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SUMMARY

Turbulence is the most important problem in physics and applied mathematics, with
applications ranging from astrophysics, to engineering, to plumbing, and more. Turbulent
ows are often characterized by the presence of various cascades, which transport vari-
ous guantities across length scales. This dissertation focuses on turbulence con ned in
two-dimensions, which has two cascades: an inverse (energy) cascade that moves energy
towards increasingly larger scales, and a direct (enstrophy) cascade that moves the enstro-
phy towards smaller scales.

The energy cascade leads to the formation of large-scale vortices, which often take up
the largest length allowed by the domain. The rst part of this dissertation ows focuses
on the dynamics of these large scale vortices, where we nd that these vortices behave for
substantial time intervals like speci c solutions of the Euler equation. These solutions are
in many ways analogous to recurrent solutions of the Navier-Stokes equation which are
often referred to as exact coherent structures. On the other hand, these solutions have a
number of properties which distinguish them from their Navier-Stokes counterparts, such
as the fact that they exist in continuous, multiparameter families.

At the same time, the classical theory of the direct cascade by Kraichnan, Leith, and
Batchelor fails to predict the proper scaling of the enstrophy spectrum found in numerical
simulations and experiments. This discrepancy is often attributed to the presence of large-
coherent vortices. We will provide a physically interpretable mechanism for the direct
cascade that recovers KLB predictions in the absence of large-scale vortices, but leads to
deviations in their presence. Finally, we return directly to the large-scale dynamics we
explain in the rst section, and investigate exactly how properties of the large-scale ow

affect the scaling of the enstrophy spectrum.

Xiii



CHAPTER 1
INTRODUCTION AND BACKGROUND

In discussions of turbulence it is quite common to invoke Heisenberg on his deathbed —
“When | meet God, | am going to ask him two questions: Why relativity? And why
turbulence? | really believe he will have an answer for the rst.” Or, perhaps, the jocular
de nition of turbulence of unknown origin: “I know it when | see it.” Both these approaches
suggest that a quantitative understanding of turbulence is hopeless, which is a sentiment
shared by many graduate students at the start of their careers.

Nevertheless, there have been great advancements in our understanding of turbulence
over the last century (and more). And for good reason — turbulence is everywhere. The
air is turbulent; the oceans are turbulent; even the sewage in our pipes is turbulent. In
this section | hope to motivate my work by a discussion of some of the insights made into
turbulence, as well as highlight some of the gaps in the knowledge that this works moves

to Il

1.1 Turbulence in two dimensions

For the remainder of this thesis | will focus on turbulence con ned to two spatial dimen-
sions. While two-dimensional (2D) turbulence is rarely realized in nature, there are many
physical systems that can — to rst order — be described by 2D processes. Most notably,
atmospheric and oceanic ows fall into this category [1]. On smaller scales, ows on the
surface of thin Ims are almost exactly 2D [2].

For the remainder of this thesis, when referring to 2D turbulence, | will be referring to

solutions of the incompressible, 2D Navier-Stokes equations:

@+(u r)u= r?u+ rp+f; r u=0; (1.1)



(@) (b)

Figure 1.1: (a) Ocean currents — source: NASA. (b) Hurricane Florence — source: NASA

whereu is the velocity eld of the uid, is the viscositypis the pressure, is the density,
andf is the body force. For the ideas considered here, it is more instructive to think of
uids in terms of the vorticity,! = @uyx @uy. In terms of the vorticity, (Equation 1.1)

becomes

@ +(ur)=r2+" r u=0; u=( R@Q+YQ@r 2, (1.2)

where' = @fy @fy and we have assumed that the mean ow is zero.
It is more common to instead write the Navier-Stokes equations in hondimensional

form in terms of the Reynolds numbRe as

@ +(ur) =Relr?2l+', r u=0; u=( R@+9Y@)r ?; (13)

where importanthyRe / 1. What this means is that within a given domain, the Navier-
Stokes equation becomes a one parameter problem and both experiments and simulations
lead us to the conclusion that higher Reynolds numbers yield “more turbulent” uids.

