particular accuracy-cost tradeoff. Assuming weeha unlabeled examples, the
algorithm begins the first stage by labelingamples. It then estimat@sby maximizing
the likelihood over the labeled and: — r unlabeled samples. The estimétés then used
to obtain a plug-in estimate for the asymptotic accura¢y.). In the second stage the
algorithm uses the estimaitg(i) to resolve the tradeoff via (91)-(93) and determine how
many more labels should be collected. Note that the labetsradd at the first stage may
be used in the second stage as well with no adverse effect.

The two-stage algorithm spends some initial labeling aostder to obtain an estimate
for the quantitative tradeoff parameters. The final lalgetiost, however, is determined in a
principled way based on the relative importance of accuaacylabeling cost via (91)-(93).
The selection of the initial number of labelss important and should be chosen carefully.
In particular it should not exceed the total desirable liaigetost.

We provide some experimental results on the performandeélgorithm in Figure 22
(middle). It displays box-plots for the differences betwegX) andtr(/E) as a function
of the initial labeling cost for naive Bayes SSL classifier and 20-newsgroups data. The

figure illustrates that the two stage algorithm providesry @ecurate estimation of ()

for » > 1000 which becomes almost perfect for> 1300.
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CHAPTER YV

FAST ALGORITHM FOR NONNEGATIVE TENSOR
FACTORIZATION

In this chapter, we propose a fast algorithm for computingregative tensor factorization,

which can be subsequently used in many applications.

5.1 Notations and operations

A tensor is a multi-dimensional array € R™>*™m2x--xm~_ The order of a tensor is the
number of dimensions, also known as way or mode. Modier of a given tensor is

obtained by fixing every index except th& index.

Definition 5. An N-way tensorX € R™*m2*.-xmn jg called a rank-1 tensor if it can be

written as an outer product &f vectorsay, - - - , ay.
X=aj0as0az---oay
whereo represents the vector outer product.

Definition 6. The Kronecker product of two matrices € R?*/ and B € R¥*! is given

by:
CLHB CngB e CLL]B
anB axpB --- ayB
A® BiryxrL) =
CLHB CL[QB CL[JB

Definition 7. The Khatri-Rao product of two matrices ¢ R’/ andB € R¥*/ is given

81



AO Bkyx) =1 @by aa @by -+ a; @by

The process of flattening or unfolding a tensor is the reamdesf the elements of the
tensor in the form of a matrix. The modeunfolding of a tensoX € R ™ *™m2X XN
denoted byX,,), is obtained by arranging the moasfibers to be the columns of the result-
ing matrix. For example, considesax 3 x 2 tensorX = (a,;;,) € R,****%. The mode-1,

2, and 3 unfolded matrices will be, respectively,

G111 Q121 A131 G112 Q122 0132
Xh =
(1) — | @211 G221 A231 A212 0A222 0232

311 as21 AaA331 A312 a322 0332

G111 Q211 A311 A112 Q212 A312

X5 =
(2) — | 121 G221 Aa321 A122 0A222 04322

G131 Q231 A331 (G132 A232 (332

7 111 G121 A131 G211 Q221 d231 G311 G321 A331
3) —
112 G122 A132 G212 A222 d232 G312 A322 AdA332

5.1.1 Nonnegative tensor factorization

To discuss lower-rank factorization of tensors, one muhdéhe rank of a tensor.

Definition 8. The rank of a tensoX is defined as the minimum number of rank-one tensors

needed, so that it can be represented in a polyadic form eé&ttemsors.

A decomposition of a given tensor as a sum of rank-one temscedled as PARAFAC
decomposition. Even though the definition of tensor rankinslar to matrix rank, its
properties are rather different. In fact, determining thakr of a given tensor is NP-

complete [24]. An exact PARAFAC decomposition with= rank(X) components is
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called the rank decomposition of a tensor. An important griypof tensor factorization is
that the rank decompositions are unique up to elementastenchinacies of scaling and
permutation. It was claimed that the problem of computingRREAC decomposition of
a tensor is well-posed for the case when it has nonnegativ&reints [47]. We focus on
nonnegative PARAFAC decomposition which we refer to as NTF.

