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SUMMARY

Coverage control is a framework for effectively distributing a team of mobile robots

over a domain of interest through coordinated control. Deploying real robots typically

requires the consideration of their physical limitations and external constraints, such as

connectivity maintenance or collision avoidance. This thesis investigates the incorporation

of heterogeneous robot characteristics and various constraints into the coverage control

framework. The most fundamental characteristic of a mobile robot is its mobility, which

can also be seen as a constraint. This thesis begins with a coverage problem where a team of

robots with different maximum speeds need to optimally cover a domain in terms of travel

time. We then discuss how robots with different mobility types, e.g., ground and water, can

perform coverage on a domain comprised of multiple terrain types while remaining in their

compatible regions. In addition to mobility constraints, connectivity maintenance is crucial

for coverage control, as it allows robots to collectively cover a domain through data sharing.

Therefore, we examine how robots can establish and maintain a sparse communication

network during coverage. Finally, we introduce a coverage control framework for aerial

robots that effectively covers a given domain by balancing sensor resolution with the area

of sensing and leveraging coverage redundancy.

xiii



CHAPTER 1

INTRODUCTION

The major strength of multi-robot systems directly stems from the inherent use of multi-

ple robots, which typically enhances both ef�ciency and capability. In general, a group of

robots can handle a greater amount of workload than a single robot within the same time-

frame. Furthermore, certain tasks intrinsically require the coordinated efforts of multiple

robots. Thanks to these advantages and recent technological advancements, multi-robot

systems are increasingly being deployed across a wide variety of domains, such as ware-

housing, precision agriculture, search and rescue, and environmental monitoring [1].

To leverage the advantages of utilizing multiple robots and maximize the performance

of the collective, an effective coordination strategy is required. This thesis focuses on

coverage control, a framework that enables the coordinated control of a multi-robot system.

The problem of coverage control deals with the effective distribution of robots across a

domain of interest [1]. The basic idea behind coverage control is to assign each robot a

mutually exclusive part of a domain where it is solely responsible for covering and to move

the robots to positions for best covering their regions. In the coverage control framework,

the relative importance of points within the domain is indicated using density functions

which can represent quantities such as the strength of a signal, probability of an event, or

even an image. This allows robots to achieve different coverage con�gurations using the

same algorithm, only with the difference in the density function. Also, coverage control

algorithms are scalable as they are decentralized in the sense that each robot only requires

information on local density values and neighboring robots.

The standard interpretation of a coverage control problem is introduced in [2] where

the problem was formulated as a locational optimization problem. In the work, how poorly

a domain is being covered spatially by a team of robots is quanti�ed through a measure, a

1



locational cost. The locational cost of a multi-robot team is the summation of the individual

locational cost which is computed over the robot's Voronoi cell [3], the set of points that

are the closest to the robot. With a locational cost, the coverage control problem is solved

by driving each robot against the gradient of the locational cost with respect to its posi-

tion, which leads a robotic con�guration corresponding to a minimizer for the cost. This

formulation serves as a basis for many other coverage control problems.

An important consideration in coverage control is the heterogeneity of robots. Different

robots often exhibit different performance on the same type of task, or they may even

possess completely different functionalities. The heterogeneity in the context of coverage

control have been mostly considered for scenarios involving robots with different sensing

capabilities. Robots equipped with sensors for the same type of events but with different

effective ranges are studied in [4, 5, 6, 7]. Also, coverage control algorithms for robots

with different types of sensors are investigated in [8, 9, 10]. Similarly, [11] considers

robots that change their specializations towards sensing speci�c types of events over time.

In addition to different sensing capabilities of robots, other types of heterogeneity have

been considered including robots with different dynamics [5, 12], or energy consumption

constraints [13].

Certain types of robot heterogeneity can be naturally interpreted as each robot having

different constraints. An example of this is a team of robots with heterogeneous mobility

characteristics. One of the simplest constraints in terms of mobility is the maximum speed

constraint. In reality, a multi-robot team may be comprised of different kinds of robots, e.g.,

different models or manufacturers, which have different maximum speed limits due to their

actuator limits. In scenarios where the purpose of coverage is rapid servicing of events that

requires robots to visit points within its region of dominance, a team of robots with different

maximum speeds need to achieve a temporally optimal coverage con�guration rather than

a spatially optimal one. This problem is addressed in Chapter 3.

The heterogeneity of robots in the context of mobility characteristics is not necessar-

2



ily limited to quantitative properties. The standard coverage control framework implicitly

assumes that every robot in a multi-robot team is able to reach any points within a do-

main of interest. However, the domain may be comprised of different types of terrains,

e.g., land and water. At the same time, a multi-robot team to be deployed on the domain

may consist of robots with completely different dynamics, e.g., a combination of ground

and amphibious robots. In this setup, each type of robots is subject to different accessibil-

ity constraints. In Chapter 4, we discuss a coverage control framework that accounts for

the qualitatively different mobility characteristics of robots, ensuring each robot operates

within its compatible regions within the domain.

In order for a multi-robot team to function as a mobile sensor network, the robots need

to establish and maintain communication links to facilitate data sharing within the team. In

general, wireless communication between a pair of robots requires them to be within a cer-

tain distance of each other. Accordingly, under connectivity constraints, the extent to which

the robots can spread out for coverage may be limited. While establishing and maintaining

connectivity is important, it is preferable to minimize the number of communication links

for each robot to reduce movement constraints and the chance of radio interference. This

problem is addressed in Chapter 5 through a network topology control algorithm.

The utilization of aerial robots, such as UAVs, for area coverage problems offers ad-

vantages over ground robots in terms of mobility, as they are not impeded by obstacles

or varied terrain types. However, this bene�t comes with a cost of complicating coverage

optimization. Since most sensors have limited �eld of views (FOVs), assuming downward-

facing sensors, the total area that a robot monitors depends on its altitude. A higher altitude

yields a larger sensing region, while a lower altitude provides better sensing performance

due to reduced distance. Therefore, aerial robots need to balance between how much area

it covers and how well it covers the area. In Chapter 6, this problem is discussed, including

an extension on determining the optimal overlapping of sensing regions.

The majority of experiments in this thesis were conducted in the Robotarium [14], a

3



remotely accessible multi-robot research testbed. In Chapter 7, GTernal, the next gen-

eration of robots for the Robotarium, is introduced. The robot is designed with a focus

on multi-robot testbed automation, and it offers features including automatic charging and

local collision avoidance.

This thesis is organized as follows. Chapter 2 contains a survey of two essential top-

ics: coverage control and control barrier functions. In Chapter 3, we discuss a coverage

controller for obtaining a temporally optimal coverage con�gurations using robots with

different maximum speeds. Chapter 4 introduces a coverage control framework that keeps

each robot within its compatible regions throughout the deployment. In Chapter 5, we de-

velop a coverage control algorithm for robots with sparse connectivity constraints. Chapter

6 introduces a coverage controller that allows a team of aerial robots to achieve an effective

area coverage based on joint probability of detection. Chapter 7 is devoted to the devel-

opment of GTernal, a robot design for autonomous operation of multi-robot testbed, and

Chapter 8 concludes the thesis.
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CHAPTER 2

BACKGROUND

2.1 Coverage Control

This section introduces the formulation of coverage control problems. The section starts

from homogeneous coverage control where every robot has the same capability. Then, het-

erogeneous coverage control is discussed by extending the homogeneous case with robots

with unidentical capabilities, e.g., different sensors or actuators. Also, cases with time

varying density functions and constrained coverage formulations are introduced.

2.1.1 HomogeneousCoverageControl

In the literature, the most widely accepted formulation of a coverage problem is introduced

in [2]. In this work, the objective of a team of mobile sensors is to optimally cover a convex

domainD � R2. To this end, each robot is �rst assigned an exclusive part of the domain

where it can perform better than any other robots in the team. The performance of a robot

for covering a point is de�ned as the squared of the distance between the robot and the

point. This is because the performance of most sensors degrades with the distance between

the sensor and a signal source. Based on this cost metric, the region of dominance of a robot

is de�ned as the closest set of points from the robot. Formally, the region of dominance of

a robot is de�ned as its Voronoi cell [3],

Vi (p) = f q 2 D j k q � pi k � k q � pj k; 8j 6= ig:

In the above Voronoi cell de�nition,pi ; pj 2 D represent the positions of robotsi andj ,

respectively.

