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SUMMARY

This thesis investigates the profound in�uence of gravitational wave (GW) detection on both
astrophysics and fundamental physics, a �eld revolutionized by LIGO's pioneering observations. I
begin with the theoretical underpinnings of GWs, derived from Einstein's �eld equations, and de-
scribe the functioning of current detectors, such as LIGO and Virgo. A key emphasis is placed on
the computational techniques for analyzing GW data, particularly the novel Bayesian wavelet-based
method that facilitates model-independent analysis. My research also examines various consistency
tests applied to GW signals, providing insights into their effectiveness in detecting deviations from
General Relativity. Additionally, the thesis presents a Bayesian analysis of numerical waveforms
from hyperbolic encounters of binary black holes, estimating detection rates for upcoming observa-
tories. I conclude with a study of stellar black holes within active galactic nucleus disks, highlighting
how high-eccentricity encounters can yield detectable GW emissions.
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CHAPTER 1
INTRODUCTION

Black holes are regions in space where the gravitational pull is so powerful that nothing, can escape.
In the theory of General Relativity (GR), Black holes can be understood as the extreme warping of
spacetime caused by massive objects [1]. Yet, they behave much similarly to planetary bodies in the
Solar System, in that they orbit one another and are in�uenced by gravitational interaction.

Black holes can be detected through their interactions with nearby matter, such as gas and dust,
which can emit X-rays as they are heated up while falling into the black hole. They also emit
gravitational waves (GWs), ripples in spacetime caused by the acceleration of massive objects, such
as merging black holes and other stellar objects. The non-linearity of Einstein's �eld equations (the
equations of GR which relate energy-matter content with the geometry of spacetime) makes them
notoriously dif�cult to solve, such that the computational cost is often prohibitive. With the advent
of other computational techniques, such as ADM formalism and puncture formalism, these methods
still need to be corroborated with the detector data to ensure that current models are accurate. Also,
although all of the con�rmed GW events are signals associated with mergers involving black holes
and neutron stars, hereafter referred to as compact binary coalescences (CBCs), other astrophysical
sources of GWs may also be detectable. In particular, GWs from highly eccentric phenomena, like
hyperbolic encounters, maybe luminous enough if black hole population models are accurate, i.e.
in dense astrophysical environments.

In this thesis, I will explore the detectability of binary black hole (BBH) hyperbolic encounters
in globular clusters, working off expected rates from a previous work [2]. I will also present work
on simulated trajectories and accompanying GW strains between black holes in hyperbolic and
hyperbolic-like encounters in the vicinity of an active supermassive black hole.

This thesis is structured as follows. In chapter 2, I will give a theoretical background on GWs
and GW detectors, motivating the astrophysical implications for GWs and elucidating various GW
sources. In chapter 3, I will provide an overview of GW data analysis techniques for CBC events, as
well as a detailed review of BayesWave, a model agnostic algorithm which is central to my thesis.
In chapter 4, I describe a common application of BayesWave, theresiduals test, in which the best-�t
GW template is subtracted from the data to check for any excess power. The residuals test has been
used as a test of GR in collaboration papers [3–5]. I present results from LVK's third observing
run, particularly results from the signal consistency tests which I performed on a subset of catalog
events [5].

In chapter 5, I discuss BBH hyperbolic encounters including (i) their theoretical background
and waveform, (ii) the physical environment in which they may reside and (iii) detectability and
false alarm rates [6]. This chapter includes original work. In chapter 6, I move to hyperbolic-like
encounters in the active centers of galaxies, presenting work from simulations study involving two
black holes near a supermassive black hole, incorporating gaseous effects [7].
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CHAPTER 2
GRAVITATIONAL WAVES

2.1 Historical background

Isaac Newton elucidated the laws of physics with hisPhilosophiae naturalis principia mathemat-
ica [8], deriving from those laws the motions of the heavenly bodies. This was the theory of New-
tonian gravity, the theory of the orbits of planets, the moon, the sun, and other celestial bodies. The
mathematical framework under which these predictions were provided was that of rectilinear mo-
tion, the Cartesian coordinate system which are familiar with from basic algebra and physics. The
orbits of the planets are correlated with conic sections in this geometric landscape: closed orbits
are circular or elliptical, and open orbits are parabolic or hyperbolic. Time holds a unique status in
this philosophy; it is the immutable, �xed progression of the order of things, by which the objects
in this universe are dictated. Space, on the other hand, is static; furthermore, the vantage point of
the physical scenario, orframeis eitherinertial, or non-inertial. An inertial frame is a reference
frame or coordinate system which is non-accelerating; rather it is moving at a constant velocity. In
an inertial frame, the principles of Newtonian mechanics hold without reservation. A non-inertial,
or accelerating frame is a frame in which the laws of motion as postulated by Newton do not hold.
In particular, the �rst law, the law of inertia, and the second law, which puts an equation to the �rst
law:

F = ma; (2.1)

where the force that affects the external motion of an object is directly equivalent to its mass (the
measure of the inertia of said object) and the acceleration applied to that object. If one wants to
conduct physics in a non-inertial frame, one must �nd an inertial frame and the associated acceler-
ation of the non-inertial frame concerning the chosen inertial frame, to �nd the appropriate external
force. This is not always trivial.

James Maxwell developed the theory concerning electric charges and their relationship to mag-
netism. This theory of Electromagnetism states that these two forces were the same, differing only
by a factor of the universal constant,c. This constantc is a speed; Maxwell identi�edc with the
speed of light, unifying the previously disparate �elds of electromagnetism and optics. Moving
charges and light are partners; when a charge moves and accelerates, it radiates light.
Maxwell's theory did not depend on the nature of the initiation of the magnetic or electric �elds,
nor any inertial frame [9]. Maxwell had de�ned, as such, a speed limit for the universe,c, the speed
of light. Einstein from this developed histheory of special relativity[10]. Special relativity has
many counter-intuitive consequences. Einstein realized that there was one issue that the new rela-
tivity theory did not address, acceleration, and general relativity are the result of making the laws of
Newtonian gravity consistent with special relativity [11].

2.2 Relativity and Gravitational Wave Propagation

The Einstein Field EquationsThe Einstein equations describe how space, time, and matter are
related. The geometry of spacetime is encoded by themetric tensorg�� . The energy-momentum
content of the system is characterized by the stress-energy tensorT�� . The equations can be written

R�� �
1
2

Rg�� =
8�G
c4 T�� ; (2.2)
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whereR�� is theRicci curvature tensorandR is theRicci scalargeometric quantities which are
determined byg�� , and broadly describe how the geometry of a point in the system deviate from
�at spacetime. The Einstein equations are tensor equations [1, 12], with the indices�� representing
the elements of symmetric rank four tensors, each tensor having ten independent components. The
equations relate the curvature of spacetime, represented by the left-hand side of the equations with
the energy and momentum of matter and radiation represented by the right-hand side. In Riemannian
curvature, tensors obey certain relations involving symmetries.

