.. - GEORGIAINSTITUTE OF TECHNOLOGY

OFFICE OF RESEARCH ADMINISTRATION-

: > .

-~

« F
e L e S LR
*Sponsor-Contact Person (s):

Technical Matters:.

i x, o

§ o, ANt oo B

et £ Principal. | nvesti
248 Lprneinn nvers
‘3t School Director:

c Compl

Rich Electroni

. PHotog'ra;ihic' Laborat

ecurity-Raports-Prope

T - o "*
@& Patent Coordinator.
b S e e <N e (%)

!

-,

. RA—

-

316-71




GEORGIA INSTITUTE OF TECHNOLOGY
OFFICE OF CONTRACT ADMINISTRATION

SPONSORED PROJECT TERMINATION

Date:  June 20, 1977

Project Title: Probability Analysis of Crack Initiation

Project No: - E-16-646

Project Director: ~ Dr. -§. V. Hanagud

Sponsor: NASA-, Marshall Space Flight Center, AL

Effective Termination Date: 9/30/76

Clearance of Acéounting Charges: 9/30/76

Grant/Contract Closeout Actions Remaining:

Final Invoice and Closing Documents
Final Fiscal Report
x Final Report of Inventions

Jood J
Govt. Property Inventory & Related Certificate — Domee *’L’?‘d‘/
Classified Material Certificate % WA (o018 77

Other

Assigned to: Aerospace Engineering

(School/Laboratory)

COPIES TO:

Project Director

Division Chief (EES)
School/Laboratory Director
Dean/Director—EES
Accounting Dffice
Procurement Office /
Security Coordinator (OCA) /
Reports Coordinator (OCA)

CA-—-4 (3/76)

Library, Technical Reports Section
Office of Computing Services
Director, Physical Plant

EES Information Office

Project File {OCA)

Project Code (GTRI)"

Other ‘

3o War 77



File. E-16-l40

GEORGIA INSTITUTE OF TECHNOLQOGY
ATLANTA. GEORGIA 30332
SCHOOL OF DANIEL GUGGENHEIM SCHOOL

AERQOSPACE ENGIMNEERING OF AERONAUTICS
404-394-3000

Progress Report No. 1

PROBABILITY ANALYSIS OF CRACK INITIATION
NASA Contract No. NAS 8-30617 (E-16-646)

Principal Investigator: S. Hanagud, Professor S'i/

School of Aerospace Engineering

Period Inding: May 1974



Thic 1s the first progress report on the HNASA Contract NAS 8-30617
(Georgia Tech Project No. E-16-646) entitled "Probability Analysis

of Crack Initiation."” The derived differential equations for P(%;kAL)}
were nodified to include varying rates of crack growth and arbitrary
distributions for crack initiation. The solutions of these equations

for gpecific hypothesized crack initiation distributions were attempted.
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This ias the second progress report on HASA Conitract TIAS 8-30017
(Georgin Tech Project No. E-16-640) entitles "Probability Analysis
of Crack TInitiation.”" A solution to the differential equations for
P(t;kal) and a hypothesized exponential distribution for crack init-

o

iation has been completed. The formilation of

4

the problem is belng
extended to consider multiple critical locations in the structures

of the fleet that are prone to fatigue damage.
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This i3 the third progress report on NASA Contract NAS 8-30617
(Georgia Tech Project No. E-16-646) entitled "Probability Analysis
of Crack Initiation.” The formulation of the problem has been
extended to include multiple critical locations by using order
statistic!approach and renewal theory. Compubter programs are
being written to use the solution (to the formulated differential
equations) in estimating the parameters of a hypothesized distri-

bution for crack initiation.
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This is the fourth progress report on NASA Contract TAS 8-30617
(Georgia Tech Project No. E-16-646) entitled "Probability Analysis
of Crack Initiation." The work performed during this month included
the continued development of computer programs for estimation of the
parametera of a hypothesized distribution for crack initiation.

The method used in the program has incorporated the stochastic model
developed for crack initiation in the prescence of multiple critical
locations. The work to date was discussed with Dr. Jerrel M. Thomas
of Marshall Space Flight Center, Huntsville, Alabama. The progran

was reviewed and goals were set for further development,
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This is the fifth progress report on NASA Contract NAS 8-30617
(Georgia Tech Project No. E-16-646) entitled "Probability Analysis of
Crack Initiation". The work performed during this month included the
continued development of computer programs for estimation of parameters
of a hypothesized distribution for crack initiation. The computer
program‘will be capable of estimating the parameters from the available
crack data from multiple fatigue critical regions. The goals of the

computer program were changed following the discussion with Dr. Jerrel

M. Thomas of Marshall Space Flight Center, Huntsville, Alabama.
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This is the sixth progress report on NASA Contract NAS 8-30617
(Georgia Tech project no. E-16-6L46) entitled "Probability Analysis of
Crack Initiation”. The work performed during the month included specific
checks on the developed computer program for estimation of parameters of
a hypothesized distribution crack initiation. A check was done by
hypothesizing an exponential distribution for crack initiation and by
considering a single fatigue critical region. All the crack growth

rates between the discretized crack lengths are assumed to be constant.
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This is the seventh progress report on NASA Contract NAS 8-30617
(Georgia Tech Project No. E-16-6L6) entitled "Probability Analysis of
Crack Initiation". The work performed during the month included further
specific checks on the developed computer program for estimation of a
hypothesized distribution for crack initiation. 1In this case,the crack
growth rates and the associated distributions were chosen such that the
growth rates can be different and can vary as thg crack length increases.
The single fatigue critical region is still preserved and exponential
distribution for crack initiation has been hypothesized. Welbull distribu-

tion for crack initiation will be next considered.
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This is the eighth progress report on NASA Contract NASB - 30617 (Georgia
Tech Project No. E-16-646) entitled "Probability Analysis of Crack Ini-
tiation.”" The computer program was modified to include weibull distri-
bution for crack initiation. A weibull distribution with arbitrary
shape parameter and scale parameter was hypothesized. By using the
maximum likelihood method, these parameters can be estimated from data

that include varying lengths of observed crack length at different times.
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This is the ninth progress report on NASA Contract NASB - 30617 (Georgia
Tech Project No. E-16-6L6) entitled "Probability Analysis of Crack Ini-
tiation." The computer program that has been written to include weibull
distribution was checked by using the available data. Basic probability
nodel that was derived for a single critical region is being modified

to include multiple critical regions.
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During this period the developed computer programs were applied to fatigue
data that were available. The available fatigue data contained information
on the observed crack lengths and their time of observation. These data
were to be used to obtain the time of crack initiation and rate of crack
propagation. As a first step it was decided to provide to the computer
program the rate of crack propagation as an input. This was done to mini-
mize the variables that were estimated. The rate of crack propagation was

estimated by regression techniques. The regression program is developed.
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During this period the regression program was completed and the results
were input into the Weibull Program. The crack initiation times were es-

timated.
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During this period, the computer program was tested with several available
data. A source of inaccuracy was detected in the method of multiple inte-
gration technigue. This 1s belng improved by a variable size of the assumed

polynomials.
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During this period efforts were to develop the new numerical technique
for nmultiple integrals and to use the results in the computer program

for estimation of probability of crack initiation.
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During this period the multiple critical regions for crack initiation were
considered. Speed on the new integration technique the compuber program

is being modified. Also application of the validity of single crack growth
parameter are being investigated. Attempts are being done to obtain analy-

tical expressions instead of multiple integrals.
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During this period efforts to develop analytical expressions (with contin-
uous variation of crack growth rates are being continued. This will elim-

inate the multiple integrals when the stress is constant.