With the region of dominance of each robot de�ned, the coverage cost for the mobile

5



sensor network is de�ned as

H(p) =
nX

i =1

Z

Vi (p)
kq � pi k2� (q)dq

wheren is the total number of mobile sensors, and� : D ! R� 0 is a density function

that quanti�es the importance of the points within the domain. In order to minimize the

coverage cost and obtain an optimal coverage over the domain, each sensor is made to

move against the gradient of the cost with respect to its position. Assuming the sensors

have single integrator dynamics, i.e.,_pi = ui ; 8i , the gradient descent controller for an

arbitrary Roboti is given as

ui = � k(pi � ci (p))

wherek is a positive gain, andci (p) is the center of mass of the Voronoi cell of Roboti .

This result is known as the continuous time version of Lloyd's algorithm [15] that results

in a centroidal Voronoi tessellation (CVT) [16] where every robot is on the center of mass

of its Voronoi cell.

2.1.2 HeterogeneousCoverageControl

The coverage control framework developed in [2] is extended to cases with agents with

quantitatively different capabilities. This is usually done by using a weighted distance

function for computing the cost for a robot to cover a point. With a weighted distance

function, a robot with a better performance has a lower cost for covering a point than

robots with lower performance. As a result, high performing robots become in charge of

larger areas, and low performing robots are in charge of smaller areas. The power distance

function [17],

di (q; pi ) = kq � pi k2 � w2
i ;

is an additively weighted function where a robot with a better performance has a higher

weight,wi . The power distance function is used to take into account different sensing per-
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formances [4, 5] and different actuator performances [5, 12] of robots. Also, the power

distance is used to achieve a collision free coverage using different sizes of disk shaped

robots in [18]. Similar to the power distance function, the multiplicatively weighted dis-

tance function [3],

d(q; pi ) =
kq � pi k

wi
;

is another type of weighted distance function that is explored in the literature. In [6, 19, 7],

multiplicatively weighted distance functions were used to encode the different operation

costs of heterogeneous agents.

The frameworks to incorporate qualitatively different characteristics of robots have also

been discussed in the literature. The strategies to obtain an optimal coverage when each

robot in a team is equipped with different types of sensors is proposed in [8]. In those

studies, the heterogeneity of the robots is modeled as the robots having different density

functions. Similarly, [9, 10] considered cases where each robot in a team is equipped with

multiple types of sensors, and a separate Voronoi diagram is used to determine the coverage

for each event type.

2.1.3 ConstrainedCoverageControl

In reality, robots or agents performing a coverage may have various constraints. One ob-

vious example of this is robots having limited sensing ranges. In [20], a limited-range

locational optimization framework is proposed, and the authors provided extensive anal-

yses for agents with both continuous and discontinuous sensing performance functions.

Similar problem is studied in [21] where the robots have different sensing ranges and vis-

ibility constraints in non-convex environments. In addition to sensing constraints of the

robots, movement constraints of the robots are considered in the literature. In [22, 23], a

distributed control scheme is proposed which allows a team of mobile sensors achieve an

optimal coverage while ensuring reliable communications between the robots. The prob-

lem is formulated as a constrained optimization problem and solved using a Lagrangian.

7



More drastic movement constraints of robots are considered in [24, 25] where the robots

are constrained to move along lines or curves. In the literature, other constrained cover-

age scenarios are considered including energy consumption constraints [13] and robot type

speci�c area constraints [26].

2.2 Control Barrier Functions

Control barrier functions (CBFs) are used as as a means of enforcing safety on autonomous

systems [27]. The approach is based on set invariance which implies that if a system starts

from its safe set, it remains within the set. Consider an af�ne control system,

_x = f (x) + g(x)u;

wherex 2 D � Rn , f andg are locally Lipschitz, andu 2 U � Rm , is an admissible

input. The safe set of the system can be de�ned as

S = f x 2 D � Rn j h(x) � 0g

whereh : D ! R is a continuously differentiable function. Then, the functionh(x) is a

control barrier function (CBF) if there exists an extended classK function� that satis�es

sup
u2 U

[L f h(x) + Lgh(x)u] � � � (h(x))

for all x 2 D . In the above expression,L f h(x) and Lgh(x) are the Lie derivatives in

the direction off andg, respectively. The standard way of compositing a safe controller

using control barrier functions is formulating Quadratic Program (QP) based controller that

�nds the control input that is the closest to the nominal control input and satis�es barrier

constraints [28, 29]. In other words, the safe control inputu that keeps the systemx in its
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safe setS in forward time can be composited through the QP,

u� = arg min
u

ku � ûk2

s:t: L f h(x) + Lgh(x)u � � � (h(x))

whereû is a nominal control input.

2.2.1 Applicationto Multi-RobotSystems

In the context of multi-robot systems, control barrier functions have been utilized to en-

force inter-robot collision avoidance and connectivity maintenance. In [30] collision free

behaviors of multi-agent systems was achieved in a minimally invasive manner using CBFs

in [30]. The work is later extended to cases with heterogeneous robots with different speed

and acceleration limits in [31]. These results are further extended and generalized in [32].

In [33], Finite Time Convergence Control Barrier Function (FCBF) was introduced to en-

sure a group of robots to satisfy desired communication graph constraints within �nite time.

In addition, nonsmooth barrier functions resulting from Boolean compositions of multiple

barrier functions is formally studied in [34, 35] to enforce multiple constraints on multi-

robot systems. Control barrier functions are also utilized to enforce connectivity constraints

between robots through composition of barrier functions in [36, 37].
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CHAPTER 3

COVERAGE CONTROL OF ROBOTS WITH DIFFERENT MAXIMUM SPEEDS

The successful execution of a task by a team of mobile robots primarily depends on driving

them to desired locations. Therefore, the most fundamental constraints stem from the mo-

bility characteristics of robots. In this chapter, we present a coverage control algorithm that

utilizes different maximum speeds of robots to achieve a temporal coverage over a domain,

and the content herein is based on the contributed publication [38].

In traditional coverage problems, the purpose of coverage is typically sensing. There-

fore, robots need to be physically close to points with higher importance to obtain a better

coverage over a domain. On the other hand, the purpose of coverage in this chapter is rapid

servicing of events where robots need to be close to points with higher importance in terms

of time of travel. For example, consider the problem of placing �re trucks across a domain.

Then it is not enough to simply place them so that the �res are detected, but the trucks

also need to be able to get to the �res as quickly as possible. What is at play here are two

different mobility phases in that the �re trucks (robots) �rst need to distribute themselves

effectively. This does not have to be done quickly—no sirens need to be blaring—but it

should be done so that a rapid response is possible if a �re does erupt. The second phase, in

contrast, should have the �re trucks move at maximum speed in order to put out the �res as

quickly as possible. Additionally, if the robots have different maximum speeds, the regions

of dominance must be modi�ed correspondingly; faster �re trucks should be responsible

for a larger area as compared to their slower counterparts.

To date, relatively little has been done when it comes to examining the role of hetero-

geneous mobility for coverage control. Embracing the idea that faster robots should be in

charge of a larger area than slower robots, [5, 12], adjusted the size of the Voronoi cells (the

robots' regions of dominance) through an additively weighted Voronoi diagram, which is
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also referred to as a Power Diagram [17]. Although properly re�ecting the idea that faster

robots should control larger regions, such a construction is not exact in the sense that all

points belonging to a particular region of dominance should be the ones that can be reached

faster by the robot in that region than by any other robots.

Based on this observation that a robot should be assigned exactly those points that it

can reach faster than any other robot, this chapter proposes a coverage control scheme

for robots with different maximum speeds which minimizes the time for each agent to

reach any points in its region of dominance. In [6] and [7], multiplicatively weighted

(MW) Voronoi diagrams were used to �nd and minimize coverage “holes” for a group of

mobile sensors with different sensor ranges. In [19], the diagrams were similarly used

to minimize the overall cost over a multi-agent system where each agent has a different,

individual operating cost. By drawing from these past ideas, in this chapter, multiplicatively

weighted (MW) Voronoi diagram is utilized as a characterization of the areas that can be

reached by the robots in each cell in the shortest amount of time. Accordingly, the �rst

mobility phase, i.e., the effective distribution of robots, should result from the minimization

of an appropriate cost function, and, accordingly, this cost function takes as its basis time

instead rather than distance. The corresponding controller subsequently drives the robots

to the con�guration that minimizes this new cost function; achieving an effective temporal

covering rather than a spatial covering.