Given an N-way nonnegative tensir,e R, ™2™~ ‘whereR, denotes the pos-
itive quadrant, we need to decompose it into a set of loadiagioes { A, Ay, --- , Ax},
where A, € RT**" for 1 < k < N andr is some positive integér For simplicity, we

consider a three-way nonnegative tensor. Extension teehigider tensors is analogous.

Definition 9. Given a tensoK = (z;;,) € R}7™""?, its NTF model with rank: is defined

as

Lijz = Z aiquqczq + €ijz (94)
q=1

whereA = q;, € R}, B = b;, € Ry, C = ¢,, € R, are nonnegative loading

matrices andE = (e;;.) is the approximation error tensor.

5.2 NTF using ANLS framework and Block Principal Pivoting
5.2.1 ANLS framework

One of the problems with tensor decomposition is that theesdot exist an algorithm
for finding the exact number of components in the decommosibf a tensor [38]. An

alternative way to proceed is to seek decompositions withipheicomponents and choose
the best according to some criteria. For example, the Igadiatrices can be found by

solving the following optimization problem

: o 2
i [1X = [ABC] [, (95)

where[ABC] = 37, a, o b, o ¢, and is called &ruskal operator

Lvarious bounds exist in the literature for rank of a tens@e,Sor example, [31] for further discussion
on the rank of tensors.
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This nonlinear optimization problem can be solved by ushmey dlternating nonneg-
ative least squares (ANLS) framework. For simplicity, wesclébe the framework for a
three-way PARAFAC model with nonnegativity constrainthatigh the framework can be
extended to higher order models. In the case of a nonnegatigerX € R, we
want to identify three nonnegative factors or loading ntasid € R7"*", B € R}*", and
C e RE.

We first initialize two matrices, sai andC', and iterate solving the following nonneg-

ativity constrained least squares (NNLS) problems untibpging criteria is satisfied:

min [[YacA” — X, (96)
min [ Vac B — X[, (97)
min [[YasC" — X [ (98)

whereYpe = B © C and X(y) is the(np) x m unfolded matrix;Ysc = A © C and Xy,
is the (mp) x n unfolded matrix, and’sz = A ® B and X3 is the (mn) x p unfolded
matrix.

This ANLS formulation has the property that for aNy> 2, if each of the sub problems
have unique solution, then the limit point of the sequenca stationary point [7]. For
N = 2, any limit point of the sequence is a stationary point [39)eTunfolding operation
is critical in the sense that it turns the original problertoia sequence of NNLS problems.
Another important thing to note is the structure of the NNL&8gpems that are obtained by
the unfolding operation. Typically, is small for a low rank approximation, and hence the
matrices formed by the Khatri-rao product is long and thihisTobservation is important
in designing efficient algorithms for solving the NNLS prebis. In the following section,

we explain how we efficiently solve the NNLS problems.
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Algorithm 3 NTF/ANLS

e Given atensoK € R ™*™2* XM~ gnd rankr, initialize the N — 1 of the loading
matrices, sayl, € R,™**" ... Ay € R, ™¥*" with nonnegative values.

e Repeat solving the following NNLS problems using the blockgipal pivoting
method until a stopping criterion is satisfied:

min {|[Ya, 4y A = Xo) -
g;izré HYAlAS...ANAg — X Hi

/_lgl\rlélo HYA1AN—1A% - X(N) Hi—'

5.2.2 Block Principal Pivoting Algorithm

The computational task for NTF is now narrowed down to the ISNcoblems in Egs. (96)-

(98). For the moment, suppose we want to solve a NNLS probleemgs
. 2
min [DX — E|7, (99)

whereD ¢ RP*4, [ ¢ RP*! andX € R?<!. Note that one can solve Eq. (99) by naively

solving NNLS problems for each right-hand side vector, \utdappears as
. 2
min | Dz —ell, (100)

Although this approach is possible, we will see that thersteftficient ways to accelerate
the multiple right-hand side case.

