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1. MAIN RESULTS

V. Gaposhkin [G1] has provided a striking characterization of the strong law of
large numbers for weakly stationary random variables in terms of the behavior of
the associated random spectral measure. This result, as well as a companion due
to Jajte [J], form the motivation for the current paper. In it we study extensions
of these results to a variety of averaging methods which are more singular than the
classical method of averaging over balls. For instance, we shall show that for a weakly
stationary sequence {X;}, indexed by ¢t € R3?, the usual strong law of large numbers,
formed by averaging over balls, holds if and only if the same convergence holds for
averages of {X;} over increasing spheres. The restriction to dimension 3 or higher is

sharp.

The necessary notation is now introduced. We formulate our theorems in the
continuous context. All theorems have analogous forms valid in the discrete setting,

but they require a bit more effort to formulate and prove.

Let (2,B,P) be a probability space, let £ denotes expectation with respect to
P, and let X = {X;};cpe C L*(P) be a mean square continuous, zero mean, weakly
stationary sequence (more precisely, a zero-mean, homogeneous random field indexed
by R?). The role of dimension d will be of interest below. Then X has a spectral

representation
_ it
X; = /R e 7(d),

where t - A = E‘;:l t;A;, where Z : B(R?) — L?(P) is a o—additive and orthogonally
scattered measure on the Borel o—algebra of R?, namely, if A, B, € B(R?) are disjoint,
then EZ(A)m = 0. Then weak stationarity is equivalent to £X; X, = £X;_, X,
for t,s € R%, and the covariance sequence {R(t) = £X; X, : t € R%} has itself a

spectral representation
_ it-A
R(t) = [ u(dn),

for a unique positive finite Borel measure u on B(R?), given via u(A4) = £|Z(A)%, A €
B(R?). The measures y and Z are respectively called the spectrum and the random

spectrum of the sequence X.
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Gaposhkin’s characterization [G1] concerns the usual averages

B, = cqt™¢ X,ds, t>0,

ls|<t

where ¢4 is a normalization constant, and | - | is the Euclidean norm. In particular,
B, — Z({0}) a.s. ast— o
if and only if
ZUX N <27 — Z({0}) a.s.ask — o0, k€ Z.

Notice that the second condition involves only the behavior of the spectral measure

along a thin sequence of sets.

If either of these conditions hold for X, we say that the strong law of large numbers
holds, and we write X € SLLN. Gaposhkin includes many related results in his paper;
besides discussing the discrete case, he also discusses the case in which one forms the
averages over sequences of increasing sets. Also, Jajte [J], which we mentioned above
considers the case of the discrete form of the Hilbert transform. We will consider

continuous, multidimensional singular integrals below.

As mentioned above, we are interested in other averages, in particular averages
with respect to singular measures, such as averages over spheres, in dimension 2 or
higher. In R?, let S} denote the d — 1 dimensional sphere of radius r, and let o
be the unique rotationally invariant normalized measure on S} (when r» = 1, we just
write Sq and o4). Set

A = / X, oi(ds) = Xis 0a(ds) .
53

Sq

If the map ¢ — X; is a.s. measurable with respect to the Borel sigma field in ¢, then
the A; will be a random variable. This is not obvious, but is a consequence of the

study of the spherical means. See the discussion at the beginning of [SWal.

We prove in high dimensions, that the formally weaker notion of convergence of

averages over spheres is equivalent to convergence of averages over balls.

Theorem 1.1. Ifd > 3, then A, — Z({0}) a.s.if and only if X € SLLN.
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The restriction on dimension is sharp. In particular, in two dimensions, the
a. s. convergence of the averages A; can fail for strictly stationary sequences X. This
was pointed out by E. M. Stein [S], but also see the elaboration by R. Jones [Jo]. On
the other hand, the strong law of large numbers does hold for strictly stationary

sequences X with finite pth moment, where p must be strictly greater than 2. See

L.

