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SUMMARY

This dissertation studies the colored Jones polynomial of knots and links,
colored by representations of simple Lie algebras, and the stability of its coefficients.
In Chapter 1 we provide an explicit formula for the second plethysm of an arbitrary
representation of sl3, which allows us to give an explicit formula for the colored Jones
polynomial of the trefoil, and more generally, for 7'(2,n) torus knots. We give two
independent proofs of our plethysm formula, one of which uses the work of Carini-
Remmel. Our formula for the sl;3 colored Jones polynomial of 7'(2,n) torus knots
allows us to verify the Degree Conjecture for those knots, to efficiently compute
the sl3 Witten-Reshetikhin-Turaev invariants of the Poincare sphere, and to guess a
Groebner basis for recursion ideal of the sl3 colored Jones polynomial of the trefoil.

In Chapter 2 we formulate a stability conjecture for the coefficients of the colored
Jones polynomial of a knot, colored by irreducible representations in a fixed ray of
a simple Lie algebra, and verify it for all torus knots and all simple Lie algebras of
rank 2. Our conjecture is motivated by a structure theorem for the degree and the
coefficients of a g-holonomic sequence of polynomials given in [20] and by a stability
theorem of the colored Jones polynomial of an alternating knot given in [25]. We
illustrate our results with sample computations.

In Chapter 3 we give an efficient method to compute those g-series that come from
planar graphs (i.e., reduced Tait graphs of alternating links) and compute several
terms of those series for all graphs with at most 8 edges. In addition, we give a
graph-theory proof of a theorem of Dasbach-Lin which identifies the coefficient of ¢*
in those series for £k = 0, 1, 2 in terms of polynomials on the number of vertices, edges

and triangles of the graph.

xii



In Chapter 4 we study the structure of the stable coefficients of the Jones poly-
nomial of an alternating link. We start by identifying the first four stable coefficients
with polynomial invariants of a (reduced) Tait graph of the link projection. This leads
us to introduce a free polynomial algebra of invariants of graphs whose elements give
invariants of alternating links which strictly refine the first four stable coefficients.
We conjecture that all stable coefficients are elements of this algebra, and give exper-
imental evidence for the fifth and sixth stable coefficient. We illustrate our results
in tables of all alternating links with at most 10 crossings and all irreducible planar

graphs with at most 6 vertices.
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CHAPTER 1

THE SL; COLORED JONES POLYNOMIAL OF THE

TREFOIL

1.1 Introduction

The goal of this chapter is to provide a supply of explicit quantum invariants so
as to help in formulating and testing a number of conjectures. The most readily
approachable knots in this context are the (m,n) torus knots, particularly when
m = 2. The aim is to give explicit details for the sl3 invariants, as these are potentially
the simplest case after the more readily available colored Jones (sly) invariants.

There is a general method of Rosso and Jones to determine any quantum invariant
of a torus knot. For the invariant of the (m, n) torus knot with quantum group module
V' their calculations require knowledge of the decomposition of the module 1),,(V)
into irreducible representations. This is a combinatorial problem depending on the
quantum group and the choice of V', which does not always have a readily available
explicit formula.

We give here an explicit formula where m = 2 and V' is a general irreducible sl3
module; from this we are able to give a detailed estimate for the extreme degrees of
the resulting Laurent polynomial invariant.

We then extend the formula to sly by reformulating some combinatorial work
of Carini and Remmel [10] describing 12(V') for the irreducible sly modules which

correspond to partitions with 2 parts.



1.2 The colored sl Jones polynomaal of the trefoil

In his seminal paper [34], Jones introduced the Jones polynomial of a knot K in
3-space. The Jones polynomial is a Laurent polynomial in a variable ¢ with integer
coefficients, which can be generalized to an invariant Jx - (q) € Z[g*!] of a (O-framed)
knot K colored by a representation V' of a simple Lie algebra g, and normalized to
be 1 at the unknot. The definition of J 1 (¢) uses the machinery of quantum groups
and may be found in [51, 53] and also in [33].

Concrete formulas for the colored Jones polynomial Jx v (g) are hard to find in the
case of higher rank Lie algebras, and for good reasons. For torus knots 7', Jones and
Rosso gave a formula for Jry(¢) which involves a plethysm map of V', unknown in
general. Our goal is to give an explicit formula for the second plethysm of represen-
tations of sl3 and consequently to give a formula for the sl3 colored Jones polynomial
of the trefoil. To state our results, let V,,, », denote the irreducible representation of
sly with highest weight

A= niwi + Nows (1)

where ny,ny are non-negative integers and wq, ws are the fundamental weights of sl3

dual to the simple roots aq, as. In coordinates, we have
1 1
a1 = (1,—1,0), Qg — (0,1,—1), w1 = 5(2@14‘062), Wy = §(a1+2a2)

The quantum integer [n], the quantum dimension d,,, ,, and the twist parameter 0,,, ,,

of Vy,, n, are defined by

gz —q 2
n] = +—— o
g2 —q 2
[n1 + 1][n2 + 1][ng + nae + 2]
e = 2] (3)
0”1,n2 = qé(n%+n1n2+n§)+nl+n2 (4)

Let T(m,n) denote the torus knot associated to a pair of coprime natural numbers

m,n, and let Jp (. n).n1.n, (¢) denote the sls colored Jones polynomial of the torus knot



T (m,n) colored by V,, n,.

Theorem 1.2.1. For all odd natural numbers n we have

g—2n min{ni,n2} ni—I .
J (@) = (~1)d 0
T(2,n),m1,m2\4 - d 2n1—2k—21,2n2+k—21Y9n, —2k—21,2no+k—21
ni,ng
’ =0 k=0

min{ni,n2} no—I

n
k 2
+ E E :(_1) d2n1+k*2172n2*2]6*2192n1+k—2l,2n2—2k—2l
1=0 k=0

min{ni,na}

n
E : 2
- d2m—21,2n2—2182n1—2z,2n2—2z
1=0

Theorem 1.2.1 can be used to answer for several problems.

e We can verify the sl3-Degree Conjecture of the colored Jones polynomial for the

trefoil. Explicitly, we can compute the lowest degree 5}(2 )2 and the highest

;11,1

degree d7(2,n)n1,n, Of the Laurent polynomial Jr( 5 n, n,(q) as follows

. —%nQ — gn% — nning — 33"711 — (57” —2)ng  if ny > ny
5T(2,n),n1,n2 = (5)
—%nQ — %n% — nning — %Lng — (57“ — 2)711 if ny < ng
0r@2m) 1, = —(n = 1)(n1 + n2) (6)

The above formula verifies that the degree, restricted to each Kostant chamber,

is a quadratic quasi-polynomial.

e We can efficiently compute the Witten-Reshetikhin-Turaev invariant of the

Poincare sphere, complementing calculations of Lawrence [37].

e We can guess an explicit Groebner basis for the ideal of recursion relations of

the 2-variable g-holonomic sequence Jr(2,3) 5, .n,(q); see [22].

Remark 1.2.2. An alternative formula for the sl3 colored Jones polynomial of T'(2, 3)
is given by Lawrence in [37]. Lawrence’s formula is derived from the theory of Quan-

tum Groups, and cannot generalize to the case of T'(2,n) torus knots. In contrast, the



plethysm formula of Theorem 1.2.4 below can be generalized to a formula for 1,(V))
which allows for an efficient formula of the sl3 colored Jones polynomial of all torus

knots..

Remark 1.2.3. Theorem 1.2.1 gives an efficient computation of the sly colored Jones
polynomial of the 31,51,71 and 91 knots in the Rolfsen notation. In low weights,
our answer agrees with the independent computation given by the entirely different
methods of the KnotAtlas; see [6]. This is a consistency check which simultaneously

validates the formulas of Theorem 1.2.1 and the data of the KnotAtlas.
1.2.1 An sl3 plethysm formula

As mentioned above, Theorem 1.2.1 follows from the Rosso-Jones formula for the
colored Jones polynomial of torus knots and the following plethysm computation.

Let 1, denote the m-plethysm operation.

Theorem 1.2.4. For A as in Equation (1) we have

min{n1,n2} ny—I

wQ(V)\> = Z Z(_l)k‘/?)\—kal—%(oq-i—az)
=0 k=0

min{ni,n2} ny—I
+ Z Z(_l)k‘/?)\—kaz—ﬂ(og—i-ag)
=0 k=0

min{ni,na}

- Z ‘/2)\72l(a1+012)
=0

1.3 The Rosso-Jones formula

The polynomial invariant Jx v (¢q) of a knot K colored by the representation V' of a
simple Lie algebra is difficult to compute from its Quantum Group definition even
when K = 4; and g = sl3. Although it is a finite multi-dimensional sum, a practical
computation seems out of reach. Fortunately, there is a class of knots whose quantum
group invariant has a simple enough formula that allows us to extract its g-degree.

This is the class of torus knots T'(m,n) where m,n are coprime natural numbers.



The simple formula is due to Rosso and Jones, and also studied by the second named
author, [47, 43]. Let d, denote the quantum dimension of the representation V) and
0y is the eigenvalue of the twist operator on the representation V). d, and 6, are

given by

g = J[Ateal (7)

o )]
0, —= q%(/\,)\+2p) (8)

where a belongs to the set of positive roots, p = % Y a0 @ is half the sum of positive
roots and (-, -) denotes the g invariant inner product on the dual of the Cartan algebra
(normalized so that the longest root has length v/2). When g = sl3 and \ is given by
(1), then the quantum dimension and the twist parameter coincide with (3) and (4).
For a natural number m, consider the m-Adams operation 1, on representations. It
is given by (see [17, 40])

tn(B)= D AV (9)

Hes)\,m

where cf\tym are non-zero integers. The Rosso-Jones formula is the following (see [47]):

Trmn) = 2 Y a0 (10
For related discussion, see also [44].

1.4 Schur functions in sl

1.4.1 A review of Schur functions

Let us recall some well-known properties of Schur functions and their relation to the
character of irreducible representations of sly, that can be found in [40, 17]. For a
partition A with parts A\ > Ay > ... > Ay > 0, let sy, . (21,...,25) denote the

corresponding Schur function. A partition A = (A, ..., A\x) will be depicted as an



arrangement of boxes as follows (for A = (4,2, 1)):

If w; denote the fundamental weights of sl and n; are nonnegative integers for ¢ =

1,...,N—1,and A\ = (Zf\:ll ni, Zf\gl Ny, Z?S\,l_l n;) then
character(VZz_v__llniwi) = sa(z1,...,2N) (11)

For A = (4,2,1) we then have (ny,ng,n3) = (2,1, 1).

The plethysm operation v, is defined by

Um(sa(z1, ... xn)) = sxa(z], ..., 2})

Note that s; = x; + -+ + 2y and 19(s1) = S2 — $1.1.

In sly the irreducible modules correspond to partitions A with at most N parts.
The decomposition of ,,(V)) into irreducibles needed for the invariant of the (m,n)
torus knot is given by the corresponding expansion of the symmetric function 1y, (sy)
as a linear combination of Schur functions.

When N = 3 the Schur function s, vanishes where A has more than 3 parts, and
satisfies Sqpc = Sat1b+1,c+1- Then Sqp e = S4—cp—c, 50 We need only consider partitions

with at most 2 parts. All the same, it will be convenient to use 3 parts in what follows.
1.4.2 A reformulation of Theorem 1.2.4

The goal of this section is to give a formula for ¢s(s,,, m,) as a linear combination of

Schur functions, assuming that N = 3.

Definition 1.4.1. For my; > my > 0, let D(my,my) C N3 denote the set of tuples

(a,b,c) that satisfy

ea+b+tc=2mi+2msy, 2my >a>b>c>0, a>2my>c



e if b > 2msy then ¢ = 0 mod 2
e if b < 2my then a = 0 mod 2

Theorem 1.4.2. In sly for all m; > msy we have:
w2(5m1,m2> = Z (_1)b8a,b,c
(a,b,c)eD(m1,mz2)
It is interesting to note that the coefficient of every Schur function in the expansion
of 9(Smy,m,) is 0, £1. The same feature proves to be the case for ¢5(s,, m,) in the

general case of sly, noted in Subsection 1.5.1.
1.4.3 Theorem 1.4.2 implies Theorem 1.2.4

Since V*

niwi+nawz

= Vigwr +n1wsy and Jx v+ (q) = Jiv(1/q), it suffices to prove Theorem

1.2.4 when n; > ny. Equation (11) for N = 3 implies that
character (Vi w, +nsws) = Sny-+no.ns (L1, T2, T3)

Fix nonnegative integers n; and ny and set (mq, my) = (ny+n2, ng) in Theorem 1.4.2.

We can parametrise a tuple (a, b, c) € D(mq, mg) that satisfies b > 2my by setting
b=2my+k, ¢c =2l to get a = 2m; — k — 2l, satisfying the inequalities k,l > 0,
k< my—mg—1 1 <myg,m —msy. Likewise, we can parametrize a tuple (a,b,c) €
D(my, my) that satisfies b < 2my by setting b = 2ma—k, a = 2my—2l to get ¢ = 21+k,
satisfying k,1 > 0, k < mgy — [, | < mg,m; — my. Thus Theorem 1.4.2 implies the

formula of Theorem 1.2.4.
1.4.4 A reformulation of Theorem 1.4.2

To establish Theorem 1.4.2 we first prove Theorem 1.4.3.



Theorem 1.4.3. For my; > my we have

Z <_1)b3a,b,c 1/12(31) = Z (_1)bl5a’,b’,c/

(a,b,c)eD(m1,mz2) (a’ b, YeD(m1+1,m2)

+ Z (—1)b/5a/’b/’cl

(a/\ b, YeD(m1,ma+1)

+ Z (—1)b/8a/’b/’cl.

(a’ b, ')eD(m1—1,ma—1)
mo>0

In the proof of Theorem 1.4.2 we will need the following special cases of the
Littlewood-Richardson rule adapted to sl3, bearing in mind that Schur functions for
partitions with more than 3 parts are 0 in this case; see [40]. In the next lemma and
below, we will use the convention that s,, 4,4, = 0 unless a; > ay > as. Furthermore,
the notation Sqpc|asp (resp. Sapcla=p) means s,p. when a > b (resp. a = b) and zero

otherwise.

Lemma 1.4.4. In sl3 we have

Sa,b,cS2 =  Sa42,b,c + Sa,b+2,c + Sa,b,c+2 + 8a+1,b+1,c’a>b + Sa+1,b,c+1 + Sa,b+1,c4+1|b>c
Sab,cS51,1 =  Sa+1b+1,c + Sa+1,b,c+1 + Sa,b+1,c+1
Smim2S1 = Smitlme T Smimot1 T Smyma,l

Corollary 1.4.5. Fora > b > ¢ > 0 we have
Sa,b,c(SQ - 31,1) = Sa+2,b,c + Sa,b+2,c + Sab,c+2 — 3a+1,b+1,c|a:b - Sa,b+1,c+1‘b:c

Corollary 1.4.6. Since vy is a ring homomorphism, and 1(s1) = S2 — S1.1, we have

Vo(Smyma) (52 = 511) = Vo(Smymy)V2(51) = V2(Smyms51)

¢2<Sm1+1,m2) + ¢2(Sm1,m2+1) + ¢2(Sm1,m271) Zf mp > My > 07

2b2<87711-&-1,77%2) + 7702(877%1,77124-1) Zf my > mg = 0.



1.4.5 Theorem 1.4.3 implies Theorem 1.4.2

We deduce Theorem 1.4.2 from Theorem 1.4.3 by induction on ms.
When ms = 0 we have (a,b,c) € D(my,0)iff c=0, a+b=2my, a>b>0. It is
known (for example, [11, Eqn.2.30]) that

Ua(sm) = Y (=1) s2m-k

k=0

This establishes Theorem 1.4.2 for ms = 0.

Theorem 1.4.3 gives

V2(Smyms ) 2(s1) = V2(Smy+1,ms) + > (1) sw e + V2(Smy—1.mr-1)
(a’ b, )eD(m1,ma+1)

by induction on ms

Corollary 1.4.6 then shows that

¢2(5m1,m2+1) = Z (_]—)blsa’,b’,c’)
(a/ b ,¢"YED(m1,ma+1)

which completes the induction step.
1.4.6 Proof of Theorem 1.4.3

To prove theorem 1.4.3 we sum both sides of the equation in Corollary 1.4.5 over

(a,b,c) € D(my, my), using the following lemma.



Lemma 1.4.7. Suppose that my > mo > 0. Then

Z (_1)b5a+2,b,c

(a7b7c)€D(ml 7m2)

Z (_1)b8a,b+2,c

(a,b,c)GD(ml am2)

Z (_1)b5a,b,c+2

(aabvc)eD(ml 7m2)

Z (_1)b+13a+1,b+1,c

(ayb»C)GD(ml 7m2)
a=b

> (=" sapi1.e01

(a;b,c)€D(m1,m2)
b=c

> (=) sar .

(a’' b ' YeD(mi1+1,m2)
a’'#b ,a' #£2ms

> (=1)" a0 + >

(a’' b " YeD(m1,ma+1) (a’' b "YeD(m1+1,mz2)
b/ #£c ! A2mo+2 a'=2ma b’ #c’

> (=1)" st + >

(a',b',c’)ED(ml —l,mg—l)
m2>0 d=2mo+2

Z (_1)b/5a’,b’,c’

(a’' b ,'YeED(mi1+1,m2)
a’=b ,a' #£2ma b £’

> (=1)" a0 + >

(a’' b ,"YeD(m1,ma+1) (a’ b "YeD(m1+1,m2)
b'=c ! #A2ma+2 a’'=2mas b’ =c’

(a/ b ,"YeD(m1,ma+1)

(12)

(=1)" 501, (13)

(1) sald4)

(15)

(=1)" 50 16)

The total sum of the left hand sides of the equations in Lemma 1.4.7 is then the
left hand side of the equation in theorem 1.4.3, while the terms on the right hand

sides make up the right hand side of Theorem 1.4.3.

1.4.7 Proof of Lemma 1.4.7

For each of the five equations we provide a bijective transformation carrying (a, b, c) €
D(mq,mg) with the restrictions shown to (a',¥, ') satisfying the conditions on the
right hand sides.

We make repeated use of the parity rules to ensure that inequalities force a dif-
ference of at least 2. With the exception of a couple of less obvious cases we omit
proofs that the individual parity rules for (a’,¥, ') are satisfied, as they generally
follow readily from those for (a,b,c) and vice versa. Equally the sum a' + b + ¢ is

always obviously correct.

Proof. For Equation (12), put ¢’ = a + 2,0’ = b, = ¢. Let (a,b,¢) € D(my, ma).
Then 2my+2>d >0 > >0, and @’ > 2my > . Then (', V', ) € D(m1+1,ms),

with o' # 0 and a’ # 2ms,.
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Conversely suppose that (a’,V/, ') € D(my+1,my), with o’ > b and @’ > 2ms. By
the parity rules, if &’ < 2my then @’ =0 mod 2, s0 a’ > 2my +2 >V +2. If i/ > 2ms
then ' = b mod 2, s0a’ > b +2 > 2my+2. In any case 2m; >d —2 >0 > >0,

and @’ — 2 > 2my > ¢. Then (a,b,c¢) € D(my, my). This proves Equation (12).

For Equation (13), put ¢’ = a,b' = b+ 2,¢ = ¢. Let (a,b,¢) € D(my,mg) with
a>b+2 Ifa=2mythen 2m; +2>d >0 > > 0and a’ > 2my > ¢, Then
(@', V,c) € D(my + 1,mg), with @’ = 2mg, bt/ > . Otherwise a > 2my. If b > 2my
then a > b+ 2 > 2my + 2, while if b < 2my then a = 0 mod 2 by the parity rules,
so that a > 2my + 2. Hence 2m; > a' >0 > > 0and d > 2my +2 > . In
this case we check the parity rules explicitly. Here O/ > 2my +2 = b > 2my, =
d=c=0mod2and ¥ <2my+2 =— b<2my =— d =a = 0mod2. So
(a',b',c) € D(my,my+ 1) with b’ > ¢ and ¢ < 2mg + 2.

Conversely suppose that (a/,0',c) € D(my, mg+1) with ¥ > ¢ and ¢ < 2mgy + 2.
Ifo > 2my+2then d =0mod2sod <2my <V —2and if V¥ < 2msy + 2 then
V=cdmod2and d <b —2<2my. Hence 2m; >ad >0 —2>¢ >0 and d > 2ms.
A parity check as above shows that then (a, b, ¢) € D(my,ms) witha =a’ > b = b+2
and a > 2mo.

Finally suppose that (a’,¥',¢’) € D(my + 1,my), with @’ = 2mg, b > . Then
b= mod2sol—2>¢, and a’ = 2my > ¢ again giving (a, b, c) € D(my, ms) with

a = 2my > b+ 2. This proves Equation (13).

For Equation (14), put @’ = a,b' = b, = ¢+ 2 when ¢ = 2my, and @’ = a—2,b' =
b—2,c = c otherwise. In either case s, .12 = S i, since we are working in sl3. Let
(a,b,c) € D(my, mg) withb > c+2. If ¢ = 2mg then 2my > a’ >0 > 2me+2 = > 0,
and (a',b', ) € D(my, ma+1) with ¢ = 2my+2. Otherwise ¢ < 2mg # 0. If b < 2my

then ¢ < 2my — 2. If b > 2my then ¢ = 0 mod 2 by the parity rules, giving again

11



c<2my—2. Then2m; —2>a—-2>b—-2>c>0anda—2>2my—2>¢c. So
(a',b',c) € D(my —1,mg — 1).

Conversely let (a/,0',) € D(my — 1, mg — 1), with my # 0. Then 2m; > da' +2 >
V42> >0andad >2my—2 >, s0a +2 > 2my > /. Hence (a, b, c) € D(my, ms)
with ¢ # 2my.

Finally, suppose that (a’,0',¢) € D(mq,my + 1) with ¢ = 2mgy + 2. Then
2my > d >0 > 2my = ¢ —2 > 0 so that (¢/,V/,c —2) = (a,b,¢) € D(my, my)

with ¢ = 2my. This proves Equation (14).

For Equation (15), put ' =a+ 1,0 =b+1,¢ = c. Let (a,b,¢c) € D(my, my) with
a=0>b Then2m, +2>d >0V > >0andd >a>2my > >0. Sincet/ =a’ >
2my and ¢ = 0 mod 2 the parity rules are satisfied, and (a/,0',¢) € D(my + 1,mo)
with o' = b, d > 2msy, b # (.

Conversely let (a/,0',) € D(my + 1,my) with o/ = ¥,d" > 2my, b # . Now
20 < ad +bV +d =2my + 2mo + 2 < 4my, since my < my. Then 2my > a' — 1 >
V—1>cd>0and d —12>2my > . Hence (a,b,c) € D(my, ms) with a = b. This

proves Equation (14).

For Equation (16), put ¢’ = a,b' = b+ 1, = ¢+ 1. Let (a,b,c) € D(my, ms)
witha >b=c If a=2my then 2m; +2>d >0 > >0 and d = 2my > (.
Hence (a/,0',c) € D(my + 1,ms) with @’ = 2my, b’ = . Otherwise a > 2ms,
and @’ = a > 2my + 2, since b = ¢, while 2my +2 > ¢+ 2 > . We have also
2my > a’ > b > > 0. Hence (', 0/, ) € D(my,me + 1) with ¥/ = ¢/, ¢ # 2my + 2.

Conversely suppose that (a’,V/, ") € D(mq,ma+1) with ¥/ = ¢, < 2my+2. Now
a' +2d =2mi+2moe+2 and @’ < 2mq,socd > 0. Hence2my; >d >0'—1>c—-1>0
and a’ > 2mgy > ¢ — 1. Then (a,b,c) € D(my, my) with a > b= ¢ and a > 2ms,.

Finally if (¢/, V', ¢) € D(my+1,mg) with @’ = 2ms,t/ = ¢ then b’ = ¢ = my+1 >0

12



and (a,b,c) € D(my,mg) with a =2mg > b= c. O

1.5 A proof of Theorem 1.4.2 using Carini-Remmel’s work

1.5.1 A review of Theorem 5 of [10]

In this section we give an alternative proof of Theorem 1.4.2 using the work [10] of
Carini and Remmel. In Theorem 5 of loc.cit., Carini and Remmel give the expansion
of the plethysm t)9(s,) for the Schur function of a 2-row partition of n = a + b in
terms of Schur functions s,, where A runs through partitions of 2n with at most 4
parts. In this expansion each sy has coefficient 0,£1, depending on the parities of
the parts of A and some linear inequalities.

In their paper they use the opposite convention to Macdonald, so that they take
0 < a < b for the given partition of n = a+band 0 < A\; < Ay < A3 < A4 for the parts
of the partition A of 2n. They also use the more common combinatorial notation p,
rather than 5.

Theorem 5 of [10] can be readily restated as follows, by grouping separately the

partitions A of 2a+2b with A\; + A3 > 2a and those with A; + A3 < 2a in the expansion

of ¥o(Sap):

e When A\ + A3 > 2a, \{ + A9 is even and A + Ay < 2a, the Schur function s

has coefficient (—1)*2+%s,

e When A\ + \3 < 2a, Ay + A3 is even, 2a < Ay + A3 and 2a < A\ + A4, the Schur

function s has coefficient (—1)*+*2,

e All other s, have coefficient 0.

The first of these cases corresponds to the partitions in (ii) and some of (i) in
[10, Thm.5], while the second corresponds to the partitions in (iii) and the remaining

partitions in (i).
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1.5.2 Reformulation of Carini and Remmel’s expansion of (s, m,)

Theorem 5 of [10] gives rise to an expansion of 5 ( Sy, m, ), M1 > Mo, in Schur functions
of x1,...,xy which is valid for all N.

