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SUMMARY

This thesis focuses on developing and analyzing accelerated and inexact first-order meth-
ods for solving or finding stationary points of various nonconvex composite optimization
(NCO) problems. Our main tools mainly come from variational and convex analysis, and
our key results are in the form of iteration complexity bounds and how these bounds com-
pare to other ones in the literature.

Our first study problem is the classic unconstrained NCO problem studied by Mine and
Fukushima (1981), and we develop an accelerated inexact proximal point method for find-
ing approximate stationary points of it. By analyzing the method’s variational properties, we
establish an iteration complexity bound that is optimal in the number of first-order oracle
evaluations. As an additional result, we show that our accelerated method and the clas-
sic composite/proximal gradient method are instances of a general inexact proximal point
framework under different stepsizes and levels of inexactness.

Following our developments for the unconstrained setting, we move to study two in-
stances of a function-constrained NCO problem. The first instance comprises a set of linear
set constraints, and we develop a quadratic penalty method for finding approximate sta-
tionary points of it. We then establish an iteration complexity bound that is several orders
of magnitude better than the previous state-of-the-art bound. As part of the analysis, we
show that one can start the method from any point where the objective function is finite
(and not necessarily from a near feasible point) and that no regularity conditions are needed
to obtain convergence. The second instance consists of a set of nonlinear cone constraints,
and we develop a proximal inexact augmented Lagrangian method for finding approximate
stationary points of it. We then establish a competitive iteration complexity bound under
an easily verifiable Slater-like condition. As part of the analysis, we show that the Lagrange
multipliers generated by the method are bounded, without needing to dampen the (dual)

multiplier update, and, like in the penalty method, the initial point can be any point where

xXvii



the objective function is finite.

Before moving on to other problems, we discuss some efficient implementation strate-
gies of the above methods. In particular, we present some efficient line search subroutines,
an adaptive stepsize selection scheme, an efficient warm-start strategy, and a discussion
about how to relax some algorithms’ convexity assumptions. We also present a large number
of real-world applications and numerical experiments that highlight our methods” perfor-
mance against other modern solvers.

Our second-to-last study problem is a class of nonconvex-concave min-max NCO prob-
lems, and we develop an accelerated smoothing method for finding two kinds of approxi-
mate stationary points of it. Using prior results from our study of the unconstrained NCO
problem, we establish iteration bounds that substantially improve on similar ones in the
literature. Additionally, we give a brief discussion about how to generalize our smoothing
method to solve linearly constrained min-max NCO problems. We then end with some
numerical experiments in the unconstrained setting to validate the efficacy of our approach.

Our final study problems are a popular class of spectral NCO problems in which the
inputs are general m-by-n real-valued matrices. As part of the study, we develop two inex-
act composite gradient methods — one based on the classic composite/proximal gradient
method and another based on an accelerated variant of it — to find approximate station-
ary points. Extending some techniques for analyzing accelerated methods, we show that the
accelerated variant obtains a competitive convergence rate in the nonconvex setting and an
accelerated convergence rate in the convex setting. A vital conclusion of the study is that
we show the methods perform nearly all of their iterations over the vector space R™in{m.n}
rather than the matrix space R”*". We then end with some numerical experiments to show

the effectiveness of the previous conclusion.

XViii



CHAPTER1
INTRODUCTION

If everything seems under control, you're just not going fast enough.

-Mario Andretti

Efficient optimization algorithms play a ubiquitous role in both the theory and application of
machine learning and scientific computing. From web search engines to facial recognition
software, their presence is found in many indispensable systems of modern society.

In this thesis, we contribute to a class of popular continuous optimization algorithms
called first-order methods, consisting of iterative optimization algorithms that exploit infor-
mation about the function value and subgradient(s) of the objective function. Since Cauchy’s
study on the gradient descent method [21] in 1847, these methods have found extensive use
in smooth convex minimization (fast gradient methods [81, 83, 84]), nonsmooth convex
minimization (subgradient descent [94, 102], mirror descent [8, 79, 83], and bundle meth-
ods [10, 44, 54]), and convex-concave saddle-point problems (smoothing methods [85] and
mirror prox [80, 82, 83]). Recently, first-order methods have gained a renewed interest due
to their ability to obtain cheap (nearly) dimension-free' guarantees for large-scale problems
in a broad spectrum of disparate fields.

Our focus problems are variants of the following classic smooth nonconvex (additive)

composite optimization (NCO) problem, first studied in [71] by Mine and Fukushima:
min {¢(z) = f(x) + h(2)}, (NCO)

where h : R" (00, 00] is a closed, proper, convex, but not necessarily differentiable,
function and f : R® ~ (—o00,00] is a function that is continuously differentiable on an

open set containing the domain of h, but not necessarily convex. Problems such as NCO

'In contrast, interior point methods are known to grow nonlinearly with respect to the dimension, or
equivalently, the number of decision variables.



frequently appear in areas such as recommender systems [28, 43], signal processing [17, 24],
sparse regularization [34, 108, 112], and compressed sensing [4, 5].

In the forty years following Mine and Fukushima’s work, there has been an immense
amount of literature devoted to creating efficient methods for finding approximate station-
ary points? of NCO and its variants. Recent developments, in particular, have focused on
generalizing Nesterov’s seminal work on accelerated gradient methods for smooth convex
optimization [84] to the nonconvex setting of A'CO under a structural weak convexity as-
sumption [18, 30, 31, 56, 91], i.e. where we assume that f +m/||- |2/2 is convex for sufficiently
large enough m > 0.

Our goal in this thesis is to continue this work and present several accelerated nonconvex
first-order methods that explicitly take advantage of structural weak convexity in a meaning-
ful way. The main theme that pervades most of our studies is that of variational inclusions,
e.g. 0€ 0*¢(z) = Vf(z)+ Oh(x) where 0% ¢ (resp. Oh) is the Clarke® (resp. regular*) subd-
ifferential of ¢ (resp. h). By studying the inexact and exact variational properties of several
accelerated methods in the convex setting, we construct accelerated methods with similar
properties in the nonconvex setting. The efficacy of this approach is validated through com-
petitive iteration complexity bounds, promising numerical experiments, and its utility in

established optimization frameworks, e.g. penalty and augmented Lagrangian frameworks.

1.1 Contributions of the Thesis

This section carefully describes the organization and key contributions of this thesis. It it
divided into three subsections. The first one is dedicated to optimization algorithms for
smooth NCO problems, the second one to efficient implementation strategies, and the last
one to optimization algorithms for NCO problems with additional structure.

Throughout this section, we let 0*¢(x) denote the Clarke subdifferential of ¢ at x and

*In general, finding even approximate minimizers of N'CO is intractable [77, 83, 86].
3See Definition 2.1.38.
“See Definition 2.1.37.



dist(x,C'") denote the distance between a point x and a set C.

1.1.1 Smooth NCO Problems

In the next three chapters of this thesis, we propose a substantial number of iterative first-
order optimization methods for finding approximate stationary points of NCO in the
unconstrained and function-constrained setting. Under the assumption that f is weakly
convex and its gradient V f is Lipschitz continuous, each method comes with an iteration
complexity bound and a comparison with similar methods in the literature. Below, we

briefly summarize the contributions of these methods.

Complexity Optimal Proximal Point Method for Unconstrained NCO Problems. In
Chapter 3, we develop a general inexact proximal point framework for finding approxi-
mate stationary points of NCO. More specifically, this framework is designed to find a

p-approximate stationary point = € R” satisfying

dist(0,0"6(2)) < p. (L1)

Using a special inexactness criterion and several variational properties of an accelerated
gradient method, we present a specific instance of the framework that is (iteration) com-
plexity optimal in terms of the smoothness parameters of f and the tolerance p. It is worth
mentioning that this instance does not require the domain of A to be bounded and only
requires ¢, in NCO to be finite. Furthermore, the inexactness criterion does not depend

on the tolerance p but rather on a special proximal residual.

Quadratic Penalty Method for Linearly-Constrained A'CO Problems. In the first section

of Chapter 4, we develop a quadratic penalty method for finding approximate stationary



points of linearly set-constrained® instances of NCO. More specifically, this method is de-

signed to find a (p, )-approximate stationary point (Z, p) satisfying

dist(0,0*¢(z) + A*p) < p, dist(Az, S) <. (1.2)

Using our developments in Chapter 3 and some additional properties about penalty func-
tions, we show that the method obtains an O(p=2n~1!) iteration complexity bound, which
substantially improves upon the previously known bound of O(p=%) that was obtained by
a multiblock ADMM-type method [42] for the case of p = 7). The main novelty of the pro-
posed method is that the initial starting point z; only needs to be in the domain of 4, i.e.
h(zp) < o0, and not necessarily feasible with respect to the linear set constraint, i.e. Azg € S.
It is also worth mentioning that the method does not require any regularity condition on its
linear constraints and that the inexactness criterion does not depend on the tolerance pair
(p:m)-

Proximal Augmented Lagrangian Method for Nonlinearly-Constrained N'CO Problems.
In the second section of Chapter 4, we develop an inexact proximal augmented Lagrangian
method for finding approximate stationary points of nonlinearly cone-constrained instances
of NCO in which: (i) the function h is Lipschitz continuous and its domain is bounded; and
(ii) the function g forming the cone constraint g(z) <x 0 is K-convex. More specifically,

this method is designed to find a (p, )-approximate stationary point (Z, p) satisfying

dist(0,0%¢(x) + Vg(x)p) < p, dist(g(z),F(p))<n, pzx+0,

where C* is the dual cone of K and the set F(p) is given by

F(p) ={g(x) : {g(x),p) <0,9(x) <k 0, h(x) < o0}

>The constraint is of the form Az € S for some linear operator A and closed convex set S.




Using a special inexactness criterion and several recent developments from convex analysis,
we show that the method obtains an O([n~1/2p=2 + p=3]log[p~* + 71])) iteration complex-
ity bound under a weak Slater-like condition. The contribution of the method is twofold.
First, the method proposes a novel way of generating the penalty parameters c;, based on
the change in the augmented Lagrangian between consecutive iterations rather than based
on the feasibility of a particular iterate®. Second, it is shown that the multipliers {py }x»1
generated by the classic (dual) multiplier update are bounded without requiring any nor-

malization’.

1.1.2  Efficient Implementation Strategies

Following the above developments, we dedicate Chapter 5 to efficient implementation
strategies. Additionally, we present iteration complexity bounds for variants of the methods
in Chapter 3 and Section 4.1 that use some of these strategies and give several numerical

experiments. Below, we highlight some of the most effective strategies.

Adaptive Stepsize Selection. We propose several different approaches of choosing several
key “stepsize” parameters based on a finite set of key inequalities. These approaches are de-
signed to adapt to the local geometry of the objective function and improve the convergence

rate of the convex and nonconvex methods that use them.

Relaxation of Convexity. Several of the methods for the smooth NCO problems rely on the
“stepsize” parameters to be within a particular range of values in order to ensure some, not
necessarily verifiable, convexity conditions hold. We propose a way to relax some of these
conditions to a verifiable set of finite inequalities to allow the “stepsize” parameters to be

arbitrarily large or small.

0ther methods in the literature [12, 32, 110] usually consider increasing c;, whenever | max{0, g(z)}|
has not sufficiently decreased between iterations

7Other methods in the literature [12, 110] usually add a step that projects the multipliers {py } x»1 into a
bounded Euclidean box after the classic multiplier update is computed .



Warm-Start Strategy. For methods that operate by finding approximate stationary points
of a sequence of optimization subproblems, we propose a warm-start strategy for initializing
the starting point of each subproblem. More specifically, we propose a strategy where the
current subproblem uses a point obtained from the last iterate of the previous subproblem.
We then show that a (convexity) relaxed quadratic penalty method obtains an O(7~?2) factor
improvement in its iteration complexity bound (for finding (p, n)-stationary points as in

(6.4.1)) when a warm-start strategy is used in place of a cold-start strategy.

1.1.3 NCO Problems with Additional Structure

Following the developments in prior chapters, the last two chapters of this thesis consider
variants of N'CO with additional structure and give several numerical experiments. Below,

we summarize the contributions of these methods.

Smoothing Methods. In Chapter 6, we first develop a smoothing method for finding
approximate stationary points of nonconvex-concave min-max instances of N'CO. More
specifically, when f is a max function of the form f(z) = max, ®(x,y), the method is
designed to obtain stationary points of two kinds: (i) a §-approximate directional stationary
point z satistfying

37 s.t. Hidlulfl ¢'(z;d) <0, |z-z| <9,

where ¢/(x;d) is the directional derivative of ¢ at x for the direction d, and (ii) a (py, py)-

approximate primal-dual stationary point (Z, 7) satisfying

dist (0,005 (7)) < por dlist(0,075(7)) < py

where ¢;(-) = -®(z,-) and ¢;(-) := ®(-,y) + h(-). Using several results from convex

analysis and the efficient method in Chapter 3, we show that the smoothing method obtains



O(673) and O( p;zp;/ ?) iteration complexity bounds for obtaining é-approximate direc-
tional stationary points and (p,, p,)-approximate primal-dual stationary points, respec-
tively. Following these developments, we propose a quadratic penalty smoothing method
for solving linearly-constrained instances of the min-max problem and establish an it-
eration complexity bound for finding an approximate primal-dual stationary point of the
constrained problem. The main contributions are significantly improved complexity bounds
(see Tables 6.1 and 6.2) and a new complexity bound for the constrained case. It is worth

mentioning that the methods do not assume that the domain of % is bounded.

Spectral Optimization Methods. In Chapter 7, we develop two inexact spectral composite
optimization methods, one accelerated and one unaccelerated, for finding p-approximate
stationary points of NCO as in (1.1) in which ¢ admits an additional spectral decomposition.
More specifically, for a given input point X € R"™*", we consider the instances where the
composite term h is a function of the singular values of X and the smooth term f can be
decomposed as f = fi + f, where f5 is also a function of the singular values of X. Using
a special inexactness criterion and several variational properties of an accelerated gradient
method, we show that both methods obtain an O(p~2) iteration complexity bound and that
the accelerated method obtains an O(p~%/) complexity bound when ¢ is convex. A key
contribution is that the methods mainly iterate over a space of singular values rather than

the larger space of input matrices.



CHAPTER 2
BACKGROUND

This chapter presents the basic concepts, well-known results, and notational conventions
that are used throughout the thesis. Aside from the notation in Section 2.1.5, the materials

in this chapter are well-established, and hence, may be skipped upon first reading.

Organization

This chapter contains two sections. The first one presents theoretical background material

while the second one presents algorithmic background material.

2.1 Theoretical Background

This section presents material that is relevant to the theoretical developments of the thesis.

2.1.1 Basics

This subsection states basic definitions, conventions, and notation.

Sets. We denote R, Z, N, and C to be the set of real numbers, integers, natural numbers,
and complex numbers, respectively. The sets R, and R, denote the nonnegative a positive
numbers, respectively. For sets A, B, we denote their Cartesian product as A x B = {(a,b) :
a € A,b € B} and their Minkowski sumas A+ B = {a+b:a € A,b € B}. For ease of

notation, we denote {a} + B=a+ Band AMA = {la:a € A} foranya € Aand A € C. For

n times
——

n € N, we define A" = A x ... x A. The empty set is denoted by @. For a,b € R" we denote
the line interval between a and b as [a,b] = {ta+ (1 -t)b: 0 < t < 1}. We also denote
[a,b) = [a,b]\{b}, (a,b] = [a,b]\{a}, and (a,b) = [a,b]\{a,b}. The set {z;}¥ | consists of

the elements x1, ..., xy. The set {x; };>1 consists of the elements z; for every i € N.

Functions. Let X, Y, and Z be arbitrary sets. We denote f : X = Y and F: X =2V



to be single-valued and set-valued functions from X to Y, respectively. For any set S, we

denote f(S) = {f(s) : s € S}. For functions f : X ~» Y and g : Y — Z, we denote
go f(z)=g(f(z)) for every z € X.

Basic Operators. Let z € R, f : X — R be an arbitrary function, and S be an arbitrary
set. We denote [z | (resp. |x]) to be the smallest (resp. largest) element in Z that is greater
(resp. less) than or equal to x. We denote sup,.q f(z) (resp. inf,cs f(z)) as the smallest
(resp. largest) element B in R that satisfies f(s) < B (resp. f(s) > B) for every s € S. The
function sgn(z) takes value +1if z > 0 and -1 otherwise. As a convention, we take a/0 = +o00

and —a/0 = —oo for every a > 0.

Computational Complexity. For functions f, g : R, ~ N, we use the following asymp-

totic notation:

o f(z) = O(g(x)) if there exists (C,z) € R2, such that for every > z it holds that
f(x) < Cg(x).

o f(x) = Q(g(x)) if there exists (C,z) € R2, such that for every x > x it holds that
f(x) 2 Cy(x).

 f(z)=06(g(x))if f(z) = O(g(x)) and f(x) = Q2(g(z)).
o f(x)=0(g(x)) if for every C > 0 there exists x > 0 such for every x > z it holds that

f(x) < Cy(x).

2.1.2  Analysis

This subsection reviews relevant materials from analysis.

We first start with some basic definitions and notation.

Definition 2.1.1. For a vector space X, an inner product (-,-) : X x X — R is a mapping

that satisfies, for every x, y, z € X and «, 3 € R, the relations:



() (x,y) = (y,z) (symmetry);
(i) (ax+ By, z) =a(x,z)+ [y, z) (linearity);
(iii) (z,z)>0if z # 0 (non-degeneracy).
A vector space equipped with an inner product is said to be a inner product space.

Definition 2.1.2. The induced norm of an inner product space X', denoted by || - |, is given
by |z| = (z,z) for every x € X. It is well-known that every inner product satisfies the
Cauchy-Schwarz inequality (z, y) < ||=|| - |y| and the triangle inequality ||z +y| < |z| + ||

for every z,y € X.

For the rest of this subsection, welet X', )V, and Z be inner product spaces with a common

inner product (-, -). Moreover, we denote | - | to be their induced norm.

Definition 2.1.3. For a point z € Z and parameter r > 0, the open ball 5,.(z) and closed

ball B,(z) of radius r at z is defined by

Bi(2)={eZ:|z"-z] <r},

B.(2):={eZ: |~z <r}.

A set Z ¢ Z is said to be open if for every z € Z there exists ¢ > 0 such that B.(z) € Z. A set
7 ¢ Z is said to be closed if the set Z\Z is open. Finally, a set Z ¢ Z is said to be bounded

if there exists r € R, such that Z < B,.(0).

Definition 2.1.4. A set C' € Z is said to be compact if for any collection of open sets D =
{D;}icz, for some index set Z, satisfying C' € U,z D; there exists a finite subcollection D=
{[?i}f:l c Dsuch that C c UY, D;. If Z = R, it is well-known that a set C' ¢ R” is compact

if and only if it is closed and bounded.
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Definition 2.1.5. For a sequence {2, },>1 € Z, we say that z,, converges to z, or equivalently
lim; . 2, = 2 € Z, if for every € > 0, there exists n € N such that for every k£ > n we have

|z — 2| <e.
The next result is a well-known result about bounded sequences.

Theorem 2.1.6. (Bolzano-Weierstrass) Every bounded sequence in a finite dimensional inner

product space has a convergent subsequence.
We now present definitions and results about some special classes functions.

Definition 2.1.7. A function ¢ : X — ) is said to be continuous on a set X ¢ X if for every
x € X and € > 0 there exists 0 > 0 such that for every 2’ € X satisfying ||z — 2’| < § we have
that |¢(z) — ¢(a')|| < e. It is well-known that if {x; };»; € X is such that lim; .., z; =x € X

and ¢ is continuous on X, then lim; o, ¢(x;) = ¢(lim;o ;) = P(2).

Definition 2.1.8. A function ¢ : X — ) is said to be L-Lipschitz continuousonaset X ¢ X
if

[o(2) = o(2)| < Lz =2 v, 2" e X.
Definition 2.1.9. For a closed convex set Z C Z, the (single-valued) projection mapping

II at a point z is defined by

1
[z(z) = argmin = |u - z|*.
wez 2

The distance function dist(+, Z) at a point z is defined by
dist(z,2) = |z = TIz(2)].

Definition 2.1.10. Let f : X — ) be a function that is well-defined in an open ball around
a point z € X. The function f is said to be (Fréchet) differentiable at x if there exists a

linear function Df, : X = ), called the derivative of f at z, that approximates the change

11



f(x + Az) — f(x) up to a residual, called the first-order Taylor residual, that is o( Ax).

More specifically, the function f is differentiable at x if and only if

|f (2 + Az) - f(z) - Dfe(Az)| = o(Ax)

for every Az such that f(x + Ax) is well-defined.

Definition 2.1.11. A differentiable function f : X’ — ) is said to be continuously differen-

tiable at z if the function = » D f,(Ax) is continuous for every Az € X.

Definition 2.1.12. Let f : X — ) be differentiable at a point z € Z. The gradient of f at

is the unique matrix V f(x) that satisfies

Vf(z)"u=Dfs(u)

for every u € X in a neighborhood of z. The derivative matrix of f at « is the transpose of

V f(z) and is denoted by f/(x) = V f(x)T.

Definition 2.1.13. The linear approximation of a differentiable function f : X — Y ata

point zy € A is defined as

Ce(m;20) = f(wo) +(Vf(20), 2 —x0) VrxelX.

The next three results present some fundamental properties involving derivatives and

gradients and can be found, for example, in [23, 109].

Theorem 2.1.14. (Chain rule) Let f : X — ) be differentiable at v € X and let g : Y — Z be
differentiable at y = f(x) € ). Then, g o f is differentiable at x and

D(gof)cc:Dgyon:c-

12



Theorem 2.1.15. (Mean Value Theorem) For any differentiable function f : X ~ Y and

xo, T1 € X, there exists t € [0, 1] such that

f(@1) = fwo) + V[ ()" (21 - x9),

where x; = txg + (1 —t)x;.

Theorem 2.1.16. (Gradient Theorem) Let x¢,x1 € X andr : [0,1] — X besuch that r(0) =

and r(1) = xy. For any continuously differentiable function ¢ : X — R, we have

¢(z1) - (o) = /: Vo(r(t))-r'(t) dt.

The below material deals with the convolution of two functions.

Definition 2.1.17. The convolution of functions f,g: X — R is

(f*g)(z):= f:f(u)g(:v—u) du VreX

The following result can be found, for example, in [14, Chapter 6].

Proposition 2.1.18. Let f,g: X — ) be continuously differentiable functions. Then, it holds
that

D(f*g)x:Dfx*g:f*Dgx Ve e X.

2.1.3  Linear Algebra

This subsection reviews notation and relevant materials from linear algebra.

We first start with some basic notation and definitions.

For every (n,m) € N2, we denote F*™ to be the set of matrices with n rows and m
columns with entries from F € {R,Z, N, C}. The entry in the i*" row and j*" column of A

is denoted by [A];; or A;;.

13



Definition 2.1.19. For matrices A € R™? and B € RP*™, the matrix product AB € R™ is

given by the relation [AB];; = X7 _ [A]ik[Blx;-

Definition 2.1.20. The conjugate transpose (or adjoint) of a matrix A e C™*", denoted by
A*, is given by the relation A7; = A;;. The transpose of a matrix, denoted by A7, is given by

the relation Ag;. = A;j. It is well-known that
(Az,y) = (z,A%y) V(z,y)eC"xC".

Ifa; e R fori € {1, ..., k}, then we denote (ay, ..., aj) to be the matrix whose i*" column

is a;. If A is a linear operator, then we denote Az = A(z).
Definition 2.1.21. A matrix A € R™*" is symmetric if A* = A.

Definition 2.1.22. A matrix A € R™" is positive (semi-)definite, or equivalently A > (>)0,
if A is symmetric and for every z € R"\{0} we have 27 Az > (>)0. The set of positive

(semi-)definite matrices in R"*" is denoted by S?, (S?).

Definition 2.1.23. The trace of a matrix A € R™" is given by tr(A) = ¥i-; A;;. It is well-

known that tr(AB) = tr(BA) for any matrices A, B € R™",

Definition 2.1.24. The identity matrix of size n, denoted by I,,, is given by (1,,);; = 1ifi = j
and 0 if ¢ # j.

Definition 2.1.25. A matrix A € R™" is said to be invertible (or non-singular) if there
exists a matrix A1, called the inverse of A, that satisfies A1 A = AA™! = ],,.

Definition 2.1.26. A matrix A € R™" is said to be orthogonal if AT = A~1,

Definition 2.1.27. The determinant of a matrix A € R™", denoted by det(A), is [A]1; if

n =1 and is given recursively by

det(A) = 32(~1)™ Ay det(Myy) = D (~1)™ A det (M)

J=1

14



for n > 2, where M;; € R(~1Dx(»=1) js the minor that results from removing the i*" row
and j*" column from A. It is well-known that det(AB) = det(A) det(B) and det(A) =
det(AT) for any matrices A, B € R™™.

Definition 2.1.28. The eigenvalues of a matrix A € R™" are the roots of the characteristic
polynomial det(A — AI,) as a univariate function in A. An eigenvector v € R™" corre-
sponding to some eigenvalue \ is any vector satisfying Av = A\v. We denote \;(A) to be the
kth largest eigenvalue of A € R™*". Moreover, we use the shorthand A;, (A) = \,,(A) and

Amax(A) = )\1 (A)

Definition 2.1.29. The singular value decomposition (SVD) of a matrix A € R™" is a
factorization of the form A = PX.Q* where P ¢ R™™ and () € R™" are orthogonal matrices
and X € R™*" js a rectangular diagonal matrix with nonnegative entries on the diagonal. The

diagonal entries {¥;; };»; are known as the singular values of A.

The following is a well-known (see, for example, [41, Corollary 4.3.15]) result about

eigenvalues of matrix sums.

Theorem 2.1.30. (Weyl’s Inequality) Let A, B € R™" be symmetric matrices and let N\ (M)

denote the k'" largest eigenvalue of a matrix M. Then, it holds that

Ae(A) + M(B) < M(A+ B) < \e(A) + M (B)

foreveryl<i<n.

2.1.4  Convex and Variational Analysis

This subsection presents relevant material from convex and variational analysis.

We first state some key definitions.

Definition 2.1.31. The interior of a set Z C Z is defined as

int Z := {z € Z:3) > 0suchthat Bs(z) c Z}.

15



Definition 2.1.32. For a convex set Z € Z, the affine hull aff Z and relative interior ri Z of
Z are defined by
k k
aff 7 := {’YEZZ’}/:ZOQ'Z“ ZZ'EZ, ZO&Z' =1fori§/€, k= 1,2,...},
i=1 i=1
riZ :={yeaff Z:36>0suchthat aff Z nBs(y) c Z}.

Another interpretation of aff Z is that it is the smallest affine manifold containing Z. Under

this interpretation, a point z is in ri Z if it is in the interior of Z relative to the topology given

by aft Z.

Definition 2.1.33. The (effective) domain of a function f : Z — (—o0, 00] is the set
dom f:={zeZ: f(z) eR}

and f is said to be proper if dom f + @.

Definition 2.1.34. A proper function f : Z — (—o0, 00| is said to be convex if
flaz+[1-alZ)<af(z)+(1-a)f(2') Vz,2'eZ, Vae(0,1).
It is well-known that if f is convex and differentiable, then f(-) — £¢(-; 29) > 0 for any z; €

dom f.

Definition 2.1.35. A proper function f : Z +— (—o0, 00] is said to be p-strongly convex if
the function f — | - ||? is convex and m-weakly convex if the function f +m/| - |2 is convex.

It is well-known that if f is y-strongly convex and differentiable, then f(-) — £¢(-; 29) >
| - —=20(?/2 for every zy € dom f. It is also well-known that if f is m-weakly convex and

differentiable, then f(-) - £(+;20) > —m/| - —z||?/2 for every z; € dom f.

Definition 2.1.36. A proper convex function f : Z — [—o0, 00) is said to be closed or lower

16



semicontinuous if

liminf f(2) > f(20) VzoeZ.
z2—>20
Definition 2.1.37. For a proper convex function f : Z ~ [-00, 00) and a point z € dom f,
the e-subdifferential of f at 2 is defined by
O:f(2) ={ve Z: f(2') 2 f(2) + (v, 2/ - 2) V' e Z},
and the (regular) subdifferential of f at z is 0y f (z) and is commonly denoted by 0f (z). It
is well-known that z, € argmin,,. f(2’) ifand only if 0 € 9 f(z.).

Definition 2.1.38. For a proper function f : Z — [-00, ), the Clarke subdifferential of f

at a point z € dom f is the set
9" p(x) = {v:(v,) <dg(x;-)}

where do(x;u) := lim suptw,y_,x[gb(y +tu) — o(y)]/t.

Definition 2.1.39. For a closed convex set Z € Z and a point z € Z, the indicator function

0z and the normal cone N at a point z € Z are given by

0, zeZ,
07(2) =

oo, otherwise,

Nz(z)={veZ:(v,2/ -2)<0V2 e Z}.

Definition 2.1.40. For a proper, lower semicontinuous function f : Z — [-0c0,00), a pa-

rameter A > 0, and a point z € Z, the Moreau envelope ¢, f and the proximal mapping
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prox, f of f at z are defined by

. 1., 9
exf(2) = int {£(2) 4 51 - 212} < f(2)
1
prox, f(z) := Argmin {f(z) +—|2' - 2”2} :
Z'eZ 2\
The function f is said to be prox-bounded if there exists a threshold A > 0 such that
exf(z) > —oo for some 2z € Z.
Definition 2.1.41. For an extended real-valued function f : Z — [-o0, 00], the function

f*: 2%~ [-00,00] given by

£ () = max {{u.) - f(2)) Vue 2"
is called the conjugate function of f.
Definition 2.1.42. For K C Z, the dual cone K" and polar cone K~ are given by

K :={2eZ:(2,2") >0V e K},

K ={2eZ:(2,2') <0V e K} =-K".

We now state some basic properties about the above objects.
The first result, whose proof can be found in [99, Theorem 2.26], describes the continuity

of the prox related objects.

Proposition 2.1.43. For a proper, lower semicontinuous, convex function f : Z +~ [—o0,00)

and parameter \ > 0, the following properties hold:
(a) the proximal mapping prox, f is single-valued and continuous;

(b) the (A\-Moreau) envelope function e, f is convex, continuously differentiable, and its gra-
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dient is given by

Verf(z) = % E —profo(z)] VzeZ.

The following proposition, whose proof can be found in [7, Example 3.5] and [7, Theo-

rem 6.24], presents some properties about indicator functions.

Proposition 2.1.44. For any closed convex set Z € Z and point z € Z, the following properties

hold:
(a) 007(z) = Nz(2);
(b) forany A >0, we have prox, 07(z) = I1z(2).

The next result, whose proof can be found in [39, Proposition XI.1.3.1], presents some

basic calculus rules for the approximate subdifferential.

Proposition 2.1.45. For a proper convex function [ : Z — [-00,00), £ > 0, and point z € Z,

the following properties hold:
(a) forany o> 0 and r € Z, we have .(af +7)(2) = adzja f(2);
(b) for any a # 0, we have 0. f (az) = ad-f (2);
() forany s € Z, we have 0.(f + (s,))(2) = 0. () + {s}.

The below result, whose proof can be found in [39, Theorem XI.3.1.1], presents a charac-

terization of the approximate subdifferential on sums of functions.

Proposition 2.1.46. For proper convex functions fy, fo : Z = (—o00, 00|, parameter € > 0,

and z € Z, it holds that

(it fo)(z)2 U {0:,f1(2) +0.,fa(2)}.

£1+e2<¢,
£1,62>0

Moreover, ifridom f; nridom fs # &, then the above relation holds at equality.
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The following transportation formula can be found in [39, Proposition XI.4.2.2].

Proposition 2.1.47. (Transportation Formula) For a function ¢ € Conv (Z), points z,Z €
dom ), and subgradient s € Oi(z), it holds that s € 0.1(z) where e = f(2) - f(z) -

(s,z2—-2)>0.

The next result, whose proof can be found in [7, Theorem 6.45], presents a well-known

decomposition .

Proposition 2.1.48. (Extended Moreau Decomposition) Let f : Z ~ (—oo, 0] be proper,

closed, and convex. Then, for any z € Z and X\ > 0, it holds that

prox, f(z) + Aprox,-1 f*(z/\) = 2.

2.1.5 Function Classes

This sub-subsection defines some important function classes and their properties.

We first define the key function classes considered in this thesis.

Definition 2.1.49. Let C(Z) denote the set of continuously differentiable functions from

Z c ZtoR.

Important Note: To be concise, we adopt the convention that if Z is a closed set and
f € C(Z), then it is implicitly assumed that f is finite on some open set 2 containing

Z.

Definition 2.1.50. Let C;(Z) denote the set of functions in C(Z) whose gradient is L-

Lipschitz continuous on Z. Such functions are typically called L-smooth.

Definition 2.1.51. Let C,, 1/(Z) denote the set of functions in C(Z) that satisfy

M
- %Hz P < f(z) - lp(z;2") < ?Hz -2|? V2,2 €Z (2.1)
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A function f € C(Z) is said to have a curvature pair (m, M) if it is in C,, 1/ (Z).

Definition 2.1.52. Let Conv (Z) be the set of proper, lower semicontinuous, convex func-
tions from Z to (—o0, co]. For a convex set Z € Z, let Conv (Z) be the set of functions in

that Conv (Z) are real-valued on Z and take value +o0 outside of Z.

Definition 2.1.53. Let F,(Z) denote the set of functions in Conv (Z) that are yi-strongly

convex. Let F,, ,(Z) denote the set of functions in F,,(Z) that are also L-smooth.

The next set of results present different characterizations of the above classes. The first

results is a straightforward consequence of [9, Proposition 6.1.3].

Proposition 2.1.54. If f : Z — R is twice differentiable with \yin(V2f(2)) = —-m and

Amax(V2f(2)) = M forevery z € Z, then [ € Cp, pi(Z).
The below result! relates C,,, 1/ (Z) with Cp(Z).

Proposition 2.1.55. Let f : Z — R be a continuously differentiable function for some Z < Z.

Then f € Cr(Z) ifand only if f € Cp, 1.(Z).

Proof. Letx,y € Z be arbitrary. Suppose f € C;,(Z) and define r(t) = z +t(y — x) for every

t € [0, 1]. Using the Gradient Theorem, it holds that

F@) -1 @)= [ ey dr(t)= [5Gy -a).y - o) d
:<Vf($)ay—$>+v/:(Vf(x+t(y—x))—Vf(x),y—x)dt.

Using the Cauchy-Schwarz inequality, the above relation, and Lipschitz continuity of V f,

!Special thanks to Arkadi Nemirovski for helping with this proof.
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we now conclude that

FW) =)l < [ 9ty =) - 9@y di
< [195 Gty 2) - 9@ Ly - ol

L
< ftLHy—x||2dt= =y -]
0 2

and hence f € Cr, (Z).

Conversely, suppose f € Cr, (Z) and let {4, }>1 be a sequence of smooth, real-valued,
(mollifier) functions over Z where, for every n > 1, we have: (i) d,, > 0; (ii) [, 6,(¢) dt = 1;
and (iii) 0,,(¢) = O for ¢ satisfying |¢| > 1/n. Moreover, for every n > 1, define g, = J,, * f

and denote d = = — y. It now follows that

90 0) = g )] =160 (£ (0) = ()] + (6o W 2), )
| LoD U =)= =) dr e+ { [ o,(r)v s -7 dr.d)
| Lo U= fa =)+ (V=) d)] dr
< [0 @=-1)=fa-1)+(vVf(e=7).d) dr

L L
<5 [ ol dr = Sld)?,
Z

and hence that g,, € C1, ,(Z) as well. Using the smoothness of J,, (and hence g,,), Taylor’s

Theorem, and the previous result, it holds that there exists £ € [z, y] such that

9u(y) =y, (y; )

2 2
||

L +
2 2[d] ]

=|<d,V29n(§)d) o([ld]*)

Taking y — x in the above inequality, we thus conclude that |V2g,(z)| < L for every z € Z,
and hence, it holds that g,, € C;.(Z). Since Vg,, — V f uniformly, it follows that f € C;(Z)

as well. O
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2.2 Algorithmic Background

This section presents some fundamental algorithms that will be relevant in the algorithmic
developments of the thesis.

Throughout this section, we let Z € Z be a nonempty convex set. Moreover, for all the
algorithms in the thesis, we use the notation “<” for scalar or vector variable assignment

and “<=” for function assignment.

2.2.1  Composite Gradient (CG) Method

The composite gradient (CG) method (also known as the proximal gradient method) is a
popular optimization algorithm [92] for solving and/or finding stationary points of the prob-

lem

min (1(2) = (2) + 1 (2)) (o)

where 1, € Conv (Z) and s € C(Z). More specifically, it is an iterative method that, at its

kth iteration, performs the following update: given z;_; € Z and )\, > 0, compute

2 = Proxy ., (2r-1 = M Vs(28-1))-

When v, = ¢ for some closed convex set C), it is straightforward to see that the CG method
(CGM) reduces to the classical projected gradient method for the problem min, ¢ ¢s(2).
For ease of future reference and discussion, we give a description in Algorithm 2.2.1 which

includes an important set of auxiliary iterates {vy }>1.

{ 3

Algorithm 2.2.1: CG Method

ReqUire: 1/]n € Conv (Z)> ¢s € C(Z)v 20 € Z7 {/\k:}kzl SRy

1: procedure CG(¢)s, ¥y, 20, {\i })
2: fork=1,...do
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. 1
3; 2}, < argmin {)\k [Cy, (w5 2k-1) + Yn(u)] + §Hu - Zk-1 ||2}

uez

4: v < )\ik(zk—l — 2) + Vs (21) = Vb (2k-1)

The proposition below, whose proof can be found in Appendix A, presents some basic

properties about the CGM.

Proposition 2.2.1. Let {(zy, vx) }x>1 be generated by the CGM for some {\i }rs1. Then, the

following statements hold for every k > 1:
(a) vy € Vis(z1) + Othn(21);

(b) if there exists Ly, € (0,2/\y,) such that

L
s (z) — Oy (25 21-1) < 7k||2k; - Zk—1||27

then it holds that

0a) <o) + (5= 5 b - 2l? < Ve

(c) if there exists scalars { L;}} | € R, such that
IVps(zim1) = Vs (2i) | € Lif|ziea = zil,  Li< W

for every i < k, then it holds that

4 (20) = ¥(21)]
PIERY

I

. ) 2
min v <

where & := (2= N L;) /(1 + [\ L;]?) > 0 for every i < k.

(2.2)

(2.3)

(2.4)

(2.5)

The next proposition, whose proof can also be found in Appendix A, presents additional

variational properties about a general iteration in the CGM.
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Proposition 2.2.2. Given (\,z7) e R, x Z, define

2 = angmin (A [0, (27 + ()] + 5= 1)

uez

q:= %(z —2), vi=q+V(2) = Vibs(27),

1= Yn(27) = Pn(2) + (¢ - Vbo(27),2 - 27).

Then, the following statements hold:

(a) qeVis(z7) + 0-n(27) and e > 0;

(b) it holds that

(¢,€) = argmin {)\||r||2 +20:1m e Vihs(27) + &;@Dn(z‘)} ; (2.6)

(r,0)eZxRy

(c) if there exists L > 0 satisfying

L
U2 b () < Sle =T

then it holds that
1
Mal? + 26 <2[0(=) - 9]+ (L= 1) 1 - 212

2.2.2  Accelerated Composite Gradient (ACG) Method

Accelerated composite gradient (ACG) methods are extensions to the CGM in Section 2.2.1
in which additional computations are performed to improve the rate at which a near optimal
solution (or stationary point) is obtained.

The ACG variant that we consider in this thesis is based on the accelerated method in

[73]. More specifically, this ACG method (ACGM) assumes that ¢, € F,,(Z) for some > 0
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and, at its k*® iteration, performs the following update: given (y_1,xx-1) € Z2, Ax_1 > 0,

and )\, > 0, compute

Tk-1 = /\k(l +,U,Ak_1),

2
Tk-1 T \/Tk—l + 4Tk_1Ak_1

ag-1 = 5 o Ap = Apo +ag-,

Aj y + Ak-1 v
k-1t ——Tg-1
Ak Ak- ’

L-1 =

@ = Lo, (330) + () + S -~

: 1 -
o= argmnin {\an() + 3 ly =701 12}
yeZ 2

Ty = Ty + — ] [i( —Tp1) + Yy —x )]
k= Tk-1 1+ u A LA, Yk k-1) T U\ Yk k-1) |-

Using the definition of the proximal operator prox(-), it is straightforward to see that the

updates for y, and xj can be written as

o = Ak By = Qp-1
F 1+/\k/~L’ F 1+,uAk’

Y = ProX,, . (Tr-1 = axVYs(T4-1)),
L P

V-1 = Qk(yk) + (%—1 Yk, — ykz) + —|| : _kaQa
A 2

T = Tt — BV Ye-1(Th-1)-

where it can be shown (see Appendix B) that v, < g < 1 for every £ > 1. For ease of
future reference and discussion, we give a precise description of this ACG method in Algo-

rithm 2.2.2, which includes an important set of auxiliary iterates {(7x, 7, M, 7Tk, Lk ) }ks1-

7

Algorithm 2.2.2: ACG Method

Require: p2 0, wn € Conv (Z)> % € FM(Z)a Yo € Za {/\k}k’zl € Ry
Initialize: ¢ < ¥+, Ay« 0, T'o<0, x¢ < yo;

L: Procedure ACGW& wrm Yo, U, {/\k})




e fork=1,...do
3 Compute the supporting quantities:
4: Thk-1 < )\k(l + ,uAk,l)
Tho1 + /T2 + 4Tp 1 Ap_
5. o L \/k_12 k-1Ak-1
6: Ap <« A + a1
7: Tpo1 < A’Hy p ety
: ko1 g Ykt Bl
~ M ~
8: G = Ly, (3 8x1) + () + 51 - =Faa |
9: Perform the accelerated prox steps:
. 1 -
o g agmin{hva(o) + 3 ly-nal?)
yeZ 2
Q1 1 =
11: X Tp-1 + — —Tp-1) + — Tp—
k< Tk-1 1+Akﬂl:>\k(yk k1) + 1Yk = T 1)]
12: Compute the auxiliary quantities:
L. K 2
13: Ve-1 eqk(yk)Jf)\—k(fk—l—yk,'—yk)+§|| =kl
A k-1
14: I'y < Doy + —— -
k A, k-1 A, Ve-1
To— Tk
15: r
k< A
16: M < Y(yx) = Tr(@r) = (rr, Yo — k)
17: Tr < 1+ p(ye — Tr)
18: ﬁkerk+%||yk—xk||2

The next results, whose proofs are given in Appendix B, present some key properties

about the ACGM and its generated iterates.

Proposition 2.2.3. Let {(yx, 7k, M) }x>1 be generated by the ACGM for some { A\ }x>1. Then

the following statements hold for every k > 1:

(a) it holds that n;, > 0 and
T € aﬁ;ﬂ/’(ﬁ%)a (27)

(b) if there exists Ly, > 0 such that

5 L . 1
Vs(Yr) = Lo, (Yr; To-1) < 7k||yk—$k—1||2, Ly-p< o (2.8)
k
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then it holds that

| Axrie + Y = Yol * + 2Akmk < |y — vol*

(c) it holds that

(d) for every minimizer y* of the problem minyeqom ¢ ¥ (), it holds that

. Lo
Y(yr) —(y*) < oA ly* —yo|* VE>1.

(2.9)

Proposition 2.2.4. Let {(yx, 7k, Tk ) tr>1 e generated by the ACGM for some { A\ }r>1. Then

the following statements hold for every k > 1:

(a) it holds that n;, > 0 and
e g (0= 51-=wl?) (s
(b) if there exists Ly, > 0 such that

- L N 1
Vs () = Ly, (Yr; Tr-1) < 7kl|yk - Tpa|?, Lip-p< N

then it holds that

1 >4 ~
(1 +MAk) | Ax7r + i — vol* + 2A%7k < |y — vo|*;

28

(2.10)

(2.11)

(2.12)



2.2.3 Proximal Point Method

The proximal point (PP) method is a classic optimization algorithm [97] for minimizing a
function 1) € Conv (Z). More specifically, it is an iterative method that, at its k! iteration,

performs the following update: given z;_; € dom and A\ > 0, perform

2 = proxy, ,(2x-1)- (2.13)

It is well-known (see, for example, [6, Theorem 27.1]) that if } 77, Ay, = oo, then ¥)(z;) con-
verges to inf,.z ¢(z). Moreover, if there exists z* satisfying ¢(z*) = inf,.z ¢(2), then z;
converges to the set of minimizers of ¢.

The following proposition, whose proof can be found in Appendix A, presents some

basic properties (cf. Proposition 2.2.1) about the PP method (PPM).

Proposition 2.2.5. Let {2 };>1 be generated by the PPM for some {\y. }r>1 and define vy, :=

(2k-1 — 2k )/ Ak, for every k > 1. Then, the following statements hold for every k > 1:

(a) v € OY(21);

(b) it holds that

D) < () + Aiknzk a2 <9 (z):

(c) it holds that
V() ()

(2.14)
SE LN

. ) 2
min v <

Throughout this thesis, we make reference to the inexact proximal point method which
is a variant of the PPM in which the update (2.13) is computed inexactly, i.e. 2 approximates
the solution of the problem in (2.13) according to some inexactness criterion.

One interesting instance of the proximal point method is when ¢(z) = (1/2) (z, Az) -

(b, z) where A € S7,. Clearly, the optimal solution of min,cg» 1(x) is the unique solution
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of the linear system of equations Az = b. The proximal update in the case of A\, = A e R,

for every k > 11s

T+l = T + (A + )\_lfn)_l(b - A:ck),

which is a well-known algorithm called iterative refinement [92]. The above update is par-

ticularly useful when A is ill-conditioned and/or the computation of A~1b is not stable.
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CHAPTER 3
UNCONSTRAINED COMPOSITE OPTIMIZATION

Our main goal in this chapter is to describe and establish the iteration complexity of an ac-
celerated inexact proximal point (AIPP) method for finding approximate stationary points
of the classic NCO problem

¢« =min[¢(2) := f(2) + h(2)], (NCO)

2eZ

where Z is a finite dimensional inner product space, h € Conv (Z) for some nonempty
convex set Z € Z,and f € C,, p(Z) for some (m, M) e R2,.

The AIPP method (AIPPM) of this chapter uses an ACGM, specifically Algorithm 2.2.2,
to perform the following proximal point-type update to generate its k*! iterate: given z;_;

and ), compute

. 1
2k N Iigl{f(z) +h(z)+ ﬁHz - zk_1|2}

according to some relative inexactness criterion. Throughout our presentation, it is assumed
that efficient oracles for evaluating the quantities f(z), V f(2), and h(z) and for obtaining

exact solutions of the subproblem

. 1
min {Mh(2) + 5z - 201},

for any zp € Z and A > 0, are available. Moreover, we define an oracle call to be a collection
of the above oracles of size O(1) where each of them appears at least once.
For a given tolerance p > 0 and a suitable choice of )\, the main result of this chapter

shows that the AIPPM, started from any point z, € Z obtains a pair (Z,0) satisfying the
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approximate stationarity condition

veVf(2)+0h(2), o] <p, (3.0)
in
(9( M lm'mln{¢(292)_¢*’md3} +1og;(%)]) (32)
m P m

oracle calls, where dy = min,cz{| 20 — 2.| : #(2) = ¢.} and log] (-) = max{1,log(-)}. Itis
worth mentioning that this result is obtained under the mild assumption that ¢, is finite and
neither assumes neither that Z is bounded nor that A/CO has an optimal solution. Near the
end of the chapter, we compare the above complexity against ones obtained by other NCO
methods.

It is also shown in Section 3.3.3 that the complexity bound in (3.2) is optimal in the sense
that it is within the same order of magnitude of a recent established complexity lower bound
for finding pairs (2, 0) satisfying (3.1) using linear-span first-order methods.

The content of this chapter is based on paper [46] (joint work with Jefferson G. Melo and

Renato D.C. Monteiro) and several passages may be taken verbatim from it.

Related Works

The developments in [46] appear to be the first ones to consider an accelerated proximal
method for obtaining approximate stationary points as in (3.1) for general / and nonconvex
f. Previous developments, which we list below, have only considered the special case of
h = 0.

