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ANALYSIS OF TEE THREE-PHASE, CAGE ROTOR, INDUCTION 

FOTOR OPEKATING WITH UflBALASCSD APPLIED VOLTAGES 

CHAPTER I 

SYMMETRICAL COMPONENTS—GENERAL THEORY 

In general, analytical solutions of polyphase electrical 

circuits are quite readily obtained through the application of 

KirchhoffT £ laws and the principle of superposition, /fliile these 

methods are applicable to linear^ balanced polyphase systems, diffi­

culties soon develop in many of the unbalanced or uneymmetrical 

networks; and solutions of these networks by the above methods alone 

become quite involved and often tedious. 

Too, the principle of superposition requires that the compo­

nents of the system remain unaltered under all conditions of a 

specific problem. It is unfortunate, from the analytical point of 

view, that this linear condition does not prevail in circuits where 

unbalanced rotating electrical machines are a constituent. The 

polyphase induction motor operating with unbalanced applied voltages 

is an example of such a system* 

Analytical solutions of the operating characteristics of the 

polyphase induction motor with balanced applied voltages are normally 

obtained through the direct application of Kirchhoff*s laws and the 

superposition principle. If by some means, therefore, when un­

balanced terminal voltages are applied to the motor the unbalanced 
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terminal voltages can be resolved into a balanced system, or systems, 

of po t en t i a l s , the problem i s reduced to one of quite familiar nature . 

Thus, the method of symmetrical components, due to C. L. Fortescue, 

i s a powerful too l when used to obtain analyt ical solutions for the 

operation of the polyphase induction motor with unbalanced applied 

vol tages, for in t h i s method the unbalanced system of applied voltages 

i s resolved in to several balanced systems, 

Fortescue* s theorem (applied to a three-phase system of vectors) 

s ta tes tha t any unbalanced, three-phase system of vectors may be 

resolved in to these balanced systems of vec tors , namely: 

(a) Positive-sequence system. A balanced, three-phase system 

of vectors i^hich has the same phase sequence as the or iginal unbalanced 

system of vec to r s . 

(b) Negative-sequence system. A balanced, three-phase system 

of vectors which has a phase sequence opposite t o tha t of the original 

unbalanced system of vec to rs . 

(c) Zero-sequence system. A system of t h r ee , single-phase vec­

to rs a l l of equal magnitude and having the same time-phase posi t ion 

with respect to any given reference ax i s . 

To i l l u s t r a t e t h i s theorem, consider the unbalanced system of 

vectors of Figure 1. The system of vectors may be resolved in to the 

three balanced systems of Figure 2 as i s ver i f ied by Figure 3» The 

posit ive di rect ion of ro ta t ion i s taken as counterclockwise. 

Fortescue, C. L . , "Ifcthod of Symmetrical Coordinates Applied 
to the Solution of Polyphase Networks," Transactions A. I . E. B. , 
Vol. 37, P t . 2 , p 1027. 
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Figure !• Unbalanced system of vectors. 

V4o 

•Oi ' 

Positive- sequence Negative- sequence Zero- sequence 
system system system 

Figure 29 Sequence systems of vectors comprising the 
original unbalanced system. 

>fo/_ hfc» 
T 7 v c s Vki*^»+\Atfc 

v*s v ^ ^ y L -

vptfc.+'W'fc* 
w, V H v fe 

figure 5» Illustration of the manner in which the sequence 
components combine to form the original unbalanced system. 
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In order that the sequence systems of Figure 2 be satisfied, the 

following vector relationships must exist. 

For the Positive-Sequence System: 

V a l = Tal 

*ji ***<*"# 
V c l = V f t i e J l * 0 ° 

For the Kegative-fciequence System: 

Va2 = V a 2 

V t Z = V a Z e J 1 2 0 » 

VC2 = Va2 e J 8 4 0 ° 

For t he Zero-Sequence System: 

v a0 = v b0 = v c 0 

To avoid the cumbersome exponential form of writing vector rela­

tionships, Fortescue introduced an operator, ** , which, when operating 

on a vector, rotated that vector through 120 degrees in the positive 
-,2 

direction. In a similar manner, the operator ** , when operating on a 

vector, rotated that vector through 240 degrees in the positive direction, 

It is interesting to note two other properties of these operators, namely 

z (l+a+- ar )v = 0 

and (&V)(av) = a?v = V 

Making use of these operators, the various vector relationships for the 

positive-and negative-sequence systems may be rewritten: 
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For Positive-Sequence System For Negative-Sequence System 

val = Kl Va2 = Va2 

Vtl = Val * J
240° = a X l V b 2 - Va2 € J

120° = d. Va2 

Vci = va l* Jia>° = *val vo2 = va2 eW = afva2 

Referring once again to Figure 3 it is seen that the following 

relations are valid: 

^a = Val * V a 2 + V a 0 (1) 
Vb = V b l + V b 2 * V b 0 (2) 
Vc = Vcl + V c 2 + V c 0 (3) 

Rewriting, making use of vector relationships given above: 

V a = V a l + V a 2 4-¥a0 (4) 

Vb » ̂ a l ^ V f t Z + Va0 (5) 
Vc = «Wal v ^ V a 2 + V a 0 (6) 

Solving this system of equations for "Vgj, v"ag, and V &Q gives: 

^1 s *?*l*#A ̂ b+^Vc) (7) 
V a 2 = l/3(Va4- ^ V b + ̂ V C) (8) 
Va0 = V ^ a ^ V b ̂ V c ) (9) 

It is possible, therefore, to resolve a system of unbalanced 

three-phase vectors into three balanced systems of vectors. Solutions 

for VgQ, Va2, and V"a0 may be obtained by solution of the above equations 
2 

or by graphical means. Both current and voltage vector systems may be 
• 

solved in this manner, 

o 
Solution of positive-and negative-sequence components by 

graphical means appears in Appendix I in conjunction with the solution 
of an actual problem, 
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The question now arises as to what meaning shall be attached to 

positive-, negative-, and zero-sequence impedance components. Positive-

sequence impedance shall be construed to mean that impedance offered to 

a balanced positive-sequence system of voltages, iiegative-and zero-

sequence impedance refers to the impedance offered to systems of negative-

and zero-sequence voltages, respectively. 

It is important to remember that there is no interaction between 

the various sequence systems. 
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CHAPTER II 

OPERATION OF THE THREE-PHASE INDUCTION 

MOTOR "WITH BALANCED APPLIED VOLTAGES 

Before discussing the operation of the three-phase induction 

motor with unbalanced applied voltages, a brief discussion of the 

operating characteristics of the machine with balanced applied voltages 

should be made, 

With a balanced system of voltages applied to the stator terminals 

of a symmetrically wound motor, a circular magnetic field is set up in 

the air gap* This follows from the fact that, since the stator winding 

is symmetrical, the individual phases are separated by 120 electrical 

degrees and the flux produced by the current flowing in the individual 

windings is varying sinusoidally with respect to time. The vector addi­

tion of the flux produced by the three individual phases gives a 

resultant vector of fixed magnitude which rotates at uniform angular 

velocity. The direction of rotation of the resultant vector depends 

upon the phase sequence of the applied potentials in addition to the 

particular winding pattern for any particular machine, 

Since the direction of rotation of the air gap flux in any 

particular machine is dependent upon the phase sequence of the applied 

potentials, it is quite apparent that the direction of rotation of this 

flux may be changed simply by changing the phase sequence of the applied 

voltages. Since the rotor, if free to turn, rotates in the same direc­

tion as the rotating magnetic field in the air gap, the direction of 

rotation of the rotor may also be changed by reversal of the phase 

sequence of the applied voltages. 
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The velocity of rotation of the air gap flux is directly propor­

tional to the frequency of the impressed voltages, and inversely 

proportional to the number of poles for which a particular machine is 

wound. The speed at which the air gap field rotates in revolutions per 

unit time is called the synchronous speed of the machine* 

It is a well-known fact that changes in shaft load result in 

changes in speed of rotation of the rotor. Since the angular velocity 

of the air gap flux is constant (frequency of the impressed potentials 

assumed constant), it is quite evident that there exists a speed differ­

ential between the rotor and the revolving air gap field. This differen­

tial in speed is the revolutions slip (per unit time) of the machine for 

any particular rotor speed. It is conventional to express the revolutions 
Hs - N 

