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ABSTRACT

‘The objectives of this study are to investigate the effects of

finite fins, surface heat transfer with finite fins, and the spatial

. dependence of the Seebeck coefficient, electrical resiativity, and

thermal conductivity on the optimum pérformance-of a thermoelectric
‘heat pump, |

.The first portion of the investigation presents analytical
golutions for the steady-state temperature difference, heat pumping
capacity, and coefficient of performance of a thermoelement used as
a thermoelectric heat pump with finite het and celd junction fins,

The ‘latter three expressions are also optimized with respect to the

-¢lectrical current. The longitudinal surface of the thermoelement 1s

insulated, the surface heat transfer coefficient over the hot and cold
Jjunction fins being arbitrary, A numerical example 1s worked in which
performance curves are compared for cases of infinite and finite fin

conductance ‘at the junctions of a simple thermoelectric heat pump.

-A method of augmenting device performance by realistic fin design is

shown; or, conversely, a method of economizing on fin size and the
-anticipated-ﬁecreafe-in_device performance is shown.
The second phase of the analysis presents equations for the

steady-state temperature distribution, optimum heat pumping capacity,

optimum coefficient of performance and optimum no-load temperature dif-

ference for a single element thermoelectric heat pump with comstant

‘properties. Part of the-longitudinal surface ‘of the thermoelement is




Cxi

convectively cooled; fins of varying size exist at the hot and cold
junctions; -and three different surface heat transfer coefficients can
be -arbitrarily selected, one for the hot-junction fins, one for the
fins at the cold junction, and one for-the‘aurface_of the thermoelement.
It is shown that surface heat transfer can be used to substantially in-
creage the heat pumping capacity and, in some cases, the coefficient
of performance is improved, . The effect of fin size at the junctions
of the thermoelement on performance is shown. An example is presented
in which optimized performance curves are compared for devices using fims
with infinite and finite conductances and where the thermoelements ha§e
rvaryingiamounts of surface heat transfer. The results are presented in,
dimensionless form so that_they apply for many different conditions, The
results show that gains in heat pumping capacity of the order of 300
percent to 400 percent are possible.

.The third phase of this research ascertains quantitativeiy how
.the-spatial dependence -of the Seebeck coefficient, electrical resistivity,
and thermal conductivity affect the optimized no-load temperature differ-
ence, optimized coefficient of performance aﬁd the optimized rate - of heat

‘removal of thermoelectric heat pumps. The longitudinal surface of the
thermoelement is insulated, The fin conductance at the hot and cold
Junctions is infinite. The effect of the spatial dependence of each
property on the performanqe criteria is analyzed individually and then

in physically appropriate combinations, It is shown that certain small
linear variations in the Seebeck coefficient and the .electrical registivity
act to increase all the performance criteria., - However, small lipear vari-

ations in the thermal conductivity (consistent with the variations in the




xii’

Seebeck coefficient and the electrical resistivity) decrease the perform-

-ance criteria. In.addition, it is shown that the.spatial dependence of

the -thermal conductivity is not nearly as important as the dependence of

the electrical resistivity and the Seebeck coefficient. Therefore, a

net increase in tBE‘performance criteria should be possible through the
-use of controlled spatial property dependence, Finally, all three
‘thermoelectric properties are assumed to have ‘a small linear spatial de~

‘pendence {consistent with the physical principles governing their inter-

relationships) and analytical equations describing. the performance cri-

teria of a thermoelement used as a heat pump are developed, These equa-
tions may be :used to compute the performance criteria of a thermoelement
with inhomogeneous thermoelectric properties over a wide range of param-

eter values.




" NOMENCLATURE

English Letters

A

A
¢

[ ]

® G

cross-sectional area of thermoelement
surface area of cold-junction fin

surface area of hot-junction fin

function defined in Chapter VI, Section 4c
constants of iutegration.

éonstants defined in Appendix'c-(m=i,2,3,4)
constants of "integration (m¥1,2,3,4)
Green's function

convective heat transfer coefficient

heat conductance of cold-junction fin,
hcAbL/kA

heat conductance of hot-junction fin,

h A L/kA :
h h

electrical current

electrical current density

thermal conductivity with zero current

‘length of thermoélement

perimeter of thermoelement

electrical power input

heat transferred to cold junction

heat transferred from hot junction
constants defined in Appendix C{m=1,2,3,4)

Seebeck coefficient

xiii

Units
-2

c

2

cm
cm?
dimensionless
dimensionless
dimensionless
dimensionless

dimensionlesgs

W/ -k
dimengionless

dimensionless
amps

amps/ cm?

W/ em-°K

em

cm

 watts

watts

watts
dimensionless

volts/OK
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Greek ‘Letters

o

!Y"T

Y T ,Y'

absolute temperature
enﬁironment temperature
position variable

= x/L (Chapters IV and V1)
u= (x/L) (hpL2/ka)¥

LT %

length of insulated section of

thermoelement

voltage

constants defined in Appendix C (m=1,2,3,4)

position variable

current
'y = ISL/kA {(Chapter IV)
y = ISL/kAuL(Chapter )

figure of merit, $2/pk

constants defined in Appendix C
(m=1,2,...15)

‘material parameter, 1/#(T'
. (Chapters_IV_and V)
current, ISL/kA (Chapter VI, Section 3)

function defined in Chapter VI,

function defined in Chépter VI,

ﬁﬁ/ﬁ,ﬂk/E As/8 respectively

/(L - 7?). Y /(L + —-) Ll /(1
respectzvely

function defined in Chapter VI,

{Chapter V)

Section 6a

SectionIB

Section 4b

xiv

oK

-og

dimensionless

dimensionless

cm

volts
dimensionless
cm

dimensionless

og~1

-dimensionless

dimensionless

dimensionless

dimensionless

- dimensionless

dimensionless

dimensionless




0 temperature variable, dimensionless
g = (T ~ T} )/(T' - Th) {Chapters. IV and V)
§.=

(T - T )/T (Chapter VI)
A current ..diménsionless

A= dYS (Chapter VI, Section 5)

o= 'Eizgfz'(Chapter'VI;; Section 8)
1+

II ‘Peltier coefficient _ volts

P electrical resistivity | ohm-cm

T Thomson coefficient _ volts/9K

P temperature parameter, T’ /(T' - Tﬁ) dimensionless

{Chapters IV and V)

@p function defined in Chaptgr'VI, Section 3a dimensionless

q% ' function defined in Chapter VI, Section 4a  dimensionless

P function defined in Chapter VI, Section 8a .dimensionless
Subscripts

a refers to material a

b. refers to material b

c refers to cold junction

h " refers to hot junction

L ‘refers to position x = L

v ‘refeérs to position x = v
Superscripts

*

denotes a dimensionless quantity

- denotes an -average quantity

Other symbols used are defined .in the text.




CHAPTER I
- INTRODUCTION

The thermoelectric -effects are concerned with the direct conver-
sion .of electricity into heat; and coniérsely, the direct conversion of
heat inte electricity. Most of the factors.entering into-a~consideration
of thermoelectric effects have been known for over a hundred years. - Not .
until the.recent:development of semiconductor materials did it become
possible to utilize thermoelectric effects to fabricate thermoelectric
heat. pumps and thermoelectric generators that have important practical
utility. Thus,. in-the past several years there has been a renewed in-
terest in thermoeledtric principles and cempletely new products based on
these principles are being developed. For instance, in regiens where
-electricity. is plentiful, cooling or heating living areas by the direct
conversion of electricity to a thermal effect by a thermoelectric heat
bump is a distinct possibility. In the electronics industry, small
battery operated thermqelectric refrigerators may be the answer to the
cooling of electronic components.

For a period of several years, much research has been carried out
for the purpose of improving the performance of thermeelectric devices.
This research is generally divided into the categor;eé.of developing
better and cheaper materials or-making the greatest use of existing ma-

terials. This analysis will be-concernédlﬁith both areas of research.

.The first part of the analysis is an attempt to determine; (1) if a

i il -
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more effective design can be achieved by the use .of direct heat trans-
fer between the longitudinal surface of the thermoelement and its-.en-
vironment (2). a reélistic design that will indicate how much the per-
formance of a device is impaired by use of finite fins. The second
phase of this analysis is an attempt to determine if the -spatial -de~
pendence -of thermoelectric properties can be used to improve the:perform-
ance of a thermoelectric heat pump.

The behavior of a thermoelement subjected.te-heetytranéfer along
its longitudinal surface has been investigated previously. But these in-

vestigations were made with boundary conditions that are not entirely

.tealistic and the effect of finite fins on device performance was not

considered. .The effect of spatial property dependence on device perform-
ance has not been investigated to the author‘smkncwledge, In fact, spa-
tial property dependence has generally been considered undesirable under
any condition of operatien.