The Bianchi identities [13] reduce the number of independent components to 6 for each tensor.
Due to their non-linear nature, the equations are generally dif�cult to solve and require approxima-
tion methods in which one is interested in gravitational perturbations far from the source [14]. The
values ofT�� can be attained if we choose a simple form forg�� . In the linear approximation of
the GR (also known aslinearized gravity), one assumes thatg�� is approximated by the Minkowski
metric for �at spacetime,� �� , plus some small perturbationh�� :

g�� � � �� + h�� (2.3)

where

� �� =

0

B
B
@

1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 � 1

1

C
C
A (2.4)

andjh�� j � 1. h�� is the small deviation from �at spacetime due to gravity. Plugging into Ein-
stein's formula, we have

� �h�� = �
16�G

c4
�T�� : (2.5)

These equations hold generally for small perturbations in the spacetime metric relative to the source.
� , theD'Alembertian operator, is de�ned as� � � �� @�� @�� . �D = D �� + 1

2D� �� . For detection,
we are interested only in the propagation of waves far from the source, i.e.T�� = 0 , so we can write

� �h�� = 0 : (2.6)

Equation 2.6 is a wave equation. It has solutions of the form:

�h�� = A �� (k) exp (ik � x � ) (2.7)

The four-wavevectork� describes the direction of propagation of the wavefront in spacetime, and
x � de�nes the wave's position. Plugging Equation 2.7 into Equation 2.6 we get

k� k� = 0 ; (2.8)

This implies that gravitational waves propagate at the speed of light, since the inner product ofk�

with itself is zero, i.e. it is anull vector.
Due to the degrees of freedom granted by Einstein's equation, there is a gauge of freedom.

We can �x the gauge by forcing@� �h�� = 0 . This is called the Lorenz gauge. Plugging this into
Equation 2.7, we get:

A �� (k)k� = 0 ; (2.9)

This shows that the four-wavevector and the polarization are orthogonal to one another, hence GWs
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Figure 2.1: Illustration of the motion of a ring of test masses' interactions with plus and cross
polarizations of a gravitational wavefront. This motion is exaggerated for illustrative effect. Image
courtesy of CalTech.

are transverse. We can choose a gauge wherein the trace ofh�� is zero, i.e.h � h�
� = 0 , so that:

�h�� = h�� : (2.10)

Finally, we get:

h�� =

0

B
B
@

0 0 0 0
0 h+ h� 0
0 h� h+ 0
0 0 0 0

1

C
C
A cos (! (t � z)) (2.11)

2.3 Gravitational-Wave Detection

We have shown that theLorentzgauge, GWs has two independent polarizations,h+ andh� , referred
to as theplusandcrosspolarizations, respectively. The polarizations distort the asymptotically �at
spacetimes, such that, as a gravitational wavefront passes, the effect is to �atten a circular ring of
test masses into an ellipse identical in circumference; This �attening occurs vertically in the case of
the plus polarization and diagonally in the case of the cross. This motion is illustrated in Figure 2.1.

The orthogonal properties of GWs means that it is possible to detect them by measuring the
spacetime distortion simultaneously in transverse directions [15]. This is the principle behind GW
laser interferometry observation. The observation scenario is as follows: For two mutually orthog-
onal spatial directionsx andy, lay two elongated cavities in an ”L” shaped con�guration, with a
beam-splitter in the corner of the ”L”. A 125 W monochromatic infrared laser is pointed through
the beam-splitter [16, 17] so that half of the beam passes into the ”y” arm and the other half into the
”x” arm.

The Advanced LIGO interferometer features an advanced optical design that incorporates Fabry-
Perot resonant cavities, which are essential for enhancing gravitational wave detection. A Fabry-
Perot cavity consists of two highly re�ective mirrors facing each other, creating a space where light
can resonate. When a laser beam enters the cavity, it strikes the �rst mirror, where some light is
transmitted into the cavity while most is re�ected. This light then re�ects back and forth between
the mirrors, with each re�ection allowing part of it to pass through again. This process signi�cantly
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increases the effective path length of the light within the cavity, enhancing its intensity as it travels.
Each mirror is connected to a mass that acts as a pendulum, which helps to �lter out low-

frequency vibrations. This pendulum system is designed to have a resonant frequency lower than
the frequencies of interest for gravitational wave detection, which enhances the isolation of the
mirrors from ground vibrations.

The design also incorporates multiple levels of damping to further reduce the impact of noise.
For example, a feedback control system can be employed to actively dampen the motion of the
mirrors, ensuring they remain stable and responsive only to gravitational wave signals.

Additionally, the entire assembly is housed within an ultra-high vacuum environment, which
minimizes air resistance and thermal noise, further contributing to the sensitivity of the interferom-
eter. This vacuum system also protects the delicate optical components from contamination.

The light waves inside the cavity can interfere with one another, leading to constructive inter-
ference when their phases align, or destructive interference when they do not. For constructive
interference to occur, the distance the light travels must satisfy a speci�c relationship involving the
wavelength of the light. This resonance effect allows certain wavelengths to build up intensity while
others are suppressed, making the system highly selective and ef�cient.

In the context of Advanced LIGO, the ampli�cation of phase shifts caused by gravitational
waves is crucial. When these waves pass through the interferometer, they induce tiny changes in
the arm's length, resulting in corresponding phase shifts in the light traveling through the arms. The
Fabry-Perot cavities amplify these minuscule changes, making them easier to detect.

Furthermore, the design of these cavities contributes to a broad frequency response, allowing
LIGO to effectively capture a wide range of astrophysical events. Careful consideration of beam
size and mirror coatings is also made to minimize thermal noise, which can obscure the signals of
gravitational waves. By optimizing the beam size, LIGO can reduce noise while maintaining the
stability of the optical system.

At each end of the ”L” is a mirror suspended by cables, oriented so that the laser re�ects the
beam-splitter where the beams recombine and an interference pattern is recorded by a photodetector
at the corner station. This con�guration operates as a highly sensitive measure of proper distance.
The photodetector is sensitive to small changes in the interference pattern so that as a gravitational
wavefront passes, the fractional change in length of the detector arms is recorded as a fringe pattern
that oscillates according to the spatial distortions caused by the wave. The strain,h, then is expressed
as the fractional change in the detector arms,

h �
�L
L

: (2.12)

The sensitivity of the detector network is an astrophysical signal is dependent on the source location
in the sky. These are expressed via theantennae interference patterns,

F+ (�; � ) =
�
1 + cos2 �

�
cos 2� cos 2 + cos � sin 2� sin 2 (2.13)

F� (�; � ) =
�
1 + cos2 �

�
cos 2� sin 2 + cos � sin 2� cos 2 (2.14)

where the� , � , and are the polar, azimuthal, and polarization angles, respectively, so that the
strain measured by the detector as a function of timeh is

h(t) = h+ (t)F+ + h� (t)F� (2.15)

Due to the sensitivity of the instrument, Laser Interferometer Gravitational-Wave Observatory
(LIGO) data contains a non-negligible component of noise. This means that the signalh(t) is
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Figure 2.2: Schematic diagram of Laser Interferometric detector of GWs [16]

embedded within the datad(t) along with the noise spectrumn(t):

d(t) = h(t) + n(t) (2.16)

In the absence of instrumental noise, the detector noise can be considered to be Gaussian, i.e.
over long enough observation periods the average of the noise integrates to zero:

hn(t)i =
1
T

Z T

0
n(t) = 0 (2.17)

Detecting GWs involves several challenges. The current detectors are highly sensitive, which
is advantageous for GW detection, but unfortunately, they are prone to disruptions from both ex-
ternal and internal sources. These disturbances, known as ”glitches,” can interfere with the data
and produce noise patterns that can mimic real GW signals. Common sources of glitches include
environmental factors such as wind, train vibrations, and seismic activity, as well as internal system
imperfections. These issues can lead to false detections or complicate data analysis, affecting the
accuracy of GW signal interpretation.

