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SUMMARY

Data science, machine learning, or statistics are useful to assist making data-driven de-

cisions in many modern applications, and some challenges rise in analyzing real-world data

sets such as high-dimensionality, robustness, and computational efficiency. This disserta-

tion investigates three specific topics in statistical machine learning: (1) pivotal method for

high-dimensional linear discriminant analysis (LDA); (2) robust algorithm for LDA under

data contamination; and (3) efficient algorithm for sequential assignment with unknown

utility.

In Chapter 1, we propose a pivotal method for high-dimensional linear discriminant

analysis (LDA) that enjoys tuning-insensitive property. We term our method as PivotAl

LiNear Discriminant Analysis (PANDA). Our method conducts parameter estimation un-

der a pivotal estimation framework and only needs to solve a single convex optimization

problem when both means and variances are unknown for both classes of training data.

Theoretically, our method achieves comparable convergence rates as existing methods in

terms of both estimation error and misclassification rate.

In Chapter 2, we propose a computationally efficient algorithm for robust LDA under

data contamination, where a fraction of sample data might be corrupted by some adversary.

Our main ideas are as follows. We first identify the outliers in each class and robustly es-

timate the mean, and then apply our developed PANDA method for uncontaminated data

to estimate the discriminant direction in LDA with data contamination. Theoretical prop-

erties of the proposed algorithm are established in terms of both the error in estimating the

optimal projection vector and the misclassification rate.

In Chapter 3, we develop an efficient algorithm for sequential assignment with un-

known utility, with the objective of nearly maximizing the overall utility for each time.

Our proposed algorithm is to use stochastic binary bandit feedback to adaptively estimate

the unknown utilities through the logistic regression, and then to combine the Upper Con-

xiii



fidence Bound (UCB) algorithm in the multi-armed bandit problem with the Hungarian

algorithm in the assignment problem. We derive the theoretical bounds of our algorithm

for both the estimation error and the total regret, and numerical studies are also conducted

to illustrate the usefulness of our algorithm.

We conclude the dissertation in Chapter 4, where we summarize our contributions, and

highlight several potential research topics for future investigation.

xiv



CHAPTER 1

PIVOTAL ESTIMATION OF LINEAR DISCRIMINANT ANALYSIS IN HIGH

DIMENSIONS

1.1 Introduction

We consider the classical problem of linear discriminant analysis (LDA). Suppose that

we have samples {X(ℓ)
i : ℓ = 0, 1; i = 1, 2, · · · , nℓ} from class ℓ, where ℓ = 0 or 1,

and each X
(ℓ)
i ∈ Rp is a sample from class ℓ. We further assume that the samples from

each class ℓ are independently drawn from a multivariate Gaussian distribution X(ℓ) ∼

N(µ(ℓ),Σ), where the means of the two classes are different, and the two classes share

the same covariance matrix Σ. The goal of LDA is to find a linear discriminant rule f

to classify new samples from these two classes with equal prior weights, and we aim to

achieve the optimal misclassification rate.

It is well known in literature [1] that when we have a new sample Z, the Bayes rule

classifies by

f ∗(Z) = 1
{
(Z − µm)

⊤Σ−1µd > 0
}
,

where µm = (µ(0) + µ(1))/2 and µd = (µ(1) − µ(0)). Under the classical low-dimensional

setting, where the dimension p is small, and sample sizes n0, n1 are large, we estimate

µ(0), µ(1) and Σ−1 by their sample versions, and use the plug-in Bayes rule to classify the

new sample. In particular, let µ̂(ℓ)’s and Σ̂ be the the sample means and the pooled sample

covariance matrix, and let µ̂m = (µ̂(0) + µ̂(1))/2, µ̂d = (µ̂(1) − µ̂(0)). Given a new sample
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Z, the following discriminant rule f̂ achieves the optimal Bayesian risk asymptotically that

f̂(Z) =


0, if µ̂⊤

d Σ̂
−1 (Z − µ̂m) ≤ 0,

1, if µ̂⊤
d Σ̂

−1 (Z − µ̂m) > 0.

Unfortunately, this method is inapplicable to high-dimensional settings. This is because it

is difficult to estimate Σ−1 efficiently when the data dimension p is high, and the pooled

sample covariance matrix Σ̂ is even singular when p is greater than the sample size n0 +

n1. On the other hand, such high dimensionality issues unavoidably exist in many critical

modern applications such as genomics and fMRI decoding. Thus, it is important to develop

efficient methods for LDA in high dimensions.

Several methods have been developed in the literature for high-dimensional LDA with

sparsity assumptions imposed. Note that in many real-world applications, such as the fMRI

decoding and biomarker identification [2, 3], despite the high dimensionality issue, practi-

tioners believe that the classification problems depend only on a small number of predictors

among the many given. Under such motivation, two tracks of work in the literature impose

different sparsity assumptions. The first one is to estimate µd = µ(1) − µ(0) and Σ sep-

arately, under the assumption that both µd and Σ are sparse. A simple approach is the

naive Bayes rule or independence rule discussed in [4], where the authors assume that Σ

is diagonal. [5], and [6] propose the nearest shrunken centroid method and the Features

Annealed Independence Rules (FAIR) respectively, for selecting significant features under

the assumption that µd is sparse, and Σ is a diagonal matrix. [7] propose the sparse linear

discriminant analysis (SLDA) under the relaxed assumption that both µd and Σ are sparse.

In addition, [8] and [9] propose the sparse discriminant analysis method for LDA with mul-

tiple classes, where they assume the sparsity of the discriminant vectors and impose elastic

net penalty on them.

Meanwhile, another track of work directly estimates the discriminant direction β∗ under

the assumption that β∗ = Σ−1µd is sparse. [10] propose the linear programming discrim-
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inant (LPD) rule. [11] propose to estimate β∗ by minimizing an ℓ1-penalized least square

loss. [12] propose the regularized optimal affine discriminant (ROAD) method. For better

understanding, here we present the LPD rule in more details. The LPD rule provides an

estimator β̂ for β∗ by solving the following linear optimization problem that

β̂ ∈ argmin
β∈Rp

∥β∥1, subject to ∥Σ̂β − µ̂d∥∞ ≤ λσ̂max,

where λ is a tuning parameter. The authors derive the fast convergence rate of β̂ by setting

λ = C ·∆
√

log p

n
, (1.1)

where σ̂max =
√

maxj Σjj , ∆ =
√

β∗⊤Σβ∗, and C is a generic constant. In practice, this

choice of λ relies on the population quantity ∆, which takes substantial effort to tune. To

reduce the tuning effort, [13] propose the adaptive linear discriminant analysis (AdaLDA)

rule, which is a two-stage tuning-insensitive method that achieves the minimax optimal

convergence rate in both estimation error and misclassification rate. Specifically, in each

stage, the AdaLDA rule solves a linear optimization problem. In the first stage, it gives an

initial estimator β̃ to construct an estimator ∆̂ for ∆. In the second stage, plugging ∆̂ into

the LPD framework provides the final estimator for β∗.

In this chapter, we propose a one-stage pivotal method for high-dimensional linear dis-

criminant analysis called PANDA (PivotAl liNear Discriminant Analysis), which is tuning-

insensitive under the assumption that β∗ is sparse. Our method is motivated by the pivotal

method in [14] for high-dimensional linear regression, and it is pivotal that our tuning

parameters do not depend on any population quantities to guarantee the optimal conver-

gence rates. Unlike the AdaLDA method, the proposed PANDA method simultaneously

estimates β∗ and ∆ by solving a single convex optimization problem. Specifically, we

impose a quadratic constraint
√
β⊤Σ̂β ≤ τ , and introduce a quadratic penalty τ 2 in the

objective. We show that the PANDA method attains the same minimax optimal conver-
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gence rate as for the AdaLDA method. Moreover, our detailed numerical results show that

the PANDA method achieves similar or more competitive performance than the LPD and

AdaLDA methods.

The rest of this chapter is organized as follows. In Section 1.2, we briefly review the

LDA problem and the AdaLDA rule. In Section 1.3, we propose the PANDA method. In

Section 1.4, we provide theoretical justifications of PANDA. In Section ??, we present the

numerical studies. In Section 1.7, we provide proofs of our main results.

Notations. Let v = (v1, · · · , vp)⊤ ∈ Rp be a p−dimensional real vector. We define the

following vector norms: ∥v∥1 =
∑p

j=1 |vj|, ∥v∥22 =
∑p

j=1 v
2
j , and ∥v∥∞ = max1≤j≤p |vj|.

For p ∈ N, we denote by [p] the set {1, 2, · · · , p}. For j ∈ [p], let ej be the j−th canonical

basis in Rp. For S ⊆ [p], let vS denote the the subvector of v confined to S, and Sc denotes

the complement of S. For a matrix Σ ∈ Rp×p, Σ ≻ 0 denotes that Σ is symmetric and

positive definite, and λmin(Σ) and λmax(Σ) denote the smallest and the largest eigenvalue

of Σ, respectively. We let 0 and 1 denote vectors with all the entries equal to 0 and 1,

respectively. We use 1(·) to denote the indicator function.

1.2 Background

In this section, we provide necessary mathematical background of LDA. For better presen-

tation, we split this section into three subsections. We review the problem setup of LDA

in Section 1.2.1, the AdaLDA method in Section1.2.2, and Gautier’s method for linear

regression in Section1.2.3.

1.2.1 Problem Setup

We consider a binary classification, where the samples are from two classes that follow

two Gaussian distributions, respectively. Specifically, we assume that the two Gaussian

distributions have different means, denoted by µ(0) and µ(1), respectively, and share the

same covariance matrix Σ.
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Our goal is to find a linear discriminant rule fα,β(·) such that given a new sample Z, we

predict the class label of Z by

fα,β(Z) =


0, if β⊤(Z − α) ≤ 0,

1, if β⊤(Z − α) > 0,

(1.2)

where α, β ∈ Rp. For simplicity, we assume the two classes have equal prior weights, i.e.,

P(Z is from Class 0) = P(Z is from Class 1) = 1/2.

Then the misclassification rate of fα,β(·) is

R(fα,β) =
1

2
PZ∼N(µ(0),Σ)(fα,β(Z) = 1) +

1

2
PZ∼N(µ(1),Σ)(fα,β(Z) = 0)

=
1

2
Φ

(
−
β⊤ (α− µ(0)

)√
β⊤Σβ

)
+

1

2
Φ

(
−
β⊤ (µ(1) − α

)√
β⊤Σβ

)
, (1.3)

where Φ is the CDF of the standard Gaussian distribution.

The optimal misclassification rate (also known as the Bayes error) is achieved by the

Fisher’s discriminant rule fα∗,β∗(·), where

α∗ =
µ(0) + µ(1)

2
, β∗ = Σ−1

(
µ(1) − µ(0)

)
.

Accordingly, the optimal misclassification rate isR∗ = Φ(−∆/2), where ∆ =
√

β∗⊤Σβ∗ =√
µ⊤
d Σ

−1µd can be viewed as the signal-noise ratio of the classification problem.
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1.2.2 The AdaLDA method

Suppose that we observe nℓ independent samples for class ℓ, denoted as {Xℓ
i }

nℓ
i=1, where

ℓ = 0, 1. We denote the sample means of and the pooled covariance matrix as

µ̂(ℓ) =
1

nℓ

nℓ∑
i=1

X
(ℓ)
i and Σ̂ =

1

n0 + n1

∑
ℓ=0,1

nℓ∑
i=1

(X
(ℓ)
i − µ̂(ℓ))(X

(ℓ)
i − µ̂(ℓ))⊤,

respectively. For notational simplicity, we assume n0 = n1 = n.

The AdaLDA method estimates β∗ through two steps. In the first step, we solve the

following linear optimization problem to obtain an initial estimator β̃,

β̃ ∈ argmin
β

∥β∥1,

subject to ∥Σ̂β − µ̂d∥∞ ≤ 4σ̂max ·
√

log p

n
·
(
λβ⊤µ̂d + 1

)
,

where λ is a tuning parameter, µ̂d = µ̂(1) − µ̂(0) is the difference of the sample means, and

σ̂max =

√
maxj Σ̂jj . In the second step, we solve another linear optimization problem to

obtain the final estimator β̂ that

β̂ ∈ argmin
β

∥β∥1,

subject to |e⊤j (Σ̂β − µ̂d)| ≤ 4σ̂max ·
√

log p

n
·
√

λ∆̂2 + 1, for all j ∈ [p], (1.4)

where ∆̂2 = |β̃⊤µ̂d| is essentially an estimator of ∆. Consequently, we obtain the linear

discriminant rule fµ̂m,β̂ , where µ̂m =
(
µ̂(0) + µ̂(1)

)
/2.

With a slight abuse of the notation, we let R(β̂) = R(fµ̂m,β̂). Since the tuning param-

eters in the two steps do not depend on any unknown population quantities, the AdaLDA

method is tuning-insensitive. Assuming β∗ contains at most s nonzero entries, [13] prove

that under some mild assumptions, by choosing λ as a proper constant, both β̂ and R(β̂)
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achieve the minimax optimal rates of convergence that

∥β̂ − β∗∥2 = OP

(
∆

√
s log p

n

)
and R(β̂)−R∗ = OP

(
exp

(
−∆2

8

)
∆
s log p

n

)
.

1.2.3 Review of Gautier’s method

In this subsection, we provide a brief review of Gautier’s pivotal method for high-dimensional

linear regression in [14] that inspires our work. Note that they consider a more compli-

cated high-dimensional instrumental variables model. Here we discuss the particular case

where the regressors and instruments are identical for ease of presentation. Specifically, let

X ∈ Rn×p be a design matrix with n observations and p variables, and let y ∈ Rn be the

response vector. We consider the following linear model that

y = X⊤β + ε with ε ∼ N(0, σ2In),

where β ∈ Rp is the unknown regression coefficient with ∥β∥0 = s∗ < n≪ p, and ε is the

noise. The Gautier’s estimator can be viewed as a variant of the Dantzig selector [15], and

is the optimal solution to the following convex optimization problem that

(β̂, γ̂) = argmin
β,γ

∥β∥1 + cγ, (1.5)

subject to
1

n
∥X⊤(Y −Xβ)∥∞ ≤ λγ,

1

n
∥Y −Xβ∥22 ≤ γ2,

where c and λ are two tuning parameters, and γ̂ is an estimator of σ. The theoretical

analysis in [14] suggests that the tuning parameter c can be set as a constant between 0

and 1, and the tuning parameter λ can be chosen as

λ = A ·
√

2 log p

n
,
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where A is a constant independent of σ. In practice, c can be chosen as 0.5, and A only

needs to be tuned between 0.5 and 2. Therefore, the Gautier’s estimator is less sensitive to

the parameter tuning than the Dantzig selector, where the tuning parameter depends on σ.

1.3 The PANDA Method

We propose the PANDA method for linear discriminant analysis in high dimensions. The

PANDA method is a one-stage method. Specifically, we estimate β∗ and ∆ simultaneously

by solving the convex optimization problem that

(β̂, τ̂) ∈ argmin
β∈Rp,τ∈R

∥β∥1 + cτ 2,

subject to ∥Σ̂β − µ̂d∥∞ ≤ λσ̂max(τ + 1),

√
β⊤Σ̂β ≤ τ, (1.6)

where c > 0 and λ > 0 are two tuning parameters.

Our formulation is motivated by the LPD method in [10] and the pivotal method for

high-dimensional linear regression in [14], as introduced in the previous 1.2.3. Specifically,

the LPD method estimates β∗ by solving the following linear optimization problem that

β̂ ∈ argmin
β∈Rp

∥β∥1, subject to ∥Σ̂β − µ̂d∥∞ ≤ λσ̂max. (1.7)

However, as discussed earlier, the tuning parameter λ in (1.7) depends on the population

quantity ∆ =
√

β∗⊤Σβ∗, which is difficult to tune in practice. To address this issue, we

introduce an estimator of ∆, and plug it into (1.7). This leads to the following problem that

(β̂, τ̂) ∈ argmin
β∈Rp,τ∈R

∥β∥1, subject to ∥Σ̂β − µ̂d∥∞ ≤ λσ̂max(τ + 1),

√
β⊤Σ̂β = τ,

(1.8)

where τ estimates ∆ by the constraint
√
β⊤Σ̂β = τ .
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The optimization problem in (1.8) is nonconvex due to the quadratic equality constraint√
β⊤Σ̂β = τ . Thus, we propose to relax the equality constraint into an inequality con-

straint, and obtain

(β̂, τ̂) ∈ argmin
β∈Rp,τ∈R

∥β∥1, subject to ∥Σ̂β − µ̂d∥∞ ≤ λσ̂max(τ + 1),

√
β⊤Σ̂β ≤ τ.

(1.9)

However, as the objective function in (1.9) is free of τ , τ can be arbitrarily large. Therefore,

(1.9) admits a trivial solution β̂ = 0, and τ̂ can be any value larger than λ−1∥µ̂d∥∞ − 1.

To address this issue, we introduce a penalty term cτ 2 to the objective in (1.9), which

leads to our proposed formulation in (1.6). Note that different from the linear penalty term

used in Gautier’s pivotal method, our penalty term is quadratic in τ , which is due to some

specific modeling structure in LDA.

We remark that the problem in (1.6) is a second order conic optimization problem. By

introducing auxiliary variables w ∈ Rp and u ∈ R, the problem in (1.6) is equivalent to the

following problem that

min
β,τ,w,u

p∑
j=1

wj + cu, (1.10)

subject to − wj ≤ βj ≤ wj, −λσ̂max(τ + 1)1 ≤ Σ̂β − µ̂d ≤ λσ̂max(τ + 1)1,

∥Σ̂1/2β∥2 ≤ τ,

√
τ 2 +

1

4
(1− u)2 ≤ 1

2
(1 + u).

Such a second order conic optimization problem is convex, and can be solved in a poly-

nomial time using the interior point method [16]. We also provide an efficient scheme

using the alternating direction method of multipliers (ADMM) following [17] in the next

subsection to solve it.
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1.3.1 An ADMM Algorithm for PANDA

This section present the implementation of the ADMM algorithm for solving (1.6). For this

purpose, we first re-write the problem (1.6) as

(β̂, τ̂) ∈ argmin
β,u,v,w,∈Rp,τ∈R

∥β∥1 + cτ 2 (1.11)

subject to Σ̂β − λσ̂maxτ1+ u = µ̂d + λσ̂max1,

Σ̂β + λσ̂maxτ1− v = µ̂d − λσ̂max1,

w − Σ̂1/2β = 0,

u ≥ 0, v ≥ 0,

∥w∥2 ≤ τ.

Note that the first three constraints in (1.11) are linear and the last three constraints are

conic.

To simplify the notation, we write the first three linear constraints as

Aββ + Auu+ Avv + Aww + Aττ = b

for some real matrices Aβ , Au, Av, Aw, Aτ and real vector b. We can further write the

problem as

(β̂, τ̂) ∈ argmin
β,u,v,w∈Rp,τ∈R

∥β∥1 + cτ 2

subject to Aββ + Auu+ Avv + Aww + Aττ = b,

u, v ∈ C1,

(w, τ) ∈ C2,
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where

C1 = {x ∈ Rp : xj ≥ 0, j ∈ [p]} ,

C2 =

(x, y) ∈ Rp × R : y ≥

√√√√ p∑
j=1

x2
j


are two convex cones.

The augmented Lagrangian function with scaled dual variables is

Lρ(β, u, v, w, τ, s) = ∥β∥1+ cτ 2+
ρ

2
∥Aββ+Auu+Avv+Aww+Aττ − b+s∥22−

ρ

2
∥s∥22,

where s is the scaled dual variable and ρ > 0 is the penalty parameter.

Algorithm 1 summarizes the ADMM algorithm for solving (1.6).

Algorithm 1 ADMM with proximal method for solving problem (1.6)

Require: Sample mean difference µ̂ = µ̂(1) − µ̂(0); Pooled sample covariance matrix Σ̂;
Tuning parameter c, λ; Initialization β0, τ 0 u0, v0, w0, s0; Penalty parameter ρ > 0;
Primal step size η > 0; Number of iterations T .
for t = 1, 2, · · · , T do
βt ← βt−1 − η∇βLρ(β

t−1, ut−1, vt−1, wt−1, τ t−1, st−1)
ut ← ΠC1 [u

t−1 − η∇uLρ(β
t, ut−1, vt−1, wt−1, τ t−1, st−1)]

vt ← ΠC2 [v
t−1 − η∇vLρ(β

t, ut, vt−1, wt−1, τ t−1, st−1)]
τ̃ t ← τ t−1 − η∇τLρ(β

t, ut, vt, wt−1, τ t−1, st−1)
w̃t ← wt−1 − η∇wLρ(β

t, ut, vt, wt−1, τ t−1, st−1)
(wt, τ t)← ΠC2(w̃

t, τ̃ t)
st ← st−1 + Aββ

t + Auu
t + Avv

t + Aww
t + Aττ

t − bt

end for
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1.4 Statistical Properties

We establish theoretical guarantees for our proposed PANDA method. We assume that β∗

belongs to a class of weakly sparse vectors that for some q ∈ [0, 1)

Bq(R) =

{
β ∈ Rp :

∑
j

|βj|q ≤ R

}
, (1.12)

where R can scale with n and p. Note that when q = 0, Bq(R) is reduced to the class of

R-sparse vectors, i.e., B0(R) =
{
β ∈ Rp :

∑
j 1(βj ̸= 0) ≤ R

}
.

For notational simplicity, we let

µm = (µ(0) + µ(1))/2, µ̂m = (µ̂(0) + µ̂(1))/2, µd = µ(1) − µ(0),

µ̂d = µ̂(1) − µ̂(0), σmax = max
j

(Σjj)
1/2, σ̂max = max

j
(Σ̂jj)

1/2.

Here we only consider the case where n0 = n1 = n, and our results can be easily extended

to the general case where n0 ̸= n1.

Before we proceed with our main results, we first impose the following mild assump-

tions.

Assumption 1.4.1 There exists a constant a such that ∥µd∥∞ ≥ a > 0.

Assumption 1.4.2 There exists some M such that M−1 ≤ λmin(Σ) ≤ λmax(Σ) ≤M .

Essentially, Assumption 1.4.1 requires the two classes to be distinguishable, and Assump-

tion 1.4.2 requires the covariance matrix Σ to be sufficiently well-conditioned, as its con-

dition number is upper bounded by M2.

We are now ready to present the theoretical guarantees of the PANDA method in (1.6).

Let us begin with the convergence rates of β̂ and τ̂ .

12



Theorem 1.4.1 (Parameter Estimation) Suppose that Assumption 1.4.2 hold, and β∗ ∈

Bq(R) for some q ∈ [0, 1) and some R > 0. Let
(
β̂, τ̂

)
be an optimal solution of (1.6).

Given

c =
1

8

(
∥µ̂d∥∞ + 4σ̂max

√
log p
n

) , λ = 20

√
log p

n
, (1.13)

for sufficiently large n such that

n ≥ C · a−2∆2σ2
maxM

2+ 1
1−qR

2
1−q log p (1.14)

where C is an absolute constant, we have, with probability goes to 1,

∥β̂ − β∗∥1 ≤ C1 · (∆ + 1) (σmaxM)1−q R

(
log p

n

)(1−q)/2

, (1.15a)

∥β̂ − β∗∥2 ≤ C2 · (∆ + 1) (σmaxM)1−q/2
√
R

(
log p

n

)1/2−q/4

, (1.15b)

|τ̂ 2 −∆2|
∆2

≤ C3 · (1 + ∆−1)σ1−q/2
max M3/2−qR

( log p
n

)(1−q)/2

, (1.15c)

where C1, C2 and C3 are positive constants.

Note that our proposed PANDA method is tuning-insensitive, as the chosen tuning pa-

rameters c and λ in (1.13) do not depend on any unknown population quantity. In the next

theorem, we show that the sample complexity requirement (1.14) can be relaxed under

some more restrictive conditions.

