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SUMMARY

The primary objective of this investigation is to make an evalu-
ation of two measures of linear system memory length to determine
which, if either, is the better measure of memory length. The two

measures with which the investigation is concerned are defined as

fellows:
[ t|n(t)|d:
] = 25
[ |n¢eylate
C
and
{ th?(t)at
_ 0
M, = =5 .
[ no(t)at
C

In these expressions h(t) is the system impulse response function, and
|h(t)| indicates the absolute value of this function.

A brief introduction to the concept of linear system memory is
given. To make the evaluation of |M| and Mys certain criteria and
relationships are established. Formulas for |M| and M, with respect to
certain systems are then used to determine whether these criteria and
relationships are met. Comparison and evaluation of this infeormaticn
is done with graphs and tables, which are included. On the basis of the

investigation certain conclusions and recommendations are made.



Considering linear systems as a whole, it is concluded that the
measure M2 is the better measure cof memory length. This conclusion is
reached primarily because the measure |M| is very difficult to evaluate
analytically for nonmonotone systems.

It is recommended, however, that for the case of comparison of
monotone systems that the measure |M| be used. The ease of derivation
and the simple form of the formulas for this measure make this recom-
mendation important.

It is also recommended that for the case of monotone systems in
cascade that |M\ be used as an approximation to M2. This recommenda-

tion is possible due to certain characteristics of the impulse response

function for systems in cascade.



CHAPTER I

INTRODUCTION

General

In recent years, a new scientific discipline known as system
theory has emerged. It has been the aim of this discipline to provide
the specialists of many widely-varying and dissimilar fields with a
common language and a set of analytical tools. One inevitable outcome
of this effort has been the interest in (if not the necessity of)
classifying (or at least comparing) systems on the basis of some common
characteristic(s), To a large extent, this has been done. Systems have
been classified or compared according to whether they are linear or non-
linear, stationary or nonstationary, stable or unstable, memory type or
memoryless. Most of these classifications have been successful., One
basis for classification, however, which has received comparably little
attention is that associated with the notion of system memory length.

The concepts of system memory and memory length are probably best

explained by viewing a system as a 'box" (see Figure 1) with input

0*-1(—4- H ’-—y——m

Figure 1. System Representation



(excitation) x and output (response) y with system input-output relation

where H serves both to identify the system and its operator. With x
and y as functions of time t, this relationship can be represented as

the continucus time system

y(t) = Hx(t). (1)

The system H is said tc be memory type if the output y(t) depends
not only on x(t) but on the input at least at scme past times. If the
output y(t) depends on at most x(t), H is called a memoryless system.

If the cutput y(t) is completely determined by the input on the interval
[t-£,t]1(2>0), the system is said to have memory of length £. In this
sense, a memoryless system has memory of length zero. If £ is finite
and nonzerc, the system is said to have a finite memory.*

This definition of system memory and memory length is entirely
general and can be applied to any system which can be visualized or put
into the form represented in Figure 1. The class of memory type systems
is a very important one. In this class are found those systems which

are most capable cf "dealing" with their environment. This is evidenced

by one outstanding member of this class, the human system itself.

“In this definition it is important to assume that the input x
was applied at time t = -e.



Although the above definition of memory length is the one
generally accepted, it is not the one which might be most useful. 1In
this investigation a slightly different conception of memory length is
used. This conception will be made clear in the following sections.
However, for the present and for what follows, the above definition is
quite sufficient.

It should be evident that if, among memory-type systems, some
measure of memory length could be "reasonably" defined, a basis for
classifying (or comparing) these systems would exist. To do this it
would be necessary to state the nature of the relationship between the
input x and the output y of Equation (1) in some more exact way. For
all memory type systems this would probably be a difficult task. For
linear memory type systems, however, this input-output relation can be
simply and precisely stated. It is with this class of systems (memory

type linear systems) that this investigation is concerned.

Linear System Memory

It is the purpose of this section to make the meaning of linear
system memory clear and to intrecduce terms and definitions which will
allow a precise statement of the nature of this investigation.

Simply stated, a system is linear if it satisfies the principle

of superposition. That is, a system H is linear if and only if

H(axl+Bx2) = aHxl + BHxQ,

where o,R are arbitrary constants and x_,x, are any two inputs. The

1°72



class of physical systems which can be modeled with a linear input-
output relation assumes a place of fundamental importance in all
scientific work, Probably the most basic and most important representa-
tion of these systems is the transfer function representation illus-

trated schematically in FPigure 2.

O——"n H(s) —0

f

Figure 2. Transfer Function Representation of a System

Here X(s) is the Laplace Transform of the input, Y(s) is the Laplace
Transform of the output, and H(s) the system transfer function. The

input-output relation for such a representation takes the form

Y(s) = H(s)X(S)-* (2}

It will be tacitly assumed in this representation that the system

is time-invariant. This amounts to saying that the system parameters

/

are constant.
The relation given in Equation (2) establishes an important way
of thinking about linear systems. One recognizes Equation (2) as the

relationship which expresses the output y as the convecluticn of the

L4

A certain basic familiarity with this representation is
assumed. A background for this discussien will be found in any of the
references in the Bibliography dealing with linear systems.



function h and the input x. That is, the inverse transform of Eguation
(2) is

oo

g(£) = [ x(ohlt-t)dr . (3)

-_—

The function h is the inverse transform of the system transfer function

H{s) and is called the system impulse response or weighting function.

The relationship in Equation (3) expresses the important fact that for
linear systems a knowledge of the system weighting function enables cne
to find the response of the system to any specific input x. Hence in a
sense the linear system is completely characterized by its weighting
function or equivalently by its transfer function, H{s).

The concepts of memory and memory length are in general physical
concepts. Hence, in order to relate these concepts to a transfer
system, some assumptionz about the system transfer function should be
made which will insure that it is possible physically. This can be
done by assuming that the transfer function is both physically

realizable and stable. This amounts to making two assumptions, one

about the system impulse response function and the other about the
system transfer function.

A (linear) system is said to be physically realizable if its
impulse response function is real for positive time and zero for nega-
tive time. This is another way of saying that the system does not react

to inputs it has not received. For actual real world systems this is

%
This relationship is sometimes expressed in terms of the con-
volution operator * as y = x%h.



the case, and hence from a physical standpoint such an assumption is
justified.

The other assumption relating to the stability of a system is
of equal importance and is stated as follows: A (linear) system is
stable if its transfer function has no poles in the right-half s-plane
or on the imaginary axis. It 1s otherwise unstable.*

As a consequence of this definition it follows that the system
impulse response function must approach zero at t@w. This fact is

shown easily using the final-value theoremn,

1im h{t) = 1lim sH(s).
tre s>0

Since the definition of stability has excluded the possibility of a pole

at the origin, the value of this limit must be zero, i.e.

lim h(t) = 0,

T

From these two definitions it follows that the relationship
expressed in Equation (3) for time-invariant, physically realizable,
stable systems with Input x applied at time 0 is given by

t

y(t) = [ x(t)h(t-1)dr. (4)
o

“This definition of stability is somewhat more restrictive than
is generally used. In many cases systems with poles on the imaginary
axis are classified as stable. In this investigation, however, the
meaning of stability will be the one given here.



This relationship states that the output y(t) of a linear system is a

weighted combination of the inputs on the interval [0,t]. For a stable
system this weighting is one which decreases with time; or, put another
way, for a stable system past inputs assume less and less importance as
time passes. This concept is illustrated in Figure 3 using the system

welghting function.

+—— future time past time —

N Z— h{t)

0 |™~present t

Figure 3., The Past, Present and Future for h(t)

The above statements make clear the concept of memory for linear
systems. This meaning is essentially given by the convolution integral
in Equation (4). The output y(t) of the system depends on the inputs
to the system over the "past'" interval [0,t] in a way which is com-
pletely determined by the system weighting function h. The assumption
of a stable system insures that the system forgets. All memory type
gystems exhibit this characteristic, and in general, it is this property
which gives meaning to the notion of memory length and the measures of

memory length defined in the next section. The concept of memory length



at this point should be fairly clear. It should also be evident that
any measure of it must be a function of the system weighting function

S
"

h.

Proposed Measures and Memory Length

The two measures of memory length with which this investigation

is concerned are defined as follows:

oo

[ tln(ty|at
M| = &
[ Into)|at
0
(%)
[ th?(t)ar
_ 0
M, = 5
[ ho()dt
0

With these measures defined, a meaning of memory length can be
clearly stated. Obviously |M| and M2 will, in general, give some
measure of the length of the pericd beyond which the weighting function
h does not differ in any significant fashion from zero. In this inves-
tigation, this pericd or time interval will be what is meant by system
memory length. Intultively such an interval conception of memory length
is reasonable, for in this interval are "contained" those past inputs

which most influence the present output. For many systems, however,

% . :
For a more extended introduction to the memory concept for

linear systems, one is referred to Brown and Nilsson [1].



this conception will differ from the one defined previcusly in terms

of the parameter #. For systems for which & = +® both |M| and M,, as
well as the interval they measure, will in general take on finite
values. For other systems for which & is finite, |M| and M2 are finite
and in some cases, have the same value as &. One notes that both |M|
and M2 might be looked at as measures of central tendency in the weight-
ing function. Both measures have been appropriately modified to be
valid for weighting functions which take on both positive and negative
values. What might not be clear, however, is which, if either, of these

measures is a better measure of memory length. The determination of

this fact is one of the subljects of this investigation.

Present Investigation

OCbjective and Purpose

Equations (5) define twc measures of linear system memory length.
It is cobvious that any attempt tc classify or compare systems must be
done on the basis of cne or the other of these measures. It would be
incorrect to compare two systems using |M| for one system and M2 for
the other. Some attempt should be made to evaluate |M| and M2 on the
basis of how well each measures memory length.

The primary objective of this investigation is to make such an
evaluation of |M| and M2. Secondary objectives include the derivation
of some formulas useful for evaluating |M| and M, in relation to
specific systems and pointing out some memory characteristics which
these formulas bring toc attention. The purpose of the investigation is

to furnish some results which will be useful in classifying (or com-

paring) linear systems.
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Method of Investigation

To make the evaluation of |M| and Mys certain criteria and rela-
tionships are established. The formulas for |M| and M2 with respect to
certain systems (composed in general of cascade and parallel system
combinations) are then used to determine whether these criteria and
relationships are met. For some of the basic systems comparisons with
results found in the literature are also made. All systems are repre-
sented by their transfer function or in some cases simply by an equiva-
lent block diagram. These transfer functions are those which generally
arise from systems described by linear constant coefficient differen-
tial equations. Other types of systems (or models of systems) might
have been considered, but these allow for the necessary evaluation and
also provide useful formulas. For certain of the more complicated

nondimensional forms of |M| and M_ computer evaluations were made.

2

Form of Results

The results of the evaluation appear primarily in graphical
form. Any formulas presented are stated in as concise a form as possi-
ble. The results of computer evaluation appear in table form.

Scope and Limitations

The general procedure used to obtain the formula results is
applicable to the type systems considered in this investigation. For
higher order systems, however, the derivations become increasingly
complex; and in this sense, the procedure is limited. The results
obtained can be generalized to all systems whose impulse response
functions have a similar form. The formula results are of course

restricted for use with systems for which they are derived.
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AssumEtions

In this investigaticn a certain familiarity with linear systems
and their analysis is assumed. No attempt has been made at giving an
expositicn of linear systems beyond that given in the introduction.
Concepts and netation particular to this thesis, however, are presented

in Chapter III.
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CHAPTER II

LITERATURE SURVEY

Apparently very little attention has been given to the notion of
system memory length. The only literature found tc be relevant to this
investigation concerns itself with measures of system delay and measures
of system performance. As one might suspect, system memory is inti-
mately associated with system performance. In general a system with
long memory will experience long delays and have a poor performance,
while a system with short memory will have short delays and gocd per-
formance. An introduction to the literature and concepts associated
with measures of system delay and performance is thus in order.

The literature dealing with measures of system delay or system
time delay 1Is not as extensive as that related tc performance measures
and is reported most fully here. Part of this literature is quite sig-
nificant and is reported in detail.