To overcome some of these challenges, upgrades and new detector designs are being developed.
For instance, the A+ upgrade to LIGO aims to enhance the detector's ability to handle transient
noise. Future detectors like Cosmic Explorer (CE) [18] and Einstein Telescope (ET) [19] are ex-
pected to offer signi�cant improvements in sensitivity[[LC improvements how?]]. CE, a proposed
third-generation detector in the US, will feature an ”L” shaped design with larger arm lengths to
optimize sensitivity for different scienti�c objectives. ET, a proposed third-generation detector by
the European Commission, is expected to be operational by the early 2030s. It will use a triangu-
lar arrangement of three corner stations, placed 10 km apart and situated underground to minimize
seismic noise. ET will employ two types of interferometers: one for low frequencies and one for
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Figure 2.3: GW Sensitivity for the Hanford, Livingston, Virgo and GEO600 detectors.

high frequencies, broadening its ability to detect a wide range of astrophysical phenomena.
The Laser Interferometer Space Antenna (LISA) [20], a planned mission by ESA with NASA

contributions, will be a space-based detector with spacecraft arranged in an equilateral triangular
formation orbiting the Sun. This con�guration will enable LISA to detect low-frequency gravita-
tional waves from sources such as massive black hole mergers and extreme mass-ratio inspirals,
which are beyond the capabilities of ground-based detectors.

Another promising approach involves pulsar timing arrays. Millisecond pulsars, which are neu-
tron stars with exceptionally precise rotational periods, can detect gravitational waves by measuring
changes in the timing of their pulses caused by passing waves. The International Pulsar Timing
Array (IPTA) uses a network of these pulsars to monitor and identify variations that indicate the
presence of gravitational waves.

In summary, while current GW detectors face challenges related to noise and glitches, advance-
ments like the A+ upgrade, third-generation detectors such as ET and CE, and innovative space-
based missions like LISA are set to greatly enhance our ability to detect and analyze gravitational
waves. Additionally, pulsar timing arrays provide a complementary method for detecting these
elusive signals. Collectively, these efforts represent a signi�cant advancement in our capacity to
explore the universe through gravitational waves.

2.4 Gravitational-Wave Sources

2.4.1 CompactBinaryCoalescence(CBCs)

The Universe is populated with compact objects – neutron stars or black holes – many of which form
binary pairs. Over time this binary evolves into a Compact Binary Coalescence (CBC), a dynamical
scenario involving two compact objects, either a binary black hole system, neutron star – neutron
star, or neutron star – black hole, where the two objects are in orbit one another as the distance
between them gradually shrinks due to gravitational radiation, and they eventually merge. The part
of the binary evolution that involves the gradual shrinking of the orbits, known as theinspiral takes
billions of years, with the subsequent merger occurring within a few hundredths of a second. The

7



�nal stage of the binary's evolution called the ringdown, occurs as the resultant compact object,
which is left after the two bodies merge, radiates away any spherical asymmetry. All con�rmed
detections of LIGO thus far are of this type [21].

CBCs can either be compact objects of stellar origin [22] (referred to here as astrophysical
black holes) or primordial black holes. Primordial black holes are a theoretical object [23, 24]
of cosmological interest. Rather than forming at the end of the lifetime of stars, primordial black
holes would arise as an early universe phenomenon, before stars even existed, when cosmological
overdensities could have been intense enough to incur gravitational collapse [24]. Since primordial
black holes would interact gravitationally, and since gravity has an in�uence on the structure of the
universe on large scales [25], the primordial black hole hypothesis provokes key questions about
the universe's formation. They have recently been proposed as a component of dark matter, a non-
baryonic type of gravitationally interacting material that makes up a signi�cant portion (25 percent)
of the universe, and whose true nature remains elusive. Although black holes of astrophysical
origins have a lower bound on their mess set by the Chandrasekhar limit [26] of1:4 solar masses,
primordial black holes could in theory be of arbitrary mass [27], indicating a clear signature for
observation. Although interesting, we restrict our discussion on black holes in this thesis to be
solely of astrophysical origin, unless otherwise stated.

BBHs may arise in globular clusters, galactic �elds, active galactic nuclei (AGNs), or super-
nova [28] In other words, GWs emitted from BBH interactions may provide insight into the dy-
namics of black hole populations. BBHs in these scenarios are expected to becircularized, i.e.
throughout the many billions of years which the binary takes to enter the LIGO band, a binary ra-
diate away its eccentricity via GWs to stabilize the orbit. The resulting GW signal has a distinctive
inspiral-merger-ringdown form as shown in Figure Figure 2.4

An exception to the circular CBC scenario is a binary merging via dynamical capture [29], or
scattering in aBBH hyperbolic encounters. This is explored more in Chapter 5.
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Figure 2.4: Depiction of the inspiral, merger and ringdown faces of the CBC signal

Figure 2.5: Einstein Telescope as it will look when constructed. Courtesy of ESA
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CHAPTER 3
GRAVITATIONAL-WAVE DETECTION WITH LIGO; TEMPLATE-BASED AND

MODEL-AGNOSTIC DATA-ANALYSIS METHODS

Detecting GWs presents major challenges. For one, although the theory of GR has proved suc-
cessful in predicting the perihelion of Mercury [30–32] and other small deviations from Newtonian
gravity [33], it is highly non-linear, making calculations in the strong-�eld regime particularly dif�-
cult to solve. GR furthermore is fundamentally a geometrical theory, and as such does not lend itself
easily to expressions involving dynamical variables: time, mass, momentum, and other important
physical quantities are not well-de�ned universally for a given system. For another, the parameters
involved in the time evolution of a gravitational system are numerous. If one has a set of GW pa-
rameters~� = f � 1; � 2; :::; � ng, then~� represents a vector in multidimensional space. In the case of
BBH systems, the parameters are the two black hole massesm1 andm2, the angular momentum
spin components of each black holes1

x , s1
y , s1

z ands2
x , s2

y , s2
z, the luminosity distancedL and the

sky location parameters right ascension� and declination� the inclination and polarization angles,
� and . Sampling over these thirteen parameters through brute force would provide a prohibitive
computational cost. Lastly, GWs, due to their non-coupling nature, are quite faint. The fractional
change in lengthh is on the order10� 21, equivalent to a thousandth of the width of a proton length,
or 10� 8 m for the4 km arms in the LIGO network.

