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Abstract  

A relatively simple and extremely versatile optical method of obtaining 

diffusion coefficient data known as Gouy interferometry was employed to measure 

diffusion coefficients in undersaturated and supersaturated aqueous urea solutions 

at 25°C. The use of laser light as a monochromatic light source in the inter-

ferometer greatly simplified the procedure for obtaining diffusivity data fron 

the interferometer. A novel design of a real image camera was employed to record 

the interferometric data. Values obtained from the interferometric data for low 

concentration (0-4 molar) aqueous urea solutions were within +5% of literature 

values. 

The diffusion coefficient was found to decrease linearly with increasing 

concentration up to the saturation point of the aqueous urea solutions, and to 

decrease drastically with increasing concentration in the supersaturated region. 

It is speculated that this phenomenon is a result of molecular aggregation of 

the urea molecules in supersaturated aqueous solutions. Very little experimental 

data have previously been obtained in the supersaturated region due to crystalli-

zation problems. Supersaturated diffusion coefficient data are important in 

the study and design of crystallization processes. 

The solid solute-liquid solvent binary systems urea-water and sucrose- 

water were modelled as a saturated solution solute-liquid solvent system in order 

to test various concentration dependent diffusion relationships. Two of these 

relationships, the Vignes and Leffler-Cullinan equations, showed improved correlat-

ion with experimentally determined diffusivity data for aqueous urea and aqueous 

sucrose solutions at undersaturated conditions. 



Scope  

The measurement of diffusion coefficients in supersaturated solutions 

is of fundamental importance in further understanding the mechanism of dif- 

fusion. In particular, diffusion data in the supersaturated range are necessary 

for the rational design of crystallization processes. Virtually no data of this 

kind exists, however, resulting in the use of values obtained through the extra-

polation of lower concentration data to the supersaturated region. Diffusion 

coefficients obtained through this extrapolation could be seriously in error as 

a result of molecular aggregation postulated to occur in supersaturated solutions. 

The purpose of this study is the experimental measurement of diffusion coefficients 

in supersaturated solutions of nonelectrolytes and comparison of these results 

with those predicted by extrapolation of existing data and by modifications of 

existing theorectical correlations. 



Conclusions and Significance  

The diffusion coefficients of urea in aqueous solutions were obtained 

at concentrations ranging from 0.125 to 11.5 molar at 25°C. The experimental 

results at several lower concentrations were compared to the values obtained 

by Costing and Akely (1952) and were consistent to better than 5%. Experimental 

results in this work extend the concentration range of experimental D
AB 
 values 

into the supersaturated region (saturation being 10.47 molar at 25 °C). 

Experimental results show a linear decrease in the diffusion coefficient 

with increasing concentration in the undersaturated region. Experimental re-

sults in the supersaturated region (C > 10.5 molar) exhibit a much more rapid 

decrease with increasing concentration then in the undersaturated region so 

that the linear relationship between the diffusion coefficient and concentration 

determined for the undersaturated region is no longer applicable. These results 

show that the common practice of extrapolating undersaturated diffusion data into 

the supersaturated region can lead to serious error. 

The rapid decrease in the diffusion coefficient with increasing concentration 

in the supersaturated region may be attributed to molecular aggregation of the 

solute in the solution. It is postulated that these aggregates form as a pre-

lude to crystallization. The urea molecules would, therefore, diffuse as aggre-

gates of varying size,thus altering the nature of the diffusion process. 

The solid solute-liquid solvent binary systems urea-water and sucrose-water 

were redefined as liquid solvent-liquid solute systems where the liquid solute 

was a saturated solution of the solid solute. This was done in order to allow 

estimation of the term D
BA' 

the infinite dilution diffusivity of solvent B in 

solute A, required for use in several important predictive equations. 



With D°BA  available, results predicted by the Vignes W166), Leffler- 

Cullinan (1970) and Sanchez-Clifton equations (1977) were compared to those 

predicted by the Gordon (1937) equation (which does not require or D
BA 

term 

and is, therefore, usually used when solid solutes are involved) and to ex-

perimental data. Results indicate that the Vignes and Leffler-Cullinan equ-

ations, in most cases, will show improvement over the Gordon equation in pre-

diction of diffusion coefficients in the undersaturated region. The method 

employed in estimating D ic)3A  however, can at times effect the results obtained. 