of slip as a fraction of the synchronous speed, slip, S s (10) 
NB 

With the rotor at standstill (blocked), the slip, from the defini­

tion, is unity; therefore, the frequency of the currents which flow in 

the rotor circuit will be the same as the frequency of the stator 

currents (or the stator magnetic field). If, on the other hand, the 

rotor turns at synchronous speed, there is no slip, 

As a consequence of the foregoing discussion, it is reasonable to 

state that, for rotor speeds between standstill and synchronous speed, 

the frequency of the rotor currents is equal to the stator frequenoy 

multiplied by the slip of the motor, 

With the rotor blocked, the voltage induced in a rotor inductor, 

due to the air gap flux, is: 

e = Blvs abvolts/inductor (11) 

or Em20 * *W-Ts x 1°" volts/inductor 
Ego = 0.707 Bmlvg x 10"8 volts/inductor (12) 
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With the rotor free to rotate, however, the velocity of the rotor induc­

tor, with respect to the rotating air gap flux, is Vr s Vs - V, which is 

the slip of the motor in centimeters per second. Thus, the voltage 

induced in the rotor inductor becomes: 

E 2 * 0.707 Ba 1 (Vs - V) x 10"
8 volts/inductor. 

Multiplying both top and bottom of this equation by the velocity of the 

rotating field, 

E 2 = 0.707 BjjlVg (VB - Vn) x 10"
8 volts/inductor. 

V - V 
However, Slip, S = — 

vs 

Therefore, for operation at any slip S, the emf induced in the 

rotor of the loaded motor is given by: 

E2 « SE20 (13) 

where E2Qis the emf, in volts per phase, induced in the rotor bars at 

standstill. The equation holds when the slip of the motor is not 

excessive. 

The power input to the motor on a per-phase basis is given by: 

P 2 s I^V^^os ^ watts/phase (14) 

Since the power loss in the stator is the stator-oopper loss per 

phase plus one-third the total iron loss of the machine, the power across 

the air gap may be given 

P2 • P^ - 1^ R^ - l/3 total iron loss watts/phase, (15) 
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or the power input to the motor may be written 

Pg * IgEg Cos^-g watts/phase (16) 

At standstill, the rotor current, Ig» per phase is given by; 

*20 
ig • — amperes 

AR^-f (2ITf2L2)^ (17) 

and the rotor power factor 

R2 
Cos^-g = -"7 (18) 

<R 2)S (21if2L2r 

It must be understood that the rotor components are referred into 

the stator as in the case for the static transformer. It is possible to 

make this transformation for the polyphase induction motor is, in theory, 

equivalent to a static transformer operating with a non-inductive load, 

The turns ratio for the induction motor is 

m s number of phases for which 
the machine is wound 

• ml 1 kpl dl S «* actual turns per phase 
n * m N k k kp * pitch factor 

mZ *2 *P2 *d2 
kj = distribution factor 

where the subscripts 1 and 2 refer to the stator and rotor, respectively. 

With the motor operating at any slip, S, the rotor current per 

phase is 

SE20 
I? s — — amperes 

#2)-+ <»» 2 r 



but from previous discussion fg • sf^ 
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SE2 0 

I? s — ..—: , ' •• amperes (20) 
X.R 2^+(2(iSf 1L2) 

SEgQ 
or I« • — amperes (21) 

&gT*Cs x2V 

where X2is the reactance of the rotor at stator frequency. 

Rewriting equation (21) 

^20 
12 • amperes (22) 

/gPF^ 
This equation indicates that the motor operating at a slip, S, has an 

apparent rotor resistance Ro/ S ohms per phase. 

Making use of the deduction above (i« e., the apparent rotor 

resistance is the actual rotor resistance divided by the slip of the 

motor), the rotor input is seen to be 

2. Ro 

pg m ig — watts/phase (23) 
s 

Since the actual rotor power loss is Ig Rg watts per phase, the power 

developed (i. e., pulley power plus friction and windage loss) is 

given by 

Pd = l2 ~ " JZ~ R2 watts/phase (24) 
S 

2. R2 
or P d • Ig — (1 - S) watts/phase 

S 
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from which it is seen that 

P d » P 2 (1 - S) watts phase (25) 

and the power at the pulley is 

Pp • pg (1 - S) - 1/3 Total friction and windage loss (26) 

Equation (26) is an expression for the pulley power in watts per 

phase. Making use of the superposition principle, it is seen that the 

pulley power is three times the pulley power per phase. The pulley 

torque and horsepower output are easily obtained from the total pulley 

power in watts. 

Watts ,„„* 
Horsepower • • •• \21) 

n n m Horsepower x 33000 „ . ,„* 
Pulley Torque • - pounds-feet (28) 

2 x Rotor speed in revolutions 
per minute 

Previously, it was mentioned that the induction motor is equiva­

lent to the static transformer operating with a non-induction load. It 

is quite logical to assume, therefore, that the transformer vector 

diagram and equivalent circuit are applicable with certain modifications, 

for the polyphase induction motor. 

Prom equation (22) above, it was seen that the apparent rotor 

resistance in ohms per phase was the actual rotor resistance in ohms per 

phase divided by the slip of the motor. This is the apparent resistance 

at any particular slip, and the mechanical power developed per phase 

within the machine is given by equation (23) as 
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^ R2 ^ / 
P d m Ig — - I 2 Rg wa t t s /phase 

S 

or P d » l / H 2 i 3 ^ 5 i 
(29) 

The mechanical load on the machine may, therefore, be represented in the 

equivalent circuit as a pure resistance, the value of which is Rg IL-S.S1 

ohms per phase. 

The component parts of the equivalent circuit may be determined 

from no-load and blocked rotor laboratory tests of any particular motor.1 

The equivalent circuit for the induction motor appearing below is 

the same as for a static transformer with one exception; namely, the 

method of representing a load on the machine. 

X, R. *. 
» — » . sAAAA* -Uflfcttftftflfr 

v, 

* * R* 
\SlJJI&QQte—rWAAAA/-! 

M?) 
\ 

FIGURE 4. Exact Equivalent Cirouit for Polyphase Induction 
Motor. All Components Given on a Per-Phase Basis. 

The resistances in the rotor branch may be added together to give 

R? 
the apparent rotor resistance, —— ohms per phase. 

S 

Determination of the machine constants for a particular machine 
is given in Appendix II. 
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CHAPTER III 

OPERATION OP THE THREE-PHASE INDUCTION 

MOTOR WITH UNBALANCED APPLIED VOLTAGES 

In the preceding chapter, it was seen that with a balanced system 

of potentials applied to the stator terminals, the resulting stator 

currents set up a revolving magnetic field in the air gap. This field 

revolves at synchronous speed; the direction of rotation is dependent 

upon the phase sequence of the applied potentials. The currents induced 

in the rotor circuit by this air gap flux produces a torque in the same 

direction as the rotating field. 

Previously (Chapter I), it was seen that an unbalanced system of 

voltage vectors may be resolved into balanced positive-, negative-, and 

zero-sequence systems of vectors. Only positive-and negative-sequence 

systems appear if the unbalanced vector system forms a closed triangle 

(i. e., there is no neutral or ground return), for the zero-sequence 

system disappears as a consequence of equation (9). Thus, with a three-

wire, three-phase system, only positive-and negative-sequence vector 

systems need be considered. 

Therefore, from the foregoing, with a system of unbalanced 

voltages applied to the stator terminals, rotating magnetic fields will 

be established by both the positive-and negative-sequence voltage systems. 

The resulting air gap field is no longer circular in nature, but has 

become elliptical. The performance of the machine may be calculated, 

however, by computing the effect of each system separately and superim-

1 
posing the results. 

_. 

