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SUMMARY

Change-point detection and point process modeling play a vital role in time series anal-

ysis, particularly when the data are high-dimensional, correlated, or observed under time

uncertainty. For high-dimensional data with complex spatio-temporal correlations and min-

imal distributional assumptions, real-time detection of distributional shifts requires care-

fully designed procedures that address multiple statistical and computational challenges.

For event data with time uncertainty, to the best of our knowledge, no existing work has

established a point process model that explicitly incorporates time uncertainty. This the-

sis develops new methods for online change-point detection in complex high-dimensional

data and for point process modeling under time uncertainty. We propose a distribution-free

CUSUM procedure for low-rank image data, which avoids parametric noise assumptions

and demonstrates reliable detection performance in manufacturing applications. We also

develop a neural network-based detection procedure via a binary classification proxy to

flexibly adapt to various types of distributional shifts. Additionally, a higher-criticism-

based approach is developed for detecting sparse and weak changes in high-dimensional

signals, achieving asymptotically optimal detection delay under rare moderate departure

regimes with theoretical guarantees. Finally, a novel framework is introduced for model-

ing point processes with time uncertainty; through a carefully designed training scheme

and kernel-based parameterization, the model predicts event occurrence probabilities and

recovers dynamic causal structures in both simulations and real-world datasets such as Sep-

sis medical records and urban burglary incidents.

xxii



CHAPTER 1

INTRODUCTION

Change-point detection and point process modeling play a vital role in time series anal-

ysis, particularly when the data are high-dimensional, correlated, or observed under time

uncertainty. From industrial process monitoring to healthcare diagnostics, timely detec-

tion of changes and accurate predictions of arriving events can be vital. As data becomes

increasingly high-dimensional, structured, and temporally complex, traditional parametric

methods often struggle to maintain reliability, scalability, and interpretability across mod-

ern applications.

This dissertation investigates a range of methodological innovations in change-point

detection and point process modeling, addressing several open challenges: distributional

robustness, high-dimensional scalability, sparse signal recovery, and uncertainty in event

timing.

We begin with the development of a distribution-free CUSUM procedure tailored for

low-rank image time series data. By exploiting the spatial-temporal structure of matrix-

valued observations and avoiding strong parametric assumptions, this method enables ro-

bust online detection of mean shifts while accounting for both spatial and temporal de-

pendencies. Theoretical insights into the statistical properties of the detection statistic are

provided, alongside empirical validation using simulated and real data.

Building on the limitations of classical CUSUM methods in high-dimensional and

model-mismatched scenarios, we next introduce a neural-network-based CUSUM (NN-

CUSUM) framework. This approach combines the recursive computational efficiency of

CUSUM with the expressive power of neural networks. This work underscores how deep

learning can be meaningfully integrated with classic statistical procedures to handle large-

scale, nonparametric change detection problems. The method is justified through extensive
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experiments.

Recognizing that real-world changes may affect only a sparse subset of variables, we

then turn to the problem of sparse multi-stream quickest detection. Leveraging the higher

criticism (HC) statistics, we propose an aggregation framework that performs local testing

on individual data streams and then pools these results to achieve sensitivity to weak and

sparse signals. The method is shown to achieve optimal detection delay in the information-

theoretic sense and can empirically present small detection delays compared to other meth-

ods.

Finally, we turn to point process data with time uncertain in the events, a scenario com-

mon in applications like medical event logs and social interactions. We propose a novel

framework that models such data on both continuous time and discrete-time grids, incor-

porating uncertainty via a fundamental likelihood model. Our method accommodates both

stationary and non-stationary dynamics, and supports parameter recovery using first-order

optimization techniques. Applied to a real-world sepsis dataset, this framework uncovers

latent causal patterns that are obscured by noisy or imprecise event timing.

Together, these contributions advance the theory and practice of change-point detec-

tion across distribution-free matrices or streams, and of point process modeling on events

with time uncertainty, offering a unifying theme of scalable, structure-aware, and robust

statistical methodology for modern high-dimensional time series data.
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CHAPTER 2

DISTRIBUTION-FREE ONLINE CHANGE DETECTION FOR LOW-RANK

IMAGES

2.1 Overview

In modern manufacturing, rapid improvements in sensor technology allow the industry

to acquire data with dimensions much higher than those of decades ago. For example,

images of layers in 3D printing [1] can be obtained approximately every five seconds.

For monitoring purposes, the image data can be viewed as matrix data. However, online

monitoring of matrix data faces multifaceted challenges:

• Temporal independence: Due to the high sampling rate, weak autocorrelation among

consecutive images is nearly inevitable. Long-lasting autocorrelation is also com-

mon in specific industrial problems. For example, in the case of in-situ detection of

laser power bed fusion (LPBF) [2], an anomaly called a hot spot may occur. When

the laser beam repeatedly irradiates a thermally insulated region, heat builds up ex-

ceptionally quickly, leading to the formation of a hot spot. In the view of a ther-

mographic camera, the pixels in the center of the overheating area remain hot (high

intensity) while the edges slowly cool down, causing durable auto-correlation and

nonstationary spatial correlation.

• Spatial independence: Individual components of a high-resolution matrix tend to

exhibit weak spatial correlation, thus violating the assumption of spatial indepen-

dence. As mentioned in the aforementioned in-situ detection problem of LPBF, the

hot spot anomaly can lead to unusual spatial correlation.

• Data normality: Violations of normality in data can result in a deviation from the-

oretical assumptions made by methods with the normality assumption, as discussed
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in [3]. [4] tackle the normality issue by transforming low-dimensional vectors into

nearly normally distributed data. However, this technique turns out to be computa-

tionally prohibitive in high dimensions.

• High dimensionality: Matrix data with large dimensions can drastically increase the

complexity of practical algorithm. Additionally, rank deficiency is common which

may cause performance degradation if not properly handled, which calls for algo-

rithms that are designed for low-rank matrices. Many techniques, combined with di-

mensionality reduction techniques such as the principal components analysis (PCA)

[5] and process projection and fusion [6] may improve computational and statistical

efficiency of the methods.

One way to handle high-dimensional matrix data is to adopt the profile monitoring

perspective, as in [7], [8] and [9]. Procedures that employ this approach make a compro-

mise by treating high-dimensional matrix data as a long vector of predictors, sacrificing the

spatial data structure. Practitioners construct the response in single or multiple channels

and develop appropriate models to characterize the functional relationship between the re-

sponse and the predictors. The parametric regression model serves as one of the primary

instruments in profile monitoring to describe this functional relationship. [10], [11], [12]

and [13] perform profile monitoring using linear regression models. [14], [15], and [16] in-

troduce nonlinear profile monitoring to enhance interpretability. Other profile monitoring

works utilize dimension reduction techniques to extract features, such as PCA and inde-

pendent component analysis (ICA). [17] discuss comparisons between regression-based

and PCA-based profile monitoring procedures.

Another approach is to use wavelet-based distribution-free profile monitoring proce-

dures [18, 19] for high-dimensional vectors. These methods can partially address the men-

tioned challenges, including general marginal distributions and high dimensionality. How-

ever, profile monitoring tends to alter the original matrix structure and results in a loss of

spatial information. Additionally, none of the aforementioned works incorporates general
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temporal correlation.

To mitigate the loss of information caused by data structure transformation, some works

exploit matrix characteristics directly and construct matrix-based monitoring procedures.

[20] categorize various matrix-based monitoring procedures, including spatial and multivariate-

matrix-analysis-based control charts.

Recent works either combine multiple popular techniques or develop new models on

matrix data from images. Among the procedures that integrate multiple popular techniques,

[21] employ low-rank tensor decomposition to achieve dimension reduction and feature

extraction and monitor the extracted features using Hotelling T 2 and Q control charts;

the method does not strictly require data normality and independence. However, their

Phase-I calibration of the control limits is time-consuming due to the estimation of the

empirical distribution of statistics. [22] and [23] utilize wavelet transformations on matrix

data to extract features and then build control charts. [22] perform a generalized likelihood

ratio (GLR) control chart on extracted features. [23] further extend the approach in [22]

by combining it with a regression-based parametric model to accommodate underlying

data correlation. However, they still require data normality. [24] compress data using

partial least squares discriminant analysis and then construct the control statistics using

Delaunay triangulation [25] to segment the squared error matrix into triangles, computing

the area within each triangle as control statistics. Despite the novelty of this technique,

the assumption of data independence limits its broad application. Region of interest (ROI)

is a popular data compression technique for matrix processing. Based on this tool, [26]

incorporate the GLR control chart to monitor the average intensity vector calculated from

these regions, assuming the presence of at most one cluster of defects in the images. [27]

extend this approach further to detect multiple clusters of defects in images. [28] consider

the combination of ROIs and one-way analysis of variance (ANOVA).

On the other hand, some procedures develop new models on the matrices. For a series

of images with a smooth background, [29] propose a smooth-sparse decomposition (SSD)
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model to decompose observations into the background and potential sparse anomalies.

However, the SSD model cannot incorporate temporal information into the data. Build-

ing on this work, [30] extend the SSD methodology with a spatio-temporal smooth-sparse

decomposition (ST-SSD) model to tackle temporal information and spatial patterns.

Although initially not developed for matrix monitoring, some spatio-temporal moni-

toring charts [31, 32, 33] used in the environment and public health surveillance can be

adapted for matrix monitoring. Another thread of research addresses specific matrix moni-

toring problems in the industry. One of the applications that has garnered significant atten-

tion is matrix monitoring in metal additive manufacturing [34, 35, 36, 37, 38].

In this chapter, we propose the distribution-free low-rank image monitoring (DFLIM)

procedure to perform online change detection for a time series of matrices. This work

extends our earlier work [39], which considers a special case when the in-control mean

image matrix is rank-one; here, we consider the general case where in-control mean image

matrix can have a rank higher than one but still low rank. Our procedure’s monitoring

statistics are constructed based on singular value decomposition (SVD) of the in-control

mean matrix and projected observations. These statistics are then used in the CUSUM

recursion, which can be computed recursively online. We analyze the theoretical properties

of the DFLIM procedure in terms of the in-control average run length (ARL0) and out-of-

control average run length (ARL1). These metrics evaluate how frequently a false alarm

occurs when a monitored process is in control and how quickly a change can be detected

when the process is out of control. Furthermore, we empirically study the capability of the

procedure against temporal dependence and non-normality of the data. The effectiveness

of the proposed procedure is demonstrated through simulated and real data experiments.

The remainder of the paper is organized as follows: Section 2.2 describes our problem

and assumptions. Section 2.3 proposes the DFLIM procedure, which utilizes a CUSUM

chart on T 2 statistics extracted from the high-dimensional matrix data. In Section 2.4, we

conduct theoretical analysis on the mean shift size in our statistics and study the ARL be-
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havior of the DFLIM procedure. In Section 2.5, we design simulated experiments designed

to demonstrate the performance of the DFLIM procedure and empirically support some

claims that are challenging to prove analytically. Section 2.6 applies the DFLIM procedure

to real data sets to demonstrate its broad applications, followed by concluding remarks in

Section 2.7.

2.2 Problem Setup

At each time t, we observe a matrix denoted as Xt ∈ Rp1×p2 . At an unknown change point

k ∈ {1, . . . ,∞}, the mean of Xt shifts from M0 to M1. We can formulate the problem in

terms of online hypothesis testing:

H0 : Xt =M0 + ϵt, t = 1, 2, . . .

H1 : Xt =


M0 + ϵt, t = 1, 2, . . . , k − 1,

M1 + ϵt, t = k, k + 1, . . . .

(2.1)

where M0 and M1 are p1-by-p2 matrices representing the in-control and out-of-control

mean matrices, respectively. We assume that p1 ≤ p2, which can always be achieved by

transposing the image matrices if necessary. The noise matrix ϵt ∈ Rp1×p2 is assumed

to have the same marginal distribution across time t, whereas the parametric form of the

distribution is unrestricted, allowing for spatial correlation within ϵt for each t and temporal

correlations across ϵt across time. We denote expectations of the observations before and

after the change as E0[·] and E1[·], respectively; The covariance functions Cov0(·) and

Cov1(·) are defined similarly. Note that in (2.1), all the randomness are due to ϵt; however,

the observations Xt have different mean before and after the change.

Before the change, Xt follows marginal distribution F0 with mean

E0[Xt] =M0,

7



where we assume M0 to be known; this assumption is a reasonable simplification, since

usually have in-control data to estimate the pre-change parameters accurately. For ex-

ample, in a printed circuit board (PCB) manufacturing process, the in-control pattern is

designed before production, or sufficient in-control data is available to accurately estimate

the process parameters (further discussion can be found in Section 2.3.2).

After the change (i.e., t ≥ k), the observations Xt experience a mean shift

E1[Xt] =M1 :=M0 + A,

whereA ∈ Rp1×p2 represents the unknown non-zero and deterministic mean shift. Through-

out the paper, we assume that the following assumptions hold:

Assumption 2.1. The marginal distributions of Xt for t = 1, 2, . . . , k − 1 and Xt − A for

t = k, k + 1, . . . are F0; i.e., the marginal distribution of ϵt stays the same for all t.

Assumption 2.2. The in-control mean M0 is low-rank, with rank r ≪ min{p1, p2}, and its

SVD is given as follows:

M0 =
r∑
i=1

λiuiv
⊤
i

where λi, ui, and vi represent the singular values, left singular vectors, and right singular

vectors, respectively.

2.3 Distribution-Free Low-Rank Image Monitoring

Given the matrix data Xt, we extract two types of projections for detection statistics. First,

using the left and right singular vectors, ui and vi, of the in-control mean M0, we compute

the first-type projected observations βi,t for i = 1, . . . , r as follows:

βi,t = u⊤i Xtvi. (2.2)
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Next, we calculate the residual matrix

Rt = Xt −M0,

and perform its SVD to obtain its singular values in descending order. We use the first r

singular values as the second-type projected observations γi,t for i = 1, . . . , r.

The statistic consisting of both types of projected observations at time t is denoted as

yt:

yt =
[
β⊤
t , γ

⊤
t

]⊤
= [β1,t, . . . , βr,t, γ1,t, . . . , γr,t]

⊤ ∈ R2r, (2.3)

where βt = [β1,t, . . . , βr,t]
⊤ and γt = [γ1,t, . . . , γr,t]

⊤. Note that βi,t is the projection of

Xt onto the static directions ui and vi, whereas γi,t represents the projection onto tempo-

rally varying directions, i.e., the singular vectors of Rt. We discuss why it is necessary to

incorporate both types of projections into yt to ensure detection power in Section 2.4.

To construct a CUSUM procedure, we compute a T 2-type statistics Tt using yt:

Tt = (yt − E0[yt])
⊤Cov−1

0 (yt) (yt − E0[yt]) , (2.4)

which will be used in the increment in the CUSUM statistics. Note that Cov0(yt) is short-

handed for Cov0(yt, yt), the covariance matrix of the vector yt.

The CUSUM statistics for the DFLIM procedure are defined recursively with S0 = 0:

St = max {0, St−1 + (Tt − E0[Tt]− cσT )} , t = 1, . . . , (2.5)

where c is a pre-selected constant, and σT > 0 is the in-control marginal standard deviation

of Tt (under the marginal distribution F0). The DFLIM procedure stops and raises an out-

of-control signal at time τ when the monitoring statistic exceeds a control limit H > 0:

τ = inf{t > 0 : St ≥ H}. (2.6)
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Given the stopping time τ , we define ARL0 = E0[τ ] and ARL1 = E1[τ ]. Here, ARL0

represents the average time to raise a false alarm when the process is in-control. ARL1

measures how quickly a monitoring procedure can detect a change when the process is

out-of-control.

The detailed description of the proposed DFLIM procedure is given in Algorithm 1.

Note that in the inputs of Algorithm 1, the in-control parameters, including M0, E0[yt], and

Cov0(yt), are assumed to be known for theoretical analysis. In practice, the in-control pa-

rameters are estimated from in-control data, as described in Section 2.3.2 and Algorithm 2.
Algorithm 1: Distribution-free Low-rank Image Monitoring

Input : Sequence of observations {Xt, t = 1, 2, . . .}, in-control mean matrix M0,

in-control mean vector E0[yt], in-control covariance Cov0(yt), constant c,

standard deviation σT , and control limit H (whose determination is

discussed in Section 2.3.1).

Output: stopping time τ .

1 Initialize τ = +∞, t = 0, and S0 = 0.

2 Perform SVD on M0 to obtain directions ui and vi for projections with

i = 1, . . . , r.

3 while St < H do

4 Set t = t+ 1 and obtain Xt.

5 Compute βi,t for i = 1, . . . , r as in (2.2).

6 Obtain r largest singular values of Rt = Xt −M0, i.e. γi,t for i = 1, . . . , r.

7 Form yt as in (2.3) and compute Tt as in (2.4).

8 Update the monitoring statistic St as in (2.5).

9 end

10 Set τ = t and raise an out-of-control alarm.

10



2.3.1 Control limit determination and setup phase

In this section, we derive an expression for ARLs of the DFLIM procedure and explain

how this expression can be used to determine the control limit H . Additionally, we explain

how to estimate the parameters necessary for implementing the DFLIM procedure.

Define the mean and variance parameters of Tt as follows:

m := E[Tt], Ω2 := lim
t→∞

tVar

(∑t
ℓ=1 Tℓ
t

)
=

∞∑
t=−∞

Cov(T0, Tt),

where the expectation and the variance can be taken under either in-control or out-of-

control phase. Here, Ω2 represents the limiting variance parameter for Tt, which provides

a better measure of process variability compared to marginal variance in the presence of

temporal correlations. We can then define the standardized time-series of the first t obser-

vations {T1, T2, . . . , Tt} as follows:

Ct(s) ≡
∑⌊ts⌋

ℓ=1 Tℓ − tsm√
tΩ2

, s ∈ [0, 1].

In addition to Assumptions 2.1 and 2.2, we assume that {Tt : t = 1, 2, . . .} satisfies the

Functional Central Limit Theorem (FCLT):

Assumption 2.3 (FCLT). Given {Tt : t = 1, 2, . . .}, the standardized time-series process

Ct(·) satisfies:

Ct(·)
D−→W(·) as t→∞,

in the spaceD[0, 1] where D→ denotes convergence in distribution,W(·) denotes a standard

Brownian process, and the space D[0, 1] contains functions defined on [0, 1] that are right-

continuous with left-hand limits.

For conditions under which the FCLT is applicable, one can refer to [40]. In Chapter

4.4 of [41], it is suggested that, in practical terms, it is generally justifiable to presume the
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validity of the FCLT when Ω2 is finite.

Under the FCLT, [42] show that the limiting process of CUSUM statistics is closely

related to a standard Brownian motion process, regardless of the parametric form of Xt,

forming the basis for a distribution-free procedure. Furthermore, they derive an approx-

imate expression of ARLs, including both ARL0 and ARL1, based on the properties of

the converged process of CUSUM statistics. The DFLIM procedure also achieves the

distribution-free property under the FCLT and determines the control limit H using the

approximate expression of ARLs of the converged process, as provided in Lemma 2.3.1.

Similar results were reported in [43], however without a clear characterization of the pro-

cess variability using Ω2.

Lemma 2.3.1 ([42]). If {Tt : t = 1, 2, . . .} satisfies Assumption 2.3, then

ARL ≈


H2/Ω2, if dT = 0,

Ω2

2d2T

[
exp

(
−2HdT

Ω2

)
− 1 + 2HdT

Ω2

]
, otherwise,

for large H , where dT = E[Tt]− E0[Tt]− cσT .

When the monitored process is in-control, we have dT = −cσT . By plugging dT =

−cσT in the ARL expression in Lemma 2.3.1 and setting it equal to a target ARL0, one

can analytically solve for the value of the control limit H . As suggested in [44], a more

accurate control limit H can be obtained by solving the following equation:

ARL0 =
Ω2

0

2cσ2
T

{
exp

[
2cσT (H + 1.166Ω0)

Ω2
0

]
− 1− 2cσT (H + 1.166Ω0)

Ω2
0

}
, (2.7)

where Ω2
0 is the in-control Ω2. More details on the calculation of Ω2

0 are in Appendix A.1.

We summarize the calculation of parameters and the control limit H , along with other

parameters required for the implementation of the DFLIM procedure, in Algorithm 2.
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Algorithm 2: Setup phase for the DFLIM procedure
Input : Sequence of in-control observations {Xt, t = 1, 2, . . . , n}, in-control

mean matrix M0, rank r, constant c, and target ARL0.
Output: E0[yt], Cov0(yt), σT , and H .

1 Perform SVD on M0 to obtain directions ui and vi for projections with
i = 1, . . . , r. while t < n do

2 Set t = t+ 1 and obtain Xt.
3 Compute βi,t for i = 1, . . . , r as in (2.2).
4 Obtain r largest singular values of Rt = Xt −M0, i.e. γi,t for i = 1, . . . , r.
5 Form yt as in (2.3).
6 end
7 Approximate E0[yt] by ȳ = 1/n

∑n
t=1 yt and Cov0(yt) by

1/(n− 1)
∑n

t=1(yt − ȳ)(yt − ȳ)⊤.
8 Compute Tt as in (2.4) for t = 1, . . . , n.
9 Compute T̄ = 1/n

∑n
t=1 Tt.

10 Approximate σT by
√

1/(n− 1)
∑n

t=1(T̄ − Tt)2.
11 Estimate variance parameter Ω2

0 of Tt using Cramér-von Mises (CvM) estimator.
12 Calculate control limit H by solving equation (2.7).

2.3.2 Additional parameter calibration

In this subsection, we discuss how to estimate M0 when the target mean image is not

well-defined and how to determine r from the estimated M0. Additionally, we provide a

recommendation for choosing a constant c.

Estimation of M0. With training in-control data X1, . . . , Xn, we use an estimator for M0

being the sample average of in-control observations, namely M̂0 =
∑n

t=1Xt/n. Due to the

Law of Large Numbers, M̂0 approximates the true in-control mean matrix M0 well when n

is large.

Selection of r. The rank r of M0 is obtained numerically using singular value hard thresh-

olding [45]. Specifically, for the singular values of M0, denoted as λ1 ≥ . . . ≥ λmin{p1,p2},

and given a threshold λ > 0, we find r = max{i : λi ≥ λ}. Alternatively, this threshold

can be replaced by q where r = min{i :
∑i

i′=1 λ
2
i′/
∑min{p1,p2}

i′=1 λ2i′ ≥ q}. We use q since it

13



is standardized in the interval [0, 1], whereas λ is unbounded.

A commonly used rule-of-thumb is to choose q = 0.9 if the training size is sufficiently

large. To avoid rejecting the null hypothesis H0 in (2.1) too frequently (i.e., experiencing

high false alarms) when the data is noisy and the training size is small, a small value of q

can be chosen, resulting in a smaller r. Following the definitions in (2.2), we obtain

M̂0 =

min{p1,p2}∑
i=1

λ̂iûiv̂
⊤
i and β̂i,t = û⊤i Xtv̂i for i = 1, . . . , r.

We also obtain γ̂i,t for i = 1, . . . ,min{p1, p2} as the singular values of R̂t = Xt − M̂0.

Selection of c. The constant c in (2.5) is related to the behavior of the ARL, according to

the analysis in Section 2.4.3. It is preferable to choose a small, non-negative value of c so

that E0[dT ] < 0 and E1[dT ] > 0 hold. [42] recommend that practitioners choose c within

the range of 0.01 to 0.1 based on empirical studies.

2.4 Theoretical Analysis

In this section, we analyze the shift size in the expected values of the monitoring statis-

tics Tt from the in-control to an out-of-control state. We also discuss the behaviors of

ARL0 and ARL1 of the DFILM procedure. For theoretical analysis, we focus on high-

dimensional matrices with large dimensions p1, p2 and p1/p2 bounded away from zero. But

the algorithm works for small dimension matrices as well.

2.4.1 High-dimensional asymptotic analysis

For any fixed i = 1, . . . , r, it is straightforward to derive the in-control and out-of-control

expectations of βi,t:

E0[βi,t] = u⊤i E0[Xt]vi = λi, E1[βi,t] = u⊤i E1[Xt]vi = λi + αi,
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where αi is defined as the static projection of the unknown shift A, namely

αi = u⊤i Avi, i = 1, . . . , r. (2.8)

Theorem 2.4.1 (Mean shift in βi,t). For any time t and index i = 1, . . . , r, the difference

between the in-control and out-of-control expectations of βi,t is

E1[βi,t]− E0[βi,t] = αi,

where αi is defined in (2.8).

From Theorem 2.4.1, the statistic βi,t can capture the change, provided that the differ-

ences αi are non-zero for some i. By the definition of αi, when A do not lie in the null

space of M0. In such cases, constructing statistics for detecting a shift in the expectation

of βi,t can be effective. On the other hand, if A lies near the null space of M0, then αi os-

cillates around zero. Due to this consideration, to enhance the robustness of the detection

procedure by incorporating another statistic, γi,t.

To analyze the in-control and out-of-control properties of the statistic γi,t, We need the

following two lemmas. The following lemma is a direct corollary of Theorem 2 in [46]:

Lemma 2.4.2. For any time t < k, suppose Rt ∈ Rp1×p2 has independent and identically

distributed (i.i.d.) entries with mean zero and variance σ2, and their fourth moments are

finite. As p1, p2 →∞, p1/p2 → η ∈ (0, 1), we have:

σ (1−√η) ≤ lim
p1,p2→∞

γi,t√
p2
≤ σ (1 +

√
η) , i = 1, . . . , r, a.s.,

where γi,t is the ith largest singular value of Rt.

The lemma provides asymptotic upper and lower bounds for the in-control γi,t. Specif-

ically, the order of γi,t is Θ
(√

p2
)
. In the out-of-control case, the residual matrix can
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be decomposed into the shift matrix A and the zero-mean matrix Rt − A. Lemma 2.4.3

indicates that the asymptotic behavior of Rt is dominated by the deterministic limiting be-

havior of A, rather than the random matrix Rt−A. The following lemma is a consequence

of Theorem 1.1 in [47]:

Lemma 2.4.3. For t ≥ k, suppose that Rt − A have i.i.d. entries with zero mean and

variance σ2, their fourth moments are finite, and the limit limp1,p2→∞ p1/p2 = η > 0

exists. For i = 1, . . . , r, let ρi denote the ith largest singular value of A. Furthermore,

assume limp1,p2→∞ ρi/
√
p1p2 = ρ̄i exists and is distinct and strictly positive, satisfying

ρ̄1 > . . . > ρ̄r > 0. Then γi,t can be decomposed as

γi,t = ρi + zi +mi + εi, i = 1, . . . , r (2.9)

where zi is a random variable dependent on the dimensions p1 and p2 with zero mean and

bounded variance, εi is a random variable converging to zero in probability with respect to

the dimensions p1 and p2, and the deterministic term mi satisfies

mi =
σ2

2

( √
η

ρ̄3i p1p2
− 1
√
ηρ̄i

)
.

This lemma decomposes the out-of-control γi,t defined in (2.9) into several terms. The

random noise εi vanishes as the dimensions grow, and zi has zero mean. The deter-

ministic term mi diminishes with the dimensions p1 and p2, converging to a constant of

−σ2/(2
√
ηρ̄i). Given that the singular value of the underlying anomaly ρi is of the order

Θ(
√
p1p2), it dominates the asymptotic behavior of γi,t.

Theorem 2.4.4 (Asymptotic mean shift in γi,t). With the assumptions in Lemmas 2.4.2

and 2.4.3, the limit of the expected difference between in-control and out-of-control γi,t is

expressed as follows:

lim
p1,p2→∞

E1[γi,t]− E0[γi,t]√
p1p2

= ρ̄i.
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The proof of the theorem is available in Appendix A.2. Asymptotically, the expectation

of the singular values ofRt under an out-of-control state is dominated by the singular values

of the shiftA. Thus, incorporating γt into statistics enhances the robustness of the detection

capability of the DFLIM procedure against the algebraic relationship between M0 and A.

As mentioned in Theorem 2.4.1, if the left or right singular space of the shift A is

orthogonal to span(u1, . . . , ur) or span(v1, . . . , vr), βi,t may not accurately reflect the shift,

and γi,t may help with detection. However, we choose not to rely solely on γi,t for detection

because βt demonstrates stronger detection power when the shift A is close in shape to the

in-control mean M0. Consider an extreme scenario where, for some non-zero constant c′,

the equation A = c′M0 holds. For large dimensions p1 and p2, Theorem 2.4.1, Lemma

2.4.2, and Lemma 2.4.3 imply

(E1[βi,t]− E0[βi,t])− (E1[γi,t]− E0[γi,t])

= αi −
(
ρi +

σ2

2

( √
η

ρ̄3i p1p2
− 1
√
ηρ̄i

)
+ E1[εi]− E0[γi,t]

)
= c′λi −

(
c′λi +

σ2

2

( √
η

ρ̄3i p1p2
− 1
√
ηρ̄i

)
+ E1[εi]− E0[γi,t]

)
=
σ2

2

(
1
√
ηρ̄i
−
√
η

ρ̄3i p1p2

)
− E1[εi] + E0[γi,t]

≥ σ(1−√η)√p2 + o(
√
p2) +

σ2

2

(
1
√
ηρ̄i
−
√
η

ρ̄3i p1p2

)
− E1[εi]. (2.10)

If we impose the assumption that for any dimensions p1 and p2, the random variable εi

is uniformly integrable, then the convergence of εi to zero in probability implies the con-

vergence of the expectation of εi, namely E1[εi] = o(1). On the right-hand side of in-

equality (2.10), if η > 0, the dominant term is σ(1 − √η)√p2, which grows to infinity

with respect to dimensions p1 and p2. In a special case where η is close to 1, the term

σ2
(
1/
√
ηρ̄i −

√
η/(ρ̄3i p1p2)

)
/2 remains positive and still shows the advantage of the fea-

ture vector βi,t compared with γi,t. Therefore, both statistics in yt are necessary for effective

and robust detection.
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2.4.2 Non-asymptotic analysis allowing spatial dependence

We next present an alternative non-asymptotic derivation for the expected increment term

of the CUSUM procedure (2.4), before and after the change. This approach does not rely

on lemmas derived from the asymptotic behavior of random matrices; instead, it utilizes

second-order information from the detection statistics involving yt.

Although the connection between the spatial dependence in Xt and the structure of

Cov•(yt), • ∈ {0, 1} is challenging to characterize– the covariances Cov•(γt) and Cov•(βt, γt)

remain unknown– because γt consists of the singular values of a (possibly non-central) ran-

dom matrix with correlated entries. Instead of delving into the structure of Cov•(yt) based

on specific spatial dependencies, we express the covariances of βt and γt in a sufficiently

general form to capture all potential structures arising from the spatial dependence in Xt.

This approach allows the analysis of Tt to accommodate cases where spatial dependence

exists in Xt.

The in-control and out-of-control covariance matrices of yt as follows:

Cov0(yt) = Σ =

Σβ P

P⊤ Σγ

 , Cov1(yt) = Σ̃ =

Σβ P̃

P̃⊤ Σ̃γ

 ,
where

Σβ = Cov0(βt), P = Cov0(βt, γt), P̃ = Cov1(βt, γt), Σγ = Cov0(γt), and Σ̃γ = Cov1(γt).

Clearly, Σβ = Cov1(βt) when only a mean shift is assumed, as in a typical mean-shift

detection problem. Corresponding to the block structures that differentiate β and γ, we

also define the expected shift size in them as E1[yt]− E0[yt] = δ = [δ⊤β , δ
⊤
γ ]

⊤.

Theorem 2.4.5. The difference between the in-control and out-of-control expectations of
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the Tt statistics is expressed as follows:

E1[Tt]− E0[Tt] = ∆1 +∆2 +∆3,

where

∆1 = tr
[
(Σ/Σβ)

−1
(
Σ̃/Σβ

)]
− r,

∆2 = tr

{
(Σ/Σβ)

−1
[
Σ

−1/2
β

(
P − P̃

)]⊤ [
Σ

−1/2
β

(
P − P̃

)]}
,

∆3 =
∥∥∥Σ−1/2

β δβ

∥∥∥2 + ∥∥∥(Σ/Σβ)
−1/2 (P⊤Σ−1

β δβ + δγ
)∥∥∥2 ,

Σ/Σβ := Σγ − P⊤Σ−1
β P, and Σ̃/Σβ := Σ̃γ − P̃⊤Σ−1

β P̃ .

The proof of the theorem is provided in Appendix A.2. According to Theorem 2.4.5,

∆1 is small when Σ̃ deviates slightly from Σ. In contrast, ∆2 is positive since it is the

trace of the multiplication of two positive definite matrices. The last term, ∆3, increases

quadratically with the shift sizes in βt and γt. Assuming non-zero shift sizes in βt or

γt, ∆3 is also positive as validated by Theorems 2.4.1 and 2.4.4 under the assumption of

independence among matrix entries. Overall, Theorem 2.4.5 demonstrates the approximate

positivity of the mean shift in Tt, enabling DFLIM to raise an alarm after the change point

quickly.

2.4.3 ARL0 and ARL1

In this section, we provide expressions of ARL0 and ARL1. Recall that ARL0 and ARL1

represent E0[τ ] and E1[τ ], respectively. According to Lemma 2.3.1, for the in-control case,

we have:

ARL0 = E0 [τ ] ≈
Ω2

0

2(cσT )2

[
exp

(
2cσTH

Ω2
0

)
− 1− 2cσTH

Ω2
0

]
,
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where ARL0 increases exponentially with respect to the control limit H . For an out-of-

control case, we obtain:

ARL1 = E1 [τ ] ≈
Ω2

1

2d21

[
exp

(
−2Hd1

Ω2
1

)
− 1 +

2d1H

Ω2
1

]
,

where Ω2
1 represents Ω2 under the out-of-control probability measure and d1 = E1[Tt] −

E0[Tt]− cσT . Given the approximate positivity of d1 as validated in Theorem 2.4.5, ARL1

increases on the order of O(H) (i.e., increases linearly with respect to H). Consequently,

for a large H , we have ARL1 ≪ ARL0.

To study the behavior of ARL1 when the assumption of unchanged Ω2 is violated, we

consider the case where the process variability shifts from Ω2
0 to Ω2

1. Performing a Taylor

expansion on E1[τ ], we obtain

E1[τ ] ≈
Ω2

1

2d21

[
1− 2d1H

Ω2
1

+

(
2d1H

Ω2
1

)2

+ o

(
1

Ω4
1

)
− 1 +

2d1H

Ω2
1

]

=
2H2

Ω2
1

+ o

(
1

Ω2
1

)
.

This approximation illustrates that if Ω2
1 > Ω2

0, the detection of a shift becomes even faster

compared to the case of unchanged Ω2. On the other hand, Ω2
1 is smaller than Ω2

0, detec-

tion becomes slower. However, even with a decrease in Ω2
1, the reduction is typically not

substantial compared to the size of Ω2
0, which tends to be large in practice. Therefore, the

slowdown in detection is usually not significant.

2.5 Simulated Experiments

In this section, we perform numerical experiments to compare the DFLIM procedure with

existing procedures. Specifically, we consider the following three baselines: (1) MEWMA

[48], which applies parallelized multivariate EWMA control charts to matrix data for ef-

ficient detection of local changes; (2) MGLR [49], which constructs monitoring statistics
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based on ROI and corresponding likelihood ratios; (3) ST-SSD [30], which decomposes the

data into informative characteristics and noises.

2.5.1 Settings

First, we generate in-control matrices {Xt ∈ Rp1×p2 : t = 1, 2, . . .} using the following

equation:

Xt =M0 +
ℓ∑

j=0

ϕjεt−j, (2.11)

where M0 is the low-rank in-control mean matrix, εt denote noise matrices, and ϕ > 0

is the auto-correlation parameter. Equation (2.11) represents a moving average model of

order ℓ. In our simulated experiments, we set p1 = 100 and p2 = 200. The in-control data

are generated as follows:

• We vary the ranks of M0 within the set {2, 5}. The rank-two M0 is constructed as a

chessboard with elements M0[j1, j2] for j1 = 1, 2, . . . , 100 and j2 = 1, 2, . . . , 200:

M0[j1, j2] =



0.1, 10k1 + 1 ≤ j1 ≤ 10k1 + 5, 40k2 + 11 ≤ j2 ≤ 40k2 + 20,

0.1, 10k1 + 6 ≤ j1 ≤ 10k1 + 10, 40k2 + 21 ≤ j2 ≤ 40k2 + 30,

−0.1, 10k1 + 1 ≤ j1 ≤ 10k1 + 5, 40k2 + 31 ≤ j2 ≤ 40k2 + 40,

−0.1, 10k1 + 6 ≤ j1 ≤ 10k1 + 10, 40k2 + 1 ≤ j2 ≤ 40k2 + 10,

0, otherwise,

where 0 ≤ k1 ≤ 4 and 0 ≤ k2 ≤ 9. To extend the rank to five, we superimpose the

rank-three approximation of the truncated first image of solar flare image data [50]

onto the chessboard signal. Figure 2.1 displays the resulting images of the rank-two

and rank-five M0.

• For the distribution of εt, we select one from the following two distributions:
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(1) Normal distribution: We generate εt using the matrix normal distribution [51,

Chapter 2]. Thus,

εt
i.i.d.∼ MN (0,Σrow,Σcol) , (2.12)

where Σrow ∈ Rp1×p1 and Σcol ∈ Rp2×p2 are specified to capture the spatial

correlations.

(2) Non-normal distribution: We first generate ε̃t from (2.12) and then transform

each entry ε̃t[j1, j2] into εt[j1, j2] as follows:

εt[j1, j2] = − log(1−Ψ(ε̃t[j1, j2])),

where Ψ(·) represents the cumulative distribution of the standard normal ran-

dom variable. Thus, εt has entries εt[j1, j2] that are exponentially distributed

with an expectation of 1 and exhibit correlations among them.

• To incorporate spatial correlation, both covariance matrices Σrow and Σcol are spec-

ified using either tri-diagonal covariance or exponential covariance, defined as fol-

(a) Rank(M0) = 2 (b) Rank(M0) = 5

Figure 2.1: In-control mean matrix M0 with rank r ∈ {2, 5}.
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lows:

Tri-diagonal =



1 0.3 · · · 0 0

0.3 1 · · · 0 0

...
... . . . ...

...

0 0 · · · 1 0.3

0 0 · · · 0.3 1


,

Exponential =



1 0.3 · · · 0.3p−2 0.3p−1

0.3 1 · · · 0.3p−3 0.3p−2

...
... . . . ...

...

0.3p−2 0.3p−3 · · · 1 0.3

0.3p−1 0.3p−2 · · · 0.3 1


,

(2.13)

where the dimensions of the covariance matrices vary in {p1, p2}, corresponding to

the row and column sides.

• To incorporate auto-correlation, we vary the lag order ℓ ∈ {5, 20} for the moving

average term
∑ℓ

j=0 ϕ
jεt−j in (2.11), with the parameter ϕ fixed as ϕ = 0.5.

We generate the out-of-control matrices according to the following equation:

Xt =M0 + A+
ℓ∑

j=0

ϕjεt−j,

where the mean M0 and the noise
∑ℓ

i=0 ϕ
iεt−i follow the same settings as in the in-control

matrices. We test the following four mean shifts for A:

(i) Sparse:

A[j1, j2] =


3, if 8 ≤ j1 ≤ 13 and 18 ≤ j2 ≤ 23,

0, otherwise.
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(a) Sparse (b) Ring (c) Sine (d) Chessboard

Figure 2.2: Four patterns of shift matrix A.

