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SUMMARY

A chance constrained stochastic programming (CCSP) problem involves constraints with
random parameters that are required to be satisfied with a prespecified probability thresh-
old. Such constraints are used to model reliability requirements in a variety of application
areas such as finance, energy, service and manufacturing. Except under very special con-
ditions, chance constraints impart severe nonconvexities making the optimization problem
extremely difficult. Moreover, in many cases, the probability distribution of the random
parameters is not fully specified giving rise to additional difficulties. This thesis makes
several contributions towards alleviating these two difficulties in CCSP.

In the first part of this thesis we consider CCSP problems with finitely supported prob-
ability distributions. Such problems can be reformulated as mixed integer programming
(MIP) problems. We propose two new efficiently solvable Lagrangian dual problems for
these problems, and show that their corresponding primal formulations lead to MIP for-
mulations that can be stronger than traditional formulations. We next study a well-known
family of cuts for these problems known as quantile cuts. We show that the closure of the
infinite family of all quantile cuts has a finite description, and a recursive application of
quantile closure operations recovers the convex hull of the nonconvex chance constrained
set in the limit. Furthermore, we show that in the pure integer setting, the convergence is
finite. Our final result in this part concerns with approximation algorithms for CCSP. We
first prove that CCSP is constant factor inapproximable in general. On the other hand, for
CCSP problems involving covering type constraints, we prove a bicriteria approximation
result where, by relaxing the required probability threshold by a constant factor, we can
provide a constant factor approximation algorithm.

In the second part of the thesis we consider distributionally robust chance constrained

X1



problems (DRCCPs) where the chance constraint is required to hold for all probability dis-
tributions of the random constraint parameters from a given ambiguity set. First, we study
DRCCPs involving convex nonlinear uncertain constraints and ambiguity sets specified by
convex moment constraints. We develop deterministic reformulations of such DRCCPs and
identify conditions under which such reformulations are convex. Our results generalize and
extend several existing results on convex reformulations of DRCCPs. Next, we apply the
proposed reformulation scheme to an optimal power flow problem involving uncertainty
stemming from renewable power generation. In particular, we develop a convex program-
ming approach for a distributionally robust chance constrained optimal power flow model
that ensures low probability of violating upper and lower limits of a line/bus capacity un-
der a wide family of distributions of uncertain renewable generation. Finally, we study a
conservative approximation - referred to as a Bonferroni approximation - of a joint chance
constraint, i.e. a chance constraint involving a system of multiple uncertain constraints. The
Bonferroni approximation scheme uses the union bound to approximate the joint chance
constraint by a system of single chance constraints, one for each original uncertain con-
straint and each of whose probability thresholds needs to be appropriately set. We show
that such a Bonferroni approximation is exact when the uncertainties are separable across
the individual constraints, i.e., each uncertain constraint involves a different set of uncer-
tain parameters and corresponding distribution families. We show that, while in general
the optimization over the Bonferroni approximation is NP-hard, there are various sufficient

conditions under which it is convex and tractable.
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CHAPTER I

INTRODUCTION

1.1 Chance Constrained Stochastic Programming

A chance constrained stochastic programming (CCSP) problem involves constraints with
random parameters that are required to be satisfied with a prespecified probability thresh-

old. A general formulation is as follows
vi=min{f(z): z€ 85, P{{eE:2e X(§)}>1—¢}, (1.1)

where f : R™ — R is an objective function, S is a nonempty set defined by deterministic
constraints, £ is a random vector with probability distribution P and support =, X (&) := {z :
G(z,€) <0} is a set defined by uncertain constraints G(z, §) < 0 with a mapping G : R x
E — R™ and € € (0,1) is a given risk parameter. The CCSP (1.1) seeks an optimal decision
vector & which minimizes the objective function f(z) subject to the deterministic constraints
S and satisfies the uncertain constraints with probability at least (1 —¢€). CCSPs date back
to [29], and some early studies can be found in [81]. CCSPs have been used to model
reliability requirements in many application areas; for example, finance [77], production
[14, 127], management [105], supply chain design [99, 106], telecommunication [35], and
power system [19, 97].

In general, CCSPs involve several challenges. First, for a given x € S, computing
P{€c=:x e X(§} (i.e., checking the feasibility of (1.1)) involves a multivariate integra-
tion, which can be hard [54, 74] . Even when feasibility can be checked easily, e.g. when
the underlying distribution is finite, the resulting optimization problem is highly nonconvex
leading to an NP-hard optimization problem [68, 82]. Finally, in many cases, the proba-
bility distribution of the random parameters is not fully specified giving rise to additional
difficulties.

This thesis makes several contributions in alleviating some of the difficulties mentioned

above. In the first part of this thesis, we consider CCSP with finite distributions and present



new duality based reformulations, develop a theory of a cut, and propose approximation
algorithms. The second part of this thesis is concerned with CCSPs where the underlying
probability distribution is not fully specified. In particular, we consider distributionally
robust chance constrained problems (DRCCPs) where the chance constraint is required
to hold for all probability distributions of the random constraint parameters from a given
ambiguity set. We provide results on convex reformulations of these problems when the
ambiguity set is defined by moment constraints, present an application of such models in
power systems, and analyze an approximation approach. The following two sections provide

a summary of our main results.
1.2 CCSP with finite support

We first consider CCSPs with finite support, i.e., we assume that the random vector £ has
a finite support with = = {¢!,... ¢V} C R™, where each i € N := {1,..., N} is referred

to as a scenario and p; denotes its probability mass. We can then rewrite (1.1) as
vi=min{ f(z): €8, > pl(Gx, ) <0)>1—ep, (1.2)

where indicator function I(A) is 1 if event A is true; 0, otherwise.

By introducing a binary variable for each individual scenario and adding big-M in-
equalities to model the indicator function, the CCSP (1.2) has a natural mixed integer
programming (MIP) formulation (cf. [15, 67, 76]). However, it has been reported in [82]
that the MIP formulation has a weak relaxation bound and is difficult to solve. There has
been significant recent progress improving the MIP formulation. For example, [82] and [101]
developed efficient procedures to tighten the big-M coefficients. Many researchers have also
attempted to investigate the valid inequalities for CCSPs. In particular, they derived a re-
laxation of (1.2) in the form of the well-studied mixing set [45] and added the corresponding
mixing inequalities [1, 56, 66, 68, 133]. Besides exact solution approaches, approximation
algorithms of CCSPs (1.2) have also been extensively studied. In [73], the authors developed
convex restrictions of the CCSP feasible region, optimizing over which provides a feasible

solution. A similar approach in [3] is used to construct convex relaxations of the CCSP.



The papers [8] and [112] proposed Lagrangian relaxation based heuristics to solve CCSPs.
However, none of these general methods has a provable performance guarantee. To the
best of our knowledge, all existing approximation algorithms with provable guarantees have
been proposed for chance constrained combinatorial optimization problem. For instance,
[41] proposed constant factor approximation algorithms for chance constrained set covering
problems. Subsequently, in [42], the authors developed a fully polynomial time approxi-
mation scheme for a chance constrained knapsack problem where the item sizes are drawn
from independent normal distributions.

We first propose two new Lagrangian dual problems for (1.2) and develop their associated
primal formulations which can be used to exactly compute these dual bounds for chance-
constrained linear programs, or a lower bound on them for chance-constrained mixed integer
programs. We also propose a new heuristic method and two new exact algorithms that make
use of these new bounds to solve these problems to optimality. In our numerical study, we
find that for all of our instances, the dual bounds can be quickly computed and demonstrate
that heuristic solutions are within 4% of optimal. Our exact algorithms are able to solve
more than half of the instances to optimality, although there remain some challenging
unsolved instances.

Next, we investigate a type of valid inequalities, called “quantile cuts”, for the MIP
formulations of (1.2) [119, 120]. The main contributions are summarized below: (i) the clo-
sure of all quantile cuts can be described in a finite conjunctive normal form; (ii) successive
application of quantile closure operation achieves the convex hull of the chance constrained
problem in the limit; and (iii) in the pure integer setting this convergence is finite, and (iv)
separation of quantile cuts is in general NP-hard. For chance constrained mixed integer
linear program, we also propose an approximate quantile closure by restricting attention to
original problem constraints. We generalize the quantile closure by grouping a number of
scenarios together. We propose a heuristic separation algorithm to generate quantile cuts
from the first closure, and present numerical studies to demonstrate that these cuts can
strengthen the root gaps significantly and help with overall performance.

Our final result in this part concerns with approximation algorithms for (1.2). We first



prove that CCSP is constant factor inapproximable in general. On the other hand, for
CCSP problems involving covering type constraints, we prove a bicriteria approximation
result where, by relaxing the risk level € by a constant factor, we can provide a constant

factor approximation algorithm.
1.3 Dastributionally Robust CCSP

In practice, the decision makers often have limited distributional information on &, making
it challenging to commit to a single P. As a consequence, the optimal solution to CCSP
(1.1) can actually perform poorly if the (true) probability distribution of £ is different from
P. Hence, a natural alternative to (1.1) is a distributionally robust chance constrained

program (DRCCP) of the form
v = min{f(a:) cx eSS, 1;161};]?{5 €e=Z:G(x, &) <0} >1 —e}, (1.3)

where P denotes an ambiguity set of probability measures P on the space = with a sigma
algebra F. In (1.3), we seek a decision vector z to minimize an objective function f(x)
subject to a set of deterministic constraints defined by S, and a chance constraint that is
required to hold for any probability distribution from the ambiguity set P with a probability
of 1 —e. Recall that (1.3) involves a system of uncertain constraints defined by the mapping
G : R" x E — R™. When there is a single uncertain constraint, i.e. m = 1, we refer to (1.3)
by single DRCCP, and when m > 1 we refer to (1.3) by joint DRCCP. We let Z denote the

set of decision vectors x induced by distributionally robust chance constraint, i.e.,

Z:{x:%g%P{fEE:G(I,&)SO}E1—6}. (1.4)

There has been very significant activities in studying convexity of the set Z under
different ambiguity sets (see [24, 46, 47, 51, 123]). For example, for single linear DRCCP
(i.e., m =1 and G(+,-) is bilinear in (z,£)), the authors in [24, 37], showed that if P consists
of all probability distributions with known first and second moments, then the set Z is
second-order cone representable. Various similar convexity results hold for single DRCCP
when P also incorporates other distributional information such as the support of € [32], or

the unimodality of IP [46, 59]. For distributionally robust joint chance constraints, conditions



for convexity of Z are scarce. To the best of our knowledge, [47] provides the first convex
reformulation of Z for bilinear mapping G(-,-) and the absence of coefficient uncertainty,
ie. G(x,&) = Ax + B¢ for some matrices A, B, when P is characterized by the mean, a
positively homogeneous dispersion measure, and a conic support = of §&. We are not aware
of convexity result of joint DRCCP with general mapping G(-,-) (for example, G(-,-) is a
bilinear mapping with coefficient uncertainty).

We first study distributionally robust chance constrained problems (DRCCP) with joint
nonlinear uncertain constraints under convex moment ambiguity sets. We show that a
DRCCP can be reformulated as a convex program if one the following conditions hold: (i)
there is a single uncertain constraint, (ii) the ambiguity set is defined by a single moment
constraint, (iii) the ambiguity set is defined by linear moment constraints, and (iv) the
moment constraints are positively homogeneous with respect to uncertain parameters. We
further show that if the decision variables are binary then a DRCCP can be reformulated
as a deterministic mixed integer convex program.

Next, we study a distributionally robust chance constrained optimal power flow problem
with known first and second moments. We propose an exact second order cone program
reformulation of this problem. Our numerical study shows the proposed model can be solved
efficiently and the results are quite robust even with larger risk parameters.

Finally, we study a conservative approximation - referred to as a Bonferroni approxi-
mation - of a joint DRCCP. The Bonferroni approximation scheme uses the union bound
to approximate the joint chance constraint by a system of single chance constraints, one
for each original uncertain constraint and each of whose probability thresholds needs to
be appropriately set. We show that such a Bonferroni approximation is exact when the
uncertainties are separable across the individual constraints, i.e., each uncertain constraint
involves a different set of uncertain parameters and corresponding distribution families. We
show that, while in general the Bonferroni approximation is NP-hard, there are various

sufficient conditions under which it is convex and tractable.



1.4 Organization

The remainder of this thesis is organized in six chapters. The first three chapters are
related to CCSP with finite support. Chapter 2 presents our results on duality based
formulations of CCSP. This chapter is based on the paper [4]. Chapter ?? presents the
results on quantile cuts for CCSP. This chapter is based on the papers [119] and [120].
Chapter 4 presents approximation results for CCSP. The next three chapters are related to
distributional robustness. Chapter 5 presents our results on convex reformulations of joint
DRCCP with moment based ambiguity sets and is based on the paper [118]. Chapter 6
presents an application of DRCCP to optimal power flow. It is based on the paper [117].
Finally, Chapter 7 studies Bonferroni approximations of DRCCP and is based on the paper

[121]. For ease of readability, each chapter is self-contained.



CHAPTER II

NONANTICIPATIVE DUALITY, RELAXATIONS, AND
FORMULATIONS FOR CHANCE-CONSTRAINED STOCHASTIC
PROGRAMS

2.1 Introduction

We consider chance-constrained stochastic programs (CCSPs) of the form
vi=min{f(z): x €S, Plv € X(§)] >1—¢€}. (2.1)

with the following assumptions: (i) the random vector & has a finite support, i.e., E =
{€4,..., &N}, where each i € N := {1,..., N} is referred to as a scenario; (ii) f : R® — R
is a linear function; i.e., f(z) = ¢« (if f(x) is nonlinear, we can introduce a new variable
y, add a new constraint f(x) < y into S and change the objective to minimize y); (iii)
X (£ C S for each i € N; otherwise, we can replace X (¢) by X (&%) NS which yields an
equivalent problem; (iv) the feasible region is nonempty. We can then rewrite (2.1) as
v*:min{ch: x €S, Zpi]l(xeXi)Zl—e}, (2.2)
ieN
where S is a mixed-integer set (i.e., S C R"™" x Z" with 0 < r < n), X* := X(¢&), I(-) is the
indicator function and p; is the probability mass associated with scenario ¢. Using a binary

variable z; to model the indicator function for each scenario i, we reformulate (2.1) as
v*:min{cT:U: x €S, zi:H(xeXi),iEJ\/’,zeZ}, (2.3)

where

Z = {ze{O,l}N:ZpiziZI—e}.

ieN
We assume throughout that S, and therefore X?, are compact sets for all i € A”. Our results

can be directly generalized to the unbounded case when the sets S and X* for all i € N/

share the same recession cone.



CCSPs were first studied in [28, 29]. In [67], the authors analyzed the use of sample
average approximation (SAA) for obtaining statistical bounds for CCSPs. Related results
are presented in [22, 23, 76]. Under this framework, the resulting sampled problem with a
finite number of scenarios can be formulated as a large-scale mixed-integer program (MIP),
by introducing a binary variable for each individual scenario and adding big-M inequalities
into the formulation. However, the natural MIP formulation based on big-M inequalities
often has a weak linear programming relaxation [25]. Motivated by this drawback, there
has been significant recent works investigating the use of MIP techniques for solving CCSPs
having a finite number of scenarios. In particular, the mixing structure of CCSPs has been
studied in [56, 66, 68, 133]. For CCSPs with special combinatorial structures, [100, 101]
introduced problem formulations without the binary scenario variables. Chance-constrained
formulations have also been proposed for two-stage [61] and multi-stage settings [126].

In this chapter we introduce two new Lagrangian relaxation techniques for obtaining
lower bounds for the CCSPs (2.3). Inspired by the associated Lagrangian dual problems,
we also introduce new MIP formulations of (2.3) that yield stronger relaxations than existing
formulations. The Lagrangian relaxations we construct are obtained by variable splitting:
creating multiple copies of the variables z, which are constrained to be equal to each other,
and then constructing a relaxation in which these “nonanticipativity constraints” are re-
laxed. In stochastic programming this technique is known as dual decomposition, and was
firstly introduced by [87], and used in [26] for obtaining strong relaxations of two-stage
stochastic integer programs. See also [34, 94] for more results on dual decomposition in the
two-stage stochastic programming. To the best of our knowledge, only [112] and [8] have
applied Lagrangian relaxation for CCSPs. In [112], both the nonanticipativity constraints
and the knapsack constraint ), piz; > 1 — € are relaxed; and in [8], the original problem
constraints defining X are relaxed within an augmented Lagrangian relaxation framework.
In contrast, we do not relax the knapsack constraint and directly work on the original
formulation (2.3), leading to relaxation bounds that are better than existing alternatives.
Somewhat surprisingly, even though the knapsack constraint — which links scenarios to-

gether — is not relaxed, the majority of the work required to solve our proposed Lagrangian



relaxation problems can be still decomposed by scenarios.

The remainder of this chapter is organized as follows. In Section 2.2, we discuss three
valid lower bounds, which can be obtained by continuous relaxation, quantile bounding and
scenario grouping. We then provide two new Lagrangian dual formulations based on relaxing
the nonanticipativity constraints in Section 2.3. We also provide a sufficient condition
that the duality gap will vanish for chance constrained binary program in Section 2.4. In
Section 2.5, we compare these bounds with the basic lower bounds introduced in Section 2.2.
We derive new primal formulations in Section 2.6 that are related to the dual formulations
from Section 2.3. In Section 2.7 we present a heuristic and two new exact algorithms to solve
CCSPs. Finally, we devote Section 2.8 to computational illustration of the lower bounds

and performances of the proposed algorithms.
2.2 Basic lower bounds

We first present three different lower bounds for the CCSPs (2.3). The first two are known

results while the third bound presented in Section 2.2.3 is new.
2.2.1 Continuous relaxation

Assume that for each scenario i, X is described by an inequality system G;(x) < 0 with a

mapping G; : S — R™i. Problem (2.3) can then be modeled as the following MIP:

v* = min {ch cx el Gi(r) < Mi(l—z), VieN,z¢€ Z}, (2.4)

A

where M; is a vector of big-M parameters such that M;; gives a valid upper bound of G;;(x)
for all feasible  in (2.2), that is, M;; > max{Gjj(z) : z € S, > ;cppil(z € X?) > 1 — €}
for each j = 1,2,...,m;. It is impractical to compute the tightest possible upper bound,
since it involves solving another CCSP. Therefore, computationally tractable techniques for
deriving upper bounds have been investigated. For example, one may begin by choosing
M;; > sup{Gij(z) : z € SN X'} for all j = 1,2,...,m;. This simple bound could then
be strengthened using a coefficient strengthening that considers more of the feasible region
of (2.4) as in [82, 101] (see Section 2.8). We assume that whenever a strengthened big-M

parameter Mi’j < M;; is obtained, we include the valid inequality Gj;(z) < Mi’j in S, so



that S C {x € R" : Gi(z) < M/, Vi € N'}. We define v¥(M) to be the optimal objective
value of the relaxation of (2.4) in which the integrality constraints on the z variables are
relaxed (but the integrality constraints on z, if any, are not relaxed). We denote by v (M)

the relaxation obtained by also relaxing integrality constraints on x. Clearly, we have

2.2.2 Quantile bound

Another lower bound for problem (2.3) is the so-called quantile bound [101]. We first
calculate for each i € NV,
N = min{cTa: S Xi} .
x
We then sort these values to obtain a permutation o of A such that 75, > -+ > n,,. The

quantile bound is then defined as v@ = 7, , where ¢ = min{k € N : Zle Do; > €}. Then

clearly

v < v*
because at least one scenario in the scenario set {o1,...,0,} must be satisfied in a feasible
solution.

2.2.3 Scenario grouping based lower bound

We partition the scenarios N into K < N disjoint subsets Nj,j € K = {1,..., K} where
ZJK:1 |Nj| = N. For each j € K, we define Z; =1 if z; = 1 for all the scenarios i € N; and
0 otherwise (i.e., Z; = min{z; : i € Nj}). For each j € K, we define ¢; = min;en; p;. We
then define the following scenario grouping model:
v® = min chL‘:a:GS,Zj:]I T e ﬂ Xt ,jek, qu,%j Zqu—e . (2.5)
ieN Jjex Jjex

The following proposition shows that (2.5) is indeed a valid relaxation for (2.3).
Proposition 1. v& < v*.

Proof. Let (x,z) be any feasible solution to (2.3) and let Z; = min{z; : ¢ € N} for each

j € K. We show that (%, x) is feasible to (2.5). By construction it holds that z; = I(z €

10



Nie N; X1 for each j € K. We first establish the following inequality for each j € K:

4zj = Z PiZi — Z Pi—qj |- (2.6)

iEN; iEN;
Indeed, if Z; = 0 this implies that z; = 0 for some i € N}, and thus Zz’eNj pizi < Zz’eNj bi—
g; as required. On the other hand, if Z; = 1 this implies that z; = 1 for all i € A}, and (2.6)
follows. Now, summing (2.6) over all j € K yields
SRS 3 JED 9D LS ST RS B Wt
Jjex JEK EN; JEK iEN; jex jex

which establishes the result. O

If we scale the knapsack inequality in (2.5) by (3 ex qj)~!, this problem is again a
CCSP, but with K < N scenarios. Thus, any technique for obtaining a lower bound of
a CCSP can also be applied to this relaxation. In particular, the quantile bound may be
applied, and the resulting scenario grouping based quantile bound may be better than the
original quantile bound (see Section 2.8 for an illustration). The dual bounds that we derive

in the following sections may also be applied to a grouping-based relaxation.
2.3 Lagrangian dual bounds

We next introduce two Lagrangian dual problems associated with the CCSPs (2.3) obtained
by relaxing nonanticipativity constraints. We use the following standard result (cf. [70]) on

a primal characterization of the Lagrangian dual.

Theorem 1. Consider a mathematical program min{ f(z) : H(x) < h,x € X}, where f, H

are convex functions and X is compact, and let

LY :=sup{f(z)+ A \H(x) = \h:2z € X}
A>0

be the Lagrangian dual value. Then
L' =inf{f(x):z € conv(X), H(z) < h},

where conv(S) denotes the convex hull of the set S.

11



2.3.1 Basic nonanticipative dual

By making copies of the decision variables z, the problem (2.3) can be reformulated as

= min Zplc zt, (2.7a)

ieN

> piHia' = h, (2.7b)

ieN

2z =1z € X%), i€N, (2.7¢)

z€Z, (2.7d)

z' e S, i €N, (2.7¢)
where (2.7b) enforce the nonanticipativity constraints 2! = --- = 2. The Lagrangian dual

problem obtained by dualizing these nonanticipativity constraints with dual vector A can
be written as:

viD = m;ix{ﬁl()\) —A'h}, (2.8)

where

Li(N) = xgzn{zpz ¢t + NTHz') . (2.7¢) — (2.7e)}. (2.9)

ieN
Next, observe that for a fixed z € Z, this problem reduces to:

z) = m:gn {Zpi(chi + AT H;zb) - (2.7¢), (2.7e)} .

ieN
This problem decomposes by scenario. Let
0;(\) = min {cTw + A Hiz: ze S} (2.10)
and
Gi(A) = min {cTa: + A Haz: z € Xi} . (2.11)

Note that the feasible region of (; () is included in that of 6;(\), so we have that (;(A) > 6;()\)

for all i € N/. By compactness of S, both § and ¢ are finite valued for all \. Then, we have

z) = sz‘(9z‘(/\ )1 = z) + G(A sz ) + Zpi(Cz'()\) S AE

ieEN ieEN iEN

12



and so

L1(N) = Y pibi(A) + min {mem —0;(\)zi: 2 € Z} : (212)
ieN ieN

Thus, for a fixed ), the Lagrangian relaxation value £1(\) — AT h can be calculated by first

calculating the values 0;(\) and ¢;()\) by solving (2.10) and (2.11) separately for each i € N,

and then solving a single-row knapsack problem.

We close this subsection by noting that the dual problem (2.8) can be interpreted as a
stochastic program with a mean-risk objective function. Let A;(A) = (;(A) — 6;(A) for all
i € N and let Fa(y(-) denote the cumulative distribution function of {A;(A)}ien while the
point mass function is P(A(N) = A;(\)) = p; for all i € N and FA_(I/\)(t) = inf{s € R :

Fany(s) > t}. Then VaRy_(()) := F;gA)(l — €) is the (1 — €)-value at risk of A()\), and

the (1 — €)-conditional value at risk of A(\) is defined as [86]:
1
CVaR,_.()\) := VaR;_(\) + —E[A(X) — VaR;_()\)]+,
€
where [-]; = max{-,0}

Proposition 2. If all of the scenarios are equally likely, i.e., p; = % foralli € N, and eN

is an integer, then the dual problem (2.8) is equivalent to
N m}{\:LX{]E[C(A)] —eCVaR;_(\) — A"h}

Proof. When the scenarios are equally likely, the knapsack problem (2.12) can be solved
by sorting the values A;()),i € N to find VaR;_(\). That is, we claim that z(\) =
I(A;(N) < VaRj_.()\)) for all i € N solves (2.12). Indeed, A;(N) = ¢(A) — 6;(A) > 0 for all
i € N. Thus, to solve (2.12) with p; = % for all : € N, we can simply choose the smallest
values of A;()\) until the cardinality constraint ), \-z; > (1 — €)N is satisfied. Therefore,
the optimal solution sets z7(\) = I(A;(A) < VaR;_(\)) for all « € N. If Ne is an integer,
then simple calculations show that £1()) can be further simplified as
Li(N) = % DG —e <VaR1_e<A> LS - VaR1_5<A>]+>

ieN Ne ieN

— E[¢(\)] — €CVaR:_(N).

13



Proposition 2 can be extended to more general distributions by appropriately adjusting

the definitions of VaR_. and CVaR,;_. as in [85].
2.3.2 Quantile based Lagrangian dual

The quantile bound in Section 2.2.2 can be interpreted as a relaxation obtained by creating
a copy ' of the variables x for each i € AV, as in the reformulation (2.7), but then instead
of using the weighted average of the objective values of these copies, the mazimum objective
function value among the enforced scenarios is used. This motivates the following alternative

reformulation of (2.3):

v = inylr; Y, (2.13a)
st. ¢zt <v, ieN, (2.13b)
ZPiHﬂi =h, (2.13¢)

ieN
z=I2" € XYieN, (2.13d)
zeZ, (2.13¢)
z' e S, ieN, (2.13f)

where (2.13c) — (2.13f) are just a restatement of (2.7b) - (2.7e). For a fixed y € R, we

further define the problem:
g9(y) :=y+ min{0: (2.13b) — (2.13f)} . (2.14)

Clearly, g(y) = y if (2.13b) - (2.13f) is feasible for this fixed y value, otherwise (2.14) is
infeasible, and we use the convention ¢g(y) = 400 in this case. Then (2.13) can be formulated
as:

v =min{g(y) : y €R}.

Next, for a fixed y € R, let

R(y) = {{z', zi }ien : (2.13b), (2.13d) — (2.13f) }

14



be the set of feasible solutions to (2.13) in which the nonanticipativity constraints (2.13c)
are relaxed, and the variable y is fixed. Also, define
L3(A,y) = min {ZPMTHﬂi {2, zitien € R(y)} ;
T,z
ieN
and finally

wa(y) =y + m}z\;mx{ﬁg()\, y) — )\Th}. (2.15)

We use the notation wy(y) = +00 to indicate that the maximization problem in (2.15) is
unbounded. In fact, as the following proposition shows, the maximization problem either

has an optimal objective value that equals zero or is unbounded.
Proposition 3. There exists §y € R such that

s fy=>y,
wa(y) = oo gz (2.16)

oo, ify<7.

Proof. By Theorem 1, wa(y) = y +min{0 : {%, 2; }ienr € T'(y)} where T'(y) = {{2%, 2 }ien :
(2.13c),{2%, z; }ien € conv(R(y))}. Thus, we(y) = y if T'(y) # 0 and ws(y) = oo, otherwise.
Next, for y large enough, any feasible solution to (2.3) can be used to construct a feasible
point in T'(y) (just set all z° equal to x), and so for y large enough wo(y) = y. In addition,
since the set S is compact, it follows that for y small enough the set R(y) is empty, and

hence T'(y) is empty. The result then follows because T'(y1) C T'(y2) whenever y; < yo. [

We now define our second Lagrangian dual problem as:

vy” = min{ws(y) : y € R} = min{y : waly) =y} (2.17)
Theorem 2. V2LD < v*.
Proof. This follows because wa(y) < g(y) for all y € R. O

We next discuss the calculation of viP. First, for a given A and y, L£2()\,y) can be

calculated by solving for each i € NV,

0;(\,y) := min {)\THZ-:E ez <y, x€ S}

xT

15



and

Gi(A\,y) := min {)\THZ':U cclx<y, ze XZ} i

T

ieN ieN
LD

The above characterization leads to a bisection procedure to obtain a lower bound on v;
It takes as input an upper bound, U, on the optimal objective value v*, which can be
obtained by any feasible solution to (2.3), and a lower bound L (we show in Section 2.5 that
L = v¥ is valid). At each iteration, we consider the candidate value y = (U + L)/2, and use
a subgradient method with a specified finite termination condition (e.g., an iteration limit)
to obtain a lower bound wy(y) on wa(y). If wy(y) > y, then we can update L = y, otherwise
we update U = y. The bisection procedure terminates when the difference between the
upper and lower bounds is less than a given tolerance. At any step of the algorithm, L is a

valid lower bound on viP.

2.4 A Sufficient Condition for viP = v*

In this section, we will study a sufficient condition which closes the duality gap. Let us
define a set x = {(z,2) | ' € SV i,Zﬁ\ilpiAﬂ‘i = h, Zi]ilpizi >1—¢ 2z < Iz €
X?), z € {0,1} ¥ i}. For each i € [N], let define set X* = {(z%,2) | 2* € S, z < I(z* €
X%, z; € {0,1}} and a bound p; as

pi := sup {ch‘i | (2, 2) € conv (X'Z)} — inf {chi | (2%, 2) € conv (XZ>} . (2.18)
We further make the following assumptions:
Assumption 1. (i) (2.3) is feasible and S, X" C {0,1}",Vi;

(ii) Suppose h € R™, then for some set I C {1,..., N} with |I| = m+2, given a (3%, %) €
conv(X?),Vi € I, there exists (x°,2;) € X' for each i € I such that Sierpidizt =

Sier DiAE N € 1Y iz 2 Y e D

Note that under Assumption 1(i), the nonanticipativity constraint can be written as

N
zl = Zpia:i; (2.19)
=1

16



ie., if x]l = 1, then x; = 1; otherwise, x; = 0. Under this setting, the nonanticipativity

constraints have n rows, thus m = n.

Proposition 4. Under Assumption 1, the duality gap is bounded as
v — VlLD < (m + 2)pmaxpma)<a (2.20)

where pmax = SUP;—1 N Pi, Pmax = SUP;—1,__ N Di-

Proof. Define set

Yi = {[pidi’,pic’ @, pizi] | (', ;) € X'} (2.21)

with the summation defined as Y = Zfil Y;. By Assumption 1(ii), Y;,conv(Y;),i =1,...,N
and Y, conv(Y') are compact.
Besides of relaxing the nonanticipativity constraint, we also relax Zf\; 1 Pizi > 1—e€ with
dual variable p; i.e.,
N
viD = ny[cnzn {Zpi(chi AT At — ppiz) = ATh+pu(l—€): (28, %) € f(’} , (2.22)
i=1
and clearly, we have V%’D < VfD

Now by definition, we have
v = min{w | I(u,v,w) € Y,u=h,w>1—¢€} (2.23)
while by the duality argument in Theorem 1, we have
vEP = min{v | 3(u,v,w) € conv(Y),u = h,w > 1 — e} < viP (2.24)

Similar to [16], we refer to Shapley-Folkman theorem here.

Theorem 3. (Shapley-Folkman theorem) Let Y;,i = 1,...,N be a collection of subsets of
R™2 (h € R™), then for each y € conv(Y), there exists a subset I(y) C {1,..., N} with

cordiality at most m + 2 such that

Yy € Z Y; + Z conv(Y;)

i¢1(y) i€l(y)

17



Let (u,v,w) € conv(Y') such that

Then by Shapley-Folkman theorem, there exists a subset I C {1,..., N} with m =m+2

and
(s, U3, @;) € conv(Y;),i € I, % <I(@ e X),Vigl,

such that

ZpiAi./T\i + Zﬁz =h

i¢l iel

S i@ E) +> Bi=v=v5"

i¢l iel
SpEi 4y wi=w>1—c
i¢l iel

By Caratheodory theorem, for each i € T, there exists (xh,21), .., (@328 e X =

17%7 7’L

{(#%,2) | 2" € S, 2 <T(a' € X?), 2 € {0,1}} and a},...,a""® € [0,1] such that

m+3 m+3
J To—=m A J
g a; =1, w; = piA; E o; Ty,
j:l j:l
m—+3 m—+3
-~ ] J 5
Vi = § : f( Lis 1 =Di E :azzz
7j=1

Meanwhile, by the definition of f;, f;, pi, Vi, we have

m—+3
@:piz Jf(af z)>psz{ |(xi,zi)€conv()zi>},w.
j=1
We now have
‘ m+3
S+ Yna 3ot | -
i¢l ieT Jj=1
' m+3
M@ E) 4> p Yl f(@l2]) =vEP = pif (@, 5)
i¢l iel J=1 i¢l
+ Zpi inf {CT.CCi | (2, ;) € conv (XZ>}
iel
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m—+3

Zpi?i‘szi Zafzi =w>1—e
j=1

igl ieT
By Assumption (ii), for a given § > 0 and there exists a (5}1732) c Xi,Vi e T with
et Pidilli = 2 i pidk (Z}ZS afxf) ) DieTPiZi 2 Dt Pi (ZT:JES afo) and
Y onif@.Z) <Y pisuwp {cTazi | (2, 2;) € conv (fﬁ)} ,

Thus, we now have

N
ZpiAzfz h
i=1
N
V<Y pif (@ 3) < vEP + ) pipi
=1 el

N
ZP@ >1—e
i=1

Thus

v — VéD < Zpipi < (m + 2)pmaxpmax~
iel

O

A direct application of Proposition 4 is that the duality gap vanishes as the number of

scenarios grows to infinity.

Corollary 1. Suppose both Assumption 1 and the following reqularity condition

sup p; < oo, lim sup mp; =0,
i=1,...,00 N—ocoj=1,. N

hold, then the duality gap will be vanished when N goes to infinity; i.e.,

lim (v* —vi?) =0. (2.25)

N—o0

2.5 Strength of Lagrangian dual bounds

In this section, we compare the Lagrangian dual bounds developed in Section 2.3 and the

basic lower bounds in Section 2.2.
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2.5.1 Comparing vi'’ and v (M)
We first show that vi" is no smaller than v¢(M). Let
Cu = {(33,2) cx e S, Gi(r) < M;(1—2), z€[0,1], Vie N, Zpizi >1- 6}
ieN
be the feasible region of the continuous relaxation of (2.4) in which the variables z are

relaxed to be continuous.

Theorem 4. Assume the constraint qualification is satisfied, i.e., there exists (T,z) €

int(conv(Cyy)), where int(-) denotes the interior of a set. Then,
viD > vO(M).

Proof. First observe that the continuous relaxation of (2.4) is a convex program with a linear
objective function over the convex hull of the set Cjs, which is assumed to satisfy Slater’s
condition [98]. Therefore, by strong duality, the Lagrangian dual of this convex program
in which the nonanticipativity constraints ), piH;z" = h are relaxed has the optimal
value equal to v¢(M). But the Lagrangian relaxation problem used in this Lagrangian dual
is identical to that in (2.8) except that the z variables are relaxed to be continuous. The

conclusion follows. O O

Next we establish a set of sufficient conditions under which v¢(M) is equal to viP.

Proposition 5. Suppose that S = R} and for eachi € N, p; = % and G;(z) = Gi(z)+ M;,
)

where G;(tx) < tGy(z) for all t > 1 and G;(0) < 0. Then v¢(M) = viP.

Proof. We only need to show that v¢(M) > vFP. Recall that
v (M) =min {c"a:2€8,Gi(x) < Mi(1—z),2 €[0,1],Vi € N,
Y 5> [N(1-e)]}
ieN

= min {CT:U cx € S,Gi(x) < M;(1—2),Vie N,z € conv(Z)} :

T,z

From Theorem 1 and equation (2.8) we know that

N
viP :Il;i;l { Zpic—razl {(a", zi) Yien € conv ({{(2", zi) Yien : 2* € S,
' i=1
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Gi(z') < Mi(1—2),Yi € N,z € Z}),)  piHa' = h},
ieN

Let (X,%), where Z := {Z; };enr, be an optimal solution of the continuous relaxation of (2.4).
Since z € conv(Z), there exists a set of points {z;} € Z such that z = )", A\yz; with
> M = 1and Ay > 0. Construct XZ = %zzk for all £ and for all ¢+ € N. Note that the
operations are well defined since, for each ¢, zZ; = 1 (or 0) implies z;; = 1 (or 0) for all &,

and we assume that 0- oo = 0. It follows that

XZ € S,Zk A

Gi(xh) = Gi(xh) + M; < G( R)zig + My < Mi(1 — z),Vi € N,

%
where the first equality is the definition of G;(+), the second inequality follows because if
zir, = 0, then x} = 0, and G;(0) < 0; otherwise, xi = /Z\% and G;(tr) < tGy(z) for all t > 1;
while the last inequality follows since G;(X) < M;(1 — Z;) or equivalently, 3—11@2(2) < —M;.

Now define (x,2) = >, \i(x},2z;) and we have x' = X for all i € N. Hence,

{(x",Z) }ien € conv ({{(z%, i) }ien 1 @' € S,Gi(2") < M;(1— 2),Vi €N,

z€Z})

and {x'};cn also satisfies the nonanticipativity constraints. Thus (X,Z) is also feasible to

(2.8) implying v (M) > viP. O O

A large class of problems that satisfy the conditions of Proposition 5 are chance-
constrained covering linear programs with equiprobable scenarios [82]:

mm{c z: Az > bz, VieN, Zzl_ (1—¢)N,z > 0,2 € {0, 1}V1€N}
ieN

where 4; € R, b; € R for all i € N. Recasting the above problem in the form of
(2.4) we note that S = R",G;(z) = —A'x, M; = b;. Indeed we have G;(tz) = —tA'z =
tGi(z),Vt > 1, and G; = 0.

2.5.2 Comparing vi” and viP

The following theorem compares the strengths of the two different Lagrangian dual bounds

viP and viP
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Theorem 5. viP <vEP.

Proof. Let Q; := {(2%, %) : (2.7¢c), (2.7¢)}(= {(z%, z;) : (2.13d), (2.13f)}) for all i € N. The
claim follows since

VlLD = m};\lxmin{y —+ E pi)\THixi — )\Th : (:Ei,zi) S Qi, Vi e N,
$7y7z
ieN

2 €Z,y> ZpicTwZ}

ieN

< maxmin{y + ZpiATHixi —A'h: (z',2) € Qi, Vi €N,
Ao 1EN

zeZy>c a, ViGN}
< minmfmxmin{y + Zpi)\THmi —A\'h: (xi, 2i) € Qi, Vi €N,
y T,z
iEN

ze€Zy>c a, ViEN}

vED

)

where the first equality follows from the definition of vi’; the second inequality follows
since y > Y icn pic' z' is an aggregation of the constraints y > ¢!’ for each i € N; the
third inequality follows from the max-min inequality; and the final equality is from the

definition of viP.