Algorithms for solving Eqg. (99) or (100) have been studiedliyers [11, 5, 29]. For
each case of applications, the algorithm of choice dependBesize and the structure of
NNLS problems. Note that in the case of NTF, becalsis typically long and thin after
the unfolding operation, each column &f is rather short. In fact, the size of each col-
umn vector is the target lower dimension,Hence, active-set-type methods are expected

to perform well compared to iterative optimization schem&¥e adopted the modified
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active-set-type algorithm, called the block principalgiimg method, studied by Kim and
Park [29]. They efficiently extended the block principalgiing algorithm in [43] for the
multiple right-hand side case. Here we briefly summarizekéyeideas of [43] and [29].
The motivation of block principal pivoting methods [43] cemfrom the difficulty of
conventional active set algorithms which occur when the lmemof variables increases.
In active set algorithms, because typically only one vdeiab exchanged per iteration
between the active and passive sets, the number of itesateavily depend on number of
variables. To accelerate computation, an algorithm whiesation count does not depend
on the number of variables is desirable. The block pringgpadting methods manage to
do so by exchanging multiple variables at a time. To descdhbanethod, let us consider
the NNLS problem with a single right-hand side in Eq. (100heKarush-Kuhn-Tucker

(KKT) optimality conditions for Eq. (100) are given as

y=D"Dx — D7e, (101a)
y >0, >0, (101b)
xiyizov L= 17 4. (101C)

We assume that the matrix has full column rank. In this case, a solutioithat satisfies
the conditions in Egs. (101) is the optimal solution of EqDQL

We divide the index sefl,--- ,q} into two subgroupd” and G where FF U G =
{1,--,qyand F NG = ¢. Letzxp, z¢, yr, andys denote the subsets of variables
with corresponding indices, and &t and D denote the submatrices &f with corre-
sponding column indices. Initially, we assiga = 0 andyr = 0. Then, by construction,
r = (zp,xq) andy = (yr,yq) always satisfy Eq. (101c) for any- andys. Now, we
computer andygs using Eg. (101a) and check whether the computed values @ind

yq satisfy Eq. (101b). Computation of- andy is done as follows:

DLDpxp = Dre, (102a)

Yo = Dg(DFxF—e). (102b)
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One can first solve for in Eq. (102a) and use it to compuge in Eq. (102b). We call
the computed paifzr, y;) a complementary basic solution.

If a complementary basic solutidnr, y¢) satisfiesc > 0 andys > 0, theniitis called
feasible In this casex = (2, 0) is the optimal solution of Eq. (100), and the algorithm
terminates. Otherwise, a complementary basic solutieny;) is infeasible and we need
to updatel” andG by exchanging variables for which Eqg. (101b) or Eq. (101@<oot

hold. Formally, we define the following index sets

H, = {’LGFZE’Z<O} (1033.)

Hy = {ieG:y; <0}, (103b)
and updatd’ andG by the following rules:

F = (F—H)UH, (104a)

The finite termination property of this strategy with catefodifications is discussed in
[43].

For a multiple right-hand side case in Eg. (99), Kim and Pa&& [significantly im-
proved this algorithm by employing two important improvertee Observe that the sefts
andG change over iterations, and Eqgs. (102) has to be solvedffereht /' andG every
time. The first improvement is based on the observation beatrtatrixD is typically very
long and thin. In this case, constructing matriée¢sDy, DLe, DL Dr, and D%e before
solving Egs. (102) is computationally very expensive. Teeethis difficulty, D” D and
DTE can be computed in the beginning and reused in later iteimti®ne can easily see
that D.Dp, Dte;, DEDp, andDke;, j € {1,--- 1}, can be directly retrieved as a sub-
matrix of DT D and D™ E. Because the column size 6fis small, storage needed foX’ D
andDTE is also small.

The second improvement involves exploiting common contprta in solving Eq.

102a. Here we simultaneously run the block principal pivppproach mentioned above
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for multiple right-hand side vectors. At each iteration, agve the index setB; and G,
for each columry € {1,--- 1}, and we must computer, andy, using Egs. (102). The
idea is to find groups of columns that share the same indexsetisdG ;. We reorder the
columns with respect to these groups and solve Eqs. (102Zhéocolumns in the same
group. By doing so, we avoid repeated Cholesky factorimatmmputations required for
solving Eq. (102a). With these modifications, the block gipal pivoting method appeared
very efficient in solving NNLS problems with multiple righahd sides [29].