At this point, it might be -expedient to briefly review the .thermo-
electric effects and their application to thermoelectric heat pumps and

thermoelectric generators,

Thermoelectric Effects

The term, "thermoelectric effect,"” implies the reversible pheno-
mena which occur at the junctions of dissimilar metals and throughout
the bodies of conductors in which finite temperature differences exist.
The principles and theory underlying thermoelectric effects were not eé-
tablished by one man at one time, but by several scientists working over

a span of many years. The three thermoelectric .effects are the Seebeck

-effect, Peltier effect and Thomson effect.




In 1821 Thomas J. Seebeck observed the first of the reversible
thermoelectric effects. Seebeck discovered the existence of thermo-
electric currents while experimenting with the -electromagnetic effects
assocfated with bismuth-copper and bismuth-antimony circuits, ‘He dis-
covered that when two dissimilar metals are comnected to form an .open
.circuit, as shown in Fig. la, and one of the junctions is at a higher
temperature than the other, an emf (called the Seebeck emf) exists,

This may be described mathematically by

v = s, AT (1-1)

Hhere'Sab-is a coefficient of proportionality called the Seebeck co-
efficient. 'This is more commonly, but erroneously, called the thermo-

electric power. The relative Seebeck coefficient, 8 b is defined as
a

Sa = Sp = Sab % ap o B T T

The Seebeck coefficient depends on the choice of materials a and b and
represents for a given material combination, the net change in thermal

emf caused by a unit temperature difference. The change.in potential

may be either positive or negative in the direction of the temperature
gradient. Theréfore, the magnitude and sign of, Sab’ are both important.
It is -expedient to assign an absolute Seebeck coefficient to all materials
relative to an arbitrary reference material (usually lead) such that the
Seebeck coefficient eof the junction of two materiéls is the difference
between the two absolute Seebeck coefficients of the material. It is

well to distinguish between the Seebeck effect, which refers to the net
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. conversion of thermal energy into electrical energy with the appearance

of an electric current and the Seebeck -emf, which refers te the net
thermal electremetivehforce set up in a thermocouple under zero current
conditions.

-In.. 1834 Peltier discovered unusual thermal effects when he intro-~

~duced small external electric currents in Seebeck's bismuth-antimony

thermocouple. He found that when a current is passed through the junc-

tion of two dissimilar metals in one direction, heat is absorbed, and the

. Jjunction is-cooled (i.e., it acts as a heat sink). . When the current is

reversed, the junction is heated (i.e., it acts as a heat source) and .re-
jects heat to the surroundings. The Peltier effect, then, refers to the

reversible rejection or absorption of heat which usually takes place

‘when an-electric current crosses a junction between two dissimilar metals.

Peltier observed that for a given current the rate of absorption or 1lib-

eration of heat at the junction of the materials is proportional te the

current and depends on the materials forming the junctien. Thus, in

Fig. 1b, the rate at which Peltier heat is absorbed is given by

Qp Tl . (1-3)

is a coefficient of proportionality known

where I is the current and'nab

a5 the Peltier coefficient. WNote that Il is the reversible heat which is

absotbed or liberated at the junction when current passes through the
junction in unit time; it has dimensions. of voltage. The temperature of
the junction and the materials comprising the junction determine the .di-
rection and magnitude of the Peltier coefficient; however, Il at.one junc-

tion does not depend on the temperature of the other junction. Thus

-



. In-.1857, Thomson attempted to derive such & relationship and -collaterally

(similar to the relative Seebeck coefficient §%B§~a§ush$wn;in;referenee
a

(3), a relative Peltier coefficient iis defined as

nab = na - Hb (1-4)

such - that I b of the junction of twe materials is the difference between
a
.the absolute Peltier coefficients of the materials a and b respectively,
William Thomson,. later known as 'Lord Kelvin, realized that a.re-

,lationshipwshauldjexist'bgtween-the'Seebeck:and-Peltief_coefficients.

. conducted an experiment whiéh demonstrated the-e#istence:of-a third_thermev
electric effect, now called_theﬂThomsqn.effect. Thomsonnpaﬁsed an electric
current threugh a closed_ci?cuitsformad by a singlexhomogeneouﬁ.conducter;

- which was subjected td a-temperatﬁre.gradient. -He .found the‘IzR heat to
'be-slightlf avgmented, or decreased, from the celd junction to the hot
junetion, of from .the hot junction to the .cold junhtion,Hdepanding_upon.
-the -direction of the current and the material under test; thismdiscrepancy

~was due to the third effect, The Thomson effect reférs to the reversible .
‘abgorption:.or liberation 0f heat aleng a.conductor with a temperature gra-
-dient -when an electric current flows :through the conductor. Thus, in
-Fig. lc, the rate at which Thomson heat is absorbed ig_

q, = 'ca_I'g—}T; - | (1-5)

'where-ﬁa‘is the rate of heat absorption per unit length of material a,
df/dx is the temperature gradient, and'ta:is a coefficient of proportion-

ality 'known as the Thomson coefficient depending on the properties of




material a only. Note that T repfeséﬁts‘the fété*at which heat is ab-
sorbed, or liberated per unit temperature differenqe-per unit current.
Kelvin was;first'td'demonstrate that thére'is a definite relation-
ship betweén-the-thfee=réversib1e thermoelécgric-effécfé. -He.assumed
‘that the irreversible*IzR and heat-conduction effects could be disregarded
in a thermodynamic ﬂerivation-bf the relatienship bet#eén-the three re-
versible coefficients. Although Kelvin's relations are correct, his
analysis _ié not considered rigorous. A _r_igorou_s development of these same
relations . is accomplished using'irfeversible thermodynamics (see for

‘example Callen), The first and second Kelvin relations are, respectively,

m, = 1,8, (1-6)
ds '
T = T, _-& (1-7)
a & 4T

"These relations are important, since they express the Peltier and
Thomson coefficients in terms of the more easily measured Seebeck co-

efficient.

-Thermoelectric Devices

Thermoelectric effects are utilized in two basic types eof thermo-
electric devices:

1. A thermoelectric heat pump is a2 device which -utilizes an .elec-
trical énergy‘input to pump thermal energy across a temperatufe gradient.

2. A thermoelectric generator is a device which converts thermal
energy into electrical energy.

-This analysis will be concerned exclusively with the performance




of a thermoelectric heat pump.* ‘However, for the sake of completeness a

.representative device.of each type will be described briefly.

-Thermoelectric Heat Pump

A typical heat pump is shown in Fig. 2a. Notice that the heat pump
'is an assembly of three basic components with distinctly.different.funcr
tions: (1) the thérmoelements through which the heat is.pumped;-(Z). fins
or heat exchangers generally made of copper or aluminum; (3). the power
supply -equipment (repreéented by a d-c béttery) necessary to. transform.
and rectifyithe-commonly available high-voltage a-c electrie current te
a-low-voltége. d-¢  supply to the heat pump. By the use of a P-type
thermoelectric element and an N-type thermoelecfric element in a d-c
series arrangement, heat may be pumped from source to sink, When electri-
cal power is delivered to the-circuit, Peltier heat is liberated at the
hot junction and absorbed at the cold junction, and therefore a temperature
‘difference is established between the junctions. Thomson heat is absorbed
and yiberated along the length of the elements,

At the cold-junction fin heat from the source to be cooled is trans-
ferred to the junétion and made -available for transformatien into electri-
.cal wotrk; the temperature of the cold-junction fin must be lower than the
temperature of the heat sourée and this temperature difference is an im-
‘portant design variable. Similarly, the temﬁerature of the hot-junction

fin must be higher than that of the heat sink, which is usually either air

* h '

In the remainder of this analysis the word "thermoelectric" in
reference to a heat pump or generator will be omitted frequently for
brevity, '
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or water. The net effecf of the operation of the heat pump for a given
electrical power input is a certain rate of heat removal from tﬁe source,
and a higher r&te of heat rejection to the sink. The thermoelectric
heat pump .is classified as a refrigerafor (or cooling device) if the
primary purpose is to xemove-heat from the heat équrce, At the same;time,
however, there is always the possibility of oPérating the pump as a
warming device, For a given thermoelectric heat pump, three major design
criteria are of interest: First, the maximum temperature difference that
may be established with the cold junction thermally inéulated from the
cold environment. Second, the maximum amount of heat that may be pumped
from the cold'environmeqt. .Third, the maximum attainable ratio of heat
pumped to electrical power input. This ratio is defined as the co-
efficient qf'performance.

A t&pical thermoelectric generator is shown in Fig, 2b., When
-a heat gsource is applied to the hot-junétion fin, the Seebeck effect
causes a current to flow through the electrical load. The Peltier heat
‘is ahsorbed at ‘the hot junction and liberated at the cold junctionm,
and the Thomson heat is liberated or absorbed along the length of the ele-
ments, In desipgning a given generétor, two problems. are of interest:
-First, the maximum thermal efficiency, Second,.the maximum electrical
power. output.

