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(πȢσχυȟπȢφςυȟπȢςυȟπȢχυȟρ), and (πȢφςυȟπȢψχυȟπȟπȢχυȟρ) one 
per row, and their equivalent embeddings by the actions of 

the symmetry group of the shape ὡ. 

Figure 6.13 An example of determinate similar embedding using no 
registration points. (a) Shape ό and the registration points 

Ὑ ; (b) Shape ὡ and the registration points Ὑ ; (c) Eight 
results of determinate embedding under similarity 
transformations. 
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lines are embedded; (c) Three registration points at which 
three hyperplanes intersect; (d) A shape ὡ consisting of 
nine maximal lines; (e) Five hyperplanes in which nine 
maximal lines are embedded; (f) Four registration points at 
which five hyperplanes intersect. 
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in Ὤ  and Ὤ ; (c) Registration point ὶ  at which the 

hyperplanes Ὤ and Ὤ intersect, and the maximal lines ὰ, 

ὰ, ὰ and ὰ embedded in Ὤ and Ὤ. 
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Figure 7.4 The three derivation processes of the signature for the 
registration points ὶ , ὶ , ὶ . (a) Derivation process of 

ὶ ; (b) Derivation process of ὶ ; (c) Derivation process of 

ὶ . 
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Figure 7.5 The three registration point signatures of the shape ό . (a) 
Registration point ὶ ; (b) Registration point ὶ ; (c) 
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registration point signatures. (a) A shape consisting of six 
labeled lines assigned to four different layers; (b) Three 
hyperplanes in which six labeled lines are embedded; (c) 
Three registration points at which three hyperplanes 
intersect. 

171 
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Derivation process of ὶ  for the layer ὥ; (c) Derivation 

process of ὶ  for the layer ὥ. 

Figure 7.15 An example of labelled shape embedding under similar 
transformation. (a) A labeled shape  ό consisting of four 
maximal lines assigned to two layers; (b) Four hyperplanes 
of ό intersecting at four registration points; (c) Shape ὓ 
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χπ hyperplanes intersecting at ρρυπ registration points. 
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Figure 8.7 The production of the rule sequence for automating the 
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endpoints of the three arcs; (c) Six registration points of the 
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same descriptor. (b) The maximal parabola curve derived 
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SUMMARY 

Shape grammar interpreters have been studied for more than forty years 

addressing several areas of design research including architectural, engineering, 

and product design. At the core of all these implementations, the operation of 

embedding ï the ability of a shape grammar interpreter to search for subshapes in 

a geometry model even if they are not explicitly encoded in the database of the 

system ï resists a general solution. It is suggested here that beyond a seemingly 

long list of technological hurdles, the implementation of shape embedding, that is, 

the implementation of the mathematical concept of the ñpart relationò between two 

shapes, or equivalently, between two drawings, or between a shape and a design, 

is the single major obstacle to take on.   

This research identifies five challenges underlying the implementation of 

shape embedding and shape grammar interpreters at large: 1) complex 

entanglement of the calculations required for shape embedding and a shape 

grammar interpreter at large, with those required by a CAD system for modeling 

and modifying geometry; 2) accumulated errors caused by the modeling processes 

of CAD systems; 3) accumulated errors caused by the complex calculations 

required for the derivation of affine, and mostly, perspectival transformations; 4) 

limited support  for indeterminate shape embedding; 5) low performance of the 

current shape embedding algorithms for models consisting of a large number of 

shapes.   
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The dissertation aims to provide a comprehensive engineering solution to 

all these five challenges above. More specifically, the five contributions of the 

dissertation are: 1) a new architecture to separate the calculations required for the 

shape embedding and replacement (appropriately called here Shape Machine) vs. 

the calculations required by a CAD system for the selection, instantiation, 

transformation, and combination of shapes in CAD modeling; 2) a new modeling 

calibration system to ensure the effective translation of geometrical types of 

shapes to their maximal representations without cumulative calculating errors; 3) 

a new dual-mode system of the derivation of transformations for shape embedding, 

including a geometric approach next to the known algebraic one, to implement the 

shape embedding relation under the full spectrum of linear transformations without 

the accumulated errors caused by the current algorithms; 4) a new multi-step 

mechanism that resolves all cases of indeterminate embeddings for shapes having 

fewer registration points than those required for a shape embedding under a 

particular type of transformation; and 5) a new data representation for hyperplane 

intersections, the registration point signature, to allow for the  effective calculation 

of shape embeddings for complex drawings consisting of a large number of 

shapes. All modules are integrated into a common computational framework to 

test the model for a particular type of shapes ï the shapes consisting of lines in 

the Euclidean plane in the algebra Ὗ . 
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CHAPTER 1. INTRODUCTION 

Shape grammarsô foregrounding of shape rules drawn in a 2D or 3D 

modeling system over instructions defined in some programming languages have 

provided a robust theory for designers to believe in. The uniqueness of shape 

grammars with respect to all formal approaches in computational design is that 

they operate exclusively with shapes rather with some other symbols i.e. numbers, 

text, or symbolic instructions in some programming language. Their formidable 

formalism relying on the algebras of shapes Ὗ , the algebras of labeled shapes 

ὠ , and the algebras of weights ὡ , for Ὥ Ὦ and Ὦ σ, and the intuitive construct 

of a visual rule in the form of a pair of shapes, labelled shapes, or weights defined 

in any of the algebras above, have provided a strong foundation for formal studies 

in design, and an unwavering commitment to visual reasoning. Their very reliance 

on visual aspects of form ï and the ways these enter in visual calculations ï has 

made them one of most accessible and intuitive formalisms to use in formal studies 

in design. 

1.1 Implementation of shape grammars 

Several applications have been developed in various fields over the years. 

Applications of shape grammars in architectural design include the Palladian 

Grammar (Stiny and Mitchell 1978), the language of the Prairie (Koning and 

Eizenberg 1981), the language of Bungalow plans (Flemming 1981), the grammar 

of Queen Ann houses (Flemming 1987), the language of the Usonian houses 
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(Knight 1983), the grammar of Taiwanese traditional houses (Chiou and 

Krishnamurti 1995, 1996), the Mies Van Der Roheôs Dirksen grammar (Park and 

Economou 2019), the Portman House grammar (Ligler and Economou 2019) and 

so forth. Applications of shape grammars in landscape architecture and urban 

design include the grammar of the Mughul gardens (Stiny and Mitchell 1980; 

Knight 1990), Sizaôs Malagueira grammar (Duarte, 1999), the grammar for the 

Zaouiat Lakhdar quarter (Duarte, Rocha and Soares 2007), more too. In the visual 

arts, applications of shape grammars include the grammar of Urform I, II and III 

(Stiny and Gips 1970), the color grammar formalism (Knight 1989), the grammar 

of Tibet Tangka (Zhang and Lin 2008) and so forth. Applications of shape 

grammars for furniture design and ornamental design include the grammar of 

Hepplewhite-style chair-back design (Knight 1980), the grammar of Thonet chair 

design (Barros, Duarte and Chaparro 2011), the grammar of Celtic knots (Jowers 

et al 2010), the grammar of curved-crease origami (Gattas 2018), the shape 

grammar of origami patterns (Yu, Hong, Economou and Paulino, 2021) and others. 

In engineering, applications of shape grammars for mechanical design include the 

grammar of MEMS resonators (Agarwal, Cagan and Stiny 2000), the grammar of 

Harley-Davidson (Pugliese and Cagan 2002), the grammar of inner hood 

(McCormack and Cagan 2002), the grammar of Buick (McCormack and Cagan 

2004), the grammar of cross-over vehicles (Orsborn et al 2006) and so forth.  

Few shape grammars have been implemented in a computer setting. Most 

typical among them are those designed and implemented for a specific purpose. 

In architectural and urban design shape grammars computer implementations 
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include the Yingzao Fashi (Li 2002), MALAG (Duarte 2005), the bracket system 

(Wu 2005), PROGRAMA (Duarte and Correia 2006), UIP Algorithms (Beirão, 

Duarte and Stouffs 2009) and so forth. In furniture design, shape grammars 

computer implementations include the GGM (Garcia and Barros 2015) and the 

Chair DNA (Garcia and Romão 2015); in mechanical design, shape grammar 

computer implementations include the language of coffee maker (Agarwal and 

Cagan 1998), EifForm (Shea 2000), SGMP (Ertelt 2012) and so forth. Note that 

these computer programs are for specific designs and are note meant to be used 

for other purposes. 

Some shape grammar implementations have been designed to model a 

variety of different languages ïranging from product modeling to architectural 

design and/or urban design. Such computer applications or shape grammar 

interpreters include the SEED (Flemming and Woodbury 1995), the Rapid 

Prototyping Media (Simondetti 1997), SGClip (Chien, Synder and Tsai 1998), 

CityEngine (Parish and Mueller 2001), 3D architecture form synthesizer (Wang 

and Duarte 2002), SG algorithm and educational software (Gorgul and Sener 

2008) and so forth.  

Finally, some implementations of shape grammars include truly general-

purpose shape grammar interpreters that can take on a variety of different 

problems in shape modeling for various types of shapes, dimensions, types of 

transformations, and so forth. Such shape grammar interpreters  include the SGI 

(Krishnamurti 1982), SGI (Krishnamurti and Giraud 1986), SGS (Chase 1989), 

GRAIL (Krishnamurti 1992), GENESIS (Heisserman 1991, 1994), Rubikon-GRAIL 
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(Stouffs 1994), GEdit (Tapia 1999), 3DShaper (Wang 1998), Shaper2D (McGill 

2001), Parametric SGI (McCormack and Cagan 2002), 3D Shape grammar 

interpreter (Chen et al. 2004), Curve-based SGI (McCormack and Cagan 2006), 

Parametric SG Interpreter (Yue, Krishnamurti and Grobler 2009), SD2 (Jowers et 

al. 2010), QI (Jowers 2011), Visual Interactive 3D Spatial Grammar (Hoisl and 

Shea 2011), SGI for Rectilinear Forms (Trescak et al. 2012), DESIGNA (Correia 

2013), QI (Jowers 2012), GRAPPA (Grasl 2012), GRAPE (Grasl 2013), Shape 

Grammar Implementation (Strobbe et al. 2013 ), SHaDe (Ruiz-Montiel et al. 2014), 

GRAPE: Agent-based Rule Decision (Grasl and Economou 2018), Shape Machine 

(Economou, Hong, Park and Ligler 2021) and so forth. 

A major obstacle for the general implementation of shape grammar 

applications ï either general-purpose or specific-purpose shape grammar 

interpreters ï is the successful implementation of the key characteristic of the 

shape grammar formalism: the embedding relation and its seamless role in shape 

recognition and shape replacement in calculations with shape rules. So far there 

are more than 70 shape grammar interpreters (Table 1-1) that have provided a 

solid theoretical and engineering foundation for this study. All shape grammar 

interpreters approach the problem in two ways, namely, by: a) the database query 

of the maximal elements that the shapes are made of, see for example, GRAPE 

(Grasl and Economou 2013; 2018); Sortal (Stouffs 2018; Stouffs and Li 2020); and 

b) the derivation of the transformation matrix that embeds one shape into another, 

see for example, SGI (Krishnamurti 1982; Krishnamurti and Giraud 1986); SGS 

(Chase 1989); GRAIL (Krishnamurti 1992); GEdit (Tapia 1999). Both approaches 
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rely on the formal descriptions of the maximal representation of shape and its 

registration marks or points (Stiny 1975 2006; Krishnamurti 1981). The 

implementation of shape embedding through database query, even though it 

greatly succeeds in both design and engineering workflows, might be difficult to 

provide a general solution to the subshape problem (McKay et al 2012). The 

implementation of shape embedding through the derivation of the transformation 

matrices is still the most promising method but it is plagued by a series of problems 

across several fronts (Stouffs and Krishnamurti 2019; Hong and Economou 2021). 

Table 1-1 Implementations of shape grammar interpreters. 

 Name References 

1 Shepard-Metzler Analysis (Gips, 1975) 

2 Simple Interpreter (Gips, 1975) 

*3 Shape Grammar Interpreter (Krishnamurti, 1982) 

*4 Shape Grammar Interpreter (Krishnamurti and Giraud, 1986) 

5 Queen Anne Houses Grammar (Flemming, 1987) 

6 SEED (Flemming and Woodbury, 1987) 

7 Topdown system (Mitchell, Liggett and Tan, 1988) 

*8 Shape Grammar System (Chase, 1989) 

*9 Genesis (CMU) (Heisserman, 1991) 

*10 GRAIL (Krishnamurti, 1992) 

11 Grammatica (Carlson, 1993) 

*12 Genesis (Boeing) (Heisserman, 1994) 

*13 Rubikon-GRAIL (Stouffs, 1994) 

14 Shape Grammar Editor (Shelden, 1996) 

15 Implementation of Basic Grammars (Simondetti, 1997 ) 

16 3D Shape Grammar (Piazzalunga and Fitzhorn, 1998) 

17 SG Clip (Chien et al., 1998) 

18 Coffee Maker Grammar (Agarwal and Cagan, 1998) 
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Table 1-1 Continued 

*19 GEdit (Tapia, 1999) 

20 3D Shaper (Wang, 1998) 

21 MEMS Grammar (Agarwal, Cagan and Stiny, 2000) 

22 Shaper2D (McGill, 2001) 

23 CityEngine (Parish and Mueller, 2001 ) 

24 Harley Davidson (Pugliese and Cagan, 2002) 

25 Grammar Use and Interaction (Chase, 2002) 

26 EifForm (Shea, 2000) 

27 Yingzao Fashi (Li, 2002) 

28 3D Shaper (Wang and Duarte, 2002) 

*29 Parametric Shape Grammar Interpreter (McCormack and Cagan, 2002) 

30 Buick (McCormack and Cagan, 2004) 

*31 Shape Grammar Implementation Ὗ  (Chen et al., 2004) 

32 Coca-Cola Grammar (Chau et al., 2004) 

33 Computational Environment for Learning (Wong and Cho, 2004) 

34 MALAG (Duarte, 2005) 

35 Shape Designer V.2 (Wong et al., 2005) 

36 Bracket System (Wu, 2005) 

*37 Curve-based SGI (McCormack and Cagan, 2006) 

38 Cross-over Vehicle Grammar (Osborn et al., 2006) 

39 Implementation of Description Grammar (Duarte and Correia, 2006 ) 

40 Marrakech Medina Grammar (Duarte, Rocha and Soares, 2007) 

41 Baltimore Row-house (Grobler et al., 2007) 

42 Tibet Tangka Grammar (Zhang and Lin, 2008) 

43 Classique Ottoman Mosques (Gorgul and Sener, 2008) 

44 Humanoid Grammar (Fiedler & Ilļ²k, 2009) 

45 Urban Grammar for Praia (Beirao, Duarte and Stouufs, 2009) 

46 Grammar Environment (Li et al., 2009) 

47 SGMP (for CNC Router) (Ertelt, 2012) 

*48 Parametric SG Interpreter (Yue, Krishnamurti and Grobler, 2009) 

49 Shape Grammar and Augmented Reality (Chen et al., 2009) 



 7 

Table 1-1 Continued 

50 GraphSynth (Campbell, 2009) 

51 Shape Design V.2 - SGI (Trescak et al., 2009) 

*52 SD2 (Jowers et al., 2010) 

53 Embedded Shape Detector (Keles, Ozkar and Tari, 2010) 

54 Design Synthesis and Shape Generation (McKay et al., 2011) 

*55 QI (Jowers and Earl, 2011) 

56 Thonet Chair Grammar (Barros, Duarte and Chaparro, 2011) 

57 SG Parsing via Reinforcement Learning (Teboul et al., 2011) 

*58 Visual Interactive 3D Spatial Grammar  (Hoisl and Shea, 2011) 

59 Digital Camera Grammar (Lee et al., 2012) 

60 Weighted Shape Embedding (Keles, Ozkar and Tari, 2012) 

*61 GRAPPA (Grasl, 2012) 

*62 SGI for Rectilinear Forms (Trescak et al., 2012) 

*63 DESIGNA (Correia, 2013) 

*64 Shape Grammar Implementation (Strobbe et al., 2013 ) 

*65 GRAPE: Ὗ  and Ὗ  SG Interpreter (Grasl and Economou, 2013) 

*66 ShaDe (Ruiz-Montiel et al., 2014) 

67 Rabo-de-Bacalhau Grammar (Eloy and Duarte, 2015); (Strobbe, 2016)  

*68 SortAL GI (Dy and Stouffs, 2018) 

*69 GRAPE: Agent-based Rule Decision (Grasl and Economou, 2018) 

70 Multipurpose Chair Grammar (Garcia and Romão, 2015) 

71 Dirksen Grammar (Park and Economou, 2019) 

72 Portmino (Ligler and Economou, 2019) 

*73 Shape Machine (Hong and Economou, 2020) 

Note1: Those interpreters listed above with the marks ñ*ò are general-purpose shape grammar 
interpreters. 

  



 8 

1.2 Shape computation 

A computer implementation of a shape computation requires the 

implementation of five distinct processes, all intimately involved in the recognition 

and replacement of a shape under a given transformation. More specifically, for  

ό, ὺ and ὡ shapes, a shape rule όᴼὺ , and the shape ὡ defined as the current 

design, the operation that a shape grammar interpreter should process is: 

ὭὪ Ὢό  ὡȡ 

ὡ ὡ Ὢό Ὢὺ 

Or, a) Encode the shapes ό, ὺ and ὡ in the smallest number of basic elements 

that can specify them; b) Inquire whether there is transformation Ὢ that embeds 

the shape Ὢό in ὡ, and if yes; c) Subtract the shape Ὢό from ὡ; d) Add the 

shape Ὢὺ  in ὡ ; and e) Repeat the above processes for all applicable 

transformations of the shape Ὢό in ὡ. A visual example is shown in Figure 1.1 

to demonstrate the five procedures outlined above underlying a shape 

replacement. 
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Figure 1.1 A shape computation. (a)-(c) Shapes ◊, ○, and ╦; (d) Shape rule 

◊ᴼ○; (e) Eight matches of the shape █◊ in ╦; (f) Subtractions of the eight 
instances of the shape █◊ from ╦; (d) Additions of the eight instances of 

the shape █○ to the corresponding eight instances of the shape ╦ █◊. 

The example illustrated in Figure 1.1 features a shape rule applied under 

an isometric transformation, that is, a transformation that keeps shape and size 

invariant while varying handedness and position. In this case, there are eight Ὢ 

transformations that embed the shape Ὢό in the shape ὡ (that is, make the 

shape Ὢό  part of the shape ὡ . The implementation of each of these five 

processes in a shape grammar interpreter brings its own set of problems and some 

more than others. A brief description of each process is given below. 
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The first process of encoding the shapes ό, ὺ and ὡ  in maximal 

representation, that is, in the smallest number of basic elements that can specify 

a shape (Stiny 2006), is to ensure that the shapes have a unique specification so 

that they can be compared and acted upon. The maximal representation of shape 

is typically defined in different ways depending on the dimensionality of the shape, 

that is, 0-, 1-, 2- and 3-dimensions, and its type, that is, line, arc, conic, Bezier, 

etc., requiring in essence different algorithms for a maximal point representation, 

maximal line representation, maximal curve representation, maximal plane 

representation, maximal surface representation, maximal solid representation, and 

so on (Stiny 2006). For most shape grammar implementations, the maximal 

representation of shape is implemented with various approaches and typically, by 

a combined usage of operations (computer programs) of shape instantiation and 

shape addition or shape subtraction (Krishnamurti and Giraud 1986). However, for 

more complex geometries, such as curves, surfaces, and solids, it is difficult to 

obtain the maximal representations of the corresponding elements of the shapes 

(Krishnamurti 2015) and there is still a large number of shape types to be 

addressed. A different kind of problem might arise when shapes are perceptually 

similar but mathematically different and the implementation might seem to fail or 

otherwise cause confusion to users.  

The second process of inquiring whether there is a transformation Ὢ that 

embeds the shape Ὢό in ὡ is the most critical ï and elusive ï process for most 

of the shape grammar interpreters. The part relation between shapes is typically 

achieved by checking the boundaries of shapes (Earl 1996). The matching 
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transformation, Ὢ is typically a Euclidean transformation ï but more generally, a 

transformation belonging to the Euclidean, affine and projective geometries shown 

in Figure 1.2. Most detrimentally, most of the interpreters adopt database query 

(Tapia 1999) to simulate the desired transformation but this method, powerful as it 

may appear, it is severely limited because it assumes that a shape can be 

decomposed and represented as a finite set of subshapes and therefore violates 

the fundamental definition of shapes. Additionally, most of these matching 

calculations in affine and projective spaces accumulate a rounding error so fast 

that the matching results are often useless. 
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Figure 1.2 Types of linear transformations. (a) Identity; (b) Reflection (c) 
Direct transformations (from left to right): Translation; Rotation; Scale; 
Shear; Stretching; One-point perspective; Two-point perspective; (d) 
Indirect or handed versions of the transformations in (c). 

The third process of subtracting the shape Ὢό from ὡ is based on the 

detection of shape boundaries. Chase (1989) has listed 13 cases of two input lines 

with labeled endpoints so that the system can derive the results with three different 

procedures. The implementation of shape subtraction for lines has been done by 

Krishnamurti (Krishnamurti 1982; Krishnamurti and Giraud 1986) and has been 

broadly adopted in other interpreters. However, this shape operation is highly 

related to shape type and the complexity of implementation increases as the 

dimensionality of shape and the corresponding dimensionalities of space that the 

shapes are defined in are both increasing too. As above, shape types captured by 

higher degrees might cause severe precision errors and make the system 

unstable. For instance, the calculation of descriptors of high degree curves such 
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as Bezier curves can be heavy because the system has to resolve the coefficients 

of high degree polynomials (Jowers and Earl 2011). 

The fourth process of adding the shape Ὢὺ  to ὡ Ὢό  is similar to 

subtracting. As above, Chase (1989) has listed out 13 cases of two input lines with 

labeled endpoints so that the system can derive the results with three different 

procedures. Similarly, the implementation of shape addition for lines has been 

done by Krishnamurti (Krishnamurti 1982; Krishnamurti and Giraud 1986) and has 

been broadly adopted in other interpreters as well. The same problems that are 

encountered in the implementation of the subtraction operation are encountered 

here too. 

