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SUMMARY

The results of velocity measurements in long straight reaches of
both open channels and closed conduits have been used in the past as
evidence of a pattern of mean motion which consists of a primary compo-
nent that is essentially longitudinal in direction, with secondary com-
ponents in the plane of the cross section. The existence of the secondary
motion is usually inferred from the configuration of the velocity contours
over a normal section.

The cause of the secondary motion has never been satisfactorily
explained. It is usually assumed that it is present in any closed conduit
of non-circular shape, and in every open channel. It has thus been gen-
erally concluded that boundary form is responsible for the motion. Littie
work has been devoted to the phenomenon since Prandtl, in 1927, e#plained
the occurrence of the circulation by a momentum analysis based upon an
assumption that the turbulence fluctuations in the directions tangent to
the velocity contours were of greater magnitude than the fluctuations
normal to the contours. Prandtl did not give an explanation for the dif-
ference in magnitude of the fluctuations. His analysis led to a somewhat
different version of the motion than had been given by others, Prandtl's
analysis was apparently verified by Nikuradse, who visually observed the
distribution of dye injected into the flow.

The purpose of the present study was an examination of the struc-
ture of the flow in a non-circular conduit to obtain information relative

to the role of the turbulence fluctuations on the secondary motions.



The motion pattern for flow in a corner of a closed conduit or
open channel is not subject to complete mathematical analysis, because
of the difficulties involved in the solution of the non-linear, partial
differential equations of motion. The equations, nevertheless, were
used as an analytical basis for the interpretation of the experimental
results. Thus, by considering the equations pertinent to the y- and
z-directions only, simplifying the problem to a case of uniform motion
and neglecting the terms involving purely viscous stress, the equations

reduce to:

bk vt _Pw Pw, B F_HF @)
3z dy 0z% dy= Oyoz

where:

Lo _ Qv
dy Oz
and £ is a measure of the rotation of a fluid particle about the x-axis.
It is shown that a necessary condition for a non-zero value of any
of the first four terms of Equation (A) at a point is the existence of
V or W; and conversely, that if any of the first four terms exist, then
V or W, or both, are not zero. Of primary importance to the existence of

the secondary motion, then, is the variation of the normal stress terms

vZ and w®. Little more information can be extracted from Equation (A)

without experimental measurement of the quantities involved.
Measurements to define both the mean and the turbulent flow pat-
tern were made in air over a normal section at the downstream end of a

rectangular closed conduit 5 inches wide, 32 inches high, and 29 feet
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long. A hot wire anenometer was used for the turbulence measurements;
mean velocities were measured with a conventional pitot-static tube
arrangement. The pressure distribution along the channel was measured,
and measurements of the éomponents of the secondary motion, V and W, were
obtained with the hot-wire equipment. For the tests the maximum mean
velocity in the channel was maintained constant at 40 feet per second,
which corresponds to a Reynolds number of about 50,000 based on the half-
channel width.

The results of the measurements of the longitudinal mean velocity
component over the normal section showed that the flow was symmetrical
about the horizontal and vertical centerlines of the channel. The half-
section below the horizontal centerline may be divided into two regions;
one in the central portion of the channel, and one in the vicinity of the
floor. In the central region, the velocities were logarithmically dis-
tributed from a point very close to the sidewall outward nearly to the
vertical centerline, and the distribution was independent of vertical
position. In the floor region, which extended upward to a distance of
about ten inches above the floor, the velocities decreased with decreas-
ing distance from the floor; however, the horizontal profiles remained
logarithmic for distances above the floor greater than about three inches.
At a distance of about three inches above the floor, the horizontal pro-
files began to flatten at the vertical centerline. Closer to the floor,
the point at which the velocity attained its maximum value along each
profile was no longer located at the vertical centerline, but was dis-
placed in a direction toward the sidewall.

In the central two-dimensional region, the measurements of the

fluctuating components u', v', and w' agreed closely with the distribution
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of the corresponding quantities obtained by other investigators in a
similar region. A maximum value of each component occurred close to the
sidewall, and a minimum value at the vertical centerline. The value at
the centerline is very nearly the same for all three components, whereas
at the sidewall, u' is greater than the other two, and w' the smallest.
The cross-product uw had a maximum value close to the sidewall; a zero
value at the centerline, and was very mnearly linearly distributed between
these two points. The quantities uv and vw were nearly zero throughout
this region, as were V and W.