(ii) Ring:

A[j1, j2] =


0.173, if ⌊

√
(j1 − 50)2 + (j2 − 100)2⌋ = 12k1 + k2,

−0.173, if ⌊
√

(j1 − 50)2 + (j2 − 100)2⌋ = 12k1 + 8 + k2,

0, otherwise,

where k1 is some non-negative integer and 0 ≤ k2 ≤ 3.

(iii) Sine:

A[j1, j2] = 0.283 sin
j2π

5
sin

2j1π

5
.

(iv) Chessboard: identical to the rank-two M0.

The visual representation of the four shift patterns is provided in Figure 2.2.

2.5.2 In-control performance

In each in-control setting, we generate 1000 sequences, each consisting of 800 matrix ob-

servations. The target ARL0 is set to 200. Baselines MEWMA, MGLR, and ST-SSD tune

their control limits through trial-and-error using these 1000 sequences. For DFLIM, we set

c = 0.01 for all experiments and determine the control limit by solving equation (2.7) for

H . Each procedure is then applied to these 1000 sequences using its determined control

limit to estimate ARL0.

In each in-control setting, we generate 1000 sequences, each consisting of 800 matrix

observations. The target ARL0 is set to 200. Baseline methods MEWMA, MGLR, and
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Table 2.1: Control limit (H) and estimated ARL0 for various settings of simulated pro-
cesses with target ARL0 = 200 (standard errors in parentheses).

MEWMA MGLR ST-SSD DFLIM

Distribution Rank Lag Covariance H ARL0 H ARL0 H ARL0 H ARL0

Normal 2 5 Tri-diagonal 180.202 198.62 (6.248) 6.062 201.04 (5.495) 2.800 201.05 (5.680) 36.507 201.48 (5.321)
Normal 2 5 Exponential 180.219 200.41 (5.910) 6.043 200.72 (5.528) 2.799 199.42 (5.692) 36.654 197.26 (5.119)
Normal 2 20 Tri-diagonal 180.455 200.20 (5.866) 6.155 198.46 (5.465) 2.796 199.87 (6.036) 36.776 203.02 (5.188)
Normal 2 20 Exponential 180.415 198.12 (5.890) 6.236 200.17 (5.574) 2.804 200.17 (5.698) 36.935 200.81 (5.103)
Normal 5 5 Tri-diagonal 184.765 198.72 (8.941) 6.039 200.94 (5.694) 2.779 198.83 (5.576) 36.551 201.30 (5.297)
Normal 5 5 Exponential 183.968 201.29 (9.059) 6.015 198.83 (5.469) 2.796 201.10 (5.715) 36.688 201.28 (5.173)
Normal 5 20 Tri-diagonal 184.236 201.88 (9.081) 6.221 199.75 (5.640) 2.808 200.98 (5.687) 36.632 205.51 (5.354)
Normal 5 20 Exponential 184.509 198.50 (9.053) 6.203 200.92 (5.574) 2.783 198.36 (5.827) 36.641 197.76 (5.167)

Non-normal 2 5 Tri-diagonal 294.912 199.32 (10.903) 6.042 201.49 (5.562) 2.837 198.39 (5.935) 37.208 202.81 (5.167)
Non-normal 2 5 Exponential 296.649 201.74 (10.953) 6.013 200.26 (5.526) 2.814 200.38 (5.988) 37.416 200.32 (5.292)
Non-normal 2 20 Tri-diagonal 297.494 199.15 (10.911) 6.191 201.17 (5.839) 2.828 198.72 (5.883) 37.359 204.95 (5.187)
Non-normal 2 20 Exponential 299.497 200.49 (10.930) 6.173 198.74 (5.435) 2.834 200.51 (5.846) 37.510 202.34 (5.425)
Non-normal 5 5 Tri-diagonal 389.186 199.95 (10.926) 6.017 199.69 (5.446) 2.821 199.74 (5.596) 37.369 205.32 (5.383)
Non-normal 5 5 Exponential 391.227 199.95 (10.926) 5.988 200.12 (5.441) 2.832 199.70 (5.634) 37.283 206.09 (5.357)
Non-normal 5 20 Tri-diagonal 394.891 199.15 (10.911) 6.212 200.55 (5.578) 2.818 200.67 (5.817) 37.483 207.76 (5.351)
Non-normal 5 20 Exponential 394.642 199.95 (10.926) 6.215 201.63 (5.533) 2.834 200.08 (5.867) 37.565 206.17 (5.253)

ST-SSD tune their control limits through trial-and-error using these 1000 sequences. For

DFLIM, we determine the control limit by solving equation (2.7) for H . Subsequently,

each procedure is applied to the same dataset to find the control limits.

Table 2.1 summarizes the control limits (H) and estimated ARL0 values for differ-

ent procedures. MEWMA, MGLR, and ST-SSD achieve ARL0 values close to the target

200, as expected, because their control limits are determined through trial-and-error cali-

bration using the same data sequences. The table also demonstrates that the analytically

determined control limits for DFLIM provide relatively accurate ARL0 values close to the

target. The simulated data has complicated spatial correlations as defined in (2.13), and

the target ARL0 is set to a small value, potentially increasing the risk that the time horizon

might not be long enough for the FCLT to be applicable. Despite these slight theoretical

violations, the empirical ARL0 values obtained for DFLIM are still quite accurate. These

results suggest that (2.7) is widely applicable in practice.

2.5.3 Out-of-control performance

In out-of-control experiments, we consider shift matrixAwith sparse, ring, sine, and chess-

board patterns as described in Section 2.5.1, which are added to the in-control data. The

experiment is repeated 1000 times for each procedure. The results of the out-of-control
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Table 2.2: Sparse shift: ARL1 for various settings of simulated processes with target
ARL0 = 200 (standard errors in parentheses).

Distribution Rank Lag Covariance MEWMA MGLR ST-SSD DFLIM

Normal 2 5 Tri-diagonal 198.93 (6.227) 207.34 (5.756) 79.17 (2.347) 15.06 (0.232)
Normal 2 5 Exponential 197.69 (6.249) 200.58 (5.425) 85.01 (2.603) 16.66 (0.289)
Normal 2 20 Tri-diagonal 196.08 (6.190) 188.46 (5.211) 80.64 (2.597) 15.61 (0.264)
Normal 2 20 Exponential 201.89 (6.215) 200.11 (5.618) 84.05 (2.600) 16.49 (0.278)
Normal 5 5 Tri-diagonal 180.50 (9.163) 202.62 (5.683) 74.58 (2.334) 14.77 (0.233)
Normal 5 5 Exponential 155.01 (8.373) 197.18 (5.409) 84.31 (2.661) 16.09 (0.271)
Normal 5 20 Tri-diagonal 153.96 (8.399) 198.62 (5.486) 83.17 (2.589) 15.18 (0.258)
Normal 5 20 Exponential 175.24 (8.724) 202.35 (5.428) 77.40 (2.417) 16.39 (0.275)

Non-normal 2 5 Tri-diagonal 156.04 (9.991) 197.86 (5.533) 83.06 (2.675) 20.52 (0.353)
Non-normal 2 5 Exponential 178.38 (10.501) 194.10 (5.516) 84.74 (2.624) 21.11 (0.387)
Non-normal 2 20 Tri-diagonal 163.70 (10.163) 191.24 (5.293) 82.38 (2.530) 21.03 (0.372)
Non-normal 2 20 Exponential 174.38 (10.415) 189.54 (5.334) 85.97 (2.708) 21.20 (0.388)
Non-normal 5 5 Tri-diagonal 164.00 (10.182) 202.14 (5.522) 85.50 (2.744) 21.03 (0.372)
Non-normal 5 5 Exponential 176.78 (10.467) 182.21 (5.268) 87.27 (2.784) 21.78 (0.396)
Non-normal 5 20 Tri-diagonal 182.37 (10.584) 195.56 (5.465) 80.65 (2.769) 20.80 (0.379)
Non-normal 5 20 Exponential 156.80 (10.011) 196.41 (5.581) 90.09 (2.824) 22.01 (0.397)

performances are summarized in Tables 2.2 –2.5 for each shift pattern A.

The DFLIM procedure consistently outperforms the MEWMA and MGLR procedures

across all shift patterns. The MEWMA procedure detects shifts only in a few cases but

with significant delay. MEWMA employs a profile monitoring technique, where the ma-

trix is flattened into a long vector and segmented for separate handling. This approach

risks losing spatial correlations due to flattening and segmentation. Another drawback is

that each segment remains high-dimensional, making covariance estimation for each seg-

ment challenging. In our experiment, with 800 in-control data and segments of dimension

200, MEWMA’s performance suffers due to poor marginal covariance estimation across

segments. Additionally, MEWMA assumes temporal independence, which is invalid in our

complex auto-correlations experiments.

The MGLR procedure reduces data dimensionality by defining ROIs, but this process

can result in local information loss within each ROI. Considering the nature of our shifts

(sparse or alternating positive and negative), the mean of entries in each ROI tends to be

close to zero. This cancellation of informative entries by taking the mean of each ROI in

MGLR undermines its ability to detect a shift effectively.
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Table 2.3: Ring shift: ARL1 for various settings of simulated processes with target ARL0 =
200 (standard errors in parentheses).

Distribution Rank Lag Covariance MEWMA MGLR ST-SSD DFLIM

Normal 2 5 Tri-diagonal 196.30 (6.062) 194.71 (5.712) 21.50 (0.687) 28.69 (0.498)
Normal 2 5 Exponential 197.92 (6.041) 209.54 (5.775) 23.73 (0.758) 27.41 (0.476)
Normal 2 20 Tri-diagonal 199.30 (6.110) 190.31 (5.435) 20.05 (0.610) 29.10 (0.490)
Normal 2 20 Exponential 197.52 (5.880) 198.82 (5.691) 24.04 (0.734) 26.81 (0.435)
Normal 5 5 Tri-diagonal 204.50 (9.416) 198.12 (5.554) 20.22 (0.579) 27.86 (0.461)
Normal 5 5 Exponential 159.62 (8.229) 194.84 (5.631) 24.05 (0.728) 26.20 (0.440)
Normal 5 20 Tri-diagonal 175.98 (8.595) 203.60 (5.518) 22.42 (0.661) 28.15 (0.490)
Normal 5 20 Exponential 184.53 (8.824) 195.35 (5.491) 24.35 (0.718) 27.19 (0.459)

Non-normal 2 5 Tri-diagonal 160.79 (10.106) 195.68 (5.555) 21.16 (0.648) 47.58 (0.929)
Non-normal 2 5 Exponential 193.44 (10.800) 208.74 (5.761) 24.00 (0.746) 40.47 (0.726)
Non-normal 2 20 Tri-diagonal 149.26 (9.814) 200.90 (5.598) 20.34 (0.626) 45.90 (0.869)
Non-normal 2 20 Exponential 181.07 (10.550) 193.64 (5.278) 23.34 (0.710) 42.59 (0.813)
Non-normal 5 5 Tri-diagonal 190.36 (10.744) 195.06 (5.407) 20.66 (0.633) 45.75 (0.852)
Non-normal 5 5 Exponential 192.76 (10.791) 185.25 (5.259) 25.85 (0.794) 39.06 (0.709)
Non-normal 5 20 Tri-diagonal 178.38 (10.501) 200.02 (5.537) 20.61 (0.639) 44.73 (0.869)
Non-normal 5 20 Exponential 191.16 (10.760) 190.57 (5.134) 26.90 (0.839) 41.36 (0.805)

Table 2.4: Sine shift: ARL1 for various settings of simulated processes with target ARL0 =
200 (standard errors in parentheses).

Distribution Rank Lag Covariance MEWMA MGLR ST-SSD DFLIM

Normal 2 5 Tri-diagonal 201.12 (5.933) 199.93 (5.511) 31.12 (0.996) 5.29 (0.081)
Normal 2 5 Exponential 209.35 (6.448) 198.88 (5.576) 37.34 (1.169) 16.17 (0.244)
Normal 2 20 Tri-diagonal 191.17 (5.963) 187.88 (5.256) 32.41 (1.047) 5.54 (0.086)
Normal 2 20 Exponential 194.94 (6.011) 203.80 (5.514) 35.90 (1.062) 16.45 (0.263)
Normal 5 5 Tri-diagonal 210.28 (9.451) 192.23 (5.592) 29.65 (0.923) 5.45 (0.083)
Normal 5 5 Exponential 176.80 (8.450) 187.72 (5.215) 35.86 (1.076) 16.31 (0.273)
Normal 5 20 Tri-diagonal 172.29 (8.513) 203.99 (5.598) 30.92 (0.909) 5.54 (0.087)
Normal 5 20 Exponential 195.50 (9.001) 192.17 (5.401) 35.05 (1.029) 16.5 (0.266)

Non-normal 2 5 Tri-diagonal 156.80 (10.011) 205.74 (5.920) 35.32 (1.079) 6.50 (0.097)
Non-normal 2 5 Exponential 192.28 (10.775) 197.62 (5.561) 37.04 (1.116) 16.87 (0.255)
Non-normal 2 20 Tri-diagonal 165.11 (10.197) 184.36 (5.086) 35.08 (1.060) 6.59 (0.098)
Non-normal 2 20 Exponential 170.39 (10.327) 186.27 (5.357) 39.12 (1.249) 16.68 (0.254)
Non-normal 5 5 Tri-diagonal 183.17 (10.600) 198.31 (5.558) 33.06 (0.970) 6.60 (0.096)
Non-normal 5 5 Exponential 209.54 (11.097) 187.94 (5.486) 40.92 (1.226) 17.27 (0.266)
Non-normal 5 20 Tri-diagonal 218.33 (11.243) 193.34 (5.370) 34.40 (1.094) 6.40 (0.100)
Non-normal 5 20 Exponential 169.59 (10.309) 203.86 (5.566) 39.21 (1.262) 16.41 (0.260)
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Table 2.5: Chessboard shift: ARL1 for various settings of simulated processes with target
ARL0 = 200 (standard errors in parentheses).

Distribution Rank Lag Covariance MEWMA MGLR ST-SSD DFLIM

Normal 2 5 Tri-diagonal 190.65 (6.146) 205.80 (5.895) 1.54 (0.030) 1.70 (0.017)
Normal 2 5 Exponential 193.27 (6.081) 207.11 (5.744) 1.78 (0.044) 1.97 (0.018)
Normal 2 20 Tri-diagonal 186.63 (6.145) 184.59 (4.887) 1.52 (0.031) 1.69 (0.017)
Normal 2 20 Exponential 199.48 (6.307) 199.14 (5.624) 1.74 (0.037) 1.97 (0.018)
Normal 5 5 Tri-diagonal 163.28 (8.942) 203.00 (5.583) 1.49 (0.030) 2.28 (0.021)
Normal 5 5 Exponential 135.63 (7.913) 199.87 (5.557) 1.76 (0.039) 2.62 (0.024)
Normal 5 20 Tri-diagonal 133.09 (7.833) 192.75 (5.604) 1.54 (0.031) 2.28 (0.021)
Normal 5 20 Exponential 146.96 (8.206) 198.12 (5.508) 1.77 (0.041) 2.59 (0.025)

Non-normal 2 5 Tri-diagonal 162.08 (10.129) 207.74 (5.870) 1.56 (0.030) 2.47 (0.023)
Non-normal 2 5 Exponential 171.71 (10.349) 196.14 (5.447) 1.75 (0.036) 2.77 (0.026)
Non-normal 2 20 Tri-diagonal 131.17 (9.328) 197.06 (5.611) 1.57 (0.031) 2.53 (0.023)
Non-normal 2 20 Exponential 157.46 (10.022) 195.98 (5.507) 1.91 (0.047) 2.80 (0.028)
Non-normal 5 5 Tri-diagonal 160.00 (10.088) 195.82 (5.581) 1.58 (0.031) 2.52 (0.024)
Non-normal 5 5 Exponential 169.59 (10.309) 192.56 (5.322) 1.82 (0.042) 2.85 (0.029)
Non-normal 5 20 Tri-diagonal 151.21 (9.872) 199.70 (5.491) 1.53 (0.032) 2.55 (0.025)
Non-normal 5 20 Exponential 145.62 (9.728) 200.69 (5.775) 1.86 (0.043) 2.86 (0.030)

The ST-SSD procedure is the most competitive baseline compared to DFLIM. In Table

2.2, DFLIM detects sparse shifts faster than ST-SSD, saving approximately 70 observa-

tions. Regarding the ring shift in Table 2.3, under normal noise distribution, DFLIM per-

forms slightly worse than ST-SSD, with a lag of less than 10 observations. However, with

non-normal noise distribution, ST-SSD outperforms DFLIM by approximately 20 obser-

vations, although both achieve significantly smaller ARL1 values compared to MEWMA

and MGLR. In Table 2.4, both DFLIM and ST-SSD detect the chessboard shift almost in-

stantly, showing negligible differences between them. For the chessboard shift in Table

2.5, both DFLIM and ST-SSD procedures detect the shift nearly instantly, with a negligible

difference between them.

The ST-SSD procedure employs a regression framework to decompose observations

into three components: the in-control mean matrix M0, the shift A, and the noise. Except

for the sparse shift, ST-SSD achieves this decomposition effectively, resulting in success-

ful detection. DFLIM incorporates static and dynamic statistics to construct monitoring

statistics for change detection. In scenarios where a shift is algebraically similar to the

in-control mean matrix, static features play a significant role in change detection, as seen
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in the chessboard shift of Figure 2.2(d). On the other hand, dynamic features dominate

when a shift is algebraically different from the in-control mean matrix, as demonstrated

in the sparse, ring, and sine shifts of Figures 2.2(a)-2.2(c). Hence, DFLIM robustly and

efficiently detects changes across various settings.

As stated in Theorem 2.4.1, the first-type features βi,t consistently help achieve change

detection when M0 and M1 are algebraically similar. This is empirically supported by the

effectiveness of DFLIM in detecting the chessboard shift, which resembles the in-control

mean. On the other hand, the effectiveness of the second-type features γi,t becomes evident

when dealing with large matrix dimensions, approaching the asymptotic theory outlined in

Theorem 2.4.4. Experimental results show that normally distributed noises often lead to

smaller ARL1 compared to non-normal noises, likely due to slower convergence to the

asymptotic theory associated with non-normal noises.

t=1 t=220t=190

Figure 2.3: Solar flare images at t = 1, 190, 220. The white circles mark outbursts.
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Figure 2.4: The monitoring process of DFLIM and ST-SSD on the solar flare images. Two
outbursts occur around times 190 and 220, respectively, marked by vertical blue dashed
lines. In each procedure, the control limit is indicated by a red dashed line, with the moni-
toring statistics shown in black.
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2.6 Real Data Experiments

In this section, we apply DFLIM to real datasets to illustrate its broad applicability. More

specifically, we analyze solar flare images in Section 2.6.1 and stochastic textured surface

images in Section 2.6.2. We compare DFLIM with ST-SSD, excluding MEWMA and

MGLR, because their control limits cannot be determined with a single in-control sequence.

We determine the control limit of DFLIM analytically by solving equation (2.7) for

H . For ST-SSD, we determine its control limit using an empirical (1− 1/ARL0) quantile

estimate of the in-control monitoring statistics [30, Section 5.2].

2.6.1 Solar flare outburst

In this example, we aim to detect solar flare outbursts. Figure 2.3 shows solar flare images

at times t = 1, 190, 220. The solar flare outbursts are represented by the bright spots in the

images, indicated by the white circles. Prior knowledge indicates that two outbursts happen

around times 190 and 220, respectively. The first outburst around time 190 is relatively

moderate, while the second one around time 220 is more intense. The sequence consists of

300 images, each represented by a 232-by-292 matrix. We use the first 150 matrices as the

training dataset and then perform monitoring on the entire sequence.

Detecting solar flare outbursts presents several challenges. First, each image is high-

dimensional, containing nearly 70,000 pixels. Second, the low-rank property is not inher-

ently applicable to solar flare images. To address this issue, we employ a patch technique

that breaks the data into patches to promote the low-rank structure [52]. Each patched

image exhibits a numerical rank of 10. Third, the dynamics of the changes are complex

due to multiple change points and slowly evolving backgrounds. Specifically, many time

points around 190 and 220 experience outbursts. To handle these multiple outbursts, we

restart monitoring once an alarm is raised. Additionally, the changes in the data involve

not only intense outbursts but also slow shifts in the background. To address the dynamic
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background, we process the data by taking consecutive differences of the images after the

patch technique is performed, and we set the target ARL0 = 50, 000.

Figure 2.4 shows the results of ST-SSD and DFLIM to the solar flare images. ST-SSD

effectively detects both moderate and intense outbursts without triggering false alarms.

However, we observe that the monitoring statistic of ST-SSD is very close to its con-

trol limit around t = 70, 80, 100, corresponding to periods of normal solar flare activity.

DFLIM demonstrates superior performance compared to ST-SSD, effectively identifying

the outbursts around t = 190 and t = 220 with the detection statistics away from control

limits prior to t = 190.

Build 1: t=1 Build 2: t=63Build 2: t=42

Figure 2.5: The material extrusion process is depicted at t = 1, 42, 63. At t = 42, there is
a transition from the first to the second build. The bead orientation is 45◦, and the white
ellipse marks a defect.
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Figure 2.6: The monitoring process of DFLIM and ST-SSD on the 3D printing textured
surface images with bead orientation at 45◦. A build-to-build transition happens at t = 42,
while a defect is introduced at t = 63, marked by vertical blue dashed lines in both figures.
In each procedure, the control limit is indicated by a red dashed line, with the monitoring
statistics shown in black.
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Figure 2.7: The monitoring process of DFLIM and ST-SSD on the 3D printing textured
surface images with bead orientation at 135◦. A build-to-build transition happens at t = 41,
while a defect is introduced at t = 60, marked by vertical blue dashed lines in both figures.
In each procedure, the control limit is indicated by a red dashed line, with the monitoring
statistics shown in black.

2.6.2 Stochastic textured surface monitoring

The online monitoring of additive manufacturing processes, commonly referred to as 3D

printing, has drawn increasing attention due to its potential to reduce material waste. This

example involves monitoring the production process of a parallelepiped (20×20×20 mm)

using fused filament fabrication.

[1] use data from a sequential process to print two parallelepipeds. We use the same

dataset and, refer to them as Build 1 (representing the process of building the first par-

allelepiped) and Build 2 (representing the process of building the second parallelepiped)

hereafter. Build 1 is in control, while defects are intentionally introduced into Build 2 in

the middle of the printing process.

During the printing process, layerwise images are captured by a video-imaging system

installed above the printing area. To optimize bonding between consecutive layers, it is

recommended that the material extrusion direction be rotated iteratively. Consequently,

the captured images are categorized into two types based on bead orientations: 45◦ and

135◦. Each build consists of two sequences labeled as 45◦ and 135◦, respectively, and these

sequences are treated separately. Despite both sequences originating from the same build

process, some images are occasionally skipped and not captured. Therefore, the index t in

this example corresponds to the index of captured images and does not directly translate
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into time. The sequence with bead orientation 45◦ (135◦) consists of 84 (81) images. For

Build 1 (Build 2), the sequence ends at t = 42 (t = 41), after which defects are introduced

at t = 63 (t = 60). Each image is represented as a 250-by-250 matrix. During monitoring,

we utilize images from Build 1 to set up control limits and implementation parameters,

then apply DFLIM and ST-SSD to the all the images.

Unlike the solar flare images, we do not need the patch technique for this dataset be-

cause the in-control data naturally exhibits low-rank properties due to the aligned paths of

material extrusions. However, this dataset presents challenges similar to those in the solar

flare images, including high dimensionality and evolving backgrounds. Additionally, two

more challenges arise with this dataset. First, the training sample size is small, consist-

ing of only about 40 images. Second, the dataset exhibits build-to-build variability, which

stems from dynamic factors in the printing area, such as changing illumination conditions

during transitions between builds. Technically, the shift between builds could be consid-

ered a change point, but it is undesirable to detect this inter-build shift. Instead, we aim to

detect a shift caused by actual defects, but the build-to-build variability increases the risk

of false alarms.

For monitoring, we still take consecutive differences of images and restart the process

upon detecting a change point. We set ARL0 = 4000 for both bead orientations, suggesting

approximately half a month between consecutive printer overhauls. Figure 2.6 displays

the monitoring process for bead orientation 45◦ while Figure 2.7 shows the case for bead

orientation 135◦. In both cases, ST-SSD detects the change at the true change point but

raises false alarms. DFLIM immediately detects the defect without raising a false alarm at

the build-to-build transition in Figure 2.6. DFLIM still detects the defect in Figure 2.7 but

has a delay of 12 images, roughly equivalent to one minute in real time (without considering

skipped images).
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2.7 Conclusion

In this chapter, we propose a distribution-free monitoring procedure named DFLIM that can

address the challenges posed by modern image data, including complex spatial-temporal

dependence, non-normality, and high dimensionality with low-dimensional structure. We

provide a comprehensive theoretical discussion on the detection ability and the behavior

of ARL0 and ARL1 for the proposed procedure under reasonable assumptions. Extensive

simulations are conducted using various distributions, ranks, and spatial-temporal correla-

tion structures to validate the generality of DFLIM. Additionally, we apply DFLIM to two

real datasets, solar flare datasets, and additive manufacturing datasets, to demonstrate its

applicability to real-world scenarios.

A future direction is to extend the method to approximately low-rank matrices. While

Assumption 2.2 assumes a low-rank in-control mean matrixM0, in practice, its estimate M̂0

often deviates from this structure. Significant noise in M̂0 may lead to overestimating the

rank r, introducing extra projected components in yt and increasing false negatives or false

alarms. Analyzing the extent of this deviation could guide a more appropriate selection of

r, enhancing DFLIM’s performance.
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CHAPTER 3

NEURAL NETWORK-BASED CUSUM FOR ONLINE CHANGE-POINT

DETECTION

3.1 Overview

Quick detection of unknown changes in the distribution of sequential data, known as change-

point detection, is a crucial issue in statistics and machine learning [44, 53, 54, 55]. It is

often triggered by an event that may lead to significant consequences, making timely de-

tection critical in minimizing potential losses. For instance, a change-point could arise

when production lines become unmanageable. Early detection and remediation by prac-

titioners would result in lesser loss. With the rapidly growing amount of streaming data,

the change-point detection applies to practical problems across diverse fields such as gene

mapping [56], sensor networks [54], brain imaging [57], and social network analysis [58,

59].

In the modern high-volume and complex data era, across numerous applications, se-

quential data is collected over networks with higher dimensionality and more complex

distributions than before. Therefore, the conventional setting of the change-point detection

problem has been surpassed in scope by its modern version. The assumptions in the clas-

sical methodologies are possibly too restrictive to tackle the newly occurring challenges,

including the high-dimensionality and complex spatial and temporal dependence of sequen-

tial data. Such challenges motivate us to introduce neural networks for online change-point

detection.

In this chapter, we leverage neural networks to efficiently detect the change-point in the

streaming data with high-dimensionality and complex spatial-temporal correlations. The

starting point is to convert online change-point detection into a classification problem, of
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which neural networks are highly capable. Now that the explicit form of the distribution and

the log-likelihood ratio are unknown, neural networks benefit us in that the training loss of

the neural networks will approximate the underlying true log-likelihood ratio between pre-

and post-change distributions. Further, we couple the loss from the neural networks with

CUSUM recursion. We summarize the idea as an efficient online training procedure and

design extensive simulations and empirical experiments to thoroughly discuss the proposed

method against both conventional and state-of-the-art methods.

3.2 Related Works

Various neural network-based methods have been proposed for change-point detection to

address the challenges posed by the high dimensionality and complex distributions of mod-

ern data. A line of research leverages deep neural network architectures, such as recurrent

neural networks [60], autoencoders [61], and convolutional neural networks [62], to capture

temporal dynamics and patterns in time series data for change-point detection. However,

training models with such deep neural network architectures requires a large amount of

data, making them less suitable for online change-point detection.

Likelihood ratio estimation is one of the widely used approaches for change-point de-

tection. Specifically, [63] aim to develop a suitable optimization framework for training

neural network-based estimates of the likelihood ratio or its transformations, which can

possibly be used for change-point detection and hypothesis testing. Several works utilize

neural networks to estimate the likelihood ratio for change-point detection [64, 65].

Detecting changes using statistics generated by online training of neural networks has

been explored in several recent studies. [64] introduce online neural network classification

(ONNC) and online neural network regression (ONNR). ONNC and ONNR sequentially

apply neural networks for classification or regression by comparing the current batch of

data with the immediate past batch, which generates a detection statistic with separation of

training and testing. ONNC and ONNR can be viewed as Shewhart chart-type methods, as
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they do not accumulate historical information with limited memory. In contrast, CUSUM-

type methods can accumulate all historical information through recursion. It is well known

that Shewhart charts may be good at detecting larger changes but can struggle with small

changes. In contrast, CUSUM procedures are more sensitive to small changes and enjoy

asymptotic optimality properties [66]. Although both ONNC and our proposed method

consider the online change-point detection problem as a neural network-based classification

problem, they differ in the data utilization, definition of detection statistics, and types of

detection procedures.

[67] recently presented a novel offline change-point detection method based on training

neural networks and a theory that quantifies the error rate for the method. Their work

demonstrates competitive empirical performance compared to the standard CUSUM-based

classifier for detecting a change in the mean. In contrast, our proposed method aims to

detect an abrupt change quickly online from sequential data using the CUSUM procedure,

which differs from [67]. Additionally, our numerical experiments aim to study the detection

of general types of changes.

3.3 Preliminaries

Consider a sequence of observations {xt ∈ Rd : t = 1, 2, . . .}. At some point, there may

be a change-point k such that the distribution of the data shifted from f0 to f1, which can

be formulated as the following composite sequential hypothesis test

H0 : x1, x2, . . . , xt, . . .
iid∼ f0,

H1 : x1, x2, . . . , xk
iid∼ f0, xk+1, . . . xt, . . .

iid∼ f1,

(3.1)

where f0 and f1 represent the pre- and post-change distributions, respectively. The ex-

pectations under f0 or f1 are denoted by E0[·] and E1[·], respectively. We assume that

pre-change data under f0 are adequate to converge any interested pre-change statistics. We

call the pool of pre-change data in the training process as reference data, and then the
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corresponding sequences and samples are called reference sequences and reference sam-

ples. This assumption commonly holds since, in practice, the process is mostly pre-change,

which allows the sufficient collection of reference data to represent the “normal” state. An-

other assumption, which can be considered equivalent to sufficient pre-change data up to

some estimation error, is that the pre-change distribution f0 is known.

The classic CUSUM procedure is popular, possibly due to its computationally ef-

ficient recursive procedure, and enjoys various optimality properties (e.g., a survey by

[55]). CUSUM detects the change using the exact likelihood ratio through the recursion

SC
t =

(
SC
t−1 + log[f1(xt)/f0(xt)]

)+
, where SC

0 = 0, and (x)+ = max{x, 0}. CUSUM

procedure raises an alarm at a stopping time τC = inf{t : SC
t > b}, where b > 0 is the

pre-specified threshold. However, the post-change distribution f1 is usually unknown in

practice. CUSUM may suffer performance degradation when the assumed distributions

deviate from the true distributions.

3.4 Neural Network CUSUM

This section proposes the Neural Network (NN)-CUSUM procedure. We consider a neural

network function φ(x, θ) : Rd → R, parameterized by θ. The network sequentially takes a

pre-change distributed reference sequence and an unknown distributed online sequence as

inputs.

During training, we convert the change-point detection problem into a binary classifi-

cation problem. At time index i, we label data from the reference and online sequences

with yi = 0 and yi = 1, respectively. Note that the labels are irrelevant to the fact whether

the data is from pre-change or post-change distribution. In other words, we do not raise

stringent requirements on the knowing of true labels of data as common supervised learn-

ing problems. The reference sequences provide information on pre-change distributions so

that the classification problem will become non-trivial once the online sequence passes the

change point. We feed the labeled data into the neural network and train it using a carefully
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Figure 3.1: Illustration of the NN-CUSUM procedure, running from t (left) to t+1 (right).
When the newest batch from the streaming data (treated with label yi = 1) is received, it is
divided to put into the training stack and the testing stack, respectively (the oldest samples
are purged from the stacks to keep a constant stack size). The neural network inherited
from the previous t will be updated using a stochastic gradient descent algorithm for one-
pass through the freshened training stack data. The updated neural network is then used
to compute the test statistic for data in the freshened testing stack data. The label yi = 0
(from reference data) is constructed completely in parallel. The training/testing stack sizes
are hyper-parameters to be tuned in practice to achieve a good detection performance.

crafted logistic loss function (such as [68]). Subsequently, the neural network computes the

logistic loss for each data point in the reference and online sequences for every time step.

We employ the difference between the average logistic function values of the reference

and online sequences as the sequential statistics for detecting change-points. Figure 3.1

visualizes the proposed framework.

The stopping time τ is crucial in the sequential hypothesis testing approach for detecting

changes in a streaming dataset. It indicates the time to terminate the data stream and de-

clares the occurrence of a distribution shift before time τ . We adopt the CUSUM recursion

in our proposed scheme to construct the stopping time but replace the exact log-likelihood

ratio with an approximation from a neural network.

3.4.1 Training

The neural network training is conducted via stochastic gradient descent (SGD) updates

of the neural network parameter θ on the training stack. As is shown in Figure 3.1, the

training stack contains multiple mini-batches of data in [t−w, t] window from the arriving
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data stream. Within the window, we use a fraction of α samples for training and a fraction

of 1− α samples for testing. This gives the online training data set X̃tr
t and the online test

data set X̃te
t , with a size of αw and (1− α)w, α ∈ (0, 1), respectively. The window length

w and training split fraction α are algorithm parameters.

The sliding window moves forward with a stride s. Half of the stride is put into the

training stack, and the other half is put into the testing stack, and the data in the online

sequence are labeled 1, and the data in the reference sequence are labeled 0. We update the

reference sequence by drawing randomly from reference data.

Recall that φ(x, θ) (to be related to gθ(x) later) is the neural network function that maps

from X ⊂ Rd → R and θ is the network parameter. Consider training the neural network

using the following general loss, which is computed from the combined training split of

arrival and reference samples on the window Dtr
t := Xtr

t ∪ X̃tr
t = {xi}2mi=1, m = αw,

labeled by yi = 1 if xi ∈ Xtr
t and yi = 0 if xi ∈ X̃tr

t ,

ℓ(θ;Dtr
t ) =

1

m

2m∑
i=1

l(φ(xi, θ), yi), (3.2)

The per-sample loss function l(u, y) can be chosen to be different losses:

(1) For the logistic loss, we have

llogit(u, y) = y log(1 + e−u) + (1− y) log(1 + eu). (3.3)

The choice of the loss function is motivated by the fact that the functional global minimizer

gives the log density ratio: For f0 and f1, which are probability densities on Rd, let

ℓ[φ] =

∫
log(1 + eφ(x))f0(x)dx+

∫
log(1 + e−φ(x))f1(x)dx,

which is the population loss, then ℓ[φ] is minimized at φ∗ = log(f1/f0). One can verify
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that the functional ℓ[φ] is convex with respect to the perturbation in φ. By that

δℓ

δφ
=
f0e

φ − f1
1 + eφ

,

we know δℓ/δφ vanishes when eφ = f1/f0, that is φ = φ∗, and this is a global minimum

of ℓ[φ]. A similar observation has also been made by [63], which shows that training neural

networks according to a certain loss lead leads to a log-likelihood function in theory. (2)

Apart from the logistic loss, we also consider the ℓ2-loss, defined as

l2(u, y) =
1

2

[
y(u− 1)2 + (1− y)(u+ 1)2

]
. (3.4)

(3) The linearized version of the logit loss, motivated by the MMD test statistic [69], as

lMMD(u, y) = −yu+ (1− y)u. (3.5)

Here, we assume that the SGD training to minimize (3.2) is conducted on Dtr
t for each

window indexed by t separately from scratch. At time t, the trained network parameter is

denoted as θ̂t, and the trained neural network is φ(·, θ̂t).

In practical implementation, the neural network parameter θ is initialized at time zero

and then updated by SGD (e.g., Adam [70]) through batches of training samples in a sliding

training window. Newly arrived data stay in the stack forw/s steps. We trained the network

on the training stack in every k step. Thus, each data sample has been used (w/s)/k times

for training θ. The number (w/s)/k can be viewed as a hyperparameter indicating an

effective number of epochs.
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3.4.2 Testing

At each time t, the trained neural network provides a test function gθ̂t(x): (1) For logistic

and ℓ2 loss, we set the function gθ̂t = φ(·, θ̂t). (2) For MMD loss, gθ̂t is defined as:

gθ̂t(x) =
1

γ
(φ(x, θ̂t)− φ(x, θ0)). (3.6)

where the γ > 0 is the learning rate [69].

To perform online detection, we compute the sample average on the testing windows

Xte
t and X̃te

t (recall that X̃t ∼ f0 are drawn sequentially from the reference data):

ηt :=
1

(1− α)w

∑
x∈Xte

t

gθ̂t(x)−
∑
x∈X̃te

t

gθ̂t(x)

 . (3.7)

Recall that (1 − α) ∈ (0, 1) describes the proportion of the data in the window used for

testing, so αw data are used for updating the training stack.

3.4.3 NN-CUSUM Detection Procedure

Starting with S0 = 0, the recursive CUSUM is computed as

St = max{St−1 + ηt −D, 0}, t = 1, 2 . . . (3.8)

where D ≥ 0 is a small constant called the “drift” to ensure that the expected value of

the drift term is negative before the change and positive after the change; we will give

the condition of the test function that can satisfy this in the following section. For some

pre-specified threshold b > 0, the detection procedure is specified by the stopping time

τ = inf{t : St > b}. (3.9)
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In practical implementations, for simplicity, our algorithm computes ηt at intervals of s

(for “stride”), which is the size of mini-batches of loading the stream data, e.g., s = 10; in

the extreme case, s = 2, since we need half-mini-batch split into stacks. When s = w, the

sliding window contains completely non-overlapping data. The test statistic St is computed

with the stride s.

3.5 Experiments

In this section, we perform the comparisons on simulated datasets in Section 3.5.6 and on

real datasets in Section 3.5.7. Besides the comparisons, we verify the exponential distribu-

tion of τ under f0 in Section 3.5.2 and introduce some details of the algorithm, including

how to calibrate the threshold to control the false alarms (detect a change when there is

none) in Section 3.5.3 and numerical studies to investigate the properties of the increments

in Section 3.5.4 and the existence of an optimal window in Section 3.5.5. Time complexity

analysis among methods is available in Appendix B.1.3.

3.5.1 Simulation Setup

For simulations, including justifications on the proposed method and comparisons with

baselines, we will mainly consider two types of shift. One is the Gaussian mean shift, and

the other is the Gaussian Mixture Model (GMM) component shift. The concrete settings

are

(1) Gaussian sparse mean shift: We set f0∼N (0, Id) and f1∼N (µq, Id), where the shift

µq = (δ, δ/2, δ/3, 0, · · · , 0)⊤ with a magnitude δ ̸= 0;

(2) GMM component shift: We set f0 = 1/2N (µ1d, Id) + 1/2N (−µ1d, Id) and f1 =

pN (µ1d, Id) + pN (−µ1d, Id) + (1 − 2p)N (δ1d,Σq) for µ > 0, |δ| ≠ µ and p ∈

(0, 1/2), where 1d is a d-dimensional all-one vector.
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Figure 3.2: The tail probability P0{τ > t} versus t. The data consists of 500 sequences
with lengths of 40000, generated from i.i.d. Gaussian distribution with a dimension of 100.
On this data, we perform NN-CUSUM to get ηts. The threshold b = 1. The solid curve
shows numerical values from 500 Monte Carlo repetitions. The dashed curve represents
the theoretical values, e−λt with λ = 6 × 10−4, which is fitted by non-linear regression on
the numerical values.