As stated before, only the thermoelectric heat pump is.considered
in this investigation. Hoﬁever, the tempefature distribution eqﬁations
derived in Chapters IV and V in this dissertatiomn apﬁly equally well te
the thermoelectric generator problem. Thus, it is possible for future

researchers to determine the effect of surface heat transfer” and finite

¥Surface heat transfer is used in this paper to denote heat trans-
fer from the longitudinal surface of a thermoelement.

i i .
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fins on the performance of a thermoelectric generator by changing -the

-junction boundary conditions given in this dissertation.and using the

temperature distribution equations derived herein.

Objectives

The objectives of this investigation are:
‘1., To determine the effect of finite fins on the optimum:per-
formance of a thermoelectric heat pump.

2. To determine the combined effect of finite fins and surface

‘heat transfer on the optimum performance of a thermoelectric heat pump.

3. .To determine the effect of spatial property dependence on
the optimum performance of a thermoelectric heat pump.

In each of the three objectives, the effect. in question is

measured by comparing the optimum performance criteria of a heat pump

embodying the effect in question to the corresponding optimum perform-

- ance criteria of an idealized heat pump} that is, a heat pump with

constant properties, infinite hot and cold junction fins, and zero sur-
face heat transfer. Throughout this dissertation, the performance ecri-

teria .are optimized with respect to fhe electrical current input I; that

is, T is adjusted to optimize the desired useful effect for a given

set of conditions. Comparison of optimum performances :is made because

it is the meost desirable criterion for measuring the effects being in-

vestigated.

-However, adherence to the most desirable comparison procedure

‘places severe restrictions upon the type of mathematical models that may

be ‘solved and compared analytically. It becomes extremely difficult to
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obtain analytical expreséions for the optimum .current and therefore for
the optimum performance, even for physical systems with relatively simple
‘mathematical expressions describing the température distribution., Feor
-most of the mathematical models analyzed in this dissertation it is
possible to ebtain analytical expressions for the optimum performance..

All exceptions are -clearly indicated.

i
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CHAPTER II

PREVIOUS RESEARCH

Historical - General

The discovery of the scientific primciples that form the basis of
tﬁe-development of the fhermoelectric heat pump was followed_-by a long
period of inactivity. Then,.in 1911, the first mathematical analysis of.
a' Peltier héat pump -was published bf Altenkirch (1). Unfortunately, the

technology received no impetus until the -last decade when semi-conductors

‘were -developed with thermoelectric properties that are superior to those

of the metals and alloys that were used previously. As a result, the
next analysis-of a thermoelectric heat pump published by Gelhoff, et al.
(2) in 1950 followed almest 40 years after the initfal analysis and about

150 vears after the discovery of the thermoelectric effects., -In 1957

- Ioffe (3) published the first book devoted solely to thermoelectrics.

Since publication of Ioffe's book, there has been a rapid and continuing

development - of a thermoelectric technelogy. Most of the research effort

'in the thermoelectric area has been directed toward the development of

new materials with a much smaller portion of the effort being directed

toward device design. The research effort in this dissertation is pri-

marily directed toward device design.

-Insulated Thermoelement with Finite Fins

In applications using thermoelectric heat pumps, space, weight,

.and cost considerations make it essential to limit the size of fins

p—
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that are-used to transfer heat between thé device and its environments.
However, such limitations inherently reduce the amount of heat pumped
and the coefficient of performance. It is desirable to know how much
the performance of a device is impaired by the use-of finite fins.

Aﬁ.investigatiOn by Brandt (4) considéred a nonlinear mathematical
model of a thermoelectric-pawerfgeﬁeratorn The model had an infinite hot-
junction fin and finite cold-junctinﬁ_fin, Brandt (4) considered only a
-radiative energy exchange between the cold-junction_fin-énd'its environ-
‘ment; he did not specifically evaluate the effect of the finite cold-
junction fin on generator pérformance.

An investigation by Rollinger and Sunderland (5) evaluated the
effect of a finite hot~-junction fin on the performance of a thermoelectric.
generator. .The analysis assumed the cold-junction fin was infinite, and
did not consider the effect of finite fins on the performance of a
_tﬁermoelectric.heat pump. An analysis by Crosby et al. (6) investigated
a thermoelectric heat pump with finite hot and finite cold junction fins,
The investigation was concerned primarily with optimizing Peltier heat
‘pumping with respect to the length-to-area ratio for a given current. It
did not consider the effect of finite hot and finite cold-junction.fins

on the coefficient-of'performance.

A paper by Zito (7) considered a physical model of a thermoelectric
heat pump that had finite fins, Zito assumed that the finite fins could
exchange energy with their environments by convection and/or radiatiom.

He did not evaluate the effect of the finite fins on the performance of

the heat pump. Furthermore, the analysis of Zito did not consider or

evaluate the effect of finite fins on the optimum performance of a heat pump.

An analysis by Ybarrondo and Sunderland (8) investigated the effects
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of finite fins on the optimized performance of a thermoelectric generator.
The ‘analysis 'indicated that finite-fins c0u1d-signiﬁicantlyﬁaffgct.theI
-perfqrmance'of a generator,

A very interesting discussion on thermoelectric heat -exchangers was
given by Mackey (9); his paper was Ia feagibllity study. - He discussed heat
transfer surfaées, fe431bility of -natural convection and radiation, .and. .
£forced convection insefar as these factors are related to the heat ex-
change ‘between a thermoelectric device and its .surroundings. His analysis
showed that the hot-junction fins of most thermeelectric heat pumps with
a "figure of merit" (E)*-less than or equal to.3X10'3-°Kf1 will probabiy
be ‘water-cocled or will bencooled by air blown over a compact heat ex-
.changer with extended surfaces. - In additiorn, ceoling the het=junction .
fin by -natural convection and/er radiation will prove"pracfical for most

thermoelectric devices.only when the figure of merit approaches 5K10'3 og 1,

~Thermoelements with Surface Heat Transfer and Finite Fins

This section of the analysis will be concerned with making the
greatest use -of existing materials, specifically the optimum utilization
‘of existing materials relative to the-thérmal system, As-meﬁtioned, the
first analysis . of a-heat-phmp was macde by Altenkirchj(l) and more refined
golutions ﬁere given-by”Gehihoff et:alg-(2),'Ioffe (3) and others. -Many
simplifying asgumptionatwere-made-in these analyseé. Of particular in-

.. terest here-is the -agssumption neglecting all external heat transfers ex-

cept those at the hot and cold junctions. External heat transfers were

*
‘See nomenclature .for an explanation of this symbol.
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neglected becéuse-it was assumed that they'ﬁould-have-a deleterious
effect on performance; it has been demonstrated analytically that sur-
face heat transfer can be utilized to substantlally improve the per-
formence of thermoelectric devices.

Analyses by Harmon et al., (10) and Kaganov.et -al. (1l) have in-
cluded convective surface heat transfer between a thermoelement and its
environment. -Howeﬁer, both these analyses were concerned primarily with
establishing a theoretical basis for the accurate measurement of thermo-
electric properties and were noé concerned with using surface heat trans-
fer to augment devicg performance. An analysis by Parrott {12) consi-
dered surface heat fransfer along the entire length of a thermoelement.
‘However ‘Parrott did not indicate the effect.of surface heat transfer
‘on performance. Parrott's analysis was not an attempt to determine if
surface heat transfer could be a-useful.mechahism for improving perform-
ance. He was only concerned with establishing an accurate theoretical
model for comparison of expérimental data.

The investigation by Brandt (4) considered the effect of surface
‘heat transfer on the power output of a power genefator. His. work covered
surface heat transfer by radiation; for the conditions he studied, sur-
facé heat transfer had a deleterious effect on the efficiepcy. He did
not report the effect surface heat transfer had on-the power-output of
a generator or cn the performance of a hgat pump. Furthermore, his model
did not include finite fins. In a paper;by Ybarronde and Sunderland (8)
analytical expressions were givem for predicting the improvements in
performance of a power generator that could be attaired using surface

heat transfer; the analysis also assumed finite:fin;conductancés at both
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junctions but did ndtJéonsider applicatibﬁs'involviﬁg.heat.pumping."

An analysis by Nottage et -al.. (13) attémpted fo-determine'if
surface ‘heat transfer could be a useful mechanism for improving. genera-
tor performance. - However, the -authors came to the conclusion the
"system" efficiency could be- increased if the surface heat loss from the
thermoelement was used to power a-thermbdynamic conversion process which
was more efficient than the thermoelectric generator with zero surface
heat transfér. -No attempt was made by the authors to explicitly deter-

mine how surface heat transfer affected the performance of the generator

itself; but this effect could be deduced from their work for one condi-

tion .of operation; the authors model did not include finite fins. A
paper by Rollinger and Sunderland (l4) presented results which showed

how -the performance of a heaf'pump could be improved through the use of

-surface heat transfer, The analysis assumed a fixed temperature dif-

ference between the hot and cold junctions and an infinite cold-junction

fin; it did not consider the effect of finite fins on the performance of

a heat pump.