2.5.3 Comparisons with v®
We now show that vi? is at least as strong as the quantile bound ve.
Theorem 6. v&¢ < viP.

Proof. First define

R(y) #0.
da=1"

+o0o otherwise.
Observe that v (y) = y+ L£2(0,y), and so vi(y) < wa(y) for all y € R because it is obtained
by using A = 0 in (2.15). Thus, it follows that v# := min{v(y) : y € R} < v{P. We show

that this first bound is identical to the quantile bound, i.e., vt = v<.
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Recall that
R(y) = {{z", zi}ien : (2.13b), (2.13d) — (2.13f) } .

We first show R(v®) # 0, which implies v&(v?) = v9 and thus v < v?. Indeed, let
9 = {og;-..,on} be the set of scenarios i that n; < n,, = v@ for all i € I9. By the
definition of v¥, Yiciepbi = 1 — e Also, for each i € IQ, there exists ' € X' with
'z =n; < v9. Next, let T € arg min{c'z : x € S} and observe that ¢'z < n; < v@ for
all i € I?. Then, a feasible point of R(v?) is obtained by setting 2° = z* for i € I?, 2* =2
for i € N'\ I9 and setting z; = 1 for i € I? and z; = 0 otherwise.

Now let y < v¥ and let I(y) := {i € N : n; < y}. For each scenario i € N\ I(y) there
is no z' € X* with ¢"z' < y. By definition of v¥, it holds that Ziel(y) p; < 1 —e. Thus,
R(y) = 0 and v¥(y) = 4o00. Thus v > y. As y < v9 was arbitrary, we conclude that

v > @, O O

Neither of VfD ,VC(M ) has a general bound relationship with v®@. The computational
results in Section 2.8 provide examples where the quantile bound v© is stronger than VfD

or v¥(M), while the following example shows that vI*” or v¢(M) can be stronger than v<.

Example 1. Consider a three-scenario instance as follows: X' = {x € Ri :0.521 + 229 >
1}, X2 ={z € R% : 227, + 0529 > 1}, X3 = {z € R2 : 21 + 25 > 1}, and S = R2.
Each scenario happens with probability 1/3, and we let e = 1/3, M = 1. The objective is to
minimize x1+xo. For this instance, the quantile bound v = 0.5, and viP = v°(M) = 4/7,

therefore, vlLD,VC(M) are stronger lower bounds.
2.5.4 Bound comparison summary

We close this section by noting a set of sufficient conditions under which there is no duality

gap.

Proposition 6. Suppose G; : S — R™ URL, for all i € N, where Ry, = {s € R™ :

S|l = or alli € an € . en we have v = v = LD — *,
Islloc = M} for alli € N and M € Ry. Th have vO(M) = vED = LD — y*

Proof. From Theorem 2 and Theorems 4 and 5, it is sufficient to show that v¢ (M) > v*.
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Suppose that (X,z) is an optimal solution of the continuous relaxation of (2.4), where
z := {Zi}ien- We show that (X, [Z]) is another optimal solution. Indeed, if Z is integral,
then we are done. Otherwise, suppose that there is an ¢’ such that z;; € (0,1), then by the
definition of Gy (-), we must have Gy (X) < 0. Thus, (X, [z]) is feasible to the continuous
relaxation of (2.4) with the optimal value v¥(M). Since [Z] € Z, (X, [Z]) is also feasible to

(2.4). Thus, v¢(M) > v*. O O

A large class of problems that satisfy the conditions of Proposition 6 are chance-

constrained set covering problems [5, 15]:

min {CTJ: cAx >y, Vie Nz e{0,1}", 2z ¢ Z}, (2.26)

T,z

where A" € {0,1}™*" b € {0,1}™ and ||b?||o = 1 for all i € N. Here G;(v) = —Alz + b°
and so Gj() : {0,1}" — Z™ URY with R} = {s € {0,1}™ : ||s|lec = 1}, for all i € A and
hence v¥ (M) = viP = viD = v*.

The relationships between the basic lower bounds of Section 2.2 and the Lagrangian

dual bounds of Section 2.3 are summarized in Figure 1.

2.6 Primal formulations for chance-constrained mixed-integer linear
programs

In this section we consider chance-constrained mixed-integer linear programs (MILP), i.e.,
problem (2.3) where S = {# € R"" x Z" : Dz < d} and X' = {x e R" " x Z" : Alzx < '}
for each i € N.  Recall our assumption that, for all i € N, X* C S and so we may
assume the constraints Dz < d are included in the constraints Az < b'. We derive two
new formulations for such problems that are inspired by the two Lagrangian dual problems
proposed in the previous section. In particular, under certain conditions, these relaxations
are primal formulations of the Lagrangian duals. The constructions here can be extended to
the case where S, X? and f are defined by convex functions using the perspective function

approach in [27].
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Figure 1: Bound comparison summary

2.6.1 Primal formulation corresponding to vi"

Note that replacing z; = I(z* € X?) in (2.8) by 2z; < I(2! € X?) for each i € A yields an
equivalent formulation. Recall that Z = {z € {0,1} : "N p;z; > 1 — ¢} and let
T = {{(xi, 2D hien :Dat < d, 2 < I(Alzt < ),

#ER"TXZ, VieN, z€Z}.
From Theorem 1 and equation (2.8) we know that

N
viP = min {ZPiCTﬂ?i H{(a, 20) Yien € conv(Th), Y piHiw' = h} : (2.27)
T Uiz ieN

Next we use an extended formulation of conv(7}) to derive a linear programming relaxation

of (2.27) in the following form

7FP = min ¢’z (2.28a)
T,2,U,W
st ut +w' =z, Vie N, (2.28b)
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At < bz, Vie N, (2.28¢)
Dw' <d(1—z), VieN, (2.28d)

z € conv(Z). (2.28¢)

We let Ps := {x € R" : Dz < d} and P’ := {z € R" : Az < b'},i € N be the
continuous relaxations of S, X* for each i € A respectively (the sets are identical in the

case 7 = 0). The next theorem shows the relationship between v£? and zF¥.

Theorem 7. viP > zEP. If Ps = conv(S) and P’ = conv(X?) for all i € N then

LD _ LP
Vl - Zl .

Proof. We assume that Ps = conv(S) and P! = conv(X?) for all i € N, and show that
viP = zEP . This directly implies that vFP >z when Ps O conv(S) and P! D conv(X?).

In the following, for the sake of notational simplicity, we use (x,z,u, w) = { (2%, z;, u’, w') }ien
and the operations on these vectors will be assumed to be scenario-wise, e.g., x - z :=
{22 }ien and x/z = {2/ }ien (here, if 2; = 0 the corresponding element is defined to

be zero).
(i) Define
T := {{(x’,zz)}ze/\/ D2t < d, z < H(Aixi < bi), VieN, z¢€ Z}.

We show that conv(T}) = conv(T}). Clearly, conv(T}) C conv(Ty) as Ty C Ty. Hence,
we only need to show that conv(7;) 2 conv(T}) or equivalently, conv(T}) D 17.

Let (x,2z) € T;. Then for each i € N, we have 2' € P if z; = 1; 2' € Pg, other-
wise. Thus, there exists a finite set of vectors {m;z}kze xi and nonnegative weights
{N\, Yeeri such that -, s A = 1,2° = 3 g Al and Dal, < d, z; < I(A'x, <
b'),x}, € R"™" x Z" for each k' € K'. Hence, for each {k'}icn € [[;cpn K'5 we
have {(z1,,2)}ien € T1, and (x,2) € conv({(x},, zi) bienrs V{k' ienr € [Lien K') C

conv (7).
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(ii) Next, we define the polyhedron:
Wi o= {(2", ) hien : 3’ w'),i € N, s.t. (2.28¢) — (2.28e), v’ +w' =2', Vie N}

Then, because the constraints ) ;.\ piH;x' = h enforce that all vectors a* are equal
to the same vector, say x, (2.28) can be reformulated as:
LP = T i ' i
— 1 . ? . 1 . . H.opt —
= r;uzn {;pzc ' A{(x, zi) bien € Whg,;/lezx = h} .
Therefore, it is sufficient to show that conv(7T}) = conv(Ty) = Wj. It is clear that
Ty € W1 and hence conv(T}) = conv(Ty) € Wi. Thus, we only need to show Wy C
conv(Ty).
Let (x,2z,u,w) € Wi. As z € conv(Z), there exists a finite set of vectors {zy }rcx and
nonnegative weights { A\ }rex such that z = Y, _ - \pzZ. Now, for each k € K, define
vector X = Zg - (u/z) + (1 — z) - w/(1 — z). Then, a simple calculation would show
that e AbXp = X.
The vector (Xg,Zx) satisfies z; € Z, and for i € N, if z;;, = 0 then :)2%C =w'/(1—2z)€
conv(S) = Ps from (2.28d) and if z;, = 1, then X = u’/z; € conv(X*) = P from
(2.28¢). Thus, (Xi,Z;) € Ty for each k € K, which directly implies that (x,z) €

conv(77y).
O

It follows from Theorem 7 that v =z for chance-constrained linear programs (i.e.,
when r = 0).

When p; = 1/N for all i € N then conv(Z) ={z: > ;o2 > [(1 — €N,z € [0,1],i €
N}. For general p; values a description of conv(Z) in (2.28¢) would require the convex
hull of the corresponding knapsack set. Since this is in general intractable, we may replace
constraint (2.28e) with a suitable polyhedral relaxation, at the expense of weakening the
LP relaxation bound.

Inspired by the above primal formulation, we obtain the following “big-M” free formu-

lation for chance-constrained mixed-integer linear programs.
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Proposition 7.

v = min {c'z:(2.28b) — (2.28d),z € Z,z € R" " x Z}, (2.29)

T,2,U,W

is a valid MILP formulation of (2.3).

2.6.2 Primal formulation corresponding to vi”

We next derive a primal formulation for vi” under certain conditions. From Theorem 1
and equation (2.17), we have
viD = glylg {y (2, %) biew € conv(R(y)), ZpZHﬂZ = h} , (2.30)
ieN
where R(y) = {{z%, zi}ien : ¢'2? < y,Da* < d,z < I(A'2? < b),2' € R " xZ", Vi €
N, z € Z}. Next we use an extended formulation of conv(R(y)) to derive the following

nonlinear programming formulation of (2.30):

2P = min g (2.31a)
w’y7Z?u7w

st clut <yz, VieN, (2.31b)

cTw' <yl —z), Vie N, (2.31c)

and (2.28b) — (2.28e).

We define Ps(y) := {z € R" : ¢'2 < y,Dx < d} and Pi(y) == {xr € R*: ez <y, Alx <

LD NLP
2 2 :

b'},i € N. The next theorem shows the relationship between v& and z

Theorem 8. viP > zVLP . [f Py(y) = conv(SN{z: c'x < y}) and Pi(y) = conv(X'N{z:

c'x <y}) for alli € N and for all y € R, then viP = 7L,

Proof. We assume that Ps(y) = conv(SN{z:c'x <y}) and Pi(y) = conv(X'N{x:c'x <
y}) for all i € N and y, and show that vi? = z)/LF. This directly implies that vi? > z/1F
as Ps(y) 2 conv(SN{z:c'z <y}) and Pi(y) D conv(X'N{x:c 'z <y}).

The remainder of the proof is almost identical to that of Theorem 7, so we provide a

sketch.
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(i) Let us define R(y) := {{(2%, zi) }ien : c'2’ <y, Dz’ < d,z < I(Al2x? < b)), Vi €
N, z € Z}. Using an approach identical to that in part (i) of the proof of Theorem 7

it can be shown that conv(R(y)) = conv(R(y)) for a given y.

(i) Next, we define a set Wa(y) = {{(2%, 2;) }ien : It w?),i € N, s.t. (2.28¢)—(2.28¢), (2.31b), (2.31c),
w' = 2%, Vi € N} with a given 5. Then, because the constraints D ieN piH;z' = h en-
force that all vectors 2* are equal to the same vector, say z, (2.31) can be reformulated

as:

7y “¥ = min {Z/ (@', 2i) Yiew € Waly), szHzl" = h} ,
s ieN

Therefore, it is sufficient to show that conv(R(y)) = conv(R(y)) = Wa(y). The proof

of this is similar to part (ii) of the proof of Theorem 7.
O

It follows from Theorem 8 that viP = z)'XF for chance-constrained linear programs
(i.e., when r = 0).

Although (2.31) is a nonconvex nonlinear program, it can be solved by bisection on the
value of y by observing that the feasible region of (2.31) is nonincreasing over y. Thus,
7P can be calculated by finding the minimum value of y for which the feasible regions of
(2.31) is nonempty. For any fixed y, the feasibility problem of (2.31) is a linear program.
The disadvantage of solving (2.31) by bisection is that it may be difficult to incorporate

such a procedure within a standard linear programming based branch-and-cut algorithm.

We therefore propose an iterative scheme that solves a sequence of linear programs that

NLP NLP
2 2 :

generate progressively better lower bounds for z , and eventually converges to z

2.6.2.1 A linear programming based approach for ZéVLP

Let ¢ be a lower bound for zYY*" (e.g., one can use v¥(M)). Given such a lower bound ¥,

the nonconvex constraints (2.31b) and (2.31c) can be reformulated with linear constraints,

leading to the following formulation:

2P (0) = min v, (2.32a)

x7y7z7u7w

29



st.oy>clul 01— 2), VieN, (2.32b)
y>cl w40z, VieN, (2.32¢)

and (2.28b) — (2.28e).

Observe that z&*(¢) is an increasing function of ¢, and if £ < zEF then 24 ¥ (¢) <z 1P,
Therefore, if we solve (2.32) iteratively and update ¢ using the optimal objective value,
eventually we will converge to some zi¥(¢) = ¢ < z¥LF. In fact, the value £ will be the

NLP

same as zb PP since if we replace y and £ in (2.32b) and (2.32c) by £, we get the same

structure as (2.31b) and (2.31c). We formalize these assertions in the next two results.
Proposition 8. Let zéVLP = /0*, then z%P(ﬁ*) = /*.

Proof. First, y = (* satisfies all the constraints in (2.32), so zZ¥(¢*) < ¢*. Suppose
75T (0*) < £*, then there exists y* < £* and {(u’, w’, z;) }ienr, which is feasible to (2.28b) -

(2.28¢) and (2.32b) and (2.32c) being:
y* > el +05(1—2;), Vi e N,
y* > clwl 4 0z, Vie N,

Thus y* > c'ul + y*(1 — z),y* > c'w' + y*z since z € [0,1] for each i € . So this

solution is feasible to (2.31), which is a contradiction. O

Proposition 9. Suppose o < zY1F, and let 0y = 257 (0y_1) for k > 1. Then {fy, k > 1}
converges to zéVLP.

Proof. As {{y} is bounded above by zév LP the sequence converges to some { < zév Lp

by the monotone convergence theorem. On the other hand, as zJ¥(f) = ¢, there exists
{(u®, w', z;) }sen such that this solution with y = £ is feasible to (2.32b) and (2.32c) with
¢ =/, and (2.28b) - (2.28¢). But this implies that this solution is also feasible to (2.31),

and hence z)'*P < /. O

Similar to the primal formulation (2.29), enforcing integrality constraints on z and any
integer constrained z in (2.32) yields an alternative “big-M” free formulation for general

chance-constrained mixed-integer linear programs.
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Proposition 10.
vi=min {y:2 € R"" xZ",z € Z,(2.32b), (2.32¢),and (2.28b) — (2.28d)}, (2.33)
is a valid MILP formulation of (2.3).

Recall that the constraints (2.32b) and (2.32c) depend on a given lower bound ¢. In our

in order to argue that the iterative solution of the

arguments above we required ¢ < z0' ¥

linear programming relaxation will converge to z)“*’. However, any £ < v* can be used for

validity of the formulation (2.33). As examples, one may choose to use the quantile bound

NLP
2

v¥, or z obtained by iteratively solving (2.32). In Section 2.7, we develop branch-and-

cut decomposition algorithms based on MIP formulations (2.29) and (2.33).

2.6.2.2 A second-order cone programming based approach for zéVLP

Inspired by the nonlinear program (2.31), we consider the following second order cone

programming (SOCP) problem

259C (0) = N ;nzizlw Y, (2.34a)
st. (cTul —02)? <yz, VieN, (2.34b)
(cTw' —0(1—2)? <y(l—z), VieN, (2.34c¢)

and (2.28b) — (2.28e).

where £ is a lower bound on z)' “P. To see that that (2.34) is indeed an SOCP problem note
that yz; = 1(y + 21)* — J(y — 2)% and y(1 — z;) = J(y + (1 — 2))* — 1 (y — (1 — z))%. We

next relate the values z5°C (¢), 2P and 25 (¢).
Proposition 11. zYEFP > /250C(0) 4 ¢ > 2LP(¢) for all ¢ < 21T

Proof. We first show that z) /P > /250¢(¢) + ¢. Let (x,y,z,u,w) be an optimal solution
of (2.31). Consider y' = (y — £)?. It is clear that (x,y’,z,u, w) satisfies (2.28b) - (2.28¢).
From (2.31b), (2.31c) and the fact that £ is a lower bound and z? < z; for all i € N, we

have
(cTul —02)2 < (y — 0222 <y'z,Vie N,
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(cTw' =01 —2))2<(y—0*1—-2)2<y (1 -z)VieN.

Thus, (x,y’,2z,u,w) also satisfies (2.34b) and (2.34c). Hence z'L¥ > /z59C(¢) + ¢.

Now we show that 1/z5°C(¢) + ¢ > zkP(¢). Let (x,y,z,u,w) be an optimal solution of
(2.34). Consider y’ = /y+{. It is clear that (x,y’, z,u, w) satisfies (2.28b) - (2.28¢). From

(2.31b), (2.31c) and the fact that ¢ is a lower bound and z; < 1 for all i € N, we have

(cTul —02)? < (y — 0%z < (y =02 Vi e N,
(cTw' —0(1—2)2<(y =021 —2z)<(y —0)*VieN.
Taking square roots of the above inequalities we see that (x,y’, z, u, w) satisfies (2.32b) and

(2.32c). Hence 1/z59¢(0) + £ > 257 (0).

O]

Based on the above result we can extend the successive linear programming based ap-
proach established in Propositions 8 and 9 to one involving solving successive solutions of the
SOCP (2.34). Also similar to (2.33), the SOCP (2.34) after enforcing integrality constraints
on z and any integer constrained z variables leads to a “big-M free” mixed-integer SOCP

(MISOCP) formulation for the general chance-constrained mixed-integer linear programs.

Proposition 12.
(v =02 =min {y: 2 €R"" x Z", 2 € Z,(2.34b), (2.34c), and (2.28b) — (2.28d)}, (2.35)

is a valid MISOCP formulation of (2.3).
2.7 Decomposition algorithms

In this section, we introduce a heuristic algorithm inspired by the bisection procedure for
calculating the Lagrangian dual V2LD and also present two exact algorithms for solving

CCSPs (2.3).
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2.7.1 A heuristic scheme

The idea of our proposed heuristic algorithm is to use bisection to search for a value £ so that
fixing y = £ in (2.13) may yield a feasible solution. Let X = {x € R* " x Z" : G;(x) < 0}
for all i € A and let L and U be known initial lower and upper bounds on the optimal value
of (2.13). For a fixed y € [L,U], say y = (L + U)/2, we consider the following optimization

problem that minimizes the sum of infeasibilities for each scenario:

ngslixn Zpisi (2.36a)
TieN

s.t. Gi(z) < sje, i €N, (2.36b)

clx<y zes, (2.36¢)

z €R"" x 2", s € RY, (2.36d)

where e is a vector of all 1’s. This problem is of the form of a two stage stochastic pro-
gram with simple recourse and can benefit from specialized decomposition schemes for such
problems. Given an optimal solution (,s) of (2.36), we check if it is feasible to the original
problem (2.13). We set z; = I(5; = 0) for all i € N If }°.\-piZi > 1 — ¢, then 7 is feasible
to (2.13), and therefore y is a valid upper bound for (2.13). Then we can set U = y and
repeat the above steps to find a better feasible solution and hence a better upper bound.
On the other hand, if >, \,piZi < 1 —¢, we set L = y and repeat the above steps to try to

find a feasible solution. The detailed procedure is described in Algorithm 1.

Algorithm 1 A bisection-based heuristic.

1: Let L > —oc0 and U < oo be known lower and upper bounds for (2.13), let 6 > 0 be the
stopping tolerance parameter.
: while U — L > § do
y<+ (L+U)/2.
Let (Z,5) be an optimal solution of (2.36) and set z; = I(s; = 0) for all i € NV.
if Zfilpl’z} > 1— ¢ then
U +y.
else
L+ y.
end if
: end while

—_
o

Let v denote the solution given by Algorithm 1. We next show that 0 < v —v* < §
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under certain conditions.

Proposition 13. Suppose Gi(x) : S — R™UR,, Vi € N, where Ry, = {s € R™i : ||5]s =

M} for alli € Ny M € Ry. Then Algorithm I returns a feasible solution with v —v* <.

Proof. First of all, we observe that for any optimal solution (x*,s*) of (2.36) with a given
y, si is either 0 or M for each ¢ € N. Indeed, if G;(x*) < 0, then s} = 0; otherwise, the
smallest s} that can be chosen is M since G;(x*) € RY,.

Suppose that (X,z) is an optimal solution of (2.3). Let S = Me — Mz, and (X,8) is a
feasible solution to (2.36) with any y > v* and >, piS/M < e. Thus, vF <v* +4.

O]

The conditions of Proposition 13 are identical to those in Proposition 6, and the chance-
constrained set covering problems (2.26) satisfy these conditions. Note also that for this
problem class with an integer cost vector we can choose § < 1 and recover an exact optimal

solution.
2.7.2 A scenario decomposition algorithm for chance-constrained 0-1 programs

For two-stage stochastic programs in which the first-stage variables are all binary [2] pre-
sented a scenario decomposition algorithm that uses the nonanticipative Lagrangian dual
of such problems. In this approach, feasible solutions from the scenario subproblems are
used to update the upper bound. We describe a simple extension of this method to solve
chance-constrained 0-1 programs, which can take advantage of the new Lagrangian dual
problems proposed in Section 2.3. Exactly solving the Lagrangian dual problems (2.8) and
(2.17) may be challenging in computation. However, the scenario decomposition algorithm
remains valid even if the Lagrangian dual multipliers are not optimal. In a practical imple-
mentation, we may settle with a lower bound of vi”, or vi”. For example, we may simply
use the quantile bound v¥, or even a valid lower bound from the scenario grouping based
relaxation (2.5).

Algorithm 2 provides a description of the scenario decomposition approach. Finite con-

vergence of Algorithm 2 is an immediate consequence of the following three facts: the lower
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Algorithm 2 Scenario decomposition algorithm.

1: Let UB be a known upper bound, let LB < —oo, E = (), and let 6 > 0 be the stopping
tolerance parameter.
2: while UB — LB > § do
Calculate a lower bound v for the Lagrangian dual vF? or the quantile-based La-
grangian dual vi?;
Collect the optimal solutions Z*,i € A that correspond to v, let £ = U;cnZ".
Update LB < max {LB,v}.
for z € E do
if 2 is feasible and ¢' 2 < UB then
UB <+ c'x.
end if
10: end for
11:  Let X'=X'\E, VieN.
12: end while

@

bound is nondecreasing; a feasible solution is never excluded if it has not been evaluated;
and there are finitely many feasible solutions since for each scenario i € N, X' is a finite
set. Implementation of the update of the set X in line 11 can be accomplished with “no

good” cut based on the assumption that all the = variables are binary; see [2] for details.
2.7.3 Branch-and-cut algorithms based on primal MILP formulations

Section 2.6 provided two mixed-integer linear programming formulations (2.29) and (2.33)
for (2.3) when the objective function and all constraints are linear. These formulations
have a set of variables and constraints for each scenario i € N, so solving them directly
may be time-consuming. We next propose branch-and-cut algorithms to solve these two
mixed-integer programs.

We first propose a branch-and-cut algorithm for solving (2.29). Given a solution (Z, z) €
R™ x [0, 1]V, checking its feasibility to the LP relaxation of (2.29) is equivalent to checking
the existence of {(u?, w’)};cn that satisfies (2.28b) - (2.28d) with (Z,z). This can be done
by solving the following feasibility problem separately for each scenario i € N, where the

dual variables associated with each set of constraints are denoted in parenthesis:

JH(i) = min p (2.37a)
st A’ — pe < 'z, (7) (2.37b)
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Du' — pe < dz;, (71) (2.37c)

Duw' — pe < d(1 — %), (m2) (2.37d)
u +w' =17, () (2.37e)
p > 0. (2.37f)

The form of the feasibility problem (2.37) is chosen to impose a particular normalization
on the generated cut, inspired by work on cut-generating linear programs for split cuts in
mixed-integer programming [10, 38].

If f1(i) = 0, then no cut is generated for scenario i. Otherwise, let (¥, 71, T, @) be an
optimal dual solution of (2.37). Then (Z, 7, z) is cut off by the following Benders feasibility

cut:

alx+ (7" + 7] d)z + 75 d(1 — 2z) <0. (2.38)

This motivates a branch-and-cut algorithm for solving (2.29) based on Benders decom-
position, by treating = and z variables as the first-stage variables, and {(u’, w")};enr as the

second-stage auxiliary variables. The LP relaxation of the master program is given by:

min ¢z (2.39a)
N

s.t. Zpizi >1—¢, (2.39b)
=1

zt+adfr>pF k=1,... K (2.39¢)

Dz < d, (2.39d)

ze[0,1]V, (2.39)

where (2.39c) are Benders feasibility cuts that have been added in the process of solving
the LP relaxation (or throughout the branch-and-cut tree). In each of the Benders cuts
(2.39c¢), obtained from the projection from (2.37), only one scenario variable z; has a nonzero
coefficient. The constraints (2.39d) are actually redundant because the cuts (2.39¢) will

eventually enforce these. However, including them may help improve convergence of the
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cutting plane algorithm for solving the relaxation, and also enables generating additional
cuts in the case that = contain some integer restrictions.

Similarly, we develop a branch-and-cut algorithm for solving the mixed-integer program
(2.33). Recall that defining (2.33) requires specifying a lower bound ¢ on v*. We can, for
example, use the quantile bound v@, or zév LP obtained by iteratively solving (2.32). A
better lower bound ¢ will yield a better LP relaxation bound. Given a solution (z,7,z) €
R™ x R x [0,1]", checking its feasibility to the LP relaxation of (2.33) is decomposable

for each scenario. Treating z,y,z as the first-stage variables, and {(u’,w")};en as the

second-stage auxiliary variables, the LP relaxation of the master program can be written

as:
min y (2.40a)
T,Y,z

N
s.t. Zpizi >1—k¢, (2.40b)

i=1
Ny > oo+ obe, k=1,... K (2.40¢)
Dz <d (2.40d)
z e [0, 1]V, (2.40e)

Let (Z, 9y, Z) be an optimal solution of (2.40), we check its feasibility to the LP relaxation
of (2.33) by solving the following feasibility problem for each scenario i € N, where the

dual variables associated with each set of constraints are denoted in parenthesis.

f2() = min p (2.41a)
st.oclw —p<g—lz, (A1) (2.41Db)
cul—p<g—L01-3%), (M) (2.41c¢)

Ayt — pe < b'z;, (71) (2.41d)

Du' — pe < dz;, (71) (2.41e)

Duw' — pe < d(1 — %), () (2.41f)

u' +w' =7, () (2.41g)
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p>0. (2.41h)

If f2(i) = 0, then no cut is generated for scenario i. Otherwise, let (A1, A2, 71, 71, T2, &)

be an optimal dual solution. Then, the following Benders feasibility cut will cut off (z, g, 2):

M+ X))y < —a'x+ [N — 3 0 — 7] dlz; + [(Ag — Ty d](1 — ). (2.42)

The lower bound ¢ can be updated in the tree based on the best known global lower
bound obtained from the branch-and-cut tree. Once ¢ is updated we can also update the
previously generated cuts of the form (2.42) with this new bound, provided the data required
to calculate the coefficients in (2.42), A\1,\2,3{ b’ + 7, d, and 7, d, is saved.

When implementing the branch-and-cut algorithm for solving (2.29) and (2.33), it is not
necessary to attempt to generate a cut for every scenario in every round of cut generation.
To the contrary, it is possible that a small subset of the scenarios may be most important
for generating cuts, and so it makes sense to prioritize generating cuts for scenarios that
have yielded cuts in previous rounds.

This decomposition scheme can be incorporated within a branch-and-cut algorithm in
which some of the x variables are integer constrained. In this case, branching would be
done on both integer constrained z variables and the z variables. Cuts of the form (2.39c¢)
or (2.40c) must be separated if possible any time a solution that satisfies the integrality
constraints for both x and z is found, via a lazy cut callback. These cuts can also optionally
be added throughout the branch-and-cut tree as user cuts, using some rule for balancing

the effort generating the cuts with the bound reduction benefit provided by the cuts.
2.7.3.1 Implementation details of branch-and-cut method

We set the number of threads to one and turn off the CPLEX presolve for the branch-
and-cut algorithm. First, we solve (2.32) iteratively using Benders decomposition to get
the quantile-based Lagrangian dual bound vi” as the lower bound ¢ in (2.41). We use the
quantile bound as the initial £. We update this bound by the new optimal objective value of
the master problem (2.40) at each iteration. We generate Benders cuts (2.42) iteratively by

solving the dual of the feasibility LP (2.41) for each scenario i, and we set the cut violation
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threshold to 1073. At each iteration, we also update the Benders cut coefficients with the
updated global lower bound value /. When the quantile-based Lagrangian dual bound v£?
is obtained, we also obtain a set of Benders cuts. Among these, we include in the master
problem (2.40) the cuts that are binding with respect to the relaxation solution in the last
iteration.

At the root node, we check feasibility for all scenarios and we add Benders cuts whose cut
violations are larger than 107°. At non-root nodes, we maintain this cut generation effort
for integer relaxation solutions to guarantee that integer infeasible solutions are excluded.
For fractional relaxation solutions, we apply different efforts for generating Benders cuts
according to the depth of the branch-and-bound node, and we limit the number of rounds
for cut generation to be one at each node. For nodes whose depths are no more than four,
we check feasibility for all scenarios, but we only add up to n most violated Benders cuts,
where n is the number of x variables in the model; for nodes whose depths are more than
four, we only check feasibility for scenarios that have Z; > 1 — 1073, and we only add the
most violated Benders cut; for nodes whose depths are more than 10, we only try to generate
a Benders cut for a fractional relaxation solution if the depth of the node is divisible by 15.

We update the lower bound ¢ by the best relaxation bound obtained so far, and generate
Benders cut using this ¢ by solving (2.41). However, we do not update the coefficients of

Benders cuts that have been added to the master problem using this new bound /.
2.8 Numerical illustration

In this section we evaluate the proposed bounds and algorithms on a set of multi-dimensional
knapsack instances (1-4-multi with 20 variables and 10 rows in each scenario and 1-6-
multi with 39 variables and 5 rows in each scenario) from [101] with two different risk
tolerance parameters € = 0.1 and ¢ = 0.2. In both instances (1-4-multi and 1-6-multi), we
consider four different scenario sizes: N € {100,500, 1000,3000}. Under each scenario size
(e.g., N = 100), we perform five different replications. Since the results among different
replications are similar, we report averages over the five replications. We consider two sets

of instances: continuous x and binary . The deterministic feasible set is S = [0,1]" for
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the instances with continuous z variables and S = {0, 1}" for those with binary x variables.
For each scenario i € N, the feasible set is X' := {z € §: A’z < b'}, where A" € RT*" and

T

b e R, and the objective is to minimize —c' x, where the coefficient vector c € R'}.

2.8.1 Illustration of bound quality on instances with continuous x

We first present a numerical illustration on the strength of the Lagrangian dual bounds on
instances with continuous z, i.e., when S = [0,1]". We compare the proposed Lagrangian
bounds v and v&P with the LP relaxation bound v¢ (M) (v (M) and v¥ (M) are identical
in this case), quantile bound v¥, and the optimal objective value v*. For vFP, viP and
vC (M), we report bounds that are obtained with and without strengthening the big-M
parameters, using the coefficient strengthening procedure introduced in [101]. Since z is
LD LD Lp

continuous, from Theorems 7 and 8, the Lagrangian dual bounds v are equal to z

9y

ZéVLP LD

, respectively. Therefore, we compute vi? using (2.28), and when computing v3
(z L), we start with the quantile bound v®, then solve the primal LP (2.32) iteratively
using Benders decomposition.

In Table 1, we show the optimality gaps of v (M ) ve, VlLD and VQLD in the columns
labeled accordingly, where optimality gap for a given lower bound LB is defined as (v* —
LB)/|v*|. Under each lower bound, the columns under label ‘With big-M Str.” provides
the bounds obtained if the big-M coefficients have been strengthened, and the columns
under label ‘No big-M Str.” provides the bounds obtained without strengthening big-M
coefficients. We also show the optimality gap of the heuristic algorithm described in Section
2.7.1 in column labeled v, where, if UB is the objective value of the heuristic solution, this
gap is calculated as (UB — v*)/|v*|. In Table 2, we present the average computation time,
in seconds, for obtaining each of these bounds. In addition, the column ‘M-T’ displays the
time spent on the big-M strengthening procedure, which is a pre-processing step required
for calculating the bounds under the ‘With big-M Str.” columns. (Thus, e.g., the total time
for calculating such a bound is the sum of the ‘M-T’ and the bound time.)

We can see from Table 1 that strengthening big-M parameters significantly improves the

bounds given by vF? and v¢(M). Without strengthening big-M parameters, bounds given
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Table 1: Bound comparison for multi-dimensional continuous knapsack instances.

No big-M Str. With big-M Str. v@ v
Instance € N [vY (M)  ~EP VP OM) VP VEP
1-4-multi 0.1 100 | 10.1% 7.3% 1.3% 23% 23% 12% | 24% 0.4%
(20,10) 500 | 10.0% 7.0% 1.4% 24% 24% 1.2% | 21% 0.2%

1000 | 10.0% 7.3% 1.6% 2.5% 2.5% 1.4% | 2.5% 0.3%
3000 9.8% 72% 1.7% 2.6% 2.6% 1.5% |25% 0.2%

0.2 100 | 14.5% 10.5% 1.3% 3.0% 3.0% 1.1% | 2.0% 0.6%
500 | 14.7% 10.3% 1.4% 3.0% 29% 1.3% | 21% 0.3%

1000 | 14.8% 10.7% 1.7% 32% 32% 1.5% | 2.5% 0.3%
3000 | 14.4% 10.5% 1.8% 32% 32% 1.6% | 2.6% 0.1%

1-6-multi 0.1 100 8.0% 7.4% 2.0% 2.0% 2.0% 1.5% | 3.2% 0.6%
(39,5) 500 8.9% 83% 2.5% 2.6% 25% 2.0% | 3.8% 0.3%
1000 8.8% 83% 2.6% 2.6% 2.6% 2.1% | 3.9% 0.4%

3000 87% 83% 2.9% 28% 28% 2.3% | 4.3% 0.1%

0.2 100 | 11.4% 10.7% 2.1% 2.7% 2.7% 1.8% | 3.3% 0.4%

500 | 12.4% 11.7% 2.6% 3.4% 33% 2.2% | 3.5% 0.3%

1000 | 12.4% 11.7% 2.9% 3.5% 34% 2.4% | 4.0% 0.2%

3000 | 12.1% 11.6% 3.0% 3.5% 35% 2.5% | 4.2% 0.1%

Table 2: Computational times for computing bounds for multi-dimensional continuous knap-
sack instances.

No big-M Str. With big-M Str. M-T v/
Instance € N [vO (M) P viP Ive (M) vEP vIP
1-4-multi 0.1 100 0.0 0.8 2.6 0.0 0.4 0.8 0.1 0.0
(20,10) 500 0.2 10.5 26.3 0.0 3.4 6.2 3.7 0.2
1000 0.5 346 83.7 0.2 118 215 | 146 09
3000 4.1 259.2 683.1 2.0 844 1519|1322 9.5
0.2 100 0.0 1.0 3.2 0.0 0.5 1.3 0.1 0.0
500 0.2 109 42.0 0.1 3.6 125 3.7 0.3
1000 0.5 398 1434 0.2 137 390 146 1.2
3000 4.5 301.8 13384 23 935 2920|1322 11.9
1-6-multi 0.1 100 00 1.0 5.4 00 05 12] 01 0.0
(39,5) 500 0.1 8.3 40.5 0.1 3.9 9.1 3.5 0.3
1000 0.5 314 1271 0.2 129 29.7| 139 0.8
3000 5.4 2226 961.2 1.1 84.8 1875|1255 74
0.2 100 0.0 1.1 8.5 0.0 0.7 2.2 0.1 0.0
500 0.1 8.7 62.1 0.1 5.3  18.7 3.5 0.3
1000 0.5 36.3 2248 0.3 180 550 139 1.0
3000 4.7 2427 1636.0 2.4 1226 382.6 | 125.2 9.3
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by va and v¥(M) are rather weak, especially when a higher risk tolerance parameter e =
0.2 is used. With strengthened big-M parameters, the difference between vFP an v¢ (M) is
very small. On the other hand, the bound improvement by strengthening big- M parameters
is modest for vZP, and v&P already gives a tight bound even without strengthening big-M
parameters. Overall, the best bounds are obtained by using strengthened big-M parameters
and viP. We also find that the heuristic scheme yields a very small optimality gap. For
large instances where the exact optimal solution may be challenging to find, one may accept
the heuristic solution v7, when the gap between the lower bound given by vgJD and the
upper bound given by v is small enough. From Table 2 we see that we can obtain these
strong bounds in a small amount of time. Interestingly, we see that formulations with naive
big-M parameters take longer to solve than the ones with strengthened big-M parameters,

even after including the time spent on strengthening the big-M parameters. Thus, for these

instances, big-M strengthening yields improvements in both computation time and bound.

2.8.2 Illustration of the branch-and-cut algorithm on instances with continuous
x

In this section we describe computational experiments using the branch-and-cut approach
described in Section 2.7.3 for solving formulation (2.33) on instances with continuous x.
For all experiments in our test, we use a time limit of 3600 seconds. We use the heuristic
solution obtained by the heuristic algorithm in Section 2.7.1 as a MIP start solution. Further
implementation details of the branch-and-cut algorithm are given in the Appendix.

In Table 3 we compare the performance of three computational options: the MIP
(2.4) using strengthened big-M parameters (MIP-(2.4)), the branch-and-cut algorithm with
strengthened big-M parameters (Benders With big-M ), and the branch-and-cut algorithm
without strengthened big-M parameters (Benders without big-M). For instances that are
not solved to optimality within the time limit, we show in parentheses the number of
instances out of five replications that are solved to optimality, and report the average op-
timality gap. For these instances, we use the number of nodes that have been processed
up to the time limit to calculate the average number of nodes, and we use the best lower

bound obtained within the time limit to calculate the average root relaxation gap.
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Table 3: Computational results for MIP formulation (2.4) and branch-and-cut algorithm
on multi-dimensional continuous knapsack instances.