The literature related to performance measures is more extensive.
For this reason only certain parts of the more important werks relevant
to this investigation are reported. Parts of this literature are zlso

reported in detail.

System Delay

Experimentally the delay of a system is defined as the time which

the system takes to respond to 50 per cent of its final value after the

application of a unit step input U(t). System delay is important in its
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relation to system response or rise time. Rise time is usually defined
as the time it takes a system to respond from 10 to 90 per cent of its
final value after the application of the step input U(t). Respcnse time
is an important characterization of a system, particularly in its rela-
tion to the system's frequency response. What i1s needed, however, are
definitions of delay time and response time which are useful in computa-
tional work. The experimental definitions given abcve are useful in the
labcratery but are very difficult to use in any theoretical investiga-
tion.

Elmore [3] did the basic work of formulating definitions of delay
time and rise time in relaticn to the system lmpulse response function.

This work was done, however, with particular regard to wideband ampli-

ate
w

fiers and considering only nonnegative impulse respeonse functions.
Brown [2] carried this work a step further by considering impulse
response functions which can assume both positive and negative values.
His work is more general and is not restricted to any particular type
of system. For this reason it is his work which is mainly reported
here.

Figure 4 shows how the delay time and the response time of a
system are related tc its impulse response function. For monotone
systems, Brown suggests (with Elmore's work in mind, no doubt) the

following measures for these quantities, respectively:

b3
Such systems are called monotone systems since thelr response
tc a step input is monotone increasing.
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h(t) response

time

-17 h(‘t)

‘“— delay time t

Figure 4. Response Time and Delay

[+

[ th(t)at
t = -mm
J h(t)dt
[ (-0 n(v)ae
2 _ ==

[=-]

[ n(t)dat

—0o

These analytical definitions correspond fairly closely with the experi-
mental definitions for most work. In the event that t corresponds to
the median of the distribution of the impulse response function, the
experimental and analytical definitions agree exactly. This follows
easily since the derivative of the unit step response is h(t), and 50
per cent of the '"mass" of h lies on either side of the median point.

The definition of system response time is not of particular
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importance to this investigation; it is only reported here to make clear
the use of delay time. However, for the case of monotone systems, t
corresponds to the definition of memory length IM| given in Equations
(5); and some important results are given for this case. The following
twoe results are given by Brown for delay time:

N

"
(a) If H(s) is the system transfer function for a monotone

system, then

ja s
~—
(]
o

1

H

|
T
—
(=]
o

-

where

dH{s)

H'(s) =

(b)" If n monotone systems are cascaded and each individual

delay is given as t "’%n’ then the delay t for the

1*°

over-all system is given by

Result (a) follows easily from the fact that

"Corresponding results were also glven for response time. Only
the results for delay time are reported here.



16

H(s) = [ e % n(t)at

and

H'(s) = -] te™®F n(t)dt.

Result (b) is proved by induction using result (a). Result (b)

is clearly true for the case n = 1. TFor n>l let Hl""’Hn be the trans-

n n-1
fer functions for the individual systems; H = 7 Hi; and G = T Hi'
1 1

Assume that the result is true for n-1, that is

¢ - _ =G'(0)
§ Y F c(o)
Now
E='—§-£—-c()—%l and H = GH_.

It follows that H' = G'Hn + GHn' and hernce

G'(0)H_(0) + G(0)H '(0)
n n

t=- G(0)H (0)
T
ey | B
G(0) Hn(o)
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as was to be shown.

Thus for cascaded monotone systems the individual system delays
add; or for this investigation, for cascaded monotcone systems the indi-
vidual system values of |M| add. This is a significant result. Elmore
alsoc proves it and shows that if the over-all normalized system transfer

function has the form

n .
z aisl + 1
H(s) = 1 .

w1
Lbys  +1

1

then
f = bl - al

Brown extends the definitions given in Equations (6) to consider
the response time for arbitrary systems. It is evident that t and 02 as
defined in Equations (6) will not do for the case where h(t) takes on
beth positive and negative values. The two extensions which Brown makes
use |h| and |h|2 (or |h| and h? for real-valued h) in place of h given
in (8). This makes the definition of delay time the same as the defi-
nition given in Equations (5) for memory length. Brown, however,
immediately discards |h| as being too difficult to work with. For

arbitrary systems then response time and delay time are defined as

2]

[ -2 |n(o)|?%ae

oo

[ o) ]2at

-0
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[ tin(e)|%ar

t =

[ Inte)]%ae

OO

Brown's main concern is with system response time. He admits that there
does not seem to exist any results in the arbitrary case similar to the
results (a) and (b} for monctone systems. He assumes t = 0 and con-
tinues his analysis with a’. This analysis i1s nct relevant to this
investigation and is not reported here.

Due to the close association between the memory length and time
delay of a system, it will be of interest tc briefly cite several other
definitions of time delay for linear systems. These definitions, how-
ever, have only a passing interest since in general they depend not only
on characteristics of the system, but also on characteristics of the
input signal, an undesirable property of any measure which might be used
to classify or compare systems. For a linear system with system func-
tien given by

B(5w) = Awe 18(0)

Papoulis [4] defines the group and phase delay., respectively, as

follows:
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_ 8(w)
tph(m) = .

w

These terms are used to describe the delay of various parts of a signal
as it passes through a linear system. To be meaningful, however, they
depend upon a linear phase characteristic and a constant amplitude of
the system in the frequency range of the input signal.

Simpson [5] defines ancther way of measuring the time delay of
a system which minimizes the mean-square error between input and output

signals. This distorticen error is defined as

D(1) = lim|= | [y(t) - x(t-t)1%at|,
T 2T

o -T

where x(t) is the system input and y(t) the system output. By squaring
the integrand and identifying appropriate correlation functions, an
expression is reached which can be minimized with respect to 1. The
value of 1 which makes D minimum is then taken as the average time

delay of the system. In this case, knowledge of system impulse response

and input autocorrelation functions is required.

Performance Measures

Performance measures of the past, present, and future have been
conveniently summarized by Schultz and Rideout [6]. These measures are
in general designed to "measure' how well the actual response of a given
system meets some desired respcnse. Measures of performance have been

defined in many ways, but those which are relevant to this investigation
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are those which Schultz and Rideout have called performance measures of
the past.

These early performance measures were in general defined for
linear transfer systems and were based on integrals of the error func-

ticn

e(t) = x(t) - y(t) ,

where x(t) is the input and y(t) the output of the system. Schultz and

Ridecut summarized these measures in the form

w
I =] FPle(t),tldt. (7)
0

The only difference between one performance measure and another was a
difference in the form of the function F. Some of the most studied
forms were |e|, tlel, ez, and teg. A system was said to perform in an
optimal manner or was said to be the "best'" among many if it minimized
the particular integral employed. Much of the literature deals with
studies which were made comparing a number of these performance measures
on systems which were subject to step inputs. Values of the integrals
I were in most cases made on an analog computer, and good or bad mea-
sures of performance were judged on the basis of various c¢riteria.

It is to be noted that the performance measures summarized in
Equation (7) are very closely related to the measures of memory length

|M| and M,. In fact, for a system subject to a pulse input the forms

t|e| and te? simply become t|h| and th?. Thus, except for a normalizing
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constant, |M| and M2 are included as past performance measures, This
investigation, however, will continue to refer to |M| and M2 as measures
of system memory length.

All the investigations of past performance measures encountered
in making this literature survey used step inputs, except for one which
used a square wave input. These investigations were in general con-
cerned only with the minimum points of the integral forms and whether
or not any particular form was selective.* Credit or discredit was also
given certain forms for various reasons. From the point of view of this
investigation the minimum points and the credit or discredit of forms
similar to |M| and M, are of interest. In the literature reported here
this informaticn has been included along with certain other graphical
and analytical results. Censiderable duplication among investigatiocns
was alsc found. For this reason what is surveyed here has been
restricted to only a few of the outstanding papers on past performance
measures.

Hall [7] was one of the first to use a performance measure of
the form given in Equation (7). His work was done using the integral
of square error (ISE),

I =] eX(t)at
0

This investigation i1s cited here principally because it contained the

%
A particular integral form is selective if graphically its curve
takes on a sharp minimum. See for instance the minimum for t|e| in
Figure 5.



»1.y reported analvtical results. FPor a seuc.d-corder system with

transfer function

2
w
o

2
S + 2Cw s + w 2
C o

the value of the IFL was found to be

where 0 is the system nutural frequency and 7 the system damping ratia,
For a fixed value of @y I was found to have a minimum fcr g = 0.5
Analytical results were also given for a third-order system, but these
results are complex and will not be repcrted here.

A paper of particular importance was by Graham and Lathreop [&].

This investigation was primarily concerned with performance measures

as criteria for developing standard forms. A number of performance

measures of the form given in Equation (7); namely those associated

2 2

with e, te, |e|, e, t|e|, te”, t2e2, and t2|e|; were investigated wi+n

respect to various linear systems., No analytical work was reported,

and graphical presentations of results were obtained by analog methcds.

[40]

Of particular interest was the fact that the integral [ t|e|dt.
Q
known as the time-multiplied absolute-value of error (ITAE) critericen,

was found to have exceptional merit as a performance measure. This was

it
A standard form is a set of values for a system's parameters or
coefficients which define it in some optimal fashion.
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largely due to the fact that it was particularly selective and easy to
evaluate by analecg means. A set of standard forms for systems through
the eighth order was generated using this criterion.
Important also was the fact that the integrals associlated with

2 272 2 . R .
te”, t7e”, and t |e| were considered to be difficult to handle either
analytically or with the analog computer and were discarded in the
investigation.

One of the experiments carried out by Graham and Lathrop invelved

the second-crder system

1

s? + 2rs + 1

=]

and the criteria f le|dt and the ITAE. The system was subject to a
step input and thg criteria evaluated and graphically presented for
various values of the damping ratio . Figure 5 is a reproducticn of
these results. Of particular importance here is the fact that the cri-

teria minimum occurred for ¢ = 0.7.

Still ancther result related to this second-order system involved

ate
w

solution time or what is sometimes called settling time. Solution time
is alsoc a measure of system performance, and the relationship between
its value and those eof other performance measures is important. TFive
per cent solution time for the second-order system was calculated for

various values of the damping ratio. These values were found to be

&
Solution time or settling time 1s defined as the time taken by
the cutput of a system to reach and remain within a certain percentage
of its final value.
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Figure 5. Criteria for the Step-Function
Responses of Second-Order Systems

generally large for large and small values of the damping ratio. Its
minimum value also ocecurred for 7 * 0.7.

Another investigation of interest was done by Fickeisen and
Stout [9]. This investigation was concerned with the performance

measures

[ lelat and [ e%dt
0 0

Analog metheds were used to evaluate these measures with respect to a
second~-order system subject to a square wave Input. These results were
graphically presented for variocus values of the system damping ratio.

A minimum for f |e|dt was found to occur for a value of the damping
0
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ratic near 0.6 in contrast to the value of approximately 0.7 obtained
by Graham and Lathrop using a step input. The minimum for f e2dt

0
occurred near 0.5 in agreement with Hall's analytical result.

Results were alsc obtained for the third-order system

W w 2
C o]

s + 2 2
wc s + 2w s + w
o o}

For this particular system it was possible to plot contours of constant
values of the performance measures in relatien to the second-order
system damping ratio and the frequency ratio wc/wo. The diagram for the

mean-square error criterion is partially reproduced in Figure 6.

40 oy 20
4
.81
.61
et
.2+ ,20
2
; } 4 4 4— ; —t— 0 /w
.2 U .6 1.0 2.0 4,0 6.0 10.0 © °©

Figure 6. Mean Square Error Contours for a Third-Order
Servomechanism as Functions of ¢ and wc/wo
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As will be shown later in Chapter V, a diagram similar to this cne can

also be constructed for M2. The diagram of Figure 6 serves as a point

of comparisen.
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CHAPTER III

PRELIMINARY CONSIDERATIONS

Introduction

The purpose of this chapter is to introduce certain criteria,
concepts, and notation necessary for the investigation of Chapter IV
and V. Also included are certain derivations of |M| and M_ which are

2

of preliminary importance and which would not appreopriately fit in the

remainder of this investigation. No attempt has been made to make all
these topics seem logically related. In the main they are not. Of
principal importance are the criteria and other relationships which

form the basis for a large part of this investigation.