_;Thermoeleménts-with Spaﬁially'Dgpendent-PrOperties
The thermoelectfic-properties electrical resistivity b(x),
Seebeck coefficient -S(x), and thermal comductivity k(x) of a semicon-
ductbr can be made spatially dependent by appropriate doping (CuBr is a
typical doping agentj. For the sake of simplicity, it is assumed the
resulting spatial dependence is axial only.
The effect of spatidlly dependent properties en the performance

of a thermoelectric heat pump has never been:investigated te the author's
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knowledge. This may be due in part teo the fact that semiconductor ma- .

‘terial is assumed to be homogeneous; homogeneity isfgenexally.controlled

during preparation. However, the fact that semiconductor materials. are

‘got or may not be homogeneous has been mentioned by several authors, .
-In a paper by T. C. Harman, et al.'(15), the positional dependence of
-electrical resistivity was shown as a function of several preparation

‘techniques. An excellent paper by Domenicali (16) derived differential

equations for the posgitional dépendence-of P, S, and k in three dimen-
gions. Domenicali did not solvé these equations, discuss. the effect of
spatial dependence of properties on device performance, or indicate a
method of using spatially dependent properties to. advantage. It should
be added that he intended oﬁly to present the basic principles of thermo-
electricity. |

An analysis by W. H. Clingman (17) indicated the'pbssibility of
spatially dependent properties. The principles -of irreversible thermo-

dynamics and the calculus of variations were-employed: to derive an ex-

pression for the optimum coefficient of performance. that is valid for

positional dependent properties. However, Clingman considered the thermo-

electric properties to vary with position only across a-inen.cross-
gection of the thermoelement; he did not consider the property values

to vary along the longitudinal axis of the thermoelement. The expression

for optimum coefficient of performance presented by Clingman was nect

evaluated for his type of spatially depeﬁdent-proPerties -.only for con-
stant properties. .Further, the analysis did not consider the effect of -
spatial dependenbg-or éttempt to use this dependence to advantage. A

recent 'analysis by B. Varga et al. (18) solved the dynamical equations

b
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governing the performance of thermoelectr¥ic and thermemagnetic heat
pumps -and compared the maximum no-load temperature difference of the
two types of pumps for several operating conditions. The authors
assumed that §, p and k were independent of position whenever.magnetic

field effects were present. - In the absence of a magnetic field the

‘authors assumed f and k were independent of position but allowed § to

be spatially dependent. +The authors showed that this dependence leads
to an increase in the maximum no-licad temperature difference;. the effect
of a spatially dependent Seebeck coefficient on the heat pumping.capacity

and coefficient of performance was not discussed.

- Summary of Previous Research

Thig brief review'of'previous-fesearch indicates rather clearly
that there are three problems that have not been investigated adequately,

Thé effect of a finitE'hotqjunctioﬁ fin.and a finite cold-junction
fin on the performance of a-thermoélectric heat pump has not been -ade-
quately treated.

While the advantageous use of surface heat transfer has been con-

.sidered previously, an -adequate mathematical model of a physical system

utllizing both surface heat tranéfer and finite fins has not been

developed.

Finally, the possibility of using positional dependent thermo-
electric properties to improve heat pump performance has not been in-
vestigated, In fact, inhomogeneity of thermoelectric properties has

generally been considered undesirable,
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CHAPTER IIT
CHARACTERIZATION OF THE ‘PHYSICAL SYSTEM

‘Description of a Thermoelectric Device

A basic thermoelectric device is shown in Fig. 3. This device
consists of two thermoelectric semiconductors to which electrical and
thermal connections are made by meanslof metal straps. By the use of
a P-type thermoelectric-element-and‘an.Netyﬁe thermoelectri§ element
‘in an electrical drc. series-arrangement heat may be pumped from source
to sink.

For -siniplic_i'ty it 'i;s.assﬁned that the electrical, geomeﬁrical, and
thermal properties of fhé P and N elements of the.device are identical
.eﬁcept-for the aBsolute.thérmoelectrid coefficients which are assumed
oppoéite-and equal, Thus, only one half of the physical medel has to
be considered in the analysis (see Fig. 4) and the mathematical modé1l
wili be simplified considerably; the element removed is assumed to be
replaced by a perfect electrical conductor,

.Before proceeding withla discussion of the nomenclature in Fig.. 4,
there are several basic -assumptions which must be mentioned. It is as-
sumed that the hot and cold junction;fins have negligibly small elec-
trical resistance and Seebeck coefficient., In addition, the electrical
resistance, thermal_resistance and Seebeck coefficient of connecting
wires between the thérmoelement(s) are assumed negligibly small. Both

these "assumptions are reasonable because the fins are made of copper or
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aluminum and the wires of copper almost exclusively. Within the thermo-
element, it is assumed that fluxes of heat and electric .current normal
to thelongitudinal axis of the thermoelement are negligible. Because
the cross-sectional area of the thermoelement is considered constant
throughout this analysis, the assumption of one-dimensional electrie

current flow is reasomable. This analysis will consider thermoelements

that are convectively cooled along a portion of their longitudinal. length,
Thus the assumption of a one-dimensiﬁnal héat flux (along .the longitudinal
axis) will be true only if the heat flux through the longitudinal. surface
is:nbt significant. 1In defense-of-this assumption it should be noted
that ‘the use of a one-dimensional mathematical model for studying the
"‘heat transfer characteristics of fins with constant cross-sectional area
-leads to analytical results which agree very favorably with experimental
data.

For the sake of simplicity, it is assumed that the entire cold-
junction fin is at a temperature Tc and the entire hot-junction fin is
at a temperature T ; that is, both fins are isothermal. In_regafd to

this last assumption note that the fins of the thermoelement are generally

made of copper or -aluminum. Since this is a steady-state analysis, the

assumption of isothermal fins is a good assuﬁption. Furthermore the
-temperature distribution in the fins would be very small for steady-

state operation and would certainly be a second order effect. Hence

there is little reason to believe that the results of an analysis with

a simplified model (ﬁeglecting second order effects) will not be -effectively
reproduced by a more refined model as long as both models include all

the first order effects.
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The reader ﬁill find the following explanation of basic nomen-
clature more meaningful by referring to Fig.-4. The rate at which
heat is transferred to the cold-junction fin is designated as Qi. The
temperature of the isbthermal cold-junction fin is the same as the
temperature at x = 0 and is always designated-as-Tc. The temperature
distributidn-in_the_thermoelement?is designated by T(x). The tempera-
ture of the isothemmal hot-junction fin is the same -as .the teﬁperature
at-x'=:L-and:is alﬁays designated as Th. The rate at which heat is
‘transferred from the hot-junction fin is designated as Qo' The electric
current,. I, is defined as positive in the positivefx-direction. The
source voltage, V, is defined such that the rate at which electrical
energy enters the system is given by the product of the voltage and

the current.

Differential Equation for the Temperature Distribution

The general partial differential equations which describe the
steady-state temperature distribution in.an.inhcmogeneous;.anisotroPic
‘thermoelement have been derived from the principles of.irreversible
thermodynamics by Domenicali (16). In shorthand notation these equations

can be written .

0 (3-1)

o [, arN _ -8 [
B, (kijﬁ) Ta—}z; \sij JJ.) SRR}

where i, § =1, 2, 3
In Eq. (3-1), k_ is the thermal conductivity matrix (for zero
ij

electrical current), p is the isothermal electrical resistivity matrix,

ij
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.Si "is the Seebeck matrix, Ji’ Jj is the electrical current density
and T is the absolute temperature. Equation {(3-1) is non-linear be-
cause-kij, ]

_and-Si are generally functions of temperaﬁure; they

1y’ j
also depend on position. The general scolution to Egq. (3-1) has not
been found, .However many special cases of Eq. (3-1) have been solved,

In this analysis, only isotropic thermoelectric elements will be
considered which means that pij.umkij = sij = ( for i # j. Furthermore,
the assumption that heat and current fluxes only exist parallel to.the
-longitudinal-éxis means that k = kll = k22 ='333,P =1311-= Pzé-= 933,
and § = S11 = 822 = S3ju Unfortunately the differential equation for
the one-dimensional temperature-Qistribution in a thermpelement with
convective ‘heat transfer along a portioniof-its:longitudinal.su;face can
‘not be obtained by reducing Eq,.(3;l). This results from the fact :that
the convective heat transfer effect is accounted for as a boundary con-
dition in the multidimensional casé vhereas 1t appears in the differéntial
equation in the one-dimensional case.

A éerivation of the one-dimensional partial.differential equation
for the non-steady state-femperature distribution in a thermoelement

subjected to convective heat transfer is given in Appendix A, Assuming

steady-state conditions, the resulting ordinary differential equation

(A-15) ‘is
- d dT :
= [k(x,T) A (x) 'd_'x:| - - I %% &

T
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In Eq. (3-2), the first term represents the gradient of the heat con-
ducted in the element; the second term, represents the "Volume Peltier
effect“*; the third term, . represents the usual Thomson.effect; the
fourth term represents the convective heat transfer from the-longitu-
dinal surface of the element; and the fifth term, represents the Joule
heating effect. |

Although Eq. (3—2) is a considerable mathematical simplification
:Qf Eq..(3—1) it ‘is still non-linear and very difficult to solve. Of
course, there are a large number of special cases of Eq. (3-2) which
may be solﬁgd.