3.1 Bayesian Inference and Figures of Merit

The GW signal can be represented as signalh(~� ), parameterized by~� , within the datad. The
boldface indicates that there is more than one detector. The datad is a time series that contains
the signal and stationary Gaussian noisen, whereas the parameters~� may be the source parameters
of the emitting system (such as the thirteen parameters mentioned at the beginning of this chapter)
or else the parameters that make up the time-frequency content of the signal, such as amplitude,
central time, central frequency and phase. As a sampling exercise, we can talk about it as theh(~� )
with parameters~� given datad. In this context, Bayesian analysis is useful since we can estimate
the posterior probability distribution ofh(~� ) given byd via Bayes' Theorem:

p(~� jd) =
p(~� )p(dj~� )

p(d)
(3.1)

Bayes' Theorem is a relation of probabilities that allows us to update the model given new
knowledge about the system [34, 35]. The probabilityp(~� ) is the prior knowledge of the system,
often simply called theprior. The probabilityp(dj~� ) is the probability of observingd givenh(~� );
this number quanti�es the extent to which the observation of datad supports the probability of
signalh(~� ) given by the model, and hence it is referred to as thelikelihood function(or simply
the likelihood). Its functional form is given by the noise-weighted inner product of the difference
between the data and the signal exponentiated:

p(dj~� ) / exp
�

�
1
2

hd � hjd � hi
�

(3.2)

Where the noise-weighted inner product takes into account the noise spectrum in each detector.
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For a detectork, the noise-weighted inner product is de�ned as

hak jbk i � 4Re
Z 1

0

~ak
� ~bk

Sk
n (f )

df (3.3)

The quantity in the denominator of Equation 3.1,p(d) is the probability of observing datad. This
quantity, also calledZ , represents how much the model is supported by the data, so it is called the
evidence:

Z =
Z

p(~� )p(dj~� )d~� (3.4)

The model which has higher evidence is considered more plausible, or more supported by the
data. For this reason, evidences are often used to compare two competing models, usingBayes
factors. For two competing models,1 and2, the Bayes factorB1;2 comparing the models is

B1;2 =
Z1

Z2
; (3.5)

indicating that the model with the highest evidence is favored by the data [34].

3.1.1 Figuresof Merit

Division by the PSD effectively effectively reweighs the data toward frequencies where the detectors
are most sensitive. This brings us to a�gure of merit often used when analyzing GW data, the
signal-to-noise ratio (SNR) de�ned as

� =
p

hdjdi ; (3.6)

where again we use the angle brackets ”h�j�i ” to denote the noise-weighted inner product as de�ned
in Equation 3.3. The SNR is used to quantify the strength of the signal in the detector [36].

3.1.2 SamplingoveraLargeParameterSpace

Sampling a multi-dimensional space can be computationally expensive, making Markov Chain
Monte Carlo (MCMC) a valuable tool in gravitational wave (GW) data analysis [16]. MCMC
generates samples from complex probability distributions using a Markov chain, where each state
depends solely on the previous one. This method combines the principles of Markov chains, which
model sequential dependencies, with Monte Carlo techniques that utilize random sampling to esti-
mate outcomes.

MCMC operates as a selective random walk where multiple ”walkers” explore the parameter
space, spending more time in areas with higher probability. After an initial phase of adjustment
(called theburn-inphase), the points visited by the walkers are used to estimate the true distribution.
This method utilizes the Law of Large Numbers [37, 38], which ensures that, given enough samples
of independent random variables, the sampled values converge to the true values of a distribution
(see [38], particularly page 181).

Suppose one needs to understand a complex distribution that's dif�cult to sample directly. One
can set up a Markov chain through its transitions and gradually produce samples that represent the
target distribution. Starting from an initial state, the algorithm moves to new states according to
transition probabilities designed to ensure that, over time, the chain explores the state space in a
way that mirrors the target distribution.
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At �rst, the samples may not accurately re�ect the target distribution, but after running the chain
for a suf�cient period, it will reach a point where the samples align with the distribution of interest.
Once the chain is in this equilibrium state, the samples can be used to estimate various properties of
the target distribution.

3.1.3 ParameterEstimation

LALInference is a tool used for of�ine follow-up analysis of gravitational wave data. It ad-
dresses non-Gaussian features by comparing observed data with template-based gravitational wave
signals. This analysis involves sampling the probability distributions of binary system parameters
using MCMC or nested sampling.

For example, LALInference can produce 50% and 90% con�dence contours for parameters like
the masses of black hole components, as illustrated in the analysis of the GW150914 event. This is
done by integrating all parameters except those of interest.

Recently, the LIGO and Virgo collaborations have transitioned to newer parameter estimation
tools, speci�cally Bilby and RIFT, due to the high development costs associated with LALInfer-
ence's underlying software package, LALSuite. While these newer tools differ in their sampling
methods, the fundamental template-based models for waveform analysis used by LALInference
remain unchanged.

3.1.4 CBC searches

Signal characterization methods broadly fall into two categories: model-dependent, matched-�lter
templates, and model-independent, wavelet-based algorithms. I describe the two approaches below.
CBC searches utilize our understanding of general relativity in the context of high-power computing
to realize waveform models from a plethora of initial conditions [39]. These waveforms can then
be used as a matched-�lter template [40]. To accurately evolve the two-body system and extract the
waveform, at least two mathematical approaches are used. Post-Newtonian (PN) theory is a per-
turbative approach [14], wherein two equal mass black holes are considered as point-like particles,
their relative motion described in terms of an expansion about the reduced velocityv=c. This ap-
proximation is mathematically ef�cient in the far-�eld asymptotic regime, and under the assumption
that the orbital velocityv is small compared to the speed of light (v=c << 1). However, as the black
holes approach either, the masses move approach a larger speed compared to that of light, and more
corrections involvingv=c are needed to represent the dynamics. The PN approximation has been
used to derive some of the earliest relations in linearized gravity, particularly Einstein's quadrupole
formula.

The PN approximation has been used extensively to model two-point masses in bound, circular
systems because for bound systems the bodies are not moving very fast, such that the system can
modeled with relatively few iterations [41].

The post-Minkowskian (PM) approximation is another perturbative approach [43, 44]. The
expansion parameter is the dimensionless parameterGm=rc2. Because this method relies on powers
of G rather than orbital velocity, this method can be used to describe motion comparable to the
speed of light, i.e. ultra-relativisticv=c � 1 speeds. This is relevant in the case of highly eccentric
binaries, including unbound systems [41]. A schematic diagram showing the relations between the
dynamical regimes of the PM and PN in Figure 3.1.

Phenomenological models like IMRPhenom [45–47] adopt a frequency-domain perspective, di-
viding the waveform spectrum into continuous segments in amplitude, phase, and their derivatives.
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Figure 3.1: Regime of post-Minkowskian and post-Newtonian expansions. Adapted from Figure 2
of [42]
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Figure 3.2: Selected samples of parameter estimation from S190521g

They �t these segments with NR data and combine post-Newtonian approximations with NR wave-
forms to model the entire event, from inspiral to merger and ringdown.

Surrogate models take a different route by interpolating between discrete NR simulation results.
Since NR simulations are costly and only model the late phases of the event, these models blend
NR data with an EOB model to cover the earlier inspiral phase, resulting in a continuous waveform
that spans the entire gravitational wave event. – numerical relativity pipelines – These programs use
numerical approaches to solve for the equations of motion in the ADM formalism. This approach is
costly in computing power, and can take weeks to months but yields the most accurate waveforms. –
effective-one-body (EOB) – these use the effective-one-body Hamiltonian developed by Buonnano
and others.