While a rigorous de nition is once again hard to come by, once the Reynolds number
becomes large enough, we can consider turbulence to be “fully developed” in the sense
that the ow exhibits a broad range of scales. In this regime, at scales smaller than those
of the forcing frequency but large enough that the viscosity is negligible, one nds that the

energy density scales as a power law. Classically, the presence of power laws in the energy

2



spectrum is indicative of to the presence of “turbulent cascades” which are responsible for
driving various physical quantities across different scales.
Two-dimensional turbulence has two key cascades [3, 1] — the direct (enstrophy) cas-

cade which drives the enstrophy

4

H= 12dxdy; (1.4)
D

towards smaller scales, and the inverse (energy) cascade which drives the energy

Z

E = u; + u; dxdy; (1.5)

towards large scales. The rst theoretical description of both the inverse and direct cascade
was developed by Kraichnan [4], Leith [5] and Batchelor [6]; and is commonly referred
to as KLB theory. In particular, for the enstrophy cascade, the KLB theory predicted the
energy densitf (k) in the Fourier space to scale as a power kaw. Yet experiments [7]

and numerical simulations [8, 9, 10] generally nd the spectrum to be steeper in forced tur-
bulence, withE (k) exhibiting scaling close to a power ldw with a non-integral exponent

in the range 3.6 < < 3:3. The deviations from the KLB prediction have been at-
tributed to the presence of coherent structures and indeed the integral scaling exponent can
be recovered if the coherent scales are arti cially destroyed [11, 10, 12]. The importance
of coherent structures has been recognized already by Kraichnan [4] whose logarithmic
correction to thék 3 power law re ects the nonlocal nature of the enstrophy cascade.

While no systematic description of the effect of coherent structures has been developed
previously, earlier studies have focused on the stretching of patches of vorticity, essentially
treated as a passive scalar, by the neighboring vortices, leading to lamentation. In par-
ticular, [13] predicted = 4 by using a simpli ed picture which assumed the vorticity
to be uniform inside each patch and recognizing that vorticity eld has a nite number of

discontinuities along any straight line. Such scaling, however, is only observed at early



times, while on longer time scales the spectrum becomes less steep [14]. This change was
hypothesized to be due to stretching of the vorticity laments as they are wound up around
vortices, generating a fractal structure that is characterized by a nonintegral exponent. For
point vortices, the corresponding exponent was shown tobe 11=3[15, 16].

More recent studies have identi ed straining regions, rather than vortices, as playing
a key role in the enstrophy cascade. Numerical results of Chen et al [17] suggest that the
physical origin of the direct cascade lies primarily in “vortex thinning,” i.e., steepening of
the vorticity gradients in strain-dominated regions of the ow. This picture is supported by
the experimental studies of Kelley and Ouellette [18] and Liao and Ouellette [19] which
found that, at small scales, the spectral uxes of both the energy and the enstrophy are
enhanced in regions that are predominantly straining. While convincing, this evidence is
gualitative, and no quantitative theory has been developed that can explain and predict
the non-integral scaling exponents found in both numerics and experiments. In chapter 3
the main elements of such a quantitative theory for bounded ows that reach statistical
equilibrium in the presence of driving and dissipation are presented.

The presence of the inverse cascade guarantees that after transients have passed, the
energy accumulates in vortices that are comparable to the domain size, which is seen in
the various examples in Figure 1.1, such as the oceanic ows and large-scale structures in
the atmosphere, such as hurricanes. The accumulation of energy into large-scale coherent

structures will be fundamental to the ideas described in all chapters of this thesis.

1.2 Coherent structures

The important role of coherent structures in uid turbulence has been both widely accepted
and hotly debated for several decades. However, many open questions still remain. Loosely
speaking, coherent structures refer structures that remain coherent for suf cient intervals
of time. Classic examples are the hurricanes or ocean currents as seen in Figure 1.1, where

these structures have persisted, and hopefully will persist, for much longer than the life-



times of any reader of this work.

A quote from the seminal paper on this topic by Hussain [20] sets the stage for the
treatment of coherent structures in this work: “The interaction between coherent structures
and incoherent turbulence is the most critical and least understood aspect of turbulent shear
ows. This coupling appears to be rather different from the classical notion of cascade;
even considering the large and ne scales, they are not decoupled as widely presumed. The
coupling can be intricate and of different kinds...” Indeed, this pretty much sums up the
state of knowledge to the present day.

We will follow Hussain in distinguishing coherestructuresas those of size compara-
ble to the transverse length scale of the shear ow as opposed to colsefesttuctures
whose characteristic size corresponds to the Taylor microscale. These scales are only
clearly distinguished at high Reynolds numbeRe) where coherent structures can be
considered inviscid. Rather interestingly, the greatest progress in understanding coherent
structures to date has been made in the context of weakly turbulent ows where this scale
separation disappears. Advanced numerical methods such as Newton-Krylov solvers [21]
enabled computation of unstable, recurrent (e.g., steady. time-periodic or relative-periodic)
solutions of the governing equations in a variety of canonical shear ows. Many of such
numerical solutions were found to have spatiotemporal structure similar to that of familiar
coherent structures such as streamwise vortices and velocity streaks and hairpin vortices
near a wall [22, 23, 24, 25, 26]; consequently, they have been termed exact coherent struc-
tures (ECSs). Recent numerical and experimental studies demonstrated that ECSs do not
merely resemble turbulent ows, they also organize and guide the dynamics of weak tur-
bulence in both two [27, 28] and three spatial dimensions [29, 30].