. For inqtaﬁcng;ay (19), Parrott (12), and Norwood (20) have all
studied the effect of temperature dependent S, P, and k on the performance
-0f a fully insulated homogeneous thermoelement used as a heat pump. Their
results generally concur with the conclusion that the assumption of tempera-
ture dependent properties introduces second-order effects. These second-
order effects do. not serioﬁsly affect the results arrived at by using
temperat.ure independent properties - when -the heat pump -is operated at
a value of electrical current less than or equal to the optimum-alectrical

current for a given performance criteria. The analysis of Norwood (20)

.is particularly interesting because besides illustrating graphically

the veracity of the above statement, his results illustrate the effect

of the temperathre-dependence of &, p, and k individually. -

Several interesting special cases of Eq. (3-2) have .been solved

by Brandt (4) and Rollinger (21). - In particular both these.authors

.have studied the effect of variable cross-sectional area and surface

*See Domenicali (16), page 108, Eq. 94.




- 26

heat transfer on the'perfdrmance of thermoelectric devices. For the
conditions he studied, Brandt showed that shape by itself does -not

affect the power output and thermal efficiency of a generator under
matched load conditions; Rollinger'regched-analogous conclusions for

‘the heat pump. 1In addition, Brandt showed that a conical shaped element

‘together with surface heat transfer reduced the efficiency of a generator.

Rollinger derived optimum expressions for-the“performance of a heat
pump with surface heat transfer and an afbitrary-cross-sectional areaj;
‘he did not evaluate the expressidns.

In view of the objectives of this dissertation aﬁd”congidering
‘the "special cases" mentioned in the last two paragraphs, it is assumed
that all themmoelements in this analysis'have-temperature-indepéndent
8, P, and k and a constant cross-sectional area. These assumﬁtidns re-

duce Eq. (3-2) to

2
-] 4 B - oty 4 IR -
A [k(x) dx] IT 5o - hP (T - T + = o (3-3)

This differential equation forms the basis for the analyses in the fol-
lowing chapters; additional simplifications are made as indicated in

‘each chapter.

Thexmal Boundary Conditions
The purpose -of this section is to give the reader an insight and
a physical understanding of the boundéry conditions that will be- used to
solve:vgrious forms of Eq. (3-3) in the following chapters. It has :been
-the experience of the author that the thermal boundary conditions fre-

quently cause a great deal of difficulty,
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-Reﬁerri;g-to Fig.-é, if-is:noted that Fhe-thermoelemgnt'h;s
three boundary surfacesf the longitudinal Surface offthe thermoelement
and the radial surfaces at x = OIand X = L.'ZIn-this.analysis, the -longi-
tudinal surface is assumed to exchange energy with its environment by
convection only;*_'As menﬁioned-previously, the effect of convection
-along the longitudinal surface of the thermoelement is taken into ac-
count in -the differential Eq..(3-3) and does not enter into the boundary
conditions.

The Peltier effect occurs at the radial surfaces at -x = 0 and
% = L because these surfaces are the junctions of two different conduc-
tors. At each of these junctions an energj balance relating the various

energy fluxes 1s made and gives the usual boundary conditions "

- 4T 2 -
Qi = IS(O)TC - k{0)A o - IrA (3-4a)
X! x=0
QG = - IS{(L)T + k{I)A =— +IrA (3-4b)
° h 4% | w1, °

In Eq. (3-44d), the first term is the Peltier heat absorbed; the second
term is the heat conducted into the junctioﬁ through the element; and
the third term is the Joulean heat éroduced by electrical contact re-
sistance in the junction. The sum of these terms, Qi,.is the heat ab-
sorbed from the environment at the cold junction; a complefely analogous

‘statement applies to Eq. (3-41b).

*See Carslaw (23) p. 21 for a discussion of radiation heat trans-

fer at this boundary.

**See Parrott (12) or Rollinger (21}.
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In this analysis two modifications of Eqgs. (3-45).and (3-4D) are
made. First, electrical contact resistances at the junctions are neg-
lected; that 1isg, r,=r é-O. This is a very good assumption if reas-
onable care is exercised in assembling the heat pump and the length to
cross-sectional area ratio is small, Second, as a ‘matter of perscnal
preference Qi and Qb are both considered positivé;-s&mé:autho:s-consi-

der the heat removed from the hot jumction, Q “as negative, With

o"

these two changes, Eqs. (3-42) and (3-4b) become

o
[

I1S(O)T, - k(0)A % ' | (3-5a)

IS(L)T, .---k(L)A"% (3-5b)

LA
L]

where'Qi and Q are both positive quantities.
o
In some of the following analyses, the effect of finite hot and
finite ceold junction fins on performance-is considered. For these

analyses Eqs. (3-538) and (3-5b) take the form

= - T = - | -dT -
Q h A (T=T)) IS(O)T, - k(0)a 30| (3-64)
: x=0
Q, = A (T, ‘-Tﬁ). = -IS(L)Th---k(L)A"% _(3-6b)
x=],

For an explanation of the additional symbols in Eqs. (3-6a) and (3-6b)
see the Nomenclature.
In Chapters IV and V, Eqs. (3-6a) and (3~6b)'are=used as boundary

conditions. However in Chapter VI, a specified cold junction temperature
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Tc together with Eq. (3-5a) are used as boundary conditions,

-Summary of Assumptions

" In formulating the mathematical dgscription 6f the thermoelectric
‘heat pump shown in Fig. 4, the follawingibasic agsumptions have been
made
‘1. The électrical, geometrical, and thermal properties of the
‘P and ¥ elements in Fig. 3 arefidenﬁiéal except for the absolute thetmo-
electric coefficients which arxe assumed equal and oppesite; this allows
analysis of the simplified pump in Fig. 4.
2. The cold and hot;jﬁnction fins have negligibly small electrical
resistance and Seebeck coefficient.
3. The electrical resistance, thermal resistance, and Seebedk co-
efficient of connecting wires are negligible.
4. TFluxes of heat and electric current normal to the longitudinal
axis of the thermoelement arEfnegligiblexﬁithin-the;thermoelement.
5. The cross-seﬁtional'érea of the thermoelement is constant.
6, .The hot and cold junction fins are isothermal.
7. The thermoelement is an:isotrOpic'matefiai,and the Seebeck -.co-
efficient, electrical resistivity, and thermal conductivity are not func-
tions of temperature,

8. The electrical contact'fesistance at -the hot and cold junctions

'is negligible,
-Generally speaking, most of the assumptions in this chapter have
‘been made because ‘it is felt that their inclusion would only ‘introduce

-second-order effects. - These effects-would_néedlessly-complicate-the
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desired analytical solutions or entirely preclude the possibility of an
anpalytical solution to a realistic first-order effect. In addition, it
‘1ls felt that the assumptions made will provide an accurate mathematical
model of the physical system while providing analytical scolutions yielding

a better physical insight into the effect being investigated.
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CHAPTER IV

THE EFFECT OF FINITE HOT AND FINTTE COLD JUNCTION FINS

ON THE :PERFORMANCE OF A THERMOELECTRIC HEAT PUMP

The purpose of this chapter is twofold., First, the gquantita-
tive effect of finite hot and cold junction . .fins on the performance
-0of a thermoelectric heat pump is determined. Second, the performance:
-of a heat pump with finite fins .at the hot and/or cold junction to the
-performance if one or both fins are infinite is compared.

In this chapter analytical solutions are given for the steady-
state temperature distribution, no-load temperature difference, heat
pumping capacity and coefficient of performance of a thermoelement
-used as a -thermoelectric heat pump with finite fins, A numerical example
‘is worked in which performance curves are compared for cases of infinite
and finite fin conductance at the junctions of a simple thermoelectric

‘heat pump.

.Physical System and Relevant Assumptions

The physical system considered in this analysis is a single-
elementt thermoelectric heat pump (see Fig. 5). At the celd junction,
fins ére exposed to a cold enviromment at the temperature T'. At the
hot junétion, fins are exposed to a hot enviromment at the temperature
*Tﬁ. .The longitudinal surface of the element-is‘perfectly'ingulated.

The surface heat-transfer coefficient is denoted by h for the cold-
C

junction fin and b for the hot-junction fin.
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Fig. 5. Single Thermoelement Use.d as a Heat Pump; :
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It is assumed that the cross-sectional area A, the Seebeck co-

efficient 'S, the electrical resistivity ¢ and the -thexmal conductivity

"k are constant. Thérmal and electrical COntact resistances are neglected.
-Further, it is assumed that the electrical leads that complete - the. cir-
cuit have zero thermal conductivity, Seebeck coefficient and electrical
resistivity. -Finally"ﬁk is assumed that the flow of heat and electricity
in the thermeelementiié'one-dimensional and that the fin surfaces are iso-

thermal.

