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SUMMARY

A branch-and-bound algorithm for the fixed-charge transportation
problem has been developed. The procedure was coded for the Univac 1108
and over 50 test problems have been solved. Further, it is shown that
the group problem associated with the fixed-charge transportaticn prob-
lem may be viewed as a multiparametric integer programming problem hav-

ing a totally unimodular constraint matrix.



CHAPTER 1
INTRCDUCTION

Since the development of the simplex method for solving linear
programming problems by George Dantzig in 1947, researchers in all areas
of applied mathematics have been drawn to the interesting fleld of
mathematical programming., One particular area of mathematical program-
ming which is, at present, of prime interest to operations researchers,
industrial engineers, and applied mathematicians, is that of discrete or
integer programming. The best explanation for this interest is that
numerous practical problems can be formulated as integer linear program-
ming problems. Scheduling, capital budgeting, resource allocation, and
distribution problems are but a few examples of where integer programming
problems arise.

One particularly interesting integer programming procblem 1s the
fized-charge transportation problem. The simplicity of problem state-
ment and difficulty of solution makes this problem of great interest to
the mathematical programming theoretician. In addition, the numerous
applications in the area of distribution makes practical solution tech-
niques of considerable Interest to the operations research practitioner.
Our cbjective has been to further develop the theory for this problem
with the aim of obtaining a practical solution technique which can be
used by the practiticner.

The fixed-charge transportation problem can be simply stated in



terms of a distribution problem in which there are m suppliers (ware-
houses or factories) and n customers (destinations). Each of the m
suppliers can ship to any customer at a per unit shipping cost of cij
(unit cost for shipping from supplier 1 to customer j) plus a fixed-cost
of fij assessed for opening this route. If in reality a route from some
source 1 to some customer j does not exist, one may set fij equal to a
large number to exclude this route from consideration. Each supplier,
i=l,...,m, has Si units of supply and each customer, j=1l,...,n, demands
Dj units. The objective is to determine which routes to be opened and
the shipment size so that the total cost of meeting demand given the
supply constraints is minimized. Throughout the first four chapters of
this study it has been assumed that zisi = Zij. If this is not the
case in some problem, then an additional customer can be added with a
demand of Zisi - szj and unit and fixed cost from all sources equal
zZero.

Mathematically this problem may be stated as follows:

(1.1) min Xizj(c..x )

ot £..6,.
13713 13717

st. %14 ° Dj’ (j=1,...,n)
zjxij = si’ (l=l,c-o,m)
X.. 20 » (i=1,...,m; j=1,...,n)

and



where Xij = the number of units shipped from source i to customer j.

This problem can be stated as an integer programming problem by intro-

ducing logic variables zij as follows:

(1.2) min Zifj(cijxij MRIPLIE
st. %49 T Dj’ (all 3)
ijij =5, (a1 i)

xij - ”ijzij + s(i,j) = 0, (al1l i,43)

X,., s(i,j) 2 0, {all 1,9}

17

255 € {0,1}, (all i,§)

where My = min(Si,Dj).

An equivalent but more useful formulation for the work which follows is



(FCTP) min Zizj[§ijxij + [fij/uij]yii}

st. Zixij = Dj’ (all )

Z.x.. =5,, (all i)

1
Q
.

- yij + s(i,]) (all i,5)

X..,
1]

.., s(i,3) (all i,3)

1]

[\
Q
v

Vig € {D,uij}, (all i,3) .

Clearly (1.2) and (FCTP) are equivalent and Yi4 = Mi5Z55e

Further, a
relaxed version of (FCTP) obtained by omitting the integer restriction
is

(FCTPR) min Zizj(cijxij + fijyij)

n
lw)

st. ).x (all j)

i71i3 3

Z.x.. = S,, (all i)
] 1]

u
o
-

X;5 = Vi + s(i,5) (all 1i,7)

1]

I
<
-

V..s8(i,3) 2 (all i,1)

SN
ij*rig



where fij = fij/“ij'

The principal results of this investigation are presented in
Chapters III, IV, and V. It is shown in Chapter III that by adding an
intermediate node between each source-destination pair and inserting
arcs from the source to the intermediate node and from the intermediate
node to both the source and destination, (FCTP) can be formulated as a
max flew min cost network problem with side constraints. These side
constraints require that certain flows in the network assume the value
of either 0 or “ij' The group problem associated with the relaxed ver-
sion of this max fleow min cost problem, which can be obtained directly
from the network, is used in a branch-and-bound scheme to solve the
original fixed-charge transportation problem. This method has been
coded in FORTRAN and tested with randomly generated problems on a Univac
1108. The computational experience is given iIn Chapter IV. It is shown
in Chapter V that the group problem associated with (FCTP) can be viewed
as a multiparametric integer programming problem having a totally uni-
modular constraint matrix. |

The notations and conventicns used in this study are now pre-
sented. Matrices are denoted by upper case Latin letters and the ele-
ments of a matrix by a corresponding lower case Latin letter with two
subscripts. An upper case lLatin letter enclosed by {+} denotes a set
whose elements are the columns of the corresponding matrix. Lower case
Latin letters with a single subscript denote an element of the vector

with the same name. The symbols 0 and 1 denote the zero and one column

vectors respectively. The notation {B} ¢ {A} implies that {B} is a



proper subset of {A}. The notation {B} c {A} implies either {B} < {A}
or {B} = {A}. Non-negativity is expressed by c 2 0. A' denotes the
transposition of matrix A. BScalars are denoted by lower case Greek

letters, Z will denote the set of integers.



CHAPTER II
LITERATURE SURVEY

This chapter surveys the current state of theory and methodology
available for the soclution of the fixed-charge transpertation problem.
To facilitate discussion of the progress on this problem, the approcaches
have been separated into two categories as follows:

i. Heuristic Approaches, and

ii. Exact Approaches.
These approaches differ in that the exact approaches guarantee optimality
whereas the heuristic approaches do not, The algorithm of this thesis

is an exact approach.

Heuristic Approaches

Cne of the first heuristic approaches was presented by Balinski
{2} in 1961. He cbserved that there exist an optimal solution to the
relaxed version of (1.2) (i.e. the problem formed by ignoring the
restricticn zij e {0,1}) with the property that zij = xij/“ij' This

observation reduces the relaxed version of (1.2) to the following

problem,
(FCTP, ) min zjzi(cij + fij/uij)xij

st. Zi xij = Dj’ (all 3)



t~1
1]

S,, f(all i)
1

xij >0, (all i,7).

The problem (FCTPA) is simply a transportation problem and can be solved
by any of the available algorithms. An approximate solution to (FCTP)
is taken as the solution of (FCTPA). This heuristic is sensitive to

the magnitude of the fixed costs with the heuristic working best when
the fixed costs are small.

Kuhn and Baumol (26) worked with a large material distribution
problem in the Navy supply system in which the fixed costs for shipments
between points were unknown, but were thought to be approzimately equal
for each source destination pair. Also they made small adjustments in
both the supplies and demands to reduce the system cost. They reasoned
that for this case, a highly degenerate soclution (i.e., use of a minimum
number of arcs) was desirable. Consequently, they developed a heuristic
which searched for a low unit transportation cost solution while simul-
taneously adjusting the supplies and demands within a prespecified limit
so that a highly degenerate soluticn could be obtained.

There exist several heuristic methods which are simplex-based,
Motivation for this approach arises from the fundamental result of
Hirsch and Dantzig (22) that the solution to the general fixed charge

problem (FCP) will occur at one of its finitely many extreme points,



{FCP) min z=¢'x+ f'og
st. A§_= E
x 20,
and

0 ifx, =20
]

It is also well known that z is a concave function. Consequently there
may exist numerous local optima which differ from the global optima. It
is this feature of the fixed charge problem which would lead one to sus-~
pect that adjacent extreme points methods would fail to give good
approximate solutions to (FCP). However, Cooper and Drebes {8) have
used this basic philosophy to develop a heuristic approach which appears
to be fairly successful in practice. They begin with the linear pro-
gramming solution and change the basis using certain heuristlec rules in
an attempt to obtain a better total cost. Their results indicate that
their method produced optimal sclutions in well over 90 per cent of the
several hundred problems investigated and very close to optimal (a few
per cent) in the remaining cases. Their test problems ranged in size
from 50 to 450 variables. Cooper and Clson (9) extended the original
work of Cooper and Drebes by adding a search procedure once a local

optima was found. The basic difficulty in their work was the
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determination of when to stop the search.

Denzler (10) also used an extreme point technique to obtain an
approximate solution to (FCTP). His method used the simplex technique
while alsco taking into account the fixed charges associated with the
vector entering and the vector leaving the basis at each iteration. It
differs from the simplex theory only in that a modified criterion is
used to select the entering vector. Once an extreme point is found
which is superior te any of its neighbors, the method saves this point
and begins a random walk over the extreme points in an attempt to locate
an extreme point superior to the best one found thus far. The algorithm
terminates once a random walk has gone L steps without improving the
solution.

In 1969 Robers and Cooper (31) applied an adjacent extreme point
technique to the fixed-charge transportation problem. Their heuristic
began with the sclution given by Balinski's heuristic and searched all
adjacent extreme points in an attempt to obtain a better solutlon. This
continued until a search of the adjacent extreme points failed to yield
an improved solution. They solved problems with up to five sources and
35 destinations in approximately one minute on an IBM 7072, Of the 280
test problems, they obtained the optimal solution for all but two.

Steinberg (32) presented three other possible heuristics which
could be used to move along adjacent extreme points In an attempt to
obtain a good solution. His results also showed that optimal or near

optimal solutions could be obtained using his heuristlc procedure.
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Exact Approaches

In the field of linear integer programming, there are four prob-
lems of interest. The first and most restrictive is the pure 0-1

integer programming problem. Problem (2.1) is this type

(2.1) Max: e'x

Subj: Ax b

X, = 0 or 1 for all 1i.

The second is the mixed 0~1 integer programming problem. Prcblem (2.2)

is of this type.

(2.2} Max: c¢'x + d'y

0 or 1 for all 1.

b
0

The third is the pure integer programming problem. Problem (2,3) takes

this form.

(2.3) Max: ¢'x
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xz0

Xs is integer for all 1.

The last and most general type of problem is the mixed integer program-

ming problem,

(2.4)

Problem (2.4) is

For problems (2.1) through (2.4)

k]

is

A

is

o

is

o

is

is

[0

a

a

a

4a

a

is a n-component column

p-compeonent column
m-component column
m X n matrix
m x p matrix

n-component column

d is a p-compenent column

this type problem.

p
|
+
o
r<
1A
|\&

=
v
|o

v

y=z0

is integer for all i.

vector
vector

vector

vector, and

vector,

Hirsh and Dantzig (22) have shown that the solution to (FCP) will

lie at an eXtreme point. Since

(FCTP) is a special case of (FCP), the

result holds and the solution will lie at an extreme point of the set
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n
L)
-

Lioy ;5= Dy (all )3

n — 2 -
ijl x;5 % Sy (all i);

L %3 20, (all i,sz.
It is well known that the extreme points of the above constraint set are
integer (see Hadley (20), p. 280). Hence, solution techniques for (2.2)
and (2.3) are also applicable for (FCTP). In addition, there are five
exact techniques which have been designed specifically for (FCTP).

This integer programming problem can be approached by cutting
plane technigques. These methods begin by solving the continuous version
of the (IP) problem. If the solution is integer, the problem is solved.
If this is not the case, then a cutting plane (constraint) is added to
the constraint set and the procedure is repeated. The various cutting
plane methods differ according tc the cut used. Some of the best known
are those by Gomory (14,15), Balas (1), and Burdet (5,6,7).

A brand-and-bound technique for the pure integer programming
problem could also be used for solving this problem. A technique of
this type was presented by Land and Doig (27). Frank (11) points out
that this method would experience difficulties when the fixed costs are
large compared to the variable costs. It 1s conjectured that the bounds
developed at each iteration would be extremely weak for this case and
consequently the branch-and-bound procedure would work poorly.

Trotter (35) recently developed an extenslon to Geoffrion's (13)
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work to solve the pure (IP) problem. This procedure when applied to the
(FCTP) is severely restricted by the number of integer variables which
it can handle. For example, a five source, ten destination (FCTP) will
result in 100 integer variables. Hence, the number of integer variables
for moderate size problems (mn 2100) becomes prohibitive for this tech-
nique.

Since (FCTP) may be viewed as a mixed integer programming problem,
it can be decomposed via Bender's Procedure (4) into a transportation
problem and a pure 0-1 integer programming problem. The optimal sglu—
tion is obtained by iterating between these two problems. It is con-
jectured that more information is available from the original problem
than from the Bender's 0-1 problem and that one will enjoy more success
by attacking the (FCTP) directly rather than using the Bender's
approach.

The group theoretic approach to integer programming as described
by Gomory (16), Hu (23), and Gorry and Shapire (17), could be applied to ;
the (FCTP). This procedure sclves the continuous version of the (FCTP),
the solution of which is used to define a group problem. The group
problem is solved and yields a correction. If the correction yields a
feasible solution, the problem is selved, If thls is not the case, the
second best solution to the group problem is obtained. If this correc-
tion yields a feasible solution, the problem is solved. If not the pro-
cedure is continued until such time as a feasible correction is obtalned.
The difficulty of using this approach for (FCTP)} is that the group prob-
lem developed at each stage has order sufficiently large to render the

problem unsolvable by the current technlques.
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An exact solution procedure based on a branch and bound approach
was presented by Steinberg (32) in 1970, He dealt with the problem in

the following form:

(2.5) min c'x + d'y
st. Ax = ll
x20

0, if x. =0

He obtained a feasible solution which gave an Incumbent and an upper
bound, The branches tock the form X, = 0 and Xy > 0, Then linear

programming was used on the reduced problem

(2.6) min e'x

7))
rt
=
ES
]|

1=a

%
v
<

along with a penalty associlated with the fixed-charges to evaluate a
node, He first attempted to fathom; if that failed he branched again
in the same manner. The main cbjection to this procedure is that the
fixed-charge information is ignored in the linear programming problem

and is then used in an artificial way in an attempt to fathom. It
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appears that more information is provided by the solution to the con-
tinuous version of the integer programming formulation rather than the
solution to (2.6).

In 1967, Murty (30) introduced the idea cf ranking extreme
points to develop an algorithm for the general fixed-charge problemn.

Define (FCP) as follows:

(FCP) min  e'x+ £'§
st. A§_= E
X 2

where di
1, if xi > 0.

Consider the related problem

{(vc) min c'x

st. Ax

"
k=2

|
[\
[=

Suppose one could rank the extreme points of (VC) in terms of increasing

cost., Denote these extreme points by zi,ig,xg,.... Then c'xf < c'xg <
_c_'gg £ .... Let FCMIN bhe a lower bound on the fixed cost, and BTC be

the best total cost solution found so far. Then Murty's algorithm can
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be stated as follows:

Step 1. Solve (VC) for xi.

Use Ei to obtain BTC,

Step 2. Determine FCMIN,.

Step 8. Is c'x¥ + FCMIN 2 BTC?
Yes - Terminate. Solution is current BTC.
No - Go to step k.

&

Step 4. Increment i by 1. Find L (This involves searching over all
adjacent extreme points.) Update BTC if necessary. Go to

step 3.

Since the (FCTP) terminates integer once the yij's have been
fixed, an optimal solution can be found by enumerating each of the o™
potential 0-1 strings and selecting the one with the least total cost.
Gray (19), using clever devices to eliminate many of the 0-1 strings,
developed an algorithm for the (FCTP)., The machinery used to eliminate
0-1 strings is as follows:

i. Upper Bound on Fiwed Cost. Suppose a feasible solution for
(FCTP) is available at a cost of T . Let ZMIN denote the optimal cost
obtained when the fixed charges are set equal to zero. Then an upper

bound on the fixed charges is
FMAX = T0 - ZMIN,

Any y with fixed cost exceeding FMAX may be ignored.

ii. ILower Bound on Fixed Cogt. A lower bound FMIN can be found
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by considering the supply constraints one at a time. Enough routes must
be opened from each source to permit disposing cf the supply there.
Consider the sources individually to determine the cheapest set of
routes out of each that can absorb the supply. These cheapest routes
can be used to determine a lower bound, FMIN. Any y with fixed cost
less than FMIN may be ignored.
iii, Basie Solution. Since the solution to (FCTP) will lie at an

extreme point, at mest m + n -~ 1 routes need be open,

iv. Row Feasibility, Each source must dispose of its entire sup-

ply, 1.e.

v. &ingle Source. At least one route must be open to each
destination.
vi. Colwm Feasibility. The total supplies potentially available
at each destination must be at least equal to the demand, i.e.