3.1.5 Accountingfor Eccentricity

There have been other methods that incorporate the realistic boundaries of the system (this may
be relevant, for example in the case of hyperbolic orbits where the periastron velocityvp is a
may approach a signi�cant fraction of the light speedc making PN approximation less ef�cient
at low orders) [48]. Nevertheless, there have been efforts to address the highly eccentric/hyperbolic
cases [49, 50], including aligned spin. These studies have been utilized in one online search [51].
The advent of EOB has allowed us to probe higher eccentricity, useful due to their utility for searches
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with LIGO. In particular, waveform modelTEOBresumShas offered the possibility of ”all in one”.
SEOBNRv4EHM[52] is another all in one model. Both are EOB models, which include arbitrary
eccentricities and aligned spins [52]. However, they employ different methods to calibrate their
results to NR waveforms. In particular, the initial eccentricity ofe0 and initial angular frequency! 0

are optimized in different ways. In the EOB formalism, optimizing these initial parameters is not
trivial because the faithfulness concerning NR as a function of either parameter is highly oscilla-
tory. To achieve this,TEOBresumSmanually samples through the parameter space to achieve the
lowest unfaithfulness. MeanwhileSEOBNRv4EHMuses a grid-space optimization technique and
cross-checks its values withTEOBresumS[52].

3.2 Model-Independent, Wavelet-based Algorithms

Model-agnostic algorithms are analytical tools used in the study of GWs to identify consistent pat-
terns across a network of detectors. These patterns correspond to the travel time of gravitational
waves as they traverse space.

To capture these patterns, the algorithms utilize wavelets—mathematical functions that repre-
sent brief oscillations in time, similar to ripples in water. By examining the data from gravitational
waves, researchers can break down a transient signal—a sudden burst of gravitational waves—into
a series of wavelets. This process is akin to Fourier analysis, which decomposes complex signals
into simpler, sinusoidal components.

A major advantage of this approach is that it does not rely on a speci�c theory of gravity. Instead,
it operates under the fundamental assumption that gravitational waves exist and move close to the
speed of light. This �exibility allows researchers to employ a morphology-independent algorithm,
which seeks patterns without making assumptions about their shape or structure. This serves as
a valuable consistency check against other methods that may depend on more de�ned models of
gravitational waves.

3.2.1 CoherentWaveBurst

The coherent Waveburst (cWB) pipeline [53] processes gravitational wave data by applying wavelet
transformations to project the data onto a range of frequencies and times, creating a detailed multi-
resolution time-frequency representation. It calculates a maximum likelihood ratio statistic to de-
termine the overall SNR and identi�es triggers that exceed a speci�c threshold. To discern whether
these triggers originate from astrophysical or terrestrial sources, the pipeline further analyzes net-
work coherence measures. The cWB operates within the frequency range of 15-512 Hz. It functions
in two con�gurations: one for high-mass BBH systems with a central frequency below 80 Hz, and
another for low-mass BBH systems with a central frequency above 80 Hz. After identifying a gravi-
tational wave candidate, the pipeline conducts an of�ine parameter estimation analysis to derive the
posterior probability distributions for the source's characteristics.

3.2.2 BayesWave– amodelagnosticdataanalysismethod

BayesWave [54, 55] is a reversible-jump, Markov-chain Monte Carlo (RJMCMC) algorithm that
iterates over a variable set of parameters to arrive at isolate features in the data. A Bayesian algo-
rithm, BayesWave uses as it the Bayes factorB , as a standard of merit. The waveformh is updated
through Bayes' Theorem.

The evidencep(d) can be computed for three competing models: that the data contain pure
Gaussian noise (thenoise model), that the data contain a signal consistent with a gravitational wave
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(the signal model), and that the data contain one or more noise transient, orglitches(the glitch
model). BayesWave utilizes the RJMCMC algorithm to calculate the posterior distributions for each
model, and thermodynamic integration to estimate the associated evidence for each model [54–56].
The statistic quantifying the preference of one model over another model is the logarithm of the
ratio between the two pieces of evidence. This ratio is known as theBayes factor. For instance, if
we denote the hypothesis that the data contains a signal byH s and denote the hypothesis that the
data contains a glitch byH g, then the Bayes factorBs;g representing the preference of signal model
over the glitch model given datad is written

Bs;g =
p(djH s)
p(djH g)

(3.7)

The waveformh depends on a set of parameters~� = f t0; f 0; A; Q; � g. t0 the central time,f 0

is the central frequency,A is the amplitude,Q is thequality factor, and� is the phase offset. The
quality factor is a measure in the time-frequency area encompassed by one wavelet, and it is de�ned
by the central frequency and the change in time� � = t � t0:

Q =
2�f 0

�
(3.8)

BayesWave uses a sum of functions,frame functions, to reconstruct the signal. Frame functions
are mathematical tools used to transform and analyze signals in both time and frequency domains.
Unlike traditional Fourier transforms, which decompose signals into sinusoidal waves of �xed fre-
quency, frame functions can vary in both frequency and duration [57]. This allows the analysis to
capture localized features of a signal, such as transient changes, more effectively. The plus polar-
ization of the waveformh+ is decomposed as a sum of frame functions	 .

h+ =
NX

i

	 i (3.9)

Where	 i is thei th frame function. In the standard implementation of BayesWave, the signal is
assumed to be elliptically polarized, so that the cross-polarization is given by

h� = i�h + (3.10)

where� is theellipticity parameter. Frame functions form the building blocks of the signal;
therefore any morphological similarity they share with the signal is considered to be advantageous,
in the same way that sine and cosine functions are useful for decomposing a periodic signal [58].
As of the writing of this thesis, three functions have been used in BayesWave data analysis. These
are the Morlet-Gabor wavelet

	 MG (f ; A; t 0; f 0; Q; � ) =
p

�A�
2

e� � 2 � 2 (f � f 0 )2
e� 2�if t 0 (ei� 0 + e� i� 0 e� Q2 f=f 0 ) (3.11)

And chirplets:
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	 chirp (t; A; t 0; f 0; Q; � ) =
p

�A�
2

Ae� (t � t0 )2=� 2
cos(2�f 0(t � t0) + � _f (t � t2

0)� 0) (3.12)

Chirplets are mathematically identically the same as MG wavelets, except for an added frequency-
evolution term,� _f (t � t2

0), in the cosine term in the time-domain:

	 shape(t; A; t 0; f 0; Q; � ) =

(� 1)n� 1
p

n3�

�
2(t � t0)

n�

�
L 1

n� 1
2(t � t0)

n�
e� (t � t0 )=n� e� 2�it 0 f 0 ; (3.13)

Chirplets and Morlet-Gabor are known for their minimal area in time-frequency space, meaning
that their pixels have the �nest resolution [59] For my work on BBH hyperbolic encounters, I have
employedexponential shapelets[60] (hereafter referred to as shapelets). Mathematically, shapelets
are Laguerre perturbations about a decreasing exponential. They are given by, in the time domain:

~	 shape(f ; A; t 0; f 0; Q; � ) =

(� 1)nA

r
2n�

�
(n� (f � f 0) � i )2n

((n� (f � f 0)2 + 1)) n+1 e� 2�it 0 f 0 : (3.14)

In this thesis, I explore the viability of shapelets for reconstructions, particularly for BBH hy-
perbolic encounters. I plot the reconstructions for the �rst GW detection, GW150914, and white
noise bursts (WNBs). WNBs are stochastic, unpolarized simulated signals [61], whose complex
time-frequency structure provides a good test for novel frame function types [58].
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CHAPTER 4
WAVEFORM COMPARISONS: TESTING GR THROUGH WAVEFORM CONSISTENCY

My main contribution to this work is the residuals test, which examines how well GW data
align with predictions from GR. In this analysis, I subtract the best-�t GR waveform from the
observed data to isolate residuals that, if GR is accurate, should re�ect only detector noise.
Using BayesWave, a model-independent wavelet-based algorithm, I analyzed these residuals to
detect any coherent signals that could indicate deviations from GR. I evaluated the statistical
signi�cance of these residuals by comparing their signal-to-noise ratio (SNR) to a background
noise model and calculated p-values to measure consistency with noise expectations. To ensure
the reliability of these results, I carefully accounted for uncertainties caused by �nite sample
sizes and stochastic noise �uctuations. By applying the residuals test to multiple GW events, I
contributed to validating GR's predictions while identifying challenges in low-SNR scenarios,
offering insights for improving future GW analyses.