Theorem 1.4.2 Suppose that Assumption 1.4.2 holds, and β∗ ∈ Bq(R) for some q ∈ [0, 1)

and some R > 0. Let
(
β̂, τ̂

)
be an optimal solution to problem (1.6). When τ̂ =

√
β̂⊤Σ̂β̂,
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given

c =
1

8

(
∥µ̂d∥∞ + 4σ̂max

√
log p
n

) , λ = 20

√
log p

n
,

for sufficiently large n such that

n ≥ C · a−2∆2σ2
maxM

2+ 1
1−qR

2
2−q log p, (1.16)

where C is an absolute constant, we have, with probability goes to 1,

∥β̂ − β∗∥2 ≤ C1 · (σmaxM)1−q/2(∆ + 1)
√
R

(
log p

n

)1/2−q/4

, (1.17a)

|τ̂ 2 −∆2|
∆2

≤ C2 · (1 + ∆−1)σ1−q/2
max M3/2−q

√
R
( log p

n

)(1−q)/2

, (1.17b)

where C1 and C2 are positive constants.

Note that in the above theorem, we impose the additional assumption that τ̂ =

√
β̂⊤Σ̂β̂,

i.e. the second inequality constraint of PANDA is active at the optimal solution. We point

out that in practice, we can numerically verify if this assumption indeed holds. Also, in

our later simulations, we find that this assumption holds when the tuning parameters are

properly chosen.

We next compare our results with [13] for q = 0. Note that [13] consider the following

parameter space of β∗ and Σ,

Θs =
{
(β∗,Σ) : β∗ ∈ Rp, Σ ∈ Rp×p, |supp(β∗)| ≤ s,

M−1 ≤ λmin(Σ) ≤ λmax(Σ) ≤M,∆ ≥ cL > 0
}
, (1.18)

where M and cL are absolute constants that do not scale with n, p and s. They then establish

14



the following minimax lower bound,

inf
β̂

sup
(β∗,Σ)∈Θs

E
[
∥β̂ − β∗∥2

]
≥ CM ·∆

√
s log p

n
,

where the infimum is taken over any estimator β̂ based on the samples, and CM is some

constant depending on M . Under such a setting, both AdaLDA and PANDA are minimax

optimal in terms of estimating β∗. When M is allowed to scale with n, p and s, the PANDA

method still attains the same rates of convergence for parameter estimation as the AdaLDA

method. Specifically, we follow the same analysis in [13] and rewrite their results with

explicit dependence on M as follows,

∥β̂ − β∗∥2 = OP

(
σmaxM∆

√
s log p

n

)
,

|∆̂2 −∆2|
∆2

= OP

(
σmaxM

3/2

√
s log p

n

)
.

In addition, to ensure the above rates of convergence with high probability, the sample size

n needs to satisfy that

n = OP

(
σ2
maxM

3∆2s log p
)
.

As can be seen, in Theorem 1.4.2, our convergence rates (1.17a) and (1.17b) matches the

convergence rates in [13] with the same order of sample complexity.

Next, let us establish an upper bound for the misclassification rate of the obtained esti-

mator β̂ in the PANDA method.

Theorem 1.4.3 (Misclassification Rate) Under the identical conditions as in Theorem 1.4.1

or 1.4.2, we have, with probability goes to 1,

R(β̂)−R∗ ≤ C · exp
(
−∆2

8

)
σ−q
maxM

3−q∆R

(
log p

n

)1−q/2
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where C is an absolute positive constants.

When q = 0 and R = s, [13] consider the parameter space of β∗ and Σ defined in (1.18),

where M is a constant, and establish the following minimax lower bound

inf
f̂

sup
(β∗,Σ)∈Θs

R(f̂)−R∗ ≥ C · exp
(
−∆2

8

)
∆−1 s log p

n
,

where the infimum is taken over any linear discriminant rule f̂ based on the samples. Under

such a setting, both AdaLDA and PANDA attain the minimax optimal rates of convergence

for the misclassification rate that

R(β̂)−R∗ = OP

(
exp

(
−∆2

8

)
M3∆

s log p

n

)
.

1.5 Numerical Results

In this section, we thoroughly compare our proposed PANDA method with the LPD method

and AdaLDA method through numerical experiments using both simulated and real data.

1.5.1 Simulation

To make a fair comparison of the three methods’ performances, we fine-tune the parameters

for each method on a validation dataset independent from the training data, and we provide

both the estimation error of β∗ (in ℓ2 norm) and the population risk (2.4) of each method.

Settings: We follow the settings in [13] to generate Σ and β∗.

(a) AR(1). We let Ωj,k = 0.9|j−k|, Σ = Ω−1 and β∗ = (2/
√
s, · · · , 2/

√
s, 0, · · · , 0)⊤,

where the first s entries are non-zero.

(b) Varying diagonal. We let the diagonal entries of Σ as Σj,j = 11 for j = 1, 2, · · · , 5,

and Σj,j = 1 + Uj for j = 6, 7, · · · , p, where Ui’s are independently drawn from the
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uniform distribution U(0, 1), and we let the off-diagonal entries be Σj,k = 0.9|j−k|. We

let β∗ = (1/
√
s, · · · , 1/

√
s, 0, · · · , 0)⊤, where only the first s entries are non-zero.

(c) Erdös-Rényi random graph. We let Ω̃j,k = uj,kvj,k, where vj,k’s are i.i.d. Bernoulli

random variables with success rate 0.2, and uj,k’s are i.i.d. uniform random variables

over [0.5, 1]
⋃
[−1,−0.5], and vj,k’s and uj,k’s are independent. Then we let Ω̃s =

(Ω̃ + Ω̃⊤)/2 and Ω0 = Ω̃s +
[
max(−λmin(Ω̃s), 0) + 0.05

]
Ip. Let D0 be a diagonal

matrix with diagonal elements same as Ω0’s. We let Ω = D
−1/2
0 Ω0D

−1/2
0 and Σ = Ω−1,

and let β∗ = (1/
√
s, · · · , 1/

√
s, 0, · · · , 0)⊤ where only the first s entries are non-zero.

(d) Block sparse model. We first construct a matrix B of size p × p as follows. For

1 ≤ j ≤ p/2 and j < k ≤ p, we let Bj,k = Bk,j = 10bi,j , where bj,k’s are i.i.d.

Bernoulli variables with success rate 0.5. For p/2 < j < k ≤ p, we let Bj,k =

Bk,j = 10. For the diagonal elements, we let Bj,j = 1 for 1 ≤ j ≤ p. Then we let

w = max(−λmin(B), 0) + 0.05 and let Ω = (B +wIp)/(1 +w) and Σ = Ω−1. We let

β∗ = ( 1
2
√
s
, · · · , 1

2
√
s
, 0, · · · , 0)⊤, where only the first s entries are non-zero.

(e) Approximately sparse setting. We let Σj,k = 0.9|j−k| and β∗
j = 0.75j , which are

approximately sparse.

Parameter Tuning: While both the AdaLDA method and PANDA method achieve guaran-

teed theoretical properties with specific tuning parameters, we observe in our experiments

that tuning these parameters via a validation set yields better empirical results. In our ex-

periments, under each setting, we randomly sample a validation dataset with n = 200 data

points from each class. Motivated by the choice of λ in (1.13), we let λ = λ̃ ·
√

log p/n,

and we tune the parameter λ̃, as equivalent to tuning λ. For a fair comparison, for all the

three methods (LPD, AdaLDA, and PANDA) we tune λ̃ by a grid search over a range from

0.1 to 8.0, with a grid size 0.1. Figures 1.1 and 1.2 show the results of the misclassifi-

cation risks and the estimation errors ∥β̂ − β∗∥2 versus the λ̃ value in the three methods,

averaged over 100 repetitions under each setting of different p and s. For the parameter c in
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Figure 1.1: The misclassification rate v.s. the parameter λ̃. Results are averaged over 100
instances.
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Figure 1.2: ℓ2 estimation error v.s. values parameter λ̃. Results are averaged over 100
instances.
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Figure 1.3: The distribution of the empirically optimal tuning parameter λ̃ for LPD (left),
AdaLDA (middle) and PANDA (right), approximated with kernel smoothing. The optimal
choice of the tuning parameter in our method relies less on the population.

the PANDA method, we observe that the results are insensitive to the value of c as long as c

is not too small, see Table 1.1 for the result of the classification risk with different choices

of c under the AR(1) model as an example. Hence we set c = 20 for all settings.

Tuning Sensitivity: We thoroughly investigate the sensitivity of the tuning parameters

under different settings. Since the choice of λ in the LPD method relies on the unknown

population quantity ∆, so does the optimal value of λ (or λ̃, equivalently) in practice. We

consider following settings to see how the population distribution, especially the scale of

∆, changes the empirically optimal tuning parameters of the LPD, AdaLDA and PANDA

methods. For the varying diagonal model, we set p = 400, 800, s = 5, and β∗ = η ·

(1/
√
s, · · · , 1/

√
s, 0, · · · , 0)⊤ for η = 1, 2, 4, where the first s entries are non-zero. For

the approximately sparse β model, we set p = 400, 800, and β∗
j = η · 0.75j for η = 1, 2, 4.
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Table 1.1: Misclassification rate of the PANDA method under the AR(1) model with n =
200, p = 400, s = 5 and different c, averaged over 50 replications. The standard deviations
are provided in brackets.

c 1e-4 1e-3 1e-2 0.1
Misclassification rate 0.4271 (0.1677) 0.3729 (0.1489) 0.2155 (0.0035) 0.2106 (0.0050)

c 1 10 100
Misclassification rate 0.2044 (0.0049) 0.2036 (0.0053) 0.2035 (0.0054)

During the tuning process, we observe that the empirically optimal tuning parameter λ̃

for the PANDA method is less sensitive to the change of unknown population quantities

among different settings, in comparison with the LPD method and AdaLDA method. In

particular, Figure 1.3 shows the distribution of the empirically optimal tuning parameter

over 50 repetitions under each setting as specified above. The results show that for the

PANDA method, the optimal tuning parameter is always close to 1, and does not change

much across the different settings.

Parameter Estimation: Table 1.2 summarizes the estimation error of β∗, ∥β̂ − β∗∥2, av-

eraged over 100 random instances under each setting. It is seen that our proposed PANDA

method achieves equal or better performance than the LPD and AdaLDA methods for most

settings.

Risk Evaluation: Table 1.3 summarizes the classification risk under each setting averaged

over 100 random instances. It is seen that our proposed PANDA method achieves similar

or better performances than the LPD method and AdaLDA method in most settings.

Running Time Comparison: Table 1.4 summarizes the running time of our PANDA

method and the AdaLDA method under the Varying Diagonal model on a regular com-

puter (Intel Core i5, 2.3GHz). For both methods we use Gurobi, a commercial software

that provides state-of-art solver for linear programming and second order cone program-

ming, to solve the optimization problems. As can be seen, our PANDA method requires

less running time than the AdaLDA method.
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Table 1.2: The ℓ2 norm of estimation errors under each setting, averaged over 100 in-
stances. The standard deviations are given in brackets. The lower value at the significance
level 0.05 between the AdaLDA and the PANDA method are marked in bold.

Model Specification

AR(1)

(s, p) (5, 400) (10, 400) (20, 400) (5, 800) (10, 800) (20, 800)

LPD
3.5650 3.8453 3.9386 3.5964 3.8692 3.9474

(0.1859) (0.1251) (0.0402) (0.1568) (0.0782) (0.0374)

AdaLDA
3.5573 3.8206 3.9289 3.5936 3.8391 3.9402

(0.1862) (0.0778) (0.0386) (0.1555) (0.0718) (0.0333)

PANDA
3.4896 3.8112 3.9260 3.5577 3.8304 3.9324

(0.2005) (0.0891) (0.0443) (0.1730) (0.0742) (0.0412)

Varying

Diagonal

(s, p) (5, 400) (10, 400) (20, 400) (5, 800) (10, 800) (20, 800)

LPD
0.1100 0.5313 0.7820 0.1123 0.5412 0.8012

(0.0800) (0.0733) (0.0317) (0.0858) (0.0594) (0.0344)

AdaLDA
0.0808 0.5197 0.7812 0.0923 0.5447 0.7986

(0.0423) (0.0564) (0.0304) (0.0492) (0.0556) (0.0263)

PANDA
0.1091 0.5174 0.7742 0.1157 0.5350 0.7926

(0.0824) (0.0693) (0.0302) (0.0917) (0.0562) (0.0313)

Erdös-Rényi

Random Graph

(s, p) (5, 400) (10, 400) (20, 400) (5, 800) (10, 800) (20, 800)

LPD
0.3387 0.5092 1.1104 0.3655 0.5966 0.8806

(0.1309) (0.1396) (0.4096) (0.1614) (0.1316) (0.1658)

AdaLDA
0.3363 0.4811 1.0151 0.3634 0.5922 0.8790

(0.1355) (0.1054) (0.1278) (0.1209) (0.1466) (0.2318)

PANDA
0.2991 0.5455 0.9061 0.3402 0.5477 0.8857

(0.1170) (0.5919) (0.1768) (0.1164) (0.1716) (0.8482)

Block Sparse

(s, p) (5, 400) (10, 400) (20, 400) (5, 800) (10, 800) (20, 800)

LPD
0.2705 0.3370 0.4867 0.2247 0.3056 0.3094

(0.1602) (0.2594) (0.5840) (0.0970) (0.0808) (0.1280)

AdaLDA
0.2657 0.3003 0.3354 0.2307 0.2908 0.2537

(0.0321) (0.0090) (0.0127) (0.0220) (0.0154) (0.0044)

PANDA
0.1902 0.2493 0.2934 0.2446 0.2778 0.3053

Continued on next page
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Table 1.2 – continued from previous page

Setting Specification

(0.0435) (0.0272) (0.0305) (0.1565) (0.0788) (0.1416)

Approximately

Sparse

p 400 800 1200

LPD
1.2885 1.1354 1.0565

(0.9126) (0.6862) (0.7033)

AdaLDA
1.2190 1.1768 1.1083

(0.6756) (0.7271) (0.6613)

PANDA
0.8117 0.8482 0.8152

(0.5405) (0.4735) (0.5004)
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Table 1.3: The classification risk under each setting averaged over 100 instances. The
standard deviations are given in brackets. The lower value at the significance level 0.05
between the AdaLDA and the PANDA method are marked in bold.

Model Specification

AR(1)

(s, p) (5, 400) (10, 400) (20, 400) (5, 800) (10, 800) (20, 800)

LPD
0.2086 0.2900 0.3535 0.2112 0.2908 0.3532

(0.0074) (0.0109) (0.0099) (0.0074) (0.0066) (0.0080)

AdaLDA
0.2082 0.2890 0.3522 0.2120 0.2913 0.3525

(0.0068) (0.0080) (0.0075) (0.0088) (0.0072) (0.0082)

PANDA
0.2068 0.2886 0.3542 0.2114 0.2910 0.3571

(0.0069) (0.0087) (0.0104) (0.0084) ( 0.0079) (0.01206)

Varying

Diagonal

(s, p) (5, 400) (10, 400) (20, 400) (5, 800) (10, 800) (20, 800)

LPD
0.0515 0.1382 0.2269 0.0520 0.1390 0.2289

(0.0028) (0.0054) (0.0065) (0.0038) (0.0056) (0.0087)

AdaLDA
0.0508 0.1376 0.2266 0.0513 0.1386 0.2284

(0.0018) (0.0046) (0.0063) (0.0032) (0.0054) (0.0081)

PANDA
0.0512 0.1374 0.2266 0.0514 0.1384 0.2292

(0.0026) (0.0040) (0.0064) (0.0025) (0.0048) (0.0088)

Erdös-Rényi

Random Graph

(s, p) (5, 400) (10, 400) (20, 400) (5, 800) (10, 800) (20, 800)

LPD
0.2857 0.2424 0.1150 0.2757 0.3256 0.3289

(0.0138) (0.0099) (0.0054) (0.0148) (0.0182) (0.0145)

AdaLDA
0.2849 0.2414 0.1162 0.2758 0.3246 0.3281

(0.0129) (0.090) (0.0058) (0.0138) (0.0185) (0.0152)

PANDA
0.2823 0.2403 0.1114 0.2721 0.3183 0.3209

(0.0117) (0.0106) (0.0044) (0.0129) (0.0166) (0.0161)

Block Sparse

(s, p) (5, 400) (10, 400) (20, 400) (5, 800) (10, 800) (20, 800)

LPD
0.1643 0.0954 0.0451 0.4184 0.1724 0.3776

(0.0056) (0.0038) (0.0028) (0.0170) (0.0029) (0.0077)

AdaLDA
0.1745 0.1002 0.0451 0.4378 0.1739 0.3811

(0.0061) (0.0009) (0.0003) (0.0156) (0.0007) (0.0020)

PANDA
0.1614 0.0938 0.0437 0.4168 0.1706 0.3753

Continued on next page
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Table 1.3 – continued from previous page

Setting Specification

(0.0047) (0.0018) (0.0007) (0.0159) (0.0026) (0.0072)

Approximately

Sparse

p 400 800 1200

LPD
0.1054 0.1047 0.1053

(0.0046) (0.0030) (0.0040)

AdaLDA
0.1042 0.1043 0.1042

(0.0029) (0.0035) (0.0038)

PANDA
0.1034 0.1039 0.1040

(0.0033) (0.0038) (0.0045)

Table 1.4: Running time (in seconds) of the PANDA and AdaLDA methods under the
Varying Diagonal model using Gurobi. The standard deviations are given in brackets.

(s, p) (5, 400) (10, 400) (20, 400)

AdaLDA 106.739 (2.653) 107.743 (2.588) 107.017 (2.782)
PANDA 70.202 (4.751) 71.312 (4.389) 72.112 (4.965)

(s, p) (5, 800) (10, 800) (20, 800)

AdaLDA 413.262 (13.209) 413.876 (12.708) 416.793 (12.383)
PANDA 325.486 (16.372) 326.125 (16.504) 333.427 (13.554)

1.5.2 Leukemia data

We investigate the performance of the PANDA, LPD, and AdaLDA methods on a Leukemia

dataset from high-density oligonucleotide microarrays. This dataset was first analyzed by

[18], and it contains 72 samples of two categories: 47 of acute lymphoblastic leukemia

(ALL), and 25 of acute myeloid leukemia (AML). Each sample contains the quantitative

expression levels of 7129 genes.

Preprocessing: We follow the preprocessing steps in [13]. First, we combine the data from

both categories and compute the sample variance of each gene. Then, we drop the genes

with sample variance beyond the lower and upper 6-quantiles of the total 7129 genes.
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Result: To provide a fair comparison among the LPD, AdaLDA, and PANDA methods, we

tune the parameters using a validation set. After preprocessing the raw data, we randomly

split the data into training, validation, and testing sets. Specifically, the training set contains

29 ALL and 15 AML samples, the validation set contains 9 ALL and 5 AML samples, and

the testing set contains 9 ALL and 5 AML samples. For the computational efficiency, we

only use 2000 genes with the largest absolute values of the two-sample t-test in the training

set, as suggested by [13]. We repeat the process 100 times, and provide the three methods’

average misclassification rates on the testing set (testing error) and their standard deviations

in Table 1.5. As can be seen, the PANDA method achieves a lower misclassification rate

than both the LPD and AdaLDA methods.

Table 1.5: The performance of PANDA, AdaLDA and LPD on the Leukemia dataset. The
testing errors are averaged over 100 repetitions. The standard deviation of the testing
errors are given in brackets. The difference between PANDA and the other two methods is
significant by pair-wise t-test with a p-value less than 0.001.

LPD AdaLDA PANDA

Testing Error
9.28% 10.64% 6.93%

(6.87%) (7.92%) (6.74%)

1.6 Extension to multiple-class LDA

In this section, we discuss the extension of PANDA method to K-class LDA in high

dimensions. To be more specific, we consider the following data setting. Suppose we

have samples
{
X

(k)
i : k = 1, 2, · · · , K, i = 1, 2, · · · , nk

}
from K classes denoted by k =

1, 2, · · · , K, such that X(k)
i ’s are i.i.d. from N(µ(k),Σ). Also, we suppose that the prior

probabilities π1, π2, · · · , πK for the K classes are known. Then the oracle classifica-

tion rule for future data Z is given by f(Z) = argmaxk Dk, where D1 = 0, Dk =(
Z − µ(1)+µ(k)

2

)⊤
β(k) + log

(
πk

π1

)
, with β(k) = Σ−1(µ(k) − µ(1)). In addition, we define

∆k =
√
β(k)⊤Σβ(k). Let µ̂(k) be the sample mean of data in class k, and let Σ̂ be the

pooled sample covariance matrix over the K classes. Then, one can construct the classifier
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by using the K-class PANDA method, which simultaneously estimate β(k)’s and ∆k’s via

the following optimization problems.

(β̂(k), τ̂ k) ∈ argmin
β,τ

∥β∥1 + ckτ
2, (1.19)

subject to ∥Σ̂β − (µ̂(k) − µ̂(1))∥∞ ≤ λσ̂max(τ + 1),

√
β⊤Σ̂β ≤ τ.

Based on β̂(k)’s, one can construct the classifier by f̂(Z) = argmaxk D̂k with D̂1 = 0 and

D̂k = (Z − µ̂(1)+µ̂(k)

2
)⊤β̂(k).

Following the similar technical argument as for Theorems 1.4.1, 1.4.2 and 1.4.3, we

can establish the following theoretical properties for K-class PANDA method.

Theorem 1.6.1 Suppose that Assumption 1.4.2 hold, and β(k)∗ ∈ Bq(R) for some q ∈ [0, 1)

and some R > 0 for all k = 2, 3, · · · , K. Let
(
β̂(k), τ̂k

)
be an optimal solution of (1.19).

Given

ck =
1

8

(
∥µ̂(k) − µ̂(1)∥∞ + 4σ̂max

√
log p
n

) , λ = 20

√
log p

n
, (1.20)

for sufficiently large n such that

n ≥ C · a−2∆2σ2
maxM

2+ 1
1−qR

2
1−q log p (1.21)

where C is an absolute constant, we have, with probability goes to 1,

∥β̂(k) − β(k)∗∥1 ≤ C1 · (∆k + 1) (σmaxM)1−q R

(
log p

n

)(1−q)/2

, (1.22a)

∥β̂(k) − β(k)∗∥2 ≤ C2 · (∆k + 1) (σmaxM)1−q/2
√
R

(
log p

n

)1/2−q/4

, (1.22b)

|τ̂ 2k −∆2
k|

∆2
k

≤ C3 · (1 + ∆−1
k )σ1−q/2

max M3/2−qR
( log p

n

)(1−q)/2

, (1.22c)
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where C1, C2 and C3 are positive constants.

1.7 Proofs of the Main Results

In this section, we provide the proof for Theorem 1.4.1 in Section 1.7.1 and Theorem 1.4.3

in Section 1.7.3. The proofs of lemmas can be found in the supplementary material.

1.7.1 Proof of Theorem 1

Proof We denote by δ = β̂ − β∗ and τ ∗ =

√
β∗⊤Σ̂β∗. We first derive the upper bound for

∥δ∥1. Based on this upper bound, we then derive the upper bounds for ∥δ∥2 and τ̂ .

For ease of presentation, we first define the following events,

Eτ =

{
|β∗⊤(Σ̂− Σ)β∗| ≤ 1

2
β∗⊤Σβ∗

}
=

{
1

2
∆2 ≤ τ ∗2 ≤ 3

2
∆2

}
, (1.23)

Eσmax =

{
|σ̂2

max − σ2
max| ≤

1

2
σ2
max

}
, (1.24)

Eµd
=

{
∥µd∥∞ − 2

√
2σmax

√
log p

n
≤ ∥µ̂d∥∞ ≤ ∥µd∥∞ + 2

√
2σmax

√
log p

n

}
, (1.25)

E1 =

{
∥(Σ̂− Σ)β∗∥∞ ≤ 10σmax∆

√
log p

n

}
, (1.26)

E2 =

{
∥Σ̂β∗ − µ̂∥∞ ≤ 20σ̂max

√
log p

n
(τ ∗ + 1)

}
. (1.27)

Before we proceed, we introduce the following lemma.