Zi Siyij 2 Dj

All 0-1 strings which pass these six tests are solved as trans-
portation problems with only the appropriate routes open.

Thompkins (33} was the first to attack the (FCTP) from a group
theoretic point of view. Thompkins used the Smith Normal form of the
group problem associated with the (FCTP) and showed that the group ele-
ments assumed certain properties. The main results of this study may

be summarized as follows:
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a. Route Capacities Equal or Unequal (i.e, Uij constant for all
i,4). The group order equals the product of the route capacities asso-
cilated with the zij’s in the optimal LP basis.

5. FERoute Capacities Equal.

i. The group problem can be decomposed into the direct
sun of cyclic subgroups each with order equal to
- the route capacity.
1i. The group elements may be represented by vectors whose
components are from {-1,0,1}.
iii. The group elements corresponding to nonbasic yij's are
null.
Thompkins used some of these properties to develop a branch and bound
algorithm to solve the group problem for the smallest feasible correc-
tion. At this printing no computational results are available.

In 1972 Frank (11} developed three new algorithms for the (FCTP)
which were extensions of Murty's (30) original work on ranking extreme
points. These algorithms all make use of two problems related to the
original fixed-charge transportation problem. The problem (2.7) is the
specialization of (FCTP) which occurs when the fixed charges are all
zero, Likewise, the problem (2.8) is the specialization which occurs

when the unit costs are all zero.

(2.7) min. Zizj Lo

st ); %, = Dy, (all §)

J
s
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o~
»
Il

Si’ (all i)

xij =z 0, (all i,7).
(2.8) min Zizj _ijyij
st. Zi xij = Dj’ (all j)
Zj xy5 = 8., (all i)
Xis " Vi + s8(i,§) =0, (all i,j)
%40 x(i,3) 2 0, (all i,7)

yij € {O,uijh (all i,3).
For the above two problems, define the following terms,
Let VCMIN(I) denote the ith best solution to (2.7),

FCMIN(J) denote the jth best solution to (2.8),

FCHMIN denote an approximation of FCMIN(1), and

BTC denote the best total cost sclution found so far.

Using these definitions, a brief description of each of Frank's algo-
rithms is given below.

Algorithm 1. This algorithm is identical in structure to Murty's
original work except that it ranks extreme points with respect to the
opposite problem. Recall that Murty's algorithm determined FCMIN and
then found VCMIN(1), VCMIN(2),..., VCMIN(I) until I is found such that
FCMIN + VCMIN(I) = BTC which terminates the algorithm. Algorithm 1

determines VCMIN(1) and finds FCMIN(1), FCMIN(2),..., FCMIN(J) wntil J
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is found such that FCMIN(J) + VCMIN(1) = BTC which terminates the

algorithm, A variation of the defender algorithm [Bellmore and Ratliff

(3)) has been used to obtain FCMIN(1), FCMIN(2),..., FCMIN(J).
Algorithm 2. This algorithm combines the ldeas of Murty's

original work with algorithm 1. The procedure may be stated as follows:
Step 1. Set I =J = 1.

Step 2. Determine FCMIN(J) and VCMIN(I). Use the solutions to deter-

mine BTC,

Step 3. FCMIN(J) + VCMIN(I) 2 BTC?
Yes - Stop. Solution is given by BTC.

No - Go to step 4.

Step 4, Select elither I or J to be increased, If I is selected, go to

step 5. Otherwise go to step 6.

Step 5. Increment I by 1. Find VCMIN(I). Update BTC if necessary.

Return to step 3.

Step 6. Increment J by 1. Find FCMIN(J). Update BTC if necessary.

Return to step 3.

Algorithm 3. This procedure is essentially Murty's algorithm
with FCMIN(1) substituted for FCMIN. Also a branching mechanism is
used in place of a search over adjacent extreme points in order to find
VCMIN(1), VCMIN(2),..., VCMIN(I).

Algorithms 2 and 3 as well as Murty's original algorithm were
coded and some 120 test problems were run. Problems in size up to 4 x 4

were run and it appeared that algerithm 3 was superior to the other two



with Murty's original method being superior to algeorithm 2.

22
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CHAPTER I1I

A GROUP THEORETIC ALGORITHM

Introduction

The algorithm presented in this chapter is based on a specializa-
tion of the ideas of Johnson (25) for the general integer programming
problem. The specialization results from expressing the fixed-charge
transportation problem as a minimal cost flow problem with side con-
straints. We have then drawn upon the work of Johnson (26) to obtain
the group problem associated with a noninteger solution. The group
problem is used to determine the cost to be incurred if the noninteger
variables are forced to be integer. These costs are then used to deter-

mine the branching variable, and strengthen the fathoming criteria.

Framework for Integer Programming Algorithms

A general framework for solving integer programming (IP) problems
has been developed by Geoffrion and Marsten (125. The framework is
based on the following concepts:

1. separation,
ii. relaxation,
iii. fathoming criteria, and
iv. selection procedures.
Each of these concepts will be discussed, and thean & rudimentary

algorithm will be presented.
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A. Separation

For any optimization problem (P}, let F(P) denote its set of

feasible solutions.

DEFINITION 1
The problem (P) is said to be separated into subproblems

(P ),...,(Pn) ifF (1) P(P) = F(Pl) U veo U F(Pn) and (ii) F(Pi) n

1
P(Pj) = ¢ for all i,j with i # J.

B. ERelaxation

DEFINITION &

The problem (PR) is said to be a relaxation of P iff F(P) <

F(PR).

C. Fathoming Criteria

The branch-and-bound appreach can be thought of as a simple
divide-and-conquer strategy. The division process 1s accomplished by
separation and the resulting problems are placed in the candidate list
(CL). Ome then attempts to solve each of the candidate problems (CP).
If this is difficult or impossible for a particular CP, this problem is
separated into two new candidate problems. This process continues until
either the CP can be solved or information can be obtained which elimi-

nates this CP from further consideration.

DEFINITION 3
If a candidate problem (CP) can be discarded without further

separation, then (CP) is said to have been fathomed.
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There are three basic fathoming criteria which can be used to

discard a (CP).

FC 1: If F(CPR) = ¢ then (CP) can be fathomed.

FC 2: Let INC denote the objective value of the best solution
yet found. Assume all problems are to minimize and v{-)

denotes the optimal objective value of problem (-}, If

V(CPR) 2 INC, then (CP) can be fathomed.

FC 3: Let 5% denote the optimal solution to (CPR). If 5% €
F(CP), then (CP} can be fathomed.

D. Selection Procedures

At each iteration of a branch-and-bound algorithm, one must
select from the candidate list (CL), a candidate problem (CP) for analy-
sis, Different rules for selecting the next candidate problem lead to
different patterns of enumeration. The two rules generally used are
Last-In-First-Out (LIFO)} and Priority. Under LIFO, the problem selected
is always the last one that was added to the candidate list. Under the
Priority Rule, the next problem selected is the one which has the high-
est priority index. This index is computed from a tag affixed to the
candidate problems at the time of creation. One such tag would be a
lower bound on the optimal solutioen.

A general branch-and-bound algorithm for solving integer program-
ming problems is presented in Figure 1. Algorithms differ In the par-
ticular machinery used in boxes one through five. The machinery used in
this research is based on the group problem assoclated with the relaxed

fixed-charge transportation problem.
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Start

Initialize
Candidate
List

Select A
Candidate
Problem
¥ 2
el L
Update CL Relax CP IgpN:z:ssary
5 1 3
Update
Separate Solve CPR Incumbent
If Necessary
n
Can
No CP Be Yes

Fathomed?

Figure 1. General Branch-and-Bound Algorithm for
Selving Integer Programming Problems
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A Group Theoretic Algorithm for the
Pure Integer Programming Prcblem

As mentioned earlier in Chapter II, the fixed-charge transporta-
ticn problem (FCTP) may be viewed as a specizl case of the pure integer

programming problem of the form

(IP) min ¢'x
st. Ax =D
x20
x = 0 (mod 1).

Clearly any algorithm for (IP) can be used to solve (FCTP). An algo-
rithm for (IP) based on the ideas of Tomlin (34%) and Jochnson {(25) and
placed in the framework of Geoffrion and Marsten (12) is now presented.

A. Selection of a Candidate Problem

This algorithm uses the priority rule selection procedure. This
rule is preferable to the LIFO rule since the algorithm can choose a
candidate problem which holds the best promise for obtaining a new
incumbent. The specific rule is to select the CP with the smallest
lower bound.

B. Relaxation

The CP will be relaxed by ignoring the integrality restriction.

C. Solving the Relaxed Problem

The CP can be solved by linear programming.
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The fathoming criterion presented earlier can be strengthened by

consideration of the group problem associated with (IP). First, a
method for obtaining the group problem is given. Let B denote the

optimal LP basis of (IP)., Then (IP) is eguivalent to

(3.1) min olx, + glxg
st. B_}_(_B'I'NEN"—"]E'
%22
520
Xp = 0 (mod })
= 0 (mod 1)

Xy

where Xy are the variables assocliated with B and Xy are the remaining

variables. BSolving for Xp 1n terms of X0 yields

(3.2) =Bl - BTN,

%z
Substituting (3.2) into (3.1) yields

(3.3) min Eé(B‘lE_" B‘lNEN) + EﬁfN

st.  B7'p - B7WNx, 20 (3.3-1)
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i’N z 0 (3.3-2)
B - B7MNx, = 0 (mod 1) (3.3-3)
= 0 (med 1) (3.3-4).

2

The group problem is a relaxation of (3.3) obtained by omitting the
constraint (3,3-1). Recognizing that _c_éB*l_b_ is a scalar and can be

omitted from the objective function we obtain

(3.4) min (g - ofB M)x,
st. 37Nx = B7'b (mod 1) (3.4-1)
X 20 (3.4-2)
%, = 0 (mod 1) (3.4-3).

Problem (3.4) is one form of the well-known group prcblem originally
developed by Gomory (16). In general, the group problem takes the fol-

lowing form:

(GP) min ¢'t
st. At = b (mod 1)
£20
t =0 (med 1).
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Suppose b, corresponds to (XB)l (basic variable 1), and Bl is noninte-

1

ger. Then El can be expressed as [El] + f£. where [El] is the largest

1

integer less than b, and 0 < fl < 1., Let é% denote the jth row of A.

1

_ -1 -1 . . -
Recall that Xg = B"b ~B NEN or in terms of the above notation Xg T

U

- _ - _ 1 . - 2
t. Then (x )l = bl Eig' Requiring (xB)l to assume an integer

value less than is equivalent to imposing the following restrictions

on t,

J =
ajt fl {mod 1)
L)
>
a0

Similarly, requiring (XB)l to assume an integer value greater than El

is equivalent to restricting t as follows:

31}
+
1l

(l-fl) (mod 1)

jal]
r+
1A
<

Using the group problem cbjective function, up and down penaltles for
forcing the basic variables either up or down can be obtained by solving

the following problems.

(3.5) DPEN [(xp),1 = min c't

! =
st. at fl {mod 1)
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320
"EZO
t =0 (mod 1)
and
(3.8) UPEN [(xB)l] = min ¢'t

' = -
st. giz_- (fl 1) (med 1)

[t

20

|+
i

0 (mod 1).

DPEN [(XB)l] is an estimate of the increase in cost which will be
incurred if (XB)l is forced to be integer and less than or equal to
[BlJ. Conversely, UPEN [(xB)l] is an estimate of the cost increase
which will result if (xB)l is forced to be an integer greater than or
equal to [Elj + 1. This penalty can be determined for each basic vari-
able which attains a noninteger value. These penalties are illustrated
in Figure 2.

Define

(3.7 PEN(CP_) = max EEin[UPEN( )., DPEN(x ).é]
R (xB)i#O(mod 1) "B Bl
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True Cost

Basis Change

DFEN < UPEN

B)l

Figure 2, Illustration of the Up and Down Penalties

Since v(CP) z V(CPR) + PEN(CPR) 2 V(CPR), then FC2 can be strengthened
to the follewing: If v(CPR) + PEN(CPR) z INC, then fathom.

E. Separation

To determine the separation variable, the penalties developed by
inspection of the group problem one row at a time are used.

Let

2 = max Eax[UPEN( }., DPEN{( ).]:l.
(xB)i#O(mod 1) e B4

If UPEN [(xB)i] = §, then (xB)i is the separating variable and a lower
bound on the optimal value of the descendent associated with (xB)i >

[Bij + 1 is v(CPR) + 8. The lower bound associated with the descendents
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of (xy), = [b.1is v(CP,) + PEN(CP_). If DPEN [(x;),] =8, then (xg),
is again the separating variable and a lower bound on the optimal wvalue
of the descendent asscociated with (xB)i = [Ei] + 1 is v(CPR) + PEN(CPR).
Likewise a bound for the descendents of (xB)i < [Ei] is v(CPR) + 8,
. Summary

The above description gives an algorithm which could be used to
solve the pure integer programming problem. Since (FCTP) is a special
case of (IP}, this algorithm will also solve (FCTP). However, due to
the special structure of (FCTP) this algorithm can be streamlined. The
two main features which allow specialization are:

i. The relaxed problem is actually a transportation problem and
can be solved by a transportation algorithm,

ii. The group problems (3.5) and (3.6) have special structure and
can be solved by inspection.

Network Formulation of the Relaxed
Fixed-Charge Transportation Problem

This section shows that the relaxed problem (FCTPR) can be solved
as a transportation problem rather than as a LP problem. This greatly
enhances the attractiveness of the basic algorithm. The definitions and

propositions which follow are used to derive this network formulation.

DEFINITION 4
A graph G is a finite set V of vertices (nodes) Viseeesvy and a

set E of unordered palirs of vertices, ep = (Vi’vj)’ called edges (arcs),

DEFINITION &

A network is a graph with all edges directed, that is, the
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elements of E are ordered pairs.

DEFINITION 6
A node-arc incidence matrix is a matrix with each column having

exactly two nonzero entriles, one of which is 1, the other -1.

Remark 1

Every network can be associated with a node-arc incidence matrix

and vice-versa.

The general minimal cost flow problem for a network [N,EJ], where

N is the set of nodes and E is the set of arcs, is defined as follows:

(MCFP) min  c(x,y)f(x,y)
st. f(x,N) - f(N,x) < a(x), x e S
f(x,N) - £(N,x) = 0, X € R
f(x,N) - £(N,x) < -b(x), xel
0 = fix,y) < alx,y), (x,y) ¢ E

where c(x,y) = the arc cost for (x,y),

f(x,y) = the flow from node x to node y,
S ¢« N = the sources,
T <N = the sinks,

R=N-8-T,

a(x) = the supply at source x € S,
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the demand at sink y ¢ T,

n

b(y)

fl

a({x,y) = the capacity for arc (x,y).
It is assumed the a(x), b{x), and a({x,y) are positive integers and
c(x,y) non-negative integers.

The constraint matrix of (FCTPR) can be placed in the form of a

node-arc incidence matrix by elementary row operatiens. Recall that the

constraints of (FCTPR) are as follows:

m .
Ei=l xij = Dj’ N RS o
n s

Xj=l xij = Si’ i=1,...,m;

|
[
-

%55 " Vi + s(i,3) = ;f

The elementary row transformation may be stated in terms of the below

algorithm.

Node-Arc Transformation Algorithm

Step 1. Multiply row 1 through row n by minus one.

Step 2. Replace row(ntk) for k=1,...,m; by row(ntk) - row[m+nt+(k-1)n+1]
~ v.. = row(mtn+kn).

Proposition 1

The node-arc transformation algorithm transforms the constraint

matrix of (FCTPR) into a node-arc incidence matrix.