The prediction of diffusion coefficients in the supersaturated region awaits 

quantitative description of the aggregation phenomena. 



Introduction  

The basic method employed in this study for the measurement of dif-

fusion coefficients is that of free diffusion. In the free diffusion method, 

a sharp boundary in formed in a vertical diffusion cell. Diffusion across 

the boundary causes a change in concentration on either side of the boundary 

with time. In the early stages, concentration at the extreme ends of the 

diffusion cellremainsconstant at their initial values, and during this time 

the system is a true free diffusion process. 

The majority of methods used in obtaining diffusion coefficients in 

free diffusion processes employ optical techniques which analyze changes in 

concentration in the vicinity of the diffusion boundary. The concentration 

changes around the boundary are usually characterized by a refractive index 

gradient. The passage of light through this gradient yields time dependent pat-

terns that can be photographed and analyzed to yield diffusion coefficients. 

The most widely used optical methods of measuring diffusion coefficients 

in free diffusion processes utilize interferometric techniques. Reviews 

of these techniques appear in Dunlop et.al. (1972) and Tyrell (1961). The 

experimental technique employed in this study is known as the Gouy interference 

method. 

Gouy Interference Method  

The Gouy interferometer is an extremely simple optical system, consisting 

of a monochromatic light source which illuminates a horizontal slit, and is 

focused by a lens of long focal length onto a screen or photograph plate. If 

light leaving the lens passes through the diffusion boundary of a system,hori-

zontal interference fringes (known as Gouy fringes) can be viewed and recorded. 

A schematic diagram of the Gouy interferometer appears in Figure 1. The qualitative 

explanation of the fringes is given by Gouy (1880). A number of investigators 
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(Longsworth, (1945,1947,1950), Kegeles and Gosting (1947), Coulson et.al. 

(1948)), have developed and refineda quantitative theory relating the spacing 

of the horizontal (Gouy) fringes to the diffusion coefficient. A description 

of the theoretical treatment can be found in Sorell (1981). 

Experimental Apparatus and Procedure 

A schematic diagram of the Gouy interferometer apparatus employed in dif-

fusion studies appears in Figure 2. A detailed description of the apparatus can 

be found in Sorell (1981). Illumination of the system was provided by a Spectra 

Physics model 146 randomly polarized helium-neon laser. Fringe data was photo-

graphically recorded employing a lenseless real image camera developed by O'Shea 

(1977). 

The diffusion cell employed appears in Figure 3, and is a modification of 

the one described by Caldwell et.al. (1957). A single plexiglass temperature 

bath was employed to control the temperature of the solution reservoirs, valving, 

inlet and outlet tubing connected to the diffusion cell, and the diffusion cell 

itself. In this way temperature gradients within the system and crystalization 

problems 	the tubing were minimized. 

The temperature in each bath was regulated by a model 72 Immersion 

Circulator manufacture by Fisher Scientific. The control of temperature was 

+0.01
o
C. 

The system urea-H 20 was chosen for study because solubility, density, 

viscosity, and activity coefficient data were available as function of con-

centration, (Scatchard et.al. (1938), Gucker et.al. (1938)) and diffusion co-

efficients had been reported at concentrations up to 4 molar (Gosting and Akely 

(1952)). In addition the viscosity of saturated urea solutions were low enough 

to allow formation of a sharp boundary in the diffusion cell. 

After solutions of the desired concentrations were prepared and the system 

brought to the appropriate temperature, the diffusion cell was filled with the 



-3- 

two solutions and the boundary sharpening procedure was begun. A detailed 

description of this procedure can be found in Sorell (1981). The sharpness of 

the boundary could be qualitatively judged by the appearance of the fringe pat-

tern observed during the process. When a fringe pattern of acceptable quality 

was obtained, flow to the diffusion cell from the solution resevoirs was stopped. 

At this point the diffusion process is in the free diffusion mode. A timer was 

immediately started in order to record the difference in time between the beginn-

ing of the free diffusion process and the subsequent photographic exposures 

of the Gouy fringe pattern. 