Temperature Distribution

The differential equation for the steady-state temperature dis-

tribution .in the thermoelement is reduced from Eq.. (3-3) to

.2 2
ka S22, “lf- = 0 (4-1)
dx

Equation (4-1) is subject to the following boundary conditions:

T(0) = 'Tc . (4-2a)

T(L) = T, (4-2b)

Since the temperatures of the environmentsTé and Tﬁ are specified,
the junction¢temperatures'Th-and Tc-are-not-known, In order to find Th
and Tc, it is necessary to take an energy balance at the hot and cold

junctions, Thus, at the cold junction,

- kA = Lm0 ¥ BSTe = hAL(Tg - TY) (4-3a)

at the hot junction,




34

- dT - oo -
kA = | . + ISTh hhAh(Th .Th) (4-3b)
x= : .

"If boundary conditiocns (4-2) and (4-3) are applied -to the gemeral solu-.
S tion -(4«1), the unknown témperatu_re distribution may be solved explicitly.

-Before -determining this relatiomship, it is helpful tec reduce the number

of parameters by defining the following dimensionless quantities. The

dimensionless temperature 9, position u, and parameters &, @, H_, .and

H_are defined by

_,.__.,_.T =" (% Aa)
e = , -
Tc - Th .
X
u = 7 _ (4-41b)
. ISL he
¥ oy (4-4¢)
a = E—T-'—]"'——T—- . (4"4&)
EIREIEY
Tf
= - C Y
N G | (4-4e)
hAL -
= _c¢c¢ -
B, = = (4-4 %)
, - A O ww
Utilizing the dimensionless quantities, equation (4-1) becomes
2
3“8 2y = .
= + ¥ 0 (4-5)
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The boundary conditions (4—2) and (4635-Becdme

80y = 8 . (4-63)

9(1) = 6 (4-68)

- -g% C+y(O, + 8y = -HO, = Q;' (4-6c)
] w0 -
--48 - ¥ -

au u=1_ + _y(eh + @ = gh(eh +1) = Qo | (4-64)

Solving equation (4-1) subject to boundary conditions (4-63).and'(¢-65)

gives

6 = - in( u? + {Q_h -8, +12—} u+t 8 4-7)

Equatian-(4—?) gives the temperature distribution in terms of Sé and eh
as well as other parameters. By making use of equation (4-6¢c) and (4-6&),
the fellowing expressions may be determined for the hot and cold junc-

tion temperatures

5 = {Y.za/Z - Yé} {1 +Hh - y} - {Hh - 3;20(/2 - Yis}

. (4-8)
Hh + --Hc .-I-_.(.HC + ) (Hh - v) .
y {YZG/Z - yé‘} - {Hh - y¥e/2 - Yﬁ} JL 1+ H, + Y}
= — - . 49
h _ H +H, + (H + y)(H, - ¥) (4-9)

"Equations {(4~7) ~ (4-9) can be used to determine the steady-state tem-

perature distribution in the thermoelement for ahy value of vy, Hc’ Hh,d
and $,

—H
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.Performance Criteria

The no-load temperature differeace, heat pumped, and coefficient
of performance -are the important performance criteria of a thermoelectric
'heét'pump- The no-load temperature difference,eNL, is defined as the
-temperature difference between the hot-junction environment an@.the
cold-~junction (Tﬁ - T&), when the cold junction ig:insulated from its
environment. Letting Hc = ( in equation (4-8) and applying the above
definition gives

-® +1) = 8
( c 1) NL

@y’ +[.1 —a -4 (a./'zmh}_ y* + 8 (- Dy

-y +Hy+ 1)

The rate of heat pumped from the cold environment equals'Q: and can be
determined by combining equations (4-6a), (4-7), (4-~8), and (4-9). Thus
3. - ] 2 4 g H v 4
* _(ch/Z)y Hc[é +o(l + H_h/Z) ¥y + 6Hcth +HH

Qi = > - {4-11)
AL NCEES SIS NSNS

The coefficient of performance (C.0.P,) is defined as the ratio of the
heat pumped to the total electrical power input; it is given by.

: T _ Py

hcAc(T T)

c.0.p, = & € ¢ " | (4-12)
IS(T, - T,) + I%pL/A’

By combining equations (4-8), {4-9), and (4-11), it can be shown that
3 ) (4-13)
(aH_/2)y> - Hc[é + o1 + thiiy + W H y+ BH, |
(92) (Hy = Ho)y> + [(By + HQ) (B + o) + Hy (ol - D]y* - Hphey

C.0,P, =
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For any giveﬁ.set of conditions, in order teo.{find the.value-qf
current 'y that will optimize any given performance criterion, the first
:derivative-qf-equationé (4-10), . (4-11), anﬁ (4-13) with respect to y
‘can be set equal ;o zerﬁ. Thus, the optimum-vélue of the current y0pt
‘that will yield the optimum no-load temperature difference can be shown
from equation (4-10) to satisfy the following equation

4 3. : 2
vy - 2th + Hh(Hh.-.l)y

_4 Hh ’ N th (é - 1) _ _
i [1-15-3{1-#-2—}}37 - =0 (4-14)

a a

For the optimum heat pumped from equation (4-11)-yopt-must satisfy

- z(Hh.--Hc)yS.- [Hh_(l - H )+ H, {5 +-4Hy -+2‘§ }Y'z

-% [H.h - {gs +; (1 + _zﬂf_l) }'{ﬁ:(uc + 1) +Hc}:|y
+_2_u_Hg_ [Hh - H -;.s{gh(gc+.1),.+ Hc}] = 0 | (4-15)

From equation (4-13), for the optimum value of C.0.P., yopt-must

satisfy
7 [2(.1-.+ $) + 5 (H, + -Hc).--l] y* - “[Hc +b (B, - 'Hc)]'ya
+ [(a.+ ﬁ)-' {H,c - -é(Hh - -Hc} + H, {Q-H-é(_llz -8y + ﬂ}

+ H (oH_ - 1):| y+ HH, =0 : C (4-16)
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Each of the equations (4-14) and (4-15) has -only one real positive
root. Equation (4-16) has two real positive roots; howevef,.the largef
is physically insignificant. For the values of the parameters used in
-this analysis, the real ppsitive roots of equations (4-14) - (4-16) are
between 0 and 1,

Equations (4-11) - (4-16) are sufficient to determine  the optimum
performance of a completely insulated thermoelement with unknown hot and
cold junction temperatures, arbitrary hot and cold junction fin surface
areas, and arbitrary surface heat-transfer coefficients over the hot and
cold junction fins. Unfortunately, owing to the complexity of the equa-
tions, it is difficult to interpret the quantitative results in a general
manner, Therefore in.order to evaluate the effect of fiﬁite_fins on
the performance, specific numerical examples are -used. The foilbwing

-constants are used in the examples:
s = 212 x 107%y/%
p = ~1.0 x 10~3 ohm-cm
k = 15.0 x 10 W/ em-K

2 = 3.0 x1073/%

. o
Tc 273Y K
_.}- O
Th. 3007 K

L = 2,5 em

A = 0.317 cm?
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In dimensionless form, these values give # = - 10,11 and X = - 12,34,
- The dimens‘.idnless;fi_n'parameterS'HC and Hh are not assumed equal. .and
are allowed to vary in the following combinations: H, =4, with
.Hh.="1,2,...,-300;:Hcﬂ=-10, with Hh.=-1,2,...300;_Hc---20, with
Byo=1,2,0.., 3005 B_ = 200, with H = 1,2,...300; and B = 300, with
H_ 1,2,...300.

.For these.conditions, the performance criteria of the thermo-
element were calculated and divided by the corresponding maximum possible
-values®: (%H)nmx-s - 2.801, (Qf)max;s - 3.145, (C.O.P,)max:--1.134.
Expressions ffom-which these maximum values may be obtained are-given in
Appendix B, The results are given in Figs. 6 through 10. The effect
‘of the thermal-fin conductance on optimum no-load temperature difference,
optimum heat pumped and optimum C.0,P, is shown in Figs. 6, 7, and 9,
respectively. Fig. 8 illustrates the variation of the C.0.P. with
thermal-fin conductance for the condition of optimum heat pumped.

Fig. 10 shows the wvariation of heat pumped with thermal-fin conductance

for the condition of optimum C.0.P,

-Analysis of Results

It is helpful to discuss the results of this analysis with some
-idea of typical values for the hot and cold junction fin -conductances.
It is shown in Appendix ‘B that a 0.635 cm by 0.635 cm thermoelement has

a fin conductance (Hc-or Hh) of about 50 for natural convection in air

*In this chapter and in Chapters V and VI, note that the word
Mnaximum"” refers exclusively to the optimized performance criteria of a
-completely insulated homogeneous thermoelement with infinite hot and
cold junction fin conductances.
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and. about 250 for forced-convection in air,

Fig. 6 illustrates that increasing H beyond about 35 will not
significantly increase the optimum no-load temperature difference,

-In addition, it shows that the assumption of an infinite heot-junction
fin can be reasonably accurate for an Hh of abouf 35 or greater.

