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SUMMARY 

 
The shear capacity of reinforced concrete pier caps in bridge support 

systems can be a factor which limits the capacity of an existing bridge. Pier caps are 

loaded over a short shear span making them behave as deep beams. Reinforced concrete 

deep beams have the ability to carry load through tied arch action after the formation of 

diagonal cracks. Externally bonded fiber reinforced polymer (FRP) reinforcement has 

been shown to increase the shear capacity of reinforced concrete members in flexure. 

Unfortunately, there is insufficient research on the effect of externally bonded FRP 

reinforcement on strength of deep beams to make it a viable strengthening system for 

pier caps. 

This research was aimed at investigating the behavior of reinforced concrete 

pier caps through a coordinated experimental and analytical program and using the 

knowledge gained from that investigation to recommend an external strengthening 

scheme. The experimental study was performed on laboratory specimens based on an 

existing bridge in Georgia with perceived shear deficiencies in its pier caps. A novel 

part of modeling the behavior of a pier cap was to include the effects of the column 

supporting the pier cap. This was accomplished by including a stub column in each of 

the specimens. The stub column induced a stress concentration at the reentrant corner 

between the column and pier cap, which dictated the failure mode in some of the 

specimens. Two failure modes were observed:   yielding of the longitudinal tension 



xv 

reinforcement, and splitting of the concrete in the arch. The effects of changes in 

longitudinal tension reinforcement ratio, beam depth, and crack control reinforcement 

were examined. The results showed that increasing the longitudinal tension 

reinforcement decreased the principal compression strut angle; this increased the 

capacity by changing the shape of the tied arch which forms,  and reducing the stress 

concentration. The inclusion of crack control reinforcement did not change the point at 

which diagonal cracking occurred, but it did increase the ultimate capacity by 

reinforcing the splitting crack in the concrete. There was a significant size effect when 

splitting failure governed the ultimate limit state.  

The results of the experimental study were used in conjunction with a larger 

database developed from the literature to examine different analytical methods for 

determining the ultimate capacity of reinforced concrete deep beams. A new method 

based on a modification of a previous approach suggested by Zararis was developed for 

use in  the design of external strengthening schemes.   Two specimens were tested with 

externally bonded FRP reinforcement applied longitudinally to increase the strength of 

the tension tie. The test results correlated well with the proposed method of analysis and 

showed that increasing the strength of the longitudinal tension tie is an effective way to 

increase the strength of a reinforced concrete deep beam.
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CHAPTER 1 

INTRODUCTION 

1.1 Motivation 
 

 The infrastructure of the United States is aging; 12% of all the bridges in the 

United States are structurally deficient (ASCE 2009). A structurally deficient bridge is 

unable to carry the current required traffic loads safely. Structural deficiencies occur due 

to the historic increase in the required truck loads, improved understanding of bridge 

performance, and decay over time. Structural deficiencies lead to posting of the bridge 

structure. Posting limits the trucks which are permitted to cross the bridge and may have 

a significant economic impact on the transportation of goods and materials. One factor 

that contributes to the structural deficiency of a bridge is lack of shear capacity in their 

pier caps. A pier cap is a large reinforced concrete beam which transfers the loads from 

the bridge superstructure (girders) to its foundation.  Figure 1.1 shows the pier caps of 

Bridge 085-0018 in Dawson County, GA.  

 Externally bonded reinforcement has been shown to improve the shear 

strength of reinforced concrete elements. The problem with implementing these 

strengthening schemes on pier caps is lack of research on their effectiveness when 

applied to reinforced concrete beams with similar geometry and loading as a pier cap. 

Pier caps are a unique type of structure mainly due to the short shear span over which 

load is applied.  If it were possible to strengthen the existing pier caps, postings could be 

reduced or even removed, allowing the bridges to return to normal service. 
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Strengthening also would increase the length of the bridge’s life and provide economic 

benefits. 

 

 

Figure 1.1- Pier caps of Bridge 085-0018 in Dawson County, Georgia 

1.2 Objectives and Scope 

 The objectives of this research were to study the behavior of reinforced 

concrete pier caps up to and at their ultimate limit state both experimentally and 

analytically. The results of this study were used to design an external strengthening 

scheme for reinforced concrete pier caps which was then be implemented and validated 

experimentally.  
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1.3 Thesis Outline 

This dissertation is organized around the research objectives identified 

above.  We emphasize the importance of understanding the behavior of the reinforced 

concrete pier cap itself before trying to understand the behavior of a reinforced concrete 

pier cap with external strengthening.  We begin with an assessment of those factors that 

affect the ultimate capacity of existing reinforced concrete pier caps, followed by an 

examination of the most structurally efficient methods for external strengthening and the 

development of practical methods for achieving the necessary strengthening in service.  

The remainder of this dissertation is organized as follows:  

Chapter 2- Background on Reinforced Concrete Deep Beams is a literature 

review on the behavior of reinforced concrete deep beams. It begins with a review of 

factors shown to affect the ultimate beam capacity of reinforced concrete deep beams. 

This is followed by an in-depth review of different analytical methods used to calculate 

the ultimate shear capacity of reinforced concrete beams. A special emphasis is placed 

on the design methods included in the 2007 AASHTO LRFD Bridge Design 

Specifications. The shear capacity calculation methods appropriate for deep beams are 

determined.  

Chapter 3- Specimen Design outlines the design of the laboratory specimens 

used throughout the experimental program to represent a pier cap. The design of the 

specimens are based on the dimensions and details of the pier caps supporting Bridge 

085-0018 in Dawson County, Georgia, which carries SR 136 over the Etowah River. 

The chapter presents the instrumentation scheme for the experimental program.  

Chapter 4- Ultimate Capacity of Reinforced Concrete Pier Caps follows the 

testing to of the laboratory specimens to their ultimate limit state. The variables 

investigated are the beam size, reinforcement ratio, and the effect of AASHTO crack 

control reinforcement. The results of each of the experimental tests are compared to one 

another, and conclusions on the behavior of reinforced concrete pier caps are made.  
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 Chapter 5- Evaluation of Analytical Methods Used to Calculate Ultimate 

Capacity explores existing methods of calculating the ultimate capacity of reinforced 

concrete deep beams. A systematic way of creating strut and tie models is developed 

along with a new proposed method of determining ultimate capacity based on Zararis’s 

Method. The analysis methods are compared to the experimental results from Chapter 4 

and a larger database from the literature.  

 Chapter 6- Background on the Shear Strengthening of Reinforced Concrete 

Beams with Fiber Reinforced Polymers is a literature review on the behavior of 

reinforced concrete members strengthened externally with FRP. The background on the 

behavior of reinforced concrete beams strengthened with FRP is done by analyzing a 

database of test results. The effects of the shear span, beam depth, longitudinal tension 

reinforcement, transverse reinforcement, fiber angle, and relative fiber layers are 

investigated. This is followed by an evaluation of the different analytical methods used 

to calculate the ultimate capacity of reinforced concrete members strengthened 

externally with FRP.  

 Chapter 7- Strengthening of Reinforced Concrete Deep Beams with FRP- 

discusses the theory behind the design of external strengthening of reinforced concrete 

deep beams, and then supports the theory experimentally. The strengthening schemes 

are based on the proposed method of calculating ultimate capacity developed in Chapter 

5. The development of the design strategy is followed by the experimental results from 

laboratory tests of specimens strengthened with FRP reinforcement. 

 Chapter 8- Summary, Conclusions, and Future Work- summarizes all of the 

findings and conclusions from the previous chapters. The future work section discusses 

some of the different research opportunities which presented themselves during the 

work.   

 

1.4 Commonly Used Notation 
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a = shear span (in) 

As = area of longitudinal tension reinforcement (in2) 

Asv = area of transverse reinforcement within distance S (in) 

b or bw = beam width (in) 

c = distance from extreme compression fiber to the neutral axis (in) 

cs = depth of compression zone above diagonal crack 

d = 
effective depth, distance from extreme compression fiber to centroid of 
longitudinal tension reinforcement (in) 

da = maximum aggregate size (in) 

Es = elastic modulus of steel (ksi) 

f’ c = concrete compressive strength (psi) 

f’ ct = concrete tensile splitting strength (psi) 

fcu = maximum allowable stress in principal compression strut (kai) 

fy = yield stress of longitudinal tension reinforcement (ksi) 

fyv = yield stress of transverse reinforcement (ksi) 

ha = vertical face of nodal zone on tension side of beam (in) 

hs = vertical face of nodal zone on compression side of the beam (in) 

lb = length of  bearing (in) 

lb comp = length of bearing on compression side of beam (in) 

S = spacing of transverse reinforcement (in) 

Vc = shear contribution from concrete (kips) 

Vn = nominal shear capacity (kips) 

Vs = shear contribution from transverse steel (kips) 

a  = angle of transverse reinforcement from longitudinal (°) 

as = angle of principal compression strut (°) 
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es = strain in longitudinal tension reinforcement 

r = longitudinal tension reinforcement ratio As/(bd) 

r v = transverse reinforcement ratio Asv/(bS) 

qs = compression strut angle (°) 
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CHAPTER 2 

BACKGROUND ON REINFORCED CONCRETE DEEP BEAMS 

Although shear resistance in reinforced concrete beams has been studied for 

well over 50 years, there still are many theories concerning the mechanisms of how the 

beams resist shear and prediction of their ultimate shear strength. This chapter discusses 

the main factors which influence the shear strength of reinforced concrete beams, and 

examines some of these theories. Particular attention is paid to the methods used in the 

AASHTO 2007 LRFD Bridge Design Specification.  

 

2.1 Factors Contributing to Shear Resistance 

 The work of Kani in the 1960’s brought to light many of the factors that 

influence the shear resistance of reinforced concrete beams. Kani performed a series of 

tests on beams where he varied the effective depth, width, shear span, and the 

longitudinal reinforcement ratio. In these tests, the effective depth (d) was defined as the 

vertical distance from the extreme compression fiber to the centroid of the tension 

reinforcement, and the shear span (a) was the longitudinal distance from the center of 

the support to the center of the nearest applied load. Effective depth, shear span and 

longitudinal reinforcement ratio influenced the shear capacity significantly (Kani, 1964), 

whereas beam width had little effect (Kani, 1967). The results of some of these tests are 

shown in Figure 2.1; the effects of the effective depth and the ratio of shear span to 
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effective depth, a/d, can be seen. Figure 2.2 shows that the shear capacity decreases in 

beams with a small amount of longitudinal reinforcement. In the figure Vc is the ultimate 

shear capacity, and it is normalized by the width (bw), the effective depth, and the 

concrete compressive strength (f’ c). The x axis is the reinforcement ratio (r ) which is 

calculated by dividing the area of the longitudinal tension steel (As) by the beam width 

and effective depth.  Kani showed that if the a/d ratio was less than two and diagonal 

cracking occurred, the beam could form a tied arch (Kani, 1964). This is shown by the 

significant increase in ultimate shear stress seen in Figure 2.1 for the specimens with a/d 

ratios less than two. 
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Figure 2.1- Shear stress vs. a/d for beams of increasing height (Kani, 1967) 
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Figure 2.2- Relative shear strength vs. longitudinal reinforcement            
(MacGregor, 1997) 

The work of Kani was expanded upon by Fenwick and Paulay (1968), who 

performed a series of tests that examined the principal mechanisms of shear resistance 

and the modes of shear failure. These authors found that factors contributing to shear 

resistance included aggregate interlock, dowel action of the longitudinal reinforcement, 

and tensile force in the transverse steel. The authors then derived Eq. 2.1 for the shear 

resistance of a reinforced concrete section (Fenwick and Paulay, 1968). 
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in which   T =  tension force at the bottom of the beam in the longitudinal direction, and 

jd =  length of the internal moment arm. If the moment arm remains constant, the second 

term in the equation drops out and the shear force is resisted entirely by the beam action. 
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The quantity d(T)/dx is the shear flow; it exists due to the bond forces between the steel 

longitudinal reinforcement and the concrete.  If the steel becomes debonded from the 

concrete or if a large diagonal crack forms between the load and the support, the shear 

flow becomes zero and the shear forces are carried entirely by arching action. In arch 

action, the tension force at the bottom of the beam remains constant and the moment 

arm changes to maintain moment equilibrium. The authors concluded that in order for 

arch action to occur, substantial translational displacements must occur along the 

longitudinal tension reinforcement. These displacements are confined to the regions of 

the beam where there is significant vertical and diagonal cracking. With the formation 

of wide diagonal cracks in the shear span, arch action can occur, but the formation of 

these large cracks prevents beam action. Due to this behavior, the authors concluded 

that the two forms of shear resistance, beam and arch, cannot occur simultaneously. 

 Fenwick and Paulay (1968) break down shear failure into three distinct 

mechanisms. A Type I failure involves the formation of a diagonal tension crack; no 

arch action can occur because the shear span is too large. This occurs at an a/d >3.  A 

Type II failure involves tension failure of the compression zone above diagonal cracking 

load at the point of transition to arch action after the failure of the beam mechanism. 

This occurs when 2< a/d < 3. A Type III failure occurs by crushing or splitting of the 

concrete in arch action. This occurs at an a/d < 2. 

More recent research by Zararis (1997) questions the development of shear 

resistance due to aggregate interlock and dowel action in reinforced concrete. In a 

reinforced concrete beam, the compression zone acts as a buffer preventing any slip 

along a crack; this prevents shear friction and dowel action from contributing 



11 

significantly to shear resistance (Zararis, 1997). The shear forces are carried by shear in 

the reinforcing bars and in the compression zone.   Aggregate interlock does not occur 

until either the steel yields or the compression zone fractures; only at that point does 

aggregate interlock serve to maintain equilibrium (Zararis, 2003). 

2.1.1 Effect of Size on Strength of Reinforced Concrete Beams in Shear 

Kani’s work showed that the shear capacity of reinforced concrete beams 

depends on their size.  Figure 2.1 shows how the ultimate shear stress of reinforced 

concrete beams decreases as the depth of the beam increases. In the figure Vu is the 

ultimate shear capacity, and it is normalized by the width, and the effective depth. This 

ratio gives the average shear stress, and these values are plotted vs. the ratio of the shear 

span to the effective depth. This size effect has caused many problems when developing 

shear provisions based on laboratory tests on beams with smaller depths, since such 

tests do not represent the behavior of larger beams accurately. Taylor (1974) and Bazant 

and Kim (1984) present two different theories on the cause of the size effect. Taylor 

(1974) bases his theory on shear friction, while Bazant and Kim (1984) base theirs on 

the release of energy as concrete crushes.  

Size effect based on shear friction is presumed to be a function of the 

relationship between the maximum aggregate size and the crack width. As the crack 

width increases, the ability of the beam to transmit shear through shear friction is 

reduced; the same is true if the aggregate size is reduced (Sherwood et al. 2007).  In 

contrast, Bazant and Kim (1984) have theorized that the size effect is caused by the 

amount of energy released as the concrete crushes at failure.  Based on this concept and 
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a regression analysis, Bazant and Sun (1987) have proposed Eq. 2.2 for the ultimate 

shear capacity (Vu) of reinforced concrete beams:  
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 r o=400{1+tanh[2(a/d-2.8)]}      

 (2.2b) 

 da= maximum aggregate size 

 r v= shear reinforcement ratio Asv/bS 

 Asv= area of transverse reinforcement  

 S= spacing of transverse reinforcement 

 

 Walvern and Lehwalter (1994) performed a series of simple experiments 

with normal and light weight concretes to investigate Taylor (1974) and Bazant and 

Kim’s (1984) theories for size effect. The concept of the experiments was that the 

weaker aggregate in the light-weight concrete would split and create a smooth crack 

surface eliminating the shear friction. The results of the experiment are shown in Figure 

2.3. In the figure Vu is the ultimate shear capacity, and it is normalized by the width, the 

effective depth, and the concrete average tensile splitting strength (f’ ct). This ratio is 

plotted vs. the effective depth.  
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Figure 2.3- Ultimate shear capacity vs. beam depth with different aggregates 1 in. 
= 25.4 mm. (Walraven and Lehwalter, 1994). 

Figure 2.3 reveals that the shear strength of the light-weight concrete was lower at each 

of the different beam depths, but it still experienced a noticeable size effect that was 

very similar to that of the normal-weight concrete.   During the testing of the beams it 

was observed that the rate of crack formation was correlated to the beam depth. Cracks 

formed more rapidly in large beams than they did in smaller beams; this is a 

consequence of the energy release rate (Walraven and Lehwalter, 1994). Walraven and 

Lehwalter concluded that the size effect was a function of the energy release rate and 

not the shear friction, thus supporting Bazant and Sun’s (1987) theory. 
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2.2 AASHTO Shear Strength Models 

 
 The 2007 AASHTO LRFD Bridge Design Specifications provide four 

different methods for evaluating the nominal shear strength of a reinforced concrete 

beam: 

1.  the simplified procedure for nonprestressed sections (Section 5.8.3.4.1); 

2.  the general procedure (Section 5.8.3.4.2); 

3.  the simplified procedure for prestressed and nonprestressed sections 

  (Section 5.8.3.4.3); 

4,  the strut and tie model (Section 5.6.3). 

 

The simplified procedure for nonprestressed sections is a semi-empirical method for 

evaluating shear based on the truss model (Richart, 1927). The general procedure is the 

modified compression field theory (Vecchio and Collins, 1986). The simplified 

procedure for prestressed and nonprestressed sections is based on work by MacGregor 

et al. (1965) on shear strength of prestressed beams. The strut and tie model assumes 

arch action is carrying the load, and that the ultimate capacity of the arch governs the 

ultimate limit state.  The methods permitted are highly dependent on the detailing of the 

reinforcing steel in each member. 

2.2.1 Simplified Procedure for Nonprestressed Sections (Section 5.8.3.4.1) 
 

The simplified procedure for nonprestressed sections is based on the truss 

model. The truss model, developed by Ritter in 1899 was the first model for the 
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prediction of shear resistance in reinforced concrete members, and was expanded on by 

Morsch in 1904 when he published the first design specification for reinforced concrete 

(MacGregor, 1997). In this model, an analogous Howe truss is superimposed on the 

concrete beam, with the compression members of the truss modeled with concrete, and 

its tension members modeled with steel. The angle of the compression struts is assumed 

to be 45°. This truss model does not account for forces transferred through shear friction 

or tension in the concrete and for these reasons tends to be conservative in its prediction 

of shear strength.  To improve the truss model, Richart (1927) suggested that the shear 

resistance attributed to the concrete should be found empirically, while the shear 

resistance of the steel reinforcement is found through the truss model. This leads to the 

current simplified procedure for nonprestressed members found in the 2007 AASHTO 

LRFD Bridge Design Specifications and in the 2008 ACI 318 Building Code and 

Commentary. If the beam has at least the minimum amount of transverse steel 

reinforcement stipulated in the code, the nominal strength (in kips) can be found as: 

  scn VVV +=       (2.3a) 

bdfV cc ')0316.0(2=     (2.3b) 
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Vn= nominal shear capacity (kips) 

Vc= shear capacity from concrete (kips) 

Vs= shear capacity from transverse steel (kips) 

fyv= yield stress of transverse reinforcement (ksi) 

a= angle of transverse reinforcement from longitudinal (degrees) 
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The 0.0316 in the Vc  is a result of f’ c being based in kips per square inch rather than 

pounds per square inch. The minimum required reinforcement (Asv) is given by Eq. 2.4. 

yv
csv f

bS
fA '0316.0³      (2.4) 

2.2.2 General Procedure (MCFT) (Section 5.8.3.4.2) 

 
The general procedure is the modified compression field theory (MCFT) 

developed by Vecchio and Collins (1986). In the MCFT, cracked concrete is treated as a 

new material, and equilibrium, compatibility and stress-strain relationships are 

formulated in terms of average stresses and strains.  To develop the MCFT, a series of 

tests were performed on square concrete elements subjected to shear and normal forces 

(Vecchio and Collins, 1986). Stresses were calculated based on the applied loads and 

Mohr’s circle. The specimen is shown in Figure 2.4. In the tests, the calculated shear 

stresses were compared to the measured strains (Vecchio and Collins, 1986).  Mohr’s 

circle was generated for the average stresses and strains at different stages of loading.  

The MCFT is an excellent model for calculating the ultimate shear capacity of 

reinforced concrete members with small amounts of longitudinal reinforcement or high 

strains in the longitudinal reinforcement. Since the specimens used to develop the 

MCFT were simplified elements, not beams, they could not develop the tied arch 

mechanism of shear resistance; therefore, the MCFT is not a suitable model for shear 

resistance by arch action.  
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Figure 2.4- Specimen used to develop the MCFT (Vecchio, 1986) 

 The MCFT is the default shear analysis in AASHTO, and can be applied to 

any beam regardless of the reinforcement detail.   The version of the MCFT that appears 

in the AASHTO 2007 LRFD Bridge Design Specifications is simplified through the use 

of tables. This reduces the number of steps required to calculate the shear resistance. 

The only equations that remain in AASHTO are three equations for calculating tensile 

strains under different conditions and one equation to calculate size effects due to beam 

depth and the maximum aggregate size. This size effect is based on shear friction which, 

as noted previously, is not supported by Walraven and Lehwalter’s (1994) data. The 

equations for axial strain are: 
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·  If the section contains greater than the minimum amount of transverse 

reinforcement (Eq 2.4): 
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·  If an existing section contains less than the minimum transverse reinforcement 

(Eq. 2.4): 
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·  If the initial value from the previous equations are negative due to the presence 

of prestressing forces: 
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 ex= longitudinal strain 

 Ac= area of concrete on the flexural tension side of member (in2) 

 Aps= area of prestessed longitudinal tension steel (in2) 

 Ep= elastic modulus of prestressing strand (ksi) 

 fpo= elastic modulus of prestressing tendon multiplied by locked in 
difference in strain between prestressing tendons and surrounding 
concrete (ksi) 

 

Nu= factored axial force (kip) 

Mu= factored moment (kip-in) 

Vu= factored shear force (kip) 

Vp= effective prestressing force in direction of shear (kip) 

 q= angle of inclination of diagonal compressive stresses (degrees) 

 Ec= elastic modulus of concrete (ksi) 
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 Ac= bd (in2) 

 
·   The size effect equation is: 
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Taking the results of these equations to the appropriate table yields a b and q value 

which can be applied to Eq. 2.6 to calculate the nominal shear resistance of the member. 

The effects of the strains and size effect are taken into account in the computations 

performed by the tables.  

 scn VVV +=        (2.6a) 

 bdfV cc ')0316.0(b=      (2.6b) 

 
S

dfA
V yvsv

s

aaq sin)cot(cot +
=     (2.6c) 

a= angle of transverse reinforcement from longitudinal (degrees) 

b= factor indicating ability of cracked concrete to transmit shear 

 q= angle of inclination of diagonal compressive stresses (degrees) 

 

2.2.3 Simplified Procedure for Prestressed and Nonprestressed Members        
(Section 5.8.3.4.3) 
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The simplified procedure for prestressed and nonprestressed members is 

based on theories developed for predicting the diagonal shear cracking of prestressed 

concrete members (MacGregor et al., 1965). This method limits the shear strength of the 

member based on the formation of these diagonal cracks. This limit is different and 

lower than the ultimate capacity of the member.  

In prestressed concrete members, diagonal shear cracks form in two ways. 

The first is a flexure shear crack. The flexure shear crack forms from existing flexure 

cracks. Essentially, a vertical flexure crack changes its angle of inclination to become a 

diagonal shear crack. The shear capacity governed by the formation of a flexure shear 

crack is based on empirical observation and is calculated by:  

bdf
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³++=     (2.7) 

Vci= nominal shear resistance of concrete when inclined cracking results 
from shear and moment (kip) 

 

Vd= shear force at section due to unfactored dead load (kip) 

Vi= factored shear force at section due to externally applied loads (kip) 

Mcr= moment causing flexural cracking due to external loads (kip-in) 

Mmax= maximum factored moment (kip-in) 

 

 The second type of shear crack is the web shear crack. These cracks form in 

the web of a reinforced concrete member before flexural cracking of the member 

(MacGregor et al, 1965). This shear stress at which this type of crack forms is calculated 

theoretically from a Mohr’s Circle analysis of the web. The shear capacity governed by 

the formation of a web shear crack is given by: 

ppcccw VbdffV ++= )30.0'06.0(       (2.8) 
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Vcw= nominal shear resistance when inclined cracking results from 
excessive principal tension in web (kip) 
 

fpc= compressive stress in concrete (ksi) 

Vp= effective prestressing force in direction of shear (kip) 

 

The shear resistance of the concrete is taken as the lesser of Vci and Vcw. 

The resistance of the transverse shear reinforcement is given by Eq. 2.6c.   If Vci< Vcw 

then cot(q)=1.   If Vci> Vcw then: 
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This method can only be implemented if the area of the transverse steel exceeds the 

minimum requirement. 

2.2.4 Strut and Tie Model  (Section 5.6.3) 

The strut and tie model (STM) is a generalization of the truss model 

(Schlaich et al, 1987). It was developed to model the shear in any region even if it is 

discontinuous. Large cracks are assumed to be present and shear is no longer carried 

through beam action. The applied forces are in equilibrium with a system of forces 

existing in concrete compression struts and steel tension ties. It is based on the lower 

bound theorem of plasticity, which states that any system of forces in equilibrium with 

an applied load provides a lower bound of the strength of a structure provided that no 

element is overloaded, and deformation capacity is not exceeded (MacGregor, 1997).  A 

strut and tie model is implemented by laying out a truss that carries the applied load to 

the supports. Struts and ties meet at nodal regions. The sizes of the struts, ties, and nodal 

regions are based on equilibrium with the applied loads and the size of the bearings at 

the nodal regions. The layout of the truss is subjective, and there can be more than one 
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effective model for a single beam. The way to find the most effective solution is to sum 

the strain energy in all the members (Schlaich et al, 1987); the strut and tie model which 

utilizes the smallest amount of strain energy is the most effective model.  In the 2007 

AASHTO LRFD Bridge Design Specifications, crack control reinforcement is required 

if a strut and tie model is used.  The reinforcement ratio in both the longitudinal and 

transverse direction must be at least 0.003.   These details are meant to improve the 

serviceability of members designed using a strut-and-tie analysis, and to prevent 

premature failure due to concrete splitting. 

The specification for performing the strut and tie analysis in the AASHTO 

2007 LRFD Bridge Design Specifications consists of limiting areas of struts and nodal 

areas as well as the crushing strength of the concrete. Figure 2.5 shows the AASHTO 

method for calculating the maximum size for struts and nodal areas. The size of the 

struts are a function of the bearing plates and either the longitudinal steel or the depth of 

the compression zone. The compressive strength of the concrete in the compression strut 

is limited by Eq. 2.10.  
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es= strain in longitudinal reinforcement 

as= angle of principal compression strut (degrees) 
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Figure 2.5- Limiting area for nodes and struts (AASHTO 2007) 

The logic behind Eq.-2.10 is that if concrete is subject to a principal tensile 

strain it reduces its maximum compressive stress. The commentary of the AASHTO 

2007 LRFD Specifications states, “If the reinforcing bars are to yield in tension, there 

should be significant tensile strains imposed on the concrete. As these tensile strains 

increase, fcu decreases.” The ultimate compressive strength for the strut is a function of 

strain e1. This strain is a function of the strain in the longitudinal bar (es) and the angle 
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of the between the compression strut and the longitudinal steel (as). In most cases as is 

equal to the strut angle qs. The compression strength of the nodal zones is reduced by a 

factor based on the type of struts entering into the nodal zone. If only compression struts 

enter into the node the factor is 0.85. The compressive strength of the concrete is 

reduced by a factor of 0.75 if one tension tie passes through a node and by a factor of 

0.65 if multiple tension ties pass through a node. 

 

2.3 Other Shear Strength Models 

The following models for shear strength have been proposed, but have not 

been incorporated into the AASHTO Specifications. Some expand on the models which 

have been incorporated. 

2.3.1 Softened Truss Model 

 The softened truss model is an update of the truss model and was developed 

by Hsu (1988).  It incorporates the plastic truss model of Lampert and Thurlimann 

(1968), uses the compatibility equations developed by Collins in the Diagonal 

Compression Field Theory (Collins, 1973) and also incorporates the softening effects of 

tensile strain on the compressive strength of the concrete found by Vecchio and Collins 

(1987).  Using all these theories, Hsu developed three equations of equilibrium using 

Mohr’s circle for stresses, three equations for compatibility using Mohr’s circle for 

strains, and six equations based on constitutive relations. These 12 equations can be 

used to solve for shear resistance. To extend the softened truss model to deep beams, an 

effective transverse compressive stress due to the applied loads and supports was 

assumed, and a proportionality constant based on the a/d ratio was employed. The ratio 
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relates the transverse stress due to the applied shear force to the shear stress (Mau and 

Hsu, 1987). This approach requires that longitudinal and transverse steel be present in 

the web of the beam.  

2.3.2 Shear Friction 

The concept of shear friction is commonly used to design the interface 

along a possible slip plane. Loov (1998) extended this concept to beams. To evaluate 

the shear capacity of a beam using shear friction the shear resistance is calculated along 

a series of slip planes which include the effects of the longitudinal and transverse 

reinforcement. The plane with the lowest resistance is the governing failure plane giving 

the ultimate shear resistance for the section. This method depends on identifying all the 

failure planes, and is best performed using a computer analysis.  

2.3.3 Punching Shear Failure 

In his book Innovative Shear Design Stamenkovic (2002) disagrees with the 

assumptions made in developing the truss model for beams in flexure. His work is based 

on the theories of shear stress resisting horizontal slip in a flexed beam developed by 

Timoshenko and Young (1968). Stamenkovic believed that diagonal cracking is caused 

by punching shear from the supports and the applied loads. In this case the shear 

resistance of the member is based on the shear forces from the applied load, the 

supports, the horizontal tensile force, and the angle of cracking.  
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2.3.4 Zararis’s Method 

The Zararis method for determining failure of reinforced concrete deep 

beams is based on the assumption that a beam with an a/d ratio between 1 and 2.5 will 

fail as the result of a compression failure in the concrete above a critical diagonal crack 

in the compression zone (Zararis 2003). The method assumes that adequate bearing is 

provided at the supports, and that the beam is detailed correctly to prevent de-bonding 

of the longitudinal reinforcement. Zararis’s Method is based on calculating the depth of 

the compression block in flexure and then reducing its depth due to diagonal cracking. 

This calculation is performed through 3 sets of equations. The first equation calculates 

the depth of the compression block for flexure based on equilibrium between the tension 

in the longitudinal steel and the compression block on the opposite side of the beam. 

These forces are calculated based on a linear strain with the concrete crushing strain 

assumed to be 0.002. The compression block is assumed to a simple parabolic shape 

with a maximum stress of f’ c.  Equation 2.11 is Zararis’s equation for the depth of the 

flexural compression block; it is a quadratic equation that can be solved by factorization 

or the quadratic formula. Equation 2.11 was converted from metric to imperial units, 

and the value of  f’c is in psi.  The desired solution to Eq. 2.11 is the positive root.   
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c= depth from extreme compression fiber to the neutral axis (in) 

Once the depth of the flexural compression depth is calculated, it is used in 

Eq. 2.12 to calculate the reduced compression block.  
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cs= depth of compression zone above diagonal crack (in) 

With the reduced depth cs calculated the ultimate shear force the section can 

resist can then be calculated with Eq. 2.13. The ultimate shear force is calculated using 

moment equilibrium around the centroid of the compression zone. The method assumes 

that the cracks have formed and arch action is the load carrying mechanism.  
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2.4 Critical Review 

 The evaluation of existing reinforced concrete bridge structures is done in 

accordance with the AASHTO Manual for Bridge Evaluation (2008). For the evaluation 

of the nominal shear strength of reinforced concrete members, the manual directs the 

user to the 2007 AASHTO LRFD Bridge Design Specifications. Pier caps are deep 

beams with shear spans less than two; this allows them to carry load through arch 

action. The appropriate model in the AASHTO specification for use with deep beams is 

the strut and tie model. The simplified method for nonprestressed sections is a semi-

empirical approach based on the traditional truss model. It only incorporates the effects 

of the concrete strength and the transverse reinforcement; it does not account for the 

effects of depth or longitudinal reinforcement. The limit state for this model is set to the 
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formation of diagonal cracks. In order for arch action to occur diagonal cracks must be 

present (Fenwick and Paulay, 1968), and arch action allows deep beams to carry load in 

excess of the diagonal cracking load when the a/d is less than two. The simplified 

method for prestressed and nonprestressed sections is another semi-empirical method 

based on the loads required to cause a diagonal crack to form. Again, arch action allows 

deep beams to carry loads in excess of the diagonal cracking load. The general 

procedure does not account for arch action, and therefore does not model the mechanics 

correctly.  