This chapter is organized as follows. Section 3.1 introduces MW Voronoi cells by

replacing the distance function in the de�nition of the regular Voronoi cell with the time it

takes for a robot to get to a point when driving at a constant, maximum speed. The resulting

bisector geometry delineating the cells belonging to neighboring robots in a MW Voronoi

diagram is discussed. In Section 3.2, a controller that drives the robots to a locally optimal

con�guration for minimizing the new cost function is derived. Section 3.3 demonstrates

the experimental results.
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3.1 Multiplicatively Weighted Voronoi Diagrams

Consider a convex domainD 2 R2 that is to be covered by a team ofN robots. Letpi 2 D

be the position of thei th robot andp = [ p>
1 ; p>

2 ; � � � ; p>
N ]> 2 R2N be the position vector

for theN robots in the system. Also, let us de�neN as the set of indices of robots, i.e.,

f 1; � � � ; N g, and denotei; j 2 N . The standard Voronoi cell of thei th robot is de�ned as

Vi (p) = f q 2 D j d(q; pi ) � d(q; pj ); 8j 6= ig (3.1)

whered(q; pi ) is the distance between the pointq 2 D andpi . Typically, this is just the

Euclidean distance, which is also what will be adhered to for the remainder of the chapter.

Correspondingly, the Voronoi cellVi (p) represents all pointsq that are closer to Roboti

than to all other robots. An example of the Voronoi diagram consisting of these Voronoi

cells is shown in Fig. 3.1.

Now, if the pointq is a point that may need to be visited by the robot as quickly as

possible, e.g., this might be the location of a �re that must be put out, one can de�ne a

different Voronoi cell

Vt;i (p) = f q 2 D j t(q; pi ) � t(q; pj ); 8j 6= ig; (3.2)

wheret(q; pi ) is the time of travel for thei th robot to get to pointq. As prescribed, (3.2)

represents all pointsq that can be reached faster by Roboti than by all other robots.

Additionally, as the events must be serviced urgently, as is the case in the �re scenario,

the travel to that point should happen at maximum speed. Assuming the robots are covering

relatively large areas compared to their mobility, e.g., similar to a �re station covering a

whole town or district, which leads to a sparse formation of the robots, the region that can

be reached by a robot in the shortest amount of time can be accurately approximated only

with the maximum speed of the robot, i.e., other mobility aspects such as acceleration have
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Figure 3.1: A standard Voronoi diagram for a team of 10 robots obtained with the Euclidean
distance metric as de�ned in (3.1).

virtually no in�uence in determining the region of dominance. Therefore we can let

t(q; pi ) =
d(q; pi )

vi
;

wherevi > 0 is the maximum speed of thei th robot, i.e.,

VMW;i (p; v) =

(

q 2 D

�
�
�
�
�

d(q; pi )
vi

�
d(q; pj )

vj
; 8j 6= i

)

(3.3)

which, by de�nition, is a multiplicatively weighted (MW) Voronoi cell. In the above ex-

pression,v = [ 1
v1

; 1
v2

; � � � ; 1
vN

]> is the vector containing the inverse of the maximum speeds

of the robots. An example of the Voronoi diagram consisting of these cells is shown in

Fig. 3.2. From the de�nition (3.3), if all robots have the same maximum speed, i.e.,

vi = vj ; 8i; j , we get a standard Voronoi diagram as per (3.1).

Unlike the straight line bisectors that delineate regions in regular Voronoi diagrams, the

bisector between two neighboring robots in a multiplicatively weighted Voronoi diagram is

a circle, and we state this fact as a lemma.

Lemma 1 (Bisector of a MW Voronoi diagram). The bisector between two robots with
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Figure 3.2: A multiplicatively weighted Voronoi diagram for a team of 10 robots obtained
with the time metric as de�ned in (3.3). For comparison purposes, the placement of the
robots in the domain is identical to the one presented in Fig. 3.1 for the standard Voronoi
diagram. Here,vi;max 6= vj;max , for some robotsi and j , which results in a different
geometry for the Voronoi cells.

different maximum speeds is a circular segment, given by

bij =

(

q 2 D

�
�
�
�
�








 q �

v2
j pi � v2

i pj

v2
j � v2

i








 =

vi vj kpi � pj k
v2

j � v2
i

)

; (3.4)

where
v2

j pi � v2
i pj

v2
j � v2

i
is the center of the circle andvi vj kpi � pj k

v2
j � v2

i
, its radius [3]. It is assumed that

vj � vi without loss of generality.

The lemma can be proved by manipulating the boundary de�nition of the multiplica-

tively weighted Voronoi cells betweeni andj , given by the pointsq 2 D that satisfy

kq � pi k
vi

=
kq � pj k

vj
:

Note that in case ofvi = vj , the boundary between the two robots becomes a circle with

in�nite radius, which is a line, as shown in [3].

In a multiplicatively weighted Voronoi diagram with two robots with different maxi-

mum speeds, the slower robot is always inside the circular bisector de�ned in (3.4), and

therefore, the region inside the circular boundary is the region of dominance belonging to

the slower robot. We also state this as a lemma.
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Figure 3.3: A multiplicatively weighted Voronoi diagram calculated for 2 robots. Here, the
ratio of the maximum speeds between the robot on the left and the robot on the right is 3:1.
From the �gure, it can be identi�ed that the area enclosed by the circular boundary belongs
to the slower robot on the right.

Figure 3.4: Visualization of the distance from the center of the circle,ci , to the position of

Robot i,pi , and the radius of the circle,r i . Here,ci =
v2

j pi � v2
i pj

v2
j � v2

i
andr i = vi vj kpi � pj k

v2
j � v2

i
.

Lemma 2 (The MW Voronoi cell of the slower robot). In a MW Voronoi diagram con-

structed with two robots that have different maximum speeds, the MW Voronoi cell of the

slower robot is the area enclosed by a circular boundary and possibly the boundaries of

the coverage domain as shown in Figure 3.3.

Proof. Note the right hand side of (3.4) is the radius of the circular boundary between the

two robots. In order to prove that the circular region belongs to the slower robot, we need

to prove the distance from the center of the circle to the position of the slower robot,pi , is

always less than or equal to the radius of the circle as described in Fig. 3.4. This condition
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can be represented with the inequality








 pi �

v2
j pi � v2

i pj

v2
j � v2

i








 �

vi vj kpi � pj k
v2

j � v2
i

: (3.5)

Simplifying the expression inside the norm on the left hand side of (3.5) yields

v2
i kpi � pj k
v2

j � v2
i

�
vi vj kpi � pj k

v2
j � v2

i
: (3.6)

Since we previously de�nedvi � vj without loss of generality, (3.6) holds true. Therefore,

the area enclosed by the circular boundary is the multiplicatively weighted Voronoi cell of

the slower robot.

3.2 Temporal Coverage Control

The main objective of most coverage control problems is to spread out robots across a

domain so as to make them able to effectively detect events/phenomena that are expected to

occur. Therefore, in such scenarios, the robots are distributed such that the spatial coverage

over the domain is maximized given the probability density of the events/phenomena over

the domain. Accordingly, the cost function of the multi-robot system to be minimized is

typically given by the locational cost

H(p) =
NX

i =1

Z

Vi (p)
kq � pi k2� (q)dq; (3.7)

where� : D ! R� 0 is the density function which describes the probability of an event or

phenomenon occurring at the pointq, [2].

3.2.1 TemporalCostFunction

On the other hand, if the objective of the coverage is rapid servicing of events, e.g., for the

�re truck placing problem mentioned earlier in the chapter, the robots need to be distributed
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over the domain such that the temporal coverage over the domain is maximized. In other

words, the time for robots to reach any weighted points in their region of dominance needs

to be minimized. The new cost function that re�ects this ambition needs to take the different

maximum speeds into account as

H v(p) =
NX

i =1

Z

VMW;i (p;v)

kq � pi k2

v2
i

� (q)dq; (3.8)

wherev is the vector containing the inverse of maximum speeds of the robots, and the

region of integrationVMW;i (p; v) is the multiplicatively weighted Voronoi cell of the Robot

i with gain 1
vi

. This cost can be interpreted as the sum (in an integral sense) of all times

squared needed for the robots to get to every point with a weighted distance in their Voronoi

cells. We denote this new cost as atemporal cost(as opposed to a locational cost).

3.2.2 GradientDescentController

In order to make the robots maximize the temporal coverage over the domain, the temporal

cost in (3.8) needs to be minimized. This can be achieved by letting the robots follow

against the gradient of the cost with respect to their positions, which eventually makes the

robots converge to local minimizers. To this end, the gradient of the cost with respect

to an arbitraryi th robot needs to be computed. Since the temporal cost can be seen as

the locational cost in (3.7) with MW distance functions and MW Voronoi cells, we use

a generalized MW locational cost function for computing the gradient to provide a more

generalized gradient analysis. The function is de�ned as

H g(p) =
NX

i =1

Z

VMW;i (p;� )
� i kq � pi k2� i (q)dq; (3.9)

where� = [ � 1; � � � ; � n ]> is the vector containing the multiplivative weights of the robots

for computing their Voronoi cells with� i 2 R> 0 8i , and� i 2 R> 0 8i is the multiplicative

weight on the distance function of the Roboti . Also, each robot may be equipped with
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different types of sensors, which leads to the robot speci�c density function,� i (q).