Also, the corresponding result for averages over the surface of cubes is not true.
Indeed, in two dimensions, consider the following convolution problem. If C' denotes

the square, and v the unit arclength measure on C, one sees that the supremum

sgp/cf(w —ty) v(dy)

can be infinite a.e.even if f is taken to be a bounded function. Indeed, just make
f infinite on a single vertical line in the plane. Such examples, which hold in all
dimensions, can be transferred to strictly stationary sequences. In short, the inter-
esting feature of the spherical means is that positive results are available, due to the

curvature of the sphere.

One can obtain a sharp range of results in all dimensions by considering certain
generalizations of the Cesaro averages, and in doing this we follow the lead of Stein
and Wainger, [SWa|. The averages below are defined initially only for a > 0.

ds
Coi = Co t—d/ X, ,
P e (L= |spj) e

where co4 is a normalization constant. They are then extended to the complex
plane by analytic continuation (see [SWal). In that instance, we recover the spherical

averages when a = 0. The C,,; admit the representation [ra mqo(tA) Z(dA), with
(1.1) ma(A) = 227 5T (@ + d/2)[ A Ja s papa(1A),

where J, is the nth order Bessel function. Moreover, if Re(a) > d/2 and if Cq
converges, then so does Cyr ¢, for Re(e') > Re(a).

We have the following motivations for considering the above averages: As already
mentioned, a sharp range of results in all dimensions can then be obtained. Also, for

certain «, the m, give rise to the fundamental solution of the wave equation.
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Theorem 1.2. In any dimension d, if Re(a) > 1 — d/2, then
Cap — Z({0}) a.s.ast—

if and only if X € SLLN. In particular, for d > 3, we recover the previous theorem.

In one dimension, the condition Re(a) > 1/2 is sharp. Indeed, Gaposhkin [G2] has
already shown that for d = 1, the theorem above can fail, for @« = 1/2, in the weakly
stationary case. In the strictly stationary case however, the Cy/,, means converge
a.s., yet the maximal function in ¢ is not square integrable, but only weakly square
integrable. See [BDD]. We remark that the techniques employed in the present paper
implicitly prove the square integrability of the maximal function, and so they cannot

be used in this delicate case.

We also note that the convergence of the spherical averages trivially imply the

convergence of the Cesaro averages, for o > 0.

Next, we turn to a result suggested by Jajte [J]. He applied Gaposhkin’s approach
to the discrete Hilbert transform. We treat the continuous multidimensional case as
follows. First, let k& denote a Calderén-Zygmund kernel on R?. Such kernels can
be defined in many ways. For specificity, we will require that the kernel satisfy the
following size and smoothness conditions. Let k be a kernel on R?, for which the

following holds.

(1.2) /S k(ry)o(dy) = 0 forall 0<r < oo,
in one dimension, this means that the kernel must be odd;

(1.3) k(y)l < Pk

and for some § > 1/2, and all 2Jy| < ||, 5

(1.4) o —) - ko)l < 0o

Typically, one only asks that § > 0 in inequalities such as (1.4).
For such kernels, we consider the truncations

T, = k(y)X, dy, t>1.

1/t<|y|<t
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Theorem 1.3. With the notation above

lim T; exzists a. s.

t—o0

if and only if
Jl_{irio . k(A) Z(dA\) =0 a.s.
i€z
where k 1s the Fourier transform of k, and M; = {\ : 0 < [A| < 277 or || > 2/}.

There is also an interesting equivalence between the strong law of large numbers,
and the pointwise convergence of singular integrals. This was noted by Jajte [J], and

we give an extension of his observation here.

For 1 <14 <d, let {U} : t € R?} be a continuous group of unitary operators on
L*(Q,B,P), where (2, 8,P) is a probability space. Suppose that the operators in
the different groups commute with one another. Set

Ut =Up---U¥ fort=(t,...,ts) € R*.
For f € L*(), we will consider the following limits, which exist in L.
Af(w) = tlim(cd 4 Usf(w) ds,
- |s|<t
where cq is the volume of the d dimensional unit ball. Also consider the following

singular integrals

% gs. 1<i<d.

Rif(w) = lim U f(w)

t=00 Jjg|<t s+
In the integral, s; is the ¢th coordinate of the d dimensional vector s. This makes R;
the 2th Riesz transform. Note that in this definition, we integrate over s in a compact

region of R?, in analogy to the manner in which the averages are formed.