 The commentary to the 2007 AASHTO LRFD Design Specifications states 

that the required crack control reinforcement for beams designed with the strut-and-tie 

model is intended to control the width of cracks and ensure a minimum ductility 

(C5.6.3.6). Research comparing the ultimate strength of deep beams with properly 

detailed steel reinforcement to those without such reinforcement has shown that the 

ultimate strengths are within 5% of each other (Aguilar et al, 2002). This small 

difference indicates that the addition of transverse reinforcement has very little effect on 

the ultimate strength of deep beams. The transverse steel reinforcement in Aguilar et 

al’s specimens was instrumented with strain gages. The data collected showed that in 

many cases the transverse reinforcement did not yield (Aguilar et al, 2002).  Both 

Bazant and Sun (1987) and Zsutty (1971) concluded that transverse reinforcement did 

not achieve its full yield capacity based on the evaluation of data sets on shear failure of 

reinforced concrete beams.  It should be noted that all methods for evaluating the 

nominal shear strength of reinforced concrete members, except the strut-and-tie model, 

assume that all of the transverse reinforcement yields.  
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 One major point distinguishing the different methods of shear strength 

evaluation is the incorporation of shear friction. The MCFT and the shear friction 

models both attribute a portion of the shear resistance of the beam to shear friction along 

the crack.  In contrast, Zararis theorized that the compression zone of the beam acts as a 

buffer preventing slip along the cracks and thus preventing shear friction from 

contributing to the shear resistance until a failure in the compression zone. Vecchio and 

Collins (1987) also suggested that shear friction was the cause of the size effect on the 

shear resistance of reinforced concrete beams, but the findings of Bazant and Sun 

(1987) and Walraven and Lehwalter (1994) indicated that shear friction is not a major 

contributor to the shear resistance of a concrete beam.  

 Based on the literature review, three methods for predicting the ultimate capacity 

of reinforced concrete deep beams were chosen based on their formulations and their 

practical application. These methods were the Strut and Tie Model, Zararis’s Method, 

and Bazant’s Equation. The strut and tie model and Zararis’s Method are based on the 

assumption that arch action is the main form of shear resistance. Bazant’s equation was 

derived from empirical fitting which incorporated data on deep beams.  Hsu’s softened 

truss model was omitted because a proportionality factor was used to account for deep 

beam behavior, and transverse steel reinforcement is required in the section. Also, 

solving 12 equations simultaneously is too cumbersome for practical applications. The 

selected methods will be evaluated through experimental testing described in the 

following sections.  



30 

CHAPTER 3 

EXPERIMENTAL SPECIMEN DESIGN 

The reinforced concrete specimens tested in this experimental program are 

based on the pier caps supporting Bridge 085-0018 in Dawson County, Georgia, which 

carries SR 136 over the Etowah River. The bridge carries two lanes of traffic.  Currently 

the bridge is posted due to shear deficiencies in the pier cap. The pier cap is a 36 inch. 

reinforced concrete beam spanning between two 36 inch. square reinforced concrete 

columns, as illustrated in Figure 3.1.  The superstructure consists of four steel girders 

carrying a non-composite concrete deck with sidewalk and parapets. The interior girders 

are W33x130 steel shapes, and the exterior girders are W33x118 steel shapes. The 

girders are spaced at 8 ft on center. This makes the shear span 4 ft and the a/d ratio 1.43 

based on an effective depth of 33.4 inch.  

3.1 Critical Section of Reinforced Concrete Pier Caps 

To determine the critical components of the reinforced concrete pier cap in 

terms of maximum stresses and geometric effects, a finite element (FE) model of the 

bridge superstructure was developed using shell elements in ABAQUS.  All materials in 

the bridge were modeled as linear-elastic. A linear elastic model cannot account for the 

effects of cracking, but under the applied loads the stresses should be well below the 

level which would cause cracking. The model was created to determine the distribution 

of loads from the superstructure to the substructure. The modulus of elasticity for steel 

was 29,000 ksi, and the modulus of elasticity for concrete was 3605 ksi based on an 

assumed concrete compressive strength of 4000 psi.  4000 psi was assumed to be a 

representative concrete strength for a bridge designed in 1964.  Load was applied to the 
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bridge in the form of two AASHTO HS-20 trucks (AASHTO, 2007). To maximize the 

reaction forces at the supports of each girder, the back axles of the HS-20 trucks were 

placed on the supports at one edge of the bridge. This was based on the influence line 

for the reaction forces of a simple span beam.  Multiple analyses were performed with 

the trucks at different transverse positions on the bridge, as shown in Figs. 3.2 (a), (b), 

(c), and (d). The reaction forces at the end of each girder where the trucks were located 

are shown in Table 3.1. The girders are labeled G-1 to G-4 in Figs. 3.1 and 3.2, and 

these labels correspond to the column headings in Table 3.1. The goal of this exercise 

was to find the largest reactions which, in turn, would cause the greatest shear in the 

pier cap. From the results in Table 3.1, it can be seen that truck position 4 (Figure 3.2 

(d)) causes the greatest force in the outside girder (G1).  

 

Figure 3.1 Pier and bridge geometry 
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Table 3.1- Reaction forces at girder support for different truck locations 

  Reaction Force (kips) 
Truck 

Position G-1 G-2 G-3 G-4 
Dead Load 40 12 12 40 

1 65 52 52 65 
2 75 34 34 75 
3 48 61 61 48 
4 76 52 47 44 

 

 

Figure 3.2- (a) Truck position 1, (b) Truck position 2, (c) Truck position 3, (d) 
Truck position 4, (e) HS-20 truck location on bridge span 

With these forces calculated, a FE model of the bridge substructure was 

developed using three dimensional (Type C3D8R) elements.  These are ABAQUS 

eight-node linear brick elements with hourglass control. These elements use reduced 
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integration and therefore require hourglass control to prevent modes other than rigid 

body modes from occuring. The loads for truck position 4 in Table 3.1 were applied as 

pressures over the girder bearing area (11.5 in. x 36 in.). Figure 3.3 shows the stress 

contours resulting from  this analysis. Stress contours are shown for both the 

longitudinal stress (S11) and the shear stress (S12). The figure shows that both the 

longitudinal and shear stresses are larger over the left column between the 76 and 52 kip 

loads. The greatest shear force occurs between the application of the 76 kip load and the 

left column; the critical shear occurs at an angle of 51° extending from the edge of the 

column to the edge of the support.   

In testing of deep beams, it is common (e.g., Clark 1951, Moodey et al. 

1954, Aguilar et al. 2002) to simulate columns and other bearing areas with steel plates. 

This is done so that the specimen can be cast as a simple rectangular beam rather than a 

beam with a stub column. To investigate the effects of using either steel plates or 

shortened columns, two additional FE analyses were performed. In the first, the column 

length was reduced to 18 inches, while in the second, the column was replaced with a 2 

inch. thick steel plate.  

Figure 3.4 shows the results when the column length is reduced to 18 

inches. The results are very similar to those of the entire pier. The critical shear area is 

still in the same location, and the shear stress forms at the same 51° angle. The 

magnitudes of the shear and longitudinal stress are very similar in both the full pier and 

the pier with 18 inch columns. The pier with 18 inch columns replicates the entire pier 

well.  

 



34 

 

Figure 3.3- Longitudinal (S11) and shear stress (S12) for entire pier cap 
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Figure 3.4- Longitudinal (S11) and shear stress (S12) for pier cap with 18 inch. 
column 

Figure 3.5 shows the stresses developed when the column is replaced with a 

2 inch. thick steel plate. Two-dimensional shell elements were used to model the steel 

plates. The plates were connected to the concrete pier using ABAQUS multi-point 

constraint (MPC) beam elements. These elements link together two nodes and make the 

rotations and displacements identical; they are infinitely stiff beam elements. While the 
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stresses in the longitudinal direction remained similar to those of the pier; there is a 

change in the shear stresses. The magnitudes of the stresses are similar, but the shear 

stress occurs at an angle of 46° and is wider. The change in the angle is due to the 

difference in stiffness between the 2 inch. steel plate and the concrete stub column at the 

point of applied load. The steel plate is less stiff and can bend; this causes a reduction in 

the angle of the compression strut. Also, it can be seen that stress concentrations which 

form at the corners of the column are not present when the steel plate is used.  

 

Figure 3.5- Longitudinal (S11) and shear stress (S12) for pier cap with 2 inch. steel 
plate 
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These analyses show that using a steel plate at the point of application of the 

concentrated load in the test alters the distribution of stresses in the pier cap. A concrete 

stub column is necessary to ensure that the response of the laboratory specimen is as 

close as possible to that in the existing structure. To simplify laboratory testing, 

symmetric loading was used. One final FE model was created of the critical section of 

the pier, consisting of one 18 inch. column with two 76 kip loads applied symmetrically 

around it; the stress contours from this model are shown if Figure 3.6.  A schematic of 

the critical pier section and corresponding test specimen are shown in Figure 3.7.   

 

Figure 3.6- Symmetric loading of critical pier section with 18 inch column 



38 

 

Figure 3.7- Critical pier section and test specimen 

3.2 Large Specimen Design 
 

 Experimentation on pier cap specimens of prototypical size (36 in. by 36 

in.) is difficult because of their weight and large ultimate capacity.  By creating scaled 

specimens, experimentation becomes less difficult, provided that the size effects (if any) 

can be treated properly.   It is possible to use what is known about the size effect in 

shear along with the laws of similitude to design appropriately scaled specimens.  

 The first step in scaling the reinforced concrete specimen is to reduce the 

width.  It has been shown that there is no size effect associated with scaling beam width 

(Kani, 1967). Reducing the width of a 36 inch deep specimen to 18 inches makes it 

possible to decrease the shear and moment capacity by a factor of two. The longitudinal 

reinforcement ratio for a typical 36 inch by 36 inch pier cap in the State of Georgia 

ranges from a minimum of around 0.5% to approximately 1.5%.  The pier cap in Bridge 

085-0018 in Dawson County has a 36 inch width and an effective depth of 33.4 inches. 

The main longitudinal reinforcement consists of six #10 bars, making the reinforcement 

ratio in the pier cap approximately 0.65%. This reinforcement ratio and a ratio of 1.3% 

were chosen for two different 36 inch deep specimens. Having two different 

reinforcement ratios allows the effects of the longitudinal reinforcement to be observed. 



39 

These large specimens are shown in Figure 3.8. The beam with 1.3% longitudinal 

reinforcement contains six #10 bars with a combined area of 7.62 in2, and the beam with 

0.65% longitudinal reinforcement contains half the reinforcement or 3 #10 bars with an 

area of 3.81 in2.  

The development for the longitudinal bars is provided externally with steel 

plates and ERICO bolt couplers. These couplers allow a bolted connection to be 

attached to the end of the reinforcing bars. Development of the reinforcement is 

provided in this manner so that the force in each bar can be monitored using a load cell, 

as shown in Figure 3.9. The load cell fits over the coupler and the whole assembly is 

bolted into place. The force in the bar is transferred through the coupler into the bolt. 

The bolt bears on the washer plate which transfers the load through the load cell to the 

bearing plate and back into the concrete specimen, thus developing the strength of the 

bar. The length of the bearing plate is determined by taking six times the bar diameter, 

which  is the value used in the 2007 AASHTO LRFD Bridge Design Specifications 

when determining the bearing area of longitudinal bars in a strut and tie analysis 
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Figure 3.8- Large beam specimens 

 

Figure 3.9- Bar development detail 
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3.3 Small Specimen Design  
 

 To achieve further reduction in test specimen size, a dimensional analysis 

was performed using Eq. 2.2, and the equations governing moment equilibrium of 

reinforced concrete beams in flexure. Dimensional analysis is a tool that makes it is 

possible to deduce how certain variables affect a specific response variable without 

knowing the actual mathematical relation between the variables. The basis of this 

analysis is the Buckingham Pi Theorem which states: “If there is an independent 

function that is made up of physical variables, it can be transformed into another 

function made up of dimensionless Pi terms (Sabnis and Harris, 1983).”  The number of 

Pi terms is dictated by both the number of physical variables and independent physical 

units. Independent physical units are dimensions such as length, force (or mass), 

temperature, electric charge, and time. With the resulting Pi terms from the dimensional 

analysis it is possible to show similitude of specimens at different scales.  If the 

dimensionless Pi terms are equal for specimens at different scales, there is similitude 

between the specimens. 

 The dimensional analysis of the reinforced concrete specimen with Eq. 2.2 

is complicated by the term (1+Ö(0.2/da)), which accounts for the influence of aggregate 

size. In this term, 0.2 is a constant which represents characteristic length. Characteristic 

length is a material constant with units of inches. This value depends on sand grain size 

and the difference between the elastic moduli of the aggregate and the mortar. It governs 

the minimum possible width of a zone of strain-softening damage in non-local 

continuum formulations or the minimum possible spacing of cracks in discrete fracture 

models. This length must be determined experimentally (Bazant and Pijaudier-Cabot, 

1989). The effectiveness of the dimensional analysis relies on being able to scale each 

element of the equation which has physical units. In most cases this applies only to 

physical variables, but in this case a constant has physical units.  For this reason it is not 
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possible to directly scale the specimen using Eqs. 2.2 and have models with perfect 

similitude, but the difference in the model scales can be accounted  taken into account.   

 The physical variables for the dimensional analysis are given in Table 

3.2. Note that the dimensions of the areas of the supports (j) and the point at which the 

load is applied (k) are included and that r v can be simplified into Asv/bd.  The 

independent physical units for this analysis are force and length. By placing the physical 

units into Table 3.3 along with the identity matrix the Pi analysis can be performed 

using Eq. 3.3 to calculate Matrix C. With Matrix C, the Pi terms can be assembled by 

reading Table 3.3 from left to right. The dimensionless Pi terms produced by this 

analysis, shown in Figure 3.10, can be used to scale the reinforced concrete pier 

specimens illustrated in Figure 3.11. It is important to note that the maximum aggregate 

size is scaled in each specimen. The large specimen has a maximum aggregate size of 

one inch, while the small specimen has a maximum aggregate size of ½ -inch. As 

before, the longitudinal reinforcement will be provided by normal deformed bar 

reinforcement bonded to the concrete, and development will be provided in the same 

manner as the large specimen. 
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Table 3.2- Physical variables 

Table 3.3- Pi analysis 

  As B j a  da k fy Asv fyv D f'c 
Length 2 1 1 1 1 1 -2 2 -2 1 -2 
Force 0 0 0 0 0 0 1 0 1 0 1 
p1 1 0 0 0 0 0 0 0 0 -2 0 
p2 0 1 0 0 0 0 0 0 0 -1 0 
p3 0 0 1 0 0 0 0 0 0 -1 0 
p4 0 0 0 1 0 0 0 0 0 -1 0 
p5 0 0 0 0 1 0 0 0 0 -1 0 
p6 0 0 0 0 0 1 0 0 0 -1 0 
p7 0 0 0 0 0 0 1 0 0 0 -1 
p8 0 0 0 0 0 0 0 1 0 -2 0 
p9 0 0 0 0 0 0 0 0 1 0 -1 

 

[ ] [ ] [ ] TBAC )*( 1--=   (3.3) 

Physical 
Variables 

Physical 
Units Description 

As in2 area of longitudinal steel reinforcement 
b in  beam width 
d in depth to longitudinal steel reinforcement 
a  in  shear span 
da in maximum aggregate size 
f'c lb/in2 concrete compressive cylinder strength 
fy lb/in2 yield stress of longitudinal steel 
Asv in2 area of transverse steel 
fyv lb/in2 yield stress of transverse steel 
S in transverse steel spacing 
j in length of support area 
k in length of applied load area 

Matrix A 

Identity Matrix Matrix C 

Matrix B 
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Figure 3.10- Pi terms 

Table 3.4 compares the Pi values for the scaled specimens at the two 

different reinforcement ratios along with the loads to cause the nominal shear, 

calculated by Eq. 2.2, and moment. In these specimens, no shear reinforcement is 

provided in the span so p8, which is the scaling factor for shear reinforcement, is not 

required. Term p8 is included for use in the design of later specimens. There is good 

agreement with all of the Pi terms. The only term which shows any difference is p1; this 

term scales the longitudinal reinforcement ratios. The exact area of steel is not scaled 

perfectly because it is linked to available bar sizes. Equation 2.2 is used to calculate the 

nominal shear strength of the specimen. Since the specimens are loaded in three-point 

bending and are symmetric, the load to cause shear failure (Pv) is calculated by 

multiplying the nominal shear strength by two. The load to cause moment failure is 

calculated by multiplying the nominal moment capacity by 4 and dividing by the span 

length. The nominal moment capacity is calculated using a rectangular stress block as in 

Eqs. 3.1 and 3.2.  If the specimens were perfectly scaled the ratio of Pv/Pm would be the 

same for both the large and small specimens. As discussed earlier the characteristic 

length constant in Eq. 2.2 makes this almost impossible, and the Pv/Pm ratios for the 

specimens with 1.31% and 0.655% longitudinal reinforcement ratios differ by 10.5% 
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and 12%, respectively.  With this difference known, however, it is possible to account 

for it when examining the experimental results.  

 

Figure 3.11- Small beam specimens 
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Table 3.4- Comparison of Pi terms 

r  = 1.3 % r  = 0.65 % 
 Large Small % Difference Large Small % Difference 

p1 0.00739 0.00775 4.8% 0.00354 0.00346 2.4% 
p2 0.56040 0.56040 0.0% 0.54878 0.54878 0.0% 
p3 0.35803 0.35803 0.0% 0.35061 0.35061 0.0% 
p4 1.49440 1.49440 0.0% 1.46341 1.46341 0.0% 
p5 0.03113 0.03113 0.0% 0.03049 0.03049 0.0% 
p6 1.12080 1.12080 0.0% 1.09756 1.09756 0.0% 
p7 15 15 0.0% 15 15 0.0% 
p8 0 0 0.0% 0 0 0.0% 
p9 15 15 0.0% 15 15 0.0% 

Pv (kips) 321.9 93.8  212.5 59.0  
Pm (kips) 540.7 141.0  294.6 72.0  

Pv/Pm 0.59540 0.66520 10.5% 0.72136 0.81974 12.0% 
 

3.4 Design of Instrumentation  

The instrumentation was designed to monitor several aspects of the 

performance of the specimens. These are: 

·  the applied load 

·  deflection at midspan 

·  principal compression strut angle 

·  strains in the longitudinal tension reinforcement 

·  longitudinal strains in the compression zone 

·  transverse stains in the shear span 

·  force in the longitudinal tension steel anchorage 

 

Achieving each of these goals required different instrumentation, and in some cases 

multiple instrumentation schemes were used to look at the same phenomena. Figure 

3.12 shows the location of all of the instrumentation. 
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The applied load was monitored using a single load cell under the hydraulic 

ram. The applied load is the metric for the entire test. All of the significant occurrences 

such as cracking and failure will be distinguished by the applied loads at which they 

occur. The mid-span deflection of the beam was monitored with a single string 

potentiometer.  The deflection was monitored because, in conjunction with the applied 

load, it is a good indicator of ductility. 

 

Figure 3.12- Instrumentation diagram 

 The main phenomenon that distinguishes the behavior of deep beams from 

ordinary beams is their ability to carry load through arch action. Fenwick and Paulay 

(1968) concluded that arch action and beam action were incompatible because arch 

action cannot occur to any appreciable extent until after the breakdown of beam action. 
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For this reason it is important to have a good understanding of when arch action is 

initiated, and several different instrumentation methods were used to capture the 

initiation of arch action. The first is the strain gages bonded to the reinforcing bars. 

Theoretically, once the arch action is initiated, the strain in the longitudinal 

reinforcement should become constant over its length. Linear variable differential 

transformer (LVDT) 18 (Figure 3.12) spans the entire length of the beam. This 

effectively gives the longitudinal strain at the bottom of the beam averaged over its 

length, including all of the cracks. It was thought that this strain data might give insight 

into when arch action occurs. In conjunction with this idea, the end rotations of the 

beam were monitored using string potentiometers 1 – 4. The string potentiometers were 

used to monitor displacements; rotation angles at the ends of the beam were calculated 

from the relative displacements.  The data collected from this instrumentation as well as 

the calculated compression strut angle were used to determine the point at which arch 

action becomes the effective load carrying method. 

One of the main factors that governs the performance of deep beam 

behavior is the angle at which the primary compression strut forms. For this reason, 

several instrumentation schemes were used to identify this angle.  Two rosettes of 

LVDTs (LVDTs 1,2,3 and LVDTs 4,5,6) were used to compute the principal stresses 

using a mechanics of materials approach. Longitudinal forces produced by the 

reinforcement were calculated using constitutive relations and strains from the strain 

gages on the reinforcing bars and from LVDT 18.  , Using these longitudinal forces and 

vertical reactions calculated from static equilibrium, an effective strut angle was 

calculated. Once the bars completely debonded, the force from the load cells at the 

anchorage could be used for the longitudinal force and the strut angle could again be 

calculated. The load cells mounted on the ends of the longitudinal reinforcement also 

served to measure the amount of force needed to develop the longitudinal 

reinforcement.  
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Finally, LVDTs were positioned vertically within the shear span of the 

beam (Figure 3.12) to capture the transverse strains.  
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CHAPTER 4 

ULTIMATE CAPACITY OF REINFORCED CONCRETE PIER CAPS 

 

The first part of the experimental plan was an investigation into the 

behavior of the reinforced concrete specimens leading up to and at their ultimate state. 

The effects of the amount of longitudinal and crack control reinforcement were of 

particular interest. The longitudinal tension reinforcement is one of the more variable 

parameters in reinforced concrete pier caps.  The amount of the crack control 

reinforcement is a requirement which has changed over time. Understanding how it 

influences the behavior is important in understanding older pier caps. Scaled specimens 

were also tested to observe the size effect. 

4.1 Specimen Construction 

Figure 4.1 shows the formwork for one of the large specimens.  Special 

attention was paid in the formwork design to remove inclusions in the concrete which 

serve as crack initiators. For this reason, buttresses were used for the large specimen 

formwork instead of the more common ties. Before the reinforcing bars were placed into 

the formwork, they were instrumented with strain gages.  The bars were smoothed using 

a grinding wheel, and then the strain gages were epoxy bonded to the bars. Lead wires 

were then soldered to their terminals. All gages were sealed with silicone for protection. 

Figure 4.2 shows the strain gages installed on the reinforcing bars. Before the bars were 

placed in the formwork, the strain gages were tested by placing the bar in three point 

bending, applying a known load and comparing the theoretically calculated strains under 

the load to the measured strains. The wires for the strain gages were run along the 
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longitudinal tension reinforcement and out of the top of the beam as shown in Figure 

4.3.  

 

Figure 4.1- Large specimen formwork 

 

Figure 4.2- Rebar with strain gages installed 
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Figure 4.3- Strain gage wires and coil bolt anchor detail 

  To allow for the installation of the Erico bolt couplers and the 

monitoring of the forces in the bar anchorage, the ends of the reinforcement projected 

from the formwork, as shown in Figure 4.4. The rebar spanned from one end of the 

formwork to the other. This allowed the rebar to be placed at the proper height without 

the use of rebar chairs, further reducing the amount of crack initiators in the specimen.  

 Two different concrete mixes were needed to cast the large and small 

specimens. The mix for the large specimens required a maximum aggregate size of one 

inch while the mix for the small specimens required a maximum aggregate size of one-

half inch. The desired concrete strength for both of the mixes was between 3500 and 

4500 psi. The mixes were chosen by looking at recent 28 day cylinder strengths. The 

mix for the large specimen had a designation of RMXBJASAAND and an average 28 

day cylinder strength of 3,735 psi plus or minus one standard deviation of 331 psi 

(3735± 331 psi) based on 39 samples. The mix for the small specimen had a designation 
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of RMXBJAGEAUE and an average 28 day cylinder strength of 3685 psi based on two 

samples. 

 

Figure 4.4- Longitudinal reinforcement extended outside of formwork 

All specimens were cast in two stages. On the first day, all of the beams 

were cast. Figure 4.5 shows the beams after the placement of the concrete. The concrete 

was then allowed to cure for 48 hours, and then the column stubs were cast on top. This 

created a cold joint between the beam and the column stub in the same location as there 

would be in a common pier cap. The concrete in the area of the column was roughened 

to improve friction between the column and the beam; this is shown in Figure 4.6. The 

concrete used in all of the columns for all of the beams (large and small) had a 

maximum one inch aggregate size.   Since cracking and failure were expected to occur 

in the beam not in the column, the difference in the aggregate size was inconsequential. 

For curing, after each pour the beams were covered with wetted burlap and plastic; this 
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is shown in Figure 4.7. The finished specimens are shown in Figure 4.8 after removal 

from the formwork.  

 

Figure 4.5- Specimens after first casting 

 

Figure 4.6- Concrete roughened in column area 
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Figure 4.7- Specimen covered for curing 

 

Figure 4.8- Completed specimens 
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4.2 Experimental Set-up 

Preparation for the test of each specimen consisted of positioning specimen 

in the test frame with the proper alignment and span and installing the external 

instrumentation.  Table 4.1 gives the designations of the Phase I specimens as well the 

depth (d) reinforcement ratio (r ) and the shear span to depth (a/d) ratio. The shear span 

(a) is the distance from the center of the column to the center of the support. 

The specimens were cast at two separate times. The first casting involved 

three 36 inch specimens and three 18 inch specimens. These specimens were cast on the 

same time period from ready mix concrete trucks and are designated as the A series. An 

additional small specimen (AS4) was cast later with concrete mixed in house and was 

included with the A series specimen. The second casting was of seven 36 inch 

specimens. These specimens are designated as B Series specimen. In Table 4.1 the 

specimens are designated A and B according to their series. The 36 inch deep specimens 

are labeled with an L, and the 18 inch deep specimens are labeled with an S.  

Table 4.1- Phase I specimen designations and parameters 

Specimen 
Designation 

Height (in) 
 

d (in) r (%) 
 

Span 
(in) 

a (in) a/d 

AL1 36 32.8 0.65 96 48 1.46 
AL2 36 32.1 1.3 96 48 1.49 
AS1 18.88 16.4 0.65 48 24 1.46 
AS2 18.88 16.4 0.65 48 24 1.46 
AS3 18.88 16.1 1.3 48 24 1.49 
AS4 18.88 16.1 1.3 48 24 1.49 
BL1 36 32.8 0.65 96 48 1.46 
BL2 36 32.1 1.3 96 48 1.49 
BL3 36 32.1 1.3 96 48 1.49 
BL4 36 32.1 1.3 96 48 1.49 
BL5 36 32.1 1.3 96 48 1.49 
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Figure 4.9 shows a small specimen loaded into the testing frame. Load was 

applied to the specimen using a hydraulic ram; the force applied by the ram was 

measured using a load cell. A ball and socket joint was placed in between the beam and 

the ram to prevent the transfer of moment into the ram. The ball and socket arrangement 

does not prevent the ram from applying lateral load resistance.  Pin and roller supports 

were used. The supports were spaced to give the small specimens a total span of 48 

inches. Figure 4.10 shows a small specimen with the external instrumentation installed.  

Figure 4.11 shows a large specimen in the load frame. For the large 

specimens a tapered stack of steel plates was used to distribute the force from the ball 

and socket joint into the column stub. The same pin and roller supports were used, and 

they were spaced to give the large specimens a 96 inch span. Figure 4.12 shows a large 

specimen with external instrumentation.  

 

Figure 4.9- Small specimen in test frame 
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Figure 4.10- Small specimen with external instrumentation 
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Figure 4.11- Large specimen in test frame 
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Figure 4.12- Large specimen with external instrumentation 

4.3 Tests of Small Scale Specimens 

The tests of the small scale specimens follow. These tests were performed 

first. The tests were easier to set up and perform due to the specimen size.  

4.3.1 Test of Specimen AS1 

On the day of the beam test, companion concrete cylinders that had been 

cast along with the beam were tested for compression strength (ASTM C-39, 2010), 

tensile strength (ASTM C-496, 2004), and elastic modulus (ASTM C-469, 2002). Based 

on these companion cylinder tests, the concrete in the beam had an average compressive 

strength of 4,123± 168 psi based on three samples, an average tensile strength of 

421± 43 psi based on three samples, and an average elastic modulus of 3,177± 348 ksi 

based on three samples. Only compression tests were performed on the concrete in the 



61 

column; the concrete in the column had an average compressive strength of 3,046± 293 

psi based on three samples. The average yield strength of the longitudinal steel was 

79± 1.7 ksi based on three samples.  

Load was applied to the specimen using a hydraulic jack. Data were 

recorded from all channels of instrumentation at a rate of 1Hz. The load was applied 

slowly to achieve a quasistatic response, and at several points during the test, loading 

was stopped, allowing time to observe, mark, and measure crack sizes. The crack sizes 

were only marked and measured up until a load of 120 kips; this was the estimated 

capacity of the specimen.  

 The first cracks to form in the specimen were flexural cracks directly below 

the edges of the stub column on the tension face of the beam at a load of 60 kips. These 

cracks are labeled B and C in Figure 4.13. Diagonal shear cracks did not form until a 

load of 90 kips when crack D formed. Crack A formed at a load of 110 kips. The 

ultimate strength of the specimen was governed by yielding of the longitudinal 

reinforcement at an applied load of 165 kips. Once the longitudinal reinforcement 

yielded, the specimen deformed with little increase in applied load. At an applied load 

of 172 kips, the concrete at the tip of Crack A crushed. The crushing of the concrete in 

the beam also caused damage to the column; in Figure 4.13 the column steel can be seen 

where the concrete in the column has spalled.   
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Figure 4.13- Cracks in specimen AS1 

 Following an analysis of the test results, it was determined that the behavior 

of each test could be best described by the plot of load vs. deflection and the plot of strut 

angle vs. load. The strut angle was calculated using equilibrium and the strain in the 

longitudinal tension reinforcement. Of the longitudinal strain measurements, LVDT 18 

(shown in Figure 4.14) provided an average strain for the longitudinal tension 

reinforcement. The strains recorded by the strain gages attached to the longitudinal 

reinforcement were affected by cracking in the specimen. Gages located closer to the 

cracks showed higher strains than those farther away. The LVDT spanning from one 

support to the other effectively averaged out the localized effects of the cracks. Strain 

gages bonded to the longitudinal tension reinforcement provided a back-up 

measurement of the longitudinal strain. When multiple layers of bars were used 

(Specimens AL2, BL2, BL3, BL4 , and BL5), the externally bonded LVDT also had the 
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advantage of being placed at the centroid of the longitudinal tension force even when it 

did not correspond with the centroid of the bars themselves. Only qualitative 

conclusions can be made from the load cells anchoring the longitudinal reinforcement, 

and the results are shown in Appedix A. The gage length of the LVDT’s in the 

compression zone was too large to obtain useful measurements on their own (LVDT’s 

7, 8, 9, 10, and 11), but their measurements were used to calibrate an elastic finite 

element model. The other instrumentation did not provide any additional insight and 

will not be discussed.  

 

Figure 4.14- External instrumentation diagram 

Figure 4.15 shows the load vs. deflection plot for Specimen AS1. Labeled 

on the figure are the loads at which cracks formed and the load at which the longitudinal 

reinforcement yielded. The crack labels correspond to the cracks shown in Figure 4.13. 

The load deflection plot shows that the specimen’s failure was ductile; the beam 

underwent deformations after reaching its ultimate limit state of yielding of the 
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longitudinal tension reinforcement. After the steel yielded at an applied load of 165 kips 

and a deflection of 0.15 inches, there was only a small increase in load before the 

ultimate capacity of 172 kips was reached.  
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Figure 4.15- Load vs. deflection plot for Specimen AS1 

Calculating the principal compression strut angle from equilibrium requires 

the use of constitutive relations to convert the strains in the longitudinal bar into stresses 

and then forces. A MATLAB program was written to analyze the data. This program 

required a stress-strain curve for the longitudinal reinforcement along with a yield value. 