The photographic exposures taken at each time were analyzed to yield 

experimental fringe distances between the undeviated slit image and each of 

the bottom eleven fringes in the photograph. This analysis was done employing 

a comparator (Model 4/267A) manufactured by the Gaertner Scientific Corporation. 

The total number of fringes present in the interference patten (Jm) was 

also determined from the fringe photographs. A combination of the methods dis-

cussed by Tyrell (1961) and English (1947) were employed to evaluate Jm for each 

experiment. 

Upon analyses of the fringe photographs as mentioned above, an uncorrected 

diffusion coefficient could be calculated for each fringe photograph taken at 

a given time. This uncorrected diffusion coefficient can be calculated from the 

relation 

1 
D = Jm

2 2
b
2 

4(Ct ) 2 t 

where D 	= uncorrected diffusion coefficient 
Jm = total fringe number 
A 	= wavelength of light used 
b, = optical path length 
t 	= time after beginning free diffusion 

= parameter obtained from fringe photographs 

(1) 
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A plot of D vs l/t extrapolated to l/t = 0 yields the true diffusion 

coefficient at a concentration of C = (C
2+C 1 )/2 (where C 1 and C2 are the con-

centrations of the solutions used). The slope of the plot is equal to DLt where rt 

is the zero time correction. The zero time correction is a measure of the extent 

of initial boundary imperfection in the experiment. The smaller the zero time 

correction, the better the initial boundary. 

Results and Discussion  

The experimental values of the diffusion coefficient, DAB ,for the urea 

water system at different mean concentrations C = (C2+C 1 )/2 were obtained at con-

centrations ranging from 0.125 to 11.50 molar. The concentration difference 

between the two solutions (.LC=C
2 -C 1

) was 0.25 molar for all experiments. 

The experimental results at several lower concentrations were compared 

to the values obtained by Gosting and Akely (1952) who employed Gouy interfero-

metry to measure the diffusion coefficients of urea up to concentrations of 4 

molar. Results of this work are consistant with their results to better than 

5%. 

Experimental results obtained in this work extend the concentration range 

of experimental D
AB 
 values into the supersaturated concentration region. The 

solubility data of Scatchard, Homer and Wood (1938) indicate that at 25 °C a 

saturated solution of urea and water exists at a concentration of 10.47 molar. 

Experimental values of D
AB 
 in the supersaturated region were obtained up 

to a mean concentration C = 11.50 molar, at which point crystallization problems 

in the system prevented further experiments. The experimental values obtained 

in this work along with those previously determeined by Costing and Akely (1952) 

appear in Figure 4. The results show a linear decrease in the diffusion co-

efficient with increasing concentration in the undersaturated region. This 

result is in general agreement with other workers (Costing and Morris(1949) 

Costing and Akely (1952) Sandquist and Lyons (1954)), who have examined the 
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diffusion of solid nonelectrolytes in aqueous undersaturated solutions. 

Determination of the constants in a quadratic equation by the method 

of least squares yields the relation 

_ 
D
AB 

x 10
9 	

1.40171 - 5.91362 x 10-2C - 3.90011 x 10-42  C 

(m
2 /sec) 

which expresses the undersaturated values of D
AB  determined experimentally in 

this work with an average deviation of less than 3%. A value of the infinite 

dilution diffusivity obtained from this expression is within 2% of the value 

reported by Longsworth(1954). 

Experimental results in the supersaturated region 	> 10.5) also appear 

in Figure 4. It is observed that the slope of the D AB  vs C curve becomes markedly 

steep once the point of saturation is reached. The linear relationship between 

the diffusion coefficient and mean concentration determined for the undersaturated 

region is no longer applicable. These results show that the common practice of 

extrapolating undersaturated diffusion data into the supersaturated region can 

lead to serious error. 

The rapid decrease in the diffusion coefficient with increasing concentration 

in the supersaturated region may be attributed to molecular aggregation of the 

solute in the solution. It is postulated that these aggregated form as a pre-

lude to the crystallization process. The urea molecules would then diffuse as 

aggregates of various sizes, thereby altering the nature of the diffusion process. 