Proof. The general form of the constraint matrix of (FCTP.) is as
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follows:

- ; .
I I “ee I i 0 10 } n rows
— e o e - . — A . R — e ——— e _—
1 !
l’ O' e na O' : : )
o 11 ven o : :
- = -
’ i : !
. H 0 ! 0 m 1OWS
SO R
o o oo
e A R o .:. _____ .:.___
I 1 -I ! I!} mtn rows

Step 1 simply changes the signs of the first n rows. The new rows are

[-I -1 ree -I 0 0] .

Step 2 changes row n+l through row n+m, The rows resulting from this

transformation are

[ ) T
:l' o' sne o :-l' 0! 2o 0!
E g} i} e 9} E 9: “}f cee 9}
1 . )
1 )
0 ! : :
1 . :
Lot o 1"} o' o S
L T - - 1 - - —

The resulting matrix takes the form,
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-1 -1 e -1 0 1 0
___________________ e e e e
] )

L 0! veo 0! E_-J—" ot cas 0

:9! }_! PR 9.-' \ 9' _l| PP D'I

) . : - -

{ I

I . !

] 1

I . :

i 0" 0 1' 1+ o' o -1
___________________ - e T T

1 !

' 1

' 1

Clearly, the resulting matrix is a node-arc incidence matrix., This com-

pletes the proof of proposition 1.

Dencte the new problem formed by linear transformations on the
equality constraints of (FCTPR) by (FCTPT). Then clearly, any optima
for (FCTPR) is optimal for (FCTP.) and vice-versa. The relationship

among the three problems of interest may be shown as follows:

linear
transformation

relaxation

FCTP TCTP

PCTPT

Since the constraint matrix of (FCTPT) is a node-arc incidence
matrix, (FCTPT) is equivalent to a max flow min cost network problem.
Example 1 shows both the constraint matrix for (PCTPT) as well as the

corresponding network for a three sowrce two destination problem,

ExaEEle 1

Consider the three sowrce two destinatlon problem,
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5, = 629 e

1116

XD e
O

()
8
o

w
]

Cll =z 5 fll = 100 pll = 629 fll = fll/ull = 1.774
c12 = B f12 = 200 u12 = 505 le = f12/u12 = .,398
c21 = 3 f21 = 300 u?l = 379 le = f21/u21 = ,783
CBB =27 f22 = 400 u22 = 379 f22 = f22/u22 = 1,050
cSl =1 f3l = 500 “31 = B13 fSl = fal/uBl = .815
032 =1 f32 = 600 u32 = 50% f32 = f32/u32 = 1,190
Right-Hand

Constraints: Side

E_ 3 1 i 1116

1 1 11 : 505

________________ 4_______-_-____-_______T_-______________

11 i : 629

1 1 ! } 379

1 l: : 613

———————————————— -:——-——-—--—-——--—-—-—————T———._————————-._.--..

1 :—1 :l 0

1 ! -1 ! 1 0

1 : -1 ) 1l 0

1 ! -1 : 1 0

1 : -1 ! 1 o

After application of the node-arc transformation algorithm the constraint

matrix is
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Nodce Right-Hand

Name Side
- -

boof-1 -1 -1 : ~-1116

5 -1 -1 -1 | -505%
_________________ e

1 111 -1 -1 629

2 i 11 | -1 -1 379

3 i 11 -1 -1 613
_________________ .

6 1 (-1 bl 0

7 1 L1 | 1 0

g 1 | -1 { 1 0

9 1 ' -1 : 1 0

10 1 -1 1 0

11 1; —1; 1 0

Using the node names 1 through 11 as indicated above, the node-arc
incidence matrix defines the network shown in Figure 3. A negative
integer near a node indicates a destination with the corresponding
demand. A positive integer near a node indicates a source with the cor-
responding supply. For Figure 3, nodes 4 and 5 are destinations with
demands of 1116 and 505, respectively, Neodes 1, 2, and 3 are sources
with supplies of 629, 379, and 613, respectively. Also, the flow in
each arc corresponds to one of the original variables, This corre-
spondence has been shown in the network of Figure 3. Note that this
network is in the form of a minimal cost flow problem and can be solved

by any of the algorithms for that problem.

In general, the network formulation for (FCTPT) will have m
sources corresponding to the original sources of the fixed-charge trans-
portation problem and n destinations corresponding to the original

destinations. In addition there are mn Intermediate nodes with one



o

€29

-1116

-505

613

Figure 3. Network Generated by a 3 x 2
Fixed-Charge Transportation Problem
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between each source-destination pair. The costs on ares from the
sources to the intermediate nodes will be §ij’ the costs on arcs from
intermediate nodes to destinations will be cij’ and the costs on arcs
from the intermediate nodes to the sources will be zero. The general
form is as shown in Figure 4 and will be called (N%),

It has been shown that (FCTPR) is equivalent to (FCTPT) which is
a max flow min cost problem on the network (N¥). It will now be shown
that the solution to (FCTPT) can be found by solving a transportation

problem.

Lemma 1

Suppose (x%*,y*) are optimal for (FCTPR). If fkl > 0 for some

k,1, then xﬁl = yil.

%

Proof. Suppose xil # yil. Then Yy xﬁl; otherwise the constraints

]
o

X1 "Vt s(k,1)

{
o

Ky Vg s(k,1) 2

would be violated. Clearly a less costly feasible solution is (x,y)

formed as follows: ‘i = x¥

T for (1,7) = (k,1)

, otherwise.

This contradicts optimality of (x%*,y*). Hence xﬁl = yzl. This com-

Pletes the proof of Lemma 1.
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Figure 4. General Network Representation of (FCTPp)
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Lemma 2
Suppose (x*,y*) are optimal for (PCTPR) with x* # y*. Then there

exist an alternative optima (x,y) with x = y.

% &
Proof, Let k ¢ {1,2,...,m}, 1 ¢ {1,2,...,n} such that ®eq £V BY
Lemma 1, X1 # Vi1 implies fkl < 0. Since fkl < 0 results An an un-
bounded sclution, then %kl = 0. An identical cost feasible solution

can be defined as follows:

X:., for (i,j) = (k,1)

G
i

* yi., otherwise.

Reapplication of the above eventually results in an alternative optima

(%,y) with x = y. This completes the proof of Lemma 2.

Lemmas 1 and 2 taken together imply that there always exist an
optima to (FCTPR) with %5 = Yig for all i,j. Since an optima for
(FCTPR) is an optima for (FCTPT), the yij's in (PCTPT) can be replaced
by xij's. The network (N¥*) then reduces to a transportation network
with cost on arc (Si,Dj) equal to e 4 + %ij' That is, the optimal flows
in the network (N*) can be obtained by solving a transportation problem
(T*) shown in Figure 5 with the appropriate costs.

Note that in (N®%) there is a unique path from each source to each
destination through one Intermediate node. Therefore, the intermediate
nodes can be dropped and the cost for the arc (Si,Dj) will be cij+ f...

1]

That is, the optimal flows in the network (N#*) can be obtained by
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solving a transportation problem (T#*) shown in Figure 5 with the appro-

priate costs.

Figure 5. Network for an mxn Transportation Problem

Recall that at each iteration of the preoposed algorithm (see
Figure 1), a relaxed problem must be solved. Since the relaxation used
in this algorithm is to ignore the constraints Y33 e‘{O,uij}, then there
is a choice as to the relaxed problem which may be solved, (FCTPR) or
(FCTPT). For this work, (FCTPT) was chosen because the calculations
required to obtain the group problem at each iteration are trivial.
This is due to the structure of the constraint matrix associated with

(FCTP..), i.e. each column has exactly two nonzero entries a + 1 and
T Y
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In addition to the case in which the flow in the path from Si to
Dj in (N*) may assume any value, it must be shown that when Vi is fixed
at either 0 or Uij’ that the solution to (FCTPT) can still be obtained

by solving a transportation problem with the appropriate costs.

Case 1: Suppose yij = uij'

For the path in (N#) from Si to Dj with flow of uij from Si to
the intermediate node on this path and flow of a from the intermediate
node to Dj’ the cost associated with this path is fij + acij. Since the
fixed cost is a constant which appears in the objective function it may

be ignored in the solution process. Therefore the appropriate cost for

this case is c.,. on the arc (5,,D.) in (T#),
1] 17 ]

Case 2: Suppose yij = 0.
This implies that there can be no flow from source i to destina-
tion j. Hence, the arc from Si to Dj can be eliminated from (T#),

Table 1 summarizes the costs used on (T%®) to solve (FCTPT) for the three

possible states of an arc.

Table 1. Arc Costs for (T%)

Status of Y33 Appropriate Cost for (Si’D ) in (T%)

free f,.. + c..
i3 1j

V.. =0 large positive constant

C

]
11
=

i3
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In addition to solving a transportation problem at each itera-
tion of the algorithm, one must determine certain rows of the group
problem asscociated with (FCTPT). When (FCTPT) is solved using lipear
programming, the group problem appears in the final tableau. However,
this is not the case when (FCTPT) is solved using a network algorithm.
The theory required for obtaining the rows of the group problem is pre-~

sented in the next section.

Generation ¢f the Group Problem from the Network

In the previous section it was shown that (FCTPT) is a max flow
problem on (N#*), Let A dencte the constraint matrix of (FCTPT). Let U
be a (mn+m+n) x (mn+m+n) diagonal matrix defined as follows:

-1, if the node in (N*%) corresponding
to the ith row Is a destination,

ij
1, otherwise.

Then (3.8) below is equivalent to (FCTPT) with artifiecials.

(3.8) min ¢'x + al's
st. Ax + Us =Db
X8 28

where X corresponds to flows in (N¥),
s denotes the artificial vector, and

a is a large positive constant.
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Solving (FCTPT) is equivalent to solving (N¥#) iIs equivalent to solving
(3.8). The group problem used in the algorithm will be the cne associ-
ated with (3.8). However, the rows and objective function of the group
problem will be developed from the solution of (N¥). Let A = [A,U].

Recall that the group problem takes the form

(3.9) min (g} - c;B Mx,
st. 37Mx, = BTb (mod 1)
L = 2
X = 0 (mod 1),

where B is the optimal LP basis of (3.8),
N is the matrix of nconbasic columns of A ,
Xy denotes the nonbasic variables,
[ is the cost vector asscciated with the basic variables, and
Sy is the cost vector assoclated with the nonbaslc variables,

To develop (3.9) from the solution of (N¥®), the cptimal basis, B, of

AO must be known.

Network Characterization of an Optimal Basis

The definitions and propositions of thls section are originally
due to Johnson (23). For the purpose of self containment, part of

Johnson's work has been repeated here.
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DEFINITION 7
A path in a graph C is a sequence of vertices and distinct arcs,

(vl’el’v2’82""’vk-l’ek—l’vk)’ such that e, 1s incident to both A and

Vier:
DEFINITION 8

A gilmple path is a path with distinct vertices.

DEFINITION 8
A cycle is a simple path together with an arc from the beginning

to the end of the path.

DEFINITION 10
A connected graph has at least one path between every pair of

vertices.

DEFINITION 11

A tree is a connected graph with no cycles.

DEFINITION 12

A forest is a graph consisting of one or more unconnected trees.

DEFINITION 18

A spanning subgraph H of G is a subgraph with the same vertex

set as G.

DEFINITION 14
A spanning forest of G is a forest which is a spanning subgraph

cf G.
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DEFINITION 16

The subgraph generated by a matrix B of columns of A called Fy
consist of vertices corresponding to columns of U in B and arcs corre-
sponding to columns of A in B together with vertices incident to such

arcs.

DEFINITION 16
A vertex A corresponding to a column of U in B, a basis of Ao,

will be called a root of the tree in FB.

DEFINITION 17

A tree with one root is called a rooted tree.

DEFINITION 18

A forest with each tree having one root is called a rooted forest.

DEFINITION 19

A non-singular, trigngular matrix is a square matrix with non-
zeros on the main diagonal and all zeros below the main diagonal, or
one which can be brought to such a form by swapping rows and swapping

colums.

DEFINITION 20
The end of a tree with a single vertex 1s that vertex. The end
of a tree with one or more edges is a vertex touching only one edge of

the tree.
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Proposition 2 [Johnsen (24}, Lemma 2]

A tree is either a single vertex or is two disjcint trees joined
by a single edge incident to one vertex of one tree and one vertex of

the other tree.

Proof. <Clearly a graph constructed in this way is a tree., It must also
be shown that every tree satisfies the condition. If a tree T has no

edge, then it is a single vertex. If T has an edge, say e, = (Vl,v2),

X

then there is no simple path between vy and v, not using &1 because if

there were, T would contain a cycle. 8o if ey is removed from T, the

remaining graph has at least two connected components Tl and T2 with vy

in Tl and Vo in T2. From every vertex v in T there are simple paths to

4 and Vs therefore, there is a simple path to either vy or v, not con-

taining e Hence, removal of e, causes the remaining graph to have

1’ 1

exactly two connected components Tl and TQ. They are trees because if
either has a cycle, so would T. This completes the proof of proposi-
tion 2.

Proposition 3 [Johnson (24%), Lemma 31

Every tree has at least one end and if it has an edge, It has

at least two ends.

Proof. The proposition is obviously true for a tree consisting of a
single vertex. Suppose the proposition is true for any tree Tn with n
vertices. Then a tree with n + 1 vertices can be formed by adding a
new vertex and an edge Incident to this new vertex and some vertex of

Tn. Call the tree formed this way, T Since Tn will have at least

n+l’

one end remaining and the new vertex will be an end, Tn+l will have at
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least two ends. By induction on n = 1, every tree has at least two

ends. This completes the proof of proposition 3.

Proposition 4 [Johnson (24}, Lemma 4]

A tree with m vertices has m-1 edges,

Proof. For m = 1, the proposition is clearly true. Suppose the propo-
sition is true for any m = 1. By proposition 2, a tree T with m+ 1

vertices consist of two trees T T2 and an edge incident to a vertex

l!

in each tree. Suppose T. has m, vertices and T. has m, vertices with

1 1 2 2
m+ 1= my + m, . Then Tl has m, - 1 edges and T2 has m, - 1l edges by
the induction hypothesis. Then T has (ml - 1) + (m2 -1)+ 1= m, o+
m, ~1l=m edges. By induction on m = 1, a tree with m vertices has

m - 1 edges. This completes the proof of proposition 4.

Proposition 5 [Johnson (24), Theorem 1]

If B is a basis of AO, then F_ Is a spanning forest.

B

Proof. Suppose F_ is not a spanning graph. Then some vertex, say v

B 1

of (N*) does not appear in Fo. Then row 1 of B is 0'. But some column
of A0 has a non-zerc entry in row 1, and such a column cannot be written
as a linear combination of columns of B. This contradicts B a basis of
Ao. Hence FB is a spanning graph.

The remainder of the proof consist of showing that FB has no
cycles. Suppose PB has a cycle vl’el’VQ""’Vk’ek’vk+l = vy Then
there are k celums of B, say Bl,...,Bk, corresponding to S ERERE
Let
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l_l
-
-
'_h
]
n

; (Vj’vj+l)

il . -
1, if e, (vj+l’vj)'

. k
For v, not in the cycle, Z = 0 because none of the arcs

s_4 D..Y.
3=1 1373
€y, .58 are incident to v, S0 all bij = 0 for 3=1,...,k. For v, in

the cycle, there are four cases to consider:

ooy m viipevids egyg T (Veviy)
ii, e, = (vi’vi—l)’ €41 © (vi,vi+10
iti. e, = (Vi—l’vi)’ €41 ° (vi+l’vi)’ and
iv. e, = (vi,vi_l), €14y T (Vi+l’vi)'
-1, 1if j=i
For case i, bi. = and bi' = 0 for all other j.
11, if §=in1 J
. k
W . =Y, = . ..¥. = 0.
ith v, y1+l 1, then z]=l bljy] 0 The other three cases are

similar and all taken together imply Z?-l B = 0. This contradicts B
having linearly independent columns. Hence, FE has no cycles. There-

fore, F_ is a spanning forest. This completes the proof of proposi-

B

tion 5.

Proposition 6 [Joknson (24), Thecrem 2]

If B is a basis of Ao’ then every tree of the forest FB has at

most one root.