Lemma 1.7.1 For any β∗ ∈ Rp, we have

P (Eτ ) ≥ 1− 2 exp

(
−n− 1

16

)
, P (Eσmax) ≥ 1− 2p exp

(
−n− 1

16

)
,

P (Eµd
) ≥ 1− 2p−1, P(E1) ≥ 1− 2p−1.

Moreover, we have

E2 ⊇
(
Eτ
⋂
Eσmax

⋂
E1
)
.
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Upper bound for ∥δ∥1. We first provide an upper bound for δ⊤Σ̂δ in terms of ∥δ∥1, which

is essential for deriving an upper bound of ∥δ∥1.

Lemma 1.7.2 Suppose that the events Eτ , Eσmax , E1 and E2 hold. Then we have

δ⊤Σ̂δ ≤ 2λσmax∥δ∥1

(
3∆ + 2 +

√
∥δ∥1
c

)
. (1.28)

Our next step is to derive a lower bound for δ⊤Σ̂δ in terms of ∥δ∥1, based on the

restricted eigenvalue condition of Σ̂ on certain restricted subset of Rp. We first introduce

the eigenvalue condition of Σ̂ that holds with high probability.

Lemma 1.7.3 Suppose that Assumption 1.4.2 holds, and n ≥ 2. There exist absolute

positive constants c1 and c2 such that

δ⊤Σ̂δ ≥ 1

32M
∥δ∥22 − 81σ2

max

log p

n
∥δ∥21 for all δ ∈ Rp, (1.29)

with probability at least 1− c1 exp(−c2n).

Based on the above result, we derive the restricted eigenvalue condition of Σ̂ over a

restricted subset. In particular, for S ⊆ [p] and β∗ ∈ Rp, we let

CS,β∗ := {δ ∈ Rp : ∥δSc∥1 ≤ 3∥δS∥1 + 4∥β∗
Sc∥1} . (1.30)

The next lemma shows that δ ∈ CS,β∗ for any S ⊆ [p].

Lemma 1.7.4 Suppose that Assumption 1.4.1 and events Eµd
, Eσmax , E1 and E2, hold. Let

S ⊆ [p]. Given c and λ in (1.13), we have δ ∈ CS,β∗ when n satisfies

n ≥ 100a−2σ2
max∆

2 log p.
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Now, we choose a subset Sη that

Sη =
{
j ∈ [p] : |β∗

j | ≥ η
}
, (1.31)

where η = σmaxM

√
log p

n
. (1.32)

We further show the upper bounds for |Sη| and ∥β∗
Sc
η
∥1 in the next lemma.

Lemma 1.7.5 When β∗ ∈ Bq(R), we have that

|Sη| ≤ η−qR, (1.33)

∥β∗
Sc
η
∥ ≤ η1−qR. (1.34)

Note that if Sη is empty, we immediately have that

∥δ∥1 ≤ 4∥β∗
Sc
η
∥ ≤ 4η1−qR = 4(σmaxM)1−qR

(
log p

n

) 1−q
2

,

which matches the upper bound in (1.22a).

When Sη is non-empty and δ ∈ CSη ,β∗ , we have that

∥δ∥1 ≤ 4∥δSη∥1 + 4∥β∗
Sc
η
∥1 ≤ 4

√
|Sη|∥δ∥2 + 4∥β∗

Sc
η
∥1. (1.35)

Plugging the above inequality into (1.29) yields that

δ⊤Σ̂δ ≥ 1

512M |Sη|

(
∥δ∥1 − 4∥β∗

Sc
η
∥
)2
− 81σ2

max

log p

n
∥δ∥21

≥
(

1

512M |Sη|
− 81σ2

max

log p

n

)
∥δ∥21 −

∥β∗
Sc
η
∥1

64M |Sη|
∥δ∥1.

When n satisfies that

n ≥ C · σ2
maxM |Sη| log p
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for some constant C, we have that

δ⊤Σ̂δ ≥ 1

1024M |Sη|
∥δ∥21 −

∥β∗
Sc
η
∥1

64M |Sη|
∥δ∥1. (1.36)

Combining (1.28) with (1.36), we have that

1

1024M |Sη|
∥δ∥21 −

∥β∗
Sc
η
∥1

64M |Sη|
∥δ∥1 ≤ 2λσmax∥δ∥1

(
3∆ + 2 +

√
∥δ∥1
c

)
.

Solving the above inequality with our chosen c, λ and η as in (1.13) and (1.32), and using

the upper bounds (1.33) and (1.34), we have the upper bound for ∥δ∥1 that

∥δ∥1 ≤ C · (σmaxM)1−q(∆ + 1)R

(
log p

n

) 1−q
2

(1.37)

for some constant C, given n satisfies that

n ≥ C · a−2∆2σ2
maxM

2+ 1
1−qR

2
1−q log p

for some constant C.

Upper bound for ∥δ∥2. We prove (1.22b) based on the previous upper bound for ∥δ∥1.

Following Lemma 1.7.3, there exist some absolute positive constants c1 and c2 such that,

with probability at least 1− c1 exp(−c2n), we have

δ⊤Σ̂δ ≥ 1

32M
∥δ∥22 − 81σ2

max

log p

n
∥δ∥21. (1.38)

The above inequality gives an upper bound of ∥δ∥22 in terms of δ⊤Σ̂δ and ∥δ∥1, whereas the

latter two terms can be further upper bounded using Lemma 1.7.2 and (1.37), respectively.
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To bound δ⊤Σ̂δ, following Lemma 1.7.2, we have that

δ⊤Σ̂δ ≤ λσ̂max∥δ∥1

(√
∥δ∥1
c

+ 3∆+ 2

)
. (1.39)

Note that ∆ =
√

µ⊤
d Σ

−1µd ≥ M−1/2∥µd∥∞, and thus ∥µd∥∞/∆ ≤ M1/2. Hence (1.38)

and (1.39) together imply that

∥δ∥22 ≤ C ·
[
Mδ⊤Σ̂δ + σ2

maxM
log p

n
∥δ∥21

]
≤ C ·

[
λσ̂maxM(∆ + 1)∥δ∥1 +

λσ̂max√
c

M∥δ∥3/21 + σ2
maxM

log p

n
∥δ∥21

]
(1.40)

for some constant C. By our choice of c and λ in (1.13) and the upper bound of ∥δ∥1 in

(1.22a), when n satisfies that

n ≥ C · σ2
maxM

2+ 1
1−qR

2
1−q log p

for some absolute constant C, (1.40) reduces to

∥δ∥22 ≤ C · λσ̂maxM(∆ + 1)∥δ∥1 ≤ C · (σmaxM)2−q (∆ + 1)2R

(
log p

n

)1−q/2

,

which shows (1.22b) holds.

Upper bound of |τ̂ 2−∆2|/∆2. Note that |τ̂ 2−∆2| ≤ |τ̂ 2− τ ∗2|+ |τ ∗2−∆2|. We upper

bound the two terms on the right-hand side respectively in the next lemma.

Lemma 1.7.6 Suppose that Assumption 1.4.2, events Eτ , Eσmax , Eµd
, E1 and (1.22a) hold.

When n satisfies (1.14) for some absolute constant C, we have that

|τ̂ 2 − τ ∗2| ≤ C ·∆(∆ + 1)σ1−q/2
max M (3−q)/2R

(
log p

n

)(1−q)/2

(1.41a)

|τ ∗2 −∆2| ≤ C ·∆2σ1−q/2
max M (1−q)/2

√
R

(
log p

n

)(2−q)/4

(1.41b)
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for some absolute constant C.

Combining (1.41a) and (1.41b), we obtain that

|τ̂ 2 −∆2|
∆2

≤ C · (1 + ∆−1)σ1−q/2
max M

3−q
2 R

(
log p

n

) 1−q
2

for some absolute constant C, and our claim (1.22c) follows as desired.

1.7.2 Proof of Theorem 2

Proof We first introduce the following lemma that gives a different upper bound of δ⊤Σ̂δ

as in Lemma 1.7.2, with the additional condition that τ̂ =

√
β̂⊤Σ̂β̂.

Lemma 1.7.7 Suppose that the events Eτ , E1 and E2 hold, and τ̂ =

√
β̂⊤Σ̂β̂. Then we

have

δ⊤Σ̂δ ≤C · λσmax∥δ∥1
{
λσmax∥δ∥1 + τ ∗ + 1 +

(
20σmax∆

√
log p

n
∥δ∥1

)1/2

+ (2∥µd∥2∥δ∥2)1/2
}
, (1.42)

for some constant C.

Upper bound of ∥δ∥2. Based on Lemma 1.7.3 in the previous part, with probability goes

to 1 we have that

δ⊤Σ̂δ ≥ 1

32M
∥δ∥22 − 81σ2

max

log p

n
∥δ∥21 for all δ ∈ Rp.

When δ ∈ CSη ,β∗ , combining the above equation with (1.42), and using (1.35), we have that

1

M
∥δ∥22 ≤ C ·

[
σ2
max

log p

n
∥β∗

Sc
η
∥21 + λσmax

(√
|Sη|∥δ∥2 + ∥β∗

Sc
η
∥1
)(

∆+ 1 +
√
∥µd∥2∥δ∥2

)]
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for some constant C, when n satisfies that

n ≥ C · σ2
maxM

2−2q
2−q R

2
2−q log p

for some constant C. By setting η as in (1.32), and using (1.33) and (1.34), we finally

obtain

∥δ∥2 ≤ C · (σmaxM)1−q/2(∆ + 1)
√
R

(
log p

n

)1/2−q/4

(1.43)

for some constant C.

Upper bound of |τ̂ 2−∆2|/∆2. Note that |τ̂ 2−∆2| ≤ |τ̂ 2− τ ∗2|+ |τ ∗2−∆2|. In Lemma

1.7.6, we have already shown the upper bound for the term |τ ∗2 − ∆2| as (1.41b), which

we also adopt here. With the additional condition that
√
β̂⊤Σ̂β̂ = τ̂ , the upper bound of

the term |τ̂ 2 − τ ∗2| can be tighter than (1.41a), as shown in the following lemma.

Lemma 1.7.8 Suppose that Assumption 1.4.2, events Eτ , Eσmax , Eµd
, E1 and (1.22a) hold.

Also, suppose that
√

β̂⊤Σ̂β̂⊤ = τ̂ . When n satisfies (1.16), we have that

|τ̂ 2 − τ ∗2| ≤ C ·∆(∆ + 1)σ1−q/2
max M (3−q)/2

√
R

(
log p

n

)1/2−q/4

. (1.44)

for some absolute constant C.

Combining (1.41b) and (1.44), we have that

|τ̂ 2 −∆2|
∆2

≤ C · (1 + ∆−1)σ1−q/2
max M (3−q)/2

√
R

(
log p

n

)1/2−q/4

.

for some constant C.
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1.7.3 Proof of Theorem 3

Proof Let ∆̂ =

√
β̂⊤Σβ̂. The misclassification risk of β̂ is

R(β̂) = 1

2
Φ

(
−(µ̂m − µ(0))⊤β̂

∆̂

)
+

1

2
Φ

(
(µ̂m − µ(1))⊤β̂

∆̂

)
, (1.45)

where Φ(·) is the CDF of the standard Gaussian distribution. Recall that the optimal risk

achieved by Fisher’s rule is R∗ = Φ(−∆
2
). For the first term on the right-hand side of

(2.31), its second order Taylor’s expansion is

Φ

(
−(µ̂m − µ(0))⊤β̂

∆̂

)
= Φ

(
−∆

2

)
+ Φ′

(
−∆

2

)(
∆

2
− (µ̂m − µ(0))⊤β̂

∆̂

)

+
Φ′′(t1)

2

(
∆

2
− (µ̂m − µ(0))⊤β̂

∆̂

)2

, (1.46)

where t1 ∈
(

−∆
2
,− (µ̂m−µ(0))⊤β̂

∆̂

)
. Similarly, for the second term in (2.31), we have

Φ

(
(µ̂m − µ(1))⊤β̂

∆̂

)
= Φ

(
−∆

2

)
+ Φ′

(
−∆

2

)(
∆

2
+

(µ̂m − µ(1))⊤β̂

∆̂

)

+
Φ′′(t2)

2

(
∆

2
+

(µ̂m − µ(1))⊤β̂

∆̂

)2

, (1.47)

where t2 ∈ (−∆
2
, (µ̂m−µ(1))⊤β̂

∆̂
). Combining (2.32) and (2.33), we have

R(β̂)−R∗ =Φ′
(
−∆

2

)(
∆

2
− µ⊤

d β̂

2∆̂

)
+

Φ′′(t1)

2

(
∆

2
− (µ̂m − µ(0))⊤β̂

∆̂

)2

+
Φ′′(t2)

2

(
∆

2
+

(µ̂m − µ(1))⊤β̂

∆̂

)2

. (1.48)

We now introduce a lemma that upper bounds the first term on the right-hand side of (2.34).
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Lemma 1.7.9 Suppose (1.22b) holds, and n satisfies that

n ≥ C · σ2
maxM

2+2/(2−q)R2/(2−q) log p

for some constant C. Then we have

∆

2
− µ⊤

d β̂

2∆̂
≤ M

2∆
∥δ∥22, (1.49)

Note that Φ′(−∆/2) = (2π)−1/2 exp(−∆2/8). Following Lemma 2.6.7, we have

Φ′
(
−∆

2

)(
∆

2
− µ⊤

d β̂

2∆̂

)
≤ M

2
√
2π∆

exp

(
−∆2

8

)
∥δ∥22. (1.50)

Now we consider the second-order term in (2.34). First, using Lemma 2.6.7, we have

∆

2
− (µ̂m − µ(0))⊤β̂

∆̂
=

∆

2
− µ⊤

d β̂

2∆̂
+

β̂⊤(µm − µ̂m)

∆̂

≤ M

2∆
∥δ∥22 +

β̂⊤(µ(0) − µ̂(0)) + β̂⊤(µ(1) − µ̂(1))

2∆̂
. (1.51)

After taking square, the first term on the right-hand side gives M
4∆2∥δ∥42, which is negligible

compared to the first-order term. Hence it suffices to bound the second term on the right-

hand side of (2.39). For this aim we introduce the next lemma.

Lemma 1.7.10 Under the identical conditions as in Theorem 1.4.1 or 1.4.2, with proba-

bility at least 1− 4p−1 we have

(
β̂⊤(µ(0) − µ̂(0)) + β̂⊤(µ(1) − µ̂(1))

2∆̂

)2

≤ C · σ−q
maxM

1−qR

(
log p

n

)1−q/2

(1.52)

for some constant C.

Since t1 > −∆/2, we have |Φ′′(t1)| ≤ C ·∆exp (−∆2/8). Combining this with (2.40),
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we bound the second term in (2.34) by

|Φ′′(t1)|
2

(
∆

2
− (µ̂m − µ(0))⊤β̂

∆̂

)2

≤ C ·∆exp

(
−∆2

8

)
σ−q
maxM

1−qR

(
log p

n

)1−q/2

(1.53)

for some constant C. Likewise, the third term in (2.34) is also subject to this bound.

Finally, plugging (2.38) and (2.41) into (2.34), and using (1.22b), we achieve that

R(β̂)−R(β∗) ≤ C · exp
(
−∆2

8

)
σ−q
maxM

3−q∆R

(
log p

n

)1−q/2

for some constant C, which completes the proof.

1.8 Proof of Lemmas

In this section, we provide additional detailed proof to the lemmas in the previous section

of this chapter.

1.8.1 Proofs

This section provides the detailed proofs to the lemmas in the main body of the paper, and

is split into eight subsections, one subsection for the proof of each lemma.

Proof of Lemma 1.7.1

Proof There are four main statements in Lemma 1.7.1, and let us prove them one by one.

(i) It suffices to show that

P (Eτ ) = P
(
|β∗⊤(Σ̂− Σ)β∗| ≤ 1

2
β∗⊤Σβ∗

)
≥ 1− 2e−(n−1)/16. (1.54)
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Let {Yi}2n−2
i=1 be i.i.d. random vectors following the multivariate normal distribution

N(0,Σ). Then

Σ̂
d
=

1

2n− 2

2n−2∑
i=1

YiY
⊤
i , and β∗⊤Σ̂β∗ d

=
1

2n− 2

2n−2∑
i=1

(β∗⊤Yi)
2,

where d
= denotes equal in distribution. Note that {β∗⊤Yi} are i.i.d Gaussian r.v.s

following distribution N(0, β∗⊤Σβ∗), thus {(β∗⊤Yi)
2} are i.i.d. sub-exponential r.v.s,

so for any t ∈ (0, β∗⊤Σβ∗), we have

P

(∣∣∣ 1

2n− 2

∑
i

(β∗⊤Yi)
2 − β∗⊤Σβ∗

∣∣∣ ≥ t

)
≤ 2 exp

{
− (2n− 2)t2

8(β∗⊤Σβ∗)2

}
.

Relation (2.42) follows directly by taking t = 1
2
β∗⊤Σ̂β∗, and thus part (i) of Lemma

1.7.1 holds.

(ii) Now we need to show that

P (Eσmax) = P
(
|σ̂2

max − σ2
max| ≤

1

2
σ2
max

)
≥ 1− 2pe−(n−1)/16.

To prove this, we set β∗ = ej for j ∈ [p] and use (2.42) with a union bound argument

to obtain that

P
(
|Σ̂j,j − Σj,j| ≤

1

2
Σj,j, ∀j ∈ [p]

)
≥ 1− 2pe−(n−1)/16, (1.55)

where the event on the left-hand side implies that |σ̂2
max − σ2

max| ≤ 1
2
σ2
max.

(iii) Here it suffices to show that

P

(
∥µd∥∞ − 2

√
2σmax

√
log p

n
≤ ∥µ̂d∥∞ ≤ ∥µd∥∞ + 2

√
2σmax

√
log p

n

)
≥ 1− 2p−1.

Notice that µ̂d ∼ N(µd,
2
n
Σ). Let µd,j and µ̂d,j denote the j-th coordinate of µd and
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µ̂d, respectively. We have µ̂d,j ∼ N(µd,j,
2
n
Σj,j). Therefore, for any j ∈ [p] we have

that

P (|µ̂d,j − µd,j| > t) ≤ 2 exp

{
−nt2

4(Σj,j)2

}
≤ 2 exp

{
− nt2

4σ2
max

}
.

Taking t = σmax

√
8 log p

n
and applying the union bound for all j ∈ [p], we have with

probability at least 1− 2p−1 that

|µ̂d,j − µd,j| ≤ σmax

√
8 log p

n
, ∀j ∈ [p],

which implies that |∥µ̂d∥∞ − ∥µd∥∞| ≤ 2
√
2σmax

√
log p/n.

(iv) The lower bound of P(E1) follows an argument in [13]. Since β∗ = Σ−1µd, we have

that Σ̂β∗ − µ̂d = (Σ̂ − Σ)β∗ − (µ̂d − µd). By A.5.1 in the supplement of [13], we

have that

P

(
|e⊤j (Σ̂− Σ)β∗| ≤ 10σmax∆

√
log p

n
, ∀j ∈ [p]

)
≥ 1− 2p−1, (1.56)

where the event on the left-hand side is equivalent to event E1. Furthermore, recall

that ∆2 = β∗⊤Σβ∗. Therefore, under events Eτ and Eσmax , we have ∆ ≤
√
2τ ∗ and

σmax ≤
√
2σ̂max. These two conditions and event E1 together imply E2.

Proof of Lemma 1.7.2

Proof When (β∗, τ ∗) is feasible to (1.6), from the first constraint of (1.6) we have

∥Σ̂δ∥∞ = ∥Σ̂(β̂ − β∗)∥∞ ≤ ∥Σ̂β̂ − µ̂d∥∞ + ∥Σ̂β∗ − µ̂d∥∞ ≤ λσ̂max(τ̂ + τ ∗) + 2λσ̂max.

(1.57)
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In addition, due to the optimality of (β̂, τ̂), we have

∥β̂∥1 + cτ̂ 2 ≤ ∥β∗∥1 + cτ ∗2,

which implies that

τ̂ ≤ τ ∗ +

√
∥δ∥1
c

.

Plugging the above inequality into (1.57), we obtain that

∥Σ̂δ∥∞ ≤ 2λσ̂max(τ
∗ + 1) + λσ̂max

√
∥δ∥1
c

.

Under the events Eτ and Eσmax , we have τ ∗ ≤
√

3
2
∆ and σ̂max ≤ 2σmax, so we further have

that

∥Σ̂δ∥∞ ≤ 2λσmax

(
3∆ + 2 +

√
∥δ∥1
c

)
.

Finally, applying Hölder’s inequality, we obtain that

δ⊤Σ̂δ ≤ ∥δ∥1∥Σ̂δ∥∞ ≤ 2λσmax∥δ∥1

(
3∆ + 2 +

√
∥δ∥1
c

)
.

Thus Lemma 1.7.2 holds.

Proof of Lemma 1.7.3

Proof Lemma 1.7.3 is an application of a theorem in [19], which is given by the following

lemma.

Lemma 1.8.1 (Theorem 1 of [19]) For any Gaussian random design Z ∈ Rn×p with i.i.d.
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N(0,Σ) raws, there exist absolute positive constants c1, c2 such that

∥Zδ∥2√
n
≥ 1

4
∥Σ1/2δ∥2 − 9σmax

√
log p

n
∥δ∥1, ∀δ ∈ Rp,

with probability at least 1− c1 exp(−c2n).

Now we ready to prove Lemma 1.7.3. Suppose n ≥ 2. Then the pooled covariance

matrix Σ̂ is obtained by

Σ̂ =
1

2n− 2

[
n∑

i=1

(
X0

i − µ̂(0)
) (

X0
i − µ̂(0)

)⊤
+

n∑
i=1

(
X1

i − µ̂(1)
) (

X1
i − µ̂(1)

)⊤]
,

and Σ̂ has the same distribution as

Σ̃ =
1

2n− 2

2n−2∑
i=1

ZiZ
⊤
i ,

where Zj’s are i.i.d. samples from N(0,Σ). Hence Σ̂ can be viewed as the sample covari-

ance matrix of a Gaussian random design with 0 mean.

By Lemma 2.6.9 (i.e., Theorem 1 of [19]), there exist absolute positive constants c1 and

c2 such that with probability at least 1− c1 exp(−c2n),

∥Σ̂1/2δ∥2 ≥
1

4
∥Σ1/2δ∥2 − 9σmax

√
log p

2n− 2
∥δ∥1.

When n ≥ 2 and λmin ≥M−1, we have

∥Σ̂1/2δ∥2 ≥
1

4
√
M
∥δ∥2 − 9σmax

√
log p

n
∥δ∥1,
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and thus

δ⊤Σ̂δ ≥

(
1

4
√
M
∥δ∥2 − 9σmax

√
log p

n
∥δ∥1

)2

≥ 1

32M
∥δ∥22 − 81σ2

max

log p

n
∥δ∥21.

Here the last inequality follows from the fact that

(a− b)2 =

(
1

2
a2 − 2ab+ 2b2

)
+

1

2
a2 − b2 ≥ 1

2
a2 − b2

for any number a, b ≥ 0. Thus Lemma 1.7.3 holds.

Proof of Lemma 1.7.4

Proof For any S ⊆ [p], we have

∥β̂∥1 = ∥β∗ + δ∥1 ≥ ∥β∗
S∥1 + ∥δSc∥1 − ∥β∗

Sc∥1 − ∥δS∥1.