The fifth process of repeating the above processes for all applicable 

transformations of the shape Ὢό in ὡ is straightforward for all shape grammar 

interpreter. The recursion can be implemented by re-assigning the result ὡ

Ὢό Ὢὺ from the previous iteration back to the same variable ὡ for the next 

iteration. The formal expression can be written as:  

ὡ ὡɀὪό Ὢὺ 

ὡ ὡ  

so that the result is represented in a recursive format: 

ὡ ὡ  Ὢό Ὢὺȟπ Ὥ ὔ 
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after ὔ iterations, where Ὢ  represents the applied transformation for the Ὥ  

iteration. 

1.3 A new framework 

The computer implementation of the five processes discussed above 

withstands a general solution for good reasons. A shape computation (the 

recognition and replacement of a shape under a given transformation) requires 

being able to determine equality between two shapes ï and shapes are notoriously 

slippery to satisfy this requirement. The discrete foundations of a CAD system do 

not help to resolve the issue: A CAD system or more properly an ‐-tolerant or ‐-

CAD system is a cartesian grid with grid lines ‐ apart, where ‐ denotes the 

tolerance and a minimum set of certain specified operations, e.g., drawing a line, 

layering etc., within a programmable API. A shape calculation in ‐-CAD systems 

may be decidable when shapes are encoded or embedded within these coordinate 

systems (Stiny, 1975) ï for example, specification of shapes in terms of the rational 

coordinates do provide good candidates for decidable shape calculations 

(Krishnamurti, 1981, 2015). Still, implementing shape calculations for any shapes, 

irrelevant of their embedding into some coordinate system, has been proven 

difficult. A numerical representation of shapes often involves recurring decimals 

and irrational numbers and as most current computers are finite machines (Minsky, 

1967) it is virtually impossible to calculate with such infinite numbers.  

An interesting reworking on this topic relating tractable shape calculations 

through their encoding in a coordinate system and/or through their geometric 
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constructability has been given recently by Krishnamurti (2015). In this work 

shapes are classified according to their constructive devices and their numeric 

properties, and fall in three different categories: constructible (Euclidean) and 

existentially constructible (Origami constructions), and existential shapes (real 

shapes). The goal then is to relate shape calculations and geometric 

constructability by comparing the construction of shapes through analogue and 

digital devices. Krishnamurti traces this relationship extending Martinôs work 

(1981) to suggest that certain number fields are associated with geometries that 

can be derived by applying a sequence of geometric constructions with drawing 

instruments (standard instruments). This concept is further extended to determine 

the decidability of shape embedding for particular types of shape constructed by 

various types of machine. The work brings a fresh insight on the decidability of the 

shape calculation problem albeit it verifies, yet once again, that a general solution 

to implement shape computation in a digital environment is difficult (impossible) to 

achieve.  

Here, this intertwined problem is dealt in another way. Recall that shape 

embedding with pencil and trace paper in a traditional drafting setting eschews 

these problems: the left-hand-side shape on a trace paper is moved onto the 

design, rotated, (and scaled if the trace paper is elastic) until the left-hand-side is 

embedded in design. Significantly, neither the history of shape (how the shape is 

constructed), nor the numerical properties of the shape and its comparison to a 

part of a design, are involved. Shape embedding is processed with hands (a tactile 

act that provides the transformations) and eyes (and visual act that decides 
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whether and where the transformed shape is embedded). In such analog 

environments, hands might be simulated with mechanical devices which enable 

the transformation of the left-hand-side shape and the eyes might be simulated as 

a read-head that recognizes the status of shape embedding. Significantly, the 

maximal line representation is a straightforward simulation of how eyes perceive 

shapes (the read-head). By expanding upon this concept, this work seeks to 

identify a mechanism that will be framed by the three prevalent aspects of shape, 

CAD, and computation (determination of equality in a comparison) and reconcile 

them all at any moment during a shape calculation by recursively deriving a unique 

representation of shape and a mechanism that can decide whether shape 

embedding is successful within the limits of the constant recalibration of shape. 

1.4 Five challenges 

The various general-purpose and specific-purpose shape grammar 

interpreters in the literature (see Table 1) show various ways of implementing most 

or all of the five processes outlined above. Some of these interpreters focus on the 

recursive generation and eschew the problem of embedding, others limit shape 

embedding to particular cases involving well-formed shapes under specific 

transformations, and few take on the problem of shape embedding and 

replacement in the general and technical sense of the word. Indeed, several of the 

problems underlying the implementation of shape embedding and replacement 

have been identified and addressed in the literature, and still, several problems 

continue to elude a general solution. The reasons why are not straightforward. This 

dissertation takes on this very challenge of identifying the reasons that contribute 
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to failed or aborted calculations, proposes a computational framework to integrate 

these calculations in a coherent architecture seamlessly integrated with a CAD 

modeling system, and test its ability to perform the miraculous calculations 

proposed in the literature as well as applied ones in everyday design workflows. 

More specifically, the dissertation claims that the problems that continue to 

impede the processes required for shape embedding and replacement and the 

design of a general-purpose shape grammar interpreter can be cast into five 

different types: 

a) the successful separation of the calculations required for the shape 

embedding and replacement vs. the calculations required by a CAD system for the 

selection, instantiation, transformation and combination of shapes in CAD 

modeling. 

b) the effective translation of geometrical types of shapes to their maximal 

representations without cumulative calculating errors;  

c) the effective calculation of all linear transformations for the complete 

Erlangen program without cumulative errors;  

d) the resolution of indeterminate embeddings for shapes having less 

registration points required for a shape embedding under a particular type of 

transformation; and 

e) the effective calculation of shape embeddings for complex drawings 

consisting of a large number of shapes.  
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Clearly, the implementation of the five processes required for shape 

embedding and replacement, as well as the proposed solutions to the five 

problems identified to impede the implementation of the five processes, require a 

sophisticated computational framework to incorporate the processes, integrate 

them with regular CAD operations, and test the shape calculations. This system, 

appropriately called here Shape Machine, is used to test the hypothesis on the 

integration of the calculations required for shape embedding and replacement and 

their proper deployment in a design workflow specifically for shapes consisting of 

lines in the Euclidean plane, that is, for shapes in the algebras Ὗ . It is strongly 

believed that once the difficulties underscoring the implementation of shape 

embedding and replacement for shapes made up of lines are successfully 

addressed, the continuation of further work on this front will be greatly mapped out, 

and the implementation of the mathematical concept of the ñpart relationò between 

two shapes, or equivalently, between two drawings, or between a shape and a 

design will be finally completely solved. 

In this thesis, two applications are illustrated to demonstrate the merits of 

shape computation. The first application is to demonstrate that shape grammars 

can be adopted in design workflows for architects and designers to customize their 

own geometric functions so that more freedom and efficiency can be obtained. The 

second application is a visual algorithm implemented in shape grammar for solving 

a modular maze. It is demonstrated that shape grammars as an alternative 

programming language for general problem solving might provide benefits on 
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certain type of problems, especially for those visual problems. About the two 

applications, more details can be found in chapter 8. 

1.5 Outline 

The dissertation consists of nine chapters. A brief description for each 

chapter is given  below: 

Chapter 1. Introduction 

This chapter provides an overview of the background of this research 

especially focusing  on shape grammar interpreters. The discussion also includes 

the brief introductions to the shape grammar formalism, the current state-of-the-

art of implementation of shape grammar interpreters and the contributions of this 

dissertation. 

Chapter 2.  Challenges Underlying Implementation 

This chapter provides a literature review of implementations of shape 

grammar interpreters that suggests five major challenges underlying the general 

implementation of the relation of shape embedding in shape grammar interpreters: 

a) the lack of an explicit and error-free relation of a shape grammar interpreter with 

CAD architecture; b) the accumulated errors in CAD systems; c) accumulated 

errors of current algorithms in shape embedding under affine and perspectival 

transformations; d) limited support for indeterminate shape embedding; and e) low 

performance of shape embedding in complex drawings consisting of a large 

number of shapes. 



 20 

Chapter 3. System Structure of Shape Machine 

A system structure of the Shape Machine including six major components: 1) 

communication/control layer, 2) shape rule compiler, 3) design initializer, 4) maximal line 

modeler, 5) shape embedding engine and 6) rule application unit, is proposed in this 

chapter as a comprehensive integration of the Shape Machine and a CAD system 

(Rhinoceros as the example in this dissertation). 

Chapter 4. Maximal Line Calibration 

The maximal line calibration mechanism is proposed to address the 

accumulated modeling errors in CAD systems demonstrated by the reworked 13 

cases of line relations for the reduction rules (Stiny 1975, Chase 1989) along with 

their definitions for both Boolean addition and Boolean subtraction for lines.  

Chapter 5. Dual-mode of Derivation of Transformations 

A dual-mode system of derivation of transformations for shape embedding, 

including a algebraic and a pictorial approach, is proposed to implement the shape 

embedding relation under the full spectrum of linear transformations with the 

mitigation of the accumulated errors caused by the current algorithms. 

Chapter 6. Implementation of Indeterminate Shape Embedding 

A solution to indeterminate shape embedding is proposed in the form of 

multi-step procedure for the translation of an indeterminate case of embedding to 

a determinate one. The calculations of the ten cases of indeterminate embeddings 
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are demonstrated using a single example of a target shape to make explicit the 

sequencing of the transformations in the various forms of indeterminate 

embeddings. 

Chapter 7. Registration Point Signature 

The registration point signature is introduced as a data representation of the 

intersections of the hyperplanes upon which maximal lines are defined in, to 

reduce the complexity of computation and improve the performance of shape 

embedding. This chapter also proposes a ranking mechanism for registration 

points and a collinearity filtering mechanism that furtherly improves the embedding 

performance. 

Chapter 8. Applications 

Two cases studies are shown to showcase Shape Machineôs ability for 

calculation with shapes: from the most mundane and everyday tasks in design 

practice to problem solving activities in computer science practice. The first case 

study focuses on repetitive and time-consuming operations in design ï operations 

that every designer has gone through at some time in her design practice or still 

does for that matter. The second case study focuses on the visual operations 

required for the solution of the path navigation in a maze and their dramatic 

differences with the symbolic operations required in computer science. Both cases 

are constructed to demonstrate that shape grammars can be implemented as an 

alternative programming language for general problem solving across diverse 

domains and especially visual ones.  
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Chapter 9. Conclusion 

The challenges regarding the incorporation of additional shape types in 

Shape Machine in the future are discussed, as well as a possible solution to the 

future challenges by expanding the current modules of Shape Machine is also 

shown in this chapter. Additional challenges pertaining to aspects of performance, 

interface design, UX and are also discussed as key characteristics that need to be 

properly addressed for the Shape Machine to be truly useful in design research 

and engineering. 
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CHAPTER 2. CHALLENGES UNDERLYING IMPLEMENTATION 

The current shape grammar interpreters that have attempted to implement 

the five processes outlined in the introduction have produced promising and 

fundamental soil for this study.  It is suggested here that beyond a seemingly long 

list of technological hurdles that can undermine each of the five processes outlined 

above, the implementation of shape embedding, that is, the implementation of the 

mathematical concept of the ñpart relationò between two shapes, or equivalently, 

between two drawings, or between a shape and a design, is the single major 

obstacle to take on. 

The part relation (ό  ὡ  between two shapes ό and ὡ in computer-aided 

design (CAD) systems is enabled by a database query requesting the retrieval and 

comparison of instances of shapes from a CAD database. Surprisingly, the visual 

embedding of shapes (shape query) under a given Euclidean, affine or linear 

transformation (Ὢ(ό  ὡ  is entirely absent from current CAD systems. This 

might come at a surprise when CAD geometry is intimately related to 

computational geometry ï an ever-growing field of algorithms dealing with 

geometric problems involving operations on points, lines, planes and solids (see, 

for example, Preparata and Shamos 1985, Goodman and OôRourke 1997). The 

impressive list of formal approaches on shape matching in computational geometry 

includes diverse shape representations such as CSG (constructive solid 

geometry), BSP (binary space partitioning) trees, octrees, B-rep (boundary 

representation), free form surfaces, implicit surfaces, and so on (Foley et al 1997); 
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diverse matching techniques such as tree pruning, pose clustering, geometric 

hashing, deformable templates, Fourier descriptors, wavelet transforms, neural 

networks, and so on (Besl and Jain 1985, Loncaric 1998, Campbell et al . 2001, 

Cardone et al. 2003); and an expanding universe of classes of shapes to be 

compared including sketch-based shapes, non-rigid shapes, relief surface 

patches, multi-domain protein shapes, gesture sequence shapes, watertight 

models, and so forth (Tangelder and Vetlkamp 2008). And yet, the single most 

important characteristic in all these approaches, the measurement of the similarity 

(or dissimilarity) of a shape with another shape using some appropriately 

constructed similarity or dissimilarity measure (Veltkamp and Hagedoorn 2001), is 

an indifferent measure when it comes to the notion of shape embedding under a 

given Euclidean, affine or linear transformation (Stiny 2006).  

All shape grammar interpreters approach the problem in two ways, namely, 

by: a) the database query of the maximal elements that the shapes are made of, 

see for example, GRAPE (Grasl and Economou 2013; 2018); Sortal (Stouffs 2018, 

Stouffs and Li 2020); and b) the derivation of the transformation matrix that embeds 

one shape into another, see for example, SGI (Krishnamurti 1982, Krishnamurti 

and Giraud 1986); SGS (Chase 1989); GRAIL (Krishnamurti 1992); GEdit (Tapia 

1999). Both approaches rely on the formal descriptions of the maximal 

representation of shape and its registration marks or points (Stiny 1975; 2006; 

Krishnamurti 1981). The implementation of shape embedding through database 

query, even though it greatly succeeds in well-structured cases and design 

workflows, fails to provide a general solution to the subshape problem (McKay et 
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al. 2012). The implementation of shape embedding through the derivation of the 

transformation matrices is still the most promising method but it is plagued by a 

series of problems across several fronts (Stouffs 2019, Hong and Economou 

2020). A brief account of the problems and challenges underlying the 

implementation of shape embedding in shape grammar interpreters under a given 

transformation is given below. 

2.1 Limited support of the dual architecture 

The successful calculation of the shape embedding is intimately related to 

the design of the architecture of the system and its ability to seamlessly integrate 

the shape embedding algorithms with either side of the system workflow of the 

shape computation, namely, the instantiation of shapes and shape rules, and their 

preview and applications in a CAD model to the users of the system. This relation 

between the CAD modeler and the shape embedding machine requires a dual 

architecture that has not been adequately addressed so far. Some of the 

challenges are discussed below. 

Shapes and shape rules are instantiated with modeling tools either through 

available CAD systems, such as AutoCAD, 3DMax, MAYA, Rhinoceros, SketchUp, 

Revit, and so forth, or entirely from scratch. Both approaches have their own 

challenges. Existing CAD systems are routinely adopted in design practice through 

APIs for developers to implement their own components and in this sense,  it is 

beneficial for developers to implement a shape grammar interpreter within a CAD 

system to connect to designersô daily workflows. This model of implementation can 
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be found in current interpreters, for instance, DESIGNA in AutoCAD (Correia 

2013), GRAPE in Rhinoceros (Grasl 2012), ShaDe in SketchUp (Ruiz Montiel et 

al. 2014) and so forth. This approach brings faster initial results but in the long run 

it is not scalable because the ways shapes are represented in CAD systems do 

not lend themselves to the computations required for shape embedding ï see more 

below on the challenge of precision modeling.  On the other extreme, developing 

a mature modeling tool from scratch requires much time and energy, for instance, 

SGI (Krishnamurti 1981, 1986), or GRAIL (Krishnamurti 1992). 

The integration of the workflow of shape embedding and replacement in 

current design processes continues to be a challenge. The system workflow of a 

shape computation in a shape grammar interpreter is typically divided into three 

main parts (Chase, 1989): 1) instantiation of shapes and shape rules; 2) calculation 

of shape embedding; and 3) preview and the application of shape rules. Most of 

the shape grammar interpreters require users to jump back and forth between 

different windows, systems and files. For some interpreters (Krishnamurti 1982, 

1986, Chase 1989, Dy and Stouffs 2018), the users have to ñscriptò shapes in a 

text editor to define what shapes are applicable in the rule-based production. The 

process is not intuitive and requires lots of effort to describe shapes. Even worse, 

only the shapes described in the script are supported in the computation and this 

reduces many opportunities to explore designs. Some interpreters (Tapia 1999, 

Trescak et al. 2012, Grasl and Economou 2013, 2018) provide users with an 

interface to instantiate shapes and shape rules in a separate window or a 

subsystem. Still, the geometric tools provided by the CAD modeling systems do 
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not provide the precision required for the calculations with shapes required in 

shape grammar interpreters and often the calculations fail to execute for no 

apparent reason. It is disruptive in the design process if the designers need to 

switch between different windows, systems or files and/or debug for even the 

simplest cases of shape embedding. Clearly, the seamless merge of a shape 

grammar interpreter into an existing CAD modeler or one built from scratch 

continues to be a more major challenge for development. 

2.2 Precision errors in modeling 

Precision error in CAD systems is a severe issue in shape computation. 

Technically, any computer implementation of a shape computation can only be 

viewed as an approximation, instead of a true shape computation system. The gap 

between the continuum of geometry and the discreteness of the CAD systems and 

their digital infrastructure is difficult to cross and a severe challenge to overcome. 

Shapes represented as geometries such as points, lines, curves, are constructed 

on the real number system. However, CAD systems can only provide limited digits 

to represent real numerical values, thusly the precision errors commonly show up 

and accumulate in the computation. Figure 2.1 shows an example of a 

constructible equilateral triangle which can be represented as tractable 

mathematical expressions; and an approximated numerical representation of an 

equilateral triangle in a CAD system. 
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Figure 2.1 An example of the precision errors of geometries in CAD systems. 
(a) an equilateral triangle constructed with geometric instruments; (b) three 
endpoints of an equilateral triangle represented in a cartesian plan of CAD 
system with the resolution of Ȣ  unit. 

In general, precision errors can be ignored in the modeling process, since 

the precision errors in CAD system are typically smaller than the precision errors 

in manufacturing processes. For instance, the EUV machine which is used to 

manufacture photomasks in semiconductor industries can only achieve the 

resolution of ψ ρπ  meter (Schoot et al 2016) which is still larger than the 

resolution in CAD systems. Nevertheless, it is not allowed to have precision errors 

in shape computation as this type of computation is based on zero tolerance. For 

instance, a script written in Python programming language is shown as below:  

ὭὪ ὼ  ρȡ 

 ὼ  ὼ ρ 

The second line of the script (ὼ ὼ ρ) will not be executed even if ὼ is 

πȢωωωωω or ρȢππππρ; no matter how close the value of ὼ is to ρȢπ: in all, precision 

errors need to be tolerated and mitigated in shape computation because of the 

limitations of digital devices. Additionally, rounding errors are often accumulated 
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throughout the entire computation process from the instantiations of shapes, to the 

mechanisms checking the relationships among these shapes, and the shape 

Boolean operations required for the maximal representation of these shapes (see 

below), rendering the computation process unstable and unreliable.  

2.3 Precision errors in the derivation of transformations 

The implementation of shape embedding under linear transformations, 

including isometric, similar, affine and perspectival ones, through the derivation of 

a σ σ homography matrix requires complicated computations that often produce 

precision errors and incorrect matchings. These problems are especially 

exacerbated in the calculations of perspectival transformations. 

More specifically, to derive a σ σ isometry matrix that represents isometric 

transformations, two points from the shape ό and two points from the shape ὡ are 

required to resolve three unknown variables including the rotation angle —, the 

translation vector in ὼ direction ὸ and the translation vector in ώ direction ὸ 

contained in the σ σ matrix shown as below.  

ÃÏÓ— ÓÉÎ— ὸ
ÓÉÎ— ÃÏÓ— ὸ

π π ρ

ὼ
ώ

ρ

ὼ
ώ

ρ
 and 

ίϽÃÏÓ— ίϽÓÉÎ— ὸ
ίϽÓÉÎ— ίϽÃÏÓ— ὸ

π π ρ

ὼ
ώ

ρ

ὼ
ώ

ρ
 

To derive a σ σ similarity matrix that represents similarity transformations, 

two points from ό and two points from ὡ are required to resolve four unknown 

variables including the scaling factor ί, the rotation angle —, the translation vector 
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in ὼ direction ὸ and the translation vector in ώ direction ὸ contained in the σ σ 

matrix shown as below.  

ίϽÃÏÓ— ÓÉÎ— ὸ
ÓÉÎ— ίϽÃÏÓ— ὸ

π π ρ

ὼ
ώ

ρ

ὼ
ώ

ρ
 and 

ίϽÃÏÓ— ÓÉÎ— ὸ
ÓÉÎ— ίϽÃÏÓ— ὸ

π π ρ

ὼ
ώ

ρ

ὼ
ώ

ρ
 

To derive a σ σ affine matrix that represents up to affinity transformations, 

three points from ό and three points from ὡ are required to resolve five unknown 

variables contained in the σ σ matrix as shown below, where ί and ί represent 

the stretching factor in ὼ direction and ώ direction. Note that an affine 

transformation includes both shearing and stretching, however, shearing can be 

achieved with stretching and rotation, that is, any matrix of affine transformation is 

equivalent to the multiplication of three matrices, a matrix of translation, a matrix 

of rotation and a matrix of stretching. 

ίϽÃÏÓ— ÓÉÎ— ὸ
ÓÉÎ— ίϽÃÏÓ— ὸ
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ρ
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ρ
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ώ

ρ
 

The derivation of an affine matrix can be simplified with six variables as 

shown below, where ὥ ίϽÃÏÓ—,  ὥ ÓÉÎ—, ὥ ὸ, ὥ ÓÉÎ—, ὥ

ίϽÃÏÓ— and ὥ ὸ.  