Also the fatigue test options are being considered to apply the developed

techniques for decigions on fatigue testing.
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During this period a specific analytical fatigue design procedure or pro-
cedures were investigated. The objective of this investigation is to select
some specific procedures so that example problems can be constructed to in-

vestigate the methodology for selecting test options.

Also the significance of one or two full scale fatigue test in estimating

the reliabllity of the structure are being investigated on the basis of a

statistical definition of "estimated 1life”.
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During this contract period special fail-safe design procedure for fatigue
were considered for application. Periodic proofing and periodic or non-
periodic inspection procedures were investigated in detall. Application
of the developed stochastic model for fatigue failure to these fail safe
design procedures were investigated. The objective of the investigation

»

was to select a specific procedure for further development.
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During this contract period, a procedure for reliability-based fail safe
design on the basis of periodic proofing has been further developed. The
developments to date were discussed with the technical monitor at the Mar-
shall Space Flight Center in Huntsville, Alabama. The research program
for the next few months was outlined. It was decided to develop the fail-
safe design procedure based on the periodic proof concept. Work on these

lines are in progress at present.
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After discussion with Dr., Thomas at MMarshsll Space Flight Center,

Alapama, the objectives of

4.% ‘3
the propos:

al wags redefined. During the

contract period the problem of estimating the probszbility of failure
of SRM was specified. Procédures for the estimation of probability

of failure of SRM are being formulated.
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During the period investlgaticns were continued in estimating the
probability of failure of SRil. Specifically the material supplied
to us by the Marshall Space Flight Center was studied. The uncer-

tainties and the variables that should be considered were defined.
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During the period the comumlete problem of optimization ard cost ef-

o
5

fective design of SRM was defined on the basis of pericdic proofing.
A general procedure was formulated for estimation of certain design

parvameters on the basis of minimunm expected cost. The procedure
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Durlng the period the established procedure for cost opltimizatlon
and the goals of the work to be done-during the remainder of the
contract period was discussed with Dr. Thomas and Mr. Bianca of
Marshall Space Flight Center. It was agreed that only a methodology
with guidelines to use the methodology will be provided. Work is

proceeding in the development of the methodology.
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During this contract period, basic equations for considering the
probabilistic growth of cracks in SRM were formulated. The next step
was to hypothesize and estimate the initial flaw distribution. Johnson
Su distribution was considered to be suitable for accurate representation

of the initial flaw distribution.
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During this contract period, fracture mechanics equations (Paris,
Foreman and Collipriest) were used to estimate the probability of the

presence of a crack of a certain length after n service uses and m proof

{
\

tests. The crack lengths were assumed to grow in discrete units.
Attempts are being made to obtain a closed form solution for the deter-

ministic counterpart of Foreman's equation.
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During this contract period, the following investigations were
carried out. Instead of Johnson Su distribution, Sb distribution was
found more suitable for initial flaw distribution. The stress intensity
factor is a function of crack length and the crack depth. For illus-
tration purposes only crack depth has been retained as the random
variable. A similar procedure can, however, be used to include crack
length also as a random variable. This would include consideration of
a two~-dimensional Sb distribution. In order to develop a procedure that
is easily understood, only crack depth has:.been examined as a random
variable,

Equations are now being formulated for the probability of crack

depth after each cycle.
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During this contract period, a complete program was written to estimate
the change of probability distribution of crack depth after each flight and
each proof test. The computer program has been checked out. The analysis

. . . . 2 . . .
needed a quadratic or a cubic approximation for §#” and an integer approximation

of n.
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During the contract period, the complete reliability analysis
of the membrane of ghe cylindrical segments has been formulated,
The developments of the reliability analysis based on probabilistic
fracture mechanics is being illustrated by a simple problem. A
computer program has been written to estimate the reliability and
to optimize the proof factor and number of cycles. In a similar

way, initial wall thickness and material removal can also be optimized.
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During this contract period, the computer program for the
reliability analysis including the fracture control plan is being
checked and an example problem is being worked. The final report

on the contract is being written.
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ABSTRACT

Development of a procedure for the reliability analysis of the solid
rocket motor case of the space shuttle has been described in this report.
The analysis 1s based on probabilistic fracture mechanics and considera-
tion of a probability distribution for the initial flaw sizes. The
reliability analysis can be used to select deéign variables, such as the
thickness of the SRM case, projected design life and proof factor, om
the basis of minimum expected cost and specified reliability bounds.
Effects of fracture control plans such as the material erosion between

the procedure can be used for other similar structures.



Introduction

All structural components of the solid rocket motor case of the space
shuttle are considered to be fracture critical. It is also the present
plan to reuse the solid rocket motor case for a designated number of
missions. The expected number of missions and operations such as the
tests on the case between the missions are accounted in the projected
design life of the structure. A fracture control plan is necessary
because fracture critical components are being reused.

In particular, this report is concerned with the fracture control of
the membrane of the six cylindrical segments that are considered to be the
most critical of all structural components of the case. The developed
procedurs can, however, be used for all similar structures. During each
mission, significant loads are applied to these six cylindrical segments
during the flight and "slap down' operations. The applied stresses from
all other events during the mission are considered not significant enough
to result in cyclic or time dep;ndent crack growth.— If the test or analysis
indicate the possibility of other critical loading events they can be in-
cluded in the fracture control plan by extending the reported analysis.
Before each mission, the cylindrical segments are also subjected to a
proof test. The loads applied during the proof tests can result in sig-
nificant amount of crack growth. As a preventive measure to reduce the
effective depth of cracks, the thickness of the membrane is reduced by a

selected amount between two missions. While the effective depth of crack
is reduced, the operation has the effect of increasing the applied

1



stresses. This necessitates a larger initial thickness of the membranes
than that would be designed without this particular plan for fracture
control.

Therefore, any design of the membrane of the six cylindrical segments
of the s lid rocket motor case must arrive at an initial wallthickness "t",
the thickness 'At' that will be decreased between each mission and the
proof load factor 'Kp'. For example, a large value of initial wall thick-
ness results in increased reliability, but results in the need for increased
propellant, increased cost of operation and reduced pay load capability.

On the other hand, a small initial wall thickness increases the probabi-
lity of failure and the resulting loss of the shuttle vehicle and the pay
load. Tharefore, there is a need for optimizing the initial wall thick-
ness. Similar arguments can be presented to explain the need for selecting
the other design variables such as 'AL' and 'KP' by optimizing the desired
objective function of cost and weight.

In general, these design variables depend on the probability distribu-
tion for the initial flaw sizes present in the meﬁgraﬁé; applied stresses
during the use of the vehicle, crack growth characteristics of the
material, fracture control plans, specified reliability bounds, weight
and cost considerations. The report describes a reliability-based pro-
cedure that can be used to select the design variables of SRM by using

probabilistic fracture mechanics and cost or weight considerations.