We can reformulate this further by specifying the support set for the partitions
which appear in the expansion in terms of linear inequalities and some parity rules,
so that Theorem 1.4.2; the case where N = 3, is an immediate corollary.

Using Macdonald’s ordering, we take m; in place of b and ms in place of a from

[10], and write (Ag, A3, A2, A1) = (a,b,¢,d) = .

Definition 1.5.1. For my, mo € N, let A(my,my) C N* denote the set of tuples

(a,b,c,d) that satisfy
ea+btc+d=2mi+2msg, a>2b>c>d>0, 2my >a+d>2my>c+d
e ifb+d>2msy then ¢ = d mod 2
e ifb+d <2msy then a = d mod 2

Theorem 1.5.2. Let m; > mo > 0. Then
Ua(Smyms) = Yo D) s
(a,b,c,d) € A(mi,ms)

Theorem 1.4.2 is an immediate corollary, since Schur functions for partitions with
more than 3 rows are 0 in sl3, and the support set A(my, my) becomes D(my, ms)
when d = 0.

We can see readily that theorem 1.5.2 follows from Theorem 5 of [10] as rearranged
above.

Firstly, for A € A(mq,my) with b+ d > 2my we have ¢ + d even, by the parity
rule, and ¢ + d < 2ms, while the coefficient of sy is (—1)**¢ = (—1)"*¢. This agrees
with the first group of partitions above. The condition 2m; > a + d does not impose

any extra restriction on this group, since it is equivalent to b + ¢ > 2m..
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For A € A(my, my) with b+ d < 2ms we have a+ d even, and hence b+ ¢ even, by
the parity rule. In addition we have 2msy < b+ ¢ since 2m; > a+d, and 2ms < a+d.

Again this agrees with the second group of partitions above, and the coefficient of s

is (—1)"*? = (—1)“* as required there.
1.5.3 Parametrisation

Theorem 1.5.2 can be used to give a parametrisation of these two sets of Schur func-
tions with non-zero coefficient, each in terms of 3 integer parameters satisfying some
linear inequalities. These in turn give a parametric formula for 1s(sm, m,), with a

reduction in the case of sl; to the formulae of Theorem 1.2.4.
1.5.3.1 The first group of Schur functions

Parametrise {A(my, ma) : b+ d > 2my} by setting b + d = 2mgy + k, k > 0. Write
c=d+2l,] >0 to get ¢c = dmod 2. The condition ¢ + d < 2my is equivalent to
d + 1 < msy. This ensures that ¢ < b. Then a = 2m; — k — 2l — d, which satisfies
2my > a + d. To ensure that a > b we impose the condition a +d = 2m; — k — 2] >
b+ d = 2msy + k to finish with parameters k,[,d > 0,d + 1 < mo, k +1 < m; — ms.

The contribution of the partitions A with b+ d > 2my is then
> (=1)Fsy, where A = (2m; — k — 20 — d,2my + k — d, 21 + d, d)

and k, [, d are integer parameters with k,l,d > 0,d +1 < mg, k +1 < my — mo.
1.5.3.2  The second group of Schur functions

Parametrise {A(my,ma) : b+ d < 2my} by setting b + d = 2my — k, k > 0. Write
a+d=2my—2l,1 >0toget a=dmod 2 and 2m; > a+d. Then b+ ¢ = 2msy + 21,
so ¢ > d. The condition 2my < a + d is equivalent to [ < m; — ms. This ensures that
b <a.

Now b=2ms —k—dsoc=2l+k+dsoc<bisequivalent to [ + k + d < mo.
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The contribution of the partitions A with b+ d < 2my is
> (=1)Fsy, where A = (2m; — 21 — d,2my — k — d, 20 + k + d, d)

and k, [, d are integer parameters with k,[,d > 0,1 + k +d < mo,l < my — mo.
1.5.4 Reduction to the case of sl;.

In the special case of sl3 we have d = 0, and we get two double sums of 3-row Schur
functions, one for partitions with b > 2ms, and one for those with b < 2ms, to avoid
double counting those with b = 2ms,. Since we are working in sl3 this can be reduced
further to sums over 2-row partitions, since Sqpc = Sq—cp—c

Explicitly we have from the first group of partitions the sum

Z(_ 1)k52m1—4l—k,2m2—2l+k

taken over k,l > 0,1 < mgy, k+ 1 < my; —msy. The second group yields

Z(— 1>k32m1—4l—k,2m2—2l—2k:

taken over [ > 0,k > 0,k +1 < mg,l < my; — mo. This gives a second proof of
Theorem 1.2.4. It may be preferable all the same to retain the 3-row format when
estimating the effects of twists in sl3 as then all the partitions have 2m; + 2my cells

and thus their twist factors depend only on the total content of the partition.

1.6 Sample computations

In this section we give some sample computations of Theorems 1.2.1 and 1.2.4. The-
orem 1.2.1 implies that:

Tr23)57(1/0) = 244050 +¢%2 — ¢35+ 30 +2¢38 — 39 — g4 4 g2 — 83 4 20M — g5 2047 ¢
0% — 49 42470 — 2451 1 52 — 253 — 2455 4 3¢5 — 2457 4258 — 2459 — ¢B0 —_ 51 12462 _ 4463 1
3¢5 4 ¢85 — gB7 1 68 — 3489 4 3470 _ 2471 4 3¢72 1 ¢T3 — qT4 _ gT5 _ 9477 42478 4 ¢ 42450 —

2q82—q83+q85+2q86—3q88+q89—2q90—q92+2q93+q94+2q95—3q96+q97—2q98+q99+q100+
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9101 — 04102 4 3,103 _ 5,104 _ (106 | 3,107 4 9,108 | 4,109 _ 4110 4 30111 _ 3,112 9,113 | (114 |
G115 — 116 4 51T _ 5118 _ 9110 _9p121 | 9,122 | 5128 9124 4 125 _ (126 4,127 _ 129 _
130 4 4181 _ 4182 _ 9133 4 9134 _ (185 | 136 | 137 _ 9 138 L 90139 | 3,140 _ 3,141 L 90142 _
9143 _ 4144 94145 | 64148 _ 94149 _ 4151 _ 152 4 3,158 4 40154 _ 0155 | 3156 _ 4157 _ 4,158 |
3159 — 3160 4 9161 | 44162 _ 3163 4 4,164 _ 9165 _ 4,166 | 5,167 4 9,170 _ 6,171 4 9,172 |
3173 _ 4glTh 4 175 4 g1T6 _ 3177 | 5,178 _ 9179 _ 9 180 | 4 181 9,183 _ (184 _ 185 4 3,186 |
2187 4 24189 4 190 _ 54191 4 94192 _ ;193 _ 194 | 5,195 | 9196 _ 0197 _ (198 _ 5,199 | 3,201 _
9202 4 203 4 34204 9,205 4 (206 5,208 4 4,209 4 9210 _ 3,218 3,214 | 4215 9216 | 9217 |
3q218 _ 9219 _ 4222 4 5,223 | 9,220 _ 9,225 _ 3,227 _ 3,228 4 3,220 _ (230 | 3,232 9,233 |
23 42235 _ 3236 4 (237 | (238 9239 | 3,240 _ 241 _ (242 | 00243 _ 4,244 _ 9245 | 9,246 |
g8 | 9219 _ 34250 _ 9252 _ 94253 | 3,250 | 9,256 | 9257 _ 3,258 _ 3,250 _ 9,260 | 261 |
4g262 4 (263 | (264 _ (265 _ 3266 _ 00267 | 268 4 (269 L 90270 | 271 _ 272 _ (278 _ (274 | 275

Theorem 1.2.4 implies that:

Po(Vs7) = Voa — Voo + Vo0 — Voiz + Vo,i6 — Vo9 — Vig + Voo + Vag — Voo + Vo 19 —
Vorus +Voi18 = Vaa +Vao + Vag — Va1 + Var1a — Va7 — Vso — Vse + Voa + Vo,10 — Ve,13 +
Vo6 — Vio —Vig+Vso+ Vee+ Vi12 — Vs 15 — Vou — Vo 10 + Vio2 + Viog + Vio,14 — Vito —
Vite — Vitge + Viza + Vizgo — Viso — Visg + Vigo + Vise — Visa + Vieo — Viro where
Vioine = Vinwi4nows -

For future checks with other formulas, Theorem 1.2.1 implies that J2 3 70.70(1/¢) is
a polynomial of ¢ with exponents with respect to ¢ in the interval [280,30100] (where
the end points are attained), leading and trailing coefficients 1 and coefficients in the
interval [—55196, 65594], where the coefficient —55196 is attained at precisely at %85

18925

and ¢ and the coefficient 65594 is attained precisely at ¢'¥1%5. In other words, we

have
J273770770(1/q) — q280_|__ . ‘+65594q18165+‘ . '—55196q18854+' X '—55196q18925+‘ . "I’qSOlOO

Using Theorem 1.2.1 it is possible to compute the colored Jones polynomials

JT(Z,S),nl,nQ (Q) fOI' ni,Ng = O, ceey 100
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CHAPTER 11

A STABILITY CONJECTURE FOR THE COLORED
JONES POLYNOMIAL

2.1 Introduction

2.1.1 The degree and coefficients of a ¢g-holonomic sequence

Our goal in this chapter is to formulate a stability conjecture for the coefficients of
g-holonomic sequences that appear naturally in Quantum Knot Theory [24]. Our

conjecture is motivated by

(a) a structure theorem for the degree and coefficients of a g-holonomic sequence of

polynomials given in [20],
(b) a stability theorem of the colored Jones polynomial of an alternating knot [25].

To discuss our first motivation, recall [56] that a sequence (f,,(q)) is g-holonomic if it

satisfies a linear recursion

M:“

C] (] » q fn—l—] )_O
7=0

for all n where ¢;(u,v) € Z[u,v] and ¢; # 0. Here, f,(q) is either in Z[¢*'], the ring of
Laurent polynomials with integer coefficients, or more generally in Q(q), the field of
rational functions with rational coefficients or even Z((q)), the ring of Laurent power
series in ¢ Y.y a;jq¢’ (with a; integers, vanishing when j is small enough). Z((q))
has a subring Z[[g]] of formal power series in g, where a; = 0 for j < 0. The degree
0*(f(q)) of f(q) € Z((q)) is the smallest integer m such that ¢™ f(q) € Z[[q]].

Thus, we can expand every non-zero sequence (f,(¢)) in the form

fulq@) = ag(n)g® ™ + a1 (n)¢® ™ + ay(n)g® ™M+ . (17)
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where 6*(n) is the degree of f,(q) and ax(n) is the k-th coefficient of ¢=° ™ f,(q),
reading from the left. We will often call ax(n) the k-th stable coefficient of the

sequence (fn(q)).

In [20] it was proven that if (f,(q)) is g-holonomic, then
e 0*(n) is a quadratic quasi-polynomial for all but finitely many values of n,
e for every k € N, ag(n) is recurrent for all but finitely many values of n.

Recall that a quasi-polynomial (of degree at most d) is a function of the form
d

p:N—7Z, an(n):ch(n)nj

=0

j
where ¢; : N — Q are periodic functions. Let P denote the ring of integer-valued
quasi-polynomials. A recurrent sequence is one that satisfies a linear recursion with
constant coefficients. Recurrent sequences are well-known in number theory under
the name of Generalized Exponential Sums [54, 16]. The latter are expressions of the

form
a(n) = Ay(n)a}
i=1
with roots a;, 1 < ¢ < m distinct algebraic numbers and polynomials A;. Integer-

valued generalized exponential sums form a ring £, which contains a subring P that

consists of integer-valued exponential sums whose roots are complex roots of unity.
2.1.2 Stability of the colored Jones polynomial of an alternating link

The second motivation of our Conjecture 2.1.5 below comes from the stability theorem
of [25] that concerns the colored Jones polynomial of an alternating link. Recall

the notion of convergence in the completed ring Z((q)) = l'gan[qil] /(¢"). Given

fn(q), f(q) € Z((q)), we write that

lim f.(q) = f(q)
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if there exists C' such that §*(f,(¢)) > C for all n, and for every m € N there exists

N,, € N such that
fulq) = f(q) € ¢"Z][q]] -

The next definition of stability appears in [24] and the notion of its tail is inspired by
Dasbach-Lin [12].

Definition 2.1.1. We say that a sequence f,(q) € Z[[q]] is stable if there exists a

series F(x,q) = > ey Pu(q)z® € Z((q))[[z]] such that for every k € N, we have

k
lim g~ "+ (fn(Q) - Zq)j(q)qj("*”) = 0. (18)

n—oo
=0
We will call F(x,q) the (x,q)-tail (in short, the tail) of the sequence (f.(q)).

Examples of stable sequences are the shifted colored Jones polynomials of an
alternating link. Let Ji,(q) € Z[¢*'/?] denote the colored Jones polynomial of a link
K colored by the (n + 1)-dimensional irreducible representation of sly (see [52, 53]).
Let 03 (n) and ago(n) denote the degree and the 0-th stable coefficient of Ji ,,(q).
It is well-known known that ax(n) = (—1)“"™ where c_ is the number of negative

crossings of K [39].

Theorem 2.1.2. [25] If K is an alternating link, then the sequence ag o(—n)q k™ Jx . (q) €

Z|q] is stable.
2.1.3 c-stability
We are now ready to introduce the notion of c-stability.

Definition 2.1.3. We say that a sequence f,(q) € Z((q)) with q-degree 6*(n) is c-
stable (i.e., cyclotomically stable) if there exists a series F'(n,z,q) = Z?’:O P, (n, q)xk c
P((q))[[x]] such that for every k € N, we have

n—o0

k
lim ¢+ (q_é*(n)fn(Q) - Z‘Dj(n,q)qj("“)> = 0. (19)

=0

We will call F(n,x,q) the (n,z,q)-tail (in short, tail) of the sequence (f.(q)).
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Remark 2.1.4. The stable coefficients of a c-stable sequence ( f,,(q)) are quasi-polynomials.
Le., with the notation of Equation (17), we have that ay, € P for all k. In fact, if
(fu(q)) is c-stable and | € N, the stable coefficients of the sequence
-1
g 'ty (fn(q) -> CI>j((z)qj("“’>
=0

are quasi-polynomaials.
2.1.4 Our results

For a knot K in S3, colored by an irreducible representation V of a simple Lie algebra
g with highest weight A\, one can define the colored Jones polynomial J ?(,VA (q) € Z[q*!]
[52, 53]. This requires a rescalled definition of ¢, which depends only on the Lie
algebra and not on the knot, and is discussed carefully in [38]. In [24] it was shown
that for every knot K and every simple Lie algebra g, the function A — J% , (¢) (and

consequently the sequence (J%,,(q))) is ¢-holonomic.

Conjecture 2.1.5. Fiz a knot K, a simple Lie algebra g and a dominant weight \

of g. Then the sequence (Jf(jn/\(q)) of colored Jones polynomials is c-stable.

Theorem 2.1.6. Conjecture 2.1.5 holds for all torus knots and all rank 2 simple Lie

algebras.
For a precise statement and for a computation of the tail, see Theorem 2.6.2.

Remark 2.1.7. Theorem 2.1.2 implies that if K is an alternating knot with c_ cross-

ings and k € N, the k-th stable coefficient arx (n) of the sequence (Jk(q)) is given
by
arp(n) = (=1)""coeff (®x 0(q), ")

and satisfies the first order linear recurrence relation

aK,k(n + 1) — (—1)C‘aK7k(n) = 0.
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Here coeff(f(q),q") denotes the coefficient of ¢* in f(q) € Z((q)). The stable co-
efficients ci . of an alternating knot K are studied in [27, 26]. In all examples of
the colored Jones polynomial of a knot that have been analyzed (this includes alter-
nating knots, torus knots and the 2-fusion knots), the k-stable coefficient is a quasi-
polynomial of degree 0, i.e., it is constant on suitable arithmetic progressions. One
might think that this holds for all simple Lie algebras. FExample 2.1.10 below shows

that this is not the case, hence the notion of c-stability is necessary.
2.1.5 A sample of ¢-series

In this section we give a concrete sample of tails and g-series that appear in our study.

Example 2.1.8. Consider the theta series given by [9]

Oelq) = Y (—1)7q="+ (20)

SEZL

In Section 2.9 we will prove the following.

Theorem 2.1.9. The tail of the c-stable sequence (J%(Zb)’ml(q)) for b > 2 odd is
given by

Op,0 (@) (1 +@°2%) + ¢°0, 5 5(q)7
(1-g)(1 —gr)(1—q¢%v)

In particular, for the trefoil, i.e., b =3 the tail equals to

1 —qx + ¢32?

Do T = q0)(1 = 20)

Example 2.1.10. The tail of the c-stable sequence (J;}(i 5) np(q)) is given by

1

(1 _ l’q)2(1 B 172(]2) (AO(Q) + nAl(Q))

where Ay(q), A1(q) € Z[[q]] are given explicitly in Proposition 2.9.3. The first few
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terms of those q-series are given by

Ao(q) =1 — 2¢+ 26 — ¢* + ¢* — 2¢°° — 2¢°7 + 2% + 2¢% + 2¢°° + 2™ — ¢ — 2¢™ — 2¢™
—2g% Bt 2g® 28T 4+

Ai(g) =1 — 2+ 2% — ¢* — ¢ + 2¢° + 24" — 2¢'2 — 4" — ¢'8 + 241 + 2¢?" + 3¢*2 — 247
— 2670 — 247 + 4¢% — ¢ — 2™ + %8 — 20" + 26 + 247 + 4477 — 2¢°° + 24 — 445
— 256 — 248 _ 24T _ ¢ 4 407 + 2651 + 2452 + #4235 — 265 + ...

It follows that for every fized k, the k-th stable coefficient ar(n) of (J?(2475)7np(q))

satisfies the linear recursion relation
ag(n+2) —2ax(n+1) + ax(n) =0

for alln.

We leave as an exercise to the reader to show that

Al <q) _ Z q20(m%+3m1m2+3m§)+2m1+3m2(1 o q4m1+1)(1 . q4m1+12m2+1>(1 . q8m1+12m2+2)
m1,ma€Z
= (@ [ D (-D"¢ = = > (-1)"q 2
nez ned+z

= (@)oo (47, 4")oe(0®,0") (0", ") oo — a(1 = ¢*) (0", 6" ) (0", ") (6", 4" ) )

where as usual, (2,9)00 = [[oeo(l — ¢"2) and (@)oo = (¢,9)- The book [9] is an

excellent source for proving such identities.

2.2 The colored Jones polynomaial of a torus knot

2.2.1 The Jones-Rosso formula

To verify Conjecture 2.1.5 for all torus knots 7'(a,b) (where 0 < a < b and a and b

are coprime integers), we will use the formula of Jones-Rosso [47]. It states that

g
Jab

¢ b (21)

H‘ES)\ a
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where

e d, is the quantum dimension of V) and @, is the eigenvalue of the twist operator

on the representation V) given by:

d)\ _ H [()\ + p, Oé)] 0)\ — q%(k,)\—&-Qp)’ [TL] _ qi - (22)
2

a>0 [(pv Oé)] ’ q

° m’ia € Z is the multiplicity of V), in the a-plethysm of V where where 1), denote
the a-Adams operation. IL.e., we have:
Calchy) = Y m8 ,chy, (23)
.U'GS/\,a

where chy is the formal character of V.

To describe the plethysm multiplicity mia and the summation set Sy 4, recall the
Kostant multiplicity formula [36] which expresses the multiplicities m) of the p-weight
space of V), in terms of the Kostant partition function p:

mh =Y (=1)p(a(A +p) — p — p) (24)
ceW
As usual, W is the Weyl group of the simple Lie algebra g and p is half the sum of

its positive roots.

Lemma 2.2.1. (a) We have:

Htp—o(p)
mh, =Y (=1)7m, (25)

ceEW

where the summation is over the elements o € W such that ’“Lp%”(p) is in the weight

lattice (but not necessarily a dominant weight).

(b) It follows that

Sra=| | (0(p) = p+all,) | N AT (26)

oceW

where II, is the set of all weights of V).
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Remark 2.2.2. The Jones-Rosso formula (21) combined with Equations (24) and
(25) imply that that we can write

Jig“(a,b),)\<q> = Z J%(a,b),,\,g,gr(Q) (27)

o0’ eW

for some rational functions J%(mb)’/\’a,a,(q). It is easy to see that the sequences (J%(a7b)7m’aﬂ,(q))
are q-holonomic (with respect to n) and c-stable. If cancellation of the leading and
trailing terms did not occur in Equation (27), it would imply a short proof of Theorem
2.1.6 for all torus knots and all simple Lie algebras. Unfortunately, after we perform
the sum in Equation (27) cancellation occurs and the degree of the summand is much
lower than the degree of the sum. This already happens for As and the trefoil, an
alternating knot. This cancellation is responsible for the minimizer iy, to be of order

O(A) rather than O(1) in case As, part (b) of Theorem 2.2.4.
2.2.2 The degree of the colored Jones polynomial

The Jones-Rosso formula can be written in the form
. q—%b()\,)\)—(—l—l-ab)()\,p)
JT(a,b),,\(Q) = oo
[1(1—qtea)

a>0

> gl Db TT(1 - gute) (28)

MES,\’a a>0
When the dominant weight A and the torus knot 7'(a,b) is fixed, the minimum the
and maximum degree of the summand are positive-definite quadratic forms f*(u) and

f(n) given by

fr(p) = Q—bG(M, ) + (—1 + g) (1, p) — %b(& A) = (=1 +ab)(A, p) (29a)
o) = e+ (15 2) ) = SO0 = (L ab)r ) (290)

In Section 2.7 we will prove the following.

Theorem 2.2.3. Fiz a simple Lie algebra g and a torus knot T'(a,b). The quadratic

. : : M
form f(u) achieves mazimum uniquely at My, = aX € S, \. Moreover, mAvg’“ = 1.

25



The next theorem states that f*(u) has a unique minimizer which we denote by
. and describes py o explicitly for all simple Lie algebras of rank 2. Below, {A1, A2}
are the dominant weights of a simple Lie elgebra of rank 2. Its proof is given in

Section 2.8 using a case-by-case analysis.

Theorem 2.2.4. When g is a simple Lie algebra of rank 2, then
(a)The quadratic form f*(y) achieves minimum uniquely at f15 o € S,,x and m} , # 0.

(b) For a dominant weight A = mjA; + maAs, we have

For As:
(m1 — mz))\g if mi 2 mo
Hr2 = frz =0
(m2 — ml))\l if mi S mo
and )
0 if m; = my mod 3
fra =9 (a—3)A\ ifmy=my+1mod3 fora=>4
(@ —3)\y if my =mgy+2mod 3
For Bs:

0 if m1, ms = 0 mod 2
A1 ifm; =0,m9 =1 mod 2
a2 = Hx3 = 4 29 if m; =1 mod 2,my =0 mod 2
0  otherwise

/\1+)\2 1fm251m0d2
\

0 if my = 0 mod 2
pra =0 HUra = fora>5

(a—4)Ay if my =1 mod 2
For Gs:

fra = 0 for all a > 2
Theorem 2.2.4 part (b) implies the following.

Corollary 2.2.5. [,y 5 a piecewise quasi-linear function of n for n > 0.
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Let 03 (\) and dx (\) denote the minimum and the mazimum degree of the colored

Jones polynomial Ji y, (q) with respect to g.
Corollary 2.2.6. We have:
070y (A) = " (1ra) (30a)
Or(an(A) = flar). (30D)
2.3 Some lemmas about stability
In this section we collect some lemmas about stable sequences.

Lemma 2.3.1. Fiz natural numbers ¢ and d and consider g,(q) = 1_f;§3>+d. Then

(fn(q)) is stable if and only if (gn(q)) is stable. In that case, their corresponding tails
F(x,q) and G(x,q) satisfy

G(r,q) = (31)

Proof. Let
F(z,q) =Y o(@)z",  Glz.q) =) tulg)r*.
k=0 k=0

If F and G satisfy Equation (31), collecting powers of 2* on both sides implies that

velg) = > dilg)d. (32)
i+jc=k
Assume that f,(q) is stable, and define ¢ (¢q) by Equation (32). We will prove by
induction on k that g, (q) is k-stable with corresponding limit ¢ (q).

Let

20,n(q) =fn(q)

n(q) =¢ " (k10 — P1-1(q))

=q ™" (fn((J) - Z_:@(q)ql”) , k>1
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and

Bon(q) =gn(q)
Brn(@) =" (Br—1n — Yx-1(q))

k—1
=q " (gn(Q) - ZM(Q)Q”‘) , k>1
=0

For k = 0, the 0—limit of g,(g) is lim;, o gn(q) = limy, 00 7= qcn+d = ¢o(q) = Vo(q).