The stress-strain curve was then broken down into four distinct segments based on the 

following strain regions: 

000,29/yf£e     (a) 

)000,29/(2.1000,29/ yy ff £< e   (b)    

05.0)000,29/(2.1 £< eyf    (c) 

1.005.0 £< e      (d) 
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With the stress-strain curve broken down in this manor, it was then possible to fit a third 

order polynomial to each of the four regions. Figure 4.16 shows plots of the stress strain 

curve created from materials testing data and the four curves fit to the four strain 

regions.  The curves represent the stress strain properties of the steel well; they have a 

coefficient of variation of 0.999 with the measured steel behavior. Table 4.2 gives the 

constants for the polynomials fit to each region for each of the different types of 

longitudinal tension reinforcement used in the experimental program.  
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Figure 4.16- Steel stress- strain curve fit 
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Table 4.2- Polynomial constants fit to stress strain curves for longitudinal tension 
reinforcement 

Series Bar x3 x2 x 1 Region

A #5 -2.234E+09 6.192E+06 2.373E+04 -1.528E-01 (a)
-9.634E+09 8.060E+07 -2.133E+05 2.436E+02 (b)
2.208E+05 -2.886E+04 1.521E+03 7.052E+01 (c)
1.471E+04 -4.888E+03 5.379E+02 8.516E+01 (d)

A #9 (AS3) 1.295E+09 -5.977E+06 3.544E+04 -5.299E-01 (a)
8.735E+09 -7.822E+07 2.415E+05 -1.823E+02 (b)
-6.897E+05 5.386E+04 -6.309E+02 7.799E+01 (c)
6.255E+04 -1.426E+04 1.137E+03 6.414E+01 (d)

A #9 (AS4) -9.044E+08 3.015E+06 2.611E+04 -7.063E-02 (a)
-6.731E+09 6.085E+07 -1.697E+05 2.229E+02 (b)
-1.734E+06 9.130E+04 -9.103E+02 9.008E+01 (c)
1.393E+05 -2.414E+04 1.524E+03 7.229E+01 (d)

A #10 -1.979E+09 7.400E+06 2.139E+04 -9.745E-02 (a)
1.406E+09 -3.870E+07 1.720E+05 -1.445E+02 (b)
-2.668E+06 1.209E+05 -6.502E+02 6.583E+01 (c)
-4.761E+05 3.095E+04 1.266E+02 6.900E+01 (d)

B #10 -1.056E+09 2.440E+06 2.947E+04 5.180E-02 (a)
-9.573E+10 9.040E+08 -2.831E+06 3.017E+03 (b)
-1.999E+06 1.036E+05 -9.751E+02 8.223E+01 (c)
1.294E+05 -2.276E+04 1.520E+03 6.571E+01 (d)

3rd Order Polynomial

 
 

The strut angle in specimen AS1 was calculated by taking the inverse 

tangent of the vertical reaction force divided by the horizontal force in the longitudinal 

tension reinforcement. Figure 4.17 shows a plot of the strut angle in degrees vs. the 

applied load in kips. This plot was generated using the data obtained from LVDT 18, 

and the crack labels correspond to the cracks shown in Figure 4.13. Once the diagonal 

cracks formed at loads of 90 and 110 kips, the strut angle held at a constant value of 

approximately 50° and arch action became the primary load carrying mechanism. The 

strut angle then decreased again to a value of 45.9° at the ultimate load. The transition 

from beam action to arch action occured as the all of the cracks, both flexural and shear, 

cracks formed between applied loads of 50 and 110 kips. 
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Figure 4.17- Strut angle vs. applied load for Specimen AS1 

4.3.2 Test of Specimen AS2 

Specimen AS2 was similar to AS1, and was tested to investigate the 

repeatability of not only the specimen’s ultimate strength, but also the repeatability of 

the data collected by the instrumentation scheme.  

Materials tests on companion concrete cylinders were performed on the 

same day as the specimen test.  Based on these tests, the concrete in the beam had an 

average compressive strength of 4,226± 97 psi based on three samples, an average 

tensile strength of 400± 28 psi based on three samples, and an average elastic modulus 

of 3,235± 94 ksi based on three samples. As in the previous beam test, only compression 

tests were performed on the concrete in the column; the concrete in the column had an 

average compressive strength of 3,186± 111 psi based on three samples. The 

longitudinal steel was from the same batch as specimen AS1; it had a yield stress of 

79± 1.7 ksi based on three samples.  
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The load was applied in the same manor as described in the previous test. 

The first flexural cracks formed at a load of 50 kips. These cracks are labeled B and C in 

Figure 4.18.  The first diagonal crack D formed at a load of 60 kips and was followed by 

crack A at a load of 75 kips. These cracking loads were less than those of the identical 

specimen AS1. Again, the longitudinal reinforcement governed the ultimate capacity. 

The bars yielded at a load of 160 kip, but large deformations did not occur. Soon after 

yield, the concrete crushed at the tip of Crack A in the same manor as Specimen AS1. 

 

Figure 4.18- Cracks in Specimen AS2 

Specimen AS2 had similar behavior to Specimen AS1. The main difference 

between the two specimens was the deflection sustained prior to failure. Figure 4.19 

shows the load vs. deflection plot for specimen AS2. The longitudinal bars in the 

specimen reached yield, but this did not allow Specimen AS2 to undergo the large 

deflection seen for Specimen AS1. Both beams had their bars yield at a deflection of 
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0.15 inches. and a load of about 160 kips. The crack labels in Figure 4.19 and 4.20 

correspond to those in Figure 4.18 

Figure 4.20 shows the strut angle vs. applied load plot for Specimen AS2. 

The strut angle behaves in much the same manor as Specimen AS1. In both specimens, 

the formation of cracks led to the development of arch action at a load of approximately 

110 kips. At ultimate load, Specimen AS2 had a strut angle of 46.2°. 
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Figure 4.19- Load vs. deflection for Specimen AS2 
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Figure 4.20- Strut angle vs. applied load for Specimen AS2 

4.3.3 Test of Specimen AS3 

Specimen AS3 was a small specimen with a longitudinal tension 

reinforcement ratio of 1.3%. This is double the amount of longitudinal tension steel in 

Specimens AS1 and AS2.  Based on companion cylinder tests, the concrete compressive 

stress on the day of testing was 4037± 5.8 psi based on three samples, and the split 

tension strength was 458± 37 psi based on three samples. The average elastic modulus 

of the concrete was 2,971 based on two samples, The compression strength of the 

concrete in the column was 3121± 61 psi based on three samples. The longitudinal 

reinforcing steel had an average yield strength of 76 ksi based on two samples.  

 The first flexural cracks formed in Specimen AS3 at an applied load of 75 

kips. These cracks are labeled B and C in Figure 4.21. Crack C began as a flexural 

crack, and then, later in the testing, a diagonal crack grew and merged into it. Diagonal 

crack A formed at a load of 125 kips while crack D formed at a load of 170 kips. Failure 



71 

of the specimen occurred at a load of 260 kips when a large splitting crack 

instantaneously formed and  propagated from the corner of the column to the center of 

the support, causing the longitudinal reinforcement to debond. The splitting of the 

concrete is labeled in Figure 4.21. This splitting occurred due to stress concentrations 

induced by the column and the supports. 

The increase in the amount of longitudinal reinforcement caused a 

significant change in the performance of the specimen. The specimen failed in a non-

ductile manor. Figure 4.22 shows the load vs. deflection plot for Specimen AS3. The 

specimen reached its ultimate capacity at a load of 260 kips. At this load the 

longitudinal steel had reached a strain of 0.0041 this is above its yield strain of 0.0029. 

The crack labels in Figure 4.22 and 4.23 refer to the crack labeled in Figure 4.21. 

The increase in the longitudinal reinforcement caused a decrease in the 

angle of the principal compression strut. When the strut angle was calculated from 

equilibrium, the strut angle decreased from 50° to 40°. Figure 4.23 shows the strut angle 

vs. the applied load. Again, the formation of the diagonal strut is a function of crack 

formation. For specimen AS3 the strut angle approaches approximately 40°. The angle 

at ultimate was 43.5°.  
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Figure 4.21- Cracks in Specimen AS3 
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Figure 4.22- Load vs. deflection for Specimen AS3 
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Figure 4.23- Strut angle vs. applied load for Specimen AS3 

4.3.4 Test of Specimen AS4 

After observing the difference in failure modes between the small 

specimens with 0.63% and 1.3% longitudinal tension reinforcement, an additional small 

specimen was fabricated with 1.3% longitudinal tension reinforcement. In contrast to 

the mixes for the other specimens, which were procured from a local supplier, the 

concrete for Specimen AS4 was mixed in the Structures Laboratory at the Georgia 

Institute of Technology.  This limited the amount of concrete available for companion 

cylinder testing, and only compression strength tests were performed. The compression 

strength of the concrete in the beam was 4,650± 843 psi based on three samples, and the 

compression strength of the concrete in the column was 3,975± 78 psi based on three 

samples. The longitudinal reinforcement had a yield strength of 88± 1.7 ksi based on 

three samples.   
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 The first cracks to form in Specimen AS4 were flexural cracks, labeled as B 

and C in Figure 4.24, appearing at an applied load of 75 kips. Crack A formed at a load 

of 100 kips, and was followed by crack D at a load of 110 kips. Failure of Specimen 

AS4 occurred when a diagonal splitting crack formed between the edge of the column 

and the support at an applied load of 267 kips. The failure mechanism was the same as 

in Specimen AS3, but unlike specimen AS3, the longitudinal steel did not reach yield 

before the failure. This was due to the difference in yield strengths between the two 

different longitudinal reinforcements (79 vs 88 ksi).Figure 4.25 shows the load vs. 

deflection plot for Specimen AS4. The crack labels in both Figs. 4.25 and 4.26 

correspond to the labels in Figure 4.24. Figure 4.26 shows the plot of strut angle vs. load 

for Specimen AS4. The strut angle again approaches approximately 40°. The formation 

of arch action for this specimen was less distinct than in any of the previous tests; the 

calculated arch angle varies from 50° to 40°.  

 

Figure 4.24- Cracks in Specimen AS4 
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Figure 4.25- Load vs. deflection for Specimen AS4 
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Figure 4.26- Strut angle vs. applied load for Specimen AS4 
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4.4 Tests of Full Scale Specimens 

The results for the full scale specimens were separated from the small scale 

specimens due to the size effect. The behavior of these specimens replicates the 

behavior of a full scale pier cap. 

4.4.1 Test of Specimen AL1 

Specimen AL1 was the first of the 36 inch deep specimens tested. It 

contained 0.65% longitudinal tension reinforcement; this makes it the companion to 

Specimens AS1 and AS2. On the day of beam testing, companion cylinder testing 

indicated that the compressive strength of the concrete in the beam was 3,473± 142 psi 

based on three samples with an elastic modulus of 3,298± 8 ksi based on three samples. 

The split tension strength of the concrete was 384± 26 psi based on three samples. The 

compressive strength of the concrete in the column was 3,066± 165 psi based on three 

samples, and the longitudinal steel had a yield stress of 65± 8 ksi based on three 

samples. 

Figure 4.27 highlights the cracks that formed during the testing of Specimen 

AL1. In comparison with specimens AS1 and AS2, a larger number of individual cracks 

formed during the testing of the large specimen. The highlighted cracks represent the 

larger and more critical cracks which formed during testing. The flexural cracks C and 

D formed first at a load of 150 kips. The diagonal shear cracks B and E formed at a load 

of 200 kips followed by crack A, which formed at 250 kips. At an applied load of 505 

kips, the longitudinal reinforcement reached its yield point. The specimen reached its 

ultimate capacity at an applied load of 545 kips. At this point the steel had yielded and 

the concrete crushed at the corner of the stub column above the merger of cracks D and 

E. The failure mode and even the crack patterns agreed well with those observed in 

Specimen AS1.  
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Figure 4.27- Cracks in Specimen AL1 

Overall, the results of the testing of Specimen AL1 agreed well with that of 

Specimen AS1 and AS2. Figure 4.28 shows the load vs. deflection plot for the 

Specimen AL1.  Like Specimen AS1, Specimen AL1 was able to double its total 

deflection after yielding of the longitudinal reinforcement and failed in a ductile manor. 

The cracks denoted in Figs. 4.28 and 4.29 reference the cracks in Figure 4.27. 

The strut angles calculated through equilibrium also were similar in the 

small and large specimens. Specimens AS1 and AS2 had approximate strut angles of 

50°, while Specimen AL1 had an approximate strut angle of 46°. Figure 4.29 shows the 

strut angle vs. load plot for specimen AL1. This plot was created using the strain data 

from a strain gage at midspan of the specimen. This gage was used because when the 

span was doubled from 48 to 96 inches it became harder to install the longitudinal 

LVDT along the reinforcement. A string potentiometer was used in place of the LVDT 

because it was simpler to mount on the specimen. This string potentiometer was not as 

precise as the LVDT and was unable to measure the small displacements early in the 
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test. It could not capture the small strains. The strain gage is localized at midspan so it 

could not capture the effects of cracking in other parts of the specimen; this can clearly 

be seen in the way arch behavior begins before any of the major cracks become visible 

(see Figure 4.29). Avoiding this localization is one of the main advantages of using the 

LVDT to measure longitudinal strains in the reinforcement, and an LVDT was used for 

all of the following tests.  
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Figure 4.28- Load vs. deflection for Specimen AL1 
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Figure 4.29- Strut angle vs. applied load for Specimen AL1 

4.4.2 Test of Specimen AL2 

Specimen AL2 was 36 inches. deep with a longitudinal tension 

reinforcement of 1.3%. It was the large-scale companion to Specimen AS3 and AS4.  

On the day of testing, the concrete that made up the beam had a compressive strength of 

3,651± 218 psi based on three companion cylinder samples, an average elastic modulus 

of 3,298 ksi based on two samples, and a split tension strength of 394± 37 psi based on 

three samples. The concrete in the column had a compressive strength of 3,338± 243 psi 

based on three samples. The longitudinal steel was from the same batch as that for 

Specimen AL1. It again, had a yield stress of 65± 8 ksi based on three samples.   

Figure 4.30 is a photograph of Specimen AL2 with the cracks highlighted. 

The first flexural crack B became visible at a load of 200 kips. Crack C formed at a load 

of 250 kips and was followed by crack A at a load of 300 kips. Shear crack D formed 

around an applied load of 400 kips. The beam failed rapidly when a splitting crack 
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formed, running from the corner to the support, at a load of 660 kips, as illustrated in 

Figure 4.31.   

 

Figure 4.30- Cracks in Specimen AL2 

Specimen AL2 performed similarly to its small-scale counterparts, 

Specimen AS3 and AS4. The splitting of the concrete occurred before the longitudinal 

reinforcement could yield. Figure 4.32 shows a plot of the applied load vs. the 

deflection for Specimen AL2, and Figure 4.33 shows the angle of the principal 

compression strut at approximately 40° which coincides with that of Specimen AS3. 

The strut angle at ultimate was 34.2°. The specimen exhibited brittle behavior.  The 

cracks denoted in Figs. 4.32 and 4.33 correspond to those labeled in Figure 4.30. 
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Figure 4.31- Splitting crack in Specimen AL2 
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Figure 4.32- Load vs. deflection for Specimen AL2 
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Figure 4.33- Strut angle vs. applied load for Specimen AL2 

4.4.3 Test of Specimen BL1 

Specimen BL1 was part of a second set of specimens, intended to 

investigate the effect of including AASHTO’s crack control reinforcement for deep 

beams and to serve as controls for the strengthening schemes. Specimen BL1 was 

constructed similarly to Specimen AL1. 

On the day of testing, the concrete that made up the beam had a 

compressive strength of 3,352± 226 psi based on six samples, a split tension strength of 

377± 43 psi based on three samples, and an elastic modulus of 3051± 42 ksi based on 

three samples. The concrete in the column had a compressive strength of 3,263± 253 psi 

based on three samples. The longitudinal steel had a yield stress of 80± 1.22 ksi based 

on three samples. This is significantly higher than for specimen AL1 whose longitudinal 

reinforcement had a yield stress of 65 ksi. 



83 

As load was applied to specimen BL1, the first flexural cracks formed at a 

load of 175 kips. The cracks are labeled C and D in Figure 4.34. The cracks were then 

followed promptly by A, B, E, and F at an applied load of 225 kips.  Specimen BL1 

failed when a splitting crack formed running from the column to the support at an 

applied load of 500 kips. At this load the longitudinal reinforcement had not yielded. 

This failure mode is not consistent with the other specimens with 0.65% longitudinal 

tension reinforcement in which the longitudinal reinforcement yielded. The failure mode 

of Specimen BL1 was more like the brittle failure mode of the specimens with 1.3% 

longitudinal tension reinforcement.  

 

Figure 4.34- Cracks in Specimen BL1 
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Figure 4.35 shows the load vs. deflection plot for Specimen BL1. Despite 

having the same longitudinal reinforcement as Specimen AL1, the load deflection curve 

for Specimen BL1 resembles that of Specimen AL2 more closely. The crack labels in 

Figs. 4.35 and 4.36 refer to the cracks shown in Figure 4.34. Despite the difference in 

failure mode, the strut angle vs. applied load plot for Specimen BL1 agrees well with 

that of Specimen AL1.  The strut angle approaches an approximate value of 46°, and is 

43.4° at ultimate. 
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Figure 4.35- Load vs. deflection for Specimen BL1 
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Figure 4.36- Strut angle vs. applied load for Specimen BL1 

4.4.4 Test of Specimen BL2 

Specimen BL2 was built similarly to Specimen AL2. It has 1.3% 

longitudinal tension reinforcement, and it is the control for the specimens which include 

AASHTO crack control reinforcement. The concrete in the beam section of Specimen 

BL2 had a compressive strength of 3,353± 226 psi based on six companion cylinder 

samples, a split tension strength of 370± 45 psi based on three samples, and an elastic 

modulus of 3,338 ± 158 ksi based on three samples. The concrete in the column had a 

compressive strength of 3,082± 142 psi based on three samples. Again the longitudinal 

reinforcement had a yield strength of 80± 1.22 ksi based on three samples. 

Figure 4.37 shows the crack pattern and failure of Specimen BL2. Minor 

flexural cracking began at an applied load of 200 kips. Cracks B C D and E appeared at 

a load of 250 kips. Crack F presented itself at a load of 350 kips, and Crack A formed at 

a load of 400 kips. Specimen BL2 reached its ultimate capacity at a load of 631 kips, 
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when, a splitting crack formed suddenly between the corner of the column and the 

support before the steel could yield. This failure mode agreed well with Specimen AL2 

which failed at an applied load of 660 kips. The results from the testing of Specimen 

BL2 agree well with Specimen AL2. Both the plots of load vs. deflection (Figure 4.38) 

and strut angle vs. load (Figure 4.39) match closely those for Specimen AL2. The crack 

labels in the figures refer back to Figure 4.37 

 

Figure 4.37- Cracks in Specimen BL2 
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Figure 4.38- Load vs. deflection for Specimen BL2 
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Figure 4.39- Strut angle vs. applied load for Specimen BL2 
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4.4.5 Test of Specimen BL3 

In order to investigate the effects of the crack control reinforcement 

required by the AASHTO 2007 LRFD Specification for deep beams, additional 

transverse and longitudinal reinforcement was added to the specimens. The 

Specification requires that there be no less than a 0.003 reinforcement ratio (0.3%) in 

both the transverse and longitudinal directions and that the spacing between these 

reinforcing bars be no greater than 10 inches (AASHTO Section 5.6.3.6).  To 

accomplish this #4 bars and stirrups were added to a typical specimen with 1.3% 

longitudinal reinforcement. The #4 bars in the longitudinal direction were required to 

meet the minimum spacing requirements. The specimen with 1.3% longitudinal 

reinforcement was chosen because of the brittle nature of its failure; if the stirrups had 

an effect it would be more pronounced in this type of specimen. Figure 4.40 shows the 

additional crack control reinforcement. Specimen BL3 was the first specimen tested 

with crack control reinforcement.  

 

Figure 4.40- Specimen with 1.3% longitudinal and crack control reinforcement 

On the day of testing, the concrete in the beam had a compressive strength 

of 3,966± 185 psi based on three samples, a split tension strength of 429± 23 psi based 



89 

on three samples, and an elastic modulus of 3,067± 165 ksi based on three samples. The 

concrete in the column had a compressive strength of 2,920± 324 psi based on three 

samples. The #10 bars in main longitudinal reinforcement had yield strength of 

80± 1.22 ksi based on three samples. The #4 bars in the crack control reinforcement had 

a yield stress of 85± 2.3 ksi based on three samples. 

The first flexural crack in Specimen BL3, Crack D, appeared at an applied 

load of 250 kips as shown in Figure 4.41. Then at a load of 300 kips Cracks C and E 

formed. Crack C was a common flexural crack, but Crack E was a diagonal tension 

crack running from the support to just below the edge of the column. This type of crack 

had instantaneously caused failure in Specimens AL2, BL1, and BL2; the specimens 

could not sustain load after the formation of this crack.  Loading was continued, and at a 

load of 350 kips Cracks A and B formed. The loading continued to an applied load of 

739 kips, at which point Crack E finally propagated all the way to the edge of the 

column causing failure. The longitudinal reinforcement had yet to yield, making the 

splitting tension the crack the failure mode.  
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Figure 4.41- Cracks in Specimen BL3 

The load vs. deflection plot shown in Figure 4.42 for Specimen BL3 agrees 

well with similar plots from tests of Specimen AL2 and BL2 despite the early formation 

of the splitting crack. One main difference can be seen:  after reaching the ultimate load, 

the curve in Figure 4.42 decreases slowly, in contrast to the sharp decrease shown in   

Figs. 4.32 and 4.38 for Specimens AL2 and BL2, respectively.  The crack labels in Figs. 

4.42 and 4.43 correspond to the labels in Figure 4.41. The plot of strut angle vs. applied 

load shown in Figure4.43 does show some differences from that of Specimens AL2 and 

BL2 (Figs. 4.33 and 4.39). While arch action does initiate at about the same point (about 

400 kips) the approximate strut angle is slightly higher at about 45°. The calculated strut 

angle at ultimate is also higher; 39.3° as apposed to 34.4° and 34.2° for Specimens AL2 

and BL2 respectively. The inclusion of the crack control reinforcement did not have a 

large effect on when cracks formed and arch action began, but it did slightly increase the 

strut angle and allow the beam to carry load after the formation of the splitting crack 
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Figure 4.42 Load vs. deflection for Specimen BL3 
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Figure 4.43- Strut angle vs. applied load for Specimen BL3 
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4.4.6 Test of Specimen BL4 

Specimen BL4 was similar to Specimen BL3. On the day of testing, the 

strength in the beam was of 3,874± 159 psi in compression based on three samples, of 

448± 40 psi in tension based on three samples, and the elastic modulus of 

3,482± 110 ksi based on three samples. The concrete in the column had a compressive 

strength of 3,041± 434 psi based on three samples. The #10 bars which constituted the 

main longitudinal reinforcement had a yield stress of 80± 1.22 ksi based on three 

samples, and the #4 bars used for crack control reinforcement had a yield stress of 

85± 2.3 ksi based on three samples. 

The first flexural cracks formed at a load of 250 kips; these cracks are 

labeled B and C in Figure 4.44. These cracks were followed by A and D at an applied 

load of 300 kips. Crack E formed at a load of 450 kips. Failure occurred when a 

diagonal splitting crack formed between the corner of the column and the center of the 

support at a load of 859 kips. At this point the steel had not reached yield, and the 

splitting crack did not appear prior to failure as it did for Specimen BL3.  
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Figure 4.44 Cracks in Specimen BL4 

Figures 4.45 and 4.46 show the load vs. deflection and the strut angle vs. 

applied load plots for Specimen BL4. Specimen BL4 behaved in the same manner as 

Specimen BL3. The main difference was that the splitting crack did not appear until the 

ultimate load has been reached; this allowed Specimen BL4 to achieve an ultimate load 

120 kips (16%) higher than Specimen BL3. The strut angle at ultimate for Specimen 

BL4 was 38.6°.  
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Figure 4.45- Load vs. deflection for Specimen BL4 
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Figure 4.46- Strut angle vs. applied load for Specimen BL4 
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4.4.7 Test of Specimen BL5 

Specimen BL5 was similar to both Specimens BL3 and BL4. This test was 

performed due to the large discrepancies in ultimate capacity between Specimens BL3 

and BL4. The concrete in the beam portion of Specimen BL5 had a compressive 

strength of 3,998± 87 psi based on three samples, a split tension strength of 426± 40 psi 

based on three samples, and an elastic modulus of 3,232± 439 ksi based on three 

samples. The concrete in the column section of Specimen BL5 had an average 

compressive strength of 3,163 psi based on two samples. The steel reinforcement in the 

specimen had the same reinforcement as Specimens BL3 and BL4. The longitudinal 

steel had a yield stress of 80± 1.22 ksi based on three samples, and the crack control 

reinforcement had a yield stress of 85± 2.3 ksi based on three samples. 

 Figure 4.47 shows the major cracks which formed during the testing of 

Specimen BL5. The first Cracks D and E formed at an applied load of 250 kips. Cracks 

B, C, and F formed at a load of 300 kips, and Crack G formed at a load of 450 kips. 

Then, at a load of 750 kips, a diagonal splitting crack formed at a point just below the 

corner of the column and the support. Failure did not occur immediately following  the 

formation of this crack; rather, loading increased to  871 kips, at which point the 

splitting crack penetrated all the way to the corner of the stub column.   

The crack labels in both Figs. 4.48 and 4.49 refer to the labels in Figure 

4.47. Figure 4.48 shows that the load-deflection relationship for Specimen BL5 was 

similar to that of Specimen BL4. The ultimate load was 871 kips which is close to 

Specimen BL4’s ultimate capacity of 859 kips. Figure 4.49 shows the strut angle vs. 

applied load for specimen BL5, which agrees well with that of Specimen BL4. 
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Figure 4.47- Cracks in Specimen BL5 
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Figure 4.48-Load vs. deflection for Specimen BL5 
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Figure 4.49- Strut angle vs. applied load for Specimen BL5 

4.5 Conclusions 

The results of the experimental tests showed the influence of the 

longitudinal tension reinforcement, the inclusion of crack control reinforcement, and the 

effect of size. The inclusion of the column was important in modeling the behavior of a 

pier cap. These results can be used to develop a rational for the strengthening of existing 

pier caps.  

4.5.1 Effect of the Column Stub 

The effect of applying load through the column stub was very important in 

achieving the proper boundary conditions to capture the behavior of the pier caps. This 

detail has been excluded from many different experimental programs in the past. Often 

the column was omitted and replaced with a steel plate to simplify specimen 

construction, but removing the column also removed stress concentrations.  
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The longitudinal strains measured in the column and the bars were used to 

calibrate an elastic finite element model. Figure 4.50 shows the strains through the depth 

predicted by the finite element model and measured during the testing of Specimen 

AL1. There is good agreement at 50 kips of applied load, but the strains in the bar 

diverge at an applied load of 100 kips. This difference is due to the influence of 

cracking in the beam. Figure 4.51 shows the loads plotted vs. the strain in the 

longitudinal reinforcement. Linear behavior can be seen before an applied load of 

approximately 90 kips.  After that the influence of cracking changes the behavior of the 

strains. The linear elastic finite element model is on applicable at a load of 50 kips.  

Figure 4.52 shows the strains in the longitudinal direction. Depicted on the 

Figure is the location of the LVDT’s and strain gage used to compare longitudinal 

strains. The strain/stress concentrations can be seen at the corners of the column. Figure 

4.53 shows the maximum principal compression stress. A set of compression struts can 

be seen running from the corner of supports to the corner of the column; another set can 

be seen running from the corner of the column to the applied load. The stress 

concentrations can clearly be seen at the corners of the column. These stress 

concentrations contributed to the splitting cracks which lead to failure in each of the 

specimens whose ultimate capacity was not governed by yielding of the longitudinal 

reinforcement. The difference between column loading and loading through a steel plate 

can be seen very clearly in the crack patterns reported by Foster and Gilbert (1998), 

which are shown in Figure 4.54. The failure at the edge of the column can clearly be 

seen as opposed to the entire area under the load plate. For this reason it is important for 

researchers to include the proper boundary details when working with deep beams. 
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Figure 4.50- Strains through the depth of the specimen at midspan 
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Figure 4.51- Load vs. strain in the longitudinal reinforcement 
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Figure 4.52- Strain contours in the longitudinal (E11) direction for Specimen AL1 
at 50 kips 

 

Figure 4.53- Maximum in-plane principal compressive strain for Specimen AL1 at 
50 kips 



101 

The diagonal splitting failure of the concrete seen in the specimens is a 

function of the stress concentration introduced by the column and the supports. This 

phenomenon has been observed before, and it has been interpreted as a bottle strut. The 

Commentary to Appendix A in the ACI 318-08 Building Code notes that a bottle shaped 

strut is one that is wider at mid-length than it is at its ends, but no insight into when this 

type of struts forms is given. When a bottle strut forms the capacity of the strut is 

reduced and special reinforcement is required (ACI 318 Section A.3.3).  The AASHTO 

2007 LRFD Bridge Design Specifications do not include any mention of a bottle strut, 

but the AASHTO crack control reinforcement meets the requirements of the 

reinforcement required for a bottle strut in ACI 318.  Figure 4.55 shows a bottle-shaped 

strut superimposed on a specimen that underwent diagonal splitting failure of the 

concrete in a test conducted at the University of Texas-Austin (Brown and Bayrak, 

2005). In this case, a steel plate with enough stiffness to introduce the stress 

concentration was used to apply the load. When the bottle strut was drawn onto the 

photograph, the stress concentration was not considered; however, there is a clear 

difference between the centerline of the splitting crack and the strut. The failure of a 

bottle strut is assumed to be governed by the shape of the strut, which is a function of 

the stress concentrations introduced by the loading and the supports. This failure mode 

should always be assumed when the boundaries of the beam are stiff enough (columns) 

to induce stress concentrations. In general, this is all deep beams.  
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Figure 4.54- Difference in column and plate loading (Foster and Gilbert, 1998) 

 

Figure 4.55- Bottle strut and splitting failure crack (Brown and Bayrak, 2005) 
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While introducing the stress concentration which defines the failure mode, 

the column also decreases the stresses in the beam portion of the specimen by allowing 

them to distribute into the column as well as shortening the effective span. These two 

factors tend to increase the ultimate capacity of the specimen with a stub column. The 

distribution of stresses into the column can clearly be seen in the results of the FE model 

shown in Figs. 4.52 and 4.53. The effective shortening of the span can be seen in the 

strut angles seen at ultimate in Table 4.2. The inclusion of the column effects the strut 

angle. In table 4.2 a  is the distance between the center of the support to the center of the 

applied load, and d is the distance from the top of the beam to the centroid of the 

longitudinal reinforcement. It is common to approximate a strut angle by taking the 

inverse tangent of d/a. When compared to the strut angles calculated using equilibrium, 

applied load, and strain data in the longitudinal reinforcement, the measured strut angle 

is larger in every case. The differences in the values of a  and aeff ranges from 1.7%-

33.7% depending on the reinforcement details. The assumption that the strut angle can 

be approximated using the d/a  ratio is reasonable when the longitudinal tension 

reinforcement ratio is high. 

Table 4.3- Summary of experimental results 

Specimen r r v
a   

(in)
d     

(in)
q d/a 

(degrees)
q ult 

(degrees)
Pcrack      

(kips)
Pult 

(kips)

AS1 0.65% 0.0% 24 16.4 34.35 45.86 90 172
AS2 0.65% 0.0% 24 16.4 34.35 46.16 60 160
AS3 1.30% 0.0% 24 16.06 33.79 43.52 125 259
AS4 1.30% 0.0% 24 16.06 33.79 40.90 100 267
AL1 0.65% 0.0% 48 32.8 34.35 46.38 200 546
AL2 1.30% 0.0% 48 32.12 33.79 34.24 300 661
BL1 0.65% 0.0% 48 32.8 34.35 43.40 225 499
BL2 1.30% 0.0% 48 32.12 33.79 34.46 200 631

BL3 1.30% 0.3% 48 32.12 33.79 39.30 300 739

BL4 1.30% 0.3% 48 32.12 33.79 38.61 300 858

BL5 1.30% 0.3% 48 32.12 33.79 39.20 300 871 
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4.5.2 Longitudinal Reinforcement 

The amount of longitudinal reinforcement impacts the behavior and the 

failure mode of the pier cap specimen. The addition of longitudinal reinforcement 

caused a reduction in the angle of the compression strut and an increase in capacity. 