Instances MIP-(2.4) Benders w/o big-M  Benders With big-M
Instance € N AvgT  AvgN AvgT AvgN AvgT AvgN
1-4-multi 0.1 100 0.2 159 2.1 444 0.9 266
(20,10) 500 52.5 19k 376.6 93k 36.8 35k

1000 2004.9 356k  0.8%(0) >210k  0.2%(4) >788k

3000 1.8%(0) >205k 1.6%(0)  >111k  1.3%(0) >546k

0.2 100 0.7 664 8.8 1161 1.7 473

500 452.8 166k  0.5%(1) >297k 760.4 459k

1000 0.6%(0) >610k  1.7%(0) >145k  0.6%(0) >1007k

3000 2.5%(0) >180k  2.8%(0) >65k  1.9%(0) >344k

1-6-multi 0.1 100 0.3 350 5.4 2231 1.4 917
(39,5) 500 781.1 393k 0.2%(1) >383k 339.3 263k
1000 0.5%(0) >905k 1.3%(0)  >195k  0.6%(0)  >1237k

3000 2.1%(0) >250k  1.7%(0) >06k  1.4%(0) >412k

0.2 100 1.2 2294 31.8 9022 4.5 3294

500 0.3%(0) >1729k  1.4%(0)  >2209k  0.4%(0)  >1441k

1000 1.4%(0) >893k 2.4%(0)  >168k  1.7%(0) >832k

3000 2.8%(0) >215k  3.0%(0) >61k  2.3%(0) >257k

We observe from Table 3 that the performance of the branch-and-cut algorithm is im-
proved by using strengthened big-M parameters. This is consistent with what has been
shown in Table 1. From Table 1 we have seen that the root relaxation bound for the
branch-and-cut algorithm is tighter than the MIP formulation (2.4). However, this advan-
tage at the root node does not lead to an improvement in terms of the total computation
time for solving these instances to optimality. It appears that branching in the Benders
formulation is less effective than in the MIP formulation (2.4) and thus more nodes are
explored. This motivates further study on effective ways to take advantage of the strong

relaxation bound v4? for solving CCSPs to optimality.
2.8.3 Performance on instances with binary x

We next consider the binary instances, i.e., with S = {0,1}". We compare the proposed
dual bounds and also illustrate the effectiveness of the heuristic algorithm (Algorithm 1),
the scenario decomposition algorithm (Algorithm 2) with and without scenario grouping,

and the MIP formulation (2.4) with strengthened big-M coefficients. For the scenario
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Table 4: Bound comparison for multi-dimensional binary knapsack instances

Instances € N vO(M) 72PP ZVEP ve vo& v
1-4-multi 0.1 100 3.5% 3.5% 2.3% 1.6% 1.1% 0.0%
(20,10) 500 3.8% 3.8% 2.6% 1.8% 1.5% 0.0%

1000 3.8% 3.8% 2.7% 2.0% 1.8% 0.0%

3000 3.8% 3.8% 2.7% 2.0% 1.7% 0.0%

0.2 100 4.8% 4.7% 2.8% 2.3% 2.4% 0.0%
500 3.9% 3.9% 2.2% 1.5% 1.6% 0.0%

1000 4.4% 4.4% 2.7% 2.2% 2.2% 0.0%

3000 4.4% 4.4% 2.7% 2.1% 2.0% 0.0%

1-6-multi 0.1 100  32%  32% 27% 33% 22% 0.6%
(39,5) 500 <3.9%° <3.9% <3.3% <3.9% <31% <0.3%
1000 <4.0% <4.0% <35% <4.1% <34% <1.6%

3000 <4.0% <4.0% <3.5% <4.2% <3.3% <2.7%

02 100 39% 39% 29% 34% 3.0% 04%

500 <4.2% <4.2% <3.0% <3.3% <3.6% <1.1%

1000 <4.4% <4.3% <33% <38% <4.0% <2.3%

3000 <4.5% <45% <35% <4.0% <3.8% <3.2%

A “<” indicates instances for which the optimal value is not known, and the associated
number represents an upper bound on the true optimality gap.

*

decomposition algorithm, the lower bounds are obtained by v9. For the scenario grouping,
the number of groups K is chosen as the smallest divisor of N that is larger than [eN] and
the scenarios are divided into K groups with the same size.

Table 4 summarizes the optimality gaps of yC(M ), zlLP , zév LP Q@ vQG and vH, where
v@C denotes the results of the grouping quantile bound. For these instances, we report
only gaps obtained with strengthened big-M coefficients. As we do not have the optimal
solutions for most of the 1-6-multi instances, we use the best known upper bound or lower
bounds to estimate the lower bound and heuristic gaps, respectively. Table 5 displays the

time to compute these bounds. (Note that, the times for computing v¢ (M), zF7, and z

NLP
are the times for VC(M ), va , and VQLD from Table 2 for the continuous z case, since these
are equivalent.)

In Table 4, we see that the best Lagrangian dual bounds corresponding to continuous z
still have at most 4% optimality gap, which demonstrates the effectiveness of these bounds.

In addition, the quantile bound, which is obtained by solving binary IP subproblems, is

somewhat stronger than any of the bounds yC(M), zPP | and zéVLP. On the other hand,
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Table 5: Computational times for computing bounds for multi-dimensional binary knapsack
instances

Instance € N yO(M) 2P VPP v@ ¢ vH
1-4-multi 0.1 100 0.0 0.4 0.8 228 5.8 1.9
500 0.0 3.4 6.2 136.0 31.7 12.6

(20,10) 1000 0.2 11.8 215 2828 625 476
3000 20 844 1519 7704 1348 285.8

0.2 100 0.0 0.5 1.3 228 5.8 1.9

500 0.1 3.6 125 136.0 31.7 11.7

1000 0.2 13.7 39.0 2828 625 481

3000 23 935 2920 7704 134.8 340.6

1-6-multi 0.1 100 00 05 1.2 318 67 27
500 0.1 3.9 9.1 1577 352 128

(39,5) 1000 02 129 297 3270 735 392

3000 1.1 84.8 187.5 992.0 191.7 212.3

0.2 100 0.0 0.7 2.2 318 6.7 24

500 0.1 5.3 187 157.7 352 12.0

1000 0.3 180 55.0 327.0 735 396

3000 24 1226 382.6 992.0 191.7 220.6

we see from Table 2 that the quantile bound v takes longer to calculate. However, when
we apply the quantile bound to the scenario grouping relaxation, the resulting bounds v@¢
are comparable with the quantile bound obtained without grouping, but take much shorter
time to compute (see Table 5).

We observe in Tables 4 and 5 that for the 1-4-multi instances the heuristic performs
extremely well in terms of both quality (zero optimality gap) and solution time. For the
larger instances, the optimality gaps are not exact since we cannot obtain the optimal
objective values within the time limit, but we can see that the bounds obtained from the
heuristic methods are still quite close to the optimal ones. Thus, the solution from the
heuristic method could be treated as a good starting point for other algorithms.

Table 6 presents the results of solving these instances to optimality using the scenario
decomposition algorithm (Algorithm 2) with and without scenario grouping, and the MIP
formulation (2.4) with strengthened big-M coefficients. We find that the scenario grouping
based decomposition method significantly outperforms the one without grouping in terms

of computational time, for the instances solved within the time limit, and ending optimality
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Table 6: Performance of scenario decomposition and MIP on the multi-dimensional binary

knapsack instances

Scenario decomposition

Instances MIP (2.4) With Big-M Str.
Grouping Non-grouping
Instance € N  Time Gap Time Gap M Time Tot. Time Gap
1-4-multi 0.1 100 23.3 0.0%(0) 1114 0.0%(0) 2.4 3.4 0.0%(0)
(20,10) 500 82.6 0.0%(0) 371.9 0.0%(0) 47.5 54.8 0.0%(0)
1000 119.9 0.0%(0) 972.0 0.0%(0) 185.6 207.1  0.0%(0)
3000 358.8 0.0%(0) 2253.1 0.0%(0) 1656.8 1837.4  0.0%(0)
0.2 100 52.9 0.0%(0) 173.0 0.0%(0) 2.9 3.7 0.0%(0)
500 122.9 0.0%(0) 357.1 0.0%(0) 47.4 56.8 0.0%(0)
1000  232.3 0.0%(0) 1271.8 0.0%(0) 185.7 224.4  0.0%(0)
3000 719.0 0.0%(0) 2017.3 0.0%(0) 1681.1 3281.4 1.4%(4)
1-6-multi 0.1 100 3600.0 2.0%(5) 3600.0 3.6%(5) 1.0 4.7 0.0%(0)
(39,5) 500 3600.0 2.4%(5) 3600.0 3.9%(5) 24.8 2619.9 0.1%(2)
1000 3600.0 2.6%(5) 3600.0 4.0%(5) 98.8 3600.0 1.5%(5)
3000 3600.0 3.0%(5) 3600.0 3.2%(5) 878.8 3600.0 2.7%(5)
0.2 100 3600.0 2.6%(5) 3600.0 3.4%(5) 1.0 15.1 0.0%(0)
500 3600.0 2.8%(5) 3600.0 3.2%(5) 24.7 3600.0 1.0%(5)
1000 3600.0 3.6%(5) 1271.8 3.8%(5) 97.3 3600.0 2.3%(5)
3000 3600.0 3.4%(5) 3600.0 3.7%(5) 878.9 3600.0 3.3%(5)

gaps, for the remaining instances. From Table 6, we further observe that when the number of

scenarios is small (e.g., not larger than 1000), the MIP formulation (2.4) with strengthened

big-M parameters gives the best performance among these three methods. However, when

the number of scenarios is larger, the MIP formulation (2.4) could not close the optimality

gap within the time limit, while the scenario decomposition method with grouping can still

solve all of the 1-4-multi instances within 15 minutes. We also observe that neither method

is able to solve the majority of the 1-6-multi instances.
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CHAPTER III

ON QUANTILE CUTS AND THEIR CLOSURE FOR CHANCE
CONSTRAINED OPTIMIZATION PROBLEMS

3.1 Introduction

A chance constrained problem (CCP) involves optimization over constraints (specified by
stochastic data) which are required to be satisfied with a prescribed probability level. A

generic formulation of CCP is

min{ch: x €S, P[E::cEX(E)]zl—e}. (3.1)

xT

In the above formulation, S denotes a set of deterministic constraints, & denotes a random
data vector, and X (&) denotes a system of stochastic constraints whose data is specified by
the random vector £. The CCP (3.1) seeks a solution z € S that minimizes the cost ¢’z
and satisfies the stochastic constraints X'(£) with probability at least (1 —¢) where € € (0, 1)
is a prespecified risk level.

We consider a CCP with mixed integer convex constraints under finite distribution, i.e.

we assume that

e S={z eR" XZ : Gy(x) < 0} is a nonempty and compact deterministic mixed

integer set defined by the convex mapping Gg : R” — R™0;

e ¢ is a random vector with a finite distribution supported on = = {¢!,... ¢V}, where
each ¢ for i € N :={1,..., N} corresponds to a scenario with a probability mass p;;

and

e for a given scenario i, the vector ¢ defines a nonempty and compact mixed convex
integer constraint system X% := X (¢%) = {x € R" 7 x Z" : G;(x) < 0} defined by the

convex mapping G; : R — R™,

In this setting, the chance constraint in (3.1) corresponds to satisfying a subset C C [N]
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of the scenario constraints, i.e. € NjecX?, such that YicePi>1—¢€. Let
Z::{CQ[N]: ZPiZl—G}, (3.2)
ieC
be the collection of all feasible subsets of scenarios. Then the feasible region of (3.1),
denoted by X, can be written in the disjunctive normal form:

x=J [Sﬂ Xi] . (3.3)

cez ieC

We assume throughout that CCP is feasible, and hence X is nonempty. From the above

disjunctive normal form it is clear that, even in the absence of integrality restrictions, i.e.

7 =0, the set X is nonconvex, and not surprisingly CCP is strongly NP-hard [68, 82].
Since the sets X* for all i € [N] are compact we can introduce binary variables z; for

i € [N] and reformulate (3.1) as the mixed integer nonlinear program (MINLP):

min{cTa:: x €S, Gi(xr) < M;(1—2),VieN, zEZ}, (3.4)

T,z

where

Z:={ze{0,1}": Zpi%-Zl—e ,
1€[N]

and M; € R™: for all i € [N] are suitable big-M coefficients. Since the continuous relaxation
of (3.4) is typically very weak, there has been a great deal of work in deriving strong valid
inequalities for this MINLP. One popular approach is to derive a relaxation of (3.4) in the
form of the well-studied mixing set [45] and add the corresponding mixing inequalities [1,
56, 66, 68, 133].

We consider a family of valid inequalities for the nonconvex feasible region X of the
CCP (3.1) in the original z-space, rather than those for the MINLP formulation (3.4) in the
(z, z)-space. These valid inequalities known as quantile cuts are obtained as follows. We

T over each scenario constraint, and record the optimal

first optimize a linear function «
values 8¢ = min{a'x : z € SN X%} for i € [N]. This approach and resulting 3¢ values
was used in [66] to derive a mixing set relaxation for (3.4). Notice that each §{* has the

associated probability p;. Next we compute the (1 — ¢)-quantile of {3 };c;y] based on these

probabilities — denote this by fg. The quantile cut is then given by alz > By Such
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inequalities were studied in [82] where it is shown that a single quantile cut represents the
projection of the convex hull of a mixing set relaxation of (3.4) in the (z, z)-space onto
the z space. Quantile cuts have been used in computational studies of chance constrained
problems with good results [4, 82, 101].

In this chapter we undertake a theoretical study of quantile cuts. In particular we study
properties of the quantile closure, i.e. the intersection of all quantile cuts. Quantile cuts
represent an infinite family of inequalities - one for each « vector - and so a finite description
of the quantile closure and separation over it are important questions. By replacing the
deterministic constraint system S in (3.1) with the (first) quantile closure we obtain a
stronger formulation for which we can apply another round of quantile cuts and derive the
second quantile closure and so on. We investigate how the sequence of sets produced by
such successive quantile closure operations relates to the convex hull of the feasible region

of (3.1). The main results of this chapter are summarized below.

1. We show that the quantile closure has a finite description in conjunctive normal form.
An important corollary of this result is that for a mixed integer linear CCP, the

quantile closure is polyhedral.

2. We prove that the sequence of sets obtained by successive quantile closure operations
converges to the convex hull of X (i.e., conv(X)) with respect to the Hausdorff metric.
In the pure integer linear setting, i.e. 7 = n, there exists a finite number of rounds of

the quantile closure that recovers conv(X).

3. We study an approximation of the quantile closure given by a restricted choice of
a, and show finite convergence for mixed integer linear CCPs. We also study the

approximation error for covering problems.

4. We study a generalization and strengthening quantile cuts and their closure obtained

by grouping scenarios together.

5. We show that separation over the first quantile closure is NP-hard, and propose a
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heuristic separation algorithm. We present a computational study to show the effec-

tiveness of heuristically separated quantile cuts.

The remainder of this chapter is organized as follows. In Section 3.2 we discuss the con-
nection of quantile cuts for conv(X) to the mixing set inequalities for the MINLP (3.4). In
Section 3.3 we establish the conjunctive normal form of the quantile closures. In Section 3.4
we study convergence properties of successive quantile closures. An approximate quantile
closure is studied in Section 3.5 followed by a generalization by grouping scenarios together
in Section 3.6. In Section 3.7, we prove complexity of separation over the first quantile
closure and propose a heuristic separation method. Numerical studies in Section 3.8 show

that these quantile cuts indeed help reduce the root gap as well as the solution time.
3.2 Quantile cuts and Mixing inequalities

We first formally define the quantile cut for the CCP (3.1). Recall that S is a set of
deterministic constraints, X are constraints associated with scenario i € [N], Z defined in
(3.2) is the collection of all feasible scenario sets, and X given by (3.3) is the set of feasible

solutions of (3.1).
Definition 1. Given o € R" let {5(S)}ien be the optimal values of
B?(S):min{aTx:xeSﬂXi} Vie N. (3.5)
The quantile By (S) is given by
Bg (S) - = min max 5*(5) (3.6)

and the associated “quantile cut” s
a'z > B(S). (3.7)

Note that the above definition depends on S so as to allow for successive applications
with changing S. Since S and X are compact we have that 3%(S) € (—o0o, +-00] where the
value of +oo is taken when the problem (3.5) is infeasible. When p; = % for all 1 € N, we

have that 57(S) is the ([eN] + 1)st largest value among {3{(S) }ien-
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From the definition above and the disjunctive normal form (3.3) of X it should be clear
that the quantile cut (3.7) is valid for conv(X). We next reveal the connection between
quantile cuts and mixing inequalities for CCP, which also establishes the validity of these
cuts.

A mixing set [45] is a mixed-integer set of the form
P={(v,z) e Ry x{0,1}* :v+hiz; > h;i=1,...,s} (3.8)
with hy > ... > hs. The following exponential family of mixing inequalities are valid for P
v+ i(htj —hy )z, > hy YT ={t1,....t1} C{1,...,s}, (3.9)
j=1

where hyy > ... 2> hyy, b = 0. These inequalities are facet defining for P when ¢; = 1 and

ti+1
are sufficient to describe the convex hull of P (see [7, 45]).

Using the S-values as defined in (3.5) Luedtke [66] constructed the following mixing set
relaxation of CCP (3.4). Note that in [66] each scenario X* is a polyhedron, however the

construction directly extends to the MINLP formulation (3.4).

Yo = {(:v,z) eR" x {0,1}Y : oz + (B¥(S) — By (S)(1 = 2i) = B(S),

ieB,zeZ}. (3.10)

where By := {i € [N]: B*(S) > B7(S)} is a subset of scenarios each of whose 3-value is at

least as large as the quantile 33 ().

Proposition 14. (Theorem 1, [66]) For any «, the system Y is a relazation of the feasible
region of the MINLP (3.4), and hence X C Proj,(Y®), where Proj,(-) denotes the projection

of a set onto the x-space.

Note that Y is a mixing system with a knapsack side constraint defined by Z, thus the
mixing inequalities of the form (3.9) are valid. These inequalities were used within a branch
and cut scheme for solving the MINLP (3.4) in [66]. Note that the mixing inequalities are
in the (z, z)-space while the quantile cuts are in the original z-space. The next result shows
that a single quantile cut in the z-space captures the effect of the entire exponential family

of mixing inequalities.
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Proposition 15. (Proposition 5, [82]) For any c,
Proj,(conv(Y?*)) ={z € R": o'z > By ()}

Inspired by the above result we investigate, in the remainder of the chapter, the strength

of the quantile closure, i.e. the intersection of all quantile cuts.
3.3 Quantile closure

In this section we define quantile closures and establish their finite characterizations.

Definition 2. The first quantile closure of S is defined as

acR™

Inductively, we define rth round quantile closure S™ as

ST = ﬂ {xER”:aTazZQ?(ST*l)} r> 2.
acR™

Next we characterize conv(X) and S! in conjunctive normal form. Let us begin with the

following definition.

Definition 3. A set g C N is a “partial covering subset” if it intersects with all of feasible
scenario subsets in Z, i.e., for any Ce Z, we have g ﬂCA7é 0. Also, a set g is a “minimal”
partial covering subset if there does mot ewist another partial covering subset g C N such

that g C g. We let G denote the collection of all minimal partial covering subsets.

Note that when p; = + for all i € NV, then the collection of minimal partial covering subsets

isG={g CN:|g|=|eN]|+1}.

Proposition 16.
x=N U (Sﬂxi) . (3.11)
geg |icg
Proof. Define X' = (Nycg [Uieg (5N /'\,”)] We need to show that X = X’.
Let 2 € X. Then, there exists a feasible subset C € Z such that = € ;. (Sﬂ Xi). For
an arbitrary minimal partial covering g € G, we must have z € Uieg (S nx l) since from

Definition 3, g intersects with all feasible subsets (i.e., g N C # 0)). Thus, X C X'.
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Suppose that there exists an 2’ € X’ such that 2’ ¢ X. Define a subset C' := {i €
N2 € SNX'} ¢ Z. Let g’ be the complement of ', i.e., g = N\ C’. We claim that
for all C € Z, we have g'(C # 0. Suppose not, then there must exist a C € Z such that
g’ ﬂé\ = (). This implies that C C ', and thus

7€ (Sﬂxi) <N (sﬂxi) C X,
e’ ieC
which contradicts 2’ ¢ X. Hence, g’ is a partial covering subset of N, and thus 2’ € X’ C

Uieg (SN &?); this contradicts the definition of g = A"\ C'. O O

Next we provide a conjunctive normal form for S'. We will need the following prelimi-

nary observations.
Lemma 1. The set By = {i € [N]: B*(S) > B7(S)} is a partial covering subset.

Proof. From the definition of 5(‘;(5), for any subset Cez , there must exist an ig € C such

that 3¢ () > 85(S). Thus By is a partial covering subset. O O
Lemma 2. There exist a g € G such that Bg(S) = mineg B5(S).

Proof. By the definition of 37(S), there exists a C € Z with Bg (S) = maxz 5*(S) > B5(S)
for all j € C. From Definition 3, for each g € G, we have g N (/3\7& (0. Hence, 37 (S) must be

no smaller than the smallest value in set {3{*(5)};cg; i-e.,

B4 (S) = min_B*(S) = min B7*(S).
i€egnNC eg

From Lemma 1, By is a partial covering subset. Now let g be a minimal partial covering

subset such that g C By. Thus,

min 2(S) > min A2(S) > B(S).

icg iEBY -

O O

Theorem 9.

St = ﬂ conv U (Sﬂzl”) , (3.12)

geg i€g
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and for eachr > 2,7 € Z4,
S" = ﬂ conv U (Sr_l ﬂXZ)
geg €8

where SO = S.

Proof. (i) We first prove (3.12).

Let W& := conv [Uieg (Sﬂ)(i)}, W = geg WE. We need to show that St=w.

[S' C W] Consider g € G, and take any valid inequality o'« > 3 for W8. Let Cez
such that G'(S) = max, gz B (S). Since g N C +# () by Definition 3, hence
B¢ (S) = min F7*(S) = min 7*(S) = 5.
i€gnC eg
Thus, o' > 3 is a valid inequality of S'. This holds for any valid inequality of W8,
we have that S' C W&. Since g was arbitrary, it follows that ST C W8 for all g € G;

ie., ST CW.

[S* © W] For any given «, from Lemma 2, there exist a g € G such that 53(S) =
min;eg 8%(S). Clearly, o'z > B(S) is a valid inequality for W&; and so it is valid for

W. Thus, S* O W.

(i) When r > 2, the statement follows directly follows from (3.12) by replacing S with
S,
O O

Next we show that the conjunctive normal form (3.12) of S which is independent of «
implies the polyhedrality of the quantile closures when Go(+), {G;(+) }ien are rational affine

mappings.

Corollary 2. For eachr € Z+, if Go(+),{Gi(") }ienr are rational affine functions, then S”

s a polytope.
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Proof. By the fundamental theorem of mixed integer program [72] and the fact that the
convex hull of union of compact sets is equivalent to the convex hull of the union of convex

hulls of compact sets, it follows that for any g € G,
conv U (Sﬂ Xi) = conv U conv (Sm Xi)
i€g 1€g
and is a polytope. Since G is a finite set, it follows from Theorem 9 that S' is a polytope.

By induction, suppose S” is a polytope for r < ¢. Now let r =t + 1, by (i), we have

S" = ﬂ conv U (Sr_l ﬂXZ)

geg 1€g

and S"~! is a polytope, hence S” is a polytope. O O
3.4 Convergence of quantile closures

In this section, we investigate convergence of successive rounds of quantile closure opera-
tions. Our convergence notions are with respect to the Hausdorff distance [92]. For two

closed convex sets K, Ko € R™, the Hausdorff distance dg (K1, K2) is defined as

dH(Kl,KQ) := min {6 K1 C Ky + B(O,(S),KQ CKi+ B(O,(S)}
:=max< sup inf ||z — , sup inf ||z — ,
{sup ing 1o =l sup int o ol

where B(0,0) denotes the ball centered at origin with radius §. We will need the following

fact on the limit of a set sequence.

Lemma 3. (Proposition 2, [91]) Let {R"} be a sequence of nonempty closed convex sets
such that ™1 C R" for all . Then R" converges to R := lim, oo R" = ﬂfil R" with

respect to the Hausdorff distance, and R is also a closed convex set.

The following lemma reveals the convergence properties of a sequence of sets produced

by successive quantile closure operations.
Lemma 4. Let {S"} be a sequence of quantile closures. Then

(i) there exists a S = lim, o, S”;
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(ii) for each g € G, we have
conv U conv (Sﬂ?(’) =8S. (3.13)

Proof. (i) This directly follows from Lemma 3 since {S"} is an inclusion-wise monotone

sequence of convex sets.

(ii) Let S! be the quantile closure operation applied to set S. Since S = S! by the limiting
operation, we have that

gzglzﬂconv U(S‘ﬂ){z> :mconv Uconv(S’ﬂX’) )

geg 1€g geg 1€Eg

where the second equality is due to Theorem 9 and the third equality follows from the
fact that the convex hull of union of compact sets is equivalent to the convex hull of
union of convex hull of compact sets. Since conv [Uigg (SNx Z)] C Sforallgeg,
we have that (3.13) holds.

O O

Now, we are ready to prove the convergence of the quantile closure procedure to the

convex hull of X.

Theorem 10. The set sequence {S"} converges to conv (X) with respect to the Hausdorff

distance; i.e., S = lim,_, o, S" = conv (X).

Proof. From Lemma 3, we know that there exists an S = lim, o, S". Since conv(X) C S”
for all r, it follows that conv(X) C S. Thus, we only need to show that conv(X) D S.
It suffices to show that any extreme point of the convex set S belongs to X which will
complete the proof.

Consider an extreme point Z of S. By the identity (3.13) in Lemma 4 and the facts
that S C conv(S) and any extreme point of the convex hull of union of compact sets comes
from at least one of the compact sets, it follows that there exists an ig € g such that
T e SNXe C SNA% foreach g € G. Let C := {i € N : 7 € S(NX'}. We make the

following claim.
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Claim: C € Z.

Proof. Suppose not. Let g be the complement of C, i.e., & = N\ C. First of all, note that
we have g(C # 0 for all C € Z. Otherwise, there must exist a C € Z and gﬂ@ =0,
which implies that ccce , a contradiction that C ¢ Z. Hence, g is a partial covering subset
of N. Let g be a minimal partial covering subset such that g C g. Since we know that

z € S X' for some ig € g (i.e., ig € C), we have a contradiction that gNC = 0. ¢ O
It then follows that Z € [);c¢ S X? C X. This completes the proof. O O

Next we show that in the pure integer setting the convex hull of X can be obtained after

a finite number of quantile closure operations.

Theorem 11. Suppose that S N X C Z™ for alli € N (i.e., T = n), then there exists a
finite 7 such that

S =S8"=conv(X).

Proof. From Theorem 10, we know that S = conv (X). Now we only need to show the

finite convergence.

Claim 1: If conv(S"NZ™) # conv(X), then there exists a 6 > 0 (irrespective of r) such that

dp(S",conv(X)) > 4.

Proof. First of all, we know that all of the extreme points of conv (S (V;ce X?) is integral. By
the fact that any extreme point of the convex hull of union of compact sets comes from at
least one of the compact sets, conv(X) is integral; i.e., all of the extreme points of conv(X)
is integral.

If conv(S™ N Z") # conv(X), then there must exist a vector z° € Z" \ conv(X) such
that Zo € S”, but Zp ¢ conv(X). Thus, dg(S", conv(X)) is lower bounded by the Hausdorff
distance between Z" \ conv(X) and conv(X ), which is at least

sup inf |z =yl
y€Econv(X) z€Z"\conv(X)
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Note that the ext(conv(X)) C conv(X), where ext(Y) denotes the set of extreme points
of closed convex set Y. Thus, di(S”, conv(X)) is no smaller than
sup inf llx — yll2
ext(conv(X)) TEZ™\conv(X)
which is clearly greater than or equal to 6 = 1.

o UJ

It then follows that there must exist a # € Z, 4 such that conv(S™1 N Z") = conv(X);
otherwise, by Claim 1, dy(S",conv(X)) > § for all r, contradicting the fact that
lim, 0 S™ = conv(X). Since conv(S™"1 N Z") = conv(X), then by Theorem 9, we have

S™ = conv (X) := S. O O

We close this section with two examples. The first shows the necessity of the compactness
assumption for the convergence of the quantile closure to the convex hull, and second shows

the necessity of the pure integer setting for finite convergence.

Example 2. Let S = RZ X! = {r e R2: 0 < 71 < 2,20 = 0}, A2 = {z e R? : 21 =
0,72 > 0}, &3 = {z € R? : 2y = 2,15 > 0}, e = %,pi = %,i = 1,2,3 (see Figure 2 for
an illustration). Since each feasible set contains at least two scenarios, by (3.3), we have
conv(X) = {z € R : 0 < 21 < 2,29 = 0}. As there are evactly two scenarios in each
minimal partial covering subset, according to Theorem 9, we have S' = ... = 8" = ... =
S = {z € R2:0<x; <229 > 0}. Hence, in this example, the scenario constraints do not
define bounded feasible regions, and the quantile closures do not converge to the conver hull

of the feasible region X ; i.e., S # conv(X). ¢
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conv(X)
0 | X! | 2

Figure 2: Illustration of Example 2

Example 3. Suppose S = [0,2]>, X! = {z € R2 : 221 4+ 0.5z > 1}, X? = {z € R? :
0.5z1 + 229 > 1}, X3 = {z € RY : 21 + 3 > 1},e = %,pi = %,i =1,2,3 (see Figure 3 for

an illustration) . Since each feasible set contains at least two scenarios, by (3.3), we have
conv(X) = conv{(1,0),(0.4,0.4),(0,1),(0,2),(2,0),(2,2)},
which contains the set X3. By induction, we can show that
S" = conv{(1,0), (w,,w,), (0,1),(0,2),(2,0),(2,2)},

where 0 < w, < 0.4 for allr € Z44; i.e., 8" # conv(X) whenever r < co.
Indeed, when r = 1, as there are exactly two scenarios in each minimal partial covering

subset, according to (3.12), we have
S = conv{(1,0),(1/3,1/3),(0,1),(0,2),(2,0),(2,2)},
where w1 = 1/3 € (0,0.4). Suppose for v =r > 1, the hypothesis holds; i.e.,
S" = conv{(1,0), (w,,w,), (0,1),(0,2),(2,0),(2,2)},
where 0 < w, < 0.4. Now let v =1 + 1, then by Theorem 9, we have
ST = conv{(1,0), (wr41, wr41), (0, 1), (0,2), (2,0), (2,2)},

where wy41 = 0.3+ 1/(30 — 50w, ) € (0,0.4). ©
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Figure 3: Hlustration of Example 3

3.5 Approximate quantile closure in the polyhedral setting

In this section, we assume that Go(-), {Gi(+) }ien are rational affine mappings, in particular,
Go(r) := d — Dx and Gy(z) := b' — A'x for each i € N where D € Z™0X" d € Z™ and
Al e Zmixn bt ¢ Z™i. We consider quantile cuts derived by restricting the choice of a to

the rows of D and {A%};cnr. Such cuts we considered in numerical studies in [82, 101].
3.5.1 The approximate scheme

Given a valid inequality Tz > 8 of conv(X) with o chosen from the rows of D and {A*};c,

we first show that the size of 8 cannot be arbitrarily large.

Proposition 17. Suppose o'z > B is a valid inequality of conv(X) with a chosen from

{D¢.}tejmo) U {AL Yrepmiien- Then aTa > B is also a valid inequality for conv(X), where

z . Q. Qi _ _ -
f:= min {_ P > B, G| <277 @] <29, ged(|@u, |q]) = 1}7 (3.14)
q1,2€Z | 92 G2

where ¢, are two positive integer numbers.
Proof. (i) First of all, from (3.3), we note that for an arbitrary extreme point Z of
conv(X), there exists a collection C € Z such that 7 is also an extreme point of

conv(S Niec X%). Since conv(S), {conv(X?)};enr are nonempty polytopes, and are de-

fined by rational data, thus all the extreme points of conv(S N;ec X'?) are rational, and
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there exists a positive integer ¢ such that the encoding length of each extreme point
of conv(X) is bounded by ¢. Here, the encoding length of a rational vector z € Q",
where z; = %, q1j,q2; € Z with |qi5],|q2;| relatively prime for each j € [n], is defined

as

n+ > [+ [logy(lgij| + 1)1 + ogs(lgz;| + 1)1].
Jj€n]

(ii) Next, suppose that the largest encoding length of each row of matrices D, { A'};c v is at
most 1. Then for an o € {Dy.}¢ () U {Aﬁ,}te[mi] s Optimizing o'z over conv(X)
is achieved by an extreme point Z. Let a'Z := % where q1,q2 € Z with |q1], |g2]
relatively prime. Note that the encoding length of |G| < 29%Y, || < 2% because the
encoding length of each extreme point of conv(X) is bounded by ¢ and o € Z™ is of
encoding length at most 1. Thus, for any valid inequality o'z > 8, g% is a feasible
solution to (3.14). Thus, o' 2 > % > B is also a valid inequality to conv(X). O

O
We now formally define the rounds of the approximate quantile closure below.

Definition 4. The rth round of approrimate quantile closure of S is defined as
S = ﬂ {JJ eER":a'z> Bg‘ (3\“1)} ,
a€{Dr-}refmg) U{Aé'}te[mi],ieN
where S = S and B is defined as in (3.14).
Clearly, {§T}r21 are polytopes with mg + >,y m; linear inequalities. Different from

the infinite convergence of the quantile closure, we show that this approximate scheme

converges finitely.
Theorem 12. There ewists a finite T such that 7 = lim, o0 Sr.

Proof. Since {§T} is a monotone non-increasing set sequence (i.e., GO - St Cc...C Sr -
..), it is sufficient to show that there exists a 7 > 1 such that ST = St Suppose

that for any r > 1 it holds that Sr C §T*1, then from Proposition 17 there must exist

& € {Dt. beme U {A,’;,}te[mi}’i@/ such that Bg (5’7"> - Bg (5’7"*1> > m > 272¢, Since
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< 29+¥ by Proposition 17 and there are only mg + > _ienr M choices of a, when

7 (5)
r > 2839%Y (mg 4+ 3.\ m;), we must have Sr =381, O O

3.5.2 Approximation error estimation for covering CCPs

Considering a covering CCP, X = {z € S : (¢’)Tz > 1} and p; = 1/N for all i € [N],

and S = [0, M]™ with M > max;

iEN jelnliai#£0 %, From [82] we know that the first quantile

closure is equivalent to

SIZQ{mGS:ag:EZl},
ge

where (ag); = max;cg ag-,Vj €n],G={gC[N]:|g|=Fk+1} and k = |eN]|. Next we

show a similar representation of the approximated quantile closure St

Proposition 18. For a covering CCP,

Sl = {a: €S:(a)Tz> B (), Vie N} , (3.15)

}teN’

Proof. Note that when o = a’, the optimal value of scenario ¢t € N is equal to 61?” (S) =

where Bgl (S) is the (k + 1)th largest value among {minje[n}

% a

min ey, Z—{ Thus, the quantile bound is the (k+1)th largest value among {minje[n] a: }
teN

e»‘u =

J

<.

by the definition. O O

From the definition of approximation scheme, we have S' C Sl. The following result

measures the approximation error between S' and S*.

Proposition 19. For a covering CCP, dy(S*,5) < (% - 1) maxie\ 51 where @ =

min;e \r Max;gy] aé/Bgl (S) and a = mingeg min;eg(ag);.

Proof. (1) First of all, we would like to find a § > 1 such that

~

S'H)cstc St

where

~

S'(6) = {x €S (a) x> 08" (S),Vie /\/} . (3.16)
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We make the following claim.

Claim: 0 =

SRS

Satisfies (3.16), where @ = minjey max e aé-/Bgi (S) and a =

mingecg Min;cg(ag);- O
Proof. First, we observe that ag > ae for all g € G, where e is an all-one vector. Thus,

T::{xES:QeT:czl}gSl.

We all need to show is S (#) C T. From the definition of @, there exists an iy € N such

that @ = maxcp aj.o /ﬁgio (S). Hence,
5L(9) c {x €8 (a)Ta > 05" (5)} c{resiaes> e} -

where the first inclusion is due to ig € N, the second inclusion comes from the definition

of @, and the third inequality is because of # = 2. ¢ O

(ISR

(2) To prove our main result, we first note that
du(S',8") < du(S'(6), 5"),

because of 5() C S'. Next, we show that

. . B4
d(81(6),8") < (6 — 1) max —L—.
(5°(0),57) < ( )ieN T2l

This is because for any = € S\ 5% (6), there exists i; € A such that ﬂgil < (aM)Tz <

=ail

052" (otherwise d(z, S'(6)) = 0), hence d(z, S'(6)) < (0 — 1) ”iqw which implies that
al al al Bgl
dg(S°(0),5) = max d(z,S(0)) < (6 — 1) max —"—.
c€S1\51(9) €N [la*]|2

Suppose that for each i € N, a’ is lower and upper bounded by Me, Me, respectively,

ie. Me > a' > Me. Then we have Bgi (S) > M/M and M./n < ||a’||s for each i €
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N. Tt then follows that @ < M and a > M /MQ. Therefore, by Proposition 19, the

distance between first quantile closure S! and its approximation St s upper bounded as

M2 M?*\/n

asymptotically with problem dimension, i.e. lim, oo dg(S?, S hy=o.

~ -2 -2
dg(St, 81 < (M — 1) M Thus, in this setting, the approximation error vanishes

We close this section by showing the approximation error for Example 3. For the given

data we have @ = 1,a = 0.5, (% - 1) maxiej\/% = %. The sets §1,Sl, §1(%) are shown

in Figure 4.

Figure 4: Illustration of the approximation error in Example 3

3.6 Generalized quantile closure

In this section, we generalize the quantile closure by grouping every x € Z,, scenarios
together, where £ is no larger than cardinality of the smallest feasible set in Z (i.e., k <
mingez |C]). Since we now simultaneously consider multiple scenarios while computing the
quantile bound, this generalization can generate stronger quantile cuts. Note that for a
given r, there are (N), := (1:) different groups, denoted as (j,\!) i= {(wi),; tie((v),)> Where

(wj),, represents the ith group. We define the x-quantile bound and cut as below.
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Definition 5. Given oo € R" let {55 (S) }ic(v), ) be the optimal values of
@ (§) = min {aTa: zeSreXije (wi)ﬂ} Vi € [(N),]. (3.17)
The k- quantile By, (S) is given by

o : = mi o 1
o (5) B v i (5) (3.18)

and the associated “k- quantile cut” is
a'z > BE(9). (3.19)

Note that 8¢, () is a valid lower bound of minge x{az}, since in (3.17), we simply

choose the smallest bound among all the possible feasible subsets. In addition, when p; = &

for all i € N, 5,.(S) is the ((N), — (N;k) + 1)st largest value among {3f (5) }ic((v), ) With

K

k= |eN]|.

Next, we generalize Definition 2 to define k-quantile closure.

Definition 6. The rth round k- quantile closure S™ is defined as

Sh = ﬂ {ZE ER":a'z> B;"H(ST_I)}, r>1.
acR™

We remark that when x = 1, we recover Definition 1. The following results establish

the validity of k- quantile cut.
Proposition 20. For any o, o'z > 35.(S) is valid for conv(X).