Combining the above inequality with ∥β∗∥1 ≤ ∥β∗
S∥1 + ∥β∗

Sc∥1, we have

∥β̂∥1 − ∥β∗∥1 ≥ ∥δSc∥1 − ∥δS∥1 − 2∥β∗
Sc∥1. (1.58)

When (β∗, τ ∗) is feasible to (1.6), by optimality we have

∥β̂∥1 + cτ̂ 2 ≤ ∥β∗∥1 + cτ ∗2. (1.59)

Combining (1.58) and (1.59) yields

∥δSc∥1 − ∥δS∥1 − 2∥β∗
Sc∥1 ≤ ∥β̂∥1 − ∥β∗∥1 ≤ c(τ ∗2 − τ̂ 2). (1.60)
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Since τ ∗2 = β∗⊤Σ̂β∗ and τ̂ 2 ≥ β̂⊤Σ̂β̂, it follows that

c(τ ∗2 − τ̂ 2) ≤ −2cδ⊤(Σ̂β∗)

= −2cδ⊤(Σ̂− Σ)β∗ − 2cδ⊤µd

≤ 2c∥(Σ̂− Σ)β∗∥∞∥δ∥1 + 2c∥µd∥∞∥δ∥1.

Under event E1, we have

∥(Σ̂− Σ)β∗∥∞ ≤ 10σmax∆

√
log p

n
.

When n satisfies that

n ≥ 100a−2σ2
max∆

2 log p,

we have

c(τ ∗2 − τ̂ 2) ≤ 4c∥µd∥∞∥δ∥1.

By setting c as in (1.13), we have that

1

2
∥δSc∥1 ≤

3

2
∥δS∥1 + 2∥β∗

Sc∥1.

Thus ∥δSc∥1 ≤ 3∥δS∥1 + 4∥β∗∥1, which completes the proof of Lemma 1.7.4.
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Proof of Lemma 1.7.5

Proof From the definitions of Bq(R) and Sη, we have that

R ≥
∑
j

|β∗
j |q ≥ ηq|Sη|,

and

R ≥
∑
j

|β∗
j |q =

∑
j

|β∗
j | · |β∗

j |q−1 ≥ ηq−1∥β∗
Sc
η
∥1.

Lemma 1.7.5 follows immediately from these two inequalities, and thus holds.

Proof of Lemma 1.7.6

Proof Let us first prove relation (1.41a). Under the optimality condition, we have ∥β̂∥1 +

cτ̂ 2 ≤ ∥β∗∥1 + cτ ∗2, and thus

τ̂ 2 − τ ∗2 ≤ 1

c
∥δ∥1 ≤ C ·∆(∆ + 1)σ1−q

maxM
3/2−qR

(
log p

n

) 1−q
2

(1.61)

for some positive constant C. Here the last inequality uses (1.22a) and ∥µd∥∞ ≤M1/2∆.

Note that the second constraint in (1.6) implies that

τ̂ 2 ≥ β̂⊤Σ̂β̂ = (β∗ + δ)⊤Σ̂(β∗ + δ) ≥ τ ∗2 + 2δ⊤Σ̂β∗,

hence

τ̂ 2 − τ ∗2 ≥ −2|δ⊤Σ̂β∗| (1.62)

≥ −2
∣∣∣δ⊤ [(Σ̂− Σ)β∗ + µd

]∣∣∣ (1.63)

≥ −2∥δ∥2∥µd∥2 − 2∥δ∥1∥(Σ̂− Σ)β∗∥∞. (1.64)
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Note that under the event E1, we have

∥(Σ̂− Σ)β∗∥∞ ≤ 10σmax∆

√
log p

n
. (1.65)

Plugging (1.22a), (1.22b), (1.65) and ∥µd∥2 ≤M1/2∆ into (1.64), we obtain that

τ̂ 2 − τ ∗2 ≥ −C ·∆(∆ + 1)σ1−q/2
max M (3−q)/2

√
R

(
log p

n

)1/2−q/4

.

Combining the above equation and (1.61) yields (1.41a).

Next, let us prove the result (1.41b) in Lemma 1.7.6. Note that the gap between τ ∗2

and ∆2 can be written as |τ ∗2 −∆2| = |β∗⊤(Σ̂− Σ)β∗|. To bound this gap, we first apply

Hölder’s inequality that

|β∗⊤(Σ̂− Σ)β∗| ≤ ∥β∗∥1∥(Σ̂− Σ)β∗∥∞.

Under event E1, the term ∥(Σ̂ − Σ)β∗∥∞ can be again bounded by (1.65). To bound the

term ∥β∗∥1, we note that

∥β∗∥1 = ∥β∗
Sη
∥1 + ∥β∗

Sc
η
∥1 ≤

√
|Sη| ∥β∗∥2 + ∥β∗

Sc
η
∥1 ≤ η−q/2

√
RM1/2∆+ η1−qR.

The last inequality above uses equations (1.33) and (1.34). By our choice of η in (1.32),

when n satisfies that

n ≥ C ·∆2σ2
maxMR log p

for some absolute constant C, we have that

∥β∗∥1 ≤ C · η−q/2
√
RM1/2∆ ≤ C ·∆2σ−q/2

max M (1−q)/2∆
√
R

(
log p

n

)−q/4

.
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Hence we have

|τ ∗2 −∆2| = |β∗⊤(Σ̂− Σ)β∗| ≤ ∥β∗∥1∥(Σ̂− Σ)β∗∥∞ ≤ C · σ1−q/2
max M (1−q)/2

√
R

(
log p

n

) 2−q
4

,

and thus (1.41b) holds.

Proof of Lemma 1.7.7

Proof When (β∗, τ ∗) is feasible to (1.6), from the first constraint of (1.6) we have

∥Σ̂δ∥∞ = ∥Σ̂(β̂ − β∗)∥∞ ≤ ∥Σ̂β̂ − µ̂d∥∞ + ∥Σ̂β∗ − µ̂d∥∞ ≤ λσ̂max(τ̂ + τ ∗) + 2λσ̂max.

(1.66)

When τ̂ =

√
β̂⊤Σ̂β̂, we have

τ̂ 2 = β̂⊤Σ̂β̂ = (β∗ + δ)⊤Σ̂(β∗ + δ) = τ ∗2 + 2δ⊤Σ̂β∗ + δ⊤Σ̂δ

= τ ∗2 + δ⊤Σ̂δ + 2δ⊤(Σ̂− Σ)β∗ + 2δ⊤µd

≤ τ ∗2 + δ⊤Σ̂δ + 20σmax∆

√
log p

n
∥δ∥1 + 2∥µd∥2∥δ∥2.

Plugging the above inequality into (1.66), we have

∥Σ̂δ∥∞ ≤ λσ̂max

2τ ∗ + 2 +
√
δ⊤Σ̂δ +

(
20σmax∆

√
log p

n
∥δ∥1

)1/2

+ (2∥µd∥2∥δ∥2)1/2
 .

Applying Hölder’s inequality, we obtain that

δ⊤Σ̂δ ≤ λσ̂max∥δ∥1

2τ ∗ + 2 +
√

δ⊤Σ̂δ +

(
20σmax∆

√
log p

n
∥δ∥1

)1/2

+ (2∥µd∥2∥δ∥2)1/2
 .
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From the above inequality, we may derive that

δ⊤Σ̂δ ≤C · λσmax∥δ∥1
{
λσmax∥δ∥1 + τ ∗ + 1 +

(
20σmax∆

√
log p

n
∥δ∥1

)1/2

+ (2∥µd∥2∥δ∥2)1/2
}
,

where C is a constant.

Proof of Lemma 1.7.8

Proof When τ̂ =

√
β̂⊤Σ̂β̂, we have

τ̂ 2 = β̂⊤Σ̂β̂ = (β∗ + δ)⊤Σ̂(β∗ + δ) = τ ∗2 + 2δ⊤Σ̂β∗ + δ⊤Σ̂δ

= τ ∗2 + δ⊤Σ̂δ + 2δ⊤(Σ̂− Σ)β∗ + 2δ⊤µd.

With event E1, we have that

|τ̂ 2 − τ ∗2| = |δ⊤Σ̂δ + 2δ⊤(Σ̂− Σ)β∗ + 2δ⊤µd|

≤ δ⊤Σ̂δ + 20σmax∆

√
log p

n
∥δ∥1 + 2∥µd∥2∥δ∥2.

Then, using the previous results (1.35), (1.42) and (1.43), we obtain that

|τ̂ 2 − τ ∗2| ≤ C ·∆(∆ + 1)σ1−q/2
max M (3−q)/2

√
R

(
log p

n

)1/2−q/4

for some constant C.
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Proof of Lemma 2.6.7

Proof Note that

∆̂ =

√
β̂⊤Σβ̂ =

√
β⊤Σβ + 2β⊤Σδ + δ⊤Σδ

≤
√
β⊤Σβ

(
1 +

2β⊤Σδ + δ⊤Σδ

2β⊤Σβ

)
= ∆+

2µ⊤
d δ + δ⊤Σδ

2∆
.

Therefore, we have

∆

2
− µ⊤

d β̂

2∆̂
=

1

2∆̂
(∆∆̂− µ⊤

d β̂)

≤ 1

2∆̂

(
∆2 + µ⊤

d (δ − β̂) +
1

2
δ⊤Σδ

)
=

1

4∆̂
δ⊤Σδ ≤ δ⊤Σδ

4(∆ +
µ⊤
d δ

∆
)
. (1.67)

Note that |µ⊤
d δ| ≤ ∥µd∥2∥δ∥2 ≤ M1/2∆∥δ∥2. Using the convergence rate of ∥δ∥2 in

(1.22b) from Theorem 1.4.1, when n satisfies that

n ≥ C · σ2
maxM

2+2/(2−q)R2/(2−q) log p

for some constant C, we have that |µ⊤
d δ| ≤ ∆2/2, and thus it follows from (2.53) that

∆

2
− µ⊤

d β̂

2∆̂
≤ δ⊤Σδ

2∆
≤ M

2∆
∥δ∥22.

47



Proof of Lemma 2.6.8

Proof We first show that

P

(
∥µ̂(ℓ) − µ(ℓ)∥∞ ≤ σmax

√
2 log p

n
, ℓ = 0, 1

)
≥ 1− 4p−1. (1.68)

Note that µ̂(ℓ) ∼ N(µ(ℓ),Σ/n) for ℓ = 0, 1, and thus µ̂
(ℓ)
j ∼ N(µ

(ℓ)
j ,Σj,j/n), for j ∈ [p].

Hence,

P
(
|µ̂(ℓ)

j − µ
(ℓ)
j | ≥ t

)
≤ 2 exp

(
− nt2

Σj,j

)
≤ 2 exp

(
− nt2

σ2
max

)
for all ℓ ∈ {0, 1}, j ∈ [p].

Taking t = σmax

√
2 log p/n and applying the union bound for all j ∈ [p], we have

P

(
∥µ̂(ℓ) − µ(ℓ)∥∞ ≤ σmax

√
2 log p

n
, ℓ = 0, 1

)
≥ 1− 4p exp(−2 log p) = 1− 4p−1.

We next bound the term β̂⊤(µ(ℓ) − µ̂(ℓ)) for ℓ = 0, 1. Note that

β̂⊤(µ(ℓ) − µ̂(ℓ)) = (β∗ + δ)⊤(µ(ℓ) − µ̂(ℓ))

≤ (∥β∗
Sη
∥1 + ∥β∗

Sc
η
∥1 + ∥δ∥1)∥µ(ℓ) − µ̂(ℓ)∥∞

≤
(√
|Sη|∥β∗∥2 + 5∥β∗

Sc
η
∥1 + 4

√
|Sη|∥δ∥2

)
∥µ(ℓ) − µ̂(ℓ)∥∞.

Here the last inequality uses (1.35). Also, note that ∥β∗∥ ≤ M1/2∆. With our choice of η

in (1.32) and the upper bound for ∥δ∥2, when n satisfies that

n ≥ C · σ2
maxM∆− 4

2−qR
2

2−q log p
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for some constant C, we have that

β̂⊤(µ(ℓ) − µ̂(ℓ)) ≤ σ−q/2
max M

1−q
2 ∆
√
R

(
log p

n

) 2−q
4

. (1.69)

We then consider the term ∆̂ =

√
β̂⊤Σβ̂. Note that

∆̂2 = β̂⊤Σβ̂ = ∆2 + 2µ⊤
d δ + δ⊤Σδ,

Hence we have

|∆̂2 −∆2| ≤ 2∥µd∥∥δ∥2 +M∥δ∥22.

When n is sufficiently large, we have that |∆̂2 −∆2| ≤ 1
2
∆2. Combining this with (2.56),

we have that

(
β̂⊤(µ(0) − µ̂(0)) + β̂⊤(µ(1) − µ̂(1))

2∆̂

)2

≤ C · σ−q
maxM

1−qR

(
log p

n

)1−q/2

for some constant C. Therefore, Lemma 2.6.8 holds true.

1.9 Discussions

Besides [14], there are other pivotal methods for regression and inverse covariance estima-

tion problems. For examples, [20] and [21] propose the scaled Lasso method (also known

as square-root Lasso) for sparse linear regression, which enjoys a similar tuning-insensitive

property to [14]; [22] extend the scaled Lasso to nonparametric regression; [23] extend the

scaled Lasso to sparse multivariate regression with inhomogeneous noise; [24] extend the

scaled Lasso to sparse linear regression with group structures; [25] and [26] extend the

scaled Lasso to inverse covariance matrix estimation; [27] extend [14] to inverse covari-
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ance matrix estimation for heavy tail elliptical distributions; [28] and [29] show that the

sparse quantile regression and LAD Lasso are also pivotal methods, which enjoy similar

tuning-insensitive properties, respectively.
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CHAPTER 2

ROBUST HIGH-DIMENSIONAL LDA UNDER DATA CONTAMINATION

In this chapter, we introduce a method for enhancing the robustness of high-dimensional

LDA against data contamination, where a fraction of the observed sample may be cor-

rupted. Theoretical results and numerical studies are provided to show the usefulness of

our proposed method.

2.1 Introduction

In the standard binary classification problem, we observe two classes of p-dimensional

training data, {x(i)
j : j = 1, 2, · · · , ni; i = 0, 1}, where i = 0 or 1 denotes the class

label. Linear discriminant analysis (LDA) is a specialization of Fisher’s linear discriminant,

a statistical method to find a linear combination of the features that is used in decision-

making.

We study the high-dimensional and sparse setting of LDA, motivated by many modern

real-world applications such as the fMRI decoding and biomarker identification (see, e.g.

[2, 3]). Practitioners in these domains suggest that the classification problems in high-

dimensions might actually depend only on a small fraction of predictors or features. Several

methods have been developed in the literature on high-dimensional LDA with different

sparsity assumptions. For instance, [4, 5, 6] assume that the mean difference µd = (µ(1) −

µ(0)) is sparse, and the common covariance matrix Σ is diagonal, whereas [7] proposes the

sparse linear discriminant analysis (SLDA) under the assumption that both µd and Σ are

sparse. Recently, [10, 11, 13] impose a sparsity assumption on the direction β∗ = Σ−1µd,

which will also be adopted in our paper.

Furthermore, we consider an adversarial setup where an adversary can corrupt a fraction

of the feature vectors in the training data. It is well known that LDA and other classification
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algorithms can be sensitive to outliers, especially in high dimensions. Robust estimates

of the class means and the inverse of common covariance matrix would suffice to make

LDA robust. However, joint robust estimation of the mean and covariance matrix in high

dimensions is known to have high computational complexity and high sample complexity.

This beckons the search for methods for robust LDA which are computationally efficient

and have low sample complexity.

Note that classical robust mean estimation methods such as coordinate-wise median

and geometric median suffer in high dimensions since their error bound scale with the

dimension. There are a number of studies that investigate robust mean estimation for con-

taminated data in high dimensions, e.g., Tukey’s median [30] and Iterative Filtering [31,

32, 33]. More recent studies propose to minimize the spectral norm of weighted sample

covariance, and estimate the mean by weighted average, (see, e.g., [34, 35, 36]). Inspired

by this approach, the work in [37] proposed to minimize the ℓ1 norm of an outlier indicator

vector under the constraint on the spectral norm of weighted sample covariance, thereby

developing an order-optimal robust estimate of the mean. Besides the estimation of robust

mean, there are recent studies on robust estimation in other statistical problems, such as

covariance or precision matrix estimation and regression. For example, [38] investigate the

estimation of mixtures of spherical Gaussians in high-dimensions; [39] propose robust co-

variance and precision matrix estimators for distribution with bounded fourth moment, [40]

develop a high dimensional robust sparse regression algorithm based on iterative filtering.

[41, 42] develop ad hoc methods for robust sparse linear discriminant analysis.

In our work, we develop a general ℓ1 norm-based optimization framework for robust

high-dimensional LDA by combining the robust mean estimation in [37] with the formu-

lation in [14] to bypass the estimation of the inverse of the covariance matrix. We further

develop an approximation algorithm for solving the optimization problem. We show that

our method yields a solution for which we establish statistical guarantees. Extensive nu-

merical studies using both synthetic data and real data (MNIST) illustrate the usefulness of
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our method.

The rest of this chapter is organized as below. In Section 2.2, we briefly review the

LDA problem, and introduce the data contamination model. In Section 2.3, we introduce

our method. In Section2.4, we discuss the theoretical properties of our method. In Section

2.5, we present the numerical studies. The proofs of our theoretical results are presented in

Section 2.6.

2.2 Problem Overview

In this section, we provide necessary background on three topics: (1) LDA in subsection

2.2.1; (2) the data contamination model in subsection 2.2.2, and (3) objective in subsection

2.2.3.

2.2.1 LDA

The widely used LDA classifier adopts the structure of the optimal Bayes classifier for the

scenario wherein the conditional distributions of the datapoints (conditioned on the class)

are Gaussian distributions with a common covariance matrix Σ but different means µ(0)

and µ(1). The decision criterion of the LDA classifier for a datapoint z is given by

f(z) = 1{β̂⊤z ≥ γ̂}, (2.1)

where

β̂ = Σ̂−1
(
µ̂(1) − µ̂(0)

)
, γ̂ = β̂⊤

(
µ̂(0) + µ̂(1)

2

)
, (2.2)

Σ̂ is the sample covariance matrix under the common covariance assumption, and µ̂(i) is

the sample mean of class i.

We represent the LDA classifier in a general form which is characterized by the (p+1)-
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dimensional quantities (β, γ):

fβ,γ(z) = 1{β⊤z ≥ γ} (2.3)

The misclassification rate of the LDA classifier given by fβ,γ(·), under the assumption that

the conditional distributions are Gaussian distributions, is given by

R(β, γ) =1

2
PZ∼N(µ(0),Σ)(fβ,γ(Z) = 1) +

1

2
PZ∼N(µ(1),Σ)(fβ,γ(Z) = 0) (2.4)

=
1

2
Φ

(
β⊤µ(0) − γ√

β⊤Σβ

)
+

1

2
Φ

(
−β⊤µ(1) − γ√

β⊤Σβ

)
,

where Φ is the CDF of the standard Gaussian distribution. The optimal misclassification

rate (also known as the Bayes error) is achieved by Fisher’s LDA fβ∗,γ∗(·), where

β∗ = Σ−1
(
µ(1) − µ(0)

)
, γ∗ = β∗⊤

(
µ(0) + µ(1)

2

)
.

The corresponding optimal misclassification rate isR∗ = Φ(−∆/2), where ∆ =
√
β∗⊤Σβ∗ =√

µ⊤
d Σ

−1µd can be viewed as the signal-noise ratio.

2.2.2 Data contamination model

We consider the following data contamination model. Let {x̃(i)
j : i = 0, 1, j ∈ [ni]}

be an i.i.d. sample drawn from the two class distributions (indexed by i = 0, 1) before

contamination. With certain contamination level 0 < ϵ < 1/2, the adversary can view all

data and replace at most ϵni datapoints in class i with any arbitrary datapoints that deviate

from the original datapoints by an ℓ2-distance of at most R < ∞. We denote the resulting

contaminated sample by {x(i)
j : i = 0, 1, j ∈ [ni]}.

We acknowledge that our contamination model with bounded R is weaker than the

strong contamination model considered in the literature of robust estimation (see, e.g., [31,

33, 37, 32, 36, 34, 35]) wherein R is unbounded. This assumption on the boundedness
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of R is needed for the theoretical analysis of guarantees on the robust estimation of both

covariance matrix and the class means with limited sample sizes.

2.2.3 Objective

Our main goal is to robustly estimate the parameters of the LDA classifier under the pres-

ence of outliers in the training data with the objective of minimizing the misclassification

rate R with respect to clean testing data without outliers. The breakdown point ϵ∗ is de-

fined as the minimum fraction of contamination in the training data that can result in 50%

misclassification rate. To be more concrete, denote by x̃ and xϵ the observed training data

before and after ϵ-contamination, respectively. With slight abuse of notation, let R(xϵ) be

the misclassification rate of LDA learned from xϵ. We define the breakdown point ϵ∗ (in

the regime mini ni →∞) as

ϵ∗ = inf

{
ϵ : sup

xϵ

R(xϵ) = 0.5

}
. (2.5)

The breakdown point ϵ∗ depends on the algorithm for discriminant analysis, and reflects

the robustness of the algorithm to ϵ-contamination. An algorithm with higher ϵ∗ means one

needs to contaminate more datapoints in order to fool the algorithm to perform as poorly

as random guessing.

2.3 Our Proposed Method

For the rest of the paper, we assume that the conditional distributions of the training data

follow Gaussian distributions with common unknown covariance matrix Σ and unknown

class means µ(i), i = 0, 1. Let us first provide some high-level ideas of our proposed frame-

work and method. Firstly, we define indicator vector h(i) such that h(i)
j = 1 represents that

jth observation in the ith class is an outlier, and ideally we would to estimate the unknown

Gaussian means and the common covariance based only on those datapoints with h
(i)
j = 0.
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Since the indicators h(i)
j are unobservable, we would use w

(i)
j , which can be thought of as

an estimate of 1− h
(i)
j as well as the weight of x(i)

j for the purpose of computing weighted

mean and covariance matrix.

Joint robust estimation of µ(0), µ(1) and Σ has high computational complexity as well

as sample complexity, under the strong contamination model considered in the literature.

Working with a weaker contamination model helps us guarantee robust estimation of the

class means and common covariance matrix with low computational and sample complexi-

ties. Secondly, we impose the sparsity assumption on β∗ = Σ−1
(
µ(1) − µ(0)

)
. This inspires

us to minimize the ℓ1 norm of β among those vectors satisfying Σβ = µ(1)−µ(0). Towards

this end, we adapt our Pivotal Linear Discriminant Analysis (PANDA) method in Chapter

1 for estimating sparse β∗ in high dimensions, which introduces a new nuisance parameter

τ that controls the error between Σβ and µ(1) − µ(0).

More specifically, in order to estimate β∗ while being robust to outliers, we propose

to develop robust LDA via the following optimization problem adapted from our PANDA

method:

min
h(0),h(1),µ(0),µ(1),β,τ

∥β∥1 + c1τ
2, (2.6)

subject to the constraints

0 ≤ h
(i)
j ≤ 1,∀i ∈ {0, 1} and j ∈ [n], (2.7)

∥h(i)∥1 ≤ c2n, i ∈ {0, 1} (2.8)

λmax

(
Σ(i)(h(i), µ(i))

)
≤ c3σ

2, i ∈ {0, 1} (2.9)

∥Σ(h, µ)β − (µ(1) − µ(0))∥∞ ≤ c4τ, (2.10)√
β⊤Σ(h, µ)β ≤ τ. (2.11)
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Here c1, c2, c3 and c4 are tuning parameters, and

Σ(i)(h(i), µ(i)) :=

∑ni

j=1(1− h
(i)
j )(x

(i)
j − µ(i))(x

(i)
j − µ(i))⊤∑ni

j=1(1− h
(i)
j )

,

Σ(h, µ) :=

∑1
i=0

∑ni

j=1(1− h
(i)
j )(x

(i)
j − µ(i))(x

(i)
j − µ(i))⊤∑1

i=0

∑ni

j=1(1− h
(i)
j )

,

where h = (h(0), h(1)) and µ = (µ(0), µ(1)).