In the floor region, the values of u', v', and w' increased with
decreasing distance from the floor. Above a height of about three inches
in the channel, however, and except at the vertical centerline, the in-
crease was proportional to the decrease in mean velocity, so that the
horizontal profiles of u'/U, v'/U, and w'/U superpose upon the distribu-
tions obtained in the central region. Below this height, the velocity
fluctuations increase at a faster rate than the decrease in mean veloc-
ity. Close to the floor, u' is larger than both v' and w'; however, w'
is greater than v'. Distributions of u'/U,, v'/U,, and w'/U, are also
shown .

In the floor region (as well as the central region), the varia-
tion of the cross-products uv and uw was shown to depend primarily upon
the velocity gradients %g and %%, respectively, and in general, the
larger the gradients, the larger was the magnitude of these quantities.
The variation of ;;, likewise, was dependent upon a gradient in V or W,

or both. The maximum values of vw were found to be much smaller than

those of uv and uw,
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The measurements of v' and w' were used in conjunction with Equa-
tion (A) to conclude that a secondary motion pattern will be present in
any established flow in a non-circular conduit. A physical justification
for the measured behavior of v' and w' is obtainabie from the considera-
tion that the magnitude of a velocity fluctuation normal to a boundary is
inhibited by proximity to the boundary, whereas a similar restriction upon
the component parallel to the boundary does not exist.

The measurements of the secondary motion pattern are presented.



CHAPTER 1

INTRODUCTION

Description of the Problem

Certain features of the mean velocity distribution over a normal
section in long, straight, rectangular open-channels have been the source
of speculation in the past. It has often been noted, for example, that
the maximum velocity in the vertical was, in some locations, depressed
below the water surface. Attention has been called to the fact, also,
that the velocities in the vicinity of the corners were somewhat greater
than expected. Furthermore, the curves drawn through points of equal
velocity (sometimes called isovels) display reversals and curvatures of
a singular nature. To a greater or lesser extent, these phenomena are
found in open channels of any shape.

The reasons for the occurrence of these events have not been com-
pletely explained. It is a well established fact that the irregularities
are absent from the velocity distribution in long, straight circular pipes
flowing full. On the other hand, the isovel patterns drawn from the re-
sults obtained by Nikuradse (1) in a long, rectangular closed conduit ex-
hibit the same general tendencies as those for the open channel, differing
only in major aspect near the closed-conduit counterpart of the free sur-
face, which must act as a boundary in the open channel. These circum-
stances have led investigators to conclude that boundary configuration

was responsible for the apparent anomalies in the mean motion pattern.



A physical explanation for the peculiarities in the isovel patteérns
is obtainable by reference to a system of secondary motions, or superposed
circulations, in the plane of the channel cross section. A motion of this
kind directed toward the corner regions, for example, will transport par-
ticles possessing a relativély higher longitudinal momentum into regions
where the particles have a lower momentum. The latter particles will
thereby be accelerated until an equilibrium is reached between the momen-
tum so transported and the additional shear stresses created by the higher
velocities. For reasons of continuity, the inward flow must be accompa-
nied by an equivalent outward flow along the boundaries, which leads to a
system of secondary streamlines which close upon themselves. Similar
circulations can usually be deduced in other locations to satisfactorily
account for the configuration of any isovel pattern; which is evidence
of the existence of secondary motions. The net result of the circulatory
pattern is the local transposition of the isovels.

The motivation for the present study was the belief that the gen-
eration, mixing, and consequent diffusion of the turbulent eddies from
the walls in the vicinity of a corner in a long channel are instrumental
to these motions. Its purpose was, therefore, an examination of the
structure of the flow in such a region to obtain information relative to

the role of the turbulence with respect to the secondary motions.

Scope of the Investigation

The experimental part of the study was carried out in air flow,
rather than in water, because instruments for the measurement of turbu-
lence in water have not been perfected. The use of air as a flow medium

precluded a free surface; however, neither the use 2f air nor the absence



of a free surface was believed to place a serious restriction on the ex~
trapolation of the generalized structure of the flow in the vicinity of
the conduit corners.

The study was conducted in a rectangular closed channel having an
aspect ratio of 1:6.4. The flow was limited to a Reynolds number of ap-
proximately 50,000 based on the maximum channel velocity and half-channel
width.

The experimental work consisted of the measurement of the mean
longitudinal velocity distribution over one section normal to the flow
at the downstream end of the channel, the measurement of the distribu-~
tion of the six components of the Reynolds turbulence stress tensor in
the same plane, and the measurement of the transverse mean velocity com-
ponents in the vicinity of one of the corners of the channel. As well,

the variation of the longitudinal pressure gradient was measured.