ECSs have already generated signi cant insight into weakly turbulent ows [31, 32].
Most notably, ECSs are found to capture self-sustaining processes that maintain wall-
bounded turbulence [33, 34]. ECSs also elucidate the transition from laminar ow to

turbulence explaining both the “bypass” mechanism in linearly stable ows [35] and the



formation of chaotic sets underpinning sustained turbulence [36]. Despite these successes,
due to the lack of scale separation in weakly turbulent ows, it remains unclear how much
of this understanding carries over to fully developed turbulence.

Extending the ECS framework to highee proved challenging due to both conceptual
and technical challenges. A®e increases, the range of scales accessible to turbulence
becomes larger, and the number of distinct ECSs grows very quickly. Furthermore, each
ECS becomes more unstable. And, to complicate things even further, it becomes even
more expensive to nd ECSs through direct numerical simulations (DNS) which effectively
become intractable at higke due to the high spatial and temporal resolution requirements.

A key conceptual challenge isrelated tothe liRé! 1 . The Euler equation is a singular
limit of the Navier-Stokes equation, which makes it dif cult to establish a relation between
dynamically relevant recurrent solutions of the two equations beyond some relatively loose,
although important, constraints [37, 38, 39].

One of the most notable successes in continuing recurrent solutions to Rigethe
computation of attached eddies [40, 41, 42, 43] and their bulk analogues [44, 40] in a vari-
ety of canonical 3D shear ows. In wall units, these solutions become independBef of
just like the wall-bounded fully developed turbulent ows. It is important to note that these
solutions represent coheresubstructures To the best of our knowledge, no examples of
ECS have been found in higRe 3D turbulent ows at the scale comparable to either the
system size (e.g., distance between the boundaries) or the scale of the forcing; such ECSs
correspond to recurrent solutions of the Euler equation. It should be pointed out, however,
that, some — not necessarily dynamically relevant — steady and time-periodic solutions rep-
resenting large-scale ows at fairly higRe have been computed through continuation in
2D [45, 46, 47] and 3D [48]. In principle, recurrent large-scale ows could also be com-
puted with the help of large eddy simulations [49, 50], although such ows do not represent

formal solutions of either the Navier-Stokes or Euler equations.



1.3 Organization of chapters

In this work | will answer try to answer three questions:

a. How can the concept of exact coherent structures be expanded to veifigeigh-
bulence? Also, how can we describe the dynamics of the large scale structures that

form in 2D turbulence?
b. What are the physical mechanisms for the direct cascade in 2D turbulence?
c. How do the large-scale strtures in uence the direct cascade in 2D turbulence?

Conveniently, this is also the organization of my thesis. In chapter 2 | will explain
how exact coherent structures control the dynamics of the largest scale structures in 2D
turbulence. In chapter 3 | will provide a physically interpretable mechanism for the direct
cascade, and discuss how this mechanism can lead to deviations from KLB. Finally, in
chapter 4 | will describe how the large-scale dynamics from chapter 2 affects the mecha-

nism for the direct cascade described in chapter 3.



CHAPTER 2
THE DYNAMICS OF LARGE SCALE STRUCTURES

Our goals for understanding the dynamics of the large scales is twofold. As the dominant
structures present in 2D turbulent ow, understanding their dynamics alone is suf cient for
many applications. Secondly, to understand 2D turbulence as a whole, we must understand
the direct cascade. In this case, the large scales will provide the background on which the
direct cascade occurs, which we will see hints of in chapter 3 and then more concretely in
chapter 4. The remainder of this chapter is a lightly modi ed version of my paper [51].

The objective of this chapter is therefore to introduce such large-scale recurrent solu-
tions of the incompressible Euler equation in two spatial dimensions, where fully resolved
DNS of turbulent ow can be performed for relatively higke. There is a rich history of
computing solutions of the Euler equation using various analytical tools. Even leaving sin-
gular solutions involving point vortices aside, quite a few examples of absolute and relative
equilibria have been found. They include isolated circular and elliptic vortices [52], trans-
lating pairs of counter-rotating vortices [53, 54], rotating arrays of two or more vortices
[55, 56, 57], and stationary multipolar vortex arrays [58, 59, 60, 61].