Proof. Suppose some tree had two ropts Vi and V) e A tree 1s connected

so there is a simple path from vy to i in the tree, say V5815 Vns e
1 k+2

Vk-l’ek~l’vk' Hence, there are k + 2 columns of B, say B ,...,B s
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e

corresponding to e Vi respectively. Let

ls 29"‘3 ek, vl)

[:l, if Bk+l has a -1 non-zero entry

y -
Kl 1, 1if Bk+l has a 1 pon-zero entry,
1, if Bk+2 has a 1 non-zero entry
Yiv2 © k+2
-1, if B has a -1 non-zero entry,
1, if ej = (vj’vj+l)
I 7 . )
-1, if ey = (Vj+l’vj)’ j=1,...,k.

Z?:i ij] = 0, contradicting linear inde-

pendence of the columns of B, Hence, every tree of the forest PB has at

Then as in proposition 5,

most one root. This completes the proof of preoposition 6.

Proposition 7 [Johnson (24), Theorem 4]

If B is a basis of Ao, then FB is a rocoted, spanning forest of

(N#%).

Proof. By proposition 5, FB is a spanning forest. By proposition 6,
every tree of PB has at most one roet. To complete the proof, it must
be shown that every tree in the forest has at least one root. Suppose
a tree has no root. Also suppose AO has k rows. Clearly rank (Ao) =
k. But B has k-1 colums or less because a tree has one fewer edge

than vertices, and ne tree in FB can have more than one root. This
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contradicts B a basis of AO. Hence, F, is a rooted spanning forest of

B
(N*). This completes the proof of proposition 7.

Proposition 8 [Johnson (24), Theorem 3]

If FB is a rooted, spanning forest of (N#), then B ls a non-

singular, triangular matrix.

Proof. By proposition 4, B will be sguare. The additional columns of
U for each tree makes B have as many columns as rows.

The proof is by induction on m, the number of rows of AO. For
m=1, B is a 1 x 1 non-zero matrix which is non-singular and triangu-
lar. Assume the proposition is true for a graph with m - 1 nodes for
m 2 2, Then Ao will have m - 1 rows. Consider a matrix AO having m
rows, that is a graph G with m nodes.

If B has only columns from U, then B is diagonal so certainly
non-singular and triangular. If B has a column from A, then FB has an
edge, and the tree to which the edge belongs has at least two ends by
proposition 3., But the tree has only one root, and hence, there must be
a vertex v, which is an end of the tree and not a reocot. Then row 1 of
B has only one non-zero entry. Let B be the matrix formed from B by
deleting row i and the column with non-zero entry in row i. Let Eo =
[A,0] denote the matrix formed from AO by deleting row i and all columns
with nonzero entries in row i, and let G denote the network formed from
G by deleting vertex v, and all arcs incident to vertex v,. Then A is
the node-arc incidence matrix of G, and Fﬁ is a spanning forest of G.
Furthermore, every tree of PE has exactly one vertex corresponding to d]

in EO. By the induction hypothesis, B is non-singular and triangular.
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Therefore B is non-singular and triangular. By induction on m = 1, if
FB is a rooted spanning forest of G, then B is & non-singular, triangu-

lar matrix. This completes the proof of proposition 8.

Langley (29) developed a primal algorithm using a tree structure
for the transportation prcblem. This method terminates with the rooted

spanning forest I where B corresponds to the optimal basis.

B
Following the ideas of Langley (28), this optimal basis B can
now be used to find a row of B—lN. Rearrange Ao such that Ao = [B,N].
Then B_lAO = [I,B_lN]. Let gi denote the ith row of B*lN. Then the
ith row of B—lAO is [gi,gi]. Since B is a basis, there exist a vector
A such that A'B = gi. Since A is unique, A'N = éi' Since B cousist of
columns with at most two nonzerc entries, a + 1 and a - 1, A can be
found by a labeling procedure on FB. That is, every column of B corre-
sponds to either an arc or a root of Fi. If the ith column corresponds
to an arec, say {(x,y), then A(x) - A(y) = 1 and the X for the root of the
tree with arc (x,y) must be zero. If the ith colum corresponds to a

root at node x, then A{x) = 1. For both cases all other arcs, (r,s),

A(r) - x(s) = 0 and all other roots, t, have A{t) = 0.

Algorithm for Generating the ith Row of B N (ALG-1)

Step 1. Does the ith column of B correspond to a root?
Yes - Dencte that node by x. Go to step 2.

No - Go to step 3.

Step 2. Set A(x) = 1. Starting at the root, determine all other A's

by the rule A(y) - A(z) = 0 for all arecs (y,z) in the tree.
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Set all other A's in all other trees equal to 0. Go to step 5.
Step 3. Denote the arc corresponding to the ith column of B by (x,y).

Step 4. Is x closer to its root than y?

Yes - Let Aa(x) = 0, A(y) = -1, Starting from both x and y,
determine all other XA's by the rule A(r) - X(s) =0
for all other arcs in the tree. Set all other A's in
all other trees equal to 0. Go to step 5.

No - Let A{(x) = 1, A(y) = 0. Starting from both x and y,
determine all other A's by the rule A{r) - A(s) = 0 for
all other arcs in the tree. ©Set all other A's in all

other trees equal to 0. Go toc step 5.

Step 6. Tor each column of N corresponding to an arc, say (x,y), the
entry for that column of the ifh row of 57y is simply
A(x) - aly). For each colum of N corresponding to a node, say

z, the entry for that column in the ith row is a{z).

ExamEle 2

Consider the 3 neode 4 arc network:

20 -10

1 5 = 20
Cig = 30
Chy T 5
Cay = 10
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Note that this network has no slacks, but at least one artificial vari-
able is required tc form a basis. The nonbasic artificials are ignored
in this example. Suppose arc (2,3) has the restriction that £(2,3) ¢

{0,15}.

The optimal flows cobtained by ignoring the side restrictions are

£f(1,2) = 20, £(2,3) = 10. The optimal dual variables are w(1) = 0,

m(2) = ~20, and n(3) = -25., The optimality conditions are

(1) -m(2) = 20
w{2)} -n(3) = 5
m(l) -w(3) - c;g3 50
m(3) -nm(2) - Cgp < 0.
Note that
1 0] 1 1 0 0 1 0 0
B,=|-1 1 of, By=|-1 1 1, By=|-1 1 o0
0 =1 0 0 -1 0 0 =1 1

are all optimal bases since each yilelds a rooted spanning forest of (N¥®),

and there are no slack variables.



1 -1 14
57t - 1 0|, N=|0 -1
11 11

Step 1. VYo

Step 3. (1,2)

Step 4. Yes, Aa(1}) = 0, A(2) = -1, x(3) = -1.
Step 5. [1,0]

Calculation of Row 2:

Step 1. No

Step 3. (2,3)

Step 4. Yes, X(2) =0, X(3) = -1, A1) =0,
Step 5. [1,-1]

Calculation of Row 3:

Step 1. Yes

58
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Step 2. (1) = 1, x(2) =1, A(3) = 1.

Step 6. [0,0]

Attention is now turned to the objective function of the group
problem (3.9). These cost coefficients are Eﬁ - SéB_lN where B is the
optimal basis for (3.8). From duality theory, it is known that at
optimality, the optimal dual variables are E%' = EBB_l' These dual
variables are avallable from the solution of (N%). Therefore the

cbjective function is simply Eﬁ - T%'N,

Algorithm for Determining the Group
Problem Objective Function (ALG-2)

Denote the columns of N by LI PR R Denote the costs of the
. . N
arcs associated with the columms of N by CiaCharevsCe Dencte the

optimal dual variables by N*(x) for each node x.
Step 1. Let 1 = 1.
Step 2. Denote the arc associated with n, by gy = (x,y),

Step 3. The ith component of the cost vector equals N*(y) - I¥(x) + cﬁ.

Step 4. 1s i = k?

Yes - Stop.
Ne - Increment i by 1 and return to step 2.
Example 3

Consider the preblem of example 2 using Bl as the optimal basis.
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n*(1)=0 *(2)=-20

n*(3)=-25
1 C
N N
N={0 -1 ¢, =30, ¢, =10,

-1 1
Step 1, i = 1.
Step 2. ey = (1,3).

H3 P N

Step 3. IN%(3) - m¥(1) + ¢, = 5.
Step 4. No. 1 =2,
Step 2. e, = (3,2).
Step 3. T¥(2) - 1%(3) + cg = 15,

Step 4. Stop.

Through the use of ALG-1 and ALG-2, the group problem can now be

cbtained from the solution of (N¥®).

Simplification of Penalty Calculation

At each stage of the algorithm, the relaxed problem is solved by
a primal network method which terminates wlth the optimal basis forest,

Fp. By proposition 8, 3B i1s triangular. Since B conslst of columns of
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A_, the diagonal elements of B are from {-1,1} and hence abs(|B|) = 1,
where abs(*) denotes the absolute value of the enclosed expression. It
will now be shown that the elements of the group problem are from
{-1,0,1}.

Proposition 9

If B is a basis of AO, then the elements of BHlAO are from

{-1,0,1}.

Proof. Let d be any colum of AO. Then d can be expressed as a linear
combination of the colums of B. That is, d = Bx. By Cramer’'s Rule

the ith component of x is defined by

"

| B?

3 TTET

where B* is formed by replacing the ith colum of B by d. Since B is a
basis of A, it is a diagenal matrix and hence abs(|B|) = 1. Suppose
w

B¥* is a basis of Ao. By proposition 7, Fos is a rooted spannlng forest.

By proposition 8, B* is non-singular and triangular. Then the diagonal

elements of B® are from {-1,1}. Hence abs(|B*|) = 1. Then %, equals
either -1 or 1. Suppose B* is not a basis of Ao‘ Then |B%| = 0. Hence
X; = 0. Therefore, the elements of B_lAO are from {-1,0,1}. This com-
pletes the proof of proposition 9.

With this additicnal property, the penalty calculations given in

(3.5) and (3.6) simplify to the following:
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; G
PEN(vy..) = vy¥, .
[ (yl]) Ylj k.rf(lsj)zl Ck
Tk
and
. min G
UPEN(y..) = (p..-y.
(ylj) ulj yl]) s 1(1,3) Sk

where y?j is the optimal flow in (N¥),
rﬁ(i!j) is the row in the group problem corresponding to
variable yij’ and
is the group problem cost coefficient corresponding to the

e
“k

kth nonbasic variable.
Although these penalties were derived from consideration of the group

problem, they reduce to the penalty suggested by Tomlin (34).

Group Theoretic Algorithm for the
Fixed-Charge Transportation Problem

The theory developed in the previous sections is now incorporated
into the general algorithm presented in Figure 1. Let CL denote the
candidate list., The elements of CL will be mn + 1 element vectors. The
first mn positions will denote whether or not a Yij is fixed and if so
at what value. The mn + lst position will give the lower bound for that
partial problem. CP is a vector which defines a candidate problem, and
CPR is the relaxation of this candidate problem. A -1 as an element of
CP indicates that the corresponding y is free, a 0 indicates that the
corresponding y 1s fixed at 0 and an o > 0 indicates that the corre-

sponding y is fixed at o. INC denotes the cost of the Ilncumbent (the
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best solution found so far). Let V(CPR) be the optimal cost of CPR'

ExamEle b

For a 2 source 3 destination problem, if CP = (-1,0,0,30,-1,-1,

500) with CP = lower bound), then the partial

V11°712°Y 18921 Y2223
solution will be Y9 ¥ Y153 7 0, Vo1 © 30 and Yi1> Yp00 Yos free to

assume any value. The lower bound of this partial problem is 500,

For (ALG-3) below it is assumed that all costs are integer. This

permits upward rounding for estimates of candidate problem bounds.

Group Theoretic Algorithm for (FCTP) (ALG-3)

Step 1. Define a CP with all variables free,.

Step 2. Solve CPp.

Step 3. Does the solution meet the side restrictions?
Yes - Stop. This solution is optimal.

No =~ Go to step 4.

Step 4. Increase the flows in (N*) so that all side restrictlons are

met. Let INC denote the cost of this solution.

Step 5. Use ALG-2 to obtain the group problem objective function.
Denote this cost vector by EF'
* . = » =N, % 3 ]
Step 6. Define an index set § = {(i,]): yij ¢ {O,uij} where yig is the
optimal flow in (N¥*)}.

Step 7. For each Vis with (i,3) € 8, use ALG-1 to obtain the corre-

sponding row of the group problem. Denote these rows by



Step 8.

and

Step 9.

Step 10.

Step 11.

bu4

r'(i’j).

For each yij with (i,j) ¢ S, define

‘ min 8

DPEN(y..) = (y¥ . . c

Yi3 Y K r'(l’])=l k

by

UPEN(y,.) = ( * i ¢
Yis? T YMis Vil L9 “x

k.rk 1

Define
PEN(CPR) = (im§>)< SEnln[UPEN(Yij), DPBN(Yij):]
»jJe

Let V be the smallest integer greater than or equal to V(CPR) +
PBN(CPR).

Is V = INC?

Yes - Fathom. Go teo step 17.

No =~ Go to step 1l.

Define

Q max Enax[UPEN(yij) . DPEN(yij):I' .

(i,3)esS

Let U be the smallest Integer greater than or equal to Q +

v(CPR).



Step 12,

Step 13.

Step 14.

Step 15.

Step 16.

Step 17.
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Loes DPBN(ykl) = Q for some k,1?

Yes - Separate the present CP by fixing Yiep Let Yy = a,
with a bound of U and let 1 T Mer with a bound of V.
Inspect these two candidate problems individually. If
the corresponding bound is less than INC, place this
preblem in CL. Otherwise, ignore the problem. Go to
Step 1.

No -~ Go tc step 13.

Determine (k,l) such that Q = UPEN(ykl). Separate the present
CP by fixing iy ® Let Vi3 T Hig with a bound of U,

Let Vi © 0 with a bound of V. Inspect these two candidate
problems individually. If the corresponding bound is less
than INC, place this problem in CL, Otherwise, ignore the

problem. Go to step 14.

Select the prcblem from CL with the least bound. Denote this

problem by CP. Delete CP from CL.

Solve CPR' If no feasible solution exists, go to step 17;

otherwise go to step 16.

Is V(CPR) 2 INC?
Yes -~ Fathom. Go to step 17.

No =~ Go to step 18.

Is CL = 97
Yes -~ S5top.

No - Go to step 1lu,
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Step 18. Does the sclution meet the side restrictions?
r
Yes - Go to step 21.

No - Go to step 19.

Step 19. Increase the flow in (N¥*) so that all side restrictions are

met. Let z denote the cost of this solution.

Step 20, 1Is z z INC?
Yes - Go to step 5.

No - Go to step 22.

Step 21. Update INC, Delete all problems from CL with bounds greater

than INC. Go to step 17.

Step 82. Update INC. Delete all prcblems from CL with bounds greater

than INC. Go to step 5.

Proposition 10 Finiteness

ALG-3 terminates in g finite number of iterations.

Proof. For a m source n destination fixed-charge transportation problem
there will be mn side constraints of the form Viy € {O,uij}. The solu-
tion tree will have a single starting node with all mn variables free,
The first level will consist of two nodes with one of the varlables
fixed at ¢ and “ij' The second level consists of four nodes, ete. In
general, the solution tree will have Z?Zo Qi nodes or possible candidate
problems. Since each lteration through the algorithm dispeses of one or
more of these candidate problems and since each candidate problem can be

i

considered only once, the algorithm can run at most 2?20 27 iterations,

Hence ALG-3 is finite. This completes the proof of proposition 10.
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Proposition 11  Optimality

If (FCTP) has a feasible sclution, then ALG-3 terminates with an

optimal solution as the incumbent.

Proof. Since the variables associated with the fixed cost in (FCTP) are
from the set {O,Uij}, there are only ™ possible solutions to (FCTP).
Each of these possible solutions appears as one of the Z?So Qi candidate
problems. Alsc each of these candidate problems must be compared to

the incumbent. The first compariscn of an optimal CP will result in

the incumbent being replaced by this CP. No other comparison after this
will change the incumbent. Hence, if a feasible sclution exists, ALG-3

terminates with the optimal solutlon as the incumbent. This completes

the proof of proposition 11.