3.5.2 Verifying Exponential Distribution of τ under f0

Now we verify that the asymptotic distribution of τ under f0 is exponential.

Setup In this example, the neural network architecture of NN-CUSUM consists of one

fully connected hidden layer of width 64 with a rectified linear unit (ReLU) activation. The

last layer is a one-dimensional, fully-connected layer without activation. The training batch

size for fixed time t is 100. The stride of the sliding window is 10. We use Adam [70] for

training under the logistic loss function with a learning rate of 10−3 without scheduling.

We set window size w = 200 with a split ratio α = 0.5. We generate 500 sequences with

a total length 40000 consisting of i.i.d. standard Gaussian random variables in R100. This

example will have no change point since we study the tail probability of τ under f0. We set

the threshold b = 1 in (3.9).

Results In Figure 3.2, the solid curve shows the empirical tail probability of τ from

Monte Carlo trials, which we fit with the dashed curve P{τ > t} = e−λt using non-linear

regression to find λ = 6× 10−4. We spot a good match between e−λt and the empirical tail
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Figure 3.3: Numerically estimate ARL versus threshold b; data is i.i.d. following a Gaus-
sian mixture model xi ∼ 1/2N (21d, Id) + 1/2N (−21d, Id) where 1d denotes an all-one
vector, and Id is a d-by-d identity matrix. The experiment consists of 400 sequences of
length 500.

probabilities.

3.5.3 Calibration of Threshold b

It is computationally expensive to use direct simulation of τ to estimate its mean E0[τ ].

With each fixed threshold b, a large number of repetitions is required, and each repetition

takes a long time because we are typically interested in tuning the threshold b to obtain a

large ARL when there is no change. Thus, we use a similar technique as in [71] to speed up

the simulation to estimate ARL. When the data are i.i.d. f0 (i.e., before the change-point),

the stopping time τ is asymptotically exponentially distributed for some λ > 0. Then we

can estimate for P0{τ ≥ t} ≈ e−λt, to further yield an estimate of the rate λ̂. On the other

hand, for the exponential random variable, its mean is equal to the inverse of the rate, and

then ARL can be approximated by E0[τ ] ≈ 1/λ̂. This way, we can convert simulating

τ (which usually takes long runs because we are interested in large ARL when there is

no change) into simulating fixed length-t sequences and estimating the probability of such

sequences exceeding a threshold b after t.

Figure 3.3 shows ARLs versus the thresholds b on an example consisting of 400 pre-

change sequences from GMM and verifies that the logarithm of ARL is approximately
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Table 3.1: Mean of pre- and post-change ηt in the Gaussian sparse mean shift example.
The standard deviations are in parentheses.

w Pre-change Post-change

20 0.001 (0.1441) 0.411 (0.4607)
60 0.003 (0.1685) 0.711 (0.3322)
100 -0.026 (0.2092) 1.337 (0.3315)
200 0.022 (0.3676) 1.621 (0.5112)
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Figure 3.4: Pre- and post-change distributions of ηt in the Gaussian sparse mean shift
example.

proportional to threshold b, which is a common property for CUSUM procedures [55].

3.5.4 Properties of Increment ηt

We empirically verify that the training of neural networks will produce nearly zero pre-

change ηt and significantly positive post-change ηt.

Setup The neural network setup and the stride of NN-CUSUM are the same with Sec-

tion 3.5.2, despite of the width of the hidden layer 512 and the batch size of 10. The neural

network is trained on the Gaussian sparse mean shift example, namely the first example in

Section 3.5.1, where we set δ = 0.8.

We fix the split ratio to be α = 0.5, whereas the window sizes slide in {20, 60, 100, 200}.

The data is generated as a sufficiently long sequence with a length 2 × 105 to ensure the

stability of the sample average means on ηt. The mean shift happens in the middle, namely

at 1× 105.
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Results Table 3.1 shows the temporal means of pre- and post-change ηt. The post-change

expected ηt becomes positive with w = 20, and the magnitude is more significant as the

window size increases. Figure 3.4 visualizes the empirical distribution of the pre- and

post-change ηt under different w, showing that as the sizes of training and testing windows

both increase, the mean shift in ηt becomes more evident, representing a possibly faster

detection (consistent with Table 3.1). In this example, the NN-CUSUM procedure obtains

a positive expected ηt at w as small as 20, which suggests that the method can detect the

change point. There is a trade-off in choosing window size w because too large w may

delay the detection by sacrificing too many samples before the detection, though it results

in an evident drift in ηt which helps with the quick detection.

3.5.5 Optimal Window Size

We empirically investigate the trade-off in choosing the window size w.

Setup The neural network structure, batch size for training at a fixed time, and stride

are the same as in Section 3.5.4. The split ratio α takes value in {0.1, 0.2, 0.4, 0.8}, and

the window size w varies in {200, 400, · · · , 1200}. The example here is the GMM with a

component shift, defined in the second example in Section 3.5.1. To be concrete, we let

µ = 2, p = 1/3, δ = 2.6 and Σq = 0.8Id + 0.2E, where E is a d-by-d all-one matrix. 400

sequences are generated, with each length of 10000 and the change point at 5000.

Results In Figure 3.5(a), the dotted curves are the lowest EDD over all α’s for every

fixed w. The optimal EDD achieves the lower envelope of EDDs over every pair of w and

α. The optimal w, to which the lower envelope overlaps with the corresponding curve, in-

creases with the growth of ARLs. Figure 3.5(b) indicates that the optimal w monotonously

increases versus a growing threshold b. Figure 3.3 characterizes the monotone relationship

between ARLs and bs. The combination of Figure 3.5(b) and 3.3 supports Figure 3.5(a) in

terms of the transitions of optimal w against ARLs.
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Figure 3.5: Effect of window length w: (a) Minimal ARL versus EDD over window sizes
from 200 to 1200 by 200. (b) Optimal window size w versus threshold b. The experiment
is conducted on the GMM component shift example in Section 3.5.5.

3.5.6 Comparison on Simulated Data

We perform a numerical comparison of the proposed NN-CUSUM with baselines on a

GMM component shift example, in which we set p = 1/6, µ = 0.4 and δ = 0 in the second

example in Section 3.5.1. The baselines have been introduced in Appendix B.1.1.

Setup In the simulation comparison, the neural network architecture of NN-CUSUM is

the same as the example in Section 3.5.2. The selection on the stride and window keeps

consistent with Section 3.5. We generate the sequences with a total length 2500 and the

change-point located at k = 500, namely the pre-change length 500. We calibrate the

threshold b to achieve a constant ARL using the ARL calibration in Section 3.5.3. The

fixed ARL = 5000, which is adopted later in Table 3.2 will control the Type-I error, which

is the probability that the procedure detects a change before the true change point, under

10%.

We generate 400 sequences to perform the detection procedures. Meanwhile, all meth-

ods share reference data containing 400 sequences from f0 with lengths 3500. The detec-

tion procedures allow us to learn the statistical behavior of the pre-change process from the

reference data. For all NN-based methods, namely NN-CUSUM, ONNC, and ONNR, the
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Figure 3.6: Pre- and post-change marginal 2-dimensional distribution densities of xt in
GMM component shift in Section 3.5.1 with dimension d = 100, p = 1/6, µ = 0.4 and
δ = 0.

Table 3.2: For ARL = 5000, EDDs and failure rates on various methods are reported with
data generated from for GMM component shift example in Section 3.5.1 with dimension
d = 100, p = 1/6, µ = 0.4 and δ = 0. The smallest EDD and failure rate among the
methods except for Exact CUSUM are bold. EDD of Exact CUSUM is lower bound for
all methods. The standard deviations are in parentheses. In the table line for EDDs, “–”
denotes “failure to detect”: the procedure did not raise an alarm by the end of the time
horizon 2500 for all sequences, which is equivalent with a failure rate at 100%.

NN-CUSUM ONNC ONNR WL-GLR WL-CUSUM MEWMA H-CUSUM Exact-CUSUM

EDD 207.08 (2.02) 1267.4 (38.937) 1523.75 (34.84) – – 1638.07 (30.626) 1839.32 (20.387) 2.69 (0.082)
failure rate 0.00% 37.50% 61.50% 100.00% 100.00% 66.75% 81.75% 0.00%

model will train on a burn-in sequence consisting of pre-change data with a length of 1000

to stabilize the neural networks before starting detection.

Tune drift D We tune the drifts D in (3.8) by training neural networks on 500 reference

sequences sequentially and computing each sequence’s temporal sample means of ηt. In

this way, we can have a total of 500 empirical drifts. In the online change-point detection,

we deploy the finite sample mean over 500 drifts as D in (3.8).

Data visualization The detection on this GMM component shift is challenging due to

the high-dimensionality and subtle change. By setting δ = 0, both of the means of pre- and

post-change data are zero. In other words, there is no mean shift. Meanwhile, by setting

µ = 0.4, the two modes in the pre-change GMM and the three modes in the post-change

GMM will be close to each other, leading to a subtle change in distribution. In Figure 3.6,
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Table 3.3: Time complexity for NN-CUSUM and baselines. Assume NN-CUSUM, ONNC
and ONNR use one hidden layer neural network and h is the width of the hidden layer.
For WL-CUSUM, we consider the worst case under the change in Gaussian distribution,
namely MLEs of both mean and variance matrix of online sequence will be computed.

Method Time complexity

NN-CUSUM O(w2dh/s)
ONNC/ONNR O(w2dh/s)

WL-GLR O(max(w, d)wd)
WL-CUSUM O(max(w, d)d2)

MEWMA O(d3)
H-CUSUM O(d2)

we visualize the pre- and post-change marginal 2-dimensional distribution densities of xt

in this example, in which the pre- and post-density are similar, but the pre-change density

shows inclined pattern. This inclined pattern stems from the two modes in the pre-change

distribution, locating at (0.4, 0.4) and (−0.4,−0.4) in the marginal 2-dimensional sub-

space. When the shift happens, more probability weight is distributed to (0, 0), leading to

a more centered post-change density.

Comparisons Table 3.2 shows the comparison between NN-CUSUM and other baselines

in the GMM component shift example. The exact-CUSUM provides the theoretical EDD

lower bound for methods since it knows both the pre- and post-change distributions. The

fact that exact-CUSUM cannot immediately detect, namely an EDD at 2.69 > 1, numer-

ically indicates that the change is subtle. Despite the subtle change and the high dimen-

sionality, NN-CUSUM can achieve a significantly smaller EDD than other methods, with

an advantage over 1000 time indices. Meanwhile, NN-CUSUM can consistently detect

the change before the end of time horizon, leading to a failure rate at 0%, whereas other

baselines have positive failure rates.

3.5.7 Real data experiments

To examine the performance of NN-CUSUM, we compare the proposed method with var-

ious baselines on two real-world datasets: the Higgs boson dataset and the MiniBooNE
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Figure 3.7: (a) Convergence of pre-change training logistic loss over time. (b) Convergence
of post-change training logistic loss over time.
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Figure 3.8: EDD versus multiple Type-I errors for NN-CUSUM, ONNC, and ONNR with
different choices of the stride of sliding window on (Left) Higgs boson dataset and (Right)
MiniBooNE dataset. ONNR with s = 10 on MiniBooNE dataset fails to detect in all Type-I
errors and is excluded for readability.

dataset. We note that widely used benchmark datasets for change-point detection, such as

Beedance [72], Occupancy [73] and HASC [74], are often low-dimensional. Therefore, we

specifically select these two datasets to focus on high-dimensional signals.

Dataset Collisions at high-energy particle colliders are useful for discovering rare parti-

cles such as Higgs boson. Machine learning approaches often detect such rare particles,

which requires solving challenging signal-versus-background classification problems [75].

In our experiment, we convert the Higgs boson detection task into a change-point detection

task using the Higgs boson dataset to evaluate NN-CUSUM and baselines. The Higgs bo-
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son dataset contains data samples obtained from two types of signals: Higgs boson signal

and background signal that does not produce Higgs bosons. The dataset contains about

ten million samples produced from Monte Carlo simulations. Each sample comprises 28

numeric features, where 21 features are kinematic properties measured by the particle de-

tectors, and 7 features are functions of the first 21 features, which are high-level features

derived from the 21 kinematic features. In our experiment, we use all 28 features.

In another experiment, we consider detecting neutrinos, which is difficult due to their

low mass and lack of electrical charge. Mini Booster Neutrino Experiment (MiniBooNE)

is designed to search for neutrino oscillations, which provides the MiniBooNE dataset.

Similar to the Higgs boson dataset, we establish a change-point detection task using the

MiniBooNE dataset. The dataset contains about 130 thousand data samples obtained from

background signals or electron neutrinos. Each sample initially contains 50 numeric fea-

tures. We used 47 features for the experiment after excluding features with excessively high

occurrences of particular values. For illustration, we refer to the non-background signal in

each dataset as the target signal throughout this section. Both datasets are available at the

University of California Irvine machine learning repository [76].

Baselines We compare with baselines: ONNC, ONNR, WL-GLR, WL-CUSUM, MEWMA,

and H-CUSUM, whose implementation details are introduced in Appendix B.1.1. Exact

CUSUM is excluded since we do not know the true distribution of the real data.

Setup We construct reference and online sequences for each dataset where only online

sequences have a change point. We create 500 reference and online sequences using both

datasets: one reference sequence contains 1500 data samples from the background signal;

one online sequence contains 500 data samples from the background signal and 1000 data

samples from the target signal so that change point occurs at time index 500 in online

sequence. For the baselines that do not require reference sequences, online sequences are

used for experiments.
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Figure 3.9: EDD versus Type-I errors in the range of {0.02, 0.04, . . . , 0.20} on (Left) Higgs
boson dataset and (Right) MiniBooNE dataset. Besides EDDs, detection failure rates are
reported in Table 3.4.

For NN-CUSUM, we use fully connected neural networks with one hidden layer of

width 64 and ReLU activation. ONNC and ONNR use fully connected neural networks

with one hidden layer of width 20 and sigmoid activation following the original publica-

tion [64]. The stride is set to 2 for NN-CUSUM, ONNC and ONNR. In the three methods,

the stride is the length that the sliding window moving forward at each update of the neural

network. The sensitivity analysis regarding the selection of stride on the two datasets is

available in Appendix B.1.4. The window size is set to 100 for NN-CUSUM and other

baselines that require a window because, in the online setting, the window length has the

same meaning over different methods, namely the memory requirement of historical data.

Adam is used to train the NN-CUSUM, ONNC, and ONNR neural networks. The learning

rate is set to 10−3 without scheduling.

Type-I error ARL may not be a good metric for false-alarm control in real data since

there is no guarantee on the i.i.d. property of the real data, and thus the calibration of the

threshold b in Section 3.5.3 might not be accurate enough. Instead, we use a Type-I error

as an alternative to the ARL, which is defined as P0[τ ≤ k] representing the probability

that a detection procedure raises an alarm before the change point k under f0. With an
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Table 3.4: Detection failure rate with 0.02, 0.10, and 0.20 Type-I error on Higgs boson and
MiniBooNE dataset. The lowest detection failure rate (Type-II error) for each fixed Type-I
error is in bold.

Higgs boson MiniBooNE

Type-I Error Type-I Error
0.02 0.10 0.20 0.02 0.10 0.20

NN-CUSUM 0.04 0.01 0.01 0.00 0.00 0.00
ONNC 0.99 0.99 0.98 0.00 0.00 0.00
ONNR 0.84 0.42 0.20 0.00 0.00 0.00

WL-GLR 1.00 0.99 0.99 1.00 0.74 0.74
WL-CUSUM 0.94 0.80 0.62 1.00 0.00 0.00

MEWMA 0.99 0.85 0.83 1.00 0.82 0.02
H-CUSUM 0.96 0.84 0.73 1.00 1.00 0.99

arbitrarily fixed b, the detection procedure stops before k + 1 is equivalent with the event

{maxt≤k St > b}. In other words, Type-I errors can be approximated by the empirical

frequency of {maxt≤k St > b} over sequences.

Results The left panel in Figure 3.9 shows EDD versus multiple Type-I errors for NN-

CUSUM and baselines on the Higgs boson dataset. Type-I error takes value in {0.02, 0.04, . . . , 0.18, 0.20}.

We observe that NN-CUSUM consistently outperforms all other baselines. We also eval-

uate how often a detection procedure fails to detect the change point by calculating the

detection failure rate. The detection failure rate is defined by the frequency of the event

{maxt>k St ≤ b} over sequences. Table 3.4 shows the detection failure rate of NN-

CUSUM and baselines with respect to Type-I errors in {0.02, 0.10, 0.20} on both datasets.

NN-CUSUM achieves the lowest detection failure rate.

The right panel in Figure 3.9 shows EDD versus Type-I errors in {0.02, 0.04, . . . , 0.18, 0.20}

on the MiniBooNE data. NN-CUSUM has the smallest EDDs over all Type-I errors. WL-

CUSUM shows comparable EDD with NN-CUSUM in Type-I errors higher than 0.06. In

terms of the failure rate, NN-CUSUM, ONNC, and ONNR consistently achieve the zero

detection failure rate as shown in Table 3.4. WL-CUSUM totally fails to detect with low

Type-I errors. Sampled trajectories of the detection statistics for NN-CUSUM, ONNC, and

ONNR on both datasets are provided in Appendix B.1.5.

54



3.6 Conclusion

We present a novel neural network-based procedure for online change-point detection using

CUSUM recursion with increments obtained from a trained neural network binary classifier

applied on test batches. The motivation is that the training of a logistic loss will converge

in population to a log-likelihood ratio between two samples, which motivates us to con-

struct CUSUM statistics using the sequentially learned neural networks to test samples.

We demonstrate the competitive performance of the proposed method compared to other

classical statistical and neural network-based methods with extensive numerical experi-

ments.
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CHAPTER 4

HIGHER-CRITICISM FOR SPARSE MULTI-STREAM CHANGE-POINT

DETECTION

4.1 Overview

Sequential change-point detection, which aims to identify changes in the distribution of

streaming data as quickly as possible, is a fundamental challenge in statistics [55]. Re-

cently, there has been much interest in the settings where a large number of data streams

are being monitored and the potential change may affect only a small subset of variables,

a scenario referred to as sparse multi-stream change-point detection [77, 71, 78, 79, 80].

The challenges in this situation follow from the unknown identity of the affected streams

if they exist, their relatively small number, and the standard sequential change-point trade-

offs of minimizing detection delay while maintaining the longest possible run without false

positives under the null.

In offline hypothesis testing, Higher Criticism (HC) [81] has proven to be an effective

tool for global testing against sparse alternatives [82, 83, 84, 85]. The relative simplicity of

HC, its well-understood properties, and its inherent feature selection mechanism [86] have

made HC a popular choice for sparse signal detection among practitioners [83, 87]. There-

fore, we aim to develop an adaptation of HC for sparse sequential change-point detection.

In this chapter, we present a new procedure for detecting a change point affecting a

small and unknown subset of data streams by combining their detection statistics using HC.

Our procedure can be viewed as a sequential adaptation of offline sparse signal detection

using HC: in every time instance, we test the significance of a change in every stream indi-

vidually using one of the known tests, such as the cumulative sum (CUSUM) test, then use

HC to combine P-values from many individual change-point tests. The resulting statistic is
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sensitive to sparse changes. Namely, changes affecting only a small fraction of the streams

when the locations of the affected streams are unknown. Additionally, HC provides a mech-

anism to identify streams suspected to be affected, offering optimality properties compared

to other fault localization methods based on feature selection methods such as those based

on false discovery rate controlling [86, 82]. Since the procedure wraps around P-values,

it can be naturally applied to data streams of heterogeneous pre- and post-change distribu-

tions in individual streams with general change-point detection statistics. We demonstrate

the effectiveness of the HC-based procedure through extensive numerical evaluations and

provide a theoretical analysis under a sparse multi-stream model with normal data, where

individual streams may experience changes in their means and variances, referred to as

the heteroscedastic change. We show that the expected detection delay of HC of P-values

obtained from the likelihood ratio (LR) based CUSUM [88], or from the generalized likeli-

hood ratio (GLR) test [89], attains the information-theoretic limits of detection when only

the mean is affected (i.e., the homoscedastic change) derived in [78]. Our results show that

the HC of P-values from individual streams is also optimally adaptive to the sparsity level.

Our key contributions are summarized as follows.

• We propose a sequential change-point detection method based on HC, effectively

detecting a global change point with sensitivity to a change affecting a few streams

simultaneously out of many monitored streams.

• We consider a multi-stream normal sparse heteroscedastic change point model and

characterize the information-theoretic detection delay in this model for individual

tests based on the LR and the GLR statistics. We deliver such results concerning the

detection delay rather than the expected detection delay studied in [78].

• We show that the HC-based procedure attains the asymptotic minimal detection delay

in the model mentioned above, even when the sparsity and post-change mean and

variance are unknown.
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• We use extensive simulations to compare the detection procedure based on HC to

other procedures proposed in the literature for the same setting in finite sample sizes.

Our evaluations show that the HC-based procedure typically outperforms other meth-

ods.

Our procedure may also benefit from other well-known properties of HC, such as robust-

ness to mild dependency among the P-values [90, 91] and a known procedure for adapting

to stronger dependencies [92].

To the best of our knowledge, this chapter is the first to study the use of higher criti-

cism statistics for combining P-values to detect sparse changes sequentially. Related recent

works focusing on offline change point and anomaly detection in multi-stream data include

[93, 94, 95, 96]. Methods for sparse sequential change-point detection include tests based

on the stream providing the strongest indication [97, 79], combining local tests (typically,

CUSUM-based) via averaging or other methods [98, 77, 99, 100], kernel-based scan statis-

tics [99], and a mixture of likelihood ratios known to be useful when the number of affected

streams is known [71]. Methods with proven optimal adaptivity to the sparsity level include

the mixture likelihood ratio with adaptive window size of [78], and combining P-values

from individual streams using likelihood scores [80].

The rest of the paper is organized as follows. Section 4.2.1 sets up the data analysis

problem. Section 4.2 presents the HC procedure for sequential change-point detection.

Section 4.3 contains the main theoretical results. Section 4.4 contains numerical examples

that validate the theoretical results and compare HC’s performance with other methods.

Section 4.6 summarizes the paper. Section 4.5 contains proofs. Some proof details are

delegated to the appendix.
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4.2 Method

4.2.1 Setup

We observeN data streams over time. LetXn,t represent the observation of the n-th stream

at time t = 1, 2, . . .. The null hypothesis states no change in the distribution of any stream.

Under the alternative hypothesis, there exists an unknown time τ , 0 < τ < ∞, and an

unknown subset of streams with index set I ⊂ {1, . . . , N} affected by the change at time

t = τ and thus their distribution is different at times t = τ, τ + 1, . . .. In contrast, the

distribution of each unaffected stream remains unchanged. Formally, given sequences of

pre-change distributions {F 0
n}Nn=1 and post-change distributions {F 1

n}Nn=1, we consider the

following sequential hypothesis testing problem:

H0 : Xn,t ∼ F 0
n , t = 1, 2, . . .

H1 : Xn,t ∼


F 0
n , n /∈ I,

F 0
n , n ∈ I, t = 1, . . . , τ − 1,

F 1
n , n ∈ I, t = τ, τ + 1, . . . .

(4.1)

Our goal is to detect the change as quickly as possible after it occurs while allowing a

sufficiently long run without a false alarm when there is no change. We focus on the case

when the fraction of affected streams p := |I|/N is small. Our approach involves testing for

a change in every stream individually and combining multiple tests using higher-criticism

[81, 83].

4.2.2 Change-point testing in individual streams

Given the observations at time t, suppose we use certain detection statistics Yn,t that is a

function of {Xn,s}s≤t for sequential change-point detection at the n-th stream. We summa-

rize the significance of the change by a P-value with respect to the no-change distribution
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F 0
n . Let {πn,t}, n = 1, . . . , N be a sequence of such P-values at times t = 1, 2 . . ..

4.2.3 Detection using Higher Criticism

Before presenting the change point detection procedure, let us review the HC statistic [81,

83]. For a given collection of P-values π1, . . . , πN , let π(1) ≤ · · · ≤ π(N) be their ordered

version. The HC statistic of a collection of P-values is defined as

HC∗(π1, . . . , πN) := max
1≤n≤α0N

√
N

n
N
− π(n)√

n
N

(
1− n

N

) , (4.2)

where α0 ∈ (0, 1) is a tunable parameter known to have little effect on the large sample

behavior of HC∗ [83].

To apply HC in the sequential setting, we form the detection statistic at time t using

individual P-values at each data stream:

HC∗
t = HC∗(π1,t, . . . , πN,t), t = 1, 2 . . . . (4.3)
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Figure 4.1: HC detection statistic HC∗
t of (4.3) before and after the change that occurs at

time t = 2000. Each of N = 500 streams is distributed as N (0, 1) before the change,
after the change, streams in I are distributed as N (µr(N), 1). P-values of each stream at
each time are computed using the CUSUM statistic (4.7) under the null distribution (before
the change). (a) Trajectories of HC∗

t over t, when there is no change, and when there is
a change at 2000, post-change distribution being normally distributed with µr(N) = 0.35
and |I| = 4. (b) Histograms of 1000 simulated values of HC∗

t at time t = 1, 000 (before
the change) and t = 2, 100 (after the change), with µr(N) = 0.79 and |I| = 22.
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We declare global change when the sequence {HC∗
t}t=1,2,... exceeds a prescribed thresh-

old sequence {bt}t=1,2,... for the first time. This detection procedure corresponds to the

following stopping rule called the HC procedure:

THC = inf{t > 0 : HC∗
t > bt}, (4.4)

where bt > 0 is a user-specified (usually time-invariant) threshold chosen to control the

false alarm when there is no change, and thus control the run length (RL) and the aver-

age run length (ARL). Figure 4.1(a) presents an example of the detection statistic and its

empirical distributions before and after the change.

The HC procedure can perform change localization conveniently, once a change has

been detected. When the detection statistic has exceeded the threshold, thus, a global

change is declared, we may select streams suspected to experience a change, by setting

n∗ = argmax
1≤n≤α0N

n
N
− π(n)√

n
N

(
1− n

N

) , (4.5)

and select the n-th stream if πi ≤ π(n∗). Prior works [86, 82, 83, 101] discuss this selection

mechanism and its optimality properties in the context of feature selection for classification.

4.3 Asymptotic detection performance in normal data

In this section, we analyze the asymptotic performance of the HC procedure when detecting

a sparse change in the mean across independent normal data streams. The asymptotic

setting assumes that the number of streams N goes to infinity while the other problem

parameters, such as the average proportion of affected streams and the magnitude of an

individual mean change, are calibrated to N .

Our calibration follows that of (Chan, 2017) [78], which has been shown to yield a

challenging and interesting statistical setup: There exists an “information-theoretic” lower
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bound in the sense that any detection procedure with a controllable false alarm rate has

an expected delay exceeding this lower bound in the sparse change setting. The main

results of this section state that the higher criticism procedure attains this information-

theoretic bound. Additionally, we extend the setting of [78] to include potential change

in the variance of affected streams, detection based on the generalized likelihood ratio

statistics [89], and convergence in distribution results rather than convergence of the means

as studied in [78].

4.3.1 Problem formulation

While our procedure works for general distributions, for theoretical analysis, we make

some additional distributional assumptions in addition to (4.1). Let I ⊂ {1, . . . , N} be a

random set of indices such that Pr [n ∈ I] = p independently across n = 1, . . . , N . The

observations obey Xn,t ∼ N (0, 1) for all t and n /∈ I , and for n ∈ I ,

Xn,t ∼


N (0, 1), t = 1 . . . , τ − 1,

N (µ, σ2), t = τ, . . . , T ,
(4.6a)

where the paths {Xn,t}t≥1 are independent for different n = 1, . . . , N , and T denotes the

time horizon. The global change point hypothesis testing can be cast as:

H
(N)
0 : τ > T ,

H
(N)
1 : τ ≤ T ,

(4.6b)

i.e. τ > T indicates no change. Here, for simplicity, we assume that in (4.6a), µ > 0 is the

common shift in the means of all affected streams and σ > 0 is associated with a common

change in their variances. The homoscedastic case (σ = 1) corresponds to the setting of

[93, 78, 80].
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4.3.2 Testing individual streams

We consider two useful cases of test statistics in individual streams.

Case I: CUSUM for mean-shift (see, e.g., (Lorden 1971) [88]). Consider the CUSUM

statistic formed on each stream assuming the known post-change mean:

Y LR
n,t := max

k≤t
Vn,t,k, Vn,t,k :=

(
Sn,t − Sn,k −

µ

2
(t− k)

)
µ, (4.7)

where Sn,t :=
∑t

j=1Xn,j , and µ is the assumed post-change mean. Note that Y LR
n,t is

associated with the likelihood ratio statistic for change in the mean of a normal model from

zero to µN(r) while the variance is unchanged. This statistic arises in testing for a mean

shift by µ under a local asymptotically normal family; see the discussions in [102, 55] and

references therein. The CUSUM Y LR
n,t can be computed recursively in time t, facilitating

its online implementation and thus a popular choice for online change-point detection. A

P-value πLR
n,t(x) for the n-th stream corresponds to the survival function of Y LR

n,t , as in

πLR
n,t(x) := Pr

[
Y LR
n,t ≥ x | H0

]
. (4.8)

Case II: Generalized Likelihood Ratio (GLR). The GLR statistic to detect some change in

the mean (see, e.g., (Siegmund and Venkatraman 1995) [89]) is defined by

Y GLR
n,t := max

t−w<k≤t
Wn,t,k, Wn,t,k :=

|Sn,t − Sn,k|√
t− k

. (4.9)

where w > 0 is the window-length; this corresponds to the window-limited GLR [103].

The GLR statistic cannot be computed recursively, unlike the CUSUM statistic in (4.7).

On the other hand, GLR does not require assuming the post-change parameters, which are

typically hard to specify a priori, and the true change magnitude can change from instance

to instance. The window length is typically chosen to be large enough so that it does not
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affect the detection delay. This statistic is particularly useful when the post-change mean

is unknown. The P-value at time t is given by Y GLR
n,t by

πGLR
n,t (x) := Pr

[
Y GLR
n,t ≥ x | H0

]
. (4.10)

We have a few remarks:

• Statistics based on the cumulative sum Sn,t such as Y LR
n,t and Y GLR

n,t are widely used

in the literature for detecting a change in the mean. They are generally less effective

for detecting a particularly small or large change in the variance, hence it is useful

to think about σ2 in our model (4.6a) as a nuisance parameter. As it turns out, larger

values of σ2 are asymptotically favorable for detecting using Y LR
n,t and Y GLR

n,t .

• It is also possible and sometimes helpful to define the test statistics Vn,t and Wn,t by

replacing Sn,t−Sn,k with max{Sn,t−Sn,k, 0}. Such replacement does not appear to

change the main conclusions concerning asymptotic detection delays.

• In either case □ ∈ {LR,GLR} and under either hypothesis, Y □
n,t and thus π□

t (Yn,t)

have continuous distributions, hence π□
n,t(Yn,t) is uniformly distributed over (0, 1)

under H0.

4.3.3 Asymptotic detection delay

We study the detection procedure (4.4) under an asymptotic setting of N → ∞, while p

and µ are calibrated to N . Specifically, we calibrate p as

p = N−β, (4.11a)

where β ∈ (0, 1) is a parameter controlling sparsity, and

µ := µr(N) :=
√

2r log(N), (4.11b)
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r > 0 is a fixed parameter controlling the magnitude of the mean shift in affected streams.

Under this calibration, (4.6a) defines a sequence of hypothesis testing problems indexed by

N .

We characterize the asymptotic detection delay of procedures based on P-values ob-

tained either from Y LR
t or Y GLR

t . Define the function

∆∗(r, β, σ) := ⌈ρ∗(β, σ)/r⌉, (4.12)

(the smallest integer larger than ρ∗(β, σ)/r) where

ρ∗(β, σ) :=



(2− σ2)(β − 1/2), 1
2
< β < 1− σ2

4
, 0 < σ2 < 2,(

1− σ
√
1− β

)2
, 1− σ2

4
≤ β < 1, 0 < σ2 < 2,

0, 1
2
< β < 1− 1

σ2 , σ2 ≥ 2,(
1− σ

√
1− β

)2
, 1− 1

σ2 ≤ β < 1, σ2 ≥ 2.

The function ρ∗(β, σ) was first introduced in [104] for describing the detection boundary in

heteroscedastic sparse signal detection. Here, we will show that ∆∗(r, β, σ) characterize the

asymptotic detection delay; Figure 4.2 illustrates ∆∗(r, β, σ) for several varying parameter

values.

Our first main result says that for detection procedures based on LR or GLR tests, the

probability of detecting at times t < τ + ∆∗(r, β, σ) is asymptotically identical under

the null and the alternative. This result implies that the detection delay allowing for a

meaningful change-point monitoring procedure is bounded below by ∆∗(r, β, σ).

Theorem 4.3.1. Consider the change-point detection problem (4.6) and P-values

πn,t := π□
t (Y

□
n,t), n = 1, . . . , N, t = 1, . . . , T ,

where □ ∈ {LR,GLR} as defined by (4.7)-(4.8) or (4.9)-(4.10). For a given test statistic
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Figure 4.2: Curves describing the asymptotic theoretical detection delay ∆∗(r, β, σ) of
(4.12) in multistream normal data with a heteroscedastic sparse change for detection based
on LR or GLR statistics (Theorems 4.3.1 and 4.3.2). (a): ∆∗(r, β, σ) versus β for several
values of σ. (b): ∆∗(r, β, σ) versus r for several values of β. The detection delay increases
with larger β (higher sparsity) and decreases with larger r (stronger change magnitude) and
larger σ2 (larger post-change variance).

Ut based on π1,t, . . . , πN,t, consider a detection procedure that stops at time TU as soon

as Ut exceeds b(N)
t . Consider an asymptotic setting N → ∞, with p and µ calibrated to

N as in (4.11) and T / log(N) → 0. If t < τ + ∆∗(r, β, σ), for any array of thresholds

{b(N)
t , t = 1, . . . , T , N = 1, 2, . . .} we have

Pr
[
TU ≤ t | H(N)

1

]
− Pr

[
TU ≤ t | H(N)

0

]
→ 0.

In other words, Theorem 4.3.1 says that whenever there exists a procedure for detecting

a change based on the LR or GLR statistics with a probability of true detection at time t

asymptotically exceeding the probability of a false alarm at time t, then t ≥ ∆∗(r, β, σ).

The following result shows that it is possible to detect using higher criticism with a

delay converging to ∆∗(r, β, σ).

Theorem 4.3.2. Consider the change-point detection problem (4.6a) and P-values

πn,t := π□
t (Y

□
n,t), n = 1, . . . , N, t = 1, . . . , T ,

where □ ∈ {LR,GLR} as defined by (4.7)-(4.8) or (4.9)-(4.10). Let the detection procedure
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stop at time THC as soon as HC∗
t = HC∗({π□

n,t}Nn=1) exceeds bt:

THC = inf{t : HC∗
t > bt}.

In an asymptotic settingN →∞, with p and µ calibrated toN as in (4.11) and T / log(N)→

0, for any integer ∆ ≥ ∆∗(r, β, σ), there exists an array of thresholds {b(N)
t , t = 1, . . . , T , N =

1, 2, . . .} such that,

Pr
[
THC − τ = ∆ | H(N)

1

]
→ 1,

while

Pr
[
THC ≤ T | H(N)

0

]
→ 0.

To state the following corollary, we first define a false alarm rate α for a finite time

horizon T , as Pr
[
THC ≤ T | H(N)

0

]
≤ α.

Corollary 4.3.3. Under the setting and conditions of Theorem 4.3.2, for any (β, σ, r) con-

figuration such that ρ∗(β, σ)/r is not an integer, and for any false alarm rate α ∈ (0, 1)

in the horizon T , there exists an array of threshold b(N)
t , which controls the false alarm

at level α, such that the detection delay THC − τ converges to ∆∗(r, β, σ) in distribution

uniformly in τ . In particular,

max
1≤τ≤T

Eτ [THC − τ | THC ≥ τ ] = ∆∗(r, β, σ). (4.13)

4.3.4 Discussions

Information-theoretic delay and phase transition

Theorem 4.3.1 establishes a fundamental limit on the ability to construct a meaningful

detection procedure for delays ∆ < ∆∗(r, β, σ), since the probability of a false alarm

before such ∆ converges to the probability of true detection before ∆. This renders the

detection delay comparable in magnitude to the in-control run length, effectively reducing
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detection to a random guess and, therefore, making it uninformative. On the other hand,

Theorem 4.3.2 shows that there exist detection procedures with detection delays converging

in distribution (from above) to ∆∗(r, β, σ) while maintaining a stretch of no false alarms T

going to infinity. One such procedure is the higher criticism-based procedure of (4.4). This

describes a phase transition in the ability to provide meaningful change-point monitoring:

asymptotically impossible for delays smaller than ∆∗(r, β, σ) and asymptotically possible

for larger delays. Previous results addressing the information-theoretic detection delay

focused on the expected detection delay (EDD) subject to a large ARL [78, 80], in which

case the aforementioned phase transition when applied to a well-calibrated HC procedure

takes the following form. An “undetectable” region t < ∆∗(r, β, σ) of linear increase of the

EDD with the ARL, and a “detectable” region t > ∆∗(r, β, σ) of a very moderate increase

of the EDD with a significant increase in ARL. Numerical evaluations in Figure 4.7 below

illustrate the two regimes and suggest that the increase in the EDD is logarithmic in the

ARL in the detectable region. The logarithmic increase is typical in sequential change-

point analysis [105].

The restriction to monotonic statistics in Theorem 4.3.1 is sufficient from a practi-

tioner’s perspective when seeking a detection procedure that is monotonic in the magnitude

of a change gathered across individual streams. However, we would like to remark that a

simple extension of similar results in [104] and [106] appear to yield a lower bound not

restricted to such statistics, and we leave such extensions to future work.

Relation to previous results

Typical results in change point detection literature focus on expectations of the stopping

time, such as the ARL, E [T | H0], and the worst-case EDD, defined by [107] as maxτ≥1 Eτ [T−

τ | T ≥ τ ] when a change occurs at time τ . We address the worst-case EDD in Corollary

4.3.3.

The work of (Chan, 2017) [78] provided the asymptotic EDD under a setting similar
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to (4.6) with σ = 1 and subject to an ARL lower bound γ that increases in N . The

EDD therein is identical to the one provided by THC in Theorem 4.3.2, once we adjust the

calibration of the change magnitude and the scaling in the ARL lower bound γ of [78] to

our setup. Consequently, in this case, THC attains the optimal detection delay under the

change detection model (4.6).

Our analysis limits the growth rate of the horizon T inN and, therefore, our false alarm

run length guarantee and its expected value, i.e., the ARL. This is a restriction compared

to [78] that characterized the tradeoff among β, r, and the ARL lower bound γ under the

scaling log(γ) ∼ N ζ for ζ > 0. Note that our setup corresponds to the case ζ → 0 in [78];

the minimal asymptotic detection delay ∆∗(r, β, σ) coincides with that provided in [78] for

ζ → 0.

Under special cases, the work of (Liu et al. 2021) [108] also delivers asymptotic inter-

plays among the number of streams N , the control duration T , the magnitude of a change,

and the sparsity level. However, their asymptotic scaling is different than ours and therefore

incomparable. Specifically, in the case of severe sparsity β ∈ (1/2, 1), the setting of [108]

does not lead to a phase transition. On the other hand, it provides interesting interplays for

a relatively dense change β ∈ (0, 1/2), whereas detection is trivial in this regime in our

setting.