As stated in Chapter 3, the GW analysis methods broadly fall into two categories, those that
are model-agnostic and those that compute GR-informed templates for matched �ltering. Each
paradigm has its advantages and drawbacks. Model-agnostic methods do not rely on a speci�ed
theory of gravity, other than the fact that the theory must predict GWs. However, modi�cations to
GR may be probed by BayesWave and cWB, including the effects of alternate tensor polarization
on the GW signal, velocity dispersion, and others [62]. The goal of this chapter is to provide an
overview of tests of GR with GWs, This is an effort that engages a large swath of the collabora-
tion. In particular, I will focus on theoverlaps, andresiduals, which were developed by Sudarshan
Ghonge and James Clark here at Georgia Tech, and for which I was the lead analyst on the tests of
GR with GWTC-3 [5]. I discuss this in more detail below.

Signal consistency tests are designed to evaluate the alignment between gravitational wave-
forms reconstructed by model-agnostic methods and those predicted by general relativity (GR)
templates[3–5, 21, 63–65]. This comparison helps to determine whether the signals detected by
LIGO and Virgo match the theoretical waveforms expected from GR-based models. BayesWave
performs model-independent reconstructions of gravitational wave signals, whereas LALInference
relies on prede�ned templates. To assess the agreement between these two approaches, we mea-
sure theoverlapbetween the BayesWave-reconstructed median waveform and the LALInference
maximum likelihood waveform, using a metric that ranges from -1 (indicating complete disagree-
ment) to 1 (indicating perfect alignment). The overlap quanti�es how closely the two waveforms
match. This signal consistency test is applied to gravitational wave events from the �rst and sec-
ond gravitational wave Transient Catalog (GWTC-1, GWTC-2), including GW150914. Selected
waveforms from GWTC-3, the third GW transient catalog, are provided below.1 In addition to the
overlap calculation, there is a test that compares the difference between the waveforms along with
the background noise pro�le. Theresiduals testhas been used in each of the GW transient catalogs
so far. I give a detailed description of each test below.

1These �gures Figure 4.1 Figure 4.2 , Figure 4.3and Figure 4.6 are preliminary and a �nal version of them will be
provided in the �nal version of this thesis

18



Figure 4.1: GW event GW191109, reconstructed in the LIGO-Hanford and LIGO-Livingston.

Figure 4.2: GW event GW200129, reconstructed in the LIGO-Hanford, LIGO-Livingston, and
Virgo detectors. Lalinference in red, BayesWave in blue. The con�uence between morphology-
independent and model-dependent methods provide a consistency check the separate but comple-
mentary data analysis methods

Figure 4.3: GW NSBH event S200115j, reconstructed in the LIGO-Hanford, LIGO-Livingston and
Virgo detectors. Lalinference in red, BayesWave in blue. At low SNR, the overlap is not as reliable
due to BayesWave's weaknesses at low SNR.
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4.1 Overlap

We introduce several methods to compare waveform consistencies. To test BayesWave against PE
we use theoverlap de�ned as

O �
(hGR jhBW )

p
(hGR jhGR ) (hBW jhBW )

(4.1)

WherehGR is inferred from GW templates. While the overlap test is valuable, its effectiveness
may diminish in low SNR scenarios, as noise can considerably impact the accuracy of the com-
parison. Low SNR conditions also heighten sensitivity to model assumptions; small deviations in
waveform models can have ampli�ed effects, further complicating assessments [66, 67]. This limi-
tation underscores the necessity for alternative methods or supplementary analysis to ensure reliable
evaluations of waveform consistency across varying SNR levels.

4.2 Tests of GR and the residuals test

The TGR (Tests of General Relativity) analyses within the LIGO-Virgo-KAGRA framework consist
of four primary tests aimed at investigating potential deviations from General Relativity (GR) in the
context of gravitational wave (GW) signals [3–5, 62].

The �rst test, known as theresiduals test, involves constructing a residual by subtracting the
best-�t template-based waveform from the actual detector data collected during an event. If the
template accurately represents the astrophysical signal, the residual should predominantly con-
sist of detector noise. To analyze the residual, we employ BayesWave, a GR model-independent
wavelet-based algorithm that offers substantial �exibility. This approach enables the reconstruction
of coherent astrophysical features in the data that might be overlooked by traditional template-based
models. Because the residual test is broadly applicable and does not assume a speci�c structure for
deviations from GR, it can effectively highlight discrepancies between the observed data and ex-
pected noise characteristics.

The second test, the Inspiral-Merger-Ringdown Test, focuses on the different phases of the
gravitational wave signal. It compares the low-frequency components, which correspond to the
inspiral phase of the compact binary coalescence (CBC), with the high-frequency components that
relate to the merger and ringdown phases. The cutoff frequency plays a crucial role in this analysis,
as it is associated with the frequency of the innermost stable circular orbit of the �nal black hole
formed after the merger. This test helps to con�rm the expected relationships between the various
phases of the signal, which are predicted by GR.

The third test is the Parameterized Waveform Generation Test, which examines the evolution of
the GW phase directly linked to the orbital phase of the CBC. In this context, alternative theories
of gravity could modify the dynamical evolution of the system, resulting in detectable signatures
in the phase evolution that diverge from GR predictions. The phase evolution can be expressed in
the frequency domain using coef�cients derived from either analytical or numerical relativity, to
constrain any deviations from these coef�cients. This test includes two main approaches: the Test
Infrastructure for General Relativity (TIGER), which adjusts the post-Newtonian (PN) terms in the
IMRPhenomPv2 model, and the Flexible Theory-Agnostic (FTA) method, which is applied to the
SEOBNRv4 ROM model. By analyzing these phase relationships, researchers can identify potential
signatures of modi�ed gravitational theories.

The fourth test, the Parameterized Waveform Propagation Test, explores the possibility that
gravitational waves might exhibit modi�ed dispersion relations, potentially due to the existence
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of a massive graviton or violations of Lorentz invariance. The analysis utilizes a parameterized
dispersion relation expressed as

E 2 = p2c2 + A�p � c�

In this equation,� = 0 corresponds to a scenario with a massive graviton, while values from 1 to
4 (in increments of 0.5) indicate various degrees of Lorentz-invariance violations. This framework
posits that the evolution of gravitational waves can remain consistent with GR to a good approxi-
mation, with deviations primarily arising as de-phasing effects that accumulate during the waves'
propagation to Earth.