Fig. 7 shows that for a given Hc, increasing'ﬂh beyond about
50 does not increase the heat pumped appreciably. For example, if
Hc'= 200 and.Hh = 50, the heat pumping capacity would be increased
only 5 per cent by increasing Hh to 200. This increase in Hh could be
accomplished by either increasing the fin surface area by a factor
of -4, or by using forced convection 'instead of free convection-in air.
S8imilarly, for a.given-Hh; only a small increase-in heat pumped is to
be gained'by'increasing'ﬁc from 20 to-200.

.Fig. 8 shows that the C,0,P, for optimum heat pumping is vir-
tually independent of the hot and cold fin conductances for Hh about
5 or greater. It should be noted thét3in_bhis.figure the heat pump is
operating under conditions that will give the optimum possible heat
-removal from the ceold environment.

.Fig. 9 shows that for a giventHc, increasing'Hh above -50 does -
not increase the C.0.P. appreciably. Similarly for a given Hh only
a small increase in C.Q,P, is obtainable by raising Hc from 20 to 200,
It can be_seen in'Fig..IO the heat pumped for optimum C.0,P., is vir-

tually indépendent of the hot and celd fin conductances for'Hh > 10,

-Conclusions

An analysis has been presented that can be -used to predict the
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performance of a éomplétely'insulated thermoelectric'heat3pump-operating
with finite fins at the hot and cold junctions. The results show that
"the 'performance of an element may be altered significantly depending on
the. values qf the dimensionless parameters, Hh-and Hé' -The results were
applied to.a numerical example, .For the set of conditions considered,
increasing the fin conductances Hc and Hh te a-value.gre&ter'thap'ZO would
improve the performance by only a small amount.'-For'ether.design-appli-
.cations curves similar to those presented in this:chapter'can:be con-
structed, and, from these cﬁrves, the amount of fin surface area needed

_can.bE'detefmined.
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CHAPTER V

OPTIMLZED PERFORMANCE OF A THERMOELECTRIC HEAT -PUMP

WITH SURFACE HEAT TRANSFER AND FINITE FINS

The purpose of this-chapter'is to capitalize more . fully on. the
-gains -in performance -that can be attained through_surface-heat.trans-
fer; determine the quantitative effect of finite fins on the perform-
ance - of a.thermoelectric-héat-pump.usiﬁg surface -heat transfer; and
compare thé performanqe-Qf a heat pump usipg surface heat transfer and
having finite fins to the performance éf a completely insulated heat
pump with infinite fins,

In this chapter, equations ére-pfe#énted for the steady-state
temperature -distribution, optimum heat pumping'capacity,.optimumzco-
efficient of performance, and optimum no-load temperature difference
_fot a single element thermoelectric heat pump with constant properties.
Part of the longitudinal surface of the thermoelement is convectively
-cooled} fins of varying size exist at the hot and celd junctions; and
three different surface heat transfer coefficients can be arbitrarily
selected, one for the hot-junction fins, one for tﬁe fins at :the cold
junction, and one for the surface of the thermoelement. .The effect of

fin size at the junctions of the thermoelement on perfermance is shown.

An-example is presented in which eptimized performance curves are compared

for devices using fins with infinite and_finite'conductance-aﬁd where the

‘thermoelements have varying amounts :0f surface heat transfer. The results
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given are presented in dimensionless form se that they.aﬁply for many

different conditions.

-Physical System and Relevant Aséumptions

The physical system considered in this analysis is a single-
.element thermoelectric heat pump (see Fig. 11). At the.cold junction,
fins are exposed to a cold environment at the-temperature-T;;tat the
"hot -junction, fins are exposed to a-hot'environment a;.the-temperature
'Tﬁ. The longitudial surface of the thermoelement is divided into twﬁ
parts; one part of lemgth v, . is perfectly insulated; the second part
of length (L-v), is exposed to conveéction ﬁit‘h the hot enviromment. The
fraction of the surface insulated can be arbitrarily:?aried.l The -sur-
face heat transfer coefficient h is not assumed to be the same Ehrough-
out the system,

It is denoted by'hc for the cold-junction.fin,,h:in the region
v< x<TL, and hh,for-the hot-junction -fin., It is agsumed that the
cross-sectional area A, the Seebeck coefficient S, fhe (isothermal)
electrical resistivity ¢, and the thermal conductivity k (for zero elec-
trical current) are constant. Thermal and electrical contact resistances,
as well as the Thomson effect, are neglected. It is also assumed that
‘the ‘electrical leads which complete the circuit have zero thermal con-
duetivity, Seebeck coefficient, and electrical resistivity. Finally,
it is assumed that the flow of heat and electricity in the thermoelement

‘is one dimensional and the fin surfaces are isothermal.

Temperature Distribution

The differential equations for the steady state temperature




Fig. 11. Single Thermoelement with Surface Heat
‘Transfer Used as a Heat Pump.
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distribution .in the two parts of the thermoelement are:

2
a°r, 2
--kzx;%-+—1f- = 0 0< x< v (5-1)
X
2
d“T 2
____2 - " - + ] E_ﬂ: < -2
kAdxz hp(T, - T7) + = 0 v<x<L (5-2)

4

§'Inféﬁ$ag;on:(5-2), the first term is the result of heat conduction; the

. second term results from the heat transferred by convection; the third

term results from Joule'heating» These differential equations are sub-

ject to the following boundary conditions:

Tl(O) = T‘C (5-33)
TV = T,V (5-3b)
T, = T (5-3¢)
dar dT
1 .2 .
— B —— (S'Sd)
dx x=v dx =V '

Because only the cold and hot junction .envirvomnment temperatures,
T; and T;, are specified, it is necessary to take an energy balance at
the celd and hot junctions to determine the junction temperatures.'ljc and

T

ne Thus, at the cold. junction,

ar, ' | -
= kA = + -IST;: | = hcAc(T:: - T.) (5-%43a)

I ol 8

At the hot junctiom,
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- — = - ‘ - ;
) kA - . + IST, b4 (T, - T)) (5-4b)

In equation (5-4a), the first term is equal to the heat cdnducted from

the thermoelement to the cold junctipn; the second term is the Peltier

heat absorbed at the junction; -the sﬁm of these two terms equals the
energy convected to the cold-junction fin by the enviroﬁment. -It should
be noted that the entire sﬁfféceﬁof-the.fiﬁ-at-thé cold junction-is
assumed to be at.éztemperatufe-eﬁuai'to:fhe-cold—junction.temperature;
gsimilarly, the entire hot;junétion;fiﬁ.surface-is”assumed to be at a
temperature equal to the hot-junctién-temperatgre.

If boundary conditions (5-35 and (5-4) are applied to the solu-
tions of equations (5-1) and (5~2), the unknown temperature distributions,
Tl-&nd Ty, may be determined. Before solving for the temperature dis-
tributions, it ‘is helpful to reduce the-number of parameters by defining
the following dimensionless- quantities. Thus, the dimensiqnless tempera-
ture O, the dimensionless position u, and the dimensionless current y,

.are defined by

e T - T; H
= T (5-5)
T -Th
1
. 2 2
-I-S-LD . .
y = kAuL . (5-7) .

"Making use of the above definitions, equations (5;1) and (5-2) become
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d% ,
—L+y% =0 0<u<u (5-8)
du? v '
d292
2 = .
w>: - 92 +ya-1=0 u, Cug u (5-9)
The boundary conditions (5-3) and (5-4) become
81(0) = G'c (5-10a)
&l(uv) = .ez(uv) = Gv (5-10Db)
Gz(LIL) = eh {5-10¢)
de do |
d_l. = 2 (5-104)
u du | .
U=y, u=y,,
% . del
Qi = - .HCeC = uL.(ec + é)y - u'L E.l—- . . (5-118')
. U=0
* o d82 .
Qo = Hh(eh + 1) = uL(eh + by - A Ao (5-11b)
The general solutions of equations (5-1) and (5-2) are
5 _  ay2e? '
L = HXE__ +Fu+F,, 0<u <y (5-12)
8 = u -u g o240 L -
9 FSe + Fae + y“a - .1, v, <u< up (5-13)

where Fm(m=1,2,3,4) are constants of integration. Solving equatious
{5-12) and (5-13) subject to boundary conditions (5-10z) - (5-10d4),

yields

- —————
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, .
6 = CLL_.F [E%_ui.yelv-@c} b 46 0<u<u (5-14)

-
Yy ¢

[Gv(e'l°1 S 1) 40, (P -1 42 {i -.cosh(ﬁ)} 5% - 1£]e“

6. = —
2 ) ' u
_ 2 sinh(tl)(euL -e "
u u
. [9veuL - ehe Vot (euL (L - ¥ a}] u
2 sinh()
+ oy -1 u, £uf u (5-15)

The temperature distributions, 81 and 92, are given in terms of ec, Bv,

and §, as well as other variables. By making use of equation (5-104d),

the following expression can be determined for ev.