Assuming by induction that g,(q) is (k — 1)-stable, we have

Bt = ( DI

=0 i+jc=I

Z qj(c’n-'rd Z ¢z (q)qinqj(cn+d)>

0<i+jc<lk—1

k—1—jc
—q " Z sentd) (fn() > cbz-(CJ)qi”)Jrq‘k" > @ fulq)

7= i=0 J> 15

L5 k—1—jc
=) g tiom (fn(q) - @(q)qm) +g Y P f(g)

j=0 =0 =Y
B
_ Z qj ak*]C’n Z q] anrd)fn
]:O ]>Lk lj
|51
= @ Fa DY P g knzqa(cn+d
=0 |E=l]<j<t
= ) oinle) + D gV (g)
i+jc=k j>§
Therefore,
jd
Jim Benle) = D a'6i(a) = vula).
i+jc=k
Conversely, if (g,(q)) is stable, so is (f,.(q)). —

Lemma 2.3.2. Fiz a rational polytope P C [0,00)" that intersects the interior of

every positive coordinate ray and a positive definite quadratic function Q) : 7" — 7.
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Let ¢ : NXZ" — Z be such that for each fized v € Z" and for n > 0, ¢(n,v) = t(n,v)
where n > t(n,v) is a quasi-polynomial. For each natural number n define

Ta)= Y cn,v)g®".

veENPNL

Then (T,(q)) is c-stable and its (n,x,q)-tail is given by

Flnzg) = > tn,0)q%®.

vELNRT,

Proof. Let ¢o(n,q) = > t(n,v)q?"). We need to prove that for all k& > 0, we

vGﬁﬂRi
have
Jim ¢ (T, (q) = do(n, ) = 0.
We have

¢ F(T(q) — do(n. @) =g Y (c(n,v) = t(n,0)g? = > H(n,v)g?" "

veP, ve(LNR)\ Py,

(33)

- _ Z t(n,v)q@@=kn (34)

vE(LART )\ Py

for n large enough. Let us first assume that ) is a quadratic form and let d be the
minimum of ¢ on R"\ P°. We will prove that d > 0. Indeed, since @) is a positive
definite form we only need to minimize () over the union F' of the faces of P that are
not in the coordinate planes. Since F' is compact, () attains its minimum at some
vg € F and d = Q(vg) > 0 since vy # 0. If v € R"\ nP° (where P° is the interior
of P) then v = nv',v' € R"\ P°, so Q(v) = Q(nv') = n*Q(v') > dn®. Therefore the
limit of the right hand side of Equation (33) as n approaches infinity is zero.

If ) is not a quadratic form we can write ) = Q2 + ()1 where ()5 is the quadratic
part of Q. Then if v € R" \ nP° we have Q(v) = Q2(v) + Q1(v) > dn? + Q,(v) >

(d + 1)n? for n large enough.
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Remark 2.3.3. Let p € P. The tangent cone Tan(P,p) is defined to be the set of all

directions v that one can go and stay in P:
Tan(P,p) = {v € R"|p+ ev € P for smalle > 0}

Lemma 2.3.2 still holds if we replace nP with n(P —p) or nP —p and L with a union
of a finite number of translates of L. In this setting, the stable series is
Fln,z,q)= > tn,0)q?".
v€ Tan(P,p)NZ"
Remark 2.3.4. Supose that f,(q) satisfies 6*(fn(q)) > cn® for some ¢ > 0,n > 0

then gn(q) is c-stable if g,(q) + fn(q) is c-stable and they have the same tails.

2.4 Stability of the multiplicity
2.4.1 Lie algebra notation

Let us recall some standard notation from [8, 32]. Let g denote a simple Lie algebra
of rank 7 with weight lattice A, root lattice A, and normalized inner product (-, ) on
A. Let W be its Weyl group and A" the set of all the dominant weights with respect
to a fixed Weyl chamber. Let a; (resp., \;), 1 < ¢ < r, be the set of simple roots
(resp., fundamental weights) of g.The root lattice A, has the partial order given by
b < «if and only if « — 5 = inioci where n; e N, i=1,...,r.

For a dominant weight A é:/lﬁ, let V\ denote the corresponding irreducible repre-
sentation V) and let II, denote the set of all of the weights of V.

The Kostant partition function p(«) of an element of the root lattice « is the sum
of all ways of writing o as a nonnegative integer linear combination of positive roots

36].
2.4.2 A formula for the plethysm multiplicity

In this section we prove Lemma 2.2.1.
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Proof. (of Lemma 2.2.1) (a) We have

a(chy) = Z mhe,) Z mhpa(e,) = Z mheaq,, . (35)

pHEITy HETTy HETTy

From Equations (23) and (35) we have

mech = Z mheq, - (36)

REITy

Let us define w(p) := > (—1)7€,(u) by for € A*. The Weyl character formula
oeW

states that [32]:

w(p)chy =w(A+p).

Multiplying both sides of Equation (36) with w(p) and applying Weyl’s formula we

have
Z mA a :u + p Z m)\eau (37)
pelly

Replacing w(p + p) Wlth > (—1)%eo(u+p) and w(p) with Y~ (—1)%eq(,) in Equation
oceW oeW

(37) we have

Z Z (_1>0m§,a60(u+p) =( Z m‘;ea#)(z (=1)%€s(s)) (38)

n oceWw pelly ceW
=D D () mheauat) (39)
,UEH/\ oceW

Setting o(u+ p) = v+ p on the left hand side of Equation (39) and au+o(p) =v+p
on right hand side we have
vtp—o(p)

ZZ mAa H(e)= Pevip = ZZ —1)m, *  eys, (40)

v oeW v oeW

But we want o~(v + p) — p to be a dominant weight, which can happen only when
o = 1. Therefore Equation (40) becomes

, vtp—o(p)
E my Cuip = E E —1)7m, Cutp (41)
v

v oeW

Identifying the coeflicients of e, , on both sides of Equation (41) gives us the desired

equality.
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(b) This follows from the fact that m§ # 0 if and only if v € II,. If v = utp=o(p) this

a

means that pu € o(p) — p + all,. O

2.4.3 Stability of the plethysm multiplicity

p+nv

In this section we will prove that the coefficients m,

is a piecewise quasi-polynomial
for n > 0 where A € AT, u,v € A. A piecewise quasi-polynomial function on a
rational vector space is a rational polyhedral fan together with a quasi-polynomial
function on each chamber of the fan. Piecewise quasi-polynomials appear naturally as

vector partition functions [49]. The Kostant partition function of a simple Lie algebra

g is a vector partition function (see [36]), hence a piecewise quasi-polynomial.

Theorem 2.4.1. Let A\ € AT, p,v € A, then m'T" is a piecewise quasi-polynomial

mn forn>0.

Proof. We have

pitn - ptnv+p—o(p)
Moyxa = Z(_l) My (42)

oceW

and by Kostant’s multiplicity formula in [36], we have

R > (o'm o) - (L2200 p>)
= 3 0 () - (T )
- /ZW(—l)UIp (n(a’()\) - §> - (M +p- a’(p)))
- UZZpy(—l)% (X - )

Assume that n\ — o’ can be written as a linear combination of positive roots of g so
that p(n\' — «) # 0. For n > 0, n\ — o/ stays in some fixed Kostant chamber and

it follows from Theorem 1 in [49] that p(n\ — «’) is a quasi-polynomial in n. Since

p+nv

mn)\,a

is a finite sum of quasi-polynomials in n, it is also a quasi-polynomial in n. [
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2.5 The summation set

2.5.1 A lattice point description of the summation set

In this section give a lattice point description of the summation set Sy,. Let P\

denote the convex polytope defined by the convex hull of IIy N A™.

Lemma 2.5.1. For all A, a we have:

S)\,a g C)\,a N Pa>\ (43)
where
Lra= | (ar+0(p) = p+ah,) (44)
oceW

1s a finite union of translates of the lattice al\,. Let
R)\,a = (‘C)\7a N Pa)\) \ S/\,a (45)
denote the set of missing points.

Proof. Recall that Py consists of all « that satisfy (see [32]),

(a, ;) >0 (A—a, \) >0 (46)

foralli =1,...,r. We first prove that S\, C P,). By Lemma 2.2.1(b), we can write
w=av—+o(p)—pe AT where v € IT. Since u € AT, Inequality (46) holds trivially.
To prove the second part of Inequality (46), it suffices to show that (u, A;) < (aX, \;)

for every 1 < i <r. We have
(a)‘v >‘Z) - (:u’a )\Z) = (CL)\ - M, /\z)
= (a(A = p)+p—0c(p), i)
>0

since a(A — p) + p — o(p) is a N-linear combination of positive roots.
Let p = av+o(p)—p € Sy, where v € Iy and 0 € W. Then p = a(A—a)+o(p)—p
where « is some positive root. It follows that € aA, +aX+ o(p) — p C Ly,. This

proves that S, C £y, and completes the proof of the lemma. O
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Remark 2.5.2. The inclusion in Equation (43) is not an equality in general. For
example, consider ¢ = By, A = p,a = 2. In weight coordinates we have

Sp2 = Usew(o(p) — p+ 20,) N AT (47)

= {(27 2)7 (07 4)7 (37 0)7 (27 O>7 (07 2)7 (17 0)7 (O’ 0)} (866 ﬁgure below) (48)

A

» )\

It is clear that (1,2) € Po,. We show that (1,2) = A\ +2X\y € L, and hence this a
missing. Indeed, by the definition of L,2, we only need to find o € W and a root o
such that

M +2 =201 +3a2=2p+0(p) — p+ 2 (49)
In root coordinates we have
2p =3ay +4ag, p—o(p) € {0, a1, as, a1 + 3as, 201 + aa, 301 + 4as}
So by choosing a« = ay and o such that p — o(p) = aq + 3 we have equality (49).

Nevertheless, equality holds when g = As,a = 2, A\ = A\;. This is the content of

the next section.
2.5.2 A special case: no missing points
Proposition 2.5.3. For Ay, we have: Spx, 2 = Lnx 2N Popy, -

Proof. Let Lox 2N Popx, 2 1 = 2n\ +0(p) — p+ 2a = 2v — (p — o(p)) where
v = n\ + « and some 0 € W. As o runs over the Weil group W, p — o(p) is

expressed in weight and root coordinates as follows

weight | (0,0) (2,-1) (=1,2) (0,3) (3,0) (2,2) 50)

root | (0,0) (0,1) (1,0) (L2) (2,1) (2,2)
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Since p1 € Poyy,, from inequality (46) we have (2v—(p—o(p)), ;) > 0, i.e., 2(v, a;) >
(p—o(p),q), i = 1,2. Looking at the first row of the above table we see that this
forces (v, ;) > 0,4 = 1,2. Therefore we have v € A™.

From inequality (46) we have (2nA; — u,A;) > 0, ¢ = 1,2. This implies that

(—2a+ p —a(p), \;) > 0 or equivalently

(P - U(ﬁ)? )‘i) 2 2(&, )‘i)> (51)

1 =1,2. We consider the following cases.

Case 1: If p—o0(p) = 0, a; or ay then inequalities (51) imply that (a, A;) < 0 for
all i so o < 0. Since v = nA; + a € AT, it follows from [32, §13.4] that v € II,,,, and
hence i € Sy, 2-

Case 2: If p—0(p) = a1 +2as then from (51) we have (a, A1) < 0 and (a, Ag) < 1.
If we also have (a, A2) < 0 then by a similar the argument to Case 1 we conclude that
€ Spa 2. If (o, A2) = 1 we can write @ = —xay + as, where x € N. It follows that
w=2n\ +2a— (p—o(p)) = 2n\ — 2xaq + 200 — a1 — 200 = 2(nA] — xay) — Q.
Since v = nA\; + a € AT, from inequality (46) we have (n\; — zay + ag, 1) > 0,
ie, n—2xr—12>0. We have (n\,a) = % =n > 2xr+ 1 > z, therefore
nA; —xaq € Iy, (see [32, § 13.4]). Since we can choose ¢’ such that p — o'(p) = oy,
we have p1 = 2(n\y —zaq) — (p — 0'(p)) € Spa, 2.

Case 3: If p — 0(p) = 201 + a then by a similar argument to the above we can
write @ = a1 — ran, € N. We show that o cannot have this form. Indeed, since
v=n\ +a € AT, we have (n\; + oy — zag, ap) > 0, i.e., —1 — 2x > 0. This is in
contradiction to the fact that z € N.

Case 4: If p — o(p) = 204 + 22 = 2p then (a, A\;) < 1 and (a, Ay) < 1. If either
(a, A1) <0 or (a, A2) < 0 then the same argument as in Cases 2 and 3 above apply.
If (a, A1) = (@, Ag) = 1 then @ = a3 +ag = pand p = 2nA\; +2a — (p —o(p)) =

2”)\1 + 2,0 — 2p = 271)\1 € HQn)q g Sn)\1,2- ]
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2.5.3 An estimate for the missing points

The next proposition shows that the norm of the missing points in R, , is bounded

below by a quadratic function of n.

Proposition 2.5.4. For every \ € A" there ewists a simple root B such that if

€ Rpxg and n >0 then

(A B)?
(8, 6)

Proof. Let p = aa + an\ + o(p) — p = a(nA + a) + o(p) — p for some o € A, and

(1, 1) = a*n*((A\, ) = —-1).

o € W. Since it € Spra, we have that n\ + a & II,,. The ray n\ + a meets one of
the facets of the convex hull of II,,, at some point, say \,. There exist o1,0, € W

such that o1(n)), o2(n\) are the vertices of this facet, and we have

(A4 a,nA + a) > (A, An)
o1(nA) + oo(nA) o1(nA) + Ug(n)\))
2 ’ 2
= (01N, 310)) + (220), 2(1) + 2(01 (), 72(V)))
= 7O +2(01 (1), 02(V)

v

7’L2

=S (AN + (@11, (V)

Since 01(\), 02(A) are in two nearby chambers, there exists a simple root § such

that
(01(A), 02(A)) = (A, 05(N))
We have
P G P _ oW PP
(A, a5(A) = (A A Z(ﬁ,ﬁ)ﬁ) (A A) =2 (3.5)
So
2 - (Avﬁ)Q
(A + a,nA + a) > n (A N) (575))
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fTﬁ(")\) n)d»rr;(nA) n\

o1 (n)\> Ul(lt)\);ﬂz(n)\) g2 (TLA)

nA + «

Therefore

(1, ) = (a(nA + ) — (p—a(p)),a(nA +a) — (p — a(p)))

= a’(nA + a,nA + a) = 2a(nA +a,p — a(p)) + (p — a(p), p — a(p))

(A, B)?
(8, 8)

> a*n?((\ ) — - 1)

for large enough n. O

Recall that Sy, = Sya — fira. Let

A A ~

Lo =Lxra— lras Py = P\ — ira, Ryo = Rxog — tra- (52)

Remark 2.5.5. From now we fix a natural number nyg and we work with n = ny mod
da where d is the order of the fundamental group A/A,. Theorem 2.2.4 implies that

for such n, we have:

— 1 0 ; 1 0 +
® fnra =MV, vy, for some fized weights vy ,, vy, € AT.
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o Lona = Lnpra- Indeed, we have

Loxa = Lora — finra
=nA+o(p) —p+al, —nvy, — 13,
=noA +a(p) — p+al, —novy, — 18, + (n — ng)(A — 13.,)
=ngA+ 0 (p) — p+ aly — pingra + k(a.d) (A — 13 ,), k €N

=ngA+ o (p) — p+ aly — pingra  (since d(X — vy,) € A;)

A

= *Cno/\,a — Hngra = *Cno/\,a

Corollary 2.5.6. (1) Sn,\,a C ﬁno,\@ N Py

(2) Let Ruxa = (Lnora N Panr) \ Snre. If 1 € Ry q then

(A, B)?
(8,6)

(1, 71) + 2071 jtar) = a?n? ((A, \) - _ 1) ~ (o i)

for some simple root .
Proof. Part (1) follows from Lemma 2.5.1(b) and Remark 2.5.5:
gm,a - ﬁn)\,a N Py = ﬁno)\,a N Panx
For part (2), recall that
(s 8) = (f + froras o+ fara)

and therefore if i € Rn/\,a then

(ﬂv ﬂ) + 2(:&7 ,un)\,a) - (LL, M) - (:U’nk,ay MnA,a)

(A B)?
(8, 8)

Z CL2TL2 (()\, >\) — - 1) - (,un)\,ay,uln)\,a>

by Proposition 2.5.4.

Proposition 2.5.7. If g has rank 2 and [i € Rn,\,a then
(laa ,[L) + 2(:&’ MnA,a) Z n2
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Proof. We can prove this by a direct computation for the rank 2 simple Lie algebras
Ay, By and G using Theorem 2.2.4 that gives an explicit formula for fu) 4.

For Ay and mq > mo, from Theorem 2.2.4 we have

2
(Harar fara) < (n(my —ma) Ao, n(my — ma)Ag) = §n2(m1 — my)?

By Corollary 2.5.6 we have

()\,041)2
(uv ) + 2(”7 Hn, a) > (l n (()‘7 )‘) - - 1) - (,U/n)\,ay ,U/n/\,a)
(alaal)
2 9,2 ml 2, 2
> an (3(m1+m1m2—|—m2) G )—gn (my —ma)
—4 2 2
— ng(a G m% + g(aQ + 2)myms + §(a2 — l)mg - 1)

> n?(4mymy + 2m3 — 1)
> n?
except when a = 2 and my = 0. In the later case, Proposition 2.5.3 says that R,,» , = ()

and the inequality holds trivially. The argument is similar for the case m; < my.

2
For By, % is either % or m3. We have

o . A\, o )?
(,ua ,u) + Q(M, ,un)\,a) Z aznz(()\, )\) - Eal 012> - 1) - (Mn)\,avﬂfn)\,a)
m2
- a’ n (ml + mimg + 7 — ma { } - 1) (,un)\,aa /fln)\,a)

>n2

where in the last inequality we have used the fact that (1) 4, ftr ) is bounded for B,
see Theorem 2.2.4.

For Gg, . B) is either 2L or 22, Therefore we have

()\, Oél)

(1, 1) + 2(f1, finx.a > a?n? A A) —
(:u :u) (:u Hon, ) (( ) (&1,0&1)

- 1) - (,un)\,aa ,un/\,a)

m3 3m2}_1

= a’*n*(2m] + 6mymy + 6m3 — max{ ) = (Lnras tnra)

> n?

since piy , = 0 for Gy, see Theorem 2.2.4. O
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2.6 Proof of Theorem 2.1.6

In this section we will prove Theorem 2.1.6 assuming Theorem 2.2.4. Corollary 2.2.6

implies that the shifted colored Jones polynomial defined by

R iy
ng“(a,b),A<q) = ¢ et Jg (a,b), (@) € Z[q] (53)
satisfies
. 1 3
g _ g
JT(a b),A (q) - H (1 _ q()\er,a)) JT(a,b),)\(q)
a0
where
Z m’”“A o i)+ (= 1+ 2) (f1,0)+ 2 (f120,0) H(1 _ q(ﬂﬂu,aﬂha)) (54)
NGSA,Q a0

with S,\’a = S)\,a — Hxa and [L = U — Uxa-
Fix a natural number n, observe that (f,(q)) is c-stable if and only if (farmin,(q))
is c-stable for all ng = 0,1, ..., M. In what follows, we will use M = ad and fix n = nyg

mod ad.
Proposition 2.6.1. (j%(a’b)m/\(q)) is c-stable if and only if

1 frtine 2 (i) (—142) () + L (ftin,a) (ftix atps0)
T gwee] 22 e et | [(-gmetee)

a0 ﬂef’no/\,am[:)an)\ -0

(55)

1s c-stable. In that case, they have the same tails.

Proof. Fix a,b, A and let g,(q) denote the difference between jT(a,b),n A(¢) and Equation
(55). Then

Z m/”“’ﬂ o 5 () H(=142) (A1) + 2 (Astinx,a) H(l_q(ﬂﬂtm,ﬁp@))

a>0

gn(q) = 1 (1 — girtem)
a>0 HERn)\ a

(56)

Proposition 2.5.7 implies that the minimum degree of the summands of Equation (56)

is greater or equal to %nQ for n > 0. The proof then follows from Remark 2.3.4.
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Proposition 2.5.7 implies that we can replace the summation set Syn)\ya by EAM’G N
P, without affecting the stability of j%(a . @) if e ([ﬁ,\ﬂ N PA’GM) \ S’n,\’a then

the minimum degree of the summand of Equation (55) is

b b b b
oy 14 By b _ © 2Y 49 .
—2a(u,u)+( +a)(u,p)+a(u,um,a) —Qa((u,uH (f1, fxna)) — (1, p)
b b
> —_— 2— (] = — 2
> 2an (1, p) 2an + O(n)

where the last inequality follows from Proposition 2.5.7. By Remark 2.5.5 we have

~

Lora = EAM and the Proposition follows. O

Let ty;q(n) = ij\rZ“’“

. Theorem implies that ¢, ;. is a quasi-polynomial. From
Lemma 2.3.2, Proposition 2.5.7, Proposition 2.6.1 and together with the special case

given in Section 2.9.1 we conclude that

Theorem 2.6.2. Fix a rank 2 simple Lie algebras g, a dominant weight A, and a torus
knot T'(a,b). The colored Jones polynomial jqu(a’b),m\(q) is c-stable and its (n, z, q)-tail

1S given by

1 bom AVa (11 b5 bia0 ) i
Frana(n,z,q) = T 0o St a(n)qE BRI DR ) g

a=0 ﬂeﬁ)\yamAJr

(57)

[0 - gt

a>0

Where finya = NVy 4 + V3 4.

2.7 Proof of Theorem 2.2.3

In this section we prove Theorem 2.2.3. Since A is fixed, it suffices to maximize

g(pn) = Z(u,u) + <—1 + g) (1, p)

on the set S) ,.
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Lemma 2.7.1. Let p € At and a = 0 be a positive root such that i+ o € A*. Then

we have

(1op) < (p+a,p+a)

Proof. We have:

(h+a,p+a) = (pp) =2(p, @) + (o, Q)

Now (u, ) > 0 since p is dominant and « is a positive root and («, «) > 0 since (-, -)

is positive definite. O

If v € II) then v = A — o/ where o > 0. Since p — o(p) = 0, we have u = a\ — «
where p € S, ) and a > 0. It follows from the above lemma that M), = aA is the
unique maximizer of f(u).

Next, we compute the plethysm multiplicity m, ,. From Lemma 2.2.1 we have

ar+p—o(p)

mi,)\a = Z(—l)"m/\ ¢

since \ + p_+(p) = Aif p_+(p) € A, with equality only when ¢ = 1. This concludes

the proof of Theorem 2.2.3. O

2.8 Proof of Theorem 2.2.4

This section is devoted to the proof of Theorem 2.2.4, done by a case-by-case analysis
for a fixed simple Lie algebra g of rank 2. Let A = m1 A1 +moXo and g = ug Ay + ug Ao

be dominant weights. Since ) is fixed, it suffices to minimize

g (p) = Z(Maﬂ) + (—1 + g) (1, p)

on the set Sy ,. We use the following lemma and its consequence, Corollary 2.8.2, in

the proof of Theorem 2.2.4.
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Lemma 2.8.1. g*(u) > 0 with equality if and only if u = 0.

Proof. ¢g*(1) is non-negative since (-, -) is a positive-definite form and (u, p) > 0 since
i is a dominant weight and p is a linear combination of simple roots with positive

coefficients. If ¢*(u) = 0 then (u, 1) = 0 which implies that p = 0. O
Corollary 2.8.2. If m} , # 0 then py, = 0 is the unique minimizer of g* ().

We give the proof of Theorem 2.2.4 in Section 2.8.1 below.

2.8.1 Theorem 2.2.4 for A,
2.8.1.1 Plethysm multiplicities for A

There are two simple roots {ay, as} of Ay and three positive roots {a, aq + g, s}

shown in Figure 1. The Kostant function p(u,v) = p(uay + vay) is given by
p(u,v) =1+ min(u,v) .

Qa9 a1 + g

> (1]

Figure 1: The two chambers of the Kostant partition function of A;. Kostant cham-
bers from left to right: v < v, u > v.

Let A = myA; + ma)\s denote a dominant weight and m; > msy. Assuming pu =
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Ui A1 + ug Ao € I, by Kostant’s formula we have

mh =Y (=1)"p(c(A+p) — 1= p)
oceW
2mi+mo 2up +us my+2me up + 2us

:p( - ) - )

3 3 3 3
(2m1 +mg  2up+uxs myp—my U+ 2up 1)
3 E 3

;

1+2m1;-m2 _2u1?-’|-u2 if my—meo < uyp — usg

= 1+m1§2m2—“1§2“2 if u; —uy <mq —my < uy + 2us + 3

14+ my if my —meg > uy + 2us + 3

\

Lemma 2.2.1 gives

1 1 1
5(u142,u2—1) s (u1—1,u2+2) = (u1,u2+3)
=mj —m; —m3 +mj +m3

Let us consider p € Sy 2. There are four cases.

Case 1: uq,uy are even.

(ﬂ u72) (u1+2 ug+2 1 lf UI + 2U2 Z 2(m1 - m2)
m/;,2:m)\2’2 _m)\2’2 —

0 if U + 2ug < 2(m1 — m2>

Case 2: u; even and us odd.

Uy u2+3) (u1+2 u2—1)
27 2 —m, 2 2

—1 iful—u2 §2(m1—m2) §U1+2U2
0 if 2(my —mg) < ug — ug or 2(myq — ma) > ug + 2us

Case 3: u; odd and uy even.

w143 ug up—1 ug+2 —1 if 2(7711 — m2) < U1 — Uy
[ ( 2 77) _ ( 2 02 ) _
My o = My, my =

0 if 2(m1 — mg) Z Uy — U2
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Case 4: u; and uy are odd.

b
m)\72—0

Corollary 2.8.3. For A,, if m’i2 # 0 then uy + 2ug > 2(my — my).

If my < ms we have a similar corollary:

Corollary 2.8.4. For Ay, if my, # 0 then 2u; +uy > 2(my — my).

2.8.1.2  The minimizer for Ay

Case 1: a = 2. By Corollary 2.8.3 it suffices to minimize g*(u) over subset {u €

Sxa tur,uz € Nyug + 2ug > 2(my — ma)} of Sy2. We have

9" () =

(ks 1) + (—1 + g) (ks p)

a 2
U 3u? b—2

(w2 + 5+ =) + =

b—2 b b—2

vV
So
+

4 6 2

b—2

(m1 — m2)2 + T(ml — mg)

v
DT T T

with equality if and only if u; = 0, uy = m; — mo.

Next we show that py o = (my —ma)Ay € Sy2. Indeed,

1. If my —mg = 0 (mod 2) then pyo =2v—(p—0o(p)) € Sy2 where v =

H)\ and o = 1.

b
(uf + uyug +ud) + (=1 + =) (ug + up)
(u1 + U1 + 2U2)

uy + —(my —my)? + ——(my — my)

mi1—m
m2 ), €

2. Ifmi—my = 1 (mod 2) then py» = 2v—(p—0(p)) € Sy where v = ™1=12E3 ), ¢

IT) and p such that p — o(p) = 3Xs.