It is useful to add some remarks to the constraints of this optimization problem. The

parameter τ plays a crucial role and is used for calibration through constraints (2.10) and

(2.11), such that one can simultaneously estimate ∆ and β∗. In addition, by (2.11), τ can

also be thought of as the estimator for ∆ =
√

β∗⊤Σβ∗, which is an important quantity

in LDA. The constraints (2.7), (2.8) and (2.9) are for robust mean estimation of the two

classes, as inspired by reference [37]. We take h(i) as the outlier indicator vector for class i,

and we relax the binary constraint (h(i)
j ∈ {0, 1}) to the continuous one for computational

tractability. Furthermore, we impose constraints on ℓ1 norm of h(i), as we also expect

sparsity in h(i), since the outliers only take a small fraction of the sample. Constraint (2.9)

guarantees that the mean estimate is not drawn too far away by those outliers whose h
(i)
j ’s

are close to 1.

On one hand, the optimization problem (2.6)-(2.11) is non-convex and hence it is diffi-

cult to find a global optimum in general. On the other hand, fortunately, as we will show

in next section, any locally optimal solution enjoys nice properties both in terms of estima-

tion error and misclassification rate for LDA. With this motivation, we develop an efficient

(approximation) algorithm for robust LDA, which is outlined in Algorithm 2. Note that

the subroutine (2.12)-(2.14) can be viewed as a packing semi-definite programming, and

can be solved through approximate algorithms such as in [43]. Moreover, the optimization

problem (2.15)-(2.17) is a second-order cone programming, which is convex and can be

efficiently solved by off-the-shelf software packages.
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Algorithm 2 An Approximation Algorithm for Robust LDA

Input: Specify (contaminated) data {x(i)
j : i ∈ {0, 1}, j ∈ [ni]}. Specify ϵ as the

upper bound of the fraction of contamination, and σ such that Σ ⪯ σ2Ip. Specify the
parameters c1, c2, c3, c4.
Initialize µ(i),0 as the median of all samples in class i.
for t = 1 to T do

Solve h(i),t through the following sub-routine:

min
h(i)

∥h(i)∥1 (2.12)

subject to 0 ≤ h
(i)
j ≤ 1, ∀j ∈ [ni], (2.13)

λmax

(
V (i)(h(i), µ(i),t−1)

)
≤ c3σ

2ni, (2.14)

where w
(i)
j = 1− h

(i)
j and

V (i)(h(i), µ(i),t−1)

=
∑
j

w
(i)
j (x

(i)
j − µ(i),t−1)(x

(i)
j − µ(i),t−1)⊤.

Update µ(i),t by µ(i),t =
∑

j w
(i),tx

(i)
j∑

j w
(i),t .

end for
Let µ̂(i) = µ(i),T and ĥ(i) = h(i),T . Then compute

µ̂m =
1

2

(
µ̂(1) + µ̂(0)

)
, µ̂d = µ̂(1) − µ̂(0),

Σ̂ =

∑
i,j w

(i),t(x
(i)
j − µ̂(i))(x

(i)
j − µ̂(i))⊤∑

i,j w
(i),t

.

Solve (β̂, τ̂) from the following optimization problem:

(β̂, τ̂) ∈ argmin
β,τ

∥β∥1 + c1τ
2 (2.15)

subject to ∥Σ̂β − µ̂d∥∞ ≤ c4τ, (2.16)√
β⊤Σ̂β ≤ τ. (2.17)

Output: (β̂, µ̂m, ĥ
(0), ĥ(1)).
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2.4 Theoretical Results

In this section, we discuss the theoretical properties of our method. We first state some

assumptions for our results to hold, which are standard in the literature of robust estimation

and LDA in high dimensions, see [37] and [13] for example.

Assumption 2.4.1 We assume that β∗ is sparse that ∥β∥0 ≤ s.

Assumption 2.4.2 We assume 1
M
Ip ⪯ Σ ⪯ σ2Ip for some M and σ2. Also, we assume that

∥µd∥2 ≥ a > 0.

For convenience, we define the following notation, which will be used throughout the

rest of the paper.

h̃
(i)
j =


0 if x(i)

j = x̃
(i)
j

1 otherwise
, w̃

(i)
j = 1− h̃

(i)
j ,

µ̃(i) =
1∑
j w̃

(i)
j

∑
j

w̃
(i)
j x

(i)
j ,

Σ̃(i) =
1∑
j w̃

(i)
j

∑
j

w̃
(i)
j (x

(i)
j − µ̃(i))(x

(i)
j − µ̃(i))⊤,

Σ̃ =
1∑

i,j w̃
(i)
j

∑
i,j

w̃
(i)
j (x

(i)
j − µ̃(i))(x

(i)
j − µ̃(i))⊤.

We first present an upper bound for the ℓ2 norm of the estimation error of β∗.

Theorem 2.4.1 Suppose that Assumptions 2.4.1 and 2.4.2 hold. Let (β̂, τ̂ , ĥ(0), ĥ(1), µ̂(0), µ̂(1))
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be a local optimal solution for (2.6). When ϵ < 1/2, c2 < 1/2, c3 > 1,

c1 =
1

4

(
∥µd∥∞ + 10σ∆

√
log p

(1− ϵ)n

+

√
max(ϵ, c2)

1− ϵ− c2
(3(1 + c3)σ + 2R)∥β∗∥∞

)−1

(2.18)

c4(σ,M, ϵ, R,∆) =

40σ

√
log p

(1− ϵ)n
+ 2
√
M

√
max(ϵ, c2)

1− ϵ− c2
(3(1 + c3)σ + 2R)

+
2c3σ

∆

(√
1

1− ϵ
+

√
1

1− c2

)√
max(ϵ, c2)

1− ϵ− c2
, (2.19)

and the following conditions are satisfied that

n ≥ max

(
C · p log p
c3 − 1

,
C

1− ϵ
M2σ4s log p

)
, (2.20)√

max(ϵ, c2)

1− ϵ− c2
(3(1 + c3)σ + 2R) ≤ 1

C ′M3/2σ
√
s

(2.21)

for some universal constants C and C ′, we have, with probability going 1, as n→∞,

∥β̂ − β∗∥2 ≤ C ·M∆
√
sc4(σ,M, ϵ, R,∆) (2.22)

for some universal constant C.

Remark 2.4.1 From (2.19) and (2.22), we can see that the estimation error for β∗ depends

on the choice of tuning parameters, especially c2. Ideally, we want to set c2 close to ϵ,

which gives smaller error while allowing us to identify the outliers. The choice of c3 is also

essential: if c3 is too small, the optimization problem might be infeasible, whereas a c3 too

large can also hurt performance, as more outliers might be taken as inliers. Therefore, one

need to fine-tune the parameters for more desirable performance. In addition, the quantity

σ2 might be also unknown in practice, in which case one can fine-tune c3σ2 directly as one
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tuning parameter. Finally, for the case of clean data (ϵ = 0), with sufficiently small c2, we

can achieve a convergence rate of O
(
σM∆

√
s log p

n

)
for ∥β̂ − β∗∥2, which matches the

minimax optimal rate of convergence [13].

Following the result in Theorem 2.4.1, we next introduce an upper bound for the misclas-

sification rate of the discriminant rule based on (β̂, µ̂m).

Theorem 2.4.2 Under the same condition as in Theorem 2.4.1, we have, with probability

going to 1, as n→∞, the following bound for the misclassification rateR(β̂, µ̂m):

R(β̂, µ̂m)−R∗ ≤ C · σ2M2∆s exp

(
−∆2

8

)
c24. (2.23)

Here R(β̂, µ̂m) denotes the misclassification rate under the discriminant rule f(β̂, β̂⊤µ̂m)

as defined in (2.1), and R∗ is the minimal misclassification rate under the oracle Fisher’s

discriminant rule using β∗ and µm.

Note that when ϵ = 0, with sufficiently small c2 we can achieve the convergence

rate of O
(
σ2M3∆exp(−∆2

8
) s log p

n

)
for the misclassification rate, which also matches the

minimax optimal convergence rate in [13]. Also, note that with our method for high-

dimensional LDA, the breakdown point for LDA depends on the data distribution, as im-

plied by (2.21). In particular the breakdown point of the proposed algorithm can be lower

bounded as:

ϵ∗ ≥ 1

CR2M3σ2s

for some constant C.

2.5 Numerical Study

In this section, we present experimental results over both simulation data and MNIST data

to show the usefulness of our proposed method.
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2.5.1 Simulation

Data settings. Given n for sample size, p for data dimension and s for β∗ sparsity, we

consider the following three models for β∗ and Σ:

(a) AR(1). We let Ωj,k = 0.9|j−k|, Σ = Ω−1 and β∗ = (2/
√
s, · · · , 2/

√
s, 0, · · · , 0)⊤,

where the first s entries are non-zero.

(b) Varying diagonal. We let the diagonal entries of Σ as Σj,j = 11 for j = 1, 2, · · · , 5,

and Σj,j = 1 + Uj for j = 6, 7, · · · , p, where Ui’s are independently drawn from the

uniform distribution U(0, 1), and we let the off-diagonal entries be Σj,k = 0.9|j−k|. We

let β∗ = (1/
√
s, · · · , 1/

√
s, 0, · · · , 0)⊤, where only the first s entries are non-zero.

(c) Approximately sparse setting. We let Σj,k = 0.9|j−k| and β∗
j = 0.75j , which is

approximately sparse.

We then set µ(0) = 0p, µ(1) = Σβ∗, and we draw random pre-contamination sample from

N(µ(i),Σ) for two classes i = 0, 1, each of size n = 100. Next, we apply the data contam-

ination. We randomly select ϵ = 0.2 fraction of the sample in each class, and replace them

with random data generated by N(µ(i) + 10µd, Ip), where µd = µ(1) − µ(0). Finally, we

repeat the process above to get 100 independent datasets for comparing the performance.

Performance. We compare the performance of our proposed method with classical LDA

which does not consider the outliers, by looking at the estimation error for β∗ and the

misclassification rate over the data. For LDA without considering robust mean estimation,

we also use the similar calibration framework and minimize the ℓ1 norm of the β estimator.

We set n = 100, p = 100, 200, and s = 5 for all the data generation models. For the tuning

parameters, we set c1 = 20, c2 = 0.3, c3 = 1.1, c4 = 0.5 based on cross-validation. In

the followings, we present the performance of different methods in the estimation error of

µm, β
∗, and the misclassification rate over the testing set, which is independently drawn

from the underlying distribution without contamination.
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Table 2.1: ℓ2 error for µm estimate with empirical and robust methods averaged over 100
replications. The standard deviations are presented in brackets.

AR(1)

(s, p) (5, 100) (5, 200)
Empirical 12.144

(0.293)
12.412
(0.137)

Robust 2.304
(0.192)

3.454
(0.149)

Varying
diagonal

(s, p) (5, 100) (5, 200)
Empirical 22.910

(0.258)
23.123
(0.254)

Robust 2.421
(0.198)

3.586
(0.157)

Approximately
sparse

p 100 200
Empirical 15.093

(0.233)
15.074
(0.179)

Robust 0.756
(0.199)

1.075
(0.185)

µm estimation error. Table 2.1 presents the estimation error of µd based on the empirical

method (i.e. difference of sample mean of two classes) and our method using robust mean

estimators. The results are averaged over 100 replications. As can be seen, the robust

approach yields much smaller error for µm by identifying the outliers.

β∗ estimation error. Table 2.2 presents the estimation error of µd with our method com-

pared with three other methods: The empirical method directly applies Fisher’s discrim-

inant rule with plug-in estimators; The Calibrated LDA method estimates µ̂(i) and Σ̂ by

empirical estimators, and solves β̂ using the calibrated framework in (2.15)-(2.17); The

Robust Mean method robustly estimates µ(i) and Σ by identifying the outliers, and esti-

mates β̂ = Σ̂−1µ̂d. Note that for p = 200, both the empirical method and robust mean

method are inapplicable since the sample covariance matrix is singular. Table 2.2 shows

that the calibrated LDA framework is useful for reducing the estimation error for β∗ in high

dimensions by ℓ1 penalty.

Misclassification rate. Table 2.3 presents the misclassification rate of different methods
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Table 2.2: ℓ2 error for β∗ estimate averaged over 100 replications. The standard deviations
are presented in brackets.

AR(1)

(s, p) (5, 100) (5, 200)
Empirical 2.793

(0.410)
–

Calibrated LDA 2.005
(0.010)

2.000
(0.007)

Robust Mean 14.294
(3.135)

–

Our method 1.741
(0.105)

2.091
(0.121)

Varying
diagonal

(s, p) (5, 100) (5, 200)
Empirical 2.305

(0.436)
–

Calibrated LDA 1.000
(0.002)

1.001
(0.003)

Robust Mean 9.017
(2.641)

–

Our method 0.460
(0.108)

0.710
(0.229)

Approximately
sparse

p 100 200
Empirical 10.610

(1.740)
–

Calibrated LDA 1.149
(0.010)

1.145
(0.011)

Robust Mean 34.464
(7.521)

–

Our method 1.558
(0.323)

1.929
(0.563)
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Table 2.3: Misclassification Rate averaged over 100 replications.
The standard deviations are presented in brackets.

AR(1)

(s, p) (5, 100) (5, 200)
Empirical 0.491 (0.023) –

Calibrated LDA 0.475 (0.022) 0.487 (0.018)
Robust Mean 0.323 (0.029) –
Our method 0.240 (0.022) 0.301 (0.031)

Varying
diagonal

(s, p) (5, 100) (5, 200)
Empirical 0.488 (0.023) –

Calibrated LDA 0.458 (0.022) 0.465 (0.017)
Robust Mean 0.184 (0.025) –
Our method 0.062 (0.018) 0.066 (0.009)

Approximately
sparse

p 100 200
Empirical 0.447 (0.029) –

Calibrated LDA 0.447 (0.016) 0.454 (0.020)
Robust Mean 0.257 (0.038) –
Our method 0.110 (0.019) 0.121 (0.011)

over the testing data. We see that by combining the robust mean estimation and a calibration

framework, our proposed method yields the lowest misclassification rate. Meanwhile, the

methods not considering the outliers are easily corrupted by the contaminated data, with a

misclassification rate nearly 50%.

2.5.2 MNIST data example

In this subsection, we present the numerical studies using the MNIST dataset [44]. The

MNIST dataset contains 60000 training samples and 10000 testing samples, each is an

image of hand-written digit (0-9) of 28 × 28 pixels. Using this dataset, we apply different

methods of LDA to classify the images of digits ‘1’ and ‘7’ and compare their performance.

We first scale the values of each pixel to the range of [0, 1]. To save the computational time,

we resize the images to 14× 14, and randomly sample n = 100 images of each class from

the training data to train the LDA models. Then we evaluate the performance over the

testing data with the two classes. The process is repeated 100 times.
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Table 2.4: Misclassificate rates over the testing data.

Method Misclassification rate
Calibrated LDA 0.077 (0.007)

Our method 0.030 (0.023)

We consider the following process for data contamination. We first compute the sample

mean of the original data of two classes for each pixel, say µ(0) and µ(1). To fool the classi-

fier, we select a random ϵ = 0.2 fraction of samples from each class, and shift their pixels

by 10(µ(1)−µ(0)), and finally clip the pixels of resulting images to the range [0, 1]. We then

learn the classifier using the resulting corrupted sample, and evaluate the performance over

the testing data with clean images of ‘1’ and ‘7’. Since the empirical method with plug-

in Fisher’s discriminant rule is inapplicable for the case where p > n, here we compare

our proposed method with the calibrated LDA method without robust estimation. Table

2.4 presents the misclassification rates over the MNIST testing data, where our method

achieves lower misclassification rate by identifying outliers in each class, compared to the

calibrated LDA method.

2.6 Proofs

This section contains three subsections. In 3.7.1 and 2.6.2, we provide proofs to Theorem

2.4.1 and 2.4.2. In Section 2.6.3, we provide proofs to auxiliary lemmas.

2.6.1 Proof of Theorem 4

Proof Let (ĥ(i), µ̂(i), β̂, τ̂) be a local optimal solution to (2.6). We define

τ̃ =

√
β∗⊤Σ̃β∗. (2.24)
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Also, we define ∆n,ϵ as the set of probability vector that

∆n,ϵ =

{
w ∈ Rn : 0 ≤ wj ≤

1

1− ϵ
,
∑
j

wj = 1

}
.

Furthermore, we let σ2
max = maxk∈[p] Σk,k as the largest diagonal entry of Σ, and similarly

we define σ̃2
max = maxk∈[p] Σ̃k,k with slight abuse of notation.

For convenience of presentation, we first define the following events with some univer-

sal constant C.

Eµ =

{
∥µ̃(i) − µ(i)∥2 ≤ σ

√
2 log p

(1− ϵ)n
, i = 0, 1

}
(2.25)

Eτ =

{∣∣∣β∗⊤(Σ̃− Σ)β∗
∣∣∣ ≤ 1

2
β∗⊤Σβ∗

}
, (2.26)

Eσmax =

{
|σ̂2

max − σ2
max| ≤

1

2
σ2
max

}
, (2.27)

E1 =

{
∥(Σ̃− Σ)β∗∥∞ ≤ 10σ∆

√
log p

(1− ϵ)n

}
, (2.28)

E2 =

{
∥Σ̃β∗ − µ̃∥∞ ≤ 20στ̃

√
log p

(1− ϵ)n

}
. (2.29)

The following lemma shows that the events defined above occur with high probability.

Lemma 2.6.1 For any β∗ ∈ Rp, we have

P (Eµ) ≥ 1− 4p−1,

P (Eτ ) ≥ 1− 2 exp

(
−n− 1

16

)
,

P (Eσmax) ≥ 1− 2p exp

(
−n− 1

16

)
,

P(E1) ≥ 1− 2p−1.

Moreover, we have

E2 ⊇
(
Eτ
⋂
Eσmax

⋂
E1
)
.
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We now introduce the following lemma that bounds the difference in weighted mean and

covariance with total variation. In fact, it can be deducted from Lemma C.2 in [36].

Lemma 2.6.2 Let {xj : j ∈ [n]} be a finite set of data points. Let w1 and w2 be two

probability weight vectors in ∆n,0. Let µwi =
∑

j w
i
jxj and Σwi =

∑
j w

i
j(xj − µwi)(xj −

µwi)⊤ be the weighted mean and covariance under wi. If the total variation between w1

and w2 satisfies that TV(w1, w2) ≤ ζ , then we have

∥µw1 − µw2∥2 ≤
(√
∥Σw1∥2 +

√
∥Σw2∥2

)√ ζ

1− ζ
.

Using Lemma 2, we have

∥µ̃(i) − µ(i)∥2 ≤ c3σ

(√
1

1− ϵ
+

√
1

1− c2

)√
max(ϵ, c2)

1− ϵ− c2
.

Our next lemma upper bound ∥Σ̂− Σ̃∥2 under our contamination model.

Lemma 2.6.3 Suppose that the event Eµ holds, and ∥x(i)
j ∥2 ≤ R if x(i)

j ̸= x̃
(i)
j . Then with

probability at least 1− exp(−n/8) we have

∥Σ̂− Σ̃∥2 ≤

√
max(ϵ, c2)

1− ϵ− c2
((2 + 3c3)σ

2 +R).

We next present a few lemmas that help us to bound ∥δ∥2.

Lemma 2.6.4 Let (ĥ, µ̂, β̂, τ̂) be a local optima for the optimization problem (2.6)-(2.11),

and let δ = β̂ − β∗. Let S = supp(β∗). Under Assumptions 2.4.1, 2.4.2 and events

Eτ , E1, E2, when c1, c4 satisfy (2.18) and (2.19), we have

∥δSc∥1 ≤ 3∥δS∥1.

68



Lemma 2.6.5 Let τ ∗ =

√
β∗⊤Σ̂β∗. Suppose (ĥ, µ̂, β∗, τ ∗) is feasible to (2.6), and Eτ

holds. We have

δ⊤Σ̂δ ≤ c4(3∆ +
√
∥δ∥1/c1)∥δ∥1.

Lemma 2.6.6 There exist absolute positive constants C1 and C2 such that with probability

at least 1− C1 exp(−C2n), we have

δ⊤Σ̂δ ≥δ⊤Σ̃δ − ∥Σ̂− Σ̃∥2∥δ∥22

≥

 1

32M
−

√
max(ϵ, c2)

1− ϵ− c2
(3(1 + c3)σ + 2R)

 ∥δ∥22
− 81σ2 log p

(1− ϵ)n
∥δ∥21. (2.30)

Combining (2.52) and (2.30), we obtain that

c4(3∆ +
√
∥δ∥1/c1)∥δ∥1

≥

 1

32M
−

√
max(ϵ, c2)

1− ϵ− c2
(3(1 + c3)σ + 2R)

 ∥δ∥22
− 81σ2 log p

(1− ϵ)n
∥δ∥21.

Combining the above result with the following inequality that

∥δ∥1 = ∥δS∥1 + ∥δSc∥1 ≤ 4∥δS∥1 ≤ 4
√
s∥δ∥2,

we have

∥δ∥2 ≤ C · c4M∆
√
s

1− 32M
√

max(ϵ,c2)
1−ϵ−c2

(3(1 + c3)σ + 2R)
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for some universal constant C. This completes our proof for Theorem 2.4.1.

2.6.2 Proof of Theorem 5

Proof Let ∆̂ =

√
β̂⊤Σβ̂. The misclassification risk of β̂ is

R(β̂) = 1

2
Φ

(
−(µ̂m − µ(0))⊤β̂

∆̂

)
+

1

2
Φ

(
(µ̂m − µ(1))⊤β̂

∆̂

)
, (2.31)

where Φ(·) is the CDF of the standard Gaussian distribution. Recall that the optimal risk

achieved by Fisher’s rule is R∗ = Φ(−∆
2
). For the first term on the right-hand side of

(2.31), its second order Taylor’s expansion is

Φ

(
−(µ̂m − µ(0))⊤β̂

∆̂

)
= Φ

(
−∆

2

)
+ Φ′

(
−∆

2

)(
∆

2
− (µ̂m − µ(0))⊤β̂

∆̂

)

+
Φ′′(t1)

2

(
∆

2
− (µ̂m − µ(0))⊤β̂

∆̂

)2

, (2.32)

where t1 ∈
(

−∆
2
,− (µ̂m−µ(0))⊤β̂

∆̂

)
. Similarly, for the second term in (2.31), we have

Φ

(
(µ̂m − µ(1))⊤β̂

∆̂

)
= Φ

(
−∆

2

)
+ Φ′

(
−∆

2

)(
∆

2
+

(µ̂m − µ(1))⊤β̂

∆̂

)

+
Φ′′(t2)

2

(
∆

2
+

(µ̂m − µ(1))⊤β̂

∆̂

)2

, (2.33)
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where t2 ∈ (−∆
2
, (µ̂m−µ(1))⊤β̂

∆̂
). Combining (2.32) and (2.33), we have

R(β̂, µ̂m)−R∗ = Φ′
(
−∆

2

)(
∆

2
− µ⊤

d β̂

2∆̂

)

+
Φ′′(t1)

2

(
∆

2
− (µ̂m − µ(0))⊤β̂

∆̂

)2

+
Φ′′(t2)

2

(
∆

2
+

(µ̂m − µ(1))⊤β̂

∆̂

)2

. (2.34)

We now introduce a lemma that upper bounds the first term on the right-hand side of (2.34).