ὥ ὥ ὥ
ὥ ὥ ὥ
π π ρ

ὼ
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ρ
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ρ
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ώ

ρ
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To derive a σ σ homography matrix that represents up to linear 

transformations, four points from ό and four points from ὡ are required to derive 

nine unknown variables contained in the σ σ matrix as shown below. The 

derivation of a planar homography matrix involves heavy calculations that might 

cause a precision problem because of the accumulation of rounding errors. 

ὥ ὥ ὥ
ὥ ὥ ὥ
ὥ ὥ ὥ

ὼ
ώ

ρ

ὼ
ώ

ρ
 and 

ὥ ὥ ὥ
ὥ ὥ ὥ
ὥ ὥ ὥ

ὼ
ώ

ρ

ὼ
ώ

ρ
 

In all, the derivation of a σ σ matrix works for all linear transformations, 

still, the heavy computation load, especially for perspectival transformations, 

causes severe precision errors which are not able to be recovered easily by 

calibration mechanisms. Note that the descriptions of the derivation matrices will 

be shown with more details again in the chapter 5 for the clarity of the argument. 

2.4 Limited support for indeterminate shape embedding 

The proper determination of whether a shape embedding is decidable 

(determinate) or not (indeterminate) and the proper mechanisms to help make an 

indeterminate embedding a determinate one continue to be challenge.  An 

embedding is determinate when a shape ό can be embedded into a shape ὡ in 

finite ways, that is, when there is a finite number of transformations that can make 

ό embedded in ὡ; and an embedding is indeterminate when a shape ό can be 

embedded into a shape ὡ in infinite ways, that is, when there is an infinite number 

of transformations that can make ό embedded in ὡ(Stiny 1975). In general, shape 

embedding is determinate when the shape ό has an adequate number of 



 32 

registration marks or registration points to decide the transformation under which 

the embedding can be applied, and indeterminate otherwise (Stiny 1975, 2006; 

Krishnamurti, 1981, 1982). Note that the identification of the registration points has 

been a moving target in the literature of shape grammars and various approaches 

have been proposed (see for example, Stiny 1975, 2006, Krishnamurti 1981, 

Krishnamurti and Giraud 1986, Krishnamurti and Earl 1992, Earl 1997, Tapia 1999; 

more). For the purposes of this review, a registration point is defined as a point of 

intersection between any pair of non-parallel hyperplanes (Krishnamurti and Earl 

1992; Tapia 1999; Stouffs and Krishnamurti 2019), that is, the underlying infinite 

line that a maximal line is embedded ï alternatively encountered in the literature 

as line equation or line descriptor (Stiny 1976; Krishnamurti 1982; Chase 1986). 

The four distinct cases of determinate embedding, one per family of linear 

transformations, that is, isometries, similarities, affinities and perspectivities, along 

with the required number of registration points, are shown in Figure 2.2. 
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Figure 2.2 Four examples of determinate embedding. (a) determinate 
isometric using one registration point; (b) determinate similar using two 
registration points; (c) determinate affine embedding using three 
registration points; and (d) determinate perspective embedding using four 

registration points. All examples feature (1) Shape ◊; (2) Registration point 
of shape ◊ (3) Shape ╦; (4) Registration points of shape ╦; (5) Results of 
shape embedding. 
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The implementation of shape embedding for shapes featuring a lesser 

number of registration points than the one required for the derivation of the 

transformation matrix for a given transformation is indeterminate and cannot be 

computed as such. For instance, an embedding of a shape ό into a shape ὡ under 

a similar transformation requires two registration points from each shape, however, 

if ό has less than two registration points, there will be no information for the system 

to derive the transformation matrix. The ten distinct cases of indeterminate 

embedding, namely, one per isometries, two for similarities, three for affinities, and 

four perspectivities, along with their corresponding number of registration points, 

are shown in Figure 2.3 and Figure 2.4 

 

Figure 2.3 Three examples of indeterminate embedding. (a) Indeterminate 
isometric embedding using 0 registration points; (b) Indeterminate isometric 
embedding using 1 registration points; (c) Indeterminate similarity 
embedding using 0 registration points. 
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Figure 2.4 Seven examples of indeterminate embedding. (a)-(c) 
indeterminate affine embedding using 2, 1 and 0 registration points; (d)-(g) 
indeterminate perspectival embedding using 3, 2, 1 and 0 registration points. 
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The fourteen cases of shape embedding for shapes consisting of lines, including 

four determinate embeddings and ten indeterminate embeddings are listed out as 

in Table 2-1 to illustrate a map for implementation of shape embedding. Clearly, 

the contrived derivation of matrices in indeterminate mappings produces 

increasing precision errors and especially for the derivation of homography 

matrices. The absence of an algorithm to help make an indeterminate embedding 

a determinate one continues to be a challenge too. 

Table 2-1 Fourteen cases of shape embedding for shapes consisting of lines. 

 Number of Registration Points of ◊ 

Transformation π ρ ς σ τ τ 

ὍίέάὩὸὶώ ὍὔὈ  ὈὉὝ     

ὛὭάὭὰὥὶὭὸώ ὍὔὈ  ὍὔὈ  ὈὉὝ    

ὃὪὪὭὲὭὸώ ὍὔὈ  ὍὔὈ  ὍὔὈ  ὈὉὝ   

ὒὭὲὩὥὶὭὸώ ὍὔὈ  ὍὔὈ  ὍὔὈ  ὍὔὈ  ὈὉὝ  

Configurations of 

Hyperplanes 
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Note 1: ὈὉὝ represents that the embedding is determinate and ὍὔὈ represents that the embedding 
is indeterminate. 

Note 2: The number ρ, ς, σ and τ represent the indices of the determinate embeddings under 
isometric, similar, affine and linear transformation; the <1> to <10> represent the indices of the 
indeterminate embeddings under isometric, similar, affine and linear transformation. 
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2.5 Algorithmic complexity 

A major challenge in the automated implementation of the derivation of the 

transformation matrices is related with aspects of performance: The complexity of 

embedding follows the number of the registration points available in the current 

design ὡ . The method of the σ σ matrix allows the system to use two 

registration points to achieve a Euclidean transformation, thus, the complexity of 

the embedding under Euclidean transformations is ὕὲ  for n the number of the 

registration points of ὡ. For affine transformations the complexity increases to 

ὕὲ ȟ and for linear transformations the complexity increases to ὕὲ . For more 

on algorithmic complexity and the Big-O notation, see, for example, Cormen et at. 

(2009). Unless this challenge is confronted, the performance of shape embedding 

will always be too low to be a useful application. An example is offered below to 

illustrate this case: Figure 2.5 shows a simple architectural plan that consists of 

ςτπ maximal lines and ρρςυ registration points including endpoints and 

intersection points. The derivation of transformation matrices requires at least two 

registration points sampled in the left-hand-side shape ό to be checked against all 

pairs of the registration points in the design ὡ if shape embedding is processed 

under an isometric or similar transformation. There are ὅ φσςȟςυπ 

candidates for the system to test if the embedding is processed under Euclidean 

transformations; ὅ ςσȟφχςȟςυπ candidates to test if the embedding is 

processed under affine transformations; and ὅ ḙφȢφ ρπ candidates to test 

if the embedding is processed under linear transformations. 
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Figure 2.5 An example showing that a large number of registration points 
appear in an architectural plan. (a) An architectural plan consisting of 240 
maximal lines. (b) 1125 registration points intersected by 240 maximal lines. 

Assuming the calculations involved for each candidate embedding take 

πȢππρ second to perform, a single shape embedding under a Euclidean 

transformation will take φσσ seconds to process, ςσὑ seconds or σωτ hours for a 

single embedding rule under an affine transformation, and more than two years for 

a single embedding rule under a perspectival transformation. Clearly, the 

improvement of the calculating speed of the computer is not the answer. Even in 

the case of shape embedding under a Euclidean transformation, it is difficult for 

designers to pause their design processes for ten minutes just to wait for the results 

of one shape rule application. The performance of shape embedding needs to be 

dramatically improved for the shape grammar interpreters to be useful in design 

practice. 
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CHAPTER 3. SYSTEM STRUCTURE OF SHAPE MACHINE 

A major challenge in the automated implementation of shape embedding 

and replacement is intimately related to the design of the architecture of the shape 

grammar interpreter that the shape embedding and replacement algorithms reside 

in, and its ability to seamlessly integrate them with either side of the system 

workflow of the shape computation, namely, the instantiation of shapes and shape 

rules, and their preview and applications in a CAD model to the users of the 

system. The characteristics of the system structure of a shape grammar interpreter 

have been sketched out in multiple cases (see for example, Krishnamurti 1982, 

1986; Chase 1989; Tapia 1999; Jowers 2011; Trescak et al. 2012; Grasl and 

Economou 2013; Dy and Stouffs 2018). Most accounts of these implementations 

focus more on the theoretical grounding of the algorithms  required for the shape 

embedding and replacement for particular types of shapes, and mostly lines and 

types of curves, without sufficient description of the details pertaining to the 

engineering specifications required to make the algorithms work, and/or  accounts 

of user experience regarding the usage of the interpreters in design workflows. 

The very lack of sufficient info regarding the current state of the art regarding shape 

grammar interpreters and the need for a successful testing of the calculations 

required for the shape embedding and replacement vs. the calculations required 

by the CAD system for the selection, instantiation, transformation and combination 

of shapes in CAD modeling required the design of a new system from scratch 

showcasing a dual architecture: a system dedicated to the calculations required 
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for shape embedding and replacement (Shape Machine) vs. the CAD system used 

for the selection, instantiation, transformation and combination of shapes in a CAD 

workflow. The CAD modeler used for the first implementation of this dual 

Architecture is the Rhinoceros by MacNeel. The details of the structure of this dual 

architecture are specified in this chapter. 

3.1 Dual system: CAD and Shape Machine 

The dual architecture of the entire system includes two systems shown as 

in Figure 3.1: 1) a CAD modeler (Rhinoceros); and 2) the Shape Machine. The 

relationship between the CAD modeler and the Shape Machine is a layered and 

intertwined relationship, that is, the Shape Machine operates behind the CAD 

modeler and communicates with users through the CAD modeler without additional 

windows or subsystems. Users input shapes, shape rules or parameters in the 

CAD modeler and the data are transferred to the Shape Machine for rule 

application. After the computation of rule application, the Shape Machine passes 

the information to the CAD modeler for display, or, directly instantiating shapes on 

the canvas to convey the information. Once the users receive the information and 

input further information, the data go to the Shape Machine for further calculation. 

The operation is based on this layered structure where the data will be transferred 

back and forth between the CAD Modeler and the Shape Machine for multiple 

iterations. 
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Figure 3.1 The system structure of Shape Machine. 

Note that the left dash-lined box represents the CAD system where users 

instantiate shapes, shape rules and input parameters, and the right dash-lined box 

represents the Shape Machine where the shape rule application is processed. The 

entire system contains seven major components: 1) CAD modeling system 

(Rhinoceros), 2) Communication Layer, 3) Shape Rule Compiler, 4) Design 

Initialize, 5) Maximal Line Modeler, 6) Shape Embedding Engine, and 7) Rule 

Application Unit. The interfacing component connecting the CAD Modeler and the 

Shape Machine is the Communication Layer which is implemented within the API 

environment provided by CAD modeler (Rhinoceros). The dataflow of a shape rule 

application starts on the right part in the CAD modeler when users start to 

instantiate shapes and shape rules. The shapes and shape rules are loaded into 

communication layer and translated into the valid data format for the computation. 

The data of the shape rule is sent to the shape rule compiler and it is compiled into 

a data package of left-hand side (LHS) shape and a data package of right-hand-

side (RHS) shape. The data of the design is sent to the design initializer and it is 

compiled into a data package. The data package are sent then to the maximal line 
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modeler which derive the maximal line representation for both the design and the 

shape rule. After maximization, the data packages are sent to the shape 

embedding engine to calculate the matches of the LHS shape and generate the 

corresponding RHS shapes for the rule application. The data of LHS matches and 

the data of the corresponding RHS shapes are sent back to the communication 

layer and the system visualizes the matches and the previews of the right-hand-

side shapes on site (on the design), and users can loop between all the possible 

ways in which a shape rule can be applied. When users decide which match is 

applied by inputting a parameter, the parameter is sent back to the Rule 

Application Unit and the system processes the Boolean subtraction for the selected 

match, ὡᴂ ὡ Ὢό, and a Boolean addition for the selected right-hand-side 

shape, ὡ ὡ Ὢὺ. After the Boolean operations, the data of the rewritten 

design ὡ is sent back to the Maximal Line Modeler to derive the maximal line 

representation for the result. The data of the updated design in maximal line 

representation is sent back to Communication Layer and visualized in the canvas 

of the CAD modeler. Note that, the original design is stored in the history of rule 

applications, which is a memory component in the Communication Layer, for users 

to retrieve. The complete flow chart of shape rule application in the Shape Machine 

is shown in Figure 3.2. 
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Figure 3.2 The flow chart of a shape rule application and the corresponding 
components of Shape Machine. 
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As shown above, the dataflow of a rule application is transferring back and 

forth between the CAD modeler and the Shape Machine in an integrated loop. 

Note that all the communications are processed through the Communication Layer 

which is a component belonging both to the CAD Modeler and the Shape Machine. 

3.2 Communication/Control layer 

The communication/control layer is a component between the kernel of 

Shape Machine and the CAD modeler and includes four major procedures shown 

in Figure 3.3: 1) loading shapes, 2) loading parameters, 3) visualizing previews, 

and 4) compiling/displaying message. 

 

Figure 3.3 The four modules of the communication/control layer component 
of Shape Machine. 

The first procedure, shape loading, loads the shapes into Shape Machine, 

including the shape rules, όᴼὺ and the design ὡ which are in the format defined 

by CAD system. This procedure is implemented with the API of the CAD system, 
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because the data representations of shapes vary from one CAD system to another 

CAD system. The second procedure, parameter loading, loads the settings 

typically represented as integers into Shape Machine for users to 

communicate/control the Shape Machine. This procedure is also implemented with 

the API of the CAD system and it is linked to a communication component of the 

CAD system, such as a prompt window where the CAD system shows message 

and information to users. The third procedure, visualizing preview, instantiates 

shapes on the canvas as another communication mode. For example, if there are 

multiple results of a shape rule application, the Shape Machine will send the results 

in numerical format to this layer and the results will be visualized directly on the 

design for the users. The fourth procedure, Compiling /Message display, compiles 

the results and shows a message to the user according to the status of the Shape 

Machine. For instance, if the shape embedding is indeterminate, the Shape 

Machine will show the ranges of parameters to the users and will ask for further 

information from them. Briefly, the communication/control layer is responsible for 

the bidirectional communication with users via the CAD system.  

All six procedures discussed above are implemented in a layered structure 

to avoid multiple windows or subsystems as the Shape Machine is running behind 

the CAD system and communicates with users via the CAD system. For example, 

when users are using the tools of a CAD system to send parameters or input shape 

and shape rules to the Shape Machine, the Shape Machine sends messages to 

users via a prompt window of the CAD Modeler, or, it directly uses the geometric 

tools of the CAD Modeler  to create shapes on the canvas to convey the 
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information. Because of this structure, shape rules can be drawn as any other 

shapes in CAD systems with a given rule template shown in Figure 4. The rule 

template is a predefined shape in the CAD system, however, a shape template is 

like any other shape in the CAD that consists of lines only. The difference of the 

rule templates from other shapes is that rule templates are assigned to a special 

layer ñtemplateò so that the Shape Machine can detect the rule template. 

Furthermore, the parameters of rule application can be attached to the template 

and the Shape Machine can load the information from the template, so that the 

interface can be more compact. The rule template itself consists of seven maximal 

lines that fix the conventions of a rule application: two pairs of lines in the form of 

a cross ñò signifying an origin point in the Euclidean plane, and three lines in the 

form of an arrow ñòO signifying the separation between the left- an the right-had 

side shape. Note that shape rules and design are in the same canvas, so that the 

users can instantiate shapes rules by simply instantiating shapes or copying them 

from the current design in the canvas and pasting them in the shape rule template. 

This process is seamless and does not require any complex operations, say, 

importing shape rules modeled in another modeling application or writing scripts in 

some programming language to declare them. 

An example of a rule application in a particular instance of a CAD modeler 

(Rhinoceros) is shown in Figure 3.4. To apply a shape rule, users click the button 

in a toolbar on the top of window to activate the Shape Machine. After activating 

the Shape Machine, the system is in a shape computation mode and waits from 

the users to select the shape rule on canvas with the rectangular selection tool 
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provided by Rhinoceros. After the selection of a shape rule, the system compiles 

the shape rules and asks users to select the design where the shape rule will be 

applied. The selection of the design follows the same user-interaction conventions 

as in the selection of shape rule with the rectangular selection tool provided by 

Rhinoceros. After the selection of design, the system starts to process the shape 

rule application, calculates all possible matches and shows the previews upon the 

design on the canvas. Since the results of the shape computations are previewed 

on screen on the same canvas with the design, the users do not need to shift to 

other windows or systems back and forth. 

 

Figure 3.4 A screenshot of Shape Machine. The shape rule is shown in the 
dash-lined block including a LHS shape consisting of three maximal lines in 
in the form of a ñKò, and a RHS shape consisting of three maximal lines in 
the form of a ñUò. The shape on the right is a design consisting of eight 
maximal lines in an arrangement of two nested squares. Note that the dashed 
lines and the captions ñShape Rule: and ñDesignò are added here for clarity 
and they are not part of the interface. 
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3.3 Shape rule compiler 

The shape rule compiler shown in Figure 3.5 translates the shape rule into 

the Shape Machine format. There are seven functionalities in the shape rule 

compiler: 1) shape rule unpacking, 2) parameter fetching, 3) attribute fetching, 4) 

endpoint extraction, 5) hyperplane derivation, 6) hyperplane attachment, and 7) 

data packaging. 

 

Figure 3.5 The seven modules of the shape rule compiler component of 
Shape Machine. 

After a shape rule is input into the shape rule compiler from the 

communication/control layer, the first procedure, shape rule unpacking, unpacks 

the shape rule into three parts: the LHS shape ό, the RHS shape ὺ and the shape 

rule template. The second procedure, parameter fetching, extracts the 

transformation parameters from the rule template; the third procedure, attribute 

fetching, extracts the attributes from each line, namely, ὲὥάὩ (string), ὰὥώὩὶ 

(string), ὧέὰέὶ (as a three-integer vector), ὰὭὲὩ ὸώὴὩ (string), and ὰὭὲὩ ύὭὨὸὬ 

(integer), attaches them as a part of the data representation. The fourth procedure, 
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endpoint extraction, extracts the coordinates of the endpoints of each line and 

translates the data format of both shape ό and shape ὺ from CAD objects to 

endpoint coordinates in the form of pure numerical values; the fifth procedure, 

hyperplane derivation, calculates the hyperplane for each line. The sixth 

procedure, hyperplane grouping, attaches the hyperplane to the data 

representation as a vector with three floating point numbers. Finally, the seventh 

procedure, data packaging, packages the coordinates, the hyperplanes and the 

attributes for both shape ό and shape ὺ in the form given in Table 3-1.  

Table 3-1 Data representation of a maximal line in a shape rule 

Attribute Hyperplane Endpoints of line 

   

 ὔὥάὩȟὒὥώὩὶȟὶȟὫȟὦȟὒὭὲὩ ὸώὴὩȟὖὶὭὲὸ ύὭὨὸὬȠ ὥȟὦȟὧȠ ὼȟώȟᾀ ȟὼȟώȟᾀ   

 

Chase (1989) defined a data structure of a shape consisting of lines 

grouped according to the hyperplanes where they are embedded. The same idea 

is adopted here to organize the data structure of a shape consisting of lines 

whereas all lines are grouped according to their attributes and the hyperplanes 

they are embedded in. 
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Figure 3.6 The data structure of a shape consisting of lines. 

3.4 Design initializer 

The second component is the design initializer which can be viewed as a 

simplified version of shape rule compiler as shown in Figure 3.7. The procedures 

of the design initializer are: 1) fetching the attributes from each line, 2) extracting 

the coordinates of the endpoints of each line and, 3) deriving the hyperplanes for 

all the lines, 4) grouping the data of lines according to attributes and hyperplanes, 

and 5) packaging the coordinates, the hyperplanes and the attributes. 

 

Figure 3.7 The five modules of the design initializer component of Shape 
Machine. 

After processing all the procedures in design initializer, the data format of 

the design ὡ is translated from the CAD objects to endpoint coordinates, which 
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are pure numerical values. During the translation the attributes of lines, which are 

ὲὥάὩ (string), ὰὥώὩὶ (string), ὧέὰέὶ (as a three-integer vector), ὰὭὲὩ ὸώὴὩ (string), 

and ὰὭὲὩ ύὭὨὸὬ (integer), are extracted and attached as a part of the data 

representation. After the attributes and the endpoint coordinates are extracted, the 

Design Initializer component calculates the hyperplane for each line and attaches 

the hyperplane to the data representation where a hyperplane is represented as a 

vector with three floating point numbers. The data representation of a line in the 

design ὡ is given in Table 3-2. 

Table 3-2 Data representation of a maximal line in a design 

Attribute Hyperplane Endpoints of line 

   

 ὔὥάὩȟὒὥώὩὶȟὶȟὫȟὦȟὒὭὲὩ ὸώὴὩȟὖὶὭὲὸ ύὭὨὸὬȠ ὥȟὦȟὧȠ ὼȟώȟᾀ ȟὼȟώȟᾀ   

 

3.5 Maximal line modeler 

After the shape rule compiler, the data of the line elements of the shape ό, 

shape ὺ and design ὡ are sent to the maximal line modeler to translate the lines 

into maximal line representations. the maximal line modeler, there are three major 

functionalities: 1) checking line relationships, 2) grouping lines that should be 

merged, 3) Boolean unioning the lines within groups with calibration. Note that 

there are four channels processing the data for shape ό, shape ὺ, design ὡ and 

revised design ὡᴂ respectively. The diagram of one of the channels of maximal 

line modeler is shown in Figure 3.8. 
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Figure 3.8 The four channels of the maximal line modeler component and the 
corresponding three modules per channel respectively. (a) maximal line 
modeler with four channels; (b) One of the channels where three major 
functionalities are implemented. 