Method of Approach
As discussed in reference 1, careful NDI techniques can detect

initial cracks greater than the surface length of 60 = 0,1 inch and surface

2



depth of a, = 0.5 CO with 100% success. It has been claimed that cracks
corresponding to surface length ¢, = 0.1 inch can be identified lQOZ of
the tine. If the corresponding maximum depth is 0.05 inch there is no.
possibility of any initial cracks of depth larger than 0.05 inch. Such
an initial crack depth distribution can be analytically represented2 by
Johnson S, distribution. The density function for the probabilistic

b

model is written as follows

A } a,- & 7:_
o o 2 o [ g g0 (525) 3]
4o Ven  (a - €) (A-2ré) 2 A-a,te
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The four parameters of the distribution areq, A, ¢ and y.

This probability distribution for initial crack depth changes after
each mission, proof test and the material removal from the wall thickness.
The change in distribution after each mission and proof test is due t6
the crack growth resulting from the applied stresses. This crack growth
also depends on the lengths of tbé crack that are already present and
the material properties that are responsible for the crack growth. In
this analysis, the applied stresses and material properties are assumed to
be known deterministically. If the initial crack length were also known
deterministically the crack length after each use can be determined from
eguations such as Paris' equationB, Foreman's equation4 or Collipriests5
equations. Because initial crack lengths are not known deterministically,
crack length after each use of the vehicle is again another probabilis-

tic distribution that has to be determined.



The cumulative density function for crack length after 'n' uses is
denoted by F(an). This represents the probability that an_SZA.af;er n
uses. Each use is defined as one flight, slap down, proof test and
material removal. 1In this analysis '"slap down' effects have not been
considered. The crack growth due to "slap down' effects can be considered
in a similar way. Also, crack growth due to time related effects such as
stress corrosion have also been neglected.

1f F(an) is known the probability distribution for the stress in-~
tensity factor (K) can be obtained from the knowledge of the applied
stresses. The probability distribution F(Kn) for stress intensity factor
can be usad to estimate the probability failure (Pf) which is the pro-
bability of stress intensity factor Kn greater than or equal to the criti-
cal stress intensoty factor during the projected design life of the
structure. The critical stress intensity factor is denoted by KC. In
this analysis, stresses and the material properties are assumed to be

known deterministically. However;, the applied stress changes after each

use due to material removal, Therefore, the probability of failure can
be expressed as the probability of an z'ac. In this expression a® is
the critical crack depth that can be obtained from the critical stress
intensity factor and the applied stress. This relationship between the

stress intensity and the dpplied stress is discussed in the next section.

Stress Intensity Factor
For the analysis of the stress intensity factor in the membrane,
an infinite plate model with elliptical surface flaws that are oriented

perpendicular to the applied stress has been assumed. The relationship

4



betweean the stress intensity, the applied tensile stress and crack depth

is given by

12 MO a "
z | —— 2)
K @ { Ve
where
Lo v )
R { q/l} = }é o2z Gy

In this equation, gY is the yield stress and $ is a function of
the ratio of crack depth to crack length (afc). Variation ;5Lndth (ale)
is given in refeérence 1.

Because the crack depth (a) is a random variable the stress intensity
factor K is also a random variable. In geﬁeral, both crack depth a and
crack length c are random variables and there is a need for a joint dis-
tribution for a and c¢. In this analysis, only the crack depth is con-
sidered 23 the random variable. It is also assumed that the probability
distribution for crack depth 'a'/is known initially and is given by a
Johnson S distribution. The density function for the distribution is
given in equation (l). This probability distribution for crack depth

changes with use. The next step will be to determine the change and

the new probability distribution after each flight and proof test.

Probability Distributions for Crack Depth After Use
The following symbols are used to properly account for the changes

in probability distributions.



f(ao): Probability density function for the initial crack depth

F(ao): Cumulative distribution function for initial crack depth

F(aop): Cumulative distribution function for initial crack'éepth

after the first proof test

F(an): Cumulative distriPution function after N flights an (N1)

tests

F(anp): Cumulative distfibution function after N flights and N proof

proof tests.

F(an): Cumulative distribution function after material removal from

the wall thickness.

Similarly, density functions are denoted by lower case 'f'., As
discussed before, 'slap down' effects are not considered in the analysis
but can be included by following a similax procedure.

The rate at which crack depth increases is assumed to be given by
Paris' equation. Then

da
dn

' n

=¢ (K

where C and n are empirical constants. Alternately, the rate of crack
growth can be assumed to be given by Foreman's equation of Collipriest's

equation if they are found to represent the situation more accurately.

For example, Collipriest's equation can be written as follows:

- thax,
- haw = 1*.‘_3"_0_2_*_— hice + o
S‘f.\_ = €xph |n t k__._‘ ____..‘ho'k’ avc*awk{ * x [ + M {CEH’( = "
an 2. h %K Cx) - K, S
2 (CH)

where n is an empirical constant. These equations can be used to obtain



crack depth after N+l uses if the crack depth after N uses and N proof

tests are known deterministically, i.e.,

(s)

a
aN-\\ : q"‘*‘{ NP.‘[

Similarly, crack depth after the proof test can be determined from equation
(3) or (4) if the crack depth before the proof test is known determinis-

tically, i.e.,

a_ =a a

¥ = wp 3 (¢)
These functions represented by equations (5) or (6) can be determined
analytically or in the form of quadratures from equation (3) or (&).

From equation (5), can: be obtained for every known value of aNP.

N+l
Similarly, aNP can be obtained for every known value of aN from equation
(6). Howsver, both aNP and aN are random variables in the present
analysis. 1Im this case equation (5) can be used to obtain the proba-
bility distribution for a if the probability %Egtf?bution for anp is
known by using the principleof transformation of random variables. It
should be noted that all equations similar to (5) ot (6) involving crack
depths are increasing functions. This property is useful in transforming
the random variables.

For example, the probability density function for a_ ., can be

written as follows

Aawn
’j- Cq’n*\) : J )_—am\ {q“h }J ;:h: \ (7



similarly

day,

{ Ca, - f [aw, {an1] ) dan,

)

Equations (7) and (8) can be written for every value of n from
zero to the projected number of uses.

Details of obtaining these equations for the membrane of the SRM
with the expression for stress intensity given by equation (2) and Paris'
equation for crack growth is discussed in Appendix I.

The next step is to obtain a tool for change of probability distri-

bution due to the material removal from the wall thickness.

Material Removal and the Change of Probability Distribution
Due to material removal after each use the effective crack depth

is reduced by ‘At'. Thus new crack depth is

(a)

It is assumed that 4¢ is a constant. Thus, by using the principles

(2)

of transformation of random variables , the probability density func-

tion for an can be written as follows.

(lo)
pla ) = £(a  +at)
In this equation, p(ﬁn) represents the density function for En and f
represents the functional form of the probability density function for

a .
n



Probability of Failure

By following the method discussed in the preceeding two sections
probability density function for crack depth can be obtained after every
flight, proof test and material removal. From the density function,
cumulative probabilities can be obtained by integration. Integration
after the transformation of variables as discussed in equations (7),

(8) and (10) needs the determination of appropriate limits of integra-
tion consistent with the transformation of variables, This is also
discussed in the Appendix I, If F(an) represents the CDF after n flights
and ;1pr60f tests the probability of failure is given by the probability
of an_>_ ac.