While the residual test is comprehensive and capable of identifying broad deviations from GR
without assuming a speci�c model, its model-independent nature can limit its sensitivity in cases
where the amplitude of deviations closely resembles noise levels. Consequently, if a non-GR or
modi�ed-GR waveform is effectively captured by a template, the residual test may fail to indicate
any signi�cant deviation, whereas the other tests might still yield informative results.

The noise pro�le in LIGO detectors is assumed to follow a Gaussian distribution, characterized
solely by the PSD, a function describing the power distribution of the instrument as a function of
the frequency. For a given waveformh associated with a GW event, the noise spectrum may be
exploited to test the waveform systematics ofh. If one subtracts the waveform from the data,

d � h � r (4.2)

then one can test the hypothesis that ther , called theresidualis statistically consistent with the
noisen. We analyze the segment of time of4s containing the residual, analyzing 200 segments of
equal time, symmetric about the residual in time.

For each event, simulated signals are generated based on the parameter distributions of the
real event, and the on-source overlaps are compared with the off-source distributions to ensure
consistency. The results show that for most events, including GW150914, the on-source overlap is
consistent with the off-source data, indicating that the detected gravitational wave signals align well
with the expected waveforms derived from general relativity. This process can help ensure that the
signals observed by LIGO and Virgo are accurate and consistent with theoretical predictions, and it
helps identify any potential deviations that may warrant further investigation.

The test is conducted with BayesWave, a model-independent, wavelet-based algorithm that char-
acterizes the data as a sum of wavelets, with no gravitational-wave model assumed a priori. The
choice of waveform approximant is IMRPhenomXPHM, a phenomenological model. Once the
waveform is subtracted, we take two hundred segments in a time window of 4096 seconds symmet-
ric around the trigger time. These “background segments” contain only pure noise and no signal.
All time segments, the 200 background, and one residual, are analyzed with BayesWave, and the
percentage of background segments with an SNR louder than the residual is then computed. This is
the “p-value”.

There are several sources of uncertainty as it concerns the p-value. First, there is the �nite num-
ber of segments against which the residual interval is compared; the 1/200 is the �uctuation from
the average. The second is the �nite number of gravitational wave events. There is an uncertainty
band associated with each of these.

There are quantities described as a result of the residual test. These are: The residualSNR90,
SNRGR , (The SNR of the data with the true signal), the p-value, and the �tting factor (FF), de�ned
asFF = SNRGR =(SNR90

2 + SNRGR
2)

The Uncertainty band around the observed p-values with a uniform prior, the posterior for the
p-values (i.e. the fraction of Background instances withSNR90 > SNR 90onsource ) is a Beta
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Figure 4.4: Results of residuals analysis. The blue curve shows the fraction of events with p-values
of the residual SNR less than or equal to the abscissa (PP plot). The light-blue band represents the
90dashed line denotes the null hypothesis with the surrounding light-gray area denoting the 90%
uncertainty region of the null hypothesis due to the �nite number of events.
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Figure 4.5: Results of the residuals analysis (Sec. IV A). Scatter plot of the maximum-likelihood
template (SNRGR) and the upper limit on the residual network SNR (SNR90) for each event. The
color bar denotes the p-values of individual events. Solid (empty) circles represent the O3b (pre-
O3b) events. The O3b events with the highest (lowest) p-values are highlighted by green (purple)
diamonds.
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Figure 4.6: Reconstruction of the ”Christmas event” with Lalinference and BayesWave reconstruc-
tion. Statistics guarantee that there will be false alarms every so often in the GW network, motivating
the need for robust data analysis methods.

distribution. The k-th order statistic of the uniform distribution is a beta-distributed random variable.
The “true” p-value has a uniform distribution, but we do not have access to the true p-value because,
rather than the true noise, we are using an empirical noise model based on the O(100) background
times and the residual segment. If we were to use the residual as part of our CDF of the off-
source times, this would incur a violation of the Fisher uniformity test, the distribution of p-values
is discrete.

To account for all this, we estimate the p-value by the binomial distribution:p(nj; N ) / pn (1 �
pp)N � n For the unknown p-value given n noise realizations which are smaller than the residual
given N trials. In a Bayesian context, we assume a null by applying a U(0, 1) before p, and inferring
simultaneously all the p collectively. In this interpretation, the appearance of the Beta distribution
has nothing to do with order statistics and is instead just the binomial likelihood and a �at prior
combining to make a (population-based) posterior for the collection ofpi .

Uncertainties that were mentioned in the O3a TGR paper. The uncertainty in a fraction of events
yielding a p-value below expected values (y = x) is because of the shuf�ing of p-values in the Python
scripts that are based on the cdf values from a U(0,1) distribution. The p-values are not affected by
excessive �uctuations however due to nearly arbitrary shuf�ing that is eventually sorted. When the
p-values are sorted based on cdf values drawn over the U(0,1) distribution, it leads to unrealistic
p-values that do not correctly represent the uncertainty band based on �nite events. In addition, the
uncertainty in the true p-values due to a �nite number of noise which is used to compute background
SNR90 is because the distribution is peaked with a high standard deviation. This cannot account for
the true p-values in the plot from the null hypothesis.

4.3 Determining real events from coincident glitches: S191225aq

Figure 4.7 shows the plot for the (monotonically increasing) CDF of the off-source background
SNR. The on-source residual CDF of the SNR is indicated by the dashed line. The analysis focuses
on the cumulative distribution function (CDF) of the off-source background signal-to-noise ratio
(SNR), which is shown as a monotonically increasing curve. This pattern indicates a consistent and
well-de�ned noise pro�le when no signal is present, establishing a reliable baseline for compari-
son. Understanding the off-source background SNR is essential for evaluating any potential signals
against this noise environment.

In contrast, the on-source residual CDF of the SNR, represented by a dashed line, illustrates
how the signal behaves in the presence of noise. By comparing the on-source residual CDF with
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Figure 4.7: The monotonically increasing CDF of the off-source background SNR

the off-source background CDF, we can determine if the observed signal signi�cantly deviates from
what is expected under typical noise conditions.

The calculated p-value of 0.59 is a key aspect of this evaluation. A p-value of this magnitude
suggests that the observed residual power aligns with the null hypothesis, which states that the
residual SNR is merely a product of noise rather than a signi�cant signal. Statistically, this indicates
that there is insuf�cient evidence to reject the notion that the residual power could simply be due to
random noise �uctuations.

Based on these �ndings, the analysis concludes that the Compact Binary Coalescence (CBC)
reconstruction supports the idea that the examined data may plausibly represent a genuine signal,
without suggesting any signi�cant departures from expected noise characteristics. This result im-
plies that, while there may be a detectable signal, it does not stand out as a de�nitive detection
beyond the noise, indicating that further investigation may be necessary to thoroughly characterize
the signal about the background noise.