Slepian, J., "Induction Motors on Unbalanced Voltages, 
Electrical \vorld, p S13, 1920. 

file:///vorld
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Since the air gap fields, due to the two sequence systems, rotate 

in opposite directions, the torque produced by each will be in opposite 

directions. 

An equivalent circuit is established for the positive-sequence 

system and an equivalent circuit is also established for the negative-

sequence systems. Since the two systems are balanced and since there is 

no interaction between the positive-and negative-sequence systems, the 

total performance is determined by superimposing the results calculated 

from the two equivalent circuits* 

If the rotor turns at synchronous speed in one direction (assume 

positive direction), the slip of the positive-sequence system (from 

Chapter II) is zero; while the slip of the negative-sequence system is 

2 (i. e., the negative-sequence air gap flux is rotating at synchronous 

speed. Relative motion between the two is, therefore, twice synchronous 

speed). With the rotor operating at slip, S, the negative-sequence slip 

is quite obviously 2 - S. 

The frequency of the negative-sequence rotor currents is 

apparently 

f2 = (2 - S)fx (30) 

or, at small values of slip, S, the rotor currents are approximately 

twice the frequency of the stator currents. The actual rotor resistance 

and reactance must be modified due to skin effect produced by the double 

frequency currents. "The change in rotor reactance is small and usually 

neglected"; however, this is not the case for the actual rotor resistance. 

The actual rotor resistance (for the negative-sequence system) varies 

_ _ 

Dahl, 0. G. C , Electric Circuits, Vol. I, (McGraw-Hill Book 
Company, 1928), p 143. 
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considerably for different machines, depending upon size and shape of the 

rotor bars. For small machines, the actual rotor resistance is predicted 

by multiplying the ohms resistance by the factor, 1,80.° This is a mean 

value for several small machines tested, 

The stator resistance is the same for both sequence systems and 

may be determined by the method given in Appendix II, The leakage 

reactance of stator is also taken as the same for both sequence systems, 

Since it is very difficult to determine to any degree of accuracy 

the exact magnetizing branch of both the positive-and negative-sequence 

systems, the same magnetizing branch components are normally taken as 

the same for both sequence systems. Some authors suggest that the 

negative-sequence system may be neglected entirely without introducing 

appreciable errors in the calculated results, 

The equivalent circuit diagrams may now be constructed as in 

Figure 5, 

v,< 

(a) Positive-Sequence System 

3 
Dahl, 0, G. C , Electric Circuits, Vol, I, (McGraw-Hill Book 

Company, 1928), pp 158-144. Lawrence, R. R., Principles of Alternating 
Current Machinery, (McGraw-Hill Book Company, 1940), pp 5"79~-582. 
Lyon, W. V., Applications of the Method of Symmetrical Components, 
(McGraw-Hill Book Company,""T9377, pp 295^3o"S 

4 
Loc, cit, 
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(b) Negative-Sequence System 

FIGURE 5, The equivalent circuit diagrams for the (a) positive-
sequence and (b) negative-sequence systems for 
symmetrically constructed three-phase induction motor 
operating with unbalanced applied potentials. Compo­
nents are on per phase basis, 

The potentials applied to the positive-and negative-sequence 

equivalent circuits may be obtained from the original unbalanced system 

by graphical means as outlined in Appendix I. The two equivalent 

circuits are solved individually to determine the torque resulting from 

each system and the results then superimposed, 

The stator currents at any slip, S, is by 

+ _ 
n 
if 

Ji 
z4 

Ik 
Z " 

(31) 

(32) 

,+ where Z is the equivalent impedance of the positive-sequence system, 

and Z*~ is the equivalent impedance of the negative-sequence system. 

i , + = r-*-[• ** ? 

** 1 ( Z ^ Z2
+) 

' X (Zm + zr ) 

(33) 

(34) 

where 2^ is the impedance of the magnetising branch, 



The developed torque of the two sequence systems is given by 

+ P 2. R2 ( 5 5°) 
T2 "ITi :f7(l2f) s7*(746T Pou*ds-feetM*se (35) 

P _^- R 2 7 (550) 
1 - _ _ — ( J ) . _ pounds- fee t /phase (36) 

* 4TPf1
v 2 2 - S (746) ' * V y 

By a p p l i c a t i o n of t he supe rpos i t i on theorem, t he t o t a l n e t to rque deve l ­

oped i s 

T • 3 [ T + - T~j pounds- fee t /phase (37) 

Pu l l ey power i s given by 

Pp = 2TTx Speed i n R P M x T - P f + w 

2f 
P_ = 2f?x — (1 - S) T - P foot pounds per second (36) 

* p i f -t- w 

, „ „ foot pounds per seoond , . 
and Horsepower Output = • — * (39) 

The above equations (31) through (39) follow from the work 

presented in Chapter II. 

The total copper loss is the summation of the copper losses of the 

positive-and negative-sequence systems. , 

Total positive-sequence copper loss 

*C = 3 [dl*")2" Rl-V" (l 2
+f R s ] watts (40) 

Total negative-sequence copper loss 

clT - 3 [(lf)^Ri-Ml2~) R2jwattS (41) 



The friction and windage losses are determined from the no-load 

conditions as in Appendix II. 

The core loss for the motor operating with unbalanced applied 

potentials presents a very difficult problem due to the fact that the 

resultant air-gap field is elliptical in nature. Approximations to the 

total core loss is given by Lyon and his method of predicting this loss 

will be given here.5 

Since the core loss is proportional to the square of the voltage, 

the total stator core loss is given by 

(J2 Z£f* 60+ (V **T Sol ™tts («> 

where gQ is the conductance of the magnetizing branch. The core loss in 

the rotor is estimated to be 0.045 times the stator core loss. The 

total core loss for the maohine may be obtained, approximately, by 

adding the stator and rotor core losses. 

5 
Lyon, W, V., o£. cit., pp 283-286 and pp 306-308. 



CHAPTER IV 

SINGLE-PHASE OPERATION OF 

THE THREE-PHASE INDUCTION MOTOR 

A condition bringing about bad unbalance of the applied voltages 

to an induction motor is the case where one of the three input lines to 

the machine is opened. A single-phase voltage is thereby applied at the 

two remaining stator terminals* 

Single-phase operation of a three-phase induction motor is a -

special case of the condition of operation with unbalanced applied 

voltages. The impedance diagrams for the positive-and negative sequence 

systems are, therefore, the same as those appearing in Chapter III. 

A problem arises, however, in determining the voltage impressed 

across the two sequence systems. Quite obviously the current flowing 

in the opened phase is zero; so, with no neutral or ground return, the 

zero-sequence currents are, by definition, zero 

• 

* a O s l / 3 ( I A + l B + Ic> 
O - 1/5 (0 + I B + I C ) 

or IC - - I B (45) 

This, of course, assumes phase A to be opened. 

From equation (7) of Chapter I 

Ila " V* (%4a%f%*IC) (7) 

I,+ • -i (jl) amperes (44) 
la ; 

fa 
where I is the line current. 
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and Ifft = 1/3 < i A + * I B + * I c ) ' (8) 

1 ^ = 1/3 (0 + a l (I 4 j 0 ) f a (-1 + J0) 

I , - « -— ( - j l ) amperes (45) 
l a /i 

(Subscript 1 refers to stator currents.) 

From equations (44) and (45), the stator positive-sequence and 

negative-sequence currents are equal in magnitude. The stator current 

for either sequence system, however, is made up of the exciting currents 

and the rotor current added vectorially. Prom Chapter III, it was 

stated that for small values of slip, the negative-sequence exoiting 

currents may be neglected without introducing appreciable error into 

the calculations. 

In the open-circuited phase, it is apparent that since there is 

no resultant current flow, the vector summation of the positive-and 

negative-sequence currents in this phase must be zero. We may now write 

an expression for the voltage across the open-circuited phase, keeping 

in mind the definition for sequence impedance given in Chapter I. 

Tit = lit (Rl *• Jxl) * *2a ill + JX2) (46) 
(S ) 
(R ' ) 

T U - Jla 0*i + ffi) + IgT \T7J + i*2] (47) 

The only known voltage, however, is the voltage between terminal B and C. 