It is to be noted that the probability of failure changes with
different selections of the initial wall thickness t, increased loading
due to proof test, the material removed At and the number of designated
missions., The increased loading due to proof tests is denoted by a factor
K . A cost function or a weight function can be formulated from this
knowledge of probability of failure and other related unit-cost or
weight. Such a cost or weight function depends on t, Kp, At and number
of missions N. It is possible to select these design variables by
minimizing the cost or weight function subject to appropriate reliability
bounds. The effect of NDI is indirectly related to initial flaw distri-
bution., Additional NDI effects such as the rejection of structures are
not considered in the analysis. However, they can be included as cost

units related to the probability of failure. A numerical example is




illustrated in the next section to illustrate the developments of the

report.

Numerical Example and the Computer Program

b

distribution for the initial crack depth is such that the minimum crack

For the numerical example, it is assumed that the 'Johnson S

depth is zero and the maximum crack depth is b.l inch. Different possible
ratios (a/c) are considered. Paris' equation for crack growth is assumed
with ¢ = 0.847 x 10718 and exponent equal to 3.0. The variation of o
with (a/c) is approximated by a quadratic relation.

The primary objective of reusing the SRM case is to reduce the
cost of operation of the shuttle. However, as the number of uses (or
cycles) is increased probability of failure increases because of large
crack depths associated with more use. The probability of failure also
increases with higher proof factors because of higher stresses. Thus,
smaller number of cycles and small proof factors, result in higher
reliabllity, However, small number of cycles increase the cost of the SRM
case because it has to be replaced after relatively smaller number of uses.
Then the total cost function consists of (a) the cost due to number of

uses and proof factor and (b) the expected cost of failure, i.e.,

c = c,kP) + c.p

total 3£

In the equationC(N,Kp) is the cost due to number of uses N, and
proof factor Kp' The cost of failure of SRM case is denoted byC3 and

the probability of failure by Pe. The cost C(N,Kp) can be expressed as

10



cv,xF) = clwa + cz(Kp)b

It is to be noted that the expression is only for the purpose of
illustration in this report and can be changed to reflect the figures
more accurately.

The power 'a' is negative to reflect the fact that the effective
investment cost is lower if more number of uses can be obtained from the
same vehicle. Similarly the power 'b' is also negative. This is to
reflect the fact that the capability of vehicle to withstand higher proof
load usually indicates lhrger available margin of safety and increased
confidence in the success of the next mission. This also includes intan-
gible cost due to confidence. It is to be noted that t and'pAt' are not
varried in the numerical example, Therefore, there is no cost associated
directly with t or At.

Initial thickness of the case is assumed to be 0.686 inch and it
is assumed that 1% of the thickness is reduced after each use. The flight
loading is assumed to be 936 psi. For the purposes of the illustrative
example, the problem posed is to select the number of use cycles and
proof factor for minimum expected cost. A reliability restraint can be
imposed. However, the numerical example has not been considered such a
restraint. Arbitrarily, the following values have been used for Cl’ C2

and C ¢, = c, = 1000.00 units, c, = 180 units, a = -0.3 and b = 4.0

3’ 73 1 2
have been used.

The general procedure can be summarized in the following steps.

A computer program has been written to carry out the needed computations.

11



1. Obtain the parameters of the Johnson Sb distribution for the
initial flaw size.

2. Obtain the stress in the membrane from the known geometry of

the case and wall thickness

In the equation Kp is the proof stress factor. During flight
kP is equal to one., Pressure P is the MEQOP pressure and R
is the radius of the SRM case equal to 72.5 inches,

3. Obtain the new CDF and density function for the ctack depth
after the proof test. A value of KP close 1.0 is assumed to
start the calculation.

4. Obtain the new CDF for the crack depth during the flight
following the proof test.

5. Estimate the probability of failure.

6. Compute the cost function parameters.

7. Obtain the new CDF after the material removal.

8. Repeat steps 2 to 7 for the new thickness and the next mission
until the total number of missions are complete.

9. Change ' At', t, » N and repeat the calculations as necessary.

10. Select the design variables for the minimum value of the ob-
jective function subject to reliability constraints,

A computer program has been written to carry out these steps, Only

N is varied in step number 9. The program is listed in Appendix II.

12



Figure 1 illustrates the variation of cost with number of cycles
and proof factor in the range 1.02 to 1.20. From the assumed arbitrary
cost figures minimum expected cost occurs for 16 cycles and proof factor
of 1.12. The corresponding reliability is only 0.9. Lower proof factor
need to be used for higher reliability. In the numerical example pre-

sented in this report, t and At have not been varied,

13



Conclusions and Recommendations

This report has demonstrated that the reliability analysis based on
probabilistic fracture mechanics can be used to optimize the selection of
the design variables of the SRM case. In particular, basic design
variables such as the thickness and projected design life as well as the
fracture control variables such as the proof factor and material erosion
can be included. Accuracy in estimation of the initial flaw size distri-
bution is reflected in the assessment of the risks involved in the design.
By knowing the risks involved in the design, weight and cost can be
reduced from those obtained by deterministic analysis and use of arbitrary
safety margins.

This report is only a first step in the development of procedures
based probabilistic fracture mechanics. Additional work that is necessary
can be listed as follows:

1. A more accurate analysis can be obtained by considering the
joint distribution for the crack depth and crack length along
the surface.

2. Accurate methods of estimatimation of the probability distribu-
tion for the initial flaw size distribution should be developed.

3. 1In particular, effects of slap down and time dependent crack
growth including stress corrosion should be considered in the
SRM analysis.

4. Uncertainties in external loads and material properties should

be considered,

14



Accuracy of the different models for crack growth (in the point
of view of probabilistic fracture mechanics) should be evaluated.
Alternate fracture control plans and more accurate stress inten-
sity measures based on cylindrical geometry can be considered.
Cost of NDI efforts in relation to the cost that will be
incurred by additional safety factor should be evaluated in

the point of view of improved reliability.

15



APPENDIX I

Estimation of the new CDF of crack depth after use from a

knowledge of the old CDF and probability density before use.



Crack Growth Rate

The rate at which the crack depth increases is given by Paris

equation as follows.

da

£ _ e@r)® = 0.847K)" x 107°

dN

For subsequent convenience in algebra, the value of 'n' is taken to be

3.0. The suggested value from current state of art is 2.48 (C = 0.847

b4 10-18). Now substituting for AK

da a
XN 0.847 C4

a a2
CS + CZCE) + C3(g)

Simpliiying this further,

_dﬁ =C a
dN 6 a a2
Cy + C, (D) + C (D)
3 -
where C6 = 0.847 x (04) x 10 18

Integration of (g%

Separating the variables a and N in %%, it follows that
1.5

) a a, 2j

C. +C.,.(=)+cC,(=)

N = 1 5 2% 3¢ da
C a

(8



Integrating both sides between state (1) and state (2)

In order to evaluate the integral on the right hand side, it is found
necessary to expand the numerator of the integrant binomially .