Proof. Given x € X, then there exists a feasible set C € Z such that z is contained
in SﬂiecAXi. We claim that there must exist a i € [(N),], such that (w;)ﬁ] C C and
B2 (S) = B3 (S); otherwise,

e in(9) < Bg(9),
which implies existence of a strictly smaller k- quantile bound, contradiction. Hence, we
have

oz > max ir(9) = B3 (S) = Bg(9).

— K

i€[(N),]:(wi) ,CC
O O
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Clearly, {S!.}, is a nonincreasing set sequence with respect to r for any fixed k. Next,
we show that {S]} is a nonincreasing set sequence with respect to x for any fixed r. First

we observe that for any given a, {8g,(S)}x is a nondecreasing sequence.
Lemma 5. For any given «, B;“(Kil)(S) < Bg.(S) with 2 < k < mingez [C].

Proof. Let Cy, be one of the feasible sets that achieve k- quantile defined in (3.18). Define

(w;) el = arg ie[Nﬁ,lﬁggmflgcn /Biczn—l) (S)

Since k < mingez |C| < |Cxl, there exists at least one (w;),_; € C,; with cardinality , which

K

contains set (w;) . Thus,
k—1

() = 2(8) > B (S) > B S
ax(5) ie[(N)gli%‘ffi)ﬁQCn w(8) 2 B1(5) 2 B y)(5)

- o (S) > mi o ()= 8% ().
e, S, e P 2 max Pl (5) = e (9)

where the first equality is the definition of C,, the first inequality comes from (w;),_; C Cx
with cardinality k, the second inequality is due to (ag) w1 C (wj),._q1, the second equality
is the definition of (w;) ._1» the third inequality is due to C; € Z, while the last equality is

the definition of K — 1 quantile 53(,{_1)(3)‘ O O
Proposition 21. For any fived r € Zy 4, the set sequence {S].} is nonincreasing.

Proof. 1t is sufficient to show that S;, C S_; for any 2 < x < mingez |C|. We prove it by
induction on . When r = 1, by Lemma 5, the quantile cut o'z > ﬁg(,{_n(s ) is dominated
by a2z > Bai(S) for any given a. Thus, SL C S! |, Suppose that for any v < r, we have

S C S,Z_l. Now let v = r + 1. Note that

/83(/4—1) (S/:) > B?(H—l) (S;fl)

due to the hypothesis. Replacing S by set S], in Lemma 5, we have

0 (Sk) 2 Byie—1)(Sk) 2 By—1) (Sk-1)-

Hence, the quantile cut o' 2 > ﬁ;;(nfl)(sg_l) is dominated by o' 2 > Bai:(Sy) for any given

. This implies that ST+ C S’,:J_r} O O
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The next definition is a generalization of Definition 3.

Definition 7. A set g, C (j;/) 18 a “k- partial covering subset” if it “intersects” with all
of feasible scenario subsets in Z, i.e., for any Ce Z, there exists a w € g, we have w C C.
Also, a set gx is a “minimal” k- partial covering subset if there does not exist another k-
partial covering subset gl. C N such that gl. C g.. We let G, denote the collection of all of

the minimal partial covering subsets.

Example 4. Suppose N = {1,2,3,4} with p; = % for alli € N and ¢ = 0.25 (k :=
|eN| =1). In this case, Z = {{1,2,3},{1,2,4},{1,3,4},{2,3,4}}. Let kK = 2 and g2 =
{{1,2},{1,3},{2,3}} be a 2—partial covering subset since for each feasible scenario subset
C € Z, there exists an element w € g, which is also contained in C. Note that go is also

minimal since there is no other partial covering subset which has smaller size and is a subset

of go.

Similar to Theorems 9 and 10, the following two theorems demonstrate the characteri-
zation of rth x quantile closure using G, defined above, and the convergence of k quantile
closure sequence. The proofs are nearly identical to those for Theorems 9 and 10 and are

omitted here.

Theorem 13. For any r € Z4+4 and 2 < k < mingez |C|
S, = ﬂ COHV[U (S,’;_lﬂXZ)] ,
8x€Gk weg 1EWw

where SO = S.

Theorem 14. For each 2 < k < mingez |C|, the set sequence {Si.} converges to conv (X)

with respect to the Hausdorff distance; i.e., Sy, = lim,_ Sk, = conv (X).

We close this section by remarking about the exactness of k-quantile bound. Suppose
each scenario occurs with equal probability, i.e. p; = % for each i € NV, and let k = |eN |
where € = £ for a constant r that is independent of N. Let x = N — k, and the quantile

bound ﬂ;(ka)(S) is the optimal value to (3.1), since (N),_ equals to the collection of all

K

the feasible subsets and in this case, the quantile bound is equal to the minimum value
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among all the feasible subsets. Since k = O(1), to compute the quantile bound Ban- k)(S ),
we only need to solve a polynomial number (( N]i ) = (O(N"))) of optimization problems
(3.17) with & = ¢. Note that this fact does not hold for general k, for example, if € = % (i.e.,
k = $N), clearly, to evaluate the quantile bound B;(N_k)(S), one has to solve Q(2V /v/N)

number of optimization problems.

3.7 Separation over the first quantile closure

3.7.1 Complexity

We first show that separating over the first quantile closure even in the absence of integrality

restrictions is NP-hard. Our proof is based on the constructions in [68] and [82].
Theorem 15. The separation over S* is, in general, NP-hard.

Proof. We consider a covering CCP where X’ = {z € S: (a’) T2 > 1} and p; = 1/N for all
i € [N], and S = [0, M]" with M > MAX;e ' je[n]iai£0 % From [82] it can be shown that

Slzﬂ{xES:agle}, (3.20)
geg

where (ag); = maxiegaz-,Vj €nl, G ={g C[N]:|gl =k+1} and k = |[eN] (see
Definition 3).
For a given solution 2 € S, to separate it from S is equivalent to solving the following

problem

0 = Ignei(rjn?eagx Z a;‘ﬁs\j -1, (3.21)
j€ln]

i.e., find a violated constraint of the form a;:c > 1 in the description (3.20). If 6* < 0, then

7 ¢ S'; otherwise, 7 € S'. Consider the decision version of this separation problem:

(SepCCP) Given nonnegative integers {aé}ie N,jeln) and a rational
vector T € S, does there exist a g C N with |g| = k+1(k < N) such

that 3 cp,) Maxieg aé-ic\j <17

Following [68] we can show that SepCCP is NP-complete via reduction from the NP-

complete problem CLIQUE which asks
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(CLIQUE) Given a graph with nodes V' and edges F, does it contain

a clique of size C'?

Given an instance of CLIQUE we can construct an instance of SepCCP as [n] = V,N =
E z; = CLH for all j € [n], k+1=1C(C —1) and aé. = 1 if edge ¢ contains nodes j and
az» = 0 otherwise. It is easy to verify that if CLIQUE has an answer Yes, then there exists
a subgraph with edges g C AV and |g| = $C(C — 1) such that

C

Jj€ln]

Hence, SepCCP has an answer Yes. Conversely, if SepCCP has an answer Yes, this implies
that
Z max aé <C+1,;
€8
j€[n]
i.e., there exists a subgraph with edges g C A and |g| = C(C —1), which contains at most

C nodes. Clearly, thus CLIQUE has an answer Yes. O O

Different from S', separation over the first approximated quantile closure St s easy

since for a given solution Z, we can verify whether Z € S' or not by simply comparing o'z

with B;“ (S) for all a € {Dt~}te[m0] U {Aé,}te[mi} If there exists a a € {Dt-}te[mo] U

JENT
{Aé'}te[mi],iej\/ such that a'z < ﬂ_qa (S), then T ¢ S with a separating hyperplane 4 'z >

Bg (S); otherwise, € 5.
3.7.2 A heuristic separation algorithm

In this section, we introduce a heuristic separation algorithm over the first quantile closure
S1 inspired by Theorem 9. First of all, we relax the integrality of 2 variables, i.e., assume
that SN XY ;= {x € R* : Gi(z) < 0}. Then we define a continuous relaxation set as
Xeon .= Iy € R" : Gy(z) < M;(1 — Zi)’Zie[N] pizi > 1 —¢€,2 € [0,1]V} with appropriate
{M;}, such that conv(X) C X°n,

Given an optimal solution Z which optimizes ¢'

x over set X" it is unlikely to be
feasible to X. The proposed heuristic algorithm is to find a minimal partial cover over the

subset of scenarios that does not contain . To select such a partial cover, we prioritize the
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scenarios by norm of the constraint violations, i.e. we sort {||G;(Z)||o }ien” in a descending
order such that |Gy 1)(Z)[lec > ... > [[Go(n)(Z)]|oc Where o is a permutation of A, then
select the scenarios according to this order until total probability mass is strictly greater
than e. Let v := min{j € N : 25:1 Po(iy > €} and g := {0(i)}icpp). By Theorem 9, if =
can be separated from conv [Uieg (S X Z)}, then it can be also separated from S'. To
separate Z, we consider the following optimization problem that minimizes 2-norm distance

between set conv |:Uieg (5N XZ)] and point 7:

0= Ini/\n |z — |3 (3.22a)
> al=u, (3.22¢)
icg
d =1, (3.22d)
1€EZ
Ai >0,Vieg. (3.22¢)

where \;G;(x?/)\;) is the perspective function associated with G and is jointly con-
vex in (A, x). The system (3.22b) - (3.22e) provides an equivalent reformulation of
conv[Uieg(SﬂXi)] (see [27] for details). Note that for each i € N, if Gi(x) is second
order cone representable, then (3.22b) is second order cone. The separation problem (3.22)
is a convex optimization problem, which is relatively easy to solve. Given an optimal solu-
tion (z*, \*) of (3.22) with optimal objective value 6%, we check if §* > 0, then 7 ¢ S! with
a separating hyperplane (Z — z*) (x — 2*) < 0, which is valid for all z € S'. Thus, we can
add this valid inequality to X" and repeat the above steps until we cannot separate any
more. The detailed procedure is described in Algorithm 3. The output (i.e., set F) can be
directly added to (3.4).

We remark that Algorithm 3 can be applied to the generalized quantile closure. However,
it might be expensive to enumerate all the k— groups in ([]: }) when x > 2. Suppose that
K is a divisor of N, then we can consider the partition G of set [N] by evenly dividing set
[N] into % groups, i.e., G, = {gi}jevym With g; = {(j — D)x + 1,...,jr}. Next, we let

pj = min;eg; p; for each j € [N/k]. Then by Proposition 1 in [4], we have that the following
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Algorithm 3 A heuristic separation algorithm.

1: Let E =), 6* = oo and § > 0 be a tolerance parameter.

2: while true do

3: Let & € arg minge xeonqg ¢ ' & be an optimal solution.
Sort {||Gi(Z)|loc}ienr in a descending order such that [Gy)(@)|ec > ... >

1Go(n) (%) lloo

b

5: Let v :=min{j € N': Y27 posy) > €} and g := {0(i) }icpy
6: if v does not exist then

7 return Set FE.

8: else

9: Solve (3.22) with an optimal solution (z*, A\*) and optimal objective value ¢*
10: if §* > § then

11: Add (Z —2*)T(z — 2*) <0 to set F

12: else

13: return Set E.

14: end if

15: end if

16: end while

CCP yields a relaxation of (3.4)

min clx: xesS, Gix) < M;(1—7%;),Vi € gj,Vj € [N/K], Pz >1—€p,
z€S,ze{0,1} N/ JE[N/x]
(3.23)

where €:=1+4 € — 3 c(n/y Dj- Now we can apply Algorithm 3 to the relaxed CCP (3.23).
3.8 Numerical illustration

In this section, we present a numerical study to illustrate Algorithm 3 and the strength of
quantile cuts. We consider the following norm optimization problem, which has also been

studied in [48, 103],

min c'z:zel0,100" %pz Z 2<100) >1—ep, (3.24)
S 7j=1

where the support {¢f . of & are non-negative. We consider the cases when n €
{10,20,30}, N € {60,80,100}, ¢ € {0.05,0.10,0.15}, and each scenario occurs with equal
probability, i.e. p; = % The cost vector ¢ and unknown data {¢'};cnr are randomly

generated, where each component of the cost vector ¢ is integral and randomly distributed

between —10 and —1 with equal probability, and f} is also integral and uniformly distributed
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between 1 and 99. Under this setting, the MINLP reformulation (3.4) is

n

min{ ¢’z z € [0,100)", Y &haf <100+ (M; —100)(1 — z),¥i € N, z€ Z ¢, (3.25)
x,z
Jj=1

where M; = 100 Z?’Zl 5; suffices for each i € M. In this case, the separation problem (3.22)

is equivalent to a second order cone program

§* = min ||Z — z||3 (3.26a)
st Y &H(ah)? <100\, i € g, (3.26b)
j=1
2l =u, (3.26¢)
1€
d =1, (3.26d)
1€g
A\ >0,Vieg. (3.26¢)

We compare three solution approaches. The first one is to run Algorithm 3 and add all
separated quantile cuts to (3.25), the second is to run Algorithm 3 to separate generalized
quantile cuts for k = 2 for the relaxation (3.23), and finally to use the commercial solver
CPLEX to solve the formulation without any quantile cuts. The overall time limit is set to

be 4 hours. The results are listed in Table 7, where the optimality gap is computed as
|best upper bound|/best lower bound| — 1.

We use teep, tc, tiotal to denote the running time of Algorithm 3, the running time of solver
CPLEX and overall running time, respectively, and use g, and g.(%) to denote the optimal-
ity gap at root node and the best optimality gap when the solution procedure is completed.
All instances were executed on a laptop with a 2.67 GHz processor and 4GB RAM, while
CPLEX 12.5.1 was used with its default setting.

In Table 7, we observe that the quantile cuts separated using Algorithm 3 can reduce
the root gap from more than 450% to within 45%, while the 2-quantile cuts further reduce
the root gap to within 25%. CPLEX with quantile cuts can solve 22 out of 27 instances

within time limit, and with 2-quantile cuts can solve 23 out of 27, while CPLEX without
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Table 7: Performance of CPLEX with and without quantile cuts

N c n ‘With quantile cuts With k = 2— quantile cuts ‘Without quantile cuts

tsep tc trotal 8r(%) ge(%) tsep tc tiotal 8r(%) ge(%) trotal 8r(%) 8e(%)
60 0.05 10 10.8 6.3 17.2 8.3 0.0 41.8 5.3 47.1 5.5 0.0 42.9  463.7 0.0
60 0.05 20 158.7 44.0 202.7 13.0 0.0 948.9 33.0 981.9 8.4 0.0 153.5 681.7 0.0
60 0.05 30 || 1620.4 374.2 1994.6 11.1 0.0 || 4123.2 385.6 4508.8 9.3 0.0 1544.4  890.9 0.0
60 0.1 10 8.4 7.4 15.8 20.2 0.0 54.6 8.9 63.5 5.5 0.0 31.5 669.8 0.0
60 0.1 20 159.1 109.1 268.1 19.2 0.0 854.2 69.9 924.2 10.1 0.0 653.4  962.6 0.0
60 0.1 30 628.1 4561.3 5189.4 27.9 0.0 || 1467.4 1773.6 3240.9 15.4 0.0 || 14402.6 1201.3 4.6
60 0.15 10 5.5 21.4 26.9 21.9 0.0 37.5 12.2 49.6 11.5 0.0 70.2 849.4 0.0
60 0.15 20 41.7 1770.3 1812.0 35.5 0.0 479.1 686.6 1165.6 15.5 0.0 1931.7 1208.3 0.0
60 0.15 30 777.0 8953.2 9730.2 28.1 0.0 || 1624.4  7467.9 9092.3 17.3 0.0 || 14400.7 1497.0 6.5
80 0.05 10 28.9 8.2 37.1 11.4 0.0 97.9 4.8 102.7 6.5 0.0 27.2 480.7 0.0
80 0.05 20 613.7 100.4 714.1 17.1 0.0 || 2652.4 85.7  2738.1 8.1 0.0 311.0 691.7 0.0
80 0.05 30 || 2231.1 558.5 2789.6 21.7 0.0 || 4454.8 779.2 5234.1 11.7 0.0 5999.9  852.1 0.0
80 0.1 10 15.4 12.9 28.3 10.0 0.0 89.2 16.5 105.7 7.4 0.0 91.8 704.8 0.0
80 0.1 20 342.8 497.1 839.9 22.0 0.0 || 1964.7 292.8 2257.5 11.3 0.0 3763.8  956.5 0.0
80 0.1 30 1488.7 12911.4 14400.0 29.8 1.5 3745.8 10654.5 14400.0 15.1 0.8 14400.0 1228.6 20.2
80 0.15 10 14.8 293.6 308.3 41.5 0.0 136.0 43.4 179.4 12.3 0.0 572.3  821.5 0.0
80 0.15 20 297.3 3286.6 3583.8 27.5 0.0 || 1714.9 1918.6 3633.5 14.6 0.0 || 14400.0 1200.2 4.5
80 0.15 30 1749.7 12650.8 14400.0 42.7 7.2 3999.9 10400.6 14400.0 17.2 4.4 14400.0 1493.7 29.
100 0.05 10 27.1 7.7 34.9 13.2 0.0 170.9 8.6 179.5 7.8 0.0 27.8  473.1 0.0
100 0.05 20 647.7 124.4 772.2 19.2 0.0 1447.3 166.9 1614.2 11.9 0.0 433.3 681.4 0.0
100 0.05 30 || 3140.9 1766.3  4907.2 26.2 0.0 || 5432.8 956.1 6388.9 14.9 0.0 || 14400.0  843.2 4.1
100 0.1 10 19.3 29.9 49.2 15.0 0.0 178.3 21.3 199.6 9.5 0.0 136.6  684.0 0.0
100 0.1 20 690.2 5805.7  6495.9 27.1 0.0 || 2195.0 2178.2  4373.2 13.4 0.0 || 14400.0 998.2 0.8
100 0.1 30 || 3831.8 10568.4 14400.0 35.2 10.0 || 6362.9 8037.4 14400.0 15.8 7.3 || 14400.0 1219.5 16.8
100 0.15 10 29.4 100.5 129.9 18.1 0.0 117.3 97.1 214.4 14.3 0.0 1693.8  848.5 0.0
100 0.15 20 339.3 14062.2 14401.5 41.7 5.6 || 2723.0 9710.6 12433.7 15.9 0.0 || 14401.6 1224.8 12.1
100 0.15 30 || 3033.6 11366.8 14400.0 40.7 19.8 || 3736.6 10663.8 14400.0 23.0 14.3 || 14401.9 1483.4 42.4

the cuts can only solve 17 out of 27. For the unsolved instances, the average remaining gaps
(8.8%,6.8%) for the first two methods are also much smaller than for the third (14.2%).
Comparing the first and second methods with the third one, we see that the quantile cuts
help reduce nearly more than half of the solution time for those instances that can be solved
within time limit. Comparing the total running time for first two methods with that of the
third one, there are still 22 out of 27 and 14 out of 27 instances which take a shorter time
or smaller ending gap for the first method. These results demonstrate the effectiveness
of quantile cuts and 2— quantile cuts separated using Algorithm 3 for solving a convex
chance constrained problem. We also note that the separation time of first method with
quantile cuts is usually shorter than the second one with 2-quantile cuts. However, the
second method has a much smaller root gap, therefore, it can solve more instances or have
smaller ending gaps. Hence, we recommend to use k-quantile cuts over regular quantile cuts

to solve the large-scale instances.
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CHAPTER IV

ON BICRITERIA APPROXIMATION OF CHANCE-CONSTRAINED
COVERING PROBLEMS

4.1 Introduction

4.1.1 Problem setting

A chance constrained stochastic program (CCSP) involves optimization over constraints
(specified by stochastic data) which are required to be satisfied with a prescribed probability

level. A CCSP can be formulated as

v::min{cTaz: ze S, P{{:x¢ X&)} §6}. (4.1)

T

In the above formulation, £ denotes a random data vector, and X (£) denotes a system of
stochastic constraints whose data is specified by the random vector &. The set S C R" is a
system of deterministic constraints. The CCSP (4.1) seeks a solution z € S that minimize
the cost ¢’z and violates the stochastic constraints X (€) with probability at most ¢ where
e € (0,1) is a prespecified risk level.

In this chapter, we consider a CCSP with uncertain covering constraints under finite

support. In particular, we assume that

o

. € is a random vector with a finite distribution supported on Xi = {¢!,... ¢V}, where

each & for i € N :={1,..., N} corresponds to a scenario with a probability mass %;

b. for each i € [N], the stochastic constraint system is of the form X (¢) = {x € S :

A(gz)x > b(fz)} with A(é’) c R:r_bj_x”’ b(fz) c RTi;

¢. the deterministic constraint system .S C C' is nonempty, where C is a closed convex cone

and for each z € S and positive scaler n > 1, nx € S;
d. the objective cost vector ¢ € C*, where C* is the dual cone of C; and

e. €N is an integer number.
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Note that in Assumption a., equal probability mass is not necessary and a generaliza-
tion will be shown in the subsequent sections. In Assumption b., nonegativity of matrices
{A(&")}iepv) and vectors {b(£")};en defines the linear covering inequalities. Assumptions
c. and d. are to guarantee that any feasible solution to (4.1) scaled by a number no smaller
than 1 is still feasible and v} is bounded. Assumptions e. is without loss of generality since
we can always replace eN by |eN |. Under the above assumptions, problem (4.1) is feasible
and bounded, and has a nonnegative optimal solution. For notational simplicity, we denote
let X? = X(&), b* := b(¢%) and A* := A(£?) for all i € [N]. Thus, the stochastic constraint
system for scenario i is X¢ = {x € S : Alx > b'}.

By introducing binary variables z; for ¢ € [N], then we can reformulate (4.1) as a mixed

integer program (MIP) (c.f. [82, 120]):
vy = min {ch cx €8, Alx >b'z,Vi € [N], z € Z ﬁBN} , (4.2)
T,z

where

Zei=Rz€(0,1V: )" 5> N-eNj, B={0,1}.
1€[N]

Let X, be the feasible region of (4.2), i.e.
X :={z: xS, Az >bizVic|N], z€ Z.NBV}. (4.3)
and )?E be its continuous relaxation set, i.e.,

Xo={z: z€8, Alx>bz,Vie[N], z€ Z}. (4.4)
4.1.2 Contributions

The covering CCSP problem described above has been shown to NP-hard [82]. In this chap-
ter, we study approximation of CCSP with provable guarantees. In particular, we consider
bicriteria approximations. Given a violation ratio ¢ > 1 and an optimality ratio v > 1, a
(0, y)-bicriteria approximation algorithm for CCSP (4.1) returns a solution € S, such that
P{¢:Z ¢ X(€)} < oeand c'Z < ¥, ie., the solution violates the uncertain constraints

with probability at most oe and has an objective value at most v times the optimal value.

As a special case, when the violation ratio ¢ = 1, we have a single criterion approximation
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algorithm with an approximation ratio v > 1. Note that o, may be dependent on the risk
parameter € and underlying probability distribution IP.
In this chapter we make the following contributions regarding approximation of chance

constraint covering problems with finite scenarios.

1. We show that some well known approximation approaches for covering CCSP can have

arbitrarily bad approximation ratios when no constraint violations are allowed.

2. We prove that, unless P=NP, it is impossible to obtain a polynomial time algorithm
with a constant factor approximation if no violations are allowed, i.e. if ¢ = 1. This

motivates the need for bicriteria approximations.

3. We analyze a simple scaling approach and show that, given a violation ratio of o > 1,

the approach provides a solution within a factor of v = o/(0 — 1) of the optimal value.
4. We prove that the analysis above is tight.

5. The proposed scaling approach scales a solution to the LP relaxation of the MIP formula-
tion (4.2). We show that a tighter LP relaxation may not lead to a better approximation

guarantee.

4.1.3 Related Literature

A variety of approximation approaches have been developed for general CCSP as well as
for special cases. The papers [23], [73] and related works develop convex restrictions of
the CCSP feasible region, optimizing over which provides a feasible solution. In [4], the
authors developed a specialized heuristic for covering CCSP based on a convex relaxation.
As shown in Section 4.2, these approaches do not come with any provable approximation
guarantees. To the best of our knowledge, all existing approximation algorithms with
provable guarantees have been proposed for chance constrained combinatorial optimization
problem. For example, [41] proposed constant factor approximation algorithms for certain
classes of chance constrained combinatorial covering problems. Subsequently, [42] developed
a fully polynomial time approximation scheme for a chance constrained knapsack problem

where the item sizes are drawn from independent normal distributions. In [104], the authors
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studied a two-stage chance constrained set covering problem with budget constraint and
proposed a polynomial time approximation algorithm by rounding linear program relaxation
solutions. In contrast to these works, we consider approximations of chance constrained
covering problems with continuous variables.

The remaining of the chapter is organized as follows. Section 4.2 shows the inapproxima-
bility results and three popular approximation algorithms which yield worse approximation
results. Section 4.3 provides approximation results and shows the numerical study and

Section 4.4 extends the results to a CCSP with general probability mass.
4.2 Inapproximability

We first show that three existing approximation approaches can have arbitrarily bad ap-
proximation ratios for covering CCSPs, and then provide a formal single-criterion inapprox-

imability result.
4.2.1 CVaR approximation

A well known approximation of CCSP is to replace the nonconvex probabilistic constraint by
a convex constraint defined by the conditional value at risk or CVaR (see [73] for details).

For the covering CCSP considered in this chapter, the resulting formulation is

T

véCVaR = min {CT:E cx€eSs, i%f [—6,3 +E (—a(x,§) + 5)4-] = 0} ) (4.5)

where (t) = max(t,0) and a(z,§) = minje),[A;.(§)z — b;(§)] with A;. being jth row of
matrix A. Problem 4.5 is a convex optimization problem (has an LP formulation) and
provides a feasible solution to CCSP, thus vCVaR > ¢*. In the following we show that the

approximation quality from this approach can be arbitrarily bad.
CVaR/,U* = 00
: .

Proposition 22. There ezists instances of covering CCSP for which v,

Proof. Let S € Ry, Z = {¢'}ien, and €8 = 1,i € [eN] and & = 0,i € N\ [eN]. Also let

A(€) = 1,b(§) = £ and the objective is to minimize z. Thus, (4.5) is equivalent to

pCVaRk :1;12151{:1: : i%f [—eB+e(l—z+pB),+(1—¢(—z+p),] < 0}’
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while (4.1) is equivalent to

vf =min{x:z > 2,i € [eN],z > 0z,i € N'\ [eN], z € Z.NB"},
T,z

CVaR

By simple calculation, we observe that v, = 1 while v} = 0. Thus, vCVaR/yr =

0. O O
4.2.2 Scenario approximation

The scenario approximation (SA) approach, proposed by [23], uses N i.i.d. samples {fi}ie[ N
from the distribution P and considers an optimization problem where each sampled scenario
is required to be satisfied. For the covering CCSP considered here, the approximation
problem is

va:min{ Te:xes, Az >b, Vie [N]} (4.6)

xT

It is shown in [23], that when the sample size N satisfies

- 2 1 2 2
N > [ log () + —nlog () +2n-‘,
€ o € €

then, with probability at least 1 — 4, the approximate problem (4.6) produces a feasible
solution to CCSP, i.e. vo4 > v?.

However, next proposition shows that with high probability, va Jvk = oo.
Proposition 23. There exists instances that va/U: = oo with high probability.

Proof. Let us consider the same instance as Proposition 22. We would like to minimize x.

Clearly, in this case, v} = 0. Problem (4.6) is equivalent to
02t =min {z :z > b(¢),Vj € [N]},
where the sample size of {b(&j)}je[m is equal to
N = [2log <1> + zlog <2> +2-‘.
€ ) € €
Note that the probability that none of {b(&7)} jen) 1s equal to 1 is bounded by
(1- 6)N <(1- 6)%log(%)+%log(%)+2 < 528,

where the second inequality is due to (1— e)% < e~ !. Thus, in this example, with probability

SA

at least 1 — 62€2, we can get v = 1; i.e. v94/v} = oco. O O
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4.2.3 Heuristic algorithm in [4]

In [4], the authors proposed a heuristic algorithm for a covering CCSP with discrete distri-
bution which was reported to solve most of the numerical instances near-optimally. Here
we show that, in general, the heuristic solution could be at least N times away from the
true optimal value v}.

The key idea of this heuristic algorithm is to minimize the sum of infeasibilities for each

scenario when the objective value is bounded:

min Z Si (4.7a)

zeS,seRY Y
st. Ale > b1 —s;), i €N, (4.7b)
'z <y. (4.7¢)

The detailed procedure is described in Algorithm 4. Let v"¢%" denote the solution given by

Algorithm 4.
Proposition 24. There exists instances that v Jv* > N.

Proof. Let S = R2, ¢ = (1,0),i € [eN] and & = (1,1),i € N\ [eN]. Also let A(¢) =

&,b6(§) = 1 and the objective be to minimize 1 -1 + x3. Thus, (4.7) is equivalent to

min g S;
s)eRY T2

1EN
s.t. r1+ 22 <,
—€
x> 1—s;16€ [EN],
r1+ a2 >1—8;1€ N\ [eN],
while v} = 1.
Without loss of generality, suppose in Algorithm 4, we start with any U > %_6 and

L = 0. Then, for any y € [1, 72-), we must have s; = 1 — (1 — €)y > 0 for each i € A" and

1 = (1 — €)y,x2 = 0 in the optimal solution.

huer __ _1

Thus, in this example, we can get v, = 71—, V¢ = 1. Thus, in the worst case, when

e =ML then vfuer /v = N. O O
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Algorithm 4 Heuristic of [4]

1:

_ =
== O

Let L > —o0 and U < oo be known lower and upper bounds for (4.1), let 5> 0 be the
stopping tolerance parameter.
while U — L > § do
y<+— (L+U)/2.
Let (Z,5) be an optimal solution of (4.7) and set z; = I(5; = 0) for all i € N.
if ¥ %, > N — €N then
U<+y.
else
L+ y.
end if
end while

. Output ver « U.

4.2.4 Single-criterion inapproximability

Here we show that unless P=NP, it is impossible to obtain a polynomial time algorithm with

single-criterion approximation factor. This motivates the need for bicriteria approximations.

Our reduction is similar to the one used in [41], where they showed that when o = 1, k-

edge dense graph can be reduced to (4.1) with binary x; however, they did not prove the

inapproximability result. Here, we consider continuous covering problems as opposed to

combinatorial ones, and prove the inapproximability results for both ¢ =1 and v = 1.

Theorem 16. Suppose we have a polynomial time algorithm that returns a (o,7)-

approximate solution to a covering CCSP with a discrete distribution with N realizations.

Then

(i) if v = 1, then we must have 0 = 1/e — f(N)(1 — €)/e for some function f such that

f(N) =0 as N — oo;

(ii) if o = 1, then we must have v = g(N) for some function g such that g(N) — oo as

N — oo.

Proof. (i) Consider the NP-complete problem k- dense graph which asks

(k nodes- dense graph) Given a graph G(V, E) with nodes V with
|V| = n and edges E with |E| = N , does it contain a dense subgraph

with k nodes with number of edges at least N(1 —¢€)?
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This problem can be formulated as (4.2) to minimize the number of selected nodes,
where [n] = V,N = E, z; = 1, z; = 1 denote node j and edge ¢ are chosen respectively,

and j € adj(i) if edge i contains nodes j and j ¢ adj(i), 0 otherwise, i.e.,

vl = rﬁ}in Z x; (4.8a)

Jj€ln]

s.t. xj > 2, Vi € N,Vj € adj(i), (4.8b)
Z zi > N — €N, (4.8¢)
eN
5 € {0,1},¥i € N (4.8d)

Now suppose we get an approximate solution, i.e. a subgraph with number of nodes
v} = k and number of edges N — geN. By Theorem 1.2 in [6], there is no polynomial
approximation algorithm for x nodes- dense graph with constant factor, i.e.

N —oceN
DT N
N —eN F(N),

with some function f(-) such that limy_,o f(IV) = 0. Thus, 0 = 1/e — f(N)(1 —¢)/e.

(ii) Now consider another variant of k- dense graph which asks

(N(1 — €) edges- dense graph) Given a graph with nodes V with
|V| = n and edges E with |E| = N , does it contain a dense subgraph
with number of edges at least V(1 —¢) and number of nodes at most

K?

This problem can be also formulated as (4.8). Now suppose we get an approximate
solution, i.e. a subgraph with number of nodes v} < yx and number of edges at least

N —eN.

Now we prove the following claim.
Claim: If there exists a v (v is a positive integer constant) approximation algorithm
of N(1 — €) edges- dense graph, then there exists an ﬁ approximation algorithm of

k nodes- dense graph.
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Proof. Suppose G(V, E) has a subgraph G’ with k nodes and N (1 —¢) edges. Then we
claim that there exists a subgraph of G’ with x/v nodes and at least N (1 —¢)/(2.57?)
edges. We prove this statement by construction and let G be the largest subgraph of
G’ with x/v nodes and v edges. We only need to show that v > N(1 — €)/(2.57?).
First, we partition the graph into v groups {gi}ie[,{], where each group has /v nodes.

Next, we discuss the edges within each group and among groups.

Case 1 For each group, the number of edges is at most v by our assumption. Here,

we have A groups.

Case 2 For each pair of group G;,G; with ¢ # j, the number of edges (cuts) linking

these two groups are no larger than 5v. Here, we have ('27) pairs

Hence, total number of the edges in the subgraph G’ is upper bounded by

(v+5(3))v < 2.57%v. Thus, v > N(1 —€)/(2.57?).

Now by the hypothesis, we can find a subgraph G with x nodes and at least N(1 —
€)/2.572 edges in polynomial time. Thus, there is a ﬁ approximation algorithm of

x nodes- dense graph.
o

By Theorem 1.2 in [6], there is no polynomial approximation algorithm for x nodes-
dense graph with constant factor. Thus, there is no polynomial approximation algo-
rithm N (1 — €) edges- dense graph, i.e., v = g(IN) with some function g(-) such that

limy 00 g(N) = 0.

4.3 Bicriteria approxrimation

In this section we first propose a scaling algorithm based on solving a continuous relaxation

of the MIP formulation (4.2) of a covering CCSP. Then we provide a bicriteria approximation

analysis of this algorithm, and show that the analysis is tight. We then show that for
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covering CCSP with right hand side uncertainty a well known strengthening of the relaxation
does not help in getting better approximation ratios. Finally, we illustrate the performance

of the approximation algorithm on a portfolio optimization example.
4.3.1 The scaling algorithm

The proposed algorithm, described in Algorithm 5, is as follows. Given a violation ratio
o > 1 and an approximation ratio v > 1 (depending on the violation ratio), we first solve
a continuous relaxation of the MIP (4.2) by relaxing the integrality of variables z. Let
Xse be the set defined in (4.3) with e replaced by oe. Given an optimal solution Z of the
continuous relaxation we can scale Z by a scalar u € [1,7] to ensure that uz € X,. because
of the covering type constraints. By the nonnegativity of  and choice of v we can ensure

that such a solution is a (o, y)-bicriteria approximation solution (see Section 4.3.2).

Algorithm 5 Scaling approximation algorithm.

Given ¢ and 7, the continuous relaxation set )?6.
Let 7 € argming{c z: = € X.}.
Let l =1,u =+ and 5>0bea stopping tolerance parameter.
while u — [ > § do
T (I+u)/2.
if 77 € X, then
U4 T.
else
[ T.
end if
: end while
: Output T = uz.

_ = =

4.3.2 Analysis

Note that the continuous relaxation of (4.2) is equivalent to the formulation below

€,%

Vel = min{cTac cxe S, Alx > bz, z € ZE} . (4.9)
T,z

Our approximation scheme is to scale the optimal solution to (4.9) so that the scaled solution

is nearly feasible to (4.2).
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Theorem 17. Given wiolation ratio o € [1,1/€), let the approximation ratio v =

% < =Z5. Then, Algorithm 5 yields a (o,7)-bicriteria approxzimate solution for

(4.1).

Proof. Let (Z, %) be an optimal solution of (4.9). Let set I :={i e N : 2, > 1— 1+|_O'ENJ}
We claim that |I| > N — |oeN]|. For contradiction, suppose not. That is, |I| <

N — |oeN| — 1. Then

Y eN O\ N[
= _ - o 1
Z ZZ“LNZZKN“L 1+ oeN]) N

zGN i€l 1€NN\T
_1 eN n |[I|  eN
N 1+ |ceN|] N1+ |oeN|
<1 eN _'_N—LaeNj—l eN 1.
1+ |oeN| N 1+ |oeN|

where the first strict inequality is because N\ I :={i e N : Z; <1— %} is nonempty
due to the hypothesis, and the second inequality is due to the definition of |[I| < N —
|oceN | — 1. This contradicts the fact that z € Z.

Now let & = 47 := HLUENJNE and z; = min{|vz;],1} for each i € N'. We first show

1+|oeN|—¢

that & € X,e. Indeed, since Z € S, thus Z € S, and we know |I| > N — |oeN|. Hence,
Pl :a(z,€) < 1] <1—z:i < iLJENJ < oe
) — ' N — N — bl
i€l
where the first inequality is because according to the scaling, & satisfies all the scenarios in
I and the last equality is due to o > % Thus, the output of Algorithm 5 Z must also

be in the set X,.. Thus

-2
4
" x
Y
-2
<
"é
I
Y

This implies that Z is a (v, o) bicriteria approximate solution for any given o € [1,1/e).

1+ |oeN | 0

Simple calculation shows that ~%5 is an upper bound of TF[oeN]=eN -

Corollary 3. Suppose wviolation ratio o = 1, then Algorithm 5 yields a single-criterion

approximation for (4.1) with approzimation ratio v = eN + 1.

Proof. The results follow by letting ¢ = 1 in Theorem 17 and recalling that by assumption

€N is an integer. ] ]
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The next proposition illustrates that the approximation ratio in Theorem 17 is tight.

Proposition 25. Given violation ratio o € [1,1/€), there exists an instance for which

1+|oeN |

Algorithm 5 can yield a solution with approzimation ratio equal to v = TH[oeN|=eN -

Proof. Let S = {(z,w) € Ri s x4+ w > 112 = {€en, and € = v,i € [eN] and
€8 =1,i€ N\ [eN]. Also let A(¢) = [0,£],b(€) = 1 and the objective is to minimize x + w.
Thus, (4.2) is equivalent to
vl = min {z+w:z+w>1,vx>z,i€[l+ |oeN]],
x>0,w>0,26 Z.NBN

x>z, i€ N\ [1+ [oeN]]}.

1

In this example, we must have v[® = v¥ = 1 and one of the optimal solution of (4.9) is

r=-,w=1- %,/z}- = % for i € [1 + |oeN]] and 1, otherwise. In this case,

2=

> min{|rZ],1} > N — |0eN|
1€[N]

if and only if 7 > . Thus the solution returned by Algorithm 5 has an optimal approxi-

mation ratio of . O O
4.3.3 Effect of tighter relaxation

In this subsection, we study a special class of discrete CCSPs (i.e., CCSPs with right-hand
side uncertainty) where we assume that A’ = A for each i € N. Thus, in this case, (4.2)

can be reformulated as
v*:min{ch:xGS, Az > y,y > bz, zEZeﬂIB%N}. (4.10)
z

Recently, many researchers tried to develop valid inequalities for the following cardinality

constrained mixing set:
Y::conv{(y,z):yzbizi,WEN, zeZeﬂIBSN}, (4.11)

see [1, 56, 66, 68] for example, while the complete description of Y has not been discovered

yet. It is well known that in general case, the separation over the set Y is NP-hard.
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However, some computational study shows that some classes of valid inequalities of (4.11)
help speedup the solution algorithms.