Only the large specimens presented in Section 4.4 are discussed to avoid including size 

effect. Figure 4.56 shows the load vs. deflection plots for Specimens AL1, AL2, BL1, 

and BL2 up to ultimate load.  The specimens with 0.65% longitudinal reinforcement 

(AL1 and BL1) failed at an average load of 522 kips, while the specimens with 1.3% 

longitudinal reinforcement (AL2 and BL2) failed at an average load of 646 kips.  
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Figure 4.56- Load vs. deflection plot for Specimens AL1, AL2, BL1, and BL2 

The ultimate capacity of Specimen AL1 was governed by yielding of the 

longitudinal reinforcement.  Despite being constructed in the same manner, Specimen 

BL1 failed due to tension splitting.  The reason for this was the difference in the yield 
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stress of the longitudinal reinforcement. The longitudinal steel in Specimen AL1 had a 

yield stress of 65 ksi while the longitudinal reinforcement of BL1 had a yield stress of 

80 ksi. The lower yield stress of the longitudinal steel gave Specimen AL1 its ductile 

behavior. The ductile failure mode will govern for specimens with smaller 

reinforcement ratios and lower yield stresses.  Figure 4.57 shows the applied load vs. the 

strain in the longitudinal reinforcement for specimens AL1, AL2, BL1, and BL2. The 

strains were calculated for all specimens using the LVDT 18 except for Specimen AL1 

where a strain gage mounted on the longitudinal reinforcement at midspan was used. 

Also depicted in the figure are the yield strains for their respective longitudinal 

reinforcement. Specimen BL1 failed at a strain very close to the point where specimen 

AL1’s reinforcement yielded. If specimens AL1’s longitudinal reinforcement had a 

slightly higher yield point it can be presumed a splitting failure of the concrete like 

specimen BL1’s would have occurred. The strains in both Specimens AL2 and BL2 did 

not reach yield.  
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Figure 4.57-Load vs. strain for Specimens AL1, AL2, BL1, and BL2 
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Doubling the longitudinal reinforcement increased the average capacity of 

the specimen by 23%. Changing the longitudinal reinforcement ratio changed the shape 

of the tied arch which formed increasing its size and allowing greater loads to be 

reached. This is shown by the change in the angle of the principal compression strut 

when the reinforcement ratio is increased, as shown in Figure 4.58 for Specimens AL1, 

AL2, BL1, and BL2.  Again, the principal compression strut angle is calculated using 

equilibrium, the applied load and the strains in the longitudinal reinforcement.  

Arch action for the full scale specimens began between 200 and 300 kips of 

applied load. Specimen AL1 appears to be an outlier, but this is because a strain gage at 

midspan of the bar of the bar was used to calculate the strut angle. The localized strain 

gage was not as sensitive to cracking across the entire span as the LVDT; this is why the 

plot for AL1 shows a truncated transition into arch action. The cracking loads for 

Specimen AL1 agree well with results for the other specimens; since arch action is 

initiated by cracking; this indicates that arch action begins at the same time.  
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Figure 4.58- Strut angle vs. load for Specimens AL1, AL2, BL1, and BL2 

The specimens with 1.3% longitudinal reinforcement (AL2, and BL2) had a 

smaller strut angle than the specimens with 0.65% longitudinal reinforcement (AL1, and 

BL1).  At ultimate, the strut angle for the specimens with 1.3% longitudinal 

reinforcement had an average value of 34.4°, and the specimens with 0.65% 

longitudinal reinforcement had an average value of 45°.  There is a difference of 11° 

between these values. By reducing the strut angle the trajectory of the strut is moved 

away from the corner of the column to the center of the column. This reduces the 

influence of the stress concentration. If no change in the shape of the tied arch occurred 

with the increase of longitudinal reinforcement; the stress concentration would have had 

the same influence and failure would have occurred at the same loads despite the 

difference in longitudinal reinforcement. 
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4.5.3 Size Effect 

The effect of depth (or size) on the ultimate shear capacity of reinforced 

concrete beams is well documented. Bazant and Sun (1987) included size effect into 

their equation for shear capacity. They postulated that the size effect was due to a 

difference in the energy release rate at the different beam sizes, and the energy release 

rate is governed by the size of the aggregate and the characteristic length of the 

concrete. Of all the analysis methods investigated, Bazant’s equation is the only one 

which considers the effect of size. Since this is the case, the small specimens were 

scaled using Bazant’s equation and the flexural moment capacity. Scaling the specimens 

for size effect included reducing the maximum aggregate size from one inch to a half an 

inch for the small scale specimens.  

Figures 4.59, 4.60, 4.61, and 4.62 show the normalized load vs. deflection 

and strut angle vs. applied load for the comparable large and small specimens. The plots 

are normalized to remove the effects of the different scales and concrete strengths; the 

specimens are separated by reinforcement ratio to improve clarity.  The performances of 

the large and small specimens agree reasonably well; they even had similar crack 

patterns which are shown in Figs. 4.63 and 4.64.  The small-scale specimens tended to 

develop arch action at a higher normalized load, and the strut angle tended to be greater 

than the large specimens.  For specimens with 0.65% longitudinal reinforcement the 

average strut angles for large and small specimens were 45° and 46° respectively; there 

is only about a one degree difference between the two.  For specimens with 1.3% 

longitudinal reinforcement the average strut angle was 42° for small specimens and 34° 

for large. There is 8° degree difference between the two.  

Figure 4.59 shows that all of the specimens with 0.65% longitudinal 

reinforcement reached similar normalized ultimate capacities. The ultimate capacities of 

all of these specimens were governed by yielding of the longitudinal reinforcement 

except for Specimen BL1 which failed by splitting of the concrete. Despite this there is 
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no distinguishable size effect on ultimate capacity for specimens with 0.65% 

longitudinal reinforcement.  This is not the case for specimens with 1.3% longitudinal 

reinforcement. In figure 4.60 the average normalized loads at which the small specimens 

fail is greater than that of the larger specimens by 32%. In Chapter 3 when the small 

scale specimens were designed it was discussed how the characteristic length of the 

concrete could not be scaled, and the area of reinforcement that could be provided was 

limited to common bar sizes. This created an error in the scaling. These errors were 

10.5% for specimens with 0.65% longitudinal reinforcement and 12% for specimens 

with 1.3% longitudinal reinforcement.  Despite the scaling error, the percent difference 

between the normalized ultimate capacity between the large and small specimens with 

0.65% longitudinal reinforcement was 3%; well within the experimental error. This low 

error can be attributed to the fact that the ultimate capacity of three out of the four 

specimens was governed by yielding of the longitudinal reinforcement; and there should 

be no size effect for the yielding of steel.  On the other hand, the 32% difference for the 

specimens with 1.3% longitudinal reinforcement is over two and a half times greater 

than the expected error. This shows that there is a size effect when splitting failure of 

the concrete governs the ultimate capacity, and that the provisions for size effect in 

Bazant’s equation (aggregate size and effective length) do not properly account for it. 

This means that full depth specimens will be required to get accurate results applicable 

to existing pier caps This study has shown that size does have an effect on when arch 

action begins, and it causes an increase in the angle of the principal compression strut. 
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Figure 4.59- Normalized load vs. deflection plots for specimens with rrrr =0.0065 
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Figure 4.60-Normalized strut angle vs. load for specimens with r=0.0065r=0.0065r=0.0065r=0.0065    
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Figure 4.61- Normalized load vs. deflection plots for specimens with rrrr =0.013 
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Figure 4.62- Normalized strut angle vs. load for specimens with r=0.013r=0.013r=0.013r=0.013 
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Figure 4.63- Specimens with rrrr =0.0065 

 

Figure 4.64- Specimens with rrrr =0.013 
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4.5.4 Effect of Crack Control Reinforcement 

The most important effect that the crack control reinforcement had was that 

it allowed load to be carried after the formation of the splitting crack. The splitting crack 

caused failure immediately in the specimens that did not contain crack control 

reinforcement.  The splitting failure mode was the failure mode in all of the specimens 

shown in Figure 4.65, but the addition of the reinforcement confined the crack and 

allowed the specimens to achieve much greater capacities. The open markers represent 

specimens with crack control reinforcement while the filled markers represent beams 

without crack control reinforcement. The addition of the crack control reinforcement 

increased the average ultimate capacity by 27%.   
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Figure 4.65- Load deflection plot comparing the effect of control reinforcement  

 The crack control reinforcement did not affect the formation of any crack 

other than the splitting crack. Figure 4.66 shows a plot of strut angle vs. load comparing 
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the effects of crack control reinforcement. Despite the inclusion of the reinforcement, 

the diagonal cracks formed at close to the same loads as the specimens without 

reinforcement. This is shown by the way that arch action begins in the same area, 

between 200 and 300 kips. Figure 4.71 shows that the inclusion of the crack control 

reinforcement did increase the angle of the principal compression strut. At ultimate, the 

specimens with crack control reinforcement had an average strut angle of 40° as 

compared to 34° for beams without reinforcement. The experiments have shown that the 

angle of the principal compression strut is a function of the loading and supports, the 

longitudinal reinforcement ratio, the depth of the beam, and the crack control 

reinforcement. With the loading and supports being held constant, the amount of the 

longitudinal reinforcement had the greatest effect on the strut angle.  
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Figure 4.66- Strut angle vs. load plot comparing effect of crack control 
reinforcement 
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Chapter 5 

CALCULATION OF ULTIMATE CAPACITY 

With the experimental data presented in Chapter 4 representing the behavior 

of a common pier cap, the effectiveness of different methods for analyzing the behavior 

and strength of pier caps in situ can be evaluated. At the end of Chapter 2 the Strut and 

Tie Model, the Zararis Method, and Bazant’s equation were selected as candidates for 

the analysis of deep beams. Of these methods, the Strut and Tie model and Zararis’s 

Method can be considered mechanical models, while Bazant’s equation is based on 

empirical fitting.  Bazant’s equation is the only one of the three that  incorporates size 

effect. In this chapter, some modifications are made to the general procedures of strut 

and tie modeling so that they more closely represent the behavior seen in the 

experimental testing. Modifications are also made to Zararis’s method.  Along with 

these methods, the AASHTO Simplified Model for Non-prestressed beams will be 

compared. Sample calculations using each of these methods are presented in Appendix 

B.  

5.1 Proposed Modifications to Strut and Tie Model  

 The strut and tie procedures in the AASHTO Specifications are specifically 

oriented toward the design of new structures, not the evaluation of existing structures.   

A set of procedures were developed to construct strut and tie models for the assessment 

of existing structures which satisfy the AASHTO requirements while being simple, 

repeatable, programmable, and representative of what was observed in the experimental 

program. In the design of new structures the load requirements of the pier cap are 

known, and the applied loads drive the analysis. In contrast, in order to calculate the 



116 

ultimate capacity of an existing structure the strain in the bar must be used as a variable 

to determine the ultimate applied load.  

  Figure 5.1 defines the geometric parameters needed to develop a strut 

and tie model according to the AASHTO 2007 LRFD Bridge Design Specifications.  In 

the analysis of an existing structure, the bearing width (lb) and the amount and location 

of longitudinal reinforcement are known. The depth of the nodal zones (ha and hs) and 

the strut angle (qs) need to be determined. With these variables, the width of the strut 

(ws) can be determined.   

 

 

 

 

 

Figure 5.1- Limiting area for nodes and struts (AASHTO 2007) 

ws=lbsinqs+ hscosqs 

ws=lbsinqs+ hacosqs 
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 To simplify the procedure, a strut with a constant width will be used; this 

means that lb will be the same at either end of the compression strut, and that ha and hs, 

shown in Figure 5.1, also will be equal. Figure 5.2 shows the proposed strut and tie 

model superimposed on a specimen with 1.3% longitudinal reinforcement from the 

experimental program. The first step in creating the strut and tie model is to determine 

the smallest bearing length; this bearing length will govern for the strut and tie model. In 

the case of Figure 5.2 (which is representative of most pier caps in the State of Georgia), 

the bearing at the bottom of the beam is the smallest. For a typical pier cap the lb on the 

tension face of the beam is approximately the girder flange width while the lb on the 

compression face is the width of the column. Next, the vertical projection of the nodal 

zone (ha ) is calculated using Eq. 5.1, which  is based on equilibrium of forces in the 

horizontal direction. The terms As, Es, and es represent the force provided by the 

longitudinal reinforcement in tension.  As  is the area of the longitudinal tension 

reinforcement, es is the strain in the longitudinal tension reinforcement, and Es is the 

elastic modulus of steel. The terms 0.75f’c, and b  represent the equilibrating 

compressive force. The reduction factor of 0.75 is specified in the AASHTO 2007 

LRFD Specifications for when a tension tie is present in a nodal zone. This factor 

reduces the compressive strength of the concrete (f’ c). The variable b represents the 

width of the beam. 
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Figure 5.2- Geometry of a compression strut 

 In order to calculate the angle of the compression strut (qs), the location of 

the node located on the tension side of the beam must be assumed. The limit for the 

depth of the nodal zone anchored by the tension tie is a function of the bar diameter 

which can be seen in Figure 5.1. Figure 5.1 is an idealization; in general, the main 

longitudinal reinforcement is not spaced conveniently at 6 bar diameters from the 

bottom of the beam and in perfect symmetry, allowing the nodal area to be centered at 

the effective depth of (d).  The tension force in the longitudinal reinforcement is not 

resisted by a compressive stress along the vertical face of the nodal zone on the tension 

side of the beam as implied by Figure 5.1. It is developed through shear forces between 

the bar and the concrete, in addition to any anchorage provided. As long as the bar has 

proper development length or anchorage, the vertical part of the node will not fail.  

Moodey et al. (1956) tested details with and without hooked bars, and concluded that 

the hook had no effect on the development of the bar.  Due to the compression forces 
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induced by the supports on the tension side of the beam the development length of the 

longitudinal tension reinforcement became so short the hook was not needed to anchor 

the bar. This agrees well with the small anchorage forces measured during the current 

experimental program; these forces are discussed in Appendix A. The formation of the 

tied arch decreases the development length required for the longitudinal reinforcement. 

With proper anchorage, debonding is not an issue. Therefore in practice, if a check of 

the details reveals that proper anchorage for the longitudinal reinforcement is provided, 

the location of the center of the nodal zone can be assumed to be at the intersection of 

the centroid of the longitudinal tension reinforcement and the center of the vertical 

bearing.  

 With the center of the tension nodal zone located, the strut angle can be 

calculated from the known geometry of the structure and the vertical face of the nodal 

zone. Figure 5.2 shows the geometry of a compression strut. The shear span (a), is 

defined as the distance between the center of the applied load and its reaction, while d is 

the distance from the extreme compression edge of the beam to the centroid of the 

longitudinal reinforcement. lb comp.  is the width of the bearing on the compression side of 

the beam. In the case of different specimens and loading schemes it is possible for lb to 

be equal to lb comp.  The nodal area at the compression side of the beam is located near the 

edge of the column as depicted in Figure 5.2; this replicates what was seen in the 

experimental program. This allows the node on the compression side of the beam to be 

located using both a and d. Equation 5.2 gives the angle of the compression strut. With 

the strut angle (qs) and the width and depth of the nodal zone (ha and lb), the width of 

the strut can be calculated using the equation listed in Figure 5.1 and shown as Eq. 5.3.  
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 )cos()sin( sasbs hlw qq +=      (5.3) 

The stress in the strut can be calculated as a function of the force in the 

longitudinal reinforcement and the width of the strut. Equation 5.4 gives the nominal 

stress (fn) in the compression strut. 
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This nominal stress must be less than the maximum allowable stress (fcu) set by 

AASHTO and represented in Eq. 5.5. 
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  Each equation involved in the analysis is a function of the strain in the 

longitudinal reinforcement es. The set of equations can be solved iteratively be changing 

the longitudinal strain and checking if the stress in the compression strut (Eq. 5.4) is less 

than or equal to the allowable value (Eq. 5.5), and the nodal areas are within the 

geometric boundaries. The longitudinal strains used must be less than or equal to the 

yield strain.  

 Procedures for the development of strut and tie models in ACI 318  are very 

similar to those seen in the AASHTO Specifications. The main difference is that the 

allowable stress in the concrete strut is not a function of the strain in the longitudinal 

reinforcement. The allowable stress in the concrete compression strut is limited by Eq. 

5.6.  

 

csce ff '85.0 b=        (5.6) 
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 bs=0.6 no crack control reinforcement 

 bs=0.75 crack control reinforcement 

Other than this, the modified procedures developed in this section for performing an 

AASHTO strut and tie calculation are appropriate for performing an ACI strut and tie 

calculation also.  

5.2 Proposed Modifications to Zararis’s Method 

 The concept behind Zararis’s method is that diagonal cracking reduces the 

depth of the flexural compression block, and by calculating the crushing capacity of the 

reduced block, the ultimate capacity of a deep beam can be determined.   Therefore, 

Zararis’s Method begins with the calculation of the flexural compression block. In this 

calculation, the longitudinal tension steel is modeled as linear elastic. This works for 

beams reinforced above the balanced point where the concrete crushes before the 

longitudinal tension steel yields, but does not work for beams reinforced below the 

balanced point where the longitudinal tension steel can yield before the concrete crushes 

as noted by Senturk and Higgins (2010).  They concluded that for their specimens the 

compression force from the restricted compression block calculated with Zararis’s 

method was greater than what the tension steel could provide. They developed a method 

where equilibrium was checked at the end of the analysis and, it was not satisfied, an 

alternate method of calculating the restricted compression block was used. This 

accounts for yielding of the longitudinal tension reinforcement at the end of the analysis 

rather than at the beginning. 

 The method proposed herein takes into account the effects of yielding of the 

longitudinal tension reinforcement by calculating the flexural compression block using 

an equation which models the tension reinforcement with an elastic perfectly plastic 

behavior.   Furthermore, in order to make the calculation of the flexural compression 

block consistent with flexural design in the U.S., the crushing strain of the concrete is 
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assumed to be 0.003 and the ratio of the maximum flexural compressive stress to the 

compressive stress is assumed to be 0.85 (Mattock et al. 1961). With these concepts and 

the elastic-perfectly plastic model for the longitudinal tension reinforcement, Zararis’s 

equation for the normalized depth of the flexural compression block,  c/d, was re-

derived, as shown in Eq. 5.7. The compression force was assumed to be 

C=(2/3)bc(0.85)f’c. and the tension force was assumed to be T=r bdEsec(d-c)/c if the 

longitudinal reinforcement does not yield. If the longitudinal reinforcement yields, then 

T=Asfy. The stress and strain diagrams for these force formulations are shown in Figure 

5.3. This type of parabolic stress block was used by Zararis when developing his 

original model. The rest of Zararis’s method remains unchanged.  

 

Figure 5.3- Strain and parabolic stress diagrams for flexural compression block 
calculation 
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5.2.1 Evaluation of Proposed Model  

 To determine how the proposed changes to Zararis’s model affect the 

calculation of the ultimate capacity the results of the experimental program were used to 

calculate the ratio of the experimental ultimate capacity over the calculated ultimate 

capacity. With known values for the material properties and the principal compression 

strut angle at ultimate, this shows how accurately the models can predict the ultimate 

capacity of the specimen with reference to the experimentally determined capacity. In 

order to incorporate the known strut angle, an effective shear span was calculated by 

aeff=d/tan(qtest), where qtest was the strut angle at ultimate calculated from equilibrium 

for each test. In the experimental program qtest  was measured from the horizontal axis, 

and in this case tan(qtest)= d/a. Zararis measured his strut angle from the vertical axis. 

By calculating aeff  the measured strut angle can be incorporated and, Zararis’s 

assumption that tan(qs) » a/d is maintained. The measured strut angle could also have 

been converted to Zararis angle by subtracting it from 90°.  

 Table 5.1 shows the Pcalc/Pexp  for Zararis’s Method and the Proposed 

Modifications to Zararis’s Method in the last two columns of the table. Zararis’s 

Method has an average Pcalc/Pexp  of 0.96 plus or minus one standard deviation of 0.21 

(0.96±0.21).  The average Pcalc/Pexp  for the Proposed Modifications to the Zararis’s 

method has an average of 0.99 ±0.11. The modifications had little impact on the mean 

bias, but reduced its coefficient of variation by a factor of two.  

 While good agreement is seen between the models and the test results, it is 

not possible to replicate this analysis for an existing structure. The main problem is in 

determining the strut angle. In this case it was determined experimentally; the 

experimental program has shown that the strut angle is affected by loading geometry, 
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reinforcement ratio (both longitudinal and transverse), and the beam depth. Figure 5.4 

shows the geometry used to formulate the effective a/d ratio. It mimics the calculation 

of the strut angle in Eq. 5.2 and shown in Figure 5.2. The main difference is that ha is 

replaced with three eighths c, the distance of the centroid of the parabolic compression 

block from the compression face of the pier cap. The effective shear span (aeff) is taken 

horizontally from the middle of the compression bearing to the middle of the bearing at 

the edge of the column It is calculated by subtracting half of the bearing on the 

compression side from the shear span. Half of the smallest bearing is then added to the 

value. The effective depth is taken vertically from centroid of the longitudinal tension 

reinforcement to the centroid of the flexural compression zone. The centoid of the 

assumed parabola is calculated as three eighths c as shown in Figure 5.3. It is calculated 

by subtracting three eighths c from the effective depth. These formulations resulted in 

Eq. 5.8. Equation 5.8 gives the approximate strut angle in the form of an effective a/d 

ratio. The effective shear span to depth ratio cannot be greater than the actual shear span 

to depth ratio. 
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Table 5.1- Calculation of specimens ultimate capacity 

Specimen
 qtest 

(°) 
aeff 

(in)
b 

(in)
d   

(in)
aeff    

/d As (in
2)

fy 

(ksi) r

Asv 

(in2)
fyv 

(ksi) r v

f'c 

(psi)
P Prop. 

(kips)
Pzararis 

(kips) 
P exp 

(kips)
Pexp 

/Pprop

Pexp 

/PZararis

AS1 45.9 15.91 9 16.40 0.97 0.93 79 0.0063 0 0 0.0000 4123 160.7222.2 172.4 1.07 0.78
AS2 46.2 15.75 9 16.40 0.96 0.93 79 0.0063 0 0 0.0000 4226 163.6229.3 159.9 0.98 0.70
AS3 43.5 16.91 9 16.06 1.05 2.00 76 0.0138 0 0 0.0000 4036 269.4248.1 258.9 0.96 1.04
AS4 40.9 18.54 9 16.06 1.15 2.00 85 0.0138 0 0 0.0000 4650 263.6237.5 267.2 1.01 1.12
AL1 46.4 31.25 18 32.80 0.95 3.81 65 0.0065 0 0 0.0000 3473 557.0 825.5 545.8 0.98 0.66
AL2 34.2 47.19 18 32.12 1.47 7.62 65 0.0132 0 0 0.0000 3651 534.4 546.7 660.7 1.24 1.21
BL1 43.4 34.69 18 32.80 1.06 3.81 80 0.0065 0 0 0.0000 3352 573.0 689.5 498.8 0.87 0.72
BL2 34.5 46.80 18 32.12 1.46 7.62 80 0.0132 0 0 0.0000 3352 617.0 522.5 630.8 1.02 1.21
BL3 39.3 39.24 18 32.12 1.22 7.62 80 0.0132 2.4 85 0.0034 3966 906.3 831.3 739.5 0.82 0.89
BL4 38.6 40.22 18 32.12 1.25 7.62 80 0.0132 2.4 85 0.0033 3873 872.6 793.4 859.0 0.98 1.08
BL5 39.2 39.48 18 32.20 1.23 7.62 80 0.0131 2.4 85 0.0034 3672 888.2 791.1 871.0 0.98 1.10

Mean 0.99 0.96
Std 0.11 0.21
Cv 0.11 0.22  

 

Figure 5.4- Geometry for effective a/d ratio 

Table 5.2 compares strut angles calculated with Eq. 5.8 (q a/d eff.) to strut 

angles calculated by assuming tan(qs) »d/a (qa/d). The angles are measured from the 

horizontal axis. The ratio of  qtest/qcalc  was calculated. It is clear that the mean for Eq. 

5.8 is closer to one, making it a better estimate. 
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 The calculation of the ultimate capacity of a reinforced concrete deep beam 

using the proposed modifications to the Zararis Method is a straight forward procedure. 

The depth of the flexural tension block is calculated using Eq. 5.7a. The results are then 

checked using Eqs. 5.9 and 5.10. If the compression force (C) is greater than the tension 

force (T), Eq. 5.7b must be used to define the flexural compression block. 
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Table 5.2- Comparison of strut angles 

Specimen  q a/d eff (°)  q a/d (°)  q test (°)
 q test /         

q a/d eff

 q test /       

q a/d

AL1 40.2 34.3 46.4 1.15 1.35
AS1 40.2 34.3 45.9 1.14 1.34
AS2 40.2 33.8 46.2 1.15 1.37
AL2 37.2 33.8 34.2 0.92 1.01
AS3 36.6 34.3 43.5 1.19 1.27
AS4 36.8 33.8 40.9 1.11 1.21
BL1 39.5 34.3 43.4 1.10 1.26
BL2 35.7 33.8 34.5 0.96 1.02
BL3 36.5 33.8 39.3 1.08 1.16
BL4 36.4 33.8 38.6 1.06 1.14
BL5 36.0 33.8 39.2 1.09 1.16

Mean 1.09 1.21
Std 0.08 0.12
Cv 0.07 0.10  

 

The effective a/d ratio is then calculated using Eq. 5.8. The reduced compression block 

due to diagonal cracking is calculated using Eq. 5.11. Finally, the nominal strength is 

computed using Eq. 5.12. 
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5.3 Comparison of Analysis Methods 

The objective of this section is to determine which of the analysis models 

best represents the behavior of the reinforced concrete deep beams when compared to 

the experimental results and, more importantly, the laboratory tests of the pier cap 

specimens.  To compare the different analysis methods, a larger sample of tests is 

required than those tested herein and reported in Chapter 4. To supplement the present 

experimental program, a database of symmetrically loaded reinforced concrete beams 

tested at a/d ratios between 1 and 2 was assembled. Tests were only included if the 

material properties were characterized properly and the dimensions of the bearing and 

loading points were reported. Appendix C gives the details of the specimens considered.  

Table 5.6 gives the calculated ultimate capacity of each of the specimens using the six 

different methods, and the ratio of the experimental ultimate capacity to the calculated 

ultimate capacity. The material properties used to calculate the ultimate capacity were 

those reported from material characterization, not nominal design values. Including the 

results from the current experimental program, 92 individual tests are listed in the 

database.  

The average reinforcement ratio for this database is 2.2% and the average 

beam height is 20 inches. These values differ from the standard pier cap used to design 

the experimental program which had a reinforcement ratio of 0.65% and a height of 36 

inches. Since this was the case, both the entire database and just the results of the 

experimental program were used when making conclusions about analysis methods.  
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Table 5.3 summarizes this analysis, giving the mean, standard deviation and coefficient 

of variation for the ratio of Pexp/Pcalc for each of the different analysis methods.  

Table 5.3- Ratio of experimental to calculated ultimate capacity for entire database 
and Phase I specimens 

Pexp./       
P Zararis

Pexp./               
P Mod.  Zararis

Pexp./ 
PAASHTO 

Pexp./ 
PACI 

Pexp./ 
PSimplified 

Pexp./ 
PBazant 

Mean 0.98 1.06 2.22 1.74 2.48 1.54
Std. 0.21 0.19 0.91 0.51 1.55 0.62
Cv 0.21 0.18 0.41 0.29 0.63 0.40

Mean 1.37 1.18 1.48 1.40 3.97 2.53
Std. 0.19 0.18 0.17 0.22 1.89 0.28
Cv 0.14 0.15 0.11 0.16 0.48 0.11

Entire Database  n=92

Current Experimental Program n=11

 
 

Looking at the entire database and presuming that a ratio as close to 1.0  is 

desirable; Zararis’s method has the ratio closest to one followed by the Modified Zararis 

Method.  Bazant’s equation had a ratio closer to one than both the ACI and AASHTO 

strut and tie models. The ACI strut and tie model was less conservative and had a bias 

closer to 1.0 than the AASHTO strut and tie model. Since the geometries of the models 

were constructed in the same manner, the difference between the two models is entirely 

a function of how the allowable stresses in the struts are calculated. The AASHTO 

simplified model did the poorest job in this regard.  

Regarding the specimens in the current experimental program reported in 

Chapter 4, the results are slightly different. The correlation between the calculated and 

experimental ultimate capacity improved for both the AASHTO and ACI strut and tie 

models, while the correlation worsened for Zararis’s Method, the Modified Zararis 

Method, Bazant’s Equation, and the AASHTO Simplifed method. The change in results 

for Zararis’s Method is due to the smaller reinforcement ratio. Zararis’s method could 

not account for the yield of the longitudinal tension steel. Also, by approximating the 
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principal compression strut angle as a/d it does not account for the effects of the stub 

column. The change for the Modified Zararis Method is strictly caused by the effect of 

the stub column on the strut angle. Bazant’s equation is based on a regression analysis, 

and it is possible that some of the same tests in the database were used in the 

development of his equation. This is why Bazant’s equation does not perform as well 

when applied to the experimental program as it did when applied to the larger database. 

Any regression equation will work well for the test results used in its derivation.   

Finally, the larger ratio shown by the AASHTO Simplified method for both the database 

and the current experimental program indicates that it is much less applicable to deep 

beams than any of the other methods.  

Taking into account the results presented in Table 5.3, the Modified Zararis 

Method appears to be the most suitable model for calculating the ultimate capacity of 

reinforced concrete deep beams similar in configuration to the pier caps considered in 

this study.  It performs well when compared to both the database and the results from 

the experimental program. When the exact strut angle is known, it can predict the 

ultimate capacity with a ratio of Pexp/Pcalc of 0.99 and a standard deviation of 0.11 as 

shown in Table 5.1.  When the strut angle is unknown and must be calculated, the 

average of Pexp/Pcalc increases to 1.18, as shown in Table 5.3.   With further 

investigation of the parameters that affect the strut angle, further improvements in the 

Modified Zararis method might be possible.  .  

Both the AASHTO and ACI strut and tie models could be improved 

through better handling of the allowable stress as well as improved methods of 

determining the truss geometry.  The best indicator of the truss geometry in a deep beam 

is provided by the cracks, which show the boundaries of the compressive struts.  Figure 

5.5 shows the strut and tie configuration formulated for Specimen AL2. ; The observed 

cracks are superimposed onto the beam, and indicate that the strut and tie model is 

generating compression struts which encroach into the cracked area of the beam and are 
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too large. When the ratio of Pexp/Pcalc is examined, the AASHTO and ACI strut and tie 

models have ratios above one. This indicates that they are conservative. Since the arches 

are modeled as larger than is appropriate as shown by Figure 5.5 the allowable stress in 

the struts must be underestimated to make the calculations conservative.  

   

Figure 5.5- Strut and tie model with observed cracks for Specimen AL2 

5.3.1 Effect of Stub Column 

 The specimens designed for this experimental program included a stub 

column to distribute the applied load. Other experimental tests with columns cast along 

with beams were found and added to the database. With this data, it is possible to use 

hypothesis testing to determine if the column has a statistically significant effect on the 

ultimate capacity of the specimens.  Before performing a hypothesis test, a probability  

distribution to describe the data needed to be determined. Three distributions were 

compared using probability plots: the normal, log normal, and Weibull distributions. 

When the data are plotted vs. the matching theoretical distribution, the plot should be 

linear.  Table 5.4 gives the coefficient of determination (R2
 value) for a line fit to the 

data in the probability plots; the closer the value is to one the more linear the fit. The 



131 

entire database of 92 samples was used to determine the distribution. From the table, it 

can be seen that the Log-Normal distribution provides the best fit to the data of the three 

distributions tested.  