Theorem 1.4. The following are equivalent.

(a): The limit Af(w) ezists a.s. for all f € L*(Q).
(B): For some (for all) 1 < 7 < d, the limit(s) R;f(w) eazists a.s.for all
feL?*Q).

Moreover, the ezistence of the limit Af(w), for f fized, is equivalent to the variety of

conditions mn Theorem 1.2.
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Proofs of these theorems occupy the two subsequent sections. The final section

contains some additional remarks on the theorems.

2. A LEMMA

The examples we treat are unified under the notation
M, = /R m(X) Z(dN),

where the multipliers m;(A) are appropriately chosen, i.e.for the spherical averages,
m¢(A) is 6(tA), and where d > 1.

Let us impose the following assumptions on the functions m¢(A).
(2.1) |my(A)] < C for all t and A.

For some 8 > 1/2, for all t/2 < s < t < 0o, and all A

t—s\?
(22) () -m() < o(*7)
(23) ) = mN)| < Ol N
and
(2.4) ma(3) = ma(N)| < —C A[>0.
W= e

Notice that these inequalities weaken as B decreases; thus the exponents can be
different in each of the last three lines, as long as they are strictly bigger than 1/2.

Notice also that in the previous theorems, the condition (2.1) implies L2-—convergence.

With these inequalities, we can reduce the question of convergence of M; to the
convergence along a lacunary set of ¢. The lemma below is directly inspired by
Gaposhkin’s approach, and the proof uses the classical binary decomposition tech-

nique.

Lemma 2.1. Under the assumptions above,
(2.5) Y & sup |M;— My’ < .
f=—o0 2‘<t§2‘+1
And in particular, M; converges a.s. ast — oo (ort — 0) if and only if My

converges a.s. as{ — oo (orfl — —).
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The most important special case of this lemma occurs with the functions m,(A)

being m(tA) for a fixed function m. In this instance, the lemma above simplifies.

Lemma 2.2. Let m : R® — R? be a bounded continuous function which for some
a > 1/2, 1s Lipschitz of order a near the origin. Away from the origin, suppose that

for 3 > 1 we can write

(2.6) m(A) =2""n;(}), 29 <|A <27 4 >0,
where, for some § € R,

(2.7) 17| Lipay < €27

If v > 6 +1/2, then (2.5) holds, with My = [ram(tX) Z(dX).

Proof of Lemma 2.1 Following Gaposhkin, the classical technique of dyadic de-
composition is used. Fix an integer £. We bound

E sup |M;— M,|?

2l<t§2l+l

by an appropriate integral against the spectral measure u. Write 2¢ < ¢t < 241 as

t= 2‘(1 + Zeuz—“>

u=0

for e, € {0,1}. Every 2¢ < ¢t < 2! can be written in this way. Further, given
(1, reu) € {0,1}¥, set ay = 2(1 + Tt ,6,27).

To make the next step clear, in the expectation above, replace the supremum by a
stopping time t(w) : w — [2¢,2¢1). Write

o) = 2(1+ S eutw)z).

u=0

Then, for an appropriate stopping time,

£ sup |Mt—M21|2 < 25|Mt(w)_M2‘|2
2‘<t§2‘+1

00 2

> (Miyo) — Mey_, ()

u=0

< 2¢&

where t,(w) = 2¢ (1 + Yoo Eu(w) 2_”), and t_; = 2%,
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o0 2
= 2&) (u+1)(u+ 1) (M) — Mey_y ()
u=0
< C D (u+ 12 €M, (w) — My, (w)]?
u=0

by the Cauchy-Schwarz inequality in w,
(2.8) < C D (ut1)32¢ max E|M,, — M,, ,|*.

u=0 (e1s..,6u)€{0,1}%

And this last expectation is
(2:9) EMa, = Moy, = [ 1m0 (3) = ma, () u(d2).