Now suppose that Y is known and consider the following relaxation of (4.10) as
v, = min {ch cx €S, Ax >y, (y,2) € Y} . (4.12)
’ x,2

The following theorem shows that in the worst case, adding all the valid inequalities from

the mixing set still yields the same approximation ratio as that in Theorem 17.

Proposition 26. Given a violation ratio o € [1,1/€). Let X, be defined by the feasible

region of (4.12). Then

(i) Algorithm 5 yields a (o,7)-bicriteria approzimate solution for (4.1), where v =

1+|oeN| .
1+|oceN|—eN"’

(ii) the approzimation ratio is tight.

Proof. The statement in Part (i) follows directly from Theorem 17 since (4.12) is at least

as strong a relaxation as (4.9). Thus the approximation guarantees hold.

1+|oeN |

m, let us consider

Part (ii): For any given violation ratio o € [1,1/¢) and v =
the same example used in Proposition 25, where S = {(z,w) € R? : z +w > 1}, and each
scenario X' = {z € Ry : x > %} for i € [l + [0eN|], while X = {x € R} : x > 1} for

i€ N\ [1+ |oeN]]. Thus,

vf}%:min{x—l—w:x+w21,x2yi,i€N,(y,z)€Y},

T,W,2

and
Yi = %zi, Vi€ [1+ [oeN]|]
Y=convq (®,2): >z, VieN\[l+|oeN]]
ze Z.NBN

We only need to show that the above relaxation is equivalent to the continuous relaxation
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(4.9). Recall that

yi > %%Vi € [l + |oeN]]
V=02 y>z,Yie N\[1+ [0eN]]

Sien? >N —eN,ze[0,1]N

We need to show that

Claim: Y =Y.

Proof of Claim: We know that Y C Y. Thus, it remains to show that Y O Y. Or
equivalently, we can show that all the extreme points of Y belong to Y. Indeed, given an
extreme point (7, 2) € RY x RV, we know that it should satisfy exactly 2N equalities. Note
that in the set Y, except the bounds of z variables(i.e., z € [0,1]"), there are only N + 1
additional inequalities, which could be binding. Thus at least (N —1) z variables of extreme
points (¥, z) should satisfy their bound constraints. Now let 7 = {i € N : z; € B}, and we

have |T| > N — 1. Suppose that |7| = N — 1. Now there are two cases:

Case 1. 3 ;e zi =N —eN. Thensince [T] =N —1, 3 ic7Zi + X jepn7 2 = N — eV and

€N is an nonnegative integer, thus clearly, z; € B for all ¢ € A/, contradiction.

Case 2. Y ,cp2i > N —eN. Then in the set Y, except the boundaries of z variables(i.e.,
z € [0,1]"), there are only N additional inequalities, which could be binding. Then,

clearly, z; € B for all i« € N, contradiction.

o
By the claim above, we know that in this example, (4.12) is equivalent to (4.9). Hence, by
the tightness of approximation ratio in Proposition 25, we know that mixing set inequalities

cannot improve the performance of scaling Algorithm 5. n
4.3.4 Numerical illustration

In this subsection, we present a numerical illustration of the proposed approximation algo-

rithm. We consider the following chance constrained portfolio optimization problem studied
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in [76, 82], which is to minimize the investment cost under specified return level; i.e.
* . T... T
ve—mm{c x:x>0,Pg a:<1]§6}, (4.13)
T,z

where £ € R’} represents the random return with realizations {§i}i€[N]. We use the data
from [82], where n = 50 and £ has finite support with N = 100 scenarios and risk parameter
e € {0.05,0.10}.

The computational results are shown in Figure 5. For any violation ratio o € [1,1/€),
we let U, denote the output objective value of Algorithm 5. In Figure 5, the blue starred
curve denotes the theoretical approximation ratio v proposed in Theorem 4, and red squared

curve denoted as -2% is the upper bound of the practical approximation ratio
Vek

md* ‘Qd>

CCCP with € =0.05 CCCP with € =0.1

3.5 K

T 3.5 —¥

! \

! |

! |
3p ! 3F ¥
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Figure 5: Hlustration of approximation ratios for a CCSP with discrete support.

In Figure 5, we see that when violation ratio o is close to 1, the theoretical ratio
(starred curve) is quite large — almost equal to e N + 1. However, the actual scaling solution
is around 1.3 away from the true optimal for both ¢ = 0.05 and 0.1. When o increases,
the theoretical ratio (starred curve) decreases dramatically. Typically, if we choose o = 2,
then the theoretical approximation ratio (starred curve) is around 2 but the practical ratio
(squared curve) is around 1.2. However, when o > 2, the practical approximation ratio

does not improve too much. Thus, for these instances, we suggest choosing o € [1,2].
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4.4 Extension: approximation algorithm for a CCSP with general prob-
ability mass functions

In this section, assume that each scenario £’ corresponds to a probability mass p; € Q4 for
i € N'. Under this assumption, similarly by introducing binary variables z; for i € [N],

then we can reformulate (4.1) as the mixed integer program (MIP) (c.f. [82, 120]) as

e —

v = min {cTa: cx e S, Alx > bz, 2z € Z, ﬂ]B%N} , (4.14)
T,z

where

Zo:=Rze0,1)V: sz‘zizl—é ;B =1{0,1}.
i€[N]

Since {p; }ienr C Q, let ¢ be the greatest common divisor of the denominators of {p; }ien-

Let us round ce for any o € [1,1/€) below:

keq(0) = |oeq]/q, (4.15)

which is no larger than e/r. We remark that if {p;}icns are identical, then ¢ = N and
ken(r) =|oeN]/N.
By definition of k. ,(0) and observing that in (4.16), z € {0,1}" is integral, we could

replace set Ze by Z_ 1) N {0, 1}V in (4.16), i.e., (4.16) is equivalent to

€

v¥ = min {CTZL‘ cxe S, Az >z, zc e q(D) HBN}, (4.16)
T,z ,

with key(1) = lge)/a.

We now study the approximation results of the CCSP with finite support. Recall that
¢(s) = min(s, 1), hence, the continuous relaxation of (4.16) is equivalent to the formulation
below

v — min {ch cxeS, Alx >z, zc Zke,q(l)} , (4.17)

€,% peyge
which turns out to be continuous relaxation of (4.16).

Our approximation scheme is to scale the optimal solution to (4.17).

Theorem 18. Given violation ratio o € [1,1/¢), define

Qeq(o) == géljr\lf {1 — keg(o) — Zpi : Zpi < k:evq(a)} . (4.18)

€S i€S
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. . . . . e q(0)+ke,q(0) v
In Algorithm 5, let approzimation ratio v = ae,q(a)ike,q(a)q—ks,q(l)f and the relaxed set X,
be the feasible region of (4.17). Then, Algorithm 5 yields (vy,0) bicriteria approzimation

guarantee for (4.1).

Proof. First of all, from the discussion above, we note that the risk parameter in (4.1) can
be replace by k. 4(1).
PR . . ey A ke, (1)
Let (Z,2) be an optimal solution of (4.17). Let set [ :={i e N : Z; > 1— m}

Now we make the following claim.

Claim: Y ;1 pi 2 1 — ke g(o).

Proof. Suppose not. Thus, Y ..;p; <1 —keq(0). Then

i A . Feq
D piE=) piEit Y pizi<zpi+(1_ae,q( )+keq ) 2

ieN iel ieN\I iel ieN\T

ol k) s,

Aeg(0) + keq(0)  acg(0) + keg(0)

_ keq(1) ke.q(1) e
=1 aEaQ(U) + ke,q(U) ae,q(@’) + ke,q<0') [1 ke,q( ) E:‘]( )]
=1 —keq(1)

where the first strict inequality is because N\ I = {i e N : Z; < 1 — %{;‘)qi_éﬁlzm}

is nonempty due to the hypothesis, and the second inequality is due to the definition of

e q(0). This contradicts the fact that z e Z. o
5o AT e Qe q(0)+keq(o) = 5 — mi = i
Now let & = 4% := J—sprsrrs@ and % = minf{[vZ], 1} for each i € N. We

first show that & € Xj,_ (,). Indeed, since 7z € S, thus 7 € S, and by Claim, we know
Y icrPi = 1 —keg(o). Hence,
P[S : a(:ﬁ,é) < 1] <1- sz' < ke,q(a)-
el
Thus, the output of Algorithm 5 Z must also be in set Xi_ ()

By the description of Algorithm 5, we have

Yol > *yvze(;, =c'i>c'z
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This implies that z yields (v, o) bicriteria approximate solution. O

One direct application of Theorem 18 is the single-criterion approximation.

Corollary 4. Let q be the greatest common divisor of the denominators in {p;}icnr and

violation ratio o = 1, then Algorithm 5 yields a single-criterion approzimation for (4.1)

with approzimation ratio vy = ii‘;(é)) +1, where ke g(1), o q(1) are defined in (4.15), (4.18),

respectively.

Proof. The results follow directly from Theorem 18 by letting o = 1. 0

91



CHAPTER V

ON DETERMINISTIC REFORMULATIONS OF
DISTRIBUTIONALLY ROBUST JOINT CHANCE CONSTRAINED
OPTIMIZATION PROBLEMS

5.1 Introduction

5.1.1 Problem Setting

We consider a distributionally robust chance constrained program (DRCCP) of the form

(c.f. [24, 46, 51, 123)):

v* =min ¢'x, (5.1a)
st. x €S8, (5.1b)

i : >0]>1-—ce .
Inf PlE: F(2,6) 20] 21— (5.1c)

where x € R" is a decision vector; the vector ¢ € R™ denotes the objective coefficients; the set
S C R" denotes deterministic constraints on x; the random vector £ supported on = C R™
denotes uncertain constraint coefficients; the mapping F(z,¢) := (fi(z,€),..., f1(z, &))"
with fi(x,&) : R" x 2 — R for all ¢ € [I] :== {1,...,I} defines a set of uncertain constraints
on x; the ambiguity set P denotes a set of probability measures P on the space =2 with a
sigma algebra F; and € € (0, 1) denotes a risk tolerance. In (5.1) we seek a decision vector

T subject to a set of deterministic constraints defined by

x to minimize a linear objective ¢
S, and a chance constraint (5.1c) that is required to hold for any probability distribution
from the ambiguity set P with a probability of 1 —e. Note that when |I| = 1 the constraint
(5.1c) involves a single chance constraint and if |I| > 2 it involves a joint chance constraint.

The primary difficulty of (5.1) is due to the distributionally robust chance constraint

(5.1c). Let us denote the feasible region induced by (5.1c) as

Z::{ZCGR”:%Q%P[E:F(;U,&)>O]>1—6}. (5.2)
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In this chapter we study deterministic reformulations of the set Z and its convexity prop-
erties. Our study is restricted to the convex, moment constrained setting (cf. [93, 95]), i.e.

under the following assumptions.

(A1) Each function f;(z, &) in the mapping F(x, ) := (f1(x,£),. .., f1(x,£))T is concave in

x for any fixed &, and is convex in £ for any fixed =x.
(A2) The random vector £ is supported on a nonempty closed convex set = C R™.

(A3) The ambiguity set P is nonempty and is defined by moment constraints:

P={PcPy(E):Ep[¢e(&)] = gt,t € T1,Ep[p¢(§)] > gs,t € T2, } (5.3)

where Py (£) denotes the set of all of probability measures on = with a sigma algebra
F, and for each t € T U753, the moment function ¢; : = — R is a real valued continuous
function and g¢; is a scalar. Furthermore, for each t € 77, the function ¢.(&) is linear,

and for each ¢ € Ty, the function ¢.(§) is concave.
5.1.2 Contributions

Even under the above convexity assumptions the set Z is nonconvex in general, making (5.1)
a difficult optimization problem. Moreover it is not described by explicit functions, and so
is not suitable for direct optimization as a mathematical program. In this chapter we first
provide a deterministic approximation of Z that is nearly tight and then identify a variety

of settings under which Z is convex. The main results of this chapter are summarized next.

1. We propose a deterministic conservative approximation with its closure equal to Z,
which is in general nonconvex and can be formulated as an optimization problem

involving biconvex constraints.

2. If there is a single uncertain constraint, i.e. |I| = 1, we prove that the proposed
deterministic approximation is exact and reduces to a tractable convex program. This
result is a generalization to existing works (e.g., [24, 123, 135]) with arbitrary convex

ambiguity set rather than known first and second moments.
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3. We prove that if the ambiguity set P contains only one moment inequality, i.e. |7;| =0
and |T2| = 1, then Z is a tractable convex program; and if the ambiguity set contains
only one moment linear equality, i.e. |71| = 1 and |72] = 0, then Z is equivalent to

the disjunction of two tractable convex programs.

4. We prove that if = = R™ and the moment functions {¢:(£) }te7;u7; are linear, then Z

is equivalent to the feasible region of a robust convex program.

5. We prove that if Z is a closed convex cone, the function f;(z,€) for any i € [I] is of
the (separable) form f;(z,&) = w;(z) — h;(§) where h;(§) is positively homogeneous on
E, and the moment functions {¢:(£)}+c7, are positively homogeneous on Z, then set
Z is convex. This result is a generalization of [47], where the authors assumed that

w;(+), hi(+) are affine functions for each i € [I].

6. When the decision variables are pure binary (i.e. S C {0,1}") and uncertain con-
straints are linear, we show that the proposed deterministic approximation can be
reformulated as a mixed integer convex program. We also present a numerical study
to demonstrate that the proposed reformulation can be effectively solved using a stan-

dard solver.
5.1.3 Connection to existing works

Recently, nonlinear uncertain constraints have been extensively studied in different areas,
e.g., wireless communication [55], transportation [123], facility location [58], power system
[124] and so on. Many researchers investigated distributionally robust program with various
nonlinear moment ambiguity sets, for example, [47] studied mean dispersion ambiguity set,
[30, 33, 51, 135] incorporated second moment into ambiguity set, and [116] considered
coefficient of variation. Next, we will review single and joint chance constraints separately.

In the case of a single uncertain constraint, i.e., |I| = 1, there has been significant efforts
in identifying settings where Z can be reformulated by deterministic convex constraints.
For example, with known mean and covariance of £, the authors in [24] showed that the

set Z can be formulated as a second order cone program (SOCP). Recently, more efforts
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have been made to derive tractable reformulation of the set Z. For instance, in [135],
the authors showed that with given range of first- and second- order moments, the set Z
can be reformulated as a semidefinite program (SDP). These tractability results have been
generalized to nonlinear uncertain constraints in [123]. In [46], the authors demonstrated
that the set Z is convex when P involves conic moment constraints or unimodality of P.
Generalizing the above mentioned earlier works, this chapter demonstrates that for any
ambiguity set with convex moment constraints, when there is a single chance constraint,
the set Z can be reformulated as a convex program.

Tractability results for a joint DRCCP (i.e., |I| > 1) are very rare. It has been shown in
[46] that optimization over the set Z is in general NP-hard. Therefore, much of the earlier
works built approximation of the set Z instead of deriving its exact reformulation. For ex-
ample, in [73], the authors suggested that using Bonferroni’s inequality to decompose a joint
chance constraint into |I| different single chance constraints whose sum of risk parameters
is no larger than e. With such decomposition, any approximation scheme proposed for a
single chance constraint could be directly applied. However, Bonferroni’s inequality is not
tight in general (c.f. [30, 135]). Thus, in [30], the authors proposed to improve Bonferroni’s
inequality by scaling each uncertain constraint with a positive number and converting them
into a single constraint. For any fixed scaler, they were able to provide a conservative SOCP
approximation. Later, it was shown in [135] that by optimizing over the scaling parame-
ters, the feasible region of the proposed scaling method is nearly exact to set Z when P
is described by first- and second- order moments. This result was established using strong
duality of SDP. However, in this case, the corresponding deterministic reformulation of (5.1)
turns out to be a bilinear optimization problem, which is naturally hard to solve (c.f. [13]).
Recently, [47] derived a tractable reformulation under the restricted assumption that the
stochastic mapping F'(z,&) is separate and affine in (z,§), = is a closed convex solid cone
and the ambiguity set is defined by mean and dispersion constraints, where the dispersion
function is positively homogeneous on the cone Z. We extend the results of [135] to any
ambiguity set with convex moment constraints and show that the approximation yields a

mixed integer convex program when the decision vector z is binary. Unlike [47], we show
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that a DRCCP with single moment constraint is tractable by relaxing their assumptions on
the set 2 and mapping F(x,¢), and we also provide new sufficient conditions under which
joint DRCCP is tractable.

The remainder of the chapter is organized as follows. Section 5.2 presents some pre-
liminary results to be used subsequently. Section 5.3 proposes an equivalent deterministic
reformulation of the set Z and develops a tight approximation of the set Z via a system
of biconvex constraints. Section 5.4 provides various sufficient conditions for the convexity
of the set Z. Section 5.5 demonstrates that the proposed tight approximation of Z yields
a mixed integer convex program when the decision variables are binary and the uncertain

constraints are linear. A numerical study is presented to test the proposed formulation.
5.2 Preliminaries

We first present notations, some standard results and then define a special function associ-

ated with the set Z that will be used in our analysis.
5.2.1 Notations

We use bold & to denote random vector while ¢ is a realization of £, and e be all-one vector.
For a positive integer m, let [m] := {1,...,m} and R = {z € R™ : > 0},R}, = {x €
R™ : x; > 0,Vi € [m]}. We let M (Z) denote the cone of all nonnegative measures on Z.
Given a vector F = (fl, . .,fI)T, the indicator function ]Lr(ﬁ) is equal to 1 if ﬁ > 0 for
all i € [I],0 otherwise. For logic expression x, we let I(x) be 1 if y is true, 0, otherwise.
Given a function ]/t\(), we use dom f to denote its domain. Given a closed convex cone C,
a function f : C — R is positively homogeneous on C if f(Ax) = Af(x) for any x € C and

A>0.
5.2.2 Some standard results

As is common in the distributionally robust optimization literature (e.g., [93]), our deter-
ministic reformulation of Z relies on dualizing the optimization problem appearing in the
left-hand-side of the chance constraint defining (5.2). Towards this, in addition to Assump-

tions (A1) - (A3), we will make the following constraint qualification assumption on P
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throughout the rest of this chapter.

(A4) (Slater’s condition) there exists a probability measure P satisfying the constraints

defining P for any sufficiently small perturbation of {g;}+teru7s-

We will use the following strong duality result.

Lemma 6. Let P be defined as in (5.3) and suppose Assumptions (A1) - (A4) hold. Let
P(§) be a Lebesgue measurable function on (2, F) such that |Ep[t)(€)]] < oo for any P € P,

then

inf Epy(£)], (5.4)

PeP

is equivalent to the following mathematical program:

max A+ Z 9Vt (5.5a)
teThUT2
teTHUT2

Proof. Note that M (Z) denote the cone of all nonnegative measures on =. Then (5.4) can

be formulated as

inf P(§)du(§)

HEML(E)

st. [ 6u©)du(&) = gVt € T, / Su(€)du(€) > g1Vt € T, / dp(€) = 1.

1]

(1
1]

The dual of the above semi-infinite linear program is (5.5). Due to Assumption (A4),
Theorem 5.99 in [21] implies that strong duality holds and the set of optimal solutions are

bounded. O

Next, we note that Z is closed.

Lemma 7. Under Assumptions (A1) - (A3), Z is closed.

Proof. For any given P € P, let

Zp:={zx €R":Pl§: F(z,€) >0 >1—¢}.
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From Proposition 1.7 in [52], since F(z,£) is continuous in x, Zp is a closed set. By
definition, Z = (pep Zp and it is well known that any intersection of closed set is also

closed. Thus, Z is closed. ]

Finally, we mention a result from convex programming that will be useful.

Lemma 8. (Convexr Theorem of Alternatives, [12]) Consider the convex inequality system

f(z) <e,
(1) gi(x) <0,i € [m],

r e X,

where ¢ € R is a constant, f(x),{gi(z)}icpm) are convez functions defined on R™ and X C R™
is a nonempty convex set. Assume that there exist T such that g;(Z) < 0 for each i € [m)].
Then system (S1) is unsolvable if and only if system (S2) is solvable, where (S3) is defined

as
infex [£(2) + Xiepm Ngi(@)] 2
A >0,1 € [m]

(S2)

5.2.3 ¢-conjugate functions

Our subsequent constructions will make use of the following function associated with the

ingredients defining Z.

Definition 8. Let f(x,&) be a function which is convez in § € E for all x. Given functions
{6e(§) hie;ury as defined in (5.3) the ¢-conjugate of f corresponding to weights (v, a) €

RIT < RPN < R s

¢f(% a, l’) = SUE Z Cf)t(g)’}/t - Oéf(l‘, 5)

£EE \teTiuTs

For notational simplicity, when f(x,§) =0 for all (x,£), we denote

QZ)O(’Y) = Q;Z)O(’% «, {L‘)

Note that evaluating ¢ (7, @, ) amounts to solving a concave maximization problem.

Often, such a problem is tractable. Next we establish some properties of 9.
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Lemma 9. Let f(x,£) be concave in x € R™ and convex in § € Z. Then its ¢-conjugate

function (v, o, x) has the following properties:
i .- x) is jointly convex in (v,a) € (RITl x RUEI Ry for any given x;
f +
1 ., ) is jointly convex in (v,z) € (RITl x Ry x R for any given o;
f +

(11i) if Z is a closed convex cone, f(x,-) and {¢:(-) her;uT are positively homogeneous on
=, then
0, if(y,a,z) € dom ¢y,

?ﬂf (77 «, J}) =
400, otherwise.

Proof. Parts (i) and (ii) follow from the fact that the supremum of a set of convex functions
is convex. We only show part (iii). If = is a closed convex cone, f(z,-) and {¢:(-) }rersuT; are
positively homogeneous on =, then we must have ¢ ¢(v, o, z) < 0 for any (v, a, z) € dom vy.
Otherwise, there would exist ¢ € Z such that
> o —af(,€) >0
teT1UT2

and so

sup [ Y @@ —af(@,) | > lim Y ¢(A)v — af(w, M) = oo

€2 \teriums AT e RUT
where the first inequality comes from Aé € = for any A > 0 and the first equality due to the
positive homogeneity of f(z,-) and {¢¢(:) }tersu7;. Also from positive homogeneity it follows

that e #6(0)ye — af(x,0) = 0. Thus ¢ (y,a,z) = 0 for all (v, a,z) € dom ¢y. O

Note that in part (iii) of Lemma 9, if = is a polyhedral cone, f(x,&) is linear in £ for
any given = and {¢:(£) }iersu7; are all linear functions, then by strong duality of linear
programming, ©¢ (7, a, ) is equal to the characteristic function of a set defined by linear
inequalities on (v, a) for any given x.

Next we present a few examples of P whose associated ¢-conjugate function and its

domain can be explicitly computed. We omit the calculations for brevity.
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Proposition 27. Let

P ={PeP(R"):Ep[l€]q] < g1},

with ¢ > 1,E=R"™, and f(2,6) =b—p e~ a. Here Yyer i $e(€)n = —IEllg. Then

—ab—p'z), if oz o <y, v>0
wf(’}/:aax) = -t
400, otherwise.

Proposition 28. Let
P ={PePy(R™) : Eelw/ €] = g1t € Ty, Erlw/ €] > it € T},

with 2 = R™, f(x,§) = (Az +a) €+ Bx +b, and Y cq 7 0(E) 1 = X eqmum 1wd €

Then

—a(Bz +b), ifa(Ar+a) = cqrun 1w, >0V EET
Vi(y, o, x) =
400, otherwise.

Proposition 29. Let
P ={PePo(R"): Ep[§] = 0, Ep[|[£llg] < g},

with ¢ > 1, E = R™, and f(z,§) = h(z) + B where h(x) is concave in x. Here

ZteTlUB () = ’Yirf —2l€llg Then

~ah(z), if |7~ aBT| o, <y, 32 >0
Yi(y,a,2) = a
400, otherwise.

Proposition 30. Let
P = {P e Py (R™) : Erle] = 0,Ep[¢€T] < T},

with 2 =R™, and f(x,§) = (Ax+a)T§+Bm+b. Here ZteTluTg D(E)m = ’yirff <’)/2,££T>.

Then
—a(Bzx+b)+min{t: T(t,y,a,z) = 0} ify2 =0

Vi(y, o, x) =
400 otherwise,
t Ly —a(Az+a))T
with T(t,v, o, x) = z(n ( ) .
—3(m — a(Az + a)) 72
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Proposition 31. Let
P = {Pe Py (R™) : Eele] = 0, Ep[(h €)Y < g(h" 1)},

with 2 = R™, and f(x,€&) = (Ax+a) €+ Bx+b. Here Yteriur ) = v E—2g(hT €)%

Then

—a(Bx +b) + min{t : T(¢t,v,,2) = 0}, ify2>0
¢f(% Q, l‘) =
400 otherwise,

t —LIy —a(Az +a))T
with T(t, v, o, x) = 2 ( ) )
—%(71 — a(Az + a)) yaghh "
The mean deviation ambiguity set in Proposition 29 has been studied in [47]. The first
and second- moment ambiguity set in Proposition 30 has been studied in [30, 33, 51, 135],

while the mean and coefficient of variation ambiguity set in Proposition 31 has been studied

in [116].
5.3 Deterministic formulations

In this section we present two deterministic formulations associated with Z. The first
is a direct reformulation using the strong duality result in Lemma 6. The second is an

approximate formulation of Z via biconvex program which is shown to be nearly tight.
5.3.1 Direct reformulation

Lemma 6 is sufficient to derive the following deterministic reformulation of Z. We will

investigate the convexity of this reformulation in Section 5.4.

Theorem 19. Suppose Assumptions (A1) - (A4) hold, then

A+ Z gt > 1 —€, (5.6a)
teTIUT:
7y AT <, (5.6b)
N+ g, (. 1,2) < 0,Vi € Iy (a), (5.6¢)
v > 0,Vt € To,p > 0,Vi € Il(.l':), (56(1)
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where the functions o (+), 9. (-, -,-) are ¢-conjugate functions as defined in Definition 8,
and

Li(z) :={ie[l]: I €E, fi(z,£) <0}
Proof. Note that

Zp = {m €R": inf B (F(z,£))] > 1 - e} .

By Lemma 6, the left-hand side of the constraint defining Z is equivalent to

max A+ Z 9Vt (5.7a)
teT1UT2

s.t. A+ Z ¢t(§)7t < ]I+(F($7§))v Vé €=, (57b)
teTUT2

Y > 0,1 €T (5.7¢)

From the definition of I, (F(z,£)), constraints (5.7b) are equivalent to

A ) sOn < LVEEE, (5.8a)
teThiUT2

A+ Y e <0vEe [ J{E€E: filz,€) <0} (5.8b)
teT1UT2 ie(I]

Constraint (5.8a) is equivalent to

A+ sup Z (O | <1,

§€E \teTiums
which is equivalent to (5.6b) by the definition of 1 (7). Next we focus on reformulating
(5.8b).
Given z, let Zi(z) :=={£€ € E: fi(x,&) < 0} for all i € [I]. Note that by definition of

I (x) we have that Z;(x) # 0 for all ¢ € I;(z). Thus (5.8b) is equivalent to

A+ sup > e&n | <0Vie L) (5.9)
€€5i(@) \teTiuTs

For any given z, since f;(x,€) and Y7 7, ¢t(§)y are continuous in £, = is a closed set

and by definition Z;(z) # 0 for each ¢ € I1(x), so we can replace the strict inequalities in

—_—

Zi(x) by non-strict ones. Thus, (5.9) is equivalent to

A+ sup > au©w | <0Vie L) (5.10)
fiso<o \IETLUTe

102



For any given v € RI7il x RL?', A € Rand z € S, (5.10) implies that the following constraint

system on £ is insolvable

At > > 0,€ €E, filw,6) <0, (5.11)

teT1UT2
for each i € I1(z).

By definition of the set I1(z), we have that there exists £ € = such that fi(z,&) < 0
Thus by Lemma 8, (5.11) is equivalent to that there exists an «; > 0,

Adsup | Y ¢(E)n —aifi(z,6) | <0,

$EE \teTiuTe

for each i € I1(x). By definition of ¥, the above system is equivalent to (5.6c). O

We remark that reformulation (5.6) of Z is not convex since each function 1, (-) is not
in general convex for i € [I], and also because the index set I;(z) depends on x. In the
subsequent sections, we will explore the tractability of the set Z by establishing conditions
under which {4y, (v, @i, z) };¢(r) are convex and [1(x) can be replaced by [I].

We also remark that by Lemma 3.1. in [95], for any distribution P € P, there exists a
discrete distribution P € P with a finite support of at most 1+ |77|+|73| points. Therefore,
there exists a worst-case distribution P* which achieves the infimum in (5.1c) has a finite
support with points {7}y with J <1+ [Ti| + [Tz, i.e., P* satisfies

Zps«sj

V]

We first observe that A + v () can be lower bounded by 1 — e.

Corollary 5. For any (\, v, a,z) satisfying (5.6), we must have A + 1 (7) > 1 — €.
Proof. For any given P € P, (5.3) yields

/@ P(ds) = gr. ¥t € Ti. | Gu(€)P(de) > g1 € To

Since v, > 0 for each t € T2 by aggregating the above inequalities with multipliers

{7t} teriuTs, we obtain

Z /_‘7575( )ylP(d) > Z gt (5.12)

teTiUT 7= teTiUT2
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Since

w) =sp [ S a©n]z 3 [a@ura.

§E€E \teTiuTs teTiUTz V=

therefore (5.12) and A + >, 7, gyt > 1 — € imply

A+ (y) > 1—e
O

We also observe that for each i € I1(x), a;; must be strictly positive. This observation is
key to the proofs of several main results in subsequent sections, for instance, it allows us to

prove the convexity of the set Z when = = R" and {¢:(§) }ter;u7; are all linear functions.

Corollary 6. For any x satisfying (5.6), we must have a; > 0 for all i € I;(x).

Proof. If I (x) = (), then we are done. Now let us assume that I;(z) # (). Suppose a;, =0
for some 49 € I1(z). Then from (5.6¢), we have A+ 1y, (v,0,2) < 0, which is equivalent to

A+ 1o (7) < 0. This yields a contradiction to Corollary 5 that A+ g () > 1 —e. O
5.3.2 Biconvex approximation

Recently, in [30], [51] and [135], the authors derived CVaR approximation of a joint DRCCP
with linear uncertain constraints, which yields an almost exact feasible region of a DRCCP.
The construction of such an approximation scheme is outlined below. First, for any given

positive vector o € Ri 4, we can convert the joint chance constraints into a single one as

Z = {x eR":ac€ RfrJr,Ig%fDIP’[E : ?é?[)]({ai(_fi(x’g))} <0 >1 —e}

= {x eR":a e RL,supPl¢ : max {a; (—fi(z,€))} > 0] < e}
PeP i€[l]

where the second equality is due to P[§ : maxjey{oi(—fi(x,€)} > 0] + P[§
max;e ) {ai (—fi(z,§))} < 0] = 1. For any given probability measure PP € P, apply the
CVaR approximation of [73] to the above chance constraint, which yields a conservative

approximation of Z as
1
Z2!x: RZ inf -E i (—fi(z, — <0p.
{iﬂ S ++,;16171;{52R{ﬁ+6 p[(rirg[lﬁ{a( fi(z,€))} B)J}} }
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We further note that if we interchange the infimum with the supremum, then by standard

minimax argument, set Z is further approximated by

Z2 {x ra€ RL,ég]%{ﬁvL 1;16151@@ [(%ﬁi{% (—fi(z,8))} — 5>J } < 0}

D Z¢ = {az cacRL BER, B+ ! sup Ep <max{ai (—fi(z, &)} — ﬁ) ] < 0} (5.13)
€ pep i€(I) +

where the second inclusion is because infimum might not be achieved by any .
The relation (5.13) leads us to reformulate Z¢ as a disjunction of two sets by distin-

guishing whether 5 = 0 or not.

Theorem 20. Zo = X¢c U Yo, where

Xo={z:F(z,§) >0,V¢ € =} (5.14)
and
A+ Z gy > 1 —¢, (5.15a)
teETIUT2
Yo= g AT =L (5.15b)
A4y, (v, a4, 2) <0,Vi € [1], (5.15¢)
v >0,V € Ta,a; > 0,Vi € [1]. (5.15d)

Proof. We separate the proof into three parts.

(i) Note that in (5.13), we must have 8 < 0; otherwise, as (max;e(p{i(—fi(z,£))}—8)+ >

0 for all £ € E, thus the expectation in (5.13) is always nonnegative, which implies

that the left-hand side of (5.13) is strictly positive, a contradiction.

(ii) For any = € Zc, there exists (o, 3) € Rl | x R_ such that

Be + sup Ep
PeP

(s (-0 - ) | <o
Now we distinguish whether 8 =0 or 8 < 0.
(a) If 8 =0, then (5.13) yields

sup Kp [(%iﬁ{az (—fz(SC,E))})J <0 (5.16)

PeP
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which is equivalent to

inf P[F >0l=1>1—c
jnf [F(z,&) > 0] >1—e

By continuity of F(x,§), infpep P[F(x,&) > 0] = 1 implies that F'(x,&) > 0 for all
£ € =, which implies that the feasible solution x must be in X¢.

(b) Suppose 5 < 0. Divide (5.13) by —f and add e on both sides, then we have

(r,gcﬁ{ai (. €))} ﬁ) J <e (5.17)

]

1
—sup Ep
—B pep

Since # < 0, we can redefine a; as «;/(—p) for each i € [I]. Thus, (5.17) yields

<Hé?1?]< {ai (= fi(z, €))} + 1) <e

1 +_

sup Ep
PeP

Subtracting one on both sides and flipping the sign of inequality yields

inf E]p
PeP

1- <mal)]< {ai (—fi(z,€))} + 1) >1—e (5.18)

i€ +

By Lemma 6, for any given o € R. |, the infimum in the left-hand side of (5.18)

is equivalent to

max A\ + Z 9Vt (5.19a)
teT1UT2
st A+ Z (&) <1— <max{ai (—fi(z,8)} + 1> WVEeE,  (5.19b)
teETIUT well] +
1 2
Y > 0,1 € Ts. (5.19¢)

Since the maximum value of (5.19) should be no smaller than 1 — ¢, therefore,
we can replace the maximization over A,y by existing A, «. In addition, breaking

down the maximum in (5.19b), (5.18) is equivalent to

A+ Z gy > 1 —¢, (5.20a)
teTiUTs

A > hil©n <1,V EE, (5.20b)
teTIUT2
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A | YT ©n—aifilx )| <0.VE€Eie I, (5.20¢)

teT1UT2

1= 0,t €Tz, (5.20d)

for some o € R , . By definition of 1, (5.20a)-(5.20c) are equivalent to (5.15a)-

(5.15¢). Therefore, (A, v, a, x) satisfies (5.15). Thus, z € Y¢.
This implies that Z¢ C Xc U Ye.

(iii) Now let * € Xo UYe. If # € X¢, then choose 5 = 0, = e, thus z € Zo. If
x € Y, there exists (N,7/,a’) such that (N,+/,d/, x) satisfies (5.15) and we must
have o > 0 from Corollary 6. In (5.13), let 3 = 1, = /. Then by Lemma 6, the

dual reformulation (5.13) is equivalent to the set Zo. Thus, z € Z¢.
]

Remark 1. To solve (5.1) over set SN Z¢, one can optimize ¢z over SN Xe and SNYe

separately, then choose the minimum value.

Remark 2. We note that the left-hand sides of the constraint system (5.15) are biconvex
in a and (A\,7,x), i.e., for any given « € RL | they are convex in (\,7y,2), and also convex

in a for any given (X, 7, x).

We observe that Yo is quite similar to (5.6) except that index set I;(x) is equal to [I]

in (5.15). Indeed, we are able to show that Z is charaterized by Y below.

Theorem 21. Let
C .= {SL‘ cZ:3die [I]aénifz(x)g) = O} :
en
IfC =0, then

Yo =Zc = 7.

Proof. Since Theorem 20 implies that Yo C Zo C Z, we only need to show that Z C Y.
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We first rewrite set Yo as

At DY gm=1-g (5.21a)
teT1UT2
Ao (7) <1, (5.21b)
Yo =0T 04 ¢y (v, a0 2) < 0,Vi € L(2), (5.21¢)
A+ g (v, a4,2) <0,Vi € 1]\ Ii(z), (5.21d)
Y > 0,Vt € To,a; > 0,Vi € [I]. (5.21e)

By definition we have [I]\ I1(z) = {i € [I] : fi(z,§) > 0,V€ € Z}. For each i € [I]\ I1(x),

(5.21d) is equivalent to

[1

At DT G(©m < aifi(w,€), V¢ € E.

teTiUT2
In the above reformulation, by taking supremum over the left-hand side and using the fact

that A + ¢ () < 1, we observe that

1< gni fi(z,€),Vi e [I]\ Ii(z), (5.22)
€=
Yo 2§ ®:(5.21a), (5.21b), (5.21¢),
Ve > 0,Vt € 7‘2,(% > O,V’L € [I]

Using the fact that a; > 0 from the proof of Theorem 20, the right-hand side in (5.22) is

equivalent to
0.< inf fi(2,),¥i € [\ h(a), (5.23)
Yo 2 Yo i={ 2 1(5.21a), (5.210), (5.21¢),
v > 0,Vt € To,; > 0,Vi € I (x).

From definition of )?C, we have
Z\Yo CZ\Ye CC:={zcZ:3ic [I],ginﬁfi(x,f) =0}
SS)
where the first inclusion is due to }A/C C Y, and the second inclusion is because for any

z € Z but z ¢ C, we must have z € Y. O
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A direct observation from the proof of Theorem 21 is the sufficient conditions when «
could be bounded. This observation is useful for binary DRCCP which will be discussed in

subsequent sections.

Corollary 7. If S is compact and I)(x) = [I] for allx € Z (i.e., Z = Y ), then there ezists

an M € Rfr+ such that in SNYe, a; < M; for each i € [I].
Proof. By Theorem 21, we have
ZI\NZc CZ\YoCC:={xeZ:Ti€ [I],gugéfz(x,g) =0}.
If I =1, then we have
CC{zeR": fi(z,§ >0,V € 2} C X¢.

Thus,

Z CZcUXo = Zgo,

ie. Z=/Z¢. ]

Next we observe that Zo = Z when there is a single uncertain constraint.

Corollary 8. When I =1, we have Z¢g = Z.

Proof. By Theorem 21, we have

Thus,
Z\ZC - Z\YC CcC:= {33 cR":.4; € [I] \Il(x),grelgf,(m,f) = 0}

where the first inclusion is due to Yo C Z¢, and the second inclusion is because for any
x € Z but z ¢ C, we must have x € Y.