The three channels, LHS, RHS and design, channel input data from the 

CAD system and output the data of maximal lines to the shape embedding engine. 

The fourth channel, rewriting channel, is reversed because it is used to maximize 

the lines after the shape rule application and outputs the data back to the CAD 

system. The fourth channel is used to make sure all the lines are in maximal 

representation before being sent back to the CAD system. In each channel, lines 

in groups are sent to the first procedure where any two lines are examined with 

calibration. If two lines are in a relationship signifying they should be merged, the 

system labels them with each otherôs line index. After labeling, the second 

procedure groups all the lines that should be merged. Note that lines are grouped 

again within attribute groups and hyperplane groups. In other words, each line is 

labeled with the hyperplane where it is embedded and the attributes of it. Thusly, 

the data format can be represented as a hierarchical structure shown in Figure 3.9. 
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The third procedure unions all the lines in each Max Group and turns then into one 

maximal line. The data representation after maximal line modeler remains the 

same as in Table 3-2. 

 

Figure 3.9 The data structures of the lines before and after the maximal line 
modeler. (a) The data structure of lines before the maximal line modeler; (b) 
The data structure of lines after the maximal line modeler. 

3.6 Shape embedding engine 

The shape embedding engine is the most complicated component in the 

Shape Machine. There are ten major procedures in the shape embedding engine 

and they are all shown in Figure 3.10: 1) registration point derivation and reduction, 

2) registration points weighting, 3) registration points ranking, 4) sampling 

registration points, 5) derivation of transformation matrices, 6) special process for 

indeterminate embedding, 7) LHS candidates generating, 8) embedding checking, 

9) RHS candidates generating, and 10) equivalency reduction. 
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Figure 3.10 The ten modules of the shape embedding engine of the Shape 
Machine. 

The first procedure of the shape embedding engine derives the intersection 

of maximal lines for both the LHS shape ό and the design ὡ. Note that the 

intersections between maximal lines with different attributes are derived and 

labeled according to the attributes of the maximal lines. If multiple intersections 

coincide at the same point, they are reduced into one registration point and the 

attributes of the removed registration points are attached to the one left. The 

second procedure calculates the signature for each registration point for both the 

LHS shape ό and the design ὡ. The calculation of the point signature will be 

described in chapter 8. The signatures of the registration points help the Shape 

Machine engine to rank and sample the registration points from ό and ὡ so that 

the search body can be reduced. The third procedure derives the transformation 

matrices from the sampled registration points. The derivation of transformation 

matrices will be described in later in this chapter in section 3.3. The fourth 

procedure generates all the candidate shapes Ὢό  with the derived 
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transformations ὪȢ The fifth procedure checks all candidate shapes if they can be 

embedded into ὡ and excludes those transformations that cannot make shape ό 

embedded in ὡ. The next procedures use the set of transformations Ὢȭ that can 

make the shape ό embedded in ὡ to generate all the corresponding candidates 

of the right-hand-side shape Ὢȭὺ. The final procedure eliminates all the identical 

copies, both for the LHS shapes and the RHS shapes, to keep the results 

nonequivalent. For the indeterminate embedding, the Shape Machine engine 

determines the embedding case in the beginning of the process by simply checking 

the number of registration points of shape ό and the transformation parameters. If 

the embedding is indeterminate, a special process will be activated to calculate the 

types of transformations in their composition that make the embedding 

indeterminate, the ranges of the required parameters that make the embedding 

determinate (Hong and Economou, forthcoming) and send the ranges to the 

communication/control layer to compile a message requesting action for further 

parameters (either a manual input by users after echoing a message back to them 

or an automated optimized result). After receiving the parameters, the engine 

continues the embedding process with parameters. 

3.7 Rule application unit 

The rule application unit consists of four major procedures shown in Figure 

3.11: 1) single-application, 2) all-applications, 3) each-application, and 4) all-

preview printing. 
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Figure 3.11 The four modules of the rule application unit component. 

After the shape embedding engine, all the matches, Ὢ ό and Ὢ ὺ are 

sent to communication/control layer to generate the preview and the control 

parameters for users. The preview of rule application is real-time generated and 

shown on the actual design in a random order. Users can input different 

parameters to control the system, for example, the system will show the preview 

of the next match if users press enter/return key; the current match will be applied 

if users input ᴂρᴂ;  all matches will be applied in parallel if users input ᴂςᴂ; the 

matches are processed one by one and all the results are recorded if users input 

ᴂσᴂ; all the preview will be printed if users input ᴂτᴂ; the system exits without any 

change if users press ᴂπᴂ. The parameter is sent to rule application unit and active 

the corresponding procedure to finish the process. Each procedure basically is 
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implemented with multiple Boolean union units and Boolean difference units in 

addition to a control system. Each Boolean operation unit is implemented with a 

calibration mechanism which is described in the next chapter. 

The collaboration with CAD system is significant and this thesis is aiming 

for a well-defined structure for implementation. The system structure of Shape 

Machine explicitly defines the relationship between CAD system which offers the 

fundament geometric tools for modeling functions, and the kernel of the Shape 

Machine which offers the calculation of maximization, shape embedding and rule 

application. The data exchange back and forth between CAD and Shape Machine 

is curated through a channel so that users can process all the operations on the 

single-canvas interface, thusly the design workflow is not interrupted by multiple 

windows or sub-systems. 
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CHAPTER 4. MAXIMAL LINE CALIBRATION 

Calibration for maximal lines is a mechanism proposed to reduce the 

accumulated error caused by the floating-point arithmetic of CAD geometry. 

Calibration is mainly used to recognize and subtle line relations and shape Boolean 

operations including shape Boolean addition, shape Boolean subtraction and 

Boolean intersection. 

4.1 Calibration for line checking 

Checking parallelism and collinearity between two lines is a required pre-

process for line maximization (Chase 1989). Also, the maximization process can 

be described as reduction rules (Stiny 2006) which is involved in the actual 

operations of Boolean addition for lines, that is, for some cases of the collinear line 

relations, Boolean addition is achieved by removing those lines embedded in the 

larger lines. Checking for parallelism and collinearity in well-defined cases of lines, 

for example, rectilinear shapes or otherwise shapes whose endpoints snap upon 

a grid system, appears straightforward, but even then, the import of 

transformations brings problems in such comparisons (Krishnamurti and Stouffs 

1997), and the extension of such calculations and procedures for all lines, rational 

and irrational ones, brings even more precision errors and renders these 

computations idle. For instance, the slight precision errors between two parallel 

lines make them, in reality, non-parallel as they will in fact, intersect eventually in 

a point.  The usage of floating-point numbers to represent real numbers, does not 

solve the problem as it is only an approximation and this issue is still inevitable. 
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Most detrimentally, it is almost virtually impossible to discern with a naked eye 

such precision errors as the lines do appear parallel to one another. From a userôs 

perspective, the system should recognize these two lines as a pair of parallel lines. 

Setting up tolerance thresholds helps reduce the effects caused by precision 

errors. Figure 4.1 shows an example where two lines, ὰ and ὰ, are almost parallel 

with an angle — , having their endpoints very close to each other. In this case, the 

system should recognize these two lines are equal (congruent and colinear with 

incident endpoints) because the distance between the endpoints Ὄ  and Ὄ  is 

smaller than the tolerance Ὠ; and the distance between the endpoints Ὕ and Ὕ 

is smaller than the tolerance Ὠ too. The condition to examine if two lines are equal 

can be described as: ὌὌ Ὠ ὥὲὨ ὝὝ Ὠ, or, ὝὌ Ὠ ὥὲὨ ὌὝ Ὠ. 

 

Figure 4.1 An example that two lines are recognized as equal because the 

distance between two endpoints ╗═ and ╗║ is smaller than the tolerance ▀◄ 
and the distance between the endpoints ╣═ and ╣║ is smaller than the 

tolerance ▀◄ too. 

This examination method is generalized for all the possible relations 

between two lines by examining the following features: 1) The angle Ᵽ═║ between 

the two hyperplanes Ὤ and Ὤ  where ὰ and ὰ are embedded; 2) the distances 

╗═╗║ between the endpoint Ὄ  and the endpoint Ὄ ; 3) the distance ╣═╣║ 

between the endpoint Ὕ and the endpoint Ὕ; 4) the distance ╣═╗║ between the 
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endpoint Ὕ and the endpoint Ὄ ; 5) the distance ╗═╣║ between the endpoint Ὄ  

and the endpoint Ὕ; 6) the angle Ᵽ╗═ between the vectors ὌὌ  and ὌὝ; 7) the 

angle Ᵽ╣═ between the vectors ὝὌ  and ὝὝ ; 8) the angle Ᵽ╗║ between the 

vectors ὌὌ  and ὌὝ and 8) the angle Ᵽ╣║ between the vectors ὝὌ  and ὝὝ.  

For the first step, the system examines if two lines are parallel and not 

collinear as shown in Figure 4.2 with the following conditions: 

1. ( — — — ▫► “ — — “ —) ╪▪▀ 

2. (( “ — — — ▫► — — “ —) ╪▪▀ ( “ — — — ▫► — — “ —)) ╪▪▀ 

3. (( “ — — — ▫► — — “ —) ╪▪▀ ( “ — — — ▫► — — “ —)) 

 

Figure 4.2 Two examples that two lines are recognized as parallel. (a) Two 
parallel lines without precision errors; (b) Two parallel lines with precision 
errors. 

The system examines the relations if two lines are recognized as in parallel 

and they are in collinear. The relations between two collinear lines can be classified 

by examining the intersection of the lines and the intersection is also critical for the 

line maximization and the Boolean operations. Figure 4.3 shows all the cases listed 

by Chase without precision errors. 
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Figure 4.3 Thirteen cases for two collinear lines. (a)(b) Two cases where two 
lines do not intersect; (c)(d) Two cases where two lines intersect at 
endpoints; (e)(h) Two cases where the intersection of the two lines is a part 
of both lines; (f)(g) Two cases where the intersection of the two lines is the 
line ■║ with the alignment of one endpoint; (i) The case where the intersection 

of two lines is ■║ and no endpoint is aligned; (j) The case where two lines are 
equal; (k) The case where the intersection of two lines is ■═ and no endpoint 

is aligned; (l)(m) Two cases where the intersection of two lines is ■═ with the 
alignment of one endpoint. 
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With a tolerance Ὠ on the distance and a tolerance — on the angle, the 

distance condition ὖὖ π is processed by examining ὖὖ Ὠ ; ὖὖ π is 

processed by examining ὖὖ Ὠ. The angle condition — π is processed by 

examining — — —; the angle condition — “ is processed by examining “

— — “ —. For the first four cases shown in Figure 4.4, the system labels the 

relation of two lines with the following conditions shown in Table 4-1: 

Table 4-1 The conditions for collinearity (case 1 to case 4). 

Case 1:        

ὌὌ  ὌὝ ὝὌ  ὝὝ —  —  —  —  

π π π π π π π π 

Case 2:        

ὌὌ  ὌὝ ὝὌ  ὝὝ —  —  —  —  

π π π π π π π π 

Case 3:        

ὌὌ  ὌὝ ὝὌ  ὝὝ —  —  —  —  

π π π π π   π 

Case 4:        

ὌὌ  ὌὝ ὝὌ  ὝὝ —  —  —  —  

π π π π  π π  
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Figure 4.4 Four examples for the four cases of two collinear lines. (a)(b) Case 
1 without and with precision errors; (c)(d) Case 2 without and with precision 
errors; (e)(f) Case 3 without and with precision errors; (g)(h) Case 4 without 
and with precision errors. 
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For the case 5 to case 8 shown in Figure 4.5, the system labels the relations 

of two collinear lines with the following conditions shown in Table 4-2: 

Table 4-2 The conditions for collinearity (case 5 to case 8). 

Case 5:        

ὌὌ  ὌὝ ὝὌ  ὝὝ —  —  —  —  

π π π π π “ “ π 

Case 6:        

ὌὌ  ὌὝ ὝὌ  ὝὝ —  —  —  —  

π π π π π  “  

Case 7:        

ὌὌ  ὌὝ ὝὌ  ὝὝ —  —  —  —  

π π π π  π  “ 

Case 8:        

ὌὌ  ὌὝ ὝὌ  ὝὝ —  —  —  —  

π π π π “ π π “ 
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Figure 4.5 Four examples for the four cases of two collinear lines. (a)(b) Case 
5 without and with precision errors; (c)(d) Case 6 without and with precision 
errors; (e)(f) Case 7 without and with precision errors; (g)(h) Case 8 without 
and with precision errors. 
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For the case 9 to case 13 shown in Figure 4.6, the system labels the 

relations of two collinear lines with the following conditions shown in Table 4-3: 

Table 4-3 The conditions for collinearity (case 9 to case 13). 

Case 9:        

ὌὌ  ὌὝ ὝὌ  ὝὝ —  —  —  —  

π π π π π π “ “ 

Case 10:        

ὌὌ  ὌὝ ὝὌ  ὝὝ —  —  —  —  

π π π π     

Case 11:        

ὌὌ  ὌὝ ὝὌ  ὝὝ —  —  —  —  

π π π π “ “ π π 

Case 12:        

ὌὌ  ὌὝ ὝὌ  ὝὝ —  —  —  —  

π π π π  “  π 

Case 13:        

ὌὌ  ὌὝ ὝὌ  ὝὝ —  —  —  —  

π π π π “  π  
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Figure 4.6 Four examples for the four cases of two collinear lines. (a)(b) Case 
9 without and with precision errors; (c)(d) Case 10 without and with precision 
errors; (e)(f) Case 11 without and with precision errors; (g)(h) Case 12 
without and with precision errors; (i)(j) Case 13 without and with precision 
errors. 
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4.2 Calibration for Boolean addition 

Maximization of lines in Shape Machine is processed by applying Boolean 

addition on the lines that are recognized as collinear and the intersection of the 

lines is not empty, that is, case 3 to case 13. Hence, the Boolean addition is also 

processed with the tolerance for both maximization and regular Boolean addition. 

For line maximization, a new maximal line will be redrafted for every maximization 

process, that is, applying Boolean addition on case 3 to case 13. For instance, the 

pair of lines in Figure 4.7 are recognized as two collinear lines with a common 

endpoint (case 3), so that the maximization will be processed. Without precision 

error, the system removes both lines and creates a new maximal line with the 

endpoints Ὄ  and Ὕ  (see (a) in Figure 4.7). However, for the condition with 

precision errors (see (b) in Figure 4.7), both ὰ and ὰ are removed and a new line 

ὰᴂ with new endpoints Ὄᴂ and Ὕᴂ is created and embedded in a new hyperplane Ὤᴂ. 

The new hyperplane Ὤᴂ is the bisector of the hyperplane Ὤ  and Ὤ . Ὄ  is the 

intersection of Ὤᴂ and ὌὌ ; Ὕᴂ is the intersection of Ὤᴂ and ὝὝ, where ὝᴂὝ ὝᴂὝ 

, that is, Ὕ is the reflected projection of Ὕ with Ὤᴂ as the reflection axis. 
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Figure 4.7 An example of the Boolean addition ■═ ■║ where ■║ is embedded 

in ■═ and none of the endpoints of ■║ coincides with any endpoint of ■═. (a) 

An example of Boolean difference without any precision error where ■═ and 
■║ are both removed and two new maximal lines ■ with endpoints ╗═ and ╗║ 

and ■ with endpoints ╣║ and ╣═, are created; (b) An example of Boolean 

difference with precision errors where ■═ and ■║ are both removed and two 
new maximal lines ■ with new endpoints ╗ , ╣ and ■ with new endpoints 

╗ , ╣ are created. 

The Boolean addition is processed according to different cases of relations. 

Figure 4.8 shows the first four cases of two collinear lines. For the case 1 and case 

2 without precision errors (see (a) and (c) in Figure 4.8), the Boolean addition is 

not processed because the intersection of the lines is empty. However, for the case 

1 and case 2 with precision errors (see (b) and (d) in Figure 4.8), even though the 

Boolean addition is not processed, the calibration is still applied to the two lines to 

mitigate the precision errors. In these two cases, the system redrafts the two lines 

with the procedure mentioned above. After calibration, both two lines and the 

hyperplanes are removed, and two new lines are redrafted and embedded in the 

same hyperplane. For the case 3 and 4 without precision errors (see (e) and (g) in 

Figure 4.8), Boolean addition can be processed, and a new line will be drafted with 

the endpoints Ὄ  and Ὕ for case 3; with the Ὄ  and Ὕ for case 4. For the cases 3 

and 4 with precision errors (see (d) and (f) in Figure 4.8), a new line is drafted with 

new endpoints Ὄ and Ὕ. 
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Figure 4.8 Four examples of Boolean addition for the four cases of two 
collinear lines. (a)(b) Case 1 without and with precision errors; (c)(d) Case 2 
without and with precision errors; (e)(f) Case 3 without and with precision 
errors; (g)(h) Case 4 without and with precision errors. 

The Boolean additions for the cases 5 to 8 are shown in Figure 4.9. For the 

case 5 and 8 without precision errors (see (a) and (g) in Figure 4.9), the system 

drafts a new line with the endpoints Ὄ  and Ὕ for case 5; with the endpoints Ὄ  

and Ὕ for the case 8. For the case 5 and case 8 with precision errors (see (b) and 

(h) in Figure 4.9), system drafts a new line with new endpoints Ὄ and Ὕ. For the 

cases 6 and 7 without precision errors (see (c) and (e) in Figure 4.9), the line ὰ is 

removed and the line ὰ is the result of the Boolean addition. For the cases 6 and 

7 with precision errors (see (d) and (f) in Figure 4.9), a new line is drafted with new 

endpoints Ὄ and Ὕ. 
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Figure 4.9 Four examples of Boolean addition for the four cases of two 
collinear lines. (a)(b) Case 5 without and with precision errors; (c)(d) Case 6 
without and with precision errors; (e)(f) Case 7 without and with precision 
errors; (g)(h) Case 8 without and with precision errors. 

The Boolean additions for the cases 9 to 13 are shown in Figure 4.10. For 

the case 9 and 10 without precision errors (see (a) and (c) in Figure 4.10), the line 

ὰ is removed and the line ὰ is the result of Boolean addition. For the case 9 and 

10 with precision errors (see (b) and (d) in Figure 4.10), a new line is drafted with 

new endpoints Ὄ and Ὕ. For the case 11, 12 and 13 without precision errors (see 

(e), (g) and (i) in Figure 4.10 the line ὰ is removed and the line ὰ is the result of 

Boolean addition. For the case 11, 12 and 13 with precision errors (see (f), (h) and 

(j) in Figure 4.10), a new line is drafted with new endpoints Ὄ and Ὕ. 
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Figure 4.10 Five examples of Boolean addition for the four cases of two 
collinear lines. (a)(b) Case 9 without and with precision errors; (c)(d) Case 10 
without and with precision errors; (e)(f) Case 11 without and with precision 
errors; (g)(h) Case 12 without and with precision errors; (i)(j) Case 13 without 
and with precision errors. 

In general, the endpoint, which is supposed to be kept if there is no precision 

error, will be calibrated by projecting it onto the new hyperplane which is the 

bisector of the hyperplanes where lines are embedded. This mechanism provides 

the tolerances of angle and distance so that not any shapes consisting out of lines 

without any need to snap in some grid system. 
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4.3 Calibration for Boolean subtraction 

Furthermore, this mechanism is also applied to the shape Boolean 

subtraction with the same logic that the kept endpoints are projected to the new 

hyperplane. Figure 4.11 shows an example of the calibration in Boolean 

subtraction. 

 

Figure 4.11 An example of the Boolean subtraction ■═ ■║ where ■║ is 

embedded in ■═ and none of the endpoints of ■║ coincides with any endpoint 

of ■═. (a) An example of Boolean difference without any precision error; (b) 
An example of Boolean difference with precision errors. 

The Boolean subtraction is processed according to different cases of 

relations. Figure 4.12 shows the first four cases of two collinear lines. For the case 

1 and case 2 without precision errors (see (a) and (c) in Figure 4.12), the Boolean 

subtraction is processed by removing the line ὰ.  For the case 1 and case 2 with 

precision errors (see (b) and (d) in Figure 4.12), the Boolean subtraction is 

processed by removing both ὰ and ὰ and creating a new line with the new line ὰ 

with new endpoints Ὄ and Ὕ. Note that the line ὰ can be viewed as the calibrated 

ὰ. For the case 3 and 4 without precision errors (see (e) and (g) in Figure 4.12), 

Boolean subtraction is processed by removing ὰ. For the case 1 and case 2 with 

precision errors (see (b) and (d) in Figure 4.12), the Boolean subtraction is 

processed by removing both ὰ and ὰ and creating a new line with the new line ὰ 

with new endpoints Ὄ and Ὕ. Note that the new endpoint Ὕ is the intersection of 
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the new hyperplane Ὤ and the line ὝὌ  for the case 3; for the case 4, Ὕ is the 

intersection of the new hyperplane Ὤ and the line ὌὝ. 

 

Figure 4.12 Four examples of Boolean subtraction for the four cases of two 
collinear lines. (a)(b) Case 1 without and with precision errors; (c)(d) Case 2 
without and with precision errors; (e)(f) Case 3 without and with precision 
errors; (g)(h) Case 4 without and with precision errors. 

Figure 4.13 shows four examples of Boolean subtraction of two collinear 

lines for case 5 to case 8. For the case 5 and case 6 without precision errors (see 

(a) and (c) in Figure 4.13), the Boolean subtraction is processed by removing both  

ὰ and ὰ and creating a new maximal line ὰ with the endpoints Ὄ  and Ὄ . For the 

case 5 and case 6 with precision errors (see (b) and (d) in Figure 4.13), the 

Boolean subtraction is processed by removing both  ὰ and ὰ and creating a new 

maximal line ὰ with new endpoints Ὄ and Ὕ, where Ὄ is the intersection of the 

new hyperplane Ὤ and the line ὌὌ , and Ὕ  is the intersection of the new 
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hyperplane Ὤ and the line ὌὌ . For the case 7 and case 8 without precision 

errors (see (e) and (g) in Figure 4.13), the Boolean subtraction is processed by 

removing both  ὰ and ὰ and creating a new maximal line ὰ with the endpoints Ὕ 

and Ὕ. For the case 7 and case 8 with precision errors (see (f) and (h) in Figure 

4.13), the Boolean subtraction is processed by removing both  ὰ and ὰ and 

creating a new maximal line ὰ with new endpoints Ὄ  and Ὕ, where Ὄ  is the 

intersection of the new hyperplane Ὤ and the line ὝὝ, and Ὕ is the intersection 

of the new hyperplane Ὤ and the line ὝὝ. 