Heteroscedastic change

An increase in the post-change variance σ2 reduces ∆∗(r, β, σ) and thus leads to a quicker

detection based on LR and GLR statistics. This situation is well-understood in the context

of offline signal detection in [104] and [109]. When σ2 is dramatically smaller or larger

than 1, statistics based on the cumulative sum such as Y LR
n,t and Y GLR

n,t may be much less

effective compared to alternatives statistics. For this reason, it is useful to consider σ as

a nuisance parameter in our setting. In particular, the analysis and its conclusions may

change dramatically when σ is permitted to increase or vanish with N .
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4.4 Numerical experiments

This section presents numerical experiments to validate theoretical results and compare the

proposed procedure with existing methods. Throughout, we consider data sampled from

the model (4.6a) with µ =
√
2r logN , σ2 = 1, and p = Pr [n ∈ I] = N−β . Namely,

normal pre- and post-change distributions (4.6a) with σ = 1, µ and p are parametrized

using N , r, and β as in (4.11). The HC hyperparameter is fixed at α0 = 0.2 based on the

recommendations in (Donoho and Jin, 2015) [83].

4.4.1 Trajectory illustration

We start by illustrating the detection procedure when there is no change versus when there

is a change. Figure 4.1(a) shows the trajectory {HC∗
t} of (4.3) over t under H0 (no change)

and another one under H1 (when the change happens at 2000). Clearly, in this setting, by

setting a threshold bt = 5, one can successfully detect the change. Figure 4.1(b) shows the

empirical distribution of simulated values of HC∗
t before and after the change. It is worth

mentioning that the empirical distribution appears to be stable after a “burn-in” period of

about t = 200 instances. We only consider in our experiments the detection statistics after

the burn-in period.

4.4.2 Calibration of threshold

To estimate the threshold bt = b for controlling ARL under H0, we employ an indirect

Monte Carlo simulation technique used in (Xie and Siegmund 2013) [71], to reduce com-

putational cost when calibrating the threshold for large target ARL values. This approach

is based on the observation that the stopping time under the null hypothesis is approxi-

mately exponentially distributed, i.e., Pr [THC ≥ t | H0] ≈ e−λt, which can be argued by

large-deviation theoretically. Thus, we first estimate Pr [THC ≥ t | H0] to obtain λ̂ by sim-

ulating fixed-length sequences, then use the relationship between the probability of hitting
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Figure 4.3: Empirical and fitted survival functions of THC under the null, illustrated for the
threshold bt = 5. Data is generated under the null hypothesis with N = 20, 000 across 500
repetitions.

Figure 4.4: Detection delays in sparse normal mean-shift using the HC procedure. Ap-
proximately N1−β streams undergo a change from N (0, 1) to N (

√
2r log(N), 1), with

N = 5, 000 and a grid of (r, β) for change magnitude and sparsity. The target ARL is
set to be 5, 000. P-values for each stream are computed using the CUSUM statistic. Left:
Average detection delay across 500 Monte Carlo trials for each (r, β) configuration. Right:
Histogram of detection delay for a single (r, β) configuration, with the dashed vertical line
indicating the corresponding EDD.

the threshold and its expected value to estimate ARL as E [THC | H0] ≈ 1/λ̂.

To validate the exponential distribution approximation for the stopping time, we fit the

exponential function using least squares; the coefficient of determination exceeds 0.99.

Figure 4.3 shows that the empirical tail aligns closely with the fitted exponential function.

We observed similar fits in similar experiments over a range of values besides b = 5.
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Figure 4.5: Convergence of detection delay ∆ = THC − τ to its theoretical asymptotic
value as the number of streams N increases. Data is generated according to (4.6a), with
P-values for each stream computed using the CUSUM statistic. The thresholds are tuned to
meet a target ARL 5000, and results are based on 500 Monte Carlo repetitions. (a)–(c): Ex-
pected detection delay E [∆ | ∆ ≥ THC ≥ τ ] versusN for β = 0.7 and r ∈ {0.05, 0.1, 0.2}.
Dashed horizontal lines indicate the theoretical asymptotic delay ∆∗(r, β, σ). (d)–(f): His-
tograms of ∆ − ∆∗(r, β, 1) for fixed (r, β) = (0.1, 0.7) and N ∈ {100, 1000, 16000};
dashed vertical lines represent EDD.

4.4.3 Validation of theoretical results

EDD dependence on sparsity and change magnitude

We begin by illustrating the performance of the HC procedure as the sparsity and magni-

tude of the change vary. Figure 4.4 shows EDD over a grid of sparsity levels and change

magnitudes, with ARL calibrated to be 5000, along with the histogram of detection delays

for a single configuration. The EDD and ARL are estimated using 500 Monte Carlo rep-

etitions. The results confirm that the detection delay increases as the change’s magnitude

becomes weaker and sparser.
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Figure 4.6: Rolling empirical probability of detection for HC-procedure over time t, com-
puted over 4000 Monte Carlo trials, for various change magnitudes controlled by r via
(4.11b) and N = 20, 000. The P-value is calculated using the CUSUM statistic at each
stream. At each time t, the percentage of trajectories with detection statistics exceed-
ing the 95 percentile of HC∗

t under the null hypothesis is shown. Dashed lines indicate
τ + ∆∗(r, β, 1), corresponding to the theoretical asymptotic time, exceeding which detec-
tion is possible.

Convergence of detection delay

For a finite N , there is a gap between the empirical detection delay and the asymptotic

detection delay ∆∗(r, β, σ). As predicted by our asymptotic theory, this gap may shrink

with largerN and proper calibration of the threshold bt. The example in this section verified

this numerically.

The first row of Figure 4.5 illustrates the convergence of the EDD to ∆∗(r, β, σ): the

gap decreases withN for various change magnitude r. The second row of Figure 4.5 shows

that the distribution of the detection delay concentrates around ∆∗(r, β, σ) as N grows.

Figure 4.6 illustrates the probability of detection, over time, subject to an ARL control.

This probability increases to one quickly when t exceeds the asymptotic theoretical delay

∆∗(r, β, σ).

Detection delay and run length tradeoff

This example illustrates the phase-transition phenomenon discussed in Section 4.3.4: an

“undetectable” regime for t < τ +∆∗(r, β, σ), where the expected detection delay (EDD)
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Figure 4.7: Detection delay (DD) and average no-false-alarm run length (RL) of sparse
change point detection using the HC procedure. (a) Empirical expected DD (i.e., EDD) and
RL (i.e., ARL) versus the HC threshold b. Colored regions represent standard errors. (b)
The curve (ARL(b),EDD(b)) is based on empirical measurements of many HC threshold
b values. As N → ∞, Theorems 4.3.1 and 4.3.2 predicts that the point of significant dis-
tinction between the curves in (a) converges to ∆∗(r, β, σ), and the bending point in (b) at
which the relation between EDD and ARL is no longer linear is at ∆∗(r, β, 1),∆∗(r, β, 1).
The data involves 100 independent experiments with a change at time t = 0. Each exper-
iment uses normal data following (4.6a) with N = 10, 000 streams, roughly N1−β ≈ 16
affected streams (β = 0.7) by a mean shift of

√
2r log(N) ≈ 0.2 (r = 0.002), and the

CUSUM statistic (4.7) in each stream.

increases linearly with the ARL, and a “detectable” regime for t ≥ τ +∆∗(r, β, σ), where

the EDD increases only moderately despite a significant increase in ARL. Figure 4.7 illus-

trates the mean and standard deviation of detection delay (DD) and the RL across multiple

trials for varying HC detection thresholds. As predicted in Theorem 4.3.1, DD and RL are

indistinguishable for delays smaller than ∆∗(r, β, σ). As predicted in Theorem 4.3.2, for

larger delays, it is feasible to calibrate a procedure based on HC that yields a significantly

larger RL relative to DD. Namely, a meaningful detection is possible.

4.4.4 Comparisons with other detection procedures

We compare the HC procedure with various existing change point detection procedures,

some of which are designed for detecting sparse changes. We examine the procedures’

EDD while calibrating each procedure’s threshold to reach a target ARL of 5000. For sim-

ulating ARL, we set T = 20, 000, and the corresponding thresholds are listed in Table 4.1.
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The ARLs for each procedure were estimated via Monte Carlo simulations based on 500

trials.

(i) Xie and Siegmund’s (XS) [71]:

TXS = inf

{
t : max

t−w≤k<t

N∑
n=1

log(1− p0 + p0e
(W+

t,k,n)
2/2) > b

}
,

where Wt,k,n is computed for each stream n via (4.9), and z+ = max{z, 0}; here

p0 = 1/
√
N , and w = 200.

(ii) Chan’s procedure [78]:

TChan = inf

{
t : max

t−w≤k<t

N∑
n=1

g
(
W+
t,k,n

)
≥ b

}
,

where g(z) = log
[
1 + p0

(
Cez

2/4 − 1
)]

and C = 2(
√
2 − 1), and we use p0 =

1/
√
N , w = 200.

(iii) Chen, Wang, and Samworth (CWS) [110]: The work proposes a likelihood ratio-

based detection procedure for Gaussian mean-shift detection by testing against simple

alternatives of varying signal magnitude scales in each coordinate and aggregates

the test statistics across scales and coordinates. Here, for comparison, we employ

the algorithm version from [110, Sec. 3.3], which adapts to both dense and sparse

changes. Following the same method as in [110, Sec. 4.1], we tune the three detection

thresholds to meet the ARL constraint. The key hyperparameter in this procedure is

the lower bound of the ℓ2 norm of the vector mean change across all streams; we set

this to be 1, matching the lower bound of norms for all possible changes considered

in our experiments.

(iv) Chen and Chan’s (Chen+Chan) [80]: The work proposes a detection statistic for of-

fline change-point detection, based on a score statistic of P-value distribution depar-
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ture from the uniform distribution. Here, we modify the statistic for online change-

point detection, as follows

TCC (λ1, λ2) = inf

{
t :

N∑
n=1

log

(
1 +

λ1 logN

N
g1(πn,t) +

λ2√
N logN

g2(πn,t)

)
≥ b

}
,

where for λ1 ≥ 0, λ2 > 0, g1(z) = 1
z(2−log z)2

− 1
2
, and g2(z) = 1√

z
− 2; in the

experiment we choose λ1 = 1 and λ2 =
√

log T / log log T , following the same

choices as in [80].

(v) logp sum: the procedure combines P-values according to Fisher’s method as

Tsum = inf

{
t : −

N∑
n=1

log(πn,t) ≥ b

}
.

The rationale is to aggregate the P-values across all data streams uniformly; this can

work well when all streams are affected by the change, but can be less efficient when

the change only affects a few coordinates, as seen in our experiments.

(vi) logp min: the procedure uses the smallest P-value as in Bonferroni-type analysis:

Tmin = inf

{
t : − min

n=1,...,N
log(πn,t) ≥ b

}
.

The procedure works well when only one data stream is affected by the change; how-

ever, it may lack combining statistical power when more than one stream is affected

by the change.

(vii) orderp SSBH: A test inspired by a statistic associated with the Seeger-Simes family-

wise error controlling and the Benjamini-Hochberg false discovery rate controlling,

[111], which combines the P-values with weights:

TSSBH = inf

{
t : − min

n=1,...,N

π(n),t
n/N

≥ b

}
.
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To ensure a fair comparison, we tune the thresholds b for each procedure to achieve

the same target ARL of 5, 000. The thresholds, determined through simulation over 500

repetitions, are provided in Table 4.1. We evaluate the methods under the following settings

for moderate and high dimensions: (i) N = 100, r = 1, with varying |I|; (ii) N = 100,

|I| = 5, with varying r; (iii) N = 104, r = 1, with varying |I|; and (iv) N = 104, |I| = 10,

with varying r.

For N = 100, the results are shown in Tables 4.2 (for varying |I| with fixed r) and 4.3

(for varying r with fixed |I|). In setting (i), the HC-based procedure achieves the smallest

EDDs for relatively sparse shifts (|I| = 1, 3, 5), while the XS and CWS procedures perform

better in denser cases. In setting (ii), where the sparsity is fixed at |I| = 5 and the shift

magnitude r varies, the HC-based procedure consistently outperforms other methods across

different values of r for sparse shifts.

For larger-scale experiments with N = 104, the results are presented in Tables 4.4 (for

varying |I| with fixed r) and 4.5 (for varying r with fixed |I|). The HC-based procedure

achieves the smallest EDDs for relatively sparse shifts (|I| = 1, 5, 10). In Table 4.5, with

fixed sparsity |I| = 10 and varying r, the HC-based procedure consistently performs well.

As a sanity check, Tables 4.2 and 4.4 also include results for the XS and Chan methods

from [78], which align closely with our reproduced results.

Computational complexity with respect to dimension N . Here, the complexity corresponds

Table 4.1: Threshold b for stopping rules corresponding to ARL = 5000.

N = 100 N = 104

b ARL b ARL

XS [71] 19.50 4968 113.59 5000

Chan [78] 4.25 5066 4.52 5005

Chen+Chan [80] 2.89 4992 -0.66 5012

logp sum 119.60 4997 9696.15 4999

logp min 10.39 4968 14.21 5021

orderp SSBH −3.06× 10−3 5042 −6.77× 10−3 5017

HC-WLCUSUM 9.93 4966 12.11 4990
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Table 4.2: EDD of several detection procedures and values of |I| and N = 100; data is
normal with r = 1. EDDs are calculated from 500 repetitions, and the standard errors are
in parentheses. The smallest EDD (up to standard errors) is bolded.

|I|

1 3 5 10 30 50 100

XS [71] 30.1 (0.55) 13.2 (0.20) 9.3 (0.14) 5.7 (0.08) 2.5 (0.03) 1.8 (0.02) 1.0 (0.01)

XS presented in [78] 31.6 14.2 10.4 6.7 3.5 2.8 2.0

Chan [78] 25.7 (0.49) 13.3 (0.2) 9.7 (0.14) 6.3 (0.08) 2.9 (0.04) 2.0 (0.02) 1.1 (0.01)

Chan presented in [78] 26.8 13.4 9.6 6.4 2.8 2.0 1.1

CWS [110] 37.2 (0.42) 15.8 (0.21) 10.6 (0.14) 6.5 (0.09) 2.2 (0.04) 1.2 (0.02) 1.0 (0.00)

Chen+Chan [80] 28.6 (0.50) 15.8 (0.21) 11.5 (0.14) 7.3 (0.08) 3.6 (0.03) 2.5 (0.03) 1.8 (0.02)

logp sum 613.0 (11.19) 33.1 (0.48) 20.0 (0.20) 10.6 (0.10) 4.1 (0.03) 2.7 (0.02) 1.8 (0.02)

logp min 18.2 (0.38) 12.2 (0.22) 9.8 (0.17) 8.0 (0.13) 5.6 (0.08) 4.7 (0.07) 4.0 (0.05)

orderp SSBH 18.2 (0.38) 12.2 (0.22) 9.7 (0.17) 7.9 (0.12) 5.5 (0.08) 4.7 (0.07) 3.9 (0.05)

HC-WLCUSUM 16.3 (0.35) 10.3 (0.19) 8.2 (0.14) 6.4 (0.10) 4.0 (0.05) 3.2 (0.04) 2.3 (0.02)

Table 4.3: EDD of several detection procedures and values of r, and N = 100; the data is
normal as in (4.6a) with a fixed |I| = 5. EDDs are calculated from 500 repetitions and the
standard errors are in parentheses. The smallest EDD (up to standard errors) is bolded.

r

0.4 0.6 0.8 1.0 1.2 1.4 1.6 1.8

XS [71] 50.2 (0.81) 23.7 (0.33) 13.8 (0.20) 9.3 (0.12) 6.4 (0.09) 5.0 (0.07) 4.0 (0.05) 3.3 (0.04)
Chan [78] 53.5 (0.86) 25.0 (0.36) 14.4 (0.21) 9.9 (0.13) 6.8 (0.09) 5.3 (0.07) 4.2 (0.06) 3.5 (0.05)
CWS [110] 62.9 (0.91) 28.9 (0.40) 16.4 (0.22) 10.7 (0.15) 7.1 (0.10) 5.4 (0.07) 4.1 (0.06) 3.1 (0.05)
Chen+Chan [80] 63.5 (0.85) 29.5 (0.37) 17.2 (0.23) 11.7 (0.13) 8.1 (0.10) 6.2 (0.07) 5.0 (0.06) 4.2 (0.05)
logp sum 105.3 (1.23) 49.5 (0.56) 29.3 (0.34) 20.1 (0.20) 14.4 (0.14) 11.1 (0.1) 8.8 (0.08) 7.4 (0.07)
logp min 56.4 (1.08) 25.5 (0.44) 15.2 (0.26) 10.2 (0.17) 7.1 (0.12) 5.5 (0.09) 4.4 (0.07) 3.6 (0.05)
orderp SSBH 56.2 (1.07) 25.3 (0.44) 15.1 (0.26) 10.1 (0.16) 7.0 (0.12) 5.5 (0.08) 4.4 (0.07) 3.6 (0.05)
HC-WLCUSUM 44.9 (0.89) 20.9 (0.37) 12.6 (0.22) 8.3 (0.13) 5.8 (0.10) 4.6 (0.07) 3.7 (0.06) 3.0 (0.04)

to the computation of the detection statistics at each time t. Due to the requirement to

sort the P-values, the HC procedure and procedures (vi) and (vii) have a time complexity

of O(N logN). The CWS procedure has a complexity of O(N2 logN) because it aggre-

gates statistics across every pair of streams and considers up to log(N) different change

magnitudes. All other baseline methods have a complexity of O(N).

4.5 Proofs

We now present the proof of the main result. In Section 4.5.1, we provide the necessary

background on offline hypothesis testing for rare and weak moderately departure models
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Table 4.4: Large N comparsion: EDD for varying |I|, while fixing r = 1 and N = 104.
EDDs are calculated from 500 repetitions, and the standard errors are in parentheses. In
each setting, the smallest EDD (up to standard errors) is bolded. “–” denotes “failure to
detect”: the procedure did not raise an alarm by the end of the detection time horizon 1000
for all sequences. “N/A” means that a specific result is not available.

|I|

1 5 10 102 103 104

XS [71] 64.5 (0.9) 20.8 (0.22) 13.9 (0.12) 4.0 (0.03) 1.0 (0.0) 1.0 (0.0)

Chan [78] 37.3 (0.54) 18.0 (0.2) 13.3 (0.13) 4.5 (0.04) 1.0 (0.0) 1.0 (0.0)

Chan presented in [78] 37.7 N/A 13.3 4.5 1.0 1.0
CWS [110] 64.4 (0.61) 20.0 (0.20) 14.4 (0.13) 5.9 (0.05) 1.0 (0.0) 1.0 (0.0)

Chen+Chan [80] 870.9 (5.67) 35.2 (0.31) 23.5 (0.16) 9.6 (0.05) 3.7 (0.02) 1.0 (0.0)

logp sum – 999.9 (0.07) 998.1 (0.59) 263.4 (0.79) 7.2 (0.02) 1.0 (0.0)

logp min 25.8 (0.47) 15.5 (0.24) 12.7 (0.18) 7.2 (0.09) 4.2 (0.05) 2.8 (0.03)

orderp SSBH 25.8 (0.47) 15.5 (0.24) 12.6 (0.18) 7.1 (0.09) 4.2 (0.05) 2.7 (0.03)

HC-WLCUSUM 25.8 (0.47) 15.3 (0.23) 12.4 (0.17) 6.7 (0.08) 3.5 (0.03) 1.0 (0.0)

Table 4.5: Large N comparison: EDD for varying r, while fixing |I| = 10, and N = 104.
EDDs are calculated from 500 repetitions, and the standard errors are in parentheses. The
smallest EDD (up to standard errors) is bolded in each setting.

r

0.4 0.6 0.8 1.0 1.2 1.4 1.6 1.8

XS [71] 79.7 (0.88) 36.7 (0.4) 21.2 (0.21) 13.8 (0.13) 9.9 (0.09) 7.4 (0.07) 5.8 (0.05) 4.7 (0.04)
Chan [78] 76.9 (0.92) 35.3 (0.41) 20.5 (0.21) 13.4 (0.13) 9.4 (0.09) 7.1 (0.07) 5.6 (0.05) 4.6 (0.04)

CWS [110] 87.2 (0.84) 39.5 (0.35) 22.5 (0.20) 14.3 (0.14) 9.9 (0.09) 7.3 (0.07) 5.5 (0.05) 4.3 (0.04)
Chen+Chan [80] 135.2 (1.05) 61.5 (0.49) 36.0 (0.28) 23.5 (0.17) 16.8 (0.11) 12.7 (0.09) 9.9 (0.06) 8.1 (0.06)

logp sum 997.9 (0.54) 997.2 (0.73) 997.4 (0.83) 997.6 (0.66) 997.9 (0.68) 997.4 (0.62) 998.0 (0.58) 998.3 (0.49)
logp min 70.7 (1.23) 32.4 (0.55) 19.3 (0.29) 12.6 (0.19) 9.0 (0.13) 6.9 (0.09) 5.4 (0.07) 4.4 (0.06)

orderp SSBH 70.5 (1.22) 32.3 (0.55) 19.3 (0.29) 12.6 (0.19) 9.0 (0.13) 6.8 (0.09) 5.4 (0.07) 4.4 (0.06)
HC-WLCUSUM 69.7 (1.19) 31.8 (0.53) 18.9 (0.28) 12.3 (0.18) 8.8 (0.12) 6.7 (0.09) 5.3 (0.07) 4.3 (0.05)

and asymptotically log-chi-squared P-values. In Section 4.5.2 we apply these previous

results to sparse sequential change point detection with asymptotically log-chi-squared P-

values. Section 4.5.3 shows that the P-values relevant to this chapter satisfy these proper-

ties. Section 4.5.4 proves the main result.

4.5.1 Rare moderately departing P-values

Rare (sparse) and weak models for signal detection involve detection or classification chal-

lenges in which most of the features are useless (pure noise), except perhaps very few

features. The locations of the useful features, if there are any, are unknown to us in ad-
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vance [81, 101]. As explained in [106], previously studied rare and weak models in which

departures of non-null features are on the moderate deviation scale can be carried out un-

der the following testing problem, involving independent P-values {πn}Nn=1 from individual

features.

H
(N)
0 : πn ∼ Uniform(0, 1), ∀n = 1, . . . ,N,

H
(N)
1 : πn ∼ (1− p)Uniform(0, 1) + pQ(N)

n , ∀n = 1, . . . ,N,

(4.14)

where the sequence of distributions {Q(N)
n }Nn=1 obey:

Xn
iid∼ Q(N)

n ⇔ lim
N→∞

max
n=1,...,N

∣∣∣∣∣− log Pr [−2 logXn ≥ 2q log(N)]

log(N)
−
(√

q −√ρ
σ

)2
∣∣∣∣∣ = 0,

(4.15)

for all q > ρ > 0. A sufficient condition for the validity of (4.15) is that

−2 logQ(N)
n

D
=
(√

2ρ log(N) + σZ
)2

(1 + op(1)), Z ∼ N (0, 1),

where op(1) indicates a sequence tending to zero in probability as N →∞ uniformly in n.

Indeed, if q > ρ, for N large enough

Pr

[(√
2ρ log(N) + σZ

)2
(1 + op(1)) ≥ 2q log(N)

]
= 2Pr

[
(
√
2q −

√
2ρ)
√

log(N)

σ
(1 + o(1)) ≤ Z

]

= N
−
(√

q−√
ρ

σ

)2
+o(1)

,

the last transition by Mill’s ratio [112].

The name “asymptotically log-chisquared” is because (4.15) holds in particular when

Xn
D
= exp

{
−1

2

(√
2ρ log(N) + σZ

)2}
.
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Namely, when the Xn’s follow a non-central log-chisquared distribution over one degree

of freedom, as explained in [106], models involving moderate departures in individual

features falling under the formulation (4.15) share many common properties concerning

the asymptotic behavior of testing procedures. Two properties relevant to our situation are

the asymptotic powerlessness of any global test based on π1 ≤ · · · ≤ πN when ρ < ρ∗(β, σ)

and the asymptotic powerfulness of HC∗ of (4.2) for ρ > ρ∗(β, σ).

Theorem 4.5.1. [106, Thms. 1 & 2] Fix ρ > 0, σ > 0, and β > 0. Assume that p = N−β

and that {πn}Nn=1 follow (4.14). If ρ > ρ∗(β, σ), there exists a sequence {b(N), N =

1, 2, . . .} such that

lim
N→∞

(
Pr
[
HC∗ < b(N) | H(N)

1

]
+ Pr

[
HC∗ ≥ b(N) | H(N)

0

])
= 0. (4.16)

If ρ < ρ∗(β, σ), for any sequences of test statistics U = U(π1, . . . , πN) and thresholds

{b(N), N = 1, 2, . . .},

lim inf
N→∞

(
Pr
[
U < b(N) | H(N)

1

]
+ Pr

[
U ≥ b(N) | H(N)

0

])
= 1. (4.17)

4.5.2 Multistream change-point detection with rare, moderately departed streams

We now provide two corollaries of Theorem 4.5.1 when applied to detect a global change

point sequentially across multiple streams of moderately departed P-values. Later, we con-

sider the case where each stream is obtained by individually testing each data stream for

a change. The proofs of both corollaries are based on triangular array arguments and are

provided in Appendix C.1.

The setting below supposes a random set I such that Pr [n ∈ I] = p = N−β , β ∈ (0, 1),
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independently for all n = 1, . . . , N , and a stopping rule based on P-values

πn,t ∼


Uniform(0, 1), n /∈ I or t = 1, . . . , τ − 1,

Q
(N)
n,t , n ∈ I and t = τ, . . . , T .

(4.18a)

Here the array of distributions {Q(N)
n,t , n = 1, . . . , N, t = 1, . . . T } has the property that

for every fixed t, if Xn,t ∼ Q
(N)
n,t independently in n = 1, . . . , N , then for some ρ(∆) ≥ 0

we have

lim
N→∞

max
n=1,...,N

∣∣∣∣∣∣− log Pr [−2 logXn,t ≥ 2q log(N)]

log(N)
−

(√
q −

√
ρ(∆)

σ

)2
∣∣∣∣∣∣ = 0, (4.18b)

for all q > ρ(∆). Later on, we show that P-values of LR and GLR tests in the normal

heteroscedastic change-point setting (4.6) with µ = µN(r) =
√

2r log(N) satisfy (4.18b)

with ρ(∆) = max{r(∆− τ + 1), 0}.

The first corollary says that when ρ(∆) < ρ∗(β, σ), it is impossible to provide a non-

trivial detection procedure using any statistics based on {πn,t} of (4.18a) that rejects the

global null for large values, i.e., small values of {πn,t}.

Corollary 4.5.2. Define the set Θ0 := {∆ : ρ(∆) ≤ ρ−}, for some ρ− < ρ∗(β, σ).

Namely, Θ0 is the set of “insufficient” time delays. Let TU be a stopping rule based on

Ut := U(π1,t, . . . , πN,t) and an array of threshold {b(N)
t , t = 1, 2, . . . , N = 1, 2, . . .}.

Suppose that U(x1, . . . , xN) ∈ R is non-increasing in either argument. Then

lim
N→∞

max
∆∈Θ0

∣∣∣Pr [TU ≤ ∆ | H(N)
1

]
− Pr

[
TU ≤ ∆ | H(N)

0

]∣∣∣ = 0.

The next corollary says that when ρ(∆) > ρ∗(β, σ), there exists a detection procedure

based on higher criticism of P-values obeying (4.18) that asymptotically has full power.

Corollary 4.5.3. Define the set Θ1 := {∆ : ρ(∆) ≥ ρ+} for some ρ+ > ρ∗(β, σ). Let
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HC∗
t be higher criticism of {π1,t, . . . , πN,t} of (4.18). Suppose that T = o(log(N)). There

exists an array of thresholds {b(N)
t , t = 1, . . . , T , N = 1, 2 . . .} such that the stopping

time THC = inf{t : HC∗
t > b

(N)
t } satisfies

max
∆∈Θ1

Pr
[
THC > ∆ | H(N)

1

]
→ 0,

while

Pr
[
THC ≤ T | H(N)

0

]
→ 0.

4.5.3 Log-chisquared properties of change-point detection tests

We provide conditions under which the P-values of the likelihood and generalized likeli-

hood ratios are asymptotically log-chisquared uniformly in t. These conditions coincide

with the asymptotic calibration of the intensity of individual change points and their spar-

sity to N in [78, 80]. One notable difference from [78] is the lower bound on the ARL γ,

which we assume to go to infinity but at a rate arbitrarily small. This is a weaker result than

the rate of log(γ)N−ζ → 0 provided in [78].

Recall that for the CUSUM and GLR procedures, monitoring for a change in the data’s

distribution based on Y LR
t or Y GLR

t involves the stopping times

T LR
x := inf{t : Y LR

t ≥ x},

and

TGLR
x := inf{t : Y GLR

t ≥ x}.

Recall that the P-values πLR
t (x) and πGLR

t (x) the survival functions of the statistics Y LR
t and

Y GLR
t under the null. If we plug in the corresponding observed statistics value to replace x,

we get P-values under the model (4.14).
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The distribution of Y □
t , □ ∈ {LR,GLR} is continuous under either H0 or H1. There-

fore, under H0, we have

π□
t (Y

□
t ) ∼ Uniform(0, 1), t = 1, . . . , T . (4.19)

Under the alternative, the following theorem states that P-values obtained from individ-

ual LR or GLR tests in streams experiencing a change under (4.6) are asymptotically log-

chisquared with scaling parameter σ and non-centrality parameter ρ = ρ(∆) = r[t−τ+1]+,

where [x]+ = max{0, x}.

Theorem 4.5.4. Assume that µN(r) =
√

2r log(N) for some r > 0, and for some τ ≥ 1

we have X1, . . . , Xτ−1
iid∼ N (0, 1), Xτ , . . . , XT

iid∼ N (µN(r), σ
2), and T = o(log(N)). Set

ρ(∆) := r[t− τ + 1]+. For □ ∈ {LR,GLR} we have

−2 log π□
t (Y

□
t ) = (σZ + µN(ρ(∆)))2 (1 + op(1)), (4.20)

where op(1) represents a random variable that goes to 0 in probability as N → ∞, uni-

formly in t and τ .

4.5.4 Proof of main results

Now we will put everything together to prove the main result for the detection delay in

multi-stream with sparse, moderately large change points.

Recall that we consider the change-point detection problem (4.6) with P-values π□
n,t of

(4.8) for □ = LR and (4.10) for □ = GLR. These P-values obey (4.18a) and, by Theo-

rem 4.5.4, every Q(N)
n,t satisfies (4.18b) with ρ(∆) = r[τ −∆+1]+, hence Corollaries 4.5.2

and 4.5.3 apply.

Proof of Theorem 4.3.1. Let ∆0 := ⌈ρ∗(β, σ)/r⌉−1 < ρ∗(β, σ)/r, hence r∆0 < ρ∗(β, σ).

We use Corollary 4.5.2 with ρ− = r[τ −∆0 + 1]+ and ρ(∆) = r[τ −∆+ 1]+. Thus, any
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∆ ≤ ∆0 < ρ∗(β, σ)/r is in the set Θ0 = {∆ : ρ(∆) ≤ ρ−}. Theorem 4.3.1 follows.

Proof of Theorem 4.3.2. Let ∆∗ be the minimal ∆ such that ρ(∆) = r[∆− τ +1] (strictly)

exceeds ρ∗(β, σ). Because ρ∗(β, σ)/r is not an integer, ∆∗ − τ + 1 = ⌈ρ∗(β, σ)/r⌉, and

thus ρ(∆) ≥ ρ(∆∗) > ρ∗(β, σ)/r for all t ≥ t∗. Use Corollary 4.5.3 with ρ+ = r∆∗, thus

Θ1 = {∆ ≥ ∆∗}. It follows that there exists an array of thresholds such that

Pr
[
THC ≤ ∆∗ | H(N)

1

]
→ 1, (4.21)

while

Pr
[
THC ≤ T | H(N)

0

]
→ 0.

On the other hand, because HC∗
t is non-decreasing as any of π1,t, . . . , πN,t is decreasing,

when ∆∗ − 1 < ρ∗(β, σ)/r, Corollary 4.5.2 implies that

Pr
[
THC ≤ ∆∗ − 1 | H(N)

1

]
→ 0. (4.22)

Equations (4.21) and (4.22) implies

Pr
[
THC = ∆∗ | H(N)

1

]
→ 1.

Theorem 4.3.2 follows.

4.6 Conclusions and open challenges

This chapter introduced a change-point detection procedure that combines information

from individual streams using higher criticism (HC). The method is advantageous for prac-

titioners because higher criticism is a well-understood and popular tool for sparse signal

detection, having, among other advantages, a built-in selection mechanism to identify a

useful set of suspected departing streams [83]. Extensive numerical evaluations show that
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the HC-based procedure typically outperforms other methods in simulation studies. Fi-

nally, the detection delay of the HC procedure has interesting optimality properties: in a

sparse heteroscedastic normal change-point setting with CUSUM or general likelihood ra-

tio tests, this delay converges to the theoretical minimal delay, allowing useful change-point

monitoring.

Below, we discuss several limitations of our work that invite further exploration.

Finer asymptotic delay characterization. Our main results show that there exists a detec-

tion procedure based on HC whose asymptotic detection delay converges in distribution

to ∆∗(r, β, σ) as the number of streams N goes to infinity. However, Figure 4.5 suggests

that this convergence is relatively slow, hence the limiting detection delay may not provide

enough information on the performance for finite N . Such information can be provided by

characterizing the limiting distribution of the delay, or at least the behavior of higher-order

asymptotic terms of its mean.

Better ARL guarantee. Our theoretical analysis allows the ARL to diverge with N but

limits it to o(log(N)). Therefore, it provides a lower ARL guarantee than studies such as

[78] and [80] which consider ARL scaling as ∼ eN
ζ , ζ ∈ (0, 1). Despite this limitation of

our theoretical analysis, numerical experiments show that detection based on HC performs

well compared to other methods under arbitrarily large ARL requirements. Therefore,

extending our results to ARL scaling better than o(log(N)) appears to be possible and,

thus, an interesting avenue for future work.

Information theoretic delay. We did not fully characterize the information-theoretic de-

tection delay, as alternative tests applied to individual streams might perform better. For

instance, the likelihood ratio (LR) test assumes a known post-change mean but not the

post-change variance.

Other sparse models. Another direction for future work is the consideration of other sparse

data models. For example, the work of [106] suggests that the most interesting tradeoff
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between change intensity and sparsity occurs when changes follow a moderate deviation

scale inN . This insight suggests that sparse sequential change-point detection based on HC

has optimality properties under various data models, with affected streams experiencing

a moderate change in the distribution. It is also interesting to explore sparse sequential

change-point detection under non-moderate distribution changes in analogy to the offline

change detection considered in [113, 101, 114, 115, 85].
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CHAPTER 5

POINT PROCESS WITH EVENT TIME UNCERTAINTY

5.1 Overview

Point processes, particularly self-exciting point processes (widely known as Hawkes pro-

cesses; see, e.g., [116, 117]), are extensively used for modeling sequential discrete event

data across various fields, including seismology [118, 119, 120], social network analysis

[121], high-frequency finance [122], and genomics [123]. Most existing models assume

exact knowledge of event times. However, in practice, event times are often uncertain. For

example, in medical data, such as COVID-19 cases or ICU monitoring for sepsis detection,

the exact onset of a condition may not be observed immediately. Symptoms may appear,

but a confirmed diagnosis is only possible after lab results. Similarly, in crime data, the

precise timing of an incident, such as a burglary, may be unknown, as the event is often

discovered after the fact when the suspect has already left the scene. This uncertainty in

event timing presents a significant modeling challenge (illustrated in Figure 5.1).

Addressing timing uncertainty in point processes is a critical research question, how-

ever, it has not been extended studied in the existing literature. Early attempts, such as

Ogata’s Bayesian approach [124], model event timing uncertainty by assuming a prior dis-

tribution (e.g., uniform) over a predefined time window. However, selecting an appropri-

ate prior can be subjective, and these early works did not fully address the computational

challenges involved. Recent studies have explored a related problem: Hawkes process

estimation with time-interval-censored observations, where events are recorded as counts

within non-overlapping time intervals. For instance, Schneider et al. [125] developed

an expectation-maximization (EM) algorithm for parameter estimation in time-censored

Hawkes processes. Rizoiu et al. [126] proposed an approach that approximates the Hawkes
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process using a Mean Behavior Poisson Process (MBPP), which assumes independent in-

crements to simplify model fitting. However, this approximation deviates from the exact

dynamics of the original Hawkes process.

In this chapter, we propose a new approach to address timing uncertainty in discrete

event data without relying on prior distributions for event times, thereby adopting a non-

Bayesian framework. Our method offers a principled formulation that directly models the

underlying continuous-time Hawkes process under time uncertainty, avoiding approxima-

tions. We employ maximum likelihood estimation and develop computational algorithms

for parameter inference, resulting in a convex optimization problem.

More precisely, our formulation starts from deriving the likelihood model of a sequence

of event-windows, under a continuous-time setting, by defining the filtration to be induced

by the history of event-window data having time-uncertainty. Because time uncertainty

windows often fall on evenly spaced windows in applications, e.g., the medical measure-

ments are recorded every hour, it is natural to assume that the event windows are also

aligned with a time grid. This setting reduces our continuous-time model into a discrete-

time one, where the learnable model parameters are entries in an influence kernel matrix

that is a quantized version of the continuous-time influence kernel function (and a baseline

intensity), where the size of the matrix is determined by the time grid and also the influence

history time lag. Interestingly, the discrete model obtained in this way has an equivalent

formulation in the form of a Bernoulli process, and is also closely connected to the GLM

in predicting discrete-time point process data. Our model is then ready to be inferred using

either the likelihood, i.e., by Maximum Likelihood Estimation (MLE) using Gradient De-

scent (GD), or by GLM approaches, particularly, the monotone Variational Inequality (VI)

approach. The numerical optimization can be implemented based on mini-batches, namely

using Stochastic Gradient Descent (SGD), which allows scalability to large number of ob-

servations.

While we provide the general formulation to handle (with time uncertainty) the non-
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Figure 5.1: Illustration of a real-world medical application scenario leading to discrete
event data with time uncertainty.

stationary processes [127], namely the influence kernel is allowed to be time-varying, our

model also addresses the case of stationary process as a special case where the influence

kernel is time-invariant. In this simplified scenario, instead of having an influence kernel

matrix, we will have a finite “influence vector” to infer in the discrete-time model. The

proposed model and algorithms all extend to the special case of stationary processes.

Furthermore, we extend our time-uncertainty model to point processes on a network,

where the event data have both (uncertain) event time and event location, the latter modeled

by indices on a graph. Similarly to the time-only case, we derive the time-uncertainty model

firstly in continuous time, and then obtain a discrete-time model after imposing a time grid

where the uncertainty event time windows fall onto. Due to the extra spatial dimension,

the model parameters include a four-way influence kernel tensor that is jointly indexed

by time and graph nodes (and a baseline intensity vector over graph). To infer the model

parameters from data, we extend our first-order algorithms by GD and VI using SGD, and

we also propose a novel scheme to infer the baseline vector along the SGD iterations.

The effectiveness of our approach are experimentally demonstrated on simulated point

process data with time uncertainty, where we show the numerical convergence of the al-

gorithms as well as model recovery accuracy. In addition, under both time-only and on-

network settings, our model allows to predict the chance of having an event happening in a

future time interval. This is empirically verified by prediction accuracy on simulated data.