The voltages across the active phases (i. e., V^g and V-^Q), expressed in 

terms of their positive-and negative-sequence components, are written 

V1B = V1B + V1B (4Q) 
V1C ' Y1Q + vic" («) 

also VBC = VB+ +. VBC- (50) 
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or, rewriting the expression for VgQ in terms of V^A and ̂ 1A » 

VBC = i A (*fi - Txl ) (51) 

since, VBJ = j /£ TjJ and VB(T = - j /J V ^ 

Rewriting, 

VBC = J / s j ^ l a (R1 + *0 + X2* ( ~ + '**> J 

f £ l f (RX + jX l) 4- I2~ | X - ^ j x j 

From previous discussion, 

[V 
/ 

4- 2 1 * (Ex + jXx) -I- I2+ f 3 4~^— 4 J2xJ 1 
(S 2 - S ) J 

(52) 

If* « Xg+ + IQ* (53) 

IX- = - 1+ = - ( 1 ^ 4 I0+) (54) 

then, ££* = If*" - I0
+ (55) 

and, 1% 9 %f * . I j * (56) 

Here, the magnetizing component of the negative-sequence system is 

neglected. 

Rewriting equation (52), 

VBC = 3 /*3 I W*" <R1 * JXl) + lJ? <R1 ̂ X l > 4 Ig* p H- jX2 
( E ' ) ' 

+ in* fc-Hfelnh l2
+ (%*#i) + l 0

+ (--S—+-3*2) 
; (2 - S ) 

+ Xg+ [-^— * jX J 1 (57) 
(2-S 2 ) J 

r ( R2 ' 1 
VBC = J / 5 210 (Rl +*Jxl) + Io* ( +"^ 2 ) 

( 2 - S ) 

(58) 
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VBC = i /z\ Ij4" W M — i 4-jlo"1" (2Xl +"*2) 

-f Is^CSS, + — +-——j 4-32I."4- (X^X-) J 
2 ( S 2 - S) * X Z J 

Since IQ ZQ is very nearly 180 degrees out of phase with V^Q, it 

may be subtracted arithmetically from Vg^. The expression for the 

positive-sequence rotor current may be written as 

' JVBC - I0"M ( 2 % + — M VJ (2X1 + X2)"1 
L( 2 - S) J . + /£ L( 2 - s) 

Io s amperes (59) 
R2 R2 ' 

251 * r + i T s " 4 j 2 (xi-,"x2) 

The total internal torque developed, 

T = T - T = 3 

• 

Pulley power is, therefore, 

feff8 - (If )* £ i | f g Pounds-feet (60) 

Pp« 2Tt (speed in EPS) T - Friction and windage loss 

Of 

Pp s 21T-S- (1 - S) T - P f ^ w (61) 
r 

Total copper loss is given by: 

CL = 3 |(Ii
+),"Rl+ ( i D ^ R l + (I? )*" R2 + (I2")

Z R2'J w a t ts (62) 

From these equations, the performance of the three-phase induction 

motor may be calculated when the motor is operating single-phase, (i. e,, 

one terminal is open)# 

Lawrance, R. R., Principles of Alternating-Current Machinery, 
(McGraw-Hill Book Company, 1940), p 7>72. 



CHAPTER V 

DISCUSSION OF LABORATORY TEST 

RESULTS AND CALCULATED PERFORMANCE OF A 

5-H0RSEF0TCER, CAGE ROTOR, THREE-PHASE INDUCTION MOTOR 

Load tests were made on a 5-horsepower, cage rotor, three-phase 

induction motor with balanced applied potentials and for a wide range of 

unbalanced applied potentials. The machine was also operated single-

phase (by disconnecting one of the supply terminals); for this is the 

limiting case of unbalanced applied potentials. The data obtained from 

these load runs was then corrected by application of the meter calibra­

tion curves and appears in Tables I through X, inclusive. 

The machine was loaded by a prong brake constructed especially for 

these tests by the author. This prong brake, damped by a mechanical 

vibration filter system (dash pot-spring combination) held the load on 

the machine quite constant. The author is convinced that the tests were 

made under the very best conditions possible and that the accuracy 

involved is on a high level. 

Determination of the machine constants presented a very definite 

p 
problem. Since the rotor was of single cage construction, it was not 

possible to measure directly the rotor resistance. As a consequence, the 

rotor resistance was calculated from design specifications as shown in 

Appendix II. 

Another problem - the determination of the stator and rotor 

leakage reactances - was solved by plotting the blocked rotor test as 

See Acknowledgements. 
2 
See Appendix II. 



in Figure L. Since the "short-circuit current versus terminal voltage" 

curve is a straight line, it was assumed that, vdthout introducing 

appreciable error, the leakage reactance of the stator was equal to the 

leakage reactance of the rotor. This assumption may be a source of 

error; however, the author believes the error introduced is quite small. 

Determination of the core loss with the machine operating with 

unbalanced applied potentials is, as pointed out in Chapter III, quite 

difficult. Numerous references were consulted on this problem; however, 

the prediction suggested by Lyon seemed quite plausible and is, there-

•z 

fore, the method used in this thesis. The problem of exact determina­

tion of the core loss, due to an elliptic air gap field, is quite 

involved and the author suggests this problem as a very excellent thesis 

project. 

From the curves and tabulated data, it is seen that predictions 

of the operating characteristics for an induction motor (operating with 

unbalanced applied potentials) may be made through the use of the methods 

outlined in the test with a high degree of accuracy. The discrepancy 

between accurately measured characteristics and those obtained through 

calculation is on the order of 5 to 5 per cent. It is suggested that 

the magnetizing branch be included in the negative-sequence equivalent 

circuit; for its negligence in several "trial" calculations resulted in 

discrepancies of 1 to 3 per cent in the equivalent negative-sequence 

impedance calculated from circui'tis containing this branch. 

In the interest of conserving time, it is suggested that the 

impedance for the positive-and negative-sequence systems be computed for 

a wide range of operating speeds. These impedances may then be plotted 

3 ~~ 
See page 19 of this Thesis. 
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on a curve (impedance versus slip) and if the resulting curve is smooth, 

it is unlikely that the error may be introduced due to error in calcula­

tion of impedance. This scheme was followed in this thesis and it was 

found that calculations could be made quite speedily for the various 

degrees of unbalance (i. e., different systems of unbalanced applied 

potentials). 

An interesting result of this is that, although the negative-

sequence torque is quite small, the presence of the negative-sequence 

currents makes it necessary to operate the machine at greatly reduced 

output to avoid overheating. As a consequence of this, care should be 

exercised to insure applied potentials being as nearly balanced as 

possible. 



A P P E N D I X E S 
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APPENDIX I 

GRAPHICAL METHOD OF DETERMINATION OF 

POSITIVE-AND NEGATIVE-SEQUENCE VECTOR SYSTEMS 

In Chapter I, formulae were developed whereby a system of 

unbalanced vectors could be resolved into three balanced systems of 

vectors. It will be recalled, however, that it was necessary to know 

the vector relationships of the unbalanced system. Three relationships 

may be obtained from graphical construction, provided the system of 

vectors form a closed triangle. In Chapter III, mention was made of the 

fact that there is no zero-sequence system present in the particular 

case where the unbalanced vector system forms a closed triangle. It is 

necessary, therefore, to confine our attention to the determination of 

the positive-and negative-sequence components, since in all cases con­

sidered in this work, the unbalanced vector systems form a closed 

triangle (i, e., there are no neutral or ground returns present), 

Since it is necessary to construct a vector diagram of the 

applied voltage system in order to obtain the correct time-phase rela­

tionships of the component vectors, the positive-and negative-sequence 

systems may be determined graphically from the vector diagram of the 

unbalanced vector system. Since considerable time is saved and the 

accuracy is quite good when appropriately large scale drawings are made 

(i. e,, one volt per millimeter), graphical means of determining the 

I 
Methods for determining the zero-sequanoe vector system by 

graphical means are given quite completely in Symmetrical Components 
by Wagner, C, F., and Evans, R. D,, (McGraw-Hill Book Company, 1935), 
pp 259 - 264, 



various sequence components are used in the analytical solutions of this 

i 
thesis. The method is given below, 

The terminal voltages, Va, V^, and V0 are read from voltmeters at 

the machine terminals. One voltage, such as Va, is selected as the 

reference voltage and is laid down on the horizontal with its proper 

magnitude (to scale). Arcs are swung from either end of this vector 

with the magnitudes of Vv and Vc as radii. Figure 6 shows this 
\ 

construction* v̂ 

FIGURE 6, Graphical Determination of Fositive-and Kegative-
Sequence Vectors from Original Unbalanced System of 
Vectors, 