Review of the Literature

Secondary motions in conduit flow are usually classified according
to their origin, and from this standpoint, they belong in one of two gen-
eral categories. The first of these concern transverse motions which are
introduced into the flow as a result of local changes in channel configu-
ration or alignment, or by a local perturbation or disturbance in the flow.
Because of the lack of a sustaining mechanism, they decay and disappear
downstream from their source. In this category belongs secondary motions
resulting from flow around bends, secondary motions caused by the oscilla-
tion of solid bodies in fluids (for a discussion of this phenomenon, see
Schlichting (2)), and secondary motions which occur in a developing flow
in @ uniform channel as the mean velocity adjusts to that required by the

configuration and roughness of the channel boundaries.



The second kind of secondary motion is the subject of this study,
and occurs only in developed flow in prismatic, non-circular channels.
The first literature references on this subject were made simultaneously
in 1882 by a German, Muller (3), and an American, Stearns (4), apparently
independently of one another. In 1909, Gibson (5) published the results
of observations concerning the cross motion, without reference to the two
preceding papers. Except in minor detail, all three writers were in ac-
cord as to the pattern of the motion, and described two symmetrical cells,
the movement being directed toward the center of the open conduit at the
top, and outward along the bottom. Prandtl (6), in 1927, gave a somewhat
different version of the paths followed by the secondary motions. He sug-
gested that they moved along the bisectors of any corner angle toward the
corner and then along the adjoining sides away from the corner. Prandtl
explained the motion by a momentum aralysis based on the assumption that
the turbulence fluctuations tangent to the isovels were of greater magni-
tude than those normal to the isovels. Using this hypothesis, he deduced
a momentum distribution having a resultant force pointing toward the con-
vex sides of the isovels (the direction of decreasing velocity}; the
force having its greatest magnitude where the isovels have the greatest
curvature. He credited the production of the secondary motion to this
force. He did not explain the difference in magnitude of the fluctuations.

Nikuradse (1), under Prandtl's direction, carried out a painstak-~
ing experimental study of flow in conduits having a variety of cross-
sectional shapes. Detailed mean velocity measurements were made in each
channel. The isovel patterns obtained by Nikuradse in non-circular con-

duits confirm the general circulation pattern predicted by Prandtl.



Casey (7), for wide shallow channels, suggested a system of multi-
ple circulation cells extending entirely across the channel, with adjacent
cells rotating in opposite directions. Vanoni (8) also inferred this pat-
tern from sediment deposits on channel floors. Tracy and Lester (9),
however, obtained measurements in smooth rectangular open-channels which
permitted the inference that the secondary motions were present only in
the regions in the proximity of the two sidewalls of the channel. 1In
this connection, it is to be noted that the existence of a central two-
dimensional flow region has been experimentally verified by Bazin (10) in
wide, smooth channels, and by Koloseus (ll) in artificially roughened chan-
nels, among others.

Nemenyi (12) suggested that the secondary motions are of prime im-
portance in their influence on sediment transport. Kirschmer (13) and
others have used them to account for channel shape in erodible material,
and have attributed high rates of energy loss to their existence. Eckert
and Irvine (14) measured the mean velocity field at the end of two trian-
gular ducts for a variety at Reynolds numbers, and, from Smoke-visuéliza“
tion techniques, found that both laminar and turbulent f£low could exist
side by side over a large range of Reynolds numbers. They found no in-
dication of secondary motions except when the flow was strongly turbulent.

Einstein and Li (15) analytically studied the change of vorticity
with time in the direction of the main flow, and concluded that secondary
motions will not develop spontaneously in laminar motion, but that they
could be expected to develop in turbulent flow in regions where the isovels
are not parallel. Gessner and Jones (16) made experiments in turbulent flow

with no pressure gradient in a rectangular conduit and found that the



isovel pattern at the downstream end of the conduit was essentially in-
dependent of the turbulence level of the entering flow, and that the
ratio w'/v' was greater than unity in the corner regions of the channel.
Delleur and McManus (l7) assumed a secondary motion pattern in a rectan-
gular open channel consisting of two cells rotating with a constant angu-
lar velocity, and analyzed the motion pattern using the Reynolds equations
in cylindrical coordinates to show that the helical motion and the turbu-
lence of the flow were interrelated. Kennedy and Fulton (18) observed
discontinuities in curves representing the variation of mean channel ve-
locity at a constant slope as a function of depth from results obtained
in a rectangular open channel. They attributed the discontinuities to
changes in the pattern of secondary motion with depth; and concluded that
the discharge capacity of the channel could be affected by as much as 20
percent by the changes.