Going beyond simulated data, we also apply our model to the prediction of Sepsis using
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the Sepsis-Associated Derangements (SADs) data [128] from real application, which can

be viewed as a point process over a network consisting of medical states. The proposed

model shows competitive prediction accuracy and also reveals causal relations among the

medical states that are interpretable from a medical viewpoint. On both simulated and

real data, the proposed model gives better performance than alternative methods based on

GLMs or classical Hawkes process.

In summary, our contributions are:

• We propose a time-uncertainty model for event data, possibly lying on a network,

derived rigorously from a series of assumptions motivated by applications. After

adopting a time grid, the formulation naturally leads to a discrete-time model that

allows inference based on likelihood and prediction. The discrete model takes an

equivalent form as a Bernoulli process and is closely connected to the General Linear

Model (GLM).

• We develop inference algorithms based on Gradient Descent (GD) and also monotone

Variational Inequality (VI), and our algorithm is based on stochastic gradient descent

(SGD) using mini-batches.

• Our model covers the non-stationary process where the time-varying influence kernel

is reduced to a matrix to infer (and a tensor for the on-network case), and it also

includes the stationary process as a special case where the kernel is time-invariant

and reduced to a vector to infer.

• The accuracy and efficiency of the proposed approach are demonstrated in experi-

ments on simulated data and also a real dataset of Sepsis-Associated Derangements

(SADs). The proposed method outperforms previous GLM and Hawkes process

baselines and also reveals interpretable causal relations on the SADs data.

Our data model differs from those considering time-interval-censored observations in

[125, 126] in that we assume each bin contains exactly one event, representing a scenario
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where events are rare, and we can localize them to specific time intervals. This setup

contrasts with [125, 126], where multiple events can occur within each non-overlapping

bin—a more suitable model for denser observations. While our approach currently focuses

on sparse event settings, it can be extended to accommodate multiple events per bin, which

we leave for future work.

Another line of work, including Juditsky et al. [129] introduced a discrete-time Bernoulli

process to model multivariate event data and the formulation gives rise to a General Linear

Model (GLM) which can be efficiently computed by first-order optimization. Later, Wei

and Xie [130] implement this model to learn the causal network in time series data. These

discrete-time models can be viewed as incorporating the time uncertainty of event data up

to the discrete time index adopted, however, the exact modeling of time uncertainty is not

explicit. In comparison, our model of event time uncertainty is derived from the probabilis-

tic principle of point processes and is applicable to more general point process data. We

will see that our model also gives to a GLM and we followed the optimization techniques

in [129].

Notations. The notations used in this work are standard. For a vector x ∈ Rn, we use both

bracket x(u) or subscript xu to denote the u-th entry of the vector. When to emphasize that

x is a vector, we use boldface symbol x. ⊗ means vector outer-product, i.e., for u, v ∈ Rn,

u ⊗ n is an n-by-n matrix. a ∨ b := max{a, b}, and a ∧ b := min{a, b}. R+ = (0,∞)

denotes the set of strictly positive real numbers.

5.1.1 Related works

Hawkes process. The Hawkes process, originally studied in [116], is a self-exciting

continuous-time point process model, which can capture the excitation effects among events.

The Hawkes process [131, 116, 132] with parametric kernel function gives rise to one

thread of literature to model the complex dynamics of the heterogeneous time event data,
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for example, the earthquake occurrences [118, 133]. Due to its good interpretability and

well-studied estimations, many applied works are keen on using parametric kernels, in-

cluding the exponential kernels [134, 121, 135, 136] or the power-law kernels [137, 138].

However, the expressiveness of the Hawkes process seems insufficient when the data is

temporally non-stationary in its distribution or not self-exciting. This is due to not only

the parametric structure of the kernel in the Hawkes process, but also the limited num-

ber of trainable parameters. Later, non-parametric Hawkes models [139], including neural

Hawkes models [140], are constructed to accommodate the increasing complexity of real-

world applications.

Point process beyond Hawkes. For the events recorded at certain times, more expressive

models are developed in two directions. One is to model the intensity function, namely the

rate of the arrivals of the events. Hansen et al. [139] aim to find the best linear approxi-

mation of the intensity function given a fixed dictionary. Mei and Eisner [141] model the

intensity functions through a continuous-time Long Short-Term Memory neural network.

As indicated by [127], the modeling of intensity functions has the potential concern of

overfitting when the data dynamics are indeed simple. To circumvent this issue, one choice

could be the modeling of the kernel function.

For the learning of the kernel function, Zhuang et al. [142] learn a space-time branching

process model (the Epidemic Type Aftershock-Sequences model) with a parametric kernel

relying on the ancestors’ magnitudes, the time lags from offspring events to the current and

the location of events. Lewis and Mohler [143] propose a non-parametric EM algorithm

to learn the coefficients in the kernel density estimation (KDE) of the triggering kernel

function. Zhou et al. [144] improve the work in [143] by expressing the triggering kernel as

a linear combination of a series of base kernels instead of a single kernel in KDE. Bacry et

al. [145] estimate the shape of the triggering kernel through the empirical auto-covariance

of the counting process. Among them, few works consider the non-stationarity of the data
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in the kernel design.

Uncertainty quantification in point process. Rich literature exists for the uncertainty

quantification on the model selection or the model parameter estimation. Wang et al. [146]

quantify the uncertainty of the MLE of the multivariate Hawkes process. Dubey et al. [147]

use Bayesian neural networks to model the events uncertainty by the posterior distribution

of the model parameters. Osama et al. [148] infer the confidence intervals for the intensity

functions of the spatial point process. Yang et al. [149] assess the model selection uncer-

tainty using the spatial point process with an application to wildfire occurrences. Theses

works study the model parameter uncertainty instead of the event time uncertainty, which

is the focus of our work.

Uncertainty of observations in time series. The time series literature also study the

uncertainty of the response values, either by probability distributions [150], or by interval-

valued observations [151]. Another related branch is fuzzy time series, firstly introduced

in [152] and applied to forecast university enrollments in [153, 154]. In fuzzy time se-

ries, uncertain observations are modeled as fuzzy sets. Concretely, the observations are

recorded by linguistic variables instead of numbers. More recently, Song [155] applies

auto-correlation function to measure the dependency between the fuzzy data and Cai et al.

[156] perform Ant Colony Optimization (ACO) algorithm to search for the best partition

of the universe of discourse. For more details on uncertain time series literature, one can

see this survey paper [157]. These models are discrete in time and consider the uncertainty

of the observations, while our focus is on the event time uncertainty, and our discrete-time

model is obtained from the time uncertainty inherited in the event data.

5.2 Background

In this section, we review some preliminaries of the classical point process (without time

uncertainty) to facilitate the comparison with the time-uncertainty model to be introduced

94



and make this work self-contained; more details of the statistical model can be found in

[158, 117].

5.2.1 Continuous-time Hawkes process

Given a sequence of n event times {t1, t2, . . . , tn} on (0, T ),

0 < t1 < t2 < · · · < tn < T,

the (conditional) intensity function λ(t) is defined as the probability of having the next event

in [t, t+ dt) given the history, where we use dt to denote the infinitesimal time. Formally,

λ(t) := lim
∆t→0

E[N([t, t+∆t)) | Ht]

∆t
, (5.1)

where Ht is the history of all events up to t, and N is the counting measure of the events.

Define the filtration Fk to be the σ-algebra generated by observations up to the k-th event,

i.e.,

Fk := σ{t1, · · · , tk}. (5.2)

The survival function Sk(t) is defined as

Sk(t) := Pr[tk > t|Fk−1], t ≥ tk−1, (5.3)

and by definition Sk(tk−1) = 1 and Sk(t) > 0.

We define the hazard function, hk(t) for the k-th event, in the standard fashion

hk(t) := −
S ′
k(t)

Sk(t)
, t > tk−1, (5.4)

and equivalently,

Sk(t) = exp

{
−
∫ t

tk−1

hk(s)ds

}
, t ≥ tk−1.
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Thus, by definition, this gives that for each k,

Pr[tk ∈ [t, t+ dt)|Fk−1] = −dSk(t) = hk(t) exp

{
−
∫ t

tk−1

hk(s)ds

}
dt. (5.5)

From the above derivation, it can be shown that the intensity function λ(t) defined in (5.1)

actually equals the hazard function hk(t) on the interval (tk−1, tk]. Evaluating (5.5) at t = tk

and applying the argument consecutively for k = 1, . . . , n, we have the expression of the

log-likelihood as

ℓ := log Pr[t1, · · · , tn, tn+1 > T ] =
n∑
k=1

log λ(tk)−
∫ T

0

λ(s)ds.

The self-exciting mechanism is captured by the parametrization of the intensity λ(t)

through the influence kernel function k(t′, t) in the form as

λ[k](t) = µ+
∑
i, ti<t

k(ti, t), (5.6)

where we have assumed that µ > 0 is the constant base intensity of events throughout time.

It is possible to make µ time-dependent in general cases.

In the classical Hawkes process [131, 132], k(t′, t) is set to be a time-invariant, expo-

nential function, namely k(t′, t) = αβe−β(t−t
′) with scalars α > 0, β > 0. Time-invariant

kernel also leads to a stationary process whose distribution does not change under time

shift. Here, in our framework, we can extend and consider general influence kernel func-

tions, such as time-varying (i.e., not time-invariant), and possibly taking negative values.

The general influence kernel can capture how events happening in the past at time t′ will in-

fluence events happening in the future at time t > t′. When the influence is time-invariant,

we can write k(t′, t) = k(t− t′), i.e., it only depends on the time difference. Otherwise, it

means that events happening at different past times t′ will have a time-varying influence on

the future. Because of temporal causality, i.e., only the past can influence the future and
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not the other way around, the influence kernel is asymmetrical.

5.2.2 Point process on networks

Hawkes already discussed the multivariate case in [116]. In a point process on a network

V = {1, . . . , V } having V nodes, we observe the event data

(t1, u1), (t2, u2), . . . , (tn, un), (5.7)

over the time horizon [0, T ], 0 < t1 < · · · < tn < T ; ti is the occurrence time of i-th event,

and ui ∈ V denotes the location of the event on the network. We can similarly define the

filtration Fk of precise timing and node information of events as

Fk := σ{(t1, u1), · · · , (tk, uk)}. (5.8)

The event history Ht and the counting measure N contain both event time and location.

The conditional intensity function at time t and location u is defined as

λ(t, u) := lim
∆t→0

E[N([t, t+∆t), u) | Ht]

∆t
, t > 0, u ∈ V ,

whereHt is the history of all events up to t. The log-likelihood of n events has the expres-

sion as [117]

ℓ =
n∑
k=1

log λ(tk, uk)−
∫ T

0

∑
v∈V

λ(s, v)ds.

On a network, the influence kernel function k(t′, t, u′, u) depends on both time and

location. The conditional intensity function λ(t, u) is parameterized as

λ[k](t, u) = µ(u) +
∑
i, ti<t

k(ti, t, ui, u), (5.9)

where µ(u) > 0 is the base intensity at location u. The kernel function k(t′, t, u′, u), t > t′,
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(d) Discrete-time: unit-time event uncer-
tainty

Figure 5.2: Illustration of model: (a) Event times without uncertainty in the standard point
process model. (b) Continuous-time model with arbitrary-length event window, see Section
5.3.1. (c) Discrete-time model with arbitrary-sized event uncertainty, see Section 5.3.2. (d)
Discrete-time model with unit-sized event uncertainty, see Section 5.3.3.

u, u′ ∈ V represents the influence, i.e., triggering (or inhibiting) effect from the past event

at time and location (t′, u′) on the probability of a future event at (t, u).

Our proposed model to be introduced in Section 5.5 is more expressive than those previ-

ously considered in the literature (see, e.g., [117]), including the spatial-temporal factorized

model k(t′, t, u′, u) = k1(t
′, t)k2(u

′, u). As a result, our model can represent more complex

spatial-temporal influence patterns of point processes on graphs.

5.3 Events with time uncertainty

In this section, we establish the time uncertainty model using only event time data, effec-

tively treating it as a one-dimensional point process since there is no location involved. All

the proofs are given in Appendix D.1.

We first detail how to express the likelihood of a sequence of events subject to time

uncertainty under a continuous-time point process model governed by a general influence

kernel function. We then explore a specific scenario where the uncertainty windows align

with a uniform grid on [0, T ]. Furthermore, it is highlighted that if the uncertainty window

spans just a single unit of time, it can be equated to a Bernoulli process governed by a spe-
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cific probability function. This model will be extended to encompass events on a network,

considering both time and location, in Section 5.5.

5.3.1 Continuous-time model with arbitrary-length event window

Uncertainty window. The classical Hawkes model assumes that we observe exactly

when the events happen; however, in practice, oftentime we do not know the exact time

of the events. Instead, we may know when the i-th event happens up to certain uncertainty

window ∆i, namely,

ti ∈ ∆i := (∆l
i,∆

r
i ], i = 1, 2, . . . , (5.10)

where ∆l
i < ∆r

i are the end-points of the interval for each event. In other words, we do not

know exactly when the event happens but only know that it happens within the interval.

We also make the following assumption that each interval only contains one event and

the intervals do not overlap. In other words, the observation has enough time resolution to

identify an individual event up to its time uncertainty.

Assumption 5.1 (Non-overlapping windows). (A1) The consecutive intervals ∆i do not

overlap, i.e., ∆r
i−1 ≤ ∆l

i for all i.

We would like to remark that the extension to allow multiple events in one uncertainty

window may lead to a Poisson process which can be handled by other mathematical tools

and is not the focus of this work. The time uncertainty window is illustrated in Figure

5.2(b).

Likelihood model. We are ready to derive the likelihood of the observation

L := Pr[t1 ∈ ∆1, · · · , tn ∈ ∆n, tn+1 > T ], (5.11)

which will enable model estimation. Our derivation will be based on the first principle

and defining the survival and hazard functions under the new setting that the history con-
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tains time uncertainty. Specifically, instead of using the filtration Fk as in (5.2) by precise

timing information, we define the filtration to be generated by historical events with time

uncertainty, i.e.,

F̃k := σ{ti ∈ ∆i, i = 1, · · · , k}. (5.12)

For notation brevity, below we use ∆i to stand for the probability event of ti ∈ ∆i when

there is no confusion. The survival function Sk(t) is defined similarly as in the classical

case in Section 5.2.1, c.f. (5.3), but conditioning on the uncertain history, that is

Sk(t) := Pr[tk > t|F̃k−1], t ≥ ∆r
k−1. (5.13)

Because tk must happen after ∆r
k−1 by Assumption (A1), we have Sk(∆r

k−1) = 1. The

hazard function hk is defined from Sk same as before, c.f. (5.4),

hk(t) := −
S ′
k(t)

Sk(t)
, t > ∆r

k−1, (5.14)

and note that the time is from t > ∆r
k−1. As a result, Sk(t) can be represented by integrating

hk as

Sk(t) = exp

{
−
∫ t

∆r
k−1

hk(s)ds

}
, t ≥ ∆r

k−1. (5.15)

We further define the intensity function λ(t) by piecing together the hazard function hk

from each interval as

λ(t) := hk(t), t ∈ (∆r
k−1,∆

r
k], k = 1, 2, · · · , (5.16)

and for k = n+ 1 it will from the interval (∆r
n, T ].

Lemma 5.3.1. The log-likelihood of L as in (5.11) has the expression

ℓ := logL =
n∑
k=1

log

(
exp

{∫ ∆r
k

∆l
k

λ(s)ds

}
− 1

)
−
∫ T

0

λ(s)ds. (5.17)
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Influence kernel. In the classical Hawkes model, the intensity function λ(t) is further

parametrized by the influence kernel function k(t′, t), see (5.6). Here, we also parametrize

the intensity function (5.16) by a linear superposition of k(t′, t), and we adopt the following

expression to incorporate time uncertainty

λ[k](t) = µ+
∑
i,∆r

i<t

1

|∆i|

∫ ∆r
i

∆l
i

k(t′, t)dt′. (5.18)

The notation has emphasized the dependence of λ(t) on the continuous time kernel function

k.

Remark 5.1 (Consistency). We choose the form of conditional intensity function in (5.18)

because it is consistent with the earlier Hawkes conditional intensity model specified in

(5.6). Specifically, if the uncertainty window ∆i shrinks to a single point tk, i.e., |∆i| → 0

for all i, then, by that ti ∈ (∆l
i,∆

r
i ] according to (5.10) (and assuming the continuity of

the function k), the expression (5.18) is reduced to (5.6). In this limit, the time-uncertain

model for the conditional intensity function λ(t) recovers the classic (time-certain) Hawkes

model.

Remark 5.2 (Time-invariant kernel). In (5.18), we have assumed the most general form of

kernel k(t′, t), which is allowed to be non-stationary. The time-invariant kernel is a special

case when k(t′, t) = ψ(t − t′) for some function ψ. We will detail the inference methods

to learn kernel from data in Section 5.4, under the framework of the discrete-time model to

be introduced below. Later in Section 5.4, we will first present the general case of a time-

varying kernel (corresponding to the recovery of a matrix), and then discuss the special

case of the time-invariant kernel (corresponding to the recovery of a vector) in Section

5.4.4.
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5.3.2 Discrete time model: Arbitrary event uncertainty

In many applications, the observed uncertainty windows are some regular time intervals,

e.g., a window having a length of one or more hours that starts at integer hours. For ex-

ample, in the physionet challenge data [128], the event (patient test results) record are kept

in an hourly manner. We show that under this setting, the continuous-time time uncer-

tainty model above can be simplified into a special case of a discrete-time model, where

the uncertainty are up to a certain time unit.

Time grid. We evenly divide the time horizon (0, T ) into N intervals, each having length

h,

h := T/N, Ij := ((j − 1)h, jh] , j ∈ [N ] := {1, · · · , N}. (5.19)

In the discrete-time models, we use h to stand for the size of the time grid, not to confuse

the notation with the hazard function hk, which was denoted by λ(t) from (5.16) on.

To proceed, we assume that the event time uncertainty intervals ∆i are “aligned” with

the discrete-time grids, as illustrated in Figure 5.2(c). We index the N intervals by the set

[N ] := {1, · · · , N}.

Assumption 5.2 (Alignment to time grid). (A2) The uncertain event time window ∆i can

only have the end points ∆l
i and ∆r

i taking value on the evenly spaced discrete time grid

points {jh : j ∈ [N ]}.

Under (A2), the event-time window ∆i for each event i occupies some consecutive

intervals of Ij . When ∆k occupies from the l-th interval till the r-th interval, we denote the

index l as tlk, the index r as trk, that is,

∆k = ∪tlk≤j≤trkIj, tlk, t
r
k ∈ [N ], tlk ≤ trk, trk < tlk+1. (5.20)

The last inequality trk < tlk+1 is by that the uncertainty windows ∆k do not overlap as
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assumed in (A1). The assumption (A2) provides a discrete-time formulation that will allow

us to simplify the model (5.17) and (5.18) by writing everything in discrete time indexed

by j ∈ [N ].

Likelihood and influence model. Under (A2), the log-likelihood (5.17) only depends on

the N quantities which are integral of λ(t) on the subintervals Ij . To be specific, we define

Λj :=
1

h

∫
Ij

λ(s)ds, j ∈ [N ], (5.21)

which can be interpreted as the “average intensity” over a discrete time interval Ij . With

the definition of Λj , (5.17) is reduced to

ℓ =
n∑
k=1

log

(
e
h
∑trk

j′=tl
k

Λj′ − 1

)
− h

N∑
j=1

Λj. (5.22)

Next, we derive the representation of intensity Λj by the influence kernel. Define the

matrix

Ki,j :=
1

h2

∫
Ii

∫
Ij

k(t′, t)dt′dt, i < j, i, j ∈ [N ], (5.23)

which can be interpreted as the “average influence” casted on the interval Ij from an earlier

interval Ii. We will show that only the i < j entry of Ki,j is used. We call K the influence

kernel matrix, which can be viewed as a quantization of the kernel function k(t′, t).

The following lemma provides the representation of Λj by the kernel matrix Ki,j .

Lemma 5.3.2. Under Assumption (A2), for j ∈ [N ],

Λj[K] = µ+
∑

{k, trk<j}

1

trk − tlk + 1

trk∑
i=tlk

Ki,j. (5.24)

In the notation we have emphasized the dependence of Λj on the kernel matrix K.

The lemma shows that the dependence of the discrete-time intensity function Λj from the
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influence kernel function k(t′, t) is all encoded into the matrix Ki,j .

The equations (5.22) and (5.24) provide a discrete time model which only involves

discrete-time objects Λj and Ki,j . This will facilitate computation, as we can thus reduce

the functional optimization problem with respect to k(t′, t) to a matrix-valued optimization

problem with respect to Ki,j .

5.3.3 Discrete time model: Unit-time event uncertainty

The discrete-time formulation in Section 5.3.2 has a simple and important special case,

which we call “unit uncertainty,”as follows.

Assumption 5.3 (Unit-time uncertainty). (A3) The uncertainty window ∆i falls on exact

one of the N intervals, i.e., ∆i = Ij(i) for some j(i) ∈ [N ]. In other words, tli = tri = j(i).

Likelihood and influence model. Under Assumption (A3), the discrete-time model (5.22)

and (5.24) is further simplified into

ℓ =
n∑
k=1

log
(
ehΛj(k) − 1

)
− h

N∑
j=1

Λj, Λj = µ+
∑

{k: j(k)<j}

Kj(k),j. (5.25)

Like before, Λj = Λj[K] which depends on the kernel matrix K.

Meanwhile, when the baseline intensity µ is unknown, in principle it can also be in-

ferred from data. Thus one can treat the scalar µ as a learnable parameter. We write the

learnable parameters {µ,K} together as θ, and write Λj as Λj(θ) to emphasize the depen-

dence on the parametrization. In this work, our inference algorithms and experiments will

focus on the unit-time uncertainty case under (A3).

In the rest of this subsection, we first show that the model (5.25) has an equivalent

formulation in the form of a Bernoulli process, which will give a close connection to the

general linear model for discrete-time point process [129] and also facilitate notations in

future sections. In addition, we show that, once the parameters are learned, our discrete-
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time model allows to predict event chance on a future interval.

Bernoulli process formulation. Under the unit uncertainty setting (A3), our discrete-

time model then has an equivalent form as a Bernoulli process. Below, we will use i, j and

also t ∈ [N ] to denote the time-grid index, not to confuse with continuous time t.

Specifically, each trajectory of the event time uncertainty window data can be written

as a binary sequence y = (y1, · · · , yN), where yt = 1 if It = Ij(k) for some k-th event

(i.e., there is an event happening inside It), and yt = 0 otherwise. Using the notation of yj ,

(5.25) can be equivalently written as

ℓ =
N∑
j=1

(
−(1− yj)hΛj + yj log(1− e−hΛj)

)
, Λj(θ) = µ+

∑
i<j

yiKi,j. (5.26)

Furthermore, the following lemma characterizes the conditional expectation of yt given

the time-uncertain history. In this lemma, Λt refers to the true intensity Λ∗
t , namely induced

by the true parameter under which the sequence {yt}t is generated. The lemma provides a

general linear model to predict yt using Λt. We note that the link function ϕ here takes a

particular form under the framework of [129], and it is not a logistic function.

Lemma 5.3.3. Under the unit-uncertainty setting Assumption 5.3(A3) and using the for-

mulation of the Bernoulli process yt, for any t ∈ [N ], Λt ∈ σ{yi, i ≤ t− 1} and

E[yt|yi, i ≤ t− 1] = ϕ(hΛt), ϕ(x) := 1− e−x. (5.27)

The function ϕ is monotonically increasing on R. The relationship (5.27) will be used

in deriving the estimation procedure.

Prediction on future interval. Once the parameters θ are learned from data, we can

compute Λj based on (5.25) and equivalently (5.26). This allows to predict the chance of

a event happening during a future interval. To derive the expression, we take a step back
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to recall the notations of the continuous-time setting in Section 5.3.1. Given n historical

events with uncertainty, by the definition of Sk in (5.13), the chance of having the next

event on a given interval (l, r], r > l ≥ ∆r
n, can be written as

Pr[tn+1 ∈ (l, r]|F̃n] = Sn+1(l)− Sn+1(r). (5.28)

Under the discrete-time model and using the notation in Section 5.3.2, suppose l and r are

endpoints of the time grid that is,

l = jlh, r = jrh, jr > jl ≥ trn.

By (5.28), (5.15) and the definition of Λj in (5.21), we have

Pr[tn+1 ∈ (jlh, jrh]|F̃n] = e
−h

∑jl
j′=trn+1

Λj′

(
1− e−h

∑jr
j′=jl+1

Λj′

)
. (5.29)

For the probability of having no event happening till time l = jlh, we have

Pr[tn+1 > jlh|F̃n] = e
−h

∑jl
j′=trn+1

Λj′ . (5.30)

In particular, under unit-time uncertainty (A3), ∆n = Ij(n) and trn = j(n). One can com-

pute (5.29) and (5.30) with trn = j(n) in the expressions.

5.4 Estimation of influence kernel

Given an observed sequence of event data with time uncertainty, our goal is to recover

the influence kernel up to the time uncertainty. The derivations in Section 5.3 provide a

discrete-time model, where the learnable parameters are the influence kernel matrix Ki,j

(and the scalar base intensity µ). In this section, we develop estimation approaches to

recover the kernel matrix from data, focusing on unit uncertainty setting under Assumption
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Figure 5.3: Kernel matrix K in (5.23) and the reparameterized form Ψ in (5.32) . We
set N ′ = 5 and N = 15. The blue (including light and dark blue) elements represent the
trainable parameters θK , see (5.31); The white elements are not involved in the computation
of the likelihood and thus excluded from θK . We apply the low-rank constraint to the
submatrix formed by the dark blue entries in Ψ.

5.3(A3), see Section 5.3.3.

5.4.1 Kernel matrix and log-likelihood

Recall that θ denotes the trainable parameters in the model, which consists of entries in the

influence kernel matrix K and µ. In the model (5.25) and equivalently (5.26), only Ki,j for

j > i are contributing to the likelihood. Thus, only Ki,j for j > i are included into θ. We

further assume that the influence has a finite memory length, that is,

k(t′, t) = 0, if t− t′ > τmax.

Without loss of generality, assume that τmax = N ′h for some integer N ′. By definition

(5.23), we have

Ki,j = 0, if j − i > N ′.

Thus, we only include Ki,j for i < j ≤ i+N ′ into θ, as illustrated in Figure 5.3(a).
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The trainable parameters are then

θ = {µ} ∪ {Ki,j, 0 < j − i ≤ N ′, −N ′ < i ≤ N, 0 < j ≤ N} =: {µ} ∪ θK , (5.31)

where θK has NN ′ trainable entries and thus is in the vector space of RNN ′ . Here, for

convenience, we have assumed negative time grids indexed from−N ′+1 to 0 with possible

observed event data (that is, the Bernoulli process model in Section 5.3.3 starts at −N ′ +1

instead of 1). These historical data are used to compute Λj for j > 0, while the likelihood

is computed on 1 ≤ j ≤ N . The vector θK can be re-arranged into an array indexed by

−N ′ < i ≤ N and 0 < j − i ≤ N ′, which we call the kernel matrix Ψ,

Ψi,l = Ki,i+l, l = 1, · · · , N ′, (5.32)

and Ψ is of size (N+N ′)×N ′, see Figure 5.3(b). In many cases, it is reasonable to assume

that the re-arranged kernel matrix Ψ is low-rank in a certain way, see more in Section 5.4.4.

Using the notations above, our likelihood model (5.26) can be written as

ℓ(θ) =
N∑
t=1

(
−(1− yt)hΛt(θ) + yt log(1− e−hΛt(θ))

)
, Λt(θ) = µ+ ⟨ηt, θK⟩,

and ηt ∈ RNN ′ is a vector consisting of binary valued entries determined by the process yt

such that

⟨ηt, θK⟩ =
t−1∑

i=t−N ′

yiKi,t. (5.33)

In practice, we are given M many independent (training) trajectories {y(m)
t }Mm=1, and

thus the log-likelihood is summed over the M trajectories. The trajectories may potentially

differ in length, and the likelihood model is still well-defined. For simplicity, we assume

the M trajectories are of the same length N , and the trajectories y(m) are i.i.d. across m.

We introduce the superscript (m) to stand for the m-th trajectory and apply to the notations
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yt, ηt, Λt and log-likelihood ℓ. We denote the (averaged) summed log-likelihood as L(θ),

and the likelihood model is summarized as

L(θ) =
1

M

M∑
m=1

ℓ(m)(θ), (5.34)

ℓ(m)(θ) =
N∑
t=1

(
−(1− y(m)

t )hΛ
(m)
t (θ) + y

(m)
t log(1− e−hΛ

(m)
t (θ))

)
, (5.35)

Λ
(m)
t (θ) = µ+ ⟨η(m)

t , θK⟩. (5.36)

We propose first-order approaches to estimate the model parameter from data. Given

the likelihood model, it is natural to estimate the parameters using MLE by e.g. Gradient

Descent (GD). Before going into more detail about GD, we introduce another approach to

estimate the model parameters using Variational Inequality (VI) optimization [159].

5.4.2 Monotone Variational Inequality (VI) for parameter recovery

The VI approach leverages the GLM model in (5.27) with link function ϕ : R → R, and

formally minimizes the L2 loss LVI(θ) =
1
M

∑M
m=1 ℓ

(m)
VI (θ), where

ℓ
(m)
VI (θ) =

1

2h

N∑
t=1

(ϕ(hΛ
(m)
t (θ))− y(m)

t )2.

Recall that θ = {µ, θK}. For simplicity and without loss of generality, in the rest of this

section we always assume that µ is a known constant, and focus on estimating the influence

kernel θK ∈ RNN ′ . We will explain algorithmic detail to recover µ from data in Section

5.6.

VI stochastic scheme. For notation convenience, we denote θK as z ∈ RNN ′ , and also

write Λt(z) = Λt([µ, z]), i.e., with θ = [µ, z]. Since Λ
(m)
t is linear in z = θK and
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∂θKΛ
(m)
t (θ) = η

(m)
t by (5.36), we have the VI vector field defined as

Ĝ(z) =
1

M

M∑
m=1

Ĝ(m)(z), Ĝ(m)(z) =
N∑
t=1

(
ϕ(hΛ

(m)
t (z))− y(m)

t

)
η
(m)
t . (5.37)

While computing VI using Ĝ(z) is possible, instead, we will consider a stochastic scheme

to compute VI , following the stochastic optimization framework in [159]. Our algorithm

in Section 5.6 will adopt stochastic optimization looping over batches of training samples.

We use zk to stand for the parameter at the k-th iteration, k = 0, 1, · · · . The stochastic

updating scheme reads

zk = ProjΘK
[zk−1 − γkĜ(k)(zk−1)], (5.38)

where γk > 0 is the step size, ΘK is a convex compact domain in RNN ′ satisfying certain

technical assumptions to be specified below, and ProjΩ is the metric projection operator

onto convex set Ω defined as

ProjΩ(z) := argmin
u∈Ω
∥u− z∥22. (5.39)

To proceed, we introduce the following assumption on the domain ΘK of z.

Assumption 5.4 (Physical intensity). There exist constants B, b > 0 s.t.

(i) The true conditional intensity Λ∗
t satisfies

b ≤ Λ∗
t ≤ B, ∀t = −N ′ + 1, · · · , N, a.s. (5.40)

(ii) There exists a non-empty, compact, and convex set ΘK ⊂ RNN ′
such that the true

kernel parameter z∗ ∈ ΘK , and for any z ∈ ΘK ,

b ≤ Λt(z) ≤ B, ∀t = 1, · · · , N, a.s. (5.41)
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To clarify the relationship of Λ∗
t and z∗, note that z∗ is the true kernel matrix restricted

to the NN ′ entries in (5.31). Thus Λ∗
t = Λt(z

∗) when 1 ≤ t ≤ N , and Λ∗
t for−N ′ < t ≤ 0

also involves entries of the true kernel outside the NN ′ index set.

We say that the intensity Λt(z) > 0 is “physical”. Assumption 5.4(ii) imposes that

the model intensity Λt(z) is upper and lower bounded by positive constants. For example,

when z = 0, Λt ≡ µ. Then, as long as [b, B] contains µ, we have (5.41) hold at z = 0.

Thus, one can initialize the iteration (5.38) from z0 = 0 assuming that 0 ∈ ΘK .

In practice, we compute the VI using batch-based stochastic updates, and the constraint

of Λt being physical, corresponding to the lower bound in Assumption 5.4(ii), is enforced

by a barrier penalty. The details will be introduced in Section 5.6.

5.4.3 Gradient Descent (GD) for MLE

Given the likelihood model (5.34)(5.35)(5.36), the MLE solves for parameter θ by maxi-

mizing L(θ). Again, we assume that µ is known and focus on solving for the kernel matrix

parameters z = θK ∈ RNN ′ . Define L(z) := L([µ, z]), the GD dynamic follows the

gradient field

F (z) = −∂zL(z) =
1

M

M∑
m=1

F̂ (m)(z), F̂ (m)(z) = −∂zl(m)([µ, z]),

and the GD update is by zk = zk−1−γkF (zk−1) at step size γk > 0. One can also implement

stochastic optimization similar as in (5.38), replacing Ĝ(k) with F̂ (k).

Direct computation gives the expression of F̂ (m) as

F̂ (m)(z) =
N∑
t=1

h

ϕ(hΛ
(m)
t (z))

(ϕ(hΛ
(m)
t (z))− y(m)

t )η
(m)
t , (5.42)

as well as the Hessian of L(z).

One may use the i.i.d. or possibly relaxed independence assumptions on trajectories

y(m) to derive a concentration argument and show that when there are sufficiently many
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training trajectories, −L is strongly convex and the MLE has a unique solution.

Comparing the GD gradient field (5.42) to the VI gradient field (5.37), we see that F̂ (m)

has an extra multiplicative factor h/ϕ(hΛ(m)
t (z)) for each time t. While ϕ(hΛ(m)

t (z)) ∼ h

under Assumption 5.4, and thus this factor does not change the order of magnitude of

the gradient field, the term ϕ(hΛ
(m)
t (z)) on the denominator is a random variable and can

introduce additional fluctuation especially when the conditional intensity at t is small. This

is consistent with our empirical observation that VI dynamics are more stable than GD, see

Appendix D.3.3.

5.4.4 Special structures in influence kernel

Time-invariant kernel. When the influence kernel k(t′, t) is time-invariant, see Remark

5.2, we know that the kernel matrix K has the pattern that Ki,j = Ψi,j−i = ψj−i, where

{ψl, l = 1, · · · , N ′} is a vector of length N ′. Thus the learnable parameters in the kernel

matrix are the vector ψ ∈ RN ′ , assuming that µ is known and fixed. The likelihood model

(5.34)(5.35) still holds, where the kernel parametrization of Λ(m)
t is

Λ
(m)
t (ψ) = µ+ ⟨ξ(m)

t , ψ⟩, where ⟨ξt, ψ⟩ =
t−1∑

i=t−N ′

yiψt−i. (5.43)

The vector ξt ∈ RN ′ consists of binary valued entries determined by the history of yt from

t−N ′ to t− 1. The estimation by VI and GD applies here, and the optimization is reduced

to solving for the vector ψ of dimensionN ′ instead of the kernel parameter θK of dimension

NN ′ as in (5.31). We give more details of VI recovery in below.

Similar to (5.37), the VI vector field is

Ĝs(ψ) =
1

M

M∑
m=1

Ĝ(m)
s (ψ), Ĝ(m)

s (ψ) =
N∑
t=1

(
ϕ(hΛ

(m)
t (ψ))− y(m)

t

)
ξ
(m)
t , (5.44)

112



and we use the subscript s to stand for “stationary”. Define

Gs(ψ) := EĜ(m)
s (ψ) = E

N∑
t=1

(ϕ(hΛt(ψ))− yt) ξt, (5.45)

and again we have Gs(ψ
∗) = 0 where ψ∗ is the true time-invariant kernel. We assume that

the true conditional intensity Λ∗
t satisfies Assumption 5.4(i), and similar to (ii) we assume

that

(ii’) There exists a non-empty, compact and convex set Θψ ⊂ RN ′ such that the true

kernel parameter ψ∗ ∈ Θψ, and for any ψ ∈ Θψ, b ≤ Λt(ψ) ≤ B, ∀t = 1, · · · , N , a.s.

Low-rank structure. There are different possible ways to impose low-rank structures

on the influence kernel, and in our discrete-time model, naturally on the kernel matrix.

Recalling the representation of the kernel matrix as K and Ψ in Section 5.4.1 and Figure

5.3. We think it is natural to impose the low-rank structure on Ψ, as previously adopted in

[127] for influence kernel functions. In particular, the time-invariant kernel corresponds to

the case where Ψ = 1Nψ
T (after filling the entries outside the region of NN ′ entries to be

recovered from data), that is, Ψ is a rank-1 matrix.

Theoretically, the kernel matrix is constructed by a grid average of the kernel function,

see (5.23). Thus, the low rankness of the kernel matrix can be a result of the discretization

of a continuous kernel function k(t′, t), assumed to have certain regularity with respect to

the varying times t′ and t. In Section 5.7, we experimentally study several simulated exam-

ples where the kernel matrix is induced from some continuous function k, and numerically

the matrix Ψ can be approximated by a low-rank matrix.

We need some additional tricks when applying the low-rank constraint in practice. As

has been explained in Section 5.4.1, theNN ′ learnable parameters in θK form a parallelogram-

shaped region in the matrix Ψ which is of size (N+N ′)×N ′, see Figure 5.3(b). Thus even

the underlying Ψ has low-rankness (after filling the (N + N ′) × N ′ matrix), the inferred
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Ψ by optimization has no values (or zero values) outside the parallelogram region, and this

interferes with the low-rankness. To overcome this issue, observe that when Ψ is rank-r,

then any m × N ′ submatrix Ψ′ of Ψ (by retrieving rows) is at most rank-r, and the rows

of Ψ′ are spanned by the r right singular vectors of Ψ. We choose the submatrix Ψ′ to

be the “middle chunk” of Ψ that has full rows inside the parallelogram region, indicated

by dark blue entries in Figure 5.3(b). In practice, we impose low rankness on Ψ′ using a

truncated SVD, and use the right singular vectors of Ψ′ to apply a projection of the inferred

full matrix Ψ, see more in Section 5.6.

5.5 Time-uncertainty point process on network

In this section, we extend the time uncertainty model to the network setting, namely when

the event data also contains location information ui for the i-th event and ui is a node on a

graph. All the proofs can be found in Appendix D.2.

5.5.1 Continuous-time formulation

Filtration and conditional intensity. We consider the event data on a network V =

{1, · · · , V } where the event time ti has uncertainty, and the event location ui ∈ V . The

classical scenario with exact event time is provided in (5.7), as a comparison. Following

the formulation in Section 5.3, we consider ti ∈ ∆i same as before. Again, let ∆i also

denote the event that {ti ∈ ∆i}, the filtration is defined as

F̃k := σ{(∆i, ui), i = 1, · · · , k}.

We define the survival function Sk(t) and hazard function hk(t) same as in (5.13) and (5.4)

respectively, that is, Sk(t) and hk(t) only addresses the time of the event regardless of the

event location. We then have that (5.14)(5.15) also hold.
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To be able to incorporate event location information ui, we define f̃k(u|t) by

f̃k(u|t) := Pr[uk = u|tk ∈ [t, t+ dt), F̃k−1], (5.46)

and then, for t > ∆r
k−1,

Pr[tk ∈ [t, t+ dt), uk = u|F̃k−1] = Pr[tk ∈ [t, t+ dt)|F̃k−1]f̃k(u|t)

= −S ′
k(t)f̃k(u|t)dt

= Sk(t)hk(t)f̃k(u|t)dt (by (5.14))

= Sk(t)λ(t, u)dt, (5.47)

where we define

λ(t, u) := hk(t)f̃k(u|t). (5.48)

By that f̃k(u|t) is a conditional distribution of u ∈ V and thus
∑

u∈V f̃k(u|t) = 1, we have

∑
u∈V

λ(t, u) = hk(t) =: λ̄(t), (5.49)

where we define λ̄(t) to equal hk(t) piece-wisely on (∆r
k−1,∆

r
k], similarly as in (5.16).