Criteria and Other Relationships

Suppose M were any measure of system memory length. Then there
are certain basic criteria which might be reascnably required of the
measure, These criteria can be stated as follows:

(i) yu = 0, for all memoryless systems (2=0).

v

(ii) u > 0, for all memory type systems (2>0).

(iii} w = 1, for a pure delay system with delay time equal to T.
{iv) [p] (the dimensicn of u} = time.
In addition to these basic criteria, there are certain other relation-

ships which are of interest. Tor systems combined in cascade combina-

tien the additive property would intuitively seem to apply.
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(v) wu = Z Mo where s is the measure value for system 1 and u
the over-all system value.
For systems in parallel combination a relationship worth investigating
is

vi . = < wher . dare e maximum and mini-
(vi) MSH € M o Mo th ni

%?
mum measure values, respectively, taken over all component
systems, and u again the over-all system value.

An immediate observation is that |M| and M,, as defined by Equations

(5), satisfy criterion (iv) by definition. Alsc the results reported

in Chapter II showed that, as indicated by |M|, memory length for mono-

tone systems cascaded seems to add in a regular fashion. In this

investigatiocn it should be kept in mind that verification of |M| and

M2 with regard to relationships (v) and (vi) will be done more to reveal

information concerning memory length than for the purposes of evalua-

tion. Whether or not relationships (v) and (vi) hold true depends both
on |M/, MQ, and memory length itself. In the remainder of this investi-

gatien, criteria (i) - (iii), as well as the relaticnships (v) and (vi),

will be checked for |M| and M, whenever appropriate and possible (of

2
course, such checking for |M| and relationship (v) is not necessary for
monotene systems). Criterion (iii) is checked in this chapter, leaving
only criteria (i) and (ii) for Chapters IV and V. In general criteria
(1) and (ii) will not be cited for each system investigated, but will

be cited only when and if a viclation or near viclatiocn of either or

both eriteria ocecurs.
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Percentage Points

Ancther consideration which will be useful in making an evalu-
ation of |M| and M,, at least for monotcne systems, is contained in the
idea of percentage points, If a monotone system were initially at rest
and were then subject tc a unit step input, cne possible measure of
memcry length would be the time the output of the system tock to reach
a certain fixed percentage of its final value. This is a reasonable
measure since certainly this time depends on that period beyond which
the weighting function does not differ significantly from zero. TFor
the same system it thus follows that it would be interesting to deter-
mine what percentage cof the final value ¢f the ocutput of the system has
been reached when say |M| or M2 time units have passed.* It is these
percentages which will be referred to in the remainder of this investi-
gation as the percentage points of |M| or M2. On first thought it
would seem desirable to find that these percentage points remained
fairly constant from system to system as well as for all variations in
the parameters of any particular system. If this were not the case,
some explanation should be made. For a number of simple monotone
systems these percentage points have been calculated and compared. In
addition to disclosing the actual value of these points, these calcula-
tions also show an interesting consistency.

Te further define these points and to introduce some notation,

let A(t) be the response of a monotone system to a unit step input.

H

Recall that in the literature reported in Chapter II, Brown [2]
defined ]M] as a measure of system delay or a measure of the 50 per
cent point of a system.
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Then the percentage points of |M! and M2 are respectively defined as

. _adluh
% M| = =y ¥ 100
A(MQ)
g =
5 M, =)y * 100,
where
A(e) = 1im A(t) # 0 .

1>

Nondimensional Time

The use of nondimensional time will be extremely helpful in this
investigaticn for comparing and presenting various time-related quanti-
ties, including percentage points. This concept is not particularly
complicated; but due to its almost universal application to the type
of systems considered in this investigation, some mention of it is made
here, Its usefulness stems primarily from the fact that it reduces the
number of parameters necessary to characterize a system by one. It
follows that it therefore alsc reduces the number of parameters neces-
sary to express |M| or M, by one. That is, if |M| and M2 for any par-
tlicular system are expressed as functions of n parameters; normally

time constants, natural frequencies, and damping ratios;

]

= F(al,-~-,an)



31

then it is always possible to reduce the dimension of the problem by

one, expressing |M] and M2 in terms of n-1 parameters,

M| /T
! L}
= F(al:' T ’an-l)
MQ/T
or
] w
n
1 1
- F(al’ ’an—l)
Man

n-1

1
“ e

1° are

These forms of |¥| and M, along with the parameters a ,a
also dimensionless. As will be demonstrated in Chapter IV and V, the
problem in n-1 dimensions makes possible comparisons and evaluations of
|| and M, which cculd not otherwise have been made. Obviocusly, how-
ever, if n is large, a reduction in the dimension of the problem by one
is of no great advantage. The greatest advantage is obtained when

n=1,2, and 3.

System Evaluations

At this peint a check of IM| and M, will be made with respect to

2
two systems which do not appropriately belong in either Chapters IV or
V. The first system is the pure delay system of criterion (iii) given
above, and the second a "perfect memory" system. The memory length of

each of these systems is obvious, and thus what the values of |M| and

My are in these cases is important.
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First, consider a pure delay system defined as follows. For

input x(t) and output y(t)

t
y(t) = [ =(z2)6(t-1-2)dz

0

= x{t-1),

where t z 7 > 0. §&8(t) is the unit pulse funection and is defined such

that

[ 8(t-1)dt = 1.0

[ f(t)s(t-t)dt = £(0).

-0

Thus, it is easy to see that

o0

[ té(t-T)dt
|Ml = Om = T,

[ &(t-t)dt

0

With some consideration for what is meant by 62(t), which will not be

ta

"
taken up here, it is alsc easy to show that

-2t/T, Using

ot
One possible way to define 62(t) is by lim l/T2 e
T~0
this definition it can be shown {(easily) that My = T,
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Thus criterion (iii) is satisfied by both [M| and M,. Also in this
case note that the value for \M] and M2 equals the memory length of the
system as defined in Chapter I in terms of the parameter %, &=1 in this

case.

The "perfect memory'" system is defined by its weighting function

1, O<t<L
h{t) =

0, otherwise

or its transfer function
-Ls
1 e
H(s) = S

It is obvious in this case that memory length equals L. |M| and M, in

2

this case, however, are both L/2.

Absolutely Symmetric Weighting Functions

Both of the previous systems had weighting functicns which were
symmetric, and in both cases |M| and M, were equal and equal to the
point of symmetry. This result can be extended and generalized to

include those systems whose weighting functions are absolutely

szmmetric.
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A function h(t) is said to be absclutely symmetric about a

point a if
|h(a-t)| = |h(att)|

for all t>0. For absolutely symmetric weighting functions symmetric

about some point a>0, |M| = M2 = a. To show this, note that

(=]

[ (a-t)|h(t)]dt =0 =a [ |n(t)|dat - [ tln(t)]at
0

o 0
or
o o«
[ tlh(t)]at = a [ |n(t)]|dt
it 0
and thus |M| = a. A similar argument can alsc be given for h2(t),
showing that M, = a. This result will be used later in Chapter V.

2

Notation
To conclude this chapter a further note on notation will be made.
On occasion when reference to both |M| and M2 is to be made on an equal
basis, the symbol M will be used to stand for |M| and MQ. This notation
will be used mainly in graphs and other places where space is limited,
Obvicus extensions of this in the forms % M and mnM will also be ccca-

sionally used.
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CHAPTER IV

FIRST AND SECOND-ORDER SYSTEMS

Introduction

In this chapter |M| and M2 are studied in relation to first- and
second-order systems. A ceonsideration of these systems is important
for three reascns. First, the values for |M| and ¥, in this case are

simple; and thus some evaluation of these measures can be easily

obtained. Secondly, many systems are by nature first- or second-order

systems. The values of |M| and M2 for these systems are thus important.
And thirdly, first- and second-order systems form the indivisible build-
ing blocks of higher-order systems. For this reason, these systems are
properly considered before the higher-order systems in the next chapter.

The results given here for the first-order system are given pri-
marily for the second and third of the above reascns. Only a small
amount of evaluation is included.

The results for the second-order system cn the other hand are
given primarily for the first and second reasons. Evaluations are
obtained by comparison with the results reported in the literature
cited in Chapter II. An example second-order system is also included.

In keeping with a general pattern, the first- and second-order
systems considered in this chapter are defined by their transfer func-
tions and equivalently by their weighting function. To further identify

the systems, their pole locations are alsoc specified.
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First-Order Systems

sT+1

Figure 7. First-Order System

The first-order system is one of the simplest systems considered

in this investigation. It is defined by its transfer function

or equivalently by its weighting function
1T e 7, 120
h(t) =

0 , t<0

The system is strictly monotone (h(t)>0) for all values of the parameter
T>0 and is characterized by a single pole located on the real axis at
-1/T.

Examples of first-order systems include all those which can be
deseribed by an ordinary first-order differential equation. The
mechanical spring-dashpot system or the simple RC electrical network

are common examples. Generally these systems are simply represented in
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the block diagram form of Figure 7, which is often referred tc as a

time-constant block.
Since the weighting function in this case is simple and non-

negative, the derivation of |M| and M, is particularly easy, giving

e-t/T at

[t
|M| = 0 :H1(0):T
Im T, H(0)
e
0

=l

S|+

and

e—?t/T

t dt

v = 0 1
17,
0

—]
MIH
QO —

2

—]

The nondimensional forms of the system weighting function, unit

step response, and |M| and M2 are

e_a, az=0
h{a) =

0 , a<0

1 -e™%, a20
Cla) =
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LI
- = L
M
2 _
5 0.5

where o is the nondimensional time unit equal to t/T. A graphical
summary of these forms is given in Figure 8.

The percentage peints for the first-order system are found using
the step response C(a)., These points are

cCM/T) = 1 - et = 0.632 or & |H|

63.2

C(MQ/T) =1-e9% 20,394 or % M. = 39.4

For this system these pcints remain censtant for all values of the
parameter T.

One can see that the values T and T/2 obtained for |M| and M2 in
this case give reasonable results. Their relative pesitions with
respect to the weighting function are indicated in Figure 8. For
large values of T, the large values of |M| and M2 correctly reflect the
leng memory of the system indicated by the relatively flat shape of the
weighting function. As T+0, h(t)+6(t); and the system approaches a

memoryless condition. Again the values of |M| and M_ give the right

2

indication.

The results for the first-order system are summarized:
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hia) =

1.0

Figure 8.

hia) and C(a):

First-Order System

Cla) =



Lo

M| =T

T>0
M, = T/2
% |M| = 63.2
% M, = 39.4

Second-Order Systems

2
w
n

s2+2cm s+w2
n n

Figure 9. Second-0rder System

The analysis of |M| and M, for second-order systems will be

2

carried cut using the second-order system defined by the transfer

functien

2
w
n

52 + 2tw st w 2
n n

H(s) = (Figure 9)
In the complex s-plane the system is characterized by two poles, the
location of which is specified by the system natural frequency W and

the system damping ratio . These relationships are shown in Figure 10.

In general the response of the second-order system to a step

input, unlike the response of the first-order system, can be either
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oscillatory or monotone. Which mode of behavior persists depends on
the value of the damping ratico. If the value of the damping ratic is
less than cne, the response will bhe oscillatory. If it is greater than
or equal to one, the response will be monotone. For each behavior
pattern the form cf the system weighting function is different. The
forms of this function for £ < 1.0 and ¢ > 1.0 are

I. (0 <7 < 1.0)

wn -w_ Lt
e sinmrt, t >0
V1-r%
h(t) =
0 t <0
IT. (z > 1.0)
W -5.t -5t
1 (e L e 2 ), t >0
2vr2-]
h(t) =
0 t <0

where W, is the system damped natural frequency wn/l-cz s 8y =

wn(g - VEE:I-), and s, = mn(g + /EETI }. The general form of h(t)
along with the corresponding step response of the system for varicus
values of ¢ is i1llustrated in Figure 11.

From these results it is obvious that |M| and M2 will have to be

caiculated for both the case ¢ < 1.0 and ¢ > 1.0. These calculatiocons

are straightforward though a bit tedious and are presented in the
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Appendix. The results, however, are given in Table 1.