If I =1, then we have

CC{zeR": fi(z,§) 2 0,Y{ € E} C Xc.
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Thus,

Z CZocUXe = Zg,
ie. Z=/2Z¢. ]
Remark 3. A special case of Corollary 8 has been observed by [123, 135] for a DRCCP with

first- and second- moment constraints. Here, we provide a different proof and our results

apply to a DRCCP with more general conver moment constraints.

Despite the tightness of Z¢, due to the biconvex terms in set Y, it is nonconvex in
general. However, as shown in Sections 5.4 and 5.5, in some cases, it is possible that these

biconvex terms can be convexified.
5.4 Convexity conditions for Z

In this section, we will explore some settings under which the set Z is convex. The results in
the first two subsections are derived by constructing a new formulation which projects out
dual variables A, « in (5.6) and proving that the new formulation is convex and equivalent to

the set Z. The remaining two results are to explore the positive homogeneity of mappings

{(bt(g)}tﬂ’lUTz or F('%ﬁ)

5.4.1 Single uncertain constraint

We show that if there is a single uncertain constraint (i.e., I = 1), then the set Z is convex.

Theorem 22. When I =1, then

— > g+ Q= (7) + ey, (v.1,2) <0, (5.24a)
7 = ZC = xT: teT1UT2
v > 0,Yt € Ta, (5.24b)

which is a convex set.

Proof. Note that Zc = Z from Corollary 8. By definition of the set Z¢ in (5.13), we can

obtain

Zo = {x o1 >0,0eR, 8+ E sup Ep [(on (— f1(,€)) — B), ] < 0} (5.25)

€ PeP
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By replacing § with — 3 and flipping the sign of inequality, we have that (5.25) is equivalent

to

Zo = {az tap > 0,6 € R’]gngP [min (o f1(z, &), 5)] > (1 — e)ﬁ} (5.26)

Then by Lemma 6 and the proof of Theorem 20, the infimum in the left-hand side of (5.26)

is equivalent to

A+ Y gm=(1-eB (5.27a)
teTiUT2
Zo=da AT <P (5.27b)
)\+¢f1 (770517'7;) S 07 (527C)
[ 7 =0,VteTz,01 >0. (5.27d)

Next, we project out variables A, 8 from set Z¢ in (5.27) by Fourier-Motzkin elimination

procedure and obtain

- Z gVt + (]‘ - G)wo (7) + E,(7Z}f1 (77 aq, l’) < Oa (528&)
Zo =< x: teTiUT2
Y > 0,Vt € Ta,on > 0. (5.28b)

We note that in (5.28a), a; must be positive and finite. Thus, by scaling it to be 1, we
obtain (5.24).

Since ¢o(-) and ¢y, (-, 1,-) are convex functions, Z is a convex set. O

Theorem 22 implies that for a single DRCCP, Z can be always reformulated as a convex set.
This has been observed by [51, 123, 135] where P is only constrained by first- and second-

moments. Here, we extend this result to more general moment constraints.
5.4.2 Single moment constraint

Here we consider the case that P is described by a single moment constraint. First, we
show that for one inequality constraint (i.e., | 71| = 0,|72] = 1), the set Z is convex. The
main idea behind the proof is to project out the « variables from characterization (5.6) in

Theorem 19.
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Theorem 23. If |Ti| =0 and |T2| =1, then

— 917 + (L= €)oo (3i) + €y, (Bi, 1, z) < 0,Vi € [1], (5.29a)
Z =L x:
5> 0, e [1, (5.20b)

which is a convex set.

Proof. Let Z* be the set defined on the right-hand side of (5.29), which is clearly convex.
We will first show that set Z is equivalent to Z by projecting out dual multiplier A and
aggregating two types of constraints into one. Next, we show that the consolidated set Z

is equivalent to the convex set Z*. The proof proceeds in three steps.

(a) First, using Fourier-Motzkin method to project out variable A in (5.6), we can reformu-

late Z as
—gim +vo () <e (5.30a)
Z=Rxz:—gm+vy (nm,q,x) <e—1,Vie I(x), (5.30b)
7 > 0,05 > 0,Vi € [I], (5.30c)

where in (5.30c), we let a; > 0 for all i € [I] due to Corollary 6.

Next, we can get a relaxation of the Z by aggregating the two constraints (5.30a),

(5.30b) above together as (1 —€) x (5.30a) + € x (5.30b):

5 —gim + (L= €)Y (M) + ey, (1, i, 2) <0,Vi € L1 (), (5.31a)
J=Xx:
1 > 0,05 > 0,Vi € [I] (5.31b)

Set Z is a relaxation of Z, i.e. Z C Z.

Next we show that Z C Z. Recall that I1(z) := {i € [I] : 3¢ € B, fi(z,€) < 0}. Given
a point x € Z, we consider two cases I1(z) = 0 and I (x) # 0. If I;(x) = 0, then let
71 = 0 and a = e (e is the all-one vector). Clearly (71, @, ) satisfies constraints in

(5.30). Hence z € Z.

Now suppose that I (z) # ). As z € Z, there exists (71, a) such that (71, a, z) satisfies

constraints in (5.31). First of all, we claim that v; > 0; otherwise, suppose that 3 = 0,
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then by (5.31a), Definition 8 and the fact that o € RL | we have
sup _aifi(xa 5) < 07
e=
which implies that f;(z,£) > 0 for all £ € Z and ¢ € I;(x), contradicting I1(x) # 0.

Thus, we must have v; > 0.

Next, we claim that —g1y; + %o (71) > 0. Indeed, by Assumption (A4), there exists a
probability measure P € Py (Z) such that Ep[¢1(€)] > g1. Thus
91 <Ep[¢1(§)] < Sup ¢1()-
SS
Since v; > 0, we must have

—g1m + %o (1) = 7[~g1 + ?611:) $1(8)] > 0.

Define 41 = ey1/ [—g171 + Yo (71)]. Thus,

— g + Yo (M) = —gren/ [=g17m + %o ()] + ?Elg (em#1(8)/ [=g171 + %o (11)])

€
- —g171 + o ('Yl) [_9171 + 1o ('Yl)] = €,

where the first and second equalities are from the definition of g (-) and construction

of 41; and similarly for each i € I;(x),

— g+ (M, 0,x) = —grevi/ =171 + Yo (1))

+ 21612 (en1e1(8)/ [=g171 + Yo ()] — eai fi(x,€)/ [=g171 + 2o (11)])

€
 —gim + o () [=g1m + 9y, (v, @i, )]

€ —(1—¢
< g+ 917 — ( Yo (7) 1,
—g171 + %o (1) €

where the first and second equalities are from the definition of ¢ (-) and construction

of 41, and the last inequality is due to (5.31a).

Hence, (71, a, z) satisfy the constraints in (5.30); i.e., z € Z. Thus, Z = Z.

(b) Now we show that Z* C Z. Given a point x € Z*, if I;(x) = (), then clearly z € Z.
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Suppose I1(z) # 0. Since x € Z*, there must exist a vector 5 such that (7, z) satisfies
(5.29). For any i € I1(x), we must have 73; > 0; otherwise, (5.31a) yields ¢4, (0,1, z) < 0;

ie., fi(x,&) >0 for all £ € =, contradicting i € I1(x).
Let 1 = max;er, ()7 and set o; = 71/7; for each i € I1(z) and a; = 1, otherwise.
Then for each i € I1(x),

—gim + (L =€) () + ey, (11, i, @)

=—gim+(1—¢) zlelg (m191(£)) + ezgg (M191(&) — M /i fi(,§))

= 2| —gi7i + (1 — ) sup (Fig1 (€)) + esup (Fign (€) — fi(x,€))
Vi fe= e=
- % (917 + (1 — o (3) + by, (Fin 1,2)] < 0,

where the first three equalities are from the definition of 9. (-) and construction of v1, «,

and the last inequality due to (5.29a) and the fact that y1 = maxjer, )7 > 7 > 0.

Thus, (71, @, z) satisfies constraints (5.31), i.e. = € Z.

Next we show that Z C Z*. Given x € Z, there exists (71, ) such that (1, o, z) satisfies

constraints in (5.31). For each i € [I]\ I1(x), let 4; = 0; otherwise, let 7; = 1/ ;.

Then for each i € [I]\ I1(z), we have

— g% + (1= €)vo () + ey, (i, L w) = esup (—fi(z,8)) <0,
€E
where the first equality is from the definition of ¥. (-,-,-) and 4; = 0, and the first
inequality is due to ¢ € [I]\ I1(z), thus f;(x,£) > 0 for all £ € Z. On the other hand,

for for each i € I1(z), we have

— 917 + (1= €)vo (3i) + ey, (3, 1, @)

=—gim/ai+(1—¢) 216113 (p1(E)1 /i) + 62161:19 (¢1(E)M /i — fi(z,8))

= ai —g1m + (1= ¢)sup (11¢1(£)) + esup (11 (§) — aifi(z, )| <0,
i ¢e= ¢eE

where the first two equalities are due to the definition of ¥. (-, -,-) and 7; = 1/, and

the last inequality is due to (5.31a) and «; > 0.
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Thus, (7, z) satisfies the constraints in (5.29); i.e., z € Z.

Thus, Z = Z = Z*. Since ¢o(-) and {¢y, (-, 1, ") }ie[n) are convex functions, Z is a convex

set. O

We remark that the proof of Theorem 23 only holds for the case of one moment in-
equality. If there is more than one moment inequality, it is difficult to project out the dual
multipliers {c; }ie(r-

Another observation is that in the reformulation (5.29), the constraints (5.29a) are [

replications of (5.24a). Indeed, let us consider the following set
Zo = {x : IPI)Iel;DP[E D fi(x, &) >0l >1—¢,Vie [I]} (5.32)

which relaxes the requirement to satisfy all uncertain constraints, and is an outer approx-
imation of Z. We can show that the relaxed set Zp is equivalent to Z if there is only one

moment inequality in P.

Proposition 32. If |T1| =0 and |T2| = 1, then Zp = Z.

Proof. Since set Zp consists of I single DRCCP, therefore Theorem 22, Z is equivalent to
—g171i + (1 = €)vo (y14) + €y, (714, 1, 2) <0,Vi € [1],

Zo=<T:

Y1i = O,Vi S [I],

which clearly equals to (5.29) defining set Z. O

This result in Proposition 32 does not hold for general ambiguity set P. Consider the

following example:

Example 5. Let n =1,1 =2 and fi(z,§) = €x + T, fo(z,§) = —€x + T and
P ={P e Py (R):Ep[¢] = 0,Ep[¢?] < 1},

then according to Theorem 3.1 [24] and Theorem 2 [117], we can reformulate sets Zo and

Z as follows:




Z={x:|z| <VeT}.
Clearly, when e = 1, Zp — R but Z is always bounded. Hence the distance between Z and
Zo can be arbitrarily large.

Note that if there is one linear moment equality, we can reformulate Z as a disjunction
of two sets by treating an equality constraint as two inequalities, then applying the same

technique of Theorem 23.

Theorem 24. If |Ti| =1 and |T2| =0, then

Z =707
where

. — 917 + (1 — €)vo () + ey, (3, 1,2) < 0,Vi € [I], (5.33a)
=< x:

i > 0,Vi € [1], (5.33D)
, — 917 + (1 = €)oo (Vi) + ey, (3i, 1, ) < 0,Vi € [1], (5.34a)
=< x:

7 <0,Vi € [1], (5.34b)

and Z', Z? are convex sets.

Proof. From the proof of Theorem 23, we know

—g171+ (1 — €)oo () + ey, (11,04, 2) <0,Vi € I (z), (5.35a)
Z =X x:
a; > 0,Vi € [1], (5.35b)

and if y; > 0, then Z = Z!, while if 44 < 0, then Z = Z2. The conclusion follows by

combining these two sets together with disjunction. O

Different from a result in [47], where the authors only showed tractability of a linear
DRCCP with right-hand-side uncertainty (i.e., fi(x,&) = a] x — £"b" with constants a; €
R™, b € R™), our results in Theorems 23 and 24 apply to both right-hand-side and left-
hand-side uncertainty.

The following example shows an application of Theorem 23.
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Example 6. Consider a stochastic multi-dimensional continuous knapsack

problem. There are n items and I knapsacks, where for each item j, c; represents its value,
and &; represents ith knapsack’s random weight vector, and let b; be the total capacity of
1th knapsack. The variable x; denotes the portion of jth item being picked. Suppose that

we know the total absolute deviation of weight, thus P is defined as
P ={PeP(E):EelliélL] < g},

where 2 = R"*! and &, = £, + p; for all i € [I].

Now the distributionally robust multi-dimensional continuous knapsack problem is for-

mulated as
v* = max ¢z,
z€[0,1]™
st inf Pl (u + &) <b,Vie[I]>1—e (5.36)
€

Note that for each i € [I], the ith uncertain constraint is fi(z,&) = b; — ' s — 2 ' &. By

Proposition 27 with ¢ = 1, we have

—ai(b — pi ), if loiz]e <7,
¢fi (’77 Qg x) =
~+00, otherwise,

and ¢o(7) = 0.

Thus, according to Theorem 23, Problem (5.36) is equivalent to the following linear

program
v =max ¢z, (5.37a)
s.t. x€l0,1]", (5.37b)
gvi < e(bi — pi x),Vi € [I], (5.37c)
[#]loo < i, Vi € [I], (5.37d)
vi > 0,Vi € [I]. (5.37e)

5.4.3 Linear moment constraints

Here, we show that if = = R™ and the ambiguity set is defined only by linear moment

constraints, then the set Z is equal to X¢ as defined in (5.14). Hence, DRCCP is equivalent
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to a robust convex program.

Theorem 25. Suppose = =R™ and {¢(&) }ie;ur, are all linear functions, then
Z=Xc={xeR": fi(z,6) >0, € R" i e [I]}. (5.38)

Proof. Since {¢(&)}ter;uT; are all linear functions, let ¢¢(¢) = w, ¢ for all t € T; U T. We
only need to show that I;(z) = 0 for any given = € Z, where I (x) := {i € [[] : 3¢ €
E, fi(z,£) < 0}.
Suppose that I1(x) # () for some z € Z. Since ¢¢(¢) = w, ¢ for all t € T; U T and
= =R"™, (5.6b) in Theorem 19 yields have
A+ sup Z thffyt <1,
SER™ e UTe

which implies that

Z weyy = 0.

teT1UT2
Meanwhile, in (5.3), for any P € Py(Z), we have Ep[w, €] = g; for all t € T; and Ep[w, €] >

g+ for all t € T5. Multiplying these equalities and inequalities with {v;}+c7;u7; (note that

v > 0 for each t € T3), we have

Ep Z yewl &| > Z gt

teT1UT2 teT1UT2

ey D ierium 9t < 0as D cq up wiye = 0.

Now from (5.6¢) in Theorem 19, for each i € I;(x), we have

)‘+wa (77041'71;) :)\—i-SUI_) Z ’tht—rf_alfl(wvf) = )\‘FSHE (_aifi(x7§))>
£e= teTiUTa Ee=

where the first equality is due to the definition of ¢.(+, -, -) and the second equality is because
of Zteﬁuﬁ wyyy = 0. As we know i € I1(z) and a; > 0 from Corollary 6, we must have
supgez (—aifi(x,€)) > 0. Hence, (5.6¢) (i.e., A+ 9y, (7, s, ) < 0) implies that A < 0.

On the other hand, (5.6a) (i.e., A+ > .77, 97t > 1 — €) implies that A > 1 — e since

> eriuT, 907t < 0. Thus, we have a contradiction. O
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This proposition suggests us that only considering first-moment information might not
provide us a sufficient characterization of the ambiguous set and hence more nonlinear

moment constraints are needed for a more realistic reformulation.
5.4.4 Nonlinear positively homogeneous moment constraints

Now we consider the case of multiple (possibly, nonlinear) moment constraints. Let us begin

with the following technical lemma.

Lemma 10. Suppose that E is a closed convex cone, ¢(§) is positively homogeneous on =

for each t € Ty, then Z is equivalent to

Z gtV = —€, (5.39a)
teT1UT2
71y eprn $0(1) <0, (5.39b)
L+ vy (v, a4,2) <0,Vi € I (z), (5.39¢)
v > 0,Vt € To,a; > 0,Vi € I1(x), (5.39d)

where convex mapping Vo describes the domain of ¢g, i.e.,

0, if o(v) <0,

400, otherwise,

Yo (v) =

Proof. Since ¢;(&) is linear for each ¢ € 77 and is positively homogeneous on Z for each

t € Tz, by part (iii) of Lemma 9, (5.6) reduces to

(

At > gm=1-¢ (5.40a)
teT1UT2

A+ (v, 04,2) <0,V € (), (5.40c)

(5.39b), (5.39d).

It remains to show that for any = in Z, we always have \ = 1.
Consider an = € Z with (A, v, a) such that (), v,«a,z) satisfies (5.40) and A < 1. By

Corollary 5 and 9 () = 0 in its domain, we must have A > 1 — e. Now construct a new

119



solution (\,7, @, ) as A = 1,5 = 3,a = §. Clearly, (A, 7, @, z) also satisfies (5.40). Thus,
we can always set A = 1 in (5.40), which yields (5.39).

By Lemma 9, ¢ (7) is convex in A, therefore 1y is a convex mapping. O

Next, we identify sufficient conditions for the set Z to be convex if the moment con-

straints are defined by positively homogeneous functions {¢:(§) }iers-

Theorem 26. Suppose that = is a closed convexr cone, ¢(§) is positively homogeneous on
E for each t € Tz, and for each i € [I], fi(x,&) = wi(x) — hi(§), where wi(x) : R™ — is a
concave function and h;(§) : 2 — R is a concave function and positively homogeneous on

2. Then Z is formulated as the following convex set

( Z gV = —€, (5.41a)
teETIUT2

1 < oywi(z),Vi € [I]\ Ia, (5.41b)

7 :O < wj(x),Vi € I, (5.41c¢)

do(y) <0, (5.41d)

Yop, (7, —a;) <0,Vi € [I]\ Iz, (5.41e)

| % >0Vt e Ts,0;>0,Vie[I]\ I, (5.41f)

where Iy == {i € [I] : h;y(§) < 0,Y€ € E}, and for each i € [I],

—Oéiwi(x), Zf QZJ—hi (77 Oéi) < O)

00, otherwise,

¢fz (77051'7'1‘) = —Oélwz(x) =+ ¢—hi (77057;>x) =

with the convexr mapping ¥_p, (v, a;).

Proof. We first note that 0 < w;(x) for all ¢ € Iy for each x € Z. We prove it by con-
tradiction. Suppose that I1(z) N Iz # 0. Thus, in (5.39¢), for each i € I(x) N Iz, we

have

0 > 1+ wfl (’77 ai7x) = wfl (’77 g, I’) =1- azwl(x) + w—hi ('77 OZZ',.%')

1 — aw;(zx), if &fhi (v, aq) <0,

400, otherwise,
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where the last inequality due to positive homogeneity of {¢:(€)}ier;u7 and hi(§). Thus,
we must have ¢_j, (v,q;) < 0 and a;w;(x) > 1. This implies that w;(z) > supg hyi(§), i.e.
filx, &) = wi(x) — hi(§) > 0 for all £ € =. Therefore, ¢ ¢ I;(x), contradiction.

Thus, set Z is now equivalent to {0 < w;(z),Vi € I} N Z, where

Z = {ZE eR": Iélel};mg cwi(x) > hi(§),Vie [I]\ ) >1— e}

Now from the proof in Theorem 20, we know

Z\Yo CC:={x e Z:3ie [\ L,w(x)=suphié)},

fe=
where
3\
Z gVt Z —€,
teT1UT2
}70: r R :)‘+¢0(7)§17

A+ lﬁfi (’)/, oai,x) <0,Vie [I] \IQ, (5.42)
Ve 2 0,Vt € 7-2,ai > 0,Vi e [I] \IQ.

Since for each ¢ € [I] \ I, we have h;(§) > 0 for some & € =, thus by positive homogeneity,
we must have supgcz hi(§) = oo. Hence, C = () and Yo = Z. By by Lemma 10, we can

A =1 in set YC. Thus,
Z ={0 <wi(z),Vie LYNZ ={0 < w;i(z),Vi e L}NYe

leads to

Z 9Vt > —€,

teT1UT2
QZJO(’}/) < Oa
— n .
2= R @) Vi€ I,

1+ 4y, (7, a4,2) <0,Vi € [I]\ Iy,

Ve 2 O,Vt S 7-2,052‘ > O,Vi S [I] \IQ.
Note that for each i € I, 1y, (v, a5, 2) = —azwi(x) + Y_p, (7,04, ). Since function h; is
positive homogeneous in ¢ and irrelevant with x, by Lemma 9, ¢_j, (v, o, x) is convex in

(7, ;) and hence its domain is. Hence, we arrive at (5.41). O
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Note that (5.41b) is a convex constraint for each ¢ € [I] and is second order cone repre-

sentable by introducing a new variable 0 < ¢; < w;(x). Then (5.41b) is equivalent to
22+ (i — 4:)* < (i + 4:)*,0 < gi <wi(x), Vi € [1).

Note that Theorem 2 in [47] is a special case of Theorem 26, where in [47], it is assume that
wi(z) is an affine function and h;(§) is a linear function for each i € [I].

The following example demonstrates an application of Theorem 26.

Example 7. Consider a stochastic lot-sizing problem. There are I time periods and at
each time period ¢ € [I], & represents the random demand and ¢;, f; are the production
cost and fixed cost, respectively. The production for each time period cannot exceed M.
There are two types of decision variables, x; represents production level and y; represents
production set up at time 4, i.e., y; = 1 if z; > 0; 0, otherwise. Suppose that we know the

mean of the demand at each period and the total deviation of demand, thus P is defined as

P={PePy(@): Exl] = 0,E[IEll)) < g}

where = =R/ and & = € + p.

Now the entire distributionally robust lot-sizing problem is formulated as

v =min c¢'z+ fly,

stz < My, Vi € [1], (5.43a)
inf P ij > Z(gj + i), Vie ]| >1—¢, (5.43b)

7j=1 7j=1
ye {01}, z>0. (5.43c)

Let us define matrix A € R/*! as A(i,j) = 1if j < i; 0, otherwise; and a;. denote ith row of
A. From Proposition 29, we have w;(z) = a;.(x—p), hi(€) = a;.€, thus ¥o(v) = ”71”% -2,
e
Yop, (7, —a;) = ||y + aiai.H% — 9 in Theorem 26. It is easy to see that
e
i

L=(ie[l]:sup |> &| <0p=0.
£eRT | =1
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Thus, set Z is reformulated as

972 <€ ) (5.44a)

1 < aja;.(x —p),Vi € [1], (5.44b)
Zo =K T:

oy < 720 1+ @iai || o < 72, Vi € [1], (5.44c)

v > 0,05 > 0,Vi € [I]. (5.44d)

In above formulation, note that the larger o value implies a larger feasible region. Thus, at

optimality, we must have s = ;. Therefore, Problem (5.43) is equivalent to the following

mixed integer convex program:

v  =min ¢ z+ [y, (5.45a)
sit. oz < My, Vi € [I], (5.45b)
1 < aja.(x — p), Vi e (1], (5.45¢)
€ € .
Il < ol + sl 2, < S vie (1), (5.45d)
a; > 0,Yi € [I],y € {0,1}),z € RL. (5.45¢)

Note that variables « in (5.45) can be interpreted as a safety buffer, which guarantee that

the inequalities (5.45¢) are robust.
5.5 Binary DRCCP

In this section, we consider the case of binary decision variables and general moment am-
biguity set P defined in (5.3), i.e., S C {0,1}" and linear chance constraints. We will first
derive a mixed integer convex reformulation and then present a numerical study. Please

note that the convexity results in Section 5.4 also apply to binary DRCCP.
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5.5.1 Mixed integer convex formulation

Proposition 33. Suppose S C {0,1}", fi(x,&) = (Alx + a?) "€ + Biz + b’ for each i € [I]

and « in (5.15) can be upper bounded by a vector M for any x € S. Consider a convez set

A Y gm=1-k (5.46a)
teT1UT2
Ao () €1, (5.46b)
Yo=q= A+ V7 (7,1, (@i, y:)) < 0,Vi € [1], (5.46¢)
0<yh < Myzj, o5 — Mi(1 — ;) <yl < oy,Vi € [I],5 € [n], (5.46d)
Ve > 0,Vt € Tz, > 0,Vi € [1], (5.46¢)

where for each i € [I], fi(ou,ys) = (A'y; + d’oy) € + Bly; + blay, then
SNYc=SNYcCSNZ.

Proof. When f;(x,&) = (Az + a') "¢ + B'x + b’ for each i € [I], by Definition 8, we have
v, (i) =sup | D ¢ — i((Alw+a') &+ Ble + 1)
$EE \teTiuTs
Since o < M; for each i € [I], let us define new variables y such that y* = a;z, which can
be linearized via McCormick inequalities [71] as 0 < y; < Mz, o — Mi(1 —x5) < yj- < ay,

i.e., (5.46d). This linearization is exact for any = € {0,1}". Thus, SNYs = SN Yc. O

Proposition 33 tells that to optimize over S N Y is equivalent to optimize over S N Y¢,
which is a mixed integer convex set instead of a mixed integer nonconvex set. Above
we have assumed the existence of vector M and one sufficient condition is Corollary 7.
Moreover, the next theorem shows that under some other cases, the variables a in (5.46)

have closed-form bounds.

Theorem 27. Suppose the ambiguity set be defined as

P = {PePy(2): Boléi] = i Brl(€ — pi)(& — i) 1] =2 Zi, Vi € 1]},
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where Z = R™ ! and ¥; = 0 for each i € [I]. Suppose S C {0,1}", fi(x,&) = (Az+a) &+

Bix + bt for each i € [I], then
SN(XcUYe)=5nN2Z.
Sets Xc and Yo in (5.46) are defined as
Xe={z:Av+a=0,B'z+b" >0,Vi e [I]}, (5.47)

and

)
A — Z [<ATEjA,w..j> + 2aT2jAz.j + aTEjafygj} >1—c¢,
Jell]

A+ Tt <1,
Jjell]

A+ Z tij < ((A:U + a)T/ii + bl> + Biyi,Vi S [I],
Jel]

’y%j < 4tij72ja\v/7; € [I]a] € [I] \ {Z}a
Yo =1 x: (i — ai)? < Atiyoi, i < 4toivei, Vi € [1], (5.48)

0 <yl < Mizj, o5 — M;(1 — ;) <y} < o, Vi € [I],5 € [n],

€ € ..
0< 25 < %xi/}?j — %(1 — ;) < 25 < vy, Vi, j € [I],

€ €
0 < wip; < —xi,0 < Wig; < —Tk,
S Wikj > énmz S Wikj > ank
€ ..
Yoj — %(2 —x; — xj) < wikg < Y25, Vi, J, k€ [1],

Yyai > 0,05 > 0,Vi € [I].

with

de | . . . , , . .
M= (4 70+ B+ ] A1)+ (04 ]+ B ] A1)+ 6

)
2€

for each i € [I], where n = minge(o1}n:A4axo A2 + al|3, & is the smallest eigenvalue of
matrices {¥;} e, and w.; denotes the matriz (wix;) for each j and z.; denotes the vector

(zij) for each j.

Proof. We will separate the proof into four parts.
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(i) Suppose for any = € {0,1}" such that Az + a = 0, then by (5.1c), we must have
Bix + b > 0 for all i € [I]. Hence, this implies that * € Xc. Also note that
for any x € SN Z\ X¢, we must have I1(z) = [I], i.e., x € SN Yo, Therefore,
SN(XcUYe)=5NZ.

It remains to show the existence of vector M such that «; < M; for each i € [I] and

reSNZ\ Xe.

(ii) From now on, we assume that ||Az + als # 0 for all z € SN Ye. Define & = & + p;
for each ¢ € [I]. Then the ambiguity set is equivalent to
P={PeP(®):Eeld)] = 0, EelE,&] < =i, vi € 1]},
where 2 = R/, Also, the uncertain constraint is fi(z,€;) = (Az + a)T€; + (Az +
a) " wi + Blz + b for each i € [I].
For any given x € Yg, replacing €, by ¢ = (Az 4 a)T€; and by the standard random

variable changing (c.f. [36]) and Theorem 1 in [79], the ambiguity set can be further

replaced as
P = {P P (R) : Ep[Gi] = 0, Ep[¢] < (v + 0) ' Si(Az + ), ¥i € [1]},
with the uncertain constraint f;(x,{;) = ¢ + (Az + a) " y; + Bz + b for each i € [I].

(iii) Next by Definition 8, we have

Vi, (v a) = Y sup [y1;¢ — 92;¢7]

jeln.jiSi<F

+ sup [’Yu@‘ — Y2i(? — o (Cz' + (Az+a) p; + Bz + bl)}
GER

—min{ Sty — ((A:c +a) i + Bia + bi> 7 < Aty Vi € [T\ {il,
Jeli]

(15 — @)? < 4tiiyoi }

where the second equality is due to 1-dimensional S-Lemma in [12]. Similarly,

Yo(y) = min § > "ty 775 < dtoje;, Vi € [1]
Jel
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Then by replacing minimum operator with its equivalent “existence” argument, set

Y can be formulated as

(

A= 3 ei(Az 4+ a)TS(Az fa) 21— ¢, (5.49a)
Jjell
A+ )t <1, (5.49b)
Jel]
A+ Z tij < oy ((A.T + CL)TMi + Biz + bz) Vi € [I], (549C)
Ye={x: J€U
Vi < Atigneg, Vi € (1], € 1)\ {i}, (5.49d)
(i — i)? < dtyya;, Vi € [1], (5.49¢)
V%j < 4tojv25, V35 € [1], (5.49f)
[ 72i > 0,04 >0,Vi € [I]. (5.49¢)

(iv) Now we show the existence of upper bounds on {a;};c(n) and {72;}ic;n) With following

four steps.

(a) First of all, we observe that to; > 0 for each j € [I]; otherwise, it contradicts that
(5.49f). Thus, (5.49b) implies that A <1 and hence Y-y v2;(Az + a) '3;(Az +
a) <e.
Let ¢ be the smallest eigenvalue of matrices {¥;};c(n. Hence, ¥; = 1. for each
j € [I], where I, is the identity matrix.
Clearly, § > 0 since ¥; - 0 for each j € [I]. Thus, }_ Yoj(Az+a)T2j(Az+a) <
e and X; > 41 for each j € [I] imply that
| Az+all3 Y yey <e
jel]
Let n = mingc (o, 1}n: Az-axo | A7 + al3, thus v2; is bounded by i.
(b) Therefore, (5.49d), (5.49¢) and (5.49f) can be relaxed by replacing {7a;};c[s] with

their lower bound ﬁ as below

5 . . .

iy > T, vi€ (1], € 1\ i}, (5.50)
L P R

ti; > E(’le - az) , Vi € [I], (551)
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0 .
to; > Ty, i € (1. (5.52)

c¢) Since t;;,tg; > 0 for alli € [I],j € [I]\ {i} and X; = 0 for all j € [I], thus (5.49a),
5> L0j j
(5.49b) and (5.49c) imply that
A>1—c¢,
At tii < ait’ + pj a+ (B + p A)zl], Vi € [1],

A+ to; < 1,Vi € [).

Together with (5.51) and (5.52), these above inequalities are further reduced to

—2a< —2(1—¢),
4 ) .
A+ El i = 00)? = ault' + il 0+ (BY 4+ ] A)a] < 0,1 € 1],

5
At 2 <1 v e ().
4e

Summing these inequalities up for each ¢ € [I] yields

5 . .
ﬁ (i — i) + %] — b’ + pf a+ (B' + p] A)zx] < 2¢ — 1.

(d) Using the fact that (r + s)% + s2 > %, we have

e ai[b! + p a + (B + p) A)z] < 2¢ —1,Y5 € [1].

As z € {0,1}", we have (B’ + u A)x < ||B* + p A?||;. Thus we arrive at the

following inequality

) ; ; .
5—20%2 — (b + p a+ || B+ ] All)) +1 —2e <0,Vi e [I].

Hence, o can be upper bounded by

4 A , , .
My = [+ a4 1B il AT)

. , , : J
+\/(bz @t 1B ] A2+ 8y~ 5

for each i € [I].
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(v) As oy < M; and = € {0,1}" for each i € [I], let us define new variables y such that

y" = ayx, which can be linearized via McCormick inequalities as

0< y; < Mixj, o5 — Mi(1 —xj) < ?/; < a;.

Also since vy, < ﬁ, thus, let z;; = 2,5, Wi = Yox2k for all 4, k, j € [I], which also

can be linearized via McCormick inequalities as

€ €
0<z;< %%’,’Yzj - %(1 —x;) < zij < 25,

€

0 < wig; < 5

€ €
23, 0 < wiy < %xk,’mg’ — %(2 —x; — xj) < wikj < Y24-

Thus, we arrive at (5.48).
O

The following example illustrates an application of Theorem 27. This example has
been studied in [32], where the authors presented several different heuristic (approximate)
algorithms. Instead, we show that the feasible region of this problem can be approximated
almost exactly as a mixed integer second order conic program (SOCP). Thus, any mixed

integer SOCP approach could be used to solve it.

Example 8. (multi-dimensional binary knapsack problem) Consider a variant of Exam-
ple 14 where z € {0,1}", i.e. z; = 1 if jth item being picked, 0 otherwise. Suppose that we
know the mean of weight vector of each knapsack and its second moment, thus P is defined

as
P = {IP’ € Po(B) : Bpl€;] = 0, Epl&i€)] < i, Vi € [I]} ,

where = = R and ¢, = € + wi. Without loss of generality, we assume that p; > 0,3; = 0
for each i € [I].
Now the entire distributionally robust multi-dimensional knapsack problem is formulated

as

v* =max c¢'uw,

129



st. x€{0,1}",

inf P[F >0 >1—
inf [F(z,€) > 0] > 1—¢,

where fi(z,€) = b; — x| p; — x ' & for each i € [I].
By Theorem 27, we must have SN Z = SN (X¢ UYe), where Xo = {0} and Y¢ is

equivalent to

A= (Sjw) > 1—¢

JEl]

A+t <1,
Jel]

A+ Z tij < a;b; — uz—yi,Vi S [I],
Jel]

fy%j < At;i7y04, Vi € [1],75 € [I]\ {i},
Yo =T (v —oy)? < Atyiyos, Vi € [I], (5:53)
V%j < 4toj25, V5 € [I],

0 <yl < Mizj, o5 — M;(1 — ;) <y} < o, Vi € [I],5 € [n],
£ £,
on

0 < wig; < an

23, 0 < wipy <

€

Yoj — %(2 —x; — ) < wikj < Y25, Vi, 4, k € 1]

v2i > 0,0, > 0,Vi € [1].

where

4
M; ==
on

0+ ) 05+ )2 + 8 — 2

for each i € [I] with 1 = mingego 13m0 [|2]|3 = 1 and & the smallest eigenvalue of matrices
{Ej }je[1]~

5.5.2 Numerical illustration

In this section, we present a numerical study to illustrate the strength of proposed formu-
lation (5.53) corresponding to the multidimensional knapsack problem in Example 8. The

instances are constructed from the problem set mk-20-10 in [101]. The instances in this

set are named 1-4-multi-N-i, where N € {100,500, 1000, 3000} denotes sample size of the
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weight vector and there are 5 different instances for each sample size (i.e., i € {1,2,3,4,5}).
Each instance has 20 decision variables and 10 knapsack constraints, i.e, n = 20,1 = 10.
We compute u, o of the weight vector for each knapsack as the sample mean and covariance
from the provided data.

Our first approach is to solve the mixed integer SOCP (5.53) exactly. We notice that
the explicit upper bounds of «, s could be quite loose. Hence, instead, we enhance these
bounds by maximizing these variables over the continuous relaxation of (5.53).

We compare our approach with the heuristic one proposed in [32]. The authors formulate
to maximize c' x over set Zc N {0,1}" in (5.13) as the following mixed integer nonconvex

program

max CT.’L',
ze{0,1}m
JE]
A+ )t < B,
JE]
Aty < aplbi — p @), Vi € (1], (5.54)
JE]
t —l’yT-
Yo P sovie ), e )\ {i),
—%’Ylj Y235
t:: _1 i + T
§ 2 (i + i) = 0,Vi € [1],
—3 (i + i) Voi
to; _% ITJ
= 0,Vj € [1],
—371y Y235

The solution approach is summarized below. First of all, given an «, solve the continuous
relaxation of (5.54) with « fixed, which is an SDP. Let ¥ be the corresponding optimal

solution. Then, fix = 7, change the objective function to max X — 3.7y (¥;,72;) (ie.,
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maximize the largest probability) and solve the corresponding continuous relaxation prob-
lem with optimal solution @. In the next step, let @« = @, and iterate. This procedure
terminates whenever the values of o and x no longer change. Suppose, at the end of this
procedure, & = @,x = T. In general, € [0,1]" is not binary. So the final step is ran-
domized rounding, i.e. treat z; € {0,1} as a Bernoulli random variable with probability Z;
for each i € [n], generate a sample Z, then check the feasibility of Z to (5.54). This step
could repeat multiple times until finding several candidate solutions (e.g., 5 solutions) and
of course, choosing the best one as the output.

We use commercial solver CPLEX for the first approach, while CVX for the second
approach. The results are listed in Table 8. We use vsocp, tsocp to denote the objective
value and the total running time of first approach (including big-M strengthening time),
while use vy, tg, gap for the objective value, the total running time and the optimality gap
of the second approach (the heuristic one). All instances were executed on a laptop with
a 2.67 GHz processor and 4GB RAM, while CPLEX 12.5.1 and CVX 2.1 were used with
their default settings.

In Table 8, we observe that the solution time of both methods are in general quite
similar, while on average, the exact approach (3463s) takes less time than the heuristic one
(4268s). If we compare the solution quality, it can be seen that the solution of the heuristic
method is quite unpredictable, i.e., for some instances, it finds a very good solution but
for others, it does not. The average gap of the heuristic solutions is around 20%. On the
other hand, the exact approach can find the optimal solution within an hour and a half for
majority of instances (34 over 40 instances). These results demonstrate the effectiveness of

the exact approach proposed in this chapter.
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Table 8: Performance comparison of exact and the heuristic methods

. N Index Exact Approach (5.53) || Heuristic Approach by [32]
USOCP tsocP vH ty gap(%)

1 2925 2291 2860 3069 2.2%

2 3950 8412 3750 2852 5.1%

0.05 100 3 2910 3740 2580 3111 11.3%
4 3430 2061 1900 3298 44.6%

5 3860 3756 3510 12294 9.1%

1 3140 8945 2860 4972 8.9%

2 4460 5546 4330 3850 2.9%

0.1 100 3 4140 3914 2610 4537 37.0%
4 4100 5597 4010 3462 2.2%

5 4380 7429 3935 4698 10.2%

1 3480 3286 1710 4846 50.9%

2 3400 3471 2000 4564 41.2%

0.05 500 3 3800 2080 3680 3917 3.2%
4 3050 4300 1690 3525 44.6%

5 4010 3897 3980 3198 0.7%

1 4100 5304 2580 3207 37.1%

2 4270 2188 2030 3194 52.5%

0.1 500 3 4480 4269 4380 3506 2.2%
4 4050 5197 3760 3376 7.2%

5 4530 5870 4240 3350 6.4%

1 4150 1430 2490 3431 40.0%

2 3280 789 2580 5451 21.3%

0.05 1000 3 4060 1369 3920 3428 3.4%
4 2640 1125 2170 3489 17.8%

5 2560 1300 2090 4096 18.4%

1 4560 2527 4550 4100 0.2%

2 4280 2655 2610 4543 39.0%

0.1 1000 3 4560 4304 4360 3441 4.4%
4 3500 1517 2490 3877 28.9%

5 3150 3424 2490 3720 21.0%

1 2905 2053 2530 5455 12.9%

2 2770 1701 2330 4482 15.9%

0.05 3000 3 2840 2546 2610 3844 8.1%
4 2860 2361 2240 3830 21.7%

5 2770 3087 2290 7839 17.3%

1 3680 2026 2170 3904 41.0%

2 3460 1765 2170 3837 37.3%

0.1 3000 3 3610 4282 2580 7537 28.5%
4 3560 4609 2490 4069 30.1%

5 3470 2097 2170 3512 37.5%
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CHAPTER VI

DISTRIBUTIONALLY ROBUST CHANCE CONSTRAINED
OPTIMAL POWER FLOW WITH RENEWABLES: A CONIC
REFORMULATION

6.1 Introduction

Recently with growing interests in environmentally friendly power generation such as wind,
solar, geothermal energy [63, 96, 107], optimal power flow (OPF) under uncertainty has
attracted much attention from researchers [9, 19, 102, 110, 125, 130, 131]. A particular
issue caused by renewables is the voltage fluctuations which can lead to severe issues, for
example, overloaded transmission lines [31, 69]. To mitigate these issues, [9, 19] proposed
a chance constrained optimal power flow model (CC-OPF) that constrains the overloading
probability. This chapter extends this work by enforcing power flow within lower and upper
bounds simultaneously and show tractability results of such an approach under data driven
distributionally robust setting.