I:y au {(uv/2) + tanh(u/2)} + % {(eh/snlh(u)) - tanh(u/Z)}]+ ec
v 1+ u, coth(u)

(5-16)

Applying boundary cOndltanS (5-11a) and (5 1]b), and solving for the

cold and hot junction temperatures,

2 - 5 .
(v a E3 = yuu + E)(Hy < yuy - Dy) + Ex(y 9D3 - yu 8 - D)

c | (Hc +.ygL + El)(Hh.- yuy - Dl) - D2E2
' (5-17)
2 2,
o | YDyt ywBt DY F vy +E) - Dy yub + T
h (L. + yo + EJ(L - yu - D) - DE
SR A T DAL A s Tl (5-18)

The terms E and Dm(m=1,2,3,4) depend on the diétances'L and v as shown

in Fig. 1ll1; expressions for these terms are given in Appendix C.
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Equations (5-14) - (5-18) can be used to determine the steady-
state temperature distribution in the thermoelement for all wvalues of

a, @, u,, u, H,, Hy, and y.

Performance Criteria

The heat pumped, coefficient of performance (C.O,f.) and no-load
temperature differe;ce are the important performance criteria of a thermo-
electric heat pump. .The-rété of heat pumped from the cold environment,

Qi’ can be determined by taking an energy balance at the celd junctionm.
This hag already been determined in dimensionless form-in-equatiﬁn {5-1149).
Using equations (5-14), (5-16), (5-17), and (5-18), the following ex-

-pression for Q? can be found.

& = (y%a By - yud +E) {(Hh e Aale U [i‘-‘L"' Elj - DzEz}
1. _ _
| | (e + yop + By - yuy - Dy) - Do,y

2 |
(y"a Dy - yu, é - D) EH,

(H, + yop + B - yup = Dy) T8,

2
+ yuy, 8 - E, - yOE,

(5-19)

Before.continuing the developmentnof the performance criteria
equations, it is important to discuss briefly the'conveéﬁivé-energy.flux
to or from the element along its longitudinal surface.__This can be ac-
complished with the aid of Fig. 12 which represents a typical ﬁempera-
tqre-diétribution-in;a thermoelement. - It ig clear that energy will be

convected from all parts of the element in the region v < x <L only if

T, < Tﬁ (5-20a)
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or, in dimensionless form, if

8, < -1 | (5-201) .'

Thus, the distance v along the element should not be less than the value
of x where Tﬁ = Tv(or ev-= -1) if energy is to,be.éonvected from the ele-

ment. The increased heat pumping capacity that may be attained by re-

- moving insulation from the surface of the element is.more readily under-

stood by referring to Fig. 12 and equation (5-4a). If energy is removed

from the surface of the thermoelement (Tv < T;), the temperature distri-
n

bution in Fig. 12 will tend to lose the hump, i.e., the temperatures in

the region v ¢ x <L will be smaller. In additiom, the gradient at

¥=0 will become smaller. TIf the gradient at x=0 becomes smallér,

equation (5-4a) clearly shows more heat can be pumped than if the element
is completely insulated. | This discussion is based on the assumption
that the cold-junction temperature can be maintained relatively .constant;
this is a realistic assumption if the fin sizes are.sufficieﬁtly large.
It is alse possible to remove some insulation from the surface of the
element near the cold junction so that additional energy may be convected
to the element from the coldlenvironment. A preliminary analysis by the
author indicates that the amount of insulation that may be removed is so
small that it has a negligible effect on performeance.

The C.0.P, is defined as the ratio of the heat pumped to the total

electrical power input; it is given by

a1, _
IsST. - 3% Q.
Cc.0.pP, = I x=0 = i (5-21)

I 191
3L, IS(Ty, - Tg) 1_21_ + IS(T, - T.)
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‘The first term . in -the denominator is the-electrical-energy dissipated

~in-Joulean heat; the second term is the power dtssipated-fn.overcoming

‘the Seebeck voltage due to the temperature difference across the element.

Combining equations (5-17), (5-18) and (5-19), equation (5-21) becomes

Q‘*
€,0,P, = . i (5-22)

2.2 .
yrua+ yuL{Qh.- ec)

The no-load temperatufe difference, eNL’ is defined- a8 the tem-
perature difference between the hot-junction enviromment and the cold
junction.(Tﬂ.--Tc), when the cold junction.is insulated from its environ-
ment. Letting H, = 0 in equation (5-17) and applying the above defini-

tion,

= (9 .
rsNL ' ( c + 1

(20 B - yu @ + E)(D* yur - Hh) + Ey (D, + yud - y2%Dy) .
B | (yo_ + E) (R - yu_- D)) - D,E,

(5-23)

For any given set of conditions, in order to find the value of
the dimensionless current y;that-will.oPtimize any given performance
criterion, the first derivative of equations (5-19), (5-22), and (5-23)
with respect to y must be set equal to zerc. Thus, the optimum value of

the dimensionless current, yopt’ that will optimize the heat pumped can

. be shown from equation (5-19) to satisfy

2¥
YT % y’ W z
5 15

(equation continued)

i e e B e e e et e
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(5-24)

From equation (5-22), for the eoptimum C.0.P., yopt
6. My o ._[szRz +t @ upBe) + W(Ry - G B - W(Ry + o “Lg?il 4
4 - WilRy = @uBg)
o2 [“B‘Rz tawB) - WRA (R, - @ ?EﬁsJ y3
ViR - ayfy
| L [W3(R3 + awB) - WR, + W, (R, + @ “ﬁaﬁﬂ 52
f WI(RI.- o ut§5)
'+.2W4(33-+ “ uL;?) Y -w4R4 = 0 (5-25)
W Ry -0 wEy o WRy - Cydy) |
"From -equation (5-23), for the optimum value of eNL’ yopt-must:satiSfy
: 28 g 2., z . Z.) 38
; A VR [ 12, 140 T B L Ris)
i A A - g Z T E y
= 5 "1 15 5
|
! i (¥ -3) 2 2 B -3 2 |
__2[; 15 ng 2, g13} g+ 13716~ T12735 L 5 (526
15 1 1%

Quantitiésjcamprising-part of the coefficienté-of the y térmg; Rm
{m=1,2,3,4), Wh(m=1,2,3,4), and gm(m=1,2,,;.;15),-are-listed in Appendix
C. The number of poesitive real roots-in each. of the-equatioﬁs (5-24) -

. (5-26) may be deterﬁined by evaluating the coefficients in these equa-

tions and using Descarte's rule. For the values of the parameters used
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1

in this analysis, it can be shown that the physiecally significant real
positive roots qf.equatiéns (5-24) - (5-26) are between 0 and 1.

Equations (5-19) - (5-16) are sufficient to determine the optimum

- performance of a thermoelement subjected to convection along a portion

of its length if the temperatures of the hot and cold environments are

‘known, The hot and cold junction temperatures do not have to be given,

and the device may have arbitrary hot and cold junction fin surface areas,

and arbitrary surface heat transfer coefficients.

‘Results
The stéady-state'temperature distribution in.a thermoelement with
finite fins and with convective heat transfer between a portion of the
surface ‘of the thermoelement and the hot environment can be determined
from equations (5-14) - (5-18). The heat'pumped? coefficient of per-

formance, and'noalbad temperature difference can be obtained from

.equations (5-19), (5-22), and (5-23), respectively. Using equations
(5-24) - (5-26), it is possible to evaluate the C,0.P, for optimum heat

pumping; and to evaluate the heat pumped for the condition of Jp;imum

¢.0.P. These-equations.are long and therefore have not been solved in

.-a general manner. The quantitative effect of_varyiﬁg conditions of sur-

face heat transfer and finite fins on optimun performance can be deter-

mined best b? discussing several examples. It must be emphasized that

‘the examples to be discussed are not restricted to any one material,

geometry, environmental temperature difference, or heat transfer coeffi-.

cient because of the dimensionless character of the equations. The fol-

.lowing material properties are assumed for the sole purpose of giving a
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physical frame of reference for the examples. These properties -are

typical of commercial materials and are

s = 212 x 10°%  y/ok
p = 0,000 Q- em

k = 0.015 W em - 9K

‘The environment temperatures selected are Té = 2509 K and Tﬁ = 300° K.
From these properties and temperatures it can be easily shown that

G = «6,67 and P = -5.00, Table-1l gives several values of u for vari-

‘ous heat transfer coefficients® for thermoelements with equal circular

cross-gections and varying lengths. It can be -geen that-uL = 3 corre-
-sponds -to an .element of length 0.635 cm, diameter 0.635 em and heat

transfer coefficient equal to 0.0531 W/cmzsoK. This heat transfer co-
efficient could be obtained by forcing a liquid over the surface of the

thermoelement. The same value of uL_could'be obtained by increasing the

‘length of the element to 1.91 cm and forcing a gas over the surface of

the element so that h = 0.00591 W/ cm?-°K.

The dimensionless length-of the element insulated, u, varies

-from zero, when the entire element is cenvectively cooled; to U, when

‘the element is completely insulated. The dimensionless fin parameters

I