Table 1. |M| and M,: Second-Order System

55-+ 20 [_x 2’ Sy Tr,  0<6<l.0
n  “r {i - v “n Uy

?_g_ L.{. l . C,>l-0
w

mn 2;wn

1
V1-r2

where r = e_n¢, w, = wnvl-f_.2 > ¢ =

It is desirable in this case to give values for |M| and M2 which
are in a usable form. For this reasen Table 2 has been generated,
giving values of |M| (in nondimensional time) for the case of r < 1.0.
Inzluded in this table are also the values of the angle B (see Figure
10). The nondimensional forms of both |M| and M2 are plotted in
Figure 12,

Percentage points for the second-corder system are defined cnly
for the case where ¢ » 1.0 (monctone system). These points, however,
will nct be calculated here but will be taken up in the next chapter,
where the second-order system (for ¢ > 1.0) will be viewed as two cas-

caded first-order systems.



Table 2. Values feor wnlM\:

Second~Order System

t - i - -
B wn|M| L=CcosR B wn|M| r=cosR
|
0.05 1.998 0.9%89 G.80 1.809 0.697
0.10 1.890 0.995 .85 1.852 0.680
0.15 1.998 0.989 0.90 1.91% 0.622
G.20 1.860 0.980 0.95 1.99¢0 0.582
C.25 1.838 0,969 1.00 2,092 0.5u40
0.30 1.912 0.955 1.05 2.223 0.u498
0.35 1l.882 0.939 1.10 2.393 0.454
0 .40 1.852 ¢.921 1.15 2.612 0.408
0.u5 1.823 0.300 1.20 2.801 0.362
0.50 1.797 0.878 1.25 3.242 0.315
0.55 1.777 0.853 1.30 3.838 0.268
0.60 1.763 0.825 1.35 4,647 0.219
0.65 1.759 0.7396 1.u0 5.9u5 0.170
0.70 1.764 0.76% 1.u5 8.342 0.121
0.75 1.780 0.732 1.50 14,1862 0,171
A jw
A w_ = ow V1-g?
I~ r n
_—_
w Vi-g | ™~ il z = cosf
| ~
~
I fB ~
Cw
|
" |
|
|
+
Figure 10. s-Plane Diagram of Second-Order System
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Step Response Impulse Response
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]

No Damping (UnCtable) ¢ = ¢ (C=0)

NN

<,

Underdamped ¢ < 1.0 (C2 < KM)

3
=

3

Critically Damped ¢ = 1.0 (C2 = HKM)

W
|
|
|
|
|

S

] a

Overdamped ¢ > 1.0 (C2 > 4KM)

Figure 11. Impulse Response and Step Response of Second-Order System
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w M
n
3.0}
T lM(
n
. w M,
1.0¢
0.1 0.3 0.5 0.7 0.9 z
Figure 12. mnM: Second-Order System
2 , z> 1.0
w M| =
 + =2 = s|s 0 <z <10
v1-r2 |1 -
1
mnMQ g + oL

L

min(mnlMl) 1.76 for ¢ % 0.8

V2 for 7= Y272

mln(mnMQ)
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At this point a few general observations concerning the results
obtained for |M| and M, can be made. A compariscn of Figure 12 and
Figure 5 (Chapter II) shows, as was expected, a close correspondence
between system performance and system memory length. Inlgeneral for
large and small values of the damping ratio performance was bad and
memory length long. One locok at Figure 11 shows the reason for such
results. For small value of the damping ratio both the weighting func-
tion and the response of the system to a step input tend toward a sus-
tained oscilllatory behavior over an extended pericd. For large values
of the damping ratio the step input response is slow or sluggish, while
the weighting function shows a tendency to shift its mass toward the
right or toward past inputs. Both cases indicate pocr performance and
long memory. |M| and M2 thus again seem to give reasonable results, and
the correspondence with system performance should be clear.

Due to the close correspondence between performance and memory
length, it might be suspected that the system with the shortest memory
length would correspend with the system having the best performance.

As the results in Chapter II indicated, both for performance measures
and for solution time, this second-order system occurs for a damping
ratic value of about 0.7. An easy calculation shows that the minimum
value of M2 occurs for ¢ = /572 T 0.707, a value which does not differ
from 0.7 to any extend and what is more, is probably the exact state-
ment of "about 0.7." The minimum point for |M| cannot be calculated
exactly very easily, but from Table 2, it seems to occur for r = 0.8.

This value does differ from 0.7; however, the broad minimums on all the
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curves (see Figures 5 and 12) at this point makes this difference of
oniy small significance.

The point ¢ = v2,/2 has a further significance. For this value
of the damping ratio the poles of the second-order system are located
in the s-plane 45° frcom the real axis, see Figure 11. This follows
since R = Cas_l(VEVQ) = 774, This location of poles for a seccnd-crder
system 1s a generally known oprtimum, and it is noteworthy that MQ'S
minimum cccurs at exactly this point. The minimum point of M| corre-
sponds to a value of B equal tec 37° and is not a generally well-known
value. Also not to go unnoticed is the similarity between Hall's
result fcr the ISE in Equation (8) and the result for M, given in
Tabie 1.

From these results it seems that the minimum value of M2 oCcgurs
very close to what 1s a generally accepted optimum performing system,
If this system is taken to be the one having the minimum memory length,

and it will be taken toc be this system, then M, appears, at least for

2
the second-order system, To do well as a measure of memory length. The
measure |M|, however, does not seem to do badly. The single formula
fer M2 for all values of the damping ratic is also another favorable

peint. The value of |M| has two different forms, one of which is

difficulrt to use without an accompanying table.

ExamEle

At this point a specific physical example of a second-order
system will be considered. The purpose of this example is not only to

point out further differences and similarities between |M| and M2 but

to illustrate their use in an actual physical situation.
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A system commonly used to illustrate the behavior of the second-

order system is the mechanical spring-mass-dashpot system of Figure 13.

The input f(t)} and the ocutput x(t) of the system are governed by the

second-order differential equation

2
w 2x) Lo

dx(t)

dt2 dt

+ Kx(t) = KEf(t).

The transfer function corresponding to this equation is given by

H(s) = X(s) _

K/M

_F(s)_s

£fit)

— =

SEFSES S

X = O =

+ (C/M)s + K/M

mass

- damping ccefficient

. spring constant

- driving function (input)
- displacement (output)

Figure 13. Spring-Mass-Dashpot System



or in standard form as

2
H{s) =
where

W

YK/M and

C
g

2vMK
The different responses of this system for various values of the

parameters M, K, and C are alsc illustrated in Figure 11

The values for IM[ and M2 in this case are

M2 C/K + M/C
and
C.K , Co»uKM
M) =
R e I s
VMK-CZ {1 - r7)
whera
r e-n¢ and
We =

~an make a few general observations from these results.

Both
[M] and M2 incrsase without bound as the mass M becomes large (this may
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nGT appear cbvisus for |M but it can be verified). This result is
| s

cns We would intultively expect, since a iarge mass would result
mcre siuggish system with longer delay or memory length. On the
hand, an incressing value of the spring constant K might seem to
a system wivth & steadily decreasing delay or memory length. But

K> =, M, > M/C and |M] + 2M/C, not zerc,

As a3 numerical exampie and ts i1ilustrate the use of Table
Suppose
M 2 1 kilogram
newtons
K s 825 ~————
meter
¢ = ag Dewion : seconds
meter
Then
. oyarvy e - -1
w_* vK/M = ¥B25 = 25 sec
el
L= .LL_ = %%—: 0.6
2vKM
Thus
Moo= b4 =t = 0,057 sec.
2 W 260
n n

Interpolating in Tabie 2 gives

in a
other
imply

as



hence

wniwi = 1,954,

M| = 1.954/25 = 0.078 sec.

51
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CHAPTER V

CASCADE AND PARALLEL SYSTEM COMBINATIONS

Introduction

In this chapter |M| and M, are studied in relaticn to cascade
and parailel system combinations. The chapter iIs composed of two
parts. The first part is concerned with monctone systems or systems
whose weighting functions are non-negative. The second part is con-
cerned with systems which are nct mcnotone or nonmonotone systems. No
attempt is made to investigate |M| and M2 in relation to these type
systems 1n an entirely general way but only by representative monotone
and nenmonotcne systems. These representative systems are composed of
cascade and parallel combinations of the first and second-order systems
cof the previous chapter. The breakdown of the chapter into twc parts
is important since the investigation iIn relation to menotone and non-
monotone systems is quite different. To further facilitate the inves-
tigation care 1s taken to consider systems in a logical sequence which
begins with the simpler and proceeds to the more complex systems. The
primary basis for the investigation of each system is appropriate
peints from Chapter III (these being criterion (ii}, relationships (v)
and (vi), and the system percentage points). Other characteristics
and observations related to |M| and M, however, are included when
theze are thought tc contribute to the evaluation. Also for some

systems the evaluation and discussion of |[M| and M2 can proceed further
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than it can for others., TFor this reason some sections are long and

others more brief.

Monotone Systems

In this part of the chapter IM‘ and M, are investigated in

2
relation to cascade and parailel system combinations which are monotone,
The particular systems which are investigated here are composed of cas-
cade and parallel first-order system combinations. The investigation
proceeds from the simplest to the more complex systems. A detailed
discussion is in general given each system. A summary of important

results is also included.

n Identical First-Crder Systems Cascaded

E 1 1

—

|___sT+J. | sT+1l | sT+1

i 2 n

Figure 14. Identical First-Order Systems Cascaded

An order of complexity abcove that of a single first-order system
%
is that of n identical cascaded such systems (Figure 14). The weighting

function for the system is

"In this chapter systems will in general be identified through
their block diagram and weighting function. The transfer function will
net in general be given.
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LT n-l -t/T
(=137 ¢ € ’

h{t} =
0 , t<0

The system is characterized by an n~pole at -1/T and a single positive
parameter T.

Since each of the component first-order systems in this case is
a monotene system, then from the results reported in Chapter II the
value of ]M] for the over-all system must be the sum of its values for

each individual system. Thus
|4| = nT.

The value of M2 is obtained by a straightfecrward derivation and 1is

given by

sy 210
w - _T(2n)/(2/T) - Tl 2) = igﬁ(zn-l)

2 pon-1)/(2/m)2R7t

As with a single first-order system, the percentage points in
this case do not depend on T. Their dependence is only on the number of
compenents n. These values for n=1,2, and 4 are given in Table 3. A

correct conclusion is that

for all n-l.
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Table 3.

of
=

Identical First-Order Systems Cascaded

n % (M| %M,
1 63.2 39.4
2 §9.5 Wi, 2
n 56.6 ug .8

It is evident from the value obtained for M2 that 1ts value for
the over-all system is mnot the sum of its values for the individual
component systems, in this case T/2. That is, relationship (v)

(Chapter III) does not hold in general for MQ. However, it is also
evident that |M| and M2 differ by only a small amount for n sufficiently
large.

A plot of the nondimensional form of the weighting function is
shown in Figure 15. Summarized there also are relative relationships

between IMI, MQ, and the weighting function maximum.

[|M| = nT
|

= T/’2(2D-l) l

| 72
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} L 1 i |

0 1.0 2.0 3.0 4.0 5.0 @

Figure 15. h(o): Identical First-Order Systems Cascaded

n-1
o -0

th-1)! °© °

[RY
o

o

h(a) =

Y2, 2
T ~ 2

max h{a) occurs at ¢ = n - 1

max h(t) < M, < |M|

2
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Two First-Order Systems Cascaded

1 [ .
° 'i ST +1 ‘ T ST,

Figure 16. Two FPirst-Order Systems Cascaded

The second-order system was first considered in Chapter IV. It
was considered In the previous section for n=2. Here it (the mcnotone
system} is viewed as two cascaded first-order systems for which Tl and
T, are in general not the same.

2

The weighting function for this system 1s given by

e—t/Tl ) e—t/T2
T -1, > 20
h{t) = Tl 7 T2
0 , <0
and the values of |M| and M, are
M =T+ T,
M :lﬁ-k-}-i—
2 2 2 Tl + T2

for Tl,T2>O. The value for IM] fcllows from the theorem on cascaded
systems, and the value for M2 from a minor derivation.