Now consider the numerator of the integrand with C5 - 1. Neglecting

terms of higher order than (%)3, it follows that

1.5

. a a2
il + CZ(E') + CB('C-) ‘

)2

a
=1.0 +1.5 CZQE) + 31.5 C3

+ 1,5(0.25)% <

2 .3(,a.3
+ }1.5(0.5) c,C, - 0.25(0.5)% ¢, %(C)
Letting
1
Pl = 2‘1.5 C2
p - —% 1.5 G, + 1.5(0.25) c?_z{
2 |
and
b= LY 5¢0.5) c.C. - (0.25)% ¢.>
37312020 658 . 2

it follows that



a a 2 . _ 2 3
.1 + Cz(c) + c3 (c) = 1.0 + P, a +rP2 a” + P3 a”.

Substituting in the integral

2 E P P
F 1 -0.5 1 . .0.5 2
N = ¢ |75 ®@ + o5 @ +t1E @
N 6
1 .
29
X P, (a)z.5
2.5
21

Solution of a1 as a function of a2

Substituting the limits

1.5 2 2
- _ -0.5 0.5  2p,(a,) + =P _(a,)
Ce(N, - Ny) = 2(a2) +2 Pl(az) +t3 7202 57372
, -0.5 0.5 2 1.5 2 2.5
+ 2(a1) -2 Pl(al) - 3 Pz(al) -3 P3(al)

Rearranging and neglecting terms of order higher than three, it reduces

to the following
3 2 . _
(al) + P(al) +qa; +r-= 0

where




. 2
[8 P, + (cl) ]

and

. . . i .
Now, the three roots of this cubic equation, (al) are given by the

following [CRC tables 17th edition.P. 105]

a 1) _ A+ B --%

a(2)__A+B_*;A-B _ P
1 = 2 2 V-3 3
a3 __A+B _A-B _E
1 - 2 2 V-3 3
where p

: -3

b b 2

A = \j/‘i‘*'a + 97

1.3 ,
b = 57(20” - 9Pq + 27x)



Transformation

Probability density of a, is given by

2
da1
£ (a,) =-—£f (a,)
a2 2 da2 a1 1
CDF of a2 is then
% 2, (a,)
I fa (a2) da2 = J fa (al) da1
a 2 0 1
1
[F (a )]al(az)
= a1 1
0

where al(al) is the CDF of Johnson SB distribution,

Now, it is needed to obtain a, as a function of a,; No. of

cycles etc. This can be done by solving the polynomial equation

obtained previously in terms of a N, and N,as

and treating a,, Ny 9

1
constants. The infinite deg;ee polynomial equation is truncated at
the 3rd degree for convenience.

Of the three roots only one will be the real root because of
the physical nature of the problem, say a (a

Then, substituting in the expression for the CDF of a,
2 (az)

F (a ) = fa (al) d(al)

1

Oc"——a

or 1f the CDF of a, is known,
1(3))
a
P, () = [F (a))]
2 0



Thus F (az) is a function of the parameters of the initial flaw
a

2

distribution i.e. A , €, Y and N, the proof test factor K.IJ and

the number of uses (N2 - Nl)'

The effect of each of these parameters can be studied by calcu-

lating F (az) for various cases, by means of a computer.
a

2

Parabolic Fit to @2(%)

a
Consider the range ﬁ:SQ;)S 1.0. 1In this range it is attempted

a
to fit a parabolic curve for QZCZ).Such as follows.

In order to determine the three constants C

2
1@ =c +0, & e, &

are considered on the given curve.

a
!i —_— =
&)C

Substituting the values for point (i),

0

1l

0.5

1.0

0?2

c

)
2,a
] CE)
2.,a
] (;)

Cl =

1

=1.0

1.5

2.5

.0

Substituting the values for point (ii)

or

1)

C2 and C

1.0 + 02(0.5) + C3(0.25) = 1.5

202 + C

3

= 2.0

3

three points



Substituting the values for point (iii)
1.0 + 02 + C3 =2.5

or

C2 + C3 = 1.5

Solving equations (2) and (3) simultaneously

02 = 0.5

and C

3 1.0

Thus the chosen parabolic fit is as follows

p?) = 1.0 + 0.5(3) + <i>2
¢’ " e c

Limits of Integration for the CDF of 'a2"

By hypothesis, the initial flas ‘al' has a Johnson - SB distri-

bution. Also, there is a functiomal relationship between the initial

'a, ' after N cycles. This

ize 'a.' and the subsequent flaw size 9

1
1 '

relationship renders 'a2' a random variable because a; is a random

Hh

lzw

uy

variable by hypothesis. Having known the range space of 'al' the range

space of 'a2' can be derived from the functional relationship between

i and ‘az'. Thus, if the lower limit of ’al' is zero, it follows

from the functional relationship between ‘al and 'az' that the lower

la '

limit of a, is also zero. Next, if the upper limit of 'al' is a, the
corresponding upper limit for 'a2' can be obtained by solving the cubic

relation between a; and a,, as a function of the number of cycles

N = Nz - Nl.
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NOTATIONS

A a specified crack depth
c constant in Paris's equation for crack growth
H height of casing
K stress intensity factor
KC critical stress intensity factor
KN stress intensity factor after N uses
N number of uses of the motor case
P Pressure
Ro outer radius of the casing
a surface crack depth
a, critical crack depth
ay crack depth after N uses
s half the length of a surface crack
1 payload cost per pound
c, cost of total payload
¢y cost of articles and accessories at proof test
ci component cost
c.. component cost
ii
c... component cost
1ii
C. component cost
iv
Cr total cost

f probability density function

constant in Paris's equation

n constant in Collipriest's equation

P proof load factor

t thickness of the case

ty thickness of the case after N uses

X random variable representing crack depth
z standard normal variable

Y, shape parameter
At thickness decreased during grit blasting
AK stress intensity range

€,A maximum initial crack depth, scale parameter

ii
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minimum crack depth
shape parameter
density of the material of the casing

yield stress



Abstract

A methodology for the reliability analysis of a reusable solid
rocket motor case has been discussed in this paper. The analysis is
based on probabilistic fracture mechanics and probability distribution
for initial flaw sizes. The developed reliability analysis can be used
select the structural design variables of the solid rocket motor case
on the basis of minimum expected cost and specified reliability bounds
during the projected design life of the case. Effects of failure
prevention plans such as non-destructive inspection and the material
erosion between missions can also be considered in the developed
procedure for selection of design variables. The reliability-based
procedure that has been discussed in this paper can easily be modified
to consider other similar structures of reusable space vehicle systems

with different failure prevention plans.



INTRODUCTION

Structural components of a solid rocket motor case are considered to
be fracture critical whenever the game plan is to recover and reuse the
motor case for a designated number of missions. Proof tests, conducted on
the case between missions, are also significant to  rendering the
structural components fracture critical. Proof 1load 1levels may
significantly affect the design life of the structure. A fracture control
plan is, therefore, necessary and are considered in the design of the

case.