To obtain the positive-sequence system, solution of equation (7) 

is performed graphically. For ready reference, equation (7) is repeateds 

hn s Vs (va4-avb+a*vc) 

Wagner, G, r., and Evans, R. D,, op, cit. 
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In accordance with the formula, vector V-̂  is rotated counterclockwise 

through 120 degrees as in Figure 6 above. In a similar manner, V is 

rotated through 240 degrees in the counterclockwise (or 120 degrees 

clockwise) direction. The vector 3Va^ is then drawn from the end points 

of the resolved vectors V^ and Vc. Both magnitude and phase of the 

vector Vai may be taken from this construction, 

Solution for the negative-sequence system is obtained in a like 

manner by performing the indicated operations of equation (8) graphi­

cally, Equation (8) is repeated: 

Va2 = X/3 (Vfdfv^ + a Vc) 

This method is straightforward and, as mentioned previously, is 

both speedy and accurate. Using a scale of one volt per millimeter, the 

error introduced by this method is found to be negligible when voltages 

of the order of those used in the laboratory tests performed for this 

thesis are considered. 



APPENDIX I I 

DETERMINATION OF THE MACHINE 

CONSTANTS FOR THE EQUIVALENT CIRCUIT OF A 

5-EORSEPOWER, CAGE ROTOR, THREE-PHASE INDUCTION MOTOR1 

A, l a l c u l a t i o n of Rotor -Res is tance From Design Data 

The opera t ing c h a r a c t e r i s t i c s of t he induc t ion motor are 

determined t o a l a rge measure by the r o t o r r e s i s t a n c e , t h e r e f o r e , i t i s 

mandatory t h a t the r o t o r r e s i s t a n c e must be known wi th as high a degree 

of accuracy as i s p o s s i b l e t o measure the r o t o r r e s i s t a n c e d i r e * t l y e 

p 
The des ign data for the r o t o r was obtained from the manufac tu re r s , 

and t he r o t o r r e s i s t a n c e was then c a l c u l a t e d from the des ign s p e c i f i ­

ca t i ons „ 

Number r o t o r s l o t s , Up . . . 29 
S i t e of r o t o r s l o t 0.1i±5 square inches 
Size of r o t o r conductor , JL-. 18U750 c i r c u l a r m i l l s 
Rotor diameter . 5«97 inches 
Axial r o t o r length • . * . . 3.2812 inches 
Rotor w i r ing connect ion . . Single cage 
Area of end r i n g , Ar . . . . 1.12$ " x 0 . 5 " 

(715,750 c i r c u l a r m i l l s ) 
Diameter of end r i n g , Dr . . 5.938 inches 
R e s i s t i v i t y of rouur 

conduotor m a t e r i a l , K̂  . 2*0 (compared wi th copper) 
Length of conductor , Lg . . 3»U inches ( sk in l eng th ) 
S lo t p i t c h e s of skew . . . 1»353 
Number of po les for which 

s t a t o r i s wound, P . . • I4. 
Number of s t a t o r phases , M . 3 
P i t c h fac tor of s t a t o r 

winding, 8^ 0.935 

The machine t e s t e d was new and of l a t e design* 

2 
The Louis A l i i 3 Company, Milwaukee, Wisconsin . 



Distribution factor of 
stator winding, k^ . O.96O 

Number of stator slots 3& 
Total number of stator 

inductions per slot 20 
Number of stator inductors 

per phase , Z^ 2L\Q 

R2 
n&{ 4- 2 r r 1 ohms (total resistance of cage rotor) 

X*2h n-p*Ar J 

tihWUA) + z(h.8i25)(2) 1 
L 29(181*750) TT (U)2(715,750)J 

Rg t: (29)2 

Rg a 0*001519 ohms ( co r r ec t ed for skew) 

Angle of skew of r o t o r i n deg ree s , 

- S lo t p i t c h e s of skew x Poles x 36O 

Total number r o t o r s l o t s 2 

- 1*333 x h__ x 360 
29 2 

r 33»6 d e g r e e s , 

Skew f a c t o r , k 

k = Sin °< J . o f ( i n r ad ions ) 

"T" • 8 
k = Sin 33Q6 ^ 0»5S7U 

2 ' 2 

k M 0.985 

Res i s t ance ( t o t a l ) of r o t o r r e f e r r e d i n t o the s t a t o r , 

B i i g c * 
Rp (in stator terms) s 

L 2 % 2 DrKr 

A£N2 ' 1TP"Ar 
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where aZE JS i s the turns r a t i o of the machine. 

R2 = P (5.I|Q)(2) ^ 2(U.312$)(2pl f^Q)(0-935)(Q.96]2 

[29(18U750) Tr(Wa-(7l5,750)j|J 0.965 J 

R P = 0.785 ohms ( t o t a l ) . 

Assuming that the rotor resistance per phase is one-third the total 

resistance, 

R
2 = 1/3(°«785) = 0.2617 ohms per phase at 73° C. 

This method of computing the rotor resistance from design data 

3 
is due to Puchstein and Lloyd. 

3. Determination of the Stator Resistance, Stator Reactance, and 

Rotor Reactance From the Eo-Load and Blocked-Rotor Tests 

The no-load test is made by applying a balanced system of poten­

tials at rated frequency to the machine terminals and measuring the 

current and power input at rated voltage. In order that the -windage 

and friction losses may be determined, the applied voltage is reduced 

in steps until the machine falls approximately five revolutions per 

minute be lav synchronous speed. The current and power input is 

recorded at each point and a curve of f,pcr-er input versus terminal 

voltage" is made as in Figure K. The curve is extended until it inter­

sects the power input axis. At this point the power input is taken to 

represent the friction and windage loss of the machine. The friction 

and windage loss for this particular motor is found to be 118 watts. 

3 
Fuchstein, A. F. and Lloyd, T. C , Alternating-Current Lachines, 

(John Wiley and Sons, Inc., I$j2}, pp 282-29T. 
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In making the blocked-rotor test, the rotor is held firmly and 

a balanced system of voltages is applied to the stator terminals. The 

terminal voltage, line current and power input are measured for several 

values of applied potential and a plot of line current versus applied 

voltage is made. To insure that the current drawn by the motor not be 

excessive, a reduced voltage must, of necessity, be applied. The cur­

rent and power input curves are then predicted for rated applied 

voltage in a manner suggested by Puchstein and Lloyd. Figure L is a 

plot of the blocked-rotor conditions for this particular machine. 

The equivalent impedance of the machine, by making use of the 

blocked-rotor test, is given by 

Z - rated volts per phase 
e 

short-circuit current 

z - lg7 
e • -eT 

Ze z 1«955 ohms per phase. 

The equivalent res is tance of the rotor i s determined by 

R - in-phase current (from Fig. L) x z 
e " "- e 

t o t a l current 

a s
 26»2 x 1.955 

65 

R r 0.7890 ohms per phase. e 

The equivalent resistance of the machine is 

= ftf-Xe = H V - V 

Tuchstein, A. F. and Lloyd, T.C., op. cit., pp 259-263. 
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\ = \T (1-955)*- (0.789)*" 

X - 1.789 ohms per p h a s e . 

The s t a t o r leakage r eac tance i s assumed t o be equal t o the r o t o r 

leakage r e a c t a n c e , t h e r e f o r e 

\ = X m -J- XQ = 0.89U5 ohm per p h a s e . 