Before going further it will be of considerable advantage to
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express guantities in nondimensional form. To do this let T2 = le.

In this case k is a dimensionless parameter relating the first-order

system time censtants. With this relationship values for |[M|, M2,

and h{t) can be expressed in the nondimensicnal form

|M|/Tl =k +1
, Sk +1 k
Y e e v
and
e-a/k _ e
k - l 3 0-20
h(a) =
0 s, a<0

where o = t!Tl and k # 1. Note that these forms are functions of the

re'ationship between Tl and T2, not the actual values of these param-

eters. As will be seen, these forms are useful for comparative
purposes,

Plots of IM|/T1, M,/T., and h{a) are given in Figure 17 and

2771

Figure 18. The plot for h(o) appears for k=2,4, and 6; and included
with it are the corresponding values for IM|/Tl and MQ/Tl' One par-
ticular observation should be made. In Figure 17 there is a general

tendency for plots of ]M'/Tl and M /Tl to separate for large k. An

2

explanation for this is found in Figure 18 where for the large k values

(k=4 and 6) the weighting function develcpes a long "tail." It is this
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particular form of the weighting functicn which causes |Ml/Tl and
MQ/Tl (and hence |[M| and MQ) to take on quite different values. Mz,
having an affinity for the large values of the weighting function,
tends to take on the smalier valiues, while |M| takes on the larger
vaiue for increasing k. As will be brought cut for a later system,
this particular tendency can become quite marked. It is, for the most
part, only a matter of opinion as to whether or not a particularly
large or small measure of memory length‘is appropriate in any particular
case, but the above tendency does show the difference in measure values
which can exist for the same system or the same value of memory length.
It also demonstrates the necessity of using the same measure to compare
systems.

The percentage pcints for this system are plotted in Figure 19.
These points are plotted on the unit Iinterval (0,1]. It snould be

noted that the plots on this interval are the same as the ones that

would be obtained for k on the interval [1,+«), That is, the same value

3

for % |M| and % M, would be cbtained for k=k  as for k = l/ko, k > 0.

2

This follows since it really does not make any difference whether the

substitutien T2 = le is used cor the ssubstitution T, = kT2 is used to

1

ocbtaln the nondimensional form. Trom these plots it follows that

59.5 ¢ % |M| < 63.2

39.4 < Ly, 2

~
=
1A

for any Tl,T2>O.
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M, T

@O
o
— =

! A L i [l 1 —_
k

o} 1.0 3.0 5.0 7.0 9.0

Tigure 17. M/T,: Two First-Order Systems Cascaded
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_T_:__k-l-l
L
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‘M‘ < M <« ]M|
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hia)

1 1 3 L { N

0l 1.0 3.0 5.0 7.0 9.0 o

Figure 18. h(a): Two First-Order Systems Cascaded

k-1
h{a) = k1

-a/k -
e e

LIV - 5 7

MQ/Tl 2.15 3.30 4,35
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Figure 19. % M: Two First-Order Systems Cascaded

of
=
Fal

59.5 < < 63.2

39.4
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=
1A
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Noteworthy here of course is the fact that for all variations in
the weighting function there is only a small change in the percentage
point values. This change for % |M| is 3.7 and that for % M, is 4.8.
As wil]l again be seen, this small variation and these ranges of values
hold rather generally, differing only slightly from one system to

ancther.

T +

M| =T +T,

M = iﬁ. T_2+ TlT2

2 2 2 Tl + T2
Tl,T2>0

n Identical First-Order Systems in Parallel

sT + 1

1
2
sT + 1
_____\-&-
+

sT + 1

Figure 20. Identical First-Order Systems in Parallel
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This system is the next logical system to consider in this

investigation. The transfer function for the system is given by

which is immediately recognized as the transfer function of a first-
order system with a gain of n. Since the system gain does not affect
the value of memory length, the values for |M| and M2 in this case are
the same as those for the first-order system.

This section is thus terminated by stating essentially the same

results that were given in Chapter IV for the first-order systems.

M| =T %|M| = 63.2
= L 9 =
M2 =3 % M2 = 39.4
T >0 n=1,2,*+"
n=1,2,-*"
Two First-Order Systems in Parallel
L
sTl + 1
+
o
-+
1 I
sT2 + 1

Figure 21. Two First-Order Systems in Parallel
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This section is concerned with only twe systems in parallel,
one distinguished from the other in the value of its parameter T.
Here certain especially important evaluative information is cbtained.
The weighting function for this system, the sum of twe exponen-
tial terms, is

-t/T -t/T
1/Tl e t+ 1/T, e , t20
h(t) =

0 , t<0

The values for |M| and M2 are given by

T. + T
|M| -1 2
2
M = TlT2
2 Tl + T2

kT., the nondimensional forms cf

where T ,T.>0. Also by letting T2 1

172

these quantities and h(t) are

lMlsT, =

and
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hia) =

where o = t/Tl.
The formulas for |M| and M, in this case are of particular

concern. Note that as T2 + 0, M2 + 0. In this particular situation

M2 would seem to indicate that the system was approaching a memoryless

state or system. But as T2 + 0, hit) - §{t) + l/Tl e—t/Tl, which Iis

not memoryless. Alsc a look at Figure 23 for the case k + 0 {corre-
sponding to T2 + 0) demonstrates that the system does not become

memoryless, Whereas T2 cannot actually equal zero, it can, along with

M., be made arbitrarily clecse to zero. This would thus seem to be a

0
very near violation of criterion (1i) given in Chapter III, The
explanation for this behavior on the part of M2 should be fairly
obvious from Figure 23. The distorted form of the weighting function

for small k and the general affinity of M, for large values is

2

apparently sufficient tc cause M, to approach zero as T, + ¢. In con-

2 2

trast note that [M| does not behave in this fashion. As T2 + 0,

M| - Tl/Q, a value which intuitively might seem tc be more reasonable
measure of memory length or at least a value which is not arbitrarily
close to zero. As will be pointed out for later parallel system com-

binations, this particular characteristic of M, seems to be universal,

2

oceurring whenever a similar distortion of the weighting function

occurs.
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Comment shcould also be made for the opposite case, namely the
case for which T2 + o or equivalently the case for which k » «», Figure
22 shows that there is a marked difference in |M|/Tl and MQ/Tl or |M|
and M2 in this situation. The explanation is the same as it was for
two cascaded systems. As k > = the weighting function (see Figure 23)
developes a long tail. The value of |M|, as before, increases without
bound, while M2 takes on the smaller values. This again brings out the
distinctly different measures of memory length which |M| and M2 can
have for the same system.

Attention is now turned to relationship (vi) of Chapter III.
Since the system in Figure 21 is composed of two systems in parallel,
it would be desirable to know the relation between |M| and M2 and the

corresponding maximum and minimum memories of the components. For |M|

this 1s obvicus. Assume T2 > Tl’ then certainly

T, < |M| < T

1 2

where T., T, are the values of |M| for each of the component systems.

1 "2
For M2 the result is also the same. To see this note that
M = TlTQ = T2 < ?2
2 TJ + T2 1+ T2/Tl 2

since 1 + TQ/Tl > 2, Also
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since 1 + Tl/T2 < 2, Thus

T T

"2£<Mz<'22
where Tl/2, T2/2, as 1t should be recalled, are the values cof M2 for
the first-order system components. Of course a similar result holds
for the case Tl > T2. Hence, relationship (vi) is verified in this
case.

A plet of the percentage points for this system 1s given in

Figure 24. Again it is sufficient to give these values for k on the
unit interval (0,1]. ©Of particular note for these values is the fact
that again there is only a small variation for all possible values of
T

the system parameters T It is only for k small, where the weight-

1°°2°

ing function is most distorted, that the percentage points change to
any extent. Even when k - 0, where M2 + 0, % M2 approaches the limiting
value of 31.5.

To terminate this section attention will be called to the fact
that the gains for each of the component first-order systems in Figure
21 were assumed to be the same, and in this case assumed to be one. If
this is not the case, then the values obtained for |M| and M2 are not
as simple as the ones given here. Considering unequal component system
gains, however, does not add anything significant to what has already
been done. For this reason no attempt is made to proceed along these

lines either for this system or for any of the remaining parallel

system combinations investigated.
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Figure 23. h(a): Two First-Order Systems in Parallel
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Figure 24, M: Two First-Order Systems in Parallel
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T, + T
|M|=l 2
2
y _ T1T2
2 Tl + T2
Tl’TQ >0
n First-Order Systems Cascaded
1 1 L 1
o - ) " e . o]
sT. + 1 sT, + 1 sT_+ 21
1 2 n

Figure 25. TFirst-Order Systems Cascaded

In the first sectlion of this chapter n identical cascaded systems
were considered. In this section the more general case of n cascaded
systems (Figure 285) 1s considered.

The weighting function for this system 1s given by

n —t/Ti
Z Ai e ., t>0
1
h{t) =
0 , t=<0
where
_ aiE —_
n-2 1
A = |T T
1 1 2 Tl - Tl
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and

n
A, = E.n_ﬂ m ﬁ, 1<j<n.
J J i=1 § i
i#]
The formulas for |M| and M2 are
n
LIEDES
n o, Tl 2 n-1 n TlT 2
Loaglgd w2 10 1 At
Moo= X2 1=1 j=i+l 1 ]
2 E 'Ti) nil E ( TiT' ]
AT (=) + 2 A, (7t
i=1 2 izl j=i+l + Ti ¥ Tj

The formula for |M| of course follows from the theorem on cascaded
monotone systems. The formula for M2 locks somewhat formidable but can
be easily arrived at using straightforward procedures.

Since the formula for M2 in this case is complicated, it is dif-
ficult to make any evaluative or comparative remarks. One observation,

however, will be made. Performing the division indicated in M, yields

2

pe! Ti
M2 = § T.'- R(Tl,°",Tn)

where R is a remaining term and a function of the parameter Ti' As

will be seen in a later section dealing in a more general way with

n n
cascaded monotone systems, R -+ E Ti/2 as n*«, Thus M2 > Z Ti = |M|
1 1

as n+*w, It is probably fortunate that this is the case, for it would
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indeed be difficult to evaluate M2 for n of any size. Certainly it is

n
easier to appreximate 1t by the sum z T..

1 1
M) = )
M| = T,
i=1 ¢
n 2>Ti 2 n-1 n TlT 2
L ai57 +2 I 1w Eed
M o= i=1 i=1 J=i+l i j
2 121 5. T3 nil E (TiT. ]
AT (= + 2 Ak, (1
i=1 17 521 g=i41 23T Y TS

n Firgt-Order Systems in Parallel

1

sTl + 1

1

ST, + L T\+
, . +
[

sT + 1

n

Figure 26. First-Order Systems in Parallel
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In this section n systems in parallel {(Figure 26} will be con-
sidered, the next logical extension of the system compose of n identical

systems in parallel ccnsidered previously.

The weighting function for this system is given by

n --t/Ti
LT, e , t20
1
h(t) =
0 s <0
and the formulas for |M[ and M2 as
n
I Ty
M) = &
n
n-1 n TiTn
a2 ey ) il
Lo L (T, + T
J=1 i=J+1 1 ]
M =
2 n n-1 n 1
LTy +4 L b w5
1 J=1 i=3+1 "1 |

The formula for M2 again locks formidable. However, it provides certain
useful information. The formula itself is obtained by using simple

integration techniques and the fact that

n 5 n n-1 n
( Z xl) = Z x, + 2 Z Z xjxi, nz?2
i=1 i=1 j=1 i=j+1

From this formula for M2 it 1s cbvious that M2 - 0 as Ti -0



76

for any i. This result was first mentioned in the case n=2. It is
shown here to be true for any number of first-order systems in parallel
combination. If any one of the component first-order systems approaches
a ﬁemoryless state, then M2 indicates that the same happens for the

entire system. The reason for this indication by M. is the same as it

2
was for the case for two parallel systems. The attraction of M2 for
large values and the distortion of the weighting functien when some
1Y
Ti > 0 causes the result. Again criterion (1i) is nearly violated.
- 5 )

Note again, too, that, as for the n=2 case, |M| does not give this

indication.

| ]
T,
u) = B
- - n
nil E TiT'
n/2 + b4 e
', - BES SRR ;
n n- n
Y A e o
i1 Y gEra=de i T

als
Though ne discussion is made of the fact, it is true in this
case that

min - o _max
2n 2 2

This fact can be easily shown. In addition no contradiction can be
found for the statement

mi max
n < M_ <
2 2

Though no proof of this fact could be made, it is strongly believed to
be true for all nz? (it has already been shown true for the case n=2).
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| T. > 03 n=2,3,4,: -

Monotone Systems Cascaded

In a number of the previous sections of this chapter |M| and M2
were studied in relation to systems whose components were cascaded
first-crder systems. At this point an important result concerning the
relationship between |M| and M2 for the general case of monotone systems
cascaded will be given. As one might suspect, there exists a close
parallei between certain parts of this investigation, particularly
certain parts of this section dealing with monotone systems, and some
elements of probability theory. The definition of |M| in many cases
corresponds closely with the definition of expected value. In fact, |M|
and expected value have the same definition for those monotone systems
whose weighting functions integrate tc one. The definition of M2 does
not correspond to any definition of expected value, but it is still a
measure of central tendency in the weighting function. Considering
these statements, it should not be surprising that some of the tocls
associated with the area of probability theory might be useful in
establishing certain general results.