Very little material appears in literature more recent than Prandtl's
original report (1927) to explain the occurrence of the secondary motions.
Most present day hydraulicians have apparently accepted the pattern of

motion suggested by Prandtl, and the explanation offered by him.



CHAPTER II

THEORETICAL ANALYSIS OF THE PROBLEM

Equations of Motion

The Navier-Stokes equations are derived from Newton's second law
which states that the product of mass and acceleration is equal to the
sum of all external forces acting on a body. They are thus momentum equa-
tions. At any instant and at any point, they describe both laminar and
turbulent flow. For turbulent flow, however, it is usual to modify the
equations by substituting for each velocity and pressure term a mean value
and the instantaneous deviation therefrom. The time average of the re-
sulting expressions differ from the original statements only by the addi-
tion of termé involving the time-averaged velocity fluctuations. The
added terms are commonly referred to as '"apparent" or '"Reynolds" stresses,
because they have the dimensions of forces applied to a unit area, and
because similar terms were first deduced by Reynolds.

The modified equations, together with the equation of continuity,
are a starting point for the description of turbulent flows. The equa-
tions, for incompressible flow, and a fluid of constant viscosity in terms

of an orthogonal coordinate system, are:

pu _ _ gp* _(ov® . o
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and the equation of continuity
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In these equations, the superscript bar is used to denote a time average;

D/Dt to refer to the total derivative,

Dt ot dx Jy

and V2 to indicate the Laplacian operator

e +Q- 0%

OX- dy dz 2

The mathematical difficulties surrounding the integration of the
partial-differential, non-linear system of equations listed above are
formidable, and solutions have been obtained for only a very few cases.
The equations can, nevertheless, be used for experimental guidance, and

to furnish an interpretation for the laboratory data.

Two-dimensional Flow

It is appropriate, first, to simplify the equations to apply to the

two-dimensional, uniform flow region which is assumed to exist in the



central part of any rectangular conduit of sufficient width and length.
The equations, so reduced, are also descriptive of the flow at the inner
limits of the three-dimensional regions on either side of the central

region. The coordinate axes are orientated as in Figure 1, in order to

b |
P

-
I —

‘r/////’ ‘\\ihﬁhm__
X origin of coordinates

Figure 1. Definition Sketch for Axis Orientation.
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conform to the placement of the test channel. The following conditions

are assumed to apply:
1. Except for the pressure, all mean quantities are constant in

the x-direction,

2. all mean quantities are independent of time,
3. all mean quantities are constant in the direction of the y-

axis,
0, the equation of continuity

4., V =0. When V = 0 and QE =
ox

requires that W be constant; because it is zero at the center line, it

must then be zero everywhere in the central region.

Equations (1), (2), and (3) reduce to:

o —
0 = _op . o%u _ 0 Suw (5)
) 0z= oz
0=—px )
z
op* _ , ows )

The second of the equations requires that vw be constant. Again, when

vw is zero at the wall, it must be zero throughout the region.

Equation (7) can be integrated to give
P* 4+ p w? = £(x)

Because w= is zero at the wall, the pressure is a maximum there.
Differentiating Equation (7) with respect to x:
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o%* _ o (op*) .
e G L

*
which shows that op* is independent of the coordinate z, and Equation (5)

dx

can be integrated to yield:

p*

Q/

—uw + C

oIE
vlE

N
¥

du is zero at the centerline, from symmetry requirements.
z

The quantity iy
The cross-product uw is also zero at this point, because %Q is zero.

z
This latter can be established by reference to Figure 2. Figure 2 shows

U(y)

Figure 2. Transport of Momentum Due to Turbulent
Velocity Fluctuation.
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the coordinate axes Ox and Oz on which is superposed the mean velocity
distribution U(z) for which g% is greater than zero. A particle which
travels upward as a result of the velocity fluctuation v, moves into a
region where, on the average, the mean velocity U is larger than that
from the region whence the particle came. If the particle is assumed to
maintain its original velocity during its movement, it retards a similar
particle at its new position, and thus gives rise to a negative u. Con-
versely, those particles moving downward, or in a negative direction will
be associated with a positive u. Thus, because of the difference in the
mean velocity characteristics of the regions corresponding to the origi-
nal and transposed positions of the particles, the two components of
fluctuating velocity will be related, or ''correlated," each to the other.
As a consequence, their average product will have a value other than zero,
and in the case just described, be negative in sign.