Note that from the formula for m) , in Equations (58) and (59) we have m

(mi—ma2)Xa __
A2 -

1 which proves part (a). Part (b) is obvious. The case m; < my is similar.
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Case 2: a = 3. From Equation (26), we have

o _ 0 A1 A2
my 3 = My +my +my

Since the fundamental group for A, consists of only three elements 0, Ay, Ao, at least
one of the terms on the right hand side is greater than zero. Therefore m§73 > 0 and
it follows from Lemma 2.8.1 that py 3 = 0 for all A. Therefore part (b) follows. Part
(a) follows from Corollary 2.8.2 and the fact that m3 5 > 0.

Case 3: a > 4.

Claim. At most one term on the right hand side of Equation (25) is nonzero.

ptp—oq1(p)

Proof. Indeed, if there are oy, 09 in the Weyl group for Ay such that m, # 0 and

utp—oa(p)

m, *  # 0then “+p_aal(p) —ute=oale) ¢ A Equivalently, (p—a1(p))—(p—02(p)) €

a

al,. This is a contradiction since a > 4 and by [36],
p—o(p)= > a
acAtio—1(a)eA

which do not belong to aA, if a > 4. Here A™ is the set of positive roots and
A~ = —AT. O

Case 3.1: A € A,, i.e., m; —me = 0mod 3. By the above claim we have mgﬂ =

p—a(p)

m, ¢ for some o. It’s easy to see that the only o for which %(p) is a weight is

when ¢ = 1 and therefore m3 , = m{ > 0. It follows from Lemma 2.8.1 that ji, o = 0.

Therefore part (b) follows for this case. Part (a) follows from Corollary 2.8.2 and the

fact that m3 5 > 0.

Case 3.2: If X ¢ A,, or equivalently m; — my # 0 mod 3 then m3 ,, = m} = 0 so

tre 7 0. By the above claim, we have

L - u+pgv(p)
Mya = (=1)7m,

utp—o(p)
for someo. Furthermore, m, * 0 if and only if &=} — }, ¢ 11, or equiva-
) A y a

lently, p = av — (p — a(p)). Let p — o(p) = sA; + tA, where
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(s,t) 1(0,0) (-1,2) (1,—-2) (0,3) (3,0) (2,2)

(60)

(—1)° 1 —1 -1 1 1 -1

So if v = v1 A1 + ve g then p = (avy — s)A; + (avy — t) Ao, Since p is a positive weight,

we have we have

avy —s >0

avy —t >0

Since a > 4 and |[s|, [t| < 3, these inequalities imply that vy, ve > 0, i.e., v is also a
positive weight. There are two possibilities for A.

Case 3.2.1: \; € 1l,, i.e., m;y = my + 1 mod 3. Then we can choose 1y = A\ and o
to be the unique element in W such that p — oo(p) = 3A;. We will prove that py , =
avy — (p—oo(p)) = (a— 3)\; is the minimizer. Indeed, let p = av — (p—o(p)) € Sra
where v € II, as above.

Case 3.2.1.1: If v = )\ then for u to be a dominant weight we should have, according
to Table (60),

(

0 which gives p = a);
p—0(p) =<\ —2X\ which gives = (a — 1)A\; + 2Xs

3\ which gives p = (a —3)A\1 = taq

\

It is easy to check that g*(u) > ¢*(prq) for the first two values of p.
Case 3.2.1.2: If v # Ay, let v = v1\; + v2 A9 then we have vy, v, > 0 and vy + vy > 3,

since the only cases where v; + vy < 3 are v = Ay and Ay + Ay but these weights donot
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belong in ITy. Let v = av — (p— o (p)) = (avy — s)A\1 + (avy — t) A2 as before. We have

g () = %(%M) + (—1 + 2) (1, p)

b b
= 3—a(7ﬁ + uyug + u3) + (-1 + a)(ul + uy)

b
= g(aQ(v% + 0109 + v3) — 2a(vy + va)(s + 1) + 57 + st +t2)

(14 D)ooy ) — 5~ 1)

It is easy to check that for all (s,¢) € {(0,0),(—1,2),(1,-2),(0,3),(3,0),(2,2)}

and (vy,vs) : v1,v9 > 0,01 + vy > 3, we have

a?(v? 4+ vy + v3) — 2a(vy + v2)(s +t) + 52 + st + 12 > (a — 3)?

a(vy +v9) —s—t>a—3

and therefore g*(u) > =(a — 3)2 + (=1 + 2)(a — 3) = g*(p.a) for all p # Ay,

The above argument showed that ), = (@ — 3)A; is the unique minimizer, and
note that mE\‘fa_S)’\l = m)' # 0 since \; € IT,. This proves parts (a) and (b) for Case
3.2.1.

Case 3.2.2: )y € II, or equivalently, m; = my + 2 mod 3. The proof for this is

identical to the one above.

This completes the proof of Theorem 2.2.4 for A,. n

2.8.2 Theorem 2.2.4 for B,

There are two simple roots {a1, @z} and four positive roots {aq, ag, g + e, a1 + 202}

of By shown in Figure 2. The Kostant partition function p(u,v) = p(ua; + vas) is
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given by [50]

(b@) ifu>w
P v) = 4 bo) — C=HGE i u < v < 2us b(n):nz2+n+ 1 Tf% .
\W—léﬂ if 2u <w 4 it 2 fn
(61)

There are three Kostant chambers shown in Figure 2. Let A = myA; + ma)Ay denote

o g+ oo a1 + 20

(&3]

Figure 2: The three chambers of the Kostant partition function of B,. Kostant
chambers from left to right: v > v, u < v < 2u, u > 2v.

a dominant weight. In weight coordinates we have

p—o(p) =s\ +1t\

where
(50 |0.0) 29 (1Y) (LY 6.2 GO 09 @]
(—=1)° 1 —1 —1 1 1 —1 -1 1
Lemma 2.2.1 implies that
, —m:\\2 mi’b + m;\ﬁ’\z if a=2
—mj\\l if a=3
m3 , =mS + (63)
—miQ if a=4
\0 if a>5
Case 1: a = 2. Equation (63) implies that
g = — % — e, (o1
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Case 1.1: A € A, i.e.,, my = 0 mod 2. In this case, we have A\; + \o, Ay € A,, and

therefore m}> = m}' ™ = 0. Equation (64) becomes

o _ .0 2X2 _
my o =my —my? =1.

where the later equality comes from formula (61) and the Kostant multiplicity for-
mula (24). It follows from Lemma 2.8.1 that ) 2 = 0 which proves part (b). Part (a)

follows from Corollary 2.8.2 and the fact that m, =1 # 0.

Case 1.2: A € A, i.e., my = 1 mod 2. Since m{ = mi)‘z = 0 we have

0 _ A1+ Aa m§2 — 1

If my > 0 then choose v = \; + Ay € Il and o such that p — o(p) = 2A; + 2X,
we obtain pyo = 2v — (p — a(p)) = 2(A1 + A2) — (2A1 + 2X2) = 0. If otherwise
my; = 0 then we choose v = Ay € II, o such that p — o(p) = —A; + 2A\; and get
faz = 2Xg — (=M1 +2X2) = Ay. This proves part (b). Part (a) follows from Corollary
2.8.2 and the fact that m3, = —1 # 0.

Case 2: a = 3. Consider two small cases.
Case 2.1: If A = mi\; + moXy € A,, ie., my = 0 mod 2 then we have

(_1)m1+m2 + (_1)m1+m2+2
4

1
o _ .0 A1

If my = 0mod 2 then m‘j\73 = 1. It follows from Lemma 2.8.1 that py3 = 0
and this completes part (b). Part (a) follows from Corollary 2.8.2 and the fact that
m3 4 =1%#0.

If m; = 1 mod 2 then m()\,g = 0. By a similar argument to the one in Case 3 for
A, it can be shown that py3 = 2\, is the unique minimizer and parts (a) and (b)
follow.

Case 2.2: If A = m1A; +mods € A, i.e., my £ 0 mod 2 then by a similar argument
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to the one in Case 3 for Ay we have py3 = A + A2 is the unique minimizer and
milf;”\? # 0 which completes the proof.

Case 3: a = 4. From Equation (26) we have

o _ 0 A2
My = My — My

If A = miA + meds € Ay, e, my = 0 mod 2 then we have m3 , = m§ — my =

m8 > 0, since 0 € II,.

If X\ =miA1 +mods € A, ie., my # 0 mod 2 then mE{A =m{ — miz = —miZ <0,
since Ay € II,.

It follows from Lemma 2.8.1 that py4 = 0, which completes part (b). Part (a)
follows from Corollary 2.8.2.

Case 4: a > 5. The only o for which pu = %(p) is a weight is ¢ = 1 and hence
1= 0. So from Equation (26) we have mj , = m§.

If A =miA +mady € A, de., my = 0 mod 2 then m3 , = m§ > 0. It follows from
Lemma 2.8.1 that ), = 0, which completes part (b). Part (a) follows from Corollary
2.8.2.

If A =mA +mods € A, ie., mg Z 0 mod 2 then by a similar argument to
the one in Case 3 for Ay we have that py, = (@ — 4)\y is the unique minimizer and

(a—4)Xs

my, = my> # 0. This completes both parts (a) and (b).

This completes the proof of Theorem 2.2.4 for Bs. O

2.8.3 Theorem 2.2.4 for G

There are two simple roots {a;,as} and six positive roots {ay, s, a; + as,2aq +

Q9,301 + ag,3aq + 2a5} of Gy shown in Figure 3. The Kostant partition function

o1



3ag + 20

2&1 +a2 30{1 +O¢2

(€51

Figure 3: The five chambers of the Kostant partition function of Gy. Kostant cham-
bers from left to right: v <wv, v <u < %v, gv <u<2v, 2v<u<3v 3vu

p(u,v) = p(uay + vay) is given by [50]
(

g(u) if u<w
g(u) — h(u—v—1) if v<u<3v

pu,v) =S h(v) —gBv—u—1)+h(2v—u—2) if Sv<u<w (65)

h(v) —g(3v —u—1) if 20 <u<3v
h(v) if 3v<u
\
where
4
L (n+6)(n®+ 14n? + 540 +72) if n=0mod 6
4_:132(”+5)2(”2 + 10n + 13) if n=1mod6
L (n+4)(n®+16n? + Tdn +68) if n=2mod 6
g(n) = (66)
4L32(n+3)2(n+5)(”+9) if n=3mod6
4_;,2(n+2)(n+8)(n2+10n+22) if n=4mod6
\4_;@(”+1)(”+5)(n+7)2 if n=5mod6
and

=(n+2)(n+4)(n*+6n+6) if n=0mod2

&(n+1)(n+3)%(n+5) if n=1mod?2
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From Lemma 2.2.1 we have

(

_mia1+a2 . m§051+20‘2 + m§a1+3a2 if a=2
—Beat2e if a=3
ms, =m3 + —mSrre if a=4 (68)
—plertes if a=5
0 it a>6

From now on, let us consider A = uaq + vay € AT, so %v < u < 2.

Case 1: a = 2. We have

0o _ 3o tas 2001 +2a0 S5a1+3ag
My o = My — M)y — my + mj (69)

Using the Kostant multiplicity formula we can calculate the weight multiplicities on
the right hand side of Equation (69), we have, for example

ml = (=1)7pla(A +p) — p)

oceW

= p(u,v) — p(—u+3v—1,v) —plu,u—v—1)+pBv—u—1,20 —u — 2)

+p2u—3v—4,u—v—1)

ut 29utv W 17Tu*0? 2uPv 19w 29w ww?

— == _ 7 _ =43
90 36 36§ 3 T a1 12 2 W™
V3 2102
+o0t— 3 + c1o(uw)u + co1(v)v + coou, v)
where
4 4
71; if u=0mod 3 % if v =0 mod 3
Cl,O(U) = é—g ifu=1mod 3> CO,I(U) = —% ifu=1mod 3
2 ifu =2 mod 3 29 ifyu=2mod 3
| 3 if u mo | 56 if u mo
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)
1 ifu=0mod6,v=0mod 2 g if u=0mod 6, v=1mod 2
% if u=1mod 6, v=0mod 2 1% if u=1mod 6, v=1mod 2
g if u=2mod 6, v=0mod 2 % if u=2mod 6, v=1mod 2

CO,O<U7U) = ) CO,O(uav) =
g if u=3 mod 6, v =0 mod 2 g if u=3 mod 6, v=1mod 2
g if u =4 mod 6, v =0 mod 2 % if u =4 mod 6, v =1 mod 2
£ ifu=5mod 6, v=0mod 2 £ ifu=5mod 6, v=1mod 2
\ (

M3t pieataes pleatsar can he computed similarly to show that my, = 1.

This confirms part (b). Part (a) follows Corollary 2.8.2.

Case 2: a = 3. We have

mg,s =mj — mES’Q]
7
:—u2+%+g—302—g+co,o(u,v)
where
)
1 ifu=0,v=0mod 2
co0(u,v) = % ifu=1,v=0mod 2
% if v =1 mod 2

\

Note that since 37” <u < 2v, —u2+772‘—”+%—3712—%: (—u2+7L2”—302)+“;” >0
and therefore m3, > 0 for all . Part (a) follows from Lemma 2.8.1 and part (b)
follows from Corollary 2.8.2.

Case 3: a = 4,5. The arguments are similar to that of Case 2.

Case 4: a > 6, can be done without computations. Indeed, we have m3 , = m§ >0
since A € A,; see [32, §13.4,Lem.B]. Parts (a) and (b) follow from Lemma 2.8.1 and
Corollary 2.8.2.

This completes the proof of Theorem 2.2.4 for Gs. O]
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2.9 Some tails of the T(2,3) and T(4,5) torus knots
2.9.1 The tail for A, and the trefoil

In this section we compute the tail of the c-stable sequence Jj‘f‘é ) n/\l(q) for b > 2

odd. From Proposition 2.2.4 we have ji,), 2 = nAs so Equation (53) gives

~ 1 .
A . A
‘]T(22,b),n)\1 (Q) - (1 _ q)(l _ qn+1)<1 _ qn+2) JT(22,b),n)\1 (Q)
where

Tapan@= Y clunup)ght )

ur A1 +u2A2€Sp 2

. (1 _ qu1+1>(1 _ qu2+1)(1 _ qu1+u2+2)

and from Cases 1-4 of Section 2.8.1.1,

(

1 if uy + 2us > 2n, ug, ug are even
0 if uy + 2us < 2n, uy, us are even
U1 A1 +uz A2

c(uy, ug) = My 2 =y -1 if ug + 2us > 2n, uy even, uy odd

0 if uy + 2us < 2n, uy even, us odd

0 if u; is odd

\

Lemma 2.9.1. If u = ui Ay + us s € Sn>\172 then uy + 2us < 2n.

Proof. By Lemma 2.5.1, we have 1 € Sy, 2 C Papy,- So by Inequality (46) we have

(271)\1 - ul/\l - UQ)\Q, )\2) Z 0 i.e., U + 2U2 S 2n

From Corollary 2.8.3 and Lemma 2.9.1 we have

Corollary 2.9.2. c(uy,uz) # 0 if and only if uy + 2uy = 2n.
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= n — Uy, then u? + ujus + u3 — n? = 3s* and we

Proof of Theorem 2.1.9. Set s = &4
have
7 b b
Z(_l)sq552+(5—1)s(1 _ q2s+1)(1 _ qn—s-i-l)(l _ qn+s+2)
jg q) = s=0
e 00— )1 77)

Replacing ¢" by x and using Lemma 2.3.1 it follows that (j;‘é b (@) 18 c-stable

and its tail Gy(z, q) is given by

0 b b
Z()(_l)sqis%r@fl)s(l o q23+1)(1 _ aqufs)(l _ 1’(]5+2)
Gb(l‘, Q) ==
(1 —q)(1 —qz)(1 - ¢?x)
i(—1)5((q352+<3—1>8 B q552+(g+1)5+1)(1 + q3x2) + (qgsz+(g+2)s+3 _ qgs2+(§—2)s+1)x)
s=0
a (1—q)(1 —qz)(1 — %)
Using s =t + 1, we have
(= 1)gh R 2§ (L)t R e o S (gt -Ds
s=0 t=—1 ss—1
Therefore,
- s b2 (b _1yg bg2, (b S = s, bs24(8-1)s
D G D e ER A E NN G DR I W ()
s=0 §=—00
Similarly,
nd b b b b - 5 5
2s24(2 s 2s24(2-2)s s, 2524 (2 s
DA A W O A ERRC A AN ()
s=0 §=—00
Thus,
Qb,gfl(Q)(l + q3x2) + q39b,g+z(Q)$

Gy(x,q) =
% 0) (1=q)(1—qz)(1 - ¢°x)
Note that by replacing s with s + 1 or s by —s in Equation (20) it follows that

bye
—C]2+ Qb,b+C(Q)7 Hb,—C(Q) = Qb,C(Q)

Qb,C(Q) =
in the above equation and Fuler’s Pentagonal

To compute Gs(x,q), use b = 3,¢c = %

Theorem (discussed in detail in [7]) to obtain that

This completes the proof of Theorem 2.1.9.
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2.9.2 The tail for A; and the 7'(4,5) torus knot

In this section we compute the tail for the c-stable sequence (JJ’?(24 b np(q)) for b > 4

odd. This example shows that c-stability is a necessary notion for Conjecture 2.1.5.

Let

Ab,o(‘]) — Z Z Es’tcs’t(ubu2)q%(u?+u1u2+ug)+(§—1)(U1+u2)(1 . qu1+1>(1 . qw—i-l)(l . qu1+u2+2)

(s5t) (u1,u2)

Apa(g) =) D eppqrlritmm b Dl () guithy (1 — quatt)(1 — gtteet?)

(Svt) (’LL1 7“2)

where the (s,t) summation is over the set

(s,t) [ (0,0) (2,—-1) (—1,2) (0,3) (3,0) (2,2)

(70)
ey | 1 —1 1 1 1 -1

and (uy,uy) € N? satisfies u; = —s mod 4, u; — uy =t — s mod 12 and

1 — 2utue 2ot ify 45 > uy + ¢

Cs (U, ug) =

1 — mt2uetet3t iy 45 <wup+t

Proposition 2.9.3. The tail of the c-stable sequence (jjf‘(i by.mp()) s given by

1
(1 —zq)*(1 — 22¢?)

(Apo(q) +ndp1(q))
Proof. We will use Theorem 2.6.2 and unravel its notation. To begin with, for a = 4,
we have

Lopa=J4np+o(p)—p+4h. = | olp) —p+ 40 = | J{n € Alu+p—a(p) € 4A,}

oceW oceW oceW

Since p = a; + as € A,, we have L,,4 = L,4 for all natural numbers n. Let
= ui A1 +ugAs and p—o(p) = sA;+tAy where (s, ) are given in (70) and (—1)7 = €,

as in (70). In weight coordinates we have

L1 = U{(ul,ug) €7®: u; =—smod4,u; —uy =t — smod 12} (71)
(s,0)
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Next we compute the plethysm multiplicities. Equation (25) implies that

ptp—o(p)
mZpA = Z(_]')Umnp !
oceW
u {20 —Ag f—Ap+2)g pH3AL 443Ny pA221 +2X0
= Mnp — Mnp * — Mnp * + mnp4 + mnp4 — Mnp *

Since np € A, m;, # 0 only if v € A,. Therefore at most one of the terms in the

above equation is non-zero. Equation (24) gives

1+ 2mi+mao _ 2uitug if Uy > Us

3 3
mgp =
1 mtdme it g g <
3 3 =
Therefore
1+n—% ifu; =—-smod4,uy —us=t—smod 12,u; + 8 > uy + 1t
mgp,él = €5t
1+n—% ifu; =—smod4,u; —us =t —smod 12, u; +s <ug +1
where €, is given from (70). Since pn,4 = 0, we have ﬁnp,4 = Lypa, Pnp =
P, SnpA = Sppa. Theorem 2.6.2 concludes the proof of Proposition 2.9.3. ]

Exercise 2.9.4. Show that

Ab,1(q) _ Z q4b(m§+3m1m2+3m§)+(b—4)(2m1+3m2)(1_q4m1+1)(1_q4m1+12m2+1)(1_q8m1+12m2+2)

m1,ma€ZL

(72)
The above equation shows that Ayo(q) is a sum of theta series of rank 2, hence a

modular form of weight 1; see [9].
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CHAPTER II1

ALTERNATING KNOTS, PLANAR GRAPHS AND
Q-SERIES

3.1 Introduction

3.1.1 g-series in Quantum Knot Theory

Recent developments in Quantum Topology associate g-series to a knot K in at least

three different ways:
e via stability of the coefficients of the colored Jones polynomial of K,
e via the 3D index of K,
e via the conversion of state-integrals of the quantum dilogarithm to ¢-series.

The first method is developed of alternating knots in detail, see [3, 2, 4] and also [23].
The second method uses the 3D index of an ideal triangulation introduced in [14, 13],
with necessary and sufficient conditions for its convergence established in [18] and its
topological invariance (i.e., independence of the ideal triangulation) for hyperbolic
3-manifolds with torus boundary proven in [21]. The third method was developed in
[22].

In all three methods, the ¢-series are multi-dimensional ¢g-hypergeometric series of
generalized Nahm type; see [23, Sec.1.1]. Their modular and the asymptotic proper-
ties remains unknown. Some empirical results and relations among these g-series are
given in [29, 30].

This chapter focuses on the g¢-series obtained by the first method. For some
alternating knots, the g-series obtained by the first method can be identified with

a finite product of unary theta or false theta series; see [4, 1]. This was observed
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independently by the first author and Zagier in 2011 for all alternating knots in the
Rolfsen table [46] up to the knot 8,. Ideally, one might expect this to be the case for
all alternating knots. For the knot 85 however, the first 100 terms of its ¢-series failed
to identify it with a reasonable finite product of unary theta or false theta series.
This computation was performed by the first author at the request of Zagier and the
result was announced in [19, Sec.6.4].

The purpose of the chapter is to give the details of the above computation and to
extend it systematically to all alternating knots and links with at most 8 crossings.
Our computational approach is similar to the computation of the index of a knot

given in [21, Sec.7].
3.1.2 Rooted plane graphs and their ¢-series

By planar graph we mean an abstract graph, possibly with loops and multiple edges,
which can be embedded on the plane. A plane graph (also known as a planar map)
is an embedding of a planar graph to the plane. A rooted plane map is a plane map
together with the choice of a vertex of the unbounded region.

In [23] Le and the first author introduced a function
® : {Rooted plane graphs} — Z[[q]], G — Pc(q)

For the precise relation between ®¢(q) and the colored Jones function of the corre-
sponding alternating link L, see Section 3.2. To define ®;(q), we need to introduce
some notation. An admissible state (a,b) of G is an integer assignment a, for each
face p of G and b, for each vertex v of G such that a, + b, > 0 for all pairs (v, p)
such that v is a vertex of p. For the unbounded face p,, we set a,, = 0 and thus
b, = as + b, > 0 for all v € p,,. We also set b, = 0 for a fixed vertex v of p,,. In the
formulas below, v, w will denote vertices of G, p a face of G and p, is the unbounded

face. We also write v € p, vw € p if v is a vertex and vw is an edge of p.
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For a polygon p with I(p) edges and vertices by, ..., byp) in counterclockwise order

we define

~v(p) = l(p)af, + 2a,(by +ba 4+ -+ bygp) -
Let

Aa,b) =D () +2 Y byb, (73)

e=(v;v;)
where the p-summation (here and throughout the chapter) is over the set of bounded
faces of G' and the e-summation is over the set of edges e = (v;v;) of p, and
B(a,b) =2 b, + > (I(p) — 2)a, (74)
v P
where the v-summation is over the set of vertices of G and the p-summation is over
the set of bounded faces of G.

Definition 3.1.1. [23] With the above notation, we define

Blay) q%A(a,b)-&-%B(a,b)
(@)% ) (=17 (75)
% H (Q)ap+bv

(p,v):veEp

where the sum is over the set of all admissible states (a,b) of G, and in the product

(p,v) : v € p means a pair of face p and vertex v such that p contains v. Here, cq is
the number of edges of G and

[e o]

(Q)oo:H(l—q)"=1—q—q2+q5+q7—q12—q15

n=1

Convergence of the g-series of Equation (75) in the formal power series ring Z[[q]]
is not obvious, but was shown in [23]. Below, we give effective (and actually optimal)

bounds for convergence of ®;(q). To phrase them, let b, = min{b, : v € p} where p
denotes a face of G.
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Theorem 3.1.2. (a) We have

Aa,b) = Z (l(p)(ap +by)? + 2(ap + by) Z(bv —by) (76)
+ Y (by = bp) (b — bp)> + ) boby.

Each term in the above sum is manifestly nonnegative.

(b) B(a,b) can also be written as a finite sum of manifestly nonnegative linear forms
on (a,b).

(c) If 2(A(a,b)+ B(a,b)) < N for some natural number N, then for every i and every
/

. . ,
J there exist ¢;, ¢; and ¢, ¢

. (computed effectively from G) such that

;N < b; <N, c;-\/ﬁgaj gch+c;.\/N.
For a detailed illustration of the above Theorem, see Section 3.5.1.

3.1.3 Properties of the ¢-series of a planar graph

The next lemma summarizes some properties of the series ®;(¢). Part (a) of the next
lemma is taken from [23, Thm.1.7] [23, Lem.13.2]. Parts (b) and (c) were observed
in [4] and [23] and follow easily from the behavior of the colored Jones polynomial
under disjoint union and under a connected sum. Note that we use the normalization
that the colored Jones polynomial of the unknot is 1. Part (d) was proven in [4] and

23, Lem.13.3].