Lemma 2.6.7 Suppose (2.22) holds, and n satisfies that

n ≥ C

1− ϵ
M2σ4s log p (2.35)

for some constant C, and

(κ̃+ κ̂)
√

max(ϵ, c2) ≤
1

C ′M3/2σ
√
s

(2.36)

for some constant C ′. Then we have

∆

2
− µ⊤

d β̂

2∆̂
≤ σ2

2∆
∥δ∥22. (2.37)

Note that Φ′(−∆/2) = (2π)−1/2 exp(−∆2/8). Following Lemma 2.6.7, we have

Φ′
(
−∆

2

)(
∆

2
− µ⊤

d β̂

2∆̂

)
≤ σ2

2
√
2π∆

exp

(
−∆2

8

)
∥δ∥22. (2.38)
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Now we consider the second-order term in (2.34). First, using Lemma 2.6.7, we have

∆

2
− (µ̂m − µ(0))⊤β̂

∆̂
=

∆

2
− µ⊤

d β̂

2∆̂
+

β̂⊤(µm − µ̂m)

∆̂

≤ σ2

2∆
∥δ∥22 +

β̂⊤(µ(0) − µ̂(0)) + β̂⊤(µ(1) − µ̂(1))

2∆̂
. (2.39)

After taking square, the first term on the right-hand side gives σ2

4∆2∥δ∥42, which is negligible

compared to the first-order term. Hence it suffices to bound the second term on the right-

hand side of (2.39). For this aim we introduce the next lemma.

Lemma 2.6.8 Under the same conditions as for Theorem 2.4.1, with probability at least

1− 4p−1 we have

(
β̂⊤(µ(0) − µ̂(0)) + β̂⊤(µ(1) − µ̂(1))

2∆̂

)2

≤ C ·Mσ2

[
log p

(1− ϵ)n
+ c23

(
1

1− ϵ
+

1

1− c2

)
max(ϵ, c2)

1− ϵ− c2

]
(2.40)

for some constant C.

Since t1 > −∆/2, we have |Φ′′(t1)| ≤ C ·∆exp (−∆2/8). Combining it with (2.40),

we bound the second term in (2.34) by

|Φ′′(t1)|
2

(
∆

2
− (µ̂m − µ(0))⊤β̂

∆̂

)2

≤ C ·∆exp

(
−∆2

8

)
σ2M

[
log p

(1− ϵ)n
+ c23

(
1

1− ϵ
+

1

1− c2

)
max(ϵ, c2)

1− ϵ− c2

]
(2.41)

for some constant C. Likewise, the third term in (2.34) is also subject to this bound.

Finally, plugging (2.38) and (2.41) into (2.34), and using (2.22), and noticing the dom-
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inance of the the first-order term, we obtain that

R(β̂, µ̂m)−R(β∗) ≤ C · σ
2M2∆s

2
√
2π∆

exp

(
−∆2

8

)
∥δ∥22

≤ C · σ
2M2∆s

2
√
2π

exp

(
−∆2

8

)
c24

for some constant C, which completes our proof.

2.6.3 Proof of lemmas

Proof of Lemma 2.6.1

Proof There are four main statements in Lemma 2.6.1, and let us prove them one by one.

(i) The first inequality of P(Eµ) is a standard result of concentration from the fact that

x̃
(i)
j ’s are i.i.d. σ2-subgaussian.

(ii) It suffices to show that

P (Eτ ) = P
(
|β∗⊤(Σ̂− Σ)β∗| ≤ 1

2
β∗⊤Σβ∗

)
≥ 1− 2e−(n−1)/16. (2.42)

Let {Yi}2n−2
i=1 be i.i.d. random vectors following the multivariate normal distribution

N(0,Σ). Then

Σ̂
d
=

1

2n− 2

2n−2∑
i=1

YiY
⊤
i ,

β∗⊤Σ̂β∗ d
=

1

2n− 2

2n−2∑
i=1

(β∗⊤Yi)
2,

where d
= denotes equal in distribution. Note that {β∗⊤Yi} are i.i.d Gaussian r.v.s

following distribution N(0, β∗⊤Σβ∗), thus {(β∗⊤Yi)
2} are i.i.d. sub-exponential r.v.s,
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so for any t ∈ (0, β∗⊤Σβ∗), we have

P

(∣∣∣ 1

2n− 2

∑
i

(β∗⊤Yi)
2 − β∗⊤Σβ∗

∣∣∣ ≥ t

)
≤ 2 exp

{
− (2n− 2)t2

8(β∗⊤Σβ∗)2

}
.

Relation (2.42) follows directly by taking t = 1
2
β∗⊤Σ̂β∗, and thus part (i) of Lemma

2.6.1 holds.

(iii) Now we need to show that

P (Eσmax) =P
(
|σ̂2

max − σ2
max| ≤

1

2
σ2
max

)
≥1− 2pe−(n−1)/16.

To prove this, we set β∗ = ej for j ∈ [p] and use (2.42) with a union bound argument

to obtain that

P
(
|Σ̃j,j − Σj,j| ≤

1

2
Σj,j, ∀j ∈ [p]

)
≥ 1− 2pe−(n−1)/16, (2.43)

where the event on the left-hand side implies that |σ̃2
max − σ2

max| ≤ 1
2
σ2
max.

(iv) The lower bound of P(E1) follows an argument in [13]. Since β∗ = Σ−1µd, we have

that Σ̂β∗ − µ̂d = (Σ̂ − Σ)β∗ − (µ̂d − µd). By A.5.1 in the supplement of [13], we

have that

P

(
|e⊤j (Σ̂− Σ)β∗| ≤ 10σmax∆

√
log p

n
, ∀j ∈ [p]

)
≥ 1− 2p−1, (2.44)

where the event on the left-hand side is equivalent to event E1. Furthermore, recall

that ∆2 = β∗⊤Σβ∗. Therefore, under events Eτ and Eσmax , we have ∆ ≤
√
2τ ∗ and

σmax ≤
√
2σ̂max. These two conditions and event E1 together imply E2.
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Proof of Lemma 2.6.3

Proof Define ω̂
(i)
j =

ŵ
(i)
j∑

i,j ŵ
(i)
j

and ω̃
(i)
j =

w̃
(i)
j∑

i,j w̃
(i)
j

. Also, define ω̂(i) =
∑

j ω̂
(i)
j and ω̃(i) =∑

j ω̃
(i)
j for i = 0, 1. Note that by our construction, we have 1−c2

2−c2
≤ ω̂(i) ≤ 1

2−c2
and

1−ϵ
2−ϵ
≤ ω̃(i) ≤ 1

2−ϵ
. For any p-dimensional vector v with ∥v∥2 = 1, we have that

|v⊤(Σ̂− Σ̃)v|

=

∣∣∣∣∣∑
i,j

ω̂
(i)
j v⊤(x

(i)
j − µ̂(i))(x

(i)
j − µ̂(i))⊤v

−
∑
i,j

ω̃
(i)
j v⊤(x̃

(i)
j − µ̃(i))(x̃

(i)
j − µ̃(i))⊤v

∣∣∣∣∣
≤

∣∣∣∣∣∑
i,j

ω̂
(i)
j v⊤(x

(i)
j − µ̃(i))(x

(i)
j − µ̃(i))⊤v

−
∑
i,j

ω̃
(i)
j v⊤(x̃

(i)
j − µ̃(i))(x̃

(i)
j − µ̃(i))⊤v

∣∣∣∣∣
+
∑
i,j

ω̂
(i)
j v⊤(µ̂(i) − µ̃(i))(µ̂(i) − µ̃(i))⊤v

≤ 2max(ϵ, c2)

1−min(ϵ, c2)
∥Σ̃∥22 + 2ϵR2

+ c23σ
2

(√
1

1− ϵ
+

√
1

1− c2

)2
max(ϵ, c2)

1− ϵ− c2
. (2.45)

Using Theorem 6.1 in [45], under our sample condition (2.20), we have that

P

(
∥Σ̃∥2 ≤ 2σ2

)
≥ 1− exp(−n/8)

Putting it together, we finally obtain from (2.45) that

∥Σ̂− Σ̃∥2 ≤

√
max(ϵ, c2)

1− ϵ− c2
(3(1 + c3)σ + 2R).
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This completes our proof for Lemma 2.6.3.

Proof of Lemma 2.6.4

Proof We define τ ∗ =

√
β∗⊤Σ̂β∗. We first show that (ĥ, µ̂, β∗, τ ∗) is a feasible solution.

To see this, it suffices to verify the constraint (2.10) is satisfied. Note that under event E2

and condition (2.20), we have

∥Σ̂β∗ − µ̂d∥∞

=∥(Σ̃β∗ − µ̃d) + (Σ̂− Σ̃)β∗ + (µ̂d − µ̃d)∥∞

≤∥Σ̃β∗ − µ̃d∥∞ + ∥Σ̂− Σ̃∥2∥β∗∥2 + ∥µ̂d − µ̃d∥2

≤20σ

√
log p

(1− ϵ)n

√
β∗⊤Σ̃β∗ + ∥Σ̂− Σ̃∥2∥β∗∥2 + ∥µ̂d − µ̃d∥2

≤20σ

√
log p

(1− ϵ)n

(√
β∗⊤Σ̂β∗ + ∥β∗∥2

√
∥Σ̃− Σ̂∥2)

)
+ ∥Σ̂− Σ̃∥2∥β∗∥2 + ∥µ̂d − µ̃d∥2

≤40σ

√
log p

(1− ϵ)n
+
√
M∆

√
max(ϵ, c2)

1− ϵ− c2
(3(1 + c3)σ + 2R)

+ c3σ

(√
1

1− ϵ
+

√
1

1− c2

)√
max(ϵ, c2)

1− ϵ− c2
.

Here we use Lemma 2.6.2 and the fact that ∥β∗∥ ≤
√
M∆. Also, note that when

|β∗⊤(Σ̂− Σ̃)β∗| ≤ 1

2
β∗⊤Σ̃β∗ = τ̃ 2,
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we have τ ∗2 ≥ 1
2
τ̃ 2 ≥ 1

4
∆2 and τ ∗2 ≤ 3

2
τ̃ 2 ≤ 9

4
∆2 under event Eτ . Therefore, under our

choice of c4 such that

c4 = 40σ

√
log p

(1− ϵ)n
+ 2
√
M

√
max(ϵ, c2)

1− ϵ− c2
(3(1 + c3)σ + 2R)

+
2c3σ

∆

(√
1

1− ϵ
+

√
1

1− c2

)√
max(ϵ, c2)

1− ϵ− c2
,

(ĥ, µ̂, β∗, τ ∗) satisfies constraint (2.10), so that it is indeed a feasible solution.

Notice that with fixed (ĥ, µ̂), the optimization

min
β,τ

∥β∥1 + c1τ
2, (2.46)

subject to ∥Σ̂(ĥ, µ̂)β − (µ̂(1) − µ̂(0))∥∞ ≤ c4τ, (2.47)√
β⊤Σ̂(ĥ, µ̂)β ≤ τ (2.48)

is convex. Since (ĥ, µ̂, β̂, τ̂) is a local optima, we have

∥β̂∥1 + c1τ̂
2 ≤ ∥β∗∥+ c1τ

∗2.

Let S = supp(β) and δ = β̂ − β∗. We have

∥β̂S∥1 − ∥β∗
S∥1 + ∥β̂Sc∥1

≤2c1β∗⊤Σ̂(β∗ − β̂) ≤ 2c1∥Σ̂β∗∥∞∥δ∥1

≤2c1(∥µd∥∞ + 10σ∆

√
log p

(1− ϵ)n
+ ∥Σ̂− Σ̃∥2∥β∗∥∞)∥δ∥1.

Here the last inequality uses event E1. When c1 satisfies (2.18) we have ∥δSc∥1 ≤ 3∥δS∥1.

This completes our proof for Lemma 2.6.4.
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Proof of Lemma 2.6.5

Proof When (ĥ, µ̂, β∗, τ ∗) is feasible to (2.6), from constraint (2.10) we have

∥Σ̂δ∥∞ ≤ ∥Σ̂β̂ − µ̂d∥∞ + ∥Σ̂β∗ − µ̂d∥∞ ≤ c4(τ̂ + τ ∗). (2.49)

In addition, from

∥β̂∥1 + c1τ̂
2 ≤ ∥β∥1 + c1τ

∗2

we have

τ̂ ≤ τ ∗ +
√
∥δ∥/c1. (2.50)

We combine (2.49) and (2.50), and use τ ∗ ≤ 3
2
∆ to obtain

∥Σ̂δ∥∞ ≤ c4(3∆ +
√
∥δ∥1/c1) (2.51)

Finally, using Hölder’s inequality, we have

δ⊤Σ̂δ ≤ c4(3∆ +
√
∥δ∥1/c1)∥δ∥1, (2.52)

which completes our proof.

Proof of Lemma 2.6.6

Proof In this proof, we will use the following result in [19].

Lemma 2.6.9 (Theorem 1 of [19]) For any Gaussian random design Z ∈ Rn×p with i.i.d.
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N(0,Σ) raws, there exist absolute positive constants C1, C2 such that

∥Zδ∥2√
n
≥ 1

4
∥Σ1/2δ∥2 − 9σ

√
log p

n
∥δ∥1, ∀δ ∈ Rp,

with probability at least 1− C1 exp(−C2n).

Now we ready to prove Lemma 2.6.6. Suppose n ≥ 2. Then we have

Σ̃ =
1∑

i,j w̃
(i)
j

[∑
i,j

w̃
(i)
j

(
x
(0)
i − µ̃(0)

)(
x
(0)
i − µ̃(0)

)⊤]
,

where w̃
(i)
j ∈ {0, 1}. Σ̂ has the same distribution as

Σ̃ =
1

N

N−2∑
j=1

zjz
⊤
j ,

where Zj’s are i.i.d. samples from N(0,Σ), and N =
∑

i,j w̃
(i)
j ≥ 2(1− ϵ)n. Hence Σ̂ can

be viewed as a sample covariance matrix of a Gaussian random design with 0 mean, up to

a factor of (N − 2)/N .

By Lemma 2.6.9, there exist absolute positive constants C1 and C2 such that with prob-

ability at least 1− C1 exp(−C2n),

∥Σ̃1/2δ∥2 ≥
1

4
∥Σ1/2δ∥2 − 9σ

√
log p

2(1− ϵ)n
∥δ∥1.

When n ≥ 2 and λmin(Σ) ≥M−1, we have

∥Σ̃1/2δ∥2 ≥
1

4
√
M
∥δ∥2 − 9σ

√
log p

(1− ϵ)n
∥δ∥1,
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and thus

δ⊤Σ̃δ ≥

(
1

4
√
M
∥δ∥2 − 9σ

√
log p

(1− ϵ)n
∥δ∥1

)2

≥ 1

32M
∥δ∥22 − 81σ2 log p

(1− ϵ)n
∥δ∥21.

Here the last inequality follows from the fact that

(a− b)2 =

(
1

2
a2 − 2ab+ 2b2

)
+

1

2
a2 − b2 ≥ 1

2
a2 − b2

for any number a, b ≥ 0. Finally, we have

δ⊤Σ̂δ ≥δ⊤Σ̃δ − ∥Σ̂− Σ̃∥2∥δ∥22

≥

 1

32M
−

√
max(ϵ, c2)

1− ϵ− c2
(3(1 + c3)σ + 2R)

 ∥δ∥22
− 81σ2 log p

(1− ϵ)n
∥δ∥21.

This completes our proof for Lemma 2.6.6.

Proof of Lemma 2.6.7

Proof Note that

∆̂ =

√
β̂⊤Σβ̂ =

√
β⊤Σβ + 2β⊤Σδ + δ⊤Σδ

≤
√
β⊤Σβ

(
1 +

2β⊤Σδ + δ⊤Σδ

2β⊤Σβ

)
= ∆+

2µ⊤
d δ + δ⊤Σδ

2∆
.

80



Therefore, we have

∆

2
− µ⊤

d β̂

2∆̂
=

1

2∆̂
(∆∆̂− µ⊤

d β̂)

≤ 1

2∆̂

(
∆2 + µ⊤

d (δ − β̂) +
1

2
δ⊤Σδ

)
=

1

4∆̂
δ⊤Σδ ≤ δ⊤Σδ

4(∆ +
µ⊤
d δ

∆
)
. (2.53)

Note that |µ⊤
d δ| ≤ ∥µd∥2∥δ∥2 ≤ σ∆∥δ∥2. Using the convergence rate of ∥δ∥2 in (2.22)

from Theorem 2.4.1, when (2.35) and (2.36) are satisfied, we have that |µ⊤
d δ| ≤ ∆2/2, and

thus it follows from (2.53) that

∆

2
− µ⊤

d β̂

2∆̂
≤ δ⊤Σδ

2∆
≤ σ2

2∆
∥δ∥22.

Proof of Lemma 2.6.8

Proof First, note that x̃(i)
j ’s are i.i.d. σ2-subgaussian, so that we have

P

(
∥µ̃(i) − µ(i)∥2 ≤ σ

√
2 log p

(1− ϵ)n
, i = 0, 1

)
≥ 1− 4p−1. (2.54)

Also, from Lemma 2.6.2, we have

∥µ̂(i) − µ̃(i)∥2 ≤ c3σ

(√
1

1− ϵ
+

√
1

1− c2

)√
max(ϵ, c2)

1− ϵ− c2
. (2.55)

Combining (2.54) and (2.55) gives us an upper bound for ∥µ̂(i) − µ(i)∥2 for i = 0, 1.
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We now bound the term β̂⊤(µ(i) − µ̂(i)). Note that

β̂⊤(µ(i) − µ̂(i)) = (β∗ + δ)⊤(µ(i) − µ̂(i))

≤ (∥β∗∥2 + ∥δ∥2)∥µ(i) − µ̂(i)∥2

≤ (M1/2∆+ ∥δ∥2)∥µ(i) − µ̂(i)∥2.

When n satisfies that

n ≥ C

1− ϵ
Mσ2s log p

for some constant C, and

√
max(ϵ, c2)

1− ϵ− c2
(3(1 + c3)σ + 2R) ≤ 1

C ′M
√
s

for some constant C ′, we have that

β̂⊤(µ(i) − µ̂(i))

≤ 2M1/2∆σ

√
2 log p

(1− ϵ)n
+ 2c3M

1/2∆σ

(√
1

1− ϵ
+

√
1

1− c2

)√
max(ϵ, c2)

1− ϵ− c2
. (2.56)

We then consider the term ∆̂ =

√
β̂⊤Σβ̂. Note that

∆̂2 = β̂⊤Σβ̂ = ∆2 + 2µ⊤
d δ + δ⊤Σδ,

Hence we have

|∆̂2 −∆2| ≤ 2∥µd∥2∥δ∥2 + σ2∥δ∥22.
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When

n ≥ C

1− ϵ
M2σ4s log p

and √
max(ϵ, c2)

1− ϵ− c2
(3(1 + c3)σ + 2R) ≤ 1

C ′M3/2σ
√
s

for some constants C and C ′, we have |∆̂2 −∆2| ≤ 1
2
∆2. Combining this with (2.56), we

have that

(
β̂⊤(µ(0) − µ̂(0)) + β̂⊤(µ(1) − µ̂(1))

2∆̂

)2

≤ C ·Mσ2

[
log p

(1− ϵ)n
+ c23

(
1

1− ϵ
+

1

1− c2

)
max(ϵ, c2)

1− ϵ− c2

]

for some constant C. This completes our proof for Lemma 2.6.8.
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CHAPTER 3

AN EFFICIENT ALGORITHM FOR SEQUENTIAL MATCHING PROBLEMS

WITH UNKNOWN UTILITY

Motivated by the scenario of mentor-mentee matching in US colleges, in this chapter we in-

troduce a useful algorithm for sequential assignment problems with unknown utility based

on upper confidence bound (UCB) method and Hungarian algorithm. We derive the the-

oretical bounds of our algorithm for both the estimation error and the total regret, and

numerical studies are also conducted to illustrate the usefulness of our algorithm.

3.1 Introduction

The assignment problem is a classical problem in combinatoric optimization, with many

classical real-world applications such as allocation of workers or resources for optimal

utility gain. Under a general setup, it is assumed that we are given equal number of agents

and tasks along with the utility associated with every possible agent-task pair, then we want

to find the optimal assignment, i.e. a one-to-one mapping between the agents and tasks that

yields maximal total utility. When the underlying utilities are known, the problem is well-

studied in the combinatoric optimization literature. For instance, [46] first proposed the

well-known Hungarian algorithm, which gives the optimal solution in polynomial time.

However, in many real-world applications, the underlying utility is often unknown and

needs to be learned from data on the fly. The motivating example of our research is the

mentor-mentee program of the Office of Alumni Relations (OAR) in many U.S. colleges

and universities. Such mentoring programs are usually held every year or semester, and

at each matching cycle, the Alumni office needs to decide how to suitably pair between

mentors and mentees, so as to maximize the overall satisfaction constantly. At the end

of the each program, a survey will be distributed to both mentors and mentees to collect
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their feedback of satisfaction. The feedback can typically be regarded as binary outcome

(i.e., satisfied/unsatisfied). In some colleges, the assignment is conducted manually, and the

process can cost considerable human-labor and time every year. This inspires us to develop

an algorithm for general sequential assignment problems with unknown utility and bandit

feedback. Our goal is to learn the utility from data, and find near-optimal assignment plan

for every round, so that the overall utility gain is maximized.

In this paper, we propose an efficient sequential assignment algorithm, with the objec-

tive of nearly maximizing the overall utility simultaneously for each round. Our algorithm

consists of two key components at each time: 1) Constructing the upper confidence bound

of the utility for every agent-task pair based on previous outcomes through logistic regres-

sion; 2) Conducting the assignment that maximizes the overall upper confidence bound of

utility. By considering the upper confidence bound, our algorithm is able to balance the

trade-off between exploration and exploitation, as compared to the greedy matching ap-

proach. Numerical experiments are conducted to show the usefulness of our algorithm. A

further study of mentor-mentee matching scenario is discussed to illustrate our method.

Below it is useful to provide a brief literature review. Our work is closely related to the

area of combinatorial semi-bandit, where each time the player need to pull a collection of

arms (called super-arm) subjected to certain constraints, see for example [47, 48, 49]. In

these studies, the agents and tasks are fixed at each round, and the player wants to learn the

optimal assignment through bandit feedback of utility from matched pairs, which is differ-

ent from our setting, where the agents and tasks can change constantly. Based on previous

works, [50] investigate the contextual version of the combinatorial semi-bandit with a lin-

ear model for the payoff, and consider the general oracle algorithm for the combinatorial

optimization problem as a sub-routine. Different from their study, our work utilizes the

concrete Hungarian algorithm for the specific assignment problem at each time, combin-

ing with the logistic regression model to learn the utility function from binary outcomes.

Another track of similar studies focus on a different goal of learning stable assignments
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through the bandit feedback, see [51, 52, 53] for example.

Here we further note some fields related to our study. First, our problem involves

parameter estimation in a sequential manner, which is related to the field of sequential

estimation [54, 55], as well as online learning and optimization [56, 57, 58], while in our

problem we further consider the optimal assignment based on the estimation, and want to

nearly maximize the total utility through all times. Our research is also remotely related

to the so-called reciprocal recommendation systems in applications such as online dating

recommendation [59, 60], where the system recommends users potential partners based on

their profiles, and learn the strategy for finding good pairs. Such a system gives a number

of top recommendations for each user without conducting the assignments among users, as

different from our setting.

The rest of the paper is organized as below. Section 3.2 introduces the problem formu-

lation and relative background. Section 3.3 develops our proposed UCB-based sequential

assignment algorithm, and Section 3.4 presents the theoretical results of our algorithm.

Section 3.5 presents the results of numerical studies, and Section 3.6 includes a further

study under the mentor-mentee matching scenario.