In particular, this paper is concerned with the fracture control of
the most critical membrane areas of the case. All discussions and
methodologies presented in this paper can, however, be used whenever
similar fracture critical structures of a reusable space vehicle system
are designed. Some modification might be necessary in particular
structures. Significant loads are applied to the motor case during flight
and water recovery operation of each mission. The applied stresses from
all other events during the mission are assumed in this analysis to be not
significant enough to result in cyclic or time dependent crack growth. If
the test or analysis indicate the possibility of other critical loading
events they can be included in the fracture control plan by extending the
reported analysis. Before each mission, the case is also subjected a
proof test. The loads applied during the proof tests can result in
significant amount of crack growth. Grit blasting is assumed to be used
between each mission. This reduces the effective depth of cracks and the
thickness of the membrane by a selected amount. While the effective depth
of crack is reduced, the refurbishment grit blasting operation has the
effect of increasing the applied stresses. This necessitates a larger
initial thickness of the membranes than that would be required otherwise.
Therefore, any design of the membrane of the case must arrive at an
initial wall thickness t, the thickness t that will be decreased between
each mission and the proof load factor p. For example, a large value of

initial wall thickness results in increased reliability, but results in



the need for increased propellant, increased cost of operation and reduced
pay load capability. On the other hand, a small initial wall thickness
increases the probability of failure and the resulting loss of the reusable
space vehicle system and the pay load. Therefore, there is a need for
optimizing the initial wall thickness. Similar arguments can be presented
to explain the need for selecting the other design variables such as At and

p by optimizing the desired objective function of cost and weight.

In general, these design variables depend on the probability
distribution for the initial flaw sizes present in the membrane, applied
stresses during the use of the vehicle, crack growth characteristics of the
material, fracture control plans, specified reliability bounds, weight and
cost considerations. The paper describes a reliability-based procedure
that can be used to select the design variables of a solid rocket motor
case in a reusable space vehicle system by using probabilistic fracture

mechanics and cost or weight comsiderations.
Method of Approach

It is assumed that careful Non Destructive Inspection (NDI)
techniques can detect initial cracks greater than the surface length of 2co
and depth of a with 1007 success. Sometimes, it 1is assumed that
cracks corresponding to surface length 2c = 0.1 inch can be identified 100%
of the time.1 If the corresponding maximum depth is 0.05 inch there is no
possibility of existence any initial cracks of depth larger than 0.05 inch.
Such an initial crack depth distribution is assumed to be analytically
represented by Johnson Sb distribution.2 Reasons for this assumption can
be explained as follows. One of the requirements of any assumed
distribution is that the minimum and maximum crack depths be bounded within
finite limits. Depending on the thickness and the available techniques of
non destructive inspection techniques, there is a finite maximum depth of
possible crack. It is not infinity as is provided by distributions such as
normal distribution, gamma or log-normal distributions. The minimum value
of depth of crack can be assumed to be zero or a small number . Such a

distribution can be obtained as the transformation of the usual normal

variate. One such transformation is the following.



z=Y+T 1n
A esx<e+ A (1)

In this equation, z is the standard normal variable and x is the variable
of interest i.e., the crack depth. The four available parameters are Y ,
M, €, & A . The minimum and maximum crack depths fix € & A respectively.
The parameters can be called shape parameters and can be determined from

percentiles of the observed data.

The density function for the probabilistic model is written as

follows
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This emperical distribution is called Johnson Sb distribution. It should

be noted that it is possible to obtain other emperical distributions to

represent the crack depths,



This probability distribution for initial crack depth changes after
each mission, each proof test and each time the material as removed from
the wall thickness. The change in distribution after each mission and
each proof test is due to the crack growth resulting from the applied
stresses. This crack growth also depends on the present length of the
crack, applied stress and the material that are responsible for the crack
growth. In this analysis,the applied stresses and material properties are
assumed to be known deterministically. 1If the initial crack length were
also known deterministically the crack length after each use can be
determined from equations such as Paris' equation3, Foreman's equation4
or Collipriests equationss. Because initial crack lengths are not known
deterministically, crack length after each use of the vehicle is again

another probablistic distribution that has to be estimated.

The cumulative density function (CDF) for crack length after N uses
is denoted by F(aN). This represents the probability that aNﬁiA after N
uses. Each use is defined as one flight, one proof test and a material
removal. Crack growth due to time related effects such as stress

corrosion have been neglected.

1f F(aN) is known, the probability distribution for the stress
intensity factor KN can be obtained from the knowledge of the applied
stresses. The probability distribution F(KN) for stress intensity factor
can be wused to estimate the probability failure Pf which 1is the
probability of stress intensity factor Ky greater than or equal to the
critical stress intensity factor during the projected design life of the
structure. The critical stress intensity factor 1is denoted by KC. In
this analysis, stresses and the material properties are assumed to be
known deterministically. However, the applied stress changes after each
use due to material removal. Therefore, the probability of failure can be
expressed as the probability of a NZ3- In this expression a. is the
critical crack depth that can be obtained from the critical stress
intensity factor and the applied stress corresponding to that particular
mission. This relationship between the stress intensity and the applied

stress is discussed in the next section.



Stress Intensity Factor

For the analysis of the stress intensity factor in the membrane, an
infinite plate model with elliptical surface flaws that are oriented per-
pendicular to the applied stress has been assumed. The relationship
between the stress intensity factor, the applied tensile stress and crack

depth is given by1

K = 1.2aﬁ o a (3)
Ve ¢

where

Q &) =" - 0.212 (g—) )

In this equation, is the yield stress and § is a function of the
ratio of crack depth to crack length (a/c). Variation ﬁz with (a/c) is

given in reference 1.

Because the crack depth a is a random variable the stress intensity
factor K is also a random variable. 1In general, both crack depth a and
crack length 2c¢ are random variables and there is a need for a joint
distribution for a and c. In this analysis, only the crack depth is
considered as the random variable. It is also assumed that the
probability distribution for crack depth a is known initially and is given
by a Johnson Sy, distributionz. The density function for the distribution

5



is given in equation (1). This probability distribution for crack depth
changes with use. The next step will be to determine the change and the

new probability distribution after each flight and proof test.
Probability Distributions for Crack Depth After Use

The following symbols are used to properly account for the changes in
probability distributionms.
f(ao): Probability density function for the
initial crack depth
F(ao): Cumulative distribution function for
initial crack depth
F(a0 ): Cumulative distribution function for
initial crack depth after the first proof test
F(aN): Cumulative distribution function after
N flights and (N+1) tests
F(aN ): Cumulative distribution function after
N flights and N proof tests.
F(aN): Cumulative distribution function after

material removal from the wall thickness.

Then,

aﬁ C (AK)n (5)

where C and n are empirical constants. Alternately, the rate of crack
. . 4 —
growth can be assumed to be given by Foreman's equation or Collipriest's
. 5 . . .
equation™, if they are found to represent the situation more accurately.

For example, Collipriest's equation can be written as follows:

- 7 - - 1 - !
InK_- Ak -1 {IndK- % (lng, (1-R) + 1nAKy|
%Y (In Kc(l-'-R) - 1nK)

+ 1n {c exp (E(anc—‘-ano)]
z

da -
aN -~ D exp [n :

(6)



vhere n is an empirical constant. By integrating either of the selected
equations (5) or (6) crack depth after N+l uses can be determined if the
crack depth after N uses and N proof tests are known deterministically,

i.e.,

41 T A {"‘NP} &)

Similarly, crack depth after the proof test can be determined from
equation (5) or(6) if the crack depth before proof test is known

deterministically, i.e.,

e - e B (®)

These functions represented by equations (7) or (8) can be determined
analytically or in the form of quadratures from equation (5) or (6). From

equation (7), Ay can be obtained for every known value of a

NP’
Similarly, ayp can be obtained for every known value of ay from equation
(8). However,  both ayp and ay are random variables in the present
analysis. In this case, equation (7) can be used to obtain the

probability distribution for ane] NP

is known by using the principle of transformation of random variables. It

if the probability distribution for a



should be noted that all equations similar to (7) or (8) involving crack
depths are increasing functions. This property is useful in transforming
the random variables.