The computation of the gradient of (3.9) with respect topi involves derivatives of inte-

grals. Therefore, Leibniz integral rule must be applied.

Lemma 3. (Leibniz Integral Rule [16]) Let
( p) be a region that depends smoothly onp

such that the unit outward normal vectorn(p) is uniquely de�ned almost everywhere on

the boundary@
( p). Let

F =
Z


( p)
f (p; q)dq:

Then,
@F
@p

=
Z


( p)

@
@p

f (p; q)dq+
Z

@
( p)
f (p; q)n(q)> @q

@p
dq:

Using Lemma 3, we obtain the following theorem.

Theorem 1. Given the cost function in the form of(3.9), the gradient of the cost with

respect to the position of Roboti is given as

@H g(p)
@pi

= 2� i m�;i (p)(pi � c�;i (p))>

+
X

j 2N i

Z

@VMW;ij

� 2
i (q � pi )>

k� 2
i (q � pi ) � � 2

j (q � pj )k
(� i kq � pi k2� i (q) � � j kq � pj k2� j (q))dq

(3.10)

where@VMW;ij is the boundary between robotsi andj , and

m�;i (p) =
Z

VMW;i

� i (p)dq; c�;i (p) =

R
VMW;i

q� i (p)dq

m�;i (p)

are the mass and the center of mass of the MW Voronoi cell of thei th robot, respectively.

Also, the dependence ofp and� on the MW Voronoi cells and the boundaries between them

was omitted for notational convenience.
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Proof. The cost in Equation (3.9) can be divided into three terms as

H g(p) =
Z

VMW;i

� i kq � pi k2� i (q)dq

+
X

j 2N i

Z

VMW;j

� j kq � pj k2� j (q)dq

+
X

j =2N i [f i g

Z

VMW;j

� j kq � pj k2� j (q)dq

(3.11)

whereN i is the set containing the indices of the Delaunay neighbors of Roboti . By De-

launay neighbors, we refer to those robots that share a boundary in the Voronoi partition.

Then, taking partial derivative of the above expression with respect topi gives

@H g(p)
@pi

=
@

@pi

 Z

VMW;i

� i kq � pi k2� i (q)dq

!

+
@

@pi

 
X

j 2N i

Z

VMW;j

� j kq � pj k2� j (q)dq

! (3.12)

where the partial derivative of the last term in (3.11) with respect topi is 0 because the

term does not depend onpi . Applying Lemma 3 to (3.12), and using the relationship that

ni (q) = � nj (q) along the boundary between neighboring robotsi andj , we get

@H g(p)
@pi

= 2� i

Z

VMW;i

(pi � q)> � i (q)dq

+
X

j 2N i

Z

@VMW;ij

� i kq � pi k2ni (q)> @q
@pi

� i (q)dq

�
X

j 2N i

Z

@VMW;ij

� j kq � pj k2ni (q)> @q
@pi

� j (q)dq:

(3.13)

where@VMW;ij is the boundary between robotsi andj .

Now, we need to simplify the term,ni (q)> @q
@pi

. First, letq on the boundary between

Robot i andj , @VMW;ij , be parameterized with respect to the arclength parameters, i.e.,

q(s; pi ; pj ). From the de�nition of the multiplicatively weighted Voronoi cell in (3.3), the
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boundary between two MW Voronoi cells can be represented by all pointsq satisfying the

condition,

� i kq � pi k = � j kq � pj k: (3.14)

Squaring both sides of (3.14) and taking partial derivative of both sides with respect to the

arclength parameters gives

(� 2
i (q � pi ) � � 2

j (q � pj ))> @q
@s

= 0:

Note that@q
@sis the tangential vector of the boundary. Therefore,

� 2
i (q � pi ) � � 2

j (q � pj ) (3.15)

is the normal vector of the boundary.

In order to utilize Lemma 3, we need to know if the vector (3.15) is outward normal

vector or inward normal vector. To check this, �rst let� i = 1
vi

and� j = 1
vj

. Substituting

� i and� j into (3.15) and simplifying the expression yield

v2
j � v2

i

v2
i v2

j

�
q �

v2
j pi � v2

i pj

v2
j � v2

i

�
: (3.16)

Note that
v2

j pi � v2
i pj

v2
j � v2

i
is the center of the circular boundary between Roboti andj in (3.4).

Therefore, the vector term inside the parentheses in (3.16) is pointing towards any pointq

on the circular boundary from the center of the circle. Ifvi < v j , this direction does not

change. According to Lemma 2, the MW Voronoi cell of the slower roboti is enclosed by

the circular boundary. Therefore, in this case, (3.16) is the outward normal vector of Robot

i on the boundary between Robotsi andj . On the other hand, ifvi > v j , the direction of the

vector (3.16) is from the boundary of the circle towards its center. However, since Roboti is

the faster robot in this case, the normal vector is again the outward normal vector of Roboti

along the boundaries between Roboti andj . Therefore, (3.15), which is identical to (3.16),
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is always the outward normal vector of the MW Voronoi cell of Roboti . Accordingly, the

unit outward normal vector of the MW Voronoi cell of Roboti on the boundary,ni (q), is

given as

ni (q) =
� 2

i (q � pi ) � � 2
j (q � pj )

k� 2
i (q � pi ) � � 2

j (q � pj )k
: (3.17)

Next, taking the partial derivative of both sides of the squared terms of (3.14) with

respect topi yields

(� 2
i (q � pi ) � � 2

j (q � pj ))> @q
@pi

= � 2
i (q � pi )> : (3.18)

Finally, dividing both sides of (3.18) byk� 2
i (q � pi ) � � 2

j (q � pj )k and substituting (3.17)

into the equation gives

ni (q)> @q
@pi

=
� 2

i (q � pi )>

k� 2
i (q � pi ) � � 2

j (q � pj )k
: (3.19)

In case of� i = � j , which implies the boundary between Roboti andj is a straight line,

(3.17) and (3.19) still hold, and the results are consistent to what were shown in [8]. Plug-

ging (3.19) back into (3.13) and simplifying the boundary terms give the generalized gra-

dient expression in (3.10).

Corollary 1. In case of the cost function in(3.9)becoming a temporal cost as in(3.8)with

� 2
i = 1

� i
= v2

i ; 8i 2 N , the generalized gradient expression in(3.10)is simpli�ed to

@H v(p)
@pi

=
2
v2

i
mv;i (p)(pi � cv;i (p))> :

wheremv;i (p) and cv;i (p) are the mass and the center of mass of thei th cell in the MW

Voronoi diagram with weightsv = [ 1
v1

; � � � ; 1
vN

]> .

Corollary 2. In case of the cost function in(3.9) becoming a locational cost with� i =

21



� i = 1 and� i (q) = � (q); 8i 2 N , the gradient expression in(3.10)is reduced to

@H(p)
@pi

= 2m~1;i (p)(pi � c~1;i (p))>

as derived in [2], where~1 is a column vector of ones. Note thatm~1;i (p) andc~1;i (p) are the

mass and the center of mass of the standard Voronoi cell of Roboti .

Corollary 3. In case of the cost function in(3.9) with � i = � i = 1; 8i 2 N , and if each

robot has a different density function,� i (q), (3.10)simpli�es to

@H C(p)
@pi

= 2m~1;i (p)(pi � c~1;i (p))>

+
X

j 2N i

Z

@Vij

(q � pi )> kq � pi k2

kpj � pi k
(� i (q) � � j (q))dq

where~1 is a column vector of ones, andm~1;i (p) andc~1;i (p) are the mass and the center of

mass of the standard Voronoi cell of Roboti . Also,@Vij is the boundary between standard

Voronoi cells of Roboti andj . This result corresponds to the gradient of the heterogeneous

locational cost for coordination derived in [8].

Since our goal in this chapter is to minimize a temporal cost, we focus on Corollary 1.

