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NOTATION

radius at point P (r, z) from rotor axis (figure 6)

radius of wake vortex sheet at rotor disk

wake radius

radius of wake vortex sheet at a large distance upstream
(below the rotor)

normal component of wvelocity at the rotor disk due to the
stream function *b for the actuator disk displacement velocity
normal component of wvelocity at the rotor due to the stream
function *s for the uniform distribution of sinks over the
rotor disk

rotor radius

rotor thrust

freestream velocity

radial component of velocity at point P (r, 2z)

normal component of velocity at point P (r, z)

wake vortex sheet strength at a large distance upstream
(below the rotor)

nondimensional freestream velocity

mass density of air

stream function for the rotor flow as computed from the

present analysis



stream function for the displacement velocity of a disk

nondimengional value of the stream function for the displace-

ment velocity of a disk

stream function for a ring source at the periphery of the

rotor

nondimensional value of the stream function for a ring source

at the periphery of the rotor

stream function for a uniform distribution of sinks over the
rotor disk (i.e. for the induced flow outside a uniform

vortex cylinder)

nondimensional value of the stream function for a uniform

distribution of sinks over the rotor disk
the value of the stream function on the wake boundary

stream function for the freestream velocity
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SUMMARY

It is shown that a useful approximation can be obtained for the
flow pattern of a uniformly loaded 1lifting fotor operating at very low
rates of vertical descent, of the order of L50 feet per minute or less,
by adding several elementary potential flow solutions,

The assumption that a developed wake extends a large distance
below the rotor is made, and the flow is represented by combining the
stream functions for a uniform distribution of sinks over the rotor
disk, the displacement velocity of a disk, a ring source at the peri-
phery of the rotor, and the freestream welocity.

It appears that for very low rates of vertical descent, the
velocity distribution in the vicinity of the rotor as given by the
present analysis may furnish a basis for computing the induced velocity
at a helicopter tailplane or the interference velocities on multi-rotor

helicopterses



CHAPTER I
INTRODUCTION

In order to calculate the forces on the rotors of a multi-rotor
helicopter, or the horizontal tailplane of a helicopter, it is essential
to have a means for computing the velocity distribution in the vieinity
of a rotor, However, there have been no theoretical solutions for the
flow induced by a rotor operating at small rates of vertical descent.

It appears from the smoke flow studies by Castles and Gray (1)
and Drees and Hendal (2) that for small rates of vertical descent a
developed wake extends to an appreciable distance upstream (below the
rotor) and that this segment of wake ends in a stagnation region in
which the fluid that constituted the wake undergoes a turbulent mixing
with the freestream fluide As a result of the mixing, the wake bounda-
ries are spread, the strength of the vortex sheet enclosing the wake is
degraded, and together with the fluid inside the wake, the vortex sheet
is folded back in the form of a secondary wake which is carried down-
stream (above the rotor) by the freestream flow, The schematic flow
pattern is shown in Fig. l.

As a first approximation, the wake vortex distribution could be
represented by a uniform vortex cylinder extending from the rim of the
rotor down to infinity. As it is shown by K?xchemann and Weber (3) that

the flow induced outside the wake by a uniform vortex cylinder is identi-


file:///feber

cal to that of a uniform distribution of sinks over the end of the
cylinder, the stream function of the uniform distribution of sinks
could be added to the stream function for the freestream flow to com-
pute the composite flow pattern.

The resulting flow pattern would satisfy conditions at infinity
in that the velocity outside the wake at infinity would approach that
of the freestream, and the wake boundary streamline would converge to
the diameter satisfying momentum considerations. However, the uniform
distribution of sinks over the rotor disk results in an infinite radial
velocity component at the rim of the disk and, in addition, for wvery
low values of the freestream velocity, the flow in the lower quadrants
does not satisfy continuity., If for very low rates of wvertical descent,
it is assumed that the primary wake extends to infinity (i.e. the turbu-
lent mixing occurs at a very large distance below the rotor and can be
neglected); then the flow pattern in the vicinity of the rotor can be
approximated by a potential flow solution. An approximate solution
which satisfies contimuity in the vicinity of the rotor can be obtained
by combining the flow induced by a uniform vortex cylinder with other
simple sinéularity distributions.

The eguivalent problem for vertical ascent has been considered

by Castles (k).



CHAPTER II
PROCEDURE

Analysis.--It appears that a semi-infinite vortex cylinder ending at
the rotor does not alone afford a good approximation for the actual
flow. This can be seen from Fig, 2 drawn for the small rate of

vertical descent for which

WasES V is the freestream velocity

T is the rotor thrust
p 1is the mass density of air

and R is the rotor radius

Following the procedure outlined by Castles (L), Fig. 2 was computed
using values of the stream function *s s for a uniform distribution of
sinks as given by Kuchemann and Weber (3). Equidistant values of *s
are shown in Fig. 3.