5.3 Extensions to Regularized and Sparse NTF

In this section, we show how the algorithm can be extendeegolarized and sparse NTF.
There are multiple interpretations for regularizationaitts in numerical stability by solv-
ing a different but more stable problem. On the other haraimfa Bayesian viewpoint,
regularization is a maximum a-posteriori (MAP) approximat and it enforces prior be-
liefs provided by domain experts.

For regularized NTF, the objective function to be minimized
. 2 2
min [IX — [ABC] |7 +a 4] (105)

+BBl%+vIC|% -

Here we iterate solving the following NNLS problems untikeygping criterion is satisfied:

2
Y X
min e AT — W ,
420 \/alrxr Orxm »
2
Y X
L I e e
B \/BITXT OTXn
F
2
Y X
1 I e D |
h ﬁlrxr Orxp p

wherea, 3, v are regularization coefficients,, is anr x r identity matrix, and, ., is a

zero matrix of dimensions x y. The role of the parameters 3, v with small values is
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to impose full rank on the matrices on the left hand side oifade matrices in the NNLS
subproblems.

Our sparse NTF formulation incorporatésnorm regularization. The idea of using
¢1-norm regularization for the purpose of achieving spatsity been successfully utilized
in a variety of problems [55]. Without loss of generality, a&sume that one of the loading
matrix, sayA, is to be sparse. In that case, sparse NTF can be viewed awiziirg the

following objective function:

. 2 o2
A IX = [ABCY + a3 IAG. I (106)
j:

+ BBl + 1%

In this case, we iterate solving the following NNLS probleamil a stopping criterion is

satisfied:
2
Y, X
E O R e
N \/aelxr O1><m
F
2
Yac X
i el
N \/B]rxr 0rxn
F
2
Yu X
] e D I
B ﬁlrxr 07”><p F

whereq is a coefficient controlling sparsity; .. is a vector of ones.

5.4 Experiments and Results

We experimented with various data sets from different &jagibn domains. The data sets
and their size are shown in Table 1, and each of the data seexplained in more detail

below. We compared the following algorithms for NTF:

1. (BPP) Proposed NTF using the block principal pivoting method
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Data set Dimensions Speed up
Synthetic 100 x 433 x 200 3.6
Amino-acid 5 x 201 x 61 7.4
CMU face images 128 x 120 x 640 9.8
Enron (3-way) 3000 x 141 x 141 12.2
Enron (4-way) | 39573 x 197 x 197 x 357 11.3
IEEE Vast 2007 12121 x 7141 x 15 8.9

Table 1: Data sets used, their sizes, and amount of speed-up: ThesvialiSpeed up”
column represent the amount of average speedup®iealgorithm has over the second
fastest algorithm.

2. (ACTSET) NTF using the active set method [28]
3. (AB) Andersson and Bro’s NTF [1]
4. (MU) NTF using multiplicative updates [35, 58]

For fair timing comparison, we present the relative redidisaa function of time to see
the convergence and the rate of convergence of each algoriBelow, we give a brief
description of each data set used, and we proceed to timohg@lication results. All the
experiments were performed with MATLAB versia@r8 in a 3.2 GHZ Pentiumd machine

with Linux OS.
5.4.1 Description of data sets

We used data sets from various domains including text mjrgagial network (email net-
work) analysis, image processing, and bioinformaticssTlhistrates the wide applicabil-
ity of the proposed NTF algorithm.

Synthetic tensor For this data set, multiple tensors of siz@) x 433 x 200 were
generated. Each entry of the tensor was sampled indepdyttent a uniform distribution
U(0,1) making the random tensor inherently nonnegative.

Amino acid data sét This data set consists of fluorescence data (AMINO) cointgin
five samples with different amounts of tryptophan, phemylale, and tyrosine. This data

set has a small number of negative values which came fronmttiegic uncertainty in real

2http://www.models.life.ku.dk/research/data/AminoAci d/fluo/index.asp
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experimental measurements that included noise. Hencedhsirch small negative values
is not contradictory to the nonnegativity assumption; ineotwords, true parameters are
still nonnegative. It is a relatively small 3-way data sethvdimensionalitys x 201 x 61.
Each sample was excited at 61 wavelengths (240 - 300 nm in Interval), and fluo-
rescence emission intensities are measured at 201 watlete(®8b0 - 450 nm in 1 nm
interval). Each element of the tensor represents fluorescemission signal intensity. A
three-component PARAFAC modset & 3) was chosen for this data set since we already
know that each signal intensity comes from three analytdse V&alues in the first, sec-
ond, and third loading matrices represent the sample maat#rigs, the emission mode
loadings, and the excitation mode loadings, respectively.