Table 5.4- R2 values for linear fits to probability plots 

 
Normal Log-Normal Weibull

Zararis 0.93 0.96 0.90
Mod Zararis 0.89 0.95 0.86
AASHTO 0.84 0.96 0.80
ACI 0.89 0.93 0.88
Simplified 0.88 0.94 0.84
Bazant 0.99 0.98 0.97  

 

 The Kolmogorov-Smirnov test (K-S Test) was used to determine if the data 

for specimens with and without columns originated from the same distribution, at the 

5% significance level (Georgakakos, 2009). The results of the K-S Test for the six 

methods indicated that specimens which included stub columns came from a different 

statistical population than those which did not.  Table 5.5 summarizes the means, 

standard deviations, and coefficients of variation of the ratio of ultimate experimental 

capacity to calculated ultimate capacity for beams with and without stub columns. The 

presence of the column does clearly have an effect, making the ultimate capacities 

predicted by the Zararis Method, the proposed Modified Zararis Method, the AASHTO 

simplified method, and Bazant’s equation more conservative. This agrees with the 

conclusion from chapter four that despite adding a stress concentration the presense of 

the column tends to increase the ultimate capacity of the specimen by distributing 

stresses into the column and shortening the shear span. The means and coefficients of 

variation are reduced for all of these models. The column has the opposite effect on the 

strut and tie models. The correlation between the calculated ultimate capacity and the 
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experimental ultimate capacity improves with the inclusion of the stub column for the 

strut and tie models. 

Table 5.5- Ratio of ultimate experimental capacity to calculated ultimate capacity 
for beams with and without columns 

 
Pexp./       

P Zararis

Pexp./               
P Mod.  Zararis

Pexp./ 
PAASHTO 

Pexp./ 
PACI 

Pexp./ 
PSimplified 

Pexp./ 
PBazant 

Mean 0.94 0.99 2.45 1.86 2.16 1.21
Std. 0.30 0.15 0.43 0.38 1.53 0.42
Cv 0.32 0.15 0.18 0.20 0.71 0.35

Mean 1.06 1.23 1.72 1.48 3.19 2.29
Std. 0.14 0.19 0.98 0.52 1.46 0.34
Cv 0.13 0.15 0.57 0.35 0.46 0.15

Without Columns  n=64

With Column  n=28
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Table 5.6- Ultimate capacity calculations 

Specimen
Pexp. 

(kips)
P Zararis 

(kips)
P Mod. Zararis 

(kips)
PAASHTO 

(kips) PACI (kips) 

PSimplified 

(kips)
PBazant 

(kips)
Pexp./   

P Zararis

Pexp./           
P Mod.  Zararis

Pexp./ 
PAASHTO 

Pexp./ 
PACI 

Pexp./ 
PSimplified 

Pexp./ 
PBazant 

AL1 545.0 425.2 397.4 422.1 422.1 139.1 206.7 1.28 1.37 1.29 1.29 3.92 2.64
AS1 170.0 117.4 117.9 118.4 125.2 37.9 59.4 1.45 1.44 1.44 1.36 4.49 2.86
AS2 160.0 119.2 118.5 120.3 125.5 38.4 59.7 1.34 1.35 1.33 1.28 4.17 2.68
AL2 660.0 532.5 633.0 532.4 521.8 139.6 317.2 1.24 1.04 1.24 1.26 4.73 2.08
AS3 260.0 144.7 185.6 144.9 144.2 36.7 93.9 1.80 1.40 1.79 1.80 7.08 2.77
AS4 252.0 159.1 210.4 159.8 166.1 39.4 96.2 1.58 1.20 1.58 1.52 6.40 2.62
BL1 498.8 415.7 462.5 344.5 486.3 136.6 205.3 1.20 1.08 1.45 1.03 3.65 2.43
BL2 630.8 502.4 663.1 436.9 479.0 133.8 312.9 1.26 0.95 1.44 1.32 4.71 2.02
BL3 739.5 643.2 786.0 516.4 566.8 553.5 321.5 1.15 0.94 1.43 1.30 1.34 2.30
BL4 859.0 634.7 777.4 527.7 553.5 551.8 320.3 1.35 1.10 1.63 1.55 1.56 2.68
BL5 871.0 616.0 757.7 524.3 524.8 548.0 317.5 1.41 1.15 1.66 1.66 1.59 2.74

Bechtel 2011

 
 

133 



134 

Table 5.6- Ultimate capacity calculations continued 

Specimen
Pexp. 

(kips)
P Zararis 

(kips)
P Mod. Zararis 

(kips)
PAASHTO 

(kips) PACI (kips) 

PSimplified 

(kips)
PBazant 

(kips)
Pexp./   

P Zararis

Pexp./           
P Mod.  Zararis

Pexp./ 
PAASHTO 

Pexp./ 
PACI 

Pexp./ 
PSimplified 

Pexp./ 
PBazant 

B1-1 125.4 110.2 119.8 27.6 70.5 114.1 90.3 1.14 1.05 4.55 1.78 1.10 1.39
B1-2 115.4 115.8 126.6 29.6 76.5 115.3 91.7 1.00 0.91 3.89 1.51 1.00 1.26
B1-3 128.1 111.1 120.9 27.9 71.5 114.3 90.6 1.15 1.06 4.59 1.79 1.12 1.41
B1-4 120.6 110.0 119.6 27.5 70.3 114.1 90.3 1.10 1.01 4.38 1.72 1.06 1.34
B1-5 108.6 113.7 124.0 28.9 74.3 114.9 91.2 0.96 0.88 3.76 1.46 0.95 1.19
B2-1 135.4 133.0 139.8 27.4 70.1 199.5 90.2 1.02 0.97 4.93 1.93 0.68 1.50
B2-2 144.9 141.7 150.2 30.6 79.5 201.3 92.4 1.02 0.97 4.73 1.82 0.72 1.57
B2-3 150.6 137.8 145.5 29.2 75.2 200.5 91.4 1.09 1.04 5.16 2.00 0.75 1.65
B6-1 170.6 157.0 143.1 45.6 127.1 123.9 101.7 1.09 1.19 3.74 1.34 1.38 1.68
C1-1 124.9 130.9 124.3 49.9 56.1 93.8 100.3 0.95 1.01 2.50 2.22 1.33 1.25
C1-2 139.9 133.1 124.8 51.0 57.7 94.2 100.7 1.05 1.12 2.74 2.43 1.49 1.39
C1-3 110.6 125.4 122.7 47.3 52.5 92.8 99.3 0.88 0.90 2.34 2.111.19 1.11
C1-4 128.6 141.4 126.8 55.0 63.5 95.7 102.2 0.91 1.01 2.34 2.02 1.34 1.26
C2-1 130.4 138.8 137.3 46.8 84.0 156.3 99.1 0.94 0.95 2.79 1.55 0.83 1.32
C2-2 135.4 143.1 138.9 48.9 88.7 157.1 99.9 0.95 0.97 2.77 1.53 0.86 1.36
C2-3 145.6 140.4 137.9 47.6 85.7 156.6 99.4 1.04 1.06 3.06 1.70 0.93 1.46
C2-4 129.6 149.2 141.1 51.9 95.7 158.3 101.1 0.87 0.92 2.50 1.35 0.82 1.28
C3-1 100.5 89.3 96.9 30.5 30.8 86.0 92.4 1.13 1.04 3.29 3.26 1.17 1.09
C3-2 90.1 88.1 95.5 30.0 30.2 85.8 92.2 1.02 0.94 3.00 2.98 1.05 0.98
C3-3 84.6 88.7 96.2 30.3 30.5 85.9 92.3 0.95 0.88 2.79 2.77 0.98 0.92
C4-1 139.0 142.9 158.5 52.8 53.9 93.3 133.7 0.97 0.88 2.63 2.58 1.49 1.04
C6-2 190.6 214.6 186.2 86.4 99.7 103.8 146.0 0.89 1.02 2.21 1.91 1.84 1.31
C6-3 195.6 212.9 185.9 85.6 98.4 103.6 145.7 0.92 1.05 2.29 1.99 1.89 1.34
C6-4 192.7 221.7 187.4 89.8 104.8 104.8 147.1 0.87 1.03 2.15 1.84 1.84 1.31
D1-1 135.4 188.4 162.5 89.4 109.2 94.5 151.4 0.72 0.83 1.52 1.24 1.43 0.89
D1-2 160.4 188.1 162.5 89.2 108.9 94.4 151.4 0.85 0.99 1.80 1.47 1.70 1.06
D1-3 115.4 180.6 160.9 85.2 102.3 93.5 150.5 0.64 0.72 1.35 1.13 1.23 0.77
D2-1 130.4 180.7 163.9 83.8 100.0 114.5 150.2 0.72 0.80 1.56 1.30 1.14 0.87
D2-2 140.4 189.5 166.0 88.6 107.9 115.6 151.3 0.74 0.85 1.58 1.30 1.21 0.93

Clark 1951
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Table 5.6- Ultimate capacity calculations continued 

Specimen
Pexp. 

(kips)
P Zararis 

(kips)
P Mod. Zararis 

(kips)
PAASHTO 

(kips) PACI (kips) 

PSimplified 

(kips)
PBazant 

(kips)
Pexp./   

P Zararis

Pexp./           
P Mod.  Zararis

Pexp./ 
PAASHTO 

Pexp./ 
PACI 

Pexp./ 
PSimplified 

Pexp./ 
PBazant 

D2-3 150.4 184.4 164.8 85.8 103.3 115.0 150.7 0.82 0.91 1.75 1.46 1.31 1.00
D2-4 150.6 183.0 164.4 85.0 102.0 114.8 150.5 0.82 0.92 1.77 1.48 1.31 1.00
D3-1 177.6 231.9 233.7 104.6 117.5 159.6 206.3 0.77 0.76 1.70 1.51 1.11 0.86
D4-1 140.4 192.1 181.0 81.4 96.3 199.2 149.8 0.73 0.78 1.72 1.46 0.70 0.94
D1-6 78.6 78.9 85.8 23.3 61.3 82.8 63.0 1.00 0.92 3.37 1.28 0.95 1.25
D1-7 80.6 79.5 86.5 23.6 62.1 82.9 63.1 1.01 0.93 3.42 1.30 0.97 1.28
D1-8 83.6 79.1 86.1 23.4 61.6 82.8 63.1 1.06 0.97 3.57 1.36 1.01 1.33
B0-1 54.4 64.3 45.9 22.3 40.8 28.6 44.1 0.85 1.18 2.44 1.33 1.90 1.23
B0-2 42.4 64.9 46.0 22.5 41.4 28.8 44.2 0.65 0.92 1.88 1.02 1.47 0.96
B0-3 57.6 64.2 45.9 22.2 40.7 28.6 44.0 0.90 1.25 2.59 1.41 2.02 1.31
C0-1 78.4 93.4 65.3 40.4 54.0 29.3 60.6 0.84 1.20 1.94 1.45 2.68 1.29
C0-2 79.9 90.4 65.1 38.9 51.4 28.5 60.0 0.88 1.23 2.05 1.55 2.80 1.33
C0-3 75.1 90.7 65.1 39.1 51.6 28.6 60.1 0.83 1.15 1.92 1.45 2.62 1.25
D0-1 99.6 150.9 103.3 74.3 71.5 30.0 100.5 0.66 0.96 1.34 1.393.32 0.99
D0-2 116.9 152.2 103.4 75.0 72.4 30.2 100.6 0.77 1.13 1.56 1.61 3.88 1.16
D0-3 100.4 151.3 103.3 74.5 71.8 30.0 100.5 0.66 0.97 1.35 1.40 3.34 1.00

24 a 133.0 125.4 141.2 69.4 76.8 29.8 137.0 1.06 0.94 1.92 1.73 4.46 0.97
24 b 136.0 140.2 159.1 78.3 89.0 32.1 139.4 0.97 0.85 1.74 1.53 4.23 0.98
25 a 120.0 168.6 190.6 93.7 105.1 34.9 168.9 0.71 0.63 1.28 1.14 3.44 0.71
25 b 130.0 129.1 143.3 70.3 74.4 29.4 162.7 1.01 0.91 1.85 1.75 4.42 0.80
26 a 189.0 161.3 179.4 88.0 93.5 32.9 193.4 1.17 1.05 2.15 2.02 5.74 0.98
26 b 178.0 155.2 172.2 84.4 89.0 32.1 192.5 1.15 1.03 2.11 2.00 5.54 0.92
27 a 156.0 144.0 163.7 80.6 92.3 32.7 140.0 1.08 0.95 1.94 1.69 4.77 1.11
27 b 160.0 151.6 172.9 85.1 98.8 33.9 141.2 1.06 0.93 1.88 1.62 4.73 1.13
28 a 136.0 163.1 184.0 90.4 100.6 34.2 168.1 0.83 0.74 1.50 1.35 3.98 0.81
28 b 153.0 158.3 178.2 87.6 96.7 33.5 167.3 0.97 0.86 1.75 1.58 4.57 0.91
29 a 175.0 161.7 179.9 88.2 93.8 33.0 193.5 1.08 0.97 1.98 1.87 5.31 0.90
29 b 196.0 180.3 201.9 99.2 107.7 35.4 196.4 1.09 0.97 1.98 1.82 5.54 1.00

Clark 1951 Continued

Moody et al. 1954
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Table 5.6- Ultimate capacity calculations continued 

Specimen
Pexp. 

(kips)
P Zararis 

(kips)
P Mod. Zararis 

(kips)
PAASHTO 

(kips) PACI (kips) 

PSimplified 

(kips)
PBazant 

(kips)
Pexp./   

P Zararis

Pexp./           
P Mod.  Zararis

Pexp./ 
PAASHTO 

Pexp./ 
PACI 

Pexp./ 
PSimplified 

Pexp./ 
PBazant 

30 215.0 193.0 212.3 100.5 109.5 107.5 196.8 1.11 1.01 2.14 1.96 2.00 1.09
31 228.0 185.2 199.7 90.6 153.6 156.7 194.2 1.23 1.14 2.52 1.48 1.46 1.17

BM1/1.0 T1 270.7 425.1 293.9 190.6 135.2 86.9 201.9 0.64 0.92 1.42 2.00 3.12 1.34
BM1/1.0 T2 314.3 427.5 293.5 190.6 135.2 72.4 201.9 0.74 1.07 1.65 2.32 4.34 1.56
BM2/1.0 T1 337.2 432.5 294.5 194.2 138.8 87.8 202.5 0.78 1.14 1.74 2.43 3.84 1.67
BM1/1.5 T1 136.2 143.1 95.5 75.2 131.8 51.9 67.7 0.95 1.43 1.81 1.03 2.62 2.01
BM1/1.5 T2 159.2 142.8 98.2 75.2 131.8 70.1 67.7 1.11 1.62 2.12 1.21 2.27 2.35
BM2/1.5 T1 101.6 142.8 98.2 75.2 131.8 70.1 67.7 0.71 1.03 1.35 0.77 1.45 1.50
BM2/1.5 T2 156.5 142.8 98.2 75.2 131.8 70.1 67.7 1.10 1.59 2.08 1.19 2.23 2.31

B2.0-1 357.5 373.3 266.6 189.3 194.9 120.2 143.7 0.96 1.34 1.89 1.83 2.97 2.49
B2.0-2 370.9 466.2 273.2 241.9 281.8 131.0 153.0 0.80 1.36 1.53 1.32 2.83 2.43
B2.0-3 314.7 359.4 265.2 181.4 183.1 118.6 142.3 0.88 1.19 1.73 1.72 2.65 2.21
B2.0B-5 263.0 383.8 253.2 198.4 209.0 55.0 145.3 0.69 1.04 1.33 1.26 4.78 1.81
B2.0C-6 328.2 403.2 275.2 204.4 218.4 148.5 146.4 0.81 1.19 1.61 1.50 2.21 2.24
B2.0D-7 323.7 428.0 270.9 220.2 244.2 126.6 149.2 0.76 1.19 1.47 1.33 2.56 2.17
B3.0-1 229.3 228.8 175.6 81.3 134.4 160.9 85.0 1.00 1.31 2.82 1.71 1.43 2.70
B3.0-2 236.1 284.6 180.8 108.5 198.4 172.6 95.1 0.83 1.31 2.17 1.19 1.37 2.48
B3.0-3 236.1 224.1 175.0 79.1 129.4 159.9 84.2 1.05 1.35 2.99 1.82 1.48 2.80
B3.0A-4 348.5 330.8 235.6 155.2 187.9 155.4 120.3 1.05 1.48 2.24 1.85 2.24 2.90
B3.0B-5 195.6 219.6 143.8 87.9 149.5 55.0 87.5 0.89 1.36 2.23 1.31 3.56 2.24

ACI-I 610.0 613.2 496.2 397.9 452.0 274.5 332.6 0.99 1.23 1.53 1.35 2.22 1.83
STM-I 510.0 502.7 428.3 330.1 405.9 265.0 276.4 1.01 1.19 1.55 1.26 1.92 1.85
STM-H 578.0 576.1 496.6 369.6 401.5 268.7 335.3 1.00 1.16 1.56 1.44 2.15 1.72
STM-M 574.0 566.1 479.5 369.6 401.5 154.3 335.1 1.01 1.20 1.55 1.43 3.72 1.71

Aguilar et al. 2002

Foster and Gilbert 1998

Rogowsky 1984

Moody et al. 1954 Continued
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CHAPTER 6 

SHEAR STRENGTHENING OF REINFORCED CONCRETE BEAMS WI TH 
FIBER REINFORCED POLYMERS 

Strengthening by externally bonded fiber reinforced polymer (FRP) 

composites has been viewed as an effective method for improving the performance of 

existing structures for many years. What makes them particularly desirable is their high 

strength to weight ratio. 
 

6.1 Existing Experimental Research on the External Shear Strengthening Using 
FRP 

Existing research into rehabilitation with externally bonded FRP composites 

to enhance shear strength was reviewed to determine how different parameters affect the 

strengthening of reinforced concrete beams in shear with FRP.  In this review, a 

database of 139 experimental specimens was compiled from 17 different publications 

and 14 different research groups. The data collected on the concrete specimens focused 

on the parameters which affect shear resistance (beam height, ratio of shear span/depth, 

and longitudinal reinforcement ratio) as well as the overall beam geometry and 

transverse reinforcement ratio. It was also noted if the concrete specimen was cracked 

before retrofit. The data collected on the FRP rehabilitation included the fiber type, the 

orientation of the fiber to the longitudinal axis, the type of wrap, if an ASTM standard 

was used to evaluate the composite tensile properties.  

The ultimate shear capacities of the rehabilitated specimens were then 

compared to the control specimens included in each of the individual studies to evaluate 

the percent increase in shear capacity. Studies were only incorporated into the database 
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if they included tests on specimens with no external rehabilitation for comparison. The 

entire database is presented in tabular form in Appendix D Using the database the 

following sections explore the effects that the different reinforced concrete and FRP 

parameters have on the increase in shear strength. This type of study was first performed 

by Triantafillou in 2000. Bouselham and Challal revisited it in 2004 expanding on the 

database which Tiantafillou (2000) had collected. This work again expands the database 

incorporating tests which were performed to fill out areas Bouselham and Challal 

(2004) had identified as needing further research; most notably beams with greater 

heights.  

To improve the shear strength of an existing reinforced concrete beam FRP 

reinforcement is bonded to the beam’s exterior surface. Load is transferred by shear 

from the concrete through the bond into the FRP reinforcement. If epoxy is used to bond 

the composite there must be a nominal amount of FRP bonded to the concrete to 

develop load in the FRP reinforcement (Chajes, 1995). This is the effective 

development length. The effective development length is a function of the axial stiffness 

of the FRP, longer development lengths being required for larger FRP stiffness 

(Pellegrino et al, 2008).  Development of load in the FRP composite can greatly be 

improved by using different shaped wraps.  Figure 6.1 shows the three most common 

wrap types, the side bond, the u-wrap, and the full wrap.  
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Figure 6.1- FRP wrap configurations (a) side (b) U-wrap (c) full wrap 

 The FRP reinforcement can be bonded as individual strips, much like 

steel stirrups, or it can be bonded continuously. Figure 6.2 shows examples of beams 

with FRP applied continuously (a) and as strips (b). 

 

Figure 6.2- Longitudinal application of FRP (a) continuous wrap (b) wrap as strips 

(a) (b) (c) 

(b) 

(a) 
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The main advantage of using strips is that most of the concrete beam remains exposed, 

making inspection easy. However, the continuous wrap involves the application of more 

FRP, allowing a stronger retrofit and improved development length in the longitudinal 

direction.  

6.1.1 Shear Span to Depth Ratio 

Chapter 2 showed that the ratio of the shear span to the effective depth of 

the beam, a/d, has been shown to affect the shear resistance of reinforced concrete 

members significantly.  Depending on the a/d ratio, different failure modes can be 

expected. Figure 6.3 shows the ratio of the increase of the shear strength due to the 

external application of FRP vs. the a/d ratio. This ratio of shear strength increase is 

defined by Eq. 6.1. 

 

control

controlfrp

V

VV -
=inc.R      (6.1) 

Rinc=ratio of increase in ultimate shear due to application of FRP 

Vfrp=experimental shear capacity of specimen strengthened with FRP 

Vcontrol=experimental shear capacity of specimen with no FRP 

strengthening 

There is a large scatter in the data points.  While the FRP reinforcement appears to be 

more effective at higher a/d ratios, the data are inconclusive on this point because very 

few tests were performed at an a/d less than two. At an a/d less than 2, arch action is the 

main load carrying mechanism. Bousselham and Challal (2004) also concluded that the 

externally bonded shear FRP reinforcement was more effective at higher a/d ratios. 

The a/d ratio has been used as a control variable in two studies.  In the first, 

Zhang et al. (2004) tested rectangular beams and found that a decrease in a/d caused a 

decrease in the effectiveness of the FRP strengthening schemes. The strengthening of 
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these beams included both side bonded and U-wrapped configurations, with fiber angles 

ranging from 0 to 90 degrees from the longitudinal axis. Zhang et al. (2004) concluded 

that as a/d decreased in deep beams, strengthening with fibers at 90° to the longitudinal 

axis became less effective while strengthening with fibers at 45° became more effective. 

In addition, as a/d decreased the effectiveness of employing U-wrap decreased. This 

could be due to the increase of the angle of the compression strut as a/d decreases. In 

the second study, Bousselham and Chaallal (2006) tested T-beams, and observed the 

opposite behavior from the rectangular beams; as a/d decreased the effectiveness of the 

FRP strengthening increased. The strengthening on these beams were U-wraps made of 

0°/90° woven fibers. 
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Figure 6.3- Ratio of shear strength increase vs. a/d ratio 
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6.1.2 Beam Depth 

Chapter 2 showed that there is a size effect for the shear resistance of 

reinforced concrete beams. Figure 6.4 shows the shear force increase plotted against the 

beam depth in beams that had been strengthened with externally bonded FRP 

composites. The experimental data presented in this figure was taken for beams which 

had no transverse steel reinforcement because such reinforcement can mask size effect. 

Since there is no detectable pattern in the data presented in Figure 6.4, it can be 

concluded that the effectiveness of externally bonded FRP rehabilitations does not 

depend on the size of the beam. This conclusion is different from that of Bousselham 

and Challal (2004), who concluded that there was a size effect.  It should be noted, 

however, that the data set explored by Bousselham and Challal was limited because it 

had only a few tests with specimen depths greater than 12 inches. The data that they had 

made it appear that there was a possible size effect. Beam depth was used as a control 

variable in two later studies by Bousselham and Challal (2008) and Leung et al. (2007). 

The results of those reports also conflict with the overall data shown in Figure 6.4, 

finding a size effect for both side-bonded and U-wrapped rehabilitations but no size 

effect for full-wrap rehabilitations.   Both studies found that as the beam depth 

increased, the effectiveness of the FRP reinforcement decreased.  
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Figure 6.4- Ratio of shear strength increase vs. beam depth 

6.1.3 Longitudinal Reinforcement 

Kani (1967) asserted that a reduction in the amount of longitudinal steel 

causes a reduction in the shear capacity of a reinforced concrete beam.  Figure 6.5 

shows the ratio of shear strength increase vs. the longitudinal reinforcement ratio in 

beams that had been strengthened with FRP reinforcement. This figure was again 

developed for test specimens with no transverse steel reinforcement.  
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Figure 6.5- Ratio of shear strength increase vs. longitudinal reinforcement ratio 

 Longitudinal reinforcement does not appear to have an effect on beams 

strengthened with externally bonded FRP reinforcement, but no controlled study on the 

effect of longitudinal reinforcement has been performed to date. Moreover, all of the 

beams in the database have reinforcement ratios greater than 1%.  Bousselham and 

Challal (2004) concluded from their data that there was a relation between longitudinal 

reinforcement and the effectiveness of the rehabilitation. They based their conclusions 

on a study of the shear strength vs the ratio of longitudinal reinforcement to the amount 

of applied FRP reinforcement; unfortunately, this study shows the effect of applying 

more or less FRP reinforcement; not the effect of longitudinal reinforcement.   

 

6.1.4 Transverse Reinforcement  

 Transverse steel reinforcement is thought to be the most common way of 

increasing the shear capacity of a reinforced concrete beam. Figure 6.6 shows the ratio 
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of shear strength increase vs. transverse reinforcement ratio. It shows that the 

effectiveness of the FRP strengthening decreases as the web reinforcement ratio 

increase. Bousselham and Challal (2004) also concluded that the effectiveness of FRP 

strengthening decreases as web reinforcement increases.  To investigate the effect of the 

a/d ratio and the effect of the web reinforcement together, an axis was added to Figure 

6.6 resulting in Figure 6.7. From Figure 6.7 it can be seen that the effectiveness of the 

FRP strengthening is decreased by both the addition of web reinforcement and a 

decrease in a/d.  
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Figure 6.6- Ratio of shear strength increase vs. web reinforcement ratio 
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Figure 6.7- Ratio of shear strength increase vs. a/d vs. web reinforcement ratio 

The transverse steel reinforcement ratio was used as a control variable in 

eight publications: Bousselham and Chaallal (2006, 2008), Denaud and Cheng (2001, 

2003), Taerwe et al. (1997), Pellegrino and Modenia (2002, 2006), and Khalifa and 

Nanni (2002). The results of these studies showed that applying FRP reinforcement is a 

much more effective method of strengthening a reinforced concrete member when there 

is no transverse steel reinforcement present than when such reinforcement is already 

present.  In some cases, if enough transverse steel reinforcement is already present, the 

FRP reinforcement provides essentially no increase in shear strength.  However, 

Bousselham and Chaallal (2006, 2008) observed that the strain in the transverse steel 

was less in beams where FRP reinforcement was applied.  Pellegrino and Modenia 

(2002, 2006) observed that the relative stiffness of the transverse steel to the FRP 

reinforcement controls the effectiveness of the FRP strengthening scheme. In particular, 

if the FRP reinforcement is much stiffer than the transverse steel, the FRP will carry the 
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majority of the load while the steel carries almost nothing. Conversely, if the FRP 

reinforcement is less stiff then the steel, the steel will carry the majority of the load. 

6.1.5 Fiber Angle 

 The relation of the load relative to the fiber angle greatly affects the 

strength and stiffness of a unidirectional fiber reinforced composite. For this reason the 

orientation of fibers relative to principal tensile force is of great interest. Applying the 

fibers parallel to the primary tension force gives the greatest composite stiffness and 

strength. The fiber angle has been a control variable in three publications: Chajes et al. 

(1995), Challal et al. (1998), and Carolin and Taljsten (2005). The results of these tests 

show that applying FRP reinforcement in which the fibers are aligned with the 

longitudinal axis of the beam are not beneficial in enhancing shear capacity. All of the 

specimens tested by each or the researchers had a/d ratios in excess of 2, and could not 

carry load through arch action. Applying fibers at 90 and 45 degrees to the longitudinal 

axis is more effective. 

 

6.1.6 Strength of Composite 

Increases in the strength and stiffness of the composite do not always 

increase the shear resistance of the beam. There appears to be a maximum level of 

strength and stiffness (Khalifa and Nanni, 2000).  Since the FRP reinforcement is 

externally bonded, the load is transferred from the concrete to the FRP reinforcement 

through shear. The contribution of the FRP is limited by the shear strength of the 

concrete substrate.  
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6.2 Existing Mechanical Models and Design Methods 

There exist several models for the strengthening of reinforced concrete 

members for shear with FRP reinforcement. NCHRP Report 655 (Zureick et al. 2010) is 

a guide specification on the strengthening of reinforced concrete members with FRP 

which has been published for use with the AASHTO Specifications. It includes 

provisions for shear strengthening with FRP reinforcement. Report 655 is discussed first 

and is followed by other methods for predicting the strengths of concrete members 

strengthened with FRP reinforcement.  

6.2.1 NCHRP Report 655 

 NCHRP Report 655 (Zureick et al. 2010) presents provisional guidelines 

for the strengthening of bridge components using fiber reinforced polymers. Chapter 4 

of the report deals with shear strengthening. The nominal shear strength of the 

unreinforced member is calculated in accordance with the 2007 AASHTO LRFD Bridge 

Design Specifications. The shear resistance contribution from the FRP is calculated 

through the truss model and is dependent on the type of reinforcement. FRP can be 

applied in strips, or as a continuous sheet. These two reinforcement types are shown in 

Figure 6.2. The shear resistances of the FRP strengthening are given as: 
 

·  For continuous reinforcement 
 

frp
e
frpfrp dNV )cos(sin aa +=      (6.2) 

Vfrp= nominal shear strength provided by FRP 

Ne
frp= effective strength per unit width of FRP 

a= angle between FRP principal direction and longitudinal axis 

dfrp=effective FRP reinforcement depth 

 
·  For intermittent reinforcement 
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v

frpfrp
e
frp

frp S

dwN
V

)cos(sin aa +
=     (6.3) 

wfrp= width of FRP reinforcement 

Sv= spacing FRP reinforcement 

 

 The FRP reinforcement can be bonded to two (side bond), three (U-

wrap) or four (full wrap) sides of the member. Figure 6.1 shows examples of the three 

wrap types. The side bond is not considered to be an effective strengthening method 

because it is so dependent on the bond between the FRP and concrete, so no value for 

Ne
frp is given for the side bond case. The values of Ne

frp for the cases of the u-wrap and 

full-wrap are: 
 

·  For the U-wrap 
 

004.0NN e
frp =       (6.4) 

N0.004= tensile strength per inch width at a strain of 0.004 

 

·  For the full wrap 
 

[ ]004.0 004.0 5.0
2
1

NNNN ultfrp
e
frp -+=    (6.5) 

Nfrp,w= 0.5Nut ³ N0.004 

Nut=nominal tensile strength of FRP 

 

The value of N0.004  is the force in the FRP reinforcement at debonding, 

which occurs at an FRP reinforcement strain of 0.004. This means that the strength of 

the FRP in a U-wrap is invariably governed by debonding. The ultimate strength of the 

FRP is incorporated into the full wrap because full wraps may fail by fracture of the 

FRP. The ultimate strength is reduced due to stress concentrations where the FRP is 

wrapped around corners. 
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6.2.2 Other Models 

There are many methods for design of shear strengthening using FRP 

reinforcement, including models developed by Triantafillou (1998), Khalifa et al (1998), 

Chen and Teng (2003), Carolin and Taljsten (2005), and more recently Monti and Liotta  

(2007).  All of the methods take the same general approach, in that they assign a shear 

contribution to the concrete, the transverse steel reinforcement, and the applied FRP 

separately.  

Triantafillou (1998) and Kahlifa et al. (1998) employed an equation for the 

shear contribution of externally bonded FRP reinforcement which is a function of the 

elastic modulus of the FRP reinforcement, FRP reinforcement ratio, and the strain in the 

FRP reinforcement. The strains in the FRP reinforcement are found through the use of 

empirical equations based on strain measurements taken during the testing of reinforced 

concrete members strengthened in shear with FRP reinforcement.  The method proposed 

by Carolin and Taljsten (2005) takes a similar approach, but instead of using empirical 

data, they use an assumed stress profile and relative stiffnesses to convert the stresses to 

strains for the strengthened member. Monti and Liotta (2007) developed closed-form 

solutions for the FRP stress using a stress slip constitutive law, compatibility with the 

width of the opening shear crack, and boundary conditions based on available bond.  

These methods are all intended to work with the truss model of shear behavior, 

discussed in Chapter 2.  

Chen and Teng’s model, known as the strip method, breaks the FRP 

reinforcement into strips and uses normalized strains, based on experimental 

measurements in FRP reinforcement crossing a shear crack, to calculate the 

development length, the bond strength, and the ultimate strain in the FRP reinforcement 



 151 

(Deniaud, 2004). This method was developed for use with the truss model, but was later 

expanded for use with the shear friction model. 