On the other hand, if the mean velocity gradient is zero, then
upward moving particles migrate into regions having the same mean veloc-
ity tendencies as those from which the particles moved. Because the
longitudinal turbulence is entirely random, (as is, of course, the verti-
cal turbulence) the transposed particles accelerate or retard particles
at their limit of movement in a completely orderless manner; retardation
occurring, on the average, just as often as acceleration. This is obvi-
ously also true for downward-occurring movement. The vertical migrations,
as a result, are not correlated with the longitudinal movement, on the
average, and the mean product of u and w is thus equal to zero. It is
thus evident that the existence of a mean velocity gradient is a neces-

sary condition in order that the value of the time-mean cross-product of

normal components of turbulence be different from zero.



13

It is thus apparent that a sufficient reason for uw = 0 at the
center of the channel is that dU/dz = 0 at that point, and the constant

of integration of the last equations is:

_D_ opF
C = — &
P ox
and
1 op* / _Dy_HYdu —
P Ax \ 2)'pdz'“ L

Thus, the force due to the pressure gradient is expended by direct viscous
shear, and by an "apparent' shear due to the correlation of the u and w
components of turbulence. The left side of the equation shows that the
sum of the two stresses is linearly distributed across the channel, the
sum having a maximum value at the wall and a zero value at the centerline.
Experimental measurements made in the past have confirmed the fact that,
except very close to the wall, almost all of shearing stress is due to the
turbulent exchange of momentum. It is to be noted that the shear proc-
esses in laminar and turbulent flow are approximately similar. This has
led some investigators to represent shear stress in turbulent flow as the
sum of two components, thus

T=(u+n)§%=p§-—g—p§;
In this equation, the factor 75, by analogy with p, has the significance
of a viscosity coefficient and has been called the "eddy' or "apparent"
viscosity. It is not, however, a property of the fluid itself, but

varies with the magnitude of the turbulence fluctuations.
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The conclusions drawn from the preceding discussion are listed
below. They state the boundary conditions which are expected to apply
at the inner limit of the wall region:

(1) The cross products uv and vw are zero.

(2) The cross product uw is zero at the lateral centerline of the
flow, and has a maximum value near the wall. Between these two points,
its value varies linearly. The viscous component of shear stress is in-
significant except very near the wall.

(3) The piezometric pressure has its maximum value at the wall.

Away from the wall, the sum of piezometric pressure and p w2 is constant.
(4) The mean velocity components in the y and z directions are

Zero.

Three~dimensional Flow

Not as many terms can be eliminated from Equations (1), (2), and
(3) in order that they be applicable to a three-dimensional uniform flow,
although some simplification of the equations is possible. First, the
assumed condition of steady flow removes the dependency at any quantity
on time. Second, the assumed condition of uniform motion causes the mean
values of the fluctuating quantities to be independent of the x-direction.
Lastly, it will be assumed that the viscous terms of the equations are
insignificant (except very close to a fixed boundary), and hence may be
neglected. The latter assumption requires only that the Reynolds number
be sufficiently high to permit fully developed turbulence to exist.

For these conditions, Equations (l), (2), and (3) reduce to:



15

ou ou _ _1QP* _(Quv , Quw
vl ud. Lo (ay“" 2 ) 9)
gV . gV _ _LOP*_ (D, dw (10)

dy dz P Oy \OJy oz
vaw+wa_w,_;©_1>_‘t_(a€+aw“’) (11)

and the equation of continuity becomes

ov . oW _
. (12)

Differentiation of Equations (9), (10), and (ll1) with respect to

X, and using the previously stated assumptions, will yield

3%* _ 3% _ o%p* _
Ox® OJyox Jzox

from which it follows that the piezometric gradient at any point of a
normal section will not change with distance in the direction of flow.
Further, since the order of differentiation may be reversed, it may be
concluded also that the gradient with respect to x will not vary from
point to point over the section, even though the pressure may not be
hydrostatically distributed.

Equation (9) is a statement regarding the momentum balance in the
x-direction, and expresses the rate at which the longitudinal pressure
force is expended either against the turbulent shear forces or in driving
the secondary motion which may be present. While this equation may fur-

nish a link between the longitudinal pressure gradient =-- which is the
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prime mover for all motion in the channel -- and the secondary motion, it
does little to provide an explanation for the origin of the motion.
Because the secondary motions are assumed to be present in corner
flows in the plane normal to the longitudinal axis of the channel, a com-
bination and examination of Equations (10) and (11) is indicated. It is
convenlient, also, to eliminate the pressure terms in the combining proc-
ess. Thus, differentiating Equation (10) with respect to z, and Equation