The integral against the spectral measure p is estimated in three distinct ways. In

the first instance, set Ry, = {) : |A| < 27¢}. Then by (2.3),
| mau(3) = ma () w(dA) < Claw = aua® [ AP u(ar).
Ry Ry

Now, a, and a,_; are 2° times numbers which disagree in the uth place of their
dyadic expansions. Hence |a, — a,_1| < 2=v and let us further denote the annuli
A, ={X : 27771 < |A| £ 27"}. Then continue the estimate above as

(2.10) /R Mgy (X) = May_ (A2 p(dX) < C 228 3" 27278 (4,
1,4 r=4£

This estimate is independent of the choice of (e1,...,&4) € {0,1}*, as the two sub-

sequent estimates will be.

In the second instance, set Ry 4 = {} : 27% < |A| < 274}, Use the estimate (2.2)
to get

/Ru M, (X) = Ma,_, ()2 p(d)) < C(ﬁ&yﬂ /Ru (@)

u

Zl—u 28
<
< C( 5 ) /Ru p(dA)
£+1
(2.11) < 027 3 u(A).

r={—u
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In the third and final instance, set Rz, = {} : |A| > 274}, Use the estimate
(2.4) to get

C (dX)
ae(N) = ma, (AP u(d)) < —3
[, mau) = ma )P W) < [T
£—u+t1
(2.12) < 027 N 24,

We have completed our estimate of the expectation in (2.9). Putting this into (2.8)

we get

E sup [My— My> <O ) (u+1)2%pre+ pae + pag),

PAAA IS w0

where p; ¢, for 1 <17 < 3, is the contribution from the integration of x over the region

R, 4. This must be summed over £. Let us consider 2 = 1. From (2.10),

St 12, € O 3o(ut 172080 S g0
u=0 u=0 r=4
— C 22,5[ Z Z(u + 1)2 2u(1—2,5) 2_2IBT,[1'(AT)
u=0r={¢
= Oy 9 (A,
r={

the last line following because 1 — 28 < 0, that is 1/2 < 8. Summing this over £ gives

Z 22ﬂ£22—2ﬂrM(AT) _ Z 2_2IBT,[1’(AT) Z Zzﬂz
r=4

£=—o00 r=—00 I=—00

= C i u(Ar)

T=—00

< 0.
This completes the case of = 1.

In the second case, 1 = 2, from (2.11)

(o) £+1

S (a4 10220 < C Y (ut 1225 Y u(A,).

u=0 u=0 r={—u



SPECTRAL CRITERIA

This must be summed over £:

oo (o) £+1

oD (w120 N (A = Y w(A) Yo (ut1)° 2
f=—c0 u=0 r={—u r=—o00 u=0

< C ) A

< o ,__

since 1 — 28 < 0.

And last of all, with 7 = 3, from (2.12),

d(ut1)2%ps, < C272 3 (ut 1)
u=0 u=0
£+1
02—2lﬂ Z 22,57‘
£+1

< (20281 Z (£ —

T=—00

Summing this over £ gives

(o) £+1
22(1—2ﬂ)lz (f — 2)22—(1—2,5)TM(AT) —

£—u+t1
Qu Z 22'6T/1'(Ar)

T=—00

£—r+1

p(A) Y (ut1)22¢

u=0

r4+ 2)22_(1_2ﬂ)Tp(AT) )

22_(1_%)’"#(14,»)

f=—o0 r——00 r——00

X i £ —r42)220-28)
I=r—1

= C > u4)

T=—00

< 0.

This completes the proof of the lemma.

11

O

Proof of Lemma 2.2 With the assumptions placed upon the fixed function m, we
need to check that Lemma 2.1 applies to the functions {m(tA) : ¢t > 0}. Write

() = mo(3) + 3 mi()
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where mg(A) is supported on {A : |A| < 2}, and for 7 > 1, m,(}) is supported on
{} : 22 < |A] <291}, Then my is a bounded Lip(a) function, and

(213) mJ()\) = Z_hnj()\) with ||nj||L'ip(a) S 02j5 .

Since the hypotheses weaken as a decreases to 1/2, and v > § 4+ 1/2, we can assume
that v > 6 + a. We check that the functions {m;(tA) : ¢t > 0}, for ;7 > 0, satisfy
(2.1), (2.2), (2.3) and (2.4) with constants that are summable in j.