When molecules of the solute are postulated to diffuse as aggregates, diffusion 

theory (Skelland (1974)) predicts the decrease in diffusion coefficients 

experimentally observed in this work. 

The rapid decrease in diffusion coefficient with concentration in the 

supersaturated region observed for the urea-water system was riot observed in 

(2) 
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studies of the sucrose-water system (English and Dole (1950)). This could 

be a result of differences in the physical properties of the two systems, hence, 

differences in their abilities to form aggregates. Supersaturated sucrose-water 

solutions are considerably more viscous than urea-water solutions. In addition, 

the sucrose molecule is larger than the urea molecule. Both of these factors 

could hinder aggregate formation. Additional experimental studies of diffusion 

coefficients of solid nonelectrolytes in supersaturated solutions will be required, 

however, before a general description to this phenomena can be developed. 

Comparison of Results with Predictive Equations  

Many investigators (Costing and Morris (1959), Dunlop and Costing (1953), 

Costing and Akely (1952), English and Dole (1950)) have compared experimentally 

determined diffusivity data with the Gordon equation (Gordon (1937), James et.al. 

(1939)) although Gordon (1950) himself points out the limited applicability of 

the equation over a wide concentration range. The widespread use of the Gordon 

equation to predict concentration dependent diffusion is no doubt a reflection 

of the need for a method of accurately describing the diffusion process in solid 

solute-liquid solvent systems. Other widely used predictive equations such as 

those of Vignes (1966), Leffler and Cullinan (1970), and Sanchez and Clifton 

(1977) are less applicable to the study of solid solute-liquid solvent systems, 

due to their dependence on D°BA' 
 the infinite dilution diffusivity of the solvent 

B in the solute A. In the case of a solid solute A and liquid solvent B the term 

D
o
BA has little physical meaning and has, therefore, prevented the use of these 

equations when a solid solute was involved. In order to employ these equations 

for the case of a solid solute dissolved in a liquid some assumption about the 

nature of DBA 
must be made. The assumption made in this work was that the liquid 

solvent B-solid solute A type system can be redefined as a system comprising a li-

quid solvent B and a liquid solute A (where the liquid solute A is actually a 
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saturated solution of solute A in solvent B). This redefinition of the system 

allows estimation of the parameter D)°311i . 

With this parameter available, results predicted by the Vignes, Leffler- 

Cullinan, and Sanchez-Clifton 

the Gordon equation 

appear below: 

Gordon 

Vignes 

Leffler-Cullinan 

Sanchez-Clifton 

equations can be compared 

and to experimental data. 	These four 

d lny
A 	uB 

 
o  

to those predicted 

predictive equation 

d 	1r1
A 1 + 

by 

(3)  

(4) 

(5) 

(6) 

D 	= D 1 + 
AB 	AB 	d In XA 	uAl  

	

o 	XB 	o 	
X
A 	

d 1n , A 

DAB = 
	D

AB 	
D
BA 	

1 + 
d in X

A 

KB 	

o A 
u
A 	

X
A DAB `'AB

D
B AB = DAB uB 

D
AB 

= 	X
A 

D
BA 

+ X
B 

DAB 	1-q + q 

d in X
A 

d 1n)
A  

d In X
A 

DAB  where 	D 	 infinite dilution diffusivity of solute A in solvent B 

X
A 	

= mole fraction A 

YA 	
= activity coefficient of solute A 

uB 	
= viscosity of the solvent 

uAB 	= viscosity of the solution 

D
B
o 
A 	

= infinite dilution diffusivity of solvent B 

q 
	= empirical constant 

in solute A 

The four equations above were employed to predict the diffusivity of urea and 

of surcrose in aqueous solutions as a function of concentration. The value of 



-8- 

DBA required for use of Equations 3-5 where obtained using four techniques 

(Wilke-Chang, Wilke-Chang with Olander Modification, Scheibel, Reddy-Doraiswamy) 

which are summarized by Skelland (1974) and Reid et.al. (1977).. The D cL values 

for each of the techniques, as well as, the empirically determined parameter in 

the Sanchez-Clifton equation are summarized in Table 1. 