Assuming single integrator dynamics that_pi = ui , the gradient descent controller of thei th

robot for the temporal cost,H v(p), is given as

_pi = �
2
v2

i
mv;i (p)(pi � cv;i (p)): (3.20)

We can now scale this with any positive scalar to get a controller that is simpler to express

and manage. At the same time, although we are not interested in having the robots move at

maximum speed at this point—the �re trucks are spreading out waiting for a �re as opposed

to moving at full speed to put out a �re—we do need to make sure that no robot is required

to go faster than its maximum speed during this phase of the deployment.
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To this end, we can multiply the controller in (3.20) by a gain,
 i (p; vi ) = v2
i

2mv;i (p) k̂i > 0,

which gives the new update law

_pi = � k̂i (pi � cv;i (p)); (3.21)

which is akin to Lloyd's algorithm. Here,̂ki is selected to be a saturation function that

limits the speed of each robot to its maximum value, i.e.,

k̂i (p; vi ; ki ) = min
�

vi

ki kpi � cv;i (p)k
; 1

�
ki ; (3.22)

whereki > 0 is the gain of thei th robot before saturation.

Proposition 1. Under the controller in(3.21), robots are asymptotically stable and con-

verge to a stationary con�guration.

Proof. The time derivative of the temporal cost is

dH v(p)
dt

= �
NX

i =1


 i (p; vi )












@H v(p)
@pi

>











2

which is negative de�nite. Since the set ofp that makes the time derivative be0 is equal

to the equilibrium of the system,pi = cv;i (p); 8i 2 N , according to LaSalle's invariance

principle,pi converges tocv;i for all i 2 N ast ! 1 .

The new update law is active during the �rst mobility phase where robots (or �re trucks,

for example) distribute themselves over a domain, and this does not have to be done quickly.

Therefore, the asymptotic convergence property does not impede the rapid servicing of

events, which will take place in the second mobility phase.
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3.3 Experimental Results

In the previous section, we derived the controller for the multi-robot team for the �rst

mobility phase. The proposed controller allows the robots to achieve a con�guration that

minimizes the temporal cost of the system. In order to demonstrate the effectiveness of

this con�guration for rapidly servicing events which take place in the second mobility

phase (e.g., a �re truck moving at its maximum speed to put out a �re), we evaluate the

performance of a multi-robot team consisting of 10 robots under three different coverage

scenarios at the Robotarium [39].

To this end, the total number of 100, 1,000, 10,000, and 100,000 target points are

randomly generated from a density function� (q). Then, the average time for the robot

team to capture a target (i.e., the average time for a robot in the team to reach a target

within its region of dominance) is calculated using the maximum speeds of the robots

for each scenario. In the �rst scenario, the robots achieve a coverage con�guration using

Lloyd's algorithm as in [2]. In the second scenario, the robots use the temporal cost gradient

descent controller in (3.21). In the third scenario, the robots use the power cost gradient

descent controller in [4] where the cost function is de�ned as

H p(p) =
NX

i =1

Z

Vp;i (p)

�
kq � pi k2 � v2

i

�
� (q)dq

whereVp;i (p) is (3.1) with the distance function,dp;i (q; pi ) = kq � pi k2 � v2
i . The �nal

spatial con�guration obtained in each scenario for the same initial condition is depicted in

Fig. 3.5. In the same �gure, the density function used for the experiments is described as

gradation of colors. In order to prevent possible inter-agent collisions, the built-in control

barrier function in the Robotarium [39] was used during the �rst mobility phase.

The ratios of maximum speed between robots used in the experiments are described by

a vector,r = [2; 3; 1; 1; 2; 2; 3; 2; 2; 3] wherer i represents thei th element in the vector. The

actual maximum speed of a robot was set tovi = 0:15r i min(r 0) wherer 0 = f 1
r 1

; � � � ; 1
r 10

g.
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In order to simulate an environment where the robots are covering a relatively large area

compared to their mobility as mentioned in 3.1, the gains of the robots before saturation in

(3.22) were set toki = r i min(r 0); 8i so that they are proportional to the maximum speeds

of the robots.

The rectangular boundaries of the Robotarium are de�ned as [-1.6, 1.6] for the X-

coordinate and [-1, 1] for the Y-coordinate (all the dimensions in meters), where the origin

is located at the center of the rectangle. The MW Voronoi cells of the robots were computed

numerically by applying (3.3) to a400� 640pixel grid over this rectangular domain. The

density function used for the experiment is the sum of two bivariate normal distributions

de�ned as

� (q) =
1

4�
p

j� j

2X

i =1

exp
�

�
1
2

(q � � i )> � � 1(q � � i )
�

(3.23)

where� i is the mean of the distribution and� , the covariance matrix. Speci�cally, the

mean and the covariance of (3.23) are chosen as� 1 = [0:8; 0:8]> , � 2 = [ � 0:8; � 0:8]>

and� = 0 :3I whereI is the2 � 2 identity matrix. From this distribution, 100, 1,000,

10,000, and 100,000 target position vectors were randomly generated. Any target positions

obtained from the distribution that exceeded the Robotarium boundary were discarded and

redrawn.

(a) Lloyd (b) Temporal Cost Gradient De-
scent

(c) Power Cost Gradient Descent

Figure 3.5: The �nal coverage formations of the robots using 3 different algorithms. The
density function is represented as gradation of colors where colors close to yellow indicate
higher density, and colors close to blue indicate lower density. The initial con�guration
of the robots for all cases is described in Fig. 3.1 and Fig 3.2. The maximum speed ratio
between robots arer = [2; 3; 1; 1; 2; 2; 3; 2; 2; 3].
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(a) Case 1 (b) Case 2 (c) Case 3

Figure 3.6: Three different sets of 100 target points randomly generated from the density
function in (3.23). Each target point is shown as a red dot.

Table 3.1: Average time to reach a target for 100 targets randomly generated from (3.23)

Case Lloyd Temporal Cost G.D. Power Cost G.D.
1 1.8500(s) 1.5213(s) 1.7347(s)
2 1.6520(s) 1.5193(s) 1.4247(s)
3 1.7073(s) 1.5047(s) 1.5327(s)

In order to check that the con�guration obtained using the proposed controller yields

the lowest average time to reach a target, the average times to reach a target for different

number of target points were computed for each scenario. For the 100 targets case, since

100 is a relatively low number to accurately describe a density function, 3 different sets

of samples were used as shown in Fig. 3.6 to check for cases where the targets do not

accurately describe the density function� (q), which may allow other coverage formations

perform better than the proposed one. For Case 2 in Fig. 3.6, power cost gradient descent

performed better than the temporal cost gradient descent as can be con�rmed in TABLE

3.1. However, from TABLE 3.2, it can be identi�ed that the coverage formation achieved

by the proposed temporal cost gradient descent controller consistently outperforms others

with larger number of targets which well describe the density.

Table 3.2: Average time to reach a target for different number of targets randomly generated
from (3.23)

nTargets Lloyd Temporal Cost G.D. Power Cost G.D.
1,000 1.7767(s) 1.4973(s) 1.5353(s)
10,000 1.7567(s) 1.5227(s) 1.5593(s)
100,000 1.7687(s) 1.5333(s) 1.5747(s)
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CHAPTER 4

COVERAGE CONTROL WITH MOBILITY BASED OPERATING REGIONS

This chapter introduces a coverage control framework that accounts for constraints arising

from qualitatively heterogeneous mobility characteristics of robots. In scenarios involving

a domain with multiple terrain types and robots with multiple mobility types, each robot

may have different regions that they have access to. For example, if a domain of inter-

est consisting of ground and water regions is to be covered with a heterogeneous team of

ground and amphibious robots, ground robots only have access to ground regions whereas

amphibious robots can operate on both regions. Motivated by this idea, this chapter pro-

poses a new coverage controller that achieves an optimal coverage while keeping each robot

within their accessible regions in such multi-terrain and multi-species coverage scenarios.

A few studies considered the heterogeneity of the domain to limited degrees. In [19],

[40], strategies to achieve static coverage con�gurations of robots while avoiding collisions

with obstacles were proposed. Similarly, [41], [42] discussed how to maintain persistent

coverage over a domain with obstacles. These works implicitly embraced the heterogeneity

of the domain by restricting access of the robots to areas without obstacles. In [26], a

domain was explicitly divided into multiple areas, and each area was selectively covered

by a speci�c type of sensors. However, the sensors in this chapter did not have any mobility

constraints, so any types of sensors could operate on the whole domain.

In contrast to these previous results, this chapter considers coverage scenarios where

each robot has access to different parts of a domain based on its type and current posi-

tion. Accordingly, the robots start from their safe operating regions, and they are driven

towards optimal coverage locations within the regions. To this end, the domain of interest

is categorized into smaller subdomains to identify the acceessible domain (safe operating

region) of a robot. As it was the case for Chapter 3, the meaning of coverage is extended
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to potential servicing of events, i.e., a robot may be required to visit any locations within

its region of dominance. Therefore, the Voronoi cell of each robot is restricted to the areas

within its accessible domain. The locational cost of the system is rede�ned with the new

Voronoi cells of the robots, and a gradient descent controller is used to drive each robot to

locally optimal positions for minimizing the cost. To account for cases where the accessi-

ble domain of a robot being non convex, control barrier functions (CBFs) [27] are utilized

to keep each robot in their safe operating regions in a minimally invasive manner.