CMU Face data sét This data set consists of 640 facial images taken with waryi
pose, expression, eyes, and size. Each image is of dimer&ion 120. Standard image
processing approaches treat each image Es @0 dimensional vector, but tensors pro-
vide a way to model images without the need for vectorizirenththereby preserving the
inherent spatial relationship in the image. In additiohtla pixel values are inherently
non-negative, and hence we impose the non-negativity @nsbn the factors.

Enron email data sét The Enron email data set consists of email exchanges betwee
employees of Enron corporation. The raw Enron corpus costdi9,446 messages be-
longing to 158 users. For experimental purposes, a subdetroin emails was selected.
We created two types of tensor data sets from the raw datd setbase directory in both
cases consisted of 121,393 terms.

For the first experiment, a 4-way term-author-recipientt@asor with39, 573 x 197 x
197 x 357 dimensions was constructed. This can be useful for tradkisgussion between
the users on a day-by-day level about particular topics. ;fh&" element of the tensor

represents the count of the teimsed by authoj while emailing recipient on thel’* day.

Shttp://mlr.cs.umass.edu/ml/datasets/CMU+Face+Images
http://lwww.cs.cmu.edu/ ~enron/
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For next experiment, we created a 3-way author-recipiegtsord tensor wittg, 000 x
141 x 141 dimensions. This tensor did not take into account the tirmmptof the emails.
Theijk' entry represents how many times the ugehad used thé' keyword, while
conversing with usej. This tensor was created to see which group of people tatkeddh
other about what particular topic.

IEEE VAST 2007 Contest data sefrhis data set consists of a tensor formed out of
1,455 text files corresponding to news stories, email messay blog posts from the
VAST data set. In addition to the plain text versions of thiéss, the data set includes tag
information such as date, person, location, organizaéind,money. The date tag was used
to help extract the time stamp. The four remaining tags @lfagent entities of interest
and were used to create the tensor model. We consideredterntity associations in the
news stories over monthly time intervals, which correspgaind sparse tensor iz, 121 x
7,141 x 15 dimensions with, 142, 077 nonzeros. Detailed expressions for calculating the

entries of the tensor can be found in [2].
5.4.2 Timing comparison

The algorithms were compared for speed and the relative usquares residual error
(RSSR):
2
. .es.
RSSR = 237; (107)
Ei,j,z Lijz

wheree,;;. andz; ; . are as shown in Eq. (94). We denote €S R value oft-th iteration
by RSSR(t).

For Enron, VAST, CMU face, and synthetic data sets, the tesue reported in Fig-
ure 24. The graphs show thfeSS R values with respect to computation time for several
algorithms. From the figures, it is clear that our new methogberforms other existing
algorithms: Regardless of the duration that the algoritmesrun and stopped, tH&PP

method would provide the lowe#tS S R value. The advantage of block principal pivoting

Shttp://www.cs.umd.edu/hcil/VASTcontest07
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method is generally greater when the number of factors ted@vered«) is larger. For the
amino acid data set, the results are reported in Table 2. althe shows thé?S.S R values
achieved at the specified amount of time. Note thaBlRE method achieved a comparable
RSSR value at a smaller amount of time.

Results for regularized and sparse NTF are reported in TafdeBPP andACTSET
algorithms. The timing values in the table are calculatetbbsws. TheBPP algorithm
was run until RSSR(t — 1) — RSSR(t)) was less than0~°, and the value oSSR at
the iterationtf was noted. The corresponding time was reportedf®P algorithm. Next,
other algorithms were run until they achieve same valu&86R. ACTSET algorithm
achieved the?S 'S R value at the time mentioned, which is greater than the tigmeported
for BPP. Other algorithms took longer thakCTSET algorithm.