Under the assumption that dom ¢ is bounded, paper [30] presents an ACG method ap-
plied directly to NCO which obtains a pair (£, 0) satisfying (3.1) in

2 2/3
O(MZZDM[M?O] ) (3.3)
P
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where D, denotes the diameter of dom ¢. Motivated by the developments in [30], other
papers, such as [18, 26, 31, 56, 59, 60, 61, 91], have proposed ACG-like methods under differ-
ent assumptions on the functions f and h. For example, paper [18] establishes a complexity
which is O(v/M log M) in terms of its dependence on M, but is O(5~2log p~!) in terms of
its dependence on p. It should be noted that the second complexity bound in (3.2) in terms
of dy is new in the context of problem N'CO and follows as a special case of a more general
bound, namely (3.3.6), which actually unifies both bounds in (3.2). Moreover, in contrast to
the analysis of [30], the analysis in this chapter does not assume that D, in (3.3) is finite.

Inexact proximal point methods and HPE variants of the ones studied in [74, 104] for
solving convex-concave saddle point problems and monotone variational inequalities —
which inexactly solve a sequence of proximal subproblems by means of an ACG variant
— were previously proposed by [36, 37, 45, 75, 90]. The behavior of an accelerated gradient
method near saddle points is studied in [88].

Complexity lower bounds in terms of max{m, M} for finding stationary points as in
(3.1) using first-order methods were recently established in [19, 20]. A follow-up work [116]
establishes tighter bounds in terms of m and M for the smaller class of linear-span first-order

methods.

Organization

This chapter contains three sections. The first one gives some preliminary references and
discusses our notion of a stationary point given in (3.1). The second one presents a general
inexact proximal point framework which will be important in our analysis of the AIPPM.
The third one presents the AIPPM and its iteration complexity. The last one gives a conclu-

sion and some closing comments.
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3.1 Preliminaries

This section enumerates the assumptions on problem N CO, states the main problem of

interest, and discusses the notion of an approximate stationary point given in (3.1).

It is assumed that (f, h, ¢) in NCO satisfy:

(A1) h e Conv (Z) for some nonempty convex set Z € Z;
(A2) feCpmn(Z) for some (m, M) eR2,;

(A3) ¢, > —o0.

We now make a few remarks about the above assumptions. First, assumption (Al) implies
that the effective domain of /1 is Z. Second, if V f is M -Lipschitz continuous, then assump-
tion (A2) holds with m = M. Third, it is well-known that a necessary condition for z* € Z to
be alocal minimum of N'CO is that z* be a stationary point of f+h,i.e. 0 € Vf(z*)+0h(z*).

In view of the above assumptions and remarks, we are interested in solving the problem

given in Problem 3.1.1.

Problem 3.1.1: Find an approximate stationary point of NCO

Given p > 0, find a pair (2,0) € Z x Z satisfying condition (3.1).

The next proposition, which follows from Lemma E1.2, gives another well-known (see,

for example, [86]) interpretation of our notion of an approximate stationary point.

Proposition 3.1.1. Given Z € Z, there exists 0 € Z such that (Z,0) satisfies (3.1) if and only if

ianngl ¢'(§; d) > —p.
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3.2  General Inexact Proximal Point (GIPP) Framework

This section presents and discusses general inexact proximal point framework which will be
important in our analysis of the AIPPM. It contains three subsections. The first one presents
some important properties of the framework. The second one presents a procedure to turn
iterates generated by the framework into iterates that nearly solve Problem 3.1.1. The last one
gives some instances of the framework.

We begin by first stating the framework in Algorithm 3.2.1.

Algorithm 3.2.1: GIPP Framework

Require: he Conv (Z), feC(Z), z0€Z, 0€(0,1), {M}rs1 SR y;

1: procedure GIPP(f, h, zg,0, { \x }k>1)
2: fork=1,...do

3: Find (2, U, k) € domh x Z x R, satisfying:
- 1
Uy, € Oz, ()\kcb + 5“ : —Zk-1”2) (z1), (3.4)
|0 1* + 285 < 0| 2k-1 = 21 + Tk |%; (3.5)

Observe that the GIPP framework (GIPPF) is not a well-specified algorithm but rather
a conceptual framework consisting of (possibly many) specific instances. In particular, it
does not specify how the quadruple (zj, Uk, £x) is computed or even if it exists. Later in
this chapter, we will discuss two specific instances of the above GIPPF for solving NCO,
namely, the CGM (see Algorithm 2.2.1) and an accelerated proximal point method presented
in Section 3.3. In both of these instances, the sequences { Zj } x»1 and {&j }»1 are non-trivial

(see Proposition 3.2.6 and Lemma 3.3.4(c)).

3.2.1 Key Properties of the Framework

This subsection presents some key properties of the GIPPE.
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Let {(zx, Uk, €x) }x>1 e the sequence generated by an instance of the GIPPF for some

{A\k }k>1, and consider the sequence {(vy, €x) }x>1 defined as
.
(Uk,éfk) = )\—(Uk,€k) Vk>1. (36)
k

Without necessarily assuming that the error condition (3.5) holds, the following technical
but straightforward result derives bounds on & and |0y + zx-1 — 2| /A in terms of the

quantities
1 ~ 2, o~ ~ 112 &
Ok = 0(0) = " maX{O, |oxl|” + 26k — || 2k-1 — 2k + k|| } . Ap = Z by (3.7)
k i1

where o € [0, 1) is a given parameter. Note that if (3.5) is assumed, then ¢ = 0.

Lemma 3.2.1. Assume that the sequence {( Ay, 2k, U, Ex ) } satisfies (3.4) and let o € (0, 1) be

given. Then, for every k > 1, there holds

1
O')\k

. . 1 -
(|5])® + 285 — A0y < )\_”Zlc—l -z + Ok * <
k

2[0(2k-1) — ¢(21)] + 0

- (3.8)

where 0, is as in (3.7).

Proof. First note that the inclusion in (3.4) is equivalent to
1 5 1 9 ~
)\z(b(z) + 5“2 - 22;1” > )\z(b(zz) + EHZZ - Zz?lH + (’UZ‘, Z— Zz> —&; Vz e R".
Setting z = 2;_; in the above inequality and using the definition of §; given in (3.7), we obtain

Ai(P(2zi1) = ¢(2:1)) 2 % (sz'—l — i H2 +2(0s, 21 — 21) — 251')
1 1

= 5 [leim = 2 @l = ) - 28] 2 5

5 [(1-0’)“21‘_1—Zi+17i”2—)\i5i]

and hence the proof of the second inequality in (3.8) follows after simple rearrangements.
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The first inequality in (3.8) follows immediately from (3.7). O

The next result shows characterizes the approximate optimality of zj, in terms of Ay, 21,

and o.

Lemma 3.2.2. Let {(zy, Uk, £x) } be generated by an instance of the GIPPF for some { Ay }»1.

Then, for every u € Z, it holds that

|2k —ul* VE 1.

P(2k) < P(u) + m

Proof. Using some simple algebraic manipulation, it is easy to see that (3.5) yields

(O
5 o |12 (3.9)

- 1. 1 9
, - - <
(Uk 2k~ 2k 1>+_5k__HZk 1—Zk|| -
o 2

Now, letting 6 := (1 — 0)/o > 0, recalling the definition of the approximate subdifferential,
using (3.4) and (3.9), and the fact that (v, v’) < (8/2)]v|? + (1/20)|v’|? for all v, v € Z, we

conclude that

1 5 B 1
Ae[@(zr) — o(u)] < §||Zk—1 —u|? + (Ok, 21 — u) + & — §\|Zk — zp-1 |

l-0,.
b

1 5
< §||zk_1 —u|? + (g, 2po1 —u) —

1 0 1 1-
< Sl =l + (G10002 + gglencs - ul?) - -2l

and hence that the conclusion of the lemma holds due to the definition of 6.

Before proceeding, we define the following useful quantity

Rat(z0) = inf [Rw(u; 20) = %Hzo w2+ [w(u) - gﬁgw(z)“ (3.10)

for any function ¢ : Z ~ (—o0, 00|, scalar A > 0, and point z, € Z. Clearly, R\¢)(u; 29) € R,
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for all u € Z and hence Ry1(zy) € R, as well. Moreover, it is easy to see that

Ry (o) = M exti(z0) = inf 0(w)] € A (z0) = inf )| G

where e 1)(zy) denotes the \-Moreau envelope of ¢ at 2.
We now show that the sequence {|zx_1 — zx + Ux||/ Ak }x>1 contains a subsequence that

tends to zero. O

Proposition 3.2.3. Let {(zx, Uk, Ex) ko1 be generated by an instance of the GIPPF for some
{ Ak} k21. Then, the following statements hold:
(a) foreveryk > 1,

l1-0
21

261 = 2 + Bk [* < 6(201) = B(2); (3.12)
(b) for every k > 2, there exists i < k such that

5 2Ry, ¢(20) ~ 2[ex, 9(20) — ¢.]
S Ao en A, =)~ (= 0)2(Ar =) (313)

1 N
ﬁ HZi,l —Z2; +U;
7

where Ay and Ry, ¢(z) are as in (3.7) and (3.10), respectively.

Proof. (a) This follows immediately from (3.8) and the fact that (3.5) is equivalent to d; = 0.
(b) It follows from definitions of ¢, and Ry, ¢(+; z9) in (A3) and (3.10), respectively, part

(a) and Lemma 3.2.2 with k£ = 1 that for all u € Z,

Ry, 6 (u; 20) ( ! )[iuo—un?w(u)—@]

(1-0’))\1 1-0 2/\1
1 2
Zm“ZO_UH +o(u) - ¢.
k
> P(21) — P 2 Z[¢(zi—1) - ¢(z)]
=2
k ||ZZ‘_1—ZZ‘+1~)Z‘”2
>(1-
2(1-0)y
> (1_0-)(2/\k _)\1) I?;kn%? Hzi—l _qu"'@in
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and hence the first inequality of (3.13) holds in view of the definition of Ry, ¢(z) in (3.10).
The second inequality follows from (3.11).

Note that the above proposition shows the GIPPF enjoys the descent property in Propo-
sition 3.2.3, which many frameworks and/or algorithms for finding approximate stationary
points of NCO also share, e.g. Algorithm 2.2.1. It is worth noting that, under the assumption
that ¢ is a KL-function, frameworks and/or algorithms sharing this property have also been
developed for example in [2, 3, 22, 29] where it is shown that the generated sequence {zj } »1
converges to some stationary point of N'CO with a well-characterized asymptotic (but not
global) convergence rate, as long as {2 }>1 has an accumulation point.

The following result, which follows immediately from Proposition 3.2.3, considers the

instances of the GIPPF where ), is constant for every k > 1. For the purpose of stating it,

define

do = inf {J20-="]: 6(=") = 6.} (3.14)

Note that dy < oo if and only if ACO has an optimal solution, in which case the above

infimum can be replaced by a minimum in view of the first assumption following NCO. [

Corollary 3.2.4. Let {(zy, Ux,éx)} be generated by an instance the GIPPF with \;, = \ for

every k > 1, and define {(vi,ex, i)} as in (3.6). Then, the following statements hold:

(a) forevery k > 2, there exists i < k such that

1

2 (3.15)

l2it — 2 + 02 < 2Rxp(20) min{2[¢(30) - 9., A(f—i)}
T TRA-02(k-1) T A -o)(k-1)

where Ry$(20) and dy are as in (3.10) and (3.14), respectively;

(b) for any T > 0, the GIPPF generates a quadruple (2™, z,0,€) such that

17685()\¢+%H-—z‘|2)(2), %||z‘—z+17|§7, %53(?)72, (3.16)
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in a number of iterations bounded by

[ 2150(20) +1] (3.17)

A2(1-0)%72

Proof. (a) The proof of the first inequality follows immediately from Proposition 3.2.3(b)
and the fact that \;, = \ for every k& > 1. Now, note that due to (3.10), we have Ry¢(z) <
Ry (z0; 20) = N @(20) — @] and Ry (z0) < Rad(2*;20) = | 2* — 20| ?/2 for any z* satisfying
¢(z*) = ¢.. The second inequality now follows from the previous observation and the
definition of dj in (3.14).

(b) This statement follows immediately from the first inequality in (a) and (3.5). O

In the above analysis, we have assumed that ¢ is quite general. For the remainder of this
chapter, we derive results that use the composite structure underlying ¢, i.e. ¢ = f + h where

f and h satisty conditions (Al)-(A3).

3.2.2  Generating Stationary Points

In the previous subsection, we established that the GIPPF is able to generate a quadruple
(27, 2,0,€) which satisfies (3.16) for any 7 > 0. In this subsection, we present a refinement
procedure that uses the above quadruple to generate a pair (£,0) € Z x Z which, for suffi-
ciently small enough 7 > 0, satisfies (3.1).

We begin by presenting the aforementioned procedure in Algorithm 3.2.2.

Algorithm 3.2.2: CR Procedure

Require: he Conv (Z), feC(Z), zeZ, L>0, A>0;
Initialize: L) < L+ \7};

1: procedure CREF(f,h,z, L, \)
L
2: 2y <—argmin{ﬁf(u;z)+h(u)+?’\”u—2]2}
uezZ

3: Gr < La(z-2,)




4: U < ¢+ Vf(2)=-Vf(2)
5: er < h(2) -h(z) (¢ - Vf(2),z-2)
6: return (2., G, Uy, &)

The result below, whose proof can be found in Appendix D, presents some important

properties about the CR procedure (CRP).

Proposition 3.2.5. Let (2., ¢, v, &,) and Ly be generated by the CRP where ( f,h) satisfy

assumptions (Al)-(A2). Then, the following statements hold:
(@) q-€Vf(z)+0:h(z)ande, >0;

(b) v, € Vf(z.)+0h(z.) and
Ly 9
(f+0)(2) = (f +h)(z) 2 |z = 2%

(c) if the inputs f, h, \, and z satisfy

o eag()\[f+h] N %| -_z—n?)(z),

1 1 (3.18)
Tz -z+vl<p, Se<e
forsome (p,€) e R2, and (27,0,€) € Z x Z xR, then
max{m, M _ —
ol < (1 22 1)t <peR T G

The above proposition shows that if (7, £, z, z7) satisfies the inclusion in (3.18) and the
residuals £/ and ||z~ — z + 0| /A are sufficiently small enough relative to some tolerance p,
then the CRP generates a pair (£, 0) that solves Problem 3.1.1. Since, Corollary 3.2.4 shows
that instances of the GIPPF are able to send the aforementioned residuals to zero along some

subsequence, one approach is to iterate an instance of the GIPPF and check if the output
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of a call to the CRP, as above, satisfies (3.1). The AIPPM is essentially one method that

implements this approach.

3.2.3 Instances of the GIPPF

In this subsection, we briefly discuss some specific instances of the GIPPE
Recall that, for given stepsize A > 0 and initial point z, € Z, the CGM in Algorithm 2.2.1

for solving N'CO recursively computes a sequence {zj } >1 given by

2}, = argmin {)\ [0y (u; z-1) + h(u)] + % |z - Zk_1|2} : (3.20)

uez

Note that if h is the indicator function of a closed convex set then the above scheme reduces
to the classical projected gradient method.
The following result, whose proof can be found in Appendix A, shows that the CGM

with A sufficiently small is a special case of the GIPPF in which A\, = A forall k& > 1.

Proposition 3.2.6. Let {z};>1 be generated by the CGM with A\, = A < 1/m and A < 2/ M

for every k > 1, and define vy, := z;,_1 — 2, and
N 1 2
R [g(zk) by 2k0) + 5Lk 2ha ] | (3.21)

Then, for every k > 1, the quadruple (\g, 2k, Ux, £ ) satisfies the inclusion (3.4) with ¢ = g+ h,
and the relative error condition (3.5) with o := (AM + 2) /4. Thus, the CGM can be seen as an

instance of the GIPPF.

Under the assumption that A < 2/M and g € Cy(Z2), it is well-known that the CGM
solves Problem 3.1.1 in O([¢(z0) — ¢.]/[Ap?]) iterations. On the other hand, under the
assumption that A < 1/M and g € Cj(Z), we can easily see that the above result together
with Corollary 3.2.4(b) imply that the CGM solves Problem 3.1.1 in O(Rx¢(z0)/[A2p?])

iterations.
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We now make a few general remarks about our discussion in this subsection so far. First,
the condition on the stepsize A of Proposition 3.2.6 forces it to be O(1/M ) and hence quite
small whenever M > m. Second, Corollary 3.2.4(b) implies that the larger A is, the smaller
the complexity bound (3.17) becomes. Third, letting A, = A in the GIPPF for some A < 1/m
guarantees that the function Ay¢ + | - —2z;-1[?/2 that appears in (3.4) is convex.

In the remaining part of this subsection, we briefly outline the ideas behind an acceler-
ated instance of the GIPPF which chooses A = O(1/m). First, note that when ¢ = 0, (3.4)

and (3.5) imply that (7, &) = (0,0) and
1 2
0eo ()\k¢ + EH : _Zk—lH ) (Zk) (322)

and hence that z;, is an optimal solution of the prox-subproblem

1
2}, = argmin {A;@(z) + 5 |z - zk1H2} ) (3.23)

zeZ

More generally, assuming that (3.5) holds for some o > 0 gives us an interpretation of 2y, to-
gether with (0, £x), as being an approximate solution of (3.23) where its (relative) accuracy
is measured by the o-criterion (3.5). Obtaining such an approximate solution is generally
difficult unless the objective function of the prox-subproblem (3.23) is convex. This suggests
choosing A\, = A for some A < 1/m which, according to a remark in the previous paragraph,
ensures that A\;¢ + (1/2)] - ||? is convex for every k, and then applying an ACGM, e.g. Al-
gorithm 2.2.2, to the (convex) prox-subproblem (3.23) to obtain z; and a certificate pair
(O, € ) satisfying (3.5). An accelerated prox-instance of the GIPPF obtained in this manner

will be the subject of Section 3.3.
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3.3  Accelerated Inexact Proximal Point (AIPP) Method

The main goal of this section is to present another instance of the GIPPF where the triples
(2k, Uk, €k ) are obtained by applying an ACGM, e.g. Algorithm 2.2.2, to the subproblem
(3.23). It contains two subsections. The first one discusses some new results of the ACGM
which will be useful in the analysis of the accelerated GIPP instance. The second one presents
the accelerated GIPP instance for solving A'CO and derives its corresponding iteration com-

plexity bound.

3.3.1  Key Properties of the ACGM

The main role of the ACGM is to find an approximate solution z;, of subproblem (3.4) to-
gether with a certificate pair (0, £ ) satisfying (3.4) and (3.5). Indeed, since (3.23) is a special
case of CO, we can apply the ACGM (see Algorithm 2.2.2) with z = z;_; to obtain the triple
(2k, Ok, € ) satisfying (3.4) and (3.5).

The following result analyzes the iteration complexity of computing the aforementioned

triple.

Lemma3.3.1. Let {(A;,y;,7,1;)};>1 be the sequence generated by the ACGM applied to CO,

where:
(i) 1y, € Conv (Z) and 15 € F, 1 (dom,) for some L >0 and j1 > 0;
(ii) A\, = 1/L forevery k > 1.

Then, for any o > 0 and index j such that A; > 2(1 + /0 )?/o, we have

731 + 205 < o lyo =y + 751" (3.24)

As a consequence, the ACGM obtains a triple (y,r,n) = (y;,7;,m;) satisfying

redy (s +n)(y) rl*+2n<ofyo -y +r|?
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in at most

o o [REC ]

iterations, where log; () := max{log(-), 1}.
Proof. See Appendix B. O

Note that the above lemma holds for any ;2 > 0. On the other hand, the next two results
hold only for ;2 > 0 and derive some important relations satisfied by two distinct iterates of

the ACGM.

Lemma 3.3.2. Let {(A;,y;,75,m;)}js1 and (1s,1),) be as in Lemma 3.3.1 with ;1> 0. Then,

(1- A ™) Iy = wol < Jys - wol < (1+ (A7) ly" = wol ¥i21,  (3.29)

where y* is the unique solution of CO. As a consequence, for all indices i,7 > 1 such that

A > 1, we have

1+ [A-p]_l/2
ly; — 2ol < (W |z = o] (3.26)

Proof. First note our assumption on ¢; combined with CO imply that ¢y € F,,(Z). Hence, it
follows from Proposition 2.2.3(d) that

ﬁ o *2< N * <L * 2
2IIyg yrI1* < v (y;) w<y>_2Aij Yol

and hence that
1

Ajp

ly; —y*| < ly* = ol (3.27)

The inequalities

ly* = 2ol = lly; =y < Iy —wol < ly; =v* Il + ly* = wol,
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which are due to the triangle inequality, together with (3.27) clearly imply (3.25). The last

statement of the lemma follows immediately from (3.25). O

As a consequence of Lemma 3.3.2, the following result obtains several important rela-

tions on certain quantities corresponding to two arbitrary iterates of the ACGM.

Lemma 3.3.3. Let {(A;,y;,7;,1;)}j>1 and (s, 1y, ) be as in Lemma 3.3.1 with j1 > 0. Let i

be an index such that A; > max{8,9/u}. Then, for every j > i, we have

4 2
ly; —voll <2|yi —wol, |rj] < A_”yz -yl m < A_H% - yol?, (3.28)
J J

1
A

J

8
et s (10 omwenl msS-uenl 629

J
Proof. The first inequality in (3.28) follows from (3.26) and the assumption that A;;x > 9.

Now, using Proposition 2.2.3(b) and the triangle inequality for norms, we easily see that

Iryl < =] H <o I
J A Yi — Yo 1; 24; Yi — Yo

which, combined with the first inequality in (3.28), prove the second and the third inequal-
ities in (3.28). Noting that A; > 8 by assumption, Lemma 3.3.1 implies that (3.24) holds with

o =1 and j = i, and hence that
Irill < lyo = yi + il (3.30)

Using the triangle inequality, the first two inequalities in (3.28) and relation (3.30), we con-

clude that

4
R R e Y E R CRa [
J

4
(20 ) mo-sent s (40 - we

J
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and that the first inequality in (3.29) holds. Now, the last inequality in (3.28), combined with

the triangle inequality for norms and the relation ||a + b|? < 2||a|? + 2||b||? for every a,b € Z,

imply that
1y < o = il <~ (lyo =9 + il + I f?).
T A, A;
Hence, in view of (3.30), the last inequality in (3.29) follows. O

3.3.2  Statement and Properties of the AIPPM

This subsection presents and analyzes the AIPPM for solving Problem 3.1.1. The main results
of this subsection are Theorem 3.3.5 and Corollary 3.3.6 which give the iteration complexity

of the AIPPM.

In order to state the method, we first state two ACG instances in Algorithm 3.3.1 that use

terminations which are related to (3.5).

7

Algorithm 3.3.1: ACG Instances for the AIPPM

Require: 0 >0, (u,L)eR2,, v, €Conv (Z), ¥, eF,.(Z), yo€Z;

1: procedure ACG1(vg, Yy, Yo, 0, ity L)

2 fork=1,...do

4: Generate (Ay, yx, Tk, Nk ) according to Algorithm 2.2.2.

5 if |r]|? + 20k < olyo — yx + 7% |? and Ay, > max {8,9/u} then
6 return (yg,7x)

Require: (7,0) € RZ, (u,L) e R2,, ¢, € Conv (Z), 1, € F,r(doma,), yo€ Z;
1: procedure ACG2(¢s, ¥, Yo, 0,1, 14, L)
2 fork=1,...do
3 A, < 1/L
4: Generate (g, 7k, Nk ) according to Algorithm 2.2.2.
5 if |72 + 2n% < ollyo — yi + 7% |? and 7, < 7) then
6 return (yx, 7%, Nk )

We now state the AIPPM in Algorithm 3.3.2, which uses the ACGM instances in Al-
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gorithm 3.3.1 and the CRP in Algorithm 3.2.2. Given a starting point z;, € Z and stepsize
A € (0,1/m), its main idea is to repeatedly apply the ACGM at its k! iteration to approxi-

mately solve the subproblem

wip (A + D))+ 512 - 5]

This process is iterated until the residuals || zx_1 — 25 + U | /A and &, generated by the ACG
call, are sufficiently small relative to p. A call to the CRP is then made to generate a pair

(2,0) that solves Problem 3.1.1.

4 '

Algorithm 3.3.2: AIPP Method

Require: p > 0, o € (0,1), (m,M) € R?, h € Conv (Z), f € Court(Z), X €
(0,1/m), zo€ Z;
Initialize: ;1< 1-Am, L« 1+AM, p< p/4, &<« p*/(32[max{m, M} + \']);

1. procedure AIPP(f, h, 2o, \,m, M, o, p)
e fork=1,...do

3 Attack the k™ prox subproblem.

4 Ys <A+ -z [?/2

5: (21, Dr, €x) < ACGL(Y¥, AR, 241, 0, 11, L)

6: if |2k-1 — 2 + Uk | < Ap/5 then

7 Attack the last prox subproblem.

8 (2,0,€) <« ACG2(¢¥, 1y, zp-1,0, A&, i, L)
9: (2,4,0,é) < CREF(f, h, z,max{m, M}, \)
10: return (2,0)

Some comments about the AIPPM are in order. To ease the discussion, let us refer to
the ACG iterations performed in Line 5 and Line 8 of the method as inner iterations and
the iterations over the indices k as outer iterations. First, in view of the last statement of

Lemma 3.3.1 and the termination conditions given in Algorithm 3.3.1, each ACGM call al-
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ways stops and outputs a triple (z, 0, €) satisfying

1
50 (AL + R+ gl mmer ) ), 0P + 28 < ol - 24

(3.31)

at the kth outer iteration. Second, in view of the first comment, the outer iterations can be

viewed as iterations of the GIPPF applied to N'CO. Finally, the goal of the ACGM call in

Line 8 is to obtain a triple (z, 7, ) with a possibly smaller £ while preserving the quality of

the quantity |zx_1 — Z + 9||/\, which at its start is bounded by (Ap)/5 and, throughout its

inner iterations, can be shown to be bounded by A\p (see (3.36)).

The next proposition summarizes some basic facts about the AIPPM.

Lemma 3.3.4. Let (p, &) be as in the initialization phase of the AIPPM. Then, the following

statements about the AIPPM hold:

(a) at each outer iteration, its call to the ACGM in Line 5 stops and finds a triple (z, 7, €)

(b)

satisfying (3.31) in at most

N [ 220+ V0) 6 "
k[ { NG ’m}”w]

inner iterations;

(3.32)

its last call to the ACGM in Line 8 stops with an output triple (z, 0, €) satisfying

M)

. 1 1 .
veag()\gb+§|-—zk_1||2)(z), X\|zk_1—z+v||£p, E<XA

in at most

1-Am 5VE

- [2 2(1 +)\M) og! (2,5\/2()\M+ 1))\) X 1]

inner iterations, where log7 () := max{log(-), 1};
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(c) it is a special implementation of the GIPPF in which \;, = A for every k > 1;

(d) it stops with an output pair (2, ) that solves Problem 3.1.1 in at most

ko i [M . 11 (3.35)

(1-0)2\2p2
outer iterations, where Ry¢(+) is as defined in (3.10);

(e) for every k > 1, its sequence of iterates {zj }x>1 and output point Z satisfy ¢(z1) >

¢(zk) 2 0(2).

Proof. All line numbers referenced in this proof are with respect to the AIPPM in Algo-
rithm 3.3.2. Moreover, let (y, L) be as in the initialization phase of the AIPPM.

(a) In view of assumptions (A1)-(A2), it holds that for every k& > 1 we have ¢% € F,, 1 (Z)
and ¥¥ € Conv (Z). Hence, it follows from the last statement of Lemma 3.3.1 and the

definition of L that the ACGM obtains a triple (z, 0, £) satisfying (3.31) in at most

(57

inner iterations. On the other hand, in view of Proposition 2.2.3(c) with \; = 1/L for every

i > 1 and the definitions of + and L, the condition A > max{8,9/u} requires at most

() e

inner iterations. Combining the previous two inner iteration bounds yields the desired con-
clusion.

(b) Consider the triple (zy, Uk, £y ) obtained in the last call to Line 5. In view of the
termination criteria in this call, there exists an index k& > 1 such that (2, 0%, £y is the jth
iterate of the ACGM started from v, = zj,_; with A; > max{8,9/u}, and hence, the index j

satisfies the assumption of Lemma 3.3.3. It then follows from (3.29), Line 6, the first remark
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following the AIPPM, and Proposition 2.2.3(c) with \; = 1/L for every i > 1, that the call to

the ACGM in Line 8 stops and outputs a triple (z, 0, €) satisfying the inclusion in (3.33), the
bound

<7, (3.36)

G2 g e

1
Slera -2+ 0l < (4+%)

J

_ 8\2p%  8LA2p? 7 -2(J-1)
< < 1 — . 3.37
"2 954; ° 25 ( +\/2L) (337)

Using the stopping criterion for the ACGM instance in Line 8, the inequality for £ above, the

and the bound

definitions of 1 and L, and the relation that log(1 + ¢) > ¢/2 for all ¢ € [0, 1], we can easily
see that £ < A\¢ and (b) holds.

(c) This statement is obvious.

(d) The bound on the number of outer iterations follows by combining (c), the stopping
criterion in Line 6, and Corollary 3.2.4(b) with p replaced by /5.

To show that the output pair (2, 0) solves Problem 3.1.1, we first note that part (b) implies
that the output (z, 0, €) of Line 8 satisfies (3.18) with z~ = z;_;. It now follows from the call to
the refinement procedure in Line 9, Proposition 3.2.5(b)-(c) with (2., v,,27) = (2,0, zx_1),

and the definitions of p and &, that 0 € V f(2) + Oh(2) and

o] <2 [ﬁ+ \/25‘(max{m,M} + )\*1)] <92 [g + g] <P,

which is exactly (3.1).

(e) This follows from Line 9, Lemma 3.2.2, and Proposition 3.2.5(b) with z, = 2. O

We now state one of our main results of this chapter, which is the iteration complexity of the

AIPPM for solving Problem 3.1.1. Recall that the AIPPM assumes that A < 1/m.

Theorem 3.3.5. The AIPPM outputs a pair (Z,0) that solves Problem 3.1.1in

AM +1 Raé(20) .
(@) (\/min {o,1-Am} [(1 —0)2\2)? +log] (AM)]) (3.38)
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inner iterations, where Rx¢(+) is as in (3.10) and log; (+) := max{log(-),1}.

Proof. First, note that the total number of inner iterations in a call of the AIPPM is kr :=
krko + ki, — where k1, ko, and ky, are as in Lemma 3.3.4(a), (d), and (b), respectively. Using
the fact that A < 1/m, and hence log] (Amax{m, M}) = O(log] (AM)), it is straightforward
to verify that k7 is on the same order of magnitude as in (3.38). The fact that (2,0) solves

Problem 3.1.1 follows from Lemma 3.3.4(d). ]

Note that the AIPP version in which A = 1/(2m) and o = 1/2 yields the best complexity
bound under the reasonable assumption that, inside the squared bracket in (3.38), the first
term is larger than the second one.

The following result describes the number of oracle calls performed by the AIPPM with

A=1/(2m)and o =1/2.

Corollary 3.3.6. The AIPPM with inputs \ = 1/(2m) and o = 1/2 outputs a pair (Z,0) that

solves Problem 3.1.1 in

O( M lmzR”(?m)gb(zO) +log’ (%)]) (3.39)

1
m p?

oracle calls, where R)¢(+) is as in (3.10) and log; (+) := max{log(-), 1}.

Proof. This is immediate from Theorem 3.3.5, the definition of log] (+), and the fact that the

ACGM uses O(1) oracle calls per iteration. O

We now make a few remarks about the iteration complexity bound (3.39) and its relation-
ship to two other ones obtained in the literature under assumption that: (i) m < M; and (ii)
the term O(1/p?) in (3.39) dominates the other one. First, using the definition of R\ (z)

and the first assumption, it is easy to see that the complexity bound (3.39) is majorized by

0( v ;M min {¢(z) - gzﬁ*,mdg}) (3.40)
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where d is as in (3.14). Second, since the iteration complexity bound for the CGM with \ =
1/ M is O(M[¢(20) — ¢+ ]/p?) (see the discussion following Proposition 3.2.6), we conclude
that (3.40), and hence (3.39), is better than the CGM bound by a factor of \/M—/m Third,
bound (3.40), and hence (3.39), is also better than the one established in [30, Corollary 2] for
an ACGM applied directly to NCO by at least a factor of \/M—/m Note that the accelerated

method of [30] assumes that the diameter of Z is bounded while the AIPPM does not.

3.3.3  Lower Complexity Bounds

Lower complexity bounds have recently been established in [116] for the complexity of find-

ing solutions of Problem 3.1.1. The result below gives its precise statement.

Theorem 3.3.7. Consider any algorithm A that solves Problem 3.1.1 under assumptions (Al)-
(A3) and the assumption that h = 0. For an initial point zo € Z, if the iterates { zy, } x»1 generated
by A satisfy

zpeLin{zo, ..., 2.1,V f(20), .., Vf(zr)} VEk>1 (3.41)

where Lin S denotes the linear span of a set of elements S, then A requires

(3.42)

Q(W o6z -0

iterations to generate a solution of Problem 3.1.1.

We now make two remarks about the above result. First, since (3.42) is a lower com-
plexity bound for the case of A~ = 0 it is also a lower complexity bound for the case of
h € Conv (Z). Second the linear-span requirement in (3.41) is more restrictive than the
one considered in this chapter. Finally, in view of the remarks following Corollary 3.3.6, the
AIPPM of this chapter achieves the lower complexity bound (3.42) up to a multiplicative

constant.
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3.4 Conclusion and Additional Comments

In this chapter, we presented an accelerated inexact proximal point method for obtaining
approximate stationary points of an unconstrained NCO problem whose objective function
is the sum of two functions i € Conv (Z) and f € C,, 5/ (dom h) for some (m, M) € R2,.
The method consists of inexactly solving a sequence of proximal subproblems using an ac-
celerated composite gradient method. We then established an O(p?) iteration complexity
bound for finding p-approximate stationary points which was observed to be complexity
optimal in terms of m, M, and p for a large class of linear-span first-order methods.

The next chapter uses the developments in this one to develop methods for solving a

class of set-constrained NCO problems.

Additional Comments

We now give a few additional comments about the results in this chapter.

First, the AIPPM improves on the complexity in [18] by a factor of log( M /p). Second,
the AIPPM is a variant of the AIPP method in [46]. More specifically, the AIPPM of this
chapter checks conditions (3.4) and (3.5) at every inner iteration while the AIPP method in

[46] merely prescribes a fixed number of inner iterations per outer iteration.

Future Work

It would be worth investigating if the AIPPM also achieves the lower complexity bound for
general first-order methods which do not necessary require condition (3.41). Currently, a
lower bound [19, 20] is only known for case where f € C;,(Z) for some L > 0. Additionally, it
would be interesting to see if the behavior of the AIPPM, or a variant of its, under a stochas-
tic oracle (as opposed to a deterministic one). Finally, it would be worth investigating the

properties of a non-Euclidean AIPPM which is based on Bregman distances.
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CHAPTER 4
FUNCTION CONSTRAINED COMPOSITE OPTIMIZATION

Our main goal in this chapter is to describe and establish the iteration complexity of
two methods for finding approximate stationary points of the function constrained NCO
(CNCO) problem

min {¢(2) = f(2) + h(2) : g(2) € S} (CNCO)

where Z is a finite dimensional inner product space, h € Conv (Z) for some Z € Z, f €
Conm(Z) for some (m, M) e R2,, g € C(Z),and S € R is a closed convex set over some
finite dimensional inner product space R.

The first method is a quadratic penalty method for solved linearly set-constrained in-
stances of CNCO., i.e. g is linear, whereas the second method is an inexact proximal aug-
mented Lagrangian method for solving nonlinearly cone-constrained instances of CNCO,
i.e. g is (possibly) nonlinear and S is a closed convex cone. Throughout our presentation,
it is assumed that efficient oracles for evaluating the quantities f(2), Vf(2), g(2), Vg(2),

and h(z) and for obtaining exact solutions of the subproblems
i W)+ 5zl in ol
min (z)+§|z—z0 ;- min =7

for any zp € Z,r € R, and A > 0, are available. Moreover, we define an oracle call to be a
collection of the above oracles of size O(1) where each of them appears at least once.

Given tolerance pair (p,7) € R2,, it is shown that both methods obtain a solution pair

(12,51, [#, ) satisfying

0eVf(2)+0h(2)+Vg(2)p, g(2)+GeS @
4.1

A~ ~

[oll < p,

A ~

Iq] <,

in a number of oracle calls that depends on the tolerance pair (9, 7). More specifically, the
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quadratic penalty method obtains the above conditions in O(p~27)7!) oracle calls, while the
augmented Lagrangian method does this in O([7)~1/2p=2+ p=3]log, [p~* +7)~']) oracle calls.
It is worth mentioning that the no regularity conditions are needed for the quadratic penalty
method and only a Slater-like condition is needed for the augmented Lagrangian method.

The content of this chapter is based on papers [46, 48] (joint work with Jefferson G. Melo

and Renato D.C. Monteiro) and several passages may be taken verbatim from it.

Related Works

We first review methods that consider the case where g is linear. The complexity analysis
of a first-order quadratic penalty method for the case where f is convex, h is an indicator
function, was first given in [51] and further analyzed in [4, 72, 78]. Aside from [46], papers
[47, 49, 62] are other works that establish the iteration complexity of quadratic penalty-based
methods. For the case where S = {b}, paper [42] proposes a penalty ADMM approach which
introduces an artificial variable y in CA/CO and then penalizes y to obtain the penalized

problem

min{£(2) + (=) + Syl Av+y =}, (42)

which is then solved by a two-block ADMM. It is then shown in [42, Remark 4.3] that the
overall number of composite gradient steps performed by the aforementioned two-block
ADMM penalty scheme for obtaining an approximate stationary point as in (4.1) is O(57°)
when: 7) = p, the level sets of f + h are bounded, and the initial triple (zo, yo,po) satisfies
(Y0,p0) = (0,0), Az = b, and 2, € dom h.

We now turn our attention to augmented Lagrangian (AL) methods that consider gen-
eral (possibly nonlinear) functions g. Since AL-based methods for the convex case have
been extensively studied in the literature (see, for example, [4, 5, 51, 52, 66, 78, 93, 111]), we
focus on papers that deal with nonconvex problems. Moreover, we concentrate on those

dealing with proximal augmented Lagrangian (PAL) based methods, i.e. the ones for which
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the “inner” subproblems are of (or close to) the form in (4.26), and only those that estab-
lish iteration complexities. Paper [40] studies the iteration complexity of a linearized PAL
method under the restrictive assumption that 2 = 0. Paper [35] introduces a perturbed
0-AL function, which agrees with the classical one (see (4.25)) when 6 = 0, and studies a
corresponding unaccelerated PAL method whose iteration complexity is O(7;7* + p=*) un-
der the strong condition that the initial starting point is feasible with respect to the constraint
g(z) € S. Paper [70] analyzes the iteration complexity of an inexact proximal accelerated
PAL method based on the aforementioned perturbed AL function and shows, regardless of
whether the initial point is feasible, that an approximate stationary point as in (4.1) is ob-
tained in O(n~'p=2logn!) ACG iterations and that the latter bound can be improved to
O(H~2p=2log/~!) under an additional Slater-like assumption. Both papers [35, 70] as-
sume that 6 € (0,1], and hence, their analyses do not apply to the classical PAL method.
In fact, as 6 approaches zero, the universal constants that appear in the complexity bounds
obtained in [35, 70] diverge to infinity. Using a different approach, i.e. one that does not rely
on a merit function, paper [69] establishes the iteration complexity of an accelerated PAL
method based on the classical augmented Lagrangian (see (4.25)) and Lagrange multiplier
update (see (4.27)).

For the case where S is a closed convex cone -k, each component of g is K-convex, and
IC = {0} x R%, i.e. the constraint is of the form g(z) = 0 and/or g(z) < 0, papers [58, 101]
present PAL methods that perform Lagrange multiplier updates only when the penalty pa-
rameter is updated. Hence, if the penalty parameter is never updated (which usually happens
when the initial penalty parameter is chosen to be sufficiently large), then these methods
never perform Lagrange multiplier updates, and thus they behave more like penalty meth-
ods. Paper [57] studies a hybrid penalty/augmented Lagrangian (AL) based method whose
penalty iterations are the ones which guarantee its convergence and whose AL iterations are
included with the purpose of improving its computational efficiency. For the case where ¢ is

not necessarily KC-convex and IC = {0}, i.e. the constraint is of the form g(z) = 0, paper [110]
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analyzes the complexity of a PAL method under the strong assumption that: (i) h = 0; (ii)
the smallest singular value of V¢(x) is uniformly bounded away from zero everywhere; and,
optionally, (iii) the initial starting point is feasible with respect to the constraint g(z) € S.
Finally, we discuss other papers that have motivated the developments in [48] or are
tangentially related to it. Paper [13] considers a primal-dual proximal point scheme and
analyzes its iteration-complexity under strong conditions on the initial point. Papers [114,
115] present a primal-dual first-order algorithm for solving CNCO when h = dp and P is
a box (in [115]) or more generally a polyhedron (in [114]). They also show that the primal-

dual algorithm obtains an approximate stationary point as in (4.1) in O(5~2) iterations when

~

p=1.
Organization

This chapter contains two sections. The first one presents an accelerated quadratic penalty
method for solving linear set-constrained instances of CNCO. The second one presents
an accelerated augmented Lagrangian method for solving nonlinearly cone-constrained in-

stances of CA'CQ. The last one gives a conclusion and some closing comments.

4.1 Composite Optimization with Linear Set Constraints

The quadratic penalty method is a popular optimization method for solving convex com-
posite optimization problems with functional constraints g(x) < 0 where g : R® » R™ is

convex in each of its entries. Denoting the function

Le(z;p) = ¢(x) + 2% [ max{0,p+cg(2)}]* ~ p]*] (4.3)
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as the augmented Lagrangian of the constrained problem min,g-{¢(z) : g(x) < 0}, the

penalty method generates iterates {xy, }x»1 according to the update

xy = argmin L, (z;pg), (4.4)

zeR™

for some sequence of penalty parameters { ¢ } x»1 and multipliers {py } k1. For the case where
h is the indicator of a closed convex set, it is known (see, for example, [11, Proposition 4.2.1])
that if 0 < ¢, < c4q for every k > 1 and ¢, — oo then every limit point of the sequence
{zy} is a global minimum of the constrained problem. Moreover, under some additional
regularity conditions, it can be shown (see, for example, [11, Section 4.2.1]) that the sequence
{max{0, py + ckg(xr)} }x>1 converges to a Lagrange multiplier of the constrained problem.

Our main goal in this chapter is to describe and establish the iteration complexity of an
accelerated inexact proximal quadratic penalty (AIP.QP) method for finding approximate

stationary points of the linearly set-constrained NCO problem

Oy =min{e(2) = f(2) +h(z): Az € S}, (CNCO[a))

zeZ

where A : Z — R is linear, the feasible set is nonempty, and the functions f and h are as
described at the beginning of the chapter.

The AIP.QP method (AIP.QPM) is based on the smooth quadratic penalty function
Fu(2) = f(2) + gdistQ(Az, S) VzeZ Ve>O. (4.5)

and it uses the AIPPM of Chapter 3 to generate its /'! iterate: given ¢y, find an approximate

stationary point Z of the NCO problem

b = min (i, (2) = o (2) 4 h(2)) (46)
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and check if it is approximately feasible, i.e. dist(\AZ, S) ~ 0; if it is not, then multiplicatively
increase ¢, by some factor and go the next iteration.

For a given tolerance pair (p,7) € R2, and a suitable choice of A, the main result of this
chapter shows that the AIP.QPM, started from any point 2, € Z obtains a pair ([ 2, p], [?, ])

satisfying the approximate stationarity conditions

DeVF(3)+OR(E) + AP o] <p (4.7)

Az+qesS g <q (4.8)

in at most

. -mi 5. — Da 2 "
of /B [t (20
m p m
oracle calls, where dy = min,ez{|zo — 2. : ¢(2.) = ¢.}, log; (-) = max{1,log(:)}, ©; =
O(M + || A||?/9?), and ¢ is a positive scalar for which ¢; as in (4.6) with ¢, = ¢ is finite.

It is worth mentioning that this result neither assumes that Z is bounded nor that

CNCO[a] has an optimal solution.

Organization

This section contains three subsections. The first one gives some preliminary references and
discusses our notion of a stationary point given in (4.7) and (4.8). The second one presents
some key properties of the penalty approach. The last one presents the AIP.QPM and its

iteration complexity.

4.1.1 Preliminaries

This section enumerates the assumptions on problem CA'COJa], states the main problem
of interest, and discusses the notion of an approximate stationary point given in (4.7) and

(4.8).
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It is assumed that ¢ = f + g satisfies assumptions (A1)-(A2) as well as the following

assumptions:

(Bl) A: Z +~ R isanonzero linear operator, S € R is a closed convex set, and the feasible

region F := {z € Z : Az € S} is nonempty;

(B2) there exists ¢ > 0 such that ¢, > —oo, where
Pe = inzf {pc(2) = fe(2) +h(2)}, Ve=0, (4.9)

where f.() is as in (4.5).

We now make three remarks about the above assumptions. First, the above assumptions
imply that the optimal value of CA'CO[a] is finite but not necessarily achieved. Second,
assumption (B2) is quite natural in the sense that the penalty approach underlying the
AIP.QPM would not make sense without it. Third, it is well-known that a necessary condi-
tion for z* € Z to be a local minimum of CN'CO[a] is that z* be a stationary point of f + h,
i.e. there exists p* € R such that 0 € V f(2*) + Oh(2z*) + A*p* and A*z € S.

In view of the above assumptions and remarks, we are interested in solving the problem

given in Problem 4.1.1.

{ 3

Problem 4.1.1: Find an approximate stationary point of CN'CO|a]

Given (p,n) € R2,, find a pair ([2,p],[0,q]) € [Z x R] x [ Z x R] satisfying conditions

(4.7) and (4.8).

4.1.2  Key Properties of the Quadratic Penalty Approach

We begin with some basic properties about the penalty function (. and some of its related

quantities.
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Lemma 4.1.1. Let (f,h) be a pair of functions satisfying assumptions (A1)-(A2) and (BI)-

(B2), F be as in assumption (Bl), (¢, e, p.) be as in assumption (B2), and the functions
R \(+) and Ry (+,-) be as in (3.10). Moreover, define

R{(2) = in]f__RA@/J(u; 20), (4.10)
for any function i : Z + (—o00,00], scalar A\ > 0, and point zy € Z. Then, the following
statements hold for every scalar ¢ > ¢, scalars A\, \ € R, satisfying A > ), and point z € Z:

(a) Qo> pe>—00and p.(u) = pa(u) for every u € F;
(b) Rape(u;20) < Rype(u; 20) for every u € F, and hence, R c(20) < RY ¢e(20);

(c) if z* is an optimal solution of CN'CO[a), then
F 1 *)|2 s
By ge(20) < 5llzo =277+ A[on - 2]

where @, is as in CNCO[a].

Proof. (a) The fact that ¢, > —oo is from assumption (B2). The fact that p.(u) = @a(u) for
every u € F immediate from the definitions of ¢, and F. The remaining inequality follows
from the definition of . and the assumption that ¢ > ¢.

(b) The first set of inequalities is immediate from part (a) and our assumption on (\, \).
The second one follows from the definition of Rf ©¢(+) in (4.10).

(c) This is immediate from the definition of R ¢ (-) in (4.10). N

Note that, similar to (3.11), it is straightforward to show that the function R #%(-) in

(4.10) satisfies

RE0(20) = A ea(t+ ) () = nf (64 05) ().

62



The next result shows how a solution of Problem 3.1.1 with f = f. is related to the con-

ditions in Problem 4.1.1.

Lemma 4.1.2. Given p > 0 and ¢ > 0, let (2,0) be a solution of Problem 3.1.1 with f = f. as

in (4.5). Moreover, define the quantities

p=c[Az-TIs(A2)], q=TIs(A2) - Az,
Then the following statements hold:
(a) the pair ([2,p],[0,q]) satisfies (4.7) and the inclusion in (4.8);

(b) it holds that
A 2 c ZA/ - Aé
“q“zS [90 (_)A ¥ ]
c—¢C

Proof. (a) Using Lemma E.2.1(b) with I = S and the Chain Rule, it follows that
VIe(2) = V[f(2) +cA [AZ - 1I5(A2)] = Vf(Z) + A"p,

and hence, by the definition of Problem 3.1.1 with f., it holds that (2, p, 0) satisfies (4.7). On
the other hand, the inclusion (4.8) follows immediately from the definition of g.