The ohmic r e s i s t a n c e of the s t a t o r (determined from measurement 

a t 25°C.) i s found t o be O.322 ohms per phase . 

The ohmic r e s i s t a n c e of the s t a t o r co r r ec t ed t o 75° C i s 

R75°C z Tp+75 

B£5°C T 0 + 2 5 

R 7 _ 0 p = 0.322 f *3k.5 * 75 ] 
7 5 c [j3k.5 + 25 J 

^ l (75 0 C) = 0.381+ ohm per p h a s e . 

The ohmic r e s i s t a n c e of t h e r o t o r ( r e f e r r e d i n t o s t a t o r terms) 

is 

R25°C - V + ^ 
R750C V -f 75 

*2(25°C)= 0-2617 r 2 3 6 . 1 + + 2 5 ] V ? ; L 236.2; .+ 75-J 
R2(25°C)= 0.2195 ohm per p h a s e . 

The e f f e c t i v e r e s i s t a n c e of t he r o t o r i s now determined from a 

5 
method suggested by Lawrance. 

R1(25°C) ( e l e c t i v e ) = O.785 0.522 
V y } 0.322 + 0.2915 

5 
Lawrance, R. R . , P r i n c i p l e s of A l t e r n a t i n g - C u r r e n t Machinery, 

(McGraw-Hill Book Company, 191(D), pp 5I4I-543. 



•^l(25°C)= 0»W*3 ohm per phase (e f fec t ive) . 

R1(75°C) = 0 # i + 6 8 " 0 # 5 2 2 + 0 # 3 8 ^ 
Rl(75°C) = °*53 o i im P e r P h a s o ( e f fec t ive ) . 

Since the rotor frequency a t low values of s l ip i s quite low, 

the res is tance of the ro tor (referred into s ta tor terms( i s taken as 

the ohmic res is tance of the rotor at 7 5 ° C , v i z . , 0.2617 ohms per phase. 

C. Determination of the Magnetizing Branch Parameters 

From the no-load t e s t s , the power input at ra ted voltage i s 

consumed by the f r ic t ion and windage l o s s , a small s ta tor copper l o s s , 

and the core loss* 

The no-load t e s t s are now reproduced, 

^(terminal) = 2 2 0 T o l t s ) ^ l i n e ) = ^ 7 *^eTes J P ( t o t a l ) = 26° ^ a t t s -

The f r i c t ion and v/indage loss has been previously determined to 

be 118 w a t t s . 

The t o t a l core loss i s then 

Core loss - Power input - Frict ion 4- Windage loss 

- t o t a l no-load s ta tor copper l o s s . 
2 

Core loss = 260 - 118 - 3(5.1+7) O.53 w a t t s . 

Core loss = 9h»U^ w a t t s . 

The voltage across the magnetizing branch of the equivalent c i r ­

cuit i s 

% = \ - hh 
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Ex = 127.O - 5.i+7(0.89te) 

E]_ - 122.1 v o l t s per p h a s e . 

Since the core l o s s v a r i e s a s the square of t h e v o l t a g e , t h e 

core l o s s i s now co r r ec t ed t o t he vo l tage a c t u a l l y appear ing across 

the magnet iz ing b r anch , 

2 
Corrected core l o s s z l/3(94*^A) r 122*1*1 

L 127.0 J 
Corrected core l o s s = 29»1 w a t t s per phase 

gQ • Core Loss jnho per phase 
(Vol tage)* 

g - 2 9 * ! 50 - " T2 
(122.1) ' 

g - 0.00195 iaho per phase . 

The no- load c u r r e n t i s made up of two components, namely, the 

h y s t e r e s i s and eddy c u r r e n t component, L , and t h e magnet iz ing 

component, I *, • 

I - core l o s s 
h+ e vo l t age 

I h + e 5 g 9 « l = 0.2382 amperes 
122.1 

• 

The no- load power f ac to r i s g iven by 

Cos-e-0 =
 g 6 ° = 0 # 1 2L.6 

3 x 220 x 5.I4.7 

The magnet iz ing component of t h e no- load cu r r en t i s now determined by 

Iy> - I |[ 1 - (COS-GQ) amperes 
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I = 5.1+7 | 1 - (0.12i^6)2 

I z h*995 amperes* 

The magnitude of b may now be calculated, 

I bn : V̂  mho per phase '0 -

>0 = 

E l 
b n - h*995 = o,014085 mho per phase , 

122.1 

The machine cons tan t s for t he equ iva l en t c i r c u i t diagram have 

now been determined and appear below i n t a b u l a t e d form. 

S t a to r e f f e c t i v e r e s i s t a n c e ( a t 75° c)> &i 0*530 ohm/phase 
S t a t o r leakage r e a c t a n c e , X]_ 0.89^5 ohm/phase 
Rotor leakage r e a c t a n c e , Xg 0.8945 ohm/phase 
Rotor r e s i s t a n c e (ohms a t 75 C) , Rp 0.2617 ohm/phase 
Rotor r e s i s t a n c e (120 c . p . s . a t 75°C), Tig O.itfl ohm/phase° 
Conductance of magnet izing b ranch ; gQ 0.00195 mho/phase 
Susceptance of magnet iz ing b ranch , h^ 0*0li085 mho/phase 

6 
The r o t o r r e s i s t a n c e a t double frequency i s t a k e n as 1.8 t imes 

the ohraic r e s i s t a n c e of t h e r o t o r a t 7 5 ° C This i s a mean value of t he 
c o r r e c t i o n va lues g iven by s eve ra l r e f e r e n c e s consu l t ed : " 

Lawrance, R .R . , op . c i t . , pp 579-582. Lyon, W. V . , App l i ca t i on 
of f-jQthod of Symmetrical Components, pp 295-297. Dahl , 0 . G . C , 
E l e c t r i c C i r c u i t s , V o l . I , pp 158-162. P u c h s t e i n , A . F . and Lloyd, T. C, 
o p . c i t . , p 5 5 • 
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APPEKDIX I I I 