Lemma 3.1.3. [/, 23] (a) The series ®5(q) depends only on the abstract planar
graph G and not on the rooted plane map.
(b) If G = G U Gy is disconnected, then

(1=q)®a(q) = P, (9)Pe,(q) -

(c) If G has a separating edge (also known as a bridge) e and G\ {e} = G; G2, then
Pc(q) = Pa, (0)Pe,(q) -
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(d) If G is a planar graph (possibly with multiple edges and loops) and G’ denotes the
corresponding simple graph obtained by removing all loops and replacing all edges of

multiplicity more than with edges of multiplicity one, then

Pa(q) = Par(q) -

So, we can focus our attention to simple, connected planar graphs. In the remain-
ing of the chapter, unless otherwise stated, G will denote a simple planar graph. Let
(f(g))x denote the coefficient of ¢* of f(q) € Z[[q]]. The next theorem was proven in
[12] using properties of the Kauffman bracket skein module. We give an independent
proof using combinatorics of planar graphs in Section 3.4. Our proof allows us to
compute the coefficient of ¢ in ®5(q), observing a new phenomenon related to in-
duced embeddings, and guess the coefficients of ¢* and ¢® in ®¢(q). This is discussed

in a subsequent publication [28].

Theorem 3.1.4. [12] If G is a planar graph, we have

(Pc(g))o =1 (77a)
(Pe(@h =c1—c2—1 (77b)
(Pc(q))2 = % ((c1 = 2)? =205 —e1 + ) (77c)

where ¢y, ¢o and c3 denotes the number of vertices, edges and 3-cycles of G.

If G; and G5 are two planar graphs with distinguished boundary edges e; and e,

let GG - G5 denote their edge connected sum along e; = ey depicted as follows:

Let P, denote a planar polygon with r edges when r > 3 and let P, denote the

connected graph with two vertices and one edge, a reduced form of a bigon. For a
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positive natural number b, consider the unary theta (when b is odd) and false theta
series (when b is even) hy(q) given by

hb(Q) _ Zgb(n) q%n(nJrl)fn

nel

where )

(=)™ if bis odd
ep(n) =141 ifbiseven and n >0

—1 ifbiseven and n <0

\

Observe that
hl(q) =0, h2<q) =1, h3(Q) = (Q)OO'
The following lemma (observed independently by Armond-Dasbach) follows from the

Nahm sum for ®¢(q) combined with a g¢-series identity (see Equation (88) below).

This identity was proven by Armond-Dasbach [4, Thm.3.7] and Andrews [1].

Lemma 3.1.5. For all planar graphs G and natural numbers r > 3 we have:

Pe.p,(q) = Pa(q)®p,(q) = Pa(q)h(q) -

Question 3.1.6. Is it true that for all planar graphs G, and G5 we have:

Dar.a,(q) = Pa, (9) Py (q)?

As an illustration of Lemma 3.1.5, for the three graphs of Figure 4, we have:

D r5as(q) = sy, (q) = halq)hs(q)? .

Remark 3.1.7. Observe that the alternating planar projections of the graphs G1 and
Go of Figure 4 are related by a flype move [/2, Fig.1].

Flyping a planar alternating link projection corresponds to the operation on graphs
shown wn Figure 5.

If the planar graphs G and G' are related by flyping, then ®c(q) = P (q), since

the corresponding alternating links are isotopic.
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Gl GQ G3

Figure 4: Three graphs G, G5, G3 and the corresponding alternating links L8a8,

L8a& and 813.
. i

Figure 5: A flyping move on a planar graph.

Remark 3.1.8. Theorem 3.1.4 might temp one to conjecture that ®¢(q) depends on
the number of vertices and edges of G and on the number of k-faces of G for k > 3.

This is not true. For example, consider the three graphs Gy, G, and G5 of Figure

2N

All three graphs have 7 vertices, 9 edges, 2 square faces and 2 pentagonal faces. The

11 shown here:

DT codes of the corresponding links are given by:

G | DTCode[{16, 10, 14, 12, 2, 18, 6}, {4, 8})

G, | DTCode[(6, 10, 14, 18, 4, 16, 8, 2, 12}]

G | DTCode[{6, 10}, {4, 12, 18, 2, 16}, {8, 14}]

On the other hand, the colored Jones function of the corresponding alternating
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links [6] gives that

G | ®a(q)
Gl |1 -3¢ +3¢+2¢° —T¢" +3¢° + ...

Gy |1 =3¢+32+ ¢ —T¢" +6¢°+ ...

Gl |1 —3¢+3¢+¢ —8¢* +64°+ ...

3.2 The connection between P;(q) and alternating links

In this section explain connection between ®(q) and the colored Jones function of

the alternating link L¢ following [23].
3.2.1 From planar graphs to alternating links

Given a planar graph G (possibly with loops or multiple edges), there is an alternating

planar projection of a link L given by:

A=A
.

3.2.2 From alternating links to planar (Tait) graphs

Given a diagram D of a reduced alternating non-split link L, its Tait graph can be
constructed as follows: the diagram D gives rise to a polygonal complex of S? =
R? U {oo}. Since D is alternating, it is possible to label each polygon by a color b

(black) or w (white) such that at every crossing the coloring looks as follows:

Figure 6: The checkerboard coloring of a link diagram
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There are exactly two ways to color the regions of D with black and white colors.
In this note we will work with the one whose unbounded region has color w. In each
b-colored polygon (in short, b-polygon) we put a vertex and connect two of them with
an edge if there is a crossing between the corresponding polygons. The resulting graph
is a planar graph called the Tait graph associated with the link diagram D. Note that
the Tait graph is always planar but not necessarily reduced. Although the reduction
of the Tait graph may change the alternating link and its colored Jones polynomial,
it does not change the limit of the shifted colored Jones function in Theorem 3.2.1

because of Lemma 3.1.3.
3.2.3 The limit of the shifted colored Jones function

When L is an alternating link, the colored Jones polynomial J; ,(¢) € Z[¢=2] (nor-
malized to be 1 at the unknot, and colored by the n-dimensional irreducible repre-
sentation of sly [23]) has lowest g-monomial with coefficient +1, and after dividing by
this monomial, we obtain the shifted colored Jones polynomial J Len(q) € 1+ qZ[q].
Let (f(q))n denotes the coefficient of ¢" in f(q). The limit f(q) = lim, f,.(¢) € Z][q]]
of a sequence of polynomials f,,(¢) € Z|q] is defined as follows [23]. For every natural
number N, there exists a natural number ng(N) such that (f.(q))n = (f(¢))n for all

n > no(N).

Theorem 3.2.1. [23, Thm.1.10] Let L be an alternating link projection and G be its

Tait graph. Then the following limit exists

lim J;.,(q) = ®c(q) € Z[[q]] (78)

n—oo

Remark 3.2.2. (a) The convergence statement in the above theorem holds in the

following strong form [23]: for every natural number N, and for n > N we have:

A

(Jon(@)n = (Pa(q))n - (79)
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(b) ®c(q) is the reduced version of the one in [23, Thm.1.10] and differs from the

unreduced version @5 (¢) by
O (q) = (1 — )2 (a)

where
A a,b)—i—%B(a,b)

(
1)—[ (Q)ap+bu

P,V):VED

1
2

(80)

c a.b) 4
LY (g) = (g)2 ) (—1)Pad
(a,b) (

and the summation (a, b) is over all admissible states where we do not assume that

b, = 0 for a fixed vertex v in the unbounded face of G.

3.3 Proof of Theorem 3.1.2

In this section we prove Theorem 3.1.2. Part (a) follows from completing the square

in Equation (73):

Ala,b) = (I(p)az +2a,(D> bu)) +2 > buby,

p vEP e=(v;v;)
= 0oy + 5+ 20, ) 101 +2 3 )
vEpP e=(v;v;)
—Z Yap +b,)* +2(a, + b)) by —1p)bp) + > ( (b, — b))
vEpP e=(v;v;j)Ep

+ > byby,

e=(viv;)€Epoo

For the remaining parts of Theorem 3.1.2, fix a 2-connected planar graph G, a

vertex vg of G and a bounded face py of G that contains vy.
Lemma 3.3.1. There exists a graph I' which depends on G, vy, py such that:

o The vertices of I' are vertices of G as well as one vertex v, for each bounded

face p of G.

o The edges of I' are of the form vv, where v is a vertex of G and p is a bounded

face that contains v.
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® Uy, 15 an edge of I
e Fvery vertex v in GG has degree n, in I' where

2 if v is not a boundary vertex

<2 ifwv s a boundary vertex

Proof. First note we can assume that each face p of G is a triangle. Indeed, if a face
p is not a triangle, we can divide it into a union of triangles by creating new edges
inside p. Once we have succeeded in constructing a I' for the resulted graph, we can
remove the added edges in p and collapse all the interior vertices of the newly created

triangles in p into one single vertex v,. The figures below illustrate the above process.

Now assuming that all faces of GG are triangles, let us proceed by induction on the
number of vertices of GG. If there is no interior vertex in GG then since the unbounded
face ps is also a triangle, G itself is a triangle and we are done. Therefore let us
assume that there is an interior vertex v of G. Locally the graph at v looks like the

following:
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Next we remove v and all of the edges incident to it from G and denote the resulted
face by p. Let w be a vertex of p and connect w to each of the vertices of p by an
edge. Denote the resulted graph by GG,,. By induction hypothesis, there exists a graph
r, for G,. At w make another copy of the vertex called w’. Now drag w’ into the
interior of p while keeping it connected to vertices of p and at the same time delete
the edges that are incident to w and that lie in the interior of p. This has to be done
in such a way that all the vertices of I'y, still lie in the interior of the new triangles
that have w’ as a vertex. Create two new vertices in the interior of the two triangles
in p that contain w as a vertex and connect them to w’. The resulted graph satisfies

the requirements of the lemma. The figures below explain the process.

]

Proof. (of part (b) of Theorem 3.1.2) We can decompose B(a,b) into a finite sum of

nonnegative terms as follows

Bla,b) = (ap+by) + > (2= n,)b, (81)

é=(vvp)

where the summation is over all edges of T'. O

Corollary 3.3.2. For a pair (p,v) where p is a face of G and v is a vertex of p then

B(a,b) > a, + b,.

Proof. This is a direct consequence of Equation (81) since by Lemma 3.3.1 there

exists a graph I' that contains vv, as an edge. O]

Proof. (of part (c) of Theorem 3.1.2) Let us prove the linear bound on the b, first.

Let us set b,, = 0 where v is a boundary vertex of GG. Let py be a bounded face that
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contains vy, so we have a,, +b,, > 0. Since 0 < B(a,b) < 2N by part (b) of Theorem
3.1.2 and Corollary 3.3.2 we have that 0 < a,, + b,, < 2N. Since b,, = 0 this means
that 0 < ap, < 2N. Similarly if v is another vertex of py then by Corollary 3.3.2 we
have 0 < a,, + b, < 2N which implies that —2N < b, < 2N. Let G’ be the graph
obtained from G by removing the boundary edges of pg. Choose a face p’ of G’ and
a vertex v' € p’ that also belongs to the removed face py. Repeat the above process
with (p/,v") we have that —4N < b,» < 4N for any v” € p/. Continuing this process
until all faces of g are covered have that |b,| < dN for all vertices v of G.

To prove the bound for the a,’s, note that from part (a) of Theorem 3.1.2 we have
that #(ap +b,)? < N for all bounded faces p and all vertices v of G. This implies
that |a, + b,| < \/:%\/N Since |b,| < dN this implies that |a,| < \/g\/ﬁ—l— dN.

For the lower bound of a,, note that since a, + b, > 0 we have a, > —b, > —dN. [

3.4 The coefficients of 1, q and ¢* in ®g(q)

3.4.1 Some lemmas

In this section we prove Theorem 3.1.4, using the unreduced series (IDEQFT (q) of Equa-

tion (80). Our admissible states (a,b) in this section do not satisfy the property that
b, = 0 for some vertex v of the unbounded face of G.

Since A(a,b) + B(a,b) > 0 for an admissible state (a,b) with equality if and only
if (a,b) = (0,0) (as shown in Theorem 3.1.2), it follows that the coefficient of ¢°
in ®;(q) is 1. For the remaining of the proof of Theorem 3.1.4 we will use several

lemmas.

Lemma 3.4.1. Let G be a 2-connected planar graph whose unbounded face has V

vertices. If (a,b) is an admissible state such that
1. b, = by =1 where vV’ is an edge of Peo,

2. a,+b, =0 for any face p of G,
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3. (by, —by)(by, — by) =0 for any face p of G and edge vivy of p,

then
e b, > 1 for all vertices v,
e a, = —1 for all faces p # ps, and
e B(a,b) > 2+ V.

Proof. Let p be the bounded face that contains v, v’. We have (b, —b,) (b, —b,) = 0 so
b, = 1 since b, = b,y = 1. (2) then implies that a, = —b, = —1 and thus b, > b, =1

for all w € p. Let v1v] be another edge of p and let p; # p bea bounded face that

v

&)

contains vyv}. Since (b,, — b,)(by, — b,) = 0 we have min{b,,, b, } = b, = 1. So from
(boy = bpy )(by; — bp,) = 0 we have that b,, = 1. Therefore a,, = —1 and b,, > b,, =1
for any vertex w € p;. By a similar argument we can show that b, > 1 for every
vertex v and a, = —1 for every face p of G. Let pi,ps,...,ps be the bounded faces
of G, where f = F — 1. Then from Equation (74) we have

f
B(a,b) = — Z(l(pj) —-2)+2) b,

=1 v

B

> = ") + 2/ + 26

—

B

:—(2CQ—VOO>+2FG—2+201
=2 —c+Fq) -2+ Vg

=2+ Vi
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The proof of the next lemma is similar to the one of Lemma 3.4.1 and is therefore

omitted.

Lemma 3.4.2. Let G be a 2-connected planar graph whose unbounded face has Vi,

vertices. If (a,b) is an admissible state such that

1. b, = by =0 and (b, — by)(by — by) = 1 where p is a boundary face and vv' is a

boundary edge that belongs to p,
2. a, +b, =0 for any face p of G,

3. (by, — by)(bu, — by) = 0 for any face p of G and edge vivy not on the boundary
of p.

Then b, > —1 for all vertices w, a, = 1 for all faces p # ps and B(a,b) > Voo — 2.

Furthermore B(a,b) = Vo, — 2 if and only if
e b, =0 for all boundary vertices v and b, = —1 for all other vertices w.
e a, =1 for all faces p.

Lemma 3.4.3. Let G be a 2-connected planar graph, py be a boundary face and (a,b)

be an admissible state such that
1. ap, + by, =0,

2. There exists a boundary edge vv' of py such that b,b, = 0 and (b, — by, )(by —

bpo) =0,

3. Let Gy be the graph obtained from G by deleting the boundary edges of py and

let (ag,bo) be the restriction of the admissible state (a,b) on Gy.
Then,

(a) (ao,bo) is an admissible state for Gy,
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(b) A(CLO» bO) = A<a7 b) - Z byby,

e=(vv')w,v €EpoNpoo

(¢) B(ag,by) = B(a,b)—2 > b,, where Vj is the set of boundary vertices of py that

veVH
do not belong to any other bounded face,

(d) Bla,b) =2 3 by,

veVy

(e) If furthermore B(a,b) < 1 then A(a,b) = A(ag,bo), B(a,b) = B(ag, bo).

Proof. From (2) we have either b, = 0 or b, = 0 and it follows from (b, — by, )(by —
by,) = 0 that b,, = 0. This means that we have b, > 0 for all v € py. This implies

(a). Furthermore (1) implies that a,, = 0 and thus A(a,b) — A(ao, bo) = l(po)az, +

2a,,( > by) + > byby = > byby and B(a,b) — B(ag,by) =
vEPo e=(vv')w,v €EpoNpso e=(vv’):w,v' €EpoNPpoo
ap, +2 >, b, =2 > b,. This proves (b) and (c). (d) follows from (c) since we
veV veVy
have 0 < B(ag,by) = B(a,b) —2 > b,, (e) is a consequence of (b), (¢) and (d) since
veWy
1> B(a,b) >2 > b, implies that ) b, = 0.
veVp veVp

v / v

v
R

3.4.2 The coefficient of ¢ in ®5(q)

We need to find the admissible states (a, b) such that 2(A(a,b) + B(a,b)) = 1. Parts
(a) and (b) of Theorem 3.1.2 imply that A(a,b), B(a,b) € N. Thus, if $(A(a,b) +

B(a, b)) =1 then we have the following cases:

A(a,b) [ 2|10

B(a,b) | 0] 1]2

Case 1: (A(a,b), B(a,b)) = (2,0). Since [(p) > 3, we should have a, + b, = 0 for

all faces p. This implies that a, + b, = a, + b, + b, — b, = b, — b, and it follows from
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Corollary 3.3.2 that 0 = B(a,b) > a, + b, = b, —b,. This means b, —b, = a,+b, =0
for all faces p and vertices v of p, so Equation (76) is equivalent to
> bby =2. (82)
VU’ EPoo
If vv' is an edge of G and p is a face that contains vv’ then we have a,+b, = 0 = a,+0b,
and therefore b, = b,. So by Equation (82) there exists a boundary edge vv" such
that b, = by = 1. Lemma 3.4.1 implies that B(a,b) > 2+V,, > 0 which is impossible.

Therefore there are no admissible states (a,b) that satisfy (A(a,b), B(a,b)) = (2,0).

Case 2: (A(a,b), B(a,b)) = (1,1). As above we have that a,+ b, = 0 for all faces
p. Since A(a,b) = 1, there is either a bounded face p; with an edge vv| such that
(boy, = bp, ) (b, — by,) = 1 or a boundary edge vovy such that b,,b,, = 1 and all other
terms in Equation (76) are equal to zero. Let py be the bounded face that contains
vouy and let p # pp, pa be a bounded face. Let G’ be the graph obtained from G by
deleting the boundary edges of p and (a/,b") be the restriction of (a,b) on G'. By
part (e) of Lemma 3.4.3, we have A(d’,b') = A(a,b) and B(d',0') = B(a,b). Continue
this process until either G = p; or G = py. If G = py then b,,b,, = 1 and therefore
B(a,b) > 2(b,, +¥,,) = 4 which is impossible. If G = p; then vy, v, are now boundary
vertices and so b, by, = 0 and we can assume that b,, = 0. But this implies that
—byp, (by; — by, ) = 1 hence b, = —1. This is impossible since by, is a boundary vertex.
Thus there are no admissible states (a,b) that satisfy (A(a,b), B(a,b)) = (1,1).

Case 3: (A(a,b), B(a,b)) = (0,2). Since A(a,b) =0 we should have

e a,+ b, =0 for all faces p,
e b,b, =0 for all boundary edges vv/,

o (b, —by)(by —by) = 0 for all bounded faces p and and edges vv' € p.
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Let p be a bounded face of G. Let G’ be the graph obtained from G by deleting
the boundary edges of G' and (a/,b") be the restriction of (a,b) on G'. By part (e) of
Lemma 3.4.3, we have A(a/,b') = A(a,b) and B(d’,V') = B(a,b) — 2n, where n, € N.
Since B(a,b) =2, n, <1 and n, = 1 if and only if there exists exactly one boundary
vertex v € p such that b, = 1 and b, = 0 for any other boundary vertex v" of p.

Continuing this process it is easy to show that an admissible state (a,b) such that

(A(a,b), B(a,b)) = (0,2) must satisfy the following:
e a, = 0 for all p,
e b, =1 for a vertex v and b, = 0 for any other vertex v’ of G.

The contribution of this state to ®¢(q) is u_q)+eg<v> =q+ O(4%).

Thus from Theorem 3.2.1 and cases 1-3 we have

(@ (@ = <(Q)§i (1 +) g+ 0((12)) >1

Therefore,
(Pa(@) = (1 - Q)P (@h =1 —ca—1.

3.4.3 The coefficient of ¢* in ®5(q)

We need to find the admissible states (a, b) such that 1(A(a,b) + B(a,b)) = 2. Since

A(a,b), B(a,b) € N we have the following cases:

Ala,b) [ 4]3]2]1]0

B(a,b) |0]1]2]3]4

Case 1: (A(a,b), B(a,b)) = (4,0). If there is a face p such that a, + b, > 0 then
by Corollary 3.3.2 we have B(a,b) > a, + b, > a, + b, > 0 where v is a vertex of p.

Therefore a, + b, = 0 for all faces p. Similarly, if there exists a face p and a vertex
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v € p such that b, —b, > 0 then 0 = B(a,b) > a,+b, = a,+b,+b,—b, > b,—b, > 0.

Therefore a, + b, = b, — b, = 0 for all v € p. Thus A(a,b) =4 is equivalent to
> bby =4, (83)

If v’ is an edge of G and p is a bounded face that contains vv’ then we have
a,+b, = 0 = a,+0b, and therefore b, = b,. So by Equation (82) there exists a bound-
ary edge vv’ such that b, = b,y = 1. Lemma 3.4.1 implies that B(a,b) > 2+ V>0
which is impossible. Therefore there are no admissible states (a,b) that satisfy

(A(a,b), B(a,b)) = (4,0).

Case 2: (A(a,b), B(a,b)) = (3,1). If there exists a face py such that a,, +b,, > 0

then we must have I(py) = 3 and
® a, +b,, =1, a,+ b, =0 for any p # po,
e b,b, = 0 for all boundary edges vv/,
o (b, —by)(by —by) = 0 for all bounded faces p and and edges vv' € p.

Let p # po be a bounded face of G. Let G’ be the graph obtained from G by deleting
the boundary edges of p and (a’,b’) be the restriction of (a,b) on G'. By part (e) of
Lemma 3.4.3, we have A(a’,V') = A(a,b) and B(d',b') = B(a,b). We can continue
this process until G = pg. Let vy, v(,v) be the vertices of py then bugbyy = 0 so we
can assume that b,, = 0. Since (by, — by, ) (b, — bp,) = 0 we have by, = 0 and hence
Apy = Apy + by, = 1. Since 1 = B(a,b) = ap, + 2(by, + by, + byy) it implies that

by, = by = 0. This gives us the following set of admissible states (a, b):
e a, =1 for a triangular face p, a,, = 0 for p’ # p,

e b, = 0 for all vertices v,
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2

The contribution of this state to ®(q) is (—1)* (1,qq)z<p) = —(132(1)3 = —¢*+ O(¢®).

On the other hand if a, 4 b, = 0 for all p then we have
SN (e =b) by =)+ Y bby =3. (84)
p wvv'Ep vV EPoo

There are at most three positive terms in the above equation. If a boundary face
p has a boundary edge vv’ that does not correspond to any positive term then we
have b,b, = (b, — b,)(by — b,) = 0 so b, = 0 which implies that a, = 0. Let G’ be
the graph obtained from G by deleting the boundary edges of p and (a’,’) be the
restriction of (a,b) on G'. By part (e) of Lemma 3.4.3, we have A(a',0') = A(a,b)
and B(a',V') = B(a,b). We can continue to do this until all boundary edges of G are

/

vv;, © =1,2,3. This only happens if these three edges together form a triangle. Let
us denote the triangle’s vertices by v, v’,v” and let p, p/, p” be the bounded faces that
contain vv’, v'v" v"v respectively. Note that since the positive terms in Equation (84)

correspond to different edges, we must have

bybyr + (by — by) (b — b,) = 1
byrbyr + (by — by ) (byr — by) = 1

bv//bv —|— (bv// — bp”)(bv — bp//) = 1

Case 2.1: If the positive terms are b,b,, b, b, b,»b, then we must have simulta-
neously byb, = bybyr = byrb, =1 and (by, — b;)(byy — bz) = 0 for all faces p and edge
ww’. The former implies that b, = b, = b,» = 1. Therefore from Lemma 3.4.1 we
have B(a,b) > 2 + 3 = 5 which is impossible.

Case 2.2: If, for instance, b,b,, = 0 then we must also have (b, —b,)(b,y —b,) = 1.
Thus we can assume that b, = 0 and so —b,(b,y — b,) = 1. This implies that b, = —1
and b, = 0. In particular, we have b, b,» = 0 and hence (b, — by)(by» — by) = 1.
Since byb,» = 0 we also have (b,» — byr)(b, — byr) = 1. In particular, this implies that

(by — bz)(buw — bz) = 0 for all faces p and edges ww' € p not on the boundary. Since
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B(a,b) =1 Lemma 3.4.2 implies that we must have b,, = —1 for all w # v,v’,v” and

a, =1 for all p # pe..

This corresponds to the following admissible state of G
e a, = 1 for all bounded faces p,
e b, = b, = b,y =0 where v,v',v” are the vertices of a 3-cycle in G,
e b, = —1 for all vertices w inside the 3-circle mentioned above,
e b; = 0 for any other vertex w.

The contribution of this state to ®¢(q) is

2

—_1\! q _ 2 3
(=) ettt — 4 +O@)

where deg, (v) is the degree of v in the triangle A = vv'v”.