For example, the probability density function for ay,q can be written

as follows

£(a 1)=f [aN 1{aNpﬂ Np (9a)

similarly

f(aNp) = f [aNp {aN}] N (9b)

Equations (7) and (8) can be written for every value of N from zero

to the projected number of uses.

Details of obtaining these equations for the membrane of the solid
rocket motor case, with the expression for stress intensity given by
equation (2) and Paris' equations for crack growth, is discussed in the

Appendix I.

The next step 1s to obtain a tool for change of probability

distribution due to the material removal from the wall thickness.

Material Removal and the
Change of Probability Distribution

Due to material removal after each use, the effective crack depth is

reduced by At . Thus, new crack depth is

A =a_ - At (10)



It is assumed that At is a constant. Thus, by using the principles of
transformation of random variablesz, the probability density function for

ay can be written as follows.

p(EN) = f (ZN + At) (1)

In this equatiom, p(En) represents the density function for ay and f

represents the functional form of the probability density function for ay-

Probability of Failure

By following the method discussed in the preceeding two sections
probability density function for crack depth can be obtained after every
flight, proof test and material removal. From the density function,
cumulative probabilities can be obtained by integration. Integration
after the transformation of variables as discussed in equations (9), (10),
and (11) needs the determination of appropriate limits of integration
consistent with the transformation of variables. This is also discussed
in the Appendix I. If F(aN) represents the cumulative density function
after Nflights & N proof tests the probability of failure is given by the

“Fn

applied stress at the N =~ use.

probability of a > a The quanity of a ., corresponds to KC and the

cN



It is to be noted that the probability of failure changes with
different selections of the initial wall thickness t, increased loading
due to proof test, the material removed At and the number of designated
number of missions. The increased loading due to proof tests is denoted
by a factor p. A cost function or a weight function can be formulated from
this knowledge of probability of failure and other related unit-cost or
weight. Such a cost or weight function depends on t, p, and number of
missions N. It is possible to select these design variables by minimizing
the cost or weight function subject to appropriate realiability bounds.
The effect of non destructive inspection (NDI) is indirectly related to
initial flaw distribution. Additional NDI effects such as the rejection
of structures are not considered in the analysis. However, they can be
included as units related to the probability of failure. A  numerical
example 1is illustrated in the next section to illustrate the developments

of the paper.
Numerical Example

For the numerical example, it 1s assumed that the Johnson Sb
distribution for the initial crack depth is such that the minimum crack
depth is zero and the maximum crack depth is 0.1 inch. Paris's equation
for crack growth is assumed with

0.847 x 10718

3.0

0
I

3
I

The variation of ¢2 with (a/c) as shown in figure 1 is approximated by a

quadratic relation.

The primary objective of reusing the solid rocket motor case 1is to
reduce the cost of operation of the reusable space vehicle system in which
it is used. However, as the number of uses is increased, the probability
of failure increases because of the propagation of the crack depth. On
the otherhand, smaller number of uses increases reliability and also the
cost is distributed over a smaller number of uses. This means the casing

has to be replaced after a fewer number of uses.



A larger initial thickness would increase the weight of the casing
and costs more in terms of payload. But the probability failure is less
if the thickness is more. The proof test factor p and the material
erosion At are kept constant in this example. However, they also can be
varied and their effect on total cost can be considered in the most

general case. The total cost function ¢ therefore, comprises the

T’
following component costs.

i) Initial cost of the casing, ;s
ii) Expected cost of flight failure ciio

iii) Expected cost of proof test failure c;y; and

iv) ¢ost due to multiple usage, Civ®
The initial cost c, is given by the product of the weight of the casing

and the cost per pound of the system, i.e.,

2
= 1T -
c; (ZROtN tN ) HYy < (12)

whrere R0= outer radius of the casing
t,= thickness of the casing at the
N th
N™" cycle
H= height of the casing
v= density of the material
c.= payload cost per pound
The expected cost of flight failure is the product of the probability of

flight failure and the entire payload cost, i.e.

€31 =y v C2 (13)

11



where PN is the probability of failure at the Nth flight <, is the total

cost of the payload. Similarly the cost of proof test failure is

- 4
©iii = Fnp ©3 (14)

where pnp is the probability of failure at the Ntb proof test and ¢y is
cost of articles and accessories of proof test. Finally, the cost due to

multiple usage is given as follows:

. =c/ 0.3
iv_ °3f @) (15)

Thus, substituting all the components, the total cost function Cr is given

by the following equation

T i ii T %iii T Civ (16)
The following numerical values are used!?® in evaluating equatiomn-(16).

= 0.3 1bs/cubic inch
= 816 inches

72.5 inches

= §$1624 per lbs.

= $250 x 106

= $2x106

o 0 a =™ oo R}
1

W N = 0

Results

The initial thickness to 1is varied from 0.535" to 0.435" in steps of
0.005". Also 1% of the initial thickness is eroded after each flight.
The total cost function is calculated for various initial thicknesses and

use cycles by means of a digital computer. Figure 2 illustrates the



variation of the cost function with t, and N. If it is obvious that as the
number of wuses increases, the minimum occurs at a higher initial
thickness. For example, for 18 missions the minimum cost occurs at an
initial thickness of 0.48 inch. The initial thickness to give minimum

cost for 20 mission cycles increases to 0.497 inch, for 22 missions the

thickness required is 0.512".

Figure 3 delineates the variation of reliability with initial
thickness, after 20 missions cycles. The reliability corresponding to the
minimum cost for 20 uses is 99.3%. If this reliability is not adequate
enough, then a higher initial thickness should be used even though the

total cost will be higher than the minimum.
General Procedure

Based on the preceding example, a general procedure can be delienated
in the following steps.
1. Obtain the parameters of the Johnson § distribution2 for

b
the initial flaw size.

2. Obtain the stress in the membrane from thc known geometry of

the case and wall thickness.

In the equation p 1is the proof stress factor. During flight,
p 1s replaced by a value of 1. Pressure P is the MEOP pressure

on the case and R 1is the radius of the case.
o

3. Obtain the new CDF and density function for the crack depth after

the proof test.

11



4. Obtain the new CDF for the crack depth during the flight

following the proof test.
5. Estimate the probability of failure.
6. Compute the cost function parameters.
7. Obtain the new CDF after the material removal.

8. Repeat steps 2 to 7 for the new thickness and the next

mission until the total number of missions are complete.
9. Change t and N and repeat the calculations as necessary.

10. Select the design variables for the minimum value of the
objective function subject to reliability counstraints.
A computer program has been written to carry out these steps (see Appendix
D).

Conclusions and Recommendations

This paper has demonstrated that the reliability analysis based on
probabilistic fracture mechanics can be used to optimize the selection of
the design variables of a solid rocket motor case. In particular, basic
design variables such as the thickness and projected design life as well
as the fracture control variables such as the proof factor and material
erosion can be included in the analysis. Accuracy in estimation of the
initial flaw size distribution is reflected in the assessment of the risks
involved in the design. By knowing the risks involved in the design,
weight and cost can be reduced from those obtained by the conventional

deterministic analysis and use of arbitrary safety margins.