This chapter reports several new classes of recurrent solutions — equilibria, traveling
waves, and time-periodic states — of the 2D Euler equation on a domain with periodic
boundary conditions which can be thought of as generalizations of vortex crystals [62]. A
distinguishing feature of these solutions is their dynamical relevance forRegttatisti-
cally stationary turbulent ows which balance forcing and dissipation: just like in the case
of weakly turbulent ows, we nd recurrent solutions to organize and guide the dynamics
of turbulent ow on large scales. As expected, the library of inviscid recurrent solutions is
found to be far larger than that describing viscous ows: unlike their analogues for weakly

turbulent ows which are isolated, solutions of the Euler equation are found to belong to



continuous families spanned by an in nite number of parameters.

The rest of the chapter is organized as follows. section 2.1 describes the problem setup
investigated here and section 2.2 discusses the relation between solutions of the Euler and
Navier-Stokes equation in the hidke limit. Our results are presented in section 2.3, their
implications for the problem of fully developed uid turbulence are discussed in section 2.4,

and conclusions are presented in section 2.5.

2.1 Problem description

We consider an incompressible Newtonian uid in two spatial dimensions. In the pres-
ence of forcing and dissipation, its dynamics are governed by the Navier-Stokes equa-
tion (Equation 1.3). In this study, we con ne our attention to spatially-periodic domains

0 x;y < 2 with stationary checkerboard forcing
' =sin(Nx)sin(Ny); (2.1)

whereN = 4. With this choice of nondimensionalization, the length, time, velocity, and
vorticity scales are alD(1).

The frequency of the spatial forcing; = P 2N 6is chosen to be reasonably well
separated from both the dominant wavenumniger 1:p 2 describing the large-scale ow
on the low wavenumber side and the inertial range on the higher wavenumber side. This
choice of the forcing frequency ensures that the direct (enstrophy) cascade takes place
over most of the wavenumber range resolved in the simulations while the inverse (energy)
cascade is constrained to the narrow rajkgek; |. As far as the structure of the large-scale
ows at high Re is concerned, the particular choice of the forcing pro le does not appear
to play a noticeable role according to both our simulations and the results of previous
systematic studies [39, 47]. Note that, unlike, say, a Kolmogorov forcing pro le [63], a

checkerboard pro le breaks continuous translational symmetry in both spatial directions,
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Figure 2.1. The energy of turbulent ow. (a) The energy spectrum averaged over a long
time interval L0° nondimensional units) in the asymptotic regime exhibits a clear power-
law scalinge (k) / k (shown as dashed blue line) in the inertial range. (b) The exponent

of the power law computed for energy spectra averaged over a characteristic time scale
T.. (c) Variation in the energy over a long time interval. Note thatO in different plots
corresponds to arbitrary and different times.

constraining the types of ECSs that can be found at mod&atg4]. This symmetry
breaking effectively disappears at higli®e, however, as discussed below.

To generate turbulent ows, we computed solutions of (Equation 1.3) numerically using
a pseudo-spectral method. We used a variable-time-step Runge—Kutta—Fehlberg scheme
where spatial derivatives and all linear terms were computed in Fourier space and the non-
linear term was computed in physical space. Additionally, we used a two-thirds dealiasing
scheme for numerical stability. Most of the results reported here used the grid resolution of
512 512

In this study we set the Reynolds number to a relatively high valugeof 10° in
order for structure on a broad range of scales to develop, as illustrated by Figure 2.1(a).
The energy spectrum is found to exhibit a clear power-law scéliflg / k over at least
a decade in the wavenumbets( k  170. This scaling indicates the presence of
an inertial range characteristic of fully developed turbulence and clear separation between
the O(1) length scale of the forcing and the Taylor microsdalé. The exponent

4:5 of the power law is found to differ substantially from the value & predicted by

the KLB theory. This discrepancy is well-known [1] and demonstrates the limitations of
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Figure 2.2: A typical snapshot of turbulent vorticity eld The corresponding large-scale

ow [ (b) and small-scale ow(1 [,,)! (c). Panel (d) shows a snapshot of the
converged time-periodic ECS. This and all subsequent plots use the same colorbar. For
solutions of the Euler equation, such as that shown in panel (d), vorticity scale is arbitrary
due to scaling invariance. Hence the color bar shown in panel (a) can be used to interpret
vorticity elds shown in all subsequent gures.

the KLB theory in properly accounting for the effect of coherent structures on the direct
cascade, despite its acknowledgement of the nonlocal nature of interactions [4, 65]. Indeed,
Figure 2.1(b) shows that, although the energy spectrum still retains some power-law scaling
when averaged over a short time interval, the exponesthibits substantial uctuations
in time re ecting changes in the large-scale structure of the ow.

The general structure of coherent components of turbulent ow at large and small scales
can be easily recognized by applying a Fourier lter. For illustration, we use here a low-
pass Fourier lter, denoted by the linear operafgr, which corresponds to a smoothed

circular window of radiugk in Fourier space. We arbitrarily consider wavenumikers 16
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