Let us treat mq. For t/2 < s < t, if either mo(tA) or mo(sA) are non—zero, then

|A| < 4/t, since my is supported near the origin. Hence, to check (2.2),

|mo(tA) — mo(sA)] < Cth —sA®

< C <H> :

- 1
As a > 1/2,(2.2) holds. The second equation (2.3) is immediate. And for the third,
notice that |A|t < 4, hence

mo(tA) —mo(sA)] < 2flmlle
C

< =
Al

Now, consider m,;(A). Notice that (2.1) trivially holds with constants summable
in j. For (2.2), recall (2.13). If either of m;(tA) or m;(sA) are non-zero, then
2171 < |[tA| < 2972, Hence,

[m;(1A) = my(sX)] < 277 |ng(¢A) — ny(sA))|
< 0270y —s))e
< gyirsat=s

This is summable, as v > 6 + a is assumed. Notice that the second line above proves
(2.3) with a coefficient summable in j, under the weaker condition v > §. Finally,

the last condition (2.4) is seen by

ms(EX) —my(sA)] < 277 o
¢ 2-3(v=9)
02,

IA

IA
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again, as v > 6 + a, this is summable in j. ]

3. PROOFS

Most of the work for the proofs of the theorems has been done in the previous
section. Recall that Theorem 1.2 contains the first theorem of the paper, so that we
need only prove it. And to prove Theorem 1.2, we need only apply Lemma 2.2 to
the function m, defined in (1.1). To do this, asymptotics for the Bessel functions
are needed. The classical reference for this is [W]. One can also consult [SW]. From
properties of the Bessel functions, it follows that m,, is a bounded Lipschitz function

at the origin. For |A| large, we have

ma(A) = ca|)\|_dZ;l_°‘{cos(|)\|—a7r/2—7r/4)—|—sin(|)\|—a7r/2—7r/4)}
x(1+0(AI™))
= AT (),

where v, is a Lip(1) function on R which is bounded for |A| away from the origin.
Thus, provided (d — 1)/2 + Re(a) > 1/2, that is Re(a) > 1 — d/2, the hypotheses of
Lemma 2.2 are fulfilled.

We conclude that C,; converges a.s. to Z{0} if and only if the same conclusion
holds for C, ¢, for k =1,2.... Then, since m4(0) = 1, since [mq4(tA) — 1| < C(2]A]),
and since |mq(tA)| < C(¢|A|)77?, where 8 = (d —1)/2 + Re(a) > 1/2, a simple square
function inequality shows that

2

3 5‘0a,2k - /msz_k Z(d))

k=1

= Z /Rd |ma(2k)\) — 1{|>‘|§2—k}|2 ,u(d)\)
k=1

< C [ wp(dA).

Rd

Thus, we arrive at Gaposhkin’s characterization of the strong law of large numbers.

For the proof of the third theorem, concerning the singular integrals, we need to

check:

Lemma 3.1. Let k be a Calderén—Zygmund kernel as defined in the introduction.
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Then the functions

mi(}) = 2V k(y) dy

satisfy the hypotheses of Lemma 2.1. In particular, if

T: = k(y)Xy dy,

{lvl<1/e}udlyl>t}

/{|y|<1/t}U{|y|>t}

we have that Ty converges a. s. if and only if Tor converges a.s.

Proof. There are four hypotheses of Lemma 2.1 to check. The first, that |m(A)| <
C for all t and ), is well-known. We refer the reader to e.g. [T, Lemma XI.5.3]. Let

us check the other three conditions for
mA) = [ eVh(y)dy,
{ly|>t}

the integration over {|y| < 1/t} being similar.

Fix t/2 < s <t < 00, and set

P(A) = ma(}) —m(})
N /s<|y|<t e k(y) dy .

The equation (2.2) is trivial. Using only the size condition on k(y), (1.3),

O < [ Ikl dy
s<|y|<t
t1
< —d
< C/s —dr
< C(logt —log s)
<

o(tj).

The second condition is equally simple. As the spherical averages of k are zero, (1.2),

we have

PN =

[, (= 0k) dy\

C A k(y)| d
M k)l dy
C(t — s)|A|.