There are many works on solving OPF, unit commitment (UC) problem or reserve
scheduling via stochastic programming [78, 90, 109], robust optimization [17, 40, 49, 50, 111,
113, 122, 132], and chance constrained program approaches [18, 19, 60, 75, 84, 102, 110, 125]
(see [65] for some discussions). Stochastic programming approaches highly rely on the under-
lying distribution, which could be unknown in many cases, and the performance of solution
algorithms is usually very sensitive to the distribution used [94]. Robust optimization is
often too conservative [11], while chance constrained programming is less conservative but
is often NP-hard [67, 73]|. Thus, to overcome the difficulties from these two approaches, here
we adopt a distributionally robust chance constrained approach, which allows violation of
uncertain constraints with a small probability for a large class of probability distributions
and could be reformulated as a tractable convex program [9, 24, 118, 135].

There are two concerns about existing literatures on CC-OPF formulations. It is known
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that each transmission line as well as each bus (node) in general has lower and upper bound
limits. However, most works [9, 19, 65, 129] treats the lower- and upper- bound overloading
separately, which is an inexact approximation. To the best of our knowledge, [64] is the only
known work treating lower and upper bounds simultaneously. However the results in [64]
highly depend on the assumption of a Gaussian distribution on the underlying uncertainties.
In this chapter, we will consider incorporating power flow within lower and upper bounds
simultaneously and our results are distribution-free.

Another issue regarding previous CC-OPF studies is that they assumed a particular
distribution of renewables’ output. For example, [19, 65, 83] assumed that the prior distri-
butions of renewables are Gaussian while [62] assumed that it is Weibull. However, these
assumptions might not be true in practice [9]. In general the underlying probability distri-
butions of renewables are not known or are hard to estimate from empirical data. Thus, to
hedge against the uncertainty of probability distributions we consider a data driven distribu-
tionally robust chance constrained optimal power flow model (DRCC-OPF) by considering
the overload within the upper and lower bounds jointly with high probability. And the
underlying probability distribution comes from a family of distributions (called “ambiguity
set”) that share the same mean and covariance matrix estimated from empirical data.

Distributionally robust chance constrained problems with multiple uncertain constraints
(joint-DRCCP) are very challenging [46]. There are only few setting under which joint DR-
CCP can be equivalently reformulated into a convex program. For example, in [47], they
assumed right-hand uncertainty with mean dispersion moment ambiguity set, and proposed
convex reformulations. Recently, [118] explored several sufficient conditions under which
joint DRCCP is convex and [121] showed that joint DRCCP with separable structure (the
uncertainties are separable across the individual uncertain constraints and their correspond-
ing distribution families) can be convex with small risk parameter. However none of known
sufficient conditions for convexity can be directly applied to the two-sided DRCC-OPF here,
where in two-sided chance constraint, the uncertain constraints are defined as lower and up-
per bounds of one uncertain affine function. This chapter fills the gap in [118] by showing

that joint DRCCP with two-sided constraint has a conic reformulation.

135



The remaining of the chapter is organized as follows. Section 6.2 lists all the nota-
tions used in this chapter. Section 6.3 introduces the model formulation and Section 6.4
shows how to reformulate the model into a convex second order cone program. Section 6.5

numerically illustrates the strengths of the proposed model.

6.2 Nomenclature

6.2.1 Sets

VY = set of all buses
&€ = set of all transmission lines linking two buses
G = subset of buses that house generators

W = subset of buses that holds uncertain power sources (wind farms)

6.2.2 Parameters

pj = average generation at bus j € W (p; =0, for all j € V\ W)

w; = random fluctuation of power generation at uncertain power source j € W (w; = 0, if
ieV\W)

> = known covariance matrix of random vector w

d; = demand at bus i € V

Bi; = the line susceptance between (i,5) € € (8;; = B by symmetry)

B = weighted Laplacian matrix defined as

—Bij if (1,5) €€
0, otherwise

for each (i, 7)

B the submatrix of B by removing the last row and column

)

B = pseudo-inverse of B defined as

BYW = |V| x |W| submatrix of B where its columns are from W
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ZSV’;/V = ith row of BY

e = all one vector

¢;, r; = quadratic cost coefficients of generator i € G

€;; = risk parameter of violating the capacity of transmission line (i, j) € €

€; = risk parameter of violating the capacity of bus i € G

;% = max capacity of transmission line (i, j) € £
Pt = generation lower bound of bus i € G
p;'®* = generation upper bound of bus i € G

6.2.3 Decision Variables

6; = be the phase of bus j € V
p; = regular generation at generator i € G (p; =0, if i € V\ G)

a; = ith assignment of total renewables to generator i € G (o; =0, if i € V'\ G)
6.3 Model Formulation

In this section, we consider an extension of distributionally robust chance constrained op-
timal flow model (DRCC-OPF') proposed in [19].

In the optimal power flow problem, we suppose that there is a subset W of the buses
with uncertain power sources (e.g., wind farms). For each j € W, we model the uncertain
power generated by p; + wj, where p; represents the mean of uncertain power generation
and w; is a random variable with zero mean and covariance matrix denoted by ¥. The net
output of bus ¢ € G is fluctuated by the output of wind generators. Let «; for each i € G be
the proportion of wind power allocated to bus i, i.e., the output of bus i € G is ; — (e ' w)ay
with nonnegative variables p;, c; and Zieg a; = 1. Each bus 7 € V has demand d;. For
notational convenience, we extend vectors w, u, a,p to RIVI by letting w; = 0,u; = 0 for
each j e V\ W and a;; = 0,p; = 0 for each i € V\ G.

Let 0 be the phases of all the buses. To approximate nonconvex AC power flow equations,
we use DC-approximation. Thus, the power flow between line (i,7) is approximated as
Bij(0; — 0;) where B;; = B3;; denotes the line susceptance.

Following [19], a distributionally robust chance constrained optimal power flow problem
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(DRCC-OPF) is formulated as

v* = min sup Ep Z ci(pi + ailew) +14)? (6.1a)
p,a,0 PeP icg
s£) o =1, (6.1b)
i€g
> (pi+ pi — di) =0, (6.1c)
(1%
BO=p+p—d, (6.1d)

—[B"(w — (" w)a))l < [} 21— e,

V(i,j) € &, (6.1e)

inf Plw : g™ < i — (e w)a; < p"™}

>1-&,Vieg, (6.1f)

p>0,aa>0,p,=0,0; =0,Vi € V\ G. (6.1g)
where (6.1a) is to optimize cost function where ¢ > 0 and r € RI9 are constant, (6.1b)
implies that the total assignment of power from wind is 1, (6.1c) means on average, the

total generation equals to the total demand, (6.1d) is the DC-approximation equation with

—Bij if (i,7) € €
0, otherwise

for each (i,7), (6.1e) enforce that the worst case probability that the absolute flow on

max

(i,7) does not exceed the maximum capacity i should be no smaller than 1 — €; with

pseudo-inverse of B
. |B o
B =
0 0
and its submatrix 8" and B the submatrix of B by removing the last row and column;
and (6.1f) ensures that with probability at least 1 — €;, the generated power at i satisfied

min
)

max

and the upper bound p;

(2

the lower bound p , (6.1g) defines the boundary of variables.

Here we assume the all the risk parameters are within (0, 1).
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Similar to [33, 51, 135], let us consider the ambiguity set defined by first and second

moments as
P ={P e Poy(RV) : Epw] = 0, Eplww ] = £} (6.2)

where Py (RM) denotes the set of all of probability measures on RV with a sigma algebra
F,and ¥ € RVIXIVl s a positive semi-definite matrix (i.e., ¥ = 0). We remark that various
other works have studied different moment ambiguity sets, for example, mean-dispersion
or mean deviation ambiguity set [47, 121], ambiguity set with known sum of variances and
covariance [33, 128, 129], or ambiguity set with a bounded support [102]. The results for
other types of ambiguity set might be different from the one of (6.2), however, the proof
technique here is very general and may be applicable to these settings as well.

As we know the mean and covariance of w, the cost function (6.1a) is equivalent to

sup Ep Z ci(pi + ai(e w) +7;)?
Pep i€G

= Z <Cz(ﬁz + ’I”Z‘)2 + ciageTEe> . (6.3)
1€G

Thus, apart from the chance constraints (6.1e) and (6.1f), the DRCC-OPF formulation (6.1)

is a convex quadratic optimization problem.
6.4 Convexr Reformulation of Chance Constraints (6.1e) and (6.1f)

In this section, we will develop a deterministic convex formulation of (6.1) by reformulating
the chance constraints (6.1e) and (6.1f) into equivalent convex constraints.
To reformulate the chance constraints (6.1e) and (6.1f), let us first consider a generic

distributionally robust chance constrained set defined as follows:
Z = {:1; : %n%]P’Ha(m)Tw +b(z)|<T]>1- e} (6.4)
€

where a(z),b(x) are affine mappings. This set is defined by a distributionally robust two-
sided chance constraint.
Note that (6.1e) and (6.1f) are special cases of (6.4), where in (6.1e), we let a(x) =

Bij(BY — aje — l’;’;/v +aje), b(z) = Bij(0; — 0;), T = 5 and in (6.1f), we let a(z) = —ase,
br) = i~ o
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6.4.1 Approximation by Two Single-sided Chance Constraints

Recently, including [9, 19, 125, 131], many studies tried to approximate the two-side chance

constrained set (6.4) by two single-sided chance constraints. In particular, let

inf Pla(z) w +b(z) <T]>1-a, (6.5a)
PeP

Zala) =R x: . .
IP1)1617f)}P’[a(:c) w+bz)>-T]>1-a. (6.5b)

By choosing « ~ € existing works use Z4(«) to approximate Z. It turns out that sets Z4(e)
and Z(e/2) are outer and inner approximations of set Z and can be formulated as second

order cone programs (SOCP).

Theorem 28. Suppose the ambiguity set P is defined as in (6.2), then set Z4 is equivalent
to the following SOCP

a(r)Ta(z) < T, (6.6a)

a(z)"Sa(x) <T. (6.6b)
and Zx(e/2) C Z C Z(e).
Proof. For x € Z, clearly, we have

inf Plla(z) "w + b(x)| < T)< jnf) Pla(z) w4 b(z) < T

and

inf Plla(e)w + b(a)] < 7)< jnf Plo(e) "w + b(a) > -],

Clearly, Z C Z(e).
The result that Z4(e/2) C Z follows by Bonferroni approximation of joint chance con-

strained set (c.f. [73]). The equivalent reformulation of Z4(«) follows by Theorem 3.1 in
[24]. O

As discussed in the sequel the approximations offered by Z4(a) could be very crude,
especially when the risk parameter € is modest. In the next subsection, we will explore an

exact convex reformulation of the set Z.
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6.4.2 Exact Reformulation

Our main result is the following theorem which provides a convex reformulation of the

two-sided chance constrained set (6.4) as an SOCP.

Theorem 29. Suppose the ambiguity set P is defined in (6.2), then set Z is equivalent to

the following convex SOCP (involving two additional variables):

y? +a(z)  Sa(z) < (T — )2, (6.7a)
Z=qz:|b(z)| <y+m, (6.7b)
T>7>0,y>0. (6.7¢)

Proof. Observe that |b(z)| < T for each x € Z. This is because by choosing w; = 0 with
probability 1 — €, w;y1 = \/@A?'%i,wiﬂw‘ﬂ = — @)\?'5% with probability m for
each i € W, where \; and u; are ith eigenvalue and eigenvector of 3. Then, under this

particular construction, we have |b(z)| < T.

Lemma 11.

Z =71UZyUZ3

where
1
—v/a(x)"Ea(z) +b(x)2 < T
1=Kz €
[b(z)| < €T,
1—ce¢
b(z) 41/ a(z)"Sa(z) < T,
Zo=XK1x: €
b(z) > €T,
and
1
—b(z) + ¢ a(z)"Ya(x) <T,
Zg =\
b(x) < —€T

Proof. Suppose x € Z, then by the standard random variable transformation (c.f. [36]) and

Theorem 1 in [79] (see also in [59, 118]), set Z is equivalent to

Z = :inf PlEI<T]>1-—
{o: g Pl <7121
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where
Pr = {IP’ € Po (R) : Epl€] = b(z), Ep[€?] = a(z) " Sa(z) + b(:v)z.}
Let M(R) be the set of all the positive measures on R. Then set P is equivalent to
Py = {]P’ € M(R) : Ep[l] = 1, Ep[¢] = b(), Ep[¢2] = a(z) T Sa(z) + b(x)?, }

where the first equality is to guarantee that P is indeed a probability measure. Thus, the

infimum in the set Z is equivalent to

nfE{I(¢] <)

S.t. Ep[l] =1,

Epl€’] = a(x) Sa(z) + b(x)?,

where [(R) is 1 if event R is true, 0, otherwise. By dualizing three equality constraints above
with dual multipliers A, 7, 8, Theorem 5.99 in [21] implies that for any = € Z, infpep, P[|€] <

T = infpep, E[I(J€] < T)] can be reformulated as

max A+ b(x)y + (a(z) " Sa(z) + b(2))B (6.11a)
st. A&y +E2B<1,VEER (6.11b)
AEY+EB<OVEEST (6.11c)
A+Ey+€28<0,VE: €< —T. (6.11d)

Note that in (6.11), we must have § < 0 and |%| < T. Otherwise, supg A + &y + €25 <0

which implies that for any probability measure P € P;, we have
A+ b(z)y + (a(z) " Sa(z) + b(x)*)5 = A+ Ep[y€ + €75] < 0

contradiction that x € Z.

Since 8 < 0 and |g5| < T, (6.11) is equal to

max A+ b(x)y + (a(z) "Sa(z) + b(2)?)B (6.12a)
7,8
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,72
st A— <1, (6.12b)

46 ~
ATy +T2%8 <0, (6.12¢)
B <0. (6.12d)

Note that in (6.12), the optimal v must have the same sign as b(z) so as to maximize the

objective function. Thus, set Z is equivalent to

A+ [b(@)|ly] + b()?8 + a(x) " a(z)8 > 1 - ¢,
-2

A—— <1, (6.13)

Z=Kx: 45

A+ T+ T8 <0,

6 <0.

\ /

Now in (6.13), let 7 := —%ﬁ = —|7]/5,X := —\/p and define a new set below

X+ ()7 — b(z)? — a(z) " Ba(z) > (1 — €, (6.14a)
~ 32
_ A+ <, (6.14b)
4=qx: 4
A+T7—T% <0, (6.14c)
~4 > 0. (6.144)

7

Now we claim that Z = Z. To prove this claim, we first show that Z C Z. Given z € Z,

there exists (A, 7, 7) such that (X, 7, 7, x) satisfy (6.14). First of all, by letting (6.14b) minus

(6.14a), we have

(Z - rb<x>|)2 +a(2) Sa(x) < er

thus, m > 0. There are two case:

Case 1. If 7 = 0, then by (6.14b) and (6.14a), we have A = 3 = 0 and a(z)" Sa(z) =
0,b(z)2 = 0. Next, choose A = 1,7 = 0,3 = —T72 and we have (\,7,,x) satisfies
constraints in (6.13). Hence, x € Z.

Case 2. If 1 > 0, now define ()\,5) = (Xﬁ)/w and B = —1/7 < 0. Clearly, (\,7, 3, x)

satisfy (6.13). Thus, x € Z.
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Thus Z C Z. Next we show that Z O Z. Given x € Z, there exists (),7,3) such that
(A, B, x) satisfy (6.13). As § < 0, let (Xﬁ) = —(\,v)/p and m = —1/3, then (/):,:}/\,71',.%)
satisfy (6.14). Hence, z € Z. Thus Z = Z.
By eliminating variables A, m by Fourier-Motzkin procedure, (6.14) yields
([b(@)] =7/2)* + a(z) Sa(z) < e(T —/2)?, (6.15a)

Z=<x:
7= 0. (6.15b)
Optimizing 7 in (6.15) by distinguishing the cases €I' > |b(x)| (v* = 0), b(zx) < —€T
(v = 2 (]b(z)| — €T)) and b(z) > €T (v* = 1= (|b(z)| — €T)), set Z can be reformulated

as a disjunction of three sets Z1, Zo and Z3. ]

We are now ready to prove Theorem 29. From the proof of Lemma 11, we observe that
the best v in (6.15) must be no larger than 2|b(x)|; otherwise, we will arrive at a smaller

set. Thus, (6.15) is equivalent to

(|b(z)| — 7)? + a(z) " Sa(z) < (T — )2, (6.16a)
0 <7 < |b(x)| (6.16b)

where 7 := 3.
Now let Z denote the right-hand side in (6.7). We claim. Z = Z. Given z € Z, there
exists a 7 such that (m,x) satisfy (6.16). Now let y = |b(z)| — 7, then (y, 7, x) satisfy (6.7).
Hence, z € Z. Thus Z D Z. Next we show that Z C Z. Given & € Z, there exists (y,7)

such that (y,m, x) satisfy (6.7). There are two cases:

Case 1. if |b(z)| <7 < T, then by (6.7), we have
a(z) Sa(z) <y +a(z) " Va(z) < (T —7)2 < (T — |b(z)])? (6.17)

where the first inequality is due to y?> > 0, the second inequality is because of (6.7a) and
the third inequality is because of |b(z)| < 7 < T. Now we distinguish whether |b(x)| < T’

or not.
a) if [b(z)| < €T, then by (6.7), we have

a(z) " Sa(z) < (T — 1) < (T — |b(x)])? < eI? — (2 — €)b(z)? < €T? — b(x)?
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where the first inequality is due to (6.7a), the second inequality is due to |b(z)| <7 < T,

the third inequality is due to |b(z)| < €T', and the last one is because of € € (0,1). This

leads to b(x)% +

a(z)"Za(z) < €T?, ie.,xz € Z, C Z.

b) if |b(x)| > €T, then (6.17) implies that

Since 1/% <

Case 2. it 0 < w < |b(z)|, then y > |b(z)| — 7 > 0. Hence, (6.7) implies that

z)| + \/E\/a(x)TEa(:v) <T

\/g, we must have z € Zo U Z3 C Z.

(1b(2)| = m)* + a(z) " Ta(z) < y* + a(z) " Sa(z) < (T —

where the first inequality is due to y > |b(x)| — 7 > 0, second inequality is because of (6.7a)

and thus (7, x)

satisfies (6.16), i.e., z € Z.

This completes the proof.

O]

Using the above result we can now provide an exact SOCP formulation of DRCC-OPF

(6.1) as follows:

* . — T
V¥ = min ci(pi+r —i—cae Ze)
: ég( (i + i) +

3
)

5.£.(6.1b) — (6.1d), (6.1g)

pi — 5

+ﬁ (v —ozze—B + aje )TE<Z’;’ZV—aie—l§}/y+aje>

< (I = 7i)%, V(6L §) € E,
/Bz]( )<y’bj —|-7TZ],V(Z',]')€5,
ﬁl]( )<yzg +7T1],\V/(i,j)€5,

Yij > 0, 0<7r1]<fmaXV( j)eE,

max min

2
yl +aj 2eTe < g <I%2pz_7ri> ,Vieqg,

max _|_ pmln

<y+m,Vieg,

max

b;

min

+ p;

_pz+ 2

<y +m,Vieqg,
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max __ ,min
P vicg, (6.18)

0<%;,0<m <
where 7,7y, 7, § are auxiliary nonnegative variables.

6.4.3 Quality of approximation of Z by Z4(¢/2), Za(e)

We know that from Theorem 28, we have Z4(e/2) C Z C Z4(e) and usually the inclusion
is strict. The following example shows that the distances between set Z and Z4(e) and

between set Z and Z4(e/2) can be large.

Example 9. Let b(x) =0,% = I, then

Zate/2) = {o: law)f < ;<12

Za(0) = {o: I < .72}

€

Z={a:]a@)3 < 1)

Clearly, when € — 1, Za(€) — R™ but Z is close to a ball {x : ||a(z)||3 < T?}. Hence the
distance between Z and Z A(€) tends to be infinity.

On the other hand, we know that 5= =~ § when € is small. Thus, in this case, the
radius of ball Z could be almost /2 larger than Za(e/2). This inner approzimation could
easily lead the feasible region of a DRCC-OPF to be infeasible. For example, if there is an
additional constraint S = {z : a(z) > Ty/Z5e} where m is the dimension of a(z), then

clearly SN Z(€/2) = 0 when € < 0.5, but SN Z even has a nonempty interior.
6.5 Numerical Illustration

We test the DRCC-OPF model (6.18) with an example used in [19]: case39 of MAT-
POWER data originally from [134]. The case is available at http://www.pserc.cornell.
edu/matpower/. In this data set, there are 39 buses (set V), 46 lines (set £) and 10 gen-
erators (set G). We assume that renewable power can be generated from buses 1 to 4 (set
W) with mean p; = 40 (MW) for each ¢ € VW and its covariance matrix ¥ is diagonal with
¥(4,7) = 400 for each i € W. All of the instances are solved by CVX [43].

In our first test, we let €; = € = 0.2. We compare our method with a “risk neutral”

model by assuming there is no uncertainty in (6.1e) and (6.1f), i.e., reformulating these
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constraints as

1B (0; — 6,)] < f7*,V(i,j) € €, (1¢))

Pt < p; < pE Vi € G (1£)

and to the model in [19] (we call it “BCH model”) where they assume the underlying
distribution is Gaussian. All three models can be solved within a second, with total costs
36059.1, 36448.6, 37885.3 for the risk neutral model, BCH model, and our model (6.18),
respectively. Thus, there is no significant difference (within 5%) of total costs among all
the three models.

We also test the reliability of models by simulating different distributions of renewables’
output, i.e., Gaussian, student, Laplace, Logistic and uniform distributions. We generate
100,000 samples from each distribution and check the violation of line flow capacity and
bus capacity for each transmission line and bus. In Table 9, we compute the maximum
probability of violations across all the lines and buses under each distribution. It can be
seen that even when the risk parameters are all equal to 0.2, our model is quite robust
and the chance that a line or bus capacity will be violated is close to zero for most of
distributions. However, in the risk neutral model, there is a 50% chance that a line or bus
capacity is violated almost for each distribution. The BCH model does slightly better, but
still under some distributions (e.g., Logistic), the probability of failure is relatively high

(31%).

Table 9: Maximum probability of violations and total costs among model (6.18), risk neutral
model and BCH model

Distribution Model (6.18) Risk Neutral BCH

Total Cost 37885.3 36059.1 36448.6
Gaussian 0.02279 0.50149 0.2022
Student 1.00E-05 0.50128 5.00E-05
Laplace 0.0274 0.50366 0.18197
Logisitic 0.12856 0.5022 0.31184
Uniform 0.0211 0.5016 0.21614

In the second test, we let the risk parameters €; and € range from 0.15 to 0.5 and

observe how this affects the solutions. We compare our results on maximum probability of
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violations with the ones of BCH model through generating 100,000 samples from Logistic
distribution. In Figure 6(a), we see that the results from BCH model are quite sensitive to
the risk parameters, i.e., the probability of violating line capacity or bus capacity increases
almost linearly as the risk parameters grows. Since the probability of violation curve is
always above the neutral line which tells whether the probability of violations is larger than
the prespecified risk parameter € or not, hence the solution of BCH is not robust at all.
Therefore, in the BCH model, one might need to stick to small risk parameters. Our model
(6.18) turns out to be quite robust with the risk parameters. Even when all of the risk
parameters are equal to 0.5, the chance of capacity violation is still quite small (around
28%). We also observe that in Figure 6(b), cost difference between two models reduces
when the risk parameter increases. Another observation is that the total cost of our model
(6.18) is the most costly due to its conservativeness, but the difference between ours and
risk-free model is small (at most 6%) . This could be because in the objective function
(6.1a), there is only production cost of regular generators but no cost on renewables. Hence
influence of renewables to the total costs is small but to the system reliability is dramatic.
On the other hand, if the operators would like to reduce the total costs and can tolerate a
relatively high risk, they can increase the risk parameter.

Finally, we compare the computational time for model (6.18) with that of the risk neutral
model and the BCH model, by solving different MATPOWER cases: case30, case39, caseb7,
casel18 and casel45. The sizes of these instances and the associated run times are shown in
Table 10. The results in Table 10 show that even for the large-size power network (casel45),
all three models can be solved efficiently (i.e., within 4 seconds). We also observe that even
though model (6.18) requires more variables — at most 2£ + 2G additional variables — its

computational time is similar to the other two models.
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Figure 6: Comparison between model (6.18) and BCH model

Table 10: Computational time comparison among model (6.18), risk neutral model and
BCH model

Cases case30 case39 caseb7 casell8 casel4db
Buses (|V]) 30 39 57 118 145
Data Lines (|&]) 41 46 80 186 453
Generators (|G]) 6 10 7 54 50
Renewables (|W)]) 3 3 5 11 14
Model (6.18) 1.48 1.13 1.02 2.08 3.35
Results Risk Neutral 0.83 0.57 1.36 1.71 1.63
BCH 0.83 0.92 1.63 1.60 3.41
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CHAPTER VII

OPTIMIZED BONFERRONI APPROXIMATIONS OF
DISTRIBUTIONALLY ROBUST JOINT CHANCE CONSTRAINTS

7.1 Introduction

7.1.1 Setting

A linear chance constrained optimization problem is of the form:

min ¢z, (7.1a)
st. x €8, (7.1b)
IP’{£ Cai(2)T€; < bi(x), Vi € [1]} >1-e (7.1c)

Above, the vector x € R™ denotes the decision variables; the vector ¢ € R™ denotes the
objective function coefficients; the set S C R™ denotes deterministic constraints on z; and
the constraint (7.1c) is a chance constraint involving I inequalities with uncertain data
specified by the random vector £ supported on a closed convex set = C R™ with a known
probability distribution P. We let [R] := {1,2,..., R} for any positive integer R, and for
each uncertain constraint i € [I], a;(x) € R™ and b;(xz) € R denote affine mappings of x
such that a;(z) = A%c + a' and b;(z) = B’z + b' with A € R™>*" ¢ € R™ B’ ¢ R",
and b’ € R, respectively. The uncertain data associated with constraint 4 is specified by
&, which is the projection of £ to a coordinate subspace S; C R™, i.e., §; is a span of
m; distinct standard bases with dim(S;) = m;. The support of §; is Z; = Projg, (£). The
chance constraint (7.1c) requires that all I uncertain constraints are simultaneously satisfied
with a probability or reliability level of at least (1 — €), where € € (0,1) is a specified risk
tolerance. We call (7.1c) a single chance constraint if I = 1 and a joint chance constraint if

I>2.

Remark 4. The notation above might appear to indicate that the uncertain data is separable

across the inequalities. However, note that &; is a projection of €. For example, we may

150



have §; = € and S; = R™ for all i, when each inequality involves all uncertain coefficients
.

In practice, the decision makers often have limited distributional information on &,
making it challenging to commit to a single P. As a consequence, the optimal solution
to (7.1a)—(7.1c) can actually perform poorly if the (true) probability distribution of £ is
different from the one we commit to in (7.1c¢). In this case, a natural alternative of (7.1c)

is a distributionally robust chance constraint of the form

inf P {g Lai(2) €, < bix), Vi € m} >1-¢ (7.1d)

where we specify a family P of probability distributions of &, called an ambiguity set, and
the chance constraint (7.1c) is required to hold for all the probability distributions P in P.
We call formulation (7.1a)—(7.1b), (7.1d) a distributionally robust joint chance constrained

program (DRCCP) and denote the feasible region induced by (7.1d) as
= L ca;(z) "€ < b ) >1—€,. .
Z {x eR H})r&f)P{E a;j(x) & < bi(x),Vie [I]} >1—c¢ (7.2)

In general, the set Z is nonconvex and leads to NP-hard optimization problems [46].
This is not surprising since the same conclusion holds even when the ambiguity set P is a sin-
gleton [68, 73]. The focus of this chapter is on developing tractable convex approximations

and reformulations of set Z.
7.1.2 Related Literature

Existing literature has identified a number of important special cases where Z is convex.
In the non-robust setting, i.e. when P is a singleton, the set Z is convex if A = 0 for
all i € [I] (i.e. the uncertainties do not affect the variable coefficients) and either (i)
the distribution of the vector [(a')T&;,..., (a?)T€&,]T is quasi-concave [81, 114, 115] or (ii)
the components of vector [(a!)T&;,...,(a’)T€&;]T are independent and follow log-concave
probability distributions [80]. Much less is known about the case A* # 0 (i.e. with uncertain
coefficients), except that Z is convex if I = 1, € < 1/2, and € has a symmetric and non-

degenerate log-concave distribution [57], of which the normal distribution is a special case
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[53]. In the robust setting, when P consists of all probability distributions with given first
and second moments and I = 1, the set Z is second-order cone representable [24, 37].
Similar convexity results hold when I = 1 and P also incorporates other distributional
information such as the support of £ [32], the unimodality of PP [46, 59], or arbitrary convex
mapping of € [118]. For distributionally robust joint chance constraints, i.e. I > 2 and P
is not a singleton, conditions for convexity of Z are scarce. To the best of our knowledge,
[47] provides the first convex reformulation of Z in the absence of coefficient uncertainty,
i.e. A' =0 for all i € [I], when P is characterized by the mean, a positively homogeneous
dispersion measure, and a conic support of £&. For the more general coefficient uncertainty
setting, i.e. A’ # 0, [118] identifies several sufficient conditions for Z to be convex (e.g.,
when P is specified by one moment constraint), and [117] shows that Z is convex when the
chance constraint (7.1d) is two-sided (i.e., when I = 2 and a;(z) "€, = —az(z)"&,) and P
is characterized by the first two moments.

Various approximations have been proposed for settings where Z is not convex. When
P is a singleton, i.e. P = {IP}, [73] propose a family of deterministic convex inner approx-
imations, among which the conditional-value-at-risk (CVaR) approximation [86] is proved
to be the tightest. A similar approach is used to construct convex outer approximations
in [3]. Sampling based approaches that approximate the true distribution by an empirical
distribution are proposed in [23, 67, 74]. When the probability distribution P is discrete,
[4] develop Lagrangian relaxation schemes and corresponding primal linear programming
formulations. In the distributionally robust setting, [30] propose to aggregate the multiple
uncertain constraints with positive scalars in to a single constraint, and then use CVaR to
develop an inner approximation of Z. This approximation is shown to be exact for distribu-
tionally robust single chance constraints when P is specified by first and second moments

in [135] or, more generally, by convex moment constraints in [118].
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7.1.3 Contributions

In this chapter we study the set Z in the distributionally robust joint chance constraint
setting, i.e. I > 2 and P is not a singleton. In particular, we consider a classical approxi-
mation scheme for joint chance constraint, termed Bonferroni approximation [30, 73, 135].
This scheme decomposes the joint chance constraint (7.1d) into I single chance constraints
where the risk tolerance of constraint ¢ is set to a fixed parameter s; € [0, €] such that
Zz’e[l] s; < €. Then, by the union bound, it is easy to see that any solution satisfying all
I single chance constraints will satisfy the joint chance constraint. Such a distributionally
robust single chance constraint system is often significantly easier than the joint constraint.
To optimize the quality of the Bonferroni approximation, it is attractive to treat {si}ie[ 1
as design variables rather than as fixed parameters. However, this could undermine the
convexity of the resulting approximate system and make it challenging to solve. Indeed,
[73] cites the tractability of this optimized Bonferroni approximation as “an open question”
(see Remark 2.1 in [73]). In this chapter, we make the following contributions to the study

of optimized Bonferroni approximation:

1. We show that the optimized Bonferroni approximation of a distributionally robust
joint chance constraint is in fact exact when the uncertainties are separable across
the individual inequalities, i.e., each uncertain constraint involves a different set of

uncertain parameters and corresponding distribution families.

2. For the setting when the ambiguity set is specified by the first two moments of the
uncertainties in each constraint, we establish that the optimized Bonferroni approxi-
mation, in general, leads to strongly NP-hard problems; and go on to identify several

sufficient conditions under which it becomes tractable.

3. For the setting when the ambiguity set is specified by marginal distributions of the
uncertainties in each constraint, again, we show that while the general case is strongly

NP-hard, there are several sufficient conditions leading to tractability.

4. For moment based distribution families and binary decision variables, we show that the
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optimized Bonferroni approximation can be reformulated as a mixed integer second-

order conic set.

5. Finally, we demonstrate how our results can be used to derive a convex reformula-
tion of a distributionally robust joint chance constraint with a specific non-separable

distribution family.
7.2 Optimized Bonferroni Approximation

In this section we formally present the optimized Bonferroni approximation of the distribu-
tionally robust joint constraint set Z, compare it with alternative single chance constraint

approximations, and provide a sufficient condition under which it is exact.
7.2.1 Single chance constraint approximations

Recall that the uncertain data associated with constraint i € [I] is specified by &; which is
the projection of € to a coordinate subspace S; C R™ with dim(S;) = m;, and the support
of §; is Z; = Projg,(Z). For each i € [I], let D; denote the projection of the ambiguity
set P to the coordinate subspace S;, i.e., D; = Projg, (P). Thus D; denotes the projected
ambiguity set associated with the uncertainties appearing in constraint ¢. The following

two examples illustrate ambiguity set P and its projections {D; };c(z-

Example 10. Consider

9 . §1$1+52x2§0
Z=Kx€eR*:inf P< &: >0.75 3,

PeP > 2
§oxr1 + &322 < 1

where € = [€1,6,&]T, & = [€1,&]T, & = [6,&]T, and P = {P : Ep[¢] = 0, Epée ] = X}
with

1 0 1.2
X=10 05 05
1.2 0.5 2

Inthise:z:ample,m:3,m1:m2:2,81:{§€R3:§Ag,:0},ng{geR?):gl:O}, and
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D; = {P: Ep[¢;] = 0, Ep[€,&] ] = X4} fori=1,2, where

1 0 0.5 0.5
¥ = and 22 =

0 0.5 0.5 2

Example 11. Consider
Z={zeR':inf P{¢: < x;,Vie|Il} >0.9;,

where & ~ N (u,X), i.e. P is a singleton containing only an I-dimensional multivariate
normal distribution with mean u € R and covariance matriz ¥ € R In this example,
m =1, and for alli € I}, m; =1, S; = {€ e R : & = 0,5 # i,Vj € [I]}, and D; is a
singleton containing only a 1-dimensional normal distribution with mean p; and variance

2 O

Consider the following two distributionally robust single chance constraint approxima-

tions of Z:
Zo = {x €R": inf P {gi Lai(2)TE, < bi(af)} >1—eVie [I]} , (7.3)
and
Z; =z eR": inf P {5 cay(2)TE; < b-(:c)} >1- S viell (7.4)
’ ‘mep, LT e - r ' '

Both Zp and Zj involve I distributionally robust single chance constraints, and they differ
by the choice of the risk levels. The approximation Zp relaxes the requirement of simulta-
neously satisfying all uncertain linear constraints, and hence is an outer approximation of
Z. In Zp, each single chance constraint has a risk level of €/I, and it follows from the union
bound (or Bonferroni inequality[20]), that Z; is an inner approximation of Z. The set Z;
is typically called the Bonferroni approximation. We consider an extension of Z; where
the risk level of each constraint is not fixed but optimized [73]. The resulting optimized
Bonferroni approximation is:

— .ol e ()T £ < b >1_5: 5> ; <
Zp: ;U.le_lelfDiR{Sl.az(x) £l_b1(:c)}_1 si, 8;i >0, Vze[[],;msl_e . (7.5)
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7.2.2 Comparison of Approximation Schemes

From the previous discussion we know that Zo is an outer approximation of Z, while both
Zp and Z; are inner approximations of Z and that Zp is at least as tight as Z;. We

formalize this observation in the following result.

Theorem 30. Zp O Z D Zp D Z;.

Proof. By construction, Zp O Z. To show that Z O Zp, we pick x € Zp. For all P € P and
i € [I], € Zp implies that P{& : a;(x) "€, < b;j(x)} = P{&; : a;(x)T&; < bi(x)} > 1—s;, or

equivalently, suppep P{€ : ai(z)T€&; > bi(z)} < s;. Hence,

inf P{&: a;(x)" & < bi(x),Vie[I]} =1—supP{€:Tiell], sit. a;(z) & > bi(z)}
PeP PP

1—sup » P{€:a;(z)"¢ > bi(z)}

1- Z sup P{¢ : a;(z) "€, > bi(x)}

icm PEP

>1-) s> 1-¢

1€[1]

v

Y

where the first inequality is due to the Bonferroni inequality or union bound, the second
inequality is because the supremum over summation is no larger than the sum of supremum,
and the final inequality follows from the definition of Zg. Thus, z € Z. Finally, note that

Z7 is a restriction of Zp by setting s; = ¢/I for all i € [I| and so Zp D Z;. O O

The following example shows that all inclusions in Theorem 30 can be strict.

Example 12. Consider

3\ )
élgl'l
&y <9
Z={zeR:fPle: 2 >05 %
PEP 2 <1
1‘2§1

\

where P is a singleton containing the probability distribution that €' and €* are independent

and uniformly distributed on [0, 1]. It follows that

Zo = {x € [0, 1]2 cxq > 0.5, 29 > 0.5} ,
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Figure 7: Hlustration of Example 12

Z={z€0,1]* : 2122 > 0.5},
Zg = {a: € [o, 1]2 cx + x> 1.5}, and
Zy={z €1[0,1 1 21 > 0.75, 29 > 0.75} .

We display these four sets in Fig. 7, where the dashed lines denotes the boundaries of

Z0,2,4p,Z1. 1t is clear that Zo 2 Z 2 Zp 2 Zg. O

7.2.3 Exactness of Optimized Bonferroni Approximation

In this section we use a result from [89] to establish a sufficient condition under which the
optimized Bonferroni approximation is exact. We first review this result.