The specific tool which will be used in this section is the
central limit thecrem. It is ncted that the central limit theorem
states that the distribution of the sum of n independent random vari-
ables is asymptotically normally distributed whatever the distribution
of each of the individual random variables, Alsc finding the distribu-

tion of the sum of n independent random variables invelves taking the
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convolution of the distributions of each of the random variables in the
sum. This same process of convolution is also used in finding the
welghting function of n cascaded monotone systems.* If the weighting
functions of the individual component systems in such a cascade should
happen to also integrate to one, then the over-all weighting function
must asymptotically approach a symmetric Gaussian error curve as the
number of cascaded systems increases (n+m)*‘. In fact, even i1f scome or
all of the individual weighting functions did not integrate to one, the
over-all weighting function would still asymptotically approach a
symmetric, bell-shaped curve. The fact that this over-all weighting

function will always approach a symmetric curve for cascaded monotone

systems is important. In Chapter II1 1t was shown that for symmetric

1

M, = a, where

(in fact, absolutely symmetric) weighting functions |M| 2

a was the point of symmetry, If the over-all weighting function

apprecaches symmetry, then certainly it can be said that M, > |M| at the

2

same time. TFrom this argument then the following statement can be made:

Let n monotone systems be cascaded. Then Mp » |M| as
n>®, where |M[ and M, are evaluated on the over-all system.

2
The wvalue of |M| of course will be the sum of its values on each of the

component systems,

One should recall that the above statement has already been used

"Recall that the convolution of n functions can be made by mul-
tiplying their Laplace Transforms together and then finding the inverse
transform. This is exactly the way in which the over-all weighting
function for n cascaded systems is obtained.

ol
it

It will be assumed here that all the conditions of the central
limit theorem are satisfied.
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to arrive at some of the earlier results for systems composed of first-
order components cascaded. This statement could also have some practical
value. For most monotone systems in cascade it is much easier to obtain
the value for |M| than it is to obtain the value for MQ.' If the number

of systems in cascade was large, it would be much easier to use |M| as

an approximation to M2 than it would be to try and evaluate M2 should

such an evaluation be called for. In any case, a method for approxi-

mating M2 in certain situations is available.

It should also be pointed out that since M, - |M| as no>=, then

2
certainly % P % |M| at the same time. But as the number of cascaded
systems increases, the resulting weighting function becomes more
symmetric. It thus follows that both % |M| and % M, approach 50 per
cent. The entries in Table 3 at the beginning of this chapter demon-

strate this result.

Summary of Important Results

At this point a brief summary of the results which have been
obtained for |M| and M, with respect to the previocus sections will be
given. These results are important and will form a major part of the
basis from which the conclusions and recommendations of this investiga-
tion are made. These results are as follows:

1. Tor parallel system combinations it was found that M2 -0
whenever any one of the component systems approached a memoryless state
{that is, whenever the weighting function for any component system
approached a unit impulse). This behavior of M2 is a near violation of

criterion (ii) (Chapter III) and is intuitively incorrect. The value
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of [M[ for the same case on the other hand did not approach zero but
what seemed like a reasonable positive wvalue.

2. The general affinity of M, for large values in the system

2

weighting function was found to cause large differences in the values

of |M| and M, for some systems. This affinity is also the cause of the

2
previocus result.

3. M2 did not satisfy relationship (v). That is, it did not
indicate that memory length added in a regular fashion for systems in
cascade. |M] did satisfy this relationship (this was actually shown
in the literature and not in this investigation).

4. Tormulas for M2 in general tended to be complicated and hard
to derive. Formulas for |M| in general were simple and easy to derive.

5. Both |M| and M, seemed to satisfy relationship (vi), thus

indicating this as a characteristic of memory length.

6. M, < M| and 50 < % |M| < 70
30 < % M, < 50,

7. For n monotone systems cascaded, M, > |M| as now.

2

Nonmonotone Systems

In the previous sections |M| and M, were investigated in relation

2
to monotone systems. In this part of the chapter investigation will
proceed in relaticn to nonmonotone systems. In Chapter IV both |M| and
M2 were consgsidered in relation to an important member of this class, a
second-order system (with damping ratio less than one). In the next

two sections two third-order systems will be briefly considered. The

first system cconsists of a first- and second-order system cascaded
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and the second z first- and second-order system in parallel. In both
these cases the poles of the second-order system component are complex;
thus rendering the over-all system nonmonotcne.

In making the transition of investigation from monotone to non-
monotone systems, some important changes will take place., In the fol-
lowing two sections the derivation and investigation of |M| will not be
made. The reason for this is that it is too difficult, with the excep-
tion of the second-crder system investigated in Chapter IV, to derive
|M| for these systems. TFor monotone systems the absolute value in the
definition of lM| presents no difficulty. In the case of nonmonotone
systems; however, the absolute value makes 1t necessary toc lecate the
intervals on which the weighting function is positive and negative; and
this means locating all the zeros of this functilion on the interval
[0,+=). For the second-order system of Chapter IV this was fairly easy.
For nonmonctone systems in general this is a very difficult task. In
the conclusions to this investigation this difficulty in deriving |M|
will be an important fact.

Since the derivation of |M| will not be made, the evaluation of
M, camnot be carried out by comparison with results obtained for |M|.

2

One important peint of evaluation for M., however, can be made. In

21
general the formulas for M2 for nonmonotone systems are very involved.
The analysis done in the next two sections, with little exception, will

be tc show how the value of M, can be obtained for a large number of

2
nonmonotone systems, namely the type systems investigated in this thesis,
with the use of tables. The limitaticns of this method will also be

discussed.
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First- and Second-Order Systems Cascaded

2 2 sT + 1

Figure 27. First- and Second-Order Systems Cascaded

In this sectiocn M2 will be investigated in relation to the

system illustrated in Figure 27. The weighting function for this system

can be written as

2 —_—
w /T Y(1/T-tw )24+w2 -rw t
a > == |e t/T + L e n sin(wrt-¢) , t=0
[(1/T-zw )} 4w *] “r
n r
h(t) =
0 , t<0
_1 w
: = S = ) : : .
where ¢ Tan 17T = T and W, T 1-z2 . Concern in this section

of course will be for the system where 0 < < 1.0 (0 < B < n/2) and
T>0. The principal objective will simply be to introduce Table 4.
Since the value of M, for this system is quite involved, only its

2

nondimensional form will be given. This form appears at the end of this

“Recall that £ = cosB. In this section and the one which follows
reference should be made to Figure 10 {(Chapter IV) for the relationship
ameng the seccnd-order system parameters.
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section. Its main usefulness is in the generation of Table 4., To
cbtain this form (a partial derivation of this form is made in the
Appendix. Only an outline is given here), it is necessary to again
introduce a nondimensional parameter k. The third-order system of
Figure 27 1s characterized by three parameters: a time constant T, a
natural frequency o and z damping ratic ¢. In order to reduce this

number to twc, namely to k and 7, the relation

kan = 1/T

is introduced. With this relation the formula for M, can be expressed

2

in the nondimensional form wnM2 by simply factoring @ from the expres-

sion for MQ, This form is a function of the two parameters k and r or

k and B; that 1is, wnM = wan(k,B). In dealing with previocus systems

2
which could be characterized by two parameters, it was possible to

express the nondimensional form of M2 (and |M|) in terms of a single
parameter k. The nondimensional form could then be graphically pre-

sented vs. k. In the present case, however, mnM must be graphically

2
presented in contour diagram form ve. k and £. Such a contour diagram
has been constructed and is given in Figure 29 for values of k up to 9
and for values of £ up to 0.9. It is this diagram which is to be com-
pared with the one in Figure & of Chapter II. Both diagrams have the

same form. They differ in what iIs plotted and the values represented

on the abseissa.

Corresponding to the ceontour diagram is a table of wvalues for

w M

LI These values are given in Table 4. Recall that in Chapter 1V a
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similar table (Table 2) was used fo cbtain values for ]M]. How this
can be done for higher order systems in general will be discussed in
the next secticn. With Table 4 the values of M2 can be determined for
a large number of systems with relatively few calculations. An example
showing how this is done for a specific system will be given.

Since the system in Figuve 27 is composed of two systems in cas-
cade, a word should be said about relationship (v). It is evident from
the formula given below and the values of M2 {see Chapter IV) for the
component systems that this relationship does not hold in this case.
This is generally true for nonmonotone systems composed of components

in cascade. It shows that memory length for these systems is not a

simple additive function of the memory lengths of the component systems.

N=N +C.N,-C,N_+ CHNH - C5N5 - C6N6

D = Dl + CQD2 - CSDS + CuDu - 05D5 - C6D6
where
1 1
N, = —— D, = ————
1 quCOSQB 1 2kcosR
. 51n281 . sing
27 A 2 A

1 1



cosQGl

400526

cos2B

sin2p

2Bcosgé
2Bsing
B2/2

(B2/2)0052¢

(B2/2)sin¢

0 < B < /2

(k+1l)cosh

A

2cosB

ng
1

-1l|ta
Tan [;+

_ -1|tanp
= Tan E‘l] s

(k+l)2c0528

(k—l)zcoszs

"y

sinB

+

m/2 1if k=1

sinQB

sinQB
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R(s)

+ E(s) K
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C(s)

s(sTl+l)(sT2+l)

Figure 28. Feedback Control System

Suppose it is desired to find M2

for the above system with values

for T ,T2, and K as given below. The clesed-lecop transfer function for

1

this system is given by

C{s) _ K
R(s) ~ s(sTl+l)(sT2+l) + K °

If
Tl = 0.25 sec.
T2 = 0.10 sec.
K = 2,25,
then
C(s) _ 2.25

R(s)  e(0.25s+1)(0.10s+1) + 2.25
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_ 90
T os(s+4)(s+10) + 90

90
- (s3+11u1)(sl+1.u5+2.47i)(52+1.u5—2.u7i)

Thus
52 = -1.45 + 2.471 and
-1,2.47 -1 -
B = Tan " {{" = = Tan "(1.71) ¥ 60° or n/3
s L = cosB = 0.50
Zw = 1.45
w = 2.9 sec
Also
4 "'l
-53 = 1/T = 11.1 sec
vk = —ss/gmn = 11.1/1.45 = 7.87

Frcem Table 4 for g = 0.5 and k = 7.87

wM_ = 1.608
n

and
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r 2.? 2.5
0.9+
0.7+
1.6
)
0.50
.8
0.34
- 2.5
4.0
0.14
£.0
t t mre t +——
1.0 3.0 5.0 7.0 9.0k