Park and Aboutaha (2009) developed a design procedure which 

incorporated FRP reinforcement into the strut and tie model. Their method simply used 

the resultant of forces in the transverse reinforcement (both steel and FRP) to locate 

transverse tension ties horizontally, and they used transformed sections to locate 

longitudinal the tension ties which are made up of both internal steel reinforcement and 

externally bonded FRP. The locations of transverse and longitudinal tension ties are 

given by Eqs. 6.6 and 6.7 respectively.  
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a= horizontal distance to direction of loading between two nodes 

ffi and fyi= allowable stress in FRP and in steel respectively 

Aft and Asi= areas of transverse steel and FRP respectively 

aft and asi= horizontal distance of FRP and steel stirrups from support 

dtie= effective depth of longitudinal reinforcement FRP and steel 

d= effective depth of longitudinal reinforcement steel 

Af and As= areas of longitudinal steel and FRP respectively 

Ef and Es= modulus of elasticity of FRP and steel respectively 

df= distance between center of longitudinal steel and FRP reinforcement 

 

This model was then checked against a finite element analysis. 
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6.3 Critical Review 

To properly design a strengthening scheme using FRP reinforcement, the 

properties of the FRP reinforcement must be understood and considered. The tensile 

properties of the entire composite, both fibers and matrix, must be tested and 

documented according to ASTM standards (ASTM D-3039 or D638). The strength of 

the fibers alone or the data provided by the manufacturer is not sufficient. Of the 139 

tests in the database only 13 reported material properties according to an ASTM 

standard. 

The behavior of members strengthened with FRP reinforcement is highly 

dependent on the member itself. A decrease in the a/d ratio appears to decrease the 

effectiveness of the strengthening, but the experimental results reviewed are in conflict 

on this point. The addition of transverse steel reinforcement has been shown to 

decreases the effectiveness of strengthening with FRP reinforcement. This means it may 

not be possible to apply an FRP strengthening scheme to an existing beam with 

significant transverse reinforcement and see any increase in strength. The amount of 

longitudinal reinforcement affects the shear capacity of a reinforced concrete member, 

but no study on how it influences the effectiveness of shear strengthening with FRP 

reinforcement has been performed, and there appears to be no trend in the compiled 

experimental data. The stiffness and orientation of the FRP clearly influences the 

effectiveness of the retrofit. Aligning the fibers with the direction of principal tension 

increases the effectiveness of the FRP. Increasing the strength and stiffness of the FRP 

only improves the retrofit to a point, beyond which there is no benefit.  One obvious 

conclusion from examining the database is that there is a large amount of variation in 

the increase in strength provided by implementing FRP strengthening schemes. This can 

be seen in the large scatter in all of the plots. From an experimental point of view, this 

makes it important to repeat tests to get an idea of this distribution. Previous research on 

shear strengthening with FRP reinforcements has largely neglected the special case of 
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larger (h > 20in) deep beams (a/d < 2). The benefits, if any, of FRP reinforcement in a 

beam which supports load mainly through arch action remains an open question.  

Of the available design methods, only the method proposed by Park and 

Aboutaha (2009) addresses the arch action seen in deep beam behavior. All of the other 

models are only applicable to beams which fail at the formation of diagonal cracks; they 

do not account for arch action. Failure due to the formation of diagonal cracks occurs 

when a/d is greater than 2. The addition of FRP and steel reinforcement is considered to 

restrict the growth of shear cracks preventing it from causing failure. The crack in most 

cases is assumed to grow at an angle of 45°; these assumptions are the basis for the 

Simplified Method for Nonprestressed beams given in the 2007 AASHTO LRFD 

Bridge Design Specifications. In the previous chapter it was shown that this model was 

very inaccurate when compared to the experimental data for deep beams. The main 

reason for this is that the formation of diagonal cracks does not limit the shear strength 

of a beam with an a/d ratio less than 2.  Rather, the diagonal cracks simply form and 

allow arch action to develop.  Failure of the beam occurs with failure of the arch, which 

is caused by either failure of the compression strut or yielding of the longitudinal steel 

tie. The addition of longitudinal and transverse crack control steel did not affect the 

formation of diagonal shear cracks, but they did provide confinement for the 

compression strut, which delayed splitting failure of the concrete.  

Park and Aboutaha’s model does account for arch action because it is based 

on the strut and tie model, but their assumptions regarding the effects of the inclusion of 

transverse steel and FRP reinforcements are inaccurate. Equation 6.7 for the location of 

the longitudinal tension tie is reasonable, but Eq. 6.6 can lead to an inaccurate 

representation of strut and tie action.   As an example, Specimen BL3 included 

AASHTO crack control reinforcement. According to Park and Aboutaha the inclusion 
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of the transverse steel reinforcement should cause the formation of a transverse tension 

tie which is located using Eq. 6.6: 
  

in. 19.2 
)80)(4.0)(5(

)403224168)(80)(4.0(
=

++++
=a  

 Figure 6.8 compares the simple representation of the strut and tie action 

proposed by Park and Aboutaha to that which actually occurred in the specimen. The 

model by Park and Aboutaha suggests that the inclusion of the transverse steel 

reinforcement should increase the angle of the principal compression strut up to 59°. 

This is an increase in strut angle of 71% over the control specimen BL1 (34.5°). The 

angle measured at ultimate for Specimen BL3 was 39°; this was an increase over the 

control specimen of 4.5°. At the high strut angle proposed by Park and Aboutaha the 

limit state of the strut and tie model would be yielding of the transverse reinforcement at 

an applied load of 384 kips. Specimen BL3 failed at an applied load of 739.5 kips. An 

AASHTO strut and tie model which entirely neglects the inclusion of the transverse 

reinforcement predicted the capacity to be 516 kips. Clearly the model for strengthening 

does not represent the effects of the inclusion of transverse reinforcement well. 
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Figure 6.8- Comparison of strut and tie model per Park and Aboutaha (2010) to 
experimental results 

The model by Park and Aboutaha not only predicts a much greater strut 

angle than that seen in the beam tests, it also results in more truss members and more 

steel. This means that the truss will develop higher strain energy of deformation under 

load. Due to the principle of minimum potential energy, the truss which has the smallest 

strain energy will be the one that forms. Changing the angle of the principal 

compression strut using external reinforcement is a very difficult task. An example 

where the required size of a transverse tension tie large enough to change the principal 

compression angle from 40° to 57° follows.  

The elastic strain energy for truss members, given in Eq. 6.8, can be used to 

calculate the size of a transverse steel tension tie required to change the angle of the 

principal compression strut. 
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 The first step to designing the tension tie is to calculate the elastic strain 

energy for the existing structure. We consider the elastic strain energy at the ultimate 

load for Specimen AL2 as an example. Specimen AL2 had a reinforcement ratio of 

1.3% and had an ultimate capacity of 660 kips. It has a similar reinforcement ratio and 

geometry to Specimen BL3, but did not contain crack control reinforcement.  It had an 

approximate strut angle of 40°.  On the day of testing the concrete strength for 

Specimens AL2 was 3651 psi with an elastic modulus of approximately 3300 ksi.  

A strut and tie model for Specimen AL2 was created using the strut angle 

calculated from equilibrium and using the cracks in the specimen as a guide. This was 

done to create a strut and tie model to as close to the experimental specimen as possible. 

The strut and tie model is shown in Figure 6.9.  Calculating the strain energy using Eq. 

6.12, we have:  
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Figure 6.9- Strut and tie model for strain energy calculation for Specimen AL2 

With the strain energy calculated for the original strut and tie model, a new 

strut and tie model for including a transverse tension tie can be created. The 

strengthening would increase the angle of the principal compression strut to 57°. The 

strut and tie model for the rehabilitation scheme is shown in Figure 6.10. The 

calculation of strain energy is done keeping the area (Arehab) and elastic modulus (Erehab) 

of the tension tie as variables.  
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Figure 6.10- Strut and tie model for strain energy calculation for the rehabilitation 
of Specimen AL2 

 With the total strain energy for both of the strut and tie models, the area of 

the transverse tension tie can be can be calculated based on assumed moduli. The strut 

and tie action shown for the rehabilitation scheme will not form until it has a total strain 

energy less then that in the original strut and tie model.  
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Figure 6.11 shows the required area of the tension tie vs. the elastic 

modulus of the tie. As the modulus decreases so does the required area. If the modulus 

is assumed to be 29,000, as for carbon steel, the area of the tension tie would need to be 

13.7 in2. This is a very large amount of steel, and is much larger than the 2 in2 seen in 

Specimen BL3. This shows how the addition of an external strengthening large and stiff 

enough to change the angle of the principal compression strut is a difficult task.  
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Figure 6.11- Plot of required transverse tension tie area vs. elastic modulus 
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CHAPTER 7 

STRENGTHENING OF REINFORCED CONCRETE DEEP BEAMS WIT H 
EXTERNALLY BONDED FRP REINFORCEMENT 

The previous chapters have established a basis for developing practical 

methods for strengthening reinforced concrete pier caps using external reinforcement.  

The experimental program described in Chapter 4 showed that an increase in 

longitudinal reinforcement increased the capacity of the specimens by strengthening the 

tension tie and changing the geometry of the tied arch which forms. The change of 

geometry was  the result of the change in the principal compression strut angle 

computed using equilibrium and measured strains in the longitudinal tension 

reinforcement. The addition of the crack control reinforcement increased the capacity by 

reinforcing the splitting crack which caused failure of the concrete arch but did not have 

a large effect on the geometry of the tied arch which formed. It also was found that it is 

necessary to include the effects of the column to obtain the proper boundary conditions 

in the test. With the experimental observations in hand, several different analysis 

methods were examined in Chapter 5, and it was determined that the Modified Zararis 

Method best captured the phenomena seen in the experiments. Previous research into 

the shear strengthening of reinforced concrete beams with FRP was reviewed and 

appraised in Chapter 6.  

In this chapter, a method for designing strengthening schemes with the 

proposed Modified Zararis Method for pier caps deemed to be deficient is developed.  

This method is then validated experimentally through tests of strengthened specimens. 

The strengthening focused on specimens with 0.65% longitudinal reinforcement 

because this type of specimen represents an existing pier cap with shear deficiencies. 
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7.1 Design Strategy 

The rehabilitation of an existing structure is very different from the design 

of a new one. In many ways, design of a new structure is much simpler because there is 

more freedom to change different parameters.  In contrast, with a reinforced concrete 

pier cap, many parameters are fixed. The strength of the concrete and the internal 

reinforcement cannot be changed; nor can the girder and column spacing be adjusted.   

To examine the effectiveness of various methods to externally strengthen a 

beam, a parametric study was performed on Specimen BL1 using the proposed 

Modified Zararis Method (summarized in Eq. 5.7 to 5.12).  In the parametric study, the 

yield value of the transverse reinforcement was assumed to be 80 ksi; this is the same 

yield strength as the longitudinal tension reinforcement. Figure 7.1 shows the calculated 

effect of independently increasing the amount of longitudinal and transverse 

reinforcement in Specimen BL1. The x axis of the figure represents increases in both the 

longitudinal and transverse reinforcement, and the y axis depicts the calculated increase 

in ultimate capacity over the calculated capacity of Specimen BL1.  
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Figure 7.1- Percent increase in ultimate capacity calculated using the Modified 
Zararis Method for specimen BL1 due to increases in longitudinal 
and transverse reinforcement 

Figure 7.1 shows that increasing the longitudinal reinforcement has a 

greater benefit until an additional 7.55 in2 of steel longitudinal tension reinforcement 

has been added. The piece-wise nature of Eq. 5.7 can be seen in the figure. With the 

addition of 3.5 in2 of longitudinal tension reinforcement the equation used to calculate 

the flexural compression block transitions from Eq. 5.7b to 5.7a.  This transition occurs 

at a longitudinal tension reinforcement ratio of 1.24%, which is indicated in  the figure. 

This is considered the balanced point, or the point where the flexural calculation in the 

proposed Modified Zararis Method predicts that the concrete will crush at  the same 

load at which the longitudinal tension steel yields.  Since the focus of the strengthening 

program is the specimens with 0.65% longitudinal tension reinforcement, the addition of 

externally bonded longitudinal tension reinforcement apparently is the simplest way of 

increasing the ultimate capacity.  
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7.2 Specimen RB1 

Specimen RB1 was strengthened using a unidirectional carbon composite in 

the longitudinal direction. The specimen contained 0.65% longitudinal reinforcement 

tension reinforcement. It was cast at the same time as Specimen BL1, making it a B 

Series specimen; the geometry of Specimen BL1 and RB1 is shown in Figure 3.8. The 

carbon composite was applied using hand layup.  The fibers were Sikawrap 117c, and 

the matrix was Sikadur 301. One layer of fabric was impregnated and made into panels 

which were then fabricated into coupons for tension testing. The coupons were created 

and tested in accordance with ASTM D-3039. A photograph of one of the coupons is 

shown in Figure 7.2. The results of the ten coupon tests are given in Table 7.1, which 

gives the width, maximum force per inch width, strain to failure, and the tensile stiffness 

of each coupon. The width of the specimen was measured in the middle and 3-5/8 

inches from the end of each of the 10-inch coupons. The tensile stiffness was calculated 

by fitting a line to a plot of the force per inch width vs. strain. The slope of the best fit  

line was taken as the tensile stiffness for the coupon. In two of the coupons, the tabs 

debonded and no useful measurements were obtained. The thickness of a field-

manufactured composite can vary greatly. To obtain a measure of the variability in 

thickness of the composite, 32 measurements were made over the two inch gage length 

of two different coupons. These measurements are shown in Figure 7.3. The mean from 

these 64 measurements was 0.0247 inches with a standard deviation of 0.0014 inches 

and coefficient of variation 0.057.  This mean thickness was used along with the 

average tensile stiffness reported in Table 7.1 to approximate the elastic modulus of the 

composite. The elastic modulus was calculated by dividing the average tensile stiffness 

by the average thickness, resulting in an approximate elastic modulus of 9,510 ksi.  
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Figure 7.2- FRP coupon created according to ASTM D3039 

Table 7.1- FRP properties for Specimen RB1 

Coupon Widtha 

(in)

Fmax/ 
inwidth 

(kip/in)

Max Strain 
(%)

Tensile 
Stiffness 
(kip/in)

1 0.54 3.0 1.36 215.8
2 0.56 2.1 1.08 198.8
3 0.50
4 0.54 2.4 1.01 239.7
5 0.51
6 0.52 2.5 1.01 248.8
7 0.50 2.3 0.91 262.6
8 0.52 3.00 1.32 228.5
9 0.52 2.90 1.12 260.4
10 0.56 2.70 1.22 224.6

Mean 0.53 2.61 1.13 234.9

Tabs Debonded

Tabs Debonded

a The reported value is the average of three 
measurements                                                       
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Figure 7.3- Measured thickness  of composite coupons for Specimen RB1 

7.2.1 Design of Strengthening for Specimen RB1 

Let us assume that the desired increase in strength is set at 20%. This is a 

reasonable increase in capacity when looking at existing pier caps. When looking at 

Figure 7.1 an increase of approximately 20% can be gained by the addition of 1 in2 of 

steel longitudinal tension reinforcement. If the externally bonded FRP is assumed to 

maintain compatibility of deformations with the beam and the internal reinforcement it 

is possible to use a modular ratio to determine the area of FRP required. The modular 

ratio of the FRP to the steel is 9,510 ksi/29,000 ksi or 0.32. This means that 3.125 in2 of 

FRP are required. Using the width of the fiber fabric (12 in.) and the average thickness 

of the composite (0.0247 in.), the required number of layers of composite is 10.41. To 

have an equal number of layers of FRP strengthening on both sides of the specimen, it 

was wrapped six times on each side for a total of 12 layers. Figure 7.4 shows the 

strengthening scheme for Specimen RB1. The layers of the composite were wrapped 
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over themselves so that only one free end was exposed. The fiber fabric was cut into 

three lengths which were wrapped completely around the beam twice. The beam was 

wrapped in this manner to prevent global debonding of the FRP. The centroid of the 

composite is not located at the same depth as the longitudinal reinforcement in this 

particular beam. This is shown by the difference in d and dfrp in Figure 7.4. The 

strengthened specimen is shown in Figure 7.5.   

 

Figure 7.4- Strengthening scheme for Specimen RB1 
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Figure 7.5- Specimen RB1 

To calculate the capacity of the strengthened specimen, the material 

properties from Specimen BL1 were used because both specimens were cast at the same 

time. The first step is to recalculate the distance to the centroid of the longitudinal 

tension reinforcement (d). The modular ratio is used to transform the FRP into steel. 
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With the new value of d, the Modified Zararis Method can be used to calculate the 

ultimate capacity of the specimen. Since the centroid of the FRP is above the centroid of 

the steel longitudinal reinforcement, the average strain in the FRP will be less than the 

strain in the steel. Furthermore, by wrapping the FRP completely around the end of the 

beam, global debonding of the FRP should be prevented, forcing failure of the FRP 
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reinforcement to occur by fracture rather than debonding.  Fracture of the FRP occurred 

at an average strain of 1.3%, as shown in Table 7.1. The longitudinal tension steel will 

yield before the FRP fractures, making yield of the longitudinal reinforcement the 

governing factor for the strength of the tension tie. Since the steel will yield before the 

FRP reinforcement fractures the calculation of the ultimate capacity can be performed 

using the Modified Zararis Method and the transformed section of the FRP 

reinforcement.  
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The ultimate capacity of Specimen RB1 is calculated using eq (5.12) to be 530 kips. 

This is an increase of 15% over the calculated ultimate capacity of Specimen BL1 (462 

kips). The difference between the original estimate of 20% and the new estimate of 15% 

is attributable to the reduction in d.   

7.2.2 Testing of Specimen RB1 

Specimen RB1 was cast at the same time as the other B-Series specimens.  

After  strengthening using CFRP, it was  tested to ultimate capacity.  Companion 
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cylinders were tested on the same day as the beam test to determine its material 

properties.  The concrete which made up the beam had an average ultimate compressive 

strength of 3,671 psi plus or minus one standard deviation of 115 psi 

(3,671± 115 psi) based on three samples, split tension strength of 457± 43 psi based on 

three samples, and an elastic modulus of 3,298± 96 ksi based on three samples. The 

compressive strength of the concrete which made up the column had a compressive 

strength of 3,297± 52 psi based on three samples, and the longitudinal reinforcing steel 

had yield strength of 80± 1.22 ksi based on three samples.  

Specimen RB1 was tested in the same manner as the other specimen. Load 

was applied in a quasi-static manner, and pauses were taken to locate and measure 

cracks. Figure 7.6 highlights the cracks which formed in Specimen RB1. Cracks B, C, E 

and F were the first cracks to form at an applied load of 250 kips. These cracks were 

followed by Cracks A and D at an applied load of 300 kips. At a load of 350 kips, 

localized debonding of the FRP was observed at the location of Crack F; Figure 7.7 

shows the FRP pulling away from the beam at the crack. At a load of 594 kips, a 

splitting crack between the corner of the column and the support formed, causing 

failure. The ultimate capacity of 594 kips was an increase of 19% over its control 

Specimen BL1 (500 kips). 



 170 

 

Figure 7.6- Cracks in Specimen RB1 

 

Figure 7.7- Localized debonding of FRP at crack location for Specimen RB1 
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Figure 7.8 shows the load vs. deflection plots for Specimen RB1and for the 

control specimen, Specimen BL1. These specimens were cast at the same time with the 

same geometry and reinforcement. The addition of the FRP strengthening allowed 

Specimen BL1 to achieve a higher capacity. The increase in capacity of 19% was 

greater than the calculated 15%. This difference can be attributed to differences in the 

strength of the concrete between the two specimens. Specimen BL1 had a compressive 

strength of 3,352 psi while Specimen RB1 had a compressive strength of 3,671 psi. If 

the calculation of the increase in capacity is redone using the measured concrete strength 

of Specimen RB1 (3,671 psi) the capacity is 546 kips. This gives a calculated increase 

in capacity of 18% over the control beam, BL1, which correlates well with the 

experimentally observed 19% increase.  
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Figure 7.8- Load deflection plot for Specimen RB1 
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To investigate the compatibility of deformations between the FRP and the 

longitudinal reinforcement, strain gages were installed on the FRP. Figure 7.9 shows the 

location on the strain gages on both the bars and the FRP. The strain gages on the bars 

are located at the effective depth d, and the strain gages on the FRP are located at the 

effective depth of the FRP (dfrp). There is a difference of 3.55 in between the depths of 

the strain gages. Also, the strain gages on the FRP are located 12 inches from the end of 

the beam. The gages were located on the portion of the FRP crossing the anticipated 

cracks which grow from the supports. The gages on the longitudinal tension steel were 

located at mid shear span. 

 

Figure 7.9- Strain gage locations on Specimen RB1 
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The relation between applied load vs. the strains measured at each of the 

longitudinal strain gage locations is illustrated in Figure 7.10 (Positions A to E in Figure 

7.9). The strains shown in Figure 7.10 are averages from the sets of strain gages on the 

bar and the FRP respectively at the location. Early in the testing of Specimen RB1 the 

strain in the FRP reinforcement was smaller than the strain in the steel reinforcement. 

This could be due to the vertical and horizontal locations of the gages, and also the fact 

that the strain gages are located on the outside of the FRP. The difference is most 

prominent between the gages located in the spans, and is the largest at the point where 

cracks became visible in the span (250-300 kips). After the formation of the cracks, the 

strains in the bar and FRP begin to converge. Cracking appears to affect the strain gages 

attached to the bars before the gages attached to the FRP. At ultimate load, the strains 

converge and there is compatibility of deformations between the longitudinal 

reinforcing steel and the externally bonded FRP reinforcement.   

Figure 7.11 shows the plot of strut angle vs. applied load for Specimen 

RB1. The strut angle was calculated using equilibrium and the longitudinal strains from 

LVDT 17. LVDT 17 was located at the effective depth, which was calculated for both 

the longitudinal steel reinforcement and the FRP reinforcement (31.98 in.); it spanned 

longitudinally from the center of the supports. Also shown in Figure 7.11 is the strut 

angle vs. applied load for the control Specimen BL1. The formation of cracks and arch 

action is similar between RB1 and BL1. 
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Figure 7.10- Strains in FRP and longitudinal bars for Specimen RB1 
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Figure 7.11- Strut angle vs. applied load for Specimen RB1 
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7.3 Specimen RA1 

Specimen RA1 was an A series specimen; it was cast at the same time as 

Specimen AL1 (see Figure 3.8), contained the same amount of longitudinal tension 

reinforcement, and the reinforcement came from the same batch. The limit state of the A 

series specimens with 0.65% longitudinal tension reinforcement differed from that of 

the comparable B series specimens. Yield of the longitudinal tension reinforcement 

governed the limit state for the A Series specimens while splitting of the concrete 

governed for the B Series specimens. By strengthening the A Series specimen it is 

possible to determine the effect of increasing the longitudinal tension reinforcement of a 

specimen whose limit state is governed by yielding of the longitudinal tension 

reinforcement. Specimen RA1 was strengthened with unidirectional carbon fiber 

reinforced polymer. Sikawrap 117c and Sikadur 301 were again used to fabricate the 

composite. Ten coupons were made and tested in accordance with ASTM D3039; the 

results are shown in Table 7.2. The width and the elastic modulus were determined in 

the same manner as for Specimen RB1. The thickness measurements are shown in 

Figure 7.12; the mean thickness of the 64 samples was 0.0238 with a standard deviation 

of 0.0018 and coefficient of variation 0.076. The resulting approximate elastic modulus 

was 9,937 ksi. 
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Table 7.2- FRP properties for Specimen RA1 

Coupon Widtha 

(in)

Force per 
Width   
(kip/in)

Max Strain 
(%)

Tensile 
Stiffness 
(kip/in)

1 0.56 2.3 1.05 237.7
2 0.49 2.0 0.74 271.3
3 0.48 2.7 1.14 225.1
4 0.56 2.6 1.16 222.1
5 0.51 3.0 1.25 224.0
6 0.50 1.8 0.83 254.1
7 0.54 2.5 1.12 238.8
8 0.54 1.9 1.06 219.4
9 0.51 1.7 0.90 223.6
10 0.55 2.4 0.95 248.9

Mean 0.52 2.3 1.02 236.5
aThe reported value is the average of three 
measurements  
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Figure 7.12- Measured thickness of composite coupons for Specimen RA1 
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7.3.1 Design of Strengthening for Specimen RA1 

The strengthening for Specimen RA1 was designed to provide a greater 

increase in capacity than Specimen RB1, and the number of layers of FRP was increased 

to 16.  Figure 7.13 shows the strengthening for specimen RA1. The calculation for the 

increase in capacity is the same as for Specimen RB1. The modular ratio of FRP to 

longitudinal tension steel is 9,937/29,000 or 0.34. The calculation of the increase in 

capacity is based on the geometry and material properties of Specimen AL1.    

 

Figure 7.13- Strengthening scheme for Specimen RA1 

The same steps used to calculate the ultimate capacity of Specimen RB1 

were used to calculate the capacity of Specimen RA1. The FRP is transformed into steel 
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using the modular ratio, and then a new effective depth is calculated. The Modified 

Zararis Method is then used to calculate the ultimate capacity as follows. 
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This is a calculated 22% increase over Specimen AL1 (397 kips).  

7.3.2 Testing of Specimen RA1 

Companion cylinder tests were performed on the same day as beam testing. 

The concrete  in the beam had a compressive strength of 4,682± 124 psi based on three 

samples, a split tension strength of 473± 21 psi based on three samples, and an elastic 

modus of 4,120± 252 ksi based on three samples. The compressive strength of the 

concrete in the column was 4,389± 60 psi based on three samples, and the longitudinal 

steel had a yield stress of 65± 8 ksi based on three samples. 

Figure 7.14 shows the cracks which formed in Specimen RA1. Cracks B 

and C formed at an applied load of 200 kips. Crack A formed at a load of 300 kips, and 
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Cracks D and E formed at 350 kips. At an applied load of 600 kips, the longitudinal 

tension reinforcement reached its yield point. The specimen continued to carry 

increasing loads up until a load of 702 kips when a splitting crack formed.  

Figure 7.15 compares the load vs deflection for Specimen AL1 and RA1. 

The crack labels correspond to those shown in Figure 7.14. The addition of the FRP 

greatly changed the behavior of the specimen. The limit state was governed by splitting 

failure of the concrete rather than yield of the longitudinal steel reinforcement. The 

longitudinal tension reinforcement in Specimen RA1 reached the yield point at an 

applied load of 600 kips; this was 100 kips higher than in Specimen AL1 (500 kips). 

The yield of the longitudinal reinforcement did not cause the large change in the load-

deflection behavior which was observed for Specimen AL1, where yielding of the 

longitudinal tension reinforcement led to a relatively large increase in deflection without 

an increase in applied load.  Specimen RA1 reached an ultimate capacity of 702 kips; 

this was a 29% increase over Specimen AL1 (545 kips). The difference in concrete 

strengths between the two specimens (3,473 psi vs. 4,682 psi) accounted for an 

estimated1 6% increase in capacity. The addition of the external FRP reinforcement 

accounted for an estimated1  26% increase in capacity; this is a total calculated increase 

in capacity of 32% which agrees well with the observed 29% increase. 

                                                 
1 Estimated using the Modified Zararis Method 
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Figure 7.14- Cracks in Specimen RA1 
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Figure 7.15- Load vs. deflection plot for Specimen RA1 
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Strain gages were installed on the FRP to compliment the gages installed on 

the longitudinal tension reinforcement. Figure 7.16 shows the locations of the strain 

gages and the longitudinal LVDT 17. The strain gages on the FRP were placed at the 

same longitudinal locations as the gages on the bars. This was done to determine if the 

longitudinal location of the gages was the cause for the lag between the strain measured 

during the testing of Specimen RB1.  For independent verification, LVDT 17 was 

located at the effective depth of 31.76 inches, and was mounted on the exterior of the 

beam over the FRP spanning from the center of the supports. It had a total length of 96 

inches. The strains measured are shown in Figure 7.17. Moving the strain gages to the 

same longitudinal location did reduce the lag shown in the strains for Specimen RB1 

significantly, but the gages on the FRP did not measure as much strain as the gages on 

the bar at ultimate. This could have been due to the distance of the FRP gages from the 

location of the cracks. Also there was not the large amount of debonding seen in 

Specimen RB1. After the debonding of the FRP, compatibility of strains was maintained 

in Specimen RB1. The strains calculated from LVDT 17 show strain compatibility with 

the gages installed on the longitudinal tension reinforcement. The difference in the 

strain gage measurements can be attributed to localized effects.  



 182 

 

Figure 7.16- Strain gage locations for Specimen RA1 
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Figure 7.17- Strains for Specimen RA1 
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Figure 7.18 shows the strut angle calculated from the strains in LVDT 17 

vs. the applied load. For comparison, the strut angle vs. load for Specimen AL1 is also 

shown in the figure. The strut angle for Specimen AL1 is calculated using a strain gage 

at midspan instead of an LVDT. That strain gage was susceptible to localized effects 

which causes some variation in the results. From the plots it can be seen that Specimen 

RA1 achieves a lower strut angle, which is consistent with the addition of longitudinal 

tension reinforcement.  Arch action is achieved at later point than for Specimen AL1. 
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Figure 7.18- Strut angle vs. applied load for Specimen RA1 

7.4 Conclusions 

 This chapter has presented a simple approach to strengthening reinforced 

concrete beams with externally bonded FRP reinforcement,  using transformed sections 
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and the Modified Zararis Method for reinforced concrete deep beams with a 

longitudinal reinforcement ratio less than the balanced point.   The FRP reinforcement 

provides additional longitudinal tension reinforcement, increasing the strength of the 

longitudinal tension tie which, in turn, changed the shape of the concrete arch which 

formed.   This led to an increase in ultimate capacity.  

Table 7.3 summarizes the results of the tests conducted in support of the 

proposed strengthening method.  It gives the ultimate capacity of the experimental 

specimen (Pult) and the calculated ultimate capacity based on the Modified Zararis 

Method (Pcalc). The experimental (Pcontrol ult) and calculated (Pcontrol calc) ultimate 

capacities for the corresponding control specimens are also tabulated. With these values, 

the percent increase in ultimate capacity was calculated based on both the experimental 

(Dexp) and calculated (Dcalc) ultimate capacities. The ratios of Pult/Pcalc, and  Dexp/Dcalc 

were then calculated.  The results show that the calculated increase in capacity 

represents the observed experimental increase in capacity well. The average ratio for 

Dexp/Dcalc is 0.971. The ratio of  Pult/Pcalc was 1.21.  

Table 7.3- Results of strengthening experiments 

Specimen
Pexp 

(kips)
Pcalc 

(kips)
Control

Pcontrol exp 

(kips)
Pcontrol calc 

(kips)
D exp D calc

D exp/      

D calc

Pexp/ 
Pcalc

RB1 594 546 BL1 500 463 19% 18% 1.049 1.088
RA1 702 525 AL1 545 397 29% 32% 0.893 1.337

Mean 0.971 1.213 
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Chapter 8 

SUMMARY, CONCLUSIONS, AND RECOMMENDATIONS 

 This Chapter summarizes the major accomplishments in this dissertation, 

while highlighting its important conclusions. The summary and conclusions are 

followed by ideas for possible future work which have been identified during the 

research. 

8.1 Summary of research 

Reinforced concrete pier caps in aging bridges may suffer from 

deterioration, leading to deficiencies in their shear capacity that may prompt posting.  

This limits the travel of goods and services, and may lead to costly repair or to 

replacement. If the deficiencies in the pier caps can be addressed through economical 

strengthening or rehabilitation, the postings can reduced or lifted and the bridge can be 

returned to normal use.  

A pier cap is a large deep reinforced concrete beam in which the shear spans 

are short (typically less than twice the effective depth of the beam). Due to their size and 

loading, they have the ability to carry load through arch action.  Externally bonded 

reinforcement has been successfully used to strengthen reinforced concrete members, 

but there is little existing research to shed light on how it might be used to strengthen a 

beam similar to a pier cap. 