 

Figure 4.13 Four examples of Boolean subtraction for the four cases of two 
collinear lines. (a)(b) Case 5 without and with precision errors; (c)(d) Case 6 
without and with precision errors; (e)(f) Case 7 without and with precision 
errors; (g)(h) Case 8 without and with precision errors. 

Figure 4.14 shows five examples of Boolean subtraction of two collinear 

lines for case 9 to case 13. For the case 9 without precision errors (see (a) in Figure 
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4.14), the Boolean subtraction is processed by removing both  ὰ and ὰ and 

creating two new maximal lines, ὰ with the endpoints Ὄ  and Ὄ , and ὰ, with the 

endpoints Ὕ and Ὕ. For the cases 9 with precision errors (see (b) in Figure 4.14), 

the Boolean subtraction is processed by removing both  ὰ and ὰ and creating two 

new maximal lines ὰ with new endpoints Ὄ  and Ὕ, where Ὄ  is the intersection of 

the new hyperplane Ὤ and the line ὌὌ , and Ὕ is the intersection of the new 

hyperplane Ὤ and the line ὌὌ ; and ὰ with new endpoints Ὄ  and Ὕ, where Ὄ  

is the intersection of the new hyperplane Ὤ and the line ὝὝ , and Ὕ is the 

intersection of the new hyperplane Ὤ and the line ὝὝ. For the cases 10 to 13 

without precision errors (see (c), (e), (g) and (i) in Figure 4.14), the Boolean 

subtraction is processed by removing both ὰ and ὰ without creating any new line. 

For the cases 10 to 13 with precision errors (see (d), (f), (h) and (j) in Figure 4.14), 

the Boolean subtraction is processed by removing both ὰ and ὰ without creating 

any new line. 
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Figure 4.14 Five examples of Boolean subtraction for the five cases of two 
collinear lines. (a)(b) Case 9 without and with precision errors; (c)(d) Case 10 
without and with precision errors; (e)(f) Case 11 without and with precision 
errors; (g)(h) Case 12 without and with precision errors; (i)(j) Case 13 without 
and with precision errors. 

By applying the tolerance and the calibration on the Boolean operation, the 

system is able to process the precision errors caused by the imperfection of the 

CAD system. Therefore, the system is less sensitive and more reliable. 

Furthermore, the number of the hyperplanes is reduced after calibration, that is, 

two almost collinear hyperplanes will be reduced into one hyperplane, so that the 

performance can be improved. Note that even though the precision errors are 

managed by the calibration mechanism, the precision errors still may cause a 

severe issue if the calculation is involved in too many iteration and complexity. For 
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example, the precision errors in the derivation of the transformation matrix for 

linear transformation are unacceptable because the calculation is involving much 

complexity and the errors are out of the manageable range. As well, the precision 

errors in the computation for curves are out of the acceptable range because the 

computation for curves is involved much complexity too. In the chapter 6, an 

alternative approach, pictorial derivation, is proposed to resolve the issue of 

precision errors for complex calculations. 
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CHAPTER 5. DUAL-MODE OF DERIVATION OF 

TRANSFORMATIONS 

The automated derivation of the transformation under which the left-hand-

side shape ό can be embedded in the design ὡ is the most computationally 

intense and error prone component in the architecture of the implementation of a 

shape grammar interpreter. In the Shape Machine, two approaches are adopted 

for different computation tasks. The first approach is based on the algebraic 

derivation of transformation matrices by based on numerical calculations (Stiny 

1976; Krishnamurti 1981, 1982; Krishnamurti and Giraud 1986; Krishnamurti and 

Earl 1992), an approach commonly adopted in many interpreters, such as SGI 

(Krishnamurti 1982, 1986), SGS (Chase 1989), GEdit (Tapia 1999), QI (Jowers 

2011), SGIRF (Trescak et al. 2012), and so forth. The second approach is based 

on a pictorial derivation of transformations based on geometric constructions, a 

new approach involving a larger number of operations but a greater control over 

the mechanisms required for the calibration of precision errors due to the inexact 

floating-point arithmetic of CAD geometry. Note that the pictorial approach for 

derivation of isometry and similarity transformation is demonstrated in the literature 

(Krishnamurti, 2015), where a similar copy of a shape can be constructed with 

reference points with standard drawing instruments. The pictorial approach in this 

thesis is an extension of this method to cover the affinity and linearity 

transformation. Both approaches are adopted in the Shape Machine and used for 

different situations to provide effective means of calculations for all linear 
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transformations. Moreover, both approaches are applied in a two-step process, 

initially in the hyperplanes of the shapes and then the shapes themselves, to 

guarantee a consistent, error-free, and ultimately, faster exploration of the possible 

embeddings of ό and Ὢό  ὡ under any given transformation. 

5.1 Algebraic approach: derivation of transformation matrices 

Krishnamurti and Giraud (1986) outlined a general solution to the derivation 

of the transformation Ὢ for shape embedding by calculating transformation 

matrices. A σ σ matrix can be used to represent all linear transformations, 

including isometries, similarities, affinities and projectivities, and the corresponding 

calculation of the transformations between two shapes in 2D space can be done 

by the derivation of a σ σ matrix after plugging in the coordinates of the required 

number of registration points between the two shapes. This method is based on 

the fact any point on the cartesian plane is assigned with a coordinate with three 

real numbers, that is, ὼȟώȟᾀ, to represent an absolute location in the space. A 

brief account of the matrices of transformations for each family of linear 

transformations, and the ways they are used in the derivations of the mappings 

between the shape ό and Ὢό  ὡ  is given below. 

5.1.1 Matrices of isometric transformations 

The isometric transformations include translations, rotations, reflections and 

any combination of them. Each translation and the transformation matrix of each 

is shown as following. Firstly, the translation matrix is represented as Ὂ
ρ π ὸ
π ρ ὸ

π π ρ
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where ὸ is the translation vector in ὼ direction and the  ὸ is the translation vector 

in ώ direction. When a translation matrix is applied on a point with the coordinate 

ὼȟώȟρ in homogeneous form (Krishnamurti and Giraud 1986), the transformation 

process is represented as a matrix multiplication: 
ρ π ὸ
π ρ ὸ

π π ρ

ὼ
ώ
ρ

ὼ ὸ
ώ ὸ

ρ

 and the 

translated coordinate is ὼ ὸȟώ ὸȟρ . Secondly, the rotation matrix is 

represented as Ὂ
ÃÏÓ— ÓÉÎ— π
ÓÉÎ— ÃÏÓ— π
π π ρ

 where — is the rotation angle. When a rotation 

matrix is applied on a point with the coordinate ὼȟώȟρ in homogeneous form, the 

transformation process is represented as a matrix multiplication: 

ÃÏÓ— ÓÉÎ— π
ÓÉÎ— ÃÏÓ— π
π π ρ

ὼ
ώ
ρ

ὼÃÏÓ— ώÓÉÎ—
ὼÓÉÎ— ώÃÏÓ—

ρ

 and the rotated coordinate is ὼÃÏÓ—

ώÓÉÎ—ȟὼÓÉÎ— ώÃÏÓ— . Thirdly, the reflection matrix is represented as Ὂ

ρ π π
π ρ π
π π ρ

 where the reflection axis is ώ axis. When a reflection matrix is applied 

on a point with the coordinate ὼȟώȟρ in homogeneous form, the transformation 

process is represented as a matrix multiplication: 
ρ π π
π ρ π
π π ρ

ὼ
ώ
ρ

ὼ
ώ
ρ

 and the 

reflected coordinate is ὼȟώ . Figure 5.1 shows the examples of the three 

transformations where ὼȟώ  is the coordinate of a point of the shape and ὼȟώ  

is the coordinate of the transformed point. 



 82 

 

Figure 5.1 Three isometric transformations. (a) Translation; (b) Rotation; (c) 
Reflection. 

 

Any combination of isometric transformations can be represented as the 

matrix of multiplication of multiple transformation matrices shown as below: 

Ὂ ὊϽὊ
ρ π ὸ
π ρ ὸ

π π ρ

ÃÏÓ— ÓÉÎ— π
ÓÉÎ— ÃÏÓ— π
π π ρ

ÃÏÓ— ÓÉÎ— ὸ
ÓÉÎ— ÃÏÓ— ὸ

π π ρ

 without reflection or 

Ὂ ὊϽὊϽὊ
ρ π ὸ
π ρ ὸ

π π ρ

ÃÏÓ— ÓÉÎ— π
ÓÉÎ— ÃÏÓ— π
π π ρ

ρ π π
π ρ π
π π ρ

ÃÏÓ— ÓÉÎ— ὸ
ÓÉÎ— ÃÏÓ— ὸ

π π ρ

 with 

reflection. 

To derive a σ σ isometry matrix, two points from ό and two points from ὡ 

are required to resolve three unknown variables including the rotation angle —, the 

translation vector in ὼ direction ὸ and the translation vector in ώ direction ὸ 

shown as below: 

ÃÏÓ— ÓÉÎ— ὸ
ÓÉÎ— ÃÏÓ— ὸ

π π ρ

ὼ
ώ

ρ

ὼ
ώ

ρ
 and 

ÃÏÓ— ÓÉÎ— ὸ
ÓÉÎ— ÃÏÓ— ὸ

π π ρ

ὼ
ώ

ρ

ὼ
ώ

ρ
 without reflection, or 
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ÃÏÓ— ÓÉÎ— ὸ
ÓÉÎ— ÃÏÓ— ὸ

π π ρ

ὼ
ώ

ρ

ὼ
ώ

ρ
 and 

ÃÏÓ— ÓÉÎ— ὸ
ÓÉÎ— ÃÏÓ— ὸ

π π ρ

ὼ
ώ

ρ

ὼ
ώ

ρ
 with reflection. 

Where the ὼ ȟώ  and ὼ ȟώ  are the two sampled registration points 

of shape ό, and the ὼ ȟώ  and ὼ ȟώ  are the two sampled registration 

points of the design ὡ. 

An example of a determinate isometric embedding of a shape ό having one 

registration point is shown in Figure 5.2. Note that this limiting case that the shape 

ό has only one registration point ï that is, one point coincident with the intersection 

of its hyperplanes cannot be calculated by the current algorithm of the derivation 

of the isometry matrix because the algorithm requires two points from each shape 

to resolve the three unknown variables of the isometric matrix, namely, the rotation 

angle —, the translation in ὼ direction ὸ and the translation in ώ direction ὸ. In this 

sense the embedding is visually possible but operationally impossible in terms of 

the given algorithm. The manual addition of ñdistinguishableò points in the set of 

registration points of the shape ό is not readily deployable in automated 

applications of the algorithm and the automated sampling of endpoints of maximal 

lines, regrettably, brings more problems than actual solutions ï a pictorial example 

is offered in the next chapter along with a series of cases that need to be 

considered for the automated implementation of shape embedding on all 

indeterminate cases. Shape Machine resolves this case ï as well as the rest of the 

determinate embeddings discussed below for all linear transformations ï by the 

dual derivation of the transformation matrices for the hyperplanes and the maximal 

lines. In this case, the initial derivation of the isometry matrix for the hyperplanes 
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provides one of the two points required for the derivation of the isometry matrix, 

the other supplied by one of the endpoints of the shape. Note that the embedding 

here is correct because the derivation is divided into two steps. For the first step, 

Shape Machine derives the translation matrix Ὕ with the registration point given by 

the intersection of the hyperplanes. For the second step, Shape Machine derives 

the rotation matrix Ὑ with both registration points including the intersection and the 

endpoint. After the derivations of Ὕ and Ὑ, the product of these two matrices ὝὙ is 

the isometric matrix. The eight possible congruent embeddings of the shape Ὢό 

are all determined by the interactions of the symmetry elements of the symmetry 

groups of the shapes ό and ὡ (Stiny 1991) ï here, the cyclic group ὅ of order 1 

and the dihedral group Ὀ of order 8, respectively (Armstrong 1997). 
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Figure 5.2 An example of determinate congruent embedding in Shape 

Machine. (a) Shape ◊; (b) Registration points ╡◊ ; (c) Shape ╦Ƞ (d) 
Registration points ╡╦; (e) Embedding process of hyperplanes of ◊ in two 

transformations: translation and rotation; (f) Embedding process of ◊ 
carried by hyperplanes; (g) Eight results of determinate embedding under 
isometric transformations. Note that this embedding with one registration 
point cannot be implemented in other shape grammars. 
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5.1.2 Matrices of similar transformations 

The similar transformations include translations, rotations, reflections, 

scaling and any combination of them. The first three transformation matrices are 

described in the previous section. The matrix of scaling transformation is 

represented as Ὂ
ί π π
π ί π
π π ρ

 where ί is the scaling factor. When a reflection matrix 

is applied on a point with the coordinate ὼȟώȟρ  in homogeneous form, the 

transformation process is represented as a matrix multiplication: 
ί π π
π ί π
π π ρ

ὼ
ώ
ρ

ίὼ
ίώ
ρ

 

and the reflected coordinate is ίὼȟίώ. Figure 5.3 shows the examples of the 

scaling transformations where ὼȟώ  is the coordinate of a point of the shape and 

ὼȟώ  is the coordinate of the transformed point. 

 

Figure 5.3 A scale transformation (dilation). 

Any combination can be represented as the matrix of multiplication of 

multiple transformation matrices shown as below: 

Ὂ ὊϽὊϽὊ
ί π π
π ί π
π π ρ

ÃÏÓ— ÓÉÎ— π
ÓÉÎ— ÃÏÓ— π
π π ρ

ρ π ὸ
π ρ ὸ

π π ρ

ίϽÃÏÓ— ÓÉÎ— ὸ
ÓÉÎ— ίϽÃÏÓ— ὸ

π π ρ

 or 
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Ὂ ὊϽὊϽὊϽὊ
ί π π
π ί π
π π ρ

ρ π ὸ
π ρ ὸ

π π ρ

ÃÏÓ— ÓÉÎ— π
ÓÉÎ— ÃÏÓ— π
π π ρ

ρ π π
π ρ π
π π ρ

 

ÓϽÃÏÓ— ÓÉÎ— ὸ
ÓÉÎ— ÓϽÃÏÓ— ὸ

π π ρ

 

To derive a σ σ similarity matrix that represents similarity transformations, 

two points from ό and two points from ὡ are required to resolve four unknown 

variables including the scaling factor ί, the rotation angle —, the translation vector 

in ὼ direction ὸ and the translation vector in ώ direction ὸ contained in the σ σ 

matrix shown as below.  

ίϽÃÏÓ— ÓÉÎ— ὸ
ÓÉÎ— ίϽÃÏÓ— ὸ

π π ρ

ὼ
ώ

ρ

ὼ
ώ

ρ
 and 

ίϽÃÏÓ— ÓÉÎ— ὸ
ÓÉÎ— ίϽÃÏÓ— ὸ

π π ρ

ὼ
ώ

ρ

ὼ
ώ

ρ
 or 

ίϽÃÏÓ— ÓÉÎ— ὸ
ÓÉÎ— ίϽÃÏÓ— ὸ

π π ρ

ὼ
ώ

ρ

ὼ
ώ

ρ
 and 

ίϽÃÏÓ— ÓÉÎ— ὸ
ÓÉÎ— ίϽÃÏÓ— ὸ

π π ρ

ὼ
ώ

ρ

ὼ
ώ

ρ
. 

Where the ὼ ȟώ  and ὼ ȟώ  are the two sampled registration points 

of shape ό, and the ὼ ȟώ  and ὼ ȟώ  are the two sampled registration 

points of the design ὡ. 

An example of a determinate embedding under similarity transformations of 

a shape ό having two registration points that is successfully implemented by the 

derivation of the similarity matrix is shown in Figure 5.4. The automated derivation 

of the similarity matrix is successful because all possible pairs of points sampled 

from the sets of registration points of the shapes ό and ὡ can be used to resolve 

the four unknown variables of the similarity matrix, that is, translation in ὼ direction 
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ὸ, translation in ώ direction ὸ, rotation angle — and scaling factor ί. More 

specifically, the shape ό has two registration points, both coincident with the 

intersections of two pairs of hyperplanes, and the shape ὡ has 16 registration 

points, all coincident with the intersections of the hyperplanes of its maximal lines. 

The automated sampling of two points out of the set of two registration points in 

the shape ό and the set of 16 registration points in the shape ὡ yields ὅ ρςπ 

pairs. The algorithm of the derivation of the similarity matrix checks whether any 

of the ρςπ pairs of pairs of points resolves the four unknown variables and the 

calculation yields eight pairs that lead to eight pictorially non-equivalent matches. 

Note that the derivation of the similarity matrix for a shape ό having two or more 

registration points is the only one that currently works well among all shape 

grammar interpreters that use this method. 
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Figure 5.4 An example of determinate similar embedding in Shape Machine. 

(a) Shape ◊; (b) Registration points ╡◊; (c) Shape ╦; (d) Registration points 
╡╦; (e) Embedding process of hyperplanes; (f) Embedding process of shape; 
(g) Eight results of unrestricted embedding under similarity transformations. 

5.1.3 Matrices of affine transformations 

The affine transformations include translations, rotations, reflections, 

scaling, shearing, stretching (compressing) and any combination of them. The 

matrix of shearing transformation is Ὂ
ρ ÓÉÎ• π
π ρ ÓÉÎ•ÔÁÎ• π
π π ρ

 where • is the 

shearing angle. When a shearing matrix is applied on a point with the coordinate 

ὼȟώȟρ in homogeneous form, the transformation process is represented as a 

matrix multiplication: 
ρ ÓÉÎ• π
π ρ ÓÉÎ•ÔÁÎ• π
π π ρ

ὼ
ώ
ρ

ὼ ώϽÓÉÎ•
ώ ώϽÓÉÎ•ÔÁÎ•

ρ
 and the sheared 
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coordinate is ὼ ώϽÓÉÎ•ȟώ ώϽÓÉÎ•ÔÁÎ• . Note that shearing can be simplified 

as simple shearing where the distance between collinear points is not preserved. 

The matrices of simple shearing are 
ρ ÔÁÎ• π
π ρ π
π π ρ

 where • is the shearing angle in 

ὼ direction. When a simple shearing matrix is applied on a point with the coordinate 

ὼȟώȟρ in homogeneous form, the transformation process is represented as a 

matrix multiplication: 
ρ ÔÁÎ• π
π ρ π
π π ρ

ὼ
ώ
ρ

ὼ ώϽÔÁÎ•
ώ
ρ

 and the sheared coordinate is 

ὼ ώϽÔÁÎ•ȟώ . The matrix of stretching/compressing transformation is 

represented as Ὂ
ί π π
π ί π

π π ρ

 where ί is the stretching factor in ὼ direction and 

ί is the stretching factor in ώ direction. When a stretching matrix is applied on a 

point with the coordinate ὼȟώȟρ  in homogeneous form, the transformation 

process is represented as a matrix multiplication: 
ί π π
π ί π

π π ρ

ὼ
ώ
ρ

ίϽὼ
ίϽώ

ρ
 and the 

reflected coordinate is ίϽὼȟίϽώ. Figure 5.5 shows the examples of shearing, 

simple shearing and stretching/compressing transformations. 
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Figure 5.5 Three affine transformations. (a) Shearing; (b) Stretching; (c) 
Shearing and stretching. 

Any combination can be represented as the matrix of multiplication of 

multiple transformation matrices shown as below: 

Ὂ Ὂ ϽὊ ϽὊϽὊ
ρ ÔÁÎ• π
π ρ π
π π ρ

ί π π
π ί π

π π ρ

ÃÏÓ— ÓÉÎ— π
ÓÉÎ— ÃÏÓ— π
π π ρ

ρ π ὸ
π ρ ὸ

π π ρ

 

ίÃÏÓ— ÓÉÎ—ÔÁÎ• ÓÉÎ— ίÃÏÓ—ÔÁÎ• ὸ

ÓÉÎ— ίϽÃÏÓ— ὸ

π π ρ

 without reflection, or 

Ὂ Ὂ ϽὊ ϽὊϽὊϽὊ
ρ ÔÁÎ• π
π ρ π
π π ρ

ί π π
π ί π

π π ρ

ρ π ὸ
π ρ ὸ

π π ρ

ÃÏÓ— ÓÉÎ— π
ÓÉÎ— ÃÏÓ— π
π π ρ

ρ π π
π ρ π
π π ρ

 

ίÃÏÓ— ÓÉÎ—ÔÁÎ• ÓÉÎ— ίÃÏÓ—ÔÁÎ• ὸ

ÓÉÎ— ίϽÃÏÓ— ὸ

π π ρ

 with reflection. 

To derive a σ σ affine matrix that represents up to affinity transformations, 

three points from ό and three points from ὡ are required to resolve six unknown 

variables contained in the σ σ matrix shown as below: 

ίÃÏÓ— ÓÉÎ—ÔÁÎ• ÓÉÎ— ίÃÏÓ—ÔÁÎ• ὸ

ÓÉÎ— ίϽÃÏÓ— ὸ

π π ρ

ὼ
ώ

ρ

ὼ
ώ

ρ
 where Ὥ πȟρȟς 
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The derivation of affine matrix can be simplified with six variables shown as 

below, where ὥ ίÃÏÓ— ÓÉÎ—ÔÁÎ•,  ὥ ÓÉÎ— ίÃÏÓ—ÔÁÎ•, ὥ ὸ, 

ὥ ÓÉÎ—, ὥ ίϽÃÏÓ— and ὥ ὸ.  

ὥ ὥ ὥ
ὥ ὥ ὥ
π π ρ

ὼ
ώ

ρ

ὼ
ώ

ρ
 where Ὥ πȟρȟς. The point ὼȟώ  represents one of the 

three sampled points of shape ό and the point ὼ ȟώ  represents one of the 

three sampled points of the design ὡ.  