Notations. For n ∈ N, we denote [n] the set {1, 2, · · · , n}. For a d-dimensional vector

v = (v1, · · · , vd), we define the vector ℓ2 norm ∥v∥22 =
∑d

k=i v
2
i and the matrix norm

∥v∥M =
√
v⊤Mv, where M is a d× d positive definite matrix. We use P (·) to denote the

probability of events, and E[·] to denote the expectation of random variables. We use I(·)

to denote the indicator function.

3.2 Problem Formulation and Background

In this section, we first introduce the formulation of our sequential assignments with un-

known utility, and then briefly introduce the optimal assignment with known utility and

the classical Hungarian algorithm, which will be adapted into our method. Suppose that
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initially (denoted as time 0) we are given past data of size n0:

D0 := {(x0
i , z

0
i , U

0
i ) : i ∈ [n0]},

where x0
i ’s and z0

i ’s are task and agent covariates, and U0
i ’s are corresponding outcome for

every pair of (x0
i , z

0
i ). For each time t = 1, 2, · · · , T , we are given nt agents and tasks,

where each agent or task is associated a vector of covariates, which is also referred to as

side information or context. Let {xt
i : i ∈ [nt]} ⊂ X and {zt

i : i ∈ [nt]} ⊂ Z be the

collection of the covariates of agents and tasks at time t, where X and Z are the spaces

of the corresponding covariates. We then need to conduct an assignment, denoted by δt

between these agents and tasks. After the assignment being conducted, we observe the

utility associated to every matched pair (xt
i, z

t
δt(i)

), denoted by U(xt
i, z

t
δt(i)

). Our goal is to

maximize the total utility gained up to time T . We summarize the procedure in an online

learning framework as below. For round t = 1, 2, · · · , T :

(i) The player is given the agent and task covariates, {xt
i : i ∈ [nt]} and {zt

i : i ∈ [nt]}.

(ii) The player decides an assignment, denoted by a one-to-one mapping δt : [nt]→ [nt].

(iii) The player observes the utility feedback for every assigned pair U(xt
i, z

t
i,δt(i)

).

Loosely speaking, our goal is to decide the assignment δt at every round t such that the

overall expected utility
∑T

t=1

∑nt

i=1 E
[
U(xt

i, z
t
δt(i)

)
]

is maximized.

While the underlying utility of any agent-task pair is unknown by the time of assign-

ment, we assume that the utility is related to the covariates of the agent and task through

some noisy function. More specifically, for any pair of covariates (xt
i, z

t
j), we suppose that

the associated utility U(xt
i, z

t
j) is binary that satisfies

log
P (U(xt

i, z
t
j) = 1)

P (U(xt
i, z

t
j) = 0)

=
d∑

k=1

xt
i,kz

t
j,kθ

∗
k, (3.1)
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where θ∗ is a d-dimensional unknown parameter, xt
i,k is the k-th entry of the vector xt

i, and

likewise for ztj,k and θ∗k. By defining ◦ the entry-wise product, we can rewrite the right-hand

side in (3.1) as (xt
i ◦ zt

j)
⊤θ∗.

We further define

u(xt
i, z

t
j) = E[U(xt

i, z
t
j)] =

exp
(
(xt

i ◦ zt
j)

⊤θ∗
)

1 + exp
(
(xt

i ◦ zt
j)

⊤θ∗
) .

as the expectation of the utility associated with the pair. For notational simplicity, in the

rest of the paper, we may use the shorthands U t
i,j = U(xt

i, z
t
j) and ut

i,j = u(xt
i, z

t
j) when

there is no ambiguity. Also, we define the notation ϕt
i,j = (xt

i ◦ zt
j), which will be used in

the rest of the paper.

Note that in our work, we assume that x and z has same dimension, and the utility

is related to these covariates through x ◦ z. This setting is natural in scenarios (such as

mentor-mentee matching) with specific data form, where the preference or attributes of

the two parts are aligned well. For other applications, our method need to be extended to

accommodate more general form of the utility functions. Nevertheless, finding the suit-

able transformation function class can be challenging in general, as it usually depends on

the problem and data implicitly. In this case one might consider non-parametric models

to approximate the underlying utility function, or conduct variable selection through the

learning process, which is of independent interest to our work.

To measure the loss of assignments conducted by certain algorithm A, we first define

the oracle assignment δ∗t at each round t as the assignment that maximizes the total expected

utility, i.e.,

δ∗t ∈ argmax
δ

nt∑
i=1

u(xt
i, z

t
δ(i)).

Note that since u depends on the unknown parameter θ∗, δ∗t is also unknown in practice

when one conducts the assignment. With the definition of δ∗t , we further define the cumu-
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lative regret of an algorithm A to be

RT (A) =
T∑
t=1

{
1

nt

nt∑
i=1

[
u(xt

i, z
t
δ∗t (i)

)− u(xt
i, z

t
δt(i))

]}
, (3.2)

where δt is the assignment conducted by A, and δ∗t is the oracle assignment at time t.

By the definition of δ∗, RT (A) captures the performance gap between A and the oracle

performance in expected utility. Ideally, one wish to design an algorithm with the total

regret RT as small as possible, at least sublinear in T .

Note that in (3.2), at each time we scale the utility gap by the number of pairs nt, so

that we eliminate the difference of the size across time and focus on the average utility

gap. Alternatively, one might also consider the regret defined as the summation of the total

utility gap directly, without taking the average at each time. The choice of the criteria for

regret can depend on the specific problem of interest. In this paper we will discuss the

regret bound with regret defined as in (3.2), while the result can be naturally adapted to the

alternative definition.

3.2.1 Optimal assignment with known utilities

In this section, we briefly review the optimal assignment problem with known utilities and

the Hungarian algorithm, which will be combined in our method for deciding the assign-

ment at each time.

A typical optimal assignment problem can be expressed as follows. Suppose there are n

agents and n tasks. Let U being a n×n matrix of utility, where Ui,j is the utility gain when

assigning agent i to task j. The objective is to find the optimal assignment plan (i.e., a one-

to-one mapping between agents and tasks), such that the total utility gain is maximized.
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Mathematically, one solves the following optimization problem for optimal assignment:

max
δi,j

∑
i∈[n]

∑
j∈[n]

Ui,jδi,j (3.3)

subject to
n∑

i=1

δi,j = 1, ∀j,

n∑
j=1

δi,j = 1, ∀i,

δi,j ∈ {0, 1}, ∀i, j.

Here δi,j’s are binary decision variables, and δi,j = 1 indicates that i is assigned to task j,

and δi,j = 0 otherwise.

We now introduce the Hungarian algorithm, which is a classical one for solving the op-

timal assignment above, developed by [46]. In the high level, it considers the dual problem

of (3.3), which can be expressed as below:

min
u,v

∑
i∈[n]

ui +
∑
j∈[n]

vj,

subject to ui + vj ≥ Ui,j, ∀i, j.

The algorithm utilizes the primal-dual method to update the solution until the optimal ob-

jective is reached for both primal and dual problems. Algorithm 3 below describes the

classical Hungarian algorithm in [46] in the matrix form.

Note that the computational complexity of Algorithm 3 is O(n4). The classical Hun-

garian algorithm is later improved by [61] and [62] to achieve an O(n3) complexity. In

addition, there are many approximation algorithms for optimal assignment with less com-

putational cost and near optimality, see [63, 64, 65] among others. One might consider

adopt such approximation algorithms for assignment problems with large scales.
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Algorithm 3 The Hungarian algorithm for optimal assignment with known utility

Specify n the number of agents and tasks; Specify the utility matrix U ∈ Rn×n. Set the
matrix C ∈ Rn×n such that Ci,j = maxk,ℓ Uk,ℓ − Ui,j .
• Step i. Subtract mini,j Ci,j from each element of C and obtain a matrix C1.
• Step ii. Find a minimum set S1 of lines (rows or columns) that includes all null ele-
ments in C1. Let n1 = |S1|. If n1 = n, then report the n positions of null elements as the
required solution.
• Step iii. If n1 < n, let h1 be the smallest element in C1 that is not in any line in S1.
Add h1 to any elements in a line of S1 and subtract h1 from any elements in C1. Let the
resulting matrix be C2.
• Step iv. Repeat the Steps 2 and 3 starting with C2, until nk = n at some stage. Report
the positions of these null elements.

3.3 Our Proposed Method

In this section, we introduce our proposed UCB-based algorithm for the sequential assign-

ment problem with unknown utility. At a high level, our method consists of two compo-

nents for every round: 1) Constructing the upper confidence bound for every agent-task

pair based on past data, and 2) Conducting the assignment by maximizing the total upper

confidence bound of the utility. In order to obtain a reliable initial estimate for θ∗, we con-

duct random assignment up to certain time t1 for pure exploration. Below we first describe

our proposed UCB-based method in details, and later summarize our algorithm.

3.3.1 Constructing upper confidence bound

In this subsection, we specify the construction of the confidence bound based on past data

in our method. Loosely speaking, at the beginning of each round after certain time t1,

we use the logistic regression to fit the past observations and obtain the estimate for θ∗,

and construct the confidence bound accordingly. For logistic regression, we penalize the

ℓ2 norm of the estimator to avoid overfitting in early stages. More specifically, for every

t > t1, we first estimate the parameter θ∗ by maximizing the ℓ2-penalized log-likelihood
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based on past observations {(xτ
i , z

τ
δτ (i)

, U τ
i,δτ (i)

) : τ ∈ [t− 1], i ∈ [nτ ]}, or,

θ̂t ∈ argmin
θ

t−1∑
τ=0

∑
i∈[nt]

{
log
(
1 + exp(ϕτ⊤

i,δτ (i)θ)
)
− U τ

i,δτ (i)ϕ
τ⊤
i,δτ (i)θ

}
+

r

2
∥θ∥22,

where r is a penalty coefficient, and δ0(i) = i for consistency. Also recall that we define

ϕt
i,j = (xt

i ◦ zt
j). It is equivalent to solving the following equation to obtain θ̂t:

t−1∑
τ=0

nτ∑
i=1

ϕτ
i,δτ (i)

(
U τ
i −

1

1 + exp(−ϕτ⊤
i,δτ (i)

θ)

)
= rθ. (3.4)

Let θ̂t be the estimate of θ∗ at the beginning of time t. Then for any new pair (xt
i, z

t
j), we

construct the following upper confidence bound bti,j on the expected utility for the pair:

bti,j =
1

1 + exp
{
−ϕτ⊤

i,j θ̂
t − λ

√
ϕτ⊤
i,j M̄

−1
t−1ϕ

τ
i,j

} , (3.5)

where λ is a parameter, and

M̄t−1 = rI +
t−1∑
τ=1

nτ∑
i=1

ϕτ
i,δτ (i)ϕ

τ⊤
i,δτ (i).

3.3.2 Assignment by maximizing upper confidence bound

After constructing the upper confidence bound bti,j for every possible agent-task pair (xt
i, z

t
j)

at time t, we conduct the assignment for time t by solving the following optimization prob-
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lem:

max
δi,j

∑
i∈[nt]

∑
j∈[nt]

bti,jδi,j (3.6)

subject to
nt∑
i=1

δi,j = 1, ∀j,

nt∑
j=1

δi,j = 1, ∀i,

δi,j ∈ {0, 1}, ∀i, j.

Here δi,j’s are binary decision variables, where δi,j = 1 indicates xt
i and zt

j are matched

with each other, and δi,j = 0 otherwise. Note that here we maximize the objective of

the total upper confidence bound of the utility. To solve such optimization problems, we

may apply the classical Hungarian algorithm, or adopt some approximation or heuristic

algorithms with less computational cost, depending on the problem scale and demand. Our

approach is inspired by the UCB-algorithm for classical multi-armed bandit and contextual

bandit, as discussed in [66], [67] and [68] among others, where the player pull the arm

with highest upper confidence bound of reward at each round. By considering the upper

confidence bound instead of the utility estimate, one can balance the exploitation with

exploration. In later sections, we will show that with proper choice of λ, our algorithm

can balance the exploration and exploitation, and thus enjoys desired theoretical property

in cumulative regret. To solve problem (3.6), one can utilize many off-the-shelf packages

providing algorithms for solving the assignment problem, such as the classical Hungarian

algorithm, or approximation algorithms.

In summary, our proposed algorithm conducts assignment based on the two subsections

above. For better understanding, we present our method as Algorithm 4.
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Algorithm 4 UCB-based algorithm for sequential assignment with logistic model
Set D0 = {(x0

i , z
0
i , U

0
i ) : i ∈ [n0]}. Specify the parameters t1 > 0 and λ > 0.

for t = 1 to T do
Observe covariates xt

1, · · · ,xt
nt

and zt
1, · · · , zt

nt
.

if t ≤ t1 then
Conduct random assignment through a random permutation δt.

else
Obtain θ̂t by solving (3.4) based on Dt−1.
Let ϕt

i,j = (xt
i ◦ zt

j) for every i and j in [nt]. Construct the upper confidence bound
bti,j for the associated utility as

bti,j =
1

1 + exp
(
−ϕt⊤

i,j θ̂
t − λ∥ϕt

i,j∥M̄−1
t−1

)
where M̄t−1 = rI +

∑t−1
τ=1

∑nτ

i=1 ϕ
τ
i,jϕ

τ⊤
i,j .

Finding the assignment δt by solving the optimization problem (3.6), using a sub-
routine such as the Hungarian algorithm.

end if
Observe feedback {U t

i,δt(i)
: i ∈ [nt]}.

Update

Dt ← Dt−1 ∪
{
(xt

i, z
t
δt(i), U

t
i,δt(i)) : i ∈ [nt]

}
.

end for

3.4 Theoretical Results

In this section, we discuss the theoretical property of our proposed algorithm on the estima-

tion error and regret bound. Before we move on, we first introduce some mild assumptions

for our results to hold, which are standard in the statistics and bandit literature, see for

example [67, 68].

Assumption 3.4.1 For every x ∈ X and z ∈ Z , ∥x ◦ z∥2 ≤ 1. Meanwhile, we assume

∥θ∗∥2 ≤ 1.

Assumption 3.4.2 We assume that for every t ≥ 1, xt
i’s and zt

j’s are i.i.d. sample drawn
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from distributions PX and PZ , respectively. Furthermore, PX and PZ satisfies that

λmin

(
Ex∼PX , z∼PZ

[
(x ◦ z)(x ◦ z)⊤

])
≥ σ2 > 0.

Below we first state the result on the estimation error of our proposed UCB-based al-

gorithm in Theorem 3.4.1. It shows that with sufficient past observations, our estimates θ̂t

are pretty close to the underlying true parameter θ∗ with high probability.

Theorem 3.4.1 Suppose Assumptions 3.4.1 and 3.4.2 hold. Define

κ = inf
∥ϕ∥2≤1, ∥θ−θ∗∥2≤1

exp
(
ϕ⊤θ

)
[1 + exp (ϕ⊤θ)]2

.

If there exists some t1 such that Mt1 satisfies that

λmin(Mt1) ≥
32(d+ log(T/δ))

κ2
+

2r

κ
, (3.7)

then with probability at least 1− 2δ, we have

∥θ̂t − θ∗∥2M̄t−1
≤ 1

κ2

[
d log

(
1 +

∑T
t=1 nt

rd

)
+ 2 log

1

δ
+ r

]

for all t ≥ t1 + 1.

Based on Theorem 3.4.1, our next theorem presents the result on the cumulative regret

bound of our method.

Theorem 3.4.2 Suppose that Assumptions 3.4.1 and 3.4.2 hold. Then for any δ ∈ (0, 1),

there exists universal constants C1, C2 and C3, such that as long as

t1∑
τ=1

nτ ≥ C1
d+ log(1/δ)

σ4
+ C2

d+ log(T/δ)

κ2σ2
+ C3

r

κσ2
, (3.8)
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with the choice that

λ =
1

κ

√√√√d log

(
1 +

∑T
t=1 nt

rd

)
+ 2 log(1/δ) + r, (3.9)

with probability at least 1− 3δ, the total regret of Algorithm 4 satisfies that

RT ≤ t1 +
2d

κ

√√√√T log

(
1 +

∑T
t=1 nt

d

)√√√√log

(
1 +

∑T
t=1 nt

rd

)
+ 2 log(1/δ) + r. (3.10)

Remark 3.4.1 Here the condition (3.8) is to guarantee that the minimum eigenvalue of Mt1

is sufficiently large under the worst case that there is no observation at time 0 (i.e. D0 = ∅),

such that with high probability θ̂t is close to θ∗ for every t > t1 . Meanwhile, if we have

sufficient observations at time 0 such that M0 is well conditioned, this requirement on t1

can be relaxed. Moreover, the parameter λ is important in our algorithm that trades off

between exploration and exploitation. Specially, when λ = 0, the algorithm reduces to the

greedy method, while when λ is very large, the algorithm tends to find the best design for

θ∗ estimate. For most desired performance, the choice of λ can depend on data in practice.

As can be seen, our high-probability regret bound in (3.10) is of the rate Õ(d
√
T ) when

neglecting the logarithm factors. This rate is consistent with the result of regret for the

logistic bandit, as presented in [68]. We defer the proof for Theorems 3.4.1 and 3.4.2 to

Sections 3.7.1 and 3.7.2 in Appendix.

3.5 Numerical Studies

In this section, we conduct simulations to demonstrate the usefulness of our proposed UCB-

based algorithm. More specifically, we investigate the total regret and parameter estimation

under several examples, with various data dimension d and choice of tuning parameter λ.

For convenience, in most settings below we take nt = n as a constant.
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3.5.1 Settings

In this subsection, we specify the construction of our simulation examples. Specifically,

we consider the following two settings of θ∗.

(i) θ∗ = 1√
d
(1, 1, · · · , 1,−1,−1 · · · ,−1), where the first d/2 entries positive and the

second d/2 entries negative.

(ii) θ∗ = 1√
31
(−1, 1, 2, 3, 4, 0, · · · , 0), with ∥θ∗∥2 = 1.

When generating the utility outcome, we add a random noise ϵ that follows a normal dis-

tribution with mean 0 and variance 1. At each round, we randomly sample xt
i’s and zt

i’s

from the multivariate normal distribution N(0, Id). While we fix T = 20, n = 50, we vary

the dimension d as 10 and 100. We set the penalty parameter r = 0.2. For every exam-

ple, we have 20 replications of randomly sampled data, and finally we present the average

performance. Note that we do not have history data at time 0, and we set t1 = 1.

3.5.2 Performance

In this subsection, we compare the performance between our method and the ϵ-greedy

method with various ϵ values. We first present the figures that characterize the growth rate

of the cumulative regret in t, followed by a table with detailed performance for different d

and λ. Figure 3.1 presents the cumulative regret of our algorithm with respect to t under

settings (i) and (ii), with different choice of λ. As can be seen, the growth of the total regret

is indeed sublinear in t. Also, note that with the choice λ = 0, then the algorithm is greedy

that does pure exploitation. Tables 3.1 and 3.2 below provide more detailed numerical

results, including the standard deviations for the total regret up to T = 20 rounds under

settings (a) and (b) with different d and λ averaged over 50 replications. Note that in these

tables we also present the regret for the random match (i.e. assign by a random permutation

with equal probability) as a baseline.
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From the figures and tables, we can see that with a proper choice of λ, one can achieve

a lower regret than the pure greedy method with λ = 0, by balancing the exploration and

exploitation. Moreover, the performance is sensitive to the tuning parameter λ. When λ is

too large, the performance can be worse-off. Meanwhile, we also observe that our proposed

method takes more advantage when the unknown parameter dimension d is relatively small.

Table 3.1: Total regret up to T = 20 under setting (a)

Regret (std) d = 10 d = 100
Random Match 6.87 (0.12) 7.45 (0.13)
λ = 0 (Greedy) 0.72 (0.14) 3.07 (0.22)

λ = 0.2 0.63 (0.11) 3.08 (0.23)
λ = 0.5 0.64 (0.11) 3.06 (0.24)
λ = 1.0 0.64 (0.11) 3.04 (0.20)
λ = 5 0.77 (0.12) 3.22 (0.26)
λ = 10 0.94 (0.11) 3.40 (0.20)
λ = 20 1.44 (0.09) 3.98 (0.20)
λ = 50 2.65 (0.15) 5.17 (0.21)

Table 3.2: Total regret up to T = 20 under setting (b)

Regret (std) d = 10 d = 100
Random Match 6.29 (0.13) 7.39 (0.10)
λ = 0 (Greedy) 0.81 (0.19) 3.01 (0.27)

λ = 0.2 0.66 (0.12) 3.00 (0.26)
λ = 0.5 0.67 (0.16) 3.01 (0.21)
λ = 1.0 0.70 (0.15) 3.08 (0.23)
λ = 5 0.88 (0.14) 3.16 (0.25)
λ = 10 1.08 (0.13) 3.41 (0.18)
λ = 20 1.50 (0.10) 3.88 (0.18)
λ = 50 2.52 (0.10) 5.11 (0.18)

Furthermore, it is also worth noticing that while the choice of λ in (3.9) guarantees the

theoretical property, in practice one might prefer to tune λ for better empirical performance.

As for in this example, while the choice of λ suggested by (3.9) can be much larger than 1,

the empirical performance seems better with a λ less than 1.
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(a) Setting (i), d = 10 (b) Setting (i), d = 100

(c) Setting (ii), d = 10 (d) Setting (ii), d = 100

Figure 3.1: Cumulative regret with different d and λ under settings (i) and (ii). The curves
of cumulative regret are sub-linear in t. With proper choice of λ, the performance is im-
proved over the pure-greedy algorithm when λ = 0.
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3.5.3 Comparison with ϵ-greedy method

In this subsection, we compare our method with the ϵ-greedy method. By ϵ-greedy method,

at each time every agent is chosen with probability ϵ to be paired with a random task, and

then the remaining agents and tasks are assigned by the greedy method. Figure 3.2 shows

the cumulative regret of the ϵ-greedy method with ϵ = 0, 0.1, 0.2, 1 (note that ϵ = 0 reduces

to the greedy algorithm, and ϵ = 1 reduces to random assignment at all times), together

with our proposed method with λ = 0.5. The setting is same as (i), with d = 10 and

100. As can be seen, the ϵ-greedy method is worse than the pure-greedy method under

this setting. Overall, these results validates the usefulness of our UCB-based assignment

approach.

(a) Setting (i), d = 10 (b) Setting (i), d = 100

Figure 3.2: Cumulative regret for ϵ-greedy method and our UCB-based method with λ =
0.5 under settings (i) with d = 10, 100. The performance of ϵ-greedy method is worse than
the pure-greedy method under this setting.

3.6 Further Study

In this section, we go back to the motivating example of mentor-mentee matching for uni-

versity mentoring programs, and illustrate the usefulness of our proposed algorithm.

At each semester/round, the university alumni office receives a number of mentees

and mentors with context information on their background and preference. The office
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then needs to decide how to pair between the mentees and mentors. At the end of each

semester, a survey will be distributed to each participant to ask about their satisfaction on

the experience. Due to the privacy constraints, we are unable to share the concrete dataset,

but we will use similar data format to mimic the real dataset.

3.6.1 Data format and settings

In the mentor-mentee matching, the data includes the background and preference of each

matched mentor-mentee pair, including their major, degree, location, industry, etc, together

with their feedback. The feedback of each pair is then summarized as two outcomes: sat-

isfied/unsatisfied. With preprocessing of the raw data and variable selection in linear re-

gression, we select three variables (Major, Location and Industry) that are important to the

experience of participants. Table 3.3 specifies these their categories.

Table 3.3: Feature variables for mentees

Var Name Categories
Major 1: Science; 2: Engineering; 3: Business; 4: Other.

Location
1: Local; 2: East Coast of US; 3: West Coast of US;

4: Other in US; 5: International.

Industry
1: Academia; 2: Information Technology; 3: Transportation; 4: Finance;

5: Healthcare; 6: Other.