BxamEle 5
&
18 12
13 7
&
€11 = 2 1 =7 £, 756 fp1 7 16
012 = 6 022 = 4 le = 10 f22 = 18
¢ig F 3 Cog = 8 fl3 = 13 f23 = 19
Cl'-l» =0 c2!.|. = 0 fl'-lv = 0 fzq_ = 0



Step 1.

Step 3.

Step 8.
Step 4.
Step 5.
Step 6.

Step 7.

Step 8.

Step 9.

X110 Xp 30 X3 =T, ¥, =6
Xo1 T8 Xy T T Xa T 0, %, =0
n(1) = 0, In(2) = -13.33, TN(3) = -11.00
n(4) = -68,33, 7N{(5) = -48,57, 0(6) = 0.
No.

178.

G

¢ = [0.33,7.19,1.33,9.33,0.83,1.86,0,2.67,1.50,2.71,0].

s = {(1,2), (2,2)}.

1"'(1’2) =[1,-1,-1,0,-1,0,0,0,0,0,0].

2,2
I"( ’ ) = [‘lslglaogo:030509"'1:090]'

"
i

5.83.

DPEN(y,,) = 1.67 UPEN(y,,)

.1-67

i
]

DPEN(y,,) = 9.33 UPEN(y22)

PEN(CPR) = 1.67.
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Step 10, 167 = 17872 No,
Step 11. Q = 9.33,

Step 12. Yes, (k,1) = (2,2).

¢ = {(-1,-1,-1,-1,-1,0,-1,-1,174),
(-1,-1,~-1,-1,-1,12,~1,-1,167)}.
Step 14, CP = (-1,-1,-1,~-1,-1,12,~1,-1,167).
Step 15. ®yp = 5, Ky 7 0, X3 = 7, Xy = 6.
Xp1 = 1, Kon = 12, Xog = Q, T 0.

n(1)y = o, m(2) = -1.67, M{3) = -11.33
n4) = -5.67, 7(5) = -u,86, Il(6) = 0,
Step 16. Ho.
Step 18. No.
Step 18. =z = 189.
Step 20. Yes.
G

Step 5. ¢ = [1.17,7.52,1.67,9.33,0.83,1.86,0,2.67,2.71,0]

Step 6. S ={(1,1), (2,1)}.

Step 7. r"(l,l) = [ls"'l"‘lg_lgo’0’0,030,0,0:‘-
1 (2,1) _
r = [-1,1,1,0,0,0,0,-1,0,0,01.
Step 8. DPEN(yll) = 5,83 UPEN(yll) = 1.67
= 1.87 UPEN(y,,) = 5.83

DPEN(le)

Step 9.  PEN(CP,) = 1.67.



Step
Step

Step

Step

Step

Step
Step
Step
Step
Step

Step

Optimal Solution

10.

i1.

12.

4.

18,

I6.

18.

1g.

20.

21.

17,

168 = 1787

Q

5.83.

No.

Yes, (k,1) = (1,1).

{(-1,~1,-1,-1,-1,0,-1,-1,174),

(O,—l,-l,—l,'-l,lZ,"l,—l,l72),

(6,~1,-1,-1,-1,12,-1,-1,168)}.

(6,-1,-1,-1,~1,12,-1,-1,168),

CL =

CP =
X117 8
%1 7 0
n(1) = o,
m(u) = -4,
168 > 1787
No.

z = 168,
No.

INC = 168,
Yes. STOP!

X

X

X

X

11

12

13

14

%12

%50
n(z

(5

No.

CL

)

)

9.

21

22

23

2y

0, %4

12, X5

0, n(3)

04.86, I(5)

Ky =0
:«:21\L =1
Total Cost

168

70



The sclution tree is as shown in Figure 6.
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The numbers in parentheses

near a node are the estimates of the cost incurred for that partial

problem. The second number is the LP cost.

all free
Penalty =0
Estimate-(174) Y22
Fathom
Penalty

Estimate-(172)

Figure 6.

Sclution Tree for Example 5

165-LF Cost

Y11

Y1176

Fathom

Solution

(167)-Penalty Estimate
166 -LP Cost

(168)~Penalty
168 -LP Cost
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CHAPTER IV
COMPUTATIONAL EXPERIENCE

A computer code was developed for ALG-3 and was used to obtain
the computational experience reported in Table 3. The code is written
entirely in FORTRAN for the Univac 1108. The object program and data
are all held in core with all data in fixed point mode. The program
is designed to solve problems whose product, mn, 1s less than or equal
to 100. It alsc has the option of using either PRIORITY or LIFO as the
selection rule. The data has been packed in the candidate list and this
list has a limitation of 5161 active nodes. The total number of
words required for the code and data is 54,500, A listing of the code
may be found in Appendix A.

The transportation code, NETWRK, was developed by Langley (28).
It is a primal procedure which follows the simplex operations except
that these operations are carried out on a network. This code termi-
nates with a forest which corresponds to the optimal basis and is used
directly to compute the required rows of the group problem. This code
solves 6x3 transportation problems in approximately 0.05 seconds.

Table 2 presents a summary of the problems used in this study.
Since in most actual problems ZiSi > Zij, the nth destination for each
preblem is a dummy with unit and fixed costs equal zero. The Si’ Dj’
Cias and fi' were randomly generated according tec a wiform distribution

with predetermined upper and lower limits, alsc given In the table.
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For each problem size, (4x5), (6x9), (7x11), and (5x20), three sets of
problems were generated. In one set the magnitude of the fized and
variable costs were identical. The fixed cost dominated in another set
and the variable cost dominated in the third.

The computaticnal experience is presented in Table 3, The number
of iterations is the average number of transportation problems solved
for the problems in the respective sets, The average time excludes
read-in and print-out but includes all set-up. The LIFQ rule was not
used after set 7 because it was estimated that the computational times
would be excessive. A LIFO iteration takes slightly less computation
than a PRICRITY iteration. Hence, when the average number of iterations
is the same for both rules, LIFO requires slightly less time. As the
problem sizes increase, PRIORITY significantly reduces the number of
iterations reguired to sclve the problem,

Table 4 gives a breakdown on the average computational time for
the PRIORITY rule by problem size and cost structure. The order by cost
structure is identical for the first three groups, but is changed in the
(5%20) problems.

From Tables 3 and 4 it appears that ALG-3 works best for problems
in which the unit cost dominates. The algorithm also works well for
problems in which the relative magnitude of the two costs are the same.
The discrepancy between set 8 and 11 is more difficult to explain. It
is conjectured that in addition to the relative magnitude of the costs,
the magnitude of |n-m| is also significant, with problems having large
|n-m| easier to solve. It is believed that for a problem with |n-mj

large, the initial solution of the relaxed problem saturates many of the
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arcs. That is, the full fixed-charge is incurred naturally and conse-
quently this solution is a good starting point for the algorithm. For
problems with [n—m| small the converse appears to be true. Additional
computational experience is needed with |n-m{ varied while mn is held
constant. In addition to the problems which appear in Table 3, Gray's
(18) Test Problems 8 and 9 were solved in 0.5 and 12 seconds, respec-
tively. Gray's program running on a B~5500 solved these two problems
in 54.3 minutes and 25.1 minutes, respectively. Frank (11) solved 30
randomly generated Y4x4 problems on a CDC 6600 In an average time of
6.2 seconds per problem. ALG-3 solved 15 randomly generated 4x5 prob-
lems in an average time of 0.22 seconds.

The objective of the computational experience has been to demon-
strate that the theory developed in Chapter III holds promise for rou-
tinely solving moderately sized fixed-charge transportation problems
(i,e. 50 < mn < 100)., Even though there are many questions unanswered
about this general approach, the computational times on the 54 test
problems demonstrate that this approach is attractive for problems

within the range tested.
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Table 2. Summary of Test Problems
Set Size Parameter Ranga Set Size Parameter Range
1 m=2 Si 5- 50 8 m=7 S5 20-100
n=4 Dj 5- 50 n=11 Dj 10- B0
Sih 2- 10 ij 2- 12
fij 10- 60 fij 20- 40
2 m=4 53 5- 50 9 m=7 53 20-100
n=5 Dj 5- 50 n=11 D5 10- 60
ci5 2- 10 Cij 20- 40
fij 10- 60 fij 20- 40
3 m=4 S5 5- 50 10 m="7 55 20~100
n= Dj 5- 50 n=11 Dj 10~ 60
Ci 10- &0 i3 20- 40
fij 10- 80 fij 2- 12
4 m=4 55 5- 50 11 m=5 Sq £0~100
n=5 D5 5- 50 n=20 Dj 10- 25
55 10- 80 Ci3 - 5
i3 2- 10 fij 100-200
5 m=6 S; 10-100 12 m=5 Si 60-100
n=9 Dj 5- 60 n=20 Dj 10~ 25
13 2- 12 Cis 100-200
i3 100-200 fij 100-200
3) m=6 83 10-100 13 m=5 S 60-100
m=9 Dj 5- 60 n=20 Dj 10- 25
C5 5 100-~200 €ig 100-200
ij 100-200 fij 10- 20
7 m=6 Si 10-100 | T
n=9 Dj 5~ 60
i3 100-200
iz 2- 12




Table 3. Summary of Computational Experilence

Average Number of Average Time (Sec.) Range of Times
Set Size Number of Iterations (U1108) (Sec.)
Nurber mxn Problems PRIORITY LIFO PRIORITY LIFQ PRIQRITY LIFO
1 2x4 5 2.4 2.4 L0182 .0153 .0072-.0302 .0064~,0272
2 Lx5 5 14,8 26.0 . 3273 .5264  ,1672-.6642 .16HZ2-1.504
3 x5 5 9.8 124 .2302 L2633 ,0474-,4906 ,0354-.6752
Y x5 5 2.6 2.6 L0885 0574 .0326-,1720 ,0246-,0772
5 Bx9 3 100.7 217.3 8,3u5 17.80 .0750-19.53 .0760-46.,38
53 Bx9 3 66.7 71.7 6.246 6.822 4.,215-8.212 4.208-8.329
7 Bx9 3 7.3 7.3 .8251 L6911 .69L8-,8340 .5698-.7536
8 7x11 3 1142.0 - 214.1 - 157.3-225.9 -
9 Tx11 3 61.0 - 10.87 - $.331-13.23 -
10 7x11 3 20.7 - 3,501 - 2.187-5,u451 -
11 5x20 5 28.6 - 8,000 - 2.881-16.u8 -
1z 5x20 5 h5.8 - 14,22 - 2.417-33.26 -
13 5x20 5 5.8 - 1l.461 - .1888-3,252 -

9L



Table 4. Average Computational Times as a Functiecn
of Problem Size and Cost Structure

Problem Unit Cost Costs Fixed Cost
Size Dominating Equal Dominating
4x3 .088B5 .2302 .3273
6x9 .8251 6.2U5 8.345
7x11 3.501 10.50 214.1
5%20 1.461 14,22 8.000
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CHAPTER V

UNIMODULAR STRUCTURE IN THE GRCUP PROBLEM

Introduction

The multiparametric integer programming problem for the right-
hand side is to minimize c't subject to At = Eﬁx), t20,t=0

(mod 1), where b(y) can be expressed in the form

b(y) = b + F(y),

where F is a matrix of constant coefficients, and y is an integer vector
parameter. The group problem associlated with any integer programming
problem may be viewed as a multiparametric integer programming problem.
The purpose of this chapter is to show that the group problem associated
with the fixed-charge transportation problem can be viewed as a multi-
parametric integer programming problem having a totally wnimodular con-
straint matrix.

This chapter will first present scme of the properties of uni-
modular matrices and sets; second, present the group problem for (FCTP);
third, demonstrate that the group problem is equivalent to a multipara-
metric integer programming problem; and last, show that the equivalent

problem has a totally unimedular constraint matrix.
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Properties of Unimodular Matrices and Sets

The propositions and proofs in this section are special cases of

general theorems developed by Heller (21).

DEFINITION 21
A linear transformation T on R is a correspondence which maps
each X € R into T(x) € R" such that for all X, ¥, € R” and all Aau e

R, T(xtuy) = AT(x) + uT(y).

DEFINITION 22

A basis of the mxn matrix A with rank (A) = m is a set of m

linearly independent columns,

DEFINITION 23
The mxn matrix A iIs said to be totally wnimodular if every non-

vanishing minor of A has absolute value 1.

DEFINITION 24

In R" the set {S} with rank (8) = n is wnimodular if, for every
basis B of S, and every d € S, the elements of A = B-lg_are from

{-1,0,11}.

DEFINITION 2&
In R" the set {8} with rank(S) = n is totally unimodular if every

nonvanishing minor of § has absolute value 1.

Proposition 12

1f T:R" » R" is a non-singular linear transformation and {S} is

unimodular, then {T(S}} is uwnimcdular.
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Proof. Let p € T(S). Let D be any basis of T(S). Since T is non-
singular, there exist a g € {S} such that T(q) = p. Also there exist
{B} < {S} such that T(B) = D. Denote the columns of B by bosbose.sb
Since {8} is unimodular, there exist X ¢ R™ such that Ay € {-1,0,1} for
all i, and BA = g. Then p = T(g) = T(B)) = T(h.b,
Abr) = A T(b) + A,T(by) + .uw + A T(b ) = T(B)A = DA, Hence {T(5)}

tAby t oLl ¥

is unimoduwlar. This completes the proof of proposition 12.

Proposition 13

If {S} is unimodular, then the determinants of all bases of §

have the same absolute wvalue,

Proof. Let B be a basis of 5. Let B¥ be a basis of S identical to B
except for the ith column. Let d € {S} be the iZk colum of B%, Con-

sider the system BA = d. By Cramer's Rule

_ det(B¥®)

A % dex(By -
Since B and B* are both non-singular and {8} is unimodular, [Ai| = 1.
Hence, |det(B)] = |det(B*)|. Since every basis of S can be cobtained by

beginning with B and successively replacing one column of B, the abso-
lute value of the determinants of all bases is 1. This completes the

proof of proposition 13.

Proposition lu

If A = {ImlD} ¢ {R"} is unimodular, then every nonvanishing minor

in D has absolute wvalue 1.
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Proof. Im is a basis of A. ldet(Im)' = 1. By propositicn 13, the
determinants of all bases of A have absolute value 1. Let R be any
nonvanishing minor of D.

Caqse 1: Suppose R is order m. Then R is a basis of A. But all
bases have determinants with absolute value 1.

Case 8: Suppose R is of order k < m. Denote R as the m x k matrix
formed by completing the columns of R. Then a basis B may be formed by
selecting columns of Im to be appended to R. Then B = [J R1, where J
consists of selected columns from Im. After row interchanges this

basis will take the form

I W
3% = .
0 R
|det(B*)| = [det(R)|. But |[det(3*)| = 1. Hence, |det(R)| = 1. This

completes the proof of propesition 14,

Proposition 15

I

If A = [B|N] e RV® with m < n, is totzlly unimodular and B is a

basis of A, then 3~y is totally wnimodular.

Proof. Clearly {Al is unimodular. B™L exists and is a non-singular

lA} = {C} is unimodular.

linear transformation. By proposition 12, {B~
{cy = {ImlB'lN}. By proposition 14, BN is totally unimodular. This

completes the proof of propositicn 15.
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The Group Problem Associated with the
Fixed-Charge Transportation Problem

A slightly different but equivalent formulation of the fixed-
charge transportation problem will be used in this chapter. This formu-
lation does not require that zi Si = Zj Dj and simplifies the theoreti-

cal development to follow. Define the problem as

fou
o . m n 1
(FCTP#) min Ii=l zj=l Cyy¥iy E;%—yij
m _ .
s.t. zi=l iy T Dj’ (all j)
TN x.. +s(8,) =8 (all i)
j=1 7ij i i’
iy " Vi + s{i,3) = 0, (all 1i,5)
xij,s(Si),S(i,j) z 0, (all i,9)
Yi4 € {o,pij}, (all i,3)

where all variables are as defined previously and s(Si) are slacks which

absorb any excess supply.
The linear programming version formed by dropping the integrality

restriction iIs as follows:

T..
. . m n R
(FCTPR) min Zi:l Zj=l cijxij * pij yij
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m .
s.t. Zi:l %5 = Dy, (all §)
oy %, +s(5,) =5, (all i)
j=1 “ij i i
Kiy = Vig + s(i,j) = 0, (all i,j)
xij,yij,s(Si),s(i,j) 20, (all i,j).