Back to (5.47), by integrating dt over the interval ∆k on both sides, we have

Pr[tk ∈ ∆k, uk = u|F̃k−1] =

∫ ∆r
k

∆l
k

Sk(t)λ(t, u)dt

=

∫ ∆r
k

∆l
k

λ(t, u)e
−

∫ t
∆r
k−1

hk(s)ds
dt (by (5.15)) (5.50)

= e
−

∫∆r
k

∆r
k−1

λ̄(s)ds
∫ ∆r

k

∆l
k

λ(t, u)e
∫∆r

k
t λ̄(s)dsdt. (5.51)
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Likelihood model. With these notions in hand, in the following lemma, we derive the

expression of the likelihood

L := Pr[(∆1, u1), · · · , (∆n, un), tn+1 > T ]

Lemma 5.5.1. Recall that λ̄(t) =
∑

u∈V λ(t, u),

logL =
n∑
k=1

log

(∫ ∆r
k

∆l
k

λ(t, uk)e
∫∆r

k
t λ̄(s)dsdt

)
−
∫ T

0

λ̄(s)ds. (5.52)

Remark 5.3 (Reduction to classical scenario without time uncertainty). We consider the

limit where the length of window ∆i shrinks to zero, that is, ∆l
i, ∆

r
i → ti the certain event

time for all i. We claim that in this case,

1

|∆k|
Pr[tk ∈ ∆k, uk = u|F̃k−1]→ λ(tk, u)e

−
∫ tk
tk−1

λ̄(s)ds
. (5.53)

This is can be derived from (5.50), which gives that the l.h.s. can be written as

1

|∆k|

∫ ∆r
k

∆l
k

λ(t, u)e
−

∫ t
∆r
k−1

λ̄(s)ds
dt,

and then using the continuity of λ(t, u) (and λ̄(t)) with respect to t. The equation (5.53)

leads to the expression

Pr[(tk, u)|Fk−1] = λ(tk, u)e
−

∫ tk
tk−1

λ̄(s)ds
,

where we recall that in the classical (time-certain) model, Fk := σ{(ti, ui), i = 1, · · · , k}.

Then, the log-likelihood of the n events can be shown to be

logL =
n∑
k=1

log λ(tk, uk)−
∫ T

0

λ̄(s)ds,
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which recovers the classical model without time uncertainty, see e.g. Eqn (8) in [117].

Remark 5.4 (Reduction to time-only model). Consider the special case where the network

V only has one node u. In this case, λ̄(t) = λ(t, u) and define it to be λ(t). Then, one can

verify that ∫ ∆r
k

∆l
k

λ(t)e
∫∆r

k
t λ(s)dsdt = e

∫∆r
k

∆l
k

λ(s)ds
− 1.

This equality reduces the conditional probability (5.51) to (D.1), and the log-likelihood

(5.52) to (5.17). That is, the model is reduced to the time-only case in Section 5.3.1.

Influence kernel. We introduce the spatial-temporal influence kernel function k(t′, t;u′, u)

to parametrize the intensity function λ(t, u). By incorporating the spatial dependence in

(5.18), we have

λ[k](t, u) = µ(u) +
∑
i,∆r

i<t

1

|∆i|

∫ ∆r
i

∆l
i

k(t′, t;ui, u)dt
′, (5.54)

where µ(u) > 0 for u ∈ V is the base intensity on the network V . Based on the continuous-

time model (5.52) and (5.54), we will derive discrete-time model in the next subsection

under additional assumptions.

5.5.2 Discrete-time model and discrete parametrization

We consider the time grid as in Section 5.3.2 which has N intervals Ij , |Ij| = h = T/N .

For simplicity, we only consider the unit uncertainty setting as in Assumption 5.3(A3).

Time-quantized influence kernel. Suppose ∆k = Ij(k), the log-likelihood (5.52) can be

written as

logL =
n∑
k=1

log

(∫ Ir
j(k)

Il
j(k)

λ(t, uk)e
∫ Ir

j(k)
t λ̄(s)dsdt

)
−
∫ T

0

λ̄(s)ds. (5.55)
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This, however, still cannot be expressed by the average of λ(t, u) on t ∈ Ij only, due to that

λ(t, u)e
∫ Ir

j(k)
t λ̄(s)ds takes different value over location u and t ∈ Ij(k). To be able to reduce

to a discrete problem, we introduce the following assumption on the influence kernel.

Assumption 5.5 (Time-quantized influence kernel on network). For any u′, u ∈ V and

1 ≤ i < j ≤ N , k(t′, t;u′, u) is constant on (t′, t) ∈ Ii × Ij , and we denote the value as

Ki,j(u
′, u).

A useful consequence of the assumption is that the influence function λ(t, u) is also

quantized in time, which is proved in the following lemma.

Lemma 5.5.2 (Discrete-time intensity). Under (A3) and Assumption 5.5, for any u ∈ V ,

λ(t, u) as defined in (5.54) is constant over t ∈ Ij . We denote the value as Λj(u), and

Λj(u) = µ(u) +
∑

{k: j(k)<j}

Kj(k),j(uk, u). (5.56)

Likelihood model and learnable parameters. According to (5.49), we define

Λ̄j =
∑
u∈V

Λj(u). (5.57)

The following lemma derives the log-likelihood which only involves {Λj(u), j ∈ [N ], u ∈

V}.

Lemma 5.5.3 (Discrete-time likelihood on network). Under Assumption 5.3(A3) and As-

sumption 5.5, the log-likelihood defined in (5.52) can be written as

ℓ := logL =
n∑
k=1

log

(
(ehΛ̄j(k) − 1)

Λj(k)(uk)

Λ̄j(k)

)
− h

N∑
j=1

Λ̄j, (5.58)

The learnable parameters in the model are the baseline intensities µ(u) and the influ-

ence kernel Ki,j(u
′, u), both are on the network, which determines the network conditional
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intensities Λj(u) as in (5.56). Adopting the same time-grid setup in Section 5.4.1, we con-

sider the extended time grid from −N ′ + 1 to N , where the max time lag for influence is

τmax = N ′h. Denoting the learnable parameters as θ, we have

θ = {µ(u), u ∈ V}∪{Ki,j(u
′, u), u′, u ∈ V , 0 < j−i ≤ N ′, −N ′ < i ≤ N, 0 < j ≤ N}.

(5.59)

We similarly introduce the re-arranged kernel matrix Ψ where

Ψi,l(u
′, u) = Ki,i+l(u

′, u), ∀u′, u ∈ V , l = 1, · · · , N ′. (5.60)

We will discuss the estimation of parameters from data in Section 5.5.4.

Prediction on future interval. Extending the argument in Section 5.3.3, we can predict

the probability of having the next event happen during a future interval and at a location

on V once the parameter θ is learned from data. Specifically, recall the notations in the

continuous-time setting in Section 5.5.1, we are given n historical events and the goal is to

predict the probability of the (n+ 1)-th event happening on the interval (l, r], r > l ≥ ∆r
n.

Using the discrete-time model under (A3), ∆n = Ij(n), and again suppose l and r are

endpoints on the time grid, we have

l = jlh, r = jrh, jr > jl ≥ j(n).

We then have

Pr[tn+1 ∈ (l = jlh, r = jrh], un+1 = u|F̃n] =
∫ r

l

λ(t, u)e−
∫ t
∆r
n
λ̄(s)dsdt (by (5.50))

=

jr∑
j=jl+1

Λj(u)

Λ̄j
(1− e−hΛ̄j)e

−h
∑j−1

j′=j(n)+1
Λ̄j′ , (5.61)
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where the second equality is derived similar as the proof of Lemma 5.5.3, making use of

Lemma 5.5.2 under Assumption 5.5. The probability of having no event till l is

Pr[tn+1 > l = jlh|F̃n] = e
−h

∑jl
j′=j(n)+1

Λ̄j′ , (5.62)

which is similar to the time-only case where we replace Λj′ with Λ̄j′ in the expression

(5.30).

Example: Continuous-time counterfactual treatment effect analysis. We now high-

light a key application of the time-uncertain point process on a network model for es-

timating treatment effects in individual continuous-time counterfactual analysis. This is

illustrated through a simplified hypothetical example of blood pressure regulation via treat-

ment. Consider two node network, representing patient’s blood pressure level, and treat-

ment. Suppose we have observed a sequence of observations on the network (∆i, ui),

i = 1, 2, . . . , n, where ui ∈ {1, 2} indicating the two types of events: ui = 1 means a “high

blood pressure” event when the blood pressure is greater than a threshold, and ui = 2 cor-

responds to “treatment” event, and ∆i provides the knowledge of the information when the

event took place, i.e., {ti ∈ ∆i} for the ith event. The width of the interval ∆i indicate

our knowledge about each event, and in the extreme case, they can tend to 0, meaning that

we have precise knowledge about when the event took place. Now we are interested in

evaluating, at the current time t, the effect of having a treatment in the time interval ∆n+1

(and this means un+1 = 2), on a patient to reducing the risk of having a high-blood pressure

effect in a specified future time window ∆⋆ := [t+ a1, t+ a2], where a2 > a1 > 0 are two

user specified constants for future window. The problem of treatment effect estimation can

be formulate as follows. The effect of treatment is

Pr[tn+2 ∈ ∆⋆, un+2 = 1|F̃n ∪ {∆n+1, un+1 = 2}]
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and the effect of non treatment is

Pr[tn+1 ∈ ∆⋆, un+1 = 1|F̃n],

and the treatment effect is the difference of the two, which quantifies the reduction in

the risk of having a “high blood pressure event” in the future time window, by having a

treatment event in the currently specified time window. These values can be evaluated using

the expression (5.61) above, once the model parameters are known. The model parameters

can be estimated from the training data following the procedure outlined below.

5.5.3 Spatial-temporal Bernoulli process on network

We have derived the discrete time model (5.58) and (5.56) under (A3) and Assumption

5.5. Here, we introduce an equivalent formulation of the model using a spatial-temporal

Bernoulli process on the graph V . Below, we use the boldface notation to emphasize vec-

tors. For example, µ = {µ(u), u ∈ V} ∈ RV and Λj = {Λj(u), u ∈ V} ∈ RV are

length-V vectors. We use the boldface x to denote the vector, and x(u) or xu stands for

the u-th entry. When to emphasize the dependence on parameter θ, we write Λj[θ] for the

vector and Λj[θ](u) for the u-th entry.

Given a trajectory of discrete-time unit-uncertainty event data, define a vector-valued

binary sequence (y1, · · · ,yN), and for t ∈ [N ], yt ∈ {0, 1}V , where yt(u) = 1 if there

exists an event (∆i, ui) s.t. ∆i = It and ui = u; yt(u) = 0 otherwise. We also define

ȳt :=
∑
u∈V

yt(u), t ∈ [N ],

and ȳt = 1 indicates that within time interval It, there is an event happening somewhere on

the network. Using the binary vectors yt, (5.56) is equivalent to

Λt[θ](u) = µ(u) +
∑
i<t

∑
u′∈V

yi(u
′)Ki,t(u

′, u), (5.63)
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and the log-likelihood (5.58) can be expressed as

ℓ =
N∑
t=1

{
ȳt log

(
(1− e−hΛ̄t)

∑
u∈V

yt(u)
Λt(u)

Λ̄t

)
− (1− ȳt)hΛ̄t

}
. (5.64)

To ensure that the conditional intensity is physical, i.e. Λt[θ](u) > 0 for any u ∈ V and

all time t, one can introduce an assumption similar to Assumption 5.4 and require that, for

positive constants b < B, Λt[θ](u) ∈ [b, B] for all u and t a.s. when model parameter θ lies

in certain domain, including the true intensity Λ∗
t (u). As a result, Λ∗

t ∈ [b, B]V ⊂ RV
+ for

all t.

Use the vector form of Λt and yt which are in RV , we have the following lemma which

characterizes the general linear model of predicting yt given history using Λt, and this gives

a counterpart of Lemma 5.3.3 on network. In this lemma, Λt refers to the true intensity Λ∗
t

induced by the true model parameters which determine the law of the sequence {yt}t.

Lemma 5.5.4. Under Assumption 5.3(A3) and Assumption 5.5, and using the formulation

of the Bernoulli process yt on V , for any t ∈ [N ], Λt ∈ σ{yi, i ≤ t− 1} and

E[yt|yi, i ≤ t− 1] =

(
ϕ(hΛ̄t)

Λt(u)

Λ̄t

)
u∈V

= Φ(hΛt), (5.65)

where Φ : RV
+ → RV

+ is defined by

Φ(x) :=
1− exp{−xT1}

xT1
x. (5.66)

Because x ∈ RV
+ satisfies xT1 > 0, (5.66) is well-defined.

5.5.4 Influence kernel recovery by VI and GD

Log-likelihood of kernel parameter. Suppose we are given M i.i.d. sequence of ob-

served Bernoulli processes {y(m)
t }Mm=1 on the network V , which are of the same length

indexed by −N ′ < t ≤ N . For simplicity, we assume that the baseline intensity vector µ
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is known and fixed, and we will explain the learning of µ from data in Section 5.6.

We denote model parameter θ in (5.59) as θ = {µ} ∪ θK , where θK consists of the

NN ′V 2 many influence kernel parameters, again denoted by z. We write Λt[z] = Λt[µ, z],

i.e., with θ = [µ, z], and similarly for other quantities depending on θ. Next, we introduce

the data history vector ηt,u, doubly indexed by t and u and in RNN ′V 2 , s.t.

⟨ηt,u, z⟩ =
t−1∑

i=t−N ′

∑
u′∈V

yi(u
′)Ki,t(u

′, u). (5.67)

This allows (5.63) to be represented as Λt[z](u) = µ(u)+⟨ηt,u, z⟩, and Λ̄t[z] =
∑

u∈V Λt[z](u).

With this notation, by (5.64), the log-likelihood of parameter θ on the m-the sequence can

be written as

ℓ(m)[z] =
N∑
t=1

{
ȳ
(m)
t log

(
(1− e−hΛ̄

(m)
t [z])

∑
u∈V

y
(m)
t (u)

Λ
(m)
t [z](u)

Λ̄
(m)
t [z]

)
− (1− ȳ(m)

t )hΛ̄
(m)
t [z]

}
,

(5.68)

Λ
(m)
t [z](u) = µ(u) + ⟨η(m)

t,u , z⟩, Λ̄
(m)
t [z] =

∑
u∈V

Λ
(m)
t [z](u), (5.69)

and the total likelihood is averaged over the M trajectories.

VI scheme on network. With the mapping Φ defined as in (5.66), the per-trajectory L2

loss can be written as

ℓ
(m)
VI (z) =

1

2h

N∑
t=1

∥Φ(hΛ(m)
t [z])− y

(m)
t ∥22.

For a vector y ∈ RV , we use both bracket y(u) or subscript yu to denote the u-th entry of

the vector. Following the stochastic update scheme in Section 5.4.2, the per-trajectory VI
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field is

Ĝ(m)[z] =
N∑
t=1

∑
u∈V

(
Φ(hΛ

(m)
t [z])− y

(m)
t

)
u
η
(m)
t,u

=
N∑
t=1

∑
u∈V

(
ϕ(hΛ̄

(m)
t [z])

Λ
(m)
t [z](u)

Λ̄
(m)
t [z]

− y(m)
t (u)

)
η
(m)
t,u , (5.70)

We can update the solution zk at the k-th iteration by looping over the training trajectories

similarly as before.

GD scheme on network. The GD dynamic solves for the MLE based on the likelihood

model (5.68)(5.69). Again we focus on the stochastic GD update, and by differentiating

(5.68) the per-trajectory gradient field can be computed directly to be

F̂ (m)(z) =
N∑
t=1

∑
u∈V

(
h(ϕ(hΛ̄

(m)
t [z])− ȳ(m)

t )

ϕ(hΛ̄
(m)
t [z])

+
ȳ
(m)
t

Λ̄
(m)
t [z]

− y
(m)
t (u)

Λ
(m)
t [z](u)

)
η
(m)
t,u , (5.71)

where we used that when yt(u) = 1,
∑

u′∈V yt(u
′)Λt(u

′) = Λt(u) because when time t has

even then only one node can have event on it.

We see that (5.71) contains terms like yt(u)/Λt(u) which will be Λt(u)
−1 at an event

location u, and thus can be large when Λt(u) is small. In comparison, the VI field in (5.70)

does not have such terms (the ratio Λt(u)/Λ̄t is always between 0 and 1, which will not

cause divergent magnitude). This suggests that the VI training dynamic can be more stable

than the GD dynamic, echoing the same phenomenon in the time-only case (see comments

at the end of Section 5.4.3).

Special structures for spatial-temporal kernels. Similar to Section 5.4.4, one can in-

corporate special structures of the kernel structure into the inference procedure when such

prior knowledge is available. For example, assuming time stationarity, one will have a

time-invariant kernel Ki,j(u
′, u) = Ψi,j−i(u

′, u) = ψj−i(u
′, u), ∀u, u′ ∈ V , and there are

N ′V 2 many kernel parameters to learn from data. The likelihood model (5.68)(5.69) still
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holds, and the VI and GD optimization methods can also be extended.

In the network case, because the spatial-temporal kernel parameters K or Ψ are four-

way tensors, there are different ways to impose low-rank structures on the kernel. Moti-

vated by the underlying temporal continuity of the influence kernel function, as has been

explained in Section 5.4.4, one can expect approximate low-rankness of the discrete kernel

over time, e.g., the matrix [Ψi,l(u
′, u)]i,l for each pair of (u′, u). As an additional simpli-

fication, we concatenate these matrices over all pairs of (u′, u) to form a tall matrix of

size (N − N ′ + 1)V 2 × N ′, using the middle-chunk trick in Section 5.4.4, and impose

low-rankness on the resulting matrix.

The above two techniques exploit the temporal structures of the kernel, and it is also

possible to impose constraints or regularizations based on the spatial information, i.e. graph

topology of the network. In the real data application of this work, to discover a network

structure using the Sepsis-Associated Derangements (SADs) data (Section 5.7), we do not

assume any prior knowledge of the network where graph nodes represent medical status.

Instead, we will use the inferred spatial-temporal kernel from event data to reveal influence

relations among the nodes. Thus, in this work, we do not explore any spatial structure

or regularization of the kernel, which is possible and would certainly be useful in other

application scenarios.

5.6 Algorithm

The estimation methods using VI and GD have been introduced for the time-only case in

Section 5.4 and extended to the on-network case in Section 5.5.4. We provide additional

algorithmic details in this section.

5.6.1 Time-only case

Stochastic optimization by batches. In practice, the batch size in stochastic optimization

algorithm balances between efficiency of parameter adaptation vs. random fluctuation of
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Algorithm 3: Stochastic batch-based training for time-only case

Input : Training trajectories {y(m)
t }Mm=1, µ0 as initial value of µ; Parameters:

intensity lower bound b, barrier weight δb ; batch size MB, maximum
number of epochs kmax, learning rate schedule {γk}k; Optional: singular
value threshold τSVD, smoothness weight δs

Output: Learned kernel θK and baseline µ

1 Initialize kernel θK ← 0 and baseline µ← µ0

2 for k = 1, . . . , kmax do
3 while loop over the batches do
4 θ ← [µ, θK ]

5 Load MB many training trajectories to form batch YB = {y(m)}m
6 Compute intensities Λ(m)

t (θ) in (5.36) at t = 1, · · · , N for each y(m) in YB,
and let b(m) ← min1≤t≤N Λ

(m)
t

7 Split YB = YB,1 ∪ YB,2, where y(m) in YB,1 if b(m) < b, and otherwise in
YB,2

8 if using VI update then
9 gB ← 1

MB

∑
y(m)∈YB,2

Ĝ(m)(θ), Ĝ(m) as in (5.37)
10 else if using GD update then
11 gB ← 1

MB

∑
y(m)∈YB,2

F̂ (m)(θ), F̂ (m) as in (5.42)
12 end
13 if YB,1 not empty then
14 gB ← gB + δb

∑
y(m)∈YB,1

∂θKB
(m)(θ), B(m) as in (5.73)

15 end
16 Update θK ← θK − γkgB
17 Solve µ̃ as root of (5.72) on YB using bisection search
18 Update µ← 0.9µ+ 0.1µ̃

19 end
20 (Optional) if do smoothness regularization of kernel then
21 θK ← θK − γkδs∂θKS(θK), S as in (5.74)
22 end
23 end
24 (Optional) if do low-rank truncation of kernel then
25 Rearrange entries in θK into Ψ, and Ψ′ ← Ψ(N ′+1):N,1:N ′

26 r ← number of singular values of Ψ′ larger than τSVD

27 V ← first r right singular vectors of Ψ′

28 Ψ← ΨV V ⊤, and rearrange Ψ into θK
29 end
30 return µ, θK

the solution. When batch size is small the solution can develop large variations across

batches.
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In our algorithm, we use a finite batch size MB which can be up to a few hundred. In

each step of parameter update, we load MB many training trajectories, called a “batch”

and denoted by YB. The batches are non-overlapping and loop over the training set, and

when one pass of the training set is finished it is called an “epoch”. We random shuffle the

training set indices at the beginning of each epoch. Following the convection of stochastic

optimization literature, the parameter update step size γk is called “learning rate”. We set

a learning rate schedule indexed by the epochs till the maximum number of epochs. The

stochastic optimization algorithm is summarized in Algorithm 3.

Inferenece of baseline intensity µ. To be able to infer the baseline µ from data, our

idea is to eliminate the variable µ in the process of learning θK making use of the first-

order condition of the log-likelihood objective. Specifically, from (5.35) we have that, with

θ = [µ, θK ],

∂µℓ
(m)(θ) =

N∑
t=1

h

(
y
(m)
t

1− e−hΛ(m)
t (θ)

− 1

)
,

and for fixed θK , one can solve for the value of µ by the following 1D non-linear equation

0 =
∑

m, y(m)∈YB

∂µℓ
(m)(θ) =

∑
m, y(m)∈YB

N∑
t=1

h

(
y
(m)
t

1− e−hΛ(m)
t (θ)

− 1

)
. (5.72)

The equation can be solved by bisection search due to the monotonicity of the function

1− e−hΛ
(m)
t (θ) with respect to µ, recalling that Λ(m)

t (θ) = µ+ ⟨η(m)
t , θK⟩.

Strictly speaking, the first-order condition corresponds to averaging over all the M

training trajectories, and in (5.72) we use the batches average to approximated solve for µ

given the current θK and update the baseline more diligently. In our algorithm, we update

µ by a convex combination of the current µ with the solution µ̃ from the batch YB so

as to implementing an average over the batches. The initial value µ0 of µ is set to be

the empirical frequency of having an event averaged over the time horizon, i.e., µ0 =∑M
m=1 n

(m)/(MNh) where n(m) =
∑N

t=1 y
(m)
t is the count of events on 1 ≤ t ≤ N of
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the m-th trajectory. We observe the numerical convergence of this scheme to learn µ in

practice, see Figure D.1(b).

Constraint and regularization of the kernel. Motivated by Assumption 5.4(ii), we in-

force the lower-boundedness of the model intensity Λ
(m)
t ≥ b for all 1 ≤ t ≤ N and all

training trajectories, where the minimum intensity threshold b is an algorithmic parameter.

We introduce a (per-trajectory) barrier function B(m) to penalize the violations, defined as

B(m)(θ) =
N∑
t=1

1{Λ(m)
t (θ)<b}lb(Λ

(m)
t (θ)), (5.73)

and is weighted by a penalty strength factor δb. The barrier function lb : R → R is dif-

ferentiable, and then ∂θKB
(m)(θ) =

∑N
t=1 1{Λ(m)

t (θ)<b}l
′
b(Λ

(m)
t (θ))η

(m)
t . In experiments, we

find that several choices of lb can work well, and in our experiments we use (i) log-barrier

lb(x) = −b log(x/b) or (ii) quadratic barrier lb(x) = 1
2b
(x− b)2/0.1.

The underlying continuity of the kernel function suggests the low-rankness of the kernel

matrix, as has been explained in Section 5.4.4. To leverage such prior structural informa-

tion, we can apply a low-rank truncation of the learned kernel matrix by the stochastic op-

timization using the submatrix trick in Section 5.4.4, see the end of Algorithm 3. We only

keep singular vectors for which the singular value is greater than τSVD, and this threshold

is an algorithmic parameter.

Another optional regularization of the kernel matrix is by regularizing the variation of

the kernel matrix Ψ across time. Specifically, writing θK into the form of matrix Ψ, one

can adopt the smoothness penalty

S(θK) =
1

2h2

(
N−1∑

i=−N ′+1

N ′∑
l=1

(Ψi,l −Ψi+1,l)
2 +

N∑
i=−N ′+1

N ′−1∑
l=1

(Ψi,l −Ψi,l+1)
2

)
(5.74)

weighted by a strength factor δs. In our algorithm, we update the kernel using the gradient

of ∂θKS after each epoch. The choices of the parameters b, δb, δs together with the opti-

128



mization hyperparameters depend on the problem and will be detailed in our experiments

(Appendix D.3).

5.6.2 On-network case

The methodology in Section 5.6.1 can be extended to the on-network model, implementing

the VI and GD inference as has been introduced in Section 5.5.4. The setup of batch-

based stochastic optimization, the constraint enforcement and regularization of the kernel

matrices are similar, and a main difference lies in the learning of baseline vector µ which

again we utilize the first-order condition. The algorithm is summarized in Algorithm 5 in

the Appendix, and we give technical details of the extensions below.

Similar to (5.72), we propose to solve for µ given kernel θK by requiring the derivative

of the log-likelihood with respect to each µ(u) to vanish. That is, with θ = [µ, θK ] and

again averaged on a batch of trajectories YB,

0 =
∑

m,y(m)∈YB

∂ℓ(m)[θ]

∂µ(u)

=
∑

m,y(m)∈YB

N∑
t=1

(
h

(
ȳ
(m)
t

1− e−hΛ̄(m)
t [θ]

− 1

)
− ȳ

(m)
t

Λ̄
(m)
t [θ]

+
y
(m)
t (u)

Λ
(m)
t [θ](u)

)
, ∀u ∈ V ,

and we recall that Λ(m)
t [θ](u) = µ(u) + ⟨η(m)

t,u , θK⟩. These V equations are non-linear

because all three terms inside the summation involve µ through Λ̄
(m)
t and Λ

(m)
t . To simplify

the algorithm, we propose a Gauss-Seidel-type iteration: given the current µ and θK fixed,

we solve for µ̃(u) for each u ∈ V by the equation

0 =
∑

m,y(m)∈YB

N∑
t=1

(
h

(
ȳ
(m)
t

1− e−hΛ̄(m)
t [µ,θK ]

− 1

)
− ȳ

(m)
t

Λ̄
(m)
t [µ, θK ]

+
y
(m)
t (u)

µ̃(u) + ⟨η(m)
t,u , θK⟩

)
.

(5.75)

These V equations are then de-coupled, each one is a 1D non-linear equation and bisection

search can be applied due to the monotonicity with respect to µ̃(u). After solving the vector
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{µ̃(u)}u∈V on a batch, we do a convex combination with the current µ same as before. The

vector µ is initialized by µ0(u) =
∑M

m=1 n
(m)(u)/(MNh) where n(m)(u) =

∑N
t=1 y

(m)
t (u)

is the count of events happening at location u along the m-th trajectory. We empirically

observe the convergence of our iteration scheme to learn µ as shown in Figure D.4(b).

We also extend the constraint and regularizations on the time-only kernel to the spatial-

temporal kernel on network. Specifically, the penalty to inforce lower boundedness of the

model intensities applies to each node, i.e.

B(m)[θ] =
N∑
t=1

∑
u∈V

1{Λ(m)
t [θ](u)<b}lb(Λ

(m)
t [θ](u)). (5.76)

The optional low-rank truncation is applied to the tall concatenated Ψ matrix across all pair

of nodes, as has been explained in Section 5.5.4. The optional smoothness regularization

is by applying the penalty S in (5.74) to the time-only kernel on each pair of nodes.

Depending on the problem, e.g. the size of the problem namely N , N ′ and the graph

size V , as well as the inference approach (GD or VI), we may need different parameters b,

δb, δs as well as optimization hyperparameters like batch size and learning rate schedule.

The choices will be detailed in the experiments (Appendix D.3).

5.7 Experiments

In this section, we compare the proposed model with various baselines on simulated and

real data.
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5.7.1 Simulated event data: Time-only

Dataset. For time-only event data, we set a time horizon [−τmax, T ] with τmax = 4 and

T = 16. The model adopts a latent influence kernel function k(t′, t) defined as

k(t′, t) =
13∑
j=1

0.3(2)−j(cos(2 + 1.3π(j + 1)((t′ − 9)/15)) + 0.6)e−8((t−t′)j)2/25, t > t′,

(5.77)

which, after specifying N and N ′, will induce a kernel matrix K in (5.23). In this example,

the influence kernel matrix K will have both positive and negative entries, meaning that

the history may trigger excitation and inhibition effects between events. In addition, the

influence kernel is time-varying, meaning that these effects are non-stationary over time.

We use two types of discrete time grids: (a) N ′ = 8, N = 32, and (b) N ′ = 80, N =

320. The corresponding kernel matrices are visualized in Figure 5.4(a) and Figure 5.6(a)

respectively in the form of Ψ defined as in (5.32). We use µ = 0.2, and the event data are

simulated by the law of a Bernoulli process as introduced in Section 5.3.3. The training

and testing sets consist of 16, 000 and 500 trajectories, respectively.

Method. We compute our model following Algorithm 3 as introduced in Section 5.6.1,

and the methods using VI and GD are called TULIK-VI and TULIK-GD respectively. The

choice of training hyperparameters is detailed in Appendix D.3.1. The training dynamic
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(b) TULIK-VI
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(c) TULIK-GD

Figure 5.4: Recovered kernels on simulated time-only event data with kernel function de-
fined in (5.77), N ′ = 8 and N = 32. (a) The true kernel. (b) The kernel recovered by
TULIK-VI. (c) The kernel recovered by TULIK-GD. The white lines indicate the train-
able parameters.
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Table 5.1: Relative Errors (REs) of learned µ, kernel matrix, and probability predictions, on
simulated time-only event data with the kernel function defined in (5.77), N ′ = 8 and N =
32. We report means of REs over 10 replicas and standard deviations are in parentheses.
For probability predictions, the best performance is in boldface. Note that µ is a scalar in
the time-only example and its ℓ1, ℓ2 and ℓ∞ errors are the same.

time-only event data with discrete time grids N ′ = 8 and N = 32

RE ×10−2 µ kernel prediction

TULIK-VI TULIK-GD TULIK-VI TULIK-GD TULIK-VI TULIK-GD GLM-L GLM-S HP-E

ℓ1
0.40 0.47 16.37 18.39 2.85 3.20 3.93 6.13 37.08

(0.38) (0.41) (0.82) (0.86) (0.11) (0.15) (0.19) (0.19) (0.65)

ℓ2
– – 12.07 13.46 3.96 4.43 5.25 7.99 53.06

(0.70) (0.66) (0.16) (0.20) (0.21) (0.14) (1.14)

ℓ∞
– – 11.26 12.35 6.02 6.73 8.09 12.85 92.83

(1.40) (1.32) (0.35) (0.38) (0.41) (0.30) (2.49)

Table 5.2: Relative Errors (REs) of learned µ, kernel matrix, and probability predictions,
on simulated time-only event data with the kernel function defined in (5.77), N ′ = 80 and
N = 320. The format are the same as in Table 5.1.

time-only event data with discrete time grids N ′ = 80 and N = 320

RE ×10−2 µ Kernel Prediction

TULIK-VI TULIK-GD TULIK-VI TULIK-GD TULIK-VI TULIK-GD GLM-L GLM-S HP-E

ℓ1
1.46 0.72 14.49 18.23 3.34 3.89 37.11 27.96 72.88

(0.80) (0.37) (0.53) (0.67) (0.23) (0.19) (0.59) (0.49) (1.74)

ℓ2
– – 11.58 13.39 4.50 5.31 51.65 39.79 149.82

(0.50) (0.52) (0.19) (0.25) (0.48) (0.79) (5.44)

ℓ∞
– – 17.50 17.04 8.64 9.44 98.82 101.33 393.29

(1.52) (2.27) (0.59) (0.50) (0.91) (2.57) (17.25)

on one training set, including the evolution of the training (negative) log-likelihood and the

convergence of the learned µ are illustrated in Figure D.1.

For comparison, we consider three alternative baselines: (1) Generalized Linear Model

(GLM) [129] with linear link function (GLM-L), where the link function is an identity
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Figure 5.5: The probability predictions on 3 randomly selected testing sequences. Data
is the simulated time-only event data with kernel function defined in (5.77), N ′ = 8 and
N = 32.
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Figure 5.6: Recovered kernels on simulated time-only event data with kernel function de-
fined in (5.77), N ′ = 80 and N = 320. Same plots as in Figure 5.4. The recovered kernel
is after a low-rank truncation.
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Figure 5.7: Same plots as in Figure 5.5. Data is the simulated time-only event data with
kernel function defined in (5.77), N ′ = 80 and N = 320.

function with range [0, 1]; (2) GLM with Sigmoid link function (GLM-S); (3) Continuous-

time Hawkes Process with Exponential kernel (HP-E) [131, 116, 132], see more in Sec-

tion 5.2.1. The implementation details of the alternative baselines can be found in Appendix

D.3.1.

Results. For data with N ′ = 8 and N = 32, both TULIK-VI and TULIK-GD can

learn the true model parameters (µ and kernel matrix) well, resulting in good prediction

performance, as shown quantitatively in Table 5.1. The proposed TULIK models outper-

form the other three baselines, where TULIK-VI gains slightly better performance than

TULIK-GD. The recovered kernel matrices are plotted in Figure 5.4, showing a good agree-

ment with the true kernel. The predicted probability is also close to the ground truth, as

reflected by the almost overlapping curves in Figure 5.5.

For the data with N ′ = 80 and N = 320, which results in much higher dimensional

trainable parameters, the proposed TULIK model can still achieve reasonable recovery of
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Figure 5.8: The visualization for the network structure of the on-network event data in
Section 5.7.2.

kernel matrices and µ’s and accurate probability predictions. Figure 5.6 shows that both

TULIK-VI and TULIK-GD produce correct shapes and magnitudes of kernel matrices,

where we applied low-rank truncation to the learned kernel matrix. Figure 5.7 visualizes

the probability predictions in good agreement with the ground truth. From the quantitative

errors in Table 5.2, our proposed model again achieves the best relative prediction errors,

and VI slightly outperforms GD.

Example of stationary process. As has been introduced in Section 5.4.4, the proposed

TULIK model can be applied to stationary processes with time uncertainty, where the ker-

nel is time-invariant. This is a special case of the more general time-varying kernel. We

provide experiments on such a simplified case in Appendix D.3.2. The results show that

the proposed approach successfully recovers the model parameters and outperforms the

alternative baselines.

5.7.2 Simulated event data: on network

Dataset. For the on-network event data, we set a time horizon [−τmax, T ] with τmax =

0.8 and T = 3.2. The network has V = 5 nodes, in which 8 pairs of successors and

predecessors are randomly sampled from V to form 8 directed edges. The network structure

is visualized in Figure 5.8. For a directed edge u′ → u, the marginal kernel (temporal

pattern) is defined as

k(t′, t;u′, u) = 0.35 (cos (ωu′,u(t+ 2)) + 0.75) e−20(t−t′−hu′,u)
2

, (5.78)
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where ωu′,u independently follows Uniform(2, 6) and hu′,u is independently drawn from

Uniform(0, 0.2). Given N ′ = 8 and N = 32, we can induce the four-way kernel tensor

Ψ as in (5.60) and visualize it in Figure 5.9(a). The non-zero block matrix on u′-th row

and u-th column corresponds to a directed edge u′ → u. The zero block matrices indicate

disconnected pairs of nodes.

Given the kernel and µ(u) independently sampled from Uniform(0.25, 0.35) for u ∈ V ,

we can generate on-network Bernoulli process data as in Section 5.5.3. The training data

and testing data contains 40000 and 500 trajectories, respectively.

Method. We train the proposed model using Algorithm 5 (in Appendix) as introduced

in Section 5.6.2. The choice of training hyperparameters is discussed in Appendix D.3.3.
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Figure 5.9: Recovered kernel tensors on simulated on-network event data with kernel func-
tion defined in (5.78), V = 5, N ′ = 8 and N = 32. (a) The true kernel. (b) The kernel
recovered by TULIK-VI. (c) The kernel recovered by TULIK-GD. The learned kernels
are after low-rank truncation. The (u′, u)-th block in the plot shows the kernel matrix
[Ψi,l(u

′, u)]i,l, for u′, u = 1, · · · , 5. The white slashes box out the trainable parameters of
the kernel matrices corresponding to the directed edges.

8 16 24 32
Time index j

0

0.1

0.2

0.3

P
re

d
ic
te

d
p
ro

b
ab

il
it
y

TULIK-GD
TULIK-VI
true

8 16 24 32
Time index j

0

0.1

0.2

0.3

P
re

d
ic
te

d
p
ro

b
ab

il
it
y

8 16 24 32
Time index j

0

0.1

0.2

0.3

P
re

d
ic
te

d
p
ro

b
ab

il
it
y

Figure 5.10: The probability predictions on 3 randomly selected testing sequences on one
node (node 3 in the graph in Figure 5.8). Data is the simulated on-network event data with
kernel function defined in (5.78), V = 5, N ′ = 8 and N = 32.
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Table 5.3: Relative Errors (REs) of learned µ, kernel tensor, and probability predictions, on
simulated on-network event data with the kernel function defined in (5.78), V = 5, N ′ = 8
and N = 32. We report means of REs over 10 replicas and standard deviations are in
parentheses. For probability predictions, the best performance is in boldface.

on-network event data with discrete time grids N ′ = 8 and N = 32

RE ×10−2 µ Kernel Prediction

TULIK-VI TULIK-GD TULIK-VI TULIK-GD TULIK-VI TULIK-GD GLM-L GLM-S HP-E

ℓ1
7.28 6.04 19.11 21.07 6.36 7.47 9.29 10.29 31.55

(0.52) (0.57) (0.57) (0.44) (0.09) (0.09) (0.11) (0.11) (0.45)

ℓ2
7.40 6.19 13.49 14.70 7.42 8.76 11.32 13.94 45.97

(0.56) (0.60) (0.33) (0.24) (0.09) (0.09) (0.12) (0.14) (0.41)

ℓ∞
8.15 7.09 17.22 17.22 9.62 11.09 15.01 25.97 72.12

(0.82) (0.85) (2.00) (2.16) (0.07) (0.19) (0.15) (0.53) (0.33)

The convergence of the training (negative) log-likelihood and the learned µ vector is il-

lustrated in Figure D.4. We compare the proposed method with the baselines including

GLM-L, GLM-S, and HP-E. The implementation details of the alternative baselines in the

on-network setting are given in Appendix D.3.3.