IA

IA
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Less trivial estimates are required for the third inequality, (2.4). We comment that
by rescaling k to k;(y) = r?k(ry), where r > 0, the kernel k; satisfies the inequalities
for Calderén-Zygmund kernels, with the same constant C'. Thus, we change the

integration in the definition of ¥(A) as follows:
$O) = [ e h(y) dy
s<|y|<t
= / e t4k(tz) d.
s/t<|z|<1

Observe that k(z) = t?k(tz) is a bounded function. By virtue of (1.4), k; is Lipschitz
of order 6 on the annulus {s/t < |y| < 1}. Hence the decay estimate

[P(A)] <

(E[A1)°

is a classical fact (see, for example, [K, Theorem 1.4.6]). Since § > 1/2 was assumed,

the proof of the lemma is done. 0

To finish the proof of Theorem 1.3, it is easily seen using the above estimates on
my, that

00 2

E| Ty — E(N)Z(dX
2:‘2 ANQ*MﬂH() (43)

k=1

=2 /Rd|m2’°(’\) — b\ Lgajca-» 20y *(d))
k=1

< C [ wdn).
< CY

In fact, we also note here that such simple square function estimates can also be
obtained in the general framework of Lemma 2.1. Hence, under the appropriate
conditions and with probability one, limg_, {Mzk — Jar<z—* A [>25) moo()\)Z(d)\)} =
0, where my, = limy_, o, m;. {From this, a spectral criterion for the a.s. convergence,

as t — 00, of [gami(s)Xsds follows.

We come to the final theorem of the introduction, Theorem 1.4. Recall the no-
tation introduced for that theorem. Note that for each f € L%*(f), the process
{Utf : t € R} is weakly stationary. Indeed, from the commuting property of the

transformations,

tLWfﬁﬁdP: LfUF7dP,
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establishing weak stationarity. Thus we have the spectral equivalences of Theorem 1.2

and Theorem 1.3 at our disposal.

Now the spectral representation is

te it
Uty = [ & B(dNf,
where Z(d)) is an orthogonal projection valued measure. In addition, if A and B are

disjoint Borel sets in R?, then the projections Z(A) and Z(B) are orthogonal. The

condition (&) of the theorem, with Gaposhkin’s characterization, is equivalent to
(o) Z([-27%,27%]4) f — Z({0})f a.s.for all f € L3(Q).

As well, we can characterize the condition (8). It is well-known that the Fourier
transform of the Hilbert transform is
oo e’D\y
/ dy = wrsign(A).
—o Y
From this, and a little work, it follows that

S

A8 2 _ : )
/Rd e W ds = cgsign(A;) .

We apply Theorem 1.3 to the Riesz transforms. Remembering that we only trun-
cated the singular integral at infinity in the definition of R;f, we see the following

equivalence to condition (f):

(8): Z{\ € [-27%,27%]% : A > 0}f — Z{A € [-27%,27%]% : A, < 0}f — 0
a.s.for all f € L*(Q), and for all (for some) 1 <z < d.

To prove Theorem 1.4, we have to prove the equivalence of (a') and (8’). This is

done with the aid of some projections. For € = (ey,... ,eq4) € {—1,+1}, set
PEfZZ{)\ DE A >0, 1§’L§d}f
Assume (8') holds for a single j. Apply it to the functions P?f to see that

(B"): Z{X 1 0 < e <27% 1 <i<d}f — 0a.s.forall fc L) and all
g€ {-1,+1}%

But this condition clearly implies ('), so the proof that (8) (in its restricted form)

implies () is done.
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Assuming («) holds, and hence (') holds, it clearly implies (8"). This last condi-
tion implies (8'), so that the proof of the theorem is complete.