(11) with respect to y:

v OV . 9V ov o2v ov 1
Y 5voz an+w§-§+éﬂ#az=_58yaz-ayaz 2=

= omm e— e

vOM L WOV, oW , OWow 1 3%p* _ (0%wm
ay"’ dy 57 Byaz dz Jdy P Jydz (

Certain of the terms on the left side of each of the two equations may

be eliminated through the use of the continuity equation. Thus:

v v . B_Wé‘_f:_@v )
0z gy Oz Oz

Q.i oW OW _ a L+ M
dy dy Oz Jy ay az

the equations reduce to:

v &2 WEs"?v:__;a‘i‘lﬁ"_ )
Oydz dz= p Oydz  \dydz

&_ o™ _ _13%* 9%w . 3%®
v + W
dy* Jyoz P ayaz dy*< ayaz)
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Subtracting the lower equation from the upper:

_aj:_)w 52y azw a-?w 0%2 _ 3%° _ %W
Oyoz. yaz Ta0s oyor 02

z2

or;

av _a@z_ag}saﬁ_az ol 2
|_ ( )]+V[By z Oy dy® 2% ayaz +® — v®)

which can be written:

% . Ot _d%w _ oFw . o7 =
S +de 82_2 32 +ayaz (v - w2) (13)

W

where

g = OW _ oV
dy oz

The quantity & is a measure of the rotation of a fluid particle about an
axis normal to the y-z plane. This may be shown by reference to Figure 3
on which is drawn one face of a cubical element orientated so as to lie in
the y-z plane, and which undergoes rotatian in that plané. The rotated
position of the face is indicated by the dashed lines. The total angle
through which the face is rotated is equal to the average of the two an-
gles dx and dp, whose values may be considered numerically equal to their
reépective tangents, since they are small. If the counterclockwise direc-

tion is positive, the total angle is

3 (G
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\ _{j-‘*”‘“"i_%g dz ot

Figure 3. Schematic Representation of Rotation

and the rate of rotation

i Q\l_a_‘i>

2 \dz dy
Mathematically; the rotation phenomenon is closely allied to the concept
of circulation which is usually denoted by the symbol I', which is defined

as the line integral of tangential velocity about any closed curve

= f v, dL (14)
L

The path followed by the curve may be completely arbitrary. If such a

surface is divided into a number of similiarily arbitrarily shaped
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Figure 4. Schematic Representation of Circulation

subregions, reference to Figure 4.wi11 show that the circulation around
the larger enclosing curve is equal to the sum of the circulations around
the smaller regions, because the line integrals around the boundaries of
the latter will be of opposite sign to those of the adjacent boundaries
of the neighboring elements. Only when the boundaries are coincident
with those of the enveloping curve will a resultant exist, the sum of
which is simply the circulation around the outer curve. Moreover, it is
not difficult to show, as the area of any surface becomes very small,

that the circulation around the surface, per unit of. area, is equal to
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twice the rotation, or

e Lo

The evaluation of the incremental circulations in accordance with Equa-
tion (15), and their summation around any closed curve in the plane
normal to the x-axis is the circulation around the surface so chosen.
If the selected path is coincident with one of the streamlines of second-
ary motion, the result is a measure of the strength of motion.

The concept of rotation -- and its mathematical definition -- allow
a physical interpretation of the first two terms of Equation (13). The
angular velocity E is a vector whose direction is normal to the plane of
rotation. The terms involving § are the substantial derivative of this
velocity (with the t~- and x-dependent terms equal to zero), and thus de-
scribe the rate of change of the rotation of a particle in the y-z plane.
By inspection, it is obvious that both terms vanish if V and W, which are
the components of the secondary motion, are zero. On the other hand, the
existence of either term, or an algebraic resultant, requires that V or W,
or both, be not equal to zero.

The latter statement is equally applicable to the first tﬁo terms
on the right side of the equation, which contain the average product of
v and w. The correlation of v and w, with the result that the average
value of their product is other than zero, requires a gradient in the
mean velocity counterpart of at least one of the two fluctuating elements.
Thus, the least that is required in order that the terms involving vw in
combination not be equal to zero is the existence of a secondary motion,

whatever else is implied by the second order differentials.



21

Thus, a non-zerc value of any of the first four terms of Equation
{13), or their resultant sum, implies a secondary motion at the point
under consideration. The resultant will obviously exist if the last term
of the equation is not zero, in order that the equation be balanced.

The first four terms of the equation are descriptive of secondary
motion, or of its effect, rather than of its cause. On the other hand,
the variation of the last term, which involves v and w, is not directly
related to the motion, but instead is dependent upon the configuration
of the boundaries of the channel. Thus, in a later part of this report,
the variation of this term will be examined in the light of the con-

clusions of the preceding discussion.