Figure 29. mnMQ: First- and Second-Order Systems Cascaded



Table 4. uan: First- and Second-Order Systems Cascaded

8 [4 0.6 | 1.0 (1.5 | 2.0 | 2.6 | 3.0 (35| 4.0 | 4.5 |50 56 ]|60]|65{70|7.5(80]|85,80]|9.5]|10.0
0.05]0.999]0.857{2,500(2.205)|2.042]1,938!/1.866]1.6814(1.775|1.7u4(1,719]1.698]1.681/1.667|1.654]1.6u4!1.634]1.626]1.619]|1.612{1.606
0.10/0.995/0.856|2.500(2.205/2,041[1,9371.866]1.815]1.774{1.743]1,7168/1.697|1.680]1.665|1.653)|1.64211.633(1.625/1.617|1.611]{1.605
0.15/0.989/0.856|2.500]2.204[2,041(1.936/1.86511.8121,772(3.741]1.716]1.695|1.676|1.663|1.651)|1.640|1.631]1.622]|1.615]|1.608|1.602
0.20/0.980{0.B56]|2.500;2.,204|2,040]1,935(1.BE3]|1.81011.770/1.739]1.713/1.693]|1.675/1.6611.698]|1.637{1.626|1.619|1.612/1.605/1.599
0.25/0.869(0.856]2.500]2.20u[2.039(1,934!1.861)|1.808]1,768(1.736]1.710]|1.6B9|1.672|1.657|1.6ul|]1,633[1.62u(1.615|1.608|1.601]1.595
0.30]|0.955]0.856{2.500]2.204/2.038|1.933{1.859{1.806(1.,765(1.733]|1.707|1.686]1.668(1.653|1.6u0|1.629|1.620|1.611|1.603]|1.597{1.590
0.35]2.839|0.856|2.500/2.204]|2.038)1.932(1.858(1.803(1.762)1.730|1.704|1.682]1.664(1.649/1.636]1.625|1.615|1.606/1.598]/1.591(1.585
0.40|0.821[0.856{2.50142.205[2.038[1,93171.856]1.801]1.759{1,727]1.700|1.678|1.660|1.644/1,631{1.620(1.610{1.601{1.593|1.586|1.580
0.45]|0.500|0.857(2.503|2.206|2.039]1.930{1.855]1.800{1.757|1.724]1.697]1.674|1.656|1.64011.627|1.615|1.605{1.596[1.588/1.580]1.574
0.50|0.878]0.858|7.506/2.209|2.040]1.931{1.855|1.798[1.755|1.721]1.694(1.671|1.652(1.63641.622|1.610|1.600/1.591{1.583{1.575(1.569
0.55/0.853[0.860(2.510]2.213]2,043(1,933]1.856|1.799]1.755(1.720]1.692|1.669[1.649/1.63311.619|1.607]1.596]{1.586(1,578|1.570|1.564
£0.50|0.825]|0.863(2.514{2.218,2.046]1.9371.858]1.800[1.755|1.7201.691(1.666|1.648[1.631|1.617|1.604{1.593{1.583[1.5741.567|1.560
0.65|0.796|0.B67(2.520|2.22412.054)1.992;1.863|1.804[1.758|1.722]1.693|1.668|1.648|1.631|1.616|1.603[1.591(1.581(1.572]1.5641.557
0.70({0.765(0.873|2.528(2.233,2.063[1.951{1.870{1.810|1.76u4[1.727!1.697/1.672[1.651/1.633|1.617[1.604]1.592]|1.582|1.573|1.564|1.557
0.75]|0.73210.882(2.537]2.245:2,075]|1.962:1.801|1.820[1.773|1.735]1.7041.6768|1.656]1.638|1.62211.608[1.596[1.585[1.576]1.567[1.559
0.80|0.697]0.895(2.548{2.259(2.051]1.978[1.896]1.834(1.786}1.7471.715]|1.689|1.666|1.647]|1.631!1.616[1.604[1.592/1.582]1.574/1.565
0.85|0.660]0.913(2.561]2.277/2.111(1.999(1.916]1.6854(1.804|1.765]|1.732(1.705|1.682]1.662|1.6u5|1.680[1.616[1.605[1.594]1.585[1.577
0.90[0.622,0.940(2.577{2,299]2.137[2.025[1.9431.880]1.830{1.789]1.756(1.728[1,704[1.6683,1.665/1.650]|1.636|1.624]1.613]|1.603(1.59
$.95|0.582]0.978(2.595]|2.325[2.168(2.059(1.976{1.915[1.864|1.823]1.7686]|1.759|1.735]1.713]|1.695|1.678[1.664]1.651]1.6L0]1.629!1.620
1.00/0.%40]|1.033|2.617[2.356|2.206{2.102|2.023/1.960/1.909{1.867/1.6832{1.802[1.777{1.755(1.73541.718|1.703|1.690|1.678{1.667|1.657
1.05(6.498|1.112|2.644[2,.393|2,253|2.155|2.079|2.018|1.968(1.926(1.891]1.860[1.834]1.811(1.79111.773]|1.757|1.743|1.730[1.719(1.708
1.10{0.454]1.226|2.677[2.436]2.309(2.220|2.150(2.093|2.044|2.003]1.968{1.937[1.910/1.887(1.86611.847(1.831|1.6816/1.802[1.790]1.779
1.15(0.408|1.391(2.721|2.4868(2.376{2.300|2.239|2,187|2.143{2,104/2.069(2.039(2.012/1.988(1.967,1.94811.931|1.915[1.901|1.8828|1.876
1.20(0.362]1.632]2.781|2.552|2.u458(2.3598|2.350|2.308|2.270{2.23572.204{2.17502.149/2.126(2.105{2.085/2.068/2.052(2.037(2.023|2.011
1.2500.315/1.984(2.872/2.635(2.558]2.520({2.491|2.46312.436[2.40912.,383[2.359(2.335(2.314{2.294[2.27512.257|2.241|2.226[2.213]2.200
| 1.30[0.268{2.507(3.017|2.753(2.690(|2.676|2.670|2.66u[2.65u(2,641|2.625(2.609|2.592|2.575|2,558{2.541{2.526(2.511|2.u96|2.483|2.470
1.35[0.2193.307(3.267[2.9u212.881|2.6889({2.91212.934|2,949]2,958]2.961|2.960/2.955(2.998(2.939[2.928/2.918|2.906]2.895[2.88u|2.873
1.40(0.170|4.596(3.737(3.289(3.205(3.225(3.2763.331|3.360{3.421(3.454]3.478/3.496/3.508/3.516/3.520/3.521|3.520(3.517(3.513|3.508f
1.45]0.120|6.926(4.731{4.03%(2.880)3.383(3.955|4.0u0|4.126|4,207(4,280]0.394 4,400 |4.40U7 {4, 4086 4.520|4.597[4.570(L.588[4.603|u.61u0
1.5010 12,364 |7.417|6.137[5.780[5.723]|5.781[5.884[6.004(6.12616.246(6.35916.465|6.563 [6.653|6.736|6.812|6.880(6.943{7.000,7.05)

.070

08
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M2 = 1.608/2.9 = 0.55 sec

which is considerably easier than evaluating the formula for wnMQ'

First- and Second-Order System in Parallel

1
aT + 1 \\\\
“+
O
m2 +
_ n

Figure 30. First- and Second-Crder System in Parallel

This system is the parallel counterpart of the one in the pre-

vious section. The weighting function for this system is

2

w -Lw t

-t/T .
1/T e t/ + —E-e sinw t, >0

w r

r
h(t) =

0 ,  t<0

Again the relation kgmn = 1/T can be used to obtain mnMQ' This value
appears at the end of this section. Also, as before, a contour diagram
and a table of values for the nondimensional form are given. These are

Figure 31 and Table 5, respectively.
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In this section the discussion will be confined to two points.
One point concerns relationship (vi) and the other concerns, as was
previously mentioned, tables like 4 and 5 in general. Discussion of
these two points will terminate this investigation.

To check relationship (vi) for this system the values in Table

5 can be used. Suppcse that for the system in Figure 30

1
2Cwn

T/2 < t/w_ ¢t
n

or (using kgmn = 1/T)

1/2kg < ¢ + 1/2¢

which implies

What is to be determined in this case then is whether or not

1
T/2 < M2 < c/mn + e
n
or
1/2kz < mnM2 <+ 1/%C

for all k = l/(2c2+l). The number wnM2 of course is in Table 5. In

general this relation will be found to hold. However, for at least cne
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set of values for k and ¢ it fails. Suppose ¢ is small (B large), say

L = 0.07. Then mnM2 should satisfy

7.15/k < mnM2 < 7,22
for all k > 1.0, For k = 1.0 though w M, = 6.881 t 7.15. If this
relation is also checked for a few other small values of ¢ with k = 1.0,
it will also fail. Thus it seems that at least for these cases rela-
tionship (vi) fails to hold for MQ. For most of the values in the
table, as was just stated, the proper relationship dces hold.

The other point to discuss concerns tables like 4 and 5. In
Chapter III it was pointed out that a reduction in the number of
parameters necessary to characterige a system could be made for zll
the type systemsconsidered in this investigation. How this is done and
how the corresponding ncondimensicnal form of M2 can be used has heen
demonstrated for two nonmonotone systems. How this might also be
extended tc systems with orders higher than the third is also not hard
to see. The use of a few more nondimensional parameters like k would
make it possible to reduce the number of characterizing parameters and
develop tables like 4 and 5. Such tables, however, would obvicusly get
very large as the order of the system to which they applied increased.
In fact, if some way were not devised to generate such tables with some

degree of efficiency, this method of evaluating M, would quickly run

2
aground. One way such efficiency can be obtained is to choose the

ranges of the parameters in the table to cover only the intervals which

might be most used. Other ways to obtain efficiency alsc exist



and can be employed in a large number of cases,

2 2
N o= 1/4 + 4(k +k);os 2 + 12 _ COSQS
A 2sin" 2R 8sin B
D = kcosB ZkcosR 1
2 A LecosB
A = (k2+2k)c0528 + 1
k>0 L = cosB 0 < B < m/f2