CALCULATION OF PERFORMANCE 

OF A 5-HORSEPOrraR, CAGE ROTOR, THREE-PHASE 

IEDTJCTIOU IOTOR 7/1TH BALANCED APPLIED VOLTAGES 

Terminal vo l t age = 220 v o l t 8 

^1 5 0»53 ohms/phase 

Rp = 0.2617 ohms/phase 

X - Xg z °*Q9h5 ohms/phase 

S l i p = 0.0278 

&0 z 0*00195 mho/phase 

b Q - 0.0l|O85 mho/phase 

Core l o s s - 87*3 

F r i c t i o n & Windage l o s s - 118 w a t t s 

r , . « j 
AAAAAAT—vttUU&ttt/ 

v, 

I, . XX 
vflXULWULT 

i* 
s 

'2 = 

J2 = 

'2 5 

[2 = 

R2 
+0% 

S 

0.2617 d 0.891+5 

0.0278 

9J* l 4- j 0.89^5 = 9 .^55 [ 5 »45° ohms/pha se 

1 
z 2 9.U55 5 ^ 5 ° 

Y2 = 0.1052 - 3 0*01004 mho/phase 

= 0.1058 1 -5h5° mho/phase 



Uo 
Y0 = So " foo s °-00195 - j 0.014085 mho/phase 

Y» = Y2-hY0 - 0.10715 - j 0.05089 iriho/phase 

Y» = 0.1187 | -25.58° mno/phase 

Z« = 1 = . _ i __ = 8.1j2 I 25.580 

Y» 0.1187 I - 25.580 l  

s 7#6l 4- j 3»6l ohms/phase 

Ẑ t - Z* 4- Zx : 8.14 + 0 4«5045 = 9.31 I 28.95° ohms/phase 

I , - V l a 1 27 = I3.65 1 - 28.95° amperes 
Z t 9.31 I 28.95° 

P l = ^ l 1 ! C o s " ° i = (127)(13»65) Cos 28.95° 

]?1 - 1505 watts/phase 

o 
P2 = P- - I-, R, - l /3 t o t a l core loss 

P2 = 1505 - (13-65)2 0.53 - 29.1 

?2 = 1379•! watts/phase 

Pd r P (1 - S) = 1379.1 (1 - 0.0278) = I3I+O watts/phase 
2 

P - P, - l / 5 ( t o t a l f r i c t ion -! windage loss) = I3I+0 - 39.33 

z 1300.66 iratts/phase 

Brake - horsepower = 3 K1300.66/7I+6 - 5*226 horsepower 

Efficiency = P x 100/P1 - 1300.66 x IOO/1505 s 86,1+5 per cent 

Pulley torque = Bhp x 55OOO _ 5.226 x 35000 
2 x RPM 2 x 1750 

- 15*71 pounds feet 



APPENDIX IV 

CALCULATION OF PERFORMANCE OF 

A 5-H0RSEP0i7ER, GAGE ROTOR, THREE-PHASE 

INDUCTION 530TOR WX2E UNBALANCED APPLIED VOLTAGES 

Voltage System applied to stator terminals: ?.)\?. - 22 1 - 206 

V, = 128.1 volts/phase Slip = 0.0139 

V^" S 12.71 volts/phase 
gQ = 0.00193 mho/phase 

Rj = 0.53 ohms/phase b = o.Oi+085 mho/phase 

&2 = 0.2617 ohms/phase 
Fr ic t ion *• windage loss - 118 watts 

R2f • 0.i|71 ohms/phase 

X* a X = 0.89^5 olims/phase 

The equivalent c i r cu i t diagrams for tke pos i t ive - and negative-

sequence systems are given in Figure 5> Page 17• 

Z% l ^ ^ * * * +*)<*>+*>) 
(R2/S +3X2X^0 + 3X0) 

z + - 0.53 + j 0.89U5 + (0>2617/0.0159 ± j 0«89te ) ( l . l6 g j g y p 
(0.2617/0.0139 +-0 o.89lj5) + (1-16 + j 21+JU 



Z ^ s 11.75 + 3 9*75^5 = 15.26 [39^7° ohms/phase 

Z"= R X + 3 ^ 4 ( V / ^ - sHffg)(R0 -f JXQ) 

(R2»/fe - S ) * ^ ) + (RQ + jXQ) 

Z" = 0.55 4- a 0 - 8 * 5 + ( 0 ^ 7 1 / ^ - O.Q139)43 o .89 te ) ( l . l 6 -+ 3 2UA) 
(O.i+71/^ - 0.0139)^3 0.891+5) +-(1#16 + 3 24.W 

Z" = 0.7^3 + 3 1.7595 = 1.91 1 67 . I 0 ohms/phase 

\Yl 1 = 12Q'1 z 8.14-0 amperes 
| z + | 15.26 

h"\ z l 7 l l = 1 2 * 7 1
 = 6.65 amperes 

I | z - | 1-91 

^|- Kl l i^jr = 8-'° i S " • 6-38 — 
I 2 " | = I In "I lZml = 6.65 gjj^g = 6.J4.3 amperes 
2 1 U ' IMMVI 25.31 ^ 

In+ 

i + - , ? F r ^ ) 2
 A I 550 

ITTrfT L J ^6 
1* = 5 (k) f"(6.58) 2 18.82 "j 550 = 8.96 pounds fee t . 

2 (377) L J 71*6 

I" = JE f(l2-)
2 ^ 1 550 

4 1 ? ^ L 2 - s J 7I4-6 

T" = 5 (4) T ( 6 . 4 3 ) 2 0.2378/ 550 - 0.1152 pounds feet 
2 (377) L J 7̂ 6 

T = T - T' 3 8 . 9 8 - 0.1152 = 8.86L|8 pounds feet 

Pp = 2 x J ?£ l_ (1 - S) T - P f 

P 

P - 2 x g ( 6 ° ) (1 - 0.0139) 8.8&jS - (118) 550 
P ^ T 7h6 



P z 1555 foot pounds/second 

Horsepower output - 1555/55^ = 2,83 horsepower 

Copper l o s s : 

c * = 3 \\lff R1 + (I2-)2R2] 

0+ = 3 f ( 8 . 4 ) 2 O.53 + (6.38) 0.2617J = II4I1.I8 watts 

CL" = 3 ^di")2ai-*-(i2")2R2 ,][ 
CL~ = 5 [" (6.65)2 0.53 + (6.1+3)Z0.47l] = 128.76 watts 

Copper loss = C* + C L " = II4I1..I8 H - 1 2 8 . 7 6 = 272.9^ watts 

Core l o s s : 

Stator core loss = 3 | l2
+j | z 2

+ [ f J^" [ [ v | | E
0 

= 3 r6 .65(18 .87) + 6.43(0•9249)1 2 0.00195 

: 8i+*8 

Total core loss - 84«8 x 1.045 = 88.6 watts 

Total losses s copper loss -l-core loss •+- f r i c t ion and windage loss 

= 272.94 * 88.6 +• 118 = 479.54 watts 

•r,^. • pr> * 100 1555 x 100 n , ' 
Efficiency = __£ = = 81.5 per cent 

P +• losses 1555 •*• 479-54 

file:////lff
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APPENDIX V 

CALCULATION OF PERFORMANCE OF A 

5-HQRSEPOV7J2R, CAGE ROTOR, THREE-PHASE 

INDUCTION MOTOR OPERATING SINGLE PHASE 

Applied voltage = 220 volts Slip * 0.00555 

Rl r O.53 ohms/phase gQ - 0.00195 mho/phase 

Rg - 0.2617 ohms/phase bQ = O.Olf.085 mho/phase 

R2f s O.I4.7I ohms/phase friction-1-windage loss = 118 watts 

3^ : I g : 0.89^5 ohms/phase 

Z++ Z" = ( 2 R l 4 . R2 , + R2* W i 2 ( I x + X o ) 
S 2 - S ' 

z*+ z" = (1.06 + k?*l + 0.2361) -t- 3 2(1.789) 

Z+ + Z" = 148.3961-^0 3.573 = i|8.5 | U*2l;0 ohms/phase 

*n = (2RX 4- J g U 3 (2Xl +X 2) 
V 2 - S ' 

Z n z ( 1 .06+0 .2361) + j (1 .789+0.8945) 

Zn = 1.2961 + j 2.6835 = 2.981; 16U.21;0 ohms/phase 

Y+ -
T l . io / *2f > 

IT rr V 2 - S 

z 112.65 vol t s/phase 

h^ f+ 
112 

14 
.65 h^ z% z" 

112 

14 &.<? 

s 2.322 amperes 

No-load power factor = no-load power input  
terminal voltage x current 



COS-G-Q = 3±5 = 0.1705 ; s in -B- = 0.986 

220 x 8.4 

Core loss • no-load power input - Pf+T/y " (*Q) C2R]_ + R2
f} 

= 315 - 118 - (Q.kf ( 2 ( 0 . 5 3 ) ^ 0 . 4 7 1 ) 

s 89 watts . 

] xn = 1 ( - core loss + 3 I S i n - ^ -

f3 I voltage 

= 1 r . 89 + 3 (8.4) (0.986) ~1 
r3~ [__ 220 J 

=-O.23333 + 3 4.78 amperes 

+ R2 „ 0.2617 Cos o<7 = 

Sinot a 

VH2
2 H-(SX2)2 V (0.2617)2 + gO.00555) (0,8945)^ 

= 0.9985 

Sg _ (0.00555) (0.891+5) 

V R 2 ^ + (SX2)2 N((0.2617)2 4(0.00555 (0 .8945^ 

= 0.01398 

I ] * = I i ^ - l j = - I 2 _ ( C O B O C + ' - d S i n o O 4 - 1 / 

= -2.322 (0.9985 - 3O.Ol4.7W 4- (- 0.2333 + 3 4.78) 

= -2.5533 4 3 4*834 = - 5-^87 I - 62.25 amperes 

* = 3P f ( l+ ) 2 J^2_ - ( I 2 " ) 2 R2T 1 550 

biT*i L s 2 - s J 746 

3 (4) f"(2.322)2 47.1 - (5-437)2 0.2361"] 55Q 
(377) L J 746 

i = 
2 (377) 

T = 2.898 pounds feet 

3O.Ol4.7W


Pulley power 

Pp = 2 1T x 2 f l (1 - S) T - P f + W 

P = 2 1T x 2 (60) (1 - 0.00555) 2.898 - 118 550 
p k 7h6 

P = 5i|2«5 - 87 = 1+55-5 foot pounds/second. 
P 

Horsepower output - h55»5/55® = 0*8255 horsepower 

Line current = ("3" 1-̂ "*" z \$ (5»^S7) = 9*5 amperes 

Copper loss = 3 J2 ( i f * ) 2 Rx + {l^)2 Rg + ( i i * ) 2 R g ' J 

= j Q (5.I4S7)2 0.53 + ( 2 . 3 2 2 ) 2 0.2617 -1- (5-^s7)2 (o.hn)J 

z 129.83 w a t t s . 