CHAPTER III

EXPERIMENTAL EQUIPMENT AND TECHNIQUES

Wind Tunnel

The experimental measurements were made in a closed conduit in-
stalled in a low-turbulence wind tunnel located in the School of Aero-
space Engineering of the Georgia Institute of Technology. The tunnel
has been completely described by Ducoffe (19). A sketch of the tunnel
is shown on Figure 5. It was operated by a direct-current motor which
drives a four-bladed fan. The speed was controlled by varying the cur-
rent to the drive motor. The turbulence level prior to the working
section was reduced effectively by an B8-inch honeycomb and a series of
fine-mesh, seamless bronze screens followed by a 10:1 contraction.

The working section of the original tunnel was square, 42 inches
on each side, and had a length of 20 feet. Both vertical walls were re-
moved from the facility during the installation of the experimental chan-
nel. The experimental channel was 5 inches wide and 32 inches high. It
consisted of four smoothly joined sections, three having lengths of 8 feet,
and one a length of 5 feet. Ihe total length of the channel was thus 29
feet. The installation is shown schematically on Figure 5.

One of the 8-foot sections was made of 3/4-inch interior grade
plywood, and was installed at the upstream end of the channel. The down-
stréam sections were constructed from 1/2-inch plexiglas sheets, which
were supported on a system of 3/8-inch threaded steel rods tapped into

small 1/2-inch-thick plastic inserts cemented to the outside of the
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vertical walls and to the lower side of the bottom segment. The threaded
rods projected through holes drilled into the sides and bottom of a series
of rectangular frames made of 2 x 2-inch aluminum angle and placed on ap-
proximate 3-foot centers along the length of the channel. Bolts on the
threaded rod, one on each side of the flat side (with respect to the chan-
nel) of the frame angles permitted the walls and floor of the channel to
be brought into plane alignment by adjustments in the length of the rod
projecting from the supports. Five rods were used on each vertical side
of each frame; one located three inches below the top and one three inches
above the bottom of the channel, with the remaining three spaced between
these two on approximate 9-inch centers. Two rods were used on the bot-
tom piece, and were spaced on the third points. The upper part of the
channel was bolted to the supporting frames.

The upper end of the channel extended into the expanded section,
or settling chamber, of the larger tunnel, both to provide greater length
for flow development and to place its intake in a region where the veloci-
ties were relatively low. A bell-shaped entrance, flared on all four
sides, four feet in length, was placed at the upstream end of the channel.
A honeycomb, consisting of thin-walled, l-inch steel pipe eight inches
long was inserted just downstream from the flared entrance, at the begin-
ning of the 5-inch plywood channel. End and side views of the installa-
tion are shown on Fiéures 6a and 6b.

Piezometer outlets 1/32 inch in diameter were drilled into the
floor along its centerline at l-foot intervals for the last 20 feet of
the channel.

Initially, an air-tight bulkhead was placed between the outside

walls of the channel and the inside walls of the basic tunnel, and was



Figure 6a. End View of Channel.
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Figure 6b. Side View of Channel.

Figure 6¢c. Traversing Scale Indicators.
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located seven feet downstream from the end of the entrance cone. During
the preliminary tests, however,kh the bulkhead was vented to reduce surges

in the system.

Traversing Mechanism

All measurements were made over a normal section six inches up-
stream from the channel exit. An exception was measurements to ascertain
the! state of development of the flow.

The probe holder consisted of a segmented steel block, constructed
to fit snugly around, and to slide along, a section of flat tool-steel
bar which served as the horizontal traversing support. The flat bar was
8-1/2 inches long, 1/8 inch thick, and 3/4 inch wide. The sliding block
was restrained against pitch and yaw by lengths of pre-tensioned spring
steel inserted between holder and bar at the top and front of the bar.

Vertical movement of the probe was guided by lengths of 3/4-inch
machined steel bar, attached vertically at each side of the channel to a
rectangular frame built of aluminum angle. The frame was bolted to the
channel sides. The vertical steel bars served as guide rails for brackets
attached to each end of the traversing bar. The brackets were held against
the rails by a number of press-fitted ball-bearing £ollérs, so arranged in
combination to restrain all movement of the traversing bar except the de-
sired vertical motion. A continuous length of 1/16-inch stranded-steel
cable, attached to each bracket and thence over and around a series of
six pulleys at ' the top and bottom of the mounting ffamg insured like
vertical movement of each bracket, and operated in much fhe same manner

as the cable and pulley arrangement used on parallel rulers found on
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drawing boards. When mounted, the traversing bar moved in a plane
approximately one-half inch downstream from the exit of the channel.