Since the variables are all categorical, for any mentor-mentee pair, we introduce the

indicator variables Imajor, Ilocation and Iindutry to indicate whether the pair is matched for each

variable. For example, Imajor = 1 if the mentee and mentor have the same major, and

Imajor = 0 otherwise. Besides, let Y ∈ {0, 1} be the binary variable of outcome, such that

Y = 1 indicates ‘satisfied’, and Y = 0 indicates ‘unsatisfied’. With the above variables,

we fit the following model for the rating using the data:

log
P (Y = 1)

P (Y = 0)
=− 0.325 + 0.189Imajor + 0.219Ilocation + 0.173Iindutry. (3.11)

Alternatively, we can also represent the categorical variables with one-hot vectors for
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mentee and mentor, concatenated with an additional scalar 1 for the intercept. Let x and

z denote such vector of covariates for mentee and mentor, respectively. Then (3.11) is

equivalent to

log
P (Y = 1)

P (Y = 0)
= (x ◦ z)⊤β, where β = (−0.325, 0.18914, 0.21915, 0.17316).

(3.12)

Here 1k denotes the vector of k dimensions with all the entries being 1. In the following

study, after the assignment is decided for each round, we randomly generate the outcomes

based on (3.11). We then use logistic regression to fit the binary outcomes with the covari-

ates previously described.

Now we specify the generation of the covariates for mentors and mentees at each round.

We randomly generate the data for T = 20 rounds. At each round, we generate the covari-

ates of n = 200 mentors and mentees. For convenience, we draw from each category with

equal probability for every variable, independent from other variables.

3.6.2 Performance

We run our proposed algorithm with various choices of λ over 50 repetitions and record the

cumulative regret. Figure 3.3 shows the cumulative regret with different choice of λ aver-

aged over 50 repetitions, with the standard deviation indicated by the shadow. The regret of

the random match approach is also presented in the figure for comparison. Also, Table 3.4

presents the cumulative regrets and their standard deviations up to T = 20 under different

choice of λ. As can be seen, in this study we observe a larger gap between our method with

a properly chosen λ and the pure-greedy algorithm when λ = 0. Intuitively, this is related

to the condition number of the design matrix. Because the variables are categorical, there

are many zero entries in ϕ(x, z), which increases the difficulty to capture the underlying

θ∗. In fact, it can be verified that with random pairing, the minimum eigenvalue of the co-

variance matrix Ex∼PX ,z∼PZ [(x◦z)(x◦z)⊤] is much smaller in this example, compared to
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the previous simulations. In this case, a larger λ value (such as 20) can better encourage the

exploration in the early stages for a more accurate estimation and thus balance the trade-off

between exploration and exploitation, resulting in the significant improvement compared

to the pure-greedy algorithm. This observation also suggests that the optimal choice of λ

and t1 can depend on the problem and data in practice, and one might want fine-tuning for

more desired performance.

Figure 3.3: Cumulative regret with different λ for the mentor-mentee matching scenario.
With a proper λ value (e.g. 20), our method has significant improvement in the total utility
compared to the greedy method.

Table 3.4: Total regret up to T = 20 for the simulated data for mentor-mentee matching
scenario averaged over 50 repetitions. The standard deviations are presented in brackets.

Random Match 1.94 (0.01)
λ = 0 (Greedy) 1.48 (0.33)

λ = 1 1.20 (0.29)
λ = 5 0.48 (0.18)
λ = 10 0.25 (0.06)
λ = 20 0.20 (0.03)
λ = 50 0.21 (0.02)
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3.7 Proofs

This section contains three subsections. Subsections 3.7.1 and 3.7.2 present the proof for

Theorems 3.4.1 and 3.4.2, respectively. Subsection 3.7.3 presents the proof for Lemma

3.7.4, which is used in the proof for Theorem 3.4.2.

3.7.1 Proof of Theorem 7

Proof We first define that

Mt−1 =
t−1∑
τ=1

∑
i∈Iτ

ϕτ
i,δτ (i)ϕ

τ⊤
i,δτ (i),

M̄t−1 = Mt−1 + rI.

Our first step is to show that with high probability, ∥θ̂t − θ∗∥2 ≤ 1 for all t ≥ t1 + 1

under the given condition.

Consider some η-neighborhood of θ∗, Bη(θ∗) := {θ : ∥θ − θ∗∥2 ≤ η}. Define

κη := inf
∥ϕ∥2≤1, θ∈Bη(θ∗)

exp(ϕ⊤θ)

1 + exp(ϕ⊤θ)
.

Note that at time t, the estimator θ̂t from penalized maximum-likelihood is the solution

to the following equation:

t−1∑
τ=1

∑
i∈Iτ

(
U t
i,δτ (i) −

exp(ϕτ⊤
i,δτ (i)

θ)

1 + exp(ϕτ⊤
i,δτ (i)

θ)

)
ϕτ
i,δτ (i) − rθ = 0.

Define

G(θ) :=
t−1∑
τ=1

∑
i∈Iτ

(
exp(ϕτ⊤

i,δτ (i)
θ)

1 + exp(ϕτ⊤
i,δτ (i)

θ)
−

exp(ϕτ⊤
i,δτ (i)

θ∗)

1 + exp(ϕτ⊤
i,δτ (i)

θ∗)

)
ϕτ
i,δτ (i) + rθ.

Then we have G(θ∗) = rθ∗ and G(θ̂t) =
∑t−1

τ=1

∑
i∈[nτ ]

ϵτi,δτ (i)ϕ
τ
i,δτ (i)

. We next show that
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G(·) is an injection from Rd to Rd. Note that for any θ1 ̸= θ2, by the mean value theorem,

we have

G(θ1)−G(θ2) =

 t−1∑
τ=1

∑
i∈[nτ ]

exp(ϕτ⊤
i,δτ (i)

θ̄)[
1 + exp(ϕτ⊤

i,δτ (i)
θ̄)
]2ϕτ

i,δτ (i)ϕ
τ⊤
i,δτ (i) + rI

 (θ1 − θ2),

where θ̄ = vθ1 + (1− v)θ2 for some v ∈ [0, 1]. It follows that

(θ1 − θ2)
⊤(G(θ1)−G(θ2)) ≥ r∥θ1 − θ2∥22 > 0.

Hence, G(·) is an injection from Rd to Rd, and G−1 is well-defined.

Before we continue, we introduce two useful lemmas that help bound ∥θ̂t − θ∗∥2.

Lemma 3.7.1 (Lemma A in [69]) Let G(·) be a smooth injection from Rd to Rd, with

G(x0) = y0. Define Bη(x0) = {x : ∥x− x0∥ ≤ η}. Then infx∈∂Bη(x0) ∥G(x) − y0∥ ≥ s

implies that

Br(y0) = {y : ∥y − y0∥ ≤ s} ⊆ G(Bη(x0)).

Lemma 3.7.2 (Lemma 7 in [68]) For any δ > 0, the event

{
∥G(θ̂t)∥M−1

t−1
≤ 4
√

d+ log(1/δ)
}

holds with probability at least 1− δ.
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For any θ ∈ Bη(θ∗), since 0 < κη < 1, we have

∥G(θ)−G(θ∗)∥2
M−1

t−1
≥ (θ − θ∗)⊤(κηMt−1 + rI)(Mt−1)

−1(κηMt−1 + rI)(θ − θ∗)

≥ (θ − θ∗)⊤(κηMt−1 + rI)(Mt−1 +
r

κη

I)−1(κηMt−1 + rI)(θ − θ∗)

≥ κ2
η(θ − θ∗)⊤(Mt−1 +

r

κη

I)(θ − θ∗)

≥ κ2
ηλmin(Mt−1)∥θ − θ∗∥22.

By Lemma 3.7.1, we have that

{
θ : ∥G(θ)−G(θ∗)∥M−1

t−1
≤ κηη

√
λmin(Mt−1)

}
⊆ Bη(θ∗). (3.13)

By Lemma 3.7.2, and using a union bound argument, we have that with probability at least

1− δ,

∥G(θ̂t)∥M−1
t−1
≤ 4
√
d+ log(T/δ), for t ∈ [T ]. (3.14)

Also, note that

∥G(θ)∗∥2
M−1

t−1
= r2θ∗⊤M−1

t−1θ
∗ ≤ r2

λmin(Mt−1)
∥θ∗∥22 ≤

r2

λmin(Mt−1)
. (3.15)

Combining (3.13), (3.14) and (3.15), we have that when

λmin(Mt1) ≥
16(d+ log(T/δ))

κ2
ηη

2
+

8
√
rd+ r log(T/d)

(κηη)3/2
+

r

κηη
,

with probability at least 1 − δ, θ̂t ∈ Bη(θ∗) for all t ≥ t1 + 1. Taking η = 1, the above

condition is met in (3.7), so that with probability at least 1− δ, we have ∥θ̂t− θ∗∥2 ≤ 1 for

all t ≥ t1 + 1, which we assume to hold in the followings.

We now introduce the following lemma to help uniformly bound the terms ∥θ̂t−θ∗∥2
M̄t−1
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for all t ≥ t1 + 1.

Lemma 3.7.3 (Theorem 1 in [70]) Let {Ft}∞t=0 be a filtration. Let {ϵt}∞t=1 be a real-valued

stochastic process such that ϵt is Ft−1-measurable, and ϵt is conditionally R-sub-Gaussian,

i.e.,

E[exp(λϵt)|Ft−1] ≤ exp

(
λ2R2

2

)
, ∀λ ∈ R.

Let {Xt}∞t=1 be an Rd-valued stochastic process, such that Xt is Ft−1-measurable. Assume

M is a d× d positive definite matrix. Define

M̄t = M +
t∑

s=1

XsX
⊤
s , St =

t∑
s=1

ϵsXs.

Then for any δ > 0, with probability at least 1− δ,

∥St∥2M̄−1
t
≤ 2R2 log

(
det(M̄t)

1/2 det(M)−1/2

δ

)
, for all t ≥ 0.

Let Nt =
∑t

τ=1 nτ . By Lemma 3.7.3, with probability at least 1− δ, we have that

∥G(θ̂t)∥2
M̄−1

t−1
≤ 2 log

(
det(M̄t−1)

1/2 det(rI)−1/2

δ

)
≤ 2 log

(
r−d/2(r + Nt−1

d
)d/2

δ

)

≤ d log

(
1 +

Nt−1

rd

)
+ 2 log(1/δ).
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Meanwhile, we have ∥G(θ∗)∥2
M̄−1

t−1

≤ r for all t. Note that when ∥θ − θ∗∥2 ≤ 1,

∥G(θ)−G(θ∗)∥2
M−1

t−1
≥ (θ − θ∗)⊤(κMt−1 + rI)(Mt−1)

−1(κMt−1 + rI)(θ − θ∗)

≥ (θ − θ∗)⊤(κMt−1 + rI)(Mt−1 +
r

κ
I)−1(κηMt−1 + rI)(θ − θ∗)

≥ κ2(θ − θ∗)⊤(Mt−1 +
r

κ
I)(θ − θ∗)

≥ κ2∥θ − θ∗∥2M̄t−1
.

Hence, we have

∥θ̂t − θ∗∥2M̄t−1
≤ 1

κ2
∥G(θ)−G(θ∗)∥2

M−1
t−1

≤ 1

κ2

[
d log

(
1 +

Nt−1

rd

)
+ 2 log(1/δ) + r

]
≤ 1

κ2

[
d log

(
1 +

NT

rd

)
+ 2 log(1/δ) + r

]

for all t ≥ t1. This completes our proof for Theorem 3.4.1.

3.7.2 Proof of Theorem 8

In this section, we provide the proof for our Theorem 3.4.2. Recall that we define ϕt
i,j :=

xt
i ◦ zt

j . We first introduce a useful lemma.

Lemma 3.7.4 Let {ϕt
i : t ∈ [T ], i ∈ [nt]} be an arbitrary collection of d-dimensional vec-

tors satisfying ∥ϕt
i∥2 ≤ 1 for every t and i. Suppose M0 ⪰ Id, Mt = Mt−1 +

∑nt

i=1 ϕ
t
iϕ

t⊤
i .

Denote ∥ϕ∥M =
√

ϕ⊤Mϕ the norm induced by a positive definite matrix M . Then we have

T∑
t=t1+1

nt∑
i=1

∥ϕt
i∥2M−1

t−1

nt

≤ 2d log

(
1 +

∑T
t=1 nt

d

)
.

Lemma 3.7.4 will be used to upper bound the total uncertainty for our algorithm, which

is closely related to the regret bound. The proof of The proof for Lemma 3.7.4 adapts the
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argument for UCB method in linear contextual bandits, see [71] and [70] for example. We

defer the detailed proof for Lemma 3.7.4 in Section 3.7.3 of Appendix.

Below we provide the proof to Theorem 3.4.2. In the high level, we first make use of

Theorem 3.4.1 to bound the total regret in terms of the summation of ∥ϕt
i,δt(i)
∥M̄−1

t−1
’s. Then

we use Lemma 3.7.4 to derive an upper bound for
∑

t

∑
i ∥ϕt

i,δt(i)
∥M̄−1

t−1
, which leads to an

upper bound for the total regret.

Proof For notational simplicity, we first define

Vt =
1

nt

nt∑
i=1

ut
i,δt(i), V ∗

t =
1

nt

nt∑
i=1

ut
i,δ∗t (i)

.

where δt and δ∗t denotes the assignment decided by the algorithm and the oracle assignment

at t, respectively. Then we have

RT ≤ t1 +
T∑

t=t1+1

(V ∗
t − Vt).

We first upper bound the performance gap (V ∗
t − Vt) for each single round t ≥ t1 + 1,

and then upper bound their summation as the total regret.

First, under Assumption 3.4.2, by Proposition 1 in [68], when t1 satisfies (3.8), with

probability at least 1− δ, we have

λmin(Mt1) ≥
32(d+ log(T/δ))

κ2
+

2r

κ
,

so that with probability at least 1− 2δ, we have

∥θ̂t − θ∗∥2M̄t−1
≤ 1

κ2

[
d log

(
1 +

∑T
t=1 nt

rd

)
+ 2 log(1/δ) + r

]
(3.16)

for all t ≥ t1 + 1, according to Theorem 3.4.1.

Now we upper bound the difference between ût
i,j − ut

i,j for t ≥ t1 + 1 and i, j ∈ [nt].
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Note that

ût
i,j =

1

1 + exp(−ϕt⊤
i,j θ̂

t)
, ut

i,j =
1

1 + exp(−ϕt⊤
i,jθ

∗)
.

Since the function 1
1+exp(−ϕt⊤

i,jθ)
is convex in θ, we have

|ût
i,j − ut

i,j| ≤
exp(−ϕt⊤

i,j θ̂
t)

[1 + exp(−ϕt⊤
i,j θ̂

t)]2

∣∣∣ϕt⊤
i,j (θ̂

t − θ∗)
∣∣∣

≤ 1

2
∥ϕt

i,j∥M̄−1
t−1
∥θ̂t − θ∗∥M̄t−1

≤ λ

2
∥ϕt

i,j∥M̄−1
t−1

. (3.17)

Here in the last inequality, we use (3.9) and (3.16). Then for every t ≥ t1 +1, we have that

V ∗
t − Vt =

1

nt

∑
i∈[nt]

ut
i,δ∗t (i)

− ut
i,δt(i)

≤ 1

nt

∑
i∈[nt]

[(
ût
i,δ∗t (i)

+
λ

2
∥ϕt

i,δ∗t (i)
∥M̄−1

t−1

)
− ut

i,δt(i)

]

≤ 1

nt

∑
i∈[nt]

[(
ût
i,δt(i) +

λ

2
∥ϕt

i,δt(i)∥M̄−1
t−1

)
− ut

i,δt(i)

]
≤ λ

nt

∑
i∈[nt]

∥ϕt
i,δt(i)∥M̄−1

t−1
. (3.18)

Here the second inequality is by the construction of our assignment δt that maximizes the

total upper confidence bound, and the first and third inequalities use (3.17). From (3.18)

we have that

RT ≤ t1 + λ
T∑

t=t1+1

∑
i∈[nt]

∥ϕt
i,δt(i)
∥M̄−1

t−1

nt

.
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To further bound the right-hand side, we use Lemma 3.7.4 to obtain that

T∑
t=t1

nt∑
i=1

∥ϕt
i,δt(i)
∥M̄−1

t−1

nt

≤

√√√√T
T∑
t=1

(
nt∑
i=1

∥ϕt
i,δt(i)
∥M̄−1

t−1

nt

)2

≤

√√√√T

T∑
t=1

nt∑
i=1

∥ϕt
i,δt(i)
∥2
M−1

t−1

nt

≤

√√√√2dT log

(
1 +

∑T
t=1 nt

d

)
. (3.19)

Combining (3.19) with our choice of λ in (3.9), we obtain that

RT ≤ t1 + λ
T∑

t=t1+1

nt∑
i=1

sti,δt(i)
nt

≤ t1 +
2d

κ

√√√√T log

(
1 +

∑T
t=1 nt

d

)√√√√log

(
1 +

∑T
t=1 nt

rd

)
+ 2 log(1/δ) + r,

which completes our proof for Theorem 3.4.2.

Note that for any t, i, j, we have

∣∣∣ϕt⊤
i,j (θ̂

t − θ∗)
∣∣∣ ≤ ∥ϕt

i,j∥V −1
t−1
∥θ̂t − θ∗∥Vt−1 .

We now introduce the following result as in [68] to bound the term ∥θ̂t − θ∗∥V −1
t−1

.

Lemma 3.7.5 (Lemma 3 in [68]) Suppose λmin(V0) ≥ 1. Then for any δ ∈ [1/T, 1),

define the event

E :=

{
∥θ̂t − θ∗∥Vt−1 ≤

1

κ

√
d

2
log(1 + 2t/d) + log(1/δ), for t ≥ 1

}
.

Then E holds with probability at least 1− δ.
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Using the result above and our choice of λ in (3.9), we conclude that E ti,j holds simultane-

ously for every t, i, j with probability at least 1− δ.

3.7.3 Proof of Lemma 3.7.4

Proof We first introduce the following lemma that will be used to bound ∥ϕt
i∥2M−1

t−1

.

Lemma 3.7.6 Let M be a d × d positive definite matrix with the minimum eigenvalue

λmin(M) ≥ 1. Let ϕ be a d-dimensional vector with ∥ϕ∥2 ≤ 1. Then we have

∥ϕ∥2M−1 ≤ 2 log
det(M + ϕϕ⊤)

det(M)
.

To prove Lemma 3.7.6, we note that

det(M + ϕϕ⊤) = det(M) det
(
Id +M−1/2ϕ(M−1/2ϕ)⊤

)
= det(M)

(
1 + ∥ϕ∥2M−1

)
Since ∥ϕ∥2 ≤ 1 and λmin(M) ≥ 1, we have ∥ϕ∥2M−1 ≤ 1. Using the fact that x ≤

2 log(1 + x) for x ∈ [0, 1], we get

∥ϕ∥2M−1 ≤ 2 log(1 + ∥ϕ∥2M−1) = 2 log
det(M + ϕϕ⊤)

det(M)
.

The proof for Lemma 3.7.6 is thus completed.

We now continue to prove Lemma 3.7.4. Note that we assume ∥ϕt
i,j∥2 ≤ 1 for all t, i, j.

Also, by our construction of M̄t’s, we have λmin(M̄t) ≥ r for all t ≥ t1 + 1. By defining
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M̄t−1,i = M̄t−1 + ϕt
i,δt(i)

ϕt⊤
i,δt(i)

and using Lemma 3.7.6, we have

T∑
t=t1+1

nt∑
i=1

∥ϕt
i,δt(i)
∥2
M̄−1

t−1

nt

≤
T∑

t=t1+1

nt∑
i=1

2 log

[
det(M̄t−1,i)

det(M̄t−1)

] 1
nt

= 2 log
T∏

t=t1+1

[∏nt

i=1 det(M̄t−1,i)
] 1

nt

det(M̄t−1)

≤ 2 log

[∏nT

i=1 det(M̄T−1,i)
] 1

nT

det(M̄t1)
. (3.20)

Here the last inequality uses the fact that det(Mt−1,i) ≤ det(Mt) for every t and i, by our

construction. Since Mt1 ⪰ Id and ∥ϕt
i,j∥2 ≤ 1, the maximum value det(MT−1,i) can take is(

1 +
(
∑T−1

t=1 nt)+1

d

)d

, which can be further upper bounded by
(
1 +

∑T
t=1 nt

d

)d
. Therefore,

following (3.20), we have

T∑
t=t1

nt∑
i=1

∥ϕt
i,δt(i)
∥2
M−1

t−1

nt

≤ 2d log

(
1 +

∑T
t=1 nt

d

)
.

This completes our proof for Lemma 3.7.4.
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CHAPTER 4

CONCLUSION AND FUTURE RESEARCH

In this chapter, we summarize our contributions and also highlight several potential re-

search topics for future investigation.

4.1 Summary of Contribution

This dissertation investigates the following three specific areas in statistical machine learn-

ing: pivotal method for high-dimensional LDA, robust method for high-dimensional LDA

under data contamination, and efficient algorithm for sequential assignment problems with

unknown utility. Here we remark that the three areas we investigate have numerous real-

world applications. Specifically, the LDA or linear classification is widely applied in var-

ious situations such as image classification [72, 41], fraud detection [73, 74], spam fil-

tering [75, 76, 77], medical diagnosis [78, 79], biomarker discovery [80, 81, 82], among

many others. The approach of robust LDA helps improve the robustness and efficiency

in the presence of data contamination or outliers. In addition, algorithms for sequential

assignment problems with unknown utility can also be applied in scenarios such as on-

line resource allocation [83], online dating recommendation [59, 60], etc., aside from the

mentor-mentee matching. Below is the summary of our contributions.

• In Chapter 1, we introduce a novel tuning-insensitive method named PANDA for

high-dimensional LDA. Different from existing methods, our method conducts pa-

rameter estimation under a pivotal estimation framework and only needs to solve a

single convex optimization problem by simultaneously estimate β∗ and ∆. Com-

pared with existing methods, we observe that our method yields equal or better per-

formance, and requires less effort in parameter tuning.
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• In Chapter 2, we robustify the PANDA method under the new scenario of data con-

tamination, where a fraction of the observed data might be corrupted by an adversary.

By combining with a robust mean estimation approach and filtering the outliers, we

enhance the robustness of the PANDA method.

• In Chapter 3, motivated by the mentor-mentee matching practice in college, we

present a simple but useful algorithm combining the UCB and Hungarian method for

a new scenario of bandit problem, which involves a sequence of assignment problems

with unknown utility and stochastic feedback.

4.2 Future Research

Below we highlight some interesting topics that worth further investigation.

• While we have derived the mis-classification error properties of the proposed PANDA

method, it remains an open problem to investigate its theoretical properties on the

variable selection. Moreover, it is also interesting to extend the similar tuning-

insensitive framework to quadratic discriminant analysis (QDA).

• In Chapter 2, our theoretical analysis for our method for robust high-dimensional

LDA involves a weaker contamination model on the outliers, i.e., the adversary can

replace the inliers with arbitrary data points lying in a bounded ball of radius R <∞

around the inliers. It will be interesting to develop computationally efficient robust

LDA algorithms for the stronger contamination model, where R is allowed to go to

∞. Also, while we can derive a loose lower bound for the breakdown point of our

method, further analysis of the exact breakdown point is of interest.

• In real-world applications of the assignment problems, the unknown underlying util-

ity function might have complicated form, and thus we might need to adopt a more

sophistical model such as deep neural networks or non-parametric models. In addi-

tion, it is also interesting to investigate when the utility function is non-stationary,
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e.g., changing over time, by adapting the time-varying bandit algorithms in [84] and

[85] to our context. Moreover, it is important to develop distributed algorithm for

learning the assignment strategy, especially when we face the problem of large-scale

assignments.
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