A better approximation can be obtained if the singularity dis-
tribution for the displacement velocity of a disk is added to that for
the vortex cylinder. Equidistant values of *o’ the stream function for
the displacement velocity of the disk, are shown in Fige k. The values

of ¥, for Fig. i were taken from Castles (4). It is to be noted that



the normal components of wvelocity due to *o and *s are uniform over the
rotor, which appears to be a required condition for uniform loading. In
addition, it is necessﬁry to add the stream function for a ring source,
$§ s at the periphery of the rotor in order to satisfy continuity over
the outer portions of the rotor. Values of ¥, are given in Kichemann
and Weber (3), and the streamlines are shown in Fig. 5.

Before using the aforementioned singularity distributions to=-
gether with the stream function, *& s for the freestream velocity to
obtain the stream function of the resultant flow, it should be pointed
out that the equations which will be derived using the above singularity
distributions do not furnish an exact solution to the actual flow, but
appear to yield results which are in fair agreement with experiment for
the flow in the vicinity of the rotor.

et the rotor thrust, T , be uniformly distributed over the rotor
disk of radius R , and let the freestream velocity be V. Iet the radius
of the wake boundary streamline be T, at the rotor and ru: at a large
distance below the rotor where the wake boundaries have approached
parallelism and the wake vortex sheet has a uniform strength of & as
denoted in Fig. 6. Following the procedure outlined by Castles (li), the
thrust, T 4 is equal to the rate of transport of excess momentum across

a section of the ultimate wake or
2
T omoprr (T -V) (1)

let ¥ be the normal component of welocity at the rotor attributed to

the stream function *0 s and Y the normal component of wvelocity due to



*s o Then equating total values of the stream function, ¥ , on the oppo-

site faces of the wake boundary at a large distance below the rotor where
the radius is Tt the velocity is the freestream value V, and the value

of *o is zero, yields the following equation

2 2 2
(T =V)=2aR v_e=xnr V - (2)
T Too . s 00 *rtot..

For continuity of the flow within the closed streamline around the rotor

rim, the relative magnitude of the ring source must be such that

2 2
*rtot.- 2n (R =r ") v, (3)

Solving equations (2) and (3) for Vg yields

2
L %"d’( ;‘:—:—) )

When the value of ¥ on the wake boundary streamline at r is
equated to the value of ¥ at radius r, on the wake boundary stream-
line in the ultimate wake, the following is obtained

uroz(vs-t?o—v)-urmz (7 =7V) (5)

Substituting the value of v_ fram equation (L) gives

r 2 1
[04]
v, - ("’ro) [,u -v] .V (6)



The normal components of velocity due to the uniform distribution of
sinks and the displacement of the actuator disk, as given by equations
(L) and (6), are dependent on r, and r_ for any given thrust and
freestream velocity. An equation relating the value of X to r o
v s and Vv was derived by Castles (L) for a uniformly loaded rotor

in vertical ascent. For the descent flight range under consideration,

a similar derivation yields the following identical result

P b hvoz r 2 -
—, 1+ =1 7
Th nz vf_ (1 - roz)

Equations (4), (6) and (7), together with the condition that r, be
single valued, define the values of vs/a' ; vo/zr 3 rO/R and rm/R
for any given value of V and T.

Plots of rO/R and (rm/R)2 are shown in Figse 7 and 8, where
the parameter V/? relates thrust to freestream velocity as shown by

equation (1).

Computation of the Value of the Stream Function.--Values of the stream

function for three small rates of vertical descent, at V/¥ = .05,
«10, .15, are given in Tables 1, 2, and 3 in the Appendix. The stream-
lines for these three flight conditions are shown in Figse 9, 10, and
1l.

The following procedure was used to calculate the values of
‘given in Tables 1, 2, and 3.

(1) For any given value of V/¥ , equation (7) together with



the condition that r, be single valued were used in an
iterative solution for rO/R and r a:s/R'

(2) The values vo/ T, va/'a‘ s and *rtot. » Were computed for
the given values of V/7 , rofﬂ, and r /R,

(3) Then for the region outside the wake

2 RS AL - (8)
where
v~ @Ev/z)vT (8a)
A (2 R® v a/ r) *s* for upper quadrants (8b)
¥, = (2 R2 v’/ r) (n=- \t:') for lower quadrants (8c)
*
Yy * *rt.ot. ¥y (8d)
2 =n

The starred values of ¥ are the nondimensional values of the in-
dividual singularity distributions used,

In computing the streamlines inside the wake, it was necessary
to make the assumption that the axial component of velocity was uniform
across all sections of the wake, This assumption appears to be reason-
able since the axial component of velocity is uniform at the rotor and
almost uniform over the region where the wake boundaries have approached
parallelism, Tabulated values of ¥ for the region inside the wake,
are thus based on the approximation that

2
V- ['EE":I *tot. )
where ro is the radius of the wake at any station % as determined

from the solution for the external flow.