The position of the various probes with respect to the channel
sidewall was indicated on a graduated 6-inch scale attached in a verti-
cal position to one of the brackets. A continuous length of 1/16-inch
stranded-steel cable attached to the clamping-lock side of the scale and
to the sliding block on the traversing bar through a series of pulleys
enabled the relative motion of the block to be transferred to the scale.
A simultanecus determination of the probe position relative to the side-
wall and a movement of the vernier slide relative to the clamping slide
on the scale to indicate the measured probe position served to orientate
the probe for horizontal movement. The details of fhe mechanism may be
seen in Figures 6b and 6c.

The vertical position of the probe was referenced to the channel
floor, and was measured on a l2-inch scale affixed in a vertical position
side by side with the 6-inch scale on the same bracket. The clamping
lock slide of the scale was bolted to the frame of the traversing device.
Vertical orientation of the probe was obtained by a procedure similar to
that described for the horizontal. Traverses at distances greater than
12 inches above the ;hannel floor were made by re-attaching the clamping-
lock slide of the scale to the frame at suitable alternate locations. Both
the 6-inch and the 12-inch scale could be read to the nearest 0.001 inch.

The hot-wires were positioned relative to the floor and to the
sidewall by placing the wires an arbitrary distance close to the wall (or
floor) somewhat less than 0.050 inch. The distance between the wire and

its image in the glass were then measured by use of a forty-power
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microscope having a scale readable to 0.0002 inch imprinted on its focal
plane. Half of the observed distance between wire and image was then set
on the appropriate graduatea scale.

In use, the reverse ends of the probe stems were inserted into a
socket device attached to the underside of the sliding block on the tra-
versing rod. The socket mount could be turned to either side, or up or
down, through angles up to about 20 degrees. In addition, the probe stem
could be rotated in the socket itself.

The apparatus and procedure described above enabled the probes to
be .positioned in the measuring plane to an accuracy pefhaps between 0.001

and 0.002 inch in each of the two coordinate directions.

Hot-Wire Equipment

Turbulent measurements were made using constant-current, Thiele-
Wright hot-wire anemometer equipment. The frequency response of the
amplifier was essentially flat up to about 25,000 cycles per souﬁd. In
order to minimize the amplifier noise level, however, a filter £§ limit
the signal f;equency passed through the aﬁplifier to 5,000 cps was in-
serted in the circuit. Although a very small portion of the turbulent
energy present in the channel was known to be in a frequency range équa}
to or greater fhan 5000 cps, no detectable difference in signal could be
observed when comparative measurements were made with the filter removed.

The wires were compensated for thermal'lag by the square-waQe
method. OQutput readings were taken with a thermocouple and precision
microammetér. The amplifier, thermocouple, and microammeter were cali-

brated against a known RMS sine-wave signal.
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The hot wire probes were constructed by soft-sol dering 0.0001-

i nch diameter platinumrhodi um (90 per cent plati numand 10 per cent
rhodi un) wire drawn by the Wl | aston process to the tips of fine sew ng
needl es (Sharps No. 11) after the silver coating had been etched off the
wire inadilute nitric-acid solution. A single-wre probe was used to
neasure u'; Ccross- or x-wires to nmeasure shearing stress and the latera
and vertical conponents of turbul ence.

The tips of the needl es were spaced 0.030 inch apart for the u'
probe. For the cross-wire meters, the tips of the pairs of needl es had
a lateral spacing of 0.040 inch. The wires for the v and w neter sub-
tended a central angle of 60 degrees, those for the uv and uw neasure-
nments a central angle of 90 degrees. The wire lengths for the v' and w
probes were thus 0.069 inch and for the uv and uw probe, 0.056 inch. A
60-degree cross-wire probe was used in the neasurement of vw. The pairs
of wires were spaced 0.025 inch apart for all cross-wire probes.

S x-inch lengths of 3/8-inch brass tubing were used as supports
for the needles to place their tips upstreamin the tunnel sufficiently
far to be free fromadverse affects due to the proximty of the end of
the channel. The needl es extended fromthe end of the tubes a distance
of about two inches. The conducting |eads were carried back through the
tubes to connections at the side of the tunnel. The tubes thensel ves
could be bent to any desired curvature to facilitate placing the wres
with respect to the channel walls. The reverse ends of the tubes were
inserted into the socket fitting described earlier.

Wth the exception of those related to the determ nation of the

shear conponent vw, the techniques involved in the measurerent of the