93

“A partial derivation of this formula appears in the Appendix.
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Table 5. mnM2: First- and Second-Order Systems in Parallel
k
B 4 0.5 1.0 1.5 2.0 2.5 3.0 3.5 4.0 4.5 5.0 5.5 6.0 8.4 7.0 7.5 8.0 8.8 8.0 | 8.5 |10.¢0
0.05/0.9991.290]0.9C1]|0.683/0.5u4/0.450{0.3B83(0.332]|0.293]0.263]0.237{0.217|0.199/0.184|0.172|0.160|0.151({C.142(0.134]|0.127|0,121
0.10)/0.995]1.290]0.403[0,.685]|0,547|0.452|0.385(0.3340,295,0.264)|0.239[0.2180.200{0.185[0.172|0.161;0.151]|0.143(0.135/0.138|0.122
0.15(0.989{1.293]0.407|0.689|0.550|0.455|0.387|0.336]/0.207]0.266|0.240]0.219]10.202]0.1870.174|0.163]/0.153]0.14u]/0.136(0,129]0.123
0.20{0.980|1.296)0.912|0.694{0.565{0.466{0.391|0.340]0.300(0.269|0.243[0,22210.204/0.189/0.176/0.164/0.154)0.196/0.138{0.131]|0.124
0.25|0.969]1.300{0.919]|0.701]0.561/0.466]0.396]0.345]0.304]0.273|0.297)0.225]0.207/0.192/0.178/0.167|0.157|0.1u8{0.140/0.133]0.126
0.30{0.955|1.304}0.927{0.7104J0.569|0.473/0.403]|0.350|0.310(0.277{0.256]|0.229(0.211)0.195(0.182J0.170]J0.160[0.151|0.142{0.135{0.129
0.35]0.939]1.309{0.937|0.720]0.579]0.481[0.411]0.358(0.316]0.288(0.256|0,234]0.216]0.200)0.186|0.174|0.163]0.154|0,146)|0.138|0,132
0.40]0.921{1.3140.489]0.732]0.590{0.492(0.42010.266]0.324|0.290]0.263|0.240(0.221(0,205]0.191]0.178}0.168[0.158(0.150|0.142]0.135
0.45[0.900]1,320|0.962]0.745|0.604[0.504[0.431]|0.376]0.333|0.299]0.271]0,247]0.228]|0.211}0.196|0.184j0.173|0.163[0.154|0.,1460.139
0.50|0.878|1.32710.977|0.762{0.619({0.518[0.44440.388{0.344{0.308{0.280]/0.256,0.235)0.218{0.203{0.190|0.179|0.169/0.160{0.1520, lul
0.55|0.853]1.333|0.993|0.780,0.636)0.534|0.459]0.401]0.356]0.320]/0.290/0.265]0.245(0,227/0.211|0.198(0.186]0.176|0.166(0.158i0.150
0.60{0.825[1.340/1.011]0.301]0.656]0.553,0.476]0.417(0.370]0.333({0.302]|0.277(0.255|0.237|¢.221{0.207/0.195[0.184{0.174{0.165|0,157
0.85/0.796/1.347]1.031{0.824]/0.674|0.574[0.496)|0.435[/0.387/0.349!0.317]0.290)|0.268)0.249)|0.232(0.217|0.204]{0.143]0.183|0.174]0.165
0.70]|0.765]1.354|1.052]|0.849(0.705]|0.599|0.518(0.456|0.407])0.367|0.334/0.303]0.283[0.262|0.249)|0.230{0.216|0.204(0.194j0.184[0.175
0.75]0.732]1.360|1.075]|0.877]0.734|0.627{0.545]/0.481{0.430]0.388|C.354/0.325]/0.300[0.279|0.261{0.244|0.230(|0.218(0.206|0.196[0.187
©.80]0.647(1.36711.095|0.909,0.766|0.658(0.575]0.509{0.456]0.413]0.377|0.347(0.321{0.298|0.279]|0.262|0.247/0.2533]0.22110.2110.201
0.85|0.660)1.375{1.126(0.943{0.803/0.695[0.620]0.542]0.487[0.442(0.405)0.373]|0.345]/0.322({0.301|0.283/0.267|0.253]0.240(0.228(0.218
0.90/0.622[1.383|1.154]|0.981{0.844[0.737]|0.651{0.581{0.524/0,477|0.43B[0.404[0.375{0.350]/0.328{0.309(0.292[0.276|0.262|0.250]/0.238
0.95]/0.58211.393|1.183]|1.022]0.891|0.784|0.698)|0.627]0.568]0.519|0.477|0.482]|0.411]0.384|0.361|0.340(0.322)|0.305]0.290]|0.276[0.26L
1.00/0,540{1.407|1.216|1.068|0.944[0.840|0.753]|0.681{0.621,0,569]|0.526(0.488|0.456(0.427)|0.402(¢.379]|0.359/0.341)0.325|0.5310(0.297
1.05/0.498[1.42811.253]1.120]1.004(0.904!0.818|0.746|0.684]|0.631/0.585|0.545]0.511(0.480|0.453)|0.429|0.407]0.387|0.369{0.353[0.338
1.10)0.454)1.461)1.297(1.17811.072|0.978,0.895]0.823|0.761]|0.70610.659{0.6170.580(0.548|0.518|0.492|0.468(0.447]|0.427]0.409(0.392
1.15/0,408]1.513]1.354]1.247;1.153/1.067[0.988]|0.918|0.856[0.801[0.752|0.708]|C.670|0.635]/0.603|0.575(0.549/0,525]0,503]0.484|0.465
1.2010.36211.596|1.433)1.335)1.25211.174}1.102|1.036|0.976]0.921}0.876/0.827]0.7686(0.750|0.716(0.686|0.657(0.632]/0.608|0.586)|0.565
1.25]0.315|1.73041,552;1.454(1.379}1.331}1.247|1.187/1.130/1.078}1.029/0.985/0.943]0.905/0.870/0.838)0.808(0.780|0.7540.729,0.707
1.30(0.268]1.94701,746(1.638(1.563|1.500(1.444)1.390(1.339(1.291[1.245(1.202]|1.161|1.124[1.088¢1.055|1.023/0.994[0.966|0.940/|0.915
1.35(0.219]2.305{2.081(1.943]1.860)1.794[1.739|1.690[1.644]1,601(2.559(1.520(1.462[1 . 446[1.412]1.379(1.348/1.318(1.240/1.263(1,237
1.40|0.170(2.926}2.688|2.525(2.4102.3242.257|2.202{2.155|2.113|2.074/2.037|2.0031.970(1.939|1.909|1.879{1.851(1.824|1.793/1.773
1.45]0.120|%.11603.895|3.717|3.574)3.457/3.352(3.283|3.216(3.160|3.110|3.087(3.028)2,992|2.96012.929(2.901 2.874(2.848]2.824]2,800
1.50(0.070{7.039(6.881(5.735(|6.601|6.478(6.366(6.264(6.171|6.0686(6.009(5.938,5.874|5.816,5.762|5,713|5.666/5.626(5.588/5.553]5.520
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CHAPTER VI

CONCLUSIONS AND RECOMMENDATIONS

Conclusions
From the previous investigation certain definite concluslons can

be made, These conclusions ccncern both the evaluation of |M| and M2

as measures of system memory length and some characteristics of memcry
length itself. The conclusions, however, are general in nature. No
attempt has been made to enumerate results as was done previously.

From an over-all standpoint it must be concluded that M2 is the

better measure of memory length. This conclusion is largely a result

of the fact that a value for M2 can be obtained for a large number of

nonmonotone systems, while in general derivations of |M| for these

systems are difficult to impossible. It is true that M2 is swayed in

many cases by large values in the weighting function sufficiently to
cause near violations of criterion (ii). However, systems where this
occurs are not common and are not likely to be encountered in practice.
Also the investigation in Chapter IV, related to the second-order

system, indicated that M2 was capable of choosing the best performing

system {(and hence also the one of minimum memory length). The per-

centage points for M, offered no cbjectional behavior. These points

2

for ,M[ and M, differed only in their range of values.

2

For monotone systems on the other hand the measure |M| is very

*

attractive. It is free from the troublesome near violation of
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criterion (ii). In general for any system its formula is easy to
derive and simple in form.

The previocus investigation also rendered certain information in
regards to relatiomships (v) and (vi). For monotone systems cascaded,
|M| indicated that memory length is the sum of the memory lengths for
each individual component systems. This was not the indication of M2,

though M_ and |M| differ by only a small amount when a large number of

2
systems are cascaded. Tor nonmonoctone systems there seemed to be no
connection between compeonent system memories and over-all system
memory. It also seems that memory length for parallel system combina-

tions does indeed behave according to relationship (vi). Only under

certain strained conditions did this relationship not hold.

Recommendations

If in the event that systems zare classified or compared on the
basis of memory length and these systems are all monotone, then use of
the measure |M| would be recommended. The ease of derivation and
simple form of the formula make this an cbvious recommendation. Another
recommendation is the use of |M| as an approximation to M2 for the case
of monotone systems in cascade.

It should be kept in mind that many of the results presented in
this investigation can be generalized to other systems with weighting
functions of a similar form. This includes especilally those results

pertaining to the relative values and percentage points.
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APPENDIX

Derivaticn of |M|: Second-Order System (Chapter IV)

Case I (¢ > 1.0)

@ -s,t -s,t
[ (te - te yatr L, 2 2
1/s7 - 1/s
m| =2 B 1 2
S ~slt St 1/s, - 1/82
] (e - e Yt
0
s, + 52 2w T
= 1l/s, + 1l/s, = = = 2C.
1 2 l52 wn
Case II (¢ < 1.0)
mn -w Lt
h(t) = e sinmrt
v1-r2
o = w /T2
r n
w© -y Lt
J te |sinw_t|dt
T
u| = 2
® - Tt
I'e |sinmrt|dt
0
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o -y It @ (n+l)n/wr -wnct
( te |sinw_t]|dt = § (-1) [ te sine_tdt
4 T n=0 r
0 mr/wP
o -u gt - i (n+l)w/wr -zt
[ e |sinwrt|dt = 7 (-1) e sine tdt
n=0
nw/w
r
But
(n+l)'n/r.ur -wPCt . )
te sinw tdt = (2¢/1-t2 (-1)” + an(-1)7)
nﬂ/wr
rn+l + rn n rn+l
5 + In(-1) 5
W W
B n n
And
(ntl)m/w . -
- 0T T T
e M sinmrtdt = _laﬁ_. rn+l + o7 (-1)"
nm/w n_
r
r=e? ¢ = gn//ig2
Thus
® t
f —w L J1-72
te O |sinw tldt = 25v1-g r+1 + | 2r
r 2 1 r 2 2
m w || (1-r)
0 n n
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- vi-z2||r + 1
w l-r
n..—
2z 2m r
L el
n r |1 -1

Derivation of MQ:

Second-Order System (Chapter IV)

Case I (¢ » 1.0)

2 t t 2
W -5 -
R (t) = n I}l-ez—‘
4(z"-1) —
jw -slt —52t 2
t(e - e ) dt 2 2 2
- 5 _ l/1+sl 2/(Sl+52) + 1/452
2 ) -slt —s2t 2 1/25l - 2/(sl+52) + 1/252
f (e - e ) dt
]
2.2 2 2 2
) (s +52)(Sl+52) - 85152
- 3 2 2
25152(sl+52) - 85132(51+82)
after some algebra
_ 2t _ 21
2Cw (CQ—l)
n
[ 1
= = +
wn Qan
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Case II (z < 1.0)

5 wi -2mnct
h™{t) = —5-¢€ sin mrt
(1-£7)

© —QwHCt
f te sin“w_tdt
0 r

2 o -anct
[ e sin"w_tdt
] r

(2c%+1)(1-2%)
2.2
LUnC

1/8

C/wn + l/2wnC

Partial Derivation ofcuﬁﬂQ: First- and Second-Order

Systems Cascaded (Chapter V)

2
w /T V(1/T-tw )2 + w2 ~Zw t
ht) = D 5 S| e t/T + m n L sin(wrt—¢)
(l/T—an) + w_, v
t >0
W
b = Tan_l =

/T - gmn



-2t/T 2 - . .
h2(t) = e 2t/ + az-e at(51nwrtcos¢ - coswrt51n¢)
r
cosec2¢ _ant
T = (1 - cos?mptcosﬁb - sin?mrtsin2¢)

C

i

oo

- _ Z ]
x V{1/T Cwn) t w?

ging = wp/r

el 5 T 2 K2 cos?20
[ thi(vyat = (=) + + 2 (cotd)(tan28.) -
2 2 2 2 1
8a a + w
I-‘—
1 cos26
-3 X cot“¢ + (2tan262)(cot¢) -1
n
2 K2 2a
he(t)dt = T/2 + + {tan6_)(cotd) - 1
ba 2 1
(e} a + mp

0

° cot2¢ + (2tan62)(cot¢) -1

BT
n

1
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(#)

(#)



Let 1/T = kan, then

(t)

Using equations (1),

_l w
81 - Sin _r
Va2+w§
1M
6, = 8 = sin™! |——
vaz g

(o o

cotd = (k-1)(cotB)

32 - w2 2 2
_ r _ (k"+2k+2)cos"B - 1
cosQBl = 7 = 5 5
a’ + o (k“+2k)Jcos“B + 1
2. 2
K = r/w = v (k Qk)c?s B + 1
T sinR

a® + w2 = w2 (K% + 2% + 2)cos®s + 1)
r n
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(#) and (Z), the desired results can be cbtained.
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Partial Derivation of mjﬁg: First- and Second-Crder

Systems in Parallel (Chapter V)

2
i -Zw t
h(t) = 1/T e T, 0 TP g t, t 20
w r
T
> o —kaQt -a.t -a,.t 5
he(t) = [kan] e + Kle sinw t + K2e sin wrt
where
kzw = 1/T

a; = ow + 1/T = Cwn(k+l)

a2 = QCmn
QME 5
Kl = iﬁ?’z kancotB
T
w‘-ﬁ
_ . _ 2 2
KQ = —5 = w_cosec g
w
b
oo ~ sin2e K K cos26
j thQ(t)dt = 1/4 + K 1 + 2 - _2_ . 2 (#)
5 1V 2 202 2 2 2
al r aQ 2 wr
o 2 kC'-U Klmr‘ QKQUJIQ_,
[ n%(t)at = LLI + (#
0 2 a2 + MQ a (a2+4m )
1 r 272 r

where



sinR

w
5. = Sin™t|—2—| = Sin_l(

-1 32

6 = Cog —|—"——m0 = Cos_l(cosB) =B

Va%+4w%

The desired results are easily obtained from (#) and GE).

V(k+1)2cos28 + sin2B
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