Case 3: We consider the two cases (A(a, b), B(a,b)) = (2,2) and (A(a,b), B(a,b)) =
(1,3) together. Since A(a,b) < 2 we should have a, + b, = 0 for all faces p and
A(a,b) = 2 is equivalent to

DN (o —b) b —bp)+ Y byby =2
p wvv'ep vV Epos
There are at most two positive terms in the above equation. If a boundary face p
has a boundary edge vv’ that does not correspond to any positive term then we have
byby = (b, — b,)(by — b,) = 0 so b, = 0 which implies that a, = 0. By part (d) of
Lemma 3.4.3, it follows that if w is a boundary vertex of p then B(a,b) > 2b,, and

since B(a,b) < 3 we have b, = 0 or 1. Therefore by parts (b,c) of Lemma 3.4.3 we
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can remove the boundary edges of p to obtain a new graph G’ that satisfies A(a,b) =

A'(a,b) and B(a,b) = B'(a,b) or B(a,b) = B'(a,b) + 1 where A'(a,b), B'(a,b) are the

restrictions of A(a,b) and B(a,b) on G'. By continuing this process until G = (), it

is easy to see that we must have A(a,b) =0, B(a,b) <1 and B(a,b) = 1 if and only

if there exists a unique boundary vertex w of p such that b, = 1. Thus there are no

admissible states that satisfy (A(a,b), B(a,b)) = (2,2) or (A(a,b), B(a,b)) = (1, 3).
Case 4: (A(a,b), B(a,b)) = (0,4). Since A(a,b) =0, we should have

a, + b, = 0 for all faces p (85)
(b, — b,)(by — b,) = 0 for all faces p and edges vv’ € p (86)
b,by = 0 for all edges vv' € p (87)

Let p be a boundary face of G and vv" € p be a boundary edge. Equations (86) and
(87) imply that b, = 0 and so a, = 0 by Equation (85). Let G’ be the graph obtained
from G by deleting the boundary edges of G and (d’, ) be the restriction of (a,b) on
G'. By part (e) of Lemma 3.4.3 we have A(da’, V') = A(a,b), B(d', V') = B(a,b) — 2n,

where n, € N. Since B(a,b) = 4 we have n, < 2 and

e n, = 2 if and only if there exist either exactly two boundary vertices v, w € p
that are not connected by an edge such that b, = b, = 1 or exactly one
boundary vertex v € p such that b, = 2 and b, = 0 for all other boundary

vertices v/ € p

e n, = 1 if and only if there exists exactly one boundary vertex v € p such that

b, =1 and b, = 0 for any other boundary vertex v of p.

Similarly, by continuing this process it is easy to show that an admissible state (a, b)

such that (A(a,b), B(a,b)) = (0,4) must satisfy one the following.

e b, = b, =1 for a pair of vertices that are not connected by an edge of G, b,, = 0

for any other vertex w,
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e a, = 0 for all faces p.

(]2

The contribution of this state to ®¢(q) is A gestoTaeen = —* 4+ O(¢?).
e b, = 2 for a vertex v, b, = 0 for any other vertex w,

e a, = 0 for all faces p.

The contribution of this state to ®¢(q) is # =—¢>+O0(¢).

It follows from Theorem 3.2.1, Section 3.4.2 and cases 1-4 that

ala—1)

(@ @) = (@20 + D T et g —a)d):

ci(c; +1
= (@20 + aler + 2000) + (D o, e)g2),
calcog — 3 ci(c; +1
={((1—coq+ %(ﬁ)(l + g+ (% + e —c3)¢?)s
(01—02)2 1 —C2
-2 Gty

Therefore,

(@l = (1 )FETT(g),
(1= 00+ =g+ (T2 ey 92y
1

= —((Cl — 62)2 — 203 — C + CQ) .
2

This completes the proof of Theorem 3.1.4. m

3.4.4 Proof of Lemma 3.1.5

Fix a planar graph G and consider G - P. where P, is a polygon with r sides and

vertices by, ..., b, as in the following figure




Consider the corresponding portion S(b,_1, b,) of the formula of ®¢.p (q)

La?4a(bit..be)+ X7 bibip1+bibr+ > bi+ "5 2a

Strrb) = > (-1L

(Q)bl (Q)b2 cee (q>b7‘72 (q>b1+a(Q>b2+a cee (Q>b'r+a

(88)

a,b1,...;br—2

for fixed b,_1,b, > 0. Armond-Dasbach [4, Thm3.7] and Andrews [1] prove that

S(br-1,0) = (@) (q)

for all b,_; > 0. Summing over the remaining variables in the formula for ®¢.p.(q)

concludes the proof of the Lemma. O

3.5 The computation of ®;(q)
3.5.1 The computation of ®;5,7(q) in detail

In this section we explain in detail the computation of ®;g,7(q). Consider the planar
graph of the alternating link L8a7 shown in Figure 7, with the marking of its vertices

by b; for i = 1,...,6 and its bounded faces by a; for j = 1,2, 3.

bl bg

AN

Figure 7: The planar graph of the link L8a7.

ba b-

Consider the minimum values of the b-variables at each bounded face:

Bl = min{bl, b4, b5, 66}
62 - min{b37 b47 b57 b6}

63 = min{bl, bz, bg, be} .
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We have

%A(a, b) = 2(a1 + b1)* + (a1 + by)(by + by + bs + be — 4by)
+2(ag + b2)* + (a1 + b2)(bs + by + by + bg — 4bs)
+2(ag + b3)* + (az + b3) (by + b + by + bg — 4b3)
(b= Bu)(bs — Br) -+ (b — Br)(Bs — ba) + (b5 — by) (bs — br) + (bs — b1)(by — by)
+ = (bs — b2)(by — ba) + (bs — b2) (b5 — ba) + (b5 — b2) (b — ba) + (bs — b2) (b3 — b2)
+ = (b1 — b3)(by — bs) + (by — b3 ) (bs — bs) + (bs — bs) (b — bs) + (bs — bs) (b — bs)

+ = (byby + babs + bsby + byby)

N~ N~ N~ DN

I
Q

((ll, ag, ag, b17 an b3a b47 b57 bﬁ) + D(b17 b27 b3a b47 b57 bﬁ) (89)
and

1
§B(a,b):al+a2+a3+b1+b2+bg+b4+b5+b6

a;+b a1+ b as+b as + b as+b as + bg
:121+125+225+226+321+326+b2+b3+b4‘

(90)

If 2(A(a,b) + B(a,b)) < N then $B(a,b) < N, so

0<by <N (91)
0<bs < N — by (92)
0 <by <N — by —by. (93)
Let us set
by =0. (94)

Equation (90) implies that 0 < “12& < N — by — bg — by which implies that 0 < a; <

2(N — by — by — by). It follows from 0 < % < N that
—2(N — by — b3 —by) < b5 <2(N —by— b3 —by). (95)

83



Since 0 < % < N — by — b3 — by from (95) we have —2(N — by — b3 — by) < ay <

4(N — by — by — by). Therefore, since 0 < ag < “2241’6 we have
—4(N — by — b3 — by) < bg <4A(N — by — bz — by) . (96)

Equations (91)-(96) in particular bound by, b3, by, bs and bg from above and from below
by linear forms in N. But even better, Equations (91)-(96) allow for an iterated
summation for the b; variables which improves the computation of the ®;g,7(q) series.

To bound aq, as, ag we will use the auxiliary function

—c+Vc2+2d

u(e,d) = 5 ]

where the integer part [x] of a real number x is the biggest integer less than or equal
to x. The argument of u(c,d) inside the integer part is one of the solutions to the

equation 222 4+ cx — d = 0. Let

by = by + by + bs + bg — 4by
by = by + by + bs + bg — 4by
53:bl+b2+b3+b6—453

D - D(blaan b3)b47b57 bG) + b2 + b3 + b4

Since

2(&1 + 61)2 + (Cll + l_)l)i?l S N-—-D

we have

—Z_?l S aq S —1_)1 -+ U(El, N — D) (97)

where the left inequality follows from the fact that a; > —b;,7 = 1,4,5,6. Similarly

we have

_62 <ay < —62 + U(El,N - D — 2(&1 + 61)2 - (&1 + 61)61) (98)

and
—63 S as S —133+u(51,N—D—Q(a1—|—51)2—(a1+l§1)l~)1—2(a2+52)2—(a2+52)l~)2) (99)
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Note that Equations (97)-(99) allow for an iterated summation in the a; variables,
and in particular imply that the span of the a; variables is bounded by a linear form
of V/N.

It follows that

q%(A(a,b)—l—B(a,b))

D rs07(q) + O()" ™ = (¢)%

(a,b) (Q)a1+b1 (q)a1+b4 (Q)a1+b5 (q)a1+b6 (q>a2+bs (q)a2+b4 <Q)a2+b5 (q)¢12+b6

1
. (Q)a3+b1 (q)a3+b2 (q)a3+b3 (Q)a3+b6 (Q)IH (Q)bz (Q)bzs (Q)b4

+ O(q)N+1

where (a,b) = (a1, az, as, by, ba, bs, by, bs, bg) satisfy the inequalities (91)-(96) and (97)-

(99). We give the first 21 terms of this series in the Table 15.
3.5.2 The computation of ®;(q) by iterated summation

Our method of computation requires not only the planar graph with its vertices and
faces (which is relatively easy to automate), but also the inequalities for the b; and a;
variables which lead to an iterated summation formula for ®;(q). Although Theorem
3.1.2 implies the existence of an iterated summation formula for every planar graph,
we did not implement this algorithm in general.

Instead, for each of the 11 graphs that appear in Figures 9 and 10, we computed
the corresponding inequalities for the iterated summation by hand. These inequalities
are too long to present them here, but we have them available. A consistency check
of our computation is obtained by Equation (79), where the shifted colored Jones
polynomial of an alternating link is available from [6] for several values. Our data

matches those values.

3.6 Tables

In this section we give various tables of graphs, and their corresponding alternating
knots (following Rolfsen’s notation [46]) and links (following Thistlethwaite’s notation

[6]) and several terms of ®(q). In view of an expected positive answer to Question
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3.1.6, we will list ¢rreducible graphs, i.e., simple planar 2-connected graphs which are

not of the form G, - Gy (for the operation - defined in Section 3.1.3).

e The first table gives number of alternating links with at most 10 crossings and

the number of irreducible graphs with at most 10 edges

crossings =edges |34 |56 7 [ 8|9 | 10

alternating links |12 |3 8|14 |39 |96 | 297 (100)

irreducible graphs |1 {1 (13| 3 | 8 | 17| 41

To list planar graphs, observe that they are sparse: if GG is a planar graph which

is not a tree, with V' vertices and E edges then

V<E<3V-6.

e The next table gives the number of planar 2-connected irreducible graphs with

at most 9 vertices

vertices | 314 |5]| 6 7 8 9

(101)
graphs | 1|25 |19 | 106 | 897 | 10160

e Tables 8, 9, 10 and 11 give the list of irreducible graphs with at most 9 edges.
These tables were constructed by listing all graphs with n < 9 vertices, selecting
those which are planar, and further selecting those that are irreducible. Note
that if G is a planar graph with £ < 9 edges, V' vertices and F' faces then
E—-V=F—-—2>0hence V< FE <9,

e Tables 12 and 13 give the reduced Tait graphs of all alternating knots and links
(and their mirrors) with at most 8 crossings. Here P, is the planar polygon with
r sides and — K denotes the mirror of K. Moreover, the notation G = G1-G5-G3

indicates that ®¢(q) = P, (¢) P, (¢) P, (¢) by Lemma 3.1.5.

e Table 14 gives the alternating knots and links with at most 8 crossings for the

irreducible graphs with at most 8 edges.
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e Table 15 gives the first 21 terms of of ®¢(q) for all irreducible graphs with at

most 8 edges. Many more terms are available from

http:

//www.math.gatech.edu/~stavros/publications/phi0O.graphs.data/

ANERS

Figure 8: The irreducible planar graphs Gi, G¢§ and G§ with 3, 4 and 5 edges.

Figure 9: The irreducible planar graphs with 6 and 7 edges: G5, G, GS on the top
and G{, G7, GJ on the bottom.

Figure 10: The irreducible planar graphs with 8 edges: G§, ..., GS on the top (from
left to right) and G%, ..., G% on the bottom.
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(3A AR A

SER VIS PSP TGS
Ayt R

Figure 11: The irreducible planar graphs with 9 edges: Gj,...,G2 on the top,
Gy, ...,GY, on the middle and GY,, ..., G}, on the bottom.

K G -G | K G -G K G -G K G -G
01] P P || 7 Ps Py 84 | P3 | PyPs| 83| P3-P3-Py| P3-P3
31| P P |73 Ps Py 8 | G5 Py |84 P3Py | P3-P3-P3
41| P Py || 74| PyPy Py || 8¢ | P3Py | Ps || 815 | P3-P3Ps G$

51| P Py | 75| P3Py Py || 8 | Ps-Ps| Py | 85 G3 GY
52| Py Py || 76| P3Py |P3P3| 8 | Ps-Ps| Ps-Ps || 817 GT G
61| Ps Py || 77| P3-P3-P3 | P3-P3|| 8 | Ps-Py | P3-Py || 818 GY GY
62 | P3-Py| P3 || 8 Py Py |89 | GI | PsPs

63 | P3-P3 | P3-Ps | 82| PsFg Py || 811 | P3Py | P3Py

7| P P, || 83 Ps Ps || 812 | P3Py | P3-Py

L] G | -G|L]| @G -G L G -G L G -G
2al P2 P2 Ta2 P3'P3 Gg 8a4 P3-P4 P3'P3-P3 8alld P4'P4 P4
dal | Py Py | 7a3| GI P 8ab Py P3-P3-Py || 8ald | Py P,
5al | P3-Ps| Py | Tad| Ps | P3-P; | 8ab Ps Ps-Py | 8al5| Ps | P3-Py-Ps
6al | Py | P3-P3| 7a5| Ps-Py | P3-P3 | 8a7 G5 GY 8al6 | G% GY
6a2 | Py Py | 7a6 | Ps-Ps| P; | 8a8 | P3-Py-Py| Py-Py | 8al7|Ps-Py| G
6a3 | Ps Py |[Ta7| Py GS || 8a9 | P3-P3-P3 | P3-P3-Ps || 8al8 | G§ Ps
6ad | GY | GY | 8al| G] | P3GS | 8al0| Ps-Py Py-Py | 8a19| GT GT
6a5| P; | GS | 8a2|Psy-Ps| P3GS | 8all| P3-Ps Py 8a20 | GS GS

7al| GY | GY | 8a3| GI | P3-P; | 8al2 Ps Py 8a2l | Py G$

Figure 13: The reduced Tait graphs of the alternating links with at most 8 crossings
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G$ | L6a4 —L6a4d —L7al —L8a7 815 —L8al6
GS| L6a5 —L7a2 —L7a7 — L8al7 —8;5 L8a20 —L8a20
GT|L7al L8al 817 —87 L8al9 — L8al9

GT 1819 L7a3 L8a3

G¥ 815 818

GS | L8a7

G5 | L8al6

G | 816

G5 | L8a21

G% | L8al8

G8 | 85

Figure 14: The irreducible planar graphs with at most 8 edges and the corresponding
alternating links

|G [ ®c(9) +0(9)”
GS11-30—¢*+5¢°+3¢"+3¢° — 7¢° — 5" — 8¢® — 6¢° + 6¢™°

_|_7q11 + 12q12 4 15q13 + 16(]14 _ 3ql5 _ qlﬁ _ 15q17 _ 21(]18 _ 31q19 _ 30q20
GS [ 1—2¢+ ¢ +3¢> — 2¢" — 2¢° — 3¢° + 3¢" + 4¢° + ¢ + 3¢"°

_6q11 o 5q12 o 3q13 4 q15 4 7q16 € 9q17 4 3q18 _ 6q20
GT|1-3¢g+¢*+5¢° —3¢* —3¢° — 6¢° + 6¢" + 8¢ + 3¢° + 6¢'°

_13q11 _ 14q12 _ 9q13 _ q14 + 3q15 + 21q16 + 27q17 + 14q18 + 3q19 _ 17q20
GI 1—2q+q2+q3—3q4+q5+q6{—3q7—2q8—4q9+q10

_|_4q12 + 5q13 _ 2ql4 _ 5q15 _ 4q16 _ 2q17 _ 2q18 + 5q19 + 8(]20
GS[1—4g+2¢%* +9¢% — 5¢* — 8¢° — 145 + 10¢" + 21¢% + 14¢° + 19¢™°

—29¢'! — 42¢" — 42¢"* — 20¢™ + 3¢" + 64¢' +104¢'7 + 88¢"® + 55¢" — 25¢*°
G5 [ 1—3q+3¢” +4¢° — 8¢* — 2¢° + 2¢° + 12¢" + 3¢® — 15¢° — 4¢4™°

—14¢™ +10¢"? 4 25¢"® + 15¢** — 18¢"'% — 22¢'7 — 39¢'® — 12¢"? + 19¢*

G35 | 1-3q¢+¢*+3¢° —3¢" +3¢° +4¢" — 6¢° — 10¢” + ¢'°

_qll 4 9q12 4 13ql3 4 3q14 _ 9q15 _ 3(]16 _ 6ql7 _ 4(]18 4 5q19 4 13q20

G| 1—-3¢g4+2¢%> +3¢° —6¢* +¢° +2¢° +8¢" — 3¢® — 13¢°

_3q11 4 13q12 4 19q13 4 q14 o 15q15 o 20q16 o 16(]17 o 13q18 4 15q19 4 37(]20
Gg 1—-3qg+ 3q2 + 5q3 — 8q4 - 5q5 — q6 + 15q7 + 12q8 — 8q9 — 7q10

_31q11 _ 11q12 4 14q13 + 30q14 4 35q15 4 27q16 4 8q17 _ 48q18 _ 66q19 _ 72q20
G% 1_2q+q2+q3_q4+2q5_2q6_q7_2q8+2q9+5q10

_qll o q12 o 3q13 o 2q14 + 5q16 o 2q18 o q19 o q20

GE1-2¢+¢ —2¢" +3¢° — 3¢° + ¢° + 4¢'°

_qll _ 2q12 o 2q13 _ 3q14 + 3q15 + 7q16 4 2q17 . 4q18 _ 4q19 o 4q20

Figure 15: The first 21 terms of ®¢(q) for the irreducible planar graphs with at most
8 edges
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Figure 16: Plot of the coefficients of ®¢s(g) on the left and h4(q)? (keeping in mind
that GS has two bounded square faces) on the right.
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CHAPTER IV

FLAG ALGEBRAS AND THE STABLE COEFFICIENTS
OF THE JONES POLYNOMIAL

4.1 Introduction
4.1.1 The stable coefficients of the Jones polynomial

The Jones polynomial of a knot [34] is a powerful knot invariant that takes values
(when properly normalized) in the ring Z[g*']. If 7. a;¢’ denotes the Jones poly-
nomial of a knot (a finite sum where a; are integers), then the coefficients (a;) are
mysterious and fascinating integer-valued knot invariants. In the nineties, the Jones
polynomial was studied from the point of view of perturbative Chern-Simons theory
and finite-type invariants [5]. This amounts to studying sums } . j¥a; for natural
numbers k. Whereas such sums for all k£ uniquely recover the Jones polynomial
and hence its coefficients, this sheds little light into the geometric meaning of the
coefficients (a;). In the early 2000, the categorification ideas of Khovanov [35] intro-
duced a refinement a;(t) € Z[t] of the coefficients of the Jones polynomial such that
a; = aj(—1). In contrast to the theory of finite type invariants, the coefficients of the
Jones polynomial (and its Khovanov Homology) are non-perturbative knot invariants.

When L is an alternating link, the coefficients of the (shifted) colored Jones poly-

nomial .J;, ,(q) stabilize, in the sense that the limit

®r(g) = lim Jr.a()

exists. Even more, for every k € N, the coefficient of ¢* in J;,,(¢) € Z[q] is indepen-
dent of n for n > k. The existence of ®(q) and its extension to ®g(q) for G € G
(where G is the reduced Tait graph of a planar projection of L) was shown in [23], see

also [2, 4]. We will denote by ¢¢x (resp., ¢rx) the coefficient of ¢* in ®¢(q) (resp.,
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P (q)), and we will often call it the k-th stable coefficient of G' (resp., L). Thus, we
have ®(q) = >°77 ¢xq"

In [12] the first three stable coefficients ¢y : G +— ¢y for k = 0,1, 2 were expressed
in terms of the number of vertices, edges and 3-cycles of G. The proof used properties
of the Kauffman bracket skein module. An independent proof was given in [27]. To
express the answer, and to motivate the polynomial algebra P introduced below,

consider the elements cy, co, c3 € P given by

(cr eaies) = ([o]. [, J.I/\D- (102)

c1, Co, c3 count the number of vertices, edges and triangles in a graph G. Then, we

have [12]

(G0, P1, P2) = <1, cp—Cy — 1,% ((c1—2)* —2c5 — 1 + cz)> . (103)

It is natural to ask for a formula for the next coefficient ¢3. The answer is given

in Theorem 4.1.3 below. What’s more, Theorem 4.1.3

(a) motivates us to introduce the algebra P of polynomial invariants of graphs, in
the spirit of flag algebras of [45]. P turns out to be a free polynomial algebra,
see Theorem 4.1.2.

(b) shows that ¢3 is determined by ¢y for £ < 2 and —cyy + 2¢42. The latter is an
integer linear combination of the refined alternating link invariants c4, c40; see

Proposition 4.2.2

(c) motivates us to write ®(¢) as an infinite product and conjecture that its expo-
nents are linear forms on the set of irreducible planar graphs, see Conjecture
4.1.6 and its explicit form, Conjecture 4.1.4. The latter is verified by explicit
computation for all alternating links with at most 10 crossings and all irreducible

graphs with at most 7 vertices.
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(d) raises the question of how Rozansky’s categorification @ (t,q) of ®.(q) =
®.(—1,q) (see [48]) can further refine Conjecture 4.1.6. Since this categori-

fication has not been computed, we cannot make this question more precise.
4.1.2 An algebra P of polynomial invariants of graphs

Let G denote the set of simple finite graphs, i.e., abstract non-embedded graphs with
no loops and no multiple edges, and unlabeled vertices and edges. For H and G in
G, an embedding f : H — G is an injection f : V(H) — V(G) (where V(G) denotes
the set of vertices of ) such that for every v, v € V/(H) (v,v') is an edge of H if and
only if (f(v), f(v")) is an edge of G. Let i(H,G) denote the number of embeddings of
H in G, divided by the number of automorphisms of H. Varying GG, we get a function
[H] : G — N given by G € G — [H|(G) = i(H,G). The degree of [H] is the number
of vertices of H. Let [G] denote the set {[H] |H € G}. Likewise we define [G¢] where

G is the set of connected graphs. P denote the Q-vector space on the set [G].

Proposition 4.1.1. (a) P is a commutative algebra. In fact,

[H\][Ho] =) cnlH] (104)

where H is a graph on on at most |V (H;)| + |V (Hz)| vertices and ¢y is the number
of ordered pairs of induced subgraphs (Fy, F») of H (possibly sharing some vertices)
such that F; is isomorphic to H; for i = 1,2 and moreover V(Fy) UV (Fy) = V(H).

(b) It follows that P is a quotient of the polynomial algebra on [G¢].

Equation (104) shows that the structure constants of the multiplication in P are

natural numbers. For instance we have:

1 2
Sl (o)) =[,_J+ o]

This holds both sides of the above equation evaluated on G € G equal to the number

of pairs of vertices of G and such a pair is either connected by an edge or not. More
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generally, if H is a graph on k vertices then

[H][e] = k[H] + Y _ cx[F]

where the sum is over all graphs F' on k + 1 vertices and cp is equal to the number

of induced subgraphs of F' isomorphic to H.
Theorem 4.1.2. P is a free polynomial algebra on the set [G€].

Real valued functions on G are also called graph parameters and linear combina-
tions of graphs are also called quantum graphs in the context of graph theory. The
algebra P is reminiscent to the flag algebras of graph theory [45].

Since alternating links involve planar graphs only, let GP! denote the set of simple
planar graphs. For H € GP', we denote by [H] the restriction of the function [H] :
G — Nto GP! C G, and PP the vector space generated by [H] for H € GP'. PP is also
an algebra, however it is not free. Indeed, it was pointed out by Armond-Dasbach
that if (¢; —c2 — 1)(G) = 0 for a planar graph G, then G is a tree hence ¢3(G) = 0.

The structure of the algebra PP is an interesting and challenging problem.
4.1.3 A formula for ¢3

Let ¢y; = [Guv}] for i = 1,2 where Gv} are shown in Figure 17.

[ ] A

Figure 17: The irreducible planar graphs Go} (left) and Gvj (right) with 4 vertices.

Theorem 4.1.3. We have:

3 2
¢3:C41—2C4Q+%+03C2—%—%—03014—%—%—'—% (105)

Equations (103) and (105) are equivalent to
®(g) = (1— )" "2 (1= g")=(1 = ¢*)* ™% + O(q)". (106)
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4.1.4 A conjecture for ¢4, ¢5 and ¢

A comparison of Equations (105) and (106) suggests us to write ®;(¢) as an infinite

product

o0

O(q) = (1—g) e JJ(1 - M) (107)
k=2

where Ci(G) € Z for all k. This is possible since ®¢(q) € 1+ gZ][[g]]. Theorem 4.1.3
gives an expression for Cy for k = 2,3. To phrase our conjecture for C for k = 4,5,
recall the notion of an irreducible planar graph from [27]. The latter is a planar graph
which is not a vertex connected sum or an edge connected sum of planar graphs as
in Figure 18. The table of irreducible planar graphs with at most 10 edges is given
in Figures 28, 29, 30, 31 and 32, and with at most 6 vertices is given in Figures 17,
26 and 27.

G Gq Gy

Figure 18: A vertex connected sum (on the left) and an edge-connected sum on the
right.

Conjecture 4.1.4. We conjecture that

Cy = c3— 41+ 5Cg2 + C51 — C52 — 2C53 — 3¢5 (108)
Cs = c3 — cq1 + 12¢42 + 51 — 4cs3 — 9csa (109)
— Ce1 + Co2 — 2C63 — Cpa + 2C65 + 3co6 + 4oy — 4eeg

+ 2¢610 + Co11 — 3612 + 4ce13 + co14 — Dce16 — 16¢618 + Coig

where ¢;; = [Gv]] and Gv? and Gv¢ are irreducible planar graphs with 5 and 6

vertices shown in Figures 26 and 27.