It is essential to understand the behavior of reinforced concrete pier caps 

before attempting to address the merits of various strengthening methods.  Accordingly, 

the research was conducted in two distinct parts. The first was an experimental study on 
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the behavior of reinforced concrete pier caps without externally bonded reinforcement. 

This work involved the experimental testing of laboratory specimens and comparison of 

different existing methods for analyzing large deep beams.  With the understanding of 

pier cap behavior gained from the experimental study and a suitable analysis method 

supported by the experimental results, the second part of the study could focus on 

methods for strengthening the reinforced concrete pier caps with externally bonded 

reinforcement.  This second part entailed the use of a modified strut-and-tie analysis, 

supported by tests of laboratory specimens that were companions to those tested earlier 

but which had been retrofitted with externally bonded FRP composites.  

Reinforced Concrete deep beams, such as pier caps, have a shear span over 

effective depth ratio less than two, which gives them the ability to carry load through 

arch action once some amount of diagonal cracking has occurred. It is the arch 

mechanism which determines the ultimate strength of the beam.  The main factors that 

affect the strength of a reinforced concrete deep beam are its effective depth, shear span, 

longitudinal tension reinforcement, and the transverse shear reinforcement. The depth is 

of particular significance because there is a size effect associated with it. In this case, 

beams with a smaller depth have a higher capacity with respect to beams with large 

depths when normalized to account for differences in scale.  Methods that might be 

suitable for the analysis and design of deep beams and their retrofits were also identified 

in Chapter 2; these methods are evaluated further in the context of the experimental 

program, particularly with regard to their ability to capture the dominant failure mode 

involving arch action.  

The specimens for the experimental program were based on the pier caps 

for Bridge 085-0018 in Dawson County, Georgia. The variables which were examined 

with the specimens included the amount of longitudinal tension reinforcement, beam 

depth, and crack control reinforcement. Two longitudinal tension reinforcement ratios 
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were considered. The first was 0.65% which matched the reinforcement ratio of Bridge 

085-0018, and the second was 1.3% which was simply double the first. The effect of 

beam depth was treated by scaling down full scale specimens with an approximate 

height of 36 inches to 18 inches using Bazant’s Equation and the Buckingham Pi 

Theorem.  Bazant’s Equation was used for the scaling because it includes factors which 

account for size effect, such as the size of the largest coarse aggregate used in the 

concrete. The effects of crack control reinforcement were treated by comparing 

specimens with crack control reinforcement meeting the 2007 AASHTO LRFD Bridge 

Specification against specimens without crack control reinforcement. Eleven tests were 

performed and their results were analyzed with several different methods for 

determining the ultimate capacity of reinforced concrete deep beams. These methods 

included both the AASHTO and ACI strut and tie models with new procedures 

developed for the evaluation of existing structures, Bazant’s Equation, Zararis’s 

Method, and the new proposed Modified Zararis Method. The analysis methods were 

also compared using a larger database collected from literature. 

 A literature review on the strengthening of reinforced concrete members for 

shear with FRP was presented. The review was done by analyzing a database of beams 

strengthened externally with FRP. Of the 139 tests only 13 characterized the FRP 

material according to an ASTM Standard. In order to make comparisons between the 

materials used by different researchers the materials must be categorized according to 

ASTM Standards (ASTM D-3039 or D-638). 

Finally the work presented in the previous chapters is synthesized into a 

method for externally strengthening reinforced concrete deep beams (pier caps).  It 

begins by laying out a design strategy for specimens with longitudinal reinforcement 

ratios below the balanced point, defined as the point at which the Modified Zararis 

Method predicts that the longitudinal tension reinforcement yields at the same time as 
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the longitudinal compression zone in the concrete crushes. Reinforcement ratios below 

the balanced point were emphasized in this task because classic reinforced concrete 

design methodology has strongly encouraged that beam reinforcement be proportioned 

below the balanced point to improve their ductility, and pier caps showing distress are 

generally reinforced in this way.  To increase the ultimate beam capacity, the amount of 

longitudinal tension reinforcement was increased. The calculation for the increase in 

capacity is done using the Modified Zararis Method.  

8.2 Conclusions 

Early in the experimental design, finite element models were used to 

determine the most highly stressed regions of the pier cap.  These models showed that 

replacing the column with a steel plate to simplify specimen construction changed the 

stresses in the pier cap specimen.  As a result, a stub column was cast on top of the 

specimens to maintain similitude between the specimen and the pier cap. The stub 

column was critical in modeling the behavior of the pier cap. It induced stress 

concentrations into the pier cap which dictated the failure mode in some cases, and it 

also affected the angle at which the principal compression strut formed. It shows the 

importance of the boundary conditions on the behavior of deep beams.  

Increasing the longitudinal reinforcement caused an increase in the ultimate 

capacity of the specimen. The increase in capacity was due to an increase in the strength 

of the tension tie, and a change in the shape of the tied arch. The change in the shape of 

the tied arch decreased the effects of the stress concentration at the re-entrant corner of 

the beam-column. The change in the shape of the arch is shown by the change in the 

principal compression strut angle. Increasing the amount of reinforcement reduced the 

compression strut angle at ultimate. Without the change in the strut angle, increasing the 

tension tie would have had no benefit; this was shown in the comparison of the ultimate 

capacities of Specimens BL1 and Specimen AL1.  Increasing the yield strength of the 
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tension tie increased its ultimate capacity, but not its stiffness. Without the change in 

stiffness, there was no change in the strut angle or the geometry of the tied arch which 

formed.  

Two different ultimate limit states were observed. The first was yield of the 

tension tie. After the formation of the tied arch, the longitudinal tension tie reached its 

yield point. This limit state was generally a ductile one, and was a function of both the 

longitudinal reinforcement ratio and the yield stress of the steel. Generally the 

specimens with 0.65% longitudinal reinforcement had this limit state. The other limit 

state observed was splitting of the principal compression strut in the concrete arch. 

Splitting occurred due to the stress concentration introduced by the stub column. A 

splitting tension crack formed running from the corner of the column to the center of the 

nearest support. This failure mode was brittle. Generally the specimens with 1.3% 

longitudinal tension reinforcement had this limit state. 

Crack control reinforcement in accordance with the 2007 AASHTO LRFD 

Bridge Design Specifications was added to specimens with 1.3% longitudinal 

reinforcement. The presence of the crack control reinforcement increased the beam 

capacity by reinforcing the splitting crack. In the specimens with crack control 

reinforcement, the splitting crack appeared and the specimen continued to carry 

increasing load. In specimens without crack control reinforcement, however, the 

splitting crack caused immediate failure. The crack control reinforcement only had a 

major effect on the splitting crack; it did not affect the point where other cracks 

developed.  

The formation of diagonal cracks generally appeared at 40%  of the ultimate 

capacity on average. The specimens still had the majority of their capacity left after the 

formation of diagonal cracks; the cracks do not indicate eminent failure. 



 190 

Half scaled specimens were designed to investigate whether size effects 

might be significant.  For specimens with 0.65% longitudinal reinforcement, no 

significant size effect was observed. However, a significant size effect was observed for 

specimens with 1.3% longitudinal reinforcement. In general, for specimens whose 

ultimate strength is governed by yield of the longitudinal reinforcement, there was no 

size effect.  Conversely, for the specimens in which the ultimate strength was governed 

by splitting failure of the concrete there was a significant size effect.  

 The proposed Modified Zararis Method was chosen as the model that best 

represented the ultimate behavior of a reinforced concrete pier cap based on a 

comparison to both the results of the experimental program and a larger database. A 

small parametric study was performed using the proposed Modified Zararis Method. It 

showed that the most effective way to strengthen a beam reinforced below the balance 

point was to add additional longitudinal tension reinforcement. Increasing longitudinal 

tension reinforcement is not as effective in increasing the capacity of beams reinforced 

above the balance point. This method was adopted for the strengthening of reinforced 

concrete pier caps. Two tests were performed on specimens with 0.65% longitudinal 

reinforcement with externally bonded strengthening schemes. The results of the test 

agreed well with the predictions made using the Modified Zararis Method. This showed 

that increasing the strength of the longitudinal tension tie is an effective way to increase 

the strength of reinforced concrete deep beams reinforced below the balance point, and 

that the Modified Zararis Method is an effective way of determining the increase in 

capacity.  

8.4 Recommendations for Design and Evaluation of Pier Caps 

Measures should be taken to mitigate the stress concentration introduced by 

the column in the design of new pier caps. A simple way to accomplish this is to cast the 

pier caps with hammerhead columns. The hammerhead should be designed to transfer 
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the forces directly from the girders into the column. The strut and tie model and the 

Modified Zararis Method are both effective procedures for the design of new pier caps. 

The Modified Zararis Method has better correlation to the experimental results than 

either of the strut and tie models. The ultimate capacities calculated using the ACI strut 

and tie model had a better correlation to the experimental results than the AASHTO 

strut and tie model. The AASHTO strut and tie model can be improved by adopting the 

allowable strut stress parameters form the ACI model. The splitting failure of the 

concrete was shown to be a function of the stress concentration. When a column is 

present a splitting failure should be anticipated and crack control reinforcement 

provided.   

The Modified Zararis Method should be used in the evaluation of existing 

structures. It eliminates the need for the extensive iteration required by the strut and tie 

model. The proposed Modified Zararis Method gives a simple procedure for 

determining the ultimate capacity of existing reinforced concrete deep beam.  

8.4 Recommendations for Future Work 

During the research a number of different lines of future inquiry were 

identified. The first major effort should be directed toward reducing the stress 

concentration at the interface of the beam and column, as it served as a crack starter in 

practically all of the tests in this research program and a related program (O’Malley, 

2011).  While stress concentrations are most commonly studied using a finite element 

analysis, the cracking in the reinforced concrete beam makes such an analysis 

problematic.  In most FEA methods, the cracking of reinforced concrete is modeled as a 

reduction in stiffness, but the individual cracks themselves are not modeled. This 

method works when stiffness governs the behavior of the member and the discrete 

cracks play a minor role in structural behavior. In the case of reinforced concrete deep 

beams, however, diagonal cracking is essential for allowing a tied arch mechanism to 
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form, making the individual cracks important. When modeling a reinforced concrete 

deep beam with a FEA analysis, the nature of the cracking causes a singularity and 

ultimately causes the analysis to fail. A discrete element analysis (Lorig and Cundal, 

1989) might provide a fruitful alternative to FEA in dealing with this issue numerically.  

Discrete element analyses have been employed successfully in geotechnical engineering, 

where they have been used to model movement in granular media and fracture in rock. 

This method of analysis allows for the formation of discrete cracks, which may make it 

a suitable method for modeling reinforced concrete pier caps and reinforced concrete in 

general. Reinforced concrete compression cylinders and flexural members have been 

successfully modeled using the discrete element method (Lorig and Cundal, 1989). With 

a properly calibrated discrete element model, parametric studies could be conducted on 

the stress concentration, factors which affect it, and practical approaches for its 

mitigation.  

A deep beam is generally defined as having a shear span to depth (a/d) ratio 

less than 2.5, but not all deep beams exhibit the same behavior. All deep beams can be 

limited by their tension tie. Deep beams with an a/d ratio less than 2 can undergo arch 

action and fail due to crushing of the concrete in the arch. For beams with a/d ratios 

between 2 and 2.5, shear failure occurs by diagonal tension failure of the concrete in the 

compression zone. The research in this study only considers beams which fail due to 

crushing of the concrete in the arch. The effect of external strengthening schemes on 

beams with a/d ratios between 2 and 2.5 is still unknown.  

There were no existing cracks in the strengthened specimens tested as part 

of this study. The concept used to strengthen the specimens dealt with using an increase 

in the longitudinal tension reinforcement ratio to effect a change in the shape of the tied 

arch which formed at ultimate. It may not be possible to change the shape of the tied 

arch if cracks are already present in the specimen.  



 193 

The effects of adding external transverse reinforcement still needs to be 

studied. The experimental program focused on addition of longitudinal tension 

reinforcement because the Modified Zararis Method indicated that it would be the most 

effective way to increase the capacity of beams reinforced below the balanced point. It 

is important to determine what effect external transverse reinforcement has on deep 

beams. It may be an effective strengthening scheme for beams reinforced over the 

balanced point, or transverse and longitudinal reinforcement may successfully be used 

together.  

The external reinforcement was a unidirectional composite. This was done 

to avoid the addition of variables which would complicate observations. The main 

advantage of composites are that through the use of lamination and different molding 

and shaping techniques a part can be designed with almost any required shape and 

mechanical property. It may be possible to design a FRP strengthening scheme 

specifically for the rehabilitation of reinforced concrete pier caps.  
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APPENDIX A 

 

 

 BAR DEVELOPMENT FORCES 

The load cells were placed on the end of the longitudinal reinforcement to 

provide anchorage. It was hoped that since the bars had short development lengths (less 

than 12 in.), the bars would debond and the load cells would directly measure the force 

in the bar. This force could then be used to calculate the angle of the principal 

compression strut. What was found is that the equations for development length in the 

AASHTO 2007 LRFD Specifications are very conservative.  

The equations for development length are based on the work of Orangun et 

al. (1977). This work is an empirical analysis of several different experimental programs 

on development length. It takes into account the effect of bar coating, size, and spacing; 

as well as the inclusion of transverse reinforcement and the amount of concrete cast 

under the bar.  It was determined how these parameters affect the average bond stress of 

the bar defined as in Eq. A.1. 
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Equation A.1 was solved for ld. This resulted in the equation for 

development length show in Section 5.11.2.1 of the AASHTO 2007 LRFD Design 

Specifications which is shown as Eq. A.2. Equation A.2 is for #11 bars and smaller. 

Other equations are listed for larger bars, but since none were used in the experimental 

program they are not included.   
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³=     (A.2)  

ld= development length (in) 

Ab= area of bar (in2) 

fy= yield strength of bar (ksi) 

f’ c= compression strength of concrete (ksi) 

db= diameter of bar (in) 

Knowing that the development lengths are based on average stress allows 

the development lengths required for full development of the bar calculated using Eqs. 

A.2 to be converted back into average bond stress using Eq. A.1. This is the average 

bond stress used to calculate the development length required by the code (ureq). 

Equation A.3 shows how the required average bond stress was calculated. 
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u

4
=       (A.3) 

ureq= maximum average bond stress allowed by code (ksi) 

fy= yield stress of longitudinal reinforcement (ksi) 

db= diameter of bar (in) 

lb= development length as calculated by Eq. 4.3 (in) 

 

It is also possible to calculate the average bond stress for the longitudinal 

bars in each specimen. Equation A.4 shows how the average bond stress (utest) was 
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calculated using the data collected during the experiment. In Eq. A.4 lb is the length of 

the bearing. At a crack the average development stress is equal to zero (Orangun, 1977). 

From the many pictures showing the cracks in the specimens, it can be seen that in 

general cracks develop at the corner of the bearing plate. This limits the development 

length of the bars to the area over the support. By subtracting the force measured by the 

load cells (FLC) from the force calculated using the strains in the bar (Fe) the force 

carried by the interaction of the bar and the concrete can be calculated.  

bb

bLC
test lA

dFF
u

4
)( -

= e
     (A.4) 

utest= average bond stress (ksi) 

Fe= force in bar calculated from measured strains (kips) 

FLC= force measured by load cells at end of bars (kips) 

db= diameter of bar (in) 

Ab= area of bar (in2) 

lb= bearing length (in) 

 

Figure A.1 shows the development force measured by the load cells on the 

end of the bars vs. both the force in the bar and the vertical force for Specimen AL1. 

Due to symmetry, the vertical force is the applied load divided by two. The development 

force for other specimens is very similar to that measured for Specimen AL1. There is a 

nonlinear relationship between the development force and both the force in the bar and 

the vertical force. This means that there is not a point where the bars fully debond and 

the force in the bar was carried only by the anchorage. 
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Figure A.1 Development force at end of bar vs. applied load and bar force for 
Specimen AL1 

The inability of the longitudinal reinforcement to fully debond is a function 

of the confinement provided by the bearing plate and the principal compression strut 

which forms once arch action becomes the main load carrying mechanism. Figure A.2 

shows the state of equilibrium at the support when arch action is the load carrying 

mechanism. The force from the strut (Fstrut) has both a vertical and horizontal 

component. The vertical component of the strut force is in equilibrium with the vertical 

reaction force (Fvert) while the horizontal component is in equilibrium with the force in 

the bar (Fbar). The force in the bar is developed by the average bond stress (u) and the 

force in the bearing load cell (FLC). Due to the vertical equilibrium there is also an 

average bearing stress (ub). This stress serves to confine the concrete around the bar and 

increase the average bond stress (u) which can develop.  
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Figure A.2- Equilibrium at support during arch acti on 

With this concept in mind the data for individual bar types was collected 

from specimens which had no crack control reinforcement and only one row of bars. 

The data from Specimens AL1 and BL1 were used to make conclusions about #10 bars, 

Specimens AS1 and AS2 were used to make conclusions about #5 bars, and Specimens 

AS3 and AS4 were used to make conclusions about #9 bars. Figure A.3 shows a plot of 

the average bond stress from the test (utest) normalized by the required average bond 

stress (ureq) vs. the confining bearing stress (ub) after the transition to arch action for #10 

bars. Average bearing stress is, again, the vertical force divided by the bearing area. The 

plot of the data points has a linear trend. A linear regression is shown in the figure with 

the equation for the line as well as the coefficient of determination (R2 value). Since the 

coefficient of determination is very close to one (0.95) the linear regression is a good fit.   



 199 

0 0.2 0.4 0.6 0.8 1 1.2 1.4
0

1

2

3

4

5

6

ub (ksi)

 

 

data

fit

y=4x-0.1

R2=0.95

utest
ureq

 

Figure A.3- Normalized average bond stress vs. bearing stress for #10 bars 

Figures A.4 and A.5 show the same normalized plots for both #5 and #9 

bars. The linear regression for the #9 bars was not as successful as that for the #10 and 

#5 bars; it had a coefficient of determination of 0.86. 
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Figure A.4- Normalized average bond stress vs. bearing stress for #9 bars 
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Figure A.5- Normalized average bond stress vs. bearing stress for #5 bars 
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With the results of the linear regression it is possible to develop equations 

which relate the development length calculated from the code using Eq. A.1 and what 

was seen in the experiments. The equations are not intended to be design equations. 

They are meant for the evaluation of existing structures when arch action is the primary 

load carrying mechanism. They remove the excess conservatism in the code and give an 

engineer a way of determining if a bar has sufficient development length if it does not 

meet the requirements of the current code. Each of the three bar types has a different 

equation which is a function of the average bearing stress (ub) and the required 

development length (ldr). Average bearing stress is the vertical reaction force divided by 

the bearing area, and the required development length is calculated through Eq. 4.3. If 

the development lengths calculated with Eqs. A.5, A.6 and A.7 are longer than the 

bearing length, the length can be converted back into a stress using Eq. A.2. This stress 

can be converted into a force by multiplying by the circumference of the bar and the 

bearing length. This force can be subtracted from the force required to yield the bar, and 

the remaining force can be input into Eq. A.1 to calculate the additional required 

development length. 
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dr
b

dr
dt l

u

l
l £

-
=

1.04
     (A.5) 

#9 bar 

dr
b

dr
dt l

u

l
l £

-
=

79.084.1
     (A.6) 

#5 bar 

dr
b

dr
dt l

u

l
l £

+
=

24.04.1
     (A.7) 

ldt= development length from test (in) 

ldr= development length from code Eq. 4.3 (in) 

ub= average bearing stress (ksi) 
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APPENDIX B 

 

 
SAMPLE CALCULATIONS FOR ULTIMAE CAPACITY 

In this Appendix each type of ultimate capacity calculation discussed in 

Chapter 5 will be demonstrated. To do this an example calculation will be performed 

using Specimen AL2 to illustrate the intricacies of each method. Specimen AL2 was 

chosen because it is a full depth specimen which underwent a brittle failure; this is 

considered a more dangerous failure mode. Figure 5.1 shows the reinforcement details 

for Specimen AL2, and on the day of testing the concrete that made up the beam had a 

compressive strength of 3651 psi, and the longitudinal steel had a yield stress of 65 ksi.  

Specimen AL2 reached its ultimate capacity at an applied load of 660 kips. 

 

Figure B.1- Specimen AL2 
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B.1 AASHTO Simplified Method for Nonprestressesd Beams 

 The AASHTO Simplified Method for Nonprestressed Beams is based on 

the truss model, and it is shown in Eq. 2.3. In the equation, Vc is the shear contribution 

from concrete and Vs  is the shear contribution from the transverse steel reinforcement. 

Since Specimen AL2 does not have any transverse steel in the shear span, the Vs can be 

ignored. This simplifies the calculations to: 

 

kips 70

)12.32)(18(651.3)0316.0(2

in 32.12

in 18 

ksi 651.3'

')0316.0(2

==

=

=

=

=

=

=

cn

c

v

v

c

vvcc

cn

VV

V

d

b

f

dbfV

VV

 

 

Specimen AL2 was loaded symmetrically; this makes the total calculated applied load 

equal two times the nominal shear. 
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B.2 Strut and Tie Model 

The first step in developing a strut and tie model according to the method 

developed in Chapter 5 is to determine the smallest bearing width.When looking at 

Specimen AL2, the smallest bearing width for a single strut is 11.5 inches. This 

corresponds to the bottom bearing plate. The available bearing width provided by the 

column is 36 inches. This means that lb is equal to 11.5 inches. The known values for 

Specimen AL2 are: 
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 As= 7.62 in2 

 Es= 29,000 ksi 

fy= 65 ksi 

f’ c=3.651 ksi 

bv= 18 in 

d= 32.16 in 

a= 48 in 

lb comp= 36 in 

lb= 11.5 in 

 

The first attempt at the solution will assume that the steel yields 

(es=0.0022); which is simply calculated by fy/Es.  The solution to the problem is as 

follows: 

 

vc

sSs
a bf

EA
h

'75.0

e
=        (5.1) 

)18)(651.3(75.0
)0022.0)(000,29)(62.7(

=ah  

in 86.9=ah  

�
�
�
�

�

�

�
�
�
�

�

�

+-

-
= -

22

'75.02
1

tan 1

bbw

vc

sss

s lT
a

bf
EA

d
e

q     (5.2) 

�
�
�
�

�

�

�
�
�
�

�

�

+-

-
= -

2
5.11

2
36

48

)18)(651.3(75.0
)0022.0)(000,29)(62.7(

2
1

16.32
tan 1

sq  

°= 3.37sq  

 



 205 

)cos()sin( sasbs hlw qq +=      (5.3) 

)3.37cos(86.9)3.37sin(5.11 +=sw  

in 79.14=sw  

)cos( svs

sss
n bw

EA
f

q
e

=       (5.4) 

)3.37cos()18)(79.14(
)0022.0)(000,29)(62.7(

=nf  

ksi 3.2=nf  

)(cot)002.0( 2
1 sss aeee ++=     (5.5b) 

)3.37(cot)002.00022.0(0022.0 2
1 ++=e  

0094.01 =e  

c
c

cu f
f

f '85.0
1708.0

'

1

£
+

=
e

    (5.5a) 

 )651.3(85.0
)0094.0(1708.0

651.3
£

+
=cuf  

 )651.3(85.0
)0094.0(1708.0

651.3
£

+
=cuf  

 ksi 3.10  ksi 52.1 £=cuf  

again try ®> cun ff  

 The nominal strut stress is greater than the allowable strut stress. The whole 

calculation needs to be repeated assuming a smaller strain in the longitudinal steel. This 

is the point where having the whole process programmed becomes most helpful. The 

results of the computer analysis are as follows: 
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 The only check that is required is that the stress on the limiting bearing is 

not too great. The ultimate load can be simply calculated based on the force in the 

longitudinal reinforcement; for Specimen AL2 this is: 
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 The limiting stress on the vertical bearing is given by 0.75f’c, and for 

Specimen AL2 is 2.73 ksi. The bearing stress at the ultimate load of 532.4 kips is 1.29 

ksi. and is within the limit. This indicates that an acceptable strut and tie model has been 

established.  

 The American Concrete Institute has its own set of procedures for 

performing a strut and tie analysis. The main difference between the AASHTO and the 

ACI approach are the limit on the crushing stress of the concrete in the compression 

strut. In the ACI approach there is no Eq. 5.2. The allowable crushing stress in the strut 

is simply taken as: 

 

csce ff '85.0 b=       (5.6) 

fce= effective strut compressive strength (psi) 

 f’c=compressive strength of concrete (psi) 

 b=1.0 if strut is prismatic 

 b=0.6 if strut is a bottle strut 
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 b=0.75 if strut if adequate reinforcement is provided 

 

Adequate reinforcement is defined as: 
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Asi= total area of surface reinforcement (in2) 

bs= width of beam (in) 

si= spacing of reinforcement (in) 

as= angle between reinforcement and axis of the strut (degrees) 
 

Taking the nominal strut stress from the first iteration of the AASHTO strut 

and tie model it is compared to the allowable strut stress according to the ACI code. 
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Again the computer is turned to and the results of the analysis are: 
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The ultimate capacity based on the ACI procedures is: 
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Again, performing the bearing checks shows that the stress on the vertical face of is 1.26 

ksi which is within the limit of 2.73 ksi. This is an acceptable strut and tie model.  

B.3 Zararis’s Method 

Zararis’s Method is described in Chapter 2. Equations 2.11 to 2.13 are used 

to calculate the ultimate shear capacity of a reinforced concrete deep beam. The 

calculation of the ultimate capacity of Specimen AL2 with Zararis’s Method is as 

follows: 
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Again, due to symmetry the ultimate capacity is twice the shear capacity. 
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B.4 Proposed Modified Zararis Method 

The Modified Zararis Method was developed in Chapter 5. Based on the 

observations made during the experimental program, it improves upon some of the 

assumptions which Zararis’s made while developing his method. The calculations for 

the ultimate capacity of Specimen AL2 with the Modified Zararis Method are shown. 
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B.5- Bazant’s Equation 

Bazant’s equation is based on a regression analysis, and it takes the form of 

Eq. 2.2; it is solved in a straight forward manor.  
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APPENDIX C 

 

 

REINFORCED CONCRETE DEEP BEAM DATABASE 
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Specimen Loading Column a (in) d (in) a/d b (in)

As 

(in2)

Asv 

(in2)
Agg. 
(in)

Tbw 

(in)
Bbw 

(in) f'c (psi) fy (ksi)

fyv 

(ksi)
Pexp. 

(kips)

B1-1 4 pt. No 30.00 15.40 1.95 8.00 3.81 0.89 1.00 3.50 3.50 3388 46.5 48.0 125.4
B1-2 4 pt. No 30.00 15.40 1.95 8.00 3.81 0.89 1.00 3.50 3.50 3680 46.5 48.0 115.4
B1-3 4 pt. No 30.00 15.40 1.95 8.00 3.81 0.89 1.00 3.50 3.50 3435 46.5 48.0 128.1
B1-4 4 pt. No 30.00 15.40 1.95 8.00 3.81 0.89 1.00 3.50 3.50 3380 46.5 48.0 120.6
B1-5 4 pt. No 30.00 15.40 1.95 8.00 3.81 0.89 1.00 3.50 3.50 3570 46.5 48.0 108.6
B2-1 4 pt. No 30.00 15.40 1.95 8.00 3.81 1.78 1.00 3.50 3.50 3370 46.5 48.0 135.4
B2-2 4 pt. No 30.00 15.40 1.95 8.00 3.81 1.78 1.00 3.50 3.50 3820 46.5 48.0 144.9
B2-3 4 pt. No 30.00 15.40 1.95 8.00 3.81 1.78 1.00 3.50 3.50 3615 46.5 48.0 150.6
B6-1 4 pt. No 30.00 15.40 1.95 8.00 3.81 0.89 1.00 3.50 3.50 6110 46.5 48.0 170.6
C1-1 4 pt. No 24.00 15.30 1.57 8.00 2.54 0.67 1.00 3.50 3.50 3720 46.5 48.0 124.9
C1-2 4 pt. No 24.00 15.30 1.57 8.00 2.54 0.67 1.00 3.50 3.50 3820 46.5 48.0 139.9
C1-3 4 pt. No 24.00 15.30 1.57 8.00 2.54 0.67 1.00 3.50 3.50 3475 46.5 48.0 110.6
C1-4 4 pt. No 24.00 15.30 1.57 8.00 2.54 0.67 1.00 3.50 3.50 4210 46.5 48.0 128.6
C2-1 4 pt. No 24.00 15.30 1.57 8.00 2.54 1.33 1.00 3.50 3.50 3430 46.5 48.0 130.4
C2-2 4 pt. No 24.00 15.30 1.57 8.00 2.54 1.33 1.00 3.50 3.50 3625 46.5 48.0 135.4
C2-3 4 pt. No 24.00 15.30 1.57 8.00 2.54 1.33 1.00 3.50 3.50 3500 46.5 48.0 145.6
C2-4 4 pt. No 24.00 15.30 1.57 8.00 2.54 1.33 1.00 3.50 3.50 3910 46.5 48.0 129.6
C3-1 4 pt. No 24.00 15.30 1.57 8.00 2.54 0.67 1.00 3.50 3.50 2040 46.5 48.0 100.5
C3-2 4 pt. No 24.00 15.30 1.57 8.00 2.54 0.67 1.00 3.50 3.50 2000 46.5 48.0 90.1
C3-3 4 pt. No 24.00 15.30 1.57 8.00 2.54 0.67 1.00 3.50 3.50 2020 46.5 48.0 84.6
C4-1 4 pt. No 24.00 15.40 1.56 8.00 3.81 0.67 1.00 3.50 3.50 3550 46.5 48.0 139.0
C6-2 4 pt. No 24.00 15.40 1.56 8.00 3.81 0.67 1.00 3.50 3.50 6560 46.5 48.0 190.6
C6-3 4 pt. No 24.00 15.40 1.56 8.00 3.81 0.67 1.00 3.50 3.50 6480 46.5 48.0 195.6
C6-4 4 pt. No 24.00 15.40 1.56 8.00 3.81 0.67 1.00 3.50 3.50 6900 46.5 48.0 192.7
D1-1 4 pt. No 18.00 15.50 1.16 8.00 2.02 0.67 1.00 3.50 3.50 3800 48.6 48.0 135.4
D1-2 4 pt. No 18.00 15.50 1.16 8.00 2.02 0.67 1.00 3.50 3.50 3790 48.6 48.0 160.4
D1-3 4 pt. No 18.00 15.50 1.16 8.00 2.02 0.67 1.00 3.50 3.50 3560 48.6 48.0 115.4
D2-1 4 pt. No 18.00 15.50 1.16 8.00 2.02 0.89 1.00 3.50 3.50 3480 48.6 48.0 130.4
D2-2 4 pt. No 18.00 15.50 1.16 8.00 2.02 0.89 1.00 3.50 3.50 3755 48.6 48.0 140.4

Clark 1951
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Specimen Loading Column a (in) d (in) a/d b (in)

As 

(in2)

Asv 

(in2)
Agg. 
(in)

Tbw 

(in)
Bbw 

(in) f'c (psi) fy (ksi)

fyv 

(ksi)
Pexp. 