The transportation problem formed by dropping the yij‘s is as follows:

n

(TP) min X?zl Zj=l ©; %1
s.t. Z xij = Dj’ (a1l )
z xij + s(Si) = 5., (all 1)
xij’S(Si) 20, (all i,3).

Recall from Chapter III that if one begins with an integer pro-

gramming problem in the form

(IP) min Sti

g (mod 1),

1%
u

that the group problem assoclated with (IP) is

(GP) min (gﬁ - géB*lN)EN
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s.t. B7Nx, = B7Yb (mod 1) (P.1)
Xz 0 (GP.2)
8 (mod 1) (GP.3)

N

where B is the optimal LP basis for (IP),
N is the matrix of nonbasic colums,
Xy is the vector of nonbasic variables,
Sy is the vector of costs assoclated with the nonbasic variables,
and

Sz 1s the vector of costs associated with the basic variables.

It will now be shown that when (IP) is a (FCTP*), then BN in
(GP) will be totally unimodular,

Proposition 16

Suppose B is an optimal basis for (FCTPR) with one or more yij

nenbasic. Then there exists an optimal basis BY with all yij's basic.

Proof. If yij is nonbasic, then eithepr xij or s{i,j) or both are basic.
It is now shown that yij can always replace either xij or s{i,j) in the
optimal tableau and the new basis will also be optimal. Assume that the
problems are to maximize.

Case 1: Suppose s(i,j) is basic, and xij is nonhasic. The

optimal tableau will be as follows:
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Row No. Basic Var. ... Xij e yij ... s(id) ... b
k s(i,73) 1 -1 1 0 —
zZ, ~ ¢, o g 0
] ]

After one iteration of the dual simplex algorithm replacing s(i,j)

with Yij the optimal tableau is

Row No. Basic Var. ... Xigotre Ygg e s(i,j) ... b
k yij -1 1 -1 0

zZ, - C. atB 0 8

] J

Since a,B 2 0, a + B8 2 0 and the optimality critericn is still met.
Case 2: Suppose s(i,j) is nonbasie, and xij is basic., Then the

optimal tableau is

Row No. Basic Var. ... xij o y*j ... s8(i,§) ... b
k X, . 1 -1 1 a —
1]
Z, - C, 0 0. R
] J

After one iteration of the dual simplex algorithm replacing xij with yij

the optimal tableau is
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Row No, Basiec Var. ... xij e Y5 e s(i,i) ... b
X Yis -1 1 -1 0
Z., = C. o ¢ o+ 8
] J

Since @, 2 0, a + B = 0 and the optimality criterion is still met.
Case 3: Suppose both s(i,§) and xij are baslc. Since the
vectors associated with s(i,j) and ¥yq are linearly dependent, the

optimal tableau must take the form

Row No. Basic Var. ... Kyg_eee Yig_ oo s(i,j) ... b
k X, , 1 O 0 0
1]
p s(i,3) 0 -1 1 0 —
z, = ¢ 0 o 0
] ]

The dual simplex rule for selection of the entering variable is
Z, = C.
max-Qlﬁg—-l . dj < 0; where d' is the pth row of B lN. If some vari-

il ]
able other than yij is selected to enter the basis in place of s(i,j),
then after this transformation, the tableau is in Case 2, However, if

yij enters the basis in place of s(i,j), then after one tranaformation

the optimal tableau is

Row No. Basic Var. ... xij ce yij ... s(i,§) ... b
k b 1 0 0 0
1]
- 0 -1 0
P Vi 1
z, = C o 0 o
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Since o 2 0, the optimality criterion is still met. By making all non-
basic yij basic via cases 1, 2 and 3 above, an optimal basils with all

Yia basic can be cbtained. This completes the proof of proposition 14.

Let B, be an optimal basis of (FCTPg). Then

0]} mtn rows

-I{} mm vrows

where BT is a basis for (TP), P is the last mn rows of the basic vectors

corresponding to the xij's and s(Si)‘s. By the partitioning procedure,

Joe)

"

)

1

1

1
e ———

With n and m any positive integers, define

X, ., to be amn + m + n vector with 1's in positions
)

j,n+ i, m+ in + j, and 0's elsewhere,
gﬁsi) to be amm + m + n vector with a 1 inn + 1
and 0's elsewhere,
s(i,j) to be a mn + m + n vector with a 1 in position
m+ in + j and 0's elsewhere, and

¥ be the matrix with colums X, 5 Eﬂsi),gﬂi,j) for 1=1,2,...,m;
L]

i =1,2,...,0.
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Proposition 17

For any n,m; M will be totally wnimodular.

Proof. The proof is by induction on the size of the sub-matrix of M.
Tor a 1 x 1 sub-matrix the proposition is obviously true. Assume the
proposition is true for k-1 x k-1 sub-matrix, and let A be any kxk
sub-matrix of M.
Case 1: Suppose some column of A is 0. Then clearly det(A) = 0.
Case 2: Suppose some column of M has exactly one nonzero entry.

+det(A®), where A" is the co-

H

Expanding by that column yields det(A)

factor of the nonzero entry and had determinant *1 or 0 by the induction

hypothesis.

Case 3: Suppose every column of A has exactly two nonzero
entries. Then the columns of A are made up of certain rows of the vec-
tors Ei,j' Suppose cne of the rows m+ n + 1 through m+ n + mn is
included in A. Then that row has only one non-zero element. Expand by
that row. Det(A) = + det(A¥), wheve A¥ is the cofactor of the non-zero
entry and has determinant *# 1 or 0 by the induction hypothesis. Suppose
the rows of A are from the first m + n rows of M. Since every column

will have exactly two non-zero entries, then a row from the set Rl =

{1,2,...,n} can be associated with a row from the set R, = {n+l,n+2,

2

c..ntm},  Let Il E.Rl’ I, ¢ R, denote the rows of M used in A. Let

ar, je Il U 12 denocte the rows of A. Then
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Hence det(A) = 0.

Case 4: Suppose there exists one or more cclumn of A with three
non-zerc entries with the remaining columns having two non-zero entries.
Then a column with three ncn-zero entries consists of certain elements
of cne of the Ei'!s' Also one of the rows m+ n + 1 throcugh m + n + mn
is included in A, Then that row has only cone non-zero element, Expand
by that row. Det(A) = * det(A®), where A% is the cofactor of the non-
zero entry and has determinant = 1 or 0 by the induction hypothesis.
Hence, by induction on k = 1, the proposition is proved.

Let N denote the nonbasic columns of (FCTP?). Suppose the

colums of N are in the order Eij’ EﬂSi) and then s(i,j). Then

N Ol m+ n rows

N I| mn rows

where Nl and N2 consist of the nonbasic xij‘s and s(Si)'s. Then the

group problem constraint matrix is

1
|
N T 10
BN = | commmmeeo L —
Y lN H
- L
PB."N, N, : I
The constraint (GP.1l) is
(5.1) [2'W.  olx = BZ'b, (mod 1)
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(5.2) [PBIN N,  -Ilxg = PBI'b, (mod )

where y is the vector of uij's in the appropriate order. Equation (5.2)

is equivalence mod y since the basic yij's are restricted to the set

yij € {O,Uij}.

Since By is a basis of (7P) and B, is a submatrix of M, by

proposition 6, B;lgi is an integer vector.

Further, by proposition 13, N. is totally unimodular. Therefore

1
constraint (5.1) is satisfied for any integer selection of ¥y and the
group constraint set reduces to only constraint (5.2). Note that

P (mn x mtn) can have at most one non-zero entry in any row. Denote
the rows of P by the double subseript i,3j so that the (i,3)th row will
have a non-zero entry if %3 is basic, This implies that the (i-1)n +

jth row of N, will consist of only zeros. Then PB;lNl - N2 either

2

deletes some rows of BT Nl and replaces them with rows with a single
non~zero entry or leaves the rows unchanged.

Propesition 18

'

-1 .
Nl - N2 is totally uni-

If B,}lNl is totally unimodular, then PB,

nodular.

Proof. Select any sgquare submatrix, C, from PB,-I',lNl - N,. Suppose C is
also a submatrix of B;lNl. Then |det(C)| = 1 or O since B;lNl is
totally unimodular. Suppose C is not a submatrix of B;lNl.

Cage 1: Suppose some row of C contains all zeros. Then
det(C) = 0.

Case 2: Suppose one or more rows of C have g single non-zerc
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entry which originated in NQ. Expanding by these rows either reduces C
to a single non-zero entry in which case |det(C)] = 1, or results in an
adjoint which is a submatrix of B;lNl. Hence |det(C)| = 0 or 1. There-

fore PBLN. - N, is totally unimodular. This completes the proof of

T 1 2

proposition 18.

The group problem for the fixed-charge transportation problem is

(5.3) min  (e}By N-gl)x,
s.t. [(PBIN,-N))  -Ilx = PB_'B, (mod p)
2 = 0 (mod 1)
EN z 0.

From consideration of the coriginal problem it is easily seen
that each of the nonbasic variables is bounded. That is, Xij < Higo
s(i,3) = Ui s and s(Si) < 8,. Let g denote the vector of upper bounds
for the nonbasic variables,

Since (5.3) is a group problem, there are an infinite number of
representations of the right-hand side PB;lgi. Consider cnly the ith
group equation EfEN = g (mod ui). Since P is bounded, g; can assume
only a finite number of values all of the form gyt kui with k € Z.

Let Q be the set of values which the ith right-hand side may assume.
Let @ = (21’22""’Zk): 2, € Ry, 2, € Qpy wvuy Z € R, k= m. Then
there exists a smallest element of QI denoted s. Then the group problem

can be rewritten as
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(5.4) min(cgBy N-g) )x,
s.t. [(PBIN -N))  -Ilx, = s (mod u)
Osx <4
% = 0 (mod 1).

The Multiparametric Integer Programming Problem

DEFINITION 26
The bounded multiparametric integer programming problem for the

right-hand sides is defined as follows:

min Z(v) = d't

w
o
o
p

"
|+h
+
]
<

o
1A
et
Ty
1=

L]
1A
1A

v r

0 (mod 1).

Jt

b d

1<
"

The group problem (5.4) can be placed in the form of a multiparametric
integer programming problem by setting

-1 '

d' = cpB, N - o

- ~87Y

5
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=g
A = [PBTlNl -N,  -13
f=s
F=x

where K is a diagonal matrix with diagonal elements uij’ and

r is determined from R.

Further, since PB%lNl - N2 is totally unimodular A is totally unimodu-
lar. Therefore, the group problem associated with the fixed-charge
transportation problem may be viewed as a multiparametric integer pro-
gramming problem with a totally unimodular constraint matrix.

ExamEle 5}

Consider the 2 x 2 problem

w
1]

¢y = 5 fll = (400)(30) = 12000
iy 7 10 f12 = (200)(30) = 6000
cyy = 6 f2l = (300)(31) = 9300
c.. = f,, = (100)(31) = 3100

22 ~ 22
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31

Group Problem:

min 7xl

2
S.t. r§12 ]
(1 -1 -2 ¢ o o] s(s,)
-1 ¢ o0 -1 6 o0 ||s(2,1)
-1 1 0 0 -1 0 |[s(1,2)
.1 0 o0 0 0 -1J s(2,1)
1s(2,2)]

X120

200 300 160]

43]

+ 99s(8,) + 400s(1,1) + 200s(1,2) + 300s(2,1) + 100s(2,2)

(19 (mod 307
0 (med 30)

12 (mod 31)

(31 (mod 31)]

5(82), s(1,1), s(1,2), s(2,1), s(2,2) 2 0, and integer

The bounds for the nonbasic variables are

98
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0= %, < 30 0 = s8(1,2) = 30
0 < 5(82) < 11 0 £ s(2,1) < 31
0 = s(1,1) £ 30 0 = s(2,2) < 31,
Then

a, = {-41, -11, 19}

2, = 1-60, -30, o}

Q, = {~50, -18, 12}

g, = {o}.

Then s' is (-u1, -60, -50, 0).

Multiparametric Integer Programming Problem:

min 7t;, + 99t, + 40Ot + 200t, + 300t. + 100t,
s.t. [1 -1 -1 0 0 0 41 30 0 0 0
-1 0 0 -1 0 0 -60 0 3 0 0
-1 01 0 o0 -2 oflX Tl tlo o a3 olX
1 0 0 0 0o -1 0 0 0 0 31
0] 30 ]
0 11
0 30
o | L% |3
0 31
o [31




98
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CHAPTER VI
CONCLUSIONS AND RECOMMENDATIONS

The principal objective of this study was to develop a group
theoretic algorithm for the fixed-charge transportation problem., This
algorithm is presented in Chapter III and computational experience with
the method is given in Chapter IV. The largest problems previously
solved optimally and reported in the literature had six sources and
eight destinations. Problems with various cost structures and mn = 100
have been successfully sclved using the algorithm of this research.
Further, it is shown that the group problem associated with (FCTP¥) may
be viewed as a multiparametric integer programming problem having a
totally wmimodular constraint matrix.

During the course of this investigation numerous other questions
arose and remain unanswered. Six of these which are a logical extension
of this work are listed below.

i. Surrogating Rows of the Group Problem. ALG-3 uses the group
problem to develop penalties by consideration of only a single row at a
time, Consequently, any interaction information between twoc rows of the
group problem is lost. It is conjectured that these rows can be surro-
gared in some manner to yield better information from which to obtain
penalties.

ii. Additional Computational Experience. Additional computa-

ticnal experience is needed to determine if there is a significant
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difference between probiems with |n-m| large and |n-m| small with the
product, mn, held constant.
iii. Extension to the Fixed-Cost Flow Problem. The fixed-cost

flow problem for a network [N,A] may be defined as follows:

(FCEP) min ) alx,y)f(x,y) + bx,y)d(x,y)
(x,y)eA

s{x), xe 8§

a, xe R

st. f(x,N) - £(N,x)

-t(x), x e T

0 < f(x,y) < clx,y), (x,y) € A
and
1, if f(x,y) > 0

dix,y)

0, otherwise,

the it cost to use (x,y),

where alx,y)

f(x,y) = the flow in (x,y),

b(x,y) = the fixed charge for (x,y),
c(x,y) = the capacity of (x,y),

s = the set of sources,

T = the set of destinations,

R =N -5-T,

s{(x) = the supply at source x, and

t{y) = the demand at destination y.
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Zavarei and Irisch (36) have shown that (ICFP) can be converted to a
(FCTP) at the expense of additional nodes and arcs. Clearly, (FCFP)
can be solved by converting to (FCTP) and applying ALG-3., However, it
is conjectured that the theory developed in Chapter III can bhe extended
to solve (PCFP) directly.

iv. Unimodularity of the Group Problem. Intuitively, it appears
that viewing the group prablem as a multiparametric integer programming
problem having a totally unimodular constraint matrix would be useful
in constructing a soluticn procedure for the fixed-charge transportation
problem. The full strength of this information has not been exploited
for ALG-3. There is need for further work investigating means of solv-
ing a multiparametric integer programming problem.

v. Penalty Strength. There is need for a computational study
designed to determine the value of the use of penalties to direct the
algorithm. This would invplve resolving the 54 test problems using only
the LP bound to guide the algorithm and comparison with the results in
Table 3.

vi, Selection Rules. ALG-3 used the largest penalty to determine
the variable to be fixed at the next iteration. Numerous other possi-
bilities for the selection rule exist, and additional information about

these rules would be useful.
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APPENDIX A

FORTRAN CODE FDR ALG-3

PROGRAVM TO SOLVE THE FIXED=-CHARGE TRANSPORTATION PROBLEM BY ALG=3
KENNINGTON

VARIABLES

M=ND., OF SOURCES
N=ND, OF DESTINATIONS
IS(I)=THE SUPPLY AT SODURCE 1
ID(JY=THE DEMAND AT DESTINATION J
IC(KI=THE UNIT COSTS
IF(K)=THE FIXED COSTS
IU{K)I=THE ARC CAPALITIES
ADJ=AN ADJUSTMENT FACTOR
ITYPE=A CONTROL VARIABLE ON THE SELECTION PROCEDURE
(ITYPE=1 IMPLIES PRIORITY. ITYPE=2 IMPLIES LIFO)