Results. Both TULIK-VI and TULIK-GD can learn the vector µ and the kernel tensor,

leading to accurate prediction as quantitatively revealed in Table 5.3. Similar to the time-

only examples, the proposed TULIK models yield smaller prediction errors than the other

baselines, where TULIK-VI is slightly better than TULIK-GD. After optimization loops,

we apply low-rank truncation to the matrix Ψ, and the learned kernel tensors are visualized

in Figure 5.9. It can be seen that the kernel is well recovered, and in particular, the learned

kernel reveals the correct causal network: when (u′, u) is a missing (directed) edge in the

network (Figure 5.8), the corresponding block in the learned kernel also takes almost zero

values. The predicted probability is also consistent with the ground truth, as shown in

Figure 5.10 (the prediction is successful on all the nodes, where the plots on one node are

shown).
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5.8 Real data analysis

5.8.1 Sepsis-Associated-Derangements (SADs) data

Dataset. We consider the data is publicly available through the 2019 PhysioNet Chal-

lenge [128], which consists of hospitalization records of Intensive Care Unit (ICU) pa-

tients. Each patient record includes three main types of variables: vital signs, laboratory

(lab) measurements, and demographic information. The goal is to use this data to predict

the onset of sepsis—a condition that arises when the body’s response to infection causes

tissue damage, organ failure, or death, and can quickly become life-threatening [160].

We use a processed version of this dataset, referred to as SADs [161, 162, 163], which

was created by grouping all raw observations—including vital signs and lab measure-

ments—into 13 medical indices using a standard procedure [164]. These indices represent

common physiological derangements associated with sepsis and are treated as nodes in our

graph. Table 5.4 lists the abbreviations and names of the indices. Vital signs are recorded

hourly, introducing a natural one-hour time uncertainty in the data. Lab test results are

typically returned within 24 hours, leading to a larger time uncertainty, meaning that the

test result typically means patient condition around 24 hours around the test time; here,

for simplicity, we assume the time uncertainty for the test is also 1 hour. Appendix D.3.4

Table 5.4: Selected 13 medical indices in SADs data

Node Abbreviation Full Name

1 RI Kernel Renal Injury
2 EI Electrolyte Imbalance
3 OCD Oxygen Carrying Dysfunction
4 Shock Shock
5 DCO Diminished Cardiac Output
6 Cl Coagulopathy
7 Chl Cholestatsis
8 HI Hepatocellular Inury
9 OD(Lab) Oxygenation Dysfunction (Lab)

10 Inf(Lab) Inflammation (Lab)
11 OD(vs) Oxygenation Dysfunction (vital sign)
12 Inf(vs) Inflammation (vital sign)
13 Sepsis Sepsis
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Table 5.5: Sepsis prediction: True Positive Rate (TPR), True Negative Rate (TNR), and
Balanced Accuracy (BA) from TULIK-VI. The standard deviations of TPR, TNR, and
BA over 10 training replicas are in parentheses. The highest metrics are bolded. The
training data and testing data consist of 1070 and 71 patients trajectories, respectively.

TULIK-VI TULIK-VI (Stationary) GLM-L GLM-S HP-E

TPR 0.6842 0.4632 0.5789 0.6316 0.0000
(0.0000) (0.0211) (0.0000) (0.0000) (0.0000)

TNR 0.6904 0.4519 0.5769 0.6731 0.0192
(0.0058) (0.0197) (0.0000) (0.0000) (0.0000)

BA 0.6873 0.4575 0.5779 0.6523 0.0096
(0.0029) (0.0203) (0.0000) (0.0000) (0.0000)

contains details on data pre-processing.

Given the 13 medical indices, the processed SADs data can be viewed as a point process

on a network with V = 13 nodes, with time uncertainty of 1 hour. Each patient’s data

trajectory is a Boolean process on this network, which we refer to as a “signal” that takes

values 0 or 1 at each node (yt(u) ∈ 0, 1). We consider the 24 hours after the patient is

admitted to the ICU and set the influence time lag τmax to 4 hours. As a result, the time

horizon is [−τmax, T ] = [−4, 20], covering a total of 24 hours. The time grid has N = 20

and N ′ = 4, with unit uncertainty of one hour.

The node, “Sepsis,” marks the sepsis onset for each patient, based on the Sepsis-3

definition. For time points more than 6 hours before the onset, the observation on the sepsis

node is always zero; after the onset of sepsis, the observation remains positive. To support

early prediction of sepsis onset, the positive labels are shifted 6 hours earlier, meaning that

prediction within 6 6-hour period before and after the initial onset of sepsis is meaningful,

consistent with the definition in Physionet Challenge [128].

In the experiments below, the processed dataset contains 1,141 patients’ record, all of

whom were diagnosed with sepsis but with varying onset times. We randomly select 1,070

trajectories for training and 71 trajectories for testing.

Method. We use TULIK-VI to the SADs data, as it demonstrates more stable training

behavior compared to TULIK-GD in our case. As in Section 5.7.2, we compare the pro-
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Figure 5.11: Temporally evolving causal networks; for clear visualization purposez, we
illustrate top 5 strongest edges. The time lag t − t′ is fixed at 1, which indicates one-
hour effects. The future time t increases from 12 to 20 by a gap 4. The radii of nodes
are proportional to the base intensities on nodes; Blue arrows represent excitations, whose
widths are proportional to the magnitudes. The marker size and line widths are comparable
across plots.

posed model with baseline methods, including GLM-L, GLM-S, and HP-E. Experimental

details are provided in Appendices D.3.4 and D.3.4.

Results. The performance of all methods are reported in Table 5.5. We evaluate True

Positive Rate (TPR), True Negative Rate (TNR), and Balanced Accuracy (BA), on the

testing data. These evaluation metrics are standard for sepsis prediction [128]. As shown

in the table, TULIK-VI consistently outperforms the baseline methods.

In particular, TULIK allowing for non-stationary modeling, significantly outperforms

its stationary counterpart, indicating that the sepsis data likely contains substantial non-

stationarity, effectively captured by our model. TULIK, with its modeling of time uncer-

tainty and flexible triggering pattern modeling, also outperforms methods that do not ac-

count for time uncertainty, such as GLM-L and GLM-S, which use standard link functions,

and continuous time HP-E, which employs a parametric exponential decaying triggering

kernel. These results highlight the importance of incorporating both time uncertainty and

nonparametric triggering structures in modeling sepsis dynamics.

To further interpret the results, we visualize the temporally evolving causal networks

extracted from the kernel tensor learned by TULIK-VI in Figure 5.11, which indicates the
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Figure 5.12: The effects from all medical indices to the sepsis onset over time across dif-
ferent delays.

inferred Granger causal relationships between medical indices. Node radii are proportional

to the estimated baseline intensities µ(u); arrows represent excitatory effects, with arrow

widths indicating the magnitude of influence. We show the top five strongest edges in each

time snapshot of the network.

The learned network structure aligns with medical knowledge. For example, the node

“DCO” (Diminished Cardiac Output) consistently exhibits a strong excitatory influence on

sepsis onset, an observation well-established in sepsis research [163]. Additionally, as time

progresses, more medical indices show a strong influence on sepsis onset, reflecting the

development of multiple organ dysfunction syndrome in severe cases. Figure 5.12 shows

that the effects of biological processes are nonlinear, suggesting that medical indices cannot

deteriorate indefinitely, nor can their influence on sepsis onset grow without bound.

Overall, the real data results show that TULIK-VI is a promising framework for uncov-

ering and hypothesizing the triggering effect between medical indices for sepsis prediction.
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5.8.2 Burglary crime data

Dataset. To validate our method on another data, we consider a proprietary dataset pro-

vided by the Atlanta Police Department (APD), including over 213,000 burglary events

recorded from the beginning of 2013 to the end of 2019, with timestamps and geographic

coordinates (longitude and latitude). We focus on downtown area of Atlanta, defined by the

longitude range [−84.400,−84.375] and latitude range [33.745, 33.770]. Figure 5.13 dis-

plays the spatial distribution of burglary events in this area. Following the setup in [129],

we uniformly divide the downtown area into 16 sub-regions, resulting in V = 16 nodes for

the point process model. We treat each 24-hour period, from 12:00 AM to 11:59 PM, as

one trajectory. The time horizon is defined as (−τmax, T ] = (−8, 16], incorporating a one-

hour uncertainty. The time grid includes N = 16 and N ′ = 8 intervals, each representing

one hour. The processed dataset consists of 2,548 daily trajectories. We randomly select

2,250 for training and use the remaining 298 for testing.
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Figure 5.13: The distribution of the burglary crime events from 2013 to 2019 in Atlanta
downtown area.
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Table 5.6: Crime data modeling in downtown Atlanta: TPR, TNR and BAs from TULIK-
VI. The time horizon is 1 day with uncertainty 1 hour. The standard deviations of TPR,
TNR and BA over 10 training replicas are in parentheses. The largest metrics are bolded.

TULIK-VI TULIK-VI (Stationary) GLM-L GLM-S HP

TPR 0.6705 0.6686 0.6186 0.6594 0.4533
(0.0008) (0.0009) (0.0004) (0.0002) (0.0031)

TNR 0.6710 0.6683 0.6187 0.6532 0.4733
(0.0010) (0.0008) (0.0004) (0.0000) (0.0098)

BA 0.6707 0.6684 0.6187 0.6563 0.4633
(0.0002) (0.0004) (0.0003) (0.0001) (0.0036)

Method. We compared TULIK-VI with GLM-L, GLM-S, and HP-E. Details of the hy-

perparameter tuning procedure are provided in Appendix D.3.5.

Results. Table 5.6 presents the prediction performance of all methods. We report TPR,

TNR, and BA on the testing data. For the burglary crime data, TPR and TNR are com-

puted by averaging across all nodes for t ∈ (0, 16], treating event occurrences as positives

and non-events as negatives. TULIK-VI achieves noticeably higher prediction accuracy

compared to the baseline methods.

Again, we observe that TULIK allowing for non-stationary modeling, outperforms

its stationary counterpart. However, in this example, the performance gain is less pro-

nounced than in the sepsis prediction case, suggesting that the burglary data may ex-

hibit less non-stationarity. Nevertheless, TULIK still outperforms the alternative meth-

ods—GLM-L, GLM-S, and HP-E, the latter of which employs a parametric triggering ker-

nel, highlighting the value of incorporating time uncertainty and flexible triggering struc-

tures.

5.9 Discussion

The work can be extended in several directions. First, while we focused on the unit-time

uncertainty case in our algorithm development, our method can be extended to handle the

arbitrary event uncertainty case in Section 5.3.2, for both the time-only and on-network sce-
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narios. Second, it would be useful to allow the baseline intensity µ to vary with time t, and

this can be handled under our discrete-time framework by introducing more learnable pa-

rameters. Meanwhile, it would be interesting to relax the requirement that each uncertainty

window only contains one event (Assumption 5.1), which will lead to a Poisson process in-

stead of a Bernoulli process and calls for new development of the time-uncertainty model.

Finally, one can apply the approach to more real data applications, and the practical chal-

lenges may call for additional developments of the computational techniques, e.g., the use

of the barrier to enforce positive intensity and the setting of optimization hyperparameters.
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APPENDIX A

LOW-RANK IMAGE MONITORING

A.1 Overlapping weighted Cramér-von Mises (CvM) estimator

The CvM estimator is proposed by [165]. An expedient strategy for determining the batch

size m could ensure approximate independence among the batch means. Any applicable

statistical test for independence can be employed for this purpose. In our study, we adopt

a fixed batch size of m = 50 across all experimental configurations. For the purpose of

self-containedness, we show the computation process of CvM estimator in Algorithm 4.

A.2 Proofs

Proof of Theorem 2.4.4. We begin by studying the statistical behaviors of in-control and

out-of-control γi,t separately.

• For the in-control case, Lemma 2.4.2 implies that γi,t = o(
√
p1p2) almost surely.

Algorithm 4: The overlapping weighted CvM estimator
1 Input: In-control monitoring statistics {Tt : t = 1, . . . , n}, batch size m.

1: For i = 1, . . . , n−m+ 1, calculate

Ci =
1

m

m∑
j=1

g

(
j

m

)
j2

m

(
T̄i,j − T̄i

)2
,

where the function g(t) = −24 + 150t− 150t2, the partial batch mean
T̄i,j =

1
j

∑j
j′=1 Ti+j′ and the batch mean T̄i = 1

m

∑m
j=1 Ti+j .

2: The CvM estimator is the average over all CvM estimators from the batches, namely

Ω2
0 =

1

n−m+ 1

n−m+1∑
i=1

Ci.
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• For an out-of-control case, Lemma 2.4.3 implies

γi,t =
√
p1p2ρ̄i + zi + o (

√
p1p2) + op (1) ,

where op (1) represents a random variable Z satisfying limp1,p2→∞ P (|Z| ≥ ϵ) = 0 for any

positive constant ϵ. Then, we have

E1[γi,t]− E0[γi,t]√
p1p2

= ρ̄i + o (1) .

Proof of Theorem 2.4.5. Without specifying the probability measure, we can decompose

Tt into the following components.

Eυ[Tt] = Eυ
[
(yt − E0[yt])

⊤Cov−1
0 (yt) (yt − E0[yt])

]
= Eυ

[
(yt − Eυ[yt] + Eυ[yt]− E0[yt])

⊤Cov−1
0 (yt) (yt − Eυ[yt] + Eυ[yt]− E0[yt])

]
= tr

(
Cov−1

0 (yt)Cov
−1
υ (yt)

)
+ (Eυ[yt]− E0[yt])

⊤Cov−1
0 (yt) (Eυ[yt]− E0[yt]), υ = 0, 1.

Now we examine the difference between the in-control and out-of-control expectations:

E1[Tt]− E0[Tt] = tr
(
Cov−1

0 (yt)Cov
−1
1 (yt)

)
+ (E1[yt]− E0[yt])

⊤Cov−1
0 (yt) (E1[yt]− E0[yt])− 2r

= tr
(
Σ−1Σ̃

)
+ δ⊤Σ−1δ − 2r.

By utilizing the property of the Schur complement, we can express the inverse of Σ in the

following form:

Σ−1 =

Σ−1
β + Σ−1

β P (Σ/Σβ)
−1 P⊤Σ−1

β −Σ−1
β P (Σ/Σβ)

−1

− (Σ/Σβ)
−1 P⊤Σ−1

β (Σ/Σβ)
−1

 ,
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where Σ/Σβ = Σγ − P⊤Σ−1
β P denotes the Schur complement of the block Σβ within the

matrix Σ. For tr
(
Σ−1Σ̃

)
, we have

Σ−1Σ̃ =

Σ−1
β + Σ−1

β P (Σ/Σβ)
−1 P⊤Σ−1

β −Σ−1
β P (Σ/Σβ)

−1

− (Σ/Σβ)
−1 P⊤Σ−1

β (Σ/Σβ)
−1


Σβ P̃

P̃⊤ Σ̃γ



=

Ir + Σ−1
β P (Σ/Σβ)

−1 P⊤ − Σ−1
β P (Σ/Σβ)

−1 P̃⊤ (
Σ−1
β + Σ−1

β P (Σ/Σβ)
−1 P⊤Σ−1

β

)
P̃ − Σ−1

β P (Σ/Σβ)
−1 Σ̃γ

− (Σ/Σβ)
−1 P⊤ + (Σ/Σβ)

−1 P̃⊤ − (Σ/Σβ)
−1 P⊤Σ−1

β P̃ + (Σ/Σβ)
−1 Σ̃γ

 .

Then, its trace becomes

tr
(
Σ−1Σ̃

)
= r + tr

(
Σ−1
β P (Σ/Σβ)

−1 P⊤ − Σ−1
β P (Σ/Σβ)

−1 P̃⊤ − (Σ/Σβ)
−1 P⊤Σ−1

β P̃ + (Σ/Σβ)
−1 Σ̃γ

)
= r + tr

[
(Σ/Σβ)

−1
(
P⊤Σ−1

β P − P̃⊤Σ−1
β P − P⊤Σ−1

β P̃ + Σ̃γ

)]
= r + tr

[
(Σ/Σβ)

−1
(
P⊤Σ−1

β P − P̃⊤Σ−1
β P − P⊤Σ−1

β P̃ + P̃⊤Σ−1
β P̃ − P̃⊤Σ−1

β P̃ + Σ̃γ

)]
= r + tr

{
(Σ/Σβ)

−1

{[
Σ

−1/2
β

(
P − P̃

)]⊤ [
Σ

−1/2
β

(
P − P̃

)]
+ Σ̃/Σβ

}}
= r + tr

{
(Σ/Σβ)

−1
[
Σ

−1/2
β

(
P − P̃

)]⊤ [
Σ

−1/2
β

(
P − P̃

)]}
+ tr

[
(Σ/Σβ)

−1
(
Σ̃/Σβ

)]
,

where Σ̃/Σβ = Σ̃γ − P̃⊤Σ−1
β P̃ . For δ⊤Σ−1δ, we have

δ⊤Σ−1δ

=

[
δ⊤β δ⊤γ

]Σ−1
β + Σ−1

β P (Σ/Σβ)
−1 P⊤Σ−1

β −Σ−1
β P (Σ/Σβ)

−1

− (Σ/Σβ)
−1 P⊤Σ−1

β (Σ/Σβ)
−1


δβ
δγ


= δ⊤β

[
Σ−1
β + Σ−1

β P (Σ/Σβ)
−1 P⊤Σ−1

β

]
δβ

− δ⊤β Σ−1
β P (Σ/Σβ)

−1 δγ − δ⊤γ (Σ/Σβ)
−1 P⊤Σ−1

β δβ + δ⊤γ (Σ/Σβ)
−1 δγ

=
∥∥∥Σ−1/2

β δβ

∥∥∥2 + ∥∥∥(Σ/Σβ)
−1/2 (P⊤Σ−1

β δβ + δγ
)∥∥∥2 .
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Now, we substitute tr
(
Σ−1Σ̃

)
and δ⊤Σ−1δ back into the expression for the shift size

of Tt. Finally, we have

E1[Tt]− E0[Tt]

= tr
(
Σ−1Σ̃

)
+ δ⊤Σ−1δ − 2r

= tr
[
(Σ/Σβ)

−1
(
Σ̃/Σβ

)]
− r + tr

{
(Σ/Σβ)

−1
[
Σ

−1/2
β

(
P − P̃

)]⊤ [
Σ

−1/2
β

(
P − P̃

)]}
+
∥∥∥Σ−1/2

β δβ

∥∥∥2 + ∥∥∥(Σ/Σβ)
−1/2 (P⊤Σ−1

β δβ + δγ
)∥∥∥2 .
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APPENDIX B

NEURAL-NETWORK BASED CHANGE-POINT DETECTION

B.1 Additional Experiment Details

B.1.1 Details on Baselines

In this section, we introduce the technical details of the compared baselines. As a general

scheme for change-point detection, the practitioners need to calculate the statistics at each

time and compare the statistics with a pre-specified threshold. When the sequential statis-

tics exceed a threshold at some time t, an alarm will be raised to claim a change, and the

stopping time τ will be set to the value t.

Online Neural Network Classification (ONNC) ONNC is an online change-point de-

tection method using neural networks proposed by [64]. The authors construct reference

data stack from historical data, potentially affecting their detection efficiency since the ref-

erence stack can be (partially) positive class when it contains or locates after the change

point. To be concrete, at time t, the test stack is {xi : i = t−w+1, . . . , t} and the reference

stack is {xi : i = t−w−h+1, . . . , t−h}, where w is the training/testing sample size and

h is the lag between test and reference stacks. The neural network of ONNC, denoted by

gONNC
θ (x) with the parameter θ, is trained with the logistic loss function to learn the labels

directly. Since they do not implement training and testing split, the test statistic at time t is

calculated as

ηONNC
t =

1

w

[
t∑

i=t−w+1

log

(
gONNC
θ̂t

(xi)

1− gONNC
θ̂t

(xi)

)
+

t−h∑
i=t−h−w+1

log

(
1− gONNC

θ̂t
(xi)

gONNC
θ̂t

(xi)

)]
,

where θ̂t is the trained parameter for ONNC at time t. They report their detection scores by

iteratively compute η̄ONNC
t = η̄ONNC

t−w +1/h(ηONNC
t − ηONNC

t−h−w). Then ONNC method raises
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the alarm under the stopping time τONNC = inf{t : η̄ONNC
t > b}.

Online Neural Network Regression (ONNR) Online Neural Network Regression (ONNR).

ONNR is also a change-point detection method using neural networks proposed by [64].

The difference from ONNC is that ONNR learns the density ratio between pre- and post-

change data rather than learning the binary labels. ONNR uses two separate neural net-

works to train over two loss functions, l1,ONNR (θ1,t) and l2,ONNR (θ2,t), respectively. The

finite-sample loss functions in ONNR on the training set are defined as

l1,ONNR (θt) =
1− a
2w

t−h∑
i=t−h−w+1

(
gONNR
θt (xi)

)2
+

a

2w

t∑
i=t−w+1

(
gONNR
θt (xi)

)2
− 1

w

t∑
i=t−w+1

gONNR
θt (xi),

l2,ONNR (θt) =
1− a
2w

t∑
i=t−w+1

(
gONNR
θt (xi)

)2
+

a

2w

t−h∑
i=t−h−w+1

(
gONNR
θt (xi)

)2
− 1

w

t−h∑
i=t−h−w+1

gONNR
θt (xi),

where h is the lag size, w is training/testing sample size, a ∈ (0, 1) is a hyperparameter set

to be 0.1 in our paper, which is the same as in [64], and gONNR
θt

(x) is the neural network

function for ONNR. The test statistic at time t is calculated as

ηONNR
t =

1

w

t∑
i=t−w+1

(
gONNR
θ̂1,t

(xi)− 1
)
+

1

w

t∑
i=t−w+1

(
gONNR
θ̂2,t

(xi)− 1
)
,

where θ̂i,t, i = 1, 2 are trained parameters for ONNR at time t from two neural networks.

Similarly with ONNC, the detection scores from ONNR are also iteratively computed

through η̄ONNR
t = η̄ONNR

t−w + 1/h(ηONNR
t − ηONNR

t−h−w). ONNR method raises the alarm under

the stopping time τONNR = inf{t : η̄ONNR
t > b}.

150



Window-Limited Generalized Likelihood Ratio (WL-GLR) For WL-GLR, we as-

sume f0 is known and f1(·, θ) is partially known with a parametric form and an unknown

parameter θ ∈ Θ. With a window size w, the sequential statistics of WL-GLR are given by

SWLG
t = max

(t−w)+≤i<t
sup
θ∈Θ

t∑
j=i

ℓ(xj, θ),

where ℓ(xt, θ) = log (f1(xt, θ)/f0(xt)). In general, no recursion can be yielded in the GLR

algorithm. Therefore, the computation cost of the GLR algorithm is huge. However, the

computation is tractable when we assume the problem is Gaussian mean shift. Then, the

statistics will degenerate to

SWLG
t = max

(t−w)+≤i<t

[∑t
j=i+1(xj − µ̂p)

]⊤
Σ̂−1
p

[∑t
j=i+1(xj − µ̂p)

]
t− i

,

where µ̂p and Σ̂p are estimated mean and covariance from reference data. We use the

degenerated WL-GLR throughout the experiments. The stopping time is defined as τWLG =

inf{t : SWLG
t > b}.

Window-Limited CUSUM (WL-CUSUM) WL-CUSUM is proposed in [166]. When

the pre-change density f0 is fully known and the post-change density f1(·, θ) has a para-

metric form but an unknown parameter θ ∈ Θ, the log-likelihood ratio is adaptively defined

as

ℓ(xt, θ̂t−1) = log
f1(xt, θ̂t−1)

f0(xt)
,

where θ̂t−1 ∈ Θ is an estimation of θ. If a window size w is fixed, the estimation θ̂t relies

on the data within the window {xt, . . . , xt−w+1}. The option on the estimator is not rigid.

The most common option is the Maximum Likelihood Estimator (MLE), taking the form:

θ̂t = argmax
θ∈Θ

w−1∑
i=0

log f1 (xt−i, θ) .
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Throughout the experiments, we assume f0 and f1 are parameterized by Gaussian distribu-

tion and θ̂t is estimated by MLE. With the initial value SWLC
0 = 0, the recursion takes the

form

SWLC
t = max

{
SWLC
t−1 + ℓ(xt, θ̂t−1), 0

}
.

The stopping time is determined by τWLC = inf{t : SWLC
t > b}.

Multivariate Exponentially Weighted Moving Average (MEWMA) MEWMA calcu-

lates a statistic that combines the differences between the current observation and the ex-

pected values based on historical data, weighted by exponentially decreasing weights. This

weighting scheme assigns more importance to recent observations while still considering

the entire history. As introduced in [167], MEWMA computes

zt = rxt + (1− r)zt−1, t ≥ 1

where z0 = 0 and the decay rate belongs to the range 0 < r ≤ 1. The MEWMA chart

raises the alarm under the stopping time

τM = inf{t : z⊤t Σ−1
zt zt > b}

where the covariance matrix of pre-change zt is specified by Σzt = (r (1− (1− r)2t) /(2− r)) Σ0

with Σ0 being the covariance matrix of pre-change xt.

Hotelling CUSUM (H-CUSUM) Instead of using the exact log-likelihood ratio in the

recursion, the H-CUSUM procedure uses the Hotelling T-square statistic in the recursion.

It can be treated as a non-parametric detection statistic (only uses the first and the second

order moments). It is good in detecting mean shifts but not very effective in detecting other
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types of changes (such as covariance shifts). Define

gH0 (xt) =
1

2
(xt − µ̂p)⊤

(
Σ̂p + νId

)−1

(xt − µ̂p),

gH(xt) = gH0 (xt)− d̂p

where µ̂p and Σ̂p are estimated mean, and covariance matrix from the reference sequence

assumed to be drawn from f0; d̂p usually set to be Ex∼f0gH0 (x) + ϵ for some small constant

ϵ and is computed by sample average on a test split of the reference sequence in practice.

The positive scalar ν is a regularizing parameter because the covariance matrix estimator

Σ̂p may be singular, e.g., when the data dimension is high compared to the size of the ref-

erence sequence. Once µ̂p, Σ̂p and d̂p are pre-computed on the reference data, the recursive

CUSUM is computed upon the arrival of stream samples of xt as

SH
t = max

{
SH
t−1 + gH(xt), 0

}
.

The associated stopping time procedure is τH = inf{t : SH
t > b}.

B.1.2 Training Convergence

In this justification example, the setup on the pre-and post-change distributions and neural

network structure inherits from Section 3.5.4. Figure 3.7 demonstrates the training conver-

gence of the separate training on pre- and post-change sequences of the neural networks.

Multiple sequences are plotted simultaneously. The figure serves as a sanity check to vali-

date the stable convergence of the neural network in the proposed scheme.

B.1.3 Time Complexity Analysis

Table 3.3 presents the time complexity of NN-CUSUM and all other baselines. Regard-

ing the data dimension d, only neural network-based method are linear while the other

classic methods are either quadratic or cubic. This validates our motivation to handle high-
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(a) Five randomly selected trajecto-
ries of detection statistics for NN-
CUSUM on Higgs boson dataset.
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(b) Five randomly selected trajecto-
ries of detection statistics for NN-
CUSUM on MiniBooNE dataset.
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(c) Five randomly selected trajecto-
ries of detection statistics for ONNC
on Higgs boson dataset
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(d) Five randomly selected trajecto-
ries of detection statistics for ONNC
on MiniBooNE dataset.
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(e) Five randomly selected trajecto-
ries of detection statistics for ONNR
on Higgs boson dataset.
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(f) Five randomly selected trajecto-
ries of detection statistics for ONNR
on MiniBooNE dataset.

Figure B.1: Five randomly selected trajectories of the detection statistics St for NN-
CUSUM, ONNC, and ONNR on both datasets. For readability, the trajectories on the
MiniBooNE dataset are truncated at time index 700. The red dashed line indicates the
change point and the blue dotted line represents the detection threshold corresponding to
0.02 Type-I error.

dimensional data with neural networks for online change-point detection.

B.1.4 Sensitivity Analysis on the Stride of Sliding Window

Figure 3.8 shows EDD versus Type-I errors for NN-CUSUM, ONNC, and ONNR with

different choices of the stride of sliding window on Higgs boson dataset and MiniBooNE
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dataset. To be concrete, NN-CUSUM varies its stride in {2, 10}, and ONNC and ONNR

select the stride in {1, 2, 10}. NN-CUSUM has minimum stride 2 since it has half-stride

structure. NN-CUSUM, ONNC, and ONNR show better performances with smaller stride

of sliding window. NN-CUSUM with s = 2 achieve the best performance among all

methods with different choices of the stride.

B.1.5 Sampled Trajectories of Detection Statistics

Figure B.1 shows five randomly selected trajectories of the detection statistics for NN-

CUSUM, ONNC, and ONNR on both datasets. The red dashed line indicates the change

point and the blue dotted line represents the detection threshold corresponding to 0.02

Type-I error. While all of the five randomly selected trajectories for NN-CUSUM on Higgs

boson dataset exceed the detection threshold corresponding to 0.02 Type-I error, none of

the trajectories for ONNC and ONNR exceed the detection threshold. On MiniBooNE

dataset, all of the trajectories for NN-CUSUM, ONNC, and ONNR exceed the detection

threshold. This confirms the results in Figure 3.9 and Table 3.4.
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APPENDIX C

HIGHER-CRITICISM FOR SPARSE CHANGE-POINT DETECTION

C.1 Proofs

C.1.1 Technical Lemmas

We provide here several technical lemmas that will be useful in the proof of Theorem 4.5.4.

Lemmas C.1.1-C.1.6 focus on univariate sequential change-point detection using the LR

and GLR statistics of (4.7) and (4.9). For convenience, we assume in these lemmas that

n = 1.

The following lemma shows that the maximum in Y GLR
t and Y LR

t is attained after the

change with probability approaching one, provided t does not grow faster than the increase

in the mean shift. This property seems well-known for Y LR
t based on the discussion in [89].

The proof is somewhat simpler than in previous cases because the individual effect size µN

goes to infinity in N . This lemma justifies the analysis of the P-values under H1.

Lemma C.1.1. Consider V1,t,k of (4.7) andW1,t,k of (4.9). Suppose thatX1,1, . . . , X1,τ−1
iid∼

N (0, 1) and X1,τ , . . . , X1,T
iid∼ N (µ, σ2) for some 1 ≤ τ ≤ T , σ2 > 0. Assume that

µ→∞ and T → ∞ while
√

log(T )/µ→ 0. Then,

Pr

[
argmax

k≤t
V1,t,k < τ

]
= o(1)

and

Pr

[
argmax

k≤t
W1,t,k < τ

]
= o(1).

(here and throughout this section, o(1) represents an expression converging to 0 uni-

formly in t, τ ≤ T as µ→∞.)
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Proof of Lemma C.1.1. Denote Xn := X1,n and consider the following events defined by

X1, . . . , XT .

ΩVt := {argmax
k≤t

V1,t,k < τ},

ΩWt := {argmax
k≤t

W1,t,k < τ},

Bt := {∃ 0 < m < τ , 0 ≤ k ≤ t− τ , such that Xτ−m ≥ Xτ+k } .

Note that ΩVt ⊂ Bt and ΩWt ⊂ Bt. Consequently, it is enough to show that Pr [Bt]→ 0.

Let Z1, . . . , Zm
iid∼ N (µ, σ2). Then

Pr [min{Z1, . . . , Zm} ≤ a] = 1−
(
1− Φ

(
a− µ
σ

))m
= 1− Φm

(
µ− a
σ

)
.

Pr [max{Z1, . . . , Zm} ≤ a] = Φm

(
a− µ
σ

)
.

Define Aa = {max{X1, . . . Xτ−1} ≤ a}. We have

Pr [Bt] = Pr [max{X1, . . . , Xτ−1} ≥ min{Xτ , . . . , XT }]

≤ Pr [max{X1, . . . , Xτ−1} ≥ min{Xτ , . . . , XT } | Aa] Pr [Aa] + Pr [Aca]

≤ Pr [a ≥ min{Xτ , . . . , XT } | Aa] + Pr [Aca]

= 1− ΦT −τ+1

(
µ− a
σ

)
+ Pr [Aca] .

Let a =
√
4 log T , then recall that Φ(x) ∼ 1− ϕ(x)/x

Pr [Aa] = Φτ−1(
√

4 log T ) ≥ ΦT (
√
4 log T ) ∼

(
1− e−2 log T
√
8π log T

)T

= 1 + o(1),

hence Pr [Aca] → 0 as N → ∞. Additionally, since µ → ∞ and µ/
√

log(T ) → ∞, also

µ−
√
4 log(T )→∞ and we can use the upper bound 1−Φ(x) ≤ e−x

2/2/
√
2π as x→∞.
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This implies that for all N large enough,

ΦT −τ
(
µN −

√
4 log T
σ

)
≥ ΦT

(
µN −

√
4 log T
σ

)
∼
(
1− e−

1
2

(
µN−
√

4 log(T )
)2
)T

=

(
1− e

−2 log(T )

(
µN√

4 log(T )
−1

)2)T

≥
(
1− e−2 log(T )

)T
= 1 + o(1),

where the last transition is because µ/
√

log(T ) → ∞. We conclude that Pr [Bt] = o(1)

which completes the proof of the lemma.

Lemma C.1.2. Consider the setting and assumptions of Lemma C.1.1. Then

lim
µ→∞

Pr

[
Y LR
1,t = max

τ≤k≤t
V1,t,k

]
= 1 + o(1),

uniformly in τ, t ≤ T .

Proof of Lemma C.1.2. Denote Wt,k := W1,t,k, Y LR
t := Y LR

1,t , Xt := X1,t, and S1,t := St.

Notice that Wt,m = µ
[∑t

j=m+1Xj − µ
2
(t−m)

]
is distributed asN (µ

2

2
(t−m), µ2(t−

m)) under H1 for τ ≤ m ≤ t. For τ ≤ m ≤ t,

Pr [Wt,m < 0] = Pr
[
N
(
µ2(t−m)/2, µ2(t−m)

)
< 0
]

= Φ
(
−µ
√
t−m/2

)
= e−µ

2(t−m)/8(1 + o(1)). (C.1)

In addition,

max
k≤m

Vm,k −max
k≤t

Vt,k ≤ max
k≤m

(Vm,k − Vt,k) = −Vt,m.
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Therefore,

Pr

[
max
k≤m

Vm,k −max
k≤t

Vt,k > 0

]
≤ Pr [−Vt,m > 0] = e−µ

2(t−m)/8(1 + o(1)).

where the last equality is due to (C.1). Consider the event

Bu,t := {∃u ≤ m < t : max
k≤m

Vm,k > max
k≤t

Vt,k}.

Notice that

Pr

[
Y LR
t > max

τ≤k≤t
Vt,k

]
≤ Pr [B1,t] ≤ Pr [B1,τ ] + Pr [Bτ,t] .

The first inequality is because

{Y LR
t > max

τ≤k≤t
Vt,k} = {max

1≤k≤t
Vt,k > max

τ≤k≤t
Vt,k}

= {max
1≤k≤τ

Vt,k > max
τ≤k≤t

Vt,k}

= {max
1≤k≤τ

Vt,k ≥ max
1≤k≤t

Vt,k},

and the last event by definition is B1,t. We have Pr [B1,τ ] = o(1) by similar arguments as

in Lemma C.1.1. Additionally,

Pr [Bτ,t] ≤ o(1) +
t−1∑
m=τ

Pr

[
max
k≤m

Vm,k −max
k≤t

Vt,k > 0

]

≤ (1 + o(1))
t−1∑
m=τ

e−µ
2(t−m)/8

≤ (1 + o(1))
e−µ

2/8

1− e−µ2/8
= o(1).
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By definition, we have that Y LR
t ≥ maxτ≤k≤t Vt,k. We conclude

Pr

[
Y LR
t ̸= max

τ≤k≤t
Vt,k

]
= Pr

[
Y LR
t > max

τ≤k≤t
Vt,k

]
= o(1).

This completes the proof.

The following claim says that with probability going to 1, the maximum in the LR

statistic is attained at the change point k = τ .

Lemma C.1.3. Consider the setting and assumption of Lemma C.1.2. Then,

Pr
[
Y LR
1,t = V1,t,τ

]
= 1 + o(1).

Proof of Lemma C.1.3. Denote Vt,k := V1,t,k, Y LR
t := Y LR

1,t , and S1,t := St. By Lemma C.1.2,

we may assume

Y LR
t = max

τ≤k≤t
Vt,k,

almost surely, since the probability of the complementary event vanishes as µ→∞. Since

Y LR
t ≥ Vt,τ , it is sufficient to show that Pr

[
Y LR
t ≥ Vt,k + ϵ

]
→ 0 for any ϵ > 0. In the

following, Z1, . . . Zm is a sequence of independent standard normal random variables. We

also use the notational convention
∑0

i=1 Zi ≡ 0 and assume without loss of generality that
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µ > 0. Fix ϵ > 0.

Pr
[
Y LR
t ≥ Vt,τ + ϵ

]
= Pr

[
max
τ≤k≤t

{
St − Sk −

µ

2
(t− k)

}
≥ St − Sτ −

µ

2
(t− τ) + ϵ

µ

]
= Pr

[
max
τ≤k≤t

{
Sτ − Sk −

µ

2
(τ − k)

}
≥ ϵ

µ

]
= Pr

[
max
τ≤k≤t

{
−
(
Sk − Sτ −

µ

2
(k − τ)

)}
≥ ϵ

µ

]
= Pr

[
max
τ≤k≤t

{
− (Sk − Sτ − µ(k − τ))−

µ

2
(k − τ)

}
≥ ϵ

µ

]
= Pr

[
min

0≤m≤t−τ

{
σ

m∑
i=1

Zi +
µ

2
m

}
≤ − ϵ

µ

]

= Pr

[{
σZ1 +

µ

2
≤ − ϵ

µ

}
∪
{
σ(Z1 + Z2) + 2

µ

2
≤ − ϵ

µ

}
∪ · · ·

∪

{
σ
t−τ∑
i=1

Zi + (t− τ)µ
2
≤ − ϵ

µ

}]

≤
t−τ∑
m=1

Pr

[
σ

m∑
i=1

Zi +m
µ

2
≤ − ϵ

µ

]
=

t−τ∑
m=1

Pr

[
σ
√
mZ1 +m

µ

2
≤ − ϵ

µ

]

=
t−τ∑
m=1

Φ

(
− ϵ
µ
−mµ/2
σ
√
m

)
≤

t−τ∑
m=1

Φ

(
−
√
mµ

2σ

)

≤ 1

σ
√
2π

t−τ∑
m=1

e−mµ
2/(8σ2) ≤ 1

σ
√
2π

e−µ
2/(8σ2)

1− e−µ2/(8σ2)
.

The proof is completed by noticing that, as µ → ∞, the last expression converges to zero

and is independent of t.

Lemma C.1.4. Consider W1,t,k of (4.9). Suppose that X1,τ , . . . , X1,T
iid∼ N (µ, σ2) for

some 1 ≤ τ ≤ T , σ2 > 0, and µ→∞. For τ ≤ v ≤ t

Pr [W1,t,τ ≤ W1,t,v] ≤ exp

{
−1

2

µ2(v − τ)
5σ2

}
(1 + o(1)). (C.2)

The following lemma bounds the probability of events of the form W1,t,τ < W1,t,v for

v < t after the change as µ → ∞. The bound behaves as if Jk := W1,t,k is a Gaussian

random walk in this limit.
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Proof of Lemma C.1.4. Denote Wt,k := W1,t,k, Y LR
t := Y LR

1,t , Xt := X1,t, and S1,t := St.