4. COMPLEMENTS

(2) All of the results of this paper admit formulations valid in the discrete setting.
To illustrate this point, let us show how to formulate an analogue of the result for
spherical averages. (Also see [Jo].) Let X = {X; : 7 € Z¢} be a zero mean, weakly
stationary sequence of random variables indexed by the d dimensional integers. Then

X admits the representation
2mij-A
X; :/Tde 72 Z(dA),

where Z is a sigma additive and orthogonally scattered measure on the Borel sigma

algebra of T¢ = (—1/2,1/2]%. The covariances are given by
R(j) = EX; i1 Xe = /Td 27N ().
Gaposhkin characterized the strong law of large numbers

:L—j Y X, — 2({0}) as.

l7l<n

by the condition
/[_2_,,,2_k]d Z(d)) — 2({0}) a.s.

Again, the point in the second condition is that & goes to infinity in the integers, so
that the second condition, in a sense, requires less than the first. Write X € SLLN
if either condition holds.

Our interest in Gaposhkin style characterization suggests that we should consider
averaging over annuli but only of a restricted type. To do so, let us introduce some
notations. Let a, = {z € R : n < |z| < n + w,} be annuli of inner radius n,
and outer radius n + w,. The interesting averaging case for these annuli is when

wy, = o(n). Denote by &, = a, N Z9, the lattice points in a,. Let also,

Dy(r) = |wol({z : o] < r}) — #({z : o] < r} N 2%

?
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be the absolute error between the volume of ball of radius » and the number of lattice
points in this ball (# denotes cardinality). Again, for X = {X; : j € Z¢}, weakly
stationary we write X € SLLN if and only if Z([-27%,27%]¢) — Z({0}) a.s.

Now, forming the averages

we have:

Theorem 4.1. Let d > 3, and assume w, = o(n). If

Jio (Dd(n) + Dg(n + w")> 2 < +o0,

nd—1uw,

n=1

then A, — Z({0}) a.s. asn — 400, n € Z, if and only if X € SLLN.

According to Jones [Jo|, for d > 5, Dg(r) < cr®"2. Hence the assumption of the

theorem is satisfied if

too / pd-2 \2  too 1 \?2

nz::l (nd_lwn nz::l nwy, oo
This is in particular the case, if w, > (log 7“)%"'€/n1/2 for € > 0.
For d = 4, Dy4(r) < cr®?logr, and the assumption is satisfied if

i"f <logn>2 4
OO7

n—1 nwy,

or w, > (logn)2 ¥/ /n for € > 0 .

Still following [Jo], we note that #a,/vol(a,) — 1, as n — oo. Indeed,

#an,  #(Z N B(n+w,)) — #(Z2%N B(n)) 11e
vol(ay,) N volB(n + wy,) — vol B(n) a "

where
Dy(n) + Dy(n + wy)
vol(B(n + wy) — B(n))

Now vol(B(n + wy,) — B(n)) = vol(a,) ~ can® 'w, as w, = o(n). Hence, under the

len] <

assumption of the theorem, €, — 0. So the claim is proved, and we can use either

vol(ay,) or #&, for normalizations.
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Let us now sketch the proof of Theorem 4.1. We need to study the multipliers
mn(A) = (Jaa))™ Y0 ™A, A e [-1/2,1/2]7,
Jj€&n
(above and below, |ay,| is the volume of ¢,). In particular, we want to know that

they satisfy the estimates of our Lemma 2.1.

Define .
M (A) —/ >N g, X e R?

ol
For d > 3, these functions do satisfy the estimates of Lemma 2.1. This is so, because
the Fourier transform of the surface measure of the sphere satisfies the lemma, and
the m, () are smoother than that. Next, to compare m,(A) and m,(}), define
1
p(d) = — >

|| je5,

1 2mij-A / 2miA- ~
_ i mide g —  (ANK(A),
{ 3F }Hmwe o = (VK

laml ez,

e27rz>\-zdm

/j—|—[—1/2,1/2]d

where K(A) is a fixed bounded, Lip(1) function which is bounded away from the
origin, in the complex plane for A € [—1/2,1/2)4.