The organization of this chapter is as follows. Section 4.1 describes the process of

categorizing a domain into subdomains to identify accessible domains which are safe oper-

ating regions of robots. Based on the accessible domains of robots, the mobility constrained

Voronoi cells of robots are de�ned. In Section 4.2, the locational cost function of the system

is rede�ned with mobility constrained Voronoi cells, and the gradient descent algorithm for

the new cost is derived. In Section 4.3, control barrier functions to keep each robot within

its safe region is discussed. Section 4.4 demonstrates experimental results that show the

effectiveness of the proposed controller.

4.1 Domain Categorization and Mobility Constrained Voronoi Cells

This section presents a topology for categorizing a heterogeneous domain comprised of

multiple types of terrains. This categorization is essential for de�ning the regions com-

patible with robots of a speci�c species. Based on this topology, the concept of mobility

constrained Voronoi cell is introduced.

4.1.1 DomainCategorization

In a coverage scenario involving a domain of interest with multiple terrain types and robots

with multiple mobility types, each robot should be operating on its compatible types of

terrains. Otherwise, some robots may be damaged either partially or completely. An exam-

ple of this would be ground robots driven into a river. In order to keep robots within their
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accessible regions, we �rst need to de�ne the accessible regions of the robots. To this end,

the domain of interest is �rst categorized into subdomains.

Consider a two dimensional domainD 2 R2 to cover with a team of robots with differ-

ent mobility types. The domain is then partitioned into subdomains so that

D =
nw[

w=1

Dw

where each subdomainDw represents a speci�c type of terrain within the domain, and

nw 2 N is the total number of subdomains. Also, letW = f 1; � � � ; nwg be the set of

the indicies of all subdomains. Since each subdomain represents a type of terrain, the

subdomains do not overlap with each other, i.e.,D �
i \ D �

j = ; ; 8i; j 2 W where� notation

denotes interior of a set. An example of a domain categorized into subdomains is in Fig. 4.1

whereD1 andD2 represent ground and water terrains, respectively. In this case,nw = 2

andW = f 1; 2g. Note that there are two disconnected ground regions in the example.

However, since each subdomain represents a type of terrain, the two disconnected ground

regions are classi�ed asD1, and a water region between the ground regions is classi�ed as

D2.

Figure 4.1: An example of subdomains and connected subdomains.

Now, let N = f 1; � � � ; ng be the set containing the indicies of all robots wheren is

the total number of robots in the team. The position of Roboti is represented aspi 2 R2,

and the vector containing the positions of all robots is de�ned asp = [ p>
1 ; � � � ; p>

n ]> . In

addition, letS = f 1; � � � ; nsg be the set containing all types of species, i.e., the types of

robots, in the heterogeneous team. Further, let us de�ne a functions : N ! S which takes

the index of a robot and returns the species of the robot. Consider an example in Fig. 4.2.
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If we de�ne 1 as rabbit type and2 as turtle type,S = f 1; 2g. The species of a robot with

indexi can be obtained by plugging the index into the function ass(i ). In the example, the

species of the robot with index2 can be found ass(2) = 2 , which is turtle.

Figure 4.2: An example of a robot team consisting of 3 robots in 2 species. The indicies of
the robots are shown below them.

Different types of robots may be limited in terms of the types of terrains that they can

operate on. For example, consider a case of deploying a heterogeneous team of the rabbit

and turtle robots in the domain described in Fig. 4.1. If we naturally assume that the rabbits

are ground robots, and the turtles are amphibious robots, the rabbits can only operate on the

regions within the ground subdomainD1 while the turtles can operate on the whole domain

D. We denote the union of subdomains where robots in speciess(i ) 2 S can operate on as

the feasible domain of the species,F s(i ) � D . Accordingly, the feasible domain of rabbit

robots in Fig. 4.1 isD1, and that of turtle robots isD.

The subdomains need to be further categorized into smaller regions because there exists

an ambiguity if the domain to be covered have disconnected subdomains asD1 in Fig. 4.1.

Consider a case where a rabbit robot is deployed in the domain described in the �gure.

If the robot starts from a point withinD1 on the left to the water regionD2, then it only

has access to the points within the left part ofD1. Likewise, if the rabbit robot starts

from theD1 on the right toD2, it only has access to the points within the right part of

D1. In order to distinguish such disconnected subdomains, each subdomain is divided into

connected subdomains, as described in the parentheses in Fig. 4.1. A connected subdomain

is denoted asDw;c wherew 2 W is the index of the subdomain that indicates the type of

the terrain, andc is the index of the connected subdomain within the subdomain in typew.
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The connected subdomains satisfy the relationship,

Dw =
Cw[

c=1

Dw;c;

whereCw 2 N is the total number of connected subdomains in subdomainw. As an

example, in Fig. 4.1,W = f 1; 2g, C1 = 2, andC2 = 1.

Figure 4.3: An example describing two rabbit robots having different accessible domains
based on their positions.

Finally, we de�ne the accessible domain of Roboti in speciess(i ) asA i;s (i )(pi ), which

is the connected subset ofF s(i ) containing the position of Roboti , pi . In other words,

A i;s (i )(pi ) � F s(i ) � D such thatpi 2 A i;s (i )(pi ). Note that the initial position of every

robot is assumed to be within its accessible domain. In Fig. 4.3, although both robots are

rabbits, the accessible domain of Roboti is A i;s (i )(pi ) = D1;1 whereas that of Robotj is

A j;s (j )(pj ) = D1;2. On the other hand, the accessible domains of the three turtle robots in

the same �gure are identical asA k;s(k)(pk) = A l;s(l )(pl ) = A m;s(m)(pm ) = D which is the

whole domain.

4.1.2 Mobility ConstrainedVoronoiCells

In case of covering a domain that consists of multiple types of terrains (subdomains) with a

team of robots with different mobility types, the traditional Voronoi tessellation may end up

assigning inaccessible regions to some of the robots because it only considers the distance

between a point and a robot. This may cause the center of mass of a robot's Voronoi cell to

be outside of the robot's accessible domain, and a gradient descent controller can drive the

robot into its incompatible regions. Also, if the purpose of the coverage is not sensing but
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servicing of events which require the robots to visit any points within their Voronoi cells,

the Voronoi cells should only contain the accessible domains of the robots.

Figure 4.4: An example of mobility constrained Voronoi tessellation with two rabbit robots
with accessible domainD1;1.

Therefore, we de�ne a mobility constrained Voronoi cell of thei th robot as

Vi;s (i )(p) = f q 2 A i;s (i )(pi )jkq � pi k � k q � pj k; 8j 2 N g :

Note that the mobility constrained Voronoi cell of a robot is con�ned to the accessible

domain of the robot. An example of the mobility constrained Voronoi cells is shown in

Fig. 4.4. Since two rabbit robotsi andj are onD1;1 in the �gure, their Voronoi cells are

con�ned to the connected subdomainD1;1.

4.2 Mobility Constrained Coverage Control

With the de�nition of a mobility constrained Voronoi cell of a robot, we can formulate a

new cost function for the modi�ed coverage problem. An optimal coverage con�guration

for this coverage problem can then be obtained by optimizing the new cost.

4.2.1 Mobility ConstrainedLocationalCost

The quality of the coverage performed by a multi-robot team over a domain of interest can

be quanti�ed with a locational cost. Since the region of dominance of a robot is rede�ned

as the mobility constrained Voronoi cell in the previous section, the locational cost also

needs to be reformulated. We refer to the new locational cost of the system as the mobility
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constrained locational cost. The mobility constrained locational cost of the Roboti is given

as

H m;i (p) =
Z

Vi;s ( i ) (p)
kq � pi k2� (q)dq

where� : D ! R� 0 is a density function that describes the importance of a pointq. The

mobility constrained locational cost of the multi-robot system can be obtained by summing

the costs of all robots as

H m (p) =
nX

i =1

Z

Vi;s ( i ) (p)
kq � pi k2� (q)dq: (4.1)

Note that the only difference between the mobility constrained locational cost and the tra-

ditional locational cost is the de�nition of the Voronoi cell.

4.2.2 GradientDescentController

A heterogeneous team of robots with different mobility types can achieve an optimal cov-

erage over a domain by minimizing the mobility constrained locational cost in (4.1). One

way to achieve this is letting each robot move against the gradient of the cost with respect

to its position, which eventually makes the robots converge to local minimizers. For this,

the gradient of the mobility constrained locational cost with respect to a robot's position

needs to be calculated.