INPUT
CARD 1 = PROBLEM IDENTIFICATION

CARD 2 = MrNeADJPITYPE (ND. OF SOURCESe ND« OF DESTINATIONS:
ADJUSTMENT FACTOR To CHANGE THE FIXED COSTS DIVINED
BY THE ARC CAPACITIES INTO AN INTEGER» SELECTION
RULE)===ALL VARIABLES ARE INTEGER AND ARE READ
BY (1316) SPECIFICATION

CARDS 3+4,ETCe = SUPPLIES,DEMANDSe UNIT COSTS WITH THE
SECOND SUBSCRIPT CHANGING MOST RAPIDLY:
FIXED COSTS WITH THE SECOND SUSSCRIPT
CHANGING MIST RAPIDLY., ALL VARIABLES ARE
INTEGERS AND ARE READ BY (1316)
SPECIFICATION

RESTRICTION = THr PROGRAwW IS RESTRICTED T0O PROBLEMS WITH MN
«LEs+ 100,

FUNCTION INDEX
INDEX(Ird) = (I=1)4N + J L
COMMON  MsN»COST(162) 1LABEL1(62) »LABEL2(62) +LABEL3(62) +PI(62)s
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* NL{B2¢62) ¢ MBIG+ MNP NPPr NG NQRPNASNT LX(162)
£IX(162) e IY1E2)
* JEFFr30UNDISIBLY rINCPLEL»CL{2BRT2) P VCPRICP(100) ¢ JLKL(5161) ¢
* SCOSTI162)pIF(100) fTUCLOD) »IC(100) v JUDY P TITLE(LS) ISOLA{100} #ITER
* 2 JLAF(10U) rJLKC(100)

INTEGER COST5COSTeF(162),09J(200)+ADSr0BrCLeCPePIFLUPENCL1GO),
* DPENI10D) ¢ 5DUND*UPrDPrVCPRrBIPENSZ

DIVENSION I15(50)sID(50) rNX{100s2) s NSIJ(10002) rLAM(62}¢KY (100},
*JY (100)

EQUIVALENCE{(F 1) eLX(1))

NPRT = 100

0 READ 3» TITLE
FORMAT(13a6rA2)
PRINT 4»TITLE
FORMATI(IH1,13R60A2 )'

O F W O

READ 1'MeNraADJr ITYPE
FORMAT(1316)

MN=V*N

IF{WN.LE.100)} GO TO 110

[N

ERROR MESSAGE

o000

IRR=1

100 PRINT 2rIRR

2 FORMAT{6H1ERROR,I5)
GO TO 10

2000 FORMAT(//)

c
110 READ 1o {IS(1)eI=1eM) » (ID(I)2I=1sN) » CICCID oIS, MND, (IF(I) ISy

1 MND
c
c PRINT PROBLEM
c
PRINT SsMeNtADJ» ITYPE
5 FORMAT(15HOND. SQURCES = 13¢5X+19HNO. DESTINATIONS = I3» 5X I8¢
1 5% 12)
PRINT 9
9 FORMAT {7HOSUPPLY //)
PRINT 7+ (IS(I)rIZ1eM)
7 FORMAT(211I6)
PRINT 8
8 FORMAT (7THODEMAND //)
PRINT 7+ (1D{(1)eI=1rN)
PRINT 200D

DO 120 I=1+¥
D0 120 J=1¢N
KSINDEX(I»J)
120 PRINT 6elpude ICIK) 1o e IF(K)
FORMAT(3HOC( I2r1He I2» 4H) = I6eSX 2HF{ I2+1HeI2+4H) = 016)

CALCULATE ARC CAPACITIES

oo

I = ITIMELJyJUDY)
DO 130 I=1eM



130

140

[
0
(=]

aon OoOO00O0OOnNnOnD
=
[« -}

KEY = IS(I)

20 130 J=1rN
K=INDEX (I )

IUIK)= MINOECKEY.IDULUY)

DO 140 I=1rM

D0 140 J=1rN
K=INDEX[I»J)

JLKFIK) = IF({K)
JLKCIK) = 1C({k)
IF(K}=IF(KI*ADJ/TUIKY
ICIK)I=IC{x)*ADJ

SETUP THE NETWORX

MN1=MN+1

MNPL = M#N+1

K=0

NCP = 0

DO 150 I=1eM

DO 150 J=1'N

K=K+1
SCOSTIKIZSICIK)+IF(K)

20 160 I=1rM
K=K+1
COSTI(K)=0

M3IG = 9999999999
DO 170 J=1N
K=K+1

COSTIK) = M3IG

S5TEP 1

DO 190 I=leMn
CR(I)=1

CP(1)=1 IMPLIES Y(1l:1} IS FREE
=2 IYPLIES Y{1l.1) IS5 O
=3 IvpPLIES Y(1l.1) IS IV

STEP 2
DO 208 IZ1rMN
COST{(I)=SCOST(I)
LCL = 0
ITER = 1
NPP = MN + M
N@ = uMN + 1
N3 = MN + M + N
NB = W+N
NT = N3 + 1

11 NPP + 1
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131

192

193

194

207
209

OO0

213
212
211

210

220

560

550

DO 191 I = NRWNPP
LX({I) = IS(I=wN)
DO 192 I = lI«NQQ
LX(II=ID(I=-NPP)

K =0

DO 193 I = 1M

DO 193 J = 1N

II1 = M+J
K = K+l
LX{K) = 0
NLI{I»I1) =
NLI{IIeI) = K
IX{K) =
IYiK) = I1
DD 194 I = 1.NB
NZ = MN + ]
NLINT:I) = NZ
CALL NETWRK

GO TO (209:207)
IRR=4

GO TO 100
CONTINUVE

CALL SOLCST

STEPS 3 AND 4

INC=D
KOOL=1
DO 211 K = 1lesMN
IFIF(X).EQG.0) BO

IF(F{KYEQ.IULK}) Bo TO 213

KQOL=2

INC = INC + IF(K)I*®IU{KI+ICIK}®F(K)

ISOL{K)=F (K}
CONTINUE

GO TO {210.220)KOOL

CALL DUTPUT
G0 70 10

STEP 5

CONTINVE
NXX =0
NSSIJ = 0
DO 570 I = 1M
DO S70 J = 1N
K = INDEX(IrJ)

IF(CP(K).EG.1) GD To 560
IF(CP UK} sEQ+ 3. ANDWF(K) sEG. D)

GO TO 570

NSSIJ = NSSIJ+1
NSIJINSSTIJel) = 1
NSIJ{NSSIUr2) = J

IF(F(K)+ER.0) 5O TD 550

60 TO 570
NXX = NXX + 1

GO TO 550
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570

571
580
575

o90

630

mnoOoa

640D

641
642
643

645

647

NX INXXrl)=I
NX({NXXe2) = J
CONTINUE

IF(NXX.EQ.C) 60 TO 575

DO 580 1 = 1leNXX
II = NX(Ie1}
JJd = NX(Ie2)
K = INJEX(IIrud)

IF(CPI(K)+EQ.3) GO To 571
08J{I) = PI(JU+M}=PI(II)I+SCOST (k)

G0 TO 580

08J{I) = PL{JU+M)=PI{II)+IC{K)

CONTINUE
CONTINUE

IFINSS5IJeEQ.0} GO TO 630

DO 590 I = 1+N5SIJ
II = N3IJ(Irl)

JJ = NSTJ(Ir2)

K = INDEX(IL»JJd}
0RJII+NXX) = JF(K)
CONTINUE

CONTINUE
NNN = M + N
KOOL = NXX + NS5IJ

STEPS 7r8s AND 9
NODE = MN1+v+N
LUCK=0
DO 700 I=1+¢M

DO 700 J = 1N
KSINDEX(Ird)

IFICPIK).GT.1) S0 To 700
IFIF{K) sEQ«U.DRF(K)EG.IU(K))GD TO 700

DO 640 II = LeNNN
LAMOIT) = 0

IF(LASELL(L) .EQ.J+M} GO TO 650

LABEL = =1

KEY = J + M

LAMIKEY) = LABEL
K=LABEL2(KEY}
IF(K.+EQ.0) GO TO 660
IF(K.£0.0) GO TO 645
LAMIK) = LABEL

KK = K

KSLABEL2(K)

60 TO B42

K=LABEL3{KK)}
IF{KeEQeD) GD TO 647
GO TO 643

K=LABEL1 (KK}

IF(K.EQ.KEY) GO TD 66D
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648

650

ocOO0ONn

651

663

670

6RA5

671

686

687

630
695

IF(LABEL3(K).NE.O) GO TO pUn
KK=K
GO TO 647

K=LABEL3(K)
GO TO b4l

KEY =
LABEL = 1
LAMIKEY) = 1

K = LABEL2(KEY)
GO TO 641

I

EVERYTHING IS NOW LABELED CORRECTLY

CALCULATE THE ROW

CONTINUE

LUCK=LUCK+1

UP = 99999999

DP = 99999999
IF{NXX.EQ.0) GO TO 6B5
DO 670 K=1eNXX
II=NX{Kr1l)

JJUSNX (K2}

KEY = LAM{II) = LAM{JJ+M)+2
03 = 0BJIK)

GO TO {(6B1rBT70r663) rKEY
IF(UP.LE.DB) 0 TO 670
UP = 0B

G0 TO 670

IF(DP.LE.OB) GO TO 670
DP=0B

CONTINUE

IF(NSSIJ.EQ.0} GO TO 695
DO 690 K=1sN55IJ

II = NSIJ(K»1)

JJ NSIJ(Kr2)

KK = INDEX(II»JJ)

IF{ITI.EGeIANDJJLEQ+J} GD TO 671

60 TO B90

KEY = LAM(IJJ+M)=LAM(II)+2
0B = OBJIK+NXX)

G0 TO (686r590r6BTIIKEY
IFtUP.LE.D3) 60O TO 690

UrP = 0B

G0 TO 690

IF(DP.LE.OB) G0 TOD 690
DP=0B

CONTINUVE

CONTINUE

KY(LUCK) = 1

JY(LUCKIZD

K=INDEX{I»J)
UPEN(LUCKI=UPx(TU(K)=F{K))
DPEN(LUCK)ZOP4F (K)
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700

750

920

930

940

950

960

961

CONTINUE
S5TEP 10

IF{ILUCK.GT«0) GO TO 750
IRR = 5

60 TO 100

CONTINUE

PENZD

DO 920 I=1rLUCK

Z = MINDIUPEN(I)»DPENIIY)
IF(ZJ.LE.PEN) GO TD 920
PEN = 2

CONTINUE

STEP 12

@ = =999999999

KEY=0

DO 940 I=1.LUCK
IFIUPEN(I).LELR) GO TO 93D
B=UPEN{I)

KEY=1

JEFF=1

IF(DPEN(I)«LE.Q)GD TO 94D
Q=DPENI(I)

KEY=1

JEFF = 2

CONTINUE

G0 To (950+1000)+ JEFF

STEP 13

CONTINUE

I1 = KY(KEY)

JJIZJIYI(KEY)

K=INDZX{ILruJ)

KOOL = VCPR + @
IF(KODL+GEINC) GO TO 961
LCL = LCL + 1

crPiK)=3

DO 960 I=1ruN

IT=VN#LCL + I -~ MN

JK = (II-11718+1
FLD(22(II=(JKk=1)%18)=2s2CL(JK))
BQUND(LCL) = yCPR+Q

NCP = NCP + )

JLKLCLCL) = NCP

CONTINUE

KOOL = VCPR + PEN
IF(KODL.GE.INC) GD TO 1034
LCLELCL+1 -

KKSLCL*MN
IF(KK.LE«516096+ANDLEL+LE«+5161)
IRR=3

60 TO 100

= cP(D)

5O TO 97n
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970

980

1010

1011

c
l1p20

1030

1031
1035

108

crPiK)=2

DO 980 I=1evwN

TI=UN#(LCL=~1)+]

JK = (11=1)/18+1
FLD{2*(II=(JK=1)#18)=2¢2,CL{JK}} = CP(I)}
BOUND(LCL)=VCPR+PEN

NCP = NCP + 1

JLKL{LCL) = NcP

GO TO 1034

STEP 14

CONTINUVE

II = KY(KEY)

JJUSJY (KEY)

KSINDEX(II»JJ)

KOOL = VCPR + @
IF{KODL.GE-INC) GO TO 1011
LCL = LCL + 1

CPIK) = 2

DO 1010 I=lrvN
II=MN*(LCL=1)+1

JK = (II-1)/718+1
FLD{2*(II-{JKk=1)*18)=2+2,CL(JK}) = CP(I)
BOUND(LCL)I=VCPR*R

NCP = NCP + 1

JLKLILCL)Y = NCP

KOOL = VCPR + PEN

IF(KOOL+GE.INC) GO TO 1034

LCL=LCL+1

KK=LCL*MN

IFIKKeLE«516096+AND+LCL-LE.S51B1} GO TO 1020
IRR=3

GO TO 100

CPIK) =3

DO 1030 I=1+MN

II = UN®{LCL=1) + I

JK = (II=1)/18+1
FLD(2x{I]=~{JKk=1)%1B)=202,CL(JKI)) = CP(])
BOUND(LCLISVCPR+PEN

NCP = NCP + 1

JLKLILEL) = NCP

STEP 15

CONTINUE

IF(LCL.GE.1) GO TD 1031
CALL DUTPUT

GO TO 10

CONTINUE

GO TO(103521065) v ITYPE
CONTINUE

KEY = 0



1040

1050

1051

1100

1110

1120
1125
1130
1132

1133

LARG = MBIG

DO 1040 I=)rLCL
IF(BOUND(I).GE+LARG) GO TD 1040
LARG = BOUNDI(])

KEY = I

CONTINUE

IF(KEY.GT.0) 60 TO 1041

IRR = B

G0 TO 100

PLACE THIS IN CP

CONTINUVE

DO 1050 I=1rwmy

J= MN*{KEY=1)+]

JK = (J=1)/18B+1

JL = 2*¥(J=(JK=1)%1B)=-2
CPLIY = FLDUJL+2rCL{JK})
K=MN*(LCL=1)+]

JM S (K=1)1/71B+1
FLD(JLe2eCL(UK)) = FLD(ZR(K=(JUM=1)%18)=2r3,CL{IM))
BOUNDIKEY) = gOUNDILCL)
JLKLEKEY) = JLKL{LCL)
LCL=LCL=1

G0 TO 1100

LIFO

KEY = 1

LARG = 0

DO 1051 I = 1.LCL
IF(LARG.GT.JLKL(I)) GO TD 1051
LARG = JLKL(I}

KEY = 1

CONTINUE

GO TO 1041

STEP 16

CONTINUE
DO 1110 I=1.wN
COST(I)}=SCOST(I)

DD 1130 K = 1+MN

KEY = CP(K)

GO TO(1130¢1120+1125)¢KEY
COST(K) = M3ls S
GO TO 1130

COSTI(K)IZICIXK)

CONTINUE

II = NPP #+ 1

D0 1132 1 = 1,y

LX(I) = @

30 1133 I = NQ#NPP

LX(I) = IsiI-uN)

DO 1134 I = 11 r NGOG
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1180
iz200

160

lo055

LX{I) = ID(I=NPP)
ITER = ITER + 1

CALL NETWRK

60 TO (1131.1140)r JEFF
STEP 17

CONTINUVE

DO 1136 K = 1MN
IF(CP(K)+EQ+2.AND.F (K} .GT,0) BD TO 1140
CONTINUE

CALL SOLCST .