Application of Results.--If it is desired to obtain the axial and radial

velocity components at some point in the field of a rotor operating at

any intermediate flight condition for which values of ¥ are not tabu-

lated, it is necessary to perform a graphical or numerical interpolation

and differentiation. For example, if the cocordinates of the point in

question are z' and r' measured from the rotor hub, the procedure could

be as follows:

(1)

(2)

(3)

()

(5)

(6)

For any given thrust loading, ‘1‘/!!.112 » and freestream velocity
V, solve for (r m/R)z as a function of ¥ from equation (1).
Use trial values of ¥ in the equation obtained from step
(1) until the resulting value for V/ ¥ is the same as that
obtained from Fig. 7.

Graphically interpolate between Tables 1, 2, and 3 for the
values of */*'bo £ at the required V/ ¥ for a bax of about
nine points enclosing the values of z!'/R and r'/R,

Multiply the value of /¥, . =% r 2 (¥ -7) to obtain
the values of ¥ for the nine points.

Interpolate in the box of values of ¥ for the three values
at z = z! a.‘ndr-:t'l,::'2 ’

values at r = r!t andz-zl,zz,a.ndZB.

and r3 s and for the three

Plot ¥ versus r at z = z' and measure the slope
2v/ > p @t T =rt', Then the axial velocity compenent

at (z!' , r?) is

X =1 o (20)

z (2',1") 2nmr! Or (zt,rl)



(7) Plot ¥ versus 2z at r = r' and measure the slope
Oy/ Oz atz =z', Then the radial velocity component

is

k == i oV (11)

T lezryer) 2ar Oz (31,1)
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CHAPTER III
DISCUSSION OF RESULTS

A smoke flow diagram for a L foot rotor with constant chord, un-
twisted blades, operating at V/¥ = ,15 or (A s = ,3), as obtained from
Castles and Gray (1), is shown in Fig. 12. The non-dimensional free-
stream velocity, A , is plotted versus V/ ¥ in Fig. 13. The theo-
retical flow pattern for this value of V/ ¥ , as shown in Fig. 11,
appears to be in fair agreement for the streamlines in the vicinity of
the rotor. It should be noted that the initial slopes of the smoke
filaments leaving the nozzles, as shown in Fig., 12, are not representa-
tive because the smoke was introduced into the flow with a certain
initial velocity directed against the freestream, As a result, the
smoke flow indicated the correct flow pattern only after the initial
velocity of the smoke Jets was cancelled out, Consequently the theo-
retical and experimental flow patterns are in better agreement than
Figse 11 and 12 indicate.

Fige. 7 shows the spread between the theoretical and experimental
values for ro/R at the higher rates of vertical descent., (Experimental
values for ro/R were obtained from Castles and Gray (1).)

A reasonable upper limit for the values of V/¥ within which
the present analysis should be useful appears to be about V/¥ = ,15
or lz = ¢3s For higher rates of descent, the present analysis will con-

siderably overestimate the welocities in the vicinity of the rotor be-



cause the stagnation region is now fairly close to the rotor and the
assumption that the wake extends a large distance below the rotor is
no longer valid,



CHAPTER IV
CONCLUSIONS

For very low rates of vertical descent, Xz £ o3, or rates of
descent less than values of the order of 150 feet per mimute, for a
rotor with conventional disk loading, it appears that the flow pattern
in the vicinity of a uniformly loaded rotor can be approximated by the

superposition of the following simple flow patterns:

(1) The flow for a uniform distribution of sinks over the
rotor disk (i.e. the flow outside a uniform vortex cylinder);
(2) The flow for the displacement velocity of a disk of radius
equal to that of the rotor;
(3) The flow due to a ring source at the periphery of the rotor;

(4) The freestream flow.
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Table 2a
Values of the Stream Function Above the Plane of

the Rotor for V/¥ = ,10
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Table 3a
Values of the Stream Function Above the Plane of

the Rotor for V/ & = ,15
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Table 3b
Values of the Stream Function Below the Plane of

the Rotor for V/& = ,15
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Figure 1
Schematic Flow Pattern for Low Rates of Vertical Descent
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Figure 3

Streamlines for the Flow Induced by a Uniform Distribution of Sinks

over the Rotor Disk.
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Figure 4

Streamlines for the Displacement Velocity of a Disk.




Figure 6

Streamlines for the Flow Induced by a Ring Source

at the Periphery of the Rotor Disk,
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Schematic Diagram for the Geometry of Present Analysis.
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Figure 12

Smoke Flow Diagram for a 4 ft. Rotor

with Constant Chord Untwisted Blades Operating at —;—z.ls
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Figure 13

Relation between —g_— and Nondimensional Freestream Velocity.
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