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PROGRESS REPORT 

DEPART 	OF ENERGY CONTRACT DE-AS05-81ER40003 

FCH THE PERIOD NOVEMBER 1, 1980 - July 31, 1981 

I. PERSONNEL 

In addition to the Principal Investigator, Professor Joseph 

Ford, this research involved the Research Associate, Dr. Franco 

7ivaldi. Also involved were the informal consultants and collaborators, 

Profesor 3. V. Chirikov and colleagues (Novosibirsk, USSR) and Dr. 

J. L. Tennyson and colleagues (Berkeley, USA). 

T.ACTIVITI S AND PAPERS 

Dr. Franco Vivaldi attended DOE organized meetings at SIC and 

Fer7dlab. He will spend the period August-October collaborating with 

Professor B. V. Chirikov and his colleagues at the Institute of Nuclear 

7h7S7ICS in Novosibirsk, US'IH. Professor Joseph Ford was an invited 

7neak?r at the "Thrkshop on Lon ,-Tiir Predictions in Nonlinear Conser-

vative 777namical Systems," University of Texas, :larch 16-19, 1)31, and 

at the "International '3ymPosium on Synergetics," Schloss Elmau, Bavaria, 

lril 27 - 'lay 2, 1;61. -Zhile in Europe, he also presented invited lectures 

at ,he niversities in Utrecht and Zurich (ETH). 
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1. J. Ford, "Ergodicity for Economists," in New Quantitative  

Techniques for Econcnic Analysis, Edited by G. P. Szego 

(Academic Press, Inc., New York, 1281). 

2. J. M. Greene, R. S. MacKay, F. Vivaldi, and M. J. Feigenbaum, 

w2niversal Behavior in Families of Area-Preserving Maps," 

accented for publication in Physica D. 

3. F. 7ivaldi and J. Ford, "Symmetries in 1.5 Degree of Freedom 

::aniltonian Systems," J. Math. Phys. (to be submitted). 

. T. Chirikov, J. Ford, F. M. Izrailev, and D. L. Shepelyansky, 

"':odulational Diffusion in nonlinear Oscillator Systems," to 

aPpear in Prcc. IX Intl. Conf. on Nonlinear Oscillations, Kiev, 

I. 7=7 DESCHIPTION OF THE RESEARCH 

In high energy particle accelerators, a weak instability-- 

Arnolld or modulational diffusion-- arises in the colliding particle 

:eams whenever the stochastic Particle motion orthogonal to a stochastic 

layar is transformed into motion (diffsion) along it • The ori7inal 

motion, ..hose detailed features ultimately deter -line the 

iorr rate, can e locally modelled 'fly relatively simple two 

of freedom sT3tems that can he studied in detail. Cur initial 

-':::crt9 have boon rc -used on such t7To 23-reo of freedom systems with 



the aim of developinF techniques for determinirF7 the stochastic 

threshold and the location and shame of stochastic components 

thrcum7h the analysis of Periodic orbits and their bifurcations. 

In collaboration with Greene, MacKay, anl Feigenbaum, we have 

cr)tained results regarding; stochastic cbmnonents which have a 

universal character and which are, therefore, applicable to any 

,::eam—eam model. Some of these techniques have been further developed 

and abolied by us to a class of systems driven by a periodic force 

—i -_, 1din7 results of Particular interest for modulational diffusion 

in beam—beam interactions. Specifically, in the case of a modulated 

eystem, we have derived a general analytical estimate fcr the layer 

idth. .s our first effort to observe modulational diffusion, we 

H.7.0 -;:ed the earlier work of Chirikov and Izrailev which studied 

a monodimensional, modulated system coupled to one additional 

d•nar7ical variable. ':16 thereby not only observed modulational 

diff':sion we also improved the previously given semi—analytical 

estimates and we obtained a set of critical values for one system 

earamater (deture) at • .ich the diffusion rate dramatically increases. 

our most recent research, we have turned to multi—dimansional 

3pecffically, we have considered coupled, nonlinear oscillator 

.:77L'713 si;Alar to those studied earlier by Chirikov. For these systems, 

.1iff , )sion erisin from the modulation of the driving frequency 

ef the ocunlir7 coefficient, has been senarately investi7ated. Semi-- 

analytical ecnressions for the dif':usion rate have been obtained fcr 

each type of modulation. 
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system parameters broadens the already existing stochastic layers 

due to "self—modulation". Modulational diffusion is therefore, in 

general, much more rapid than Arnold diffusion. As a consequence, 

modulational diffusion is potentially the most dangerous weak instability 

in the beam —beam interaction as has been recently recognized. th  in 

the next section, we discuss our recent studies of modulational 

diffusion. 

II. PROGRESS RUCRT ON PREVIOUS AWARD: DE—AS05-81ER140003 

A weak instability-- Arnolfd or modulational-- arises whenever 

the stochastic motion orthogonal to a stochastic layer is transformed 

into motion (diffusion) along it. The original orthogonal motion, whose 

detailed features ultimately determine the diffusion rate, can be locally 

modelled by relatively simple two degree of freedom systems that can 

be studied in detail. Our initial efforts have been focused on such 

two degree of freedom systems with the aim of developing techniques 

for determining the stochastic threshold and the location and shape of 

stochastic components through the analysis of periodic orbits and their 

bifurcations. In collaboration with Greene, MacKay, and Feigenbaum
15 , we 

have obtained results regarding stochastic comnonents which have a 

universal l' character and which are, therefore, applicable to any beam-

beam model. Some of these techniques have been further developed and 

anplied (by us) to a class of systers driven by a periodic force yieldin4 6 

 results of particular interest for modulational diffusion in beam—beam 

interactions. Specifically, in the case of a modulated system, we have 



derived a general analytical estimate for the layer width. As our 

first effort to observe modulational diffusion, we followed Chirikov 

and Izrailev13 in studying a monodimensional, modulated system coupled 

to one additional dynamical variable. We thereby not only observed 

modulational diffusion we also improved the previously given semi-

analytical estimates and we obtained a set of critical values for 

one system parameter (detune) at which the diffusion rate dramatically 

increases. 

In our most recent research, we have turned to multi-dimensional 

models. 3Pecifically, we have considered coupled, nonlinear oscillator 

systems similar to those described in Ref. 3 and .. For these systems, 

the diffusion arising from the modulation of the driving frequency and 

of the counling coefficient has been separately investigated. Semd- 

analytical expressions for the diffusion rate have been obtained1 '7  for 

each type of modulation. 

Publications completed during the present Contract period are listed 

as Ref. 15, 16, and 17. 

III. PROPOSED RESEARCH 

The principal direction of our future research lies with continuing 

our systematic numerical and analytical investigations of the effects of 

weak instabilities-- Arnol'd and modulational diffusion-- arising in the 

beam-beam interaction. Specifically, we intend to develop analytical and 
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