In summary, the comprehensive waveform comparison tests conducted within gravitational
wave analysis highlight the importance of integrating model-agnostic methods with GR-informed
templates. The application of overlap and residual tests has signi�cantly deepened our understand-
ing of how detected signals align with the theoretical predictions of General Relativity, while also
revealing potential deviations that could point to new physics beyond the established framework.
Results from events like GW150914 demonstrate a strong correspondence with GR expectations,
reinforcing the reliability of both the models employed and the data gathered by LIGO and Virgo.
However, this analysis also underscores the challenges and limitations faced in low SNR condi-
tions, where noise may obscure true signal properties and complicate evaluations. These tests are
crucial in our ongoing efforts to comprehend the nature of gravitational waves and their broader
implications for understanding the universe. As we re�ne our methodologies and enhance the sensi-
tivity of our detectors, future observations will present even greater opportunities to investigate the
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fabric of spacetime and potentially uncover phenomena that challenge our current grasp of gravity.
The insights shared here not only validate the successes of GR but also set the stage for deeper
explorations of the fundamental principles that govern our universe. Maintaining a keen focus on
waveform analysis will ensure that we remain at the cutting edge of gravitational wave astrophysics,
poised to discover whatever mysteries the cosmos may present.
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CHAPTER 5
CHARACTERIZING GW SIGNALS FROM HIGHLY ECCENTRIC PHENOMENA

USING MODEL-AGNOSTIC METHODS

I now present work in preparation concerning the detectability of GWs from BBH hyperbolic en-
counters. Binary black hole hyperbolic encounters are a dynamical scenario involving two black
holes in a �y-by orbit. These systems emit gravitational-wave bremsstrahlung radiation, which man-
ifests in ground-based interferometric detectors as a single-cycle transient. Hyperbolic encounters
could be prevalent in dense globular clusters and quiescent and active galactic nuclei. In this work,
I present constraints on the detection sensitivity for hyperbolic encounters of black hole pairs with a
range of asymmetric masses. I employed BayesWave, a wavelet-based, morphology-independent al-
gorithm to characterize hyperbolic encounter waveforms in simulated detector noise; for this study,
I implemented the use of exponential shapelets. I �nd that a typical hyperbolic orbit with total mass
20 solar masses may be detected up to distancedL � 40 � 200Mpc, and I forecast the possibility
of detection by current and future gravitational-wave ground-based interferometers.

My primary contributions to this work include conducting BayesWave injections to de-
termine detection rates for gravitational waves from binary black hole hyperbolic encounters
and implementing as well as testing exponential shapelets to model these waveforms. Us-
ing BayesWave, a wavelet-based, morphology-independent algorithm, I analyzed hyperbolic
encounter waveforms in simulated detector noise, evaluating their detectability across differ-
ent scenarios. This work demonstrated the utility of exponential shapelets in capturing the
unique characteristics of these waveforms and provided estimates of detection rates for var-
ious mass con�gurations, offering valuable insights into the capability of current and future
gravitational-wave detectors to identify these rare events.

5.1 Introduction

The LIGO and the VIRGO detectors have to date published more than 90 GW events from mergers
of compact objects in bound orbits [21]. Most of these events are BBH coalescences, although
systems with neutron stars have also been detected [68–71]. The increasing sensitivity of current
ground-based detectors, as well as prospects for next-generation interferometers such as Cosmic
Explorer (CE) [18] and Einstein Telescope (ET) [72], have widened the potential discovery window.
For instance, recent work proposed BBH hyperbolic encounters as a viable source of GW radiation
detectable in ground-based interferometers [51, 73–75]. In two-body �y-by interactions, GWs are
emitted asGW bremsstrahlung; for binary masses in the LIGO band [76] if the encounters are
suf�ciently close, this radiation can reach the sensitivity band of ground-based interferometers like
LIGO and Virgo. As a GW source, BBH hyperbolic encounters are a unique probe for black holes,
as their extreme eccentricity can constrain formation channels, in conjunction with radiation-driven,
dynamical captures [77]. BBH hyperbolic encounters may also make up a non-negligible portion of
the stochastic GW background, particularly in the primordial black hole hypothesis [78].

Physically, the hyperbolic encounter can be described as a classical two-body problem in an un-
bound orbit, characterized by the eccentricitye & 1, the initial relative velocityv0, the total massM
and the impact parameterb, a length-scale property of the orbit. As the system evolves, the trajectory
of the secondary black hole is perturbed by the gravitational �eld of the primary black hole, result-
ing in a braking radiationanalogous to electromagnetic bremsstrahlung. Thus, the problem can
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be described with a relatively small number of parameters whose waveforms may be approximated
with similar methods as in the merger case [76]. For this reason, the hyperbolic two-body problem
has seen treatment in post-Newtonian [49, 50, 79, 80] and post-Minkowskian [41, 81–84] approx-
imations. Numerical relativity simulations of BBH hyperbolic encounters in unequal masses [48,
85, 86] have revealed a morphology rich in spin effects [85], including ringdown effects [86].

From a data analysis standpoint, BBH hyperbolic encounter signals are morphologically distinct
from their merger counterparts: they are single-cycle, i.e. broadband, as opposed to quasiperiodic
BBH merger waveforms. In addition, their waveforms exhibit the linear memory effect, which
binary mergers typically do not due to their rotational symmetry, although there are exceptions [87,
88]. A search has been carried out for BBH hyperbolic encounters in data from the LVC third
observing run (O3) [51, 75], but no signi�cant events have been con�rmed. Rate estimates show
may be as high as a few per year [2, 73, 76] in the upgraded version of LIGO, A+ [89].

In this work, we present a study of simulated signals of GW radiation from black holes in un-
bound orbits. The motivation for this study is two-fold. For one, inner dynamics of globular clusters
and active galactic nuclei disk scenarios could be a ripe environment for �y-by orbits between com-
pact objects, as has been demonstrated in several many-body simulations [90–92]. Detection of
GW emission could provide insight into black hole populations in these environments [73]. For
another, BBH hyperbolic encounters present a data analysis challenge. Given that they are morpho-
logically distinct from the chirp-like pro�le exhibited by circular binaries, BBH hyperbolic encoun-
ters may provide a unique opportunity to test the waveform systematics of model-dependent and
-independent algorithms alike.

Figure 5.1: Sensitivity curves for LIGO [93], A+ [89], Cosmic Explorer [18], and Einstein Tele-
scope [72].

In this paper, we employ a set of waveforms from a numerical simulation of BBH hyperbolic
encounters with unequal masses [48]. The waveforms are quadrupolar-mode and spinless, span-

28




	Title Page
	Acknowledgments
	Table of Contents
	List of Tables
	List of Figures
	Summary
	1 | Introduction
	2 | Gravitational Waves
	Historical background
	Relativity and Gravitational Wave Propagation
	Gravitational-Wave Detection
	Gravitational-Wave Sources

	3 | Gravitational-wave Detection with LIGO; Template-Based and Model-Agnostic Data-Analysis Methods 
	Bayesian Inference and Figures of Merit
	Model-Independent, Wavelet-based Algorithms

	4 | Waveform Comparisons: Testing GR through waveform consistency
	Overlap
	Tests of GR and the residuals test
	Determining real events from coincident glitches: S191225aq

	5 | Characterizing GW signals from highly eccentric phenomena using model-agnostic methods
	Introduction
	GW Burst Reconstruction
	Waveforms
	Analysis
	Results

	6 | Black hole Dynamical: Matching waveforms with simulation 
	Introduction
	Methods
	Dependence on Parameter Space
	Occurrence Rate of Bremsstrahlung
	Gravitational-wave Signatures
	Summary and Conclusion

	7 | Conclusion and Outlook
	Appendices
	References