To summarize the relative efficiency, we report in Table laherage speedup of our
algorithm over the second fastest algorithm. We first picked?S.S R values randomly
from a uniform distribution/ (RS SR, 1) where RSSR,,.;,, was the smallest observed
RSSR value for each data set. Then, we measured time requirechtevaceach of the
RSSR values by each algorithm. For each case, we calculated gexlap of theBPP
algorithm over the second fastest one, and the averagelgpeedr30 RSSR values are

shown in the table.
5.4.3 Factor recovery in presence of noise

To show that our algorithm correctly recovers the factors agopted a visual illustration.
Three64 x 64 images were treated as the loading matrices, and the driginsor was
formed from these loading matrices according to Eq. (94). éxample, the first image
corresponds to loading matrif, the second image t6, and the third image t@". An
additional Gaussian noise with variantevas also added to the tensor. Afterwards, we
ran each of the decomposition algorithms on the construetesbr to recover the loading

matrices. It should be noted that, this is an experiment igwal illustration of the factor
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recovery using NTF decomposition and is not related to Tdases or similar face recog-
nition experiment. Figure 23 shows the original and the veped loading matrices by
various algorithms when they were executed for the same anwuime. It can be seen
that by the time th8PP algorithm has recovered the factors successfully, otlgeréhms
were yet to compute the factors.

Numerical measures of the recovery in the presence of nogsalso reported in Ta-
ble 4. Timings shown in the table were obtained as follows. B&P shows fastest
trend in reducing thé?SSR value as demonstrated in Figure 24, we first B&#P until
(RSSR(t — 1) — RSSR(t)) becomes smaller thard—°. Then, all other algorithms were
executed for the same amount of time, and th&S R values are shown in the table. The
results imply that under limited amount of computation tjlB®P shows better recovery

in general.
5.4.4 Topic identification using NTF

In this subsection, we describe results of applying our NIger&thm for topic identifica-
tion.

Group discussions in Enron data s&tWe applied sparse NTF on the 3-way tensor de-
rived from the Enron data set to identify topics and theitipgrants. Sparsity constraints
were enforced on two (sender and receiver) out of the thredemidncorporating sparsity
helps us to remove noise in the groups of users who discusg alarticular topic. For
example, some users who were only once involved in the dismu®n a particular topic
should not be counted as a participant of the topic. UsingsegdTF helps in making the
particular component in the factor zero. Sparse NTF with 10 was applied, and the key-
words of the topics and percentage of the users particgpatieach topic are summarized
in Table 5.

Scenario Discovery in IEEE VAST data:s@éfe used our NTF algorithm for scenario

discovery in the IEEE Vast 2007 Contest data set to illustnatv term-entity-month based
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Figure 23: Original images 1** row) and recovered images usiB§P (2" row), AB (3"
row), andMU (4" row) algorithms when they were computed for the same amdiimhe.

r | BPP | ACTSET | AB MU
Time(sec)|| 3 | 0.955| 1.827 | 2.654| 12.551
RSSR 3|0.098| 0.098 | 0.099| 0.142

Table 2: Timing comparison on amino acid data sit:c R**'*%'. The RSSR values
were achieved by several algorithms at the correspondirayatiof time.

NTF model can be used for scenario discovery. The data sstst@fnews stories and blog
entries related to wildlife law enforcement, but mixed wsttme noisy information. Par-
ticipants are asked to discover a major law enforcementeoderrorism scenario, form
their hypotheses, and collect supporting evidences. laraalperform the task, the raw
data was processed into a tensor format as described in [2]us&d a ranR5 approxi-
mation of the original tensor and listed the keywords of tise@vered scenario in Table 6.
We note that the detected topic is consistent with the growthd revealed after the end of

the contest. More details about this experiment can be fau[i].
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Regularized NTF

Sparse NTF

r BPP | ACTSET

BPP | ACTSET

10 || 1.568 3.144

1.486 2.921

50 || 11.112| 23.091 || 10.055| 21.991

100 || 59.032| 92.543 || 58.185| 90.321

Table 3: Timing comparison on a synthetic tensore R1*2***%54 " parameters used:
a = 04,6 = 0.2, andy = 0.06 for regularized NTF, and = 0.5, 6 = 0.04, and~y = 0.2

for sparse NTF.

r | o2 || BPP | ACTSET | AB MU

30 | 1.5 0.239| 0.244

0.254| 0.425

60 | 1.5 0.063| 0.063

0.064| 0.085

100 | 1.5} 0.009| 0.009

0.011| 0.021

30 | 10 || 0.515| 0.518

0.513| 0.687

60 | 10 || 0.438| 0.439

0.442| 0.493

100 | 10 || 0.173| 0.174

0.190| 0.390

Table 4: Factor recovery under noise on two synthetic tensof&.ifi***'*%*! with Gaus-
sian noise with two different variances. A smaller RS R value means better the recov-

ery.