An embedding of an affine instance of a shape ό in a shape ὡ  is 

determinate when the shape ό has three or more registration points ï provided 

that at least three registration points in the shapes ό and ὡ are not collinear. The 

three non-collinear registration points provide sufficient information to resolve six 

unknown variables of affine matrix including translation in ὼ direction ὸ, translation 

in ώ direction ὸ, rotation angle — and stretching factor in ὼ direction ‌, stretching 

factor in ώ direction ‌ , and a shearing angle •. An example of a determinate 

embedding under affinity transformations of a shape ό having three registration 

points that is successfully implemented in Shape Machine by the derivation of the 

affine matrix is shown in Figure 5.6. The shape ό has three registration points, all 

coincident with the intersections of three pairs of hyperplanes, and the shape ὡ 

has 16 registration points arranged as discussed above. Note that the automated 

derivation of the affine matrix using three registration points is potentially 

unsuccessful in other shape grammar interpreters because often some triples 

sampled from the set of registration points of the shapes ὡ are collinear and in 
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these cases the computation would fail to resolve the six unknown variables. Here, 

the automated sampling of the three points out of the set of 16 registration points 

in the shape ὡ limits itself in the set comprised by the complete set of registration 

points minus the triples of points incident in the four pairs of hyperplanes above, 

that is, ὅ τ ὅ τ ὅ υφπ υτ υπτ triples of registration points. 

The algorithm of the automated derivation of the affine matrix in Shape Machine 

checks whether any of the υπτ pairs of triples of points resolves the six unknown 

variables and the calculation yields eight pairs of triples that lead to eight pictorially 

non-equivalent matches. 
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Figure 5.6 An example of determinate affine embedding in Shape Machine. 
(a) Shape ◊; (b) Registration point ╡◊; (c) Shape ╦; (d) Registration points 

╡╦; (e) Embedding process of hyperplanes; (f) Embedding process of shape; 
(g) Eight results of determinate embedding under affinity transformations. 
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5.1.4 Matrices of linear transformations 

The linear transformations include translations, rotations, reflections, 

scaling, shearing, stretching (compressing), one-point perspectival 

transformations, two-point perspectival transformations and any combination of 

them. Figure 5.7 shows two examples of an one-point perspectival transformation 

and a two-point perspectival transformation. 

 

Figure 5.7 Two examples of projective transformations. (a) One-point 
perspectival transformation; (b) Two-point perspectival transformation. 

A σ σ homography matrix 
ὥ ὥ ὥ
ὥ ὥ ὥ
ὥ ὥ ὥ

 can be used to represent the 

linear transformation. And, to derive a σ σ homography matrix, four points from 

ό and four points from ὡ are required to derive nine unknown variables contained 

in the σ σ matrix shown as below. The point ὼȟώ  represents one of the four 

sampled points of shape ό and the point ὼ ȟώ  represents one of the four 

sampled points of the design ὡ.  

ὥ ὥ ὥ
ὥ ὥ ὥ
ὥ ὥ ὥ

ὼ
ώ

ρ

ὼ
ώ

ρ
 where Ὥ πȟρȟςȟσ. 
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An embedding of a projective instance of a shape ό in a shape ὡ  is 

determinate when the shape ό has four or more registration points ï provided that 

at least three registration points in the shapes ό and ὡ are not colinear. The four 

non-collinear registration points provide sufficient information to resolve the nine 

unknown variables of a homography matrix Ὤ to Ὤ, including the combinations of 

the rotation angles —, —  and —; translation in ὼ direction ὸ, translation in ώ 

direction ὸ translation in ᾀ direction ὸ, and a projection parameter ὴ. Note that the 

rotation and the translation parameters represent the transformation of the camera 

(viewer), that is, the transformation of the world coordinates. With the projection 

parameter ὴ, the two-dimensional perspective transformation can be represented 

as a homography matrix with nine variables.  

An example of a determinate embedding under linearity transformations of 

a shape ό having four registration points that is successfully implemented in Shape 

Machine by the derivation of the homography matrix (Hartley and Zisserman, 

2004) is shown in Figure 5.8.  The shape ό has six registration points, two 

coincident with the intersections of two pairs of maximal lines and four more 

coincident with the intersections of four pairs of hyperplanes; and the shape ὡ has 

16 registration points arranged as discussed above. Note that the automated 

derivation of the homography matrix using four registration points is potentially 

unsuccessful in other shape grammar interpreters because some quadruples and 

triples of points sampled from the set of registration points of the shape ὡ are 

collinear and thusly, the computation would fail to resolve the nine unknown 

variables for these particular subsets. In this case the computation of the derivation 
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of the homography matrix needs to exclude: a) the four sets of collinear triples of 

registration points in the shape ό; and b) the eight sets of colinear triples in the 

shape ὡ. The automated sampling of four points out of the set of six registration 

points in the shape ό should limit itself to a pair of registration points for each 

hyperplane, that is, ὅ τ ὅ σ σ quadruples (as opposed to ὅ ρυȟ and 

the corresponding automated sampling of four points out of the set of 16 

registration points in the shape ὡ should limit itself to a pair of registration points 

for each hyperplane too, that is,  ὅ τ ὅ ρστ ὅ ρσ ρπως 

quadruples as opposed to ὅ ρψςπ. The algorithm of the automated derivation 

of the homography matrix in Shape Machine checks whether any of the ρπως pairs 

of quadruples of points resolves the nine unknown variables and the calculation 

yields σς pairs of quadruples that lead to 32 pictorially non-equivalent matches. 
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Figure 5.8 An example of a determinate projective embedding in Shape 

Machine. (a) Shape ◊; (b) Registration points ╡◊; (c) Shape ╦ ; (d) 

Registration points ╡╦; (e)-(i) 32 results of determinate embedding under 
linearity transformations. 
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Still, although in theory the derivation of a σ σ matrix works well to capture 

all shape embeddings for all linear transformations, in practice the heavy 

computation load, especially in the cases of the projective embeddings, causes 

severe precision errors which are not able to be recovered easily by calibration 

mechanisms. The Shape Machine resolves the derivation of the projective 

transformations by using a pictorial approach that even if it is slower, it provides 

better calibrated results and a compelling and alternative method in the numerical 

derivation of the transformation matrices. The details of this second approach are 

given in the next section.  

5.2 Pictorial approach: geometric construction of transformations 

A pictorial derivation of transformations is proposed here as an alternative 

algorithm for the derivation of the embedding transformations and especially for 

affine and mostly, perspectival transformations under which a shape rule can 

apply. Krishnamurti (2015) had demonstrated that the derivation of Euclidean 

transformations including translation, rotation, reflection, and scaling, of a shape 

can be processed by applying a sequence of geometric constructions. More 

precisely, the derivation of transformation with geometric constructions is to 

reconstruct a congruence copy of the shape ό on the design ὡ with the reference 

markers. Here by extending the algorithm, the transformations including isometry, 

similarity, affinity and linearity that can embed a shape ό in a shape ὡ is derived 

by a series of geometric procedures involving a minimum of numerical calculations. 

These algorithms are processed by geometrically reconstructing a congruent, 

similar, affine congruent, and projective congruent shape ό on the shape ὡ with 
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the selected registration points and their hyperplanes as the references for the 

mapping. The pictorial approaches are applicable for the derivations of isometries, 

similarities, affinities and perspectivities respectively. 

Note that the pictorial approach is not able to reduce the number of the 

sampling registration points, that is, the sampling body is the same as the one 

using transformation matrices. Also, note that the pictorial approach aims for 

precision in calculation, instead of performance (speed), thusly it typically causes 

more computation time since the geometric construction requires multiple steps 

processed in a recursive manner. Briefly, the pictorial approach is adopted as the 

alternative of calculation to mitigate the accumulated errors caused by the 

derivations of transformations through high-degree calculations. The rest of the 

process including registration point sampling, reduction of the equivalent copies 

and Boolean operations remains the same. Shape Machine is equipped with both 

modes of derivation of transformations, and will switch to the modes back and forth 

according to different conditions. 

5.2.1 A pictorial approach for geometrical congruence 

To implement the pictorial approach in computers, six geometric operations 

are required to be simulated by numerical calculations:  

1) Constructing an arbitrary hyperplane through a given point (see (a) in Figure 

5.9): The construction is simulated by assigning a line equation ὥὼ ὦώὧ π in 

the database with the coefficient ὥȟὦȟὧ where ὥ and ὦ are random floating-point 

numbers and ὧ is derived with the given coordinates ὼȟώ. 
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2) constructing a hyperplane with two given points (see (b) in Figure 5.9): The 

construction is simulated by deriving the line equations ὥὼὦώ ὧ π from the 

two points ὼȟώ  and ὼȟώ , and assign the hyperplane to database with the 

derived coefficients ὥȟὦȟὧ. 

3) finding a point of intersection of two given non-parallel hyperplanes (see (c) in 

Figure 5.9): The construction is simulated by deriving the solution ὼȟώ of two line 

equations ὥὼ ὦώ ὧ π and ὥὼ ὦώ ὧ π. After derivation of the 

solution, a point of intersection is assigned to the database as ὼȟώ.  

4) constructing a hyperplane ὥὼὦώ ὧ π which is parallel to a given 

hyperplane ὥὼ ὦώ ὧ π through a given point ὼȟώ which does not lie on the 

given hyperplane (see (d) in Figure 5.9): The construction is simulated by deriving 

the coefficient ὧ, and assigning the derived hyperplane with the coefficients 

ὥȟὦȟὧ  to database.  

5) constructing a hyperplane ὦὼὥώ ὧ π which is perpendicular to a given 

hyperplane ὥὼ ὦώ ὧ π through a given point ὼȟώ (see (e) in Figure 5.9): 

The construction is simulated by deriving the coefficient ὧ, and assigning the 

derived hyperplane with the coefficients ὦȟὥȟὧ  to database.  

6) given two points ὴ and ὴ, constructing a point ὴ on a given hyperplane Ὤ with 

a given point ὴ on Ὤ and let ὴὴ ὴὴ (see (f) in Figure 5.9): The construction is 

simulated by: a) deriving a distance Ὠ with the two given points, b) deriving a 
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normalized vector ὺ from the line equation and c) instantiating a point by adding 

the scaled vector Ὠὺ on the given point ὴ. 

 

Figure 5.9 The six geometric operations simulated in Shape Machine. (a) 
Constructing an arbitrary hyperplane through a given point; (b) constructing 
a hyperplane with two given points; (c) finding a point of intersection of two 
given non-parallel hyperplanes; (d) constructing a hyperplane parallel to a 
given hyperplane through a given point which is out of the given hyperplane; 
(e) constructing a hyperplane perpendicular to a given hyperplane through 
a given point; (f) given two points ▬  and ▬ , constructing a point ▬ on a 

given hyperplane ▐ with a given point ▬ on ▐ and let ▬▬ ▬▬. 

By combining these six geometric operations, Shape Machine, is able to 

construct a congruent shape Ὢό from any shape ό, endpoint by endpoint, on the 

shape ὡ , and  check the boundaries of both Ὢό  and ὡ  to examine their 

embedding conditions. The following sections provide four examples of this 

pictorial approach that each demonstrates the process of constructing a point 

under isometric, similar, affine, and linear transformations respectively. 
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5.2.2 Pictorial derivation of isometric transformations 

An example of the pictorial approach that constructs the point ὴ with a 

hyperplane Ὤ and a registration point ὶ as the references (see (a) in Figure 5.10) 

under isometric transformation with a given a registration point ὶ and hyperplane 

Ὤ as the references (see (b) in Figure 5.10) with five steps. 

 

Figure 5.10 An example of a pictorial derivation of an isometric 
transformation through the construction of a congruent spatial relation 
between two pairs of a point and a hyperplane. (a) A point p with a 
registration point ► and a hyperplane ▐ as the references; (b) Shape ╦; (c) 
The five steps to construct a point under isometric transformation. 

To derive the transformed point ὴ under an isometric transformation, that 

is, a translation, rotation, reflection and their combinations, the geometric 
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construction requires one registration point and a hyperplane to determine the 

transformation. The construction involves the geometric operations 3, 5 and 6 

discussed above. The first step is to construct a hyperplane Ὤ  which is 

perpendicular to the hyperplane Ὤ through the point ὴ by applying the geometric 

operation 5. The second step is to find the point of intersection ὴ  of the 

hyperplanes Ὤ and Ὤ  by applying the geometric operation 3. The third step is 

to construct a point ὴ  on the hyperplane Ὤ  where ὶὴ ὶὴ  by 

applying the geometric operation 6. The fourth step is to construct a hyperplane 

Ὤ  which is perpendicular to the hyperplane Ὤ through the point ὴ . The fifth 

step is to construct a point ὴ on the hyperplane Ὤ  where ὴ ὴ ὴ ὴ, 

and the point ὴ is the result. Note that there are four ways to construct the point 

and therefore four congruent spatial relations to the initial spatial relation between 

the point ὴ and the hyperplane Ὤ respectively (Figure 5.11). 

 

Figure 5.11 Four results of the pictorial approach. (a) The congruent copy of 

▬ under translation and rotation; (b) The congruent copy of ▬ under 

translation, rotation and reflection; (c) The congruent copy of ▬ under 
translation, rotation and reflection; (d) The congruent copy of ▬ under 
translation and rotation. 

These alternatives are caused by the symmetry of the spatial relation 

between the point ὴ and the references (registration point ὶ and hyperplane Ὤ). 
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Here, the symmetry ὲ of the spatial relation of the line to the point is captured by 

the symmetry of the line, the dihedral group Ὀ, a symmetry group of order 4 and 

any of its subgroups equal to 4, 2 and 1. Depending on whether the point lies on 

any of the symmetry elements of the Ὀ   group, the corresponding number of 

constructions follow the partition ὲȾή of the order of the group by the order ή of the 

symmetry element of the arrangement the point lies onto (Stiny 1991; Economou 

1999). The asymmetric relation between the point to the arrangement of the line 

produces  τ mappings and the pictorial approach derives all the 

transformations Ὢ, Ὢ, Ὢ and Ὢ. 

5.2.3 Pictorial derivation of similar transformations 

To derive the transformed point ὴ under a similar transformation, that is, a 

translation, rotation, reflection, scaling and their combinations, the geometric 

construction requires two registration points to determine the transformation. The 

construction involves all six basic geometric operations. Figure 5.12 and Figure 

5.13 show an example of the pictorial approach with 15 steps that reconstructs the 

point ὴ under a similar transformation with two registration points ὶ and ὶ as the 

original references (see (a) in Figure 5.12) on the two given registration points ὶ 

and ὶ as the targeted references (see (b) in Figure 5.12).  
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Figure 5.12 An example of a pictorial derivation of a similar transformation 
through the construction of a similar spatial relation between two pairs of 

three points. (a) A point p with two registration points ►  and ►  as the 
references; (b) The targeted two registration points ► and ►; (c) The step 1 

to step 8 of the pictorial approach. 

The step 1 is to construct a hyperplane Ὤ with ὶ and ὶ by applying the 

geometric operation 2. The step 2 is to construct a hyperplane Ὤ with ὶ and ὴ by 

applying the geometric operation 2. The step 3 is to construct a hyperplane Ὤ 

which is perpendicular to the hyperplane Ὤ through the point ὴ by applying the 

geometric operation 5. The step 4 is to find the point of intersection ὴ  of 

hyperplanes Ὤ and Ὤ by applying the geometric operation 3. The step 5 is to 

construct a hyperplane Ὤ with ὶ and ὶ by applying the geometric operation 2. 

The step 6 is to construct a point ὴ  on the hyperplane Ὤ and let   ὶὴ
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ὶὴ  by applying the geometric operation 6. The step 7 is to construct a 

hyperplane Ὤ  which is perpendicular to the hyperplane Ὤ  through the point 

ὴ  by applying the geometric operation 5. The step 8 is to construct a point 

ὴ  on the hyperplane Ὤ  and let  ὴ ὴ ὴὴ  by applying the 

geometric operation 6. 

 

Figure 5.13 The step 9 to step 15 of the pictorial approach to derive the 
transformation for shape embedding under similar transformation. 

The step 9 is to construct a hyperplane Ὤ with ὶ and ὴ  by applying 

the geometric operation 2. The step 10 is to construct a point ὶ  on the 

hyperplane Ὤ and let  ὶὶ ὶὶ by applying the geometric operation 6. The 

step 11 is to construct a point ὶ  on the hyperplane Ὤ and let  ὶὶ ὶὶ 

by applying the geometric operation 6. The step 12 is to construct a point ὴ  

on the hyperplane Ὤ and let  ὶὴ ὶὴ by applying the geometric operation 

6. The step 13 is to construct a hyperplane Ὤ with ὶ  and ὶ  by applying 
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the geometric operation 2. The step 14 is to construct a hyperplane Ὤ which is 

parallel to Ὤ through the point ὴ  by applying the geometric operation 4. The 

step 16 is to find the point of intersection ὴ of hyperplanes Ὤ and Ὤ by applying 

the geometric operation 3. The point ὴ is the congruent copy of the point ὴ with 

the transformations including translation, rotation and scaling. Note that there are 

four ways to construct the point so that there are four results shown as in Figure 

5.14 and they are congruent copies of the point ὴ under similar transformation. 

 

Figure 5.14 Four results of the pictorial approach. (a) The congruent copy of 

▬ under translation and rotation; (b) The congruent copy of ▬ under 
translation, rotation and reflection; (c) The congruent copy of ▬ under 

translation, rotation and reflection; (c) The congruent copy of ▬ under 
translation and rotation. 

These alternatives are caused by the symmetry of the spatial relation 

between the point ὴ and the references (registration points ὶ and ὶ). Here, the 

symmetry of the spatial relation between the two points is captured by the 

symmetry of the dihedral group Ὀ, a symmetry group of order 4 and any of its 

subgroups equal to 4, 2 and 1. The asymmetric spatial relation between the point 

to the arrangement of the two points produces   τ mappings and the pictorial 

approach derives all the transformations Ὢ, Ὢ, Ὢ and Ὢ. 
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5.2.4 Pictorial derivation of affine transformations 

 To derive the transformed point ὴ under an affine transformation, that is, a 

translation, rotation, reflection, scaling, stretching, shearing and their 

combinations, the geometric construction requires three registration points to 

determine the transformation. The construction will involve all six basic geometric 

operations. Figure 5.15, Figure 5.16, Figure 5.17 and Figure 5.18 show an 

example of the pictorial approach with 23 steps that reconstruct the point ὴ under 

an affine transformation with three registration points ὶ, ὶ and ὶ as the original 

references (see (a) in Figure 5.15) on the three given registration points ὶ, ὶ and 

ὶ as the targeted references (see (b) in Figure 5.15). 

 

Figure 5.15 An example of a pictorial derivation of an affine transformation 
through the construction of an affine congruent spatial relation between two 
pairs of four points. (a) A point p with three registration points ►, ► and ► 

as the references; (b) The targeted three registration points ►, ► and ►. 

The three registration points can be ordered in six ways, that is, ὶȟὶȟὶ , 

ὶȟὶȟὶ , ὶȟὶȟὶ , ὶȟὶȟὶ , ὶȟὶȟὶ  and ὶȟὶȟὶ . The targeted registration 

points can be ordered in six ways as well, that is, ὶȟὶȟὶ , ὶȟὶȟὶ , ὶȟὶȟὶ , 

ὶȟὶȟὶ , ὶȟὶȟὶ  and ὶȟὶȟὶ . Therefore, there φ φ σφ possible results 

including all affine congruent copies. 
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Figure 5.16 The step 1 to step 6 of the pictorial approach to derive the 
transformation for shape embedding under affine transformation. 

The step 1 is to construct a hyperplane Ὤ with ὶ and ὶ by applying the 

geometric operation 2. The step 2 is to construct a hyperplane Ὤ with ὶ and ὶ by 

applying the geometric operation 2. The step 3 is to construct a hyperplane Ὤ 

which is parallel to Ὤ through the point ὴ by applying the geometric operation 4. 

The step 4 is to find the point of intersection ὴ  of hyperplanes Ὤ and Ὤ by 

applying the geometric operation 3. The step 5 is to construct a hyperplane Ὤ 

which is parallel to Ὤ through the point ὴ by applying the geometric operation 4. 

The step 6 is to find the point of intersection ὴ  of hyperplanes Ὤ and Ὤ by 

applying the geometric operation 3. 
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Figure 5.17 The step 7 to step 18 of the pictorial approach to derive the 
transformation for shape embedding under affine transformation. 

The step 7 is to construct a hyperplane Ὤ with ὶ and ὶ by applying the 

geometric operation 2. The step 8 is to construct a hyperplane Ὤ with ὶ and ὶ by 

applying the geometric operation 2. The step 9 is to construct an arbitrary 

hyperplane Ὤ  through ὶ and let Ὤ  is not collinear with neither Ὤ  nor Ὤ  by 

applying the geometric operation 1. The step 10 is to construct a point ὶ  on 

the hyperplane Ὤ and let   ὶὶ ὶὶ by applying the geometric operation 6. 

The step 11 is to construct a point ὴ  on the hyperplane Ὤ and let   ὶὴ

ὶὴ  by applying the geometric operation 6. The step 12 is to construct a 

hyperplane Ὤ with ὶ  and ὶ by applying the geometric operation 2. The step 

13 is to construct a hyperplane Ὤ which is parallel to Ὤ through the point ὴ  

by applying the geometric operation 4. The step 14 is to find the point of 

intersection ὴ of hyperplanes Ὤ and Ὤ by applying the geometric operation 3. 
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Figure 5.18 The step 19 to step 23 of the pictorial approach to derive the 
transformation for shape embedding under affine transformation. 

The step 15 is to construct an arbitrary hyperplane Ὤ through ὶ and let Ὤ 

is not collinear with neither Ὤ nor Ὤ by applying the geometric operation 1. The 

step 16 is to construct a point ὶ  on the hyperplane Ὤ and let   ὶὶ ὶὶ 

by applying the geometric operation 6. The step 17 is to construct a point ὴ  

on the hyperplane Ὤ  and let   ὶὴ ὶὴ  by applying the geometric 

operation 6. The step 18 is to construct a hyperplane Ὤ with ὶ  and ὶ by 

applying the geometric operation 2. The step 19 is to construct a hyperplane Ὤ 

which is parallel to Ὤ through the point ὴ  by applying the geometric operation 

4. The step 20 is to find the point of intersection ὴ of hyperplanes Ὤ and Ὤ by 
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applying the geometric operation 3. The step 21 is to construct a hyperplane Ὤ 

which is parallel to Ὤ through the point ὴ by applying the geometric operation 4. 