Figures 5-8 illustrate the values predicted for the diffusivity of urea 

(D
AB) in water by the Gordon, Vignes, Leffler-Cullinan, and Sanchez-Clifton 

equations for various values of D BA . The Gordon equation deviates negatively 

from the experimental D
AB  curve in the undersaturated concentration region, and 

is independent of the D °BA  value chosen. 

The Vignes and Leffler-Cullinan equation closely parallel one another 

for all four values of D o
BA  employed. Both equations poorly fit the experimental 

data when the relatively high D 1°3A  values estimated by the Wilke-Chang and Scheibel 

techniques were used. When the lower values of D 3°3A  estimated via the Olander 

modified Wilke-Chang and Reddy Doraiswsmy techniques are employed, the Vignes 

and Leffler-Cullinan equation fit the data well. Both equations exhibit negative 

deviation from experimental data in the undersaturated region, but show improved 

correlation with the experimental data as compared to the Gordon equation. 

The Sanchez-Clifton equation fits the experimental data poorly except in 

the case where the Olander modified Wilke-Chang value of 111A  is used. In this 

case the equation fits the experimental data quite well, particularly in the high 

concentration ranges of the undersaturated region. None of the equations, however, 

predicted the rapid drop in the diffusion coefficient with concentration in the 

supersaturated region. 

Figure 9-12 illustrate the values predicted for diffusion of sucrose in 

water by the Gordon, Vignes, Leffler-Cullinan, and Sanchez-Clifton equations 



-9- 

for various values of D
BA. The Gordon equation, as in the urea-water system, 

deviates negatively from the experimental D AB  curve. 

The Vignes and Leffler-Cullinan equation appear to best fit the data 

when the values of Do
BA  estimated from the Wilke-Chang and Scheibel techniques 

are used. However, the results predicted by these equation employing all four 

values of Do
BA  are supervior to those predicted by the Gordon equation. The 

Sanchez-Clifton equation, however correlates poorly with experimental data 

for all values of D°
BA  employed. 

Discussion  

On the basis of the urea-water and sucrose water systems used in the 

preceding analysis of experimental vs predicted D
AB  values, it appears that the 

Vignes and Leffler-Cullinan equations offer a fair degree of agreement with 

experimental results. While the precision of this agreement varies with the 

assumptions made in obtaining a D
o
BA  value, the Vignes and Leffler-Cullinan 

equation generally show improvement over the Gordon equation in the prediction 

of diffusion coefficients. The only exception to this is in the urea-water 

system employing the Wilke-Change and Scheibel values of D 33.A . 

Similar testing of other solid solute-liquid solvent systems experimental 

data employing the assumptions and predictive equations described above are 

necessary before any overall conclusion can be drawn. However it does appear 

that modelling the solid solute-liquid solvent system as a saturated solution 

solute-liquid solvent system can yield acceptable values of D o
BA  for use in 

equations for the prediction of diffusion coeffficients. The prediction of dif-

fusion coefficients in supersaturated solution, however, will remain diffcult 

until the effect of molecular aggregation on the diffusion coefficient can be 

quantified. 
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Not  

b 	= optical path length 

Zt 	
= parameter obtained from fringe photographs 

1 
D = 

DAB = 

D°
AB 

= 

D°
BA 

= 

Jm = 

t = 

q = 

XA 
= 

uncorrected diffusion coefficient 

diffusion coefficient of solute A in solvent B at a given concentration 

infinite dilution diffusivity of solute A in solvent B 

infinite dilution diffusivity of solvent B in solute A 

total number of fringes 

time after beginning free diffusion 

empirical constant in Eq.l 

mole fraction A 

/-1 13 	= visocity of solvent B 

uAB = visocity of the solution 

YA 	
= activity coefficient of solute A 
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Table 

Estimation 
Technique 

o x 109 m2 D
BA D

o 	
x 10

11 
m
2 q 

urea- 
water 

q 
sucrose- 
water . 	sec 

(urea-water) 

B A 
Sec 

(sucrose-water) 

Wilke-Chang 2.001 2.550 0.296 1.607 

Wilke-Chang 
with Olander 

0.87001 1.1087 0.057 1.583 

Modification 

Scheibel 2.051 2.478 0.303 1.606 

Reddy- 1.2174 1.144 0.152 1.583 
Doraiswamy 
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