Topics % of users involved
California legislature 4.3
India Dabhol Power Company 2.2
Downfall 16.3
Downfall(newsfeed) 9.3
El Paso Energy 5.3
Cal energy 7.8
TruOrange/College football 4.2
Enrononline 4.3
911 Sept 2001 5.6
NFL 2.3

Table 5: List of 10 topics identified by sparse NTF along with the patage of people
involved in the communication on each topic.
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Figure 24: Timing-vs-RSSR graphs. The rows represent data sets: Baway (15! row),
Enron 4-way 2"¢ row), VAST (3" row), CMU facial ¢'* row), and synthetic5" row)
tensors. The columns represent reduced ranks:10 (left), » = 50 (middle) andr = 90
(right). The initialization of loading matrices were dorendomly. The values reported
in the graphs represent average value dveno initializations for all data sets. For the
synthetic data seb{"), the averaging was done over000 synthetic tensor instances and
1,000 random initializations of loading matrices.
97



Topics
People for the Ethical Treatment of Animals,
Animal rights, attacks on pet store
Monkeypox, Chinchilla
Arsons, Fire investigation
Drug trafficking, Exotic animal, lllegal trade
Animal Justice League, Protest activities
Animal treatment standards, Meat alternatives,
Benefits for consumer health
Conservation of tigers, leopards
Wild chinchilla, Harvesting in Chile
Bullfighting, Cockfighting

Table 6: List of 9 topics identified by NTF from the VAST 2007 contestalaet.
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CHAPTER VI

DISCUSSION

6.1 Learning without Labels

We have demonstrated a collaborative framework for thenesgiton of classification and re-
gression error rates fdr > 1 predictors. In contrast to previous supervised risk estona
methods such as cross validation [18], bootstrap [19], dh€rs [22], proposed approach
is fully unsupervised and thus able to use vast collectidns@beled data. Other related
work includes [50] and [46] which consider repeated lalgplivhere each instance is la-
beled by multiple experts and the final label is decided basesl majority voting scheme.
However, [50] and [46] fail to address estimating the riskéhe predictors.

Also a novel framework for estimating margin-based riskegi®nly unlabeled data
was developed. We derived a theoretical basis by castisgatraaximum likelihood prob-
lem for Gaussian mixture model followed by plug-in estiroati Remarkably, the theory
states that assuming normality ff X ) and a knowrp(Y') we are able to estimate the risk
R(0) without a single labeled example. That is the risk estimatwerges to the true risk as
the number of unlabeled data increase. Moreover, usingumi€onvergence arguments it
is possible to show that the proposed training algorithnveages to the optimal classifier
asn — oo without any labeled data.

On a more philosophical level, our approach points at nouektjons that go beyond
supervised and semi-supervised learning. What benefibddsl@rovide over unsupervised
training? Can it be extended to the multi-class case and tectassification scenarios
such as margin based regression or margin based structtedittpn? When are the
assumptions likely to hold and how can we make our framewwénanore resistant to

deviations from them? These questions and others form nevestiting open research
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directions.

6.2 Nonnegative Tensor Factorization

We presented a fast algorithm for nonnegative tensor faetiton by decomposing the
original minimization problem as a sequence of the NNLS [@ois. We use the block
principal pivoting algorithm to efficiently solve the NNLSgblems. Our algorithm pro-
vides a faster way of computing nonnegative tensor factdn and its regularized and
sparse extensions. Experimental results show that the lyasithm is much faster than
existing ones. We also demonstrate the applicability offast algorithm in analyzing
large-scale multi-dimensional text data sets. Extendifid for the case of missing en-
tries, which can be used for semantics-based collaborfitieng is an interesting future

direction.
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