The step 22 is to construct a hyperplane Ὤ  which is parallel to Ὤ through the 

point ὴ by applying the geometric operation 4. The step 23 is to find the point of 

intersection ὴ of hyperplanes Ὤ and Ὤ  by applying the geometric operation 3. 

Finally, the point ὴ  is the congruent copy of the point ὴ under affine 

transformation. Note that there are 36 ways to construct the point, however, 30 of 

them can be reduced because they are equivalent copies, therefore there are six 

inequivalent results (see Figure 5.19) and they are congruent copies of the point ὴ 

under affine transformation for different orders of the registration points. 

 

Figure 5.19 Six results of the pictorial approach. 

These alternatives are caused by the symmetry of the spatial relation 

between the point ὴ with the references (registration points ὶ, ὶ and ὶ). Here, the 

symmetry of the spatial relation between the three points is captured by the 
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symmetry of the dihedral group Ὀ, a symmetry group of order 6 and any of its 

subgroups equal to 6, 3, 2 and 1. The asymmetric relation between the point to the 

arrangement of the three points produces  φ mappings and the pictorial 

approach derives all the transformations Ὢ, Ὢ, Ὢ, Ὢ, Ὢ and Ὢ. The first result of 

the congruent copy of ὴ (see (a) in Figure 5.19) is the equivalent result for the pairs 

of the sampled registration points in the orders that are 
ὶȟὶȟὶ

ὶȟὶȟὶ , 
ὶȟὶȟὶ

ὶȟὶȟὶ , 
ὶȟὶȟὶ

ὶȟὶȟὶ , 

ὶȟὶȟὶ

ὶȟὶȟὶ , 
ὶȟὶȟὶ

ὶȟὶȟὶ  and 
ὶȟὶȟὶ

ὶȟὶȟὶ . The second result of the congruent copy of ὴ (see 

(b) in Figure 5.19) is the equivalent result for the pairs of the sampled registration 

points in the orders that are 
ὶȟὶȟὶ

ὶȟὶȟὶ , 
ὶȟὶȟὶ

ὶȟὶȟὶ , 
ὶȟὶȟὶ

ὶȟὶȟὶ , 
ὶȟὶȟὶ

ὶȟὶȟὶ , 
ὶȟὶȟὶ

ὶȟὶȟὶ  and 

ὶȟὶȟὶ

ὶȟὶȟὶ . The third result of the congruent copy of ὴ (see (c) in Figure 5.19) is the 

equivalent result for the pairs of the sampled registration points in the orders that 

are 
ὶȟὶȟὶ

ὶȟὶȟὶ , 
ὶȟὶȟὶ

ὶȟὶȟὶ , 
ὶȟὶȟὶ

ὶȟὶȟὶ , 
ὶȟὶȟὶ

ὶȟὶȟὶ , 
ὶȟὶȟὶ

ὶȟὶȟὶ  and 
ὶȟὶȟὶ

ὶȟὶȟὶ . The fourth result of 

the congruent copy of ὴ (see (d) in Figure 5.19) is the equivalent result for the pairs 

of the sampled registration points in the orders that are 
ὶȟὶȟὶ

ὶȟὶȟὶ , 
ὶȟὶȟὶ

ὶȟὶȟὶ , 
ὶȟὶȟὶ

ὶȟὶȟὶ , 

ὶȟὶȟὶ

ὶȟὶȟὶ , 
ὶȟὶȟὶ

ὶȟὶȟὶ  and 
ὶȟὶȟὶ

ὶȟὶȟὶ . The fifth result of the congruent copy of ὴ (see (e) 

in Figure 5.19) is the equivalent result for the pairs of the sampled registration 

points in the orders that are 
ὶȟὶȟὶ

ὶȟὶȟὶ , 
ὶȟὶȟὶ

ὶȟὶȟὶ , 
ὶȟὶȟὶ

ὶȟὶȟὶ , 
ὶȟὶȟὶ

ὶȟὶȟὶ , 
ὶȟὶȟὶ

ὶȟὶȟὶ  and 

ὶȟὶȟὶ

ὶȟὶȟὶ . The sixth result of the congruent copy of ὴ (see (f) in Figure 5.19) is the 

equivalent result for the pairs of the sampled registration points in the orders that 

are 
ὶȟὶȟὶ

ὶȟὶȟὶ , 
ὶȟὶȟὶ

ὶȟὶȟὶ , 
ὶȟὶȟὶ

ὶȟὶȟὶ , 
ὶȟὶȟὶ

ὶȟὶȟὶ , 
ὶȟὶȟὶ

ὶȟὶȟὶ  and 
ὶȟὶȟὶ

ὶȟὶȟὶ . 
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5.2.5 Pictorial derivation of perspectival transformations 

To derive the transformed point ὴ under a linear transformation, that is, a 

translation, rotation, reflection, scaling, stretching, shearing, one-point perspective 

transformation, two-point perspective transformation and their combination, the 

geometrical construction requires four registration points to determine the 

transformation. The construction involves all six basic geometric operations. 

Figure 5.20, Figure 5.21 and Figure 5.22 show an example of the pictorial 

approach with 49 steps that reconstruct the point ὴ under a linear transformation 

with four registration points ὶ, ὶ, ὶ and ὶ as the original references (see (a) in 

Figure 5.20) on the four given registration points ὶ, ὶ, ὶ and ὶ as the targeted 

references (see (b) in Figure 5.20).  

 

Figure 5.20 An example of a pictorial derivation of a linear transformation 
through the construction of a projective congruent spatial relation between 
two pairs of five points. (a) A point p with four registration points ►, ►, ► 
and ► as the references; (b) The four targeted registration points ►, ►, ► 

and ►. 

The four registration points can be ordered in eight ways, that is, 

ὶȟὶȟὶȟὶ , ὶȟὶȟὶȟὶ , ὶȟὶȟὶȟὶ , ὶȟὶȟὶȟὶ , ὶȟὶȟὶȟὶ , ὶȟὶȟὶȟὶ , 

ὶȟὶȟὶȟὶ  and ὶȟὶȟὶȟὶ . Note that the order of the registration points is cyclic 

version of ὶȟὶȟὶȟὶ  and ὶȟὶȟὶȟὶ , hence the orders such as ὶȟὶȟὶȟὶ  and 
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ὶȟὶȟὶȟὶ  are invalid. The targeted registration points can be ordered in eight 

ways as well, that is ὶȟὶȟὶȟὶ , ὶȟὶȟὶȟὶ ,  ὶȟὶȟὶȟὶ ,  ὶȟὶȟὶȟὶ , 

ὶȟὶȟὶȟὶ , ὶȟὶȟὶȟὶ , ὶȟὶȟὶȟὶ  and ὶȟὶȟὶȟὶ . Therefore, there ψ ψ

φτ possible results including all the congruent copies. 

 

Figure 5.21 The step 1 to step 25 of the pictorial approach to derive the 
transformation for shape embedding under a linear transformation. 

The steps 1 to 4 are to construct four hyperplanes Ὤ with ὶ and ὶ , Ὤ with 

ὶ and ὶ, Ὤ  with ὶ and ὶ and Ὤ  with ὶ and ὶ by applying the geometric 

operation 2 for four times. The step 5 and step 6 are to construct a hyperplane Ὤ 

which is parallel to Ὤ through the point ὴ by applying the geometric operation 4, 

and find the point of intersection ὴ  of the hyperplane Ὤ and Ὤ by applying 

the geometric operation 3. The step 7 and step 8 are to construct a hyperplane Ὤ 

which is parallel to Ὤ through the point ὴ by applying the geometric operation 4, 

and find the point of intersection ὴ  of the hyperplane Ὤ and Ὤ by applying 

the geometric operation 3. The steps 9 to 12 are to construct a hyperplane Ὤ with 
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ὶ and ὶ by applying the geometric operation 2; find the point of intersection ὴ  

of hyperplanes Ὤ  and Ὤ  by applying the geometric operation 3; construct a 

hyperplane Ὤ  which is parallel to Ὤ  through the point ὴ  by applying the 

geometric operation 4; and find the point of intersection ὴ  of hyperplanes Ὤ 

and Ὤ  by applying the geometric operation 3. The step 13 is to construct a 

hyperplane Ὤ with ὶ and ὶ by applying the geometric operation 2. The steps 14 

to 19 are to construct an arbitrary hyperplane Ὤ  through ὶ and let Ὤ  is not 

collinear with Ὤ by applying the geometric operation 1; construct a point ὴ  on 

the hyperplane Ὤ and let   ὶὴ ὶὶ by applying the geometric operation 6; 

construct a point ὴ  on the hyperplane Ὤ  and let   ὶὴ ὶὴ  by 

applying the geometric operation 6; construct a hyperplane Ὤ with ὴ  and ὶ 

by applying the geometric operation 2; construct a hyperplane Ὤ which is parallel 

to Ὤ through the point ὴ  by applying the geometric operation 4; and find the 

point of intersection ὴ  of hyperplanes Ὤ and Ὤ by applying the geometric 

operation 3. The steps 20 to 22 are to construct hyperplane Ὤ with ὶ and ὶ by 

applying the geometric operation 2; construct hyperplane Ὤ  with ὶ and ὶ by 

applying the geometric operation 2; and find the point of intersection ὺὴ by 

applying the geometric operation 3. The steps 23 to 25 are to construct a 

hyperplane Ὤ  with ὺὴ and ὴ  by applying the geometric operation 2; 

construct a hyperplane Ὤ  which is parallel to Ὤ  through ὶ; and find the 

intersection ὴ  by applying the geometric operation 3. 
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Figure 5.22 The step 12 to step 34 of the pictorial approach to derive the 
transformation for shape embedding under linear transformation. 

The steps 26 and 27 are to construct a hyperplane Ὤ with ὶ and ὴ  by 

applying the geometric operation 2; and find the point of intersection ὴ  of 

hyperplanes Ὤ and Ὤ by applying the geometric operation 3. The steps 28 and 

29 are to construct a hyperplane Ὤ  which is parallel to Ὤ through the point ὴ  

by applying the geometric operation 4; and find the point of intersection ὴ  of 

hyperplanes Ὤ and Ὤ  by applying the geometric operation 3. The steps 30 to 32 

are to construct a hyperplane Ὤ  with ὶ and ὶ by applying the geometric 

operation 2; find the point of intersection ὺὴ of hyperplanes Ὤ  and Ὤ  by 

applying the geometric operation 3; and construct a hyperplane Ὤ  with ὶ and ὶ 

by applying the geometric operation 2. The steps 33 to 36 are to construct a 

hyperplane Ὤ  with ὺὴ and ὴ  by applying the geometric operation 2; find the 

point of intersection ὴ  of hyperplanes Ὤ  and Ὤ  by applying the geometric 

operation 3; construct a hyperplane Ὤ  with ὺὴ and ὴ  by applying the 
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geometric operation 2; and find the point of intersection ὴ of hyperplanes Ὤ and 

Ὤ  by applying the geometric operation 3. The steps 37 to 42 are to construct an 

arbitrary hyperplane Ὤ  through ὶ and let Ὤ  is not collinear with Ὤ by applying 

the geometric operation 1; construct a point ὴ  on the hyperplane Ὤ  and let   

ὶὴ ὶὶ by applying the geometric operation 6; construct a point ὴ  on 

the hyperplane Ὤ  and let   ὶὴ ὶὴ  by applying the geometric 

operation 6; construct a hyperplane Ὤ  with ὴ  and ὶ by applying the 

geometric operation 2; construct a hyperplane Ὤ  which is parallel to Ὤ  through 

the point ὴ  by applying the geometric operation 4; and find the point of 

intersection ὴ  of hyperplanes Ὤ  and Ὤ  by applying the geometric 

operation 3. The steps 43 and 44 are to construct a hyperplane Ὤ  with ὺὴ and 

ὴ  by applying the geometric operation 2; and find the point of intersection 

ὴ  of hyperplanes Ὤ and Ὤ  by applying the geometric operation 3. The 

steps 45 and 46 are to construct a hyperplane Ὤ  which is parallel to Ὤ through 

the point ὴ  by applying the geometric operation 4; and find the point of 

intersection ὴ of hyperplanes Ὤ and Ὤ  by applying the geometric operation 3. 

The steps 47 to 49 are to construct a hyperplane Ὤ  with ὺὴ and ὴ by applying 

the geometric operation 2; construct a hyperplane Ὤ  with ὺὴ and ὴ by applying 

the geometric operation 2; and find the point of intersection ὴ of hyperplanes Ὤ  

and Ὤ  by applying the geometric operation 3. Finally, the point ὴ  is the 

congruent copy of the point ὴ under linear transformation. Note that there are 64 

ways to construct the point, however, 60 of them can be reduced because are 
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equivalent copies, therefore there are four inequivalent results (see Figure 5.23) 

and they are congruent copies of the point ὴ under linear transformation. 

 

Figure 5.23 Four results of the pictorial approach for the derivation of linear 
transformation. 

These alternatives are caused by the symmetry of the spatial relation 

between the point ὴ and the references (registration points ὶ, ὶ, ὶ and ὶ). Here, 

the symmetry ὲ of the spatial relation between the four points is captured by the 

symmetry of the group Ὀ, a dihedral group of order 8 and any of its subgroups 

equal to 8, 4, 2 and 1. The symmetric relation of the point to the arrangement of 

the four points ï the point lies on one of the diagonals of the arrangement, a 

reflection for the Ὀ  group and a symmetry element of order 2 ï and the total 

number of possible constructions is  τ. The pictorial approach derives all 

the transformations Ὢ, Ὢ, Ὢ and Ὢ. The first result of the congruent copy of ὴ (see 

(a) in Figure 5.23) is the equivalent result for the pairs of the sampled registration 

points in the orders that are 
ὶȟὶȟὶȟὶ

ὶȟὶȟὶȟὶ , 
ὶȟὶȟὶȟὶ

ὶȟὶȟὶȟὶ , 
ὶȟὶȟὶȟὶ

ὶȟὶȟὶȟὶ ,  
ὶȟὶȟὶȟὶ

ὶȟὶȟὶȟὶ , 

ὶȟὶȟὶȟὶ

ὶȟὶȟὶȟὶ , 
ὶȟὶȟὶȟὶ

ὶȟὶȟὶȟὶ , 
ὶȟὶȟὶȟὶ

ὶȟὶȟὶȟὶ , 
ὶȟὶȟὶȟὶ

ὶȟὶȟὶȟὶ , 
ὶȟὶȟὶȟὶ

ὶȟὶȟὶȟὶ , 
ὶȟὶȟὶȟὶ

ὶȟὶȟὶȟὶ , 
ὶȟὶȟὶȟὶ

ὶȟὶȟὶȟὶ ,  

ὶȟὶȟὶȟὶ

ὶȟὶȟὶȟὶ , 
ὶȟὶȟὶȟὶ

ὶȟὶȟὶȟὶ , 
ὶȟὶȟὶȟὶ

ὶȟὶȟὶȟὶ , 
ὶȟὶȟὶȟὶ

ὶȟὶȟὶȟὶ  and 
ὶȟὶȟὶȟὶ

ὶȟὶȟὶȟὶ . The second result of 
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the congruent copy of ὴ (see (b) in Figure 5.23) is the equivalent result for the pairs 

of the sampled registration points in the orders that  
ὶȟὶȟὶȟὶ

ὶȟὶȟὶȟὶ , 
ὶȟὶȟὶȟὶ

ὶȟὶȟὶȟὶ , 

ὶȟ ȟὶȟὶ

ὶȟὶȟὶȟὶ
,  
ὶȟὶȟὶȟὶ

ὶȟὶȟὶȟὶ , 
ὶȟὶȟὶȟὶ

ὶȟὶȟὶȟὶ , 
ὶȟὶȟὶȟὶ

ὶȟὶȟὶȟὶ , 
ὶȟὶȟὶȟὶ

ὶȟὶȟὶȟὶ , 
ὶȟὶȟὶȟὶ

ὶȟὶȟὶȟὶ , 
ὶȟὶȟὶȟὶ

ὶȟὶȟὶȟὶ , 

ὶȟὶȟὶȟὶ

ὶȟὶȟὶȟὶ , 
ὶȟὶȟὶȟὶ

ὶȟὶȟὶȟὶ ,  
ὶȟὶȟὶȟὶ

ὶȟὶȟὶȟὶ , 
ὶȟὶȟὶȟὶ

ὶȟὶȟὶȟὶ , 
ὶȟὶȟὶȟὶ

ὶȟὶȟὶȟὶ , 
ὶȟὶȟὶȟὶ

ὶȟὶȟὶȟὶ  and 

ὶȟὶȟὶȟὶ

ὶȟὶȟὶȟὶ . The third result of the congruent copy of ὴ (see (c) in Figure 5.23) is the 

equivalent result for the pairs of the sampled registration points in the orders that  

ὶȟὶȟὶȟὶ

ὶȟὶȟὶȟὶ , 
ὶȟὶȟὶȟὶ

ὶȟὶȟὶȟὶ , 
ὶȟὶȟὶȟὶ

ὶȟὶȟὶȟὶ ,  
ὶȟὶȟὶȟὶ

ὶȟὶȟὶȟὶ , 
ὶȟὶȟὶȟὶ

ὶȟὶȟὶȟὶ , 
ὶȟὶȟὶȟὶ

ὶȟὶȟὶȟὶ , 
ὶȟὶȟὶȟὶ

ὶȟὶȟὶȟὶ , 

ὶȟὶȟὶȟὶ

ὶȟὶȟὶȟὶ , 
ὶȟὶȟὶȟὶ

ὶȟὶȟὶȟὶ , 
ὶȟὶȟὶȟὶ

ὶȟὶȟὶȟὶ , 
ὶȟὶȟὶȟὶ

ὶȟὶȟὶȟὶ ,  
ὶȟὶȟὶȟὶ

ὶȟὶȟὶȟὶ , 
ὶȟὶȟὶȟὶ

ὶȟὶȟὶȟὶ , 
ὶȟὶȟὶȟὶ

ὶȟὶȟὶȟὶ , 

ὶȟὶȟὶȟὶ

ὶȟὶȟὶȟὶ  and 
ὶȟὶȟὶȟὶ

ὶȟὶȟὶȟὶ . The fourth result of the congruent copy of ὴ (see (d) in 

Figure 5.23) is the equivalent result for the pairs of the sampled registration points 

in the orders that  
ὶȟὶȟὶȟὶ

ὶȟὶȟὶȟὶ , 
ὶȟὶȟὶȟὶ

ὶȟὶȟὶȟὶ , 
ὶȟὶȟὶȟὶ

ὶȟὶȟὶȟὶ ,  
ὶȟὶȟὶȟὶ

ὶȟὶȟὶȟὶ , 
ὶȟὶȟὶȟὶ

ὶȟὶȟὶȟὶ , 

ὶȟὶȟὶȟὶ

ὶȟὶȟὶȟὶ , 
ὶȟὶȟὶȟὶ

ὶȟὶȟὶȟὶ , 
ὶȟὶȟὶȟὶ

ὶȟὶȟὶȟὶ , 
ὶȟὶȟὶȟὶ

ὶȟὶȟὶȟὶ , 
ὶȟὶȟὶȟὶ

ὶȟὶȟὶȟὶ , 
ὶȟὶȟὶȟὶ

ὶȟὶȟὶȟὶ ,  
ὶȟὶȟὶȟὶ

ὶȟὶȟὶȟὶ , 

ὶȟὶȟὶȟὶ

ὶȟὶȟὶȟὶ , 
ὶȟὶȟὶȟὶ

ὶȟὶȟὶȟὶ , 
ὶȟὶȟὶȟὶ

ὶȟὶȟὶȟὶ  and 
ὶȟὶȟὶȟὶ

ὶȟὶȟὶȟὶ . All geometric constructions 

discussed so far are suggested as alternative algorithms aimed to decomposing 

(flatten) high-degree calculations into multiple low-degree calculations and 

avoiding accumulated errors because of the inexact floating-point arithmetic of 

CAD geometry. The pictorial approach requires multiple iterative steps, and 

currently the performance is slow. As is, Shape Machine uses the algebraic 

approach for the derivation of isometric, similar and affine transformations since 

the accumulated errors are still in manageable range with the calibration 

mechanism (see Chapter 4), and switches to pictorial mode for the derivation of 
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linear transformations because the accumulated errors are out of manageable 

range even with the proposed calibration mechanism. Still, more than the current 

state of affairs, it is suggested that the two modes of derivation of shape 

embedding capture two complementary ways of looking at the problem of 

implementation of shape embedding:  The pictorial approach aims for a solution 

for the derivation of transformations focusing on precision even if the resolution of 

the CAD systems is low. The symbolic approach aims for a solution for the 

derivation of transformations focusing on speed if the resolution of the CAD system 

is high enough to cover the accumulated errors. 
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CHAPTER 6. IMPLEMENTATION OF INDETERMINATE SHAPE 

EMBEDDING 

Indeterminate shape embedding continues to be a challenge in shape 

grammar interpreters. Krishnamurti and Earl (1992) had identified that the 

indeterminate shape embedding occurs under certain circumstances. 

Furthermore, the indeterminate shape embeddings under isometric and similar 

transformations are also pictured and classified as a foundation for this study. By 

extending and generalizing the concept, shape embedding is indeterminate when 

the shape ό has less registration points than required to derive the transformation 

matrices. For the four types of linear transformations and ὔάὙ  the number of 

registration points of the shape ό, there are ten cases of indeterminate embedding 

to consider: a) ὔόάὙ π under isometric transformations; b) ὔόάὙ

ρ έὶ π under similarity transformations; c) ὔόάὙ ςȟρ έὶ π under affine 

transformations; and d) ὔόάὙ σȟςȟρ έὶ π  under linear transformations. 