(kips)

D2-3 4 pt. No 18.00 15.50 1.16 8.00 2.02 0.89 1.00 3.50 3.50 3595 48.6 48.0 150.4
D2-4 4 pt. No 18.00 15.50 1.16 8.00 2.02 0.89 1.00 3.50 3.50 3550 48.6 48.0 150.6
D3-1 4 pt. No 18.00 15.50 1.16 8.00 3.04 1.33 1.00 3.50 3.50 4090 48.6 48.0 177.6
D4-1 4 pt. No 18.00 15.50 1.16 8.00 2.02 1.78 1.00 3.50 3.50 3350 48.6 48.0 140.4
D1-6 4 pt. No 24.00 12.40 1.94 6.00 2.54 0.67 1.00 3.50 3.50 4010 48.6 48.0 78.6
D1-7 4 pt. No 24.00 12.40 1.94 6.00 2.54 0.67 1.00 3.50 3.50 4060 48.6 48.0 80.6
D1-8 4 pt. No 24.00 12.40 1.94 6.00 2.54 0.67 1.00 3.50 3.50 4030 48.6 48.0 83.6
B0-1 4 pt. No 30.00 15.30 1.96 8.00 1.20 0.00 1.00 3.50 3.50 3420 53.7 0.0 54.4
B0-2 4 pt. No 30.00 15.30 1.96 8.00 1.20 0.00 1.00 3.50 3.50 3468 53.7 0.0 42.4
B0-3 4 pt. No 30.00 15.30 1.96 8.00 1.20 0.00 1.00 3.50 3.50 3410 53.7 0.0 57.6
C0-1 4 pt. No 24.00 15.30 1.57 8.00 1.20 0.00 1.00 3.50 3.50 3580 53.7 0.0 78.4
C0-2 4 pt. No 24.00 15.30 1.57 8.00 1.20 0.00 1.00 3.50 3.50 3405 53.7 0.0 79.9
C0-3 4 pt. No 24.00 15.30 1.57 8.00 1.20 0.00 1.00 3.50 3.50 3420 53.7 0.0 75.1
D0-1 4 pt. No 18.00 15.30 1.18 8.00 1.20 0.00 1.00 3.50 3.50 3750 53.7 0.0 99.6
D0-2 4 pt. No 18.00 15.30 1.18 8.00 1.20 0.00 1.00 3.50 3.50 3800 53.7 0.0 116.9
D0-3 4 pt. No 18.00 15.30 1.18 8.00 1.20 0.00 1.00 3.50 3.50 3765 53.7 0.0 100.4

24 a 4 pt. No 32.00 21.00 1.52 7.00 4.00 0.00 1.00 8.00 8.00 2580 45.7 0.0 133.0
24 b 4 pt. No 32.00 21.00 1.52 7.00 4.00 0.00 1.00 8.00 8.00 2990 45.7 0.0 136.0
25 a 4 pt. No 32.00 21.00 1.52 7.00 5.09 0.00 1.00 8.00 8.00 3530 45.4 0.0 120.0
25 b 4 pt. No 32.00 21.00 1.52 7.00 5.09 0.00 1.00 8.00 8.00 2500 45.4 0.0 130.0
26 a 4 pt. No 32.00 21.00 1.52 7.00 6.25 0.00 1.00 8.00 8.00 3140 43.8 0.0 189.0
26 b 4 pt. No 32.00 21.00 1.52 7.00 6.25 0.00 1.00 8.00 8.00 2990 43.8 0.0 178.0
27 a 4 pt. No 32.00 21.00 1.52 7.00 4.00 0.00 1.00 8.00 8.00 3100 45.7 0.0 156.0
27 b 4 pt. No 32.00 21.00 1.52 7.00 4.00 0.00 1.00 8.00 8.00 3320 45.7 0.0 160.0
28 a 4 pt. No 32.00 21.00 1.52 7.00 5.09 0.00 1.00 8.00 8.00 3380 45.4 0.0 136.0
28 b 4 pt. No 32.00 21.00 1.52 7.00 5.09 0.00 1.00 8.00 8.00 3250 45.4 0.0 153.0
29 a 4 pt. No 32.00 21.00 1.52 7.00 6.25 0.00 1.00 8.00 8.00 3150 43.8 0.0 175.0
29 b 4 pt. No 32.00 21.00 1.52 7.00 6.25 0.00 1.00 8.00 8.00 3620 43.8 0.0 196.0

Clark 1951 Continued
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Specimen Loading Column a (in) d (in) a/d b (in)

As 

(in2)

Asv 

(in2)
Agg. 
(in)

Tbw 

(in)
Bbw 

(in) f'c (psi) fy (ksi)

fyv 

(ksi)
Pexp. 

(kips)

30 4 pt. No 32.00 21.00 1.52 7.00 6.25 0.76 1.00 8.00 8.00 368043.8 47.3 215.0
31 4 pt. No 32.00 21.00 1.52 7.00 6.25 1.40 1.00 8.00 8.00 325043.8 44.0 228.0

BM1/1.0 T1 3 pt. Yes 39.40 37.40 1.05 7.87 2.79 0.17 0.40 11.81 7.87 3785 55.1 43.1 270.7
BM1/1.0 T2 3 pt. Yes 39.40 37.40 1.05 7.87 2.79 0.00 0.40 11.81 7.87 3785 55.1 43.1 314.3
BM2/1.0 T1 3 pt. Yes 39.40 37.40 1.05 7.87 2.79 0.17 0.40 11.81 7.87 3886 55.1 43.1 337.2
BM1/1.5 T1 3 pt. Yes 39.40 21.06 1.87 7.87 1.86 0.00 0.40 11.81 7.87 6148 66.0 43.1 136.2
BM1/1.5 T2 3 pt. Yes 39.40 21.06 1.87 7.87 1.86 0.21 0.40 11.81 7.87 6148 66.0 43.1 159.2
BM2/1.5 T1 3 pt. Yes 39.40 21.06 1.87 7.87 1.86 0.21 0.40 11.81 7.87 6148 66.0 43.1 101.6
BM2/1.5 T2 3 pt. Yes 39.40 21.06 1.87 7.87 1.86 0.21 0.40 11.81 7.87 6148 66.0 43.1 156.5

B2.0-1 3 pt. Yes 32.40 24.62 1.32 4.92 2.92 0.39 0.40 9.84 9.84 12035 63.8 85.6 357.5
B2.0-2 3 pt. Yes 32.40 24.62 1.32 4.92 2.92 0.39 0.40 9.84 9.84 17400 63.8 85.6 370.9
B2.0-3 3 pt. Yes 32.40 24.62 1.32 4.92 2.92 0.39 0.40 9.84 9.84 11310 63.8 85.6 314.7
B2.0B-5 3 pt. Yes 32.40 24.62 1.32 4.92 2.92 0.00 0.40 9.84 9.84 12905 63.8 85.6 263.0
B2.0C-6 3 pt. Yes 32.40 24.62 1.32 4.92 2.92 0.54 0.40 9.84 9.84 13485 63.8 85.6 328.2
B2.0D-7 3 pt. Yes 32.40 24.62 1.32 4.92 2.92 0.39 0.40 9.84 9.84 15080 63.8 85.6 323.7
B3.0-1 3 pt. Yes 46.30 24.62 1.88 4.92 2.92 0.64 0.40 9.84 9.84 11600 63.8 85.6 229.3
B3.0-2 3 pt. Yes 46.30 24.62 1.88 4.92 2.92 0.64 0.40 9.84 9.84 17400 63.8 85.6 236.1
B3.0-3 3 pt. Yes 46.30 24.62 1.88 4.92 2.92 0.64 0.40 9.84 9.84 11165 63.8 85.6 236.1
B3.0A-4 4 pt. No 36.40 24.62 1.48 4.92 2.92 0.59 0.40 9.84 9.84 12760 63.8 85.6 348.5
B3.0B-5 3 pt. Yes 46.30 24.62 1.88 4.92 2.92 0.00 0.40 9.84 9.84 12905 63.8 85.6 195.6

ACI-I 4 pt. No 36.00 31.13 1.16 12.00 4.74 1.32 1.00 12.00 12.00 4750 61.0 65.0 610.0
STM-I 4 pt. No 36.00 28.25 1.27 12.00 4.74 1.32 1.00 12.00 12.00 4750 61.0 65.0 510.0
STM-H 4 pt. No 36.00 31.50 1.14 12.00 4.74 1.32 1.00 12.00 12.00 4130 61.0 65.0 578.0
STM-M 4 pt. No 36.00 31.50 1.14 12.00 4.74 0.44 1.00 12.00 12.00 4130 61.0 65.0 574.0

Aguilar et al. 2002

Foster and Gilbert 1998

Rogowsky 1984

Moody et al. 1954 Continued
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Specimen Loading Column a (in) d (in) a/d b (in)

As 

(in2)

Asv 

(in2)
Agg. 
(in)

Tbw 

(in)
Bbw 

(in) f'c (psi) fy (ksi)

fyv 

(ksi)
Pexp. 

(kips)

AL1 3 pt. Yes 48.00 32.80 1.46 18.00 3.81 0.00 1.00 36.00 11.50 3473 65.0 0.0 545.0
AS1 3 pt. Yes 24.00 16.40 1.46 9.00 0.93 0.00 0.50 18.00 5.75 4123 79.0 0.0 170.0
AS2 3 pt. Yes 24.00 16.40 1.46 9.00 0.93 0.00 0.50 18.00 5.75 4226 79.0 0.0 160.0
AL2 3 pt. Yes 48.00 32.12 1.49 18.00 7.62 0.00 1.00 36.00 11.50 3651 65.0 0.0 660.0
AS3 3 pt. Yes 24.00 16.06 1.49 9.00 2.00 0.00 0.50 18.00 5.75 4036 76.0 0.0 260.0
AS4 3 pt. Yes 24.00 16.06 1.49 9.00 2.00 0.00 0.50 18.00 5.75 4650 85.0 0.0 252.0
BL1 3 pt. Yes 48.00 32.80 1.46 18.00 3.81 0.00 1.00 36.00 11.50 3352 80.0 85.0 498.8
BL2 3 pt. Yes 48.00 32.12 1.49 18.00 7.62 0.00 1.00 36.00 11.50 3352 80.0 85.0 630.8
BL3 3 pt. Yes 48.00 32.12 1.49 18.00 7.62 2.40 1.00 36.00 11.50 3966 80.0 85.0 739.5
BL4 3 pt. Yes 48.00 32.12 1.49 18.00 7.62 2.40 1.00 36.00 11.50 3873 80.0 85.0 859.0
BL5 3 pt. Yes 48.00 32.12 1.49 18.00 7.62 2.40 1.00 36.00 11.50 3672 80.0 85.0 871.0

Bechtel 2011
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Ref. Specimen 
Beam 

Geometry 
H 

(in) a/d r L 
Fiber 
Type 

Fiber 
Angle 

Ratio 
tfrp  Wrap r w 

ASTM 
for 

FRP 
Vult 

(kips) 
Vcontrol 
(kips) Increase 

C-95 A1 T-Beam 7.5 2.1 2.10% Aramid 0/90 1 U-C 0.00% no 8.7 4.2 107% 
C-95 A2 T-Beam 7.5 2.1 2.10% Aramid 0/90 1 U-C 0.00% no 6.8 4.2 61% 
C-95 E1 T-Beam 7.5 2.1 2.10% Glass 0/90 1 U-C 0.00% no 8.3 4.2 96% 
C-95 E2 T-Beam 7.5 2.1 2.10% Glass 0/90 1 U-C 0.00% no 7.6 4.2 81% 
C-95 G1 T-Beam 7.5 2.1 2.10% Carbon 0/90 1 U-C 0.00% no 8.0 4.2 90% 
C-95 G2 T-Beam 7.5 2.1 2.10% Carbon 0/90 1 U-C 0.00% no 8.2 4.2 95% 
C-95 45G1 T-Beam 7.5 2.1 2.10% Glass 45/135 1 U-C 0.00% no 8.5 4.2 101% 
C-95 45G2 T-Beam 7.5 2.1 2.10% Glass 45/135 1 U-C 0.00% no 10.7 4.2 154% 
T-97 BS4 Rectangular 17.7 2.8 2.00% Carbon 90 1 U-S 0.19% yes 56.7 30.7 85% 
T-97 BS5 Rectangular 17.7 2.8 2.00% Carbon 90 1 U-S 0.19% yes 38.2 30.7 24% 
T-97 BS6 Rectangular 17.7 2.8 2.00% Carbon 90 1 U-S 0.19% yes 37.5 30.7 22% 
T-97 BS7 Rectangular 17.7 2.8 2.00% Carbon 90 1 U-S 0.19% yes 52.9 30.7 72% 
T-97 BS2 Rectangular 17.7 2.8 2.00% Carbon 90 1 U-S 0.31% yes 55.6 46.4 20% 
A-97 CF-045 Rectangular 15.7 3.0 2.30% Carbon 90 1 Full-S 0.19% no 53.1 45.2 17% 
A-97 CF-064 Rectangular 15.7 3.0 2.30% Carbon 90 1 Full-S 0.19% no 58.9 45.2 30% 
A-97 CF-097 Rectangular 15.7 3.0 2.30% Carbon 90 1 Full-S 0.19% no 69.0 45.2 53% 
A-97 CF-131 Rectangular 15.7 3.0 2.30% Carbon 90 1 Full-S 0.19% no 80.5 45.2 78% 
A-97 CF-243 Rectangular 15.7 3.0 2.30% Carbon 90 1 Full-S 0.19% no 91.5 45.2 102% 
A-97 AF-060 Rectangular 15.7 3.0 2.30% Aramid 90 1 Full-S 0.19% no 53.3 45.2 18% 
A-97 AF-090 Rectangular 15.7 3.0 2.30% Aramid 90 1 Full-S 0.19% no 58.2 45.2 29% 
A-97 AF-120 Rectangular 15.7 3.0 2.30% Aramid 90 1 Full-S 0.19% no 70.1 45.2 55% 
K-97 No. 2 Rectangular 15.7 2.0 2.28% Carbon 90 1 Full-S 0.00% no 64.1 40.7 58% 
K-97 No. 3 Rectangular 15.7 2.0 2.28% Aramid 90 1 Full-S 0.00% no 53.1 40.7 30% 
K-97 No. 4 Rectangular 15.7 2.0 2.28% Carbon 90 1 Full-S 0.00% no 41.3 40.7 2% 
K-97 No. 5 Rectangular 15.7 2.0 2.28% Aramid 90 1 Full-S 0.00% no 40.7 40.7 0% 
K-97 No. 7 Rectangular 23.6 2.0 1.43% Carbon 90 1 Full-S 0.00% no 127.9 66.3 93% 
K-97 No. 8 Rectangular 23.6 2.0 1.43% Aramid 90 1 Full-S 0.00% no 119.1 66.3 80% 

C-95= Chajes et al. (1995), T-97= Taerwe et al. (1995), A-97= Araki et al. (1997), Kamiharako et al. (1997), U= wrapped on 3 sides, Full= 
wrapped on 4 sides, S= strips, C= continuous 
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ef. Specimen 
Beam 

Geometry 
h 

(in) a/d r L 
Fiber 
Type 

Fiber 
Angle 

Ratio 
tfrp  Wrap r w 

ASTM 
for 

FRP 
Vult 

(kips) 
Vcontrol 
(kips) Increase 

S-97 No.2 T-Beam 11.8 2.0 3.28% Carbon 90 1 U-C-A 0.35% no 50.1 44.7 12% 
S-97 No.3 T-Beam 11.8 2.0 3.28% Carbon 90 1 U-C-A 0.35% no 59.3 44.7 33% 
C-98 RS90-1 Rectangular 9.8 NG 1.40% Carbon 90 1 Side-S 0.45% no 19.7 12.0 64% 
C-98 RS90-2 Rectangular 9.8 NG 1.40% Carbon 90 1 Side-S 0.45% no 21.4 12.0 78% 
C-98 RS135-1 Rectangular 9.8 NG 1.40% Carbon 45 1 Side-S 0.45% no 21.1 12.0 76% 
C-98 RS135-2 Rectangular 9.8 NG 1.40% Carbon 45 1 Side-S 0.45% no 22.4 12.0 86% 
K-00 BT2 T-Beam 15.9 3 1.50% Carbon 90 1 U-C 0.00% no 34.8 20.2 73% 
K-00 BT3 T-Beam 15.9 3 1.50% Carbon 90/0 2 U-C 0.00% no 35.4 20.2 75% 
K-00 BT4 T-Beam 15.9 3 1.50% Carbon 90 1 U-S 0.00% no 36.4 20.2 80% 
K-00 BT5 T-Beam 15.9 3 1.50% Carbon 90 1 Side-S 0.00% no 27.3 20.2 35% 
K-00 BT6 T-Beam 15.9 3 1.50% Carbon 90 1 U-C-A 0.00% no 49.7 20.2 146% 
D-01 T6NS-C45 T-Beam 23.6 2.5 1.73% Carbon 45 1 U-S 0.00% yes 48.0 24.8 94% 
D-01 T6S4-C90 T-Beam 23.6 2.5 1.73% Carbon 90 1 U-S 0.24% yes 61.3 42.2 45% 
D-01 T6S4-G90 T-Beam 23.6 2.5 1.73% Glass 90 1 U-C 0.24% yes 66.9 42.2 58% 
D-01 T6S4-Tri T-Beam 23.6 2.5 1.73% Glass 0/+-60 1 U-C 0.24% no 71.2 42.2 69% 
D-01 T6S2-C90 T-Beam 23.6 2.5 1.73% Carbon 90 1 U-C 0.47% yes 69.6 80.2 -13% 
P-02 TR30C2 Rectangular 11.8 3 NG Carbon 90 1 Side-C 0.00% no 27.0 16.8 61% 
P-02 TR30C3 Rectangular 11.8 3 NG Carbon 90 3 Side-C 0.00% no 25.4 16.8 51% 
P-02 TR30C4 Rectangular 11.8 3 NG Carbon 90 3 Side-C 0.00% no 31.5 16.8 88% 
P-02 TR30D10 Rectangular 11.8 3 NG Carbon 90 2 Side-C 0.34% no 43.4 36.3 20% 
P-02 TR30D2 Rectangular 11.8 3 NG Carbon 90 3 Side-C 0.34% no 48.0 36.3 32% 
P-02 TR30D20 Rectangular 11.8 3 NG Carbon 90 3 Side-C 0.34% no 55.6 36.3 53% 
P-02 TR30D3 Rectangular 11.8 3 NG Carbon 90 1 Side-C 0.34% no 36.3 36.3 0% 
P-02 TR30D4 Rectangular 11.8 3 NG Carbon 90 2 Side-C 0.34% no 46.9 36.3 29% 
P-02 TR30D40 Rectangular 11.8 3 NG Carbon 90 2 Side-C 0.34% no 47.7 36.3 31% 
S-97= Sato et al. (1997), C-98= Chaallal et al. (1998), K-00= Khalifa and Nanni (2000), D-01= Deniaud and Cheng  (2001),  P-02= Pellegrino 
and Modena (2002),  Side= bonded on 2 sides, U= wrapped on 3 sides, Full= wrapped on 4 sides, S= strips, C= continuous, A= anchored, 
NG= not given 
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Ref. Specimen 
Beam 

Geometry 
h 

(in) a/d r L 
Fiber 
Type 

Fiber 
Angle 

Ratio 
tfrp  Wrap r w 

ASTM 
for 

FRP 
Vult 

(kips) 
Vcontrol 
(kips) Increase 

K-02 SW3-2 Rectangular 12 3 3.50% Carbon 90/0 2 U-C 2.00% no 39.8 28.4 40% 
K-02 SW4-2 Rectangular 12 4 3.50% Carbon 90/0 2 U-C 2.00% no 40.6 22.5 80% 
K-02 SO3-2 Rectangular 12 3 3.50% Carbon 90 1 U-S 0.00% no 29.4 17.3 70% 
K-02 SO3-3 Rectangular 12 3 3.50% Carbon 90 1 U-S 0.00% no 29.9 17.3 73% 
K-02 SO3-4 Rectangular 12 3 3.50% Carbon 90 1 U-C 0.00% no 32.5 17.3 88% 
K-02 SO3-5 Rectangular 12 3 3.50% Carbon 90/0 2 U-C 0.00% no 38.1 17.3 120% 
K-02 SO4-2 Rectangular 12 4 3.50% Carbon 90 1 U-S 0.00% no 28.7 14.6 96% 
K-02 SO4-3 Rectangular 12 4 3.50% Carbon 90 1 U-C 0.00% no 34.8 14.6 139% 
D-03 T4S2-C45 T-Beam 15.7 2.6 1.10% Carbon 45 1 U-S 0.60% yes 49.2 45.2 9% 
D-03 T4S4-G90 T-Beam 15.7 2.6 1.10% Glass 90 1 U-C 0.30% yes 46.2 35.3 31% 
D-03 T4NS-G90 T-Beam 15.7 2.6 1.10% Glass 90 1 U-C 0.00% yes 35.7 26.0 37% 
D-03 T4S2-G90 T-Beam 15.7 2.6 1.10% Glass 90 1 U-C 0.60% yes 50.7 45.2 12% 
D-03 T4S2-Tri T-Beam 15.7 2.6 1.10% Glass 0/+-60 1 U-C 0.60% no 54.5 45.2 21% 
Z-04 Z11-S0 Rectangular 9 1.7 2.20% Carbon 0 1 Side-S 0.00% no 11.1 10.7 4% 
Z-04 Z11-S90 Rectangular 9 1.7 2.20% Carbon 90 1 Side-S 0.00% no 19.1 10.7 78% 
Z-04 Z11-S45 Rectangular 9 1.7 2.20% Carbon 45 1 Side-S 0.00% no 21.8 10.7 104% 
Z-04 Z22-S0 Rectangular 9 1.1 2.20% Carbon 0 1 Side-S 0.00% no 23.4 16.4 42% 
Z-04 Z22-S90 Rectangular 9 1.1 2.20% Carbon 90 1 Side-S 0.00% no 23.5 16.4 43% 
Z-04 Z22-S45 Rectangular 9 1.1 2.20% Carbon 45 1 Side-S 0.00% no 27.3 16.4 66% 
Z-04 Z31-F90 Rectangular 9 1.7 2.20% Carbon 90 1 Side-C 0.00% no 17.4 9.7 79% 
Z-04 Z31-FD Rectangular 9 1.7 2.20% Carbon 0/90 1 Side-C 0.00% no 19.8 9.7 104% 
Z-04 Z31-FU Rectangular 9 1.7 2.20% Carbon 0 1 U-C 0.00% no 21.6 9.7 123% 
Z-04 Z42-F90 Rectangular 9 1.1 2.20% Carbon 90 1 Side-C 0.00% no 29.0 19.7 47% 
Z-04 Z42-FD Rectangular 9 1.1 2.20% Carbon 0/90 1 Side-C 0.00% no 30.0 19.7 52% 
Z-04 Z42-FU Rectangular 9 1.1 2.20% Carbon 90 1 U-C 0.00% no 28.7 19.7 46% 

K-02= Khalifa and Nanni (2002), D-03= Deniaud and Cheng  (2003), Z-04= Zhang et al. (2004),  U= wrapped on 3 sides, Full= wrapped on 4 
sides, Side= bonded on 2 sides, S= strips, C= continuous 
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Ref. Specimen 
Beam 

Geometry 
h  

(in) a/d r L 
Fiber 
Type 

Fiber 
Angle 

Ratio 
tfrp  Wrap r w 

ASTM 
for 

FRP 
Vult 

(kips) 
Vcontrol 
(kips) Increase 

B-06 DB-S0-0.5L T-Beam 16 1.3 2.00% Carbon 0/90 1 U-C 0.00% no 60.3 40 51% 
B-06 DB-S0-1L T-Beam 16 1.3 2.00% Carbon 0/90 2 U-C 0.00% no 64.2 40 60% 
B-06 DB-S0-2L T-Beam 16 1.3 2.00% Carbon 0/90 4 U-C 0.00% no 65.0 40 62% 
B-06 DB-S1-0.5L T-Beam 16 1.3 2.00% Carbon 0/90 1 U-C 0.56% no 69.8 72.7 -4% 
B-06 DB-S1-1L T-Beam 16 1.3 2.00% Carbon 0/90 2 U-C 0.56% no 79.9 72.7 10% 
B-06 DB-S1-2L T-Beam 16 1.3 2.00% Carbon 0/90 4 U-C 0.56% no 80.4 72.7 11% 
B-06 DB-S2-1L T-Beam 16 1.3 2.00% Carbon 0/90 2 U-C 1.12% no 87.6 74.6 17% 
B-06 DB-S2-2L T-Beam 16 1.3 2.00% Carbon 0/90 4 U-C 1.12% no 91.0 74.6 22% 
B-06 SB-S0-0.5L T-Beam 16 2.6 2.00% Carbon 0/90 1 U-C 0.00% no 23.0 18.3 26% 
B-06 SB-S0-1L T-Beam 16 2.6 2.00% Carbon 0/90 2 U-C 0.00% no 27.0 18.3 47% 
B-06 SB-S0-2L T-Beam 16 2.6 2.00% Carbon 0/90 4 U-C 0.00% no 27.4 18.3 50% 
B-06 SB-S1-0.5L T-Beam 16 2.6 2.00% Carbon 0/90 1 U-C 1.13% no 63.4 59.1 7% 
B-06 SB-S1-1L T-Beam 16 2.6 2.00% Carbon 0/90 2 U-C 1.13% no 57.3 59.1 -3% 
B-06 SB-S1-2L T-Beam 16 2.6 2.00% Carbon 0/90 4 U-C 1.13% no 60.1 59.1 2% 
B-06 SB-S2-1L T-Beam 16 2.6 2.00% Carbon 0/90 2 U-C 2.26% no 69.6 66.3 5% 
B-06 SB-S2-2L T-Beam 16 2.6 2.00% Carbon 0/90 4 U-C 2.26% no 66.8 66.3 1% 
P-06 A-U1-C-17 Rectangular 11.8 3 7.50% Carbon 90 1 U-C 0.39% no 53.5 41.6 29% 
P-06 A-U1-C-20 Rectangular 11.8 3 7.50% Carbon 90 1 U-C 0.34% no 50.6 38 33% 
P-06 A-U1-S-17 Rectangular 11.8 3 7.50% Carbon 90 1 U-C 0.39% no 55.6 44.5 25% 
P-06 A-U1-S-20 Rectangular 11.8 3 7.50% Carbon 90 1 U-C 0.34% no 52.9 45.7 16% 
P-06 A-U2-C-17 Rectangular 11.8 3 7.50% Carbon 90 2 U-C 0.39% no 54.6 41.6 31% 
P-06 A-U2-C-20 Rectangular 11.8 3 7.50% Carbon 90 2 U-C 0.34% no 51.6 38 36% 
P-06 A-U2-S-17 Rectangular 11.8 3 7.50% Carbon 90 2 U-C 0.39% no 49.2 44.5 11% 
P-06 A-U2-S-20 Rectangular 11.8 3 7.50% Carbon 90 2 U-C 0.34% no 46.6 45.7 2% 

B-06= Bousselham and Chaallal (2006), P-06= Pellegrino and Modena (2006),  U= wrapped on 3 sides, C= continuous 
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Ref. Specimen 
Beam 

Geometry 
h 

(in) a/d r L 
Fiber 
Type 

Fiber 
Angle 

Ratio 
tfrp  Wrap r w 

ASTM 
for 

FRP 
Vult 

(kips) 
Vcontrol 
(kips) Increase 

C-05 145 Rectangular 19.7 2.5 2.68% Carbon 45 1 Side-C 0.00% no 55.5 28.3 96% 
C-05 20 Rectangular 19.7 2.5 2.68% Carbon 0 1.6 Side-C 0.00% no 34.6 28.3 22% 
C-05 245a Rectangular 19.7 2.5 2.68% Carbon 45 1.6 Side-C 0.00% no 57.8 28.3 104% 
C-05 245b Rectangular 19.7 2.5 2.68% Carbon 45 1.6 Side-C 0.00% no 68.6 28.3 142% 
C-05 245W Rectangular 19.7 2.5 2.68% Carbon 45 1.6 Full-C 0.00% no 76.0 28.3 168% 
C-05 245Ra* Rectangular 19.7 2.5 2.68% Carbon 45 1.6 Side-C 0.00% no 68.8 28.3 143% 
C-05 245Rb* Rectangular 19.7 2.5 2.68% Carbon 45 1.6 Side-C 0.00% no 56.4 28.3 99% 
C-05 290a Rectangular 19.7 2.5 2.68% Carbon 90 1.6 Side-C 0.00% no 57.6 28.3 103% 
C-05 290b Rectangular 19.7 2.5 2.68% Carbon 90 1.6 Side-C 0.00% no 67.0 28.3 137% 
C-05 290W Rectangular 19.7 2.5 2.68% Carbon 90 1.6 Full-C 0.00% no 82.5 28.3 192% 
C-05 290WR* Rectangular 19.7 2.5 2.68% Carbon 90 1.6 Full-C 0.00% no 87.2 28.3 208% 
C-05 345 Rectangular 19.7 2.5 2.68% Carbon 45 2.4 Side-C 0.00% no 75.1 28.3 165% 
C-05 290 Rectangular 19.7 2.5 3.35% Carbon 90 1.6 Side-C 0.39% no 67.0 53.3 26% 
C-05 390 Rectangular 19.7 2.5 3.35% Carbon 90 2.4 Side-C 0.39% no 67.0 53.3 26% 
L-07 SB-U1 Rectangular 6 2.9 4.00% Carbon 90 1 U-S 0.28% no 14.6 9.2 59% 
L-07 SB-U2 Rectangular 6 2.9 4.00% Carbon 90 1 U-S 0.28% no 10.3 9.2 12% 
L-07 SB-F1 Rectangular 6 2.9 4.00% Carbon 90 1 Full-S 0.28% no 14.9 9.2 62% 
L-07 SB-F2 Rectangular 6 2.9 4.00% Carbon 90 1 Full-S 0.28% no 15.0 9.2 63% 
L-07 MB-U1 Rectangular 12 3.0 4.00% Carbon 90 2 U-S 0.28% no 34.8 33.7 3% 
L-07 MB-U2 Rectangular 12 3.0 4.00% Carbon 90 2 U-S 0.28% no 35.9 33.7 7% 
L-07 MB-F1 Rectangular 12 3.0 4.00% Carbon 90 2 Full-S 0.28% no 53.1 33.7 58% 
L-07 MB-F2 Rectangular 12 3.0 4.00% Carbon 90 2 Full-S 0.28% no 56.3 33.7 67% 
L-07 LB-U1 Rectangular 26 2.7 4.00% Carbon 90 4 U-S 0.28% no 126.7 121.0 5% 
L-07 LB-U2 Rectangular 26 2.7 4.00% Carbon 90 4 U-S 0.28% no 125.8 121.0 4% 
L-07 LB-F1 Rectangular 26 2.7 4.00% Carbon 90 4 Full-S 0.28% no 195.9 121.0 62% 
L-07 LB-F2 Rectangular 26 2.7 4.00% Carbon 90 4 Full-S 0.28% no 198.1 121.0 64% 

C-05= Carolin and Taljsten (2005), L-07= Leung et al. (2007), U= wrapped on 3 sides, Full= wrapped on 4 sides, Side= bonded on 2 sides, S= 
strips, C= continuous, *= repaired specimen 
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Ref. Specimen 
Beam 

Geometry 
h 

(in) a/d r L 
Fiber 
Type 

Fiber 
Angle 

Ratio 
tfrp  Wrap r w 

ASTM 
for 

FRP 
Vult 

(kips) 
Vcontrol 
(kips) Increase 

B-08 ED1-S0-0.5L T-Beam 16 3.0 2.00% Carbon 0/90 1 U-C 0.00% no 22.9 18.2 26% 
B-08 ED1-S0-1L T-Beam 16 3.0 2.00% Carbon 0/90 2 U-C 0.00% no 27.0 18.2 48% 
B-08 ED1-S0-2L T-Beam 16 3.0 2.00% Carbon 0/90 4 U-C 0.00% no 27.4 18.2 51% 
B-08 ED1-S1-0.5L T-Beam 16 3.0 2.00% Carbon 0/90 1 U-C 1.13% no 63.4 59.1 7% 
B-08 ED1-S1-1L T-Beam 16 3.0 2.00% Carbon 0/90 2 U-C 1.13% no 57.3 59.1 -3% 
B-08 ED1-S1-2L T-Beam 16 3.0 2.00% Carbon 0/90 4 U-C 1.13% no 60.0 59.1 2% 
B-08 ED1-S2-1L T-Beam 16 3.0 2.00% Carbon 0/90 2 U-C 2.26% no 69.5 66.3 5% 
B-08 ED1-S2-2L T-Beam 16 3.0 2.00% Carbon 0/90 4 U-C 2.26% no 66.8 66.3 1% 
B-08 ED2-S0-1L T-Beam 8.7 3.0 1.70% Carbon 0/90 2 U-C 0.00% no 13.3 8.1 64% 
B-08 ED2-S0-2L T-Beam 8.7 3.0 1.70% Carbon 0/90 4 U-C 0.00% no 15.3 8.1 89% 
B-08 ED2-S1-1L T-Beam 8.7 3.0 1.70% Carbon 0/90 2 U-C 1.30% no 21.6 20.9 3% 
B-08 ED2-S1-2L T-Beam 8.7 3.0 1.70% Carbon 0/90 4 U-C 1.30% no 23.6 20.9 13% 
 
B-08= Bousselham and Chaallal (2008), U= wrapped on 3 sides, C= continuous 
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