Let {(Z;, Fi,P;) : ¢ € [I]} be a finite collection of probability spaces, where for i € [I],
=Z; C &; is a sample space, F; is a o-algebra of Z;, and P; is a probability measure on
(i, Fi). Consider the product space (Z,F) = [[;cq (i, Fi), and let M(Z,F) denote
the set of all probability measures on (=, F). Let M(Py,...,P;) denote the set of joint

probability measures on (2, F) generated by (Py,...,P;), i.e.
M(Py,...,Pr)={Pec M(E,F): Proj;(P)=P; Viel[l]},

where Proj; : & — Z; denotes the i-th projection operation. For any P € M(Py,...,Py),

the Fréchet inequality [39], is:

STPi{Ar-a-1| <P{JJAs,

i€[1] n iell]
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where [a]+ = max{0,a}.

Remark 5. Note that in the special case of Z; = = for all i € [I], the above Fréchet

equality is

STP{A}-(-1)| <P (Aiy,
)

i€(I] + i€l

which is essentially Bonferroni inequality complemented.
The following result establishes a tight version of the Fréchet inequality.

Theorem 31. (Theorem 6 in [89]) Let {(Z;,F;) : i € [I]} be a finite collection of Polish
spaces with associated probability measures {P1,...,Pr}. Then for all A; € Z; with i € [I]
it holds that

Y P {A}—(I-1)| =inf{PS [[Aip: PeM@Py,....P))

ie[l] n i€[1]

Next we use the above result to show that the optimized Bonferroni approximation Zpg,
consisting single chance constraints, is identical to Z consisting of a joint chance constraint
when the uncertainties in each constraint are separable, i.e. each uncertain constraint in-
volves a different set of uncertain parameters and associated ambiguity sets. Recall that
uncertain data in Z is described the random vector £ supported on a closed convex set
= C R™, and the uncertain data associated with constraint ¢ is specified by &, which is the
projection of £ to a coordinate subspace S; C R™ with dim(S;) = m;. The support of §; is
E; = Projg,(£). Furthermore, the ambiguity set associated with the uncertainties appear-
ing in constraint ¢, D;, is the projection of the ambiguity set P to the coordinate subspace

Si, i.e., D; = Projg,(P). The separable uncertainty condition can then be formalized as

follows:
(A1) E=[lig i and P = [y Dis ie., P € P if and only if Proj;(P) € D; for all i € [I].
The following example illustrates Assumption (Al).

Example 13. Consider

Z={zeR?:inf PLE: >0.75 3,



where 21 = R, 2y = R,E = R? and

P = {P: Ep[¢,] = 0, Ep[€]] = of, Ep[€s] = 0,Ep[€3] = 03}
Dy = {Pl : EPl [51] = O7EP1 [51] - Jl}
Dy = {Py : Ep, [&,] = 0,Ep, [£5] = 03 }.
Clearly, = = =1 X =9 and P = Dy x Ds. O

We are now ready to establish the exactness of optimized Bonferroni approximation

under the above condition.

Theorem 32. Under Assumption (A1), Z = Zp.

Proof. We have Zp C Z by Theorem 30. It remains to show that Z C Zp. Given an x € Z,

we rewrite the left-hand side of (7.1d) as

inf IP{§ ai(z)T€; < bi(x),¥i € m} (7.6a)
= it P{E e TE < hiw) vie (1] (7.6b)

S DY {g (2)T€, < bi(z )} I-1| . (7.6¢)

P;€D; Vi ([l]
i€Divie| ie[l] n

where equality (7.6b) decomposes the optimization problem in (7.6a) into two layers: the
outer layer searches for optimal (i.e., worst-case) marginal distributions P; € D; for all
i € [I], while the inner layer searches for the worst-case joint probability distribution that
admits the given marginals P;. Equality (7.6¢) follows from Theorem 31. Note that our
sample space is Euclidean and is hence a Polish space. Since x € Z, the right-hand-side of

(7.6¢) is no smaller than 1 — e. It follows that (7.6c) is equivalent to

inf ZIP’{&. a; T£Z<b()}—(1’—1)

P;€D;,Vie[I] o
-y inf P, {g Cai(2) 7€ < b,-(:c)} —(I-1), (7.6d)

€[]
where equality (7.6d) is because the ambiguity sets D;, ¢ € [I], are separable by Assumption

(Al). Finally, let s; := 1 — infp.ep, P; {EZ cai(x)TE, < by( )} and so s; > 0 for all ¢ € [I].

159



Since x € Z, by (7.6d), we have
d-s)—(I-1)>1—¢
1€[I]

which implies Zz‘e[l] s; < €. Therefore, x € Zp. O O

The above result establishes that if the ambiguity set of a distributionally robust joint
chance constraint is specified in a form that is separable over the uncertain constraints, then
the optimized Bonferroni approximation involving a system of distributionally robust single

chance constraints is exact. In the next two sections, we investigate two such settings.
7.3 Ambiguity Set Based on the First Two Moments

In this section, we study the computational tractability of optimized Bonferroni approxima-
tion when the ambiguity set is specified by the first two moments of the projected random
vectors {§; }ic(r- More specifically, for each i € [I], we make the following assumption on

D;, the projection of the ambiguity set P to the coordinate subspace S;:

(A2) The projected ambiguity sets {D;};c(] are defined by the first and second moments

of §; :
D; = {Pi :Ep,[&i] = pi, Be, (& — ) (& — i) '] = Zi}, (7.7)
where ¥; > 0 for all i € [I].

Distributionally robust single chance constraints with moment based ambiguity sets as above
have been considered in [33, 37].

Next we establish that, in general, it is strongly NP-hard to optimize over set Zp. We
will need the following result which shows that set Zp can be recast as a bi-convex program.
This confirms the statement in [73] that optimizing variables s; in Bonferroni approximation

“destroys the convexity.”

Lemma 12. Under Assumption (A2), Zp is equivalent to

Zp =S x:ai(x) i+ 4/ - Si\/ai(x)TEiai(x) < bi(x),Vi € [I], Z s5i<e€s>0
5;

i€[I]

(7.8)
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Proof. From [37] and [108], the chance constraint infp,ep, P;i{€: a;(x) "€, < bi(x)} > 1—s;

ai(z) T i + \/tisiy/ai(x)TZiai(x) < bi(z)

for all ¢ € [I]. Then, the conclusion follows from the definition of Zp. O O

is equivalent to

Theorem 33. [t is strongly NP-hard to optimize over set Zp.

Proof. We prove by using a transformation from the feasibility problem of a binary program.
First, we consider set S := {x € {0,1}" : Dz > d}, with given matrix D € Z"™*" and vector

d € Z", and the following feasibility problem:
(Binary Program): Does there exist an = € {0, 1}" such that 2 € S? (7.9)

Second, we consider an instance of Zp with a projected ambiguity set in the form of (7.7)

as
[ 18 &t <oy —1y>21—s,Vi
P;Ielgipl {&  &ui <ziV2n—1} >1—5;,Vi€ [n]
Lol P {€ &1 —z) < (1—)V2n—1} > 1—s;,Vi € [2n]\ [n]
i€D;
Zp = :Pirelgl[”i {£&i:0< Dimgpr —di—on} > 1—5;,Vi € 2n+ 7]\ [2n]
Z s; < 0.5,
1€[2n+7]
s >0, )
where

D; = {P; : Ep,[€;] = 0,Ep,[£]] = 1},Vi € [2n+ 7],

and D; denotes the jth row of matrix D. It follows from Lemma 12 and Fourier-Motzkin

elimination of variables {s; };c(2n++]\[2r] that

Plail < a2 — 1, | -] < (1 - @)V - 1, Vi€ [n],
S; Sn+i
Zp=<Kx:
Z $;<0.5,s>0,Dx>d
1€[2n]
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It is clear that z; € [0, 1] for all z € Zp. Then, by discussing whether z; > 0 and z; < 1 for

each i € [n], we can further recast Zp as

1 1 )
8; > %H(%’ >0), spti > %H(xi <1), Vi€ [n],

Zg=_ua: , (7.10)

Z $i <0.5,s >0,z €[0,1]",Dx > d
1€[2n]

Third, for x € Zp, let 1 = {i € [n] : 1 > 2; > 0}, [r = {i € [n] : ; = 0}, and

Is ={i € [n] : x; = 1}, where |I1| + |I2] + |I3] = n. Then,

1 1 2|Il‘+’12|+|13‘ ‘Ilf
5> ;> — Iz —I(z; < 1)) = = 0.5+ —,
05_2[2:}3_;](2” (i > 0) + o -(x: < )) o 05+ 5

where the first two inequalities are due to (7.10) and the third equality is due to the
definitions of sets I1, I, and Is. Hence, |I;| = 0 and so z € {0,1}" for all z € Zp. It
follows that S O Zp. On the other hand, for any x € S, by letting s; = ﬁ]l(ﬂ:z > 0), Sppi =
5-I(z; < 1), clearly, (z,s) satisfies (7.10). Thus, S = Zg, ie., S is feasible if and only
if Zp is feasible. Then, the conclusion follows from the strong NP-hardness of (Binary

Program). O O

Although Zp is in general computationally intractable, there exist important special
cases where Zp is convex and tractable. In the following theorems, we provide two sufficient
conditions for the convexity of Zp. The first condition requires a relatively small risk
parameter € and applies to the setting of uncertain constraint coefficients (i.e., A* # 0 for
some ¢ € [I]).

Theorem 34. Suppose that Assumption (A2) holds and B = 0 for all i € [I] and e <

W, where 1 = max;e(q ,uiTEi_l,ui. Then set Zp is convex and is equivalent to

a;(z) " 3a4(x)
ai(r) T Siai(x) + (b — ai(z) ;)

ZB: x:ai($)Tui§bi,siZ Q,ViG[I],ZSiSG,SZO

i€[]]

(7.11)

Proof. First, b;(z) = b’ because B! = 0 for all i € [I]. The reformulation (7.11) follows from

Lemma 12.
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Hence, a;(z)" Siai(z)/[ai(z) " Sia;(x) + (b — ai(:c)Tui)Q} <s<e<1/[I4+14 20+
VAN +3)2]. Since (b' — a;(z) " j1;) > 0, we have

b Z O)Ll(z)az( ) > 2./11+ \/4n + 3 (7.12a)

Hence, to show the convexity of Zp, it suffices to show that the function

ai(z) " Zia;(w)/ai(2) T Siai(z) + (b° — ai(m)T,ui)Q] is convex when x satisfies (7.12a). To
this end, we let z; := E;mai(:c), qi == E;l/zm, and k; := (b' —a;(2) ") /v/ai(2) T Sa:(x) =
(b — qZTzl)/\/zzTizz Then, k; > 2,/ + /4n + 3. Since a;(x) is affine in the variables z, it
suffices to show that the function

Z-—I—Zi

i(2i) = -
filz) z;rzi—i-(b’—z;qi)Z

is convex in variables z; when k; := (b° — q;—zi)/ zZ-TZi > 2,/n+ +/4n+ 3. To this end, we
consider the Hessian of fi(z;), denoted by H f;(z;), and show that »' H f;(z;)r > 0 for an

arbitrary r € R". Standard calculations yield
T T SRR N O ;T N\ T T T2
r' Hfi(z)r =2 (zZ 2 + <bl — % qi> ) {zl 2 [(bl — % qi> rir—z z(g r)
. A 2
~4 (0 == a) G T +3 (V-2 a) (o] r>2]
. 2 . 2 .
# (1) [T (- ) AT (0 - ) e )

ZQ(ZJZZ- bl—zqu)2 - (K + B2) (2 20)2(r T 7) — 4k2(2] ) (2] 7)?

+ (3K — 1)(2 2) (%T7“)2 (4K — 4k;) (2] 20)*% (g r) (2 )] (7.12b)
> 9 (J st (b o ql)Q [k 4+ ) (T 2020 Tr) — k2 206 )

— (k) — 4k o a6 (7.12¢)

-3

. 2
> 2 <ziTZZ- + (bl -z ql> > (z:iTzZ)2(7”T7“)l<:i2 (k:? — 4k; qi—rqi - 3> (7.12d)

>0 (7.12€)

for all € R™:i. Above, equality (7.12b) is from the definition of k;; inequality (7.12c) follows

from 31@7;2 >1, (4k;3 — 4k;) > 0 and the Cauchy-Schwarz inequalities ziTr < \/zi—rzi\/ rTr and
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g'r<./q' ¢V'rTr; inequality (7.12d) is due to the fact k; > 0; and inequality (7.12¢) is

because k; > 2,/n + \/477+322\/q;—qi+\/4q?qi—|—3. O O

The second condition does not require a small risk parameter € but is only applicable
when the constraint coefficients are not affected by the uncertain parameters (right-hand

side uncertainty), i.e. A =0 for all i € [I].

Theorem 35. Suppose that Assumption (A2) holds. Further assume that A* = 0 for all

i € [I] and € <0.75. Then the set Zp is convex and is equivalent to

4 1—s [ : ,
Zp =R a:(a") it/ 8}8 \/(a*) T30t < bi(x),Vi € [1], Z si<es>0p. (7.13)

€[]

Proof. For all i € [I], a;(x) = a* because A* = 0. Thus, the reformulation (7.13) follows
from Lemma 12. Hence, to show the convexity of Zpg, it suffices to show that function

V(1 —8;)/s;i is convex in s; for 0 < s; < e. This follows from the fact that

d? 1—s 0.75 — s;
_ — > 0
ds? S (1— s;)3/252% —

3
because 0 < s5; < € < 0.75. O O

The following example illustrate that Zp is convex when condition of Theorem 34 holds

and becomes non-convex when this condition does not hold.

Example 14. Consider set Zp with regard to a projected ambiguity set in the form of (7.7),

infp,ep, P1{&; 121§, <1} >1—5;

inf]}DQEpQ ]P)Q {52 : .’1}252 S 1} Z 1-— S9
Zp

I
8

s1+s2<¢€

51,52 >0

where

Dy = {Py : Ep,[£,] = 0,Ep, [£3] = 1} , Dy = {P2 : Ep,[€,] = 0,Ep,[£5] = 1}

Projecting out variables s1, so yields

2 2
X X
Zp=qreR?: 2 2_<es.
B {x 2l 21
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Figure 8: Illustration of Example 14

We depict Zp in Figure 8 with ¢ = 0.25, 0.50, and 0.75, respectively, where the dashed
line denotes the boundary of of Zpg for each €. Note that Zp is conver when ¢ = 0.25 and
becomes non-conver when € = 0.50,0.75. As n = max;¢(q] pi Sipi = 0, this figure confirms

the sufficient condition of Theorem 34 that Zp is convex when e < T = 0.25.

1
(2y/n+v4n+3)2
O
Finally, we note that when either conditions of Theorem 34 or Theorem 35 hold, Zp
is not only convex but also computationally tractable. This observation follows from the
classical result in [44] on the equivalence between tractable convex programming and the

separation of a convex set from a point.

Theorem 36. Under Assumption (A2), suppose that set S is closed and compact, and it
s equipped with an oracle that can, for any x € R", either confirm x € S or provide a
hyperplane that separates x from S in time polynomial in n. Additionally, suppose that
either conditions of Theorem 34 or Theorem 35 holds. Then, for any o € (0,1), one can
find an a-optimal solution to the optimized Bonferroni approrimation of Z, i.e., formulation

min,{c'z:z € SN Zg}, in time polynomial in log(1/a) and the size of the formulation.

Proof. We prove the conclusion when condition of Theorem 34 holds. The proof for the
condition of Theorem 35 is similar and is omitted here for brevity.
Since S is convex by assumption and Zp is convex by Theorem 34, the conclusion follows

from Theorem 3.1 in [44] if we can show that there exists an oracle that can, for any z € R",
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either confirm x € Zp or provide a hyperplane that separates « from Zp in time polynomial

in n. To this end, from the proof of Theorem 34, we note that Zp can be recast as

Zp ={ x:ai(x) p <, Viell, Z ai(z) ' Biai(z) <ep. (7.15)

iem 0i(@) T Siai(z) + (b — ai(@) " 11;)°
All constraints in (7.15) are linear except } cjgi(z) < € where gi(z) :=
a;(2) " Siai(z)/[ai(z) " Siai(z) + (b — ai(:c)T,u,-)Q]. On one hand, whether or not
Ez’e[l] gi(x) < € can be confirmed by a direct evaluation of g;(z), i € [I], in time polynomial
in n. On the other hand, for an Z such that Zz‘e[l] 9i(Z) > e, the following separating

hyperplane can be obtained in time polynomial in n:

R 2(b° — ¢ 2)) C Tana o aTan 1T w12 4 .
> . 1 t_ . . . 3 . . i ? —
=2 {W) HEEEI GBS [(b G 2E+ G RG] BT A=)

where z; = Zi/Q(A":/E—I— a’) and ¢; = 2;1/2;@. O O

7.4 Ambiguity Set Based on Marginal Distributions

In this section, we study the computational tractability of the optimized Bonferroni approx-
imation when the ambiguity set is characterized by the (known) marginal distributions of

the projected random vectors. More specifically, we make the following assumption on D;.

(A3) The projected ambiguity sets {D; };c[s) are characterized by the marginal distributions

of &, i.e., D; = {P;}, where P; represents the probability distribution of &;.

We first note that D; is a singleton for all ¢ € [I] under Assumption (A3). By the definition
of Bonferroni approximation (7.5), Zp is equivalent to
_ P, v T . . \j .
Zp=<Kz:P {EZ cai(z) ' € < bz(x)} >1—s,Vie[I], Z 5, <€8>07. (7.16)
ie(I]
Next, we show that optimizing over Zp in the form of (7.16) is computationally intractable.
In particular, the corresponding optimization problem is strongly NP-hard even if m; = 1,

A" =0, and a' =1 for all 5 € [I], i.e., only right-hand side uncertainty.

Theorem 37. Under Assumption (A3), suppose that m; = 1, A' = 0, and a* = 1 for all

i € [I]. Then, it is strongly NP-hard to optimize over set Zp.
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Proof. Similar to the proof of Theorem 33, we consider set S = {x € {0,1}" : Dz > d}, with
given matrix D € Z™*" and vector d € R", and show the reduction from (Binary Program)
defined in (7.9). Second, we consider an instance of Zp with a projected ambiguity set
satisfying Assumption (A3) as

fPZ ':‘<i>1_z’7‘
i Pildi & <aif 21 -5, Vi € n]

g Piddi & < (1—wi)} 21— s, Vi€ [2n] \ [n]

Zp =1z :leelgi Pi{& :0< D opx—di—on} >1—s;,Vi € 2n+ 7]\ [2n]

> s <05,

1E€[2n+7]

s >0,
where

D, ={P;: &~ B(1,1/(2n))},Vi € 2n + 7],
and B(1,p) denotes Bernoulli distribution with probability of success equal to p. It follows
from (7.16) and Fourier-Motzkin elimination of variables {s; }ic[2n4s)\[2n] that

1 1
8i > %H(%’ <1),8n+i > %H(xi > 0),Vi € [n],
Zp=K1T:
B 3 5 <05,5>0,2€0,1]", Dz >d
1€[2n]
Following a similar proof as that of Theorem 33, we can show that S = Zg, i.e., S is feasible

if and only if Zp is feasible. Then, the conclusion follows from the strong NP-hardness of

(Binary Program) in (7.9). O O

Next, we identify two important sufficient conditions where Zp is convex. Similar to
Theorem 34, the first condition holds for left-hand uncertain constraints with a small risk

parameter e.

Theorem 38. Suppose that Assumption (A3) holds and B =0 and &; ~ N (s, ;) for all

i€ [I] and e < § — Jerf (7 + 0+ 0.75), where n = max;e(g 1] X7 i and exf(-),erf1(2)

denote the error function and its inverse, respectively. Then the set Zp is convex and is

167



equivalent to

¢

a;(w) i <b,Vi € (1],
1 - ai(x)TEiai(x)
z:1+2 (erf 11— 231-))2 —ai(x) T Sai(x) + (b — ai(z) T )

Zsige,SZO.

€[]

Sviel,| (717)

ZB

J
Proof. First, bj(x) = b® because B' = 0 for all i € [I]. Since &; ~ N (u;, %;) for all i € [I], it
follows from (7.16) that Zp is equivalent to (7.17).

Let fi(z) = ai(z) Siai(2)/[ai(z) " Siai(z) + (' — ai(x)"p;)?].  Since e < 1 —
serf (i + N +0.75) and s; < ¢, thus we have fi(z) < 1/[1+ (2y/7+ /47 + 3)?]. Hence,
from the proof of Theorem 34, f;(x) is convex in x € Zp. Hence, it remains to show that
G(si) ==1/[1+2 (erf (1 — 231-))2] is concave in variable s; when s; € [0, €]. This is indeed
so because

PG(s;) et 17200 [1 - gerf (1 - 25;)%)

<0
ds; [1+2erf1(1 - 25;)2)°

for all 0 <s; <e.

Similar to Theorem 35, the second condition only holds for right-hand uncertain con-

straints with a relatively large risk parameter e.

Theorem 39. Suppose that Assumption (A3) holds and m; = 1, A* = 0, a* = 1 for all
i € [I] and € < mini € [I|{1 — F;(r;)}, where F;(-) represents the cumulative distribution
function of €; and r; represents its concave point, i.e, F;(r) is concave when r > r;. Then
the set Zp is convexr and is equivalent to

Zg=qz: Fi(x) >1-s,Vic[l],> si<es>0,. (7.18)

€[]

Proof. By assumption, &, is a 1-dimensional random variable and so Zp is equivalent to
(7.18). Since s; <€, € <1 — Fi(r;) by assumption, and b;(x) is affine in z, it follows that

the constraint F;(b;(z)) > 1 — s; is convex. Thus Zp is convex. O O
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Table 11 displays some common probability distributions together with the concave
points of their cumulative distribution function (cdf). Note that 1 — F'(r*), displayed in the
last column of this table, represents an upper bound of € in the condition of Theorem 39.

Table 11: Examples of Probability Distribution, cdf, and Concave Points

Distribution cdf F(r) Concave Point (r*) 1 — F(r")
Normal N (p, 0%) 14 %erf(;}’%) 1 0.5
Exponential(\) 1—exp ™, r>0 0 1
Uniform[¢, u] L 1

. S 0 1, if k € (0,1]
Weibull(A, k) 1—e ,r>0 { Ak — 1) 1/k A ik s

T(k,r/0 0 1, if k € (0,1]
Gammal(k, 0) 1- S8 r >0 { (k { DlkkD) g >
(k) >

Log-Normal log N (p,0%) 1+ %erf(lof%), r>0 et 1+ %erf(%)
Logistic(u, w) [14 e~ (/w1 1 0.5

Similar to Theorem 36, we note that when either the condition of Theorem 38 holds or
that of Theorem39 holds, the set Zp is not only convex but also computationally tractable.

We summarize this result in the following theorem and omit its proof.

Theorem 40. Under Assumption (A3), suppose that set S is closed and compact, and it
is equipped with an oracle that can, for any x € R™, either confirm x € S or provide a
hyperplane that separates x from S in time polynomial in n. Additionally, suppose that
either condition of Theorem 38 or that of Theorem39 holds. Then, for any o € (0,1), one
can find an a-optimal solution to the problem ming{c'z : x € SN Zg}, in time polynomial

in log(1/a) and the size of the formulation.

When modeling constraint uncertainty, besides the (parametric) probability distribu-
tions mentioned in Table 11, a nonparametric alternative employs the empirical distribution
of € that can be directly established from the historical data. In the following theorem, we
consider right-hand side uncertainty with discrete empirical distributions and show that

the optimized Bonferroni approximation can be recast as a mixed-integer linear program

(MILP).

Theorem 41. Suppose that Assumption (A3) holds and m; =1, A* =0, and a* = 1 for all

i € [I]. Additionally, suppose that P{€;, = EZJ} = pf for all j € [N;] such that Zje[Ni]pg =1
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for alli € [I], and {gg}je[Ni] C Ry is sorted in the ascending order. Then,

si >0,z € {0,1},Vi € [1],j € [N], (7.19a)
> gy <Bx+dVie(l],j €[Ny, (7.19b)
JE[N:]
3 (Zp§>zg >1—s;,Vie[ll,j €[Ny, (7.19¢)
ZB = \ T jelNy] telj]
Y A =1viell (7.19d)
JE[N:]
Y si<e (7.19¢)
i€[I]

Proof. By (7.16), v € Zp if and only if there exists an s; > 0 such that P;{¢; < Bix +b'} >
1—s;,4€[I], and 37,y 8 < e Hence, it suffices to show that P;{§; < Bz + b} >1—s;
is equivalent to constraints (7.19a)—(7.19d).

To this end, we note that nonnegative random variable &; takes value 55 with probability
pl, and so P{g; < &/} = 3, pl for all j € [N;]. Tt follows that Pi{¢; < B'z+bi} > 1—s;
holds if and only if 1 —s; < Zte[j] pt whenever B'z +b' > §g . Then, we introduce additional

binary variables {zf }je[Ni]ie[n) such that zg = 1 when B'z+b' > {g and zf = 0 otherwise. It

follows that P;{¢; < Biz +b'} > 1 — s, is equivalent to constraints (7.19a)—(7.19d). 0O O

Remark 6. The nonegativity assumption of {fg}je[Ni] for each i € [I] can be relaxed. If
not, then for each i € [I] we can subtract M;, where M; := minj¢y,] flj, from {fg}je[Ni] and
the right-hand side of uncertain constraint B'x + b?, i.e., §f = §g — M; for each j € [N

and B'x + b* = Bz + b' — M.

We close this section by demonstrating that Zp may not be convex when the condition

of Theorem 39 does not hold.
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Figure 9: Mlustration of Example 15

Example 15. Consider set Zp with regard to a projected ambiguity set satisfying Assump-

tion (A3),
( infp,ep, P1{&;: & <m}>1—s
infp,ep, P2{€y : & <21} > 1 — 59
Zp={weR’: infp,ep, Ps{€3: €3 < a2} > 1 —s3
81+ s2+s3<¢€
51,582,583 >0
where

DIZ{]P)l :51 NN(O,I)},DQZ{]P)2:£2 NN(O,l)}, and D3:{P32£3 NN(O,l)}

with standard normal distribution N'(0,1). Projecting out variables s1, s, s3 yields

ZB:{xGRQ:Qerf<\x/1§) +erf(32§) 2226}.

We depict Zp in Fig. 9 with ¢ = 0.25, 0.50, and 0.75, respectively, where the dashed line
denotes the boundary of Zp for each €. Note that this figure confirms condition of Theorem

39 that for normal random variables {£;}, Zp is convex if € < 0.5 but may not be convex

otherwise. O

7.5 Binary Decision Variables and Moment-based Ambiguity Sets

In this section, we focus on the projected ambiguity sets specified by first two moments

as in Assumption (A2) and also assume that all decision variables x are binary, i.e.,
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S C {0,1}™. Distributionally robust joint chance constrained optimization involving bi-
nary decision variables arise in a wide range of applications including the multi-knapsack
problem (cf. [32, 118]) and the bin packing problem (cf. [101, 128]). In this case, Zp
is naturally non-convex due to the binary decision variables. Our goal, however, is to re-
cast S N Zp as a mixed-integer second-order conic set (MSCS), which facilitates efficient
computation with commercial solvers like GUROBI and CPLEX.

First, we show that S N Zp can be recast as an MSCS in the following result.

Theorem 42. Under Assumption (A2), suppose that S C {0,1}". Then, SNZp = SOEB,

where
1 (Alz +a') < Bz +bi,i e [I],
23!/ ?(Aiz + af)
< s+, € [I],
s — 1
ti < <bZ — uja’) + (a*) ' 2iat + 2 (bl = ,uZ-TaZ) (B’ = /JA’) x
23 =<z T

12(a)) s Al + ((Bi - ,JAZ’) (Bi ~ ,JA@') (AN AY w),i € [1]

Zsigev

i€[I]

wir > xj+xp — 1,0 Swjp < xj,wip < xg, Vi, k€ [n],

s; >0,t; >0,Vi € [I]

(7.20)
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Proof. By Lemma 12, we recast Zg as
ai(z) " i < bi(x),

ai(a:)TEiai(x) <s; [(bz(:z) — ai(:z)T,ui)Z + ai(x)TZiai(x)] Vi e [I],

(x’y):ZSiSQ

€[]

ZB

si > 0,Vi € [I.

It is sufficient to linearize (b;(z) — a;(x) " ;) + a;(x) " Tia;(z) in the extended space for

each ¢ € [I]. To achieve this, we introduce additional continuous variables ¢; := (b;(z) —
ai(7) " 1) + ai(z) "Siai(z), i € [I], as well as additional binary variables w := xz' and
linearize them by using McCormick inequalities (see [71]), i.e.,

wir > xj+ap — 1,0 Swjp < xj,wip < xg, Vi, k€ [n]
which lead to reformulation (7.20). O O

2 auxiliary binary variables

The reformulation of SN Zp in Theorem 42 incorporates n
{wjk}jrem)- Next, under an additional assumption that € < 0.25, we show that it is possible
to obtain a more compact reformulation by incorporating n x I auxiliary continuous variables

when I < n.

Theorem 43. Under Assumption (A2), suppose that S C {0,1}" and ¢ < 0.25. Then,

173



SNZg=SNZg, where

(

pi (Alz+a') < Blx 4+b')i € [I),
1/2 . .
’Ei (A'x + a')
Zsi < ¢,
_ e[l
ZB: .’EIZGH
Si .
ri < 1/1 _ZSi,Vz € [1],
QGij = Ti —
s; > 0,1, >0,Vi € [I],
where vector ¢;. := [qi1, - - -, qin] | for all i € [I].

Proof. By Lemma 12, we recast Zg as

‘ < (bi — Ml-Tai) ri + (Bi - uiTAi> qi-, Vi € [1],

€ [ € . .
T 6(1 —24),0 < gy < 1T % i <r,Vi€lll],j€[n],

(7.21a)

(7.21b)
(7.21c)
(7.21d)
(7.21e)

(7.21f)

(7.22a)

(7.22b)

(7.22¢)

(7.22d)

We note that nonlinear constraints (7.22b) hold if and only if there exist {r;};c[; such

that 0 < r; < +/5;/(1 — ;) and a;(z)TSia:(z) < ri(bi(x) — a;(z) ;) for all i € [I].

Note that s; € [0,¢] and so r; < \/s;/(1 — s;) < 1/€/(1 — €). Defining n-dimensional vectors

gi. := 1z, i € [I], we recast constraints (7.22b) as (7.21b), (7.21d)—(7.21f), where constraints

(7.21e) are McCormick inequalities that linearize products r;z. Note that constraints (7.21d)
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characterize a convex feasible region because 0 < s; < € < 0.25 and so +/s;/(1 — s;) is

concave in s;. O O

Remark 7. When solving the optimized Bonferroni approximation as a mized-integer con-
vex program based on reformulation (7.21), we can incorporate the supporting hyperplanes
of constraints (7.21d) as valid inequalities in a branch-and-cut algorithm. In particular, for

given s € [0, €], the supporting hyperplane at point (8,+/5/(1 —3)) is
1 __ -~ e o~ 1
r; < 28 1201 —35)732| s; +52(1 = 3) 3/2(§—s>. (7.23a)

Remark 8. We can construct inner and outer approrimations of reformulation (7.21)
by relaxing and restricting constraints (7.21d), respectively. More specifically, constraints
(7.21d) imply r; < \/si/(1 —€) because s; < € for all i € [I]. It follows that constraints

(7.21d) imply the second-order conic constraints

T si+(1—e)
<5079 e 7.23b
s;—(1—e) 2(1 - 6) [ ] ( )
2(1—¢)

In the branch-and-cut algorithm, we could start by relaxing constraints (7.21d) as (7.23b)
and then iteratively incorporate valid inequalities in the form of (7.23a). In contrast to
(7.23b), we can obtain a conservative approrimation of constraints (7.21d) by noting that
these constraints hold if r; < \/s;. It follows that constraints (7.21d) are implied by the

second-order conic constraints

T 11
g&;,w€m. (7.23¢)

s;i—1

Hence, we obtain an inner approximation of Bonferroni approximation by replacing con-

straints (7.21d) with (7.23c).
7.6 FExtension: Ambiguity Set with One Linking Constraint

In previous sections, we have shown that Z = Zp under the separability condition of

Assumption (A1) and established several sufficients conditions under which the set Zp is
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convex. In this section, we demonstrate that these results may help establish new convexity
results for the set Z even when the ambiguity set is not separable.

In this section, we consider an ambiguity set specified by means of random vectors
{&;}iein and a bound on the overall deviation from mean. In particular, the ambiguity set

is as follows.

(A4) The ambiguity set P is given as

P=qP:Ep[¢] =p, Y Eplllg; —mll <A 3. (7.24)
€[]

Note that we can equivalently express P as follows:
P ={P: Proj;(P) =P; € D;(6;),¥i € [I],V € K}, (7.25a)

where I := {0 : 0 = 0,3 ,c;0i < A} and for each i € [[] and § € K. The marginal

ambiguity sets {D;(d;)}icr) are defined as
Di(6;) = {P : Ep[&] = ps, Ep[l|& — puill] < 64}, (7.25b)

where Z; = R™i for all ¢ € [I].
The following theorem shows that under Assumption (A4), the set Z can be reformulated

as a convex program.

Theorem 44. Suppose that the ambiguity set P is defined as (7.25a) and = = Hz‘e[[] =i,

then the set Z is equivalent to
A T .
Z=<z: %Haz(x)H* +ai(z) i <bi(x),Vie ], (7.26)
where || - ||« is the dual norm of || - ||.
Proof. We can reformulate Z as
Z ={zx:x € Z(),V6 € K} (7.27a)
where K:={6:0 >0, ,c;0 < A} and

Z(6) = {x CR": inf P {5 Lai(2) "€, < bi(x), Vi€ [I]} >1- e} (7.27b)

176



with

P(§) = {P: Proj;(P) =P; € D;(5),Vi € [I]}.
By Theorem 32, we know that Z(¢) is equivalent to its Bonferroni Approximation Zg(J)
for any given § € K, i.e.,

Z(©)=2Zp(d) =L x: inf P& :ai(z)'E <b; >1—s;,Viel[ll], i <es>0
(0)=Z50) = Y+, inf Pi{g i) & <bile)f 21— SUPILELEE

Let {71i772i}z‘e[1] be the dual variables corresponding to the moment constraints in
(7.25b). Thus, by Theorem 4 in [118], set Zp(J) is equivalent to
1 (1 — Si)

—72:0; +
Si

7

sup (“YE(& — i) — v2ill&i — Nz’H)

&
+ sup (’YE(& — i) — v2ill§i — pal| — (bi(z) — ai(x)T&)> <0,Vi € [1],
Zp@)={x: &

S S €,
i€[]]

722078207

7

where by convention, 0 - co = 0. By solving the inner supremums, Zg(9) is equivalent to

i0; .
725‘ < bix) — ai(@) " Ivialle < 20, Iy + ai(@) [« < v26, Vi € [I],92 > 0,
ZB(d) = xX
Z si<e€,58>0.
i€(I)
(7.27¢)
Now let
i0i .
P < i) - ail@) T i @)+ < 2920, Vi € [1],72 2 0,
ZB(é) = X .
Z s; <€, 5>0. (7.27d)
€[]

Note that Zp(d) € Zp(6). This is because for each i € [I]|, by aggregating ||vi;]|« <

Y2i, |13 + ai(z) ||« < y2; and using triangle inequality, we have
lai(z)]l« < 272-
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On the other hand, by letting v1; = —3a;(z) in (7.27c), we obtain set Zp(8), thus Zp(8) C
Zp(0). Hence Zp(8) = Zp(9).
By projecting out {72;}ic(p, (7.27d) yields

0il|a; %
 slaa)]

Z(0) = 2s;

< bi(z) — a;(x) " s, Vi € [1], Z si<es>0p. (7.27e)
Finally, by projecting out variables s, (7.27e) is further reduced to

=< z:b(x a;(z) " ;. Vi et ¢
Zp(0) = q v :bi(x) 2 ai(x) pi,Vi € [”’%;] 2(bi(z) — ai(x) ) =

Therefore,

. (SZ a;\T) ||«
Z =S x:bi(x) > ai(z) p, Vi € 1], Z Z(b(:r)‘ —(a-)(’:’r)—r ] <eVoiekp,
=T t H

with £ ={6:6 > 0,3, 6 < A}, which is equivalent to

=<qx:b(x a;(z) " i, Vi Oillas ()]l € ex
Z =< x:bj(x)>a;i(x) p,V E[I]’ie%ﬂbi(x)—ai(xﬁm <eVseext(K)y, (7.27f)

with ext(KC) := {0} U{Ae;};c[;] denoting the set of extreme points of K. Thus, (7.27f) leads

o (7.26). 0 O

Remark 9. The technique for proving Theorem 44 is quite general and may be applied to
other settings. For example, if the ambiguity set P is defined by known mean and sum of

component-wise standard deviations, then we can reformulate Z as a second-order conic set.
Next we consider the optimized Bonferroni approximation of Z.

Theorem 45. Suppose that the ambiguity set P is defined as (7.25a) and Z = Hz‘e[l] =i,

then the set Zp is equivalent to

Z bi( ||Cﬁ ai(z ) <e ai(w)T/Lz‘ < bi(z),Vie[I],, (7.28)
i€[l] v Hi

where || - ||« is the dual norm of || - ||
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Proof. The optimized Bonferroni approximation of set Z is

. : . T :
Zp=qws, il B {5j La;(2)TE; < bj(a;)} >1—s;,Vj € [I],%;] 5j < €8>0

ie.,

Zp=Qws, il P {5]- La(2)TE; < bj(x)} >1-s,Viell,Y sj<es>0

1 — s; is equivalent to
A
e lai @)l + aj(x)" pj < bj(x)

for each j € [I]. Thus, set Zp is further equivalent to

A )
Zp =@ o llag@)l +a;() Ty < bi(a) Vi€ (1, > s S es 20,
j .
JE[I]

which leads to (7.28) by projecting out s. O O

Remark 10. The constraints defining (7.28) are not convex in general. Thus even if Z is

convez (Theorem 44), its optimized Bonferroni approximation Zp may not be convezx.

Remark 11. The constraints defining (7.28) are convex in case of only right-hand side

uncertainties, i.e. A* =0 for all i € [I].

We conclude by demonstrating the limitations of the optimized Bonferroni approxima-
tion by an example illustrating that, unless the established conditions hold, the distance

between sets Z and Zp can be arbitrarily large.

Example 16. Consider Z with regard to a projected ambiguity set in the form of (7.25a)
Z = {xGRI:E&n%’P{gzﬁixig 1,Vie[I]} > 1—6}
€
where

P = {P:Epl¢] = 0, Ep[[[£]l] < A}
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Figure 10: Illustration of Example 16 with % =2and [ =2

Thus, (7.26) and (7.28) yield

and

These two sets are shown in Fig. 10 with % = 2 and I = 2, where the dashed lines denote
the boundaries of Z,Zp. Indeed, simple calculation shows that the Hausdorff distance (c.f.
[88]) between sets Zp and Z is I;\/Tl%, which tends to be infinity when A — 0 and I,€ are
fized, or I — 0o and A, e are fixed. O
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