Clearly, none of these cases can be resolved by current implementations of 

automated derivations of transformation matrices or the pictorial derivation of 

transformations based on Euclidôs geometric constructions outlined in the previous 

chapter. This chapter shows all the ten cases of indeterminate shape embedding 

including the first three cases under Euclidean transformations that are 

demonstrated in the paper by Krishnamurti and Earl in 1992, and the seven new 

cases under affine and linear transformations to complete the full category. 
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It is proposed here that the determination of an indeterminate embedding 

under a linear transformation Ὢ can be thought of as a problem of recursively 

decomposing this transformation as a product of transformations Ὢ Ὢ ȣὪ of 

which one or more need to be specified to make the indeterminate embedding 

determinate. One way to look at this problem is to view the shape ό as an instance 

of a parameterized shape Ὗ comprised by variables ὼ, assign real values 

determined by a function Ὣ to satisfy explicit conditions and constraints to produce 

the shape ὫὟ  (Stiny 1989) and check whether there is a transformation Ὢ= 

Ὢ Ὢ ȣὪ of the shape ὫὟ , such that the shape ὪὫὟ

 Ὢȣ Ὢ ὪὫὟ  is part of the design ὡ. For every match of one of the variables 

of the shape ὪὫὟ  in ὡ there is an emergent set of registration points that may 

be selected to determine the visual match. This multi-stepped process can indeed 

address all possible cases of indeterminate embedding and it always involves a 

number of steps equal to ὔόάὶὩήόὭὶὩὨ ὶὩὫὭίὸὶὥὸὭέὲ ὴέὭὲὸίὔόάὙ ρ. 

Even more, the spatial relation between the shape ὪὫὟ  and the shape ὡ 

partitions the symmetry group of the shape ὪὫὟ   into ή classes in terms of ὡ, 

and in congruence with the determinate matchings, it specifies how the shape rule 

can be used in ή distinct ways (Stiny 1991). This chapter provides an outline of the 

general procedure for the implementation of the determination of indeterminate 

embedding, and an overview of all ten possible cases of indeterminate embedding 

that feature less registration points than the ones required for the derivation of the 

transformation. 
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6.1 Multi-step procedure 

The outline of a multi-step procedure proposed to handle the problem of 

indeterminate embedding for all shapes having a lesser number of registration 

points and for four types of linear transformations is given below. This procedure 

is processed in six steps: 1) Detecting the indeterminacy of the embedding and 

deriving the required parametersô ranges through hyperplane embedding; 2) 

Echoing messages and waiting for userôs input; 3) Receiving the parameters by 

the user; 4) Deriving the transformations and previewing the rule applications; 5) 

Receiving the parameters by the user for the selection of the rule application; 6) 

Rewriting the design. Note that steps 1, 2 and 3 might be executed for multiple 

iterations since there might be multiple required parameters to determine the 

shape embeddings. Figure 6.1 shows the six steps of the indeterminate shape 

embedding and the corresponding active components in the system structure for 

each step.  
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Figure 6.1 The six steps of the procedure for indeterminate embedding. (a) 
Detecting and deriving the required parameters ranges; (b) Echoing 
messages and waiting for userôs input; (c) Receiving the parameter by user 
for required information of indeterminate embedding; (d) Deriving the 
transformations and previewing rule applications; (e) Receiving parameters 
by user for application selection (f) Rewriting the design. 

An example of an indeterminate shape embedding under similarity is shown 

in Figure 6.2. The shape ό is in the form of lower-case k and has three hyperplanes 

Ὤ  all intersecting in a single registration point. The shape ὡ is in the form of 

capital case K and has three hyperplanes Ὤ  all intersecting in a single registration 

point too.  

The first step of the procedure starts with the system detecting that the 

embedding of ό in ὡ is indeterminate - here the number of the registration points 

of ό is ὔόάὙ ρ. The transformation that makes the embedding indeterminate 

is decided through the hyperplane embedding of the shape ό in ὡ: the system 
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embeds the hyperplanes Ὤ  into the hyperplanes Ὤ  by applying a translation 

followed by a rotation on Ὤ , that is, Ὢ Ὢ Ὤ . The transformed hyperplane 

Ὢ Ὢ Ὤ  is embedded in Ὤ  without applying any scaling transformation and that 

implies that the scaling transformation is the indeterminate factor in this shape 

embedding. Once the transformation that makes the indeterminate embedding is 

derived, the system calculates the range of parameters that specify the 

transformation as a reference for the userôs input (or for some automated 

optimization method). 

 

Figure 6.2 An example of the derivation of indeterminate factor through the 
embedding of hyperplanes. (a) Shape ◊; (b) Hyperplane ▐◊; (c) Shape ╦; (d) 

Hyperplane ▐╦; (e) Embedding process of shapes; (f) Embedding process of 
hyperplanes. 

In the second step, the system compiles a message with the calculated 

ranges of parameters and echoes back to the user through the communication 

layer waiting for further information. After echoing the message, the system pauses 

the embedding process until the user inputs the parameters that specify the range 
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of scaling under which the embedding will take place. In the third step and once 

the user provides the required parameters, the parameters are sent back to the 

shape embedding engine to derive the finite number of the transformations (the 

embedding is determinate now) and send the derived transformations to the rule 

application unit. In the fourth step, the rule application unit generates the data of 

all possible transformed left-hand-side shapes Ὢό and transformed right-hand-

side shapes Ὢὺ, sends the data to the communication layer to generate the 

previews for all shape rule applications on the design ὡ, and waits for the userôs 

input to select which application is applied. In the fifth step, the user selects the 

particular rule application(s) among the ones generated by the system as a 

parameter input, and the parameter is sent back to rule application unit. In the sixth 

step, the rule application unit processes the Boolean subtraction and addition so 

that the design is rewritten as ὡ ὡ Ὢό Ὢ ὺ where Ὢ ό and Ὢ ὺ are 

the transformed left-hand-side shape and right-hand-side shape under the 

selected transformation, and sends the design ὡ  to the maximal line modeler to 

obtain its maximal line representation, and the communication layer to finalize the 

shape rule application.  

The indeterminate shape embedding is processed with multiple steps that 

the system pauses the process and asks for further information for iterations until 

the shape embedding is determinate. In the multi-step mechanism, the dataflow is 

back and forth between Rhinoceros and the Shape Machine as a loop and note 

that, when the Shape Machine communicates with users, the messages are 

always displayed through communication layer so that no extra system or windows 
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are required. Among these six steps, the calculation of the ranges of parameters 

can be viewed as the solution to the indeterminate shape embeddings and the 

calculation is involved much complexity.  

The example above showed a particular case of resolving an indeterminate 

embedding under similarity for a shape ό featuring a single registration point, into 

a determiante embedding. The determination of the transformations that cause the 

indeterminacy of the embedding, as well as the automated extraction of the ranges 

of the parameters of these transformations that can be inserted manually by the 

user based on the design workflow ï or automatically, based on some automated 

and/or optimized method -  can be involved and differ for the ten indeterminate 

mappings outlined in the introduction of the chapter. These ten cases will be 

discussed in detail in the four following sections, each dedicated to a particular 

family of transformations making up the complete Erlangen program, namely, 

isometric, similar, affine and linear ones. All cases are illustrated through a series 

of iterative visual calculations against a single shape ὡ to facilitate comparisons 

as possible. The shape ὡ pays homage to the familiar shape of the two nested 

squares (or four triangles, four pentagons, two hexagons, and so forth) that has 

characterized the field of the shape grammars since its first appearance in Stiny 

(1975) and Gips (1975) and afterwards (see for example, Stiny 1980, Knight 1994; 

Mitchell 2001; Stouffs and Krishnamurti 2019). 
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6.2 Indeterminate embedding under isometric transformations 

An example of an indeterminate embedding under isometric 

transformations of a shape ό having no registration points is shown in Figure 6.3. 

The shape ό does not have the required registration points for the derivation of the 

isometric matrix and the computation fails. To resolve the three unknown variables 

of the isometric matrix including the translation in ὼ direction ὸ, the translation in 

ώ direction ὸ, and the rotation angle —, a multi-stepped process can be adopted to 

address this problem. In this case, a two-stepped process is used to determine the 

embedding results. The first step is processed automatically by taking two 

endpoints of the shape ὫὟ  to determine the rotation — and confine the translation 

range to a one-dimensional space, that is, any maximal line of ὡ that has a larger 

length than ὫὟ . After the first step, the indeterminacy of embedding occurs in 

translation within any maximal line which is longer than ὫὟ . The second step 

requires an additional input (manual visual inspection or an automated optimization 

calculation) for a translational parameter ὸ with a range ὰέύὩὶ ὦέόὲὨὸ

όὴὴὩὶ ὦέόὲὨ, here, the ὰέύὩὶ ὦέόὲὨπ and όὴὴὩὶ ὦέόὲὨὰ ὥȾς, for ὰ the 

lengths of the sides of the two squares and ὥ the length of the line of ὫὟ  ï the 

two parametric values are different for each square. Once the value of ὸ is 

provided, in some absolute or relative sense, the system can determine the final 

embedding results. Note that the calculation of the range of translations for each 

embedding uses the midpoint of the shape ὪὫὟ  as a distinguishable point so 

that it can calculate specifically the non-equivalent matchings that will be then 

permuted by the actions of the symmetry group of each line in the shape ὡȢ In this 



 131 

particular case, the translation of the shape ὫὟ  in any of the two types of 

embedding schemas in the shape ὡ produces eight matchings but when the 

midpoint of the shape ὪὫὟ  coincides with the midpoint of any of the edges of 

the shape ὡ, one symmetry element of the shape ὫὟ  coincides with one of the 

symmetry elements of the shape ὡ and the shape matches reduce to four per 

square. 

 

Figure 6.3 An example of indeterminate congruent embedding using no 

registration points. (a) An instance of a parameterized shape ▌╤ ; (b) 
Registration points ╡▌╤ ; (c) Shape ╦; (d) Registration points ╡╦; (e) Two 

embedding schemas, one per set of lines of equal lengths; (f) Three 
instances of one of the two embedding schemas with assignments ◄: ȟ
Ȣ  and Ȣ, one per row, and their equivalent embeddings by the actions 

of the symmetry group of the shape ╦. 
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6.3 Indeterminate embedding under similar transformations 

An example of an indeterminate embedding under similarity transformations 

of a shape ό having one registration point is given in Figure 6.4. In this example, 

two registration points are required to resolve the four unknown variables of a 

similarity matrix including the rotation angle —, the translation in ὼ direction ὸ, the 

translation in ώ direction ὸ and the scaling factor ί. The shape ό does not have 

the required registration points for the derivation of the similarity matrix and the 

computation fails. To address this problem, a two-stepped process is used to 

determine the embedding results. The first step is processed automatically by 

taking one registration point and one endpoint of ὫὟ  to derive —, ὸ and ὸ. The 

second step requires an additional input for the scaling factor ί because the 

indeterminacy occurs in scaling. The process of dealing with indeterminate 

embedding in scaling is similar to the indeterminate embedding in translation and 

it can be similarly resolved by manual visual inspection or an automated 

optimization calculation. The shape embedding can be parameterized with a 

scaling parameter ί that has a scaling range ὰέύὩὶ ὦέόὲὨί όὴὴὩὶ ὦέόὲὨ, in 

this example, the ὰέύὩὶ ὦέόὲὨπ and όὴὴὩὶ ὦέόὲὨρ. The calculation of lower 

bound and upper bound is context-sensitive, and the indeterminacy might show up 

as multiple parameters. In this example, there is a single embedding schema of 

the shape ὪὫὟ  in the shape ὡ, eight matches under the symmetry group of 

the shape ὡ, and for each one of them there is an assignment Ὣ parameterized 

with a scaling factor ί with a range π ί ρ. 
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Figure 6.4 An example of indeterminate similar embedding using one 
registration point. (a) An instance of a parameterized shape ▌╤ ; (b) 

Registration points ╡▌╤ ; (c) Shape ╦; (d) Registration points ╡╦; (e) The 

single embedding schema; (f) Three instances of the single embedding 
schema with assignments ▼ȡȟȢ  and Ȣ , one per row, and their 
equivalent embeddings by the actions of the symmetry group of the shape 

╦. 

An example of an indeterminate embedding under similarity transformations 

of a shape ό having no registration points is given in Figure 6.5. In this example, 

two registration points are required to resolve the four unknown variables of the 

similarity matrix including the rotation angle —, the translation in ὼ direction ὸ, the 

translation in ώ direction ὸ and the scaling factor ί. The shape ό does not have 

the required registration points for the derivation of the similarity matrix and the 

computation fails. To address this problem, a three-stepped process is used to 

determine the embedding results. The first step is processed automatically by 
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taking two endpoints of ὫὟ  to derive —, and confine the translation range in one 

dimensional space, that is, any maximal line of ὡ. The second step requires an 

additional input for the scaling parameter ί as the indeterminacy occurs in both 

scaling and translation. The third step requires an input for the translation 

parameter ὸ. In this case, the scaling parameter ί has a range ὰέύὩὶ ὦέόὲὨί

όὴὴὩὶ ὦέόὲὨ, here, the ὰέύὩὶ ὦέόὲὨπ and όὴὴὩὶ ὦέόὲὨ ὰȾὥ, for ὰ the 

lengths of the sides of the two squares and ὥ the length of the line of ὫὟ . The 

translational parameter ὸ has a range ὰέύὩὶ ὦέόὲὨὸ όὴὴὩὶ ὦέόὲὨ, here, the 

ὰέύὩὶ ὦέόὲὨπ and όὴὴὩὶ ὦέόὲὨ ὰ ί ὥȾς, for ὰ the lengths of the sides 

of the two squares and ὥ the length of the line of ὫὟ . To simplify the notation, 

the translation parameter can be normalized as a parameter ὸ with a normalized 

range π ὸ ρ. In this example, there are two embedding schemas of the shape 

ὪὫὟ  in the shape ὡ, eight matches for each shape under the symmetry group 

of the shape ὡ, four matches when the midpoint of the shape ὪὫὟ  coincides 

with the midpoint of any of the edges of the shape ὡ, and for each one of them, 

there is an assignment Ὣ parameterized with a translation factor ὸ with a range π

ὸᴂ ρ. 
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Figure 6.5 An example of indeterminate similar embedding using no 
registration points. (a) An instance of a parameterized shape ▌╤ ; (b) 

Registration points ╡▌╤Ƞ (c) Shape ╦; (d) Registration points ╡╦; (e) Two 

embedding schemas, one per set of lines of equal lengths ; (f) Three 
instances of one of the two embedding schemas with assignments ▼ȟ◄: ȟ), 

( ȟȢ), and Ȣȟ), one per row, and their equivalent embeddings by the 

actions of the symmetry group of the shape ╦. 

6.4 Indeterminate embedding under affine transformations 

An example of an indeterminate embedding under affine transformations of 

a shape ό having two registration points is given in Figure 6.6. In this example, 

three registration points are required to resolve the six unknown variables of an 

affine matrix including a rotation angle —, translation in ὼ direction ὸ, translation in 

ώ direction ὸ, stretching in ὼ direction ‌ , stretching in ώ direction ‌  and a 

shearing angle •. The shape ό does not have the required registration points for 
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the derivation of the affine matrix and the computation fails. To determine the 

embeddings, a two-stepped process is used to determine the embedding results. 

The first step is processed automatically by taking two registration points and two 

endpoints of ὫὟ  to derive —, ὸ, ὸ, ‌  and •. The second step requires an input 

for the stretching parameter in ὼ direction ‌  as the indeterminacy occurs in 

stretching in ὼ direction in this particular instance (see Figure 6.6(f), first column). 

Note that the stretching direction varies from instance to instance, and the system 

should automatically detect the stretching direction and provide a valid range of 

stretching. Furthermore, the stretching parameters ‌ and ‌  are one-dimensional 

scaling parameters, that is, the uniform scaling is presented when ‌ ‌ . In this 

case, in total there are ὅ ρςπ pairs of registration points, and among these 120 

pairs, there are eight pairs in the configuration where two lines are in parallel and 

one line is intersecting with the other two, in which the shape ό can be embedded 

under an affine transformation. These eight pairs of embeddings represent two 

families and each family is parameterized by a stretching parameter ‌ with two 

ranges ὰέύὩὶ ὦέὲὨ‌ όὴὴὩὶ ὦέὲὨ, for ‌ representing the stretching factor 

ὰȾὥ of two squares, where ὰ is the length of the side of the two squares and ὥ is 

the length of the open-ended line of ὫὟ . One of the embedding schemas has a 

range π ‌ τ, and the other a range π ‌ ςЍς. To simplify the notation of 

parameters, the parameter ‌ can be normalized with a range π ‌ ρ for each 

family. 
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Figure 6.6 An example of indeterminate affine embedding using no 
registration points. (a) An instance of a parameterized shape ▌╤ ; (b) 

Registration points ╡▌╤ ; (c) Shape ╦; (d) Registration points ╡╦; (e) Two 

embedding schemas, one per two pairs of parallel lines; (f) Three instances 
of one of the two embedding schemas with assignments  ♪: Ȣ , Ȣ , and 

Ȣ, one per row, and their equivalent embeddings by the actions of the 

symmetry group of the shape ╦. 

An example of an indeterminate embedding under affine transformations of 

a shape ό having one registration point is given in Figure 6.7. In this example, 

three registration points are required to resolve the six unknown variables of an 

affine matrix including a rotation angle —, translation in ὼ direction ὸ, translation in 

ώ direction ὸ, stretching in ὼ direction ‌ , stretching in ώ direction ‌  and a 

shearing angle •. The shape ό does not have the required registration points for 

the derivation of the affine matrix and the computation fails. To determine the 

embeddings, a three-stepped process is used to determine the embedding results. 
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The first step is processed automatically by taking one registration point and two 

endpoints of ὫὟ  to derive —, ὸ, ὸ, and •. Since the indeterminacy occurs in 

stretching both in ὼ direction and ώ direction, the second step requires an input for 

the stretching parameter in ὼ direction ‌ and the third step requires an input for 

the stretching parameter in ώ direction ‌  for this particular instance (see Figure 

6.7(f) first column.) In this example two ranges of stretching are provided: π ‌

ς in the ὼ direction and π ‌ ς in the ώ direction. Among these 16 registration 

points in the shape ὡ there are four registration points where two maximal lines 

meet, four registration points where three maximal lines meet, and eight 

registration points where no maximal lines meet. Among those, the first two sets 

represent registration points in which the shape ὪὫὟ  can be embedded and 

therefore, there are ςτ pairs of embedding classified into four schemas.  Each 

schema is parameterized with two parameters ‌  and ‌  representing the 

stretching factors in the ὼ direction and ώ direction, with ranges π ‌ ὰȾὥ and 

π ‌ ὰȾὥ, and ὰ representing the length of the sides for each square, ὥ is 

the length of the horizontal line of Ὣό and ὥ is the length of the other line of 

Ὣό. To avoid double counting the results of embedding, a constraint of ‌ and 

‌  is applied: ὥ ὥ. 
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Figure 6.7 An example of indeterminate affine embedding using one 
registration points. (a) An instance of a parameterized shape ▌╤ ; (b) 

Registration points ╡▌╤ ; (c) Shape ╦; (d) Registration points ╡╦; (e) Four 

embedding schemas, one per two pairs of converging lines (f) Three 
instances of one of the four embedding schemas with assignments ♪●ȟ♪◐: 

( ȟ), ( ȟ), and ( Ȣȟ),one per row, and their equivalent embeddings by the 

actions of the symmetry group of the shape ╦. 

An example of an indeterminate embedding under affine transformations of 

a shape ό having no registration point is given in Figure 6.8. In this example, three 

registration points are required to resolve the six unknown variables of an affine 

matrix including a rotation angle —, translation in ὼ direction ὸ, translation in ώ 

direction ὸ, stretching in ὼ direction ‌, stretching in ώ direction ‌  and a shearing 

angle •. The shape ό does not have the required registration points for the 

derivation of the affine matrix and the computation fails. To determine the 
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embeddings, a four-stepped process is used to determine the embedding results. 

The first step is processed automatically by taking four endpoints of ὫὟ  to derive 

—. Since the indeterminacy occurs in shear, stretch and translation, the four 

endpoints can be used to confine the shear range, stretch range and translation 

range to one dimensional space in ώ direction for this particular instance (see 

Figure 6.8(f), first column). Here, the indeterminacy of the embedding occurs in 

three parameters so their ranges are correlated in a complex parametric function. 

More specifically, the shear transformation is parameterized with an angle 

parameter • with a range ÃÏÓ
Ѝ

• ÃÏÓ ÃÏÓ
Ѝ

, which can be 

normalized as π • ρ; the stretch transformation, for ὰ the length of sides of 

the two squares and ὥ the length of the lines of ὫὟ , is parameterized with a range 

π ‌ Ͻ
Ѝ

Ѝ
ρ, which can be normalized as π ‌ ρ; and 

the translation parameter has a range π ὸ Ͻ
Ѝ

Ѝ
‌Ͻὥ, which 

can be normalized as π ὸ ρ. Note that the range of translation is constrained 

to avoid double counting. In this case, there are two embedding schemas and each 

schema is parameterized with three normalized parameters •, ‌, and ὸ. 
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Figure 6.8 An example of indeterminate affine embedding using no 
registration points. (a) An instance of a parameterized shape ▌╤ ; (b) 

Registration points ╡▌╤ ; (c) Shape ╦; (d) Registration points ╡╦; (e) Two 

embedding schemas, one per two pairs of parallel lines; (f) Three instances 
with assignments ⱴȟ♪ȟ◄: ( Ȣ ȟȢȟ), ( ȟȢ ȟ), and ( ȟȢȟ), one per 
row, and their equivalent embeddings by the actions of the symmetry group 

of the shape ╦. 

6.5 Indeterminate embedding under linear transformations 

An example of an indeterminate embedding under linear transformations of 

a shape ό having three registration points is shown in Figure 6.9. For linear 

transformation, four registration points are required to resolve the nine unknown 

variables of a homography matrixȢ The shape ό does not have the required 

registration points for the derivation of the homography matrix and the computation 

fails. To determine the embeddings, a two-stepped process is used. The first step 
















































































































