Total losses = copper loss •+• core loss •+friction and windage loss 

= 129.83 4-89 + 118 

z 336«83 w a t t s . 

Efficiency = Fc * 1 Q 0 _ 6 l 8 * 1 Q 0
 = 6k.9 per cent . 

Pp -+• losses 618 + 336.83 



TABLE I 

MEASURED CHARACTERISTICS WITH BALANCED APPLIED VOLTAGES 
APPLIED VOLTAGES 2 2 0 - 2 2 0 - 2 2 0 

AMK AMP, AM$. 
TOTAL 
WATTE 
INPUT 

SCALE 
WEIGHT 
POUNDS 

SPEED 
RPM 

PULLEY 
TORQUE 
EB. -PT. 

HORSE­
POWER 
OUTPUT 

EFFICIENCY 
PER CENT 

SLIP 
PER CEITI 

5*60 5 . 2 5 5 . 6 5 260 **#*, 1800 * M . 

6 , 4 0 6 , 5 5 6 . 4 5 1380 4 . 5 7 5 1786 4 . 7 1 1 .60 8 6 . 5 0 . 8 3 4 

8 . 1 0 8*10 8 . 2 5 2280 6 . 3 5 0 1775 8 . 2 6 2 . 7 6 9 0 . 4 1 . 3 9 0 

1 0 . 0 0 1 0 , 0 5 1 0 . 0 3 3060 7 . 6 6 7 1765 1 0 . 9 0 3 . 6 6 8 9 . 2 1 .946 

1 3 . 4 5 1 3 . 6 0 1 3 . 6 5 4340 9 . 8 6 0 1750 1 5 . 2 0 5 . 0 6 8 7 . 5 2 . 7 8 ^ 

1 6 e 6 0 1 6 . 7 0 1 6 . 8 0 5500 1 1 . 9 0 0 1735 1 9 . 3 6 6 . 3 9 8 6 . 7 3 . 6 1 0 

5 



TABLE I I 

SURED CHARACTERISTICS WITH UNBALANCED APPLIED VOLTAGES 
APPLIED VOLTAGES: 2 4 2 - 2 2 1 - 2 0 6 

AMP, 
12 

AMP. 
13 

AMP* 
TOTAL 
WATTS 
INPUT 

SCALE 
WEIGHT 
POINDS 

SPEED 
RPM 

PULLEY 
TORQUE 
LB .*-FT , 

HORSE­
POWER 
OUTPUT 

4,40 8.00 10.88 350 M 1800 -.._ 

4.04 8,80 11.10 769 2,79 1795 1.49 0.51 

3.04 9,68 11.41 1180 3.82 1790 3.20 1.09 

2.72 10.51 11.85 1616 4.74 1785 5.03 1.71 

2.67 11.53 11.25 2125 6.10 1780 6,76 2.29 

3.53 12.92 12.70 2585 6.48 1775 8.51 2.88 

EFFICIENCY SLIP 
PEERCBEUTT PER CENT 

49,5 0.278 

69.*} 0,555 

79.0 0.834 

82.5 1.110 

83.0 1.390 



3 

TABLE I I I 

MEASURED CHARACTERISTICS WITH UNBALANCED APPLIED VOLTAGES 
APPLIED VOLTAGES: 2 4 0 - 2 1 6 - 1 9 5 

II 
AMP, AM?. AM?e 

TOTAL 
WATTS 
INPUT 

SCALE 
WEIGHT 
POUNDS 

SPEED 
RPM 

PULLEY 
TORQUE 
LB.-FT. 

HORSE­
POWER 
OUTPUT 

EFFICIENCY 
PER CENT 

SLIP 
PER CENT 

4,79 9*25 13.05 410 1800 

4.42 10.00 13.35 696 2.84 1795 1.23 0.42 45*0 0.278 

3.98 10.70 13.62 1221 3.76 1790 3.08 1.05 64.1 C.555 

3,73 11,95 14.05 1640 4.59 1785 4.74 1,61 73.3 0.334 

3.50 13.65 14.25 2080 5.44 1780 6.44 2.18 78.2 1.110 



TABLE IV 

MEASURED CHARACTERISTICS WITH UNBALANCED APPLIED VOLTAGES 
APPLIED VOLTAGES: 2 3 0 - 2 1 4 - 2 0 0 

AMK AMP. AM?. 
TOTAL 
WATTS 
INPUT 

SCALE 
WEIGHT 
POUNDS 

SPEED 
RPM 

PULLEY 
TORQUE 
L B . - F T . 

HORSE­
POWER 
OUTPUT 

EPPICIENCY 
PER CENT 

SLIP 
PER CEN 

6 . 5 0 1 0 . 8 4 5 . 5 0 355 ™ 1800 """""" 
•>*>~ — 

6 , 7 5 1 0 . 3 0 5 . 2 0 1069 3 . 6 9 1790 2 . 9 4 1 .00 6 9 . 8 0 . 5 5 5 

8 . 3 5 1 1 . 1 0 4 . 8 5 1500 4 . 5 6 1785 4 . 6 8 1 .59 7 9 . 0 0 . 3 3 4 

1 0 . 8 8 1 1 . 8 8 3 . 5 2 1965 5*41 1780 6 . 3 8 2 . 1 6 8 2 . 1 1 .110 

1 1 . 4 2 1 1 . 7 2 3 . 8 0 2416 6 ,10 1775 7 . 9 6 2 . 6 9 8 3 . 1 1 .390 

1 2 . 5 0 1 2 . 6 0 4 . 1 0 2845 6 . 9 9 1770 9 . 5 3 3 . 2 1 8 4 . 2 1.667 

VJ] 

o 



TABLE V 

MEASURED CHARACTERISTICS WITH UNBALANCED APPLIED VOLTAGES 
APPLIED VOLTAGES: 2 3 0 - 2 0 7 - 1 9 1 

. 

AMK AMP. j |dk 
T0EAL 
WATTS 
INPUT 

SCALE 
WEIGHT 
POUNDS 

SPEED 
RPM 

PULLEY 
TORQUE 
L B . - F T . 

HORSE­
POWER 
OUTPUT 

EFFICIENCY 
PER CENT 

SLIP 
PER CENT 

5 , 5 9 3 o 0 0 1 1 . 9 2 375 * • « • • « • » " - 1800 a**>«4 

5 # 1 0 8 . 9 3 1 2 . 1 2 820 2 . 8 1 1795 1»17 0 . 4 0 36.fr3 0 . 2 7 8 

4 # 4 1 1 0 . 1 0 1 2 . 3 2 1148 3 . 6 0 1790 2 . 8 2 ©.96 6 2 , 5 0 . 5 5 5 

3 , 5 1 1 1 . 3 2 1 2 . 5 5 1522 4 . 4 5 1785 4 . 4 5 1 .51 7 4 . 0 0 . 8 3 4 

3 .52 1 2 . 4 0 1 2 . 7 8 1925 5 . 2 5 1780 6 , 0 5 2 . 0 5 7 9 . 5 1.110 

3 . 8 3 1 3 . 6 6 1 3 . 0 1 2310 5 . 9 8 1775 7 . 5 2 2 . 5 4 8 2 . 0 1 .590 

VJl 