This report is only a first step in the development of procedures
based probabilistic fracture mechanics. Additional work that is

necessary can be listed as follows:

14



1. A more accurate analysis can be obtained by considering the
joint distribution for the crack dpeth and crack length

along the surface.

2. Accurate methods of estimation of the probability distribution

for the initial flaw size distribution should be developed.

3. 1In particular, effects of water impact and time dependent
crack growth, stress corrosion, should be considered. This
is particularly important if the missions are spaced over

years.

4. Uncertainties in external loads and material properties

should be considered.

5. Accuracy of the different models for crack growth (in the
point of view of probabilistic fracture mechaniecs) should

be evaluated.

6. Alternate fracture control plans and more accurate stress
intensity measures based on cylindrical geometry can be
considered.

7. Cost of NDI efforts in relation to the cost that will be
incurred by additional safety factor should be evaluated

in the point of view of improved reliability.

8. Thermal effects should be considered.

1%
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APPENDIX I

This appendix describes estimation of the new CDF of crack depth after use

from a knowledge of the old CDF and probability density before use.

Crack Growth Rate

The rate at which the crack depth increases is given by Paris'

equation as follows.

—g—g = ¢(AR)™ = 0.847x10” 10 (aRy™

For subsequent convenience in algebra, the value of n is taken to be 3.0.

The suggested value from current state of art is 2.48 and c¢ is equal to

0.867 x 1018. By substituting for

3
da _ 0.847 |c . a Zl% (A1)
dN 4 c5+c2_a_+c3_vé,’
c
Simplifying this further,
1.5
‘ a
da _ 2 NG (A2
an - e {CS + <y (c) + C3 (c) )

where

17



3 -18
Ce = 0.847 x c4 x 10 (A3)

Separating the variables a and N in -g%, it follows that

a 2 1.5
c5 + cz(—c') + c3(;) da

a

(a4)

dN

olp—l

Integrating both sides between state (1) and state (2) the following

equation is obtained

) a a, 2 1.
= o da
] 2 =-i— {Cs ey * e300 } (A5)
6 a;

a

In order to evaluate the integral on the right hand side, it is found

necessary to expand the numerator of the integrant binomially.

Now consider the numerator of the integrand with 05 = 1. Neglecting

terms of higher order than (a/c)3, it follows that

18



2.1.5

{1+ <, (—2) +cq (f);t

a
= 1.0 + 1.5 c2 (C)

2
+[}.5c3 + 1.5 (o.zsi] o)

2 3] a 3
+ [0.75c203 - 0.25(0.5)"¢c,” | Q) 6)
Letting
p. =< 1.5 ¢ (A7)
1 ¢ ° 2
L 2
P, = ;2 {1.5 ¢y + 0.375 ¢, } (A8)
and
1 2 3
P, = C3 }0.75c,c, - (0.25) c, } (A9)
Then, it follows that
1 &) + (—"’-‘)2 -~ 1.0+ P.a+P.a’+Ppa
flte, Q+ey @} =1 1 2 3% (Al10)

Substituting in the integral the following result is obtained



N - P
] 2_ 1 [_ 6_1_5 (2) 0.5 "1 (3)0.5

N 0.5
) };2—5 (ayl-
. a,
. 7 a2'5] (A11)
1.5 a,

Solution of ajas a function of a,

Substituting the limits of integratiom in A(11)

1.5
B -0.5 0.5
cg Ny - Np) =-2a, + 2P, (a,) T + %Pzaz
-0.5
2.5 0.5 1.5 2.5
+§' Pga,”  + 22, - 2Pya, % Pyay - §P3a1 (A12)

Rearranging and neglecting terms of order higher than three, it reduces to

the following equation

3
(a) +p (a) 4 a(a) +7 =0 (413)

where

(Al4)




and

) (AL5)

(A16)

. . . i .
Now, the three roots of this cubic equation, (al) are given as follows

where

W
i

N

21

)y ,b=1 (2p°

(L)
a1 = A4+ B - g
(2) _A+B A-B _,— _P (A17)
i z 3 3
(3) _A+3B B .+ _P
a1 - z 3 3
3
b+ B> +3a° (A18)
2 4 27
3

- qpq + 27y)
27



Transformation

Probability density of a, is given by

da1
£ (a =— f (a)) (A19)
a2 2 da2 a1 1
CDF of a, 1s then
a (a,)
1 2
9
f_ fa2 (a2) da2 =[ fal (al) dal1 (A20)
al «0
a (2,) a,(a,)

f fal (a) da, = [Fal (al)] (A21)
(]

where Fa (al) is the CDF of Johuson SB distributionz.
1

Now, it 1is needed to obtain a; as a function of a,, No. of cycles etc.

This can be done by solving the polynomial equation obtained previously in
terms of a; and treating ays N1 and NZ as coustants. The infinite degree

polynomial equation is truncated at the 3rd degree for convenience.

Of the three roots only one will be the real root because of the

physical nature of the problem, say al(az)

Then by substituting in the expression for the CDF of a,

Ql(aZ)

Faz (a,) =[ fa1 (a)) da (A22)
(o]

22



or if the CDF of a, is known,

al(az)
Fa2 (a2) = [Fa(al)] o (A23)

Thus, F_ (az) is a function of the parameters of flaw distribution i.e.,

e, A\, ¥, N » the proof test factor p and the number of uses (N2 - Nl)'

The effect of each of these parameters can be studied by calculating

Faz(az) for various cases, by means of a computer.
Parabolic Fit to Qz(%)
Consider the range 0S¢2S1, In this range
it is attempted to fit a parabolic curve for

such as follows.

9 B =s, 8, At D (A24)

In order to determine the three constants C., C, and C, three points are

1’ 72 3
considered on the given curve.
f =0 . (f) = 1.0
—f—: = 0.5 ¢° (f) = 1.5 (A25)
2 =10 9 & = 2.5



Substituting the values for point (i),

Substituting the values for point (ii)

1.0 + ¢, (0.5) + 53 (0.25) = 1.5

2
or

(oLl

2

+E3=2.0

Substituting the values for point (iii)

or

and

1.0 + Ez+

C

3

Thus the chosen parabolic fit is as follows

¢2

= 1.0+ 0.5

24

o lp

+ 2
2

c

2.5

(A27)

(A28)

(A29)

(A30)

(A31)

(A32)

(A33)



Limits of Integration for the CDF of a,

By hypothesis, the initial flaw a, has a Johnson Sb distributionz.

Also, there is a functional relationship between the initial flaw size a,

and the subsequent flaw size a, after N cycles. This relationship renders

2

a, a random variable because a, is a random variable by hypothesis.

Having known the range space of a, the range space of a, can be derived

1 2

from the functional relationship between a; and a,. Thus, if the lower

limit of a, is zero, it follows from the functional relationship between

a; and a, that the lower limit of a, is also zero. Next, if the upper

limit of a; is ars the corresponding upper limit for a

solving the cubic relation between a

2— -
of cycles N~ = N2 Nl.

5 can be obtained by

1 and a,, as a function of the number
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Figure No. 1. Variation of Shape Factor with a/c
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