In the following, for integers τ < v < t, denote St,v := St − Sv. We have

Pr [Wt,τ < Wt,v] = Pr

[
S2
t,τ

t− τ
<

S2
t,v

t− v

]
= Pr

[
S2
t,v

t− τ
+

S2
v,τ

t− τ
+ 2

St,vSv,τ
t− τ

<
S2
t,v

t− v

]
= Pr

[
S2
t,v

v − τ
t− v

> S2
v,τ + 2St,vSv,τ

]

where the second equality uses the fact that St,τ = St,v+Sv,τ and the third equality follows

by grouping terms with S2
t,v. We now solve the quadratic equation for St,v. This leads to

Pr [Wt,τ < Wt,v] ≤ Pr

[
St,v

v − τ
t− v

> Sv,τ

(
1 +

√
1 +

v − τ
t− v

)]
+ Pr

[
St,v

v − τ
t− v

< Sv,τ

(
1−

√
1 +

v − τ
t− v

)]
.

The second term goes to zero as N goes to infinity whenever v > τ because the probability

that one of St,v and Sv,τ is negative goes to zero as their mean increases to infinity. We

proceed by handling the first term. We denote by Z1, Z2, and Z3 three independent standard

normal RVs. Using that Sv,τ is independent of St,v and both are sums of several independent
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N (µ, σ2), we get

Pr

[
St,v

v − τ
t− v

> Sv,τ

(
1 +

√
1 +

v − τ
t− v

)]
= Pr

[
St,v
t− v

>
Sv,τ
v − τ

(
1 +

√
1 +

v − τ
t− v

)]
= Pr

[
σZ1√
t− v

+ µ > (
σZ2√
v − τ

+ µ)

(
1 +

√
1 +

v − τ
t− v

)]
= Pr

[
Z1√
t− v

>
Z2√
v − τ

(
1 +

√
1 +

v − τ
t− v

)
+
µ

σ

√
1 +

v − τ
t− v

]
= Pr

[
Z1

√
v − τ > Z2

(√
t− v +

√
t− τ

)
+
µ

σ

√
t− τ

√
v − τ

]
= Pr

[
Z3 ≥

µ

σ

√
(t− τ)(v − τ)

v − τ +
(√

t− v +
√
t− τ

)2
]

≤ Pr

[
Z3 ≥

µ

σ

√
(t− τ)(v − τ)

t− τ +
(√

t− τ +
√
t− τ

)2
]

= Pr

[
Z3 ≥

µ

σ

√
v − τ
5

]
= 1− Φ

(
µ
√
v − τ√
5σ

)
.

From here, the advertised claim follows from Mill’s ratio.

Lemma C.1.5. Consider the setting and assumptions of Lemma C.1.1. Then,

Pr

[
Y GLR
1,t = max

τ≤k≤t
W1,t,k

]
= 1 + o(1).

Proof of Lemma C.1.5. The proof is similar to Lemma C.1.2. Simply replace (C.1) with

(C.2).

The following claim says that with probability going to 1, the maximum in the GLR

statistic is attained at the change point k = τ .

Lemma C.1.6. Consider the setting and conditions of Lemma C.1.5. Then

Pr
[
Y GLR
1,t = W1,t,τ

]
= 1 + o(1).
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Proof of Lemma C.1.6. Denote Wt,k := W1,t,k and Y LR
t := Y LR

1,t . By Lemma C.1.5, we

may assume

Y GLR
t = max

τ≤k≤t
Wt,k,

since the probability of the complementary event vanishes as N →∞. For τ < v ≤ t, we

use Lemma C.1.4 and the union bound to conclude

Pr [∃v > τ : Wt,τ < Wt,v] ≤ Pr [{Wt,τ < Wt,τ+1} ∪ · · · {Wt,τ < Wt,t−1}]

≤
t−1∑

v=τ+1

Pr [Wt,τ < Wt,v] ≤
1√

10πσ2

t−1∑
v=τ+1

e−
µ2(v−τ)

5σ2

≤ 1√
10πσ2

e−
µ2

5σ2

1− e−
µ2/2

5σ2

→ 0,

uniformly in t as µ→∞.

C.1.2 Proof of Main Results

Proof of Corollary 4.5.2. Denote by {Q̃(N)
n n = 1, . . . , N} a sequence of distributions that

satisfies (4.15) with ρ = ρ−. Let π̃1, . . . , π̃N be P-values obeying (4.14) with Q(N)
n = Q̃

(N)
n

and let Ũ (N) = U(π̃1, . . . , π̃N) be some detection statistic based on these P-values.

By (4.18) and ρ(∆) ≤ ρ−, for t ∈ Θ0 and q > ρ− we have the asymptotic inequality

Pr
[
−2 log(Q̃(N)

n ) ≥ 2q log(N)
]
= N

−
(√

q−
√

ρ−
σ

)2

+o(1)
≥ Pr

[
−2 log(Q(N)

n,t ) ≥ 2q log(N)
]
.

Namely, every −2 log(Q(N)
n,t ) is asymptotically stochastically bounded by −2 log(Q̃(N)

n ).

Thus, by (4.18a), every πn,t is asymptotically stochastically bounded below by π̃n. The

assumption that U is non-decreasing as its arguments decrease implies that Ũ (N) stochasti-

cally dominates U (N)
t for all t ≤ T in the sense that for any b > 0 and N ,

Pr
[
Ũ (N) ≥ b | H(N)

1

]
≥ Pr

[
U

(N)
t ≥ b | H(N)

1

]
. (C.3)
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Suppose by contradiction that there exists a > 0 and {∆k}k=1,2,... such that

lim
k→∞

Pr
[
TU ≤ ∆k | H(Nk)

1

]
− Pr

[
TU ≤ ∆k | H(Nk)

0

]
= a, (C.4)

along some sub-sequenceN1 < N2 < ... < Nk, k = 1, 2, . . ., where TU = inf{t : U
(Nk)
t ≥

b
(Nk)
t } with U (Nk)

t based on {πn,t, n = 1, . . . , Nk}. Under either hypothesis h ∈ {0, 1},

Pr
[
TU ≤ ∆k | H(Nk)

h

]
= Pr

[ ⋃
t≤∆k

{U (Nk)
t ≥ b

(Nk)
t } | H(Nk)

h

]

= Pr

[
max
t≤∆k

{U (Nk)
t − b(Nk)

t } ≥ 0 | H(Nk)
h

]
.

Hence by (C.4) and considering the maximal elements, we may find indices {km}m=1,2,...

and tm ≤ ∆km such that

Pr
[
U

(Nkm )
tm ≥ b

(Nkm )
tm | H(Nkm )

1

]
− Pr

[
U

(Nkm )
tm ≥ b

(Nkm )
tm | H(Nkm )

0

]
≥ a/2. (C.5)

Strictly speaking, we construct {km}m=1,2,... by first finding a sub-sequence {ks}s=1,2...

along which, say,

Pr

[
max
t≤∆ks

{U (Nks )
t − b(Nks )

t } ≥ 0 | H(Nks )
1

]
− Pr

[
U

(Nks )
ts ≥ b

(Nks )
ts | H(Nks )

0

]
≥ 3a/4,

and then find a subsequence of {ks}s=1,2... under H(Nks )
1 in a similar fashion.

By (C.3), and since the distribution of Ũ and any Ut are identical under the null, (C.5)

implies

Pr
[
Ũ (Nkm ) ≥ b

(Nkm )
tm | H(Nkm )

1

]
− Pr

[
Ũ (Nkm ) ≥ b

(Nkm )
tm | H(Nkm )

0

]
≥ a/2.

Setting b(Nkm ) = b
(Nkm )
tm , we obtain a contradiction to (4.17).

Proof of Corollary 4.5.3. For every t such that ρ(∆) ≥ ρ+, the array of distributions
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{Qn,t, n = 1, . . . , N, t ∈ Θ1} is asymptotically stochastically bounded from above by the

sequence of distributions {Q̃(N)
n n = 1, . . . , N} that satisfies (4.15) with ρ = ρ+. Denote

by π̃1, . . . , π̃N P-values obeying (4.14) with Q(N)
n = Q̃

(N)
n and by H̃C

∗
the higher criticism

of π̃1, . . . , π̃N . Note that HC∗
t stochastically dominates H̃C

∗
under H(N)

1 if ρ(∆) ≥ ρ+ and

stochastically identical to H̃C
∗

under H(N)
0 . By (4.16), since ρ+ > ρ∗(β, σ), there exists

{b̃(N)} such that

Pr
[
H̃C

∗ ≤ b̃(N) | H(N)
1

]
+ Pr

[
H̃C

∗
> b̃(N) | H(N)

0

]
→ 0. (C.6)

Set b(N)
t = b̃(N) (fixed for all t) and consider the detection procedure THC = inf{t : HC∗

t ≥

b̃(N)}. Suppose by contradiction that

lim sup
N→∞

sup
t∈Θ1

Pr
[
THC ≤ t | H(N)

0

]
= a, (C.7)

for some a ≥ 0. This implies that there exists a sub-sequence N1 < N2 < . . . ≤ Nk,

k = 1, 2, . . . such that

sup
t∈Θ1

Pr

[
inf
s≤t
{HC∗

s} > b̃(Nk) | H(Nk)
0

]
≥ 3a/4,

and thus a sequence of times t1, t2, . . . (not necessarily in Θ1) such that Pr
[
HC∗

tk
> b(Nk) | H(Nk)

0

]
≥

a/2. However, since each HC∗
tk

has distribution identical to that of H̃C
∗

under H(N)
0 ,

the previous assertion contradicts (C.6) if a > 0. It follows that a = 0 in (C.7) thus

Pr
[
THC ≤ T | H(N)

0

]
→ 0. Finally, for any t such that ρ(∆) > ρ∗(β, σ),

Pr
[
THC ≥ t | H(N)

1

]
≤ Pr

[
HC∗

t ≤ b
(N)
t | H(N)

1

]
= Pr

[
HC∗

t ≤ b̃(N) | H(N)
1

]
≤ Pr

[
H̃C

∗ ≤ b̃(N) | H(N)
1

]
→ 0.

The result follows because the convergence of either term is uniform in t.
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Proof of Theorem 4.5.4. Consider the case □ = LR. Note that

Vt,τ
D
=

(√
∆σZ +

∆

2
µN(r)

)
µN(r) =

1

2

(
σZ +

√
∆µN(r)

)2
− σ2Z2/2

=
1

2
(σZ + µN(r∆))2 − σ2Z2/2

=
1

2
(σZ + µN(r∆))2 (1 + op(1)),

where in the last transition we used that µN(r)→∞ as N →∞ and that

Z2

µ2
N(r(∆))

∼ N−r∆ → 0.

In particular, Vt,τ is unbounded in N . By Lemma C.1.6,

Y LR
t = Vt,τ + op(1),

From the above and using Lemma C.2.1,

−2 log πLR
t (Y LR

t ) = −2Y LR
t (1 + op(1))

= −2(Vt,τ + op(1))(1 + op(1)) = −2(Vt,τ )(1 + op(1))

= (σZ + µN(r∆))2 (1 + op(1)).

Next, consider the case □ = GLR. We have

W 2
t,τ

D
=
(√

∆µN(r) + σZ
)2

= (µN(r∆) + σZ)2 , Z ∼ N (0, 1).

By Lemma C.1.6,

(Y GLR
t )2 = W 2

t,τ + op(1)
D
= (µN(r∆) + σZ)2 + op(1),
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where op(1) represents a RV that goes to 0 in probability as N →∞, uniformly in t. From

here, Lemma C.2.3, and continuous mapping,

−2 log πGLR
t (Y GLR

t )
D
= (Y GLR

t )2(1 + op(1))

D
= (µN(r∆) + σZ)2 (1 + op(1)).

In the last transition, we used µN(r)→∞ as n→∞.

C.2 Properties of change-point detection statistics under the null

The results in this section were not used to prove our main results. They are provided here

for readers interested in analytic expressions for survival functions of Y □
t , □ ∈ {LR,GLR}

that can serve as an alternative to obtaining the distribution of Y □
t by Monte Carlo simula-

tions involving multiple draws of an individual sequence {Xt}.

A considerable effort in the literature on change point detection focused on character-

izing the “steady state” null behavior of Y □
t . The following two lemmas use such results to

provide the asymptotic behavior of π□
t as t → ∞, from which we may obtain asymptotic

P-values as an alternative to simulations. These results show that

π̃LR
t (Y LR

t ) = e−Y
LR
t and π̃GLR

t (Y GLR
t ) = e−(Y GLR

t )2/2,

are asymptotic P-values under (4.6a). The results on the asymptotic power of HC from

[106] apply to these asymptotic P-values.

Lemma C.2.1. Consider πLR
t of (4.8). As x→∞ and log(t)/x→ 0,

−2 log πLR
t (x) = 2x(1 + o(1)) (C.8)

uniformly in t.
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Lemma C.2.2 (Theorem 1 in [89]). As x → ∞, under H0, TGLR
x is asymptotically expo-

nentially distributed with expectation

E
[
TGLR
x

]
∼ (2π)1/2 exp(x2/2)

x
∫∞
0
zν2(z)dz

, (C.9)

where the special function

ν(x) =
2

x2
exp

{
−2

∞∑
n=1

1

n
Φ

(
−x
√
n

2

)}
,

with Φ the standard normal cumulative distribution function.

Lemma C.2.3. Suppose that x → ∞ and t → ∞ such that t ≤ cx2 for some c > 0. Then

under H0,

−2 log πGLR
t (x) = x2(1 + o(1)), (C.10)

where o(1)→ 0.

Proof of Lemma C.2.1. A standard result in change-point detection says that as x → ∞

and t→∞ with log(t)/x→ 0,

ex Pr
[
Y LR
t ≥ x

]
/t→ C

for some constant C. (c.f. [168, Ch 4.3]). Consequently,

−2 log πLR
t (x) = −2 log Pr

[
Y LR
t ≥ x

]
= 2x− 2 log(Ct) + o(1)

= 2x(1− log(C)/x− log(t)/x) + o(1)

= 2x(1 + o(1))
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Proof of Lemma C.2.3. It follows from Lemma C.2.2 that under H0 and t/x2 = O(1), Tx

is asymptotically exponentially distributed with mean

µx := E [Tx|H0] =
√
2π
ex

2/2

xC
,

where C is some numerical constant. Therefore, for x > 0 we may write

Pr
[
Y GLR
t ≥ x

]
= Pr [Tx ≤ t]

= (1− e−t/µx)(1 + o(1)) = t/µx(1 + o(1)).

It follows that

−2 log Pr
[
Y GLR
t ≥ x

]
= 2 log(µx)− 2 log(t) + o(1)

= x2 + 2 log

√
2π

xC
− 2 log(t) + o(1)

= x2(1 + o(1)).

170



APPENDIX D

POINT PROCESS WITH TIME UNCERTAINTY

D.1 Proofs in Section 5.3

Proof of Lemma 5.3.1. By Assumption (A1), we know that ∆r
k > ∆l

k ≥ ∆r
k−1, and then

we have

Pr[∆k|F̃k−1] = Sk(∆
l
k)− Sk(∆r

k)

= exp

{
−
∫ ∆l

k

∆r
k−1

hk(s)ds

}
− exp

{
−
∫ ∆r

k

∆r
k−1

hk(s)ds

}

= exp

{
−
∫ ∆r

k

∆r
k−1

hk(s)ds

}(
exp

{∫ ∆r
k

∆l
k

hk(s)ds

}
− 1

)
. (D.1)

This leads to the expression of the likelihood L as follows, denoting ∆r
0 = 0,

L = Pr[t1 ∈ ∆1, . . . , tn ∈ ∆n, tn+1 > T ] (D.2)

= Pr[∆1] Pr[∆2|F̃1] · · ·Pr[∆n|F̃n−1]Sn+1(T )

=

(
n∏
k=1

exp{−
∫ ∆r

k

∆r
k−1

hk(s)ds}

(
exp{

∫ ∆r
k

∆l
k

hk(s)ds} − 1

))
exp{−

∫ T

∆r
n

hn+1(s)ds}.

(D.3)

Recall the definition of λ(t) as in (5.16), then (D.3) can be written by integrals of λ(t),

which leads to the expression of L as

L =

(
n∏
k=1

exp{−
∫ ∆r

k

∆r
k−1

λ(u)du}

(
exp{

∫ ∆r
k

∆l
k

λ(u)du} − 1

))
exp{−

∫ T

∆r
n

λ(u)du}

=

(
n∏
k=1

(
exp{

∫ ∆r
k

∆l
k

λ(u)du} − 1

))
exp{−

∫ T

0

λ(u)du},
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Taking log proves (5.17).

Proof of Lemma 5.3.2. By (5.18) and under Assumption (A2), we have

λ(t) = µ+
∑
k,trk<j

1

h(trk − tlk + 1)

trk∑
i=tlk

∫
Ii

k(t′, t)dt′, ∀t ∈ Ij.

By the definition of Λj in (5.21),

Λj = µ+
∑
k, trk<j

1

(trk − tlk + 1)

trk∑
i=tlk

1

h2

∫
Ii

∫
Ij

k(t′, t)dt′dt.

The expression (5.24) then follows by the definition of Ki,j in (5.23).

Proof of Lemma 5.3.3. Under (A3), the definition of Λt in (5.26) shows that Λt ∈ σ{yi, i ≤

t− 1}. The expression of log-likelihood as in (5.26) gives that

Pr[y1, · · · , yN ] = eℓ =
N∏
j=1

(
(1− yj)e−hΛj + yj(1− e−hΛj)

)
.

This gives that, for any t ∈ [N ],

Pr[y1, · · · , yt] =
t∏

j=1, yj=1

(1− e−hΛj)
t∏

j=1, yj=0

e−hΛj .

Thus, by definition, Pr[yt = 1|yi, i ≤ t− 1] = 1− e−hΛt .
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D.2 Proofs in Section 5.5

Proof of Lemma 5.5.1. Using the expression (5.51), we have that, denoting ∆r
0 = 0,

L = Pr[(∆1, u1)] Pr[(∆2, u2)|F̃1] · · ·Pr[(∆n, un)|F̃n−1]Sn+1(T )

=
n∏
k=1

(
e
−

∫∆r
k

∆r
k−1

λ̄(s)ds
∫ ∆r

k

∆l
k

λ(t, u)e
∫∆r

k
t λ̄(s)dsdt

)
e−

∫ T
∆r
n
λ̄(s)ds

= e−
∫ T
0 λ̄(s)ds

n∏
k=1

(∫ ∆r
k

∆l
k

λ(t, uk)e
∫∆r

k
t λ̄(s)dsdt

)
.

This proves the expression (5.52).

Proof of Lemma 5.5.2. Under (A3), ∆i = Ij(i) for some j(i) ∈ [N ], and then for t ∈ Ij , by

(5.54),

λ[k](t, u) = µ(u) +
∑

i,j(i)<j

1

h

∫
Ij(i)

k(t′, t;ui, u)dt
′,

because ∆r
i < t if and only if j(i) < j. By Assumption 5.5, for t′ ∈ Ij(i) and t ∈ Ij ,

k(t′, t;ui, u) ≡ Kj(i),j(ui, u). Thus,

λ[k](t, u) = µ(u) +
∑

i,j(i)<j

Kj(i),j(ui, u), ∀t ∈ Ij.

The r.h.s. is a constant independent of t, and this proves the lemma.

Proof of Lemma 5.5.3. Under (A3), we have (5.55) hold, namely

ℓ =
n∑
k=1

log

(∫ Ir
j(k)

Il
j(k)

λ(t, uk)e
∫ Ir

j(k)
t λ̄(s)dsdt

)
−
∫ T

0

λ̄(s)ds.

Applying Lemma 5.5.2, we have

∫ Ir
j(k)

Il
j(k)

λ(t, uk)e
∫ Ir

j(k)
t λ̄(s)dsdt = Λj(k)(uk)

∫ h

0

eΛ̄j(k)(h−t)dt =
Λj(k)(uk)

Λ̄j(k)
(ehΛ̄j(k) − 1),
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and meanwhile, ∫ T

0

λ̄(s)ds =
N∑
j=1

hΛ̄j.

This proves the expression of ℓ as (5.58).

Proof of Lemma 5.5.4. The expression (5.63) implies that Λt is in σ{yi, i ≤ t− 1}. From

the expression of the log-likelihood (5.64), one can verify that

Pr[ȳt = 1|yi, i ≤ t− 1] = 1− e−hΛ̄t ,

and for each u ∈ V ,

Pr[yt(u) = 1|yi, i ≤ t− 1, ȳt = 1] =
Λt(u)

Λ̄t
.

As a result,

Pr[yt(u) = 1|yi, i ≤ t− 1] = (1− e−hΛ̄t)
Λt(u)

Λ̄t
= (1− e−hΛT

t 1)
Λt(u)

ΛT
t 1

,

where in the second equality we used that Λ̄t = ΛT
t 1 by definition (5.57). Writing in vector

form, this gives E[yt|yi, i ≤ t− 1] = Φ(x) with x = hΛt ∈ RV
+.

D.3 Additional experimental details

D.3.1 More details on the time-only data in Section 5.7.1

Choice of hyperparameters

In the experiment with N = 32 and N ′ = 8: The batch size MB = 400, and the maximum

number of epochs kmax = 300. Learning rate: for TULIK-VI, the schedule is set as

γk = 0.4 if k ≤ 100 and γk = 0.2 if 100 < k ≤ 300; for TULIK-GD, the schedule is set as

γk = 0.2 if k ≤ 100 and γk = 0.1 if 100 < k ≤ 300. Regularization: We use the quadratic
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Algorithm 5: Stochastic batch-based training for network case

Input : Training trajectories {y(m)
t }Mm=1, µ0 as initial value of µ; Parameters:

intensity lower bound b, barrier weight δb ; batch size MB, maximum
number of epochs kmax, learning rate schedule {γk}k; Optional: singular
value threshold τSVD, smoothness weight δs

Output: Learned kernel θK and baseline µ

1 Initialize kernel θK ← 0 and baseline on graph µ← µ0

2 for k = 1, . . . , kmax do
3 while loop over the batches do
4 θ ← [µ, θK ]

5 Load MB many training trajectories to form batch YB = {y(m)}m
6 Compute intensities Λ(m)

t [θ] in (5.69) at t = 1, · · · , N for each y(m) in YB,
and let b(m) ← min1≤t≤N,u∈V Λ

(m)
t (u)

7 Split YB = YB,1 ∪ YB,2, where y(m) in YB,1 if b(m) < b, and otherwise in
YB,2

8 if using VI update then
9 gB ← 1

MB

∑
y(m)∈YB,2

Ĝ(m)[θ], Ĝ(m) as in (5.70)
10 else if using GD update then
11 gB ← 1

MB

∑
y(m)∈YB,2

F̂ (m)[θ], F̂ (m) as in (5.71)
12 end
13 if YB,1 not empty then
14 gB ← gB + δb

∑
y(m)∈YB,1

∂θKB
(m)(θ), B(m) as in (5.76)

15 end
16 Update θK ← θK − γkgB
17 For each u ∈ V , solve µ̃(u) as root of (5.75) on YB using bisection search
18 Update µ(u)← 0.9µ(u) + 0.1µ̃(u), ∀u ∈ V
19 end
20 (Optional) if do smoothness regularization of kernel then
21 θK ← θK − γkδs∂θK

∑
u′,u∈V S([Ψi,l(u

′, u)]i,l), S as in (5.74)
22 end
23 end
24 (Optional) if do low-rank truncation of kernel then
25 Rearrange entries in θK into {[Ψi,l(u

′, u)]i,l, u
′, u ∈ V} and concatenate

matrices Ψ← [Ψ(u′, u)]u′,u∈V , Ψ has size (N +N ′)V 2 ×N ′

26 For each (u′, u), Ψ′(u′, u)← Ψ(N ′+1):N,1:N ′(u′, u), and concatenate matrices
Ψ′ ← [Ψ′(u′, u)]u′,u∈V , Ψ′ has size (N −N ′ + 1)V 2 ×N ′

27 r ← number of singular values of Ψ′ larger than τSVD

28 V ← first r right singular vectors of Ψ′

29 Ψ← ΨV V ⊤, and rearrange Ψ into θK
30 end
31 return µ, θK
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barrier in (5.73), the intensity lower bound b = 0.01, the barrier weight δb = 0.1. We apply

the smoothness penalty (5.74) with smoothness weight δs = 0.08.

In the experiment with N = 320 and N ′ = 80: all the choices of optimization hyperpa-

rameters are the same as the experiment with N = 32 and N ′ = 8 except for δs = 0.004.

We apply low-rank truncation after the SGD loops. We select the singular value thresh-

old τSVD ∈ {0.2, 0.4, . . . , 1.2} by minimizing the ℓ1 probabilistic prediction errors on a

validation set with 500 trajectories. This gives τSVD = 0.6 and 0.8 for TULIK-VI and

TULIK-GD respectively. The truncated kernel matrices have rank 3 for both cases and are

plotted in Figure 5.6.

Training dynamics for the data with N = 32 and N ′ = 8

Figure D.1(a) shows the descending dynamics of training negative log-likelihood functions

for both TULIK-VI and TULIK-GD. Meanwhile, Figure D.1(b) shows that the proposed

scheme to learn µ also numerically converges to the truth µ = 0.2 in both TULIK-VI and

TULIK-GD.
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Figure D.1: Training dynamics on simulated time-only event data with kernel function
defined in (5.77), N ′ = 8 and N = 32. (a) The training negative log likelihood over epochs
of TULIK-GD and TULIK-VI. (b) The µ learned by TULIK-GD and TULIK-VI over
epochs. The true value of µ is marked by the solid line at 0.2.
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Detail of alternative baselines

Note that in the GLM model [129], one can allow GLM-L and GLM-S to have non-

stationary coefficients. In GLM, the standard approach to infer parameters is to con-

struct the likelihood function and recover the parameters as MLE [169]. In the work

proposing GLM-S and GLM-I, GLMs are used as part of the model for the Bernoulli pro-

cesses and they train models using VI approach, which is originally introduced in [159]

to adapt to problems with weaker assumptions than the convexity of the likelihood func-

tion. For GLM-based baselines, their VI-based training formally minimizes the L2 loss

LGLM(θ) =
1
M

∑M
m=1 ℓ

(m)
GLM(θ), where

ℓ
(m)
GLM(θ) =

1

2

N∑
t=1

(ϕGLM(Λ
(m)
t (θ))− y(m)

t )2.

The link function ϕGLM(x) can be selected from the linear function xI[0,1](x), where I[0,1](x)

is an indicator function on [0, 1], or the sigmoid function 1/(1 + e−x), corresponding to

GLM-L or GLM-S.

The HP-E method trains on the continuous-time data, which, in this experiment, are

converted from data with uncertainty by assigning ti = jh for the i-th yj = 1. For the

learning of HP-E, since we are using the exponential time-invariant kernel defined in Sec-

tion 5.2.1, we solve the gradient for µ, α, and β and optimize using SGD.

D.3.2 Simulated time-only event data with a time-invariant kernel

Dataset. We set discrete time grids as N ′ = 16 and N = 32 and define a true time-

invariant kernel vector ψ visualized as the gray curve in Figure D.2. Given ψ and µ = 0.2,

we generate Bernoulli process data from (5.27). The training and testing data consist of

4800 and 500 trajectories, respectively.
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Table D.1: Relative Errors (REs) of learned µ, kernel matrix, and probability predictions,
on simulated time-only event data with the kernel vector ψ defined in Figure D.2 with
N ′ = 16 and N = 32. The format are the same as in Table 5.1.

time-only event data with discrete time grids N ′ = 16 and N = 32

RE ×10−2 µ kernel prediction

TULIK-VI TULIK-GD TULIK-VI TULIK-GD TULIK-VI TULIK-GD GLM-L GLM-S HP-E

ℓ1
0.70 0.60 10.73 9.99 2.00 1.89 2.28 5.26 47.19

(0.58) (0.44) (3.49) (2.80) (0.64) (0.51) (0.51) (0.16) (0.94)

ℓ2
– 0.60 7.52 7.02 2.43 2.28 2.80 6.36 52.16

(0.44) (2.51) (2.06) (0.77) (0.62) (0.63) (0.31) (0.94)

ℓ∞
– 0.60 5.86 5.46 3.58 3.36 4.32 9.68 66.53

(0.44) (2.36) (2.11) (1.10) (0.90) (1.12) (1.07) (0.95)

Method. We compute the proposed model following Algorithm 3 and use the vector

fields for the time-invariant kernel, which have been mentioned in Section 5.4.4. The

choice of training hyperparameters is as follows: We set the batch size MB = 400, and

the maximum number of epochs kmax = 60. Learning rate: for TULIK-VI, the learning
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Figure D.2: True time-invariant kernel and recovered kernels on simulated time-only event
data with N ′ = 16 and N = 32. True time-invariant kernel vector ψ is visualized as a solid
curve. The kernels recovered by TULIK-VI and TULIK-GD are shown as a dashed curve
and a dash-dotted curve, respectively.
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Figure D.3: The probability predictions on 3 randomly selected testing sequences. Data is
the simulated time-only event data with time-invariant kernel vector ψ defined in Figure D.2
with N ′ = 16 and N = 32.
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rate schedule is set as γk = 0.4 if k ≤ 20 and γk = 0.2 if 20 < k ≤ 60; for TULIK-GD,

the learning rate schedule is set as γk = 0.2 if k ≤ 20 and γk = 0.1 if 20 < k ≤ 60. Reg-

ularization: We use the quadratic barrier in (5.73), the intensity lower bound b = 0.01, the

barrier weight δb = 0.1. We apply the smoothness penalty (5.74) with smoothness weight

δs = 0.004.

We compare the proposed methods with the baselines including GLM-L, GLM-S, and

HP-E, which can also be computed on the stationary example.

Results. In this time-invariant kernel example, the kernel ψ and the scalor µ are well

recovered, as illustrated by Figure D.2 and the small REs in Table D.1. The probability

predictions are also accurate, as shown in Figure D.3 and Table D.1. In comparison, TULIK

methods outperform the other baselines, and in this case the advantage over GLM-L is mild

(within one standard deviation).

D.3.3 More details on the on-network data in Section 5.7.2

Choice of hyperparameters

We use the batch size MB = 800 and the maximum number of epochs kmax = 150.

Learning rate: for TULIK-VI, the learning rate schedule is set as γk = 0.4 if k ≤ 50 and

γk = 0.2 if 50 < k ≤ 150; for TULIK-GD, the learning rate schedule is set as γk = 0.2 if

k ≤ 50 and γk = 0.1 if 50 < k ≤ 150. Regularization: we use the on-network quadratic

barrier (5.76) with the intensity lower bound b = 0.03 and the barrier weight δb = 0.1. We

adopt the smoothness weight δs = 0.004.

After the SGD loops, we apply low-rank truncation to the kernel matrix as in Algorithm

5. We select τSVD from {0.2, 0.4, . . . , 1.2} by minimizing the ℓ1 probabilistic prediction er-

rors on a validation set with 500 trajectories, and obtain τSVD = 0.8 and 1.0 for TULIK-VI

and TULIK-GD respectively. The truncated matrices Ψ have rank-2 in both cases and are

visualized in Figure 5.9.
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Figure D.4: For simulated on-network event data in Section 5.7.2, we train the model on
40000 trajectories using both TULIK-VI and TULIK-GD. The results from TULIK-VI
and TULIK-GD are visualized as dashed curves and dash-dotted curves, respectively. (a)
The dynamics of training negative log-likelihood over epochs. (c) The dynamics of REs of
learned µ over epochs.
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Figure D.5: Data is the on-network event data in Section 5.7.2. On the same training set,
we increase the learning rate of GD to be 0.4 which is the same as VI, then the training
negative log-likelihood oscillates and converges worse, showing instability in training.

Training dynamics

Figure D.4(a) shows the convergence of training log-likelihood functions for both TULIK-VI

and TULIK-GD. Additionally, Figure D.4(b) validates the on-network approach to learning

µ also numerically converges around 7% relative errors. Such relative errors correspond to

absolute errors on each node around 0.01.

Details of alternative baselines

Note that for on-network event data, in both GLM-L and GLM-S, instead of the link func-

tions, they use link vector field, which is the same link function as defined in time-only
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examples but implemented on each node, to compute the prediction probability. Their

per-trajectory L2 loss can be written as

ℓ
(m)
GLM(z) =

1

2

N∑
t=1

∥ΦGLM(Λ
(m)
t [z])− y

(m)
t ∥22,

where ΦGLM(x) = (ϕGLM(x(u)))u∈V . For the learning of continuous-time multivariate HP-

E, the kernel function becomes k(t′, t;u′, u) = α(u′, u)βe−β(t−t
′) and we perform SGD to

learn µ, (α(u′, u))u′,u∈V and β.

Instability in GD training

Figure D.5 shows the dynamics of training negative log-likelihoods (from epoch 5 to epoch

50) for VI with a learning rate 0.4, and GD with a learning rate 0.2 and 0.4 respectively.

It can be seen that, when the learning rate of GD is set to be the same as VI, the learning

dynamic shows instability.

D.3.4 More on SADs data experiment in Section 5.8.1

We provide additional details for the SADs data and its results.

Data pre-processing

Table D.2 introduces the rules to group measurements into SADs and compute risk scores

for SADs. The Bernoulli process yt(u) on the 13-node network is obtained from the risk

scores on the first 12 nodes, and using spesis onset-or-not on the last node. Specifically, for

the first 12 nodes, risk scores are assigned to indicate the severity of corresponding medical

symptoms. Then for u ∈ {1, · · · , 12}, namely the nodes except for sepsis, yt(u) = 1

means the risk score of node u increases at hour t.
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Table D.2: SAD constructions based on raw observations thresholding and measurements
grouping. For some measurement, if its raw observation exceed corresponding threshold,
then its risk score will be added to the total risk score of corresponding SAD.

SAD name Measurement name Physionet name Threshold Risk score

Renal Injury creatinine Creatinine >1.3 0.667
potassium Potassium >5.0 0.067
phosphorus Phosphate >4.5 0.067
bicarb (hco3) HCO3 >26 0.067
blood urea nitrogen (bun) BUN >20 0.133

Electrolyte calcium Calcium >10.5 0.167
Imbalance chloride Chloride <98 or >106 0.667

magnesium Magnesium <1.6 0.167

Oxygen Carrying hematocrit Hct <37 0.500
Dysfunction hemoglobin Hgb <12 0.500

Shock base excess BaseExcess < −3 0.100
lactic acid Lactate >2.0 0.150
ph pH <7.32 0.750

Diminished sbp cuff SBP <120 0.250
Cardiac Output dbp cuff DBP <80 0.250

map cuff MAP <65 0.500

Coagulopathy partial prothrombin time (ptt) PTT >35 0.250
fibrinogen Fibrinogen <233 0.250
platelets Platelets <150,000 0.500

Cholestasis bilirubin direct Bilirubin direct >0.3 0.100
bilirubin total Bilirubin total >1.0 0.500
alkaline phosphatase Alkalinephos >120 0.400

Hepatocellular Injury aspartate aminotransferase (ast) AST >40 1.000

Oxygenation saturation of oxygen (sao2) SaO2 <92 % 0.500
Dysfunction (lab) end tidal co2 EtCO2 <35 or >45 0.250

partial pressure of carbon dioxide (paco2) PaCO2 <35 or >45 0.250

Inflammation (lab) glucose Glucose >125 0.200
white blood cell count WBC <4,000 or >12,000 0.800

Oxygenation unassisted resp rate Resp >20 0.167
Dysfunction (vital) spo2 O2Sat <92 % 0.333

fio2 FiO2 >21 % 0.500

Inflammation (vital) temperature Temp <36 or >38 0.800
pulse HR >90 0.200

Evaluation metrics

We evaluate the accuracy of sepsis onset prediction using the TPR, TNR, and BA. Since

all patients in the processed data were eventually diagnosed as sepsis patients, the posi-

tive label cannot be defined simply based on sepsis onset. Instead, following the definition

in [128], we consider a meaningful early prediction window (t − 12, t] for a sepsis onset

at time t. A patient is classified as positive if this prediction window intersects with the
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Figure D.6: After grid search in Section 5.8.1, the validation curve for SADs data learned
by TULIK-VI. The curves with circle marker, with cross marker and with dot marker show
TPR, TNR and BA over combinations of hyperparameters. The hyperparameters yielding
largest BA on the validation set are bolded and the corresponding metrics on each curve
are marked by red circles and texts.

time horizon (0, 20], ensuring that early prediction is feasible within the given time hori-

zon. Specifically, patients with sepsis onset at t < 32 are labeled as positive, while those

with onset at t ≥ 32 are labeled as negative, as meaningful early prediction is not possible

within the current time horizon for very late onsets. For a positive patient, a prediction

is considered a true positive if the first predicted sepsis onset occurs within the early pre-

diction window (t − 12, t] ∩ (0, 20]; otherwise, it is classified as a false positive. For a

negative patient, a prediction is considered a true negative if no sepsis onset is predicted

within (0, 20]; otherwise, it is classified as a false negative.

Choice of hyperparameters

We initialize the kernel tensor by filling all zero. The initialization of on-network µ can

refer to Section 5.6.2. To get reasonable results, we randomly leave one validation set

containing 70 many trajectories out of the training data. The remaining 1000 training tra-

jectories will be used to update the kernel tensor and µ. We set the batch size MB = 107,

the maximum number of epochs kmax = 800, and the learning rate schedule γk = 0.4
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for all k ≤ 800. We grid search the intensity lower bound b ∈ {0.002, 0.005, 0.01}, the

barrier weight δb ∈ {0.005, 0.01, 0.02} in the quadratic loss, and the smoothness weight

δs ∈ {0.05, 0.1, 0.2}. Figure D.6 shows the validation curve for the grid search of optimal

hyperparameters. We pick the hyperparameters that have the largest BA across different

combinations. During the training, violations occurs more frequently than the simulations

but most of them will be corrected by the barrier penalty. For each set of hyperparameters,

we compute the probability predictions on the validation set after training. Denote p̂t(u)

as the prediction of E[yt(u)|yi, i ≤ t − 1] in each method. We search for the probability

threshold p̃ between [0, 1] to convert p̂t(u) > p̃ into ones and p̂t(u) ≤ p̃ into zeros to mini-

mize the absolute difference between TPR and TNR on the validation set. Then we select

the hyperparameters yielding largest BA on the validation set for the eventual training on

the whole training data.

D.3.5 More on burglary crime data experiment in Section 5.8.2

We introduce more details for the burglary data experiments.

Data pre-processing

As shown in Figure 5.13, the Atlanta downtown area is uniformly divided into 16 sub-

regions, leading to 16 nodes in the point process model. The indices of the sub-region

follow a latitude-major ascending order (bottom to top, left to right in Figure 5.13). The

Bernoulli process yt(u) on the 16-node network is determined by burglary-or-not within

the hour t at the sub-region u.

Choice of hyperparameters

We initialize the kernel tensor as a zero tensor. The initialization of on-network µ is intro-

duced in Section 5.6.2. To obtain reasonable results, we randomly leave out a validation

set with 250 trajectories from the training data. The remaining 2000 training trajectories
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Figure D.7: Same plot as in Figure D.6. After grid search in Section 5.8.2, the validation
curve for burglary crime data learned by TULIK-VI.

are used to learn the kernel tensor and µ. We set the batch size to MB = 400, the maxi-

mum number of epochs to kmax = 800, and the learning rate schedule to γk = 0.2 for all

k ≤ 800. We perform a grid search over the intensity lower bound b ∈ {0.002, 0.005, 0.01},

the barrier weight δb ∈ {0.005, 0.01, 0.02} in the quadratic loss, and the smoothness weight

δs ∈ {0.05, 0.1, 0.2}. Figure D.7 presents the validation curve for the grid search of optimal

hyperparameters. The hyperparameters that yield the highest BA across different combi-

nations are selected. The search for the probability threshold to convert the probability

predictions to binary observations follows the same process as described in Section D.3.4.
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