95



Independently of the above conjecture, each term that appears in the right hand
side of Equations (108)-(109) is an alternating link invariant; see Proposition 4.2.2
below.

The expression for C4y and Cj is the unique linear combination of irreducible
planar graphs with 5 and 6 vertices (and this is how it was found) which fits the
stable coefficients of the Jones polynomial of all alternating links with at most 10
crossings and all alternating links whose reduced Tait graph has at most 6 vertices.
For details, see Section 3.5.

The reader may observe that the graph GuZ is missing from Cy. This motivates

the following question.
Question 4.1.5. Is it true that

(Pgo)® = Py P
A direct computation confirms this up to O(q)3'.

Conjecture 4.1.6. For all k > 2, C} are linear forms with integer coefficients on

the set of irreducible planar graphs with at most k + 1 vertices.
The above conjecture has an equivalent formulation.

Conjecture 4.1.7. ¢ is multiplicative under vertex and edge connected sum, and for
every connected irreducible planar graph H there ezist Wy (q) € 1+ ¢eH)=1Z[[q]]

such that
O(q) = (1— )t [ Culg)™ (110)
H

where the product is taken over the set of irreducible planar graphs.

4.2 The algebra P
4.2.1 Proof of Proposition 4.1.1

A subgraph of a graph G induced by S C V(G) is a graph G[S] such that V(G[S]) = S

and two vertices in S are joined by an edge in G[9] if and only if they are joined by
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an edge in G. The value i(H, S) can be equivalently defined as the number of sets
S C V(G) such that G[S] is isomorphic to H.

To show that (111) holds we need to show that
i(Hy, G)i(Hy, G) = cyi(H,G) (111)
H

for every graph G. Note that i(Hy, G)i(Hs,G) equals the number of pairs (S, S2) of
subsets of V(G) such that G[S;] is isomorphic to H; for i = 1,2. We claim that for
a fixed graph H the number of pairs as above, such that G[S; U Ss] is isomorphic to
H, is equal to cyi(H,G). The equation (111) immediately follows from this claim.
The claim holds as the number of sets S C V(@) such that G[S] is isomorphic to H
is equal to i(H, G). Further, for given S C V(G) the number of pairs (57, S2) defined

above with S = 57 U S, equals ¢y, by definition. O

4.2.2 Proof of Theorem 4.1.2

The proof of the theorem is derived from the results of [15]. We start by introducing

the additional notation, which will allow us to state the necessary results. Let

21,6 = 160 (i)

Let k be a fixed integer and let Hy, Hs, ..., Hp, be all connected graphs with |V (H;)| <

k. Given a graph G define a vector
V(k,G) = (v(H1,G),7(H2, G), ..., 7(H, G)) -

Let S; be defined as the set of all vectors v € R™ such that there exists an infinite
sequence of graphs G1,Gs, ... G,, ..., such that |V(G,,)| — oo and v(k,G) — v. The

following lemma follows immediately from [15, Theorems 1 and 3].

Lemma 4.2.1. Let k be a positive integer, let m be the number of connected graphs
on at most k vertices and let S, C R™ be as defined above. Then S) contains an

m-dimensional ball of positive radius.
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We are now ready to prove Theorem 4.1.2.

Proof. (of Theorem 4.1.2) Let k be a positive integer and let Hy, Ho, ..., H,, be all
connected graphs on at most m vertices, as before. It suffices to show that for every
p € Rlxy,x9,...,2,], p Z 0, we have p([Hy],[Ha|,...,[Hn]) # 0. Suppose for a

contradiction that for some polynomial py € R[xq, 2o, ..., Zm], po Z 0 we have
po(i(Hl, G), ’i(HQ, G), ce ,i(Hm, G)) =0

for every graph G. As i(H,G) = (““j((g))")vH(G), there exists an (m + 1)-variable

polynomial p; € R[xy, z9, ..., 2m,y], p1 Z 0 such that
po(i(Hh G)v i(H27 G)? s ’i(Hm7 G))) = pl(’Y(Hb G)77(H27 G)v s 77(Hma G)a IV(G)D
(=pi(v(k,G), [V(G)]) )

Let t

P11, 29, o Ty Y) = Zri(asl, )Y
Suppose without loss of generality that r; iSZ;lt)t identically zero. We claim that r; is
identically zero on Sk, in contradiction with Lemma 4.2.1.

To prove the claim, consider v € S; and let G1,Gs,...G,, ... be a sequence of
graphs such that |V(G,)| — oo and v(k,G) — v, as in the definition of Si. Let
f(Gn) =pi(v(k, G, |[V(G)])/|IV(G)|'. Clearly, lim,, . f(G,) = r:(v). On the other
hand, f(G,) = 0 for every n by the choice of p;. It follows that r,(v) = 0, as desired.

This establishes the claim and the theorem. O

4.2.3 A subalgebra P of P

In this section we introduce a subalgebra P of P which is motivated by knot theory.
Consider a flype move on a graph shown in Figure 19.

The importance of the flype move is Tait’s Conjecture proven by Menasco-Thisthlethwaite
[42]: every two reduced S? projections of an alternating link are connected by a se-

quence of flype moves. Closely related to a flype move is a Whitney flip move [55],
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w3
(%]

Figure 19: A flype move on a planar graph.

illustrated in Figure 20.

Figure 20: A Whitney flip on a graph.

In [23] it was shown that

e a Whitney flip on a planar graph corresponds to a Conway mutation for the

corresponding alternating links.
e A flype move can be obtained by two Whitney flip moves.

Menasco [41] shows that there are two types of Conway mutation, type I (visible
in an alternating link projection) and type II (hidden from the link projection). It
was pointed out to us by F. Bonahon and J. Greene that a type II mutation can be
achieved by two type I mutations. Independent of this fact, in [31, Thm.1.1] Greene
proves that the Tait graph gives a 1-1 correspondence between the set of alternating
links, modulo Conway mutation and the set of planar graphs modulo flips. A Conway
mutation does not change the colored Jones polynomial, hence ®;(q) does not change
under Whitney flips on G.

Let G denote the set of equivalence classes on G induced by the Whitney flip

99



equivalence relation. Let P denote the subalgebra of P that consists of all polyno-
mials P : G — Q (where P € P) that satisfy P(G) = P(G’) whenever G and G’ are
related by a Whitney flip.

The above discussion gives rise to a map
P x {Alternating links}/{Conway mutation} — Q (112)

Proposition 4.2.2. If H is 2-connected and isomorphic to every one of its Whitney
flips, then [H] € P1.

Corollary 4.2.3. The terms c, c5; and cgy that appear in Equations (108) and

(109) all belong to P and therefore they are invariants of alternating links.

Proof. Since Whitney flips preserve the number of vertices, by Proposition 4.2.2 it
suffices to show that no two of the graphs Gv] (and similarly Gv?) differ by Whitney
flips. In [23, Sec.13.2] it was shown that if two planar graphs differ by Whitney flips,
the corresponding alternating links are Conway mutant, and hence they have equal
colored Jones polynomial, hence equal ®(g) invariant. Inspection shows that the 5
irreducible graphs with 5 vertices shown in Figure 26 and the 19 irreducible graphs
with 6 vertices shown in Figure 27 all have different Jones polynomial. Therefore, no
two graphs are flip equivalent. O]

Let

(o) =(, I J
Lemma 4.2.4. (a) v— 0 = o> +2[ AJ—[,__Jlo] +2[, ] — L[e]>+ i[o].

(b) v — 6 € P is an invariant of alternating links, polynomially determined by

(1, C2, C3.
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Proof. (a) By the multiplication formula (104) we have

[o][o] = 2o o] +2[_ J+]o] (113)
o o]lo] = 2fe of+[ J+2[_ o+3[ ") (114)
[ Jlol =2 J+3 AJ+2  J+2A, e (115)

It follows that

(o] = 2[e o]lo] +2[ _J[e] +[e][e]

= 2020 o +[__J+2[,_, el +3[, "))

+ 202, J+3AJ+2l )2, )

+ 2[e o +2._.]+

= 6[AJ+6[,_, o] +6[ " J+6[ _]+6[e o] +6[,_J+]o]

Therefore

6[,° J=1[o —6]| A\J—6l, , /-6 _]—6le o] =6, J—T[e]  (116)

On the other hand, from Equation (113) we have

(
L2 L 117
Sl = [~ 5lelle (117)

o o
and from Equation (115)

o= Jel =2, J-3AJ-2 ] (118)
Equations (116),(117),(118) give

6[,°) = [P -6 AJ-6(,_ Jol -2, J-3AJ-2_ )
1

— 6 J-6(Gler-[,_J- %[-] [¢]) —6[, ) —[e]
= [of +12[ AJ -6, Jlo]+12[,_J—3[e]*+2[e] +6[ ]

So

SR I A 5L 17N R O [ R = O =

(b) This follows from (a) and Proposition 4.2.2. O

101



4.3 A review of the gq-series Og(q)
4.3.1 The g-series O(q)

In this section we will review the definition of the g-series ®(q) of [23] following our
earlier work [27]. An admissible state (a,b) of G is an integer assignment a,, for each
face p and b, for each vertex v of G such that a, 4+ b, > 0. For the unbounded face
Poo We set an, = 0 and thus b, = a + b, > 0 for all v € p,,. We also set b, = 0 for
a fixed vertex v of po.. In the formulas below, v, w will denote vertices of G, p a face
of G and p., is the unbounded face. We also write v € p, vw € p if v is a vertex and
vw is an edge of p.

For a polygon p with [(p) edges and vertices by, . .., by in counterclockwise order

we define
v(p) = l(p)af) + 2a,(by +ba + - - + byy)) -

Let
Ala,b) = Zy(p) +2 Z Do, b,
P

e=(v;v;)

where the summation is over the faces p of G and edges e = (v;v;) of p, and
Ba.t) =23 b, + Y (1) - 2)a, (119)
v P
where the summation is over the vertices v and faces p of G.

Definition 4.3.1. /23] With the above notation, we define
A(a,b)+1B(a,b)

H (Q>ap+bv

(p,v):ve€p

Dalq) = ()2 3 (~1)Ben L (120)

(a,b)
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where the sum is over the set of all admissible states (a,b) of G, and in the product

(p,v) : v € p means a pair of face p and vertex v such that p contains v.
Let b, = min{b, : v € p}.

Theorem 4.3.2. [27] (a) We have

Aa,b) = Z (l(p)(ap + bp)2 + 2(ap + bp) (Z(bv - bp)) (121)

p vep

+ 3 (b —bp) (b —bp) + > bvbv/> :

v’ Ep vV’ EPoo
Each term in the above sum is manifestly nonnegative.
(b) B(a,b) can also be written as a finite sum of manifestly nonnegative linear forms
on (a,b).
(c) If 2(A(a,b)+ B(a,b)) < N for some natural number N, then for every i and every

J there exist ¢;, ¢, and ¢;, ¢; (computed effectively from G) such that

j
N < b; <N, c;-\/NS a; < CjN+C;‘\/N‘

4.3.2 Some lemmas from [27]

In this section we review the statements of some lemmas from [27] which we use for

the proof of Theorem 4.1.3.

Lemma 4.3.3. [27, Cor.3.2] For a pair (p,v) a 2-connected graph G where p is a

face and v is a vertex of p we have B(a,b) > a, + b,.
The proofs of the three lemmas below can be found in [27, Sec.4].

Lemma 4.3.4. Let G be a 2-connected planar graph whose unbounded face has V

vertices. If (a,b) is an admissible state such that
1. b, = by =1 where vv' is an edge of Poo,
2. a,+ b, =0 for any face p of G,
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3. (by, —by)(by, — by) =0 for any face p of G and edge vivy of p,
then b, > 1 for all vertices v, a, = —1 for all faces p # ps and B(a,b) > 2+ V.

Lemma 4.3.5. Let G be a 2-connected planar graph whose unbounded face has Vi,

vertices. If (a,b) is an admissible state such that

1. b, = by =0 and (b, — by)(by — b,) = 1 where p is a boundary face and vv' is a

boundary edge that belongs to p,
2. a, +b, =0 for any face p of G,

3. (by, — by)(by, — by) = 0 for any face p of G and edge vive not on the boundary
of p.

Then b, > —1 for all vertices w, a, = 1 for all faces p # po and B(a,b) > Vi — 2.

Furthermore B(a,b) = Vo, — 2 if and only if
e b, =0 for all boundary vertices v and b, = —1 for all other vertices w.
e a, =1 for all faces p.

Lemma 4.3.6. Let G be a 2-connected planar graph, py be a boundary face and (a,b)

be an admissible state such that
1. ap, + by, =0,

2. There exists a boundary edge vv' of py such that b,b, = 0 and (b, — by,)(by —

bpo) =0,

3. Let Gy be the graph obtained from G by deleting the boundary edges of py and

let (ag, by) be the restriction of the admissible state (a,b) on Gj.
Then,
(a) (ag,bo) is an admissible state for Gy,
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(b) A(CLO» bO) = A<a7 b) - Z byby,

e=(vv')w,v €EpoNpoo

(¢c) B(ao,bo) = B(a,b)—2 >_ b, where Vy is the set of boundary vertices of py that

veVh
do not belong to any other bounded face,

(d) Bla,b) =2 3 by,

veVY

(e) If furthermore B(a,b) < 1 then A(a,b) = A(ag,bo), B(a,b) = B(ag, by).

4.4 The coefficient ¢* in ®g(q)
4.4.1 Analysis of admissible states

In this section we find the admissible states (a,b) such that 1(A(a,b) + B(a,b)) = 3.

Since A(a,b), B(a,b) € N we have the following cases:

Ala,b) | 6]5]4]3]2]1]0

B(a,b)|0|1]2[3|4|5]6

Case 1: (A(a,b), B(a,b)) = (6,0). By Lemma 4.3.3 we have B(a,b) > a,+b, > 0
and so a, + b, = 0 for all faces p. Similarly since B(a,b) > a, + b, = b, — b, > 0 we
have a, + b, = b, — b, = 0 for all v € p. Thus A(a,b) = 6 is equivalent to

Z byby = 6 (122)

vV’ Epoo
If vo’ is an edge of G and p is a face that contains v’ then we have b, = b, = b,. So
by Equation (122) there exists a boundary edge vv’ such that b, = b, = 1. Lemma
4.3.4 implies that B(a,b) > 2 4+ V,, > 0 which is impossible. Therefore there are no

admissible states (a, b) that satisfy (A(a,b), B(a,b)) = (6,0).
Case 2: (A(a,b), B(a,b)) = (5,1). Since [(p) > 3 we have a, + b, < 1 for all p.

Case 2.1: There exists a face py such that a,, + b,, = 1, which implies that

a, + b, =0 for all p # py.
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Case 2.1.1: l(py) = 4 or 5. We have B(a,b) > (ap, + by,) + (ap, + by,) =
2(ap, + by,) = 2 which is impossible, here vy, vy are two vertices of py.

Case 2.1.2: I(py) = 3. We have
5=A(a,b) =3+ Y (by—b,)(by —by) + Y byby

p wv'€Ep VU EPoc

and therefore

Z Z (by = by) (b — by) + Z byby = 2 (123)

p wv'Ep VU’ EPoo

There are at most two positive terms in Equation (123). Let v;v) € p;, 1 <1 < 2be
the edges and bounded faces that appear in these terms. If a bounded face p contains
a boundary edge vv' # v;v}, ¢ = 1,2 then we should have b,b,» = (b, —b,) (b, —b,) = 0.
This implies that b, = 0 and hence a, = 0. Let G’ be the graph obtained from G
by deleting the boundary edges of p and (a’,b") be the restriction of (a,b) on G'. By
part (e) of Lemma 4.3.6 we have A(d’,b') = A(a,b), B(d’,b') = B(a,b). Continue this
process until G doesn’t have any face p with a boundary edge vv’ # v}, i = 1,2.
It’s easy to see that the only possibility for this to happen is when G = pg U p; U po,

where say v;v} € p;, i = 1,2. Since p;,p2 do not contain any boundary edge other

than vv, i = 1,2, G should be isomorphic to the graph in the following figure.
Wo
Po
Wo W
where wow; = v}, wows = v9vh. It follows that by, b,, = 0 and let us assume

that b,, = 0, and so by,b,, = 0. This forces (by, — by, )(bw, — bp,) = 1 since the
edge wowy corresponds to a positive term in Equation (123), which must equal 1.
It follows from the later that b,, = b,, = 0 and therefore from Equation (123),

2=">" byby = buybuw, + buw,bu, + bu,bw, = 0 which is impossible.

Vv EPoo
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Case 2.2: a, + b, = 0 for all p. Then we have
DN (b —b) b — b))+ Y by =5 (124)
p wv'ep vV’ Epoc
There are at most 5 positive terms in Equation (124). Let v;v] € p;, 1 <i <5 be the
edges and bounded faces that appear in these terms. If a bounded face p contains a
boundary edge vv’ # v;v}, 1 < i <5 then we should have b,b,, = (b,—b,) (b, —b,) = 0.
This implies that b, = 0 and hence a, = 0. Let G’ be the graph obtained from G by
deleting the boundary edges of p and (a/, ') be the restriction of (a,b) on G’. By part
(e) of Lemma 4.3.6 we have A(d’, V') = A(a,b), B(d',b') = B(a,b). We can continue
this process until all the boundary edges of G are among the v;v]. This means we can
assume that G' has m boundary edges where 3 < m < 5. Let us relabel the boundary
vertices by vy, va, .., Up,.
Case 2.2.1: All the positive terms in Equation (124) correspond to boundary

edges. If the positive terms are b, by,, ..., by, b,, then since b,,b,, + ... + by, by, =5,

e there exists 1 <7 < m such that b,,b =1,

Vit1
o (b, —by)(by —by) = 0 for all faces p and edges vv’ of G.

It follows from 4.3.4 that B(a,b) > Vi + 2 > 5 which is impossible. On the other
hand, if for instance b,,b,, = 0 then we can assume that b,, = 0. Since the edge v;vy

corresponds to a positive term, we have
(bUI - bpl)(bvz - bpl) =k (125>

where 1 < k < 3 and p; is the bounded face that contains v,ve. Here k # 4,5 since
we are assuming that all positive terms correspond to boundary edges and there are
at least 3 edges. We claim that £k = 1. Indeed, let us assume to the contradiction
that k£ > 2. Equation (125) implies that either b,, = —k and b,, —b,, = 1 or b,, = —1

and b,, — b,, = k. The former is impossible since b,, > 0. From the later we have
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by, = k — 1 and since a,, +b,, = 0 we also have a,, = 1. So by Lemma 4.3.3 we have
B(a,b) > a,, + b,, = k > 2 which is impossible and the claim is proven. Therefore
k =1 and hence b,, = b,, = 0, b,, = —1. It follows that b,,b,, = 0 which means
(byy — bp, ) (buy —by,) =K', 1 < K’ < 3, because the edge vovs corresponds to a positive
term. By a similar argument we can show that &’ = 1 and b,, = —1, b,, = 0. Similarly
we can prove that b,, = 0 and b,, = —1 for all 1 <7 <5 for all 1 < ¢ < m where
p; is the boundary face that contains v;v;,1. In particular, this implies that m = 5

and (b,, — by, )(by,,, —by,) =1 for 1 < i <5 and therefore (b, —b,)(b, —b,) = 0 for

Vit
all (p,vv’) # (pi, vivip1) for all i. So by Lemma 4.3.5 we have B(a,b) > Vo, —2 =3
which is impossible.

Case 2.2.2: There are 1 or 2 positive terms in Equation (124) that do not cor-
respond to the boundary edges. By a similar argument as the above, we can reduce
this to the case where the unbounded face of G has 3 or 4 vertices. Let us consider
the case where G has 4 boundary edges v1vq, Vou3, V304, V4v; that correspond to 4 of

the 5 positive terms and the other positive term corresponds to an edge vsvg inside

of G as in the figure below. The other cases are completely similar.

VU1, Vo

A

Vs

V4 U3
If the positive terms that correspond to the boundary edges are by, b,,, ..., by, b,, then

since by, by, + ... + by, by, = 4. This means that each of the terms b,,b,,,, is equal to 1

Vit1
and by an argument similar to the one of Case 2.2.1 we can conclude that B(a,b) >
Voo + 2 = 6 which is impossible. If, say b,,b,, = 0 then (b,, — by, )(by, —bp,) =k >0
since the edge v,vy corresponds to a positive term, here p; is the bounded face that

contains v1vy. Since we have 4 positive terms and 4 boundary edges, each positive

term is equal to 1, hence £k = 1. Similar to the argument in Case 2.2.1, we can
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show that b, = —1 for all faces p. Let p be the face that appears in the positive
term that contains vsvg and p’ be the other face that contains vsvg. It follows from
(bys — bp)(by, — by) = 1 that b,, = b,y = b, +1 = 0. Since (by; — by )(by, — by) =0 we
have b, = 0 which is impossible.

Case 3: (A(a,b), B(a,b)) = (4,2).

Case 3.1: There exists a face py such that a,, + b,, = 1, which implies that
a, + b, = 0 for all p # py. Since A(a,b) = 4 we have I(p) < 4.

Case 3.1.1: I(py) = 4. By a similar argument to the case 2 of Section 4.3 in [27]

we can show that this gives us the following set of admissible states (a, b):
e a,, = 1 for a square face py, a, = 0 for p # py,
e b, = 0 for all vertices v,

The contribution of this state to ®¢(q) is

¢ ¢

(1—q)iwo) — (1 —q)*

Case 3.1.2: I(py) = 3. We have

DD (b =b)br —by)+ D biby =1 (126)

p wvv'€Ep V! EPos

There is exactly one positive term in Equation (126). Let vv’ € p be the edge and
bounded face that appears in this term. If a bounded face p’ contains a boundary
edge ww' # vv’ then we should have byby, = (by — by)(byw — by) = 0. This implies
that b, = 0 and hence a,; = 0. Let G’ be the graph obtained from G by deleting the
boundary edges of p and (a’,¥") be the restriction of (a,b) on G'. By parts (c) and
(d) of Lemma 4.3.6 we have A(d’,b') = A(a,b), B(a',0') = B(a,b) — 2k, k € {0, 1}.

Here

e k=0 iff b, = 0 for all removed vertices v,
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e k = 1 if there exists a removed vertex v such that b, = 1 and b,, = 0 for all

other removed vertices w.

We can continue this process until G = pg if p = py or G = p U py if p # po.
Let us consider first the case where p = py. Let the three vertices of py be v, v, v”
and b,, = b,. We have 2 > B(a,b) = ap, + 2(by + by + byr) = (ap, + bp,) + bp, +
2(by + byr) = 1+ by, + 2(by + byr). It follows that 1 > by, + 2(by + b,») and hence
by, = by = b,» = 0 since they are all non-negative. This implies that a,, = 1 and
so A(a,b) = 3a2, + 2ap, (b, + by + byr) = 3 which is impossible. If p # py then there
should exist an edge vov], of py that does not correspond to a positive term and hence
buobyy, = 0. It follows that b,, = 0 and so a,, = 1. This forces b, = 0 for all v € p since
otherwise B(a, b) = ap,+2 > b, > 3 which is impossible. Similarly there should exist
an edge ww’ of p such tha‘: eb[;),bw/ = 0 which implies that a, = 0 and hence b, = 0. If
p and pg are disjoint then we have 2 = B(a,b) = B?(a,b) + B (a,b) = BP(a,b) + 1
where BP(a, b) denotes the restriction of B(a,b) on p. It follows that B?(a,b) = 1 and
the argument in Lemma 4.3.6 implies that b, = 0 for all v € p. This is impossible
since it gives B(a,b) = a,+2 ) b, = 0. So p and p, are not disjoint. If v is a vertex
vep

of both p and py then b, = 0 and therefore b, = 0 which implies that a, = 0 since

a, +b, = 0.

As before, the argument in Lemma 4.3.6 implies that b, = 0 for all v € p and so

B(a,b) = BP(a,b) + B (a,b) = 1 which is impossible.
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Case 3.2: a, + b, = 0 for all p. Then we have
DD (e =bp) by — b))+ > by =4 (127)
p wvv'Ep vV EPoo

There are at most 4 positive terms in Equation (127). If an edge vv" € p does not
correspond to a positive term then we should have b,b,, = (b, — b,)(by — b,) = 0.
This implies that b, = 0 and hence a, = 0. Let G’ be the graph obtained from G
by deleting the boundary edges of p and (a’,’) be the restriction of (a,b) on G’. By
parts (c) and (d) of Lemma 4.3.6 we have A(d’,b") = A(a,b), B(d',b') = B(a,b) — 2k,
k € {0,1}. Here

e k=0 iff b, = 0 for all removed vertices v,

e k = 1 if there exists a removed vertex v such that b, = 1 and b,, = 0 for all

other removed vertices w.

We can continue to do this until the boundary of G has at most 4 edges all of which
correspond to positive terms.

Case 3.2.1: All of the positive terms in Equation (127) correspond to boundary
edges.

Case 3.2.1.1 G has 3 vertices on the boundary, say vy, vo,v3. If all the positive
terms are equal to 1 then there must exist a boundary edge, for instance, v,v9 of G
such that by, by, = (by, —bp, )(by, —bp,) = 1 where p; is the bounded face that contains
v1v9. This implies that b, = 0 and hence a,, = 0. Let vv' & {vive, vov3,v301} be
another edge of p; and let p be the other bounded face that contains vv’. Since
vv' does not correspond to a positive term, we have (b, — b,,)(by — b,,) = 0 and so
byby = 0. We also have (b, — b,)(by — b,) = 0 which means b, = min{b,,b,} = 0
and hence a, = 0. Similarly we can show that b, = a, = 0 for all faces p’ and
in particular b,, > 0 for all w. It follows that B(a,b) > 2(b,, + b,,) = 4 which is

impossible.
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If one of the positive terms is equal to 2 then the other two are equal to 1. Without
loss of generality we can assume that the edge v;v9 corresponds to this term, so either
by, by, = 2 or (by, — by, ) (by, — bp,) = 2. For the former we can assume that b,, = 1 and
by, = 2. This implies that b,, = 0 since otherwise A(a,b) > by, by, + by, by, + byyby, >
2+41+2 = 5 which is impossible. Since b,,b,, = 0 which means (b, —b,,)(by; —b,,) =1
and this leads to —b,,(2 — b,,) = 1 which is impossible.