Note that the mobility constrained locational cost in (4.1) is the summation of the cost

of every robot. Since only the costs of Roboti and its direct neighbors depend onpi , taking

partial derivative of the cost function in (4.1) with respect topi gives

@H m (p)
@pi

=
@

@pi

Z

Vi;s ( i ) (p)
kq � pi k2� (q)dq

+
@

@pi

X

j 2N i

Z

Vj;s ( j ) (p)
kq � pj k2� (q)dq

(4.2)

whereN i represents the Delaunay neighbors of Roboti . Here, Delaunay neighbors indicate
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the robots that share a boundary. In order to compute the partial derivative, we need to apply

Leibniz integral rule. Applying Lemma 3 to (4.2) and simplifying terms, we get

@H m (p)
@pi

= 2
Z

Vi;s ( i ) (p)
(pi � q)> � (q)dq

+
X

j 2N i

Z

@Vij (p)
kq � pi k2ni (q)> @q

@pi
dq

+
X

j 2N i

Z

@Vij (p)
kq � pj k2nj (q)> @q

@pi
dq

where@Vij (p) is the boundary between Voronoi cellsi andj . Sinceni (q) = � nj (q) and

kq� pi k = kq� pj k along the boundaries of the neighboring Voronoi cellsi andj , @Vij (p),

the summation terms become 0. Therefore, the gradient of the mobility constrained loca-

tional cost is given as
@H m (p)

@pi
= 2

Z

Vi;s ( i )

(pi � q)> � (q)dq

where the dependence ofpon the mobility constrained Voronoi cell is omitted for notational

convenience. Substituting the mass and the center of mass of the mobility constrained

Voronoi cell,

mi;s (i )(p) =
Z

Vi;s ( i )

� (q)dq; ci;s (i )(p) =

R
Vi;s ( i )

q� (q)dq

mi;s i (p)
;

into the gradient expression, we �nally get

@H m (p)
@pi

= 2mi;s (i )(p)
�
pi � ci;s (i )(p)

� >

which is fundamentally in the same form as the gradient in the homogeneous case [2],

except for the de�nitions of the mass and the center of mass of the Voronoi cells.

Assuming the robots are single integrators,_pi = ui , the gradient descent controller for
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Roboti is given as

ui = �
@H m (p)

@pi

>

= � 2mi;s (i )(p)
�
pi � ci;s (i )(p)

�
:

We can now scale the control signal with a positive gain
 i (p) = k i
2m i;s ( i ) (p) > 0 with

ki 2 R� 0, which simpli�es the controller to

ui = � ki
�
pi � ci;s (i )(p)

�
: (4.3)

The convergence of the robots under the control law in (4.3) can be checked by ana-

lyzing the time derivative of the mobility constrained locational cost, which is calculated

as

_H m (p) =
@H m (p)

@p
_p = �

nX

i =1


 i (p)












@H m (p)
@pi

>











2

where
 i (p) is the gain of thei th robot de�ned above. Since the largest invariant set of

p for H m (p) is equal to the equilibrium of the system, by Lasalle's invariance principle,

pi ! ci;s (i )(p); 8i 2 N ast ! 1 .

4.3 Control Barrier Functions for Safe Heterogeneous Coverage

The gradient descent controller from the previous section drives each robot towards the

center of mass of its mobility constrained Voronoi cell to achieve an optimal coverage

con�guration. Therefore, if the center of mass of every mobility constrained Voronoi cell

is always within the cell, the gradient descent controller can serve as the safe coverage

controller that keeps each robot within its accessible domain sinceVi;s (i )(p) � A i;s (i )(pi ).

However, the accessible domains de�ned in Section 4.1 are not necessarily convex. Thus,

the mobility constrained Voronoi cell of the robot can be non-convex as well. In this case,

the center of mass of the mobility constrained Voronoi cell of a robot can be outside the

cell depending on the density function applied on the domain. Therefore, it is possible for
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the gradient descent controller in (4.3) to drive robots into their inaccessible regions, which

may lead to loss of functionality of those robots. In order to prevent such situations, control

barrier functions (CBFs) [27] are utilized based on the property that CBFs ensure a system

to remain in its safe set if it starts from the set.

Let hi (pi ) be a continuously differentiable function that de�nes the accessible domain

(safe set) of Roboti in speciess(i ) as below

A i;s (i )(pi ) = f pi 2 D � R2jhi (pi ) � 0g:

Then, the functionhi (pi ) is a control barrier function (CBF) if there exists an extended

classK1 function� that satis�es

sup
u i 2 U

�
d
dt

hi (pi )
�

� � � (hi (pi ))

for all pi 2 D . Here,ui 2 U � Rm is an admissable control input, and note that_pi = ui

as we assume single integrator dynamics. Ifhi (pi ) is a CBF, Roboti can be kept within its

accessible domain, the safe set of Roboti [27].

However, it might not be feasible to represent the accessible domain of a robot as a

superlevel set of a single continuously differentiable function if the shape of the domain is

complex. Therefore, we introduce the following assumption.

Assumption 1. The accessible domains of the robots can be represented by the intersection

of a �nite number of superlevel sets of continuously differentiable functions.

Even in cases where it is impossible to exactly represent the accessible domain of a

robot as in Assumption 1, we can always under-approximate the domain with continuously

differentiable functions to obtain a conservative and safe representation of the domain.

If Assumption 1 holds, according to [34], the logicaland of the constraints that alto-

gether de�ne the accessible domain of a robot,hi (pi ) = hi; 1(pi ) ^ hi; 2(pi ) ^ � � � ^ hi;l i (pi ),
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Figure 4.5: An example illustrating Assumption 1 for Roboti with 3 constraints. The
yellow area indicates the accessible domain of Roboti .

can be compressed into

hi (pi ) = min
z2 L i

f hi;z (pi )g

wherel i = con(A i;s (i )(pi )) is the total number of constraints of Roboti , and the setL i =

f 1; � � � ; l i g is the set of indices of the constraints of Roboti .

Finally, letting ûi be the gradient descent controller derived in (4.3), we can consider

the following Quadratic Programming (QP) controller similar to the one devised in [29]

u� = arg min
u

nX

i =1

kui � ûi k2

s:t:
@hi (pi )

@pi
ui � � � (hi (pi )) 8i 2 N

(4.4)

which is the minimally invasive coverage controller that drives each robot towards the

weighted centroid of its mobility constrained Voronoi cell while keeping the robot within

its accessible region. Here,u = [ u>
1 ; � � � ; u>

n ]> .

4.4 Experimental Results

In this section, the effectiveness of the safe heterogeneous controller in (4.4) is demon-

strated in two different setups. In both cases, a group of heterogeneous robots consisting

of ground and amphibious robots is used, and we denote ground robots as rabbits and am-

phibious robots as turtles. The experiments were performed in the Robotarium [39].
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In the �rst experiment, a simple multi-terrain domain described in Fig. 4.6a was used.

A bivariate Gaussian distribution is used for the density function, and the details can be

found in [43]. The left half plane in dark blue in the �gure represent water region, and the

right half plane in light blue represent ground region. Also, the density function (3.23) is

visualized with a gradation of colors which is overlaid on the domain. All of the robots

start from the ground subdomain, so the accessible domain for all rabbits are the right

half plane de�ned asx � 0. If we let S = f 1; 2g with 1 2 S representing rabbits and

2 2 S representing turtles, the barrier function for rabbits is given ashi (pi ) = pi;x ; 8f i 2

N j s(i ) = 1 g wherepi;x is thex-component of the position vector of Roboti , pi . On the

other hand, since the accessible domain of the turtle robots is the whole domainD, the

barrier function for turtles is simply given ashi (pi ) = 0 ; 8f i 2 N j s(i ) = 2 g. For the

experiment,� (hi (pi )) in (4.4) was chosen to be100hi (pi )3. From Fig. 4.6b, it can be

con�rmed that the rabbits never left the ground whereas the turtles moved into water to

obtain better coverage. The evolution of the cost function for this experiment is shown in

Fig. 4.6c.

(a) Initial Con�guration (b) Final Con�guration (c) Evolution of the Cost
Function

Figure 4.6: (a) Initial con�guration of a robot team consisting of rabbits (ground robots)
and turtles (amphibious robots) on a domain with convex subdomains. Rabbits and turtles
are indicated with red and blue circles around them, respectively. The left half plane in
dark blue is water subdomain, and the right half plane in light blue is ground subdomain.
The density function is visualized with a gradation of colors where colors close to yellow
indicate higher density, and colors close to blue indicate lower density. (b) The �nal posi-
tions and trajectories of the robots running (4.4) with the initial conditions in Fig. 4.6a. (c)
Evolution of the cost function over iterations.