Now, comparing pn(A) to m,(A), and if A denotes the symmetric difference, we

get
o) =) < rfend U {3+ (1721727
D(n) + D(n + wy)
B |on| '

This last estimate is an L*(d)) estimate. Under the hypothesis (assumed in Theorem

4.1) that this last term is square summable, we can pass from estimating

B - B pn(A)
An = /[—1/2,1/2]d n(A)Z(dA) = /[—1/2,1/2]d K(X) Z(dA),

to estimating

mn(A)
Z(dX)).
/[—1/2,1/2]d K(}) [
Then, one immediately sees that the functions m,(A)/K(}), A € [-1/2,1/2]¢ satisfy
the hypotheses of Lemma 2.1. From this, we can conclude the sketch.
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(72) There are also modifications of the results for the Cesaro averages. In view
of the elegant theorems available for these averages in the deterministic continuous
case ([SWa]) this seems interesting, due to the advantage gained from the curvature

of the sphere. We however do not pursue this topic here.

(721) The methods of this paper, based as they are on spectral techniques, extend
to a wide variety of processes which admit such a representation. Using the termi-
nology and the methods of [H1], the above results remain valid for some classes of
non-stationary sequences, namely the so—called (p, g)-bounded ones 0 <p <2 < ¢ <
+00. These classes include harmonizable stable sequences, periodically correlated se-
quences, L2-bounded orthogonal sequences and related examples, e. g. some mixing
sequences. In fact, the spectral approach also works for different averages, e. g, for
the Borel method of summation in which case m(§) = e~t1=2%) 1 5 0,6 € (—m, ],
satisfy the conditions (2.1)—(2.4) (with 8 = 1). In the special case of harmonizable
stable sequences or Gaussian stationary sequences, the random spectrum Z is inde-
pendently scattered, which is to say that Z(A) and Z(B) are independent provided
A and B are disjoint Borel sets. Consequently, Gaposhkin’s spectral condition is al-
ways satisfied. Alternatively, the SLLN for harmonizable stable variables can be seen
directly from the Gaussian result. This is done by using the conditioning argument
provided to us by J. Rosinski (see [H1, Theorem 3.9]). These arguments rely on the
representation of harmonizable stable variables by Fourier integrals. Local ergodic

theorems can also be obtained in a similar fashion.

In this regard, we ought to mention too, that random sequences having a Fourier
representation with respect to an independently scattered measure Z are, in general,
not strictly stationary. Indeed, strict stationarity is characterized by the random
measure Z being rotationally invariant. Another class of variables for which the
spectral condition of Theorem 1.1 is satisfied, is the class of stationary sequences
whose spectrum p is absolutely continuous with Radon—Nikodym derivative in L'*€,
for some € > 0. See the proof of Corollary 3.4.of [H1]. Other types of sufficient

conditions (on the covariances) presented there also apply here.

The results presented here also complement a Rademacher-Menchov type result

obtained in [H2] and apply when the framework there is violated. If {X,,} is a weakly
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stationary sequence and if {lAc(n)} is an odd Calderén-Zygmund sequence, Y lAc(n)Xn
converges a.s. if and only if with probability one, lim;_, e figj<o-i #(8)Z(d6) = 0.
This last condition is equivalent to lim;,;0{Z(0,277) — Z(—277,0)} = 0, whenever
k has a Lipschitz behavior of order a > 0, in a neighborhood of the origin. More
generally, if k(6) ~ 3 lAc(n)e"”G has finitely many jumps, say, —7 < 6; < --- < Oy < 7,
with a “Calderén-Zygmund and Lipschitz behavior” near each jump, then } lAc(n)Xn

converges a.s. if and only if

L k(8] — k(6) iy k(6m) — k(6) i B
jEE—noo > { 5 Z(0my O +277) + 5 Z(0m —2 ,em)} =0.

m=1

(1v) Some operators on Hilbert space, and L? spaces, admit spectral representation.
By the well known interchangeability between weakly stationary sequences and uni-
tary operators the above results have versions for unitary operators. In fact, by the
methods of [H1], they also apply to contractions on Hilbert space and to some classes
of operators on LP-spaces. The techniques presented in [BBG] can also be adapted
to obtain results as above for some other classes of operators on LP spaces. Rein-
terpreting these last operator theoretic results in a stochastic framework provides,
in particular, spectral criteria for two of the three elements in the decomposition of

stationary stable processes recently obtained by Rosinski [R].
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