Case 3.2.1.2 G has 4 vertices on the boundary, say vy, vs,vs3,v4. By a similar
argument to the case 2.2 of Section 4.3 in [27], this corresponds to the following

admissible state of G:
e a, = 1 for all bounded faces p,

e b, =b,, = b, =0b, =0 where vy, v9,v3,v4 are the vertices of a square in G|

that does not have any diagonal in its interior. We will write cq9 = [Go|(G).

Gy =

where the dotted line means GGy does not contain an internal diagonal,
e b, = —1 for all vertices w inside the 4-circle mentioned above,
e by = 0 for any other vertex w.

The contribution of this state to ®¢(q) is

q3

(1 — g)desn(vi)+degn(va)+degr(vs)+degn(va) —4

=q" +0(q")

where deg(v) is the degree of v in the square [J = vjv9v30y.
Case 3.2.2: One of of the positive terms in Equation (127) does not correspond
to any boundary edge. By a similar argument to the caase 2.2.2 we can show that

there are no admissible states here.
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Case 4: (A(a,b), B(a,b)) = (3,3). By a similar argument to the case 2 of Section

4.3 in [27] we can show that the admissible states for this case are
e a, = 1 for all faces p.
e b, =b,, =b,, =0 where vy, vy, v3 are the vertices of a 3-cycle in G.
e b, = —1 for all v inside the 3-cycle mentioned above.
e b,, = 1 for a fixed vertex w outside of the 3-cycle.

e b, = 0 for all other vertices w.

P

and
e a, = 1 for all faces p.
e b, =b,, =b,, =0 where vy, vy, v3 are the vertices of a 3-cycle in G.

e b,, = 0 for a fixed vertex v, inside the 3-cycle that is not adjacent to any of the

vertices vy, vy, v3 and b, = —1 for all other v also inside the cycle.

e b, = 0 for all other vertices w.
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The contribution of both types of states above to ®¢(q) is

3

3 q _ .3 4
() = et ama o dmeaorraeeators — ¢ +OW)

where dega (v) is the degree of v in the triangle A = vvq03.
Case 5: (A(a,b), B(a,b)) = (2,4). Since A(a,b) = 2, we have a, + b, = 0 for all

p and

Z Z (bU - bp) (bv’ - bp) + Z byby =2 (128)

p wv'Ep V! EPoso

There are at most 2 positive terms in Equation (128). If a boundary face p contains
a boundary edge vv’ that does not correspond to a positive term then we should have
byby = (by — by)(byy — b,) = 0. This implies that b, = 0 and hence a, = 0. Let
G’ be the graph obtained from G by deleting the boundary edges of p and (a, V)
be the restriction of (a,b) on G'. By parts (c¢) and (d) of Lemma 4.3.6 we have
A(d, V) = A(a,b) — 2i, B(d',b') = B(a,b) — 2k, k € {0,1,2}. Here

e i =0 and k =0 iff b, = 0 for all removed vertices.

e i = (0 and k = 1 iff there exists a removed vertex v such that b, =1 and b, =0

for all other removed vertices w.

e i = 0 and k = 2 iff there exist two removed vertices v, v’ which are not connected

by an edge such that b, = b, = 1 and b,, = 0 for all other removed vertices w.

e i =1 and k£ = 2 iff there exist two removed vertices v,v" which are connected

by an edge such that b, = b, = 1 and b,, = 0 for all other removed vertices w.

It is easy to see that only the last item gives admissible states (a, b) with (A(a,b), B(a, b)) =

(2,4). To summarize, the admissible states in this case are those (a, b) that satisfy

e a, = 0 for all faces p.

e There exist two vertices v,v’ which are connected by an edge such that b, =

b,y = 1 and b,, = 0 for all other vertices w.
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The contribution of this state to ®¢(q) is

3

q _ 3 4
(1 _ q)deg(v)-‘rdeg(v’) =q + O(q )

Case 6: (A(a,b), B(a,b)) = (1,5). Since A(a,b) = 1, we have a, + b, = 0 for all

p and

Z Z (bv - bp)<bv’ - bp) + Z byby =1 (129)

p wv'Ep V! EPoo

There is exactly 1 positive term in Equation (129). If the pair (vv/,p), vv’ € p does
not correspond to this positive term then we should have b,b,, = (b, —b,) (b, —b,) = 0.
This implies that b, = 0 and hence a, = 0. Similarly we can show that a,; = 0 for all
other faces p’. This implies that 5 = B(a,b) = 2> b, which is impossible. So there
are no admissible states in this case. '

Case T7: (A(a,b),B(a,b)) = (0,6). Since A(a,b) = 0, we have a, + b, = 0 for all

p and

DD (e =bp) by = b))+ > byby =0 (130)

p wvv'Ep V! EPoo

Let vv" € p where p is a boundary face then we should have b b, = (b, —b,)(by —b,) =
0. This implies that b, = 0 and hence a, = 0. Let G’ be the graph obtained from G
by deleting the boundary edges of p and (a’,b") be the restriction of (a,b) on G'. By
parts (c¢) and (d) of Lemma 4.3.6 we have A(d’,b") = A(a,b), B(d',b') = B(a,b) — 2k,
k €{0,1,2,3}. Here

e k£ =0iff b, = 0 for all removed vertices.

e k = 1 iff there exists a removed vertex v such that b, = 1 and b,, = 0 for all

other removed vertices w.

o k = 2 iff there exists a removed vertex v such that b, = 2 or iff there exist two
removed vertices v, v’ which are not connected by an edge such that b, = b, = 1

and b, = 0 for all other removed vertices w.
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e k = 3 iff there exists a removed vertex v such that b, = 3 or iff there exist
two removed vertices v, v’ which are not connected by an edge such that b, =
1, by = 2 or iff there exist three removed vertices v, v’,v” none of which are
connected by an edge such that b, = b, = b,» = 1 and b, = 0 for all other

removed vertices w.
The above possible values of k lead to the following admissible states (a, b):
e a, = 0 for all faces p.
e There exists a vertex v such that b, = 3 and b, = 0 for all w # v.

The contribution of this state to ®¢(q) is

e a, = 0 for all faces p.

e There exist two vertices v, v which are not connected by an edge such that

b, =1, by =2 and b,, = 0 for all other vertices w.

The contribution of this state to ®¢(q) is

3
4q 3 4
5 =¢+0(q")
(1= q)ies) (1 — )™=

e a, = 0 for all faces p.

e There exist three vertices v, v, v” none of which are connected by an edge such

that b, = by, = b,» = 1 and b,, = 0 for all other vertices w.

The contribution of this state to ®¢(q) is

3

q _ .3 4
(1 — g)test)rdeateryidester) 4 O(q)
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4.4.2 Proof of Theorem 4.1.3

We now give a proof of Theorem 4.1.3 based on cases 1-7 of Section 4.4.1. We write

Pe(q) = (1 - q)()2(1 4 a1q + a2q” + azq® + O(q"))
=1 —=q)(1+bqg+ bag? + b3q3)(1 + a1q + as¢® + a3q3) + O(q4)

where from [27, Sec.4.2] we have

a1 =G
1
Ay = —Cl(cl +1) +c—c3
2
and as receives contributions from
e States (a,b) such that (A + B) = 3. These are discussed in Section 4.4.1.
e States (a,b) such that $(A + B) < 2 which are discussed in [27, Sec.4.2].

By expanding the factor (¢)2 we have

blz—Cg
Ccolcy — 3
= 229
—c3+9¢5 — 8¢y
b3:

6

The total contribution of the admissible states found in cases 1-7 to azq® + O(q*) is
ci(e—1) 3 4
(csoterte+2——F——a)+ty- > (e —alC)g*+0(¢")  (131)
Cs=vv’v"

—1
where %

— ¢o is the number of pair of vertices in G that are not connected by an
edge. The last term is a summation over 3-cycles C3 = vv'v” of G and a(C3) = 3+
the number of vertices contained in C3 that are adjacent to either v,v" or v”. The

admissible states in Sections 4.2 and 4.3 in [27] gives the following contribution to
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asq® + O(q*):

1+ Z 1 +q+ q2)deg(v) . q2 Z (1 + q)degc3(v)+degc3(v’)+degc3(v”)—3 (132)

Cs=vv’v"

+q Z +qdegv)+deg +Zq 1+Q)deg +O( )
(vv")#e

where by (vv') # e we mean a pair of vertices v, v’ that are not connected by an edge
and degcs(v) denotes the degree of v in the subgraph of G that is contained in Cj.

Summing up (131) and (132) we get

C1 (Cl — 1)

as = cao +c1 + 2 + 2( 5

—c)+v+d+tce+ Z (deg(v) + deg(v"))
(o) e

(133)

+20 = Y (e + deges(v) + deges(v) + deges(v") — 3 — a(Ch))

Cy=vv’v"”

Note that

Z (deg(v) + deg(v Z deg(v)(c; — 1 — deg(v))

(vv')Fe
=2cy(c; — 1) = ) (deg(v))’
= 202(01 - 1) — 20
Let us define

ds = deggs(v) + deges(v') + degeg(v”) — 3 — a(Cs)

and cjy = [ Al ca = [ 2]

Lemma 4.4.1. We have
(Cl) d3 = CilO + 2042.

(b) Cq0 —Cﬁlo = C41-

Proof. (a) If w is a vertex in the interior incident to v and v’ then it contributes

+1 to deg(v), +1 to deg(v’) and -1 to itself. Hence totally such w’s contribute c.
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If w is a vertex in the interior incident to v, v’, v” then it contributes +1 to each
deg(v), deg(v'), deg(v”) and -1 to itself. So totally such w’s contribute 2cq. If w is a
boundary vertex then its contribution to each of deg(v), deg(v'), deg(v”) is +2 and
the total contribution of the 3 boundary vertices is +6 which cancels the -6 in ds.
Thus we have

d3 = CilO + 2642

(b) We have

Cio = Chg = [[A]] - HA]]

Therefore Equation (133) combined with Lemmas 4.2.4 and 4.4.1 gives that

C1 (Cl — ].)

5 —cCo)+y+ I+ o+ 2c(c1 —1) — 20 + 2¢9

az = C41 — 2642 —C3C1 +C + Co+ 2(
2

=2c1cp+ ¢ — 301+ Ca1 —2¢40 +7 — 0
C13 012

:FﬂL?+C102—C1C3+%+02—03+C41—2042

Therefore the coefficient ¢ 3 of ¢* in ®g(q) is given by

®G3 = ag + by + arby + asby —ag — by — a;by

2 2 3
— — 2 _ _— — — — _— e
Cq1 Cq2 + 6 + c3C 6 6 C3C1 B 9 + 6
This completes the proof of Theorem 4.1.3. O
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.1 Computations

Tables 22 and 25 illustrate Theorem 4.1.3 and confirm Conjecture 4.1.4 for all alter-
nating links with at most 10 crossings and all irreducible planar graphs with at most

7 vertices. These tables were compiled as follows.

e We use Sage to list all irreducible planar graphs with at most 10 edges (using

the notation of [27, App.Al]).

e We use a Mathematica program to compute the corresponding vectors ¢ and C'

and the series ®¢(q) + O(g)* of Theorem 4.1.3.

e To identify the corresponding alternating links L, we use a Mathematica pro-
gram that converts the adjacency matrix of a planar graph G to the Dowker-
Thistlethwaite code of the corresponding alternating link L, and then use SnapPy
(see [6]) to identify the link with one of the Rolfsen’s table [46] (if L has at most

10 crossings) or Thislethwaite’s table (if L has more than 10 crossings).

e We compute the stable coefficients ®,(¢) + O(q)® using KnotAtlas (see [6])

which computes the colored Jones polynomials of a link.

The equality ®¢(q) = ®1,(q) of Theorem 4.1.3 is observed up to O(g*) and Conjecture

4.1.4 is verified for all such graphs.

Remark .1.1. If G is a connected planar graph with v vertices and e edges, the

following inequalities bound e in terms of v and vice-versa

v<e and e<3v—206

.2 Tables of irreducible planar graphs
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crossings = edges |3 |4|5]|6| 7 |8 |9 | 10
alternating links |12 |3 14139 | 96 | 297
irreducible graphs (1 {11 (3] 3 | 8 | 17| 41

oo

Figure 21: The number of alternating links with at most 10 crossings and the number
of irreducible graphs with at most 10 edges.

G c C L | ®1(q) +O(q°%
G313,3,1,0,0 [ 1,1,1,1,1 3111—q¢g—¢+¢°
[G314,4,0,1,0[1,0,—1,—-1,-1[4}[1—¢+ ¢ \
| G§15,5,0,0,0]1,0,0,1,1 |51 [1—g—¢* \
G%16,6,0,0,0]1,0,0,0,—1 62/ 1—q+q°

G 14,6,4,0,113,4,6,9,16 63| 1—3q — ¢*>+5¢>+ 3¢* + 3¢°
GS15,6,0,3,0]2,0,—-3,—4,-3[65 [ 1—2¢+q>+3¢ —2¢* —2¢°
Gl 17,7,0,0,0]1,0,0,0,0 T1]1—¢
G715,7,2,2,0[3,2,0,-2,—4 [72]1-3¢+¢*+5¢> —3¢* -3¢
G716,7,0,1,0]2,0,-1,1,2 2 1-2¢q+P+¢3 -3¢+

Figure 22: The irreducible graphs G' with at most 10 edges, the 6-tuple of polynomial
invariants ¢ = (cq, ¢, ¢3,¢q1,Ca2), C = (C1,C5,C3,¢4,Cs5) as defined in Equantion
(107), the alternating link L and the 6 stable coefficients of the Jones polynomial of
L.

GS | 8,8,0,0,0 | 1,0,0,0,0 82 |1—gq

GY |5,8,4,1,0|4,4,3,0,—6 815 | 1 —4q +2¢% + 9¢° — 5¢* — 8¢°
G516,8,0,5,0(3,0,—5,—7,—4 |8, [1—3¢+3¢>+4¢ —8¢" —2¢°
G§16,8,2,0,0]3,2,2,4,6 83 [ 1 -3¢+ > +3¢% —3¢* +3¢°
G%16,81,2,0[3,1,-1,0,2 816 | 1 —3q +2¢° +3¢> — 6¢* + ¢°
G%£16,8,0,6,0]3,0,—6,—10,—-7 | 8 |1 -3¢+ 3¢*> + 5¢° — 8¢* — 5¢°
G%17,80,1,0(2,0,-1,-1,-3 |8 [1-2¢+@Z+¢ —¢*+2¢
G%17,8,0,0,0]2,0,0,2,1 8 |1—2¢+¢®>—2¢*+3¢°

Figure 23: Figure 22 continued.
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GY 15,9,7,0,2(5,7,11,17,31 90 | 1 —5q + 3¢° + 14¢° — 6¢* — 15¢°
G9 16,9,2,5,04,2,-3,-9,—13 | 93, | 1 —4q + 4¢*> + 7¢> — 13¢* — 7¢°
G9 16,9,3,1,04,3,2,3,6 92, | 1 —4q + 3¢*> + 6¢° — 9¢*

G 16,9,2,4,0[4,2,-2,-5,—5 | 934 | 1 —4q+4¢*> + 6¢> — 13¢* — 3¢°
G? 16,9,2,3,0(4,2,-1,-1,3 940 | 1 —4q+4¢> +5¢° — 13¢* + ¢°
G2 17,9,0,3,0[3,0,-3,-3,—4 | 9% | 1 —3q+ 3¢ +2¢> — 6¢* + 4¢°
G2 7,9,1,0,0[3,0,-3,-3,—4 |94 |1 -3¢+2¢°>+¢ —4¢* +7¢°
GY 17,9,2,0,013,2,2,2,0 92, [ 1-3¢+¢*+3¢°—¢* +3¢
G9 17,9,0,3,013,0,-3,-2,0 92 | 1 -3¢+ 3¢*> +2¢° — 7¢* + 3¢°
G 17,9,1,1,0 [ 3,1,0,1,0 92. | 1 —3q+2¢* +2¢° — 4¢* + 4¢°
Gy, 17,9,0,2,0]3,0,-2,1,3 999 | 1 =3¢ +3¢> + ¢ —7¢* +6¢°
G, 17,9,0,3,03,0,-3,—1,3 93 [1-3q+3¢%>+2¢% — 8¢* + 3¢°
GY517,9,0,2,03,0,-2,2,6 95 [ 1—3¢+3¢%+¢>—8¢"+6¢°
G1,18,9,0,0,02,0,0,1,0 9%y [ 1-2¢+¢* —¢* +2¢°
G9518,9,0,1,0(2,0,0,1,0 9% 11-20++¢—¢*

Gl |8,9,0,0,0 | 2,0,0,0,—3 935 | 1 —2¢+¢® + 3¢°

Figure 24: Figure 22 continued.

122




10
g?o 6,10,5,2,1 | 5,5,5,6,11 10
o 2, 10,5,0,0 | 5,5,5,6,10 o 1—5¢ +5¢° + 10¢° — 16¢* — 7¢°

2 10,4,4,0 | 5,4,0, -8, —20 = 1 — 5¢ +5¢” +10¢° — 164" — 6
G3Y | 6,10,4,4 : 103, [1-5 2 q
&0 ,4,4,0 | 5,4,0,—8,—20 102 q + 6q +1Oq3_21q4_11 =
G%O 6,10,4,3,0 | 5,4,1,—3,—6 10555 1 —5q + 6¢° + 10¢° — 21¢* — 11q5
GL;)O 77 10,0, 10, 0 4’ 0’ _10’ _20 _15 10%37 1-— 5(] + 6q2 + 9q3 _ 21q4 ~6 5q

6 7,10,07870 4.0 —8. — ! 1 1_5q—|—6q2+93_2 T q
Glo 71 s Y 5 137—7 103 1 q 1q _6q5

1 7.10,0,7,0 [4,0,-7,-10, =5 55 | 1—4q+6¢” +4¢° — 18¢* + 3¢°
G 7,10,2,2 o 10120 | 1 —4 2 3 d a
G0 ,10,2,2,0 | 4,2,0,1,3 102 q+6g” +3q _17q4+7q5

o 7,10,3,0,0 | 4,3,3,4,3 2y | 1—4q+ 4% + 4¢3 — 11¢* + 5¢°
G%g 7,10,2,2,0 [ 4,2,0,0,—1 10112 | 1 —4q+3¢° +5¢° — 6q" 45
GV 7,10,1,3 - 10116 | 1 —4 7 B + 49

] 710,140 [4,1,-3,3,0 ts1 | 1~ g+ 5" +2¢° — 14g + T
G%g 7,10,1,3,0 | 4,1 _’2 ’O 3 10514 1—4q+ 4q2 + 4q3 _ 1034 + 5(]5
G%g 7, 10,27170 4’2’1’4:7, 10%56 1—4q+5q2+2q3_13q4+13 5
G%g 7,10,2,1,0 [4,2,1,3,3 10147 1 _4q+4q2 _|_3q3 _ 10(]4 ) 5q
G17 7,10’272’0 1.2.0.0 10792 1—4q+4q2+3 3_94 g
G%g ,10,1,4,0 [ 4,1,-3,-2,4 1054 4dq + 4¢° + 4¢> — 10¢* + 5¢°

%8 7,10,2,1,0 | 4,2,1,5 11’ 38 1—4q+5q2+3q3_15q4+7q5
G| 8,10,0,1 ’ 10, [1-4 5 23 a
Glo ,0,1,0 |3,0,-1,3,4 102 g+4¢° +3¢° — 11" + 9¢°

21 8,10,0,1,0 | 3,0,—1,2,1 106 1 —3q+ 3¢° — 6¢* + 8¢° e
g%g 8,10,0,1,0 | 3,0,—1 1,_1 1030 1_3q+3q2—5q4+8q5
G%g 8,10,0,1,0 3,07_172’2 10141 1—-3¢+3¢ —4¢*+7¢°
Gl S 10.LL0 315,01 L0y | 150+ 30750+ 77

%g 85 10,0,2,() 3’0’ —92 _1.-1 085 1 - 3‘1+2q2 +2q3 — 3q4 +2 5
GI018,10,1,0 — 10100 | 1 -3 T 3 !
G].O ) Ly 70 3,1,1’3’3 103 q+3q +q 75q4+4q5
G%g 8,1072’070 3’2’2’2’2 gi’) 1—3q+2q2+q3_3q4+55

S I00.8.0 50,5 1750, BT
Gsg | 8,10,0,1 — 1059 |13 2 3 4

iy ,0,1,0 [3,0,-1,3,5 3 q+3¢” +2¢° — 5" +2¢°
G191 8,10,0,0 2 103; [1-3 p q
GlO ) Yy 70 3,0,0’4’2 102 q+3q 6q +7q5

;7] 810,1,0,0 [3,1,1,2,0 5 |1-30+3¢° — ¢’ —4q" +10¢°
G| 8,10,0,2 — 10508 |1 -3 23 z
Glo ) Yy 70 3707_2’_2 -5 102 Q+2q —|—q _2q4+5q5
Gi,g 8,10,0,2,0 | 3,0, —2, _2’ —r 10 1-3¢+3¢+¢@ —4¢*+54°

i18,10,0,3,0 3,03, i 105 | 1= 30430+ —4q4+6q5
G3g | 9,10,0,1 — 103 [1-3 2.3 q
Glo L) ’0 2101_1,—1’—1 103 q+3q +q _4(]4“—6(]5

ilag 9710,07070 2’0’011 69 1_2q—|—q2+q3_q4
Cu $10.0.0.0 1%,0,0.0, 2 W [1-2+g —a g

39 9,10,0,0,0 | 2,0,0,0, -1 035 | 1—2¢+¢*+2¢°
Gl0710,10,0,0,0 1,0,0,0,0 00 [1-2%+¢+4

’ 10 |1—g¢
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G |[C L ®1(q) +0(¢%)
Gv$ |3,0,—6,—-10,—7 | 8] 1—3¢+3¢%>+5¢° —8¢* — 5¢°
Gv§ 2,0,-1,1,2 7 1-2¢+@+¢ -3¢ +¢°
Gv§ |4,2,-3,-9,-13 | 93, 1—4g+4¢2+7¢° — 13¢* = 7¢°
Gv§ |1,0,0,0,—1 62 1—q+¢°
Gv8 [3,2,2,4,6 83 1 -3¢+ ¢*+3¢ —3¢* +3¢°
GvS | 4,3,2,3,6 92, 1—4q+3¢> + 6¢> — 9¢*
GvS | 5,5,5,6,11 10191 1 —5¢ 4+ 5¢°> +10¢> — 16¢* — 7¢°
Gv§ | 5,5,5,6,10 10123 1 —5q + 5¢° + 10¢° — 16¢* — 6¢°
Gv§ | 5,4,0,—8,—-20 | 107, 1 —5q+ 6¢% +10¢° — 21¢* — 114°
Gv%, | 3,1,-1,0,2 816 1-3¢+2¢>+3¢°> —6¢* +¢°
Gv§, 14,2,-2,—-5,—5 | 934 1—4qg+4¢> + 6¢° — 13¢* — 3¢°
Gv%, 5,4,0,-8,-20 [ 107, 1 —5q+ 6¢% +10¢° — 21¢* — 11¢°
Gv%; | 5,4,0,—8,-20 | 949 1—4q+4¢> +5¢° — 13¢* + ¢
Gv9, [5,4,0,—-8,-20 | 102, 1 —5q+6¢% +9¢° — 21¢* — 6¢°
Gv%; 1 6,7,8,8,9 11314 1 —6q+ 8¢% + 14¢° — 29¢* — 174°
Gv¥ | 6,6,3,—7,—28 | L11a520 |1 — 6q + 9¢° + 13¢° — 35¢* — 17¢°
GvY, [ 7,10,16,25,46 | L12a1183 | 1 — 7q + 11¢% + 19¢° — 43¢* — 33¢°
Gl | 7,8,5,—13,—65 | L12a2008 | 1 — 7q + 13¢* + 16¢° — 57¢* — 28¢°
Gv%y | 3,0,—5,—-7,—4 | 82, 1—3q+3¢%+4¢> — 8¢* — 2¢°

Figure 25: The irreducible graphs G with 6 vertices, the vector C' = (C4,...,Cs),
the alternating link L and the 6 stable coefficients of the Jones polynomial of L.

OO0 XA

Figure 26: The irreducible planar graphs Gv? for i = 1,...,5 (from the left to the
right) with 5 vertices.
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(0 B
g

Figure 27: The irreducible planar graphs Gv¢ for i = 1,...,19 (from the left to the
right) with 6 vertices.

o

%

ANERG

Figure 28: The irreducible planar graphs G3, G§ and G with 3, 4 and 5 edges.

Figure 29: The irreducible planar graphs with 6 and 7 edges: G, GS$, GS on the top
and Gf, G7, G5 on the bottom.
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Figure 30: The irreducible planar graphs with 8 edges: G§, ..., G5 on the top (from
left to right) and G%, ..., G on the bottom.

(3A A XA A

Sp RIS PSP TS
A

Figure 31: The irreducible planar graphs with 9 edges: Gj,...,G? on the top,
Gy, ...,GY, on the middle and GY,, ..., G}, on the bottom.
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Figure 32: The irreducible planar graphs with 10 edges: G°, ..., G on the top,
G, ..., GL2 on the middle and G2, ..., G39 on the bottom.
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