IF(VCPR.GE-INC) GO TD 1140
GO TO 1150

STEP 18

IF(LCL.NE.D) GO TO 1031
CALL QUTPUT
G0 TO 10

5TEPS5 19 AND 20

JEFF=0

LYNN=1

D0 1200 K = 1.9N
IF(F(K).EQ.0) GO TO 1200
IF(CP(K) .EG.3) GO TO 1180
IF{F{K)+EQ.IU(K}IGO TO 1180
LYNNS2

JEFFSJEFF+IFIKY *IUIKI+ICIK) »F{K)
CONTINUE

IF(JEFF+GE+INC) GO TO 1055
INC = JEFF

DO 10680 I=1rMN

ISOL{I}=F(I)

CALL UPDATE

60 TD (1034,220)+LYNN

END

111



921

923
928

SUBROUTIME SOLCST

COMMOL e, TUSTIL62) rLABELY (02) rLANEL2(62) s LACSELS162) 1 PTLE2)
= NL(B2r62) o MRIGrMNe 2 PH, N NOR B NT,

xIX(162)s IV (1A2),

« JEFFouOVND (51620 » X1 Cr CLeCL(2B6T2) VCPReCP(1y0) o JLKL(5161)

LX(162)

112

= SCOST1162),TF(100),IU(200),IC(200},JUNY, TITLECL4) £ 1SOL(100}ITER

* s JLKF(100) »JLKC(10)
INTEGER TOSTeSCNSTep(le2)
= ROUND VCPR

EQUIVALEMNCE(F (1} sLX (1))

VCPR=0

DO 928 K=1,MM

KEY=CP(Kx)

60 TO (971,928,923),KEY
VCPR=VCPR+SCISTIK) *p (K)

G0 TO 923
VCPREVCPRHIFIK) U} +ICIK)%F (K)
CONTINUE

RETURN

END

CLecPePle



5000

6000

20

7000

113

SUBROUTIMNE oNTPUT

COMMON My, CUST(165) P LABELY {02) rLAREL2 (62 ,LABEL3(62) +P1(62)¢
= NL(6Z2¢62) rMRIGIMN PP NQrHAONBINT, LX(162),
=IX(162}e1Y(1A2)
= JEFFsBOHRD{5161)»I1e:Co CLCH L286T2),VCPRICP(100) v JLKL(S161)
*x SCOST1162),TF(100),JUCLI00) ,ICC(200),JUDYTITLE (14} ISOLL100)},ITER
= pJLKF{100) ¢ JLKC{1p0)

INTEGER COST»SCOST, CLeCPePIe
- ROUND VCPR

1 = ITIMFLJ, JUD)
PRIMT 4,TITLF
FORMAT(1H1,15A6rA2)

PRINT 5

FORMAT( THOSNURCE Sy 1IHDESTINATION,SX 4HFLOW // )
DO 10 1=1'M

DO 16 J=1+¢N

K = (I=1Y*N + J

PRINT 6r1rd, TSOLIK)
FORMAT(ISrSXr 104Xy 19)

TIME = (JUU=JULCY)} /5500,

PRINT s000,TTML

FORMAT (1HU, THTIME = Fl0,.4)

PRINT 6000, 1TER

FORMAT (21HOMNO. OF ITERATIONS = 19}
KooL = 0

DO 20 I = 1,™N

IF{ISULIT).ER.D) GO TO 20

KOOL = KNOL + ISOL{y)= LKC(TI+JLKF{(T)
COMTINUVE

PRINT 7000.kPOL

FORMAT (12HOTNTAL COcT = I1O)

RETURK

END



1041

1045

1046

1050

220

114

SUBROUTIME UPDATE

COMMON My i, 2OST {16~} r LABELY (02) P LANEL2(H2) yLABEL3(62) »PI{62) s
= NL(BZ2¢62) yMIATGsMNy PP, NQyNPRyNB e NT, LX{162)¢
=IX{1162),TY(1R2),
= JEFF 801015161 InCrLCL o CI (2R672) ,VCPR+CP{140) v JLKL(5161),
® SCOSTU1A2),TFL100),1U(100),IC(100),JUDY s TITLEC14),ISOLI100)+ITER
®=  pJLKFt10U0)»JLKC(1nD)

INTEGER FOSTeSCOST CLeCPePIe

= BNUND VCPR

IF(LCL.E".0) RETURN

I=1

IF(ROUNDII) ,LTLINC) GO TO 1nS0D
IF(I.T.LCL) GO TO (045
LCL=LCL~1 i

GO TO 22n

DO 1046 K=1,MH
{I=1)xMN + K
fLCL=1) *MN+K

(JJ=1)/718+1

(II=1)/18+1 :

FLD (22 (IT=(UM=1)%18)=2,2,CL(JM)) = pLD(2*(JJ=(JK=1)1%18)~212)
= CLIuK)!?

BOUND (]} =BOUMND(LCL)

JLKL (1) = JLKLILCL)

LCL=LCL=1

GO TO 1041

IF(1.£Q.LCL} GO TO 520

I=I+1

GO TO 1041

RETURN

END

L
[
nenn



1)

55

115

SUSROUTIME 17 TwWRK

DIMEHSION T4%tun),»T.R(u0y, ITLL4DY r ITR(LO)
COMMON NSeNDrIC L1162y I5T{62) s IULER) s TRIA2) 1 IP (o) v IL(62¢102)
2 MEIGeN PP, NEQr BT, X162 IX(162)10 1Y 102) + JEFFr

=BOUNND (5161 ), TNCLCL,CL(286T72)»VCPRrP{100) p Ui (S161)
= SC0Ste1mp2),TFLLI00),
w«ZU(100)»2C¢1N0) v JUDYr TITLE(14),1S0L (10N} ITER
xSy JLKF{100)sJLKC(1n0)
DO 3 I=1¢NB

IDI1I)=D

Iut)i=o

IR{I}=0

00 4 I=1sNS

K=N+1

IP({I)=ICLK)

DO 5 I=1eND

K=NPP+]

J=T+NS

IPtUI==ICIK)

COMPUTE FVAL'IATORS
J=0

Jzd+l

IFtJeT.M) G2 TO S4
K=IxtuJ)

L=IyiJ)
ICAZIC I -IPIK)I+IP()
IF(ICE.6F.0) GO TO ¢
GO TO 55

IFtUGT ,NPP) GO TO =4
K@= =i+
1CB=1C(JY-IP (KA}
IF(ICB,.GF«0) GO TO g
GO TO 60

CONTINUE

ROOT TRACE

SOURCE STDE

I=0

KXZK

I=I+d

ITL(I)=KX

KX=1D(KX)

IF{KX.NE.D} <0 TO 7
DESTINATION SIDE

KX=L

M=0

M=M+1

ITR{M) =KX

KX=ID(KX)

IFIKX.NE.O) 50 TO 8B
IEP=MBIG -
IF(ITL(IYaEG.ITR(M}y GO TO ©
DETERMINF LEAVING VaRLIABLE
SQURCE STLZ

I=0

KX=K

Ig=~1



10

11

12

13

14

1l

KyzkX

KX=ID{KX}

Ip==1b

I=1+1

IF(KX.EQ.,0) 60 TO 1,
JMZMNLIKY KX)

IaL(I}=uM

IF{IB.LT.0) 50 TO ln
IDT=LX{JuM)
IFLIDTGTLIE™) GO Th 1p
IEP=ILT

IFG=1

KCH=KX

LyzuM

GO 70 10

TIAL(I)=H4KY
IF(KY.GT.NS) 6O TO ;2
IDT=LX{N+KY} ‘
IF(IDT.GT.IEP) GO Tq 12
IEP=IDT

KCN=KY

LVI=N+KY

IFG=2

DESTINATION SIDE

M=0

KX=L

IB==1

KY=KkX

KX=ID(KY)

IB==-1

M=M4 1

IFIKX.EQ.0) G0 TO 1,
JMEML AKX KY)

TAR(M)=uM

IF{IBJLT.0) RO TO 13
IDT=LX o™}
IFLIDT.GT.IEP} GO Tpn 13
IEP=ILT

IFG=3

KCN=KX

Lv=uM

G0 TO 13

IAR (M) =N+KY
IFIKY.LE.NS) GO TO 16
IDT=LX{N+KY)
IFtIDT.GT.IEP) GO Tn 1p
IEP=IDT

KEN=KY. "~

LVIN+KY:

IFG=4

CHAMGE VARIAALES STeM TO STFM
LX{JIZLXTIN)+TEP

In=y

DO 17 16=1,1

In==1b

JBEZTAL{LIR)
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17

18

19

21

80
sl

23

117

LXLJBRY =LY LN+ [P~
Id=1

DO 18 1G=leM

IR==1b

JBZIAR(IG)
LX(UB)I=LY (R +]EP®]

G0 TO (19r19.20.20),15G
CALL GRFTEITRIL)IT (Ll)+KCNyKYZ)
IMZTITLe DY

IZZITR(Y)

IF(IFGL.ER.1) GD TO »i
IF{I.c@,') &N TO 21
JXTKEN

JY=SITL({I=-1}

KU=IUuLJY)

IDtUX)=zyY

IutgY)=uX

IR(JUX =K\ .
G0 TO 21

CALL GRFTHITLIL) »ITRiLl)rKCNeKYZ)
IM=TTRL1}Y

IZ=1TL(1}

IF({IFG,ER+3y GO TC »1
IF(M.EQ.,1) GN TO 21

JXZKCN
JYZSITR (M=1)
KuztUoay?
ID(UX)=JY
TutJY)=uX
IR(JX)=K!!

IF{IM.GT.NS} GO TO p0
IP{IMI=ICI)+IP(IZ)
G0 TO a1
IP{IM)SIPUIZY=1C(J)
CONTINUE

CALL PIRTUIM}

60 10 22

SAME TREE=DETERMINE JOINING NOOE
I1=1

M1=y

I1=11=1

" Ml=ml-1

40

24

IF(11.EG.0.0°-I41.EQ_D| GO Tf‘ "D
IFCITL(IV) LERLITRIMy)) GO TH 23
KJN=ITL(T1+1)

I=0

KX=k

IR==1

IF(IDIKXYEG.O) GO 0 25

KY=kX

KXZID(KY?)

Ip==IB

IFIKY.EQ.KJNY GO TO 25

I=I+1

JMZHLIKY P KX)

IaLil)=u™



26

a7

28
42

29

31

32

33

42
83

IF(IB.LT.VU) "0 TO 2y
IDT=LX{JM)
IF(IDT.GTIEP) GO Ton 24
IEP=10T

IFG=1

KCH=KX

Lv=uM

GO TO 24

M=0

KX=L

1B=-1
IF(IDIKX)Y+EQ.G} GO +O 27
KY=kX

KX=IDIKY)

I8==1B

IFIKYLEG.KJN) GO TO 27
M=M+l

JM=NL (KX»KY)
IAR(M)zuM
IFtIB.LT.0) 50 TCO 24
IDT=LX{JM)
IFLIDT,.GT.IEP) GO Tp 2¢
IEP=IDT

IFG=2

KCN=KX

Lv=yM

GO TC 26

MAKE VARTASLE CHANGF
LX(JISLXIJ)+TIEP

IB=1

IF(I.EQ.N} G TO 42
DC 28 I6=1.1

IB:-IB

JB=TAL(1IR)
LX(JB}=LY R+ EP=]p
IB=)

IF{M.EQ."} G TO 43
DO 29 1G=1,M

I==Ib

JBSTAR(INR)
LX(JB)IZLYIJRI+IFPx]Ig
GO TO (31»32)¢1FG

CALL whRFTIITRILIIT) (1) rKCNeKY2)

IM=ITL (LY
IZ=1TR{L}
G0 7O 33

CALL GRFTIITL(1)»ITntl)rKCNyKY2Z}

IM=ITR{1)
IZ=1TLiY
IFLIM.GT.NS) 60 TO g2
IPLIMI=In i Y+ IPLL2)
GO TO 83
IPLIM}=IPIIZY~IC LU}
CONTINUE

CALL PIRTIIM)

GO TO 22
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€ ENTERING ROOT
¢ DETERMINE LEAVING VARIARLE

[-11]

bl

62

03

64

&7

&5

[-15]
68

70

I=0

IEP=MBIG

KXz=kQ

IB=-1

I=141

KYZKX

ITL(I1)=KY

KX=1D(KX)

Ia=-Ib

IFIKX.EQ.Q) =0 TO 65
JMZNLIKYrKX)
IaLgl)=u™M
IF(IR,LT.0) 50 TO &
IDT=LX (JM)
IF(IDT,.GTLIE™) GO Tn 63}
IEP=IDT

IFG=1

KCN=KX

Lv=UM

GO TO b1

IAL (1) =N+KY
IFIKY.GT.NS) GO TO g3
IDT=LX (N+KY)
IF{IDT.GT.IE™) GO Tpn b3
IEP=IDT

KCH=KY

LVEN+KY

IFG=2
LX{JISLY )+ TIEP

1=

DO 64 L=1r1

IR==1Ib

IG=1ALIL}
LX{IG)ISLYULIGY+IEP=]In
KX=KkG

KO=1ID (KX}

IDikX)=0

KR=IR{KX)}

IR(KX}=0

IF(IVIKDY+EQ.KX) GO TuU 685

K = LUKD)

IF{IRIKBY +EQ.KX) GO TO 66

KB=tR (KA}

GO TO &7

IU{KD)=KP

G0 TO w8

IR(KB)=KR
IF(KCHL,ENWKDY 60 TO 70
CALL WRFTUIKXeKLeKCH, KYZ)
IM=KkX

IP{IM)=IC (D)
IF{IFG.EN.1) 60 TO 9
JX=KCHW

JY=ITL(I=1)
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Ku=t1Ut Jy)
IDtuX)=uY
IU(gY)=ux
IR{UX}=K!
©9 CALL PIRTUIM)
GO TO 22
34 CONTINUE
NPPP = NPP 4 1
DO 10Up T = MPPP,NGA
IFILX{I}.6T.N) 60 Tp 1p012
1000 CONTINUE
JEFF = 1
RETURN
1001 JEFF = 2
RETURN
END
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SUBROUTINE GRFT(NrIgeNCIK)

COMMON NSeDe ICI1621210(62),TUIE2) s TRIGE2) 1 TP (02) sNLIE2,62),
x MBIGrTo+MPP MU NGOr BT, LX(162)y o IX(162)01Y(162) ¢+ JEFF,
=BOUND(5161) , THC»LCL,CL{28672),VCPR,cP(100) e LKL {5161) ¢
» 5COST(1A2),TF{100),
wZUC200)»7C(100) v JUDys TITLE (34}, ISOL(100) 2 ITER
x g JLKFC100)»JLKC(1n0)

K=1

L=N

=Is

MR=TRIM)

Lu=IViL)

KD=ID (M)

IDtMI=L

IulL)=M

IR(M)=LU

IF{M.EQ.NC) 60O TO =

L=M .

=KD

IF{M.EGQG,N) &N TO 7

IF(IViM) EQ, L) GO T 2

MZ=TUIM}

MZZIR{MZ)

GO TO 3

IUIM)=MR

GO T0 5

IR(MZ)=MR

IF(M.EQ.NC) GO TO 7

MR=IR (M)

KD=ID(M}

ID(MI=L

1Z=1UtL)

IULLI=M

IR(MI=]1Z

K=K+l

GO TO 1

RETURN

END '
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SUIROUTIME FIARAT(I) .

COMMDI NSNS, IC (1522100623 IU6P) IR P IP{62)INLIB2,62)
2 MAIGe N NPRPY NI NTINT, Lx{162) 9 1X{162),1Y(162) + JEFF,
*B0UNDIS5161) e TNC P LCLCL({28572) ¢+ VEPR,CP1100) » JLKL (5161
« SC0ST(162)rIFL10C),

AZ2U(100) . ZC 0100 rJUDY  TITLE (1LY »ISOLL10D) »ITER
*  yJLAF(100),JLKC(L0D)

J=1

IF(IUlJ)+EQ.0) GO TO 1

LT

£=NL(ueL)

IF(L.8T.NS) GO TO 3

IP(LYSICHKY+IR(D)

G0 TO 4

IP(LIZIP{SH =10(K)

IF{IUiL).EQ.n} GO TO 7

JeL

50 7O 2

IF(IR(L)+EQ.0) GO TO 8

L=IR(L)

GO TO 10

IF(JLEQ,IIGD TO 1

IF(IRVJ}+EQ.0}G0 TD 9

L=IR(J)

JETD(J)

&0 T2 19

IO

GG TO B

RETURN

END
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