For another experiment, a multi-terrain domain similar to the one in Fig. 4.1 with two
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(a) Initial Con�guration (b) Final Con�guration (c) Evolution of the Cost
Function

Figure 4.7: (a) Initial con�guration of a robot team on a domain with non-convex subdo-
mains. The regions in light blue and the region in dark blue represent ground and water
subdomains, respectively. (b) The �nal positions and trajectories of the robots running (4.4)
with the initial conditions in Fig. 4.7a. (c) Evolution of the cost function over iterations.

ground connected subdomains and one water subdomain was used. In this case, however,

two connected subdomains are non-convex as shown in Fig. 4.7a. The left ground subdo-

main is de�ned as2x2 � y2 � 1 � 0 wherex < 0, and the the right ground subdomain is

de�ned as the intersection ofx+ y2� 1 � 0andx+ y� 0:7 � 0. Therefore, there is only one

barrier function de�ned as2p2
i;x � p2

i;y � 1 = 0 for rabbits starting from the left ground sub-

domain wherepi;x andpi;y represent thex andy coordinates of the Roboti , respectively. In

contrast, there are two barrier functions de�ned aspi;x + p2
i;y � 1 = 0 andpi;x + pi;y � 0:7 = 0

for rabbits starting from the right ground subdomain. Like in the �rst experiment, the bar-

rier function for turtles is trivially given ashi (pi ) = 0 ; 8f i 2 N j s(i ) = 2 g. In the exper-

iment, � (hi (pi )) = 100hi (pi )3 was used. From Fig. 4.7b, it can be con�rmed that rabbits

never left ground subdomains while moving into higher density regions. The evolution of

the cost function for this experiment is described in Fig. 4.7c.
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CHAPTER 5

HETEROGENEOUS COVERAGE CONTROL UNDER CONNECTIVITY

CONSTRAINTS

In general, coverage control relies on two assumptions: (i) Robots have unlimited sensing

ranges although the performance or accuracy decreases with distance; and (ii) Robots can

always share information with each other. These two assumptions ensure that each robot

can always construct its exact Voronoi [3] cell and compute the cell's center of mass, which

allows the robots to converge to a centroidal Voronoi tessellation (CVT) [16] con�guration

for an optimal coverage. More importantly, the second assumption allows a team of robots

to collectively cover a domain of interest where each robot covers an exclusive part of the

domain. However, in reality, robots have limited communication ranges, which prevents

them from communicating with each other without a connected network. Therefore, robots

need to establish a connected communication graph with each other to share their coverage

information and collectively cover a domain. Also, each robot needs to estimate its Voronoi

cell's center of mass using its �nite range sensor.

Based on the observation, this chapter addresses a coverage control problem where

robots with different effective sensing ranges need to cover a target region while main-

taining a sparse network connectivity graph. Under connectivity constraints, the extent to

which the robots can spread out for coverage may be limited as the radio communication

between two robots typically require them to be within a certain distance. While estab-

lishing and maintaining connectivity is important, it is preferable to minimize the number

of communication links for each robot to reduce movement constraints and the chance of

radio interference. In addition to the sparse network connectivity constraint, this chapter

also considers domain and collision avoidance constraints as robots often need to avoid

entering restricted areas and colliding with each other.

40



Agents with limited sensing/communication ranges have been considered in [44, 45,

46] where each robot can only interact with the environment and other robots that are

within its sensing/communication range. However, algorithms in these works do not nec-

essarily guarantee and maintain a sparse network connectivity among robots. Connectiv-

ity maintenance of multi-robot systems has been studied in several works mainly using

gradient-based methods, e.g., [47, 48, 49] and control barrier functions (CBFs) [27], e.g.,

[50, 51, 37, 52]. However, in general, CBF-based methods lack proof of convergence for

a primary task [50, 52] although [47, 49] provide such a proof when the task is con�ned

to consensus-based algorithms. In [51], a similar idea of using CBF-based connectivity

preservation was explored in that both network connectivity and task completion was con-

sidered simultaneously. This was done by explicitly adding another constraint that ensures

that the output of an optimization-based controller always improves the system's coverage

objective function. Nevertheless, the resulting connected network may not be sparse and

can require a large communication throughput. The problem of homogeneous and het-

erogeneous coverage with sparse connections has also been addressed in communications

community with both connectivity and convergence guarantees, e.g., [53, 54, 55], but the

works are based on discrete time algorithms.

In this chapter, we formulate a heterogeneous coverage control problem using exponen-

tial sensing model to account for robots' limited sensing range. Since it is dif�cult to �nd a

closed form expression for the local optimizer of the resulting coverage performance func-

tion, we prove the existence of such optimizer. To ensure the sparse network connectivity,

domain satisfaction, and collision avoidance of robots, we utilize control barrier functions

(CBFs). Unlike most of existing CBF-based works, we provide the proof of optimality and

convergence for the resulting quadratic programming (QP) controller for a coverage task

and guarantee sparse connectivity. The key difference between this chapter and [51] is that

we provide a general proof of optimality and convergence for the QP controller with barrier

functions that is valid for any gradient-based nominal controller.

41



The rest of the chapter is organized as follows. System model and problem formulation

are presented in Section 5.1. The optimal coverage controller and its asymptotic conver-

gence for coverage control in the absence of any constraints are studied in Section 5.2. In

Section 5.3, each type of constraints is formulated in terms of barrier functions. The con-

nectivity constraint of each robot is encoded into a hybrid nonsmooth barrier function, and

a quadratic program for synthesizing a valid controller is introduced in 5.4. In Section 5.5,

the convergence and optimality of the resulting QP controller is discussed. Experimental

results on the proposed controller are provided in Section 5.6.

5.1 Problem Formulation

Consider a multi-robot system composed ofN robots with single integrator dynamics given

by

_pn = u n ; (5.1)

wheren 2 N = f 1; 2; : : : ; Ng, pn 2 R2 is the position of Robotn in the plane, the dot

notation is used to denote the derivative with respect to time such that_pn = dpn
dt 2 R2 is

the velocity of Robotn, andu n 2 R2 is the control input for Robotn.

The robots traverse a bounded region
 � R2 where they collect information about

events happening within the region. The density of the events to be monitored is denoted

via a continuous and differentiable functionf (! ) : 
 �! R+ . In this chapter, we consider

an exponential coverage sensing model [53, 56, 57, 58, 59] that takes the following general

form:

Pn (d) =

8
>><

>>:

1 if d � r s;n

e� an (d� r s;n ) �
if d > r s;n

: (5.2)

Here,Pn (d) is the probability of Robotn detecting an event happening at a distanced

from its sensor. The decay parametersan and� depend on the physical properties of the
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sensor and describe how fast the sensing accuracy decays with distance. The sensing range

r s;n denotes the radius of a circle in which Robotn detects events with a probability of

1. Outside the circle, the sensing accuracy is decayed exponentially. The set of robots is

considered to be heterogeneous with respect to the sensing, i.e., robots may have different

parametersan and/orr s;n . The region
 is partitioned into a set of sub-regionsW =
�

W1; W2; � � � ; WN
	

where Robotn provides coverage for events withinWn .

It is also assumed that one of the robots is an access point and provides a link to trans-

fer the collected data from the physical environment to the virtual information world. A

direct local communication link between Robotsn andm exists if their distance is less

than the communication ranger c;nm , i.e.,kpn � pmk � r c;nm . This leads to a communica-

tion network among robots represented by the graphG. Data transfer between two robots

is possible through multi-hop communication if and only if there is a path between the

corresponding two nodes in the graphG. To ensure that every robot is able to transfer its

information through the access point, it is assumed that the initial positions of the robots

generate a connected communication graph. The algorithm guarantees that the graph stays

connected afterwards. For the simplicity of presentation and the brevity of the notation, we

consider a constant communication ranger c and the minimum sensing range ofr s;n = 0

for all robots in the remainder of this chapter. Note that differentan values in (5.2) make

the sensing network heterogeneous.

Additionally, each robot must maintain a safety margin with other robots to prevent

collisions. Robotsn andm do not collide if their distance is greater than the safety mar-

gin ro;nm , i.e.,kpn � pmk � ro;nm . We assume that the initial robot positions maintain the

safety margins. Our algorithm maintains the safety margins throughout the deployment.

We consider a constant safety marginro for all robot pairs for the sake of simplicity of the

presentation although our approach can accommodate different safety margins.

Finally, some sub-regions within
 could be inaccessible for the robots. These sub-

regions could represent obstacles or terrain that is incompatible with the robots' mobility
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