(b) Using the definition of ¢, it holds that
bt (%) dist?(A%, 8) < pa() + (%) dist?(A2, 5) = gu(2).
Rearranging the above inequality and using the fact that || = dist(AZ, S), it holds that

~ . 2 2 c Z) - Aé
|G| = dist*(Az,S) < w

We now describe the behavior of a GIPP instance (see Chapter 3) applied to (4.9).
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Lemma 4.1.3. Let §, ¢, ., and R p.(-) be as in Lemma 4.1.2, and suppose {(z, Uk, &) }rs1
is a sequence generated by an instance of the GIPPF (see Algorithm 3.2.1) for some {\x }r>1
and zy € Z with ¢ = @, for some c > ¢. Moreover, let 1) € R, , be given and define

2- R pe(20)

Tﬁ(/\):=é+[ ) ]ﬁ‘Q VAeR,., (4.11)

where R} @:(+) is as in (4.10). Then, for every z € Z such that ¢.(2) < ¢.(z1), it holds that

TN — &7
||q||25[ ol clzé Uiy (4.12)

As a consequence, if ¢ > Ty (A1) then ||| < 7.

Proof. Let % € Z be such that p.(2) < p.(z1). Using Lemma 3.2.2 with k = 1, the previous

bound, and Lemma 4.1.1(a), it holds that

(pc(é) - @é < (pc(zl) - @é

u - 2.

. 1

< pe(u) = P + m”
. 1 2

= pe(u) = P + m“u 2o

1

. 1
*N(-0) (Al [pe(u) = @e] + Sllu - ZOP) Vue F.

Taking the infimum of the above bound over u € F and using the definition of R} ¢:(20),

we conclude that
Rf%(zo)

N=0) (4.13)

900(2) — Qe <

Using (4.13), Lemma 4.1.2(b), and the definition in (4.11) yields (4.12). The last conclusion

follows immediately from (4.12) and the assumption that ¢ > 75 (\). O

We now make some remarks about the above result. First, it does not assume that F,

and hence Z, is bounded. Also, it does not even assume that CN'CO[a] has an optimal solu-

64



tion. Second, it implies that all iterates (excluding the starting one) generated by an instance
of the GIPPF applied to (4.6) satisfy the feasibility requirement, i.e. the last inequality in
(4.8), as long as ¢, is sufficiently large, i.e. ¢, > T;(A1). Third, since the quantity R ¢:(20),
which appears in the definition of 7} (\;) is difficult to estimate, a simple way of choosing
a penalty parameter ¢, such that ¢, > T;;(\;) is not apparent. This is why the AIP.QPM
solves instead a sequence of penalized subproblems (4.6) for a strictly increasing sequence
of penalty parameters {c,}s.;. Moreover, despite solving a sequence of penalized subprob-
lems, it is shown that its total number of oracle calls is the same as the one for the ideal
method corresponding to solving (4.6) with ¢; = T (\1).

Recall from Lemma 3.3.4 and Theorem 3.3.5 in Chapter 3 that the AIPPM: (i) generates
its iterates as an instance of the GIPPF; and (ii) outputs a pair (2, 0) that solves Problem 3.1.1
with ¢(2) < ¢(z1). In view of these facts, Lemma 4.1.2 and Lemma 4.1.3 show that the
AIPPM is a suitable candidate for solving 4.1.1 when it is given f = f. for a sufficiently
large enough ¢ > 0. It only remains to show that the AIPPM can be applied to (4.9). Since
assumption (Al) is that h € Conv Z, we show that f, satisfies the necessary smoothness

requirements in the result below.

Lemma 4.1.4. Suppose [ satisfies assumption (A2) and let f. be as in (4.5). For any ¢ > 0, it
holds that f. € C, 01, (Z) where M, := M + ¢| A%

Proof. Let Q(z) := dist*(Az,S)/2. Using Lemma E.2.1(a)-(b) with K = S and the Chain

Rule, it holds that

[vQ(2) - vQ(u)[ = [ A" ([Az - TIs(A2)] - [Au -5 (A2)]) ]
<[AJ-[[Az - Ts(A2) ] = [Au - TLs (Au)]|
< JAJ- Az = Au < [ A2 = ul,

and hence, Q) € F  4/2(Z). The conclusion now follows from assumption (A2) and the fact

that f. = f + cQ. O
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4.1.3  Statement and Properties of the AIP.QPM

This subsection describes and establishes the iteration complexity of the AIP.QPM.
We first state the AIP.QPM in Algorithm 4.1.1, which uses the AIPPM in Algorithm 3.3.2.
Given (o,)\) € (0,1) x (0,1/m) and 2 € Z, its main idea is to invoke the AIPPM to obtain

approximate stationary points of sequence of penalty subproblems of the form

min (£,,(2) + h(2))

where {c,} 51 is a strictly increasing sequence of penalty parameters that tend to infinity. At
the end of each AIPPM call, a pair ([Z,p],[0,q]) is generated that satisfies (5.32) and the

inclusion in (4.7), and the method terminates when the inequality in (4.8) holds.

{ 3

Algorithm 4.1.1: AIPQP Method

Require: (p,7) € R2,, o € (0,1), (m,M) € R% h e Conv (Z), f ¢
Coni(Z), ANe(0,1/m), zpeZ, A+0, SCR, ¢>0 satisfying (B2);
Initialize: ¢; < ¢+ (M + X1/ Al%;
1: procedure AIPQP(f,h, A, S, 2y,¢,\,m, M, o, p,n)
2: for/=1,...do
Attack the /' prox penalty subproblem.
for < £+ 5 - dist*(A(), )
My, < M + || A®
(257 @Z) S AIPP(wa h’7 20, )\7 m, Mcgv g, /A))
Pe < co[AZ - 15 (AZ)]
Ge < s (AZe) — A2
Either stop with a nearly feasible point or increase c;.
10: if |G¢|| < 7) then
11: return ([, ], [Dr, Ge])

12: Cop1 < 2Cp

o

Some comments about the AIP.QPM are in order. To ease the discussion, let us refer

to the AIPP iterations in each AIPP call as outer iterations, the ACG iterations performed
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inside each AIPP call as inner iterations, and the iterations over the indices ¢ as cycles.
First, it follows from Lemma 3.3.4(d) that the pair (2, 0) = (2, 0,) solves Problem 3.1.1 with
f = fe,- Asaconsequence, Lemma 4.1.2(a) implies that the output ([ 2, p], [0, ]) satisfies the
(4.7) and the first inequality in (4.8). Second, since every loop of the AIPQPM doubles ¢,
the condition ¢, > T} (A1) will be eventually satisfied. Hence, in view of the previous remark,
the g, corresponding to this ¢, will satisfy the feasibility condition || < 7) and the AIPQPM
will stop in view of its stopping criterion in Line 10. Finally, in view of the previous remarks,
we conclude that the AIPQPM terminates with a triple ([ 2, p], [0, ¢]) satisfying (4.7) and
(4.8).

The next result presents some basic properties of the AIP.QPM in consideration of the

above remarks.
Lemma 4.1.5. Let T},(-) be as in (4.11). The following statements hold about the AIPQPM:

(a) at the (*" cycle, its call to the AIPPM in Line 6 stops in

- R ~
0 \l AMi+1 2 2ez0) o () (4.14)

min {o,1 - Am} | (1-0)2A\2p?
inner iterations, where R 1(-) is as in (4.10), log; () := max{log(-), 1}, and

M;=M+27 ¢, || A]? Vix1. (4.15)

(b) if U is the first cycle where ¢, > T;;(\), then the AIPQPM stops and outputs with a pair

([2,p],[0,q]) that solves Problem 4.1.1 in at most (¢ cycles.

Proof. All line numbers referenced in this proof are with respect to the AIP.QPM in Algo-
rithm 4.1.1.

(a) Let £ > 1 and M., be as in Line 5. Using the initialization of ¢, in the AIPQPM, we
first remark that

M., = M +co|A|? = M + 25 ¢, || A|? = O(M). (4.16)
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Moreover, by the definition of R7¢(-) and Lemma 4.11(b), it follows that Ry¢,,(z0) <
Rf¢e,(20) < R ¢:(20). The conclusion result now follows from Lemma 4.1.4, (4.16), the
previous bound, and Theorem 3.3.5 with M = M.,,.

(b) This follows immediately from Lemma 4.1.2(a) and Lemma 4.1.3. O

We now state one of our main results of this section, which is the iteration complexity of

the AIP.QPM for solving Problem 4.1.1. Recall that the AIPQPM assumes that A < 1/m.

Theorem 4.1.6. Let T;;(-) be as in (4.11) and define
On = M+ (N[ A|* V(9,A) e R, (4.17)

The AIPQPM outputs a pair ([2,p], [0, ]) that solves Problem 4.1.1 in

(9(\/ AO; +1 lRfsoa(zo) +1og{(A@ﬁ)]) (4.18)

min {o,1 - Am} | (1-0)2\2p?

inner iterations, where R} ¢(-) is as in (4.10) and log7 (-) := max{log(-), 1}.

Proof. The fact that the output of the AIP.QPM solves Problem 4.1.1 is an immediate conse-
quence of Lemma 4.1.5(b).

Let us now prove the desired complexity bound. Let M; and /¢ be as in (4.15) and
Lemma 4.1.5(b), respectively. In view of the AIPP call in Line 6 and Lemma 4.1.5(b), it
follows that the number of inner iterations performed by the AIP.QPM is on the order given
by the sum of the bound in (4.14) from ¢ = 1 to /. To show that this sum is exactly (4.18),

we prove that

Lo N -
YO+ 1)1 =020, +117%), log] (AIL) = O (log] [\6;]) Ve 1. (419)

i=1
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To begin, observe that the definition of ¢; implies that
M+ X <o |APP <27 e]AI? Vi, (4.20)
and the definitions of ©;, T5(+), and ¢; yield

AM; +1 =X (M + 27+ e AJ%) < 2Xer | A|? = 2) (M+ X +¢|Al7).

=AM +T;(V)|APP] +1=20;+1. (4.21)

Using (4.21), it follows that the bounds in (4.19) hold for /¢ = 1 or £ = 1. Suppose now

that /¢ > 1. The definition of /¢ implies that ¢; - 2fc=! < 2T}, or equivalently, 2¢c/? <

2[T(N)/ o] Using the previous bound, (4.20), and the definition of ©, it follows that
Lo

Lo - 4
Z;()\Mi + )2 =3 (N[ M+ A+ 27| AP + 1)

i=1

1/2

~
1l
—_

14
2()\61|A|2)1/222(i_1)/2 _ O([AQHAHQ]IQ 2Zc/2)

=0 (M (M)I412]7) = 0 (e, +1177). (4.22)

Similarly, using the fact that {c;};»; is monotone increasing, the previous bound on 2¢/2,

(4.20), and the definition of O, it holds that
log ()\MZ) <log ()\Mgc) =log (A2“c1 | A|?) = log (AT (N[ A[*) = log (A©;) . (4.23)

Using (4.22) and (4.23), it follows that the bounds in (4.19) hold for /- > 2 or £ > 2. O

The following result describes the number of oracle calls performed by the AIPQPM
with A =1/(2m) and o = 1/2.
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Corollary 4.1.7. The AIPQPM with inputs \ = 1/(2m) and o = 1/2 outputs a ([ 2,p], [0, q])

that solves Problem 4.1.1 in

2 (%)

oracle calls, where R 1) () is as in (4.10) and log] (-) := max{log(-), 1}.

m

Proof. This follows immediately from Theorem 4.1.6, the definition of log; (+), and the fact

that every iteration of the ACGM performs O(1) oracle calls. ]

4.2 Composite Optimization with Nonlinear Cone Constraints

The augmented Lagrangian method [38, 95] is an well-known extension of the quadratic
penalty method (see Section 4.1) applied to the problem min g~ {®(x) : g(x) < 0} in which
a multiplier update is added to every iteration of the method. More specifically, recalling the

Lagrangian L£(-;-) in (4.3) and denoting

Ce(pypr-1) = Lo (r;Dr-1) + (VpLe, (T Pr-1), 0 — Pr-1) »

to be the linear approximation of the function p — L, (z4;p) at p = pi_1, the multiplier

update is given by

1
Pk = argmax {ckfk(p;pk_l) +=|p—pr H2} :
p=0 2

=max {0, pr_1 + crg(xs)} - (4.24)

For the case where / = 0, it is known [11, Proposition 4.2.3] that if the generated sequence
{pk}k>1 is bounded, the penalty parameter ¢y is sufficiently large enough after a certain in-
dex k£, and some additional regularity conditions hold, then z;, and p;, converge to a global

minimum and Lagrange multiplier of the constrained problem, respectively.

70



Our main goal in this section is to describe and establish the iteration complexity of an
accelerated inexact proximal augmented Lagrangian (AIP.AL) method for finding approxi-

mate stationary points of the nonlinearly cone-constrained NCO problem

oo =min {6(2) = () + h(2) : (=) ¢ 0} enco[s)

where K is a closed convex cone, the feasible set is nonempty, and the functions f, h, and
g are as described in the beginning of the chapter. We will also assume that g is K-convex

function, i.e.
g(tu+[1-t]z) = tg(u) +[1-t]g(z) V(t,u,2)€[0,1]x Zx Z,

with a Lipschitz continuous gradient, % is Lipschitz continuous on its domain Z ¢ Z, the
set Z is convex compact, and that we have an oracle for computing the projection onto the
dual cone of K, which is denoted by K+ and included in the oracles that make up the oracle
call mentioned at the beginning of this chapter. Here, the relation g(z) <, 0 means that
g(z) e -K.

The AIPAL method (AIP.ALM) is based on the generalized (cf. [66] and [99, Section

11.K]) augmented Lagrangian function
L.
Le(zp) = F(2) + h(2) + o [dist*(p+ cg(2), -K) = [p[?], (4.25)

and it uses an ACGM, e.g. Algorithm 2.2.2, to perform the following proximal point-type

update to generate its k! iterate: given (zx_1, pr—1) and (), ¢x), compute

. 1
2), & argmin {)\Eck (u;pe-1) + §Hu - 251 HQ} , (4.26)

i = e (Pr—1 + cxg(21)), (4.27)
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where K* denotes the dual cone of K and the inexactness in the z; update is according to
some relative inexactness criterion. At the end of the k! iteration above, it also performs a
novel test to decide whether ¢, is left unchanged or doubled.

Under a generalized Slater assumption! and a suitable choice of the inputs (), ¢), the

main result of this section shows that for any (p,7) € R2,, the AIPALM obtains a pair

(12,51, [#, ) satisfying

0eVf(2)+0h(2)+vg(2)p, (9(2)+¢.p) =0, g(2)+{=c0, Pz 0 (4.28)

[0l <p, [l <, (4.29)

A~

in O([7712p=2 + p=3]log [p~! + 7~']) oracle calls, where log7 (-) = max{1,log(-)}. More-
over, this complexity result is shown without requiring that the initial point 2, be feasible
with respect to the nonlinear constraint, i.e. g(2o) <x 0. A key fact about AIP.AL is that its
generated sequence of Lagrange multipliers is always bounded, and this conclusion strongly

uses the fact that its constraint function g is KC-convex.

Organization

This section contains four subsections. The first one gives some preliminary references and
discusses our notion of a stationary point given in (4.28) and (4.29). The second one presents
some key properties of the augmented Lagrangian approach. The third one presents the
AIP.ALM and its iteration complexity. The last one gives the proof of the main result in this

section.

4.2.1 Preliminaries

It is assumed that ¢ = f + h satisfies assumptions (Al1)-(A2) with m < M, as well as the

following assumptions:

ISee Proposition 4.2.1.
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(C1) hisalso Kp-Lipschitz continuous for some K, > 0, and Z is also compact with diam-

eter D, :=sup,, .. |u - 2

(C2) g: Z ~ R%is continuously differentiable, I-convex, and there exists L, > 0 such that
IVg(u) =vg(2)| < Lgllu—z|  Vu,zeZ;
(C3) there exists z € int Z and 7 € (0, 1] such that g(Z) <, 0 and

max {[|Vg(2)pl,(9(2),p)|} 2 7|p| VzeZ, Vpzx:0; (4.30)

We now give three remarks about the above assumptions. First, since Z is compact by
(C1), the image of any continuous R¢-valued function on Z is bounded. In view of this
observation, we introduce the useful notation for any continuously differentiable function
U:Z R

B = sup |W(2)] < 00, B :=sup |[v¥(2)] < oo. (4.31)
ze€H zeH

Second, it is well-known that if g is differentiable and K-convex, then for every z,u € Z it

holds that

9'(2)(u-2) =k g(u) - g(2).

Third, it is also well-known that a necessary condition for a point z* to be a local minimum

of CN'CO[b] is that there exists a multiplier p* € R’ that satisfies the stationarity conditions

0e V(=) +Oh(=") +Tg(=)p", (9(=),p) =0, g(") 50, p" 2 0. (432)

Moreover, the last three conditions in (4.32) (resp. (4.28)) are equivalent? to the inclusion
g(z*) € N+(p*) (resp. the inequality dist(g(2), Ni+(p)) < 7). In view of the above, (4.28)

and (4.28) are clearly relaxations of (4.32). For the ease of future reference, let us formally

“See, for example, [99, Example 11.4] with Z = g(2*) and ¥ = p*.
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state the problem of finding a pair ([ 2, p], [0, ¢]) satisfying (4.28) and (4.28) in Problem 4.2.1.

{ 3

Problem 4.2.1: Find an approximate stationary point of CNCO[b]

Given (p,7) € R2, find a pair ([2, p], [0, G]) € [Z xRf] x[ £ xR¢] satisfying conditions

(4.28) and (4.29).

It is also worth mentioning that the conditions in (C3) can be viewed as a generalization

of a Slater-like assumption with respect to g, as shown in Proposition 4.2.1 below.

Proposition 4.2.1. (Slater-like Assumption) Assume that the constraint g(z) <x 0 is of the

form

9.(2) <70 ge(2)=0 (4.33)

where J C R® is a closed convex cone, g, : R™ — R is continuously differentiable, and g, :
R™ — Rt is an onto affine map (and hence g = (g,, g.) and K = J x {0}). Assume also that
there exists zZ € H such that g,(Z) <7 0 and g.(z) = 0. Then, there exists T > 0 such that (z,T)

satisfies (4.30). If, in addition, Z € int Z, then (Z, ) satisfies (C3).

Proof. Since g, is affine and onto, its gradient matrix G. := Vg, is independent of z and has

full column rank.Hence, there exists 7. > 0 such that

HGepeH 2 Te “peHl Vpe € R®. (4.34)

On the other hand, the assumption that g,(Z) <7 0, and Lemma E.2.2 with X = 7 and

x =-g,(2) € J, imply that there exists 7, > 0 such that

(i, 9.2)) 27 |p| Vp eT".

Using the previous inequality and the fact that |Vg,(z)|| is bounded on H, we conclude that
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there exists v > 0 such that

~[ve.(2)pll = 27(p., 9.(2)) 2 297 = |Va. (D] - Ipd 2 mlp s Vzez  (435)

Relations (4.34), (4.35), and the reverse triangle inequality, then imply that for every z € Z,

HVg(Z)pH - 27 (p,g(i)) = Hv.gb(z)pL + GepeH - 27 (vagL(2)>
> |Gepe| = [V9.(2)p]| = 27 (P2s 9.(2)) 2 Tel[pelr + 7llp.]a

> Te|[ply 2 7| pl,

where 7. := min{7,,7,, 1}. It is now straightforward to see that the above inequality yields
inequality (4.30) with 7 = 7./(1 + 2) € (0, 1]. The last part of the proposition now follows

from the statement of assumption (C3) and the previous conclusion. ]

Some additional comments about Proposition 4.2.1 are in order. First, the assumption
that ¢, is J-convex and g, is affine implies that g is K-convex. Second, the Slater condition
is with regards to a single point Z € Z, as opposed to condition (4.30) which involves in-
equality (4.30) at all pairs (z,p) € Z x K*. Third, (C3) can be replaced by the Slater-like
assumption of Proposition 4.2.1 since the former is implied by the latter. Actually, a slightly
more involved analysis can be done to show that the assumption that g, is onto (which is part
of the assumption of Proposition 4.2.1) can be removed at the expense of obtaining a weaker
version of (C3), namely: inequality (4.30) holds for every pair (z,p) € Z x (J* xIm Vg,),
instead of (z,p) € Z x (J* xR?) = Z x K*. Finally, since the analysis of this chapter can be
easily adapted to this slightly weaker version of (C3), the Slater-like condition of Proposi-
tion 4.2.1 without g, assumed to be onto (or equivalently, Vg, to have full column rank) can
be used in place of (C3) in order to guarantee that all of the results derived in this chapter

for the AIPALM hold.
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4.2.2  Key Properties of the Augmented Lagrangian Approach

This subsection presents some technical results about the augmented Lagrangian approach.

The first result describes some properties about the smooth part of the Lagrangian in

(4.25).

Lemma 4.2.2. Define the function
~ 1
L(z;:p) = f(2)+ % [distZ(p+ cg(z),-K) - Hp||2] V(z,p,c) e ZxR xR,,. (4.36)
c

Then, for every ¢ > 0 and p € RY, the following properties hold:

(a) L.(~;p) is convex, differentiable, and its gradient is given by
V:Le(2p) = Vf(2) + Vg()lk (p+ cg(2)) Yz eR™;
(b) Le(p) €C,, 1(Z) where
L=T(c,p) = M+ Lylp| + (B Ly + [BVT?), (4.37)

and the quantities L, and (Béo), Bél)) are as in (C2) and (4.31), respectively.

Proof. We first state that the case of f = 0 and M = 0 has been previously shown in [66,
Proposition 5] under the condition that Bél) is a Lipschitz constant of g. Hence, in view of
assumption (C2) and the definition of L., it suffices to verify the aforementioned condition.

Indeed, using the Mean Value Inequality and the definition of B;l) in (4.31) we have that
lg(z") - 9(2)] < sup [Vg(tz" +[L-t]2)] - |2 = 2] < Bl =2 V', z e H,
€ K

tel

and hence that g is Bél)—Lipschitz continuous. O
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The next result, whose proof can be found in Appendix D, describes how the refinement
procedure in Algorithm 3.2.2 yields a pair ([2,p], [0, ¢]) that nearly solves Problem 4.2.1

when given inputs that satisfy conditions similar to (3.5) and (3.18).

Proposition 4.2.3. Given (c,0) € R2,, (\,z,p7) € Ry, x Z xR, and (f, h) satisfying

assumptions (Al)-(A2), suppose there exists p > 0 and (27,0,€) € Z x Z x R, such that

i ~ 1,
ved:(A[ECp) + ]+ 31 =) (2

. (4.38)
o7 + 28 <ole -2+ 01 e -2+l <p

where EC(-, -) is as in (4.36). Moreover, using E(~, -) in (4.37), define

LY = AL(e,p )+ 1, po=Tlg (p~ +cg(2)),
(4.39)

. _ . .1 .
pi=1l+ (p~ +cg(2)), q:=z(p—p),

and using Algorithm 3.2.2, consider the assigned triple
(2,,%,¢) < CREF(L.(-,p), h,z, L*, \).

Then, the following properties hold:

(a) the tuple (w,e,p, LV) satisfies

W eV f(z)+0.-h(z)+Vg(2)p,
i< (1+VoL?)p =< 2p

(4.40)

(b) the tuples (2,p,0,q) and (p, LY) satisfy (4.28) and

B(l) 1
o <2(1+ VL) g, ldl < S (1+Val?) pe—lp-pr], (44D
C

where Bél) is given by (4.31).
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Proof. (a) The inclusion follows from Proposition 3.2.5(a) with (z,,¢,) = (2,%) and f =
Zc(-; p~), Lemma 4.2.2(a) and the definition of p in (4.39). To show the bound on ¢, observe
that its definition and the inequalities in (4.38) yield

o

= <L
== 2

€= Iz~ -z +0|* < =p2

o
2\
To show that Proposition 3.2.5(c) with (L, ¢,) = (L¥,w) and & = 0p?/(2\) imply that

[io] < 5+ VLYo = (1+VLV0) .

(b) The inclusion in (4.28) follows from Proposition 3.2.5(b) with (z,,v,) = (2,0) and
f = ,CNC(-; p~), Lemma 4.2.2(a), and the definition of p in (4.39). To show the remaining
relations in (4.28), observe that Lemma E.2.1(b) with u = p~ + ¢g(£) and the definitions of ¢
and p in (4.39) imply that

L1+ cg(2) — ] € Ne- ().

g(2)+q4=-
C

Combining the above relations and Lemma E.2.1(c) with u = g(2) +§ and p = p, we conclude
that the remaining relations in (4.41) hold.

We now show the bounds in (4.41). The bound on ||¢| follows immediately from part
(a) and Proposition 3.2.5(a) with (2., v,, ¢y, f) = (2,9,1, L.(-;p~)). To show the bound on
g, we first use the definitions of p and p in (4.39), the definition of Bél) given by (4.31), the

Mean Value Inequality, and Lemma E.2.1(a) to obtain

1. 1 _ . _ 1 .
E||p—p|| == T+ (p™ +cg(2)) = Tlier (P~ + cg(2)) ] < EHcg(Z) —cg(2)]
< sup [vg(tz+[1-t]2)| -2 - 2] < B |2 - 2. (4.42)

te[0,1]

Now, since w = L¥(Z — z) (see the definition of ¢, in Algorithm 3.2.2), it follows from the
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triangle inequality, the definition of ¢ given in (4.39), part (a), and (4.42), that

T 1 )
g ==lp-p7 Il <=[p-pl+-lp-p|
C C C
(1) 1 i
<Bg 2=zl +-lp-pl < 7 lwl+ —lp-p]
(1)

B 1
< (1+VoL?) p+ —lp-p]l.

]

Two comments about Proposition 4.2.3 are in order. First, the relations in (a) will be used
to establish the boundedness of the sequence {py }1»1. Second, in view of (b), the quadruple
(2,p, 0, q) always satisfies (4.28). Hence, in order to solve Problem 4.2.1, it remains only to
guarantee that condition (4.29) will eventually be satisfied. The inequalities in (4.41) will be

essential to show the latter fact.

4.2.3  Statement and Properties of the AIP.ALM

This subsection describes and establishes the iteration complexity of the AIP.ALM.
Before presenting the method, we present an ACG subroutine in Line 7 that is used to

approximate solve its key subproblems.

7

Algorithm 4.2.1: ACGM Instance for the AIPALM

Require: 0 >0, (u, L) eR2,, v, € Conv (2), ¥ e F.r(Z), yoeZ;
1. procedure ACG3(¢s, ¥y, Yo, 0, 1, L)
2 fork=1,...do
3 A\ < 1/L
4: Generate (Ay, yx, Tk, M) according to Algorithm 2.2.2.
5 if |7e]? + 2nk < o|lyo — Yk + & then
6 return (yx, 7s, k)

We now state the AIPALM in Algorithm 4.2.2, which uses the ACG subroutine in Al-
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gorithm 4.2.1, the refinement procedure in Algorithm 3.2.2, and the Lagrangian £.(+;) in
(4.25). Given (X, 0) € R, x(0,1/v/2] and 2 € Z, its main idea is to invoke at its k! iteration

an ACG variant to obtain the inexact update
: 1 2
2, ~ argmin § AL, (u; pg_1) + §||u - zra|° ¢ -
More specifically, this ACG call obtains a triple (z, vk, € ) satisfying

~ 1
U € aak. ()\ [Cck(';pk—l) + h] + 5” ’ _Zk—1|2) (Zk)v

02 (4.43)
Hvk|\2 + 25k < THUk + Zk-1 — Zk‘H2
k-1
where
LY = AL(cp,pea) + 1, (4.44)

and L(-,-) and L., (~;-) are as in (4.37) and (4.36), respectively. Using this triple (zj, vg, £1),
and the available data (\, zx_1, pr_1, 0, L’,f_l), it then generates a refined point (2, p, 0, q) =
(Zk, Dr, Uk, Gx ) satisfying all the conditions in (4.28). If this quadruple also satisfies the
bounds in (4.29), then the method stops and outputs (2, p, 0, ). Otherwise, pj. is updated

according to

i = ier (Pr—1 + crg(21)),

a novel test is invoked to check if ¢; needs to be doubled, and the method continues to the

(k + 1) iteration.

{ 3

Algorithm 4.2.2: AIP.AL Method

Require: (p,7) € R2,, (m,M) ¢ R}, L, >0, h € Conv (Z), f € Crnr(2),
g satisfying (C2), A€ (0,1/m), 0 € (0,1/v/2], ¢1>0, (20,p0) € ZxRE, K ¢
R

Initialize: ;1< 1 - Am, k< 0;

1: procedure AIPAL(f,h, g, 20, po, A\,m, M, Ly, 0, p, 1)




10:
11:
12:
13:
14:

15:
16:
17:
18:
19:
20:
21:

fork=1,...do

Attack the k" prox subproblem.

YE <= AL, (5p-1) + || -~z ]?/2 > See (4.36).
L}f_l < AL(cp,pr-1) +1 > See (4.37).

Ok-1 < 92/[/11571
(2, Bk, Ex) < ACG3(YE, AP, 21, 051, 1, L)

Compute and check the candidate output pair.
(25, Wk, g, €x) < CREE(LF, R, 2., max{m, L} |}, )
pr < Iicr (Pr-1 + ceg(21))

Pr < e (pr + crg (1))
@ < (Px = Pr-1)/ck
if |0y < pand | Gx| < 7 then

return ([ 2k, D], [0k, Gk ])

Check if we need to increase c,.
Ak < [‘Cck(zk+1;pk+1) - Eck(zlhpk)] /(k —-k+ 1)
if k> k+1and A, < A\(1-60)p?/36 then
Ch+1 < 2Ck
k< k
else

Ck+1 < Ck

Vv,

Some remarks about the AIP.ALM are in order. To ease the discussion, let us refer to the

ACG iterations performed in Line 7 as inner iterations and the iterations over the indices &

as outer iterations. First, its input 2 can be any element in Z and does not necessarily need

to be a point satisfying the constraint g(2) <x 0. Second, its ACG call in Line 7 generates

an output (2, vg, € ) that satisfies (4.43), which corresponds to the approximate update in

(4.26). Finally, in view of Proposition 4.2.3(b) and the comments following it, AIP. AL stops

if and only if the quadruple (2, p, W, ¢) solves Problem 4.2.1.

We now discuss the notion of a cycle. Define the I*? cycle K, as the [*! set of consecutive

indices k for which ¢, remains constant, i.e.

Cl = {kj 2 1 L CL = él = 2l_101} . (4'45)
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For every [ > 1, we let k; denote the largest index in C;. Hence,

C[Z{]{l_l-‘rl,...,kl} Vi>1

where ky := 0. Clearly, the different values of k that arise in Line 19 are exactly the indices
in the index set {k;};»1. Moreover, in view of the test performed in Line 17, we have that
ky — ki1 > 2 for every [ > 1, or equivalently, every cycle contains at least two indices. While
generating the indices in the I*" cycle, if an index k > k;_; + 2 satisfying the bound on A, in
Line 17 is found, k becomes the last index k; in the [-th cycle and the (I + 1) cycle is started
at iteration k; + 1 with the penalty parameter set to ¢;,1 = 2¢;, where ¢; is as in (4.45).

The following result, whose proof is deferred to Section 4.2.4, describes the inner itera-
tion complexity of AIP.AL. Its iteration complexity bound is expressed in terms of its inputs

and the following auxiliary constants:

1

d:=dist(z,07), ¢, = in£¢(z), Ry= . — o+ XD?, (4.46)
. (1) 02 1+0 D_g
/{0._2[Kh+Bf ]DZ+[2(1_9)2+2(1_9 N (4.47)
Kyi= M+ KO—L{ Ko 1= BOL + [B(l)]2 (4.48)
min{1,d}7’ 7 s .
16(1 + 20)2 max{||po |, o0 }? . 0D, 2 max{|pol|, ko }?

(4.49)

e A1 -602)min{1,d?}r2 ~’ e /\(1_0)351)+ min{l,d}r

where ., (B, B, BYV), (K, D.), M, Ly, and (7, %) are as in CN'CO[b], (4.31), (C1),

(A2), (C2), and (C3), respectively, and 0Z denotes the boundary of the set Z.

Theorem 4.2.4. Let the scalars {x;}}_, and Ry be as in (4.46), (4.48), and (4.49). Moreover,

define

PR R3 R4

max {ci, 2¢(p, 1)
C(Pﬂ?) = ? + ?, 777,/3 = [)\(/{1 +01/{2) + 1] { 1 (p n)}

&1

(4.50)

82



Then, the AIPALM outputs a pair ([Z,p], [0, ]) that solves Problem 4.2.1 in

Rs [ Tos . .[Tis
O(/\pj; T o8 [%]) (431)

inner iterations, where log; (+) := max{log(-),1}.

The result below presents the iteration complexity of the AIPALM with inputs 6 = 1/1/2
and A = 1/(2m).

Corollary 4.2.5. Let T} 5, ¢, ¢4, and D, be as in Theorem 4.2.4, CNCO[b], (4.46), and
assumption (CI), respectively. Then, the AIPALM with inputs X = 1/(2m) and 6 = 1/\/2

outputs a pair ([2,p], [0, q]) that solves Problem 4.2.1 in

A 212
O([m(cp* ¢;2)+m Dz]mbg;fm) (4.52)

inner iterations, where log; (+) := max{log(-), 1}.

Proof. 'This follows immediately from Theorem 4.2.4 with A\ = 1/(2m) and 6 = 1/+/2 and

the definition of R, in (4.46). O

Note that the iteration complexity bound in (4.51) solely in terms of the tolerance pair

O([ L +—1]1 +[1+—1])
= — [1081 | =+ = :
NG e U

4.2.4 Proof of Theorem 4.2.4

(p,7) is

This subsection presents several technical results that are needed to establish Theorem 4.2.4.
It is divided into two subsections. The first one presents a bound on the sequence of mul-
tipliers {px }x>1 generated by the AIP.AL, while the second one is devoted to proving Theo-

rem 4.2.4.
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Bounding on the Sequence of Lagrangian Multipliers

The goal of this subsection is to show that the sequence of multipliers {py }1>1 generated by
the AIP.ALM is bounded.
The first result presents a key inclusion and some basic bounds on several residuals gen-

erated by AIP.ALM.

Lemma 4.2.6. Let { (W, vk, 2k, k) tro1 and {o_1}x>1 be generated by the AIPALM, and
consider D, and T as in assumptions (CI) and (C3), respectively. Moreover, define for every

k > 1, the quantities

& =W, = Vf(2k) = Vg(26)DK, Tk =V + 21 — 2. (4.53)

Then, for every k > 1, it holds that

D.
1-06

(1+0)D,
A1-6)

( 0D,

2
Uil £
) e <

(4.54)

N —

§p €05, h(2k), e < ex <

Proof. Let k > 1 be fixed. Using Proposition 4.2.3(a) and the definition of & yields the
required inclusion. On the other hand, the definitions of r;, and o1, the inequality in (4.43),

and the fact that 2, z;_; € Z imply that
Il = ok + 21 = 2l < Jowll + D < 03 7]l + D. < ]| + D,

which, after a simple re-arrangement, yields the desired bound on |r|. Consequently, the
definition of ¢, the aforementioned bound on ||, the fact that L¥ | > 1, and the inequality
in (4.43) gives the bound on ¢y. Finally, the definitions of wy, and o1, the fact that § < 1,

and Proposition 4.2.3(a) with 5 = |71, /A and (o, L¥) = (o%_1, LY_,) yield

. 1 1+6
il < 5 (1 Vorr L) Il =l
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which, combined with the previous bound on |7, gives the desired bound on ||w[. [

The next result presents some important properties about the iterates generated by the

AIP.ALM.

Lemma 4.2.7. Let {(zx, Pk, Ck) k=1 be generated by the AIPALM and define, for every k > 1,

s = e (pr-1 + ckg(2x)). (4.55)

Then, the following relations hold for every k > 1:

Pe-1+ kg (2k) =Dk + Sk, (Drysk) =0, (ks Sk) € K x (=K), (4.56)

Lo (2 pis) = S(21) + % (el = et 1) (4.57)

Proof. Let K~ denote the polar of K. The two identities in (4.56) follow from the definitions
of py, and sy, in (4.27) and (4.55), respectively, the fact that (X*)~ = -/, and [100, Exercise
2.8] with K = K~ and = = py_1 + cxg(2x ). On the other hand, using the definitions of £.(;-)

and sy, in (4.25) and (4.55), respectively, it holds that

1
Le, (2y pr-1) = O(2x) + 2—% [HPIH +crg(zr) - SkH2 - Hpk—1“2]

which, in view of the first identity in (4.56), immediately implies (4.57). O

The following technical result, whose proof can be found in [69, Lemma 4.7], plays an

important role in the proof of Proposition 4.2.9 below.

Lemma 4.2.8. Let h be a function as in (Cl). Then, for every u,z € Z, § > 0, and § € Jsh(z),
we have

[€|dist(u,0Z) < [dist(u,0Z) + ||z —u|] Kp + (&, 2 —u) + 0,
where 0Z denotes the boundary of the set Z.
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We are now ready to prove the main result of this subsection, namely, that the sequence

{pr }rs1 is bounded.

Proposition 4.2.9. Consider the sequence {(px,c) }r>1 generated by the AIPALM and let

Ko, T, and d be as in (4.47), (C3), and (4.46), respectively. Then, the following statements hold:

(a) foreveryk > 1, we have

| x|
Ck

) - 1
min{1, d}THpk H + < Ko + ;(pkapk—l>;
k

(b) forevery k >0, we have

max{||po|, o}

<Cpi= = .
[P 0 min{1,d}r

(4.58)
Proof. (a) Let k > 1 be fixed and Z be as in (C3). Moreover, let (&, g, 2;) be as in
Lemma 4.2.6. It follows from Lemma 4.2.6 that &, € 0. h(zx) for every k > 1. Hence,
assumption (Cl), the fact that d<D,and 2z, € Z, Lemma 428 with € = &, 2 = 2, u = 2
and § = ¢4, and the bound on |& | in Lemma 4.2.6, imply that

622

d <2D.Kj + ———=—

+ (&, 21, — 2). (4.59)

On the other hand, using the assumption that g is K-convex (see (C2)), the fact that p, € K+,
the definition of &, in (4.53), the bound on |y | in Lemma 4.2.6, and the Cauchy-Schwarz

inequality, we conclude that

(Ery 2 = 2) = (W = V f (21) = Vg(2r) Dk 21 — Z)
= (wx = Vf(2k), 21 = 2) + (Pk, 9" (21) (Z = 2))
<(wy = Vf(2k), 2k = 2) + (Pr, 9(2) = 9(21))

1+6)D?
<B{'Dy+ % + (s 9(2) = g(z1)) (4.60)
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where Bj(cl) is as in (4.31). Now, defining

(4.61)

2 1
K = [2Kh+BJ(fl):|Dh+|: f +9]D

2(1-6)2 " 1-6| A"

and using (4.59), (4.60), together with the relations in (4.56), we conclude that

A&l = (pr, 9(2)) < = (pr,g(2k)) = K - é(m, Sk + Dk — D-1)

eel?

Ck (pk,pk 1)

where sy, is as in (4.55). Noting that the definition of {;, and the reverse triangle inequality
yield

1661 = 11V f (2) = o + Vg (2r)pill 2 [V f (21) = @rll + [Vg(2r)prl

it follows that

[pe]?
C

dIVg(ze)prl - (pr, 9(2)) < k- + —<Pk,pk 1) +d|V f(z1) = .- (4.62)

Using now the triangle inequality, assumption (C3), (4.61), (4.62), the fact that d< D,,and
the definition of k¢ in (4.47), we finally conclude that

(1+0)D; 1 1

HpkH (1)
1,d + — + B, Dy + +— 1) =Ko+ — 1)
min{1, d} | p| SKR+b, 7 Dp Mi-0) o (Dks PE-1) = Ko o (Pks Pr-1)

(b) This statement is proved by induction. Since 7 < 1, inequality (4.58) trivially holds
for k = 0. Assume that (4.58) holds with £ = ¢ — 1 for some ¢ > 1. This assumption, together

with the bound obtained in the latter result and the Cauchy-Schwarz inequality, then imply

87



that

(min(1, 7+ 20 1y <

&

Pl -Apicall -, IPillCo
C; C;

< (mm{1,d}r+ M)CO,
-

(2

which implies that | p;|| < C. Then, (4.58) also holds with k = i and hence, by induction, we
conclude that (4.58) holds for the whole sequence {py. }r>1- O
Proving Theorem 4.2.4

The main goal of this sub-subsection is to present the proof of Theorem 4.2.4.
The proof of Theorem 4.2.4 requires several technical results. The first one characterizes

the change in the augmented Lagrangian between consecutive iterations of the AIP.ALM.
Lemma 4.2.10. The sequence {(zy, px) }r>1 generated by AIPAL satisfies the relations

1
Le, (zi;pr) < Loy (213 Dr-1) + C—Hpk - pra|?, (4.63)
.

1-0?

1
L., (zipr) < Loy (213 08-1) — (T) |71 + a“Pk - pi-1?, (4.64)

for every k > 1, where 1y, is as in (D.1).

Proof. Let si be as in (4.55). Using (4.57), the definition of L.(+;-) in (4.25), the fact that
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sk € =K and pi_1 + cxg(2) = pr + Sk, in view of (4.56), we have that

Le, (%) = Loy, (21, Di-1)

1
= Lo, (21, 1) — &(21) — %, (ol = lpr-a]?)

1 . 1
— (dist*(pr + crg(zx), -K) = [ ]?) = =— (] = |lpr-1]?)

B 2Ck QCk
1 2 2 1 2 2
< — + - - - — g
< 5o (Ipe+ g () = sl = Ipel?) = 5= (IpelP = e )
1
= 50 (HQPk —PIHHQ - 2|\PkH2 + HPHHQ) )
Ck

which immediately implies (4.63). Now, in view of the definition of the approximate subdif-
ferential and the fact that (2, vg, £ ) satisfies both the inclusion and the inequality in (4.43),

we conclude that

1
Ale, (21, Di—1) = Moy (Zh-1, Pr-1) < —§sz =z |2+ (U, 21 — Zho1) + €k

1 1 1-o0p 1-62
=gl sl ol e < - () Il < - (5 In? (469)

where the last inequality follows from the fact that 0,_; < 0. Inequality (4.64) now follows

by combining (4.63) with (4.65). O

Recall that the I*" cycle C; and the penalty constants {¢;},»; are defined in (4.45). The
next results present some properties of the iterates generated during an AIP.AL cycle. The
first one below establishes an upper bound on the augmented Lagrangian function along the

iterates within an AIP.AL cycle.

Lemma 4.2.11. Consider the sequences {(zx,pr) trec, and {C;}1»1 generated during the [*®

cycle of the AIPALM. Then, for every k € C;, we have

4C2
L:(z1506) < Ry + 0 + —2, (4.66)
C
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where (¢., Ry), ¢, and Cy are as in (4.46), (4.45), and (4.58), respectively.

Proof. First note that for any k € C;, we have ¢, = ¢ = 2!-1¢;. Moreover, (A, zy, Vg, €k, 6)
satisfies the inclusion and the inequality in (4.43). Hence, it follows from Lemma E.1.1 with

s=1,6 = o1 and ¢ = AL; (-, pe-1)> and assumption (C1) that for every z € Z, we have

1-202
L g2

ACe, (21, Pr-1) + <SALq (2, pro1) + |2 = 251 |

<AL (z,pro1) + D2 (4.67)

where 1, is as in (4.53) with k£ = kq. Now, observe that the definitions of o,_; and L;ffl imply
that o, < 6 € (0,1/v/2] and that the definition of £, in (4.25) implies that Le(z,pp-1) <
¢(z) forevery z € F := {2z € Z : g(z) ¢ 0}. Using then the definition of ¢, given in
CNCO[b], the aforementioned observations, and the minimization of the right-hand-side

of (4.67) with respect to z € F, we get

D2
EEZ(lepk*l) < @* + Th = Rd) + Qﬁ*

where the last equality is due to the definition of R, in (4.46). Combining the above in-

equality, (4.63) and the bound (a + b)? < 2a? + 22 for every a, b € R, we have

1
£51(2k7pk) < Eal(zmpk—ﬂ + g”pk —pk—1H2
]

I

2
< Lo (Zk, pr-1) + gl (Hpk + Hpk71\|2)

4C2
< Rqﬁ + ¢>¢- + Toa
C

and hence the conclusion of the lemma follows. O

The next result presents some bounds on the sequences { |y | }rec, and {Ag brec,-

Lemma 4.2.12. Let {(zy, Uk, €k, Ak) }rec, and {;}11 be generated during the I'" cycle of the

AIPALM and consider {1 }kec, as in (4.53). Then, for every k € C; such that k > k;_y + 2, we
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have

2A 4C?
; 12 -0
i Il s 12 (800 258 (4.69)
AL < 1 R, + 903 (4.69)
PRk -1\ g ) '

where Cy is as in (4.58).

Proof. Relations (4.58), (4.64), the fact that ¢, = ¢; for every k € C;, and the inequality
Ipe = pr-1ll? < 2||pk|? + 2|pe-1]?, imply that for any k& € C; such that k& > k;_; + 2 the

following inequalities hold:

(1=0)(k—ky—-1) (1-0%) &
min_ |2 <=2 Y |ry)?
2)\ ki_1+2<j<k 2)\ j=ki_1+2
1 & 9
S £El(zkl,1+1;pkl,1+l) - ‘Cél(zk;pk) + = Z Hp] _pjflu
L j=ki_1+2
Ak -k -1)C?
< Eél(zkl,1+1;pk171+1) - ‘Cél(zk7pk) * ( lél ) - !
1

and hence that (4.68) holds, in view of the definition of A;. Now, in view of the definitions

of L. and ¢, given in (4.25) and (4.46), respectively, we have

_ pe]?

1 ... N
Le (zr;8) = d(21) + % [dist®(pr, + Gig(21), -K) = |p]*] > ¢- ——.
C] 265

It follows from the above inequality, (4.66) with k = k;_; + 1, and the definition of A, that

1 ACE  px]?
A <{—F R * " A~ Px ]y
k"k—kl_l—l( R
which proves (4.69) in view of (4.58). l

The next technical lemma presents some additional properties of the refined iterates gen-

erated by the AIPALM.

Lemma 4.2.13. Consider the sequences {(c, 2, Pk, Vk, €k) tkecp {(Tk-1, L;’f_l)}kecp {&}is1,
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and {(Z, Pr, Uk, Q) }rec, generated during the ' cycle of the AIPALM. Then, the following

statements hold:

(a) for every k € C,, the quadruple (2,p,0,q) = (Zk, Dk, Uk, Gx ) satisfies (4.28) and (4.41)
with

_ 1
(07]9_707 Lw)a = (Cmpk—hffk—p[/;f_l)u p= Xsz—l -2kt UkH;
(b) foreveryk € Cpand k > kj_y + 2, there exists an index i € {k;_y + 2, ..., k} such that

. 2(1+20)2R, K
Jo: ) <

+ 22 g <2
SANA-0)(k -k -1) 26 M

<=, (4.70)
C

where Ry and (K3, k4) are as in (4.46) and (4.49), respectively.

Proof. (a) In view of the ACG call in Line 7 of the method, we have that (\,6), L} |,
(2k-1,Pk-1), and (zx, vk, €y ) satisfy (4.43). The conclusion now follows from Proposi-
tion 4.2.3(b)-(c).

(b) Let k € C; such that & > k;_; + 2. In view of Lemma 4.2.12, there exists an index
i€{k_1+2,...,k} such that

2 R, 4G}
1—0’2 k)—]{?l_l—l él ’

|7 < (4.71)

where C is as in (4.58). The bound on |w;|? now follows from combining (4.71), the first
inequality in (4.41), the definitions of x3 and Cj in (4.49) and (4.58), and the fact that
ak_lL;f_l =62,

Now, recall that for any k € C it holds that ¢;, = ¢;. Hence, in view of the second inequality

in (4.41), (4.58), the triangle inequality for norms, and the facts that 0/¢-1L1;f,1 =6fand Li;ﬁq >
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Ay [Bél) ]? (see their definitions in the AIP.ALM), we have

“ B( )O'k 1 B(I)H 200
;1 < =—=="Irill + - (sz|| *lpiall) < 75— il + ===
\/Lk 1 k-1
0Dh 200 _ Ry

S + ~ _~_7 (4'72)
A1-0)BMe  a &

where the last relation is due to the definitions of x4 and Cj in (4.49) and (4.58), respectively.

]

The next result establishes some bounds on the number of inner and outer iterations
performed during an AIP. AL cycle. It also shows that if the penalty parameter is sufficiently

large, then AIP.AL generates a solution of Problem 4.2.1.

Lemma 4.2.14. Let Ry, (K1, k2), and ¢(p,n) be as in (4.46), (4.48), and (4.50), respectively.

Then, the following statements hold about the AIPALM:

(a) at every outer iteration k within the [*® cycle, it performs at most
Y % p

[1+4\/2[1+A(m+6m2)] 1og;(4[1”("”"1+5l“2)]ﬂ

1-m 0

inner iterations, where log] (+) := max{log(-),1};
(b) every cycle performs O(R,/[\p?]) outer iterations;

(c) if & > c(p,n) then the AIPALM must stop in the I** cycle with a pair ([2,p],[0,q])

that solves Problem 4.2.1.

Proof. (a) Note that within the [*" cycle, ¢, = ¢;. Hence, in view of (4.58) and the definitions
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of L}f,l, (k1, K2), and LY, we have

LY = AL+ Lolpea | + o (B L, + [BV1)] +1
<A[Ls+ LyCo+ & (B Ly + [BT) ] +1

= /\(1{1 + Ifgél) +1. (473)

Using the fact that the AIPALM invokes Algorithm 4.2.1in Line 7 with (L, i) = (LY o1 1
Am), (4.73), the fact that 0,1 = 62/ Lq,f_l < 1, and Lemma 3.3.1, it holds that the number of

inner iterations performed within this cycle is at most

9L 2LV 1+ /aia]
1+\/ —%L log! - [ ok 1]
1-m

e 2L§i’ ) Ef 2L§i’ LA
< 1+ o log” ( 0 1+2 )\ log —
< 1+4\/2[1+i\(m;+cm2) (4 1+)\(/-@1+cl/<;2)])“.

(b) Fixacycle! > 1 and let Cj be as in (4.58). It follows from (4.69) that, for every & € Cj,

we have k > k;_1 + 2, and

1 9C?
Ap<—-— =0
k_k}—k’l_l—l(R +2€[)

Hence, since ¢; > ¢y, it is easy to see that if & satisfies

4(1 +26)2 90?2
E>kag+1+ —F-5 | R
>Ki-1t +/\(1—62)pA2( ¢ 201

then the condition on Ay, in Line 17 of the method holds, ending the I*" cycle. Since the

cycle starts at k;_; + 1, statement (b) follows immediately from the above bound.
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(c) From the definition of (-, -) and the fact that ¢; > (-, -), we have

(4.74)

where k3 and k4 are as in (4.49). Now, let k& > k;_; + 2 be the smallest index such that

2(1 + 20)2R¢
N1 =62)(k— ki - 1)

2
<—. 4.75
5 (4.75)

Hence, in view of (4.74), (4.75), and Lemma 4.2.13(b), there exists an index i € {k;_; +
2,...,k} such that

loi <A, lasll <5
which implies that the AIP. ALM must stop at iteration ¢, in view its Line 13. Hence, the proof
of the statement in (c) follows. O

We are now ready give the proof of Theorem 4.2.4.

Proof of Theorem 4.2.4. For a fixed (p,7) € R2,, first define
c=c(p,n), LY =1+Nk1+aks), Vi1,

where ¢(-,-) and ¢ are as in (4.50) and (4.45), respectively. Moreover, let [ be the first index
[ such that ¢; > ¢, and recall from (4.45) that in the [*" cycle of the AIPALM, we have ¢, =
¢ = 2tey, for every I > 1. In view of Lemma 4.2.14(c), we see that the AIP.AL obtains a
solution of Problem 4.2.1 within the {th cycle. Moreover, it follows by Lemma 4.2.14(a)-(b)

that the total number of inner iterations performed by AIPALM is O(77) where

Ry &\ | LG 2
Tr=2% L Jog} [—l . (4.76)
Since ¢y, is doubled every time the cycle is changed, we have in view of the definitions of ¢,
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and [ that

& <max{c;,2¢}, Vi=1,...,L (4.77)
Hence, it holds that
Eg; =1+ )\(Iil + 51/12)
9
< Ao + arg) + 1] 0260 (4.78)

&

Moreover, using (4.77) and the fact that ¢, = 2!-1¢y, it holds that

L7 ! L -
> V L?f’, = Z\/)\('f1+5z/€2)+1§\//\(141+01/<2)+1Z\/§
=1 =1

=1

E\1/2
< 8\/)\(%1 + Cllig) +1 (—l)
&1

max {cy,2¢} )
C1

1/2

< 8/ A(Ky + c1hg) + 1 (

Hence, (4.51) then follows by combining (4.50), (4.76), (4.78), and the above inequalities.

]

4.3 Conclusion and Additional Comments

In this chapter, we presented two optimization methods for finding approximate stationary
points for two classes of set-constrained optimization problems with constraints of the form
g(z) € S € R. More specifically, a quadratic penalty method was proposed for a class of
linear set-constrained NCO problems and a proximal augmented Lagrangian method was
proposed for a class of nonlinearly cone-constrained NCO problems. We then established
O 'p2)and O([77Y2p=2 + p=3]log[p~! + 7~ 1]) iteration complexity bounds, in each of
the respective methods, for finding p-approximate stationary points that are 7 feasible, i.e.
points z satisfying dist(g(z), S) < 7.

The next chapter continues the developments in Chapter 3 to develop a smoothing
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method for solving min-max NCO problems.

Additional Comments

We now give some additional comments about the results and assumptions in this chapter.

First, it is worth stressing that the regularity condition in assumption (C3), which is
a generalization of the weak Slater condition (see Proposition 4.2.1), is generally easier to
verify compared to other conditions in the literature. For example, paper [58] requires a
regularity condition to hold at every point generated by their proposed algorithm and paper
[13] requires either the Mangasarian-Fromovitz constraint qualification or strong feasibility
to hold. It is worth mentioning that we do not assume any regularity conditions on the linear
set constraints in Section 4.1.

Second, we comment on the contributions of the AIPQPM to the literature. The
AIP.QPM and the QP-AIPP method from [46] appear to be the first methods to con-
sider an infeasible starting point with a guaranteed complexity bound under the general
assumptions in this chapter. Moreover, these methods have substantially improved on the
previous state-of-art complexity bound of O(p=¢) which was obtained in [42] under the
assumption that Z is bounded and p = 7).

Third, we comment on how the AIP.ALM compares with the works [35, 40, 58, 69, 101,
110]. The IAPIAL method of [69] is designed to solve the special instance of CN'CO[b] in
which K = {0}. In contrast to the AIP.ALM, the IAPIAL method sets pj, to p, every time the
penalty parameter ¢y, is increased, and hence it is not a full warm-start proximal augmented
Lagrangian method. Compared to [58, 101], the multiplier update in (4.27) is performed
at every prox iteration, regardless of whether the penalty parameter is updated. Unlike the
methods in [35, 40, 110], which require the initial point z; to be feasible, i.e. g(2o) =i 0, the

AIP.ALM only requires z, to be in Z.
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Future Work

Several recent works present improved complexity bounds (compared to the ones in this
chapter) for obtaining approximate stationary points of linearly-constrained [114, 115] and
nonlinearly-constrained [58, 62] NCO problems under different conditions and multiplier
updates. For example, papers [114, 115] assume that £ is the indicator of a polyhedron and
[58] requires the Lagrange multiplier and penalty updates be performed simultaneously. It
would be worth investigating whether the methods in this chapter, or some variant of them,
can obtain these improved rates. Comparing the AIPALM to the AIP.QPM, the former
assumes that the composite function h has bounded domain and is Lipschitz continuous,
whereas the latter does not. It would be interesting to see if the AIPALM, or some variant

of it, can still obtain approximate stationary points when the above conditions are removed.

98



CHAPTER 5
EFFICIENT IMPLEMENTATION STRATEGIES

The main goal of this chapter is to present efficient implementation strategies of some proce-
dures and methods presented in prior chapters for smooth NCO problems. For the iterative
methods, in particular, the variants in this chapter consider two key improvements. First,
they apply efficient line search subroutines to adaptively choose parameters that directly af-
fect convergence rates, such as stepsize parameters. Second, the convex subproblems that
are solved in each of the iterative method are relaxed to (possibly) nonconvex subproblems.
The degree of relaxation in these subproblems is determined by checking a finite set of novel
descent inequalities which are guaranteed to hold when the subproblems are convex. We
then demonstrate the effectiveness of these strategies on many of optimization problems in
the literature.

The content of this chapter is based on paper [47] (joint work with Jefferson G. Melo and

Renato D.C. Monteiro) and several passages may be taken verbatim from it.

Organization

This chapter contains six sections. The first one presents an efficient refinement procedure.
The second one presents a relaxed ACG variant. The third one presents a relaxed AIPP
variant and its iteration complexity. The fourth one presents a relaxed AIP.QPM variant and
its iteration complexity. The fifth one presents a large collection of numerical experiments

The last one gives a conclusion and some closing comments.

5.1 Proximal Refinement Procedure

This section presents a refinement procedure that is generally more effective in practice than

the refinement procedure (the CRP) in Algorithm 3.2.2.
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We first state the procedure in Algorithm 5.1.1, which follows a similar approach as in

the CRP.

7

Algorithm 5.1.1: PR Procedure

Require: h e Conv (Z), feC(Z), (z,27,v)eZ3 L>0, \>0;
1
Initialize: Ly < AL+1, f\ < \f+ 5\| =27 = (v,), hy< Ah;
1: procedure PREF(f, h,z,27,v, L, \)
L
2 2, < argmin {ng(U;Z) +hy(u) + 7’\||u—z||2}

ue

3: UT<—%[(v+z_—z)+L,\(z—zT)]+Vf(zr)—Vf(z)

4 g = (+ha) (@) - (fa+ha) ()

5: return (z,,v,,&,)

The result below, whose proof can be found in Appendix D, presents the some important

properties of the PR procedure (PRP).

Proposition 5.1.1. Let (z,,v,,¢,) and L, be generated by the PRP where (f,h) satisfy as-

sumptions (Al)-(A2). Then, the following properties hold:
(@) e, > Ly|z - 2?2

(b) v, €V [f(z)+0h(z)and

1 1 max{m,M
ol <« e =21+ (3 + 2SR o2 T

(c) ifthe inputs f, h, A, and (z, 2z, v) satisfy

ved., (A7 +hl+ 51 -17) ), -
51

1
XHZ‘—ZJrUHS,E, €<§,
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for some (p,&) € R2, and € > 0, it holds that
1 M
(2| Sﬁ+(x+M)\/2>\€_LA~ (5.2)

The result above is analogous to Proposition 3.2.5, which describes properties of the CRP.
In view of this link, we now make a comparison between the PRP and the aforementioned
CRP. First, the PRP requires two extra points, 2~ and v, as part of its input compared to the
CRP. Second, Proposition 3.2.5(b) shows that the CRP obtains a point v, satisfying the inclu-
sion in Proposition 5.1.1(b). Finally, under the same conditions in (5.1), Proposition 3.2.5(c)

shows that the point v, obtained by the CRP satisfies

v, | < (1+%T’M})(p+ \/2§LA), (5.3)

which is analogous to the bound in (5.2). Note that, compared to (5.2), the above bound has
a larger constant in front of p and a possibly larger constant in front of £ depending on the

relationships between A\, M, m, and L.

5.2 Relaxed ACG (R.ACG) Method

This section presents a relaxed ACG (R.ACG) variant that is generally more efficient in prac-
tice than the ACGM in Algorithm 2.2.2.

We first state the R.ACG variant in Algorithm 5.2.1. It main idea is to start with a pos-
sibly large stepsize \; and adaptively update this stepsize by checking a particular descent

inequality at every iteration.

{ 3

Algorithm 5.2.1: R ACG Method

Require: v, € Conv (Z), v, € C(dom,), yo € domb,, (p, Lest) € R2,, Liin €
(07 Lest];




Initialize: [ < L.y

1: procedure R ACG(Ys, ¥, Yo, by Liminy Lest)

2 fork=1,...do

3 L+« L

4: do

6 Generate (A, g, Tr-1, Tk, k) according to Algorithm 2.2.2.
7 L < 2(L - Luin) + Lunin

5

] N L ~
while o (yi) = Ly, (Yr; Tr-1) > 5”% — T |?
9: Ly« L

\ Vv,

We now make two remarks about the above R.ACG method (R.ACGM). First, if 1, €

Cm’f(dom ) for some (m, L) € R2, and Leg > L, then Ly, = L for every k > 1. On the

other hand, if L < L then L, is doubled at most

L - Les
[1 +log, (—L e )]
est — Imin

times and L; < Ly < 2L for every k > 1. Second, if (L — Lest )/ (Lest = Limin) = O(1), then
the iteration complexities of the R ACGM and ACGM in Algorithm 2.2.2 are on the same
order of magnitude when given a common termination condition.

It is worth mentioning that the above line search idea has been explored in many other
works in the literature. For example, [86] considers applying a similar line search subroutine
in which the stepsize parameter )\, is increased whenever a key descent inequality holds and

decreased otherwise.

5.3 Relaxed AIPP (R.AIPP) Method

This section establishes an iteration complexity bound for a relaxed AIPPM (R.AIPPM) that
is generally more efficient in practice than the AIPPM in Algorithm 3.3.2.
Before proceeding, we first state the main problem of the R.AIPPM and its key assump-

tions. Consider the NCO problem
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6. =min[0(=) = () + h(2)], (o)
where Z is a finite dimensional inner product space, and it is assumed that
(D1) h e Conv (Z) for some nonempty convex set Z C Z;
(D2) feCy(Z) for some M > 0;

(D3) ¢ > —o0.

Moreover, like in Chapter 3, assume that efficient oracles for evaluating the quantities f(z),

V f(2), and h(z) and for obtaining exact solutions of the subproblem

. 1
min {A(=) + 5= 207}

for any 2y € Z and X > 0, are available.
The AIPPM considers finding approximate stationary points of NCO as in Problem 3.1.1,

ie. given p > 0, find (2,0) € Z x Z satisfying
veVf(2)+0h(2), |o]<p. (5.4)

For the sake of future referencing, let us state the problem of finding (2, 0) satisfying (5.4)

in Problem 5.3.1.

Problem 5.3.1: Find an approximate stationary point of NCO

Given p > 0, find a pair (2,0) € Z x Z satisfying condition (5.4).

To ease the notation in later sections, let us conclude by defining the useful quantity

m = inf {f(u) ~p(2) 2 =P Vu,ze z} | (5.5)

103



5.3.1  General Descent (GD) Framework

This subsection presents a general descent (GD) framework that relaxes the GIPP framework
from Chapter 3. We later show that the R.AIPPM is a special instance of GD framework
(GDF) in which each prox subproblem is approximate solved by invoking the R ACGM in
Algorithm 2.2.2.

Recall that for an IPP framework with stepsizes {\; }1»1, the larger )\ is the faster the
IPP framework converges to a desirable approximate solution. While )\ is required to be
at most 1/m in the GIPPF of Chapter 3, the GDF of this subsection considers choosing
Ai significantly larger than 1/m despite a possible loss of convexity. More specifically, it
adaptively chooses its stepsizes based on two key inequalities that are checked at the end of
its iterations.

We first start by stating the GDF in Algorithm 5.3.1.

Algorithm 5.3.1: GD Framework

Require: he Conv (Z), feC(Z), zoeZ, (0,7)eR%,, L>0, {\}es1 SR,y
Initialize: Ly <~ AM +1, ¢ < [ + h;

1: procedure GD(f, h, 20,6, 7, M)
7e fork=1,...do

3: Find (zy, vk, A\;) € Z x Z x R, such that its corresponding refined triple
(§k>@k7ék) *PREF(f,h,Zk,Zk_l,’Uk,M, /\k) (56)

4: satisfies the bounds
Hvk + 2k-1 — ZkH2 < 0/\k [¢(Zk_1) - qb(Zk)] ; (57)
20,¢; < TH’Uk + 2p-1 — ZkH2 (5.8)

We now give two remarks about the above framework. First, no termination criterion is
added so as to be able to discuss convergence rate results about its generated sequence. A dis-
cussion of how to terminate it is given after Proposition 5.3.1 below. Second, its Line 3 should

be viewed as an oracle in that it does not specify how to compute the triple (A, 2, vy ). Third,
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Corollary 5.3.4 below shows that if the stepsize A is chosen so that the prox subproblem
: 1 2
rzrigl{)\k(f+h)(z) +5le =20l } (5.9)

is a strongly convex composite problem, i.e. A; € (0,1/m), the point z; is chosen as its
unique optimal solution, and vy, is set to zero, then the triple (A, zx, vx) satisfies (5.7) and
(5.8) with = 2 and 7 = 0. Thus, when (0,7) € [2,00) x [0, 00), we conclude that: (i) there
always exists a triple satisfying (5.7) and (5.8); and (ii) the GD framework can be viewed as
an IPP method.

In Section 5.3.3, we show that the R.AIPPM is a special instance of the GD framework,
and hence, can be viewed as a relaxed IPP method which chooses (#, 7) in the open rectangle
(2,00) x (0, 00). In particular, it applies an instance of the R ACGM in Algorithm 5.2.1 to
problem (5.9) in order to obtain a triple (A, 2k, vx) satisfying (5.7) and (5.8).

We now present an important property about the sequence of iterates { (A, Zx, U ) x1-

Proposition 5.3.1. The sequences of stepsizes { \i }x>1 and iterate pairs {(Zy, Ur) }k>1 satisfy

b Vg(z) +oh(). minfif? <0 (1+2y7)" I gy
1< k

for every k > 1, where Ay, := Y| \..

Proof. Let k > 1 be fixed. The inclusion in (5.10) follows from Proposition 5.1.1 with (2,7) =
(Zk, U ) and the definitions of Z;, and 9y, in (5.6). To show the inequality in (5.10), first observe

that (5.7) and the definition of ¢, in N'CO implies that

k 12
¢(ZO Z ¢(Zz 1) ¢(Zz Z ||UZ+Z, 1= ZZH
i=1

Ay 1
> — min HUZ + 21 — % ”2 (511)
0 i<k

Now, let ¢ > 1 be arbitrary. Using (5.6), (5.8) with k£ = ¢, and Proposition 5.1.1 with A = \;,
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(27,2) = (21, ), and (v, v,.) = (v;, ;), it holds that

. 1 1 M -
|0:]] < )\—”Uz + zio1 — 2 + (/\— + m) V2(MM +1)é;

7

1 2
< )\_HUZ + 21—z + NV 2(AM +1)é; (5.12)

< 1+27
< "

) HUZ +Zic1— % ” . (513)

The inequality in (5.10) now follows by combining (5.11) and (5.13). O

We now make three additional remarks about the GDF in light of Proposition 5.3.1. First,
if the GDF stops when a pair (2, 0y ) such that |0;] < p is found, then it follows from the
inclusion in (5.10) that (2, %) solves Problem 5.3.1. Second, if the sequence of stepsizes
{\;} satisfies limy_, o, Aj = oo, then it follows from the inequality in (5.10) and assumption
(D3) that the GDF indeed stops according to the above termination criterion. Third, (5.10)
indicates that the larger the stepsizes A, are, the faster the quantity min,, |0;|| approaches
zero.

For the remainder of this section, our goal is to show that the GDF can be seen as a
relaxation of the GIPPF from Section 3.2. The proof of this fact is not essential in establishing
any results pertaining to the R.AIPPM in this section and may skipped without any loss of
continuity.

Recall that, for a given 2y € Z and o € [0,1), the GIPPF in Section 3.2 considers a

sequences { A }r>1 and {(zx, v, €x) }r1 satisfying
1
o €0, (Akd) =t -z,“u2) (2)s  [ogl? + 265 < oo + 2t — 262 (5.14)

for every k > 1. We begin by presenting a simple technical result that will be used both here

and in the analysis of the R.AIPPM.
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Lemma 5.3.2. Assume thate > 0and (\,z7,z,v) € Ry, x Z x Z x Z satisfy
1 -2
ved. ()\¢+ o171 )(z). (5.15)

Then, the quantity , computed in Algorithm 5.1.1 satisfies ¢, < €.

Proof. Let (2,,¢,) be computed as in Algorithm 5.1.1. It follows from the definition of the

approximate subdifferential and (5.15) that
1 2 1 1o
Ap(u) + §Hu—z I > Ap(2) + EHZ—Z [©+(v,u—2)—-¢ YuelZ.

Considering the above inequality at the point u = z,, along with some algebraic manipula-

tion, we have

e> (A6 + 5 1e =2 1= (0,2)] = Vo) + -2 - (02 ==

where the last equality is due to the definitions f), k), and ¢, given in Algorithm 5.1.1. [

The following result shows the relationship between the GIPPF of Section 3.2 and the

GDF of this section.

Proposition 5.3.3. If; for some z_1 € Z, constant o € [0, 1), and index k > 1, the quadruple
(A&, 2k, Uk, € ) satisfies (5.14), then (A, zx, vy ) satisfies (5.7) and (5.8) for any 6 > 2/(1 - o)
and T > (A M + 1). As a consequence, if Sup.; A\x, < oo, then every instance of the GIPPF

is an instance of the GDF for any (0, ) satisfying

2
l1-0

0>

, T2sup[oc(MM +1)]. (5.16)
k21

Proof. The fact that (A, 2zx, vy ) satisfies (5.7) with § = 2/(1 — o) follows from Propo-

sition 3.2.3(a). Now, let £ > 1 and observe that from Lemma 5.3.2 with (), 27, z,v) =

(A, Zk-1, 2k, Ux) and € = €5 we have & < 4. It follows from the last inequality and the

107



inequality in (5.14) that 2¢;, < o|vg + zx_1 — 2x|>. Combining the previous inequality with
the assumption on 7 now shows that (\x, zx, v ) satisfies (5.8). The second part of the

proposition follows immediately from the first part and condition (5.16). ]
[add remarks]

Corollary 5.3.4. Let z;_1 € Z and )\, € (0,1/m) be given, where m is as in (5.5). Then,
NCO has a unique global minimum zj, and the triple (., zi., vy, ) satisfies (5.7) and (5.8) with
(0,7,v,) =(2,0,0).

Proof. The existence and unique uniqueness of z, follows from the fact that ¢+ ||- —zx_1 ||?/ A&
is strongly convex. Moreover, the fact that z;, is the unique global minimum of A’CO implies
that the quadruple (\g, zi, vg, £k ), Where (vg, €x) = (0,0), satisfies (5.14) with o = 0. The
conclusion of the corollary now follows immediately from the first part of Proposition 5.3.3

with o = 0. O]

5.3.2  Key Properties of the R.ACGM

This subsection describes how the R ACGM in Algorithm 5.2.1 can be used to implement a
single iteration of the GDF in Section 5.3.1.

Consider the R ACGM inputs

1
¢s=)\f+§||'—zk—1\|27 Yn =M, Yo = 21,

(5.17)
=1, Lpin=1, Let=Ly:=AM+1,
and the termination criteria
2max {0, L\n;} < T|yo—y; + 1 1%, (5.18)
lyo —y; + 75117 < X0 [(yo) — d(y;)] (5.19)

for some (0, 7) € R2,. In the following lemma, we show that if the conditions (5.18) and
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(5.19)

| Airi + yi — yol|* + 2max {0, Aimi} < |vi — vol?, (5.20)

U(yo) > (ys) + (i, yo — vi) — max {0,n;}, (5.21)

hold at every iteration of R.ACGM, then the conditions (5.18) and (5.19) will be obtained in

a finite number of R.ACG iterations.

Lemma5.3.5. Let ¢ = f+h be a function satisfying assumptions (D1)-(D2), Ly be as in (5.17),
and (zx-1,\) € ZxR,.. Moreover, suppose the R ACGM is called with (15, ¥, Yo, Limin, Lest)
as in (5.17) and generates the sequence of iterates { (A;, yi, 75, 1; ) is1. Then, the following state-

ments hold:

(a) if the inequalities (5.20) and (5.21) hold for every i > 1, then for any 6 > 2 and T > 0 the

R.ACGM generates an iterate (y;,r;,n;) satisfying (5.18) and (5.19) in

[1 /2L, 1og{(209,TLA)] (5.22)

iterations, where

2 2
_ Ly 0
Cori= max{[1+ . :| ,[1+ 9_2:| } (5.23)

(b) if X < 1/m, then (5.20), (5.21), and the inclusion 1; € Onax(n; 03%(y;) hold for every

j>1.

Proof. (a) See Appendix C.
(b) If A < 1/m, it follows that ¢)5 € Fy 1, (Z), and hence, (15, 1,,) satisfy the require-
ments of the ACGM (see Algorithm 2.2.2) with L = L. The conclusion now follows from

Proposition 2.2.3 and the definition of the approximate subdifferential. ]
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The next result shows that conditions (5.18) and (5.19) are sufficient to implement a single

iteration of the GDF in Section 5.3.1.

Lemma 5.3.6. Let ¢ = f + h and (zx_1,\) be as in Lemma 5.3.5 and (15,0, yo) be as in

(5.17). If (y;,7;,m;) satisfy (5.18), (5.19), and 1; € Omax(n; 0y (y;)> then the assigned triples

(Akuzkavk) < (Aayjarj)v (ékaﬁkvék) <_PREF(fahuyﬁZkflaTjJM’)\) (524)

satisfy (5.7) and (5.8).

Proof. The fact that (A, zx_1, 2, vx) satisfies (5.7) follows immediately from (5.19) and
(5.24). On the other hand, using Lemma 5.3.2 with (z,v,¢) = (y;,7;, max{n;,0}) and the
definition of (1s, 1), we have that &, < r;. Using the previous bound and (5.18) yields
(5.8). O

We now conclude by discussing alternative choices for the R ACG input (Legt, Linin) in

(5.17). First, note that if Lo = AaM + 1 for some «v € (0,1) and Ly, = 1, then

Ly-Lpm AM+1-1 1

Lot —Lomm MaM+1-1 o

Hence, in view of the above identity and the discussion following the R ACGM in Algo-
rithm 2.2.2, choosing Les = AaM +1 witha~! = O(1) inan R.ACG call yields an complexity

that is on the same order of magnitude as an R.ACG call with Ley = AM + 1.

5.3.3  Statement and Properties of the R.AIPPM

This subsection describes and gives the iteration complexity of the R. AIPPM.

We first state the R.ACG instance in Algorithm 5.3.2 that implements the approach de-
scribed in the preceding subsection. More specifically, this instance chooses L,,;, = 1 and
Les = AM /100 + 1, uses the termination conditions (5.18) and (5.19), and uses (5.20) and

(5.21) to check for failure of the method. The variable g is used to store the termination
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status of the method where g = true if the method outputs a solution satisfying (5.18) and

(5.19) and mg = false otherwise.

{ 3

Algorithm 5.3.2: R.ACG Instance for the R AIPPM

Require: 1, € Conv (Z), ¢, € C(Z), yo € Z, (0,7) € R2,, Ly > 0, Ly €
(07 Ll);
Initialize: [, « L., g < true, 1 < g+,
llg Procedure RACGl(wm wn7 ¢a Yo, 97 T, Lmim Lmax> Lest)
2 fork=1,...do
3 Generate (Ay, yx, Tk, Nx ) according to Algorithm 5.2.1.
4 77/: < max{n/ﬁ 0}
5: if (5.18) and (5.19) hold with j = k then
6 return (yx, 7, 15, Ts)
7 if (5.20) or (5.21) do not hold with 7 = k then
8 mg < false
9

return (y, 00, 00, 7g)

Using the R ACGM instance in Algorithm 5.3.2 and the refinement procedure in Algo-
rithm 5.1.1, we now state the R.AIPPM in Algorithm 5.3.3. Given )y > 0 and zj € Z, its main

idea is to apply the R.ACGM to obtain the approximate update for the k" iteration

: 1
- glgl{xk(f #h)(=) + 5z - zk_1|2}

for a suitable stepsize )\, and implement one iteration of the GDF in Section 5.3.1. The iterate
2i, is then refined using the PRP in Algorithm 5.1.1 and termination of the method occurs

when a refined iterate solving Problem 5.3.1 is found.

{ 3

Algorithm 5.3.3: R.AIPP Method

Require: p > 0, M >0, h e Conv (Z), feCyu(Z), Xo >0, (6,7) € (2,00) x
IR++a 20 € Z;
Initialize: ¢ < f + h;

1: procedure R.AIPP(f, h, 2o, Ao, 8,7, M, p)




Find the right )\;, and attack the £™ prox subproblem.
4. A« )\k—l

s gheafe ] mal’

6: repeat

7: (Lmin, Lmax, Lest) < (L, AM + 1, \[M/100] + 1)
8 (25, Vg, €, T 8) < RACGL(YE, M, &, 90, 0, T, Linins Linax, Lest)
9 (ékyr&k;ék) <—PREF(f,h,Zk,Zk,l,Uk,M,A)

10: if =(7,.®) or 2Lyaxéy > T|vk + 2-1 — 21| * then
11: A< A\/2

12: until 7, and 2Lyaxéy < 7] og + 2421 — 252

13: AL < A

14: Check the termination condition.

15: if ||0x| < p then

16: return (2, 0y, )

Some comments about the R.AIPPM are in order. To ease the discussion, let us refer to
the ACG iterations performed in Line 8 of the method as inner iterations and the iterations
over the indices k as outer iterations. First, the failure checks in the R.ACG instances and
Line 10 of the method immediately imply that a single iteration of the R.AIPPM implements
a single iterations of the GDF. Second, the termination condition in Line 15 and Proposi-
tion 5.1.1(b), with (\, 27, z,v) = (A, 2k-1, 2k, Uk ), imply that the required solution, i.e. a pair
(2,0) that solves Problem 5.3.1, is obtained when the R.AIPPM terminates. Third, since the
R.AIPP iterates correspond to iterates of the GDEF, and the sequence { )\, } is bounded below
(see Lemma 5.3.7(c) below), Proposition 5.3.1 implies that the sequence {7} generated by
the R.AIPPM has a subsequence approaching zero, and thus the method must terminate in
Line 15. Fifth, although the R.AIPPM does not necessarily generate proximal subproblems
with convex objective functions, it is shown in Theorem 5.3.8 below that it has an iteration
complexity similar to that of the AIPPM of Section 3.3. Finally, in contrast to the aforemen-
tioned AIPPM, the R.AIPPM neither requires an upper bound on the quantity m in (5.5) as
part of its input nor does it place any restriction on the initial stepsize \.

Each iteration of the R.AIPPM may call the R ACGM multiple times (possibly just one
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time). Invocations of the R.ACGM algorithm that stop with 7, ® = true are said to be of type
S while the other invocations are said to be of type F'. Let kg (resp., kr) denote the total
number of R.ACG calls of type S (resp., type F'). The following technical result provides

some basic facts about kg, kr, and the sequence of stepsizes { Ay } x»1-
Lemma 5.3.7. The following statements hold for the R. AIPPM:

(a) if the stepsize A\ < 1/m for some k > 1, then every iteration k > k is of type S and, as a

consequence, A\, = \j; for every k > k;
(b) kr can be bounded as 2Fr < max{1,2\om};

(c) {\k}rs1 is non-increasing and satisfies

&= max{/\%,?m} > /\ik Vk>1. (5.25)
Proof. (a) Since A\; < 1/m, the definition of m in (5.5) implies that A\ f + | - —2zx_1]?/2 is
convex. Hence, it follows from Lemma 5.3.5(b) that 7,°* = true, which is to say that this
iteration is of type .S. Since { Ay } ;1 is clearly nonincreasing, the same conclusion holds true
for every iteration k > k. Moreover, as \ is not halved for subsequent iterations following
it follows that \, = A for every k > k.

(b) Using the fact that immediately before each iteration of type F', the stepsize A is
halved, we see that the condition \; < 1/m in part (a) would eventually be satisfied for some
iteration k& > 1, and hence kp is finite. Now, note that if kx = 0 then the inequality in part
(b) follows immediately. Assume then that £z > 1. It now follows from part (a) and the
definition of kr that A\g/2%7~! > 1/m, which clearly implies the inequality in part (b).

(c) The first statement follows trivially from the update rule of \; in the R.AIPPM. Now,
note that the definition of k£ together with the update rule for \;, imply, for every £ > 1, that

Ao/2FF < Aj. The inequality in part (c) then follows from the inequality in part (b). O
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In view of Lemma 5.3.7(a), choosing an initial stepsize )\, satisfying Ay < 1/(2m) re-
sults in an R.AIPP variant with constant stepsize, which resembles the AIPPM described in
Section 3.3.

The following theorem presents a worst-case iteration complexity bound on the number
of inner iterations of the R.AIPPM with respect to the inputs M, Ay, 2y, the quantity m in

(5.5), and the tolerance p.

Theorem 5.3.8. The R.AIPPM outputs a pair (Z,0) that solves Problem 5.3.1 in

0 (\/M—+§ ( VEO[L+ T]Ig(z‘)) o], \/)\—0) log} [(J@,TAOM]) (5.26)

inner iterations, where Cy  and § are as (5.23) and (5.25), respectively.

Proof. The fact that its output solves Problem 5.3.1 follows from the termination condition
in Line 15, Line 9, and Proposition 5.1.1.

To show the desired complexity, we let TIg (resp. T1r) denote the total number of inner
iterations performed during all calls of type .S (resp. type F’) (see the paragraph preceding
Lemma 5.3.7). Clearly, the total number of inner iterations is T1 := TIg + TIz. We now
bound each one of the quantities T1g and Ty separately by using the fact that the inputs
given to every R.ACG call and Lemma 5.3.5(a) imply that the number of inner iterations

performed during each R.ACG call is
O (VAM + Tlog] [Cy,(AM +1)]),

where ) is the value of A just before the call and C' is as in (5.23) with L) = AM + 1.
We first consider T1x. Note that Lemma 5.3.7(b) implies that k is finite. Since T1r =0
when kp = 0, we may assume without loss of generality that kr > 1. Note that the values of

A just before the kp calls of type F' are exactly Ao, \o/2, ..., Ao/2¥7~1. Hence, we conclude
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that

kr
TIF ( /\0M+1 lo gl 097- 21 1 )])

i=1

i (’fF /\0(M+§

=1

09 7')\0 ])
=0 (\/ Ao (M +§) log} [Ce,T)\oMD (5.27)

where the second identity is due the fact that Lemma 5.3.7(b) implies 21 < 2Fr=1 < 2),¢
for every i < kp.

We now bound TIg. Suppose that ks > 1 and observe that the termination criterion
|0k || < pis not satisfied in the first kg — 1 iterations. Since the R.AIPPM is an instance of the

GDE it follows from Proposition 5.3.1 that

2 [¢(20) — &.]
st 1)\ '

7=1

) . A2
p° < in l0;]* <6 (1 + 2\/F) (5.28)

Using the fact that Lemma 5.3.7(c) implies 1/A; < and \; < A for every j > 1, we obtain
ks
TIS =0 Z \/ )\jM +1 10g-{ [Cgﬂ->\jM])
j=1

ks
-0 VAT lost (Cr )
j=1
-
=0 VM+£|Y w_] logy [OQ,TAOM])
=1

TN
=0[VM+¢|> —+
j:

I

Now, using 5.28, the bound (a + b)? < 2a? + 20? for every a, b € R, and the previous bound

o |log] [C’gﬁ)\oM]) . (5.29)

1/)A; < & for every j > 1, it holds that

(5.30)

ksl ), ) ks—1 VEO (1+7) [¢(20) — dx]
R

115



Hence, combining (5.29) and (5.30), we conclude that

TIg = O (\/M +€ ( VEOLL+ T]ﬁ[f(zf’) 0, \/)\_0) log [CQJAOM]) . (5.31)

It can be easily seen that the bound in (5.31) trivially holds when kg < 1 in view of the
last term in it. Indeed, to prove this, just assume that Z?fl_ ! Aj = 0 in the above argument
bounding TIg. Now, since T1 = TIy + T1g, the bound in (5.26) follows by adding (5.27) and
(5.31). O

The result below presents the iteration complexity of the R.AIPPM with inputs (6,7) =
(4,2) and A = 1/m.

Corollary 5.3.9. The R.AIPPM with inputs (0,7) = (4,2) and X\ = 1/m outputs a pair (2,)

that solves in Problem 5.3.1in

o[22 ]

m p

oracle calls, where £ is as in (5.25).

Proof. This follows immediately from Theorem 5.3.8 with (6,7) = (4,2) and A = 1/m to-
gether with the fact that the R ACGM uses O(1) oracle calls at the end of every one of its

iterations. [

We now briefly discuss alternative update rules for the stepsize \j. To begin, one could
consider an update in which the intermediate variable A in Line 4 of the R.AIPPM is ini-
tialized with A « \;_; for some 3 > 1. For larger values of 3, this might result in larger
number of inner iterations per outer iteration due to a (possibly) large number of R ACG
calls that result in 7°* = false. A modification of this approach is to fix this multiplier 3

acg

to be 1 for all iterations following one in which 7, = false. This modification results in

a bitonic stepsize sequence (as opposed to a monotonic one) and is only slightly more con-
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servative than the first approach. The second approach will be used in our computational

experiments in Section 5.5.

5.4 Relaxed AIP.QP (R.AIP.QP) Method

This section establishes an iteration complexity bound for a relaxed AIP.QPM (R.AIP.QPM)
that is generally more efficient in practice than the AIPQPM in Section 4.1.
Before proceeding, we first recall the main problem of the R.AIP.QPM and its key as-

sumptions. Consider the CNCO problem

P =min{o(z2) = f(2) + h(z) - Az € 5} (CNCO[a])

where Z is a finite dimensional inner product space and it is assumed that ¢ = f + h satisfies

assumptions (D1)-(D3) and:

(E1l) A : Z — R is a nonzero linear operator for some finite dimensional inner product

space R, the quantity S € R is a closed convex set, and F := {z € Z: Az € S} # &;

(E2) Z is compact.

Moreover, like in Chapter 4, it is assumed that efficient oracles for evaluating the quantities

f(2), Vf(2), Az, and h(z) and for obtaining exact solutions of the subproblems

. 1 :
mip {Mi(2) + 5z - 0l ) min 7 -rol

for any 2y € Z,r € R, and A > 0, are available.

The R.AIP.QPM considers finding approximate stationary points of 5.4.1 as in Prob-
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lem 4.1, i.e. given (p,7) € R2,, find ([2,p], [0,4]) € [Z x R] x [ 2 x R] satisfying

0eVf(2)+0on(2)+A*p o] <p, (5.32)

Az+qeS |q| <n. (5.33)

For the sake of future referencing, let us state the problem of finding (2, ©) satisfying (5.32)

in Problem 5.3.1.

{ 3

Problem 5.4.1: Find an approximate stationary point of CNCO[a]

Given (p,n) € R2,, find a pair ([2,p],[0,q]) € [Z x R] x [ Z x R] satisfying conditions

(5.32) and (5.33).

5.4.1 Key Properties of the Quadratic Penalty Approach

This subsection presents some key properties of a quadratic penalty function that is used in
the R.AIP.QPM. Its properties mirror those in Section 4.1.2.

We first introduce some useful quantities. First, the diameter of Z is denoted by

D, = sup |u-z|. (5.34)

u,z€Z

We define the following important quantity for future reference:
o= inf{pe(2) = fo(2) + h(2)} . (5.35)
where f.(-) is a quadratic penalty function given by
Fu(2) = f(2) + gdistz(Az, S) VzeZ (5.36)

Note that using Lemma 4.1.1(a) and the definition of ¢, is as in CNCO[a], it is easily seen
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that

G 2Pe2P. Ve>ce20. (5.37)

The following result shows how a solution of Problem 5.3.1 with f = f. yields a solution

of Problem 5.4.1 when the penalty parameter c is sufficiently large.

Proposition 5.4.1. Given p> 0 and c> 0, let (2,0) be a solution of Problem 3.1.1 with f = f,

as in (5.36). Moreover, let m be as in (5.5) and define the quantities

pi=c[As-TIs(A2)], §:=TIs(A2) - A2,

q:
(5.38)
Ty = [2(4« — @o + pD.) + mD?| 772, M, = M +c| Al

where Q., po, and D, are as in CNCO[a], (5.35), and (5.34), respectively. Then the following

statements hold:
(a) it holds that f. € Cpy 11, (Z);

(b) the pair ([2,p], [0, q]) satisfies (4.7), the inclusion in (4.8), and

Q|

[4* < = (2[¢s - ¢(2) + pD.] + mD?) ;

(c) if ¢ > Ty, then || < 7.

Proof. (a) See Lemma 4.1.4.

(b) See Lemma 4.1.2(a) for the proof that the pair ([ 2, p], [0, ¢]) satisfies (4.7), the inclu-
sion in (4.8). To show the desired inequality on |q, let ps(z) = (¢/2)dist*(Az, S) for
every z € Z. Using the inclusion in (4.8), the convexity of pg, the definition of p, and

Lemma E.2.1(b), it follows that © € V f(2) + O [h + ps] (2), or equivalently,

h(u) +ps(u) >h(2) +ps(2) + (0 -V [f(2),u-2) VueZ. (5.39)
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Considering (5.39) atany u € F and using the fact that pg(u) = 0 for any u € F, the definition

of m in (5.5), and the definitions of pg and ¢, we conclude that

S 1P =S ITLs(A2) - A2] = ps(A2)
<h(u) = h(2) +(Vf(2),u-2) - (b,u-2)
<+ = (f+ 1)@+ folllu= 2] + 5 (mlu - 2%)

o
<p(u) = @(2) + pDn+ 3 (mD3).

Taking the infimum over u € 7 immediately yields the desired bound.
(c) Suppose ¢ > T}, Using the previous bound on ¢, the fact that ¢(2) > ¢ , and the

definition of 75, it follows from part (b) that

1

C

1 2

1] < = (2. - Go + pDy] + mD}) = = [*T;] < 7.

o

O]

In view of the above proposition, we now outline a static penalty method for solving
Problem 5.4.1. First, let 2y € Z be given and select a penalty parameter ¢ = O(772) satisfying
¢ > Tj;. Second, obtain a point (2, 0) solving Problem 5.3.1 with f = f, (see (5.36)) using the
R.AIPPM of Section 5.3 with zq, (m, M) = (m, M.), (6,7) = (4,2),and A = 1/m, where M,
is as in Proposition 5.4.1(b). Finally, compute the pair (p, ¢) according to (5.38) and output
the pair ([Z,p], [0, ¢]), which solves Problem 5.4.1 in view of Proposition 5.4.1(a) and (d).
Using the fact that ¢ = O(7)72), and Corollary 5.3.9 with (f, M) = (f., M.), it is easy to see

that the inner iteration complexity of the outlined method is

m

m p

where the last quantity ignores any constants aside from the tolerances. A drawback of this
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static penalty method is that it requires in its first step the selection of a single parameter
¢, which is generally difficult to obtain. This issue can be circumvented by considering a
dynamic cold-started penalty method in which the static penalty method is repeated for a
sequence of increasing values of ¢ and common starting point 2. It can be shown that the
resulting cold-started dynamic penalty method has an ACG iteration complexity that is still
on the same order as (5.40). Note that the bound (5.40) is actually O (=21~ log] ;7' ) when
2y € F, but our interest lies in the case where 2, ¢ F since an initial point 2 € F is generally
not known.

The AIP.QPM of Section 4.1 is a modified cold-started dynamic penalty method like the
one just outlined, but which replaces each R.AIPP call of the static penalty method with the
AIPPM of Section 5.3. It has been shown in Theorem 4.1.6 that its inner iteration complex-
ity bound for solving is O(p27~!). This bound is established without assuming that Z is
bounded and is clearly better than the one in (5.40).

The next subsection considers a warm-started dynamic penalty method, similar to the
one described immediately after Proposition 5.4.1, in which the input z; to the R.AIPP call
for solving the next penalty subproblem is chosen to be the output Z from the R.AIPP call
for solving the current one. It is shown in Theorem 5.4.3 that its inner iteration complexity
is O(p~2n~'log, n~'), which is the same as the one for the AIP.QPM up to a logarithmic
factor. As a side remark, we note that although a warm-started version of the AIPQPM in
Section 4.1 can be also considered, the aforementioned O(p~277!) inner iteration complexity

bound was derived for its cold-started version.

5.4.2  Statement and Properties of the R.AIP.QPM

This subsection describes and establishes the iteration complexity of the R AIP.QPM.
We first state the R.AIP.QPM in Algorithm 5.4.1. Given (0, 7) € (2,00) xR, and zy € Z,

its main idea is to call the R.AIPPM of Section 5.3 to obtain approximate stationary points

121



for a sequence of penalty subproblems of the form

min {f.,(2) + h(2)}

where {¢y}1 is a strictly increasing sequence that tends to infinity. At the end of each
R.AIPPM call, a pair ([Z,p],[0,q]) is generated that satisfies (5.32) and the inclusion in

(5.33), and the method terminates when the inequality in (5.33) holds.

{ 3

Algorithm 5.4.1: R AIP.QP Method

Require: (p,7) € R2,, M > 0, h € Conv (Z), f € Cyu(Z), X > 0, (0,7) ¢
(2,00) xRy, 2z0€Z, A+0, SCR;
Initialize: C, < M/||A|?, 2o < 20;

1: procedure R AIP.QP(f,h, A, S, zo,c1,\,m, M,0, 7T, p,n)
2% for/=1,...do

3: Attack the /™" prox penalty subproblem.

4; feo=f+ % -dist?>(A(-), S)

5 M,, < M +c| A|?

6: (25,@1) <« R.AIPP(fCZ,h, 7:’4_1,)\,9,7', Mcé,ﬁ)

7: f)g «~ Cy [AZAg = Hs(Afg)]

8: Ge < Ts(AZe) - A2,

9: Either stop with a nearly feasible point or increase c,.

10: if |G,| < 7) then
11: return ([ 24, p¢], [0, Ge])

12: Cos1 < 2¢p

We now make three comments about the R.AIP.QPM. To ease the discussion, let us
refer to the R.AIPP iterations in each R.AIPP call as outer iterations, the R.ACG itera-
tions performed inside each R.AIPP call as inner iterations, and the iterations over the
indices ¢ as cycles. First, it follows from Proposition 5.4.1(b) that, for every ¢ > 1, the pair
([2,2],[0,4]) = ([Ze, Pe], [0e, Ge]) satisfies (5.32) and the first inclusion of (5.33). Second,

since every cycle of the R.AIP.QPM doubles c, the condition on c in Proposition 5.4.1(c) will
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be eventually satisfied. Hence, the residual ¢ corresponding to this c will satisfy the condi-
tion ||G| <7 and the R.AIP.QPM will stop in view of its stopping criterion in Line 10. Finally,
in view of the first and second comments, we conclude that the R.AIP.QPM always outputs
a pair ([2,p], [0, q]) that solves Problem 5.4.1.

Before deriving the inner iteration complexity of the R.AIP.QPM, we note that the num-
ber of inner iterations needed in the (¢ + 1)t execution of the R.AIPPM depends on the
quantity ¢, (2) — ¢, (see the left-hand-side of (5.40) with (c,z) = (cg, 2¢)). The result
below shows that the warm-start strategy in Line 6 of the method together with the bound-
edness of Z imply that the aforementioned quantity has an upper bound that is independent

of the size of the parameter c;.
Lemma 5.4.2. Let c; be as in the initialization of the R.AIPQPM and define

S(ZO) =P (ZO) - ¢017

. (5.41)
Q(z0) = 5(z20) 42| 0. = G+ pD. + 5mD?|.

where ¢, and @oare as in CN'CO[a] and (5.35),, respectively. Then, for every { > 1, we have

@Ce(éé) - 9504 < Q(EO) (5.42)

Proof. All line numbers referenced in this proof are with respect to Algorithm 5.4.1. The
case in which ¢ = 1 follows trivially from the definition of S(z;). Consider now the case in
which ¢ > 2. Remark that Line 12 and Proposition 5.4.1 respectively imply that ¢, = 2¢/_;
and (Z4,0,) solves Problem 5.3.1 with f = f,, ,. It now follows from the aforementioned

remarks, the last inequality in (5.37) with ¢ = ¢, the definition of ¢y, and Proposition 5.4.1(b)
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with (2, ¢) = (24, ¢,), that

5 . 5 . 5 Co-1 » A
Perie) = Por < el(20) = 00 = p(20) + 2| 2 aul? | -
. R N 1 R
<p(2) +2 [cp* —¢(2) +pD: + 5@03] ~ %o
1
- 26~ p(i0) - o+ 2| pD + D]

1
<2 [@ o+ pD.+ 5@)3] <O(z). (5.43)

We now establish the iteration complexity of the R.AIP.QPM in the following result.

Theorem 5.4.3. Let T}, be as in (5.38) and define
Eﬁ =M + Tﬁ“A”Q Vf] > 0. (544)

Then, the R.AIPQPM outputs a pair ([2,p], [0, q]) that solves Problem 5.4.1 in

o (\ /Z.+ € ( Ve[ ;g] Q) , \/)\_0) log} (CQ,TAOEﬁ)) : (5.45)

inner iterations, where Cy ., &, and QQ(zo) are as in (5.23), (5.25), and (5.41), respectively.

Proof. The fact that the output of the R.AIP.QPM solves Problem 5.4.1 is an immediate con-
sequence of Proposition 5.4.1 and the termination condition in Line 10 of the method.

Let us now prove the desired complexity bound. Let £ > 1 be the smallest index such that
¢z > T;. Since the R.AIP.QPM calls the R.AIPPM with (M, f) = (M.,, f.,) at every cycle, it
follows from Lemma 5.4.2 and Theorem 5.3.8, with M = M, that the total number of inner

iterations at the /*" cycle of the R.AIP.QPM is on the order of

0( [1 n %] =, [\/59 L1 ;27] Q) | W—o] log? [OQ,TAOMCZ]) . (5.46)
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Hence, the R AIPQPM method stops in a total number of inner iterations bounded above
by the sum of the quantity in (5.46) over £ = 1,..., (.
We now focus on simplifying some quantities in the aforementioned sum. Using the fact

that M = ¢;|.A||?, we obtain the bound

My, = M + | A* = M + 2 e AJ®

<27 (M + | AJ?) = 2% | A% (5.47)

Now, if ¢ = 1, then the above inequality implies that M., < 2¢; |A|? = 2M = O(Z;). Assume
then that £ > 2. Observe that the definition of £ implies that 2(-1¢c; = ¢; < T}, or, equivalently,

N2 \/§l <y/2T};,. Combining the previous inequality with (5.47), we conclude that

M~

[ _
VAL E< Y VFalAF e < Va1 v2) Vae AT + ¢

\/ (14174 ) - \/||A|2T (1+5)
0( [1+M]:A)7 »

k=1

I/\

and also that
log} (M,,) < log] (Z'eo] AJ2) <logf (T AI) = 0 (log =) (5.49)

It now follows from (5.46), (5.48), and (5.49) that the R.AIP.QPM stops in a total number of

inner bounded by the quantity in (5.45). ]

The result below presents the iteration complexity of the R.AIP.QPM with inputs (6, 7) =
(4,2) and A = 1/m.

Corollary 5.4.4. The R.AIPQPM with inputs (0,7) = (4,2) and X\ = 1/m outputs a pair
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([2,p],[0,q]) that solves in Problem 5.4.1in

(’)( [1 " %] =, [\@g(z‘)) n \/1@] log! [3]) (5.50)

inner iterations, where =; and Q)(z) are as in (5.44) and (5.41), respectively.

Note that in terms of the tolerance pair (p, 7)), it is O(p=27*log; 7)~!), which improves
upon the complexity in (5.40) by a ©(7)~2) multiplicative factor.

We now end this section by discussing how the above R.AIP.QP instance in Corol-
lary 5.4.4 compares to the AIP.QP instance in Corollary 4.1.7. First, recall that the AIP.QPM

requires the knowledge of an upper bound m on m. Under the same assumptions of this

section, it can be shown, using the bound m < M and Theorem 4.1.6 with ¢ = 0, that

AIP.QPM instance iteration complexity is

o(El e 2)

-0 (—m:{f(%) ¥ % log? [%]) (5.51)

On the other hand, using the bound m < M it can be shown that (5.50) reduces to

o[22 T3

p m| Vm m

Note that (5.52) is as good as (5.51) when =;/m = O(1) and is only worse by a factor of

logn~! when m = m.
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5.5 Numerical Experiments

This section presents several numerical experiments that use the various algorithms devel-
oped in this chapter. All experiments are run on Linux 64-bit machines each containing
Xeon E5520 processors and at least 8 GB of memory using MATLAB 2020a. Supporting
code for some of the benchmarked solvers was generously denoted by the original authors
Jiaming Liang, Saeed Ghadimi, and Guanghui “George” Lan. It is worth mentioning that

the complete code for reproducing the experiments is freely available online!.

5.5.1  Unconstrained Optimization Problems

This subsection examines the performance of several solvers for finding approximate sta-
tionary points of NCO where ( f, h) satisfy assumptions (A1l)-(A3) of Chapter 3.

The algorithms benchmarked in this section are as follows.

o AIPP: a variant of Algorithm 5.3.3 with starting inputs A\g = 1/m, 0 = 2, and 7 =
10(AoM + 1). More specifically, this variant adaptively changes the value of 7 based
on the update rule in [49], uses the bitonic stepsize update rule described at the end
of Section 5.3.3, and initializes L, for each R.ACGM call as follows: at the kt® outer
iteration, if L_; denotes either \¢yM + 1 for & = 1 or the last obtained estimate of L,
from a previous R.ACG call for £ > 1, then L of the current R ACG call is set to
Lo = A(Lq = 1)/[100 A maxgk-1,13] + 1. Moreover, at the k! iterate, it uses the z;_; as

the initial starting point for its £*" R.ACG call.

« AG: an instance of [30, Algorithm 2] in which Ly = max{m, M} and the sequences

{a k=15 { Bk }es1> and { A }is1 are as in [30, Corollary 1].

o NC-FISTA: an instance of the algorithm in [61, Section] in which, defining £ = 1.05m,
we have Ay = 2£(£+m) /(£ —m)2.

'See the code in . /tests/thesis/ from the GitHub repository https://github.com/wwkong/nc_opt/
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« UPFAG: an instance of [31, Algorithm 1] in which H = max{m,M}, v = 1,
(71,72,73) = (0.4,0.4,1), 6 = 1073, Mo =H, B = 1/H, and the line search method

the Barzilai-Borwein method given in [31, Equation 2.12] with o = 10719,

Given a tolerance p > 0 and an initial point 2y € Z, each algorithm above seeks a pair

(2,0) € Z x Z satisfying

il

0evVg(2)+0h(2), —HVQ(ZO)H |

<p. (5.53)

Moreover, each algorithm is given a time limit of 4000 seconds. Iteration counts are not
reported for instances which were unable to obtain (2,0) as above. The bold numbers in
each of the tables in this section highlight the algorithm that performed the most efficiently

in terms of iteration count or total runtime.

5.5.1.1 Quadratic Matrix Problem

This sub-subsection presents computational results for the unconstrained quadratic matrix
(QM) problem considered in [46]. More specifically, given a pair of dimensions (/,n) € N2,

scalar pair (v, ) € R2,, linear operators B : S? — R™ and C : ST ~ R! defined by

[B(2)]; = (Bj,2)p,  [C(2)]; = (Ci2)p,

for matrices { B;}7_,, {Ci}.; € R™", positive diagonal matrix D € R"*", and vector d € R',

we consider the QM problem

in Licz-qpp-22 2
Juin, ez - - S| pBz|

subjectto Z € P,

where P, = {Z € S : tr z = 1} denotes the n-dimensional spectraplex.

We now describe the experiment parameters for the instances considered. First, the
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dimensions were set to be ({,n) = (50,200) and only 2.5% of the entries of the submatrices
Bj and C; being nonzero. Second, the entries of B;, C;, and d (resp., D) are generated by
sampling from the uniform distribution #[0, 1] (resp., U{1,...,1000}). Third, the initial
starting point is zy = I,,/n. Fourth, with respect to the termination criterion (5.53), the key

problem parameters, for every Z € S7, are
_ o 2 _ Q2 2 _ 5107
[(2)=SHez - dP? - 2IDBZP, h(z)=0p,(z), p=10"

Finally, each problem instance considered is based on a specific curvature pair (m, M) € R2,
for which the scalar pair (a1, ) € R2, is selected so that M = A\, (V%g) and —-m =
Amin(V29). In Appendix H, we describe how to generate the pair (a1, ) € R2, under the
reasonable assumption that 53, C, and D are nonzero.

The table of iteration counts and total runtimes are given in Table 5.1 and Table 5.2, re-

spectively.

Table 5.1: Iteration counts for QM problems.

(m, M) Iteration Count

m M UPFAG NC-FISTA AG AIPP
10t 10? 4766 1463 4139 2420
10t 10? 7768 1820 3439 1851
100 10° 10452 3873 3326 898
10t 108 11422 4432 3316 801

Table 5.2: Runtimes for QM problems.

(m, M) Runtime

m M UPFAG NC-FISTA AG AIPP
10t 10° 242.67 32.83 123.54 71.42
10t 10? 377.05 40.57 102.11 54.86
10t 10° 485.79 89.18 102.01 26.24
100 10° 499.48 107.1 106.56 26.37
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5.5.1.2 Support Vector Machine Problem

This sub-subsection presents computational results for the support vector machine (SVM)
considered in [31]. More specifically, given a pair of dimensions (n,k) € N2, matrix U ¢

R™* and vector v € {-1,+1}", this subsection considers the (sigmoidal) SVM problem

k
min % > [1 - tanh (v; (us, 2))] + %|z”2,

zeR™ i1

where u; denotes the i** column of U.

We now describe the experiment parameters for the instances considered. First, the
entries of U are generated by sampling from the uniform distribution /[0, 1], with only 5%
of the entries being nonzero, and v = sgn(U” z) where the entries of x are sampled from the
uniform distribution over the £-dimensional ball centered at 0 with radius 50. Second, the
initial starting point is zy = 0. Third, the curvature parameters for each problem instance are
m =M = (4/3|U|%)/(9k) + 1/k. Fourth, with respect to the termination criterion (5.53),

the key problem parameters, for every z € R", are

ko

f(z)z%Z[l—tanh(vi(ui,z))]+i”z||2, h(z)=0, p=10-.

i=1

Finally, each problem instance considered is based on a specific dimension pair (n, k) € N2
The table of iteration counts and total runtimes are given in Table 5.1 and Table 5.2, re-

spectively.

Table 5.3: Iteration counts for SVM problems.

(n, k) Iteration Count
n k UPFAG NC-FISTA AG AIPP
1000 500 80 3024 782 145
2000 1000 194 8360 1191 234
4000 2000 1112 22485 1346 392
8000 4000 327 - 1646 782
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Table 5.4: Runtimes for SVM problems.

(n, k) Iteration Count
n k UPFAG NC-FISTA AG AIPP
1000 500 5.46 71.64 19.11 5.03
2000 1000 35.88 570.19 84.85 21.14
4000 2000 775.77 3447.60 179.31 66.26
8000 4000 659.85 4000.00 1286.05 780.07

5.5.2  Function Constrained Optimization Problems

This section examines the performance of several solvers for finding approximate stationary
points of CN'CO where (f,h, g, S) satisfy (A1)-(A2) and either (B1)-(B2) or (C1)-(C3) of
Chapter 4.

The algorithms benchmarked in this section are as follows.

o AIP.QP: a variant of Algorithm 5.4.1 in which the R.AIPPM is replaced with the

R.AIPP variant described in Section 5.5.1 and ¢ = max {1, ¢+ Lf/[Bél)]Q}.

o AIP.AL: an variant of Algorithm 4.2.2 in which the parameter inputs for the S.ACGM

and the variant are given by

Lf 1 14
c1 =max? 1, T ——2, 0 =min - 0t
Ex Ly,
1
V:\/Q(AMJFl)v )\:2_7 pU:07
m

and the condition on Ay in Line 16 of Algorithm 4.2.2 is replaced by

— 02)H2
Ak < M
4(1 +20v)2
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o AG.QP: a variant of Algorithm 5.4.1 in which the R.AIPPM is replaced with the AG

method described in Section 5.5.1 and ¢y = max {1, ¢+ Lf/[Bél)]Q}.

o iALM: an instance of [58, Algorithm 3] in which

Ly
0]

(log2) [c(xh)]
(k+1) [log(k +2)]*’

0:57 /Bozmax 17 ’ wozlv yO:07 Yk =
for every k > 1, and the starting point given to the k*" APG call is set to be -1, which

is the prox center for the k" prox subproblem.
Given a tolerance pair (p,7) € R2, and an initial point 2, € Z, each algorithm in this section
seeks a pair ([2,p], [P, q]) € [Z x R] x [ Z x R] satisfying

veVf(2)+0h(2)+Vg(2)p, ¢g(2)+qeS
(5.54)

[ol <p, lal<n.

For cone-constrained problems, i.e. where S is a closed convex cone —X, the following ad-

ditional conditions are also required:

(9(2)+é7]§>=07 ﬁZICJr 07

where K* denotes the dual cone of K. Moreover, each algorithm is given a time limit of
4000 seconds. Iteration counts are not reported for instances which were unable to obtain
([2,D], [P, q]) as above. The bold numbers in each of the tables in this section highlight the
algorithm that performed the most efficiently in terms of iteration count or total runtime.
It is worth mentioning that for problems where S is a pointed convex cone -, the iALM
method attempts to solve the equivalent problem with equality constraints under an ad-

ditional slack variable. More specifically, it introduces an additional slack variable s, and
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considers the equivalent problem

(Z;?Eigm{f(z) +h(z):c(z)+s=0,s > 0}.

5.5.2.1 Linearly-Constrained Quadratic Matrix Problem

This sub-subsection presents computational results for the linearly-constrained quadratic
matrix (LC-QM) problem considered in [46]. More specifically, given a pair of dimensions
(I,n) € N2, scalar pair (a1, as) € R2,, linear operators A : S » R!, B : S? » R, and

C:S? — R! defined by
[AZ]; = (A, 2)p, [BZ];=(B;,Z)p, [CZ];=(Ci,2Z)p,

for matrices {A;}!_,, { B;}"_;, {Ci}\_, € R™", positive diagonal matrix D € R"*", and vec-

tor pair (b, d) € R! x R, we consider the LC-QM problem

Lo g2 @2 2
i SLjez - d? - 22| pB2]

subject to AZ € {b},

ZeP,,

where P, = {Z € S? : tr Z = 1} denotes the n-dimensional spectraplex.

We now describe the experiment parameters for the instances considered. First, the
dimensions were set to be (¢,n) = (10,50) and only 1.0% of the entries of the submatrices
A;, B;, and C; being nonzero. Second, the entries of A;, B;, C;,b, and d (resp., D) were
generated by sampling from the uniform distribution &[0, 1] (resp., {1, ...,1000}). Third,
the initial starting point z, was chosen to be a random point in S”. More specifically, three
unit vectors v, 12, 3 € R™ and three scalars ey, 5, e5 € R, are first generated by sampling

vectors 7; ~ U"[0, 1] and scalars d; ~ 1[0, 1] and setting v; = 7;/||7;] and e; = 'evi/(Z?:l &)
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for i = 1,2,3. The initial iterate for the first subproblem is then set to zy = Yo, e;v;v7.

%

Fourth, key problem parameters, for every z € S7, are

(67 (67
[(2)=cZ ~d|* - F|DBZ|*,  h(Z) = 6r,(Z),

9(Z) = A(z), S={b}, p=10"" H=10"

Sixth, using the fact that | Z| < 1 for every Z € P,, the constant hyperparameters for the

AIPALM and iALM are
1
Ly=0, BM=|A|, L;j=0, p;=0, B;=|A;]p.

Finally, each problem instance considered is based on a specific curvature pair (m, M) € R2,
for which the scalar pair (ay,ay) € R2, is selected so that M = A, (V%f) and —-m =
Amin (V2 f). More specifically, the pair (ay, ) € R2, is generated using the approach in
Section 5.5.1.1.

The table of iteration counts and total runtimes are given in Table 5.5 and Table 5.6,

respectively.
Table 5.5: Iteration Counts for LC-QM problems.
(m, M) Iteration Count
m M iALM AIP.QP AG.QP AIPAL
100 107 65780 2211 6891 366
10t 108 34629 1839 6672 217
10t 104 54469 1906 6667 644
10t 10° 136349 1966 6667 2175
10t 108 371276 2222 6666 13831
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Table 5.6: Runtimes for LC-QM problems.

(m, M) Runtime

m M iALM AIPQP AG.QP AIPAL
10t 102 407.46 23.71 76.17 5.02
10t 10° 214.04 19.81 73.39 2.88
10t 10? 337.36 20.58 72.81 7.59
10t 10° 971.32 21.35 73.82 25.00
10t 108 2493.30 25.35 7711 162.56

5.5.2.2 Sparse Principal Component Analysis

This subsection presents computational results for the sparse principal component analysis
(SPCA) problem considered in [34]. More specifically, given an integer &, positive scalar

pair (v,b) € R?2,, and matrix X € S?, we consider the SPCA problem

min (3,1 + 35 au (i) +v ) |0

’ ij=1 ij=1
subjectto II - ® =0,

(IL, ) € F* x R™",

where F¥ = {z € S?:0 <z < I,tr M = k} denotes the k-Fantope and ¢, is the min-max

concave penalty function given by

—2/(20),  if|t] < by,
q,(t) = VteR.

b2 2 —vlt], if|t] > by,

We now describe the experiment parameters for the instances considered. First, the
scalar parameters are chosen to be (v, n, k,b) = (100,100, 1,0.1). Second, the matrix ¥ is
generated according to an eigenvalue decomposition ¥ = PAPT, based on a parameter pair
(s, k), where k is as in the problem description and s is a positive integer. In particular, we

choose A = (100, 1, ...,1), the first column of P to be a sparse vector whose first s entries

135



are 1/y/s, and the other entries of P to be sampled randomly from the standard Gaussian
distribution. Third, the initial starting point is (IIy, ®o) = (Dy,0) where Dy, is a diagonal
matrix whose first k entries are 1 and whose remaining entries are 0. Fourth, the curvature
parameters for each problem instance are m = M = 1/b. Fifth, the key problem parameters,

the inputs, for every (II, ®) € S? x R"*", are

FAL®) = (S0 + 3 a(@y). h(IL®) = (1) + 0 3 [y,

i,j=1 i.j=1

gL, ®):=TI-®, S={0}, 7=10"3, /=107

Finally, each problem instance considered is based on a specific choice of s (see the descrip-
tion above).
The table of iteration counts and total runtimes are given in Table 5.7 and Table 5.8,

respectively.

Table 5.7: Iteration counts for SPCA problems.

Iteration Count
S AIP.QP AG.QP
5254 25871
10 5328 27074
15 5492 26664

Table 5.8: Runtimes for SPCA problems.

Runtime
S AIP.QP AG.QP
5 76.81 295.78
10 72.88 310.87
15 86.89 361.03
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5.5.2.3 Box-Constrained Matrix Completion

This subsection presents computational results for the box-constrained matrix completion
(BC-MC) problem considered in [112]. More specifically, given a dimension pair (p, ¢) € N2,
positive scalar triple (3, i, 0) € R3_, scalar pair (u,l) € R?, matrix A € RP*9, and indices (2,

we consider the BC-MC problem:

1 min{p,q}
m)gﬂ§\|PQ(X—A)||2+M >, [w(0i(X)) = rooi(X)] + pro| X .

i=1

S.t.lSXijSU V(i,j)e{1,...,p}><{1,...,q},

where | - ||. denotes the nuclear norm, the function P, is the linear operator that zeros out

any entry not in (2, the function o;( X') denotes the i'" largest singular value of X, and

Ro =

%, k(t) :== Blog (1 + %) Vt e R.

We now describe the experiment parameters for the instances considered. First, the
matrix A is the user-movie ratings data matrix of the Jester dataset?, the index set €2 is the
set of nonzero entries in A, the dimension pair is set to be (p,q) = (24938,100), and the
fixed scalar parameters are (1, 6) = (2,v/2). Second, the initial starting point was chosen
to be X = 0. Third, the curvature parameters for each problem instance are m = 25 /6?
and M = max {1,m} and the bounds are set to ({,u) = (0,5). Fourth, the key problem

parameters, for every X € R™", are

min{p,q}
f(X)=%||PQ(X—A)|I2+M > [K(0i(X)) = Kooi(X)], (X)) = prio| X |,

i=1

g(X) :X> S= {ZERqu:lS Zij <u, (Zvj) € {Lap} x {]waq}}a

=102 /=102

2The ratings in the file “jester_dataset_1_1.zip” from http://eigentaste.berkeley.edu/dataset/..
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Finally, each problem instance considered is based on a specific scalar parameter 3 > 0.

The table of iteration counts and total runtimes are given in Table 5.9 and Table 5.10,

respectively.

Table 5.9: Iteration counts for BC-MC problems.

Iteration Count

15} AIP.QP AG.QP
1/2 470 100
447 100
2 420 100

Table 5.10: Iteration counts for BC-MC problems.

Runtime
15} AIP.QP AG.QP
1/2 509.79 98.563
466.05 124.45
2 486.5 117.26

5.5.2.4 Quadratically-Constrained Quadratic Matrix Problem

This subsection presents computational results for the nonconvex quadratically constrained
quadratic matrix (QC-QM) problem considered in [48]. More specifically, given a di-
mension pair (¢,n) € N2, matrices P,Q, R ¢ R™", and the quantities («, ), B, C,

{B;}7,{Ci}L_;, D, d as in Section 5.5.2.1, we consider the QC-QM problem

min - 2[DB(Z)|* + () - d?
s.t. %(PZ)*PZ " %Q*QZ N %ZQ*Q < R*R,

0<N(2) < ied{l,...,n},

1
v
Z eSh,
where \;(Z) denotes the i*" largest eigenvalue of Z and the constraint M < 0 is equivalent
to—M e S
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We now describe the experiment parameters for the instances considered. First, the
dimensions are set to (¢,n) = (10, 50). Second, the quantities B, C, D, and d were generated
in the same way as Section 5.5.2.1. On the other hand, the matrix R is set to I/n and the
entries of matrices P and () are sampled from the uniform distributions ¢/[0,1//n] and
U[0,1/n], respectively. Third, the initial starting point z is set to the zero matrix. Fourth,

the key problem parameters, for every Z € R™" are

1(2) == IDB2)| + F1e(2) -, 1(Z) = 35(2).

1 1 1
g9(Z) = é(PZ)*PZ + EQ*QZ + §ZQ*Q <R'R,

K=S", p=10"2, 7=1072,

where S ={Z eS":0< \(Z) <1/y/n,i=1,...,n}. Fifth, using the fact that | Z||r < 1 for
every Z € S, the constant hyperparameters for the iALM and AIP.AL are
1
1
L= P} By - IPIE+1QIE,
* 1 * *
Lij = |[P P]ijlv pij =0, Bj= B |[P P]ij‘ + ‘[Q Q]U

)

for 1 <4, 7 < n. Finally, each problem instance considered was based on a specific curvature
pair (m, M) for which the scalar pair (aq, ) is selected so that M = A\, (V?f) and
—m = Amin (V2 f). More specifically, the pair (a;, as) € R2, is generated using the approach
in Section 5.5.1.1.

The table of iteration counts and total runtimes are given in Table 5.11 and Table 5.12,

respectively.
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Table 5.11: Iteration counts for QC-QM problems.

(m, M) Iteration Count

m M iALM AIPALM
10t 10? 2127 2373
10t 10° 4196 283
10t 10* 10075 1130
10t 10° 21428 5657

Table 5.12: Runtimes for QC-QM problems.

(m, M) Runtime

m M iALM AIPALM
108 102 21.46 4224
10t 103 41.60 4.53
10t 10* 97.28 18.61
10t 10° 216.33 88.40

5.5.3 Discussion of the Results

We see that the methods in this chapter are competitive against other modern solvers and
that they especially perform well when the curvature ratio M /m is large. Additionally, we
see that each method scales well across problem dimensions and parameters. Comparing
the ATIP.QPM with the AIP.ALM, in particular, we see that the former is scales better across
different curvature ratios whereas the latter performs substantially better on some problem
instances than others.

We conjecture that the efficiency of these efficient methods is attributed to three facts: (i)
the use of efficient ACGM subroutines which adaptively choose the sequence of stepsizes;
(ii) the implementation of several termination criteria that allow certain methods to stop
early; and (iii) the relaxation of certain convex proximal subproblems to nonconvex ones

(which is generally known to improve convergence).
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5.6 Conclusion and Additional Comments

In this chapter, we presented several implementation strategies of the methods in previous
chapters. More specifically, we presented practical variants of the CRP in Algorithm 3.2.2,
the ACGM in Algorithm 2.2.2, the AIPPM in Algorithm 3.3.2, and the AIPQPM in Al-
gorithm 4.1.1. For the iterative methods in particular, we devised new schemes in which
the “stepsize” parameter is chosen in a relaxed and adaptive manner. Additionally, for the
AIP.QPM variant, we showed how using a warm-start strategy between penalty prox sub-
problems made substantial improvements to the derived complexity (compared to using a
simple cold-start strategy). Finally, numerical experiments were given to validate the effi-

cacy of our implementation strategies

Additional Comments

We now make several comments about the results in this chapter.

Similar to how the R.AIPPM (resp. R.AIP.QPM) of Section 5.3 (resp. Section 5.4) is a
relaxation of the AIPPM of Section 3.3 (resp. AIP.QPM of Section 4.1) that uses an efficient
R.ACGM (resp. R.AIPPM) to solve its key subproblems, one could also consider similarly
relaxed versions of methods in prior chapters. We briefly describe some of these relaxations.
First, recall that the AIPP.SM in Section 6.3 uses a single AIPP call to obtain an approximate
stationary point as in Problem 5.3.1. Hence, one could consider a relaxation of the AIPP.SM
in which the single AIPP call is replaced by an R.AIPP call. Second, recall that the AIP.QP.SM
in Section 6.4 uses a single AIP.QP call to obtain an approximate stationary point asin (5.4.1).
Hence, similar to the first relaxation, on could consider a relaxation of the AIPP.QPM in
which the single AIP.QP call is replaced by an R.AIP.QP call.

Observing the arguments used in the proofs of Proposition 5.4.1, Lemma 5.4.2, and The-
orem 5.4.3, it is straightforward to see that the assumption of Z being bounded can be re-

laxed to assuming that the iterates {Z,}¢»1 generated by R.AIP.QPM be bounded. Explicitly
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assuming that the iterates satisfy |2,| < B, for every £ > 1 and some B > 0, the resulting

oracle complexity of R.AIP.QPM method is (5.45) with Q(z) replaced by the quantity

01 (20) = ey + P = o + pdo + B] + m[d3 + B?],

where dj := inf{||u — Zy| : z € F} and the quantity m is as in (5.5).

Note that the description of the R.AIPPM (resp. R.AIP.QPM) does not actually require
knowledge of an upper bound m on the parameter m in (5.5). This is in contrast to the
AIPPM (resp. AIP.QPM) method of Chapter 3 (resp. Chapter 4), which requires m in or-
der to establish its validity and iteration complexity. In addition, one could consider an
R.AIPPM and AIP.QPM variant in which the quantity M is adaptively inferred from its it-
erates rather than requiring knowledge of its value beforehand. While for the sake of brevity
we omit the formal description and analysis of such a variant in this thesis, we conjecture
that the iteration complexity of the R.AIPPM (resp. R.AIP.QPM) variant is as in (5.26) (resp.
(5.45)) with M replaced with a quantity that lower bounds it, e.g. the maximum of the lower

estimates of M which are inferred by the generated iterates.

Future Work

A future avenue of research is to investigate whether the iteration complexity of R.AIP.QPM

can still be established when Z is unbounded.
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CHAPTER 6
NONCONVEX-CONCAVE MIN-MAX COMPOSITE OPTIMIZATION

Smoothing methods are a broad class of optimization algorithms that consider applying
an smooth optimization method to a smooth approximation of a nonsmooth optimization
problem. An important class of optimization problems that have particularly benefited from
the use of smoothing methods is the class of convex-concave min-max problems of the form
min,.g» maxyegm (2, y). In particular, several works [85, 107, 113] consider smoothing the
nonsmooth primal function p(z) = max,gm ®(x,y) and applying an efficient solver to the
resulting smooth problem under a careful choice of the smoothing parameter.

Our main goal in this chapter is to describe and establish the iteration complexity of
an accelerated inexact proximal point smoothing (AIPP.S) method for finding approxi-
mate stationary points of the nonconvex-concave min-max composite optimization (MCO)

problem

p. = min {p(x) = p(x) + h()} (MCO)

where X is a nonempty convex set, h € Conv (X), and p is a max function given by
p(x) = max O(z,y) VreelX, (6.1)
ye

for some nonempty compact convex set Y and function ® which, for some scalar m > 0
and open set {2 2 X, is such that: (i) ¢ is continuous on 2 x Y’; (ii) the function —®(z,-) €
Conv (Y) for every z € X; and (iii) for every y € Y, the function ®(-,y) +m/| - ||? is convex,
differentiable, and its gradient is Lipschitz continuous on X xY". Here, the objective function
is the sum of a convex function % and the pointwise supremum of differentiable functions
which is generally a nonsmooth function.

When Y is a singleton, the max term in MCO becomes smooth and MCO reduces to

the smooth NCO problem in Chapter 3 which may be solved by the AIPPM in Section 3.3.
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When Y is not a singleton, MCO can no longer be directly solved by the AIPPM due to the
nonsmoothness of the max term. The AIPP.S method (AIPP.SM) developed in this chapter
is instead based on a perturbed version of MCQO in which the max term in MCO is re-
placed by a smooth approximation and the resulting smooth NCO problem is solved by the
aforementioned AIPPM.

Throughout our presentation, it is assumed that efficient oracles for evaluating the quan-

tities ®(z,y), V. P(x,y), and h(z) and for obtaining exact solutions of the problems
i {M@) + Jle-nl?f, max(e@oy) - Sly-wl?] 62
gg? r 5 T = o ) Iilg/x To, Y 5 Y—Yo .

for any (z0,70) and A > 0, are available. Throughout this chapter, the terminology oracle
call is used to refer to a collection of the above oracles of size O(1) where each of them
appears at least once.

We first develop an instance of the AIPP.SM that obtains a stationary point based on a
primal-dual formulation of MCQO. More specifically, given a tolerance pair (p,, p,) € R2,,

it is shown that an instance of this scheme obtains a pair ([Z, 7], [4,?]) such that

|

V. ®(7,7) N oh(z)
0 O[-2(z,)](9)

]

in O(p32py Y ?) oracle calls. We then show that another instance of the AIPP.SM can obtain
an approximate stationary point based on the directional derivative of p. More specifically,

given a tolerance pair 9 > 0, it is shown that this instance computes a point = € X such that

i e X sit. Hidl‘r‘lflﬁ’(i; d)>-6, |z-=x|| <4, (6.4)

in O(673) oracle calls.

A secondary goal of this chapter is to develop an accelerated inexact proximal quadratic
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penalty smoothing (AIP.QP.S) method to obtain approximate stationary points of a linearly
constrained version of MCQ, namely the min-max constrained composite optimization

(MCCO) problem
rrg? {p(x) +h(z): Az = b} (MCCO)

where pisasin (6.1), Ais alinear operator, and b is in the range of A. Similar to the approach
used for the AIPP.SM, the AIP.QP.S method (AIP.QP.SM) considers a perturbed variant of
MCCO in which the objective function is replaced by a smooth approximation and the re-
sulting CNCO problem is solved by the AIP.QPM in Section 4.1. For a given tolerance triple

(pa, pysm) € R3,, it is shown that the method computes a pair ([Z,y,7], [, 0]) satisfying

I

V. ®(z,y) + A*F Oh(Z)
€ +
0

I[-0(z.)] () | (6.5)

]

lal <pe, ol <py, Az =b]<n.

in (’)(pgfp;l/? + p;2n~1) oracle calls.

It is worth mentioning that all the above complexities are obtained under the mild
assumption that the optimal values of the optimization problems MCQO and MCCO are
bounded below. Moreover, it is neither assumed that X be bounded nor that MCO or
MCCQO have an optimal solution.

The content of this chapter is based on paper [49] (joint work with Renato D.C. Mon-

teiro) and several passages may be taken verbatim from it.

Related Works

Since the case when ®(-,-) is convex-concave has been well-studied in the literature (see,
for example, [1, 37, 45, 82, 85, 98]), we will make no more mention of it here. Instead, we

will focus on papers that consider the case where ® (-, y) is differentiable and nonconvex for
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every y € Y and there are mild conditions on ®(x, -) for every z € X.

Denoting p = min{p,, p,}, D, to be the diameter of x, and C' to be a general closed
convex set, we present Tables 6.1 and 6.2, which compare our contributions to past [87, 96]
and subsequent [63, 89, 106] works. It is worth mentioning that the above works consider
termination conditions that are slightly different from the ones in this chapter. In Section 6.1,
we show that they are equivalent to the ones in this chapter up to a multiplicative constant

that is independent of the tolerances, i.e. p,, py, 0.

Table 6.1: Comparison of iteration complexities and possible use cases under notions equiv-
alent to (6.3) with p := min{p,, p, }.

) . Use Cases
Algorithm Oracle Complexity Do = o0 =0 h= oo e X
PGSF [87] O(p™) X v v X
Minimax-PPA [63] O(p~251og?(p~1)) X v v X
FNE Search [89] (Q(pfp;l/2 log(p™1)) v v v X
AIPPS O(pz2p,'?) v v v v

Table 6.2: Comparison of iteration complexities and possible use cases under notions equiv-
alent to (6.4).

. . Use Cases
Algorithm Oracle Complexity D = o0 =0 h= oo T X
PG-SVRG [96] O(5 %logs™1) X v v v
Minimax-PPA [63] O(5 3 log?(671)) X v v X
Prox-DIAG [106] 05 3log?(671)) v v X X
AIPP.S 0(53) v v v v

To the best of our knowledge, this chapter and [49] are the first works to analyze the

complexity of a smoothing scheme for finding approximate stationary points as in (6.5).

Organization

This chapter contains six sections. The first one gives some preliminary references and dis-
cusses our notion of an approximate stationary point given in (6.3) and (6.4). The second

one presents properties of a smooth approximation to the primal function p in (6.1). The
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third one presents the AIPP.SM and its iteration complexity. The fourth one presents the
AIP.QP.SM and its iteration complexity. The fifth one presents some numerical experiments.

The last one gives a conclusion and some closing comments.

6.1 Preliminaries

This section describes the assumptions and four notions of stationary points for problem
MCO. 1t is worth mentioning that the complexities of the smoothing method of this chapter
are presented with respect to two of these notions. In order to understand how these results
can be translated to the other two alternative notions, which have been used in a few papers
dealing with problem MCQO, we also present a few results discussing some useful relations
between all these notions.

Throughout our presentation, we let X and ) be finite dimensional inner product spaces.

We also make the following assumptions on problem MCO:

(F1) X c X and Y c Y are nonempty convex sets, and Y is also compact;

(F2) there exists an open set {2 2 X such that ®(-,-) is finite and continuous on €2 x Y;

moreover, V,P(z,y) exists and is continuous at every (x,y) € 2 x Y5
(F3) heConv(X)and —®(x,-) € Conv(Y') for every x € ;

(F4) there exist scalars (L., L,) € R2,, and m € (0, L, ] such that

O(z,y) - [P(2',y) + (V.2 (2",y), - 2')] 2 —% | —2])?, (6.6)

[Va®(2,y) = Va® (2", )| < Lafx = 2] + Ly |y = v/, (6.7)

foreveryz,2' € X andy,y' € Y;

(FS) ﬁ* > —00;
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We make three remarks about the above assumptions. First, it is well-known that condition

(6.7) implies that
! ! Lz / 2
B!, y) - [9(r,) + (Va0 ), 0" - )] < 2] o, (68)

forevery (z/,x,y) € X x X xY. Third, the weak convexity condition in (F4) implies that, for
any y € Y, the function ®(-,y) + m| - |?/2 is convex, and hence p + m/| - |2/2 is as well. Note
that while p is generally nonconvex and nonsmooth, it has the nice property that p+m/|-|?/2
is convex.

We now discuss two stationarity conditions of MCO under assumptions (F1)-(F3). First,
denoting

(z,y) = B(x,y) +h(z) V(z,y)eX xY, (6.9)

it is well-known that problem MCQO is related to the saddle-point problem which consists

of finding a pair (z*,y*) € X x Y such that
b(a,y) < (a*,y") < b(xy"), (6.10)

for every (z,y) € X x Y. More specifically, (z*, y*) satisfies (6.10) if and only if z* is an
optimal solution of MCQ, y* is an optimal solution of the dual of MCQO, and there is no
duality gap between the two problems. Using the composite structure described above for
®, it can be shown that a necessary condition for (6.10) to hold is that (2*,y*) satisfy the

stationarity condition

0) [ v.0@y) Oh(z*)
€ +

0 0 O[=®(z*,-)] (y*)

(6.11)

When m = 0, the above condition also becomes sufficient for (6.10) to hold. Second, it can

be shown that p’(z*; d) is well-defined for every d € A" and that a necessary condition for
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x* € X to be alocal minimum of MCO is that it satisfies the stationarity condition

inf p'(z*;d) > 0. 6.12
|wﬂp( ) (6.12)

When m = 0, the above condition also becomes sufficient for z* to be a global minimum of
MCQ. Moreover, in view of Lemma F.2.1 in Appendix E2 with (u,v,z,7y) = (0,0,z*,y*),
it follows that z* satisfies (6.12) if and only if there exists y* € Y such that (z*,y*) satisfies
(6.11).

Note that finding points that satisfy (6.11) or (6.12) exactly is generally a difficult task.
Hence, in this section and the next one, we only consider approximate versions of (6.11) or

(6.12), which are (6.3) and (6.4), respectively. For ease of future reference, we say that:

(i) apair ([Z,7],[u,v])isa (ps, py)-primal-dual stationary point of MCO if it satisfies

(6.3);

(ii) a point  is a -directional stationary point of MCQ if it satisfies the first inequality

in (6.4).

It is worth mentioning that (6.4) is generally hard to verify for a given point z € X. This
is primarily because the definition requires us to check an infinite number of directional
derivatives for a (potentially) nonsmooth function at points & near . In contrast, the def-
inition of an approximate primal-dual stationary point is generally easier to verify because
the quantities ||| and |v]| can be measured directly, and the inclusions in (6.3) are easy to
verify when the prox oracles for h and ®(z, ), for every x € X, are readily available.

The next result, whose proof is given in Appendix F2, shows that a (p,, p, )-primal-dual
stationary point, for small enough p, and p,, yields a point x satisfying (6.4). Its statement

makes use of the diameter of Y defined as
Dy = inf |y-y']. (6.13)
y,y'eY
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Proposition 6.1.1. If the pair ([Z,y],[u,v]) is a (ps, py)-primal-dual stationary point of
MCQ, then there exists a point & € X such that
2Dy py

inf p'(2;d) > —py - 2/2mDyp,, |Z-%| < .
”gﬁﬂp(% )2 -p mDypy, [z -] -

The iteration complexities in this chapter (see Section 6.3) are stated with respect to the
two notions of stationary points (6.3) and (6.4). However, it is worth discussing below two
other notions of stationary points that are common in the literature as well as some results
that relate all four notions.

Given (A, ¢) € R2,, a point z is said to be a (), £)-prox stationary point of MCO if the

function p + | - |2/(2)) is strongly convex and

1 - 1
—lz-xx] <e, xp zargmin{P,\(u) ::p(u)+—]u—x|\2}. (6.14)
A ueX 2\

The above notion is considered, for example, in [63, 96, 106]. The result below, whose proof
is given in Appendix F.2, shows how it is related to (6.4).
Proposition 6.1.2. For any given \ € (0,1/m), the following statements hold:

(a) foranye >0, ifv e X satisfies (6.4) and

A3e

<
<0 T I

(6.15)

then x is a (A, €)-prox stationary point;

(b) forany § > 0, ifx € X is a (\, €)-prox stationary point for some ¢ < § - min{1,1/\},

then x satisfies (6.4) with T = x5, where x is as in (6.14).

Note that for a fixed A € (0,1/m) such that max{A=!, (1 — Am)~'} = O(1), the largest
J in part (a) is O(e). Similarly, for part (b), if A=! = O(1) then largest ¢ in part (b) is O(6).
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Combining these two observations, it follows that (6.14) and (6.4) are equivalent (up to a
multiplicative factor) under the assumption that 6 = O(¢).
Given (ps, py) € R2,, a pair (7,7) is said to be a (p,, p,)-first-order Nash equilibrium
point of MCQO if
inf Sp(z:d,)>-ps, sup Si(y:dy) < py, (6.16)

Yy
| <1 Idy <1

where Sj; := ®(-,y) + h(-) and S; := ®(Z,-). The above notion is considered, for example,
in [63, 87, 89]. The next result, whose proof is given in Appendix E2, shows that (6.16) is

equivalent to (6.3).

Proposition 6.1.3. A pair (Z,7) is a (ps, py)-first-order Nash equilibrium point if and only if

there exists (u,v) € X x Y such that ([Z,y], [u,v]) is a (ps, py)-primal-dual stationary point.

We now briefly discuss some approaches for finding approximate stationary points of
MCQO. One approach is to apply a proximal descent type method directly to problem MCO,
but this would lead to subproblems with nonsmooth convex composite functions. A sec-
ond approach is based on first applying a smoothing method to MCO and then using a
prox-convexifying descent method such as the AIPPM in Section 3.3 to solve the perturbed
unconstrained smooth problem. An advantage of the second approach, which is the one
pursued in this chapter, is that it generates subproblems with smooth convex composite ob-
jective functions. The next subsection describes one possible way to smooth the (generally)
nonsmooth function p in MCO.

Before ending this section, we formally state the problem of finding primal-dual and

directional stationary points in Problem 6.1.1 and Problem 6.1.2, respectively .

{ 3

Problem 6.1.1: Find an approximate primal-dual stationary point of MCO

Given (ps, py) € R2,, findapair ([7,7],[u,v]) € [X xY | x[X x )] satisfying condition
(6.3).
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Problem 6.1.2: Find an approximate directional stationary point of MCO

Given 9 > 0, find a point = € X satisfying condition (6.4).

6.2 Smooth Approximation

This subsection presents a smooth approximation of the function p in MCO.

For every & > 0, consider the smoothed function p, defined by

1
p{(x) = rg;}x/x{@dx,y) = (b(xay)_i”y_de} VI'EX, (617)

for some g, € Y. The following proposition presents the key properties of p, and its related

quantities.

Proposition 6.2.1. Let & > 0 be given and assume that the function ® satisfies conditions

(F1)-(F4). Let pe(+) and O¢(-,-) be as defined in (6.17) and define
ye(z) = argmax O¢(x,y") VaeX. (6.18)
y'eY

Then, the following properties hold:

(a) ye(-) is Qe-Lipschitz continuous on X where
Qe :=EL, +\/E(Ly +m); (6.19)

(b) pe(-) is continuously differentiable on X and Vpe(x) = V,@(x,ye(x)) for every x € X;

(c) Vpe(+) is Le-Lipschitz continuous on X where

Le= L,Qe + L < (L + VL) (6.20)
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(d) forevery xz,x' € X, we have
/ / / m 12
pe(@) = [pe(a”) +{Vpe(a'), & —a')] > -l — 2% (6.21)

Proof. The inequality in (6.20) follows from (a), the fact that m < L,, and the bound

L= Ly €Ly + E(Lo+m)| + Ly <EL2 + 2/EL0 + Lo = (Ly\ /€ + \/L_m)Q.

The other conclusions of (a)-(c) follow from Lemma E.3.1 and Proposition E.3.2 in Ap-
pendix E.3 with (¥, q,y) = (¢, pe, ye). We now show that the conclusion of (d) is true.
Indeed, if we consider (6.6) at (y,z’) = (ye(z'), x’), the definition of ®¢, and use the defi-

nition of Vp¢ in (b), then

- %Hx -2/ |P < B(a', ye(2)) - [P(z, ye(2)) + (Vo P (2, ye(2)), 2" - z)]
= (2", ye(2)) = [pe(2) + (Vpe(x), 2" - 7)]

<pe(x') = [pe(z) + (Vpe(z), 2" - 2)],

where the last inequality follows from the optimality of y. O

We now make two remarks about the above properties. First, the Lipschitz constants of
Ye and Vp, depend on the value of ¢ while the weak convexity constant 1 in (6.21) does not.
Second, as § — oo, it holds that p, — p pointwise and )¢, L¢ — oo. These remarks are made

more precise in the next result.

Lemma 6.2.2. For every & > 0, it holds that

2
—oc0 < p(z) - 2—5’ <pe(z)<p(zr) VrelX,

where D, is as in (6.13).
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Proof. The fact that p(z) > —oo follows immediately from assumption (F5). To show the

other bounds, observe that for every y, € Y, we have

2

B(a,y) + () > (o) = 5l -l + he) > @(,y) - % v h(x)

for every (z,y) € X x Y. Taking the supremum of the bounds over y € Y and using the

definitions of p and p; yields the remaining bounds. ]

6.3  Accelerated Inexact Proximal Point Smoothing (AIPP.S) Method

This section presents the AIPP.SM for finding stationary points of MCO asin (6.3) and (6.4).
We first state the AIPP.SM in Algorithm 6.3.1. Given (xg, o) € X x Y/, its main idea is

to apply an instance of the AIPPM in Section 3.3 to the NCO problem

Iﬁl}? {pe(x) = pe(x) + h(z)}, (6.22)

where p¢ is as in (6.17) and ¢ is a positive scalar that will depend on the tolerances in (6.3)
and (6.4). It is stated in an incomplete manner in the sense that it does not specify how the
parameter ¢ and the tolerance p used in its AIPPM call are chosen. Two invocations of this
method, with different choices of £ and p, are considered in Propositions 6.3.2 and 6.3.3,
which describe the iteration complexities for finding approximate stationary points as in

(6.3) and (6.4), respectively.

{ 3

Algorithm 6.3.1: AIPP.S Method

Require: p > 0, £ > 0, (m,L,,L,) € R, h € Conv (Z), ® satisfying (F2) -
—(F4), (.To,yo) e X x Y;
Initialize: \ < 1/(2m), o« 1/2
1: procedure AIPP.S(®, h,zo,y0,m, Ly, Ly, p)
2 Pg <= max De(-,y) > See (6.17).
ye




% Lee Ly[eLy + VE(Ly+m)| + L
4: (z,u) < AIPP(p¢, h,xo, A\, m, L¢, 0, p)
5: return (x,u)

We now give four remarks about the above method. First, it follows from Corollary 3.3.6

that the AIPPM invoked in Line 4 stops and outputs a pair (z, ) satisfying

ue Vpe(z)+0h(x), |u|<p. (6.23)

Second, since the AIPP.SM is a one-pass method (as opposed to an iterative method), the
complexity of the AIPP.SM is essentially that of the AIPPM. Third, similar to the smoothing
scheme of [85] which assumes m = 0, the AIPP.SM is also a smoothing scheme for the case
in which m > 0. On the other hand, in contrast to the algorithm of [85] which uses an ACG
variant, the AIPP.SM invokes the AIPPM to solve (6.22) due to its nonconvexity. Finally,
while the AIPPM in Line 4 is called with (o, \) = (1/2,1/(2m)), it can also be called with
any o € (0,1) and X € (0,1/m) to establish the desired termination.

For the remainder of this subsection, our goal will be to show that a careful selection of
the parameter £ and the tolerance p will allow the AIPP.SM to generate approximate station-
ary points as in (6.4) and (6.3).

We first recall the quantity R)1(zp) in (3.10) of Chapter 3. The result below presents a

bound on R)p¢(x¢) in terms of the data in problem MCO.

Lemma 6.3.1. For every { > 0 and X > 0, it holds that

2

Rape(wo) < Rap(xo) + 2—5’ (6.24)

where R\i(-) and D, are as in (3.10) and (6.13), respectively.

155



Proof. Using Lemma 6.2.2 and the definitions of p and p, it holds that

D2
pe(w) —inf pe(2”) < p(z) — inf p(”) + Q_g’ VreX. (6.25)

Multiplying the above expression by (1 - o)\ and adding the quantity |z — x|?/2 yields the

inequality

1 ~ . A~ /
§Hx0 x|+ (1-0)A [pg(x) - 1£1pr5($ )]
2

. AD
lzo — 2|2+ (1 - o)A [ﬁ(aj) — ll}fﬁ(gj')] +(1- 0)2—; VreX, (6.26)

<

DN | —

Taking the infimum of the above expression, and using the definition of Rt (-) in (3.10)

yields the desired conclusion. O]

We now show how the AIPP.SM generates a (p,, p, )-primal-dual stationary point, i.e. a

pair that solves Problem 6.1.1.

Proposition 6.3.2. For a given tolerance pair (p.., p,) € R2,, let (x,u) be the pair output by

the AIPP.SM with input parameter & and tolerance p satisfying

Dy

Py

£>22 p=p,. (6.27)

Moreover, define

(2.7) = (NT“”) (2.9) = (e.ve(2)), (625)

where y¢ is as in (6.18). Then, the following statements hold:

(a) the AIPP.SM performs

m2R m ﬁ(x ) mDy +
O(le ”(;2’ o/ 4 Ep;’+1og1(95) (6.29)
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oracle calls, where R\i)(-) and D, are as in (3.10) and (6.13), respectively, logy (-) :=

max{1,log(-)}, and
VELy + VL,

Qe =1 :
13 + \/m )

(6.30)

(b) the pair ([z,y],[u, v]) is a (ps, py)-primal-dual stationary point of MCQO, and hence,

solves Problem 6.1.1.

Proof. (a) Using the inequality in (6.20), it holds that

V 4m 4m 2/m

Moreover, using Corollary 3.3.6 with (¢, M) = (p¢, Le ), Lemma 6.3.1, and bound (6.31), it
follows that the number of oracle calls performed by the AIPP.SM is on the order given by
(6.29).

(b) It follows from the definitions of pg, tolerance p, and (y,u) in (6.17), (6.27), and

(6.28), respectively, Proposition 6.2.1(b), and the inclusion in (6.23) that |u| < p, and
U € Vpe(T) + Oh(T) = V. @(Z,y:(T)) + Oh(T) = V. P(Z,7) + Oh(T).

Hence, we conclude that the top inclusion and the upper bound on || in (6.3) hold. Next,
the optimality condition of § = y¢(Z) as a solution to (6.17) and the definition of v in (6.17)

give

0ed[-0(z,)] () + RISCIORE (632)

Moreover, the definition of £ implies that

y— D
||y yO” < Y _py- (6.33)

T D,

Hence, combining (6.32) and (6.33), we conclude that the bottom inclusion and the upper

bound on ||7| in (6.3) hold. O
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We now make two remarks about Proposition 6.3.2. First, under the assumption that

(6.27) is satisfied as equality, the complexity of AIPP.SM reduces to

) LY? r, DY?
@) (m3/2R1/(2m)p($0) ,02 + g;plzj2 (6.34)
T z My

under the reasonable assumption that the O(p;? + p;Qp;/ ?) term in (6.29) dominates the
other terms. Second, recall from the last remark following the previous proposition that
when Y is a singleton, MCO becomes a special instance of NCO and the AIPP.SM becomes
equivalent to the AIPPM of Section 3.3. It then follows that the complexity in (6.34) reduces

to

(6.35)

o m3/2Lalc/2R1/(2m)ﬁ($o)
Pi
and, in view of this remark, the O(p;? ,0;1/ *) term in (6.34) is attributed to the (possible)
nonsmoothness in MCO.

We next show how the AIPP.SM generates a point that is near a §-directional stationary

point, i.e. a point that solves Problem 6.1.2.

Proposition 6.3.3. Let a tolerance pair 6 > 0 be given and consider the AIPP.SM with input

parameter & and tolerance p satisfying

ex Do, 0 Lm0 (6.36)
= Phy TETMaD, 32mD, | '
Then, the following statements hold:
(a) the AIPP.SM performs
Ryjemyp(ro)  Dj .
O (Qg [ Y252 + /\ng +logy (£2) (6.37)

oracle calls where Qd¢, R\i)(-) , and D, are as in (6.30), (3.10), and (6.13), respectively,

and log7 (+) = max{1,log(") }.;
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(b) the first argument x in the pair output by the AIPP.SM satisfies (6.4), and hence, solves

Problem 6.1.2.

Proof. (a) Using Proposition 6.3.2 with (p,, p,) = (§/2,7) and the bound on 7 in (6.36) it
follows that the AIPP.SM stops in a number of oracle calls bounded above by (6.37).

(b) Let (z, u) be the pair generated by the AIPPM with £ and p satisfying (6.36). Defining
(v,7) asin (6.28), it follows from Proposition 6.3.2 with (p,, p, ) = (6/2, 7) that (u, v, x,7) is
a (0/2, 7)-primal-dual stationary point of MCQ. As a consequence, it follows from Propo-
sition 6.1.1 with (p,, p,) = (§/2, 7) that there exists a point Z satisfying

2D 5
| -] < T inf p(dd) > -5 -2/2mD,7. (6.38)
m

ldll<1

Combining the above bounds with the bound on 7 in (6.36) yields the desired conclusion

in view of (6.4). O

We now give three remarks about the above result. Second, Proposition 6.3.3(b) states
that, while = not a stationary point itself, it is near a -directional stationary point . Sec-

ond, under the assumption that (6.36) is satisfied as equality, the complexity of the AIPP.SM

1/2 L.D
O(m3/2R1/(2m)ﬁ(xo)[Lx2 + =2 y]) (6.39)

reduces to

0z 8
under the reasonable assumption that the O(672 + §3) term in (6.37) dominates the other
O(671) terms. Fourth, when Y is a singleton, it is easy to see that MCO becomes a special
instance of N'CO, the AIPP.SM becomes equivalent to the AIPPM of Section 3.3, and the

complexity in (6.39) reduces to

(6.40)

0 (m3/2Lglc/QRl/(2m)ﬁ($o) )
02 '

In view of the last remark, the O(6-3) term in (6.39) is attributed to the (possible) nons-

moothness in MCO.
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6.4  Accelerated Inexact Proximal Quadratic Penalty

Smoothing (AIP.QP.S) Method

This section presents the AIP.QP.SM for finding stationary points of MCCO as in (6.5).
Since the AIP.QP.SM applies the AIP.QPM of Section 4.1 to a relaxation of MCCO, we as-
sume that (®, h, X, Y') satisfies assumptions (F1)-(F4) of Section 6.3 as well as the following

ones:

(Gl) A: X ~ R isanonzero linear operator, b is in the range of 4, and the feasible region

F :={x e X : Az = b} is nonempty;

(G2) there exists ¢ > 0 such that (; > —co, where

feciminf o) = pela) + SlAT - B e h(9) ) ¥e20. (64D

where pe(-) is as in (6.17).

For ease of referencing, we also state the problem of finding a pair satisfying (6.5) in Prob-

lem 6.4.1.

{ 3

Problem 6.4.1: Find an approximate primal-dual stationary point of MCCO

Given (pg, py,n) € R2,, find a pair ([Z,y,7], [1,0]) € [X xY xR] x[X x ] satisfying

condition (6.5).

We now state the AIP.QP.SM in Algorithm 6.4.1. Given (¢,%) € X x Y and ¢ > 0, its
main idea is to its main idea is to apply an instance of the AIPQPM in Section 4.1 to the

CNCO problem

min {pe(x) = pe(x) + h(w) s Az = b} (6.42)

160



where p; is as in (6.17) and £ is a positive scalar that will depend on the tolerances in (6.5).
The resulting output of this AIP.QP call is then similarly transformed like the AIPP.SM of

Section 6.3 to obtain a pair that solves Problem 6.4.1.

{ 3

Algorithm 6.4.1: AIP.QP.S Method

Require: (p.,p,,n) €R2,, €> D,/p,, (m,L,,L,)eR3 heConv(Z), ®asin
(FZ)—(F4), c> 0, (I‘O,’yo) e X xY;
Initialize: \ < 1/(2m), o« 1/2

1: procedure AIP.QP.S(®, 1, xo, yo, m, Ly, Ly, p)

2: ye <= argmax ¢ (-, y) > See (6.17).
yeY
3: Pg <= max De(-,y) > See (6.17).
Ye

£ Lee Ly[eLy + VE(L+m)|+ Lo
s ([z,7],[a,q]) < AIPQP(pg, h, A, {b}, z0, ¢, A, m, L¢, 0, py, 1)
6 g ye(?)

- 5« Yo —35/6(95)
8: return ([Z,7,7], [, 7]) .

We give two remarks about the AIP.QP.SM. First, it follows from Corollary 4.1.7 that the

AIP.QPM invoked in Line 5 stops and outputs a pair ([Z,7], [@, 7]) satisfying

e Vpe(z) +on(z) + A*F,  |u| < pe, [AZ-D|| <.

Second, since it is a one-pass algorithm (as opposed to an iterative algorithm), the complex-
ity of the AIP.QP.SM is essentially that of the AIP.QPM.

We now show how the AIP.QP.SM generates a point ([Z, 7, 7], [, 0]) satisfying (6.5).

Proposition 6.4.1. Let a tolerance triple (p., p.,n) € R3, be given and let ([z,y,7], [u,v])

be the output obtained by the QP-AIPP.SM. Then, the following properties hold:
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(a) the AIPQP.SM performs

m* Ry, ¢e(0)  mD?2
O(Qm[ 1/(2,)2) e Y 1 logt (Qe.) (6.43)

oracle calls, where

" C
we = p(x) + §||«4:17 -b|?,

Al
y

D2\12
Qe = Qe+ (R (p; 1/(4m)) + £) 1A} (6.44)

and Q¢, R7¢(-), and D, are as in (6.30), (4.10), and (6.13), respectively;

(b) the pair ([z,y,7],[u,v]) solves Problem 6.4.1.

Proof. (a) Let ©, be as in (4.17) with M = L,. Using the same arguments as in Lemma 6.3.1,
it is easy to see that
F F Dj
Ry amy e (T0) < Ry, 0e(20) + S 5 (6.45)

where ¢ ¢ is as in (6.41). Hence, using (6.31) and (6.45), we have

\/: <1+ \/7 \l 4]%{7(2771)%5(%)||«4H2

VEL, + VI, | 7141
T (RW’”)“”C( W)
- O(Q,)- (6.46)

The complexity in (6.43) now follows from Corollary 4.1.7 with (¢, f, M) = (p,pe, L),
(6.46), and (6.45).

(b) The top inclusion and bounds involving | @] and || Az -b| in (6.5) follow from Propo-
sition 6.2.1(b), the definition of ¥ in Line 6 of the method, and Corollary 4.1.7 with f = p,.

The bottom inclusion and bound involving |v| follow from similar arguments given for

162



Proposition 6.3.2(b). ]

We now make two remarks about the above complexity bound. First, under the assumption

that ¢ = D, /p,, the complexity of the AIPQP.SM reduces to

L LD mPA|
O(m?ﬁ/ZR‘;(Qm)(p@(QJ())[ p2 + ?i/ZyQ + an le/@m)goé(xo) , (6.47)

x Py Pz

under the reasonable assumption that the O(p;2 + n~tp;2 + py 12 p,2) term in (6.43) domi-
nates the other terms. Third, when Y is a singleton, it is easy to see that MCCO becomes a
special instance of the CNCO problem CNCO, the AIPQP.SM of this subsection becomes

equivalent to the AIP.QPM of Section 4.1, and the complexity in (6.47) reduces to

LY* mi|A
O(mngf/(zm)‘Pé(xo)[ i an H\/le/@mwa(ro) : (6.48)

In view of the last remark, the O(p;2 p;/ 2) term in (6.47) is attributed to the (possible)
nonsmoothness in MCCO.

Let us now conclude this section with a remark about the penalty subproblem
min {pg(x) #h(e) + 5| Az - b|2} , (6.49)

which is what the AIPPM considers every time it is called in the AIP.QPM (see Line 5 of the

AIP.QP.SM). First, observe that MCCO can be equivalently reformulated as
min max [V(z,y,r):= ®(x,y) +h(x) + (r, Az -1)]. (6.50)

zeX yeY,reld

Second, it is straightforward to verify that problem (6.49) is equivalent to

mip (e () = pee(a) + (o)} (651
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where the function p.¢ : X ~ R s given by

— 1 2 1 2
pee() = max (V@) - ool - selu-ml) vaeX (65

with W as in (6.50). As a consequence, problem (6.51) is similar to (6.22) in that a smooth
approximate is used in place of the nonsmooth component of the underlying saddle func-
tion U. On the other hand, observe that we cannot directly apply the smoothing scheme
developed in Section 6.3 to (6.51) as the set I/ is generally unbounded. One approach that
avoids this problem is to invoke the AIPPM of Section 3.3 to solve a sequence subproblems
of the form in (6.51) for increasing values of c. However, in view of the equivalence of (6.49)

and (6.51), this is exactly the approach taken by the AIP.QP.SM of this section.

6.5 Numerical Experiments

This section examines the performance of several solvers for finding approximate station-
ary points of MCQO where (X,Y, ®, h) satisfy assumptions (F1)-(F5) of Chapter 6. Each
problem is chosen so that the computation of the function ¥, in (6.18) is easy, and the jus-
tification for the curvature constants in this section, e.g. m, L,, and L,, can be found in
Appendix I. All experiments are run on Linux 64-bit machines each containing Xeon E5520
processors and at least 8 GB of memory using MATLAB 2020a. It is worth mentioning that
the complete code for reproducing the experiments is freely available online!.

The algorithms benchmarked in this section are as follows.

o PGSEF: a variant of [87, Algorithm 2] in which the input parameters are as in [87,
Theorem 4.2] and which explicitly evaluates the argmax function o*(+) in [87, Section

4] instead of applying an ACG variant to estimate its evaluation.

« AG.S: an instance of Algorithm 6.3.1 in which the AIPPM is replaced by the AG

!See the code in . /tests/thesis/ from the GitHub repository https://github.com/wwkong/nc_opt/
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method in Section 5.5.1.

o AIPP.S: an instance of Algorithm 6.3.1 in which the AIPPM is replaced by the R.AIPP

variant in Section 5.5.1.

Given a tolerance pair (p,, p,) € R2, and an initial point (zo, o) € X x Y, each algorithm

in this section seeks a pair ([Z,7], [, v]) € [X x Y] x [X x V] satisfying

) V. ®(Z,7) N Oh(z)
v 0 o[-2(z,-)] (v) (6.53)
|l

TSP 0] <y,
[Vpe(z0)] +1 !

is obtained, where { = D, /p, and pg is as in (6.17). Moreover, each algorithm is given a time
limit of 4000 seconds. Iteration counts are not reported for instances which were unable
to obtain ([Z, 7], [@,0]) as above. The bold numbers in each of the tables in this section
highlight the algorithm that performed the most efficiently in terms of iteration count or

total runtime.

6.5.1 Maximum of Nonconvex Quadratic Forms

This subsection presents computational results for the min-max quadratic vector problem
(MQV) problem considered in [49]. More specifically, given a dimension triple (n,l, k) €
N3, a set of parameters { (o, 5;)}F, € R2,, a set of vectors {d;}, ¢ R/, a set of diagonal
matrices {D; }¥ | € R™", and matrices {C;}¥ , € R and { B;}¥, ¢ R™", we consider the

MQV problem

reR™ yeRk

k
min max {5An(I) + > yigi(x) 1y e Ak},
i=1

where, for every index 1 <4 < k, integer p € N, and z € R™,
a; 2P 2 b\
filz) = S G - di|” - | DiBiz[",  AP:= zeRY: Y 2=1,220¢.
i=1
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We now describe the experiment parameters for the instances considered. First, the di-
mensions are set to be (n, [, k) = (200, 10, 5) and only 5.0% of the entries of the submatrices
B; and C; are nonzero. Second, the entries of B;, C;, and d; (resp., D;) are generated by sam-
pling from the uniform distribution /[0, 1] (resp., {1, ..., 1000}). Third, the initial starting

point is zg = I,,/n. Fourth, the key problem parameters, for every (z,y) € R® x R¥, are

k
O(z,y) = ;yifz-(x), h(zx) = 0an(2),

pr=10"2 p, =101, Y =AF

Fifth, each problem instance considered is based on a specific curvature pair (m, M) ¢
R2, satisfying m < M, for which each scalar pair («;, 3;) € R2, is selected so that M =
Amax(V2fi) and —m = A\pin (V2 f;) for 1 < i < k. Moreover, the method for obtaining each
pair («, 3;) is the same as in Section 5.5.1.1. Finally, the Lipschitz and curvature constants
selected are

m=m, L,=M, L,=MVk+|P|, (6.54)

where P is an n-by-k matrix whose i*" column is equal to o;; C'!'d;.
The table of iteration counts and total runtimes are given in Table 6.3 and Table 6.4,

respectively.

Table 6.3: Iteration Counts for MQV problems.

(m, M) Iteration Count

m M PGSF AG.S AIPPS
100 107 21462 1824 81
10t 10? 159682 6280 267
10t 10* - 28966 793
10t 10° - 28966 793
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Table 6.4: Runtimes for MQV problems.

(m, M) Runtime
m M PGSF AG.S AIPPS
100 107 358.24 40.17 1.86
10t 10? 2896.70 179.27 6.36
10t 10* 4000.00 698.52 15.21
10t 10° 4000.00 835.17 18.76

6.5.2  Truncated Robust Regression

This subsection presents computational results for the truncated robust regression (TRR)
problem in [96]. More specifically, given a dimension pair (n, k) € N2, a set of n data points
{(a;,b;)}, cR*¥ x {1,-1} and a parameter « > 0, we consider the TRR problem

minmax{ 3 Yi(paolj)(x):ye A"}
=1

zeRk yeR™

where A" is as in (7.10) with p = n and, for every (o, t,x) € R, x R, x R¥,

t i\a;,T
Qba(t) = OélOg(l + a), Zj(x) = log(]_ +€_b'7< g )) .

We now describe the experiment parameters for the instances considered. First, « is
set to 10 and the data points {(a;,b;)} are taken from different datasets in the LIBSVM
library? for which each problem instance is based off of (see the “data name” column in the
table below, which corresponds to a particular LIBSVM dataset). Second, the initial starting

point is zg = 0. Third, the key problem parameters, for every (x,y) € R¥ x R, are

®(z,y) =Y yi(¢aolj)(x), h(z)=0, p,=10", p, =107 Yy =A™
j=1

2See https://www.csie.ntu.edu.tw/~cjlin/libsvmtools/datasets/binary.html.
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Finally, the Lipschitz and curvature constants selected are

> la. (6.55)
j=1

The table of iteration counts and total runtimes are given in Table 6.5 and Table 6.6,

respectively.

Table 6.5: Iteration Counts for TRR problems.

Iteration Count
data name PGSF AG.S AIPPS
heart 6415 1746 506
diabetes 3721 1641 463
ionosphere 54545 8327 1262
sonar - 96208 69464

Table 6.6: Runtimes for TRR problems.

Runtime
data name PGSF AG.S AIPPS
heart 10.24 3.24 2.08
diabetes 5.98 3.77 167
ionosphere 104.75 18.94 4.58
sonar 4000.00 97.56 107.42

It is worth mentioning that [96] also presents a min-max algorithm for obtaining a sta-
tionary point as in (6.53). However, its iteration complexity, which is O(p=6) when p = p, =
py» is significantly worse than the other algorithms considered in this section and, hence, we

choose not to include this algorithm in our benchmarks.

6.5.3 Power Control in the Presence of a Jammer

This subsection presents computational results for the power control (PC) problem in [65].

More specifically, given a dimension pair (N, K') € N2, a pair of parameters (o, R) e R, a
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3D tensor A € RE*K*N "and a matrix B € RE*N, we consider the PC problem

N
min max{Zkan(X y):0< X <R, O<y<§ }

XeREXN ’yERN k=1n=1

where, for every (X, y) € REXN x RV,

nXkn
Jin(X,y) :=—10g(1+ Ao n X, )

K
o2 + Bk,nyn + Zj:qutk -Aj,k,nX

We now describe the experiment parameters for the instances considered. First, the
scalar parameters are set to be (o, R) = (1/v/2, K*/K) and the quantities .A and B are set
to be the squared moduli of the entries of two Gaussian sampled complex-valued matrices
H e CE*ExN and P e CEK*N. More precisely, the entries of H and P are sampled from the

standard complex Gaussian distribution CA/(0, 1) and
Ajn =M, ol By = |Pk,n|2 V(4 k,n).

Second, the initial starting point is 2y = 0. Third, with respect to the termination criterion

(6.53), the inputs, for every (X, y) e RE*N x RN are

DX p) = DS finlXo), h(X) = dien (X),

k=1n=1

Pz = 10_17 Py = 10_17 Y = Q%;(Ql

where Q7Y := {z e RP*¢: 0 < 2z < T'} for every T'> 0 and (U, V') € N2. Fourth, each prob-
lem instance considered is based on a specific dimension pair (N, K). Finally, the Lipschitz

and curvature constants selected are

2
m=L,=——— max ZAk ns Ly =
min, %) (355 47

2

ST B P (659

1<ngN I~
The table of iteration counts and total runtimes are given in Table 6.7 and Table 6.8,
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respectively.

Table 6.7: Iteration Counts for PC problems.

(N,K) Iteration Count
N K PGSF AGS AIPPS
5 5 - 322831 38
10 10 - 33398 62
25 25 - 161716 187
50 50 - - 572

Table 6.8: Runtimes for PC problems.

(N,K) Runtime
N K PGSF AG.S AIPPS
5 5 4000.00 3166.40 0.65

10 10 4000.00 509.47 0.74
25 25 4000.00 390710 4.89
50 50 4000.00 4000.00 30.29

It is worth mentioning that [65] also presents a min-max algorithm for obtaining station-
ary points for the aforementioned problem. However, its termination criterion and notion
of stationarity are significantly different from what is being considered in this chapter and,

hence, we choose not to include the algorithm of [65] in our benchmarks.

6.5.4 Discussion of the Results

We see that the smoothing method in this chapter are competitive against other modern
solvers and that they especially perform well when the curvature ratio M /m is large. Addi-

tionally, we see that the method scales well across problem dimensions and parameters.
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6.6 Conclusion and Additional Comments

In this chapter, we presented a smoothing method for finding approximate stationary points
of a class of min-max NCO problems. The method consists of applying the accelerated
method of Chapter 3 to a smooth approximation of the original nonsmooth min-max prob-
lem. We then established an O(0-3) iteration complexity bound for finding J-directional
stationary points and an O(p? ,0;1/ ?) iteration bound for finding ( p,, p, )-primal-dual sta-
tionary points. Additionally, we combined our developments with those in Section 4.1 to
present a quadratic penalty smoothing method for finding approximate stationary points of
a linearly-constrained variant of the original class of min-max NCO problems. We then es-
tablished a O(p;2[ pzjl/ ?+771]) iteration complexity bound for finding (p,, py)-primal-dual
stationary points that were ) feasible, i.e. the points T satisfy |.AZ — b| < 7 for a particular
linear constraint Ax = b.

The next chapter uses a framework similar to the one in Chapter 3 to develop methods

for finding stationary points of a class of spectral NCO problems.

Additional Comments
We now give a few additional comments about the results in this chapter.

First, recall that the main idea of the AIPP.SM is to call the AIPPM of Chapter 3 to obtain
a pair satisfying (6.23), or equivalently?,

Hidr"lfl(ﬁg)'(x; d) > —p. (6.57)

Moreover, using Proposition 6.3.2 with (p,, p,) = (p, D, /), it straightforward to see that
the number of oracle calls, in terms of (, p), is O(p~2£1/2), which reduces to O(p=2?) if £
is chosen so as to satisfy £ = ©(p~!). The latter complexity bound improves upon the one

obtained for an algorithm in [87] which obtains a point z satisfying (6.57) with £ = O(p~!)

See Lemma F.1.2 with f = p.
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in O(p~3) oracle calls.

Second, similar to Chapter 3, we neither assume that the set X in (F1) is bounded nor
that the min-max NCO problem MCQO has an optimal solution. Also, both the AIPP.SM and
AIP.QP.SM only require that their starting point z( be in X and the AIP.QP.SM, in particular,

makes no assumption about the feasibility of x.

Future Work

It is worth investigating whether complexity results for the AIPP.SM can be derived for the
case where Y is unbounded or for the case in which assumption (F2) is relaxed to the con-
dition that there exists m, > 0 such that -®(z,-) is m,-weakly convex for every z € X.
It would also be interesting to see if the notions of stationary points in Section 6.1 are re-
lated to first-order stationary points* of the related mathematical program with equilibrium

constraints:

min _{®(a,y) + h(y) :0 € [-D(y)](2)}

(z,y)eXxY
Finally, it would be worth investigating if a complexity as in Proposition 6.3.3 and Propo-
sition 6.3.2 can still be obtained if the exact proximal oracle for ®(z,-) in Equation (6.2) is

replaced with an inexact one.

“See, for example, [67, Chapter 3].
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CHAPTER 7
SPECTRAL COMPOSITE OPTIMIZATION

Over the past decade, there has been a tremendous interest [17, 33, 53, 64, 68, 108] in de-
veloping iterative optimization algorithms for solving large-scale matrix NCO problems.
Moreover, a large majority of the NCO problems in these works are such that the composite
term £ is a function of the singular values of its inputs and the smooth term f can be de-
composed as fi + fo where f5 is also a function of the singular values of its input. In this
sense, these problems admit a sort of spectral decomposition.

Our main goal in this chapter is to describe and establish the iteration complexity of
two efficient inexact composite gradient (ICG) methods for finding approximate stationary
points of the spectral NCO (SNCO) problem

min {¢(U) = f1(U) + (fY o o) (U) + (WY o 0)(U)}, (SNCO)

UeRmxn

where, denoting 7 = min{m, m}, the function o : R™*"  R” maps a matrix to its singular
value vector in nonincreasing order of magnitude, h¥ € Conv Z for some nonempty convex
set Z € R", f1 € Cppy ar, (R™™) for some (my, My) € R2,, and fY € Cpyas, (Z) for some
(ma, M) € R2,. Moreover, we also assume that both f) and 1V are absolutely symmetric
in their arguments, i.e. they do not depend on the ordering or the sign of their arguments.
A standard approach for finding stationary points of SNCO is to apply the CGM (see
Algorithm 2.2.1), or an accelerated version of it, to problem SA'CO where f = f1+ fY oo and
h = hY o 0. The two ICG methods in this chapter generalize this approach by exploiting the
spectral structure underlying the objective function. For example, one of the methods, called

the accelerated ICG (AICG) method inexactly solves a sequence of matrix prox subproblems
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of the form

min {)\ [(VFi(Zi1), U) + (fY 0 0)(U) + (BY 0 o) (U)] + %HU - zk_1|2} (7.1)

UERan

where A\ > 0 and the point Zj_; is the previous iterate. It is shown (see Section 7.5.1) that
the effort of finding the required inexact solution Z, of (7.1) consists of computing one SVD

and applying an ACG method to the related vector prox subproblem

mip (AL ) (e )+ 7]+ k) 2

where r = min{m,n} and ¢;,_1 = 0(Zx.1 — AVf1(Z;_1)). Note that (72) is a problem
over the vector space R", and hence, has significantly fewer dimensions than (7.1) which is a
problem over the matrix space R™*". The other ICG method, called the doubly accelerated
ICG (D.AICG) method, solves a similar prox subproblem as in (7.1) but with Z;_; selected in
an accelerated manner (and hence its qualifier of “doubly accelerated”) and some additional
mild assumptions.

Throughout our presentation, it is assumed that efficient oracles for evaluating the quan-
tities f1(U), f¥(u), Vf1(U), VY (u), and h¥(u) and for obtaining exact solutions of the

subproblems

min (A7) + 317},
for any z; € R” and A > 0, are available. Moreover, we define an oracle call to be a collection
of the above oracles of size O(1) where each of them appears at least once.

Given p > 0 and a suitable choice of ), the main result of this chapter shows that both

of the ICG methods, started from any point Z, € Z, obtain a pair (Z,V) satisfying the

approximate stationarity condition

Vevi(Z2)+V(fYoo)(Z)+d(hWoo)(Z), |V|<p (73)
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in O(p~2) oracle calls. When f; and f} are convex, it is shown that the D.AICGM obtains
a pair (Z, V) satisfying in O(p2/3) oracle calls.

It is worth mentioning that the AICG method (AICGM) can be viewed an inexact ver-
sion of the CGM applied to SN'CO, which solves a sequence of subproblems

min, (MY [+ £ 00] (2. U+ (00 o))+ 51U - Zea P G4)

UeRmxn

where A > 0 and the point Z_; is the previous iterate. Similarly, the D.AICG method
(D.AICGM) can be viewed as an inexact version of a monotone ACGM, which also solves a
sequence of subproblems (7.4) but with Z;_; chosen in an accelerated manner.

For high-dimensional instances of SA'CO where min{m,n} is large, and hence, SVDs
are expensive to compute, it will be shown that the larger the Lipschitz constant of V f is, the
better the performance of the ICG methods is compared to that of their exact counterparts.
This is due to the following facts: (i) solving (7.4) or (7.1) involves a single SVD computation;
(ii) even though (7.4) requires fewer resolvent evaluations to solve than (71), the cost of
solving these subproblems is comparable due to the fact that the aforementioned SVD is the
bottleneck step; and (iii) the larger the Lipschitz constant of V f, is the smaller the stepsize
A in (7.4) must be, and hence, the more subproblems of form (7.4) need to be solved during
the execution of the exact counterparts.

The content of this chapter is based on paper [50] (joint work with Renato D.C. Mon-
teiro) and several passages may be taken verbatim from it. To the best of our knowledge,
paper [50] is the first one to present ICG methods that exploit both the spectral and com-

posite structure in SA'CO.

Organization

This chapter contains seven sections. The first one gives some preliminary references and

discusses our notion of a stationary point given in (7.3). The second one presents some spe-

175



cialized subroutines that are used in the ICG methods. The third one presents the AICGM
and its iteration complexity. The fourth one presents the D.AICGM and its iteration com-
plexity. The fifth one presents an ACG variant that exploits the spectral structure underlying
the subproblems, i.e. (7.1), that each of the ICG methods solve. The sixth one presents some

numerical experiments. The last one gives a conclusion and some closing comments.

7.1 Preliminaries

This subsection describes the general problem that the ICG methods solve and outlines their

general structure.

The ICG methods consider the NCO problem
6. = min [6(w) = fu(w) + fo() + h(w)] (WCoy)

where Z is an finite dimensional inner product space and the functions fi, f5, and h are

assumed to satisfy the following assumptions:

(H1) h e Conv (Z) for some nonempty convex set Z € Z;
(H2) f1 €Cpy i, (Z) and fo € Cpy a1, (Z) for some (my, M;) € R? and (mo, Ms) € R?%

(H3) ¢, > —o0.

We now make a few remarks about A'CO, and the above assumptions. First, SNCO is an
instance of N'CO, in which f, = fY and h = hY, and hence, any results developed in this
section immediately apply for SN'CO. Second, it is well-known that a necessary condition
for z* to be alocal minimum of SNCO is that z* be a stationary point of ¢, i.e. 0 € V f1(2*) +
Vfo(2*) + Oh(2*).

In view of the above remarks, our goal is to find an approximate stationary point (2, v)
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of NCOs in the following sense: given p > 0, find a pair (£, 0) that satisfies

eV fi(2) +Va(2) +0n(2), [of <p. (7.5)

For ease of future reference, let us state the problem of finding this pair in Problem 7.1.1.

Problem 7.1.1: Find an approximate stationary point of NCO,

Given p > 0, find a pair (2,0) € Z x Z satisfying condition (7.5).

We now outline the ICG methods. Given a starting point 2, € Z and a special stepsize
A > 0, each method continually calls an ACG variant, i.e. based on Algorithm 2.2.2, to find
an approximate solution of a prox-linear form of NCO,. More specifically, each ACG call is
used to tentatively find an inexact solution of

min{)\[ﬁfl(u;w)+f2(u)+h(u)]+%|u—w||2}, (76)

ueZ

for some reference point w. For the AICGM, the point w is zj for the first ACG call and is the
last obtained point for the other ACG calls. For the D.AICGM, the point w is chosen in an
accelerated manner. From the output of the " ACG call, a refined pair (2,9) = (2, 0% ) is
generated which: (i) always satisfies the inclusion of (7.5); and (ii) is such that min;, |0;| -
Oask — oo.

The next section details the inexactness criterion considered by the ACG variant as well
as how the refined pair (Z,0) is generated. Before proceeding, we introduce the function

[V (u) - v¥(z)|

9 I

Ly(u,z):= [u = =] V(u,2) € Z,
0, U

Il
n
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for any differentiable function ¥ on Z, and the shorthand notation

M :=max{0, M;}, m]:=max{0,m;}, L;:=max{m!, M}
(7.7)
Li(u,z) =L (u,z) Vu,zeZ,

for i € {1, 2}, to keep the presentation of future results concise.

7.2 Specialized Refinement and ACG Procedures

Recall from the beginning of this chapter that our interest is in solving SA/CO by repeated
solving a sequence of prox subproblems as in (7.1). This subsection presents some back-
ground material regarding (7.1).

Consider the NCO problem

min {1(u) = Y(u) + Y ()}, 78)

where Z is a finite dimensional inner product space, 1, € Conv (Z), and 1, € C,, (%) for
some (m, L) € R x R,,. Clearly, problem (7.6) and (71) are special cases of (7.8), and hence
any definition or result that is stated in the context of (7.8) applies to (7.6) and/or (7.1).

We now discuss the inexactness criterion under which the subproblems (7.1) are solved.

The criterion is described in the context of (7.8) as follows.

{ 3

Problem A : Given (p,0) e R,,x and zy € Z, find (2,v,¢) € Z x Z x R, such that

ved. (w-L1--2) ), [l + 2 <6z - ol (79)

Some remarks about the above problem are in order. First, if (z, v, €) solves Problem .4
with 6 = 0, then (v, ) = (0,0), and z is an exact solution of (7.8). Hence, the output (z, v, €)

of Problem .4 can be viewed as an inexact solution of (7.8) when 6 € R, ,. Second, the input

178



2 is arbitrary for the purpose of this section. However, the two methods described in the
next two sections for solving N'CO; repeatedly solve (71) according to Problem .4 with the
input 2y at the k" iteration determined by the iterates generated at the (k — 1)! iteration.

Third, defining the function
Ay (u;2,0) = 9(z) —Y(u) - (v,u—z) + %Hu -z|? Vu,zeZ, (7.10)

another way to express the inclusion in (7.9) is A, (u; z,v) < ¢ for every v € Z. Finally,
the ACG variant presented later in this section will be shown to solve Problem A when
s € F,(Z). Moreover, it solves a weaker version of Problem A involving A, (see Problem B
later on) whenever 1, ¢ F,(Z) and as long as some key inequalities are satisfied during its
execution.

A technical issue in our analysis in this chapter lies in the ability of refining the output of
Problem A to an point (2, ) satisfying the inclusion in (75), in which ||0| is nicely bounded.
The follow two results establish a way to obtain such a point.

The first result presents some properties of a composite gradient step made on (7.8).

Lemma 7.2.1. Let a quadruple (29, z,v,€) € Z x Z x Z € R, and functions 1,, € Conv (Z)
and s € C, 1 (Z) for some (mu,L) € R x R, be given. Moreover, let {) = 15 + 1, the

function A, (+;-,-) be as in (710), and consider the pair (2, v, ) given by

2 := argmin {&ps(u; z) = (v,u) + £HU - z|*+ wn(u)} ;

U= v+ L(z - 2) + Vs (2) = Vbs(2),
Then, the following statements hold:

(@) vy € Vibs(2) + O (2);
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(b) for every s € Z we have A ,(u; z,v) > 0 and, in particular,

L
Au(zizv) 2 )12 = 2% (7.12)

(c) if Ay(2;2,0) <eand (2,v,¢) satisfy the inequality in (7.9), then

(7.13)

v <011+
ot so s 222

L+st(27'§)‘| ”Z_ZOH'

(d) if (z,v,€) solves Problem A, then A ,(u; z,v) < € foreveryu € Z, and, as a consequence,

bound (7.13) holds.

Proof. (a) The optimality condition of 2 is
0eVYs(2)—v+ L(Z-2)+0¢,(2)

which, together with the definition of v,, yields the desired inclusion.

(b) The fact that A, (u; z,v) > 0 for every u € Z follows from the optimality of 2 and
the fact that ¢, < 0y, (+; 2) + L| - —2|?/2. The bound (7.12) follows from Proposition 2.2.2(c)
with A =1/Land (z,27) = (%, 2).

(c) Using the assumption that A, (2; z,v) < ¢, part (b), and the inequality in (7.9), we

R 2A (%5 z,0 ¢ Iz
|z—z||s\/%s\/fsﬁnz—z@u. (714)

Using the triangle inequality, the definitions of L(-,-) and v,, (714), and the inequality in

have that
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(7.9), we conclude that

Jvrll = v+ La(z = 2) + Vibs (2) = Vibs(2) ]
<ol +[L+Li(2,2)] ]2~ 2]

L+ Lz 3%)
4] I = zol.

S9[1+ T

(d) The fact that A, (u; z,v) < ¢ for every u € Z follows immediately from the inclusion
in (7.9) and the definition of A, in (710). The fact that (7.13) holds now follows from part

(c). l

The next result specializes the above lemma to the context of NCO, and describes the

desired pair (2, 7).

Proposition 7.2.2. Let functions fi, fo, and h functions satisfying assumptions (HI)-(H2)
and a quadruple (2o, z,v) € Z x Z x Z € R, be given. Moreover, let A, (;-,-) and (2,v,) be

as in Lemma 7.2.1 with
1
Vs = A[lp (5 20) + fo] + §H -—ZOH2, Uy =Ah, L=AMj+1,

and define

A~

0= % (vr+20-2)+Vfi1(2) = Vfi(20),
2+ N[My + Li(u,2) + Ly(u, 2)]

1+ MM ’

for every u, z € Z. Then, the following statements hold:

(715)

C')\(u, Z) =

(a) veVfi(2)+Vfa(2)+0h(2);
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(b) if A, (2;2,0) <cand (z,v,¢) satisfy the inequality in (7.9), then it holds that

N 2+0C)\(z,2
fol < [EaGen,2) # ZEED] oy 716

Proof. (a) It follows from Lemma 7.2.1(a) and the definition of © that

0= 1 (2= 2) + () - Vi(20)
T [V0(3) + 00n(D)] + 5 (0 + 2= 2) + V() - V(o)

=V f1(2) + Vf2(2) + Oh(2).

(b) It follows from (7.14) with L := AM; + 1, the triangle inequality that

1 . A
XIIZo = 2|+ [V fi(20) - V()]
1 . R
SX[1+)\L1(z,z)] |z = 2] + [1+ AL1(20,2)] |2 - 20|
1 1+)\L1(Z,7:’)
<—|1+AL1(20,2) + 0| ————= |||z — 20|

Using the above bound, Lemma 7.2.1(c) with L = AM; + 1 and Ly, (-,-) = ALs(+,-) + 1, the

definition of C'\(+,-), and the fact that 6 < 1, we conclude that

o 1 1 . .
[0 < Sloel+ S lz0 = 21+ 19 fi(z0) = V£1(2)]

2 M3 L 3 L 3
g%(uele(ZO,z)w[ HAMG + ALy (2, 2) + ) 2(2’2)])”2-20”

1+ AMS

2+0C\(z,2
< [Ll(zo,z) A #] -

]

We make a few remarks about Proposition 7.2.2. First, it follows from (a) that (2, )

satisfies the inclusion in (7.5). Second, it follows from (a) and (c) that if @ = 0, then (2,0) =

182



(0,0), and hence Z is an exact stationary point of N'COs. In general, (7.16) implies that the
residual |0 is directly proportional to |z — z |, and hence, becomes smaller as this quantity
approaches zero.

For the sake of future referencing, we state the specialized refinement procedure (SRP)

for generating (2, 0) in Algorithm 7.2.1.

{ 3

Algorithm 7.2.1: SR Procedure

Require: (my, My,ma, My) € R h e Conv (2), fi € Coyunr,(Z), fo €
Cmg,MQ(Z), (z,zo,v)erZxZ7 A>0;

Initialize: ¢, < A [{y, (-5 20) + fa] + %| —2|?, ¥n <= Ah, L < MMy +1 (see (7.7));
1: procedure SREF(fi, f2, h, 2, 29, v, Ma, \)
2: 73<—argmin{€¢s(u;z)—(v,u)+gHu—ZHQJrz/;n(u)}
3: Up < vu-iE-ZL(z - 2) + Vs(2) - Vps(2)
£ 03 (rn-2)+ VAR - Vi)

5: return (Z,0)

Inequalities (7.13) and (7.16) play an important technical role in the complexity analysis of
the two prox-type methods of the next two sections. Sufficient conditions for their validity
are provided in Lemma 7.2.1(c)-(d), with (c) being the weaker one, in view of (d). When
s € F,(Z), it is shown that every iterate of our proposed ACG variant always satisfies the
inclusion in (7.9), and hence, verifying the validity of the sufficient condition in (c) amounts
to simply checking whether the inequality in (7.9) holds. When 5 ¢ F,(Z), verification
of the inclusion in (7.9), and hence the sufficient condition in (d), is generally not possible,
while the one in (c) is. This is a major advantage of the sufficient condition in (c), which
is exploited in this chapter towards the development of adaptive prox-type methods which
attempt to approximately solve (7.8) when ¢ ¢ F,(Z).

To ease future referencing, we state below the problem for finding a triple (z, v, €) satis-

tying the sufficient condition in Lemma 7.2.1(c).
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Problem B : Given the same inputs as in Problem A, find (2, v,¢) € ZxZxR, satisfying
the inequality in (7.9) and

AL(2;2,0) <€, (7.17)

where A, (+;-,-) is as in (7.10) and the point 2 is given by (7.11).

We now present the specialized ACG (S.ACG) method in Algorithm 7.2.2, which solves
Problem A when v, € F,(Z) and solves Problem B whenever two key inequalities are al-
ways satisfied, one at every iteration and one at the end of its execution. The termination
status of the method is stored in the variable mg which is true if the method solves Prob-

lem B and false otherwise.

4 '

Algorithm 7.2.2: S.ACG Method

Require: (11,L) €R2,, ¢, € Conv (2), ¥, €C(Z), yoe Z, Oe(0,1);
Initialize: 7g <« true, ¥ < ¥, + 1,

1: procedure S.ACG(Vs, Yy, Y0, 6, i, L)
7g fork=1,...do

3: AL < 1/L
4: Generate (A, Yx, Tr_1, Tk, ) according to Algorithm 2.2.2.
5: Check the first failure point.
6: if A + Y — Yoll? + 24,7 < — yo|I* then
1+ pAy, | AkTr + yr = Yol Kk < lyr = vol
7 g < false
8: return (y, 00, 00, Tg)
9: if |7 + 27k < 0% yx — yo|* then
M
10: i < argmin {Ews(u; z) = (v,u) + 7||u - z|?+ wn(u)}
uez
11: Check the second failure point.
12: if A, (Uk; Yk, Ti) > 71, then > See (7.10)
13: g < false
14: return (y, 00, 00, Tg)
15: else
16: return (Y, 7k, Tk, Ts)
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The next result presents the key properties of the S.ACG method (S.ACGM).

Proposition 7.2.3. The following properties hold about the S.ACGM:

0([“\/%] log" [LK,(1 wK@)]) (718)

iterations, where Ky =1 + \/5/9;

(a) it stops in

(b) if its stops with a quadruple (z,v,e,7s) = (Yk, Tk, Tk, Ts) Where Tg = true, then the

triple (z,v, €) solves Problem B;

(c) if s € F,(Z), then it always stops with a quadruple (z,v,e,7s) = (Y, Tk, Tk, Ts)

where g = true, and the triple (z, v, ) solves Problem A.

Proof. (a) See Appendix C.

(b) Using the successful checks in Line 9 and Line 15 of the method, it follows that the
triple (z, v, ) solves Problem B.

(c) Using Proposition 2.2.3(a)-(b) and the definition of the approximate subdifterential,
it follows that the method always stops with 7g = true when 1, € F,(Z). On the other
hand, Proposition 2.2.3(a), the definition of the approximate subdifferential, and the suc-

cessful check in Line 9 of the method imply that the triple (z, v, ¢) solves Problem A. [

It is worth recalling that in the applications we consider, the cost of the ACG call is small
compared to SVD computation that is performed before solving each subproblem as in (7.6).
Hence, in the analysis that follows, we present complexity results related to the number of
subproblems solved rather than the total number of ACG iterations. We do note, however,

that the number of ACG iterations per subproblem is finite in view of Proposition 7.2.3(a).

7.3  Accelerated Inexact Composite Gradient (AICG) Method

This section presents the static AICGM and its dynamic variant.
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We first state the static AICGM in Algorithm 7.3.1, which uses Algorithm 7.2.1 and Al-
gorithm 7.2.2 as subroutines. Given 2, € Z and a special choice of A > 0, its main idea is to

attempt to generate its k'" iterate by using the S.ACGM to obtain the inexact update

. 1
i mmmin {5, (5 200) + folw) + ()] + = 2112}

The iterate is then refined using the SRP in Algorithm 7.2.1 and termination of the method
occurs when either: (i) a refined iterate solving Problem 7.1.1 is found; or (ii) a failure condi-
tion has been triggered. The termination status of the method is store in a variable 7g which

is true if the former scenario occurs and false the latter scenario occurs.

{ 3

Algorithm 7.3.1: Static AICG Method

Require: p > 0, (my, My, my, My) € RY, h e Conv (2), fi € Cony 1, (2), f2 €
Coont,(Z), (N,0) € R2, s.t. AMy + 602 < 1/2, z€ Z;
Initialize: p < 1, L < AMJ + 1(see (7.7)), ms <« true

1: procedure ST.AICG( f1, f2, h, 20, A, 0, My, p)
7g fork=1,...do

3 Attack the k™ prox-linear subproblem.
1

4 Uy = Al (5 20-1) + fo] + 5l ~zp-1 [

5: (Zk,Uk,gk,WZCg) <« S.ACG(¢§,Ah,Zk_1,9,M,L)

6 Check a special convexity condition.

7: if —(7.®) or A,(2k-1; 2k, Uk) > €, then > See (710)
8

9

g < false
return (zg, 00, 7g)

10: Check the termination condition.

11: (ékaﬁk‘) (_SREF(flaf27h7zk7zk—lavk7M2a)\)
12: if |0x] < p then
13: return (2, 0y, 7g)

Some remarks about this method are in order. To ease the discussion, let us refer to the

ACG iterations performed in Line 5 of the method as inner iterations and the iterations
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over the indices k as outer iterations. First, in view of the requirement on (A, 6), if M; > 0
then 0 < A < (1 —260%)/(2M;) whereas if M; < 0 then 0 < A < co. Second, it may fail to
obtain a pair satisfying (7.5), i.e. when 7g = false. In Theorem 7.3.1(c) below, we state that
a sufficient condition for the method to stop successfully is that f; be convex. This property
will be important when we present the dynamic AICGM, which: (i) repeatedly calls the static
method; and (ii) incrementally transfers convexity from f; to f; between each call until a
termination where mg = true is achieved.

The next result, whose proof is deferred to Section 7.3.1, summarizes some facts about
the static AICGM. Before proceeding, we first define some useful quantities. For and A > 0

and u, w € Z, define

1+ A(M5 + Ly + L)

1+ AMS

Theorem 7.3.1. The following statements hold about the static AICGM:

Cy(usw) = €y, (w;w) + fou) + h(u), C):= (7.19)

(a) it stops in

VA p?

outer iterations, where ¢, is as in (H3);

(’)([\/XLl R +96Ar [WO) —@D 720

(b) if it stops with g = true, then the first two arguments of its output triple (2,0, ms)

solve Problem 7.1.1;
(c) if fo is convex, then it always stops with g = true.

We now make three remarks about the above results. First, if § = O(1/C) then (7.20)

reduces to

O ([\/XLl + %r [W]) : (7.21)

Moreover, comparing the above complexity to the iteration complexity of the CGM (see
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Algorithm 2.2.1), which is known [86] to solve Problem 7.1.1 in

O ([\/X(L1 +Lo) + %1 [w]) (722)

p

iterations, we see that (7.21) is smaller than (7.22) in magnitude when L, is large. Second,
Theorem 7.3.1(b) shows that if the method stops with mg = true, regardless of the convexity
of fo, then its output pair (2, 0) is always a solution of Problem 7.1.1. Third, it is shown in
Proposition 7.3.4, that the quantities L; and C) in all the previous complexity results can be
replaced by their averaged counterparts in (7.24). As these averaged quantities only depend
on {(zi, 2;)}¥ |, we can infer that the static AICG method adapts to the local geometry of its
input functions.

We now state the (dynamic) AICG variant in Algorithm 7.3.2, which address the possi-

bility of failure by repeatedly calling the static AICGM.

{ 3

Algorithm 7.3.2: AICG Method

Require: p > 0, (my, My, mq, My) € R*, h e Conv (Z), fi € Conyais(Z), fo €
Coont,(Z), (N, 0) e RZ, st AMy +02 < 1/2, z9€Z, & >0
Initialize: p < 1, L < AMJ + 1(see (7.7))

L procedure AICG(fla f27 h7 20, Av 07 M??éula ﬁ)
7 fork=1,...do

3: Call the static AICGM with perturbed inputs.
&k
s ftef-Epp
k k2
> f2€f2+§”'||
6: (2,0,7mg) < SLAICG(fY, f5, h, 20, A, 0, My + &, p)
7: Either stop with a solution or increase ¢, for the next AICG call.
8: if g then
9: return (2,0)
10: else
11: Epe1 < 26,

Some remarks about the above method are in order. First, in view of the requirement
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on (A, #) and the fact that the upper curvature of fF is monotonically decreasing in k, the
parameter A\ does not need to be changed for each static AICG call. Second, in view Theo-
rem 7.3.1(c), every static AICG call always terminates with success whenever f¥ is convex.
As a consequence, assumption (H2) implies that the total number of static AICG calls is at
most [log(2m3 /&) ]. Third, in view of the second remark and Theorem 7.3.1(b), the methods
always obtains a solution of Problem 7.1.1 in a finite number of static AICG outer iterations.
Finally, in view of second remark again, the total number of static AICG outer iterations is
as in Theorem 7.3.1(a) but with: (i) an additional multiplicative factor of [log(2m3 /&) |; and
(ii) the constants m; and M, replaced with (m; +2m3) and (M, + 2m3), respectively. It is
worth mentioning that a more refined analysis, such as the one in Section 5.3, can be applied

in order to remove the factor of [log(2m /£y)] from the previously mentioned complexity.

7.3.1  AICG Properties and Iteration Complexity

This subsection establishes the key properties of the static AICGM and gives the proof of
Theorem 7.3.1.

We first start with a technical lemma that describes the progress, in terms of function
value, between consecutive iterations. Its statement, and the statement of subsequent results,

will make use of the key constants in (7.7).

Lemma 7.3.2. Let {(z;, 2;,0;) }¥| be the collection of iterates generated by the static AICGM.

For everyi > 1, we have

1 ~ M
ﬁ”zi—l - % < ¢(zi1) = Lo(2i; 2i1) - 71\|Zi - zia P < 9(zim1) - 0(21), (7.23)

where 2@, is as in (7.19).

Proof. Leti > 1 be fixed, define

1
Pl b= A Gan) + fal + 5 —aal’ = M,
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and let (z;,v;,€;,m;) be the output of the i'h call to the S.ACG algorithm. Moreover, let
A,(+-,-) be as in (710) with (1),,1,) as above. Using the definition of 7, and fact that

(z,v,€) = (zi,v;,&;) solves Problem B in Section 7.2, we have that

€i 2 A1 (2i-1; 21, 0;)

= /\%(Zi; Zi—l) - )\Qb(zi—l) - (Ui, Zi = Zi—l) + sz - Zi—lHQ-

Rearranging the above inequality and using assumption (H2), the requirement on (\, #) (in

the AICGM), and the fact that (a, b) > —|a|?/2 - ||b]?/2 for every a, b € Z yields

/\¢(Zi—1) - )\Z;S(Zi; Zi—l) > <Ui7 Zi-1— Zz> —& t+ ”Zz - Zi—1||2

1-o0?
b - zal?

1 1
- Sl 2l - 5 (il + 221) >

P i e T PN
= 2i— 2 e |
2 ' 2 '
LM,

1
B ZHHQ + ;LHZi - ZHH2-

Rearranging terms yields the first inequality of (7.23). The second inequality of (7.23) follows
from the first inequality, the fact that £, (z;; 21 )+ M | z,—zi-1|2/2 > ¢(2;) from assumption

(H2), and the definition of Zb l

The next results establish the rate at which the residual ||7; | tends to 0.

Lemma 7.3.3. Let p > 1 be given. Then, for every a,b € R¥, we have

min {Jaibl} < k77 Jall, [bl )

Proof. Letp > 1and a,b € R¥ be fixed and let ¢ > 1 be such that p~! + ¢~! = 1. Using the fact

that (x,y) < ||, ]y|, for every z,y € R¥, and denoting @ and b to be vectors with entries
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|a;|'/P and |b;|'/P, respectively, we have that
1/ § 1/
i B VP < b.|1/p
k{ngg}gﬂazbzﬁ s ;|azb2|
7 1/ i e 1/p
< alplolq = flal; p(2|bi|q/p) = (lalilblgm) ™
i=1

Dividing by £, taking the pt" power on both sides, and using the fact that p/q = p — 1, yields

min {la;bi|} < &7 |al1[blgp = K7 [al[b]1y-1)-

O
Proposition 7.3.4. Let {(z;, 2;,0;) }¥_| be as in Lemma 7.3.2 and define the quantities
1 k 1 k
L?Ylf; = E Z;Ll(zi,zi_l), Of\hjfkg = E Z;C’)\(éz,zz), (724)

where C\(+,-) and C', are as in (7.15) and (719), respectively. Then, we have

L0 [0(0) - -1 | 4
in 1] = ove Ak [ 0 *] P
min 104 O(l\/X et 7 ] . t5

Proof. Using Proposition 7.2.2 with (2, 29) = (2, zi_1) and the fact that C)(-,-) < C) and

Ly(+,-) < Ly, we have ||0;]| < &|zi — zi-1], for every i < k, where

81- o 2+)\L1(Ziazi—/1\)+90/\(Zi72i) VZ2 1

As a consequence, using the sum of the second bound in Lemma 7.3.2 from ¢ = 1 to £, the

definitions in (7.24), and Lemma 7.3.3 with p = 3/2, a; = &, and b; = |z; — z;_1| fori = 1 to
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k, yields

1 k k 1/2
i) S il 2 5 i (356 (3 1)
g

1+0C% - 1/2
_ avg Ak ¢(Zo) (b*
=0 ([\/XLM + 7 [ p ] ) .

We are now ready to give the proof of Theorem 7.3.1.

Proof of Theorem 7.3.1. (a) This follows from Proposition 7.3.4, the fact that C,(-,-) < [
and Ly, (+,-) < Ly, and the termination condition in Line 12 of the AICGM.

(b) The fact that (2,0) = (2, 0) satisfies the inclusion of (7.5) follows from Proposi-
tion 7.2.2 with (2, v, z0) = (2x, Uk, 2k_1). The fact that |0| < p follows from the termination
condition in Line 12 of the AICGM.

(¢) This follows from Proposition 7.2.3(c) and the fact that method stops in finite number

of iterations from part (a). ]

7.4  Doubly-Accelerated Inexact Composite

Gradient (D.AICG) Method

This subsection presents the static D.AICGM, but omits its dynamic variant for the sake of
brevity. We do argue, however, that the dynamic variant can be stated in the same way as the
dynamic AICG variant in Section 7.3 but with the call to the static AICGM replaced with a
call to the static D.AICGM of this subsection.

We start by stating some additional assumptions. It is assumed that:
(i) the set Z is closed;

(ii) there exists a bounded set {2 2 Z for which a projection oracle exists.
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We first state the static D.AICGM in Algorithm 7.4.1, which uses Algorithm 72.1 and Al-
gorithm 7.2.2 as subroutines. Given 2y € Z and a special choice of A > 0, its main idea is
to attempt to generate its k" iterate using the S.ACGM and project oracle of €2 to obtain

accelerated updates

1+1+4A,
ag = s 2+ kl, Ay = A1 + ay,
< Aqu + ag-1
Yk A, k-1 A, Yk-1,
. 1
s amin A, (s 200) + o) + B(w)] + 5u= 57,

1 o
yi = argmin 5 |l = [yr-1 = ar-1 (e + Gr1 = 20) 117

2, = argmin ¢(u),
uE{zk_l,zZ}

where 3y = 29, Ag = 0, and vy, is a residual that is obtained from computing z{. In particular,
the S,ACGM is used in the inexact update of zj:. The iterate is then refined using the SRP
in Algorithm 7.2.1 and termination of the method occurs when either: (i) a refined iterate
solving Problem 7.1.1is found; or (ii) a failure condition has been triggered. The termination
status of the method is store in a variable g which is true if the former scenario occurs and

false the latter scenario occurs.

7

Algorithm 7.4.1: Static D.AICG Method

Require: p > 0, (my, My, my, My) € RY, h e Conv (Z), fi € Coyan,(Z), f2 €
Coonty(Z), (N, 0) € RZ, s.t. AMy + 02 < 1/2, z€ Z;

Initialize: 1 < 1, L < A\MJ + 1(see (7.7)), ms < true, yo < 29, Ag < 0, ¢ <
Ji+ fa+ Iy

1. procedure ST.D.AICG(f1, f2, h, 20, A, 0, Ms, p)
2: fork=1,...do

3 Attack the k™ prox-linear subproblem.
1++/1+4A;,4

4: Ap-1 < 9

5: Ap < A1 +apq




2

10:
11:
12:

14:
15:
16:

18:

19:

Ap 1251 + Qg 1Yr-1 )
Apg ’

1
U8 <= Ay (5 20-1) + fo] + §H =2 |2
(25, Uk, €k, Ty ©) < S.ACG(¢*, AR, §_1,0, 1, L)

Yk-1 <

Check a special convexity condition.

if ~(m.®) or A,(2k-1; 21, vk) > €), then > See (7.10)
g < false

return (zg, 00, Tg)

Check the termination condition.

(Zk, Ox) < SREF(f1, fo, b, 2k, U1, Uk, M2, A)
if |0y]| < p then
return (2, Oy, 7g)

Compute an accelerated prox step.

: _ anT 12
Yp < argrg1n§ lu = [Yr-1 = a1 (Vk + Gr-1 — 21) ]|

2, < argmin ¢(u)
uE{zk_l,zg}

Vv,

Some remarks about this method are in order. To ease the discussion, let us refer to the

ACG iterations performed in Line 8 of the method as inner iterations and the iterations over

the indices k as outer iterations. First, similar to the static AICGM, the static D.AICGM may

fail without obtaining a pair that solves Problem 7.1.1. Theorem 7.4.1(c) shows that a sufficient

condition for the method to stop successfully is that f; be convex. Using arguments similar

to the ones employed to derive the dynamic AICG variant, a dynamic D.AICG variant can

also be developed that repeatedly invokes the static D.AICGM in place of the static AICGM.

Second, in view of the update for z;, in Line 19, the collection of function values {¢(z;)}%

is non-increasing. Third, in view of the requirement on (\, ), if M; > 0 then 0 < A <

(1-20%)/(2M;) whereas if M; <0 then 0 < A < co.

The next result summarizes some facts about the D.AICGM. Before proceeding, we in-

194



troduce the useful constants

D.:=sup |u-z|, Dq:=sup |u-z|, A}:=¢(z)- .,

w,z€Z u,z€e)

— (7.25)

doi= inf {Jz0-w]:6(u7) = 0.}, Bng = VAL +

0 WreZ 0 *J s 1 \/X .

Theorem 7.4.1. The following statements hold about the static D.AICGM:
(a) it stops in
E?2,[miD?+A%] E *+1/A]V2D
(’)( /\,9[ 1A2 ¢] N ,\,9[7711 +A/ ] Q) (7.26)
p p

outer iterations;

(b) if it stops with mg = true, then the first two arguments of its output triple (2,0, 7g)

solve Problem 71.1;

(c) if fa is convex, then it always stops with g = true in

E}ymiD? B, 4[mt]V2Dq Ei{gdg/:i/\_uz .
H? i 5 * ~2/3 (7.27)
outer iterations.

We now make three remarks about the above results. First, in the “best” scenario of

max{my, ms} < 0, we have that (7.27) reduces to

172/3 dé/3
O([Ll‘i‘le [pA2/3 I

which has a smaller dependence on p when compared to (7.21). In the “worst” scenario of

min{my,my} > 0, if we take 6 = O(1/C'), then (7.26) reduces to

0 ([\/XLl N Lr [mTDg +P(20) - ¢]) |

Y2 7
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which has the same dependence on p as in (7.21). Second, part (c) shows that if the method
stops with an output pair (2, V), regardless of the convexity of fs, then that pair is always an
approximate solution of A'CO,. Third, Proposition 7.4.9 shows that the quantities L, and
C'y in all the previous complexity results can be replaced by their averaged counterparts in
(7.43). As these averaged quantities only depend on {(z%, 2;, 7;-1) }* |, we can infer that the
static D.AICGM, like the static AICGM of the previous subsection, also adapts to the local

geometry of its input functions.

74.1  D.AICG Properties and Iteration Complexity

This subsection establishes several key properties of static D.AICGM and gives the proof of
Theorem 7.4.1.
To avoid repetition, we assume throughout this subsection that £ > 1 denotes an arbi-

trary successful outer iteration of the D.AICGM and let

{(aia Aiv Ziy Z???J?ﬁ gi—b 27:7 ﬁ%viagi)}le

denote the sequence of all iterates generated by it up to and including the k'" iteration.
Observe that this implies that the i*" D.AICG outer iteration for any 1 < ¢ < k has 7g =

false and

true, i.e. the (only) S.ACG call in this iteration does not stop with 7

Ay (zi1; 28, v;) < €;. Moreover, throughout this subsection we let

Fi(u) =g, (w; Gim1) + fo(u) + h(u), fyl-(u):%(zf)+%(vi+gj¢1—z§,u—z§”). (7.28)

The first set of results present some basic properties about the functions 7; and ~; as well
as the iterates generated by the method.
Lemma 7.4.2. The following statements hold for any s € Z and 1 <i < k:
(@) 7i(z) =7 ();
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(b) y; = argmin,.q {Aa;i-17i(v) + |u—yi1[?/2};
(c) 2 —v; = argminy ez {Ayi(u) + u - gia[|*/2} 5
(d) =Myllu=gia[?/2 <Fi(u) = o(u) <malu = Gia[?/2
(e) ¢(2i-1) 2 ¢(2;) and P(2}) > ().
Proof. To keep the notation simple, denote

(Z$,2+,Z,g) = (quaz’iazi—hgi—l); (y+7y) = (yiayi—l)a

(A+7A7a) = (AiaAi—laai—l)a (U,f:“) = (Uu&')-

(7.29)

(a) This is immediate from the definitions of v and 7 in (7.28).

(b) Define 7j; := y_1 — ag_1 (vk + Ypo1 — zg) Using the definition of 7 in (7.28), we have
that

1 1
argmin{)\cw (u) + =|u- y|2} = argmin {a(v +y-z2ztu—z)+=|u- yH2}
ue) 2 ueld 2
1 N
= argmin = [u—(y —afv+7-2{])]

ued 2

1 — 2
= argmin — ||u -7, |" = y,.
e 2

(c) Using the definition of «y in (7.28), we have that
AVY (2E-v)+ (28 -v) —g=(v+y-20) + (2§ -v) -y =0,

and hence, the point z¢ — v is the global minimum of Ay + | - =g ?/2.
(d) This follows from the fact that f; € C,,, ar, (Z) and the definition of 7 in (7.28).

(e) This follows immediately from the update rule of z; in Line 19 of the D.AICGM. [
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Lemma 7.4.3. Let w = §;_1 and Ay(+;-,+) be as in (710) with
1
Vs = ALy, (5 21-1) + fo] + 5” =21 ]?, Un = A (7.30)

Then, following statements hold:

(a) the triple (2, v;, ;) solves Problem B and satisfies A1 (z;_1; 2%, v;) < €, and hence

lvil| + 265 < 02|28 = Gica|?, Ar(us 28, v) <& Yue{Z, zia), (7.31)

7

(b) if f2 is convex, then (2, v;, ;) solves Problem A;
() Ai(s;2f,vi) = Alvi(s) = Ti(s)];
(d) Ai(zi;28,0;) <e.

Proof. (a) This follows from Line 10 of the D.AICGM and Proposition 7.2.3(b).
(b) This follows from the S.ACG call in Line 8 of the D.AICGM, the fact that  is convex,
and Proposition 7.2.3(c) with s =7; + | - —=7;_1[?/2.

(c) Using the definitions of (15, ,,) and (,7), we have that

A1 (5528,0) = (b + ) (22) = (0 ) (5) = 0,20 = ) + s = =2

(
I~ 1 a _ |2 =~ 1 512 a 1 all2
() + 2 - 2| - [ V) + S 12| - (w22 s + s =21

=Yty + Slls -2 ] - [¥s) « 1 - 5]

= Ay(s) = M (s).

(d) If z; = z;_1, then this follows from Line 10 of the method. On the other hand, if

z; = z{, then this follows from part (c). l

We now state some well-known (see, for example, Lemma B.0.2 with A = 75, = 1) prop-

erties of A; and a;_;.
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Lemma 7.4.4. Forevery 1 <1 <k, we have that:
(a) a?—l =
(b) 2/4< A; <2

The next two lemmas are technical results that are needed to establish the key inequality

in Proposition 7.4.7.

Lemma 7.4.5. For every u € Z and 1 < i < k, we have that

(Aictllzic = Gia ) + @i Ju = §ima|?) < 2D + a; 1 D2,

DO | —

Proof. Throughout the proof, we use the notation in (7.29). Using the relation (p + ¢)? <
2p? + 2¢? for every p, q € R, Lemma 7.4.4(a), the fact that A < A*, z € ), and y € Z, and the

definition of ¢, and the definitions of Dq, and D, in (7.25), we conclude that

2 2

+a

. . a A a
Az =g+ alu-31? = 4| £-G-)| +a| F-w-2)+ F-w-y)

A A a?
<2 (1= 0 ol 2a] Gl o)
<24 (el + ) + 20k 21+ 2y
<2fJu-af+ (1+a)fu-yl?]

[ +(1+ a)Dz]
The conclusion now follows from dividing both sides of the above inequalities by 2 and using

the fact that D, < Dq. O

Lemma 7.4.6. Foreveryu e Z and 1 <1i < k, we have that

1—>\M1 - HU7,H2 1
Ai i i i— 2 :| _12
(60 + (5 128 = sl - o | 55 hu - i

1
<Ai7i(zic1) + aicrvi(u) + ﬁ”u -y (7.32)
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Proof. Throughout the proof, we use the notation in (7.29). We first present two key expres-

sions. First, using the definition of 7y in (7.28) and Lemma 7.4.2(c), it follows that

. 1 . ' . 1 _
mip (A () + 5lu= 512} = 7(2) = o+ 5= 28,0} + 5 o =22
o I S

() - ol - (0,5 - 280+ 5 o+ - 24P

~(.a 1 1 ~ a
= X7 = gl + 519 - =20 (7.33)

Second, Lemma 7.4.2(b) and the fact that the function ay + | - —y[2/(2)\) is (1/\)-strongly

convex imply that
(1) + 5 ls 912 S 0y () + o=y~ o -y 2 (734
a — |y, = ay (u) + —|u - - —|u- ) .
Y \Y+ o\ Y+ Y| say o\ Y o\ Y+
Using (7.33), Lemma 7.4.2(d)-(e), Lemma 7.4.4(a), and the fact that  is affine, we have that

o)+ (= W1) ES
A,

T + 518 ~3lP] (735)

AL —min {7 () + o Ju - gu?} . M]
_ueZ 2)\ 2)\

IN

<A '7 (Az;a%) QA HAz+ay+ B Azf:ay 2 N ||;)£2]

= A7 (2) +ay () + 5 M 2+ 22 1ol?

= Ay () +ay (u) + 55l 9. 17+ S Lol (730
The conclusion now follows from combining (7.34) with (7.36). O

We now present an inequality that plays an important role in the analysis of the

D.AICGM.
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Proposition 7.4.7. Let Ay (+;-,-) be as in (7.10) with (15, ¢y, ) as in (7.30), and define
1 .
0i(u) = Ai [p(z:) — p(u)] + 5““ -yl Vi20. (7.37)

For every u € Z satisfying Ay (u; 2%, v;) < € and 1 < i < k, we have that

A, ~ )
ﬁﬂzf = G |? <m] (ai—1D§ + 2Ds21) +0;1(u) = 0;(u). (7.38)

Proof. Throughout the proof, we use the notation in (7.29) together with the notation 6 =
0;-1 and 0, = 0;. Let u € dom h be such that A (u; 2%, v) < e. Subtracting A¢(u) from both

sides of the inequality in (7.32) and using the definition of 6, we have

A, . -
oy LA =AM 22 =17 = [o]*] + 6. (u)

A, )
= oy L= AM) 2 - g = o] + A [6(20) - ¢(w)] + %nu— 22|

<Ay (2)+ay(u) - Ap(u) + %”U -yl

=aly(u) = o(u)]+ Aly (2) - ¢(2)] +6(u). (7.39)

Moreover, using Lemma 7.4.3(a) and (c), and with our assumption that A, (u; z¢,v) < €, we

have that

A - ~Q +
S Bl jsog S Vseus) (40

7(8) = d(s) =7 (s) = &(s) + 3

Combining (7.39), (7.40), and Lemma 7.4.5 then yields

A,
oy LA =AM 22 = 1" = ol *] + 0. (w)
my - -
371[ afu-g|? + Alz - g|*] +
<mi (aD? +2D}) +
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Re-arranging the above terms and using the restriction on (\, #) (in the D.AICGM) together

with the first inequality in (7.31), we conclude that

mi (aD} +2D3) +0(u) - 0, (u)

A _
N [(L=AMy) |28 = g[* = Jv]* - 2¢]

N A+(1 - )\Ml —0'2)

BN

> Sz gP

O]

The following result describes some important technical bounds obtained by summing

(7.38) for two different choices of u (possibly changing with ¢) from ¢ = 1 to k.

Proposition 7.4.8. Let Ag and dyy be as in (7.25) and define
Sii= iAH ¢ =g ]? (7.41)
= — i Zz' — Y- . .
kTN 2 Yi-1

Then, the following statements hold:
(a) Sy =01(k*[mi D2+ AL +k[mi +1/A]Dg);
(b) if fo is convex, then Sy, = Oy (k*m$ D2 + km} D% + d3/\).

Proof. (a) Let Ay(+;-,-) be defined as in (7.10) with (1), 1,,) given by (7.30). Using (7.37), the
fact that y;, 2¢ € €), the fact that A; is nonnegative and increasing, and the definitions of ¢;

and Dy, in (7.37) and (7.25), respectively, we have that

k
Aoy [0(zim1) = o(2)] + % Yoz = yia |
=1

M-

~
Il
—_

7

2, [0i-1(2:) = 0:i(2:)] <

IN

7

k k
Ay, > [¢(2i1) = B(2:)] + ﬁD?z

< Au[6(0) ~ 6.1+ 52 D3 (742)
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Moreover, noting Lemma 7.4.3(d) and using Proposition 7.4.7 with u = y;, we conclude that
(7.38) holds with u = y; for every 1 < ¢ < k. Summing these k inequalities and using (7.42),
the definition of Sy, in (7.41), and Lemma 7.4.4(b) yields the desired conclusion.

(b) Assume now that f5 is convex and let z, be a point such that ¢(z,) = ¢. and |z -
2+|| = dp. It then follows from Lemma 7.4.3(b) and Lemma 7.2.1(d) with (z,v) = (2%, v;) that
Ay (ze; 28, v;) < € for every 1 < i < k. The conclusion now follows by using an argument

similar to the one in (a) but which instead sums (7.38) with u = 2z, from 7 = 1 to k, and uses

the fact that
[0 (22) = (2] = )~ O € o =
i—1(Zx ) = U;( 2« = Zx) — Zx) S TR0 — "% =
2, Wi 0 k o) %0 3\
where the inequality is due to the fact that 6;(z.) > 0 (see (7.37)) and Ay = 0. O
We now establish the rate at which the residual ||9;| tends to 0.
Proposition 7.4.9. Let Sy, be as in (7.41). Moreover, define the quantities
1 & 1 &
L?T;f =1 Z Ly (2, 3i-1), Cf\‘j/;f =7 Z Cr(Zi, 21), (7.43)
i=1 i=1

where C\(+,-) and C'y are as in (7.15) and (719), respectively. Then, we have

- w , LHOONET[S:12) L p
I?Slkn ”UzH = Ol (lﬁL17§ + T] [E] ) + 5

Proof. Let { = [k/2]. Using Proposition 72.2 with (z,w) = (z%,79;-1) and the bounds
Cy(;,+) < Cy and Ly(+,+) < L; we have that || < &28 - Gy, for every £ < i < k,

where
3 2+ /\Ll(Zg, gi—l) + QCA(EZ, Zg)

&i
A

Vi>1.

As a consequence, using the definition of Sy, in (7.41), the definitions in (7.43), Lemma 7.3.3

with p = 3/2, a; = &/ Ai, and b; = /A |28 = §i-1 | for i € {¢, ..., k}, Lemma 7.4.4(b), and
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the fact that (k — ¢+ 1) > k/2, yields

< ~4
min |0 P2%5\|2 ~Gia|

0<i<k
1 i 1/2
A . 2
(k 0+1)32 (; z)(Z S )
23 /2

1/2
<o ( 25) 4\S},)

ﬁ ke

We are now ready to give the proof of Theorem 7.4.1.

Proof of Theorem 74.1. (a) This follows from Proposition 7.4.9, Proposition 7.4.8(a), the fact
that Cy(-,-) < Cy and Ly, (+,-) < L, and the termination condition in Line 15 of the
D.AICGM.
(b) The fact that (2,0) = (2, 0y, satisfies the inclusion of (7.5) follows from Proposition 7.2.2
with (z,v, 20) = (2¢, Vg, Jk-1). The fact that |0] < p follows the termination condition in
Line 15 of the D.AICGM.

(c) The fact that the method does not stop with 7g = false follows from Proposi-
tion 7.2.3(c). The bound in (7.27) follows from a similar argument as in part (a) except that

Proposition 7.4.8(a) is replaced with Proposition 7.4.8(b). l

7.5  Exploiting the Spectral Decomposition

Recall that at every outer iteration of the ICG methods in the previous sections, a call to the
S.ACG algorithm is made to tentatively solve the Problem B (see Section 7.2) associated with
(7.6). Our goal in this section is to present a significantly more efficient ACG variant (based
on the idea outlined at the beginning of this chapter) for solving the same problem when

the underlying problem of interest is SN'CO.
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Throughout our presentation, we make use of the functions dg : R" » R™" and Dg :

R™*" 1 R" given pointwise by

Zis ifi = j,
[dgz]; = [Dg Z]; = Zi, (7.44)
0, otherwise,

for every z e R", Z e R™" and (7,7) € {1, ...,7}2
The content of this section is divided into two subsections. The first one presents the

aforementioned algorithm, whereas the second one proves its key properties.

7.5.1  Spectral ACG Method

This subsection presents an efficient spectral ACG method (6. ACGM), which utilizes the
S.ACGM of Section 7.2, for solving the Problem B associated with (7.6).

Throughout our presentation, we let 7, represent the starting point given to the S.ACGM
by the two ICG methods. Moreover, we assume that we have a method SVD(...) that
returns a triple (P,0(2), Q) representing the SVD of its input Z. More specifically, if (P,
s, Q) < SVD(Z) then it holds that Z = P[dg s]Q*.

We now state the 0. ACGM in Algorithm 7.5.1, which uses the S.ACGM of Section 7.2

and the aforementioned SVD method as subroutines.

{ 3

Algorithm 7.5.1: 0. ACG Method

Require: M, e R,,, hY eC(R"), fi eC(dom[hY o)), f¥ €Crp,(domh), Z,e€
R™" e (0,1);
Initialize: ;1< 1, L < AMy+1, 7g < true, 1Y < ARV

1: procedure 0. ACG(fy, fy,hY, Zy,0, 1, L)

2 Attack a vectorized prox-linear subproblem using the S ACGM.
3: Z(S\(—ZO—AVfl(Z())
4 (P,5,Q) < SVD(Zy)
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,,,,,,,,,,,,,,,,,,,,,,,,, e
s g =AY - (s )+ o] P
6: (z,v,6,m5) < SACG(vY ,vY, Dg(P* ZyQ), 0, i, L
Terminate based on the status of the S.ACGM call
: if 75 then
9: Z <« P(dg2)Q*
10: V < P(dgv)Q*
11: return (Z,V e, 7g)
12: else
13: return (7, 00, 00, 7g)

We now make two remarks about the method. First, since it calls the S.ACGM in Line 6,
its iteration complexity is the same as the one given for the S.ACGM, i.e. as in Proposi-
tion 7.2.3(a). Second, because the functions )Y and ) used in its S.ACG call have vector
inputs over R", the steps in the 0. ACGM are significantly less costly than the ones in an
analogous S.ACGM call, which use functions with matrix inputs over R,

The following result, whose proof is deferred to the next subsection, presents the key

properties of the 0. ACGM.

Proposition 7.5.1. Let (Z,V, e, g) be the output of a call to the o ACGM. Then, the following

properties hold:
(a) if mg = true, then the triple (Z,V, ) solves the Problem B associated with (7.6);

(b) if fo is convex, then g = true and the triple (Z,V,c) solves the Problem A associated

with (7.6).

7.5.2  Proof of Proposition 7.5.1

This subsection gives the proof of Proposition 7.5.1.

Let the quantities (P, ) and (¢Y, 1Y) be generated by a call of the o ACGM. Moreover,
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for every (u,U) € R™ x R™", define the functions

fo(U)=fy oo(U), h:=hYoo, Y(u):=v¢Y(u)+1)(u)
M(u) = P(dgu)Q*, V(U):=Dg(P*UQ).

(7.45)

The result below relates the function triple (1,1, 1V) to the function triple (¢, 1, 1)

given by

1
ws :=/\[€f1('7ZO)+f2°O-]+§”‘_ZO||27 wn = A(hoo‘), 77Z)=77Z)s+¢n-
Lemma 7.5.2. Let (z,v,e,mg) and (Z,V') be generated by a call to the 0. ACGM in which
mg = true. Then, the following properties hold:

(a) we have

U (2) =u(Z), I(2) + By =s(2),
where Bé‘ = )\fl(ZO) - )\(Vfl(Zo), ZQ) + “ZOH%?/Q;

(b) we have

Vea(v-31-212)(2) = vea (Sl =) (). (40

Proof. (a) The relationship between )Y ,and ¢, is immediate. On the other hand, using the

definitions of Z, f», and B, we have

1
W)+ BY = M2 ~(2.2) + 1215+ B)
1
= A fo(2) + [1(Z0) +(V f1(Z0), Z = Zo)] + 5”2 - Zol%
:¢S(Z),
(b) Let So =V + Z3 - Z and 5o = v+0(Z3') - 2, and note that Sy = M(sg). Moreover, in
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view of part (a) and the definition of 1, observe that the left inclusion in (7.46) is equivalent
to Sp € O-(A[ fa+h])(Z). Using this observation, the fact that Sy and Z have a simultaneous
SVD, and Theorem G.0.3 with (.9, s) = (Sp, 50), ¥ = A[ fa+h],and UV = A\[ fY +hY ], we have
that the left inclusion in (7.46) is also equivalent to sq € O.(A[ fy + hV])(2). The conclusion
now follows from the observing that the latter inclusion is equivalent to the right inclusion

in (7.46). 0
We are now ready to give the proof of Proposition 7.5.1.

Proof of Proposition 7.5.1. (a) Let (z,v) = (V(Z),V(V')) and remark that the successful ter-
mination of the algorithm implies that the inequality in (7.9) and (7.17) hold. Using this

remark, the fact that |[V'|2, = |v[?, and the bound

[z = z0]* = o (1217 = 2027, V(20)) + [ Zo[13:) + o* (IV(20) I = | Zo:)

<o (12" =225, Zo) + | 20l 7) = 0*1 25 = Zol (7.47)

we then have that the inequality in (7.9) also holds with (z,v) = (Z, V).
To show the corresponding inequality for (717), let L = A5 +1 and consider the refined

quantities

Z:argmin{€¢s(U;Z)—(V,U)+§|U—Z||2+¢n(U)}

E gm () = 0,0+ S =217+ 02 )
as well as the corresponding residuals
Vo=V + L(Z = 2)+Vib(Z) - Va(2),
v, =v+ L(z=2)+ VY (2) - VoY (2).
Moreover, let AY(;-,-) be as in (7.10) with (¢, v,,) = (¥Y,¢Y) and A;(+;-,-) as in (710).
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Using Lemma G.0.2 with ¥ = ¢, and S = V + M Z - V#)5(Z) and Lemma G.0.1(b) we
have that Z,, V,, Z, and V have a simultaneous SVD. As a consequence, it follows from

Lemma 7.5.2(a) that

e 2AY(52,0) =9V (2) - 9V () ~ {0, 3= 2) + 22~ 2]
= U(2) - 9(2) -V, 2~ 2)+ 52 - 21

=AN(Z,Z,V).

The conclusion now follows from the above and the definition of the specialized refinement
procedure in Section 7.2.

(b) This follows from part (a), Proposition 7.2.3(c), and Lemma 7.5.2(b). l

7.6  Numerical Experiments

This section examines the performance of several solvers for finding approximate station-
ary points of SN'CO where (f1, f¥, hV) satisfy assumptions (H1)-(H3) of Chapter 7 with
(f2,h) = (f¥ o0, hY o g). All experiments are run on Linux 64-bit machines each contain-
ing Xeon E5520 processors and at least 8 GB of memory using MATLAB 2020a. It is worth
mentioning that the complete code for reproducing the experiments is freely available on-
linel.

The algorithms benchmarked in this section are as follows.

« AICG: an instance of Algorithm 73.2 in which £ = M, A = 5/M;, o = (9/10 -
max{A(M;-&,0}), the ACG callis replaced by an R ACG call with Ly = A\(M/100) +
1.

« CG: an instance of Algorithm 2.2.1 in which A\ = 1/(M; + M,) for every k > 1.

'See the code in . /tests/thesis/ from the GitHub repository https://github.com/wwkong/nc_opt/
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« D.AICG: an instance of the dynamic version of Algorithm 7.4.1 in which £ = M,
A=5/M, 0= (1/2-max{\(M; -&,0}), the ACG call is replaced by an R.ACG call
with Ly = A(M/100) + 1.

+ AG: a variant of the AG method described in Section 5.5.1 in which { (g, Bk, Ak ) frs1

are as in [30, Corollary 1] with Ly = M; + M.

Given a tolerance p > 0 and an initial point Z; € Z, each algorithm in this section seeks a

pair (Z,V) € Z x Rm*" satisfying

Vevii(2)+v(fYoo)(Z)+d(RY o0)(Z),

4
IV f1(Zo) + (fy 0 0)(Zo)| +1

<p.

Moreover, each algorithm is given a time limit of either 10800 or 7200 seconds. The bold
numbers in each of the tables in this section highlight the algorithm that performed the
most efficiently in terms of function value.

7.6.1  Ball-Constrained Matrix Completion

This subsection presents computational results for the ball-constrained matrix (BC-MC)
problem in [50]. More specifically, given a quadruple («a, 3, i, 0) € R%,, a data matrix A €

R™*" and indices 2, this subsection considers the BC-MC problem

1
i S| Pa(U = )2 + k0 o(U) + 70 0 o (V)

st U2 < v/mm- max |4y,
Z?]

where F, is the linear operator that zeros out any entry that is not in {2 and

ku(z) = %;log (1 + %') . Ta(2)=ap [1 —exp (—%)]
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for every z € R™. Here, the function s, + 7, is a nonconvex generalization of the convex
elastic net regularizer [105], and it is well-known [112] that the function ,,— |- | . is concave,
differentiable, and has a (231:/6?)-Lipschitz continuous gradient.

We now describe the different data matrices that are considered. Each matrix A € R"*"
is obtained from a different collaborative filtering system where each row represents a unique
user, each column represents a unique item, and each entry represents a particular rating.
Table 71 lists the names of each data set, where the data originates from (in the footnotes),
and some basic statistics about the matrices.

Table 7.1: Description of the BC-MC data matrices.

Name m n % nonzero | min;; A;; | max; j A
Iester2 24938 100 24.66% -9.95 10
Anime? 506 9437 10.50% 1 10
MovieLens 100K* 610 9724 1.70% 0.5

FilmTrust® 1508 2071 1.14% 0.5

MovieLens 1IM® 6040 3952 4.19% 1

We now describe the experiment parameters considered. First the starting point 7, is
randomly generated from a shifted binomial distribution that closely follows the data matrix
A. More specifically, the entries of 7 are distributed according to a BINomIAL(n, p1/n) — A
distribution, where 1 is the sample average of the nonzero entries in A, the integer n is
the ceiling of the range of ratings in A, and A is the minimum rating in A. Second, the

decomposition of the objective function is as follows
! B pp
f1:§HPQ(—A)H%‘7 f;:#[fi’u(u)_§|.||1:|+7—a(,)7 hV:7"'H1+5}_(_)7

where F = {U e R : |U||p < \/mn - max; j|A;;|} is the set of feasible solutions. Third,

2The ratings in the file “jester_dataset_1_l.zip” from http://eigentaste.berkeley.edu/dataset/.

A subset of the ratings from https://www.kaggle.com/CooperUnion/
anime-recommendations-database where each user has rated at least 720 items.

“The ratings in the file “ml-latest-small.zip” from https://grouplens.org/datasets/movielens/.

>See the ratings in the file “ratings.txt” under the FilmTrust section in https://www.librec.net/

datasets.html.
8See the ratings in the file “ml-1m.zip” from https://grouplens.org/datasets/movielens/.
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in view of the previous decomposition, the curvature parameters are set to be

2 20 (2

m1:07 M1:17 mo = 02 0 2)7 MQZ_

where it can be shown that the smallest and largest eigenvalues of V?7,(z) are bounded
below and above by —2a 8 exp(-360/2)/6 and «3/6, respectively, for every z € R™. Fourth,
each problem instance uses a specific data matrix A from Table 71, the hyperparameters
(a, B, 1,0) = (10,20,2,1) and p = 1075, and 2 to be the index set of nonzero entries in
the chosen matrix A. Finally, a cutoft time of 10800 seconds is used for the MovieLens IM
dataset and a cutoff time of 7200 seconds is used for the other datasets.

Figure Figure 7.1 contains the plots of the log objective function value against the run-

time, listed in increasing order of the smallest dimension in the data matrix.

Jester Anime MovieLens 100K

<
o
o0
<
e
14 13
2000 4000 6000 8000 0 2000 4000 6000 8000 0 2000 4000 6000 8000
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8 ittt e, A
S me e
N T \ -
ORI RN w20t
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Figure 7.1: Function value vs. runtime for the BC-MC problems.

7.6.2  Multiblock Ball-Constrained Matrix Completion

This subsection presents computational results for the multiblock ball-constrained matrix

(MBC-MC) problem in [50]. Given a quadruple («, 3, 1, 0) € R%,, a block decomposable
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data matrix A € R™" with blocks { 4;}¥ ; ¢ RP*9, and indices (2, this subsection considers

the MBC-MC problem:

k
min [ Po(U = A2+ [0 0(Uy) + 70 0 (T3]
=1

UeRmx*n 2 :

st [U[% < Vmn - max|Aj,
Z7J

where Py, k,,, and 7, are as in Section 7.6.1 and U; € RP*4 is the i'! block of U with the same
indices as A; with respect to A.

We now describe the two classes of data matrices that are considered. Every data matrix is
a 5-by-5 block matrix consisting of 50-by-100 sized submatrices. Every submatrix contains
only 25% nonzero entries and each data matrix generates its submatrix entries from different
probability distributions. More specifically, for a sampled probability p ~ Untrorm[0, 1]
specific to a fixed submatrix, one class uses a BiNomIAL(n, p) distribution with n = 10, while
the other uses a TRUNCATEDNORMAL (1, o) distribution with z = 10p, 02 = 10p(1 - p), and
upper and lower bounds 0 and 10, respectively.

We now describe the experiment parameters considered. First, the decomposition of the
objective function and the quantities Zy, (my, M;), (ma, M>), p, and Q2 are the same as in
Section 7.6.1. Second, we fix (3, 6) = (20, 1) and vary («, i, A) across the different problem
instances. Finally, a cutoff time of 7200 seconds is used for all problem instances tested.

Figure 7.2 contains the plots of the log objective function value against the runtime for
the binomial data set, listed in increasing order of Ms. The corresponding plots for the
truncated normal data set are similar to the binomial plots, so we omit them for the sake of
brevity. Table 7.2 and Table 7.3 respectively contain the last function values of each algorithm
for the binomial and truncated normal data sets, listed in increasing order of M/,. Moreover,
each row of these tables corresponds to a different choice of (y, &) and the bolded numbers

highlight which algorithm performed the best in terms of the last function value.
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Figure 7.2: Function value vs. runtime for the binomial MBC-MC problems.

Table 7.2: Last function values for the binomial MBC-MC problem:s.

Parameters Last Function Value
(1, ) M, CG AG AICG D.AICG
(1,0.2) 20 2.13E+04 1.62E+04 1.61E+04 2.20E+03
(10, 2) 200 2.15E+05 1.44E+05 2.19E+04 7.98E+03
(100, 20) 2000 217E+06 8.24E+05 9.82E+04 2.92E+04

7.6.3 Discussion of the Results

We see that the D.AICGM and AICGM are generally more efficient than the AG and CG
methods, respectively. The D.AICGM method, in particular, appears to escape local minima
more quickly than the other methods. Moreover, the larger the constant )M, is, the more
efficient the ICG methods are compared to the benchmark methods. Curiously, the larger
the smallest dimension of the matrix space is, the more efficient the inexact methods are
compared to the exact ones.

We conjecture that the efficiency of the spectral methods is attributed to the fact that

the main iterations of the methods are performed within the space of singular values rather

than in the space of matrices.

7.7  Conclusion and Additional Comments

In this chapter, we presented two methods for finding approximate stationary points of a

class of spectral NCO problems. More specifically, the methods are inexact variants of the
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Table 7.3: Last function values for the truncated normal MBC-MC problems.

Parameters Last Function Value
(u, ) M, CG AG AICG D.AICG
(1, 0.2) 20 2.14E+04 8.92E+03 1.26E+04 1.25E+03
(107 2) 200 2.21E+05 1.75E+05 3.29E+04 1.16E+04
(100, 20) 2000 2.27E+06 1.71E+06 1.06E+05 4.50E+04

CGM (see Algorithm 2.2.1) and an accelerated monotonic CGM. We established an O(572)
iteration complexity bound for finding p-approximate stationary points for both methods
and an O(p~%/*) bound for the accelerated method when the objective function is convex.
Through several new results about spectral functions, we also developed a variant of the
ACGM in Algorithm 2.2.2 which is especially efficient for spectral NCO problems.

The next chapter presents some practical improvements on the methods and procedures

developed in this and previous chapters.

Additional Comments

It is worth mentioning that the outer iteration scheme of the D.AICGM is a monotonic and
inexact generalization of the AG method in [30]. More specifically, the AG method can
be viewed as a version of the D.AICGM where: (i) # = 0; (ii) the S.ACG call in Line 8 is
replaced by an exact solver of (7.6); and (iii) the update of y; in Line 18 is replaced by an
update involving a prox evaluation of the function a;_1(f2 + h). Hence, the D.AICGM can
be significantly more efficient when its S.ACG call is more efficient than an exact solver of

(7.6) and/or when the projection onto (2 is more efficient than the proximal evaluation of

ak_l(fg + h)

Future Work

It would be worth investigating if the developments in Section 7.5 are applicable to other

first-order iterative optimization algorithms and/or other classes of NCO problems.
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APPENDIX A
PROPERTIES OF THE PPM AND CGM
This appendix presents the proofs of propositions related to the PPM and CGM.

Proof of Proposition 2.2.5. (a) The optimality of z;, and the definition of v, immediately yield

Vi = (Zk—l - Zk)/)\k € 8w(zk)

(b) Using the inclusion in (a) and the fact that \;, > 0, we immediately have

() 2 9(z) + (v 21 — 22 = (1) + Aiknzk_l —al? > ().

(c) Summing the inequality in (b) from indices 1 to & yields

(250 ) il < 3l € 2= s R0 - )
S i1 =1 i i1

i=1
= ¥(20) = P(2),
which implies the desired inequality. O

Proof of Proposition 2.2.1. (a) The optimality of z; and the definitions of v and ¢, imply

that

Viba(20) + On(2) 3 Vb (21) — Vibs (20t) + Aikczk_l ) = e

(b) The above inclusion in part (a) and (2.2) imply that

Vn(26-1) = Vn(21) + (k= Vs (21), 261 — 28)

= () + (Ve (251)s 25 = 2t} + ] = 22

Ai
> Ga(a) + [94(2) - o))+ (5 - ) ot - P

which implies the rightmost inequality. The leftmost inequality follows from the assumption

that Lk < 2/)\k
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(c) Using the inequality in (b) from indices 1 to k, the definition of vy, (2.4), and the

inequality |la + b]? < 2|al? + 2||b|?, it holds that

i=1

N1 (2-MLY (1 -
<25 (%5 )(rL) Joul?

k Y -1 )
:21(2 AzL)(iQ'i‘LZQ) l(zl—l_ZZ)’LV%(ZZ)—V%(ZZ_Q
i=1 Ai A; i

2 2
E o9\ -1
<2 (5) (Ai oh ) H' —al V() - ws(zi_mﬁ]

1=1 7
Fo(2-NL
<> (S35 1o
k
<Y [ (ziea) = ¥(20)] = ¥(20) - ¥ (z),
i=1
which clearly implies the inequality in (2.5). ]

Proof of Proposition 2.2.2. (a) It follows from Proposition 2.2.1 and the definitions of ¢ and
v that g € Vi)s(27) + ¢, (2). The desired inclusion and inequality now follow from Propo-
sition 2.1.47 with (s,e,2) = (¢ — V¢s(27),€,27) and ¢ = 1),.

(b) Clearly, part (a) shows that (g, €) is feasible to (2.6). Assume now that (7, §) satisfies

7€ Vi)s(27) + Osthn(27), or equivalently

Up(u) 2 (27) +{(r =Vis(z7),u-2")-96 VYueZ.
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Using the above inequality with u = z and the definitions of ¢ and ¢, we then conclude that

MalP + 26 = £z = =717+ 2[4 (=) ~6a(2) + {a = T (), 2= 27}
=20, (7) ~ha(2) ~ (V) 2 - 2 )] - 3 |-
325-unz—f>—%w-zw2
=25~ 22 (r.q) - Alal?

<26+ A2+ Mgl = Mlg|® = M| + 26,

where the last inequality follows from the inequality 2 (a, b) < |al||? + |0||? for every a,b € Z.
Since (r,0) are feasible to (2.6), the result follows.

(c) Using (2.2) and the definitions of ¢ and ¢ yield

Mal? + 26 = 2[9n(2") = Y(=) = (9(s), 2= )] = | ==
= 2[0(=7) = ()] 2 [00(2) - b, (352)] - 51 = 2P
<2[v(:) - w(:)]+ (L1 )= -4l

A
O
Proof of Proposition 3.2.6. Define the quantities
== gt o] malf s AT (A1)
’ 2\ A

and note that VW, (z_1) = Vg(2x_1), and that ¥, is convex due to (A2) and the assumption
A < 1/m. Hence Proposition 2.1.47 and Vg(2x-1) = VW x(2k-1) € O-, ¥a(2k), where ¢, =
Ua(zk) = Wa(2zr-1) = (VWr(2k-1), 2k — 2k-1) > 0. The previous inclusion combined with the
optimality of z;, and definition of 7, imply that r, € Oh(zy) + 0:, U (2;) € 0., (h+ Wy)(2k)

where the last inclusion follows immediately from the definition of the operator 0., and
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convexity of h. Hence, since (£, Ux) = A(eg, 7%) (see (3.21) and (A.1)), it follows from the
above inclusion and the definition of W, that the triple (zy, 0y, £x) satisfies the inclusion in
(3.4) with ¢ = g+ hand \, = \.

Now, to prove that the inequality in (3.5) holds, first note that the definitions of ¢ and
W) together with property (A2), imply that e, < (AM + 1)||z5-1 — 2x]|*/(2)). Combining

the previous inequality with the relations Uy, = z;,_1 — 25 and &, = A&y, we obtain

”f)kHz + 2§k = ||Zk_1 - ZkHz + 2/\Ek < ”Zk;—l - ZkH2 + ()\M + 1)HZ]€_1 - ZkHz

AM +2 -
Z()\M+2)HZ]€_1—Z;€H2= 1 ”Zk_1—2k+UkH2.
Hence, since AM < 2, we conclude that o = (AM +2)/4 < 1 and that (3.5) holds. O
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APPENDIX B
PROPERTIES OF THE ACGM

This appendix presents important properties and proofs related to the ACGM in Chapter 2.

Throughout this appendix, we assume that the iterates

{(‘rka Yy Tk Uk)}kzh {(Tka ag, Ak;’Ylm dk, Fk)}k217

are generated by the ACGM and the quantities i, {\x}>1, and ¢ are from its input and
initialization, respectively.

We first present some basic properties involving the function pairs {(7Vk, gk ) }x>1-
Lemma B.0.1. The following statements hold for every k > 1:

(@) Yi-1(yk) = qe(yr) and -1 < qi < U

(b) it holds that
' { ( )+—1 |u-2Z H2} = min{ (u)+—1 |u-2Z H2}
min § g (u " ko1 min | -1 A k-1 .

Proof. (a) The fact that yx_1(yx) = qx(yx) is immediate from the definitions of 7 and gy.
The fact that ¢ > g;, follows from the assumption that ¢; € F,(Z). To show that ;_; < g,

observe that the optimality of y;, and the fact that ¢;, € ,,(Z) imply that

1 ~ )\k,u+1
M) + 3l = T 4 (L) Ju - 2

1 3
< Aeqi(u) + EHU ~Tp1|? VYueZ.
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Rearranging terms and using the definition 7;_1, we conclude that

)\k,u +1
2k

1 .
)= gl = 5yl e P

1 -
av() 2 ao(gn) + —— e - For | + (
2

2k

1 . - 0
= qr(yr) + W [y = Zoa I + = ye|* = lu = Zxa|*] + 5““ -k

1 - - -
= () + 5 (e = B+ 2 (Fxr = = Fa)) + 5 =l

1 ~
= Yk-1(u) + )\—||yk — T ]? 2 pea(u)  Vue 2.
k

(b) Recall that yy, is an optimal solution of the left problem. Suppose that  is an optimal
solution of the right problem. Since v, is a smooth convex function, the optimality of ¢ and

the definition of 7, imply that

0= Vet (9) + 3= F11) = 3ot = 30 + (5 - ) + (5 )
(i) @m0
which, since p, A\, > 0, implies that § = yy. [
We next present properties involving the scalars { (A, ax, Ax) }s1-
Lemma B.0.2. The following statements hold for every k > 1:
(a) ai = Ty Ags1s

(b) it holds that

7

2 & N 2
\V/ )\11) ,)\11_[(1+ 121/JJ)

1 k
A > max< - (
4\i3 i=2

Proof. (a) Let k& > 1 be fixed. It is easy to see that a; is a root of the quadratic function

x = 22 - T + 7, Ay, and hence, using the definitions of 7 and the update rule of Ag,1, it
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holds that

_ 2 _ 2
0 =aj - me(ar + Ag) = ai — TeAp1,

which implies the desired identity.

(b) We first make the observation that

2
The1 /T2 + 4T 1Ak T
ap_1 = kol \/k71 ko17k 12 21+\/Tk—1Ak—1 (Bl)

2

We now show that Ay, is bounded below by the first term in the max. Using (B.1) and the

update rule for Ay, it holds that

Th—
A=A +ae1> % +\/ Th-1Ap-1 + Apr
—\ 2
2 (\/ Ak—l + ;k_l)

which, by taking square roots on both sides, yields

:

\/A—k >\ Ap1 + 7;71 >\ Ap_1 + )\k_1~

2

Applying this relationship recursively, and squaring the resulting relation yields the desired
bound on A,.
We next show that A, is bounded below by the second term in the max on the right-

hand-side. If £ = 1, the inequality follows immediately from the fact that A; = \;. Instead,
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suppose that k > 2. Using (B.1) and the update rule for Ay, it holds that

Ay =Ap_1 + ap- 1>_1+\/Tk 1Akt + A
(v
PN -1 A1 PN -1 A1
>/ Ak \/
_( k-1t 5 ) + 1

2 2
A, (1+ /H)\Qk—l) +U)\k—lek—1 ZAk1(1+ M>\2k—1) .

Applying the above relationship recursively yields the desired relation

2
k k
Ak2A1H(1+ [ Nie 1#) _ H(1+ zzllu) _
=2

O
We now present properties involving the iterates { (zx, yx ) } k>1 generated by the method.
Lemma B.0.3. The following statements hold for every k > 1:
(a) Ty € F.(2) is a quadratic function and 'y, < 1);
(b) xp = argmin, z { ATk (u) + |u—20]%/2};

(c) if there exists Ly, > 0 satisfying (2.8), then it holds that
: 1 2
A < mip { ATe(w) + 5wz

Proof. (a) Observe that recursively applying the definition of I';, yields the identity 'y, =
Yo arvi/ (X4 a;), which shows that 'y, is a convex combination of the functions {~; }*'

The desired conclusion now follows from the definition of -y, and Lemma B.0.1(a).
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(b) We proceed by induction on k. The case of £ = 0 is obvious. Suppose instead that
Tp-1 = argming z {Ag-10k-1(u) + |u - 20[?/2} for some k > 2. The optimality of xj_;
implies that

Tp_1— Lo+ Ak_lka_l(xk_l) =0. (B.2)

Moreover, since [';, € F,(Z) is a quadratic function (see part (a)), it holds that

VI (zk) = VI (2ko1) + p(wg — 25-1)- (B.3)

Let us now verify the optimality condition on zj. Using (B.3), (B.2), the update rule for xy,

the definition of ~y,_1, and our hypothesis, we have that

xp —xo + ARV k(21)
=xp —xo + A [VIk(2xo1) + (g — 23-1) ]
= — 20+ Ap 1 V1 (1) + a1 Vypor (Tpo1) + pAr(zp — 15-1)
= [@p = p] + [2po1 — 20 + Ap1 VD1 (2h-1) ] +
[ak-1V k-1 (Tpo1) + pAR(r = T4-1)]
= (1 + pAr) (xp — T-1) + @1 VY1 (1)
= —Qg-1 [Aik(i'kl ~Yr) + (g — yk)] + -1 VY1 (Tr-1)

= — Q-1 VYk-1(2k-1) + @1 V-1 (24-1) = 0,

which implies that 2, = argmin, .z { AT (u) + ||u — z0]|?/2}.

(c) We proceed by induction by k. The case of k = 0 is obvious. Suppose instead that

. 1
A1 (yp-1) < Iilelél {Ak—lrk—l(u) + EHU - 1’0\’2}

for some k > 2. Using the fact that I is ;.-strongly convex, the optimality of xj_; in part (b),
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and our hypothesis, we have that

A+ 1
Uloer) + = fu =
1 A qu+1
€ ATt () + Sl = ool + (52 Ju - P
1
< Ak_lf‘k_l(u) + §||u - 1'0H2, (B4)

for every u € Z. Combining (B.4), Lemma B.0.2(a), Lemma B.0.1(a), and the fact that y;_;

is convex yields

1
min{ ApTp(u) + —||u - 930||2}
uez

Ap1Tor (w) + ag-1yk- 1(u)+—HU 950”2}
Ak_1,u+ 1

5 )||U—$k—1||2 +ak—1%—1($)}

Apap+1
2

v
QB

A1 (Ye-1) + (

{
uio
in|
{Ak 1Ve-1(Ye-1) + (
[

)m—xkn2+w@vkmxﬁ

A 1Y _ A 1
k-1Yk-1 + Qp_1U +( k-1l + )|u—$k-1|2
A1+ agq 2

~-
=1

—mln (Ak 1+ Qp- 1)’Yk 1

. N Apqp+1\ [ A2
i s+ (B0 (S5 e )

k 1

, - A+ 1 A
iy fca(@) (A (25 ) -

k-1

~Aymip {%_1(@) + 2%{ lii - F5r ||2} | (B.5)
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On the other hand, using (2.8), the definition of ¥, and Lemma B.0.1(b), it holds that

. L -
V(Yr) < Ly, (Yrs Tm1) + Un(yi) + 7k||yk — T |?

1 ~ 1 1 -
= qe(y) + §Hyk ~ T |® + 3 ([Lk -] - —) |y — T |

2 M
1 ~, 2
< qe(y) + 2—)%”% ~ T
. 1 o
- min {au(w) + 3 fu =31 [}

1
= 1’5161%1 {/Yk—l(u) + @”U—i’k_lp}. (B6)

Combining (B.5) and (B.6), we conclude that

_ 1
A < mip { ATe(w) + 5 a0l

We are now ready to give the proofs of Proposition 2.2.3 and Proposition 2.2.4.

Proof of Proposition 2.2.3. (a) The optimality of x, and the definition of r; imply that r, €

OI'x (). Using the previous inclusion, the definition of 7, and the fact that ¢ > I';, yields

Y(u) 2 Tr(u) 2 T(wg) + (e, u—x) = P(Ye) + (T w = Yi) = M

for every u € Z, which is exactly the desired inclusion. The fact that 7 > 0 follows from the

above relationship evaluated at u = yy.
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(b) Using Lemma B.0.3(b) and (c) and the definitions of 7, and r, yields

1
Ost(xk)+2A k= zol* = ¥ (1)
=~k = Tk, Y — Tk) + 24, = ok = 2o?
|4 )+ 5l wol?]

=- - - — Tk -

Tk ky Yk — Tk 24, k=20

1

_ . _ 2 B 2
- m+[mﬁhm ol? = -~

1
= =1+ 5wk — zol” = 5= 1 Arre + yr — 2o

2A 2A

which, together with the identity x( = o, yields the desired inequality.

(c) Let y* be an optimal solution of CO. Using Lemma B.0.3(a) and (c) it holds that

* 1 * * 1 *
At (ye) < ATw(y™) + 5y —yol? < Axto(y )+ 5y -yl

which implies the desired inequality. O

Proof of Proposition 2.2.4. (a) Using Lemma B.0.3(b) we first observe that (), — x)/Ay €

't (1) and hence, by Lemma B.0.3(a) and the definition of 7y, it holds that

- T

- X
o= B =) €0 (D= -l ()
k

Using the above inclusion, the fact that I';, — p| - [?/2 is affine, and the definition of 7, we

conclude that for every u € Z it holds that

7 7
Y(u) - Slu- Ykl > Ti(u) - g lu- ykl?
= Tu() = 5 o =l + {7 w = )

= V(Yr) + (Trs = Yi) = T, (B.7)
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which is equivalent to (2.7). The fact that 7, > O follows from the above inequality with
U= Y-

(b) Using Lemma B.0.3(b) and (c) and the definitions of 7, and 7, yields

1
0 < Ty(xr) + Q_Akak - zo|* - ¥ (yk)

1
= =Mk — %”yk — a2 ||? = (Pr, yp — ) + 2—Ak|\$k -z

1 1
= =i = Sl =+ [~ (= g = ) + o =l
.M 2 1 2 1 2]
= — _— — + | — — B —— —
i = Sl =l + | 3l = ol = 5l =

1 9 1
= =Mk + ——|Yx — - ——(1+uA - |?
Mk 2Ak”yk ol 2Ak( pAR) [yr — k|

_ 1 2 1 -
= — _ — - A _ 2
Ul 24, lys. = o 2A4(1+ uAy) | Arr + yie — o
which, together with the identity o = yo, yields the desired inequality. ]

We next give the proof of Lemma 3.3.1.

Proof of Lemma 3.3.1. Let j be such that

A.22(1+—\/5)2‘

! o

Using the triangle inequality, the previous bound on A}, the relation (a +b)? < 2a? + 2b? for

every a, b € R, and Proposition 2.2.3(b), we obtain

Ir;)? + 2n; <max {1/A3,1/(24;)} (| Ajr;]* + 44;m;)
<max{1/A2,1/(24;)} (2| A;r; +y; = vol* + 2]y; — wol* + 4A;m;)
g

<maxc{(2/A40%,2/Ac} by = ol < =3 s - wol”
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On the other hand, the triangle inequality and simple calculations yield

1
3= ol < (1 + v/ lyo =y + 75 + (1+—) 12

Vo

Combining the previous bounds, we obtain

Vo
1++/c

s + 2m; < +ry]* i |

=l -y,
140 0TV
which easily implies (3.24).

Let us now show what conditions on j yield A; > 2(1 + \/0)?/o. Using the first bound

in Lemma B.0.2 with \; = 1/L, it is straightforward to show that the condition

,>[2\/ﬁ(1+ﬁ)w
o IV

suffices.
On the other hand, using the second bound in Lemma B.0.2 with A, = 1/L and the

bound log(1 +t) > t/2 for t € [0, 1], it is straightforward to show that the condition

j> [1 + \/%mgi (—2L ! ;\/5]2 ﬂ

suffices. The conclusion now follows from combining the previous bounds on j. H
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APPENDIX C
PROPERTIES OF THE S.ACGM AND R.ACGM

This appendix contains proofs related to the S.ACGM and R.ACGM in Chapters 5 and 7,
respectively.

We first give the proof of Proposition 7.2.3(a).

Proof of Proposition 7.2.3(a). Let ¢ be the first iteration where

A2 Ay
in{ ———— — > Kj Cl

mm{4(1+,¢Ag)’ 2 0 (C1)
and suppose that the method has not stopped with g = false before iteration /. We show
that it must stop with mg = true at the end of the ¢! iteration. Combining the triangle
inequality, the successful checks in Line 6 of the method, (C.1), and the relation (a + b)? <

2a2 + 2b?% for all a, b € R, we first have that

[rel® + 21

Smax{1+AéAZ,QZe}(1+LAZ ||Am||2+4,4m)

< max{l Zg“f, 2}%} (1 jw [ Aoy + 20 — 20|12 + 2| 20 - 202 +4Am)
< max{%, Aie} lz¢ = 202 < K%Hze ~ 2|2 € 62|z - 20|,

and hence the method must terminate at the /*® iteration. We now bound ¢ based on the
requirement in (C.1). Solving for the quadratic in A, in the first bound of (C.1), it is easy
to see that A, > 4ukK, 92 + 2Ky implies (C.1). On the other hand, for the second condition
in (C.1), it is immediate that A, > 2K7 implies (C.1). In view of Proposition 2.2.3(c) with

A\i = 1/L for every i > 1, and the previous two bounds, it follows that

1 7 2(4-1)
AgZz(l-i-\/ﬁ) 22K9(1+2[LK92)

230



implies (C.1). Using the bound log(1 +t) > t/(1 +t) for ¢ > 0 and the above bound on ¢, it

is straightforward to see that ¢ is on the same order of magnitude as in (7.18). O
We next give the proof of Lemma 5.3.5.

Proof of Lemma 5.3.5. Using our assumption that f € Cy,(Z), and hence ¢ € Cr,, (Z), to-
gether with the check in Line 8 of Algorithm 5.2.1, it holds that the stepsizes {\; };> in the

R.ACGM are constant with a value of 1/L,. Hence, using Proposition 2.2.3 and (5.17), it

X - 2(i-1)
Ay — |14/ Vil C2
LA( " QLA) ! (C2)

Now, let  denote the quantity in (5.22), and suppose the R.ACGM has performed / iterations

holds that

in which (5.20) and (5.21) hold for every i < £. Using (C.2), the definition of Cj - in (5.23),

and the fact that log(1 +t) > t/2 for all ¢ € [0, 1], it holds that

. - 2(¢6-1)
Ap>—1|1 — >2C > 2.
! LA( Y 2LA) o7 >

Combining the triangle inequality, (5.20), the bounds 2/ A, < 1/C and (2/A;)? < 2/A, < 1

from above, and the relation (a + b)? < 2(a? + b?) for all a, b € R, we obtain

[7e]? + 20 < max{1/A7,1/(2A¢) } (| Aere|* + 4Aeme)

<max{1/A47,1/(24)} (2| Aere + ye — Yol * + 2] ye — zo]* + 4Aeny)
1

< max{(2/A¢)* 2/ Ac}|ye = yo|* < Cy

lye = ol

On the other hand, using the triangle inequality and the fact that (a +b)2 < (1+ s)a? + (1 +

1/5)b? for every (a,b,s) € R x R x R, (under the choice of s = 1/(~/C - 1)), we obtain

\/ C@,T
lye = yoll* < —=="—lvo = ye +7e|* +/Cor e

V/Cor—1

231



Combining the previous estimates, we then conclude that

el + 2n, <
which, after a simple algebraic manipulation, easily implies that

1
o = e+ el 2 24/ Co e + (VCor = 1) Jue?

09,7'_
> (v/Cor = 1) (luel® + 2m)

(C.3)

Using the first term in the maximum of (5.23) together with the second inequality of (C.3)

immediately implies that (5.18) holds with j = ¢. To show that (5.19) holds at j = ¢, observe

that the definition of ¢ in (5.17), (5.21) with j = ¢, the second inequality of (C.3), and the

second term in the maximum of (5.23) imply that

A6 (e0) = 6] 2 {revo ) + e+ 2 e = ol?

1
= 5 [lyo = ye+7el® = (Ire)® +2n0) |

2
1 > o 2
ZQ[IJF(@_l) ]”yo_yéwd 2§||yo—yﬁ+rz\| :
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APPENDIX D
PROPERTIES OF THE CRP

This appendix contains proofs related to the CRP in Chapter 3.

We first give the proof of Proposition 3.2.5.

Proof of Proposition 3.2.5. (a) This follows immediately from Proposition 2.2.2(a) with

(%7%; Zkfl) = (f7 h, Z) and (Qkagk) = (QTa 67")'
(b) Using the definition of ¢,., it follows that ¢, € V f(2) + 0., h(z) if and only if

h(u) 2 h(z) + <QT - Vf(z),u— Z) —&r

:h(zr)+<Q7“_vf(z)>u_Zr> VUEZ,

or equivalently, ¢, € Vf(z) + Oh(z,). The desired inclusion now follows from the previous
inclusion and the definition of v,. The desired inequality follows from (A2) and Proposi-

tion 2.2.2(b)-(c) with

Vs, ¥ny 26-1) = (f b, 2), (awoen) = (@r,6r), L =Ly, AZL%.

(c) Let (p,€) and (27, 0, €) satisfying (3.18) be given, and define the function

3 1 s 1
Ys(u) = f(u) + ) lu—27| ) (0,u) YueZ. (D.1)
Clearly, the inclusion in (3.18) holds if and only if 0 € 0z(¢)s + h)(z), or equivalently, (15 +
h)(u) > (s + h)(2) — € for every u € Z. In particular, for u = z,, we have (¢5 + h)(2) -
(¢s + h)(z,) < €. Using the previous bound, the second inequality in (3.18), and Proposi-
tion 2.2.2(c) with
1

(2_7¢n):(27h)7 L:L)w )‘:_a
Ly
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it holds that there exists (qy,cy) € Z x R, satisfying q, € Vi)s(2) + 9., h(z) and

laul? + Laey < La[(¢s + h)(2) = (s + 7)(2:)] < Lné < Lye.

Since the previous inclusion implies that g, + (2~ — 2 + 0)/A € V f(2) + 0, h(2), it follows

from Proposition 2.2.2(b) with

(,0.9) = (2:4n5), (Vo) = (fih), L=1In, AL%

the first inequality in (3.18), and the triangle inequality, that

2
+ 2L)\€¢

L, .
larl® < llar[* + 2L, < |lay + (27 = 2 + )

1 ~ 2
< (Jaul + 3127 =2+81) +2Lscy

< (lgol® + 2Lxew) + 2plgu | + p?

<2L\e+20\/2L5 + 02 = (02 + [ne)”, (D.2)

which implies the second inequality in (3.19). On the other hand, using assumption (A2),

i.e,. Vfis max{m, M }-Lipschitz continuous, and the definitions of v, and ¢, yields

[orl = llgell < or = gl = [V (20) = VF(2) ]| € max{m, M} |z - 2]
max{m, M}
=—F— |l

L
which, together with (D.2), implies the second inequality in (3.19). ]
Proof of Proposition 5.1.1. (a) This follows from assumptions (Al)-(A2), the definition of €.,

and Proposition 2.2.2(b) with

1
(Vs ¥ns 21-1) = (fas has 2), L =Ly, )\:L_A'
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(b) The optimality of z, implies that

Oh(=) > -3 V() + 22 (o - 2)
=-Vf(z)+ %(z‘ —z+v)+ %(z—zT)

- Vf(Zr)

which immediately implies the desired inclusion. To show the desired inequality, we use

part (a), the triangle inequality, assumption (A2), and the definition of v, to conclude that

&(2 - 2.) +Vf(2)-Vf(2)

1
[orl < =7 =2+ 0] +

Hz —z+vH+(—+maX{m M})Hz 2
2¢,
||z -z+o|+ (—+max{m M})
Ly

1 M
=—||z -z+o|+ Y ax{m })\/25TL,\.

(c) Using the inclusion in (5.1) and the definition of ¢,, it holds that

e =(fa+ha)(z) = (fa+ha)(z)
=Mf+h)(2)- [)\(f +h)(z,) + %\z - erZ] +(v, 2, — 2)

<e.

Combining the above bound with part (b) and the inequalities in (5.1) yields

1 1 max{m, M
HUT|SXHZ__Z+U|+(X+—{L/\ })\/25TLA
< p+(§+w)\rm.

Ly
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APPENDIX E
CONVEX FUNCTIONS AND CONVEX SETS

This appendix consists of several appendices that contain results related to convex functions
and convex sets.
E.1 Properties of Subdifferentials

The below technical result presents a fact about approximate subdifferentials, and its proof

can be found, for example, in [69, Lemma A.2].

Lemma E.LL Let proper function ¢ : \" — (=00, 00), scalar & € (0,1) and (z9,7) €

Z x dom ¢ be given, and assume that there exists (vy,€1) such that
T B
o €. ((b+§||-—zo|2)(zl), a2 + 261 < 2|0 + 20 — 21| (E.1)

Then, for every z € Z and s > 0, we have

s+1

5(z) + % [1-6°(1+ ™) Jor + 20— 2 < 3(2) + 25|z =z 2.

E.2  Properties of Convex Cones

The first result presents some well-known (see, for example, [7, Chapter 6] and [99, Example

11.4]) properties about the projection and distance functions over a closed convex set.
Lemma E.2.1. Let K € Z be a closed convex set. Then the following properties hold:
(a) foreveryu,z e Z, we have |l (u) — i (u)| < |u-z|;

(b) the function d(-) := dist®(-, K)/2 is differentiable, and its gradient, given by

Vd(u) =u—Tl(u) € Ne(Tx(u)) VueR™, (E.2)
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is I-Lipschitz continuous;
(c) if K is a cone, then holds that u € Nic+(p) if and only if (u,p) =0, u € =IC, and p € K*.

The next result presents a well-known fact (see, for example, [25, Sub-subsection 2.13.2])

about closed convex cones.

Lemma E.2.2. For any closed convex cone K, we have that € int K if and only if
inf {(p,z):[p]=1}>0.
pekC+t

E.3 Properties of Max Functions

This appendix contains results about functions that can be described be as the maximum of
a family of differentiable functions.
The technical lemma below, which is a special case of [27, Theorem 10.2.1], presents a

key property about max functions.

Lemma E.3.1. Assume that the triple (V, X,Y") satisfies (F1)-(F2) in Section 6.1 with ® = .

Moreover, define
q(x) := Sup U(z,y), Y(x):={yeY:¥(z,y)=q(x)}, VrelX. (E3)
Then, for every (x,d) € X x X, it holds that
¢'(2:d) = max (V. (), d).

Moreover, if Y () reduces to a singleton, say Y (x) = {y(x)}, then q is differentiable at x and
Vq(z) = Vo ¥ (z,y(x)).

Under assumptions (F1)-(F4) in Section 6.1, the next result establishes Lipschitz con-

tinuity of the gradient of ¢. It is worth mentioning that it generalizes related results in [7,
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Theorem 5.26] (which covers the case where V is bilinear) and [76, Proposition 4.1] (which

makes the stronger assumption that ¥ (-, y) is convex for every y € Y).

Proposition E.3.2. If the triple (V, X,Y") satisfies (F1)-(F4) in Section 6.1 with ® = U and it
holds that -V (x,-) € F,(Y') for some ;1 > 0 and every x € X, then the following properties
hold:

(a) the function y(-) given by
y(x) = argmax¥(z,y) VreX
yeY

is () ,-Lipschitz continuous on X, where
m

Qui=—2+ ; (E.4)
(b) Vq(-) is L,-Lipschitz continuous on X, where q is as in (E.3) and
L= L,Q, + Le. (E.5)
Proof. (a) Let z, & € X be given and denote (y,7) = (y(z),y(Z)). Define
a(u) =V(u,y)-V(u,j) VYuelX. (E.6)
and observe that the optimality conditions of y and y imply that

weoo By
a(fﬁ)ZgHy—y!F, —a(x)ngy—yHQ- (E.7)
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Using (E.7), (6.6), (6.7), (6.8), and the Cauchy-Schwarz inequality, we conclude that

L,+m

wly = 7)% < a(z) - a(&) < (Vo U(x,y) - Vo U(z,9), x - &) + lz - 7|
5 . Ly+m N
<V (z,y) = Vo U (z,9)|| - |z - Z| + |- z|?
N o Lpy+m .
<Lyly-gl- |z - 2] + | - 2%

Considering the above as a quadratic inequality in |7 — y| yields the bound

i1 . . .
by =31 5 | Lol 31+ /Lyl = 217+ (L m) e 37

L L,+m . -
<|="+4/ |z - 2] = Qulz-2|
M I

which is the conclusion of (a).

(b) Let x, & € X be given and denote (y,7) = (y(x),y(Z)). Using part (a), Lemma E.3.1,

and (6.7) we have that

IVa() = va(@)] = [V ¥ (z,y) - V.U (Z,9)]

< Lyly -3l + Loz - 7)) < (L,Qu + Lo) |z - &| = L]z - 7,

which is the conclusion of (b). ]
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APPENDIX F
NOTIONS OF STATIONARY POINTS

This appendix contains technical results about different notions of stationary points in an

optimization problem.

F1 Directional and Primal-Dual Stationarity

The main goal of this appendix is to prove Propositions F.1.4 and F1.5, which are used in
the proofs of Propositions 6.1.1 to 6.1.3 given in Appendix F.2. Several technical lemmas
are stated and proved to accomplish the above goal. Some of these technical results (e.g.
Lemma FE1.1(a) and Lemma FE1.3) are stated without proof as they are broadly available in
the convex analysis literature. Others (e.g. Lemma F1.1(b) and Lemma F.1.2) are given proofs
because we could not find a suitable reference for them.

The first technical lemma presents some general results about proper convex functions

and nonempty closed convex sets.

Lemma E1.1. Let ¢ be a convex function and let C' ¢ X be a nonempty closed convex set.

Then, the following statements hold:
(a) infjqy« oc(d) = [-mingee [ull;
(b) if C nri(domv) # @, then inf, o cly(x) = inf o () < oo.

Proof. (a) See, for example, the proof of [15, Lemma 5.1] with g = 0.

(b) Define 1, := inf o 0(x), ¢ := inf,ccli(x). Then, note that the assumption
of (b) implies that ¢, < co. Now, assume for contradiction that the conclusion of (b) does
not hold. Since cly < v, and hence ¥¢' < 9, we must have ¢! < 1),. Hence, due to a
well-known infimum property, there exists & € C' such that cl1(Z) < 1, < co. In particular,
it follows that 1), € R, and hence that ¢)(x) > —oo for every = € C, in view of the definition

of 1. Now, by assumption, there exists 2 € C' N ri(dom ) which, in view of the previous
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conclusion, satisfies ¢)(zq) > —co. As g € ri(dom ), this implies that 1) is proper due to

[98, Theorem 7.2]. Hence, in view of [98, Theorem 7.5] with f = 1), we have

cly(z) = Ll U(y)

(Z,20], y—7

where (Z, 0] := {txo+ (1 —t)Z : t € (0,1]}. On the other hand, as z(, Z € C' and C'is con-
vex, we have (Z, (] € C. This inclusion and the definition of ¢, then imply that the above
limit, and hence cl(Z), is greater than or equal to 1., which contradicts the previously

obtained inequality ¢, > cly(Z). O

The following technical lemma presents an important property about the directional

derivative of a composite function (f + h).

Lemma E.1.2. Let h: X — (—o0, 0o ] be a proper convex function and let f be a differentiable

function on dom h. Then, for any x € dom h, it holds that

inf (f + R (2:d) = inf [(7/(2),d) +00n(0) ()] = - [l (ED

inf
ldfl<1 ueV f(x)+0h(z)

Proof. Let z € domh be fixed and define A(-) = (Vf(z),-) + h(-). We first claim that
inf) g1 W(x;d) = inf) gy [cl W (x;-)](d). Before showing this claim, let us show how it
proves the desired conclusion. Since the definition of & implies that (f + k)" (z;-) = I/ ()
and Oh(x) = Vf(z) + Oh(x), it follows from our previous claim and [98, Theorem 23.2]
with f = h that

inf (f+h) (x;d) = inf B'(x;d) = HidIHlsfl[Cl W (z;)](d)

<1 ldl<1
- ”'g”lfl oy (d) = ”'51”12 [(Vf(2),d) + oon@)(d)], (F2)

which gives the first identity in (FE.1). The second identity in (E1) follows from Lemma E1.1

with C' = Oh(z) and the last identity in (E.2).
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To complete the proof, we now justify the claim made the in the previous paragraph.
Define B := {d € X : ||d| < 1} and ¢(-) := #'(z;-). In view of Lemma E11 with C' = B, it
suffices to show that B nri(dom ) # @. To show this, note that the convexity of h and the
discussion following [98, Theorem 23.1] imply that dom ¢ = U;»o(dom h — ) /t, which is a
nonempty convex cone. Hence, it follows from [98, Theorem 6.2] and the discussion in the
second paragraph following [98, Corollary 6.8.1] that ri(dom ) is also a nonempty convex

cone. This conclusion clearly implies that B nri(dom1)) # @. O

It is worth mentioning that the result above is a generalization of the one given in [16,
Lemma 5.1], which only considers the case where ( f +h) is real-valued and locally Lipschitz.
The next technical lemma, which can be found in [103, Corollary 3.3], presents a well-

known min-max identity.

Lemma F.1.3. Let a convex set D € X and compact convex set Y C Y be given. Moreover, let
¥ : D xY R be a function in which ¢ (-, y) is convex lower semicontinuous for every y € Y’

and 1(d, ) is concave upper semicontinuous for every d € D. Then,

inf zg)gw(d,y) = sup inf4(d,y).

The next result establishes an identity similar to Lemma E1.2 but for the case where f is

a max function.

Proposition F.1.4. Assume the quadruple (V, h, X,Y") satisfies assumptions (FI1)-(F4) of Sec-
tion 6.1 with & = W. Moreover, suppose that V(-,y) is convex for every y € Y, and let q and

Y (+) be as in Lemma E.3.1. Then, for every T € X, it holds that

H?ﬁé(q +h)'(z;d) = - o 1wl (E3)
where
Q(z)=0h(@)+ U {v.¥(z,9)}. (F4)
yeY (Z)
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Moreover, if Oh(Z) is nonempty, then the infimum on the right-hand side of (E3) is achieved.

Proof. Let x € X and define

P(d,y) = (¥, +h)(z;d), VY(d,z,y)e X xQxY. (E5)

We claim that ¢ in (E5) satisfies the assumptions on ¢ in Lemma FE1.3 with Y = Y (Z) and
D given by
D:={deZ:|d|<1,de Fx(Z)},

where Fix(z) := {t(x-Z) : x € X,t > 0} is the set of feasible directions at Z. Before showing
this claim, we use it to show that (E3) holds. First observe that (F2) and Lemma E.3.1 imply
that ¢/(7;d) = sup,y ¥, (7;d) for every d € X. Using then Lemma E1.3 with Y = Y (7),
Lemma E1.2 with (f,z) = (¥, %) for every y € Y (Z), and the previous observation, we

have that

inf (q+h) (z;d) = 1nf(q+ h)'(z;d) = mf sup (¥, +h)'(z;d)

[[df<1 DyEY(a:)

=inf sup ¢(d,y) = sup mfz/J(d y) = sup inf (¥, +h) (z;d)

deD yey (z) yeY (z) 4€D yov () ldl<1
= sup |- inf U — inf |u ] E6
yEY(I;&) [ ueVz®(Z,y)+0h(Z) ” ||] [ weQ(7) Jul (E6)

Let us now assume that 0h(Z) is nonempty, and hence, Q(Z) is nonempty as well. Note that
continuity of the function Vv,V (z,-) from assumption (F2) and the compactness of Y (7)
imply that @) is closed. Moreover, since |u| > 0, it holds that any sequence {uy, }x»1 where
limy oo |ug| = inf,eqez) |ul is bounded. Combining the previous two remarks with the
Bolzano-Weierstrass Theorem, we conclude that infcqz) [u|| = min.ge) ||, and hence

(E.3) holds.

To complete the proof, we now justify the above claim on ¢. First, for any giveny € Y (Z),
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it follows from [98, Theorem 23.1] with f(-) = ¥, (-) and the definitions of ¢ and Y'(Z) that

Vde X. (E7)

U (2 +td) - g7
¥(d,g) = Vy(7;d) = inf y(‘“tt) q(z)

Since assumption (F3) implies that W(z,-) is upper semicontinuous and concave on Y, it
follows from (E7), [98, Theorem 5.5], and [98, Theorem 9.4] that ¢)(d, -) is upper semicon-
tinuous and concave on Y for every d € X'. On the other hand, since ¥ (-, y) is assumed to
be lower semicontinuous and convex on X for every y € Y, it follows from (E7), the fact
that € int {2, and [98, Theorem 23.4], that ¢(-, y) is lower semicontinuous and convex on

X, and hence D € X, for every y € Y (). O]
The last technical result is a specialization of the one given in [39, Theorem 4.2.1].

Proposition E1.5. Let a proper closed function ¢ : X — (—oco, 00| and assume that [¢ + | -
12/2X] € F,.(X) for some scalars j1, A > 0. If a quadruple (™, x,u,c) € X x dom ¢ x X xR,

together with \ satisfy
1 -2
wed. (o4 5510 1) (@) (k8)

then the point & € dom ¢ given by

b= argmin {3(2") 1= 6(2") + 55 Jo” 0|7 - (w01} (E9)

1 2e 2e
inf o'(2:d) > -=|z~ - Al =+ [ — T —xll <+ /= E10
int ¢ (Ed) 2~y —w e dul =y [ el <[5 (k10)

Proof. We first observe that (E8) implies that

satisfies

o) 2 or(x)—e Va'elX. (E11)
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Remark that (E11) at 2/ = 2, the optimality of Z, and the p—strong convexity of ¢, imply that
By 2 -
SlE-2]* <on(@) -oa(2) <e

from which we conclude that ||z - 2| < \/2¢/p, i.e. the second inequality in (F.10). On the
other hand, using the definition of ¢,, the triangle inequality, and the previous bound on
|Z — ||, we obtain

1
0 < inf ¢\(z;d) = inf ¢'(2;d) - = {(d, \u+x~ -
inf A7) = inf ¢'(33d) - 1 )

|~ —z+ Al |z - 2]

< inf ¢'(7;d) +

Id] <1 A A
: ' |z~ =z + Aul 2e
< : .
< Hldrﬂlgfl ¢'(z;d) + 3 + g (F12)
which clearly implies the first inequality in (E10). O]

E2 Equivalent Notions of Stationarity

This appendix presents the proofs of Propositions 6.1.1 to 6.1.3.
The first technical result shows that an approximate primal-dual stationary point is

equivalent to an approximate directional stationary point of a perturbed version of problem

MCO.

Lemma E.2.1. Suppose the quadruple (®,h, X,Y") satisfies assumptions (F1)-(F4) of Sec-
tion 6.1and let (Z,u,v) € X x X x) be given. Then, there exists yj € Y such that the quadruple

(u,v,z,y) satisfies the inclusion in (6.3) if and only if

inf (pa + 1) (7:) 20, (E13)

245



where the function p, , is given by
Pas(x) = max [P(x,y) +(v,y) - (u,x)] VzeQ. (E14)
Proof. Let (Z,u,v) € X x X x ) be given, define
U(z,y) = 0(z,y) + (0,y) - (u,z) + m|z - z|* V(z,y) eQxY, (E15)

andlet g and Y'(-) be as in Lemma E.3.1. It is easy to see that ¢ = p; 5, the function ¥ satisfies
the assumptions on W in Proposition F1.4, and 7 satisfies (F.13) if and only if inf 4« (¢ +
h)'(Z;d) > 0. The desired conclusion follows from Proposition F.1.4, the previous observa-

tion, and the fact that § € Y (z) if and only if v € 0[-P(Z,-)](). O
We are now ready to give the proof of Proposition 6.1.1.

Proof of Proposition 6.1.1. Suppose ([Z,y],[u,v]) isa (ps, py)-primal-dual stationary point

of MCO. Moreover, let ¥, ¢, and D, be as in (E15), (E.3) and (6.13), respectively, and define
G(x) = q(x) +h(z) VrzeX.

Using Lemma F2.1, we first observe that inf4<; ¢(Z;d) > 0. Since g is convex from as-
sumption (F4), it follows from the previous bound and Lemma E1.2 with (f,h) = (0, ),
that min,p4¢z) || < 0, and hence, 0 € 9G(z). Moreover, using the Cauchy-Schwarz in-
equality, the second inequality in (6.3), the previous inclusion, and the definition of ¢ and

U, it follows that for every = € X,
P(w) + Dypy — {7,2) + mllz - 7 2 4(x) 2 4(7) 2 (7) - Dypy - (7,7),

and hence that @ € 0.(p + m| - -z|?)(&) where ¢ = 2D,p,. Using now the first in-

equality in (6.3), Proposition E1.5 with (¢, z,27,u) = (p,Z,Z,u) and also (g, A\, ) =
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(Dypy, 1/(2m), m), we conclude that there exists Z such that |z - Z|| < /2D, p,/m and

inf §/(#5d) > =[] = 2y/2mDyp, > ~ps - 2/2mD,
<

We next give the proof of Proposition 6.1.2.

Proof of Proposition 6.1.2. (a) We first claim that P, e Fuo(X), where o = 1/\ = m. To see
this, note that ®(-,y) + m| - [2/2 is convex for every y € Y from assumption (F4). The claim
now follows from assumption (F3), the fact that the supremum of a collection of convex
functions is also convex, and the definition of p in MCO.

Suppose the pair (z, §) satisfies (6.4) and (6.15). If & = x, in (6.4), then clearly the second
inequality in (6.4), the fact that A < 1/m, and (6.15) imply the inequality in (6.14), and hence,
that x isa (), £)-prox stationary point. Suppose now that & # . Using the convexity of P,
we first have that ]5/((3%, d) = inf;s [I%(:?: +td) - 15,\(:2')] /t for every d € X. Hence, using

both inequalities in (6.4) and the previous identity, it holds that

P)\(I)\)_AP/\(:I")2 A)/\(j77 x)\_aj ): A/(A; J?,\_% )+l J?/\—% ,jf—x>
|zx - 2 |2y - 2 lzx=2[)  A|ex -2
1+>\)
\ .

2—5—§|£—x|| 2—5(

Using the optimality of z,, the a-strong convexity of P, (see our claim on j in the first

paragraph), and the above bound, we conclude that

1+A

1 . A ~ .
%Hx—xﬂzSP,\(x)—P,\(x,\)S5( )|x—x,\|.

Thus, |z - x| < 2ad(1 + X\)/A. Using the previous bound, the second inequality in (6.4),
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and (6.15) yields

1
I =25 < | = 3] + |3 - 25 < (1+2a[ ;A])agg,

which implies (6.14), and hence, that x is a (), €)-prox stationary point.
(b) Suppose that the point x is a (A, €)-prox stationary point with € < ¢ - min{1, 1/\}.
Then the optimality of z, the fact that 13>\ is convex (see the beginning of part (a)), the

inequality in (6.14), and the Cauchy-Schwarz inequality imply that

1
OSinf[A’x;d +—{d,x —x]sinf ' (xz;d) +e < inf p'(xy;d) + 90,
Hnglp(A ) )\( A=) ”dHﬂP(A) Hnglp(A)

which, together with the fact that Ae < 9, imply that x satisfies (6.4) with Z = z,. O
Finally, we give the proof of Proposition 6.1.3.

Proof of Proposition 6.1.3. This follows by using Lemma E1.2 with (f,h) = (®(-,7), k) and
(fah’) Z(O,—(I)(.f,')). ]
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APPENDIX G
SPECTRAL FUNCTIONS

This section presents some results about spectral functions as well as the proof of Proposi-
tion 7.5.1. Itis assumed that the reader is familiar with the key quantities given in Section 7.5.1,
e.g. (745), and the functions in (7.44).

We first state two well-known results [7, 55] about spectral functions.

Lemma G.0.1. Let U = WY o 5 for some absolutely symmetric function U : R” + R. Then, the

following properties hold:
(a) U*=(¥Voo)*=(TV) oo;
(b) VU = (VIV)oo;

Lemma G.0.2. Let (V,UV) be as in Lemma G.0.1, the pair (S,Z) € Z x dom W be fixed,
and the decomposition S = P[dgo(S)]Q* be an SVD of S, for some (P, Q) € U™ x U". If

U e Conv R™" and WY € Conv R, then for every M > 0, we have

a(SYed(TV + M. 12)(a(Z :
Z =P[dgo(Z)]Q*.

We now present a new result about spectral functions.

Theorem G.0.3. Let (U, UV) be as in Lemma G.0.1 and the point Z € R™" be such
that 0(Z) € dom VY. Then for every ¢ > 0, we have S € 0.V(Z) if and only if o(S) €
O=(5)VY(0(Z)), where

£(S) = e~ [{0(Z),0(S)) - (Z,5)] > 0. (G.1)

Moreover, if S and Z have a simultaneous SVD, then (S = ¢.
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Proof. Using Lemma G.0.1(a), (G.1), and the well-known fact that S € 9. ¥(7) if and only
ife >W(Z)+U*(S)-(Z,5), we have that S € 0.V (7) if and only if

e(5) =e-[(a(2),0(5)) - (2, 5)]
>U(Z)+¥"(5) = (2,5) - [{o(2),0(5)) - (Z,5)]

=0 (0(2)) + (V)" (0(5)) - (0(Z),0(5)).

or, equivalently, o(S) € 0.(5)VY(0(Z)) and (S) > 0.

To show that the existence of a simultaneous SVD of S and Z implies £(.5) = ¢ it suffices
to show that (c(.5),0(2)) = (S, Z). Indeed, if S = P[dgo(S)]Q* and Z = P[dgo(2)]Q*,
for some (P, Q) € U™ x U, then we have

(5,2) = {dgo(S), P*P[dgo(2)]Q"Q) = (dga(5),dgo(Z)) = (a(S5),0(2)).
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APPENDIX H
COMPUTATIONAL DETAILS

This appendix presents technical details about the numerical experiments considered in Sec-
tion 5.5.
Generating Parameters for the Quadratic Matrix Problem

In the unconstrained QM problem of Section 5.5, recall that the objective function is of the

form

1(2) = SHlez - d? - Z|DB2Z|’* (H.)

where BB and C are linear operators, D is a diagonal matrix, and d is a vector. This appendix

describes how, for a given (m, M) € R2_, the parameters o, ay are chosen so that M =
Amax (V2 f(2)) and —m = Apin (V2 f(2)).

Suppose B and C are full rank. Define the Hessian matrix
He . :=a1C*C - apB*D*B =v*f(x)

and note that the operators 5* D213 and C*C are symmetric positive semidefinite. By Weyl’s

inequality, it holds that for any v > 0 we have

)\k(Hg,T - ’}/B*D2B) < )\k(ngT)

M(He7) € A(Her +7C*C)

for k =1, ...,n. The above two inequalities imply that H, ; is monotonically decreasing in £
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and monotonically increasing in 7. In addition, if B, C, and D are nonzero, then

lim )\1(H£77- + ’}/C*C) =+00
y—>00
lim A, (He., —4C*C) = —o0
’Y—)OO
lim A\ (He., +vB* D2B) = +oco
y—>00

lim A, (He, - yB*D*B) = -0
y—>00

Thus, for a fixed &, > 0, we can find a 7y > 0 such that Apax(Hey 7o)/ Amin (Heg ) = =M [m
by bisection search and set (&, 7) = (&0, 70) - (M /70) to obtain the desired conditions M =
Amax(He ») and —m = Apin (He 7).

In Section 5.5, we implement the above approach, we with {, = 107 and 75 = 1 as an

initial candidate solution.
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APPENDIX I
CURVATURE CONSTANTS

This appendix presents the description of y¢ and justification for the constants m, L,, and

L, for each of the optimization problems in Section 5.5.

Maximum of a finite number of nonconvex functions

Recall that

M = Amax(v2fi)a -m = Amin(v2fi) Vi€ {1, ceey k} (Il)

Since Y = AF, it is easy to verify that

ve(x) = argmax {|y/ ~ g (x)] -y € A} Va e R,
y/

For the validity of the constants m, L., and L,, we first define, for every 1 < i < £, the

quantities
P = OéiOdeia Qf = OéiCiTCil" - @'BZTD@TDiBﬂ VreR",

and observe that V,®(z,y) = ¥i, (QF + P;)y;. Now, using the fact that y € A*, (L1), and
defining N; := a;CI'C; - 3;BI DT D, B;, we then have that

k k
)\max(vizq)) < ZyiAmax(Ni) = ZyiAmax(VQQi) < M = an

] i=1

i=1
k k

Amin(V2,®) > Zmein(Nz') = Zyi)\min(v2gi) >-m2-L,,
i=1 i=1
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and hence we conclude that the choice of m and L, in (6.54) is valid. On the other hand,

using the fact that |z| < 1 for every z € A" and (1.1), we then have that for every y,y’ € Y,

IV ®(z,y) - V. P(2,y)| =

k
;(Qf + P)(yi — )

k
S \‘ZM2|$||2+||PII ly =yl < Lyly =9l
i=1

where P is a an n-by-k matrix whose i** column is ozZCZ.T d;, and hence we conclude that

the choice of L, in (6.54) is valid.

Truncated robust regression

Since Y = A", it is easy to verify that
Ye(x) = afg;?ax{ﬂy' —&gi(x)] 1y € A"} VzeRF
For the validity of the constants m, L., and L, we first define for every 1 < ¢ < k the function
(@)= [ [ e o] o ()] VR,
and observe that v, ®(x,y) = ~a ¥, [y;b;7;(x)] a; and also that

sup |r;(x)| < a7, (L.2)

zeRk
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for every 1 < j < n. Now, using the fact that y € A", the bound (I.2), and the Mean Value

Theorem applied to 7;, we have that for every =, 2’ € R¥,

V. 0(2.9) - 9.9 )| < 03wy oy [y () - 75(a")] |

J=1

< amax (fa; [7;(z) - 7;(2)][) = e max[fa;| -|7;(x) - 7;(=")]]

c amax[mjn sup [ 973(x) |x—x'||]

1<j<n zeRk
Tj(z> H ”ZL‘—JZ,H

a+6;(2)

1 !/
<EQ§WMW$<N—LWI$H

= @ max l|a] |* sup
1<j<n xeRk

and hence we conclude that the choice of m = L, in (6.55) is valid. On the other hand, using

the bound (1.2), we have that for every y,y’ ¢ R",

[Va®(2,y) = Vo (z,¢)] = }:b7330ag - 5]

<Lyly-vl,

and hence we conclude that the choice of L, in (6.55) is valid.

Power control in the presence of a jammer

Forevery1 <k < K and 1 <n < N, we first define the quantities
K
Sl;n(X7 y) = 02 + Bk,nyn + Z Aj,k,an,n; Sk,n(X7 y) = -Ak,k,nXk,n + S,I;na

j=Lj#k

as well as

Tyn(X,y) = [S5(X,9) + S5 (X, 0) ]/ [Sin (X, 9) S50 (X, 9)]
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for every (X, y) e RE*N x RN, Observe now that

6@ Bkn
T (X,y) = " Vne{l,. .. NY. (L3)

The form in (I.3) implies that V,® (X, y) is a separable function in y where each compo-

nent is a monotonically decreasing function in its argument. Hence, since Y = Q%/X;, the

computation of y¢ reduces to an /N-dimensional bisection search on the functions

. _ K Bk,n _y_n
Fulwrd) = ;;Sk,n(X,y)S;,n(X,y)] 3 el VY-

For the validity of the constants m, L,, and L,, we first observe that, for every 1 < k < K

and 1 <n < N and also (X, y) € RE*N x RV, we have

9P (xy)- __Awkn i A V(X,y) e RN xRV
an,n ’ Sk,n(Xa y) j=1,5%k Sj,n(Xa y)Sj_,n(Xa y) ’

Using the Mean Value Theorem with respect to X, ,, on 0®/0.X}, ,,, we have that for every

X’ X'e RKXN’
0 2
‘aX}an(X?y) i an’”f(X,7y) : (X,y)ezlfl(IszRN aX/inf(X7y)‘ |an B X]::’n|
T KR S i Ao Tin (X )| [ Xn = Xl
(yerion sy | Sen(X,y) 5, T ki — Xpon
258, A

kg |Xk,n - Xllm| < Lw|Xk7" N X’;v"|’

" min{o*,0%}
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and hence we conclude that the choice of L, in (6.56) is valid. On the other hand, using the

Mean Value Theorem with respect to y,, on 9®/0X}, ,, we have that for every y, y’ € RE*V,

0 0 0?
f(X,y) - f(X )< sup (X, )|y —uy,
‘8Xk,n ( ) 8Xk,n ( ) (X,y)eREXN xRN aynXk,n ( ) | |
B n Ak en X
= sup T Bk,nAk, ',nT‘,n(Xa 3/) |yn - y7/1|
(X,y)eREXN xRN Sk,n(Xa y) jzgj:qtk s

K
< 2 ijl Bk,nAk,j,n

n - <L n - ,7
min{a4,a6} |y yn| y|y yn'

and hence we conclude that the choice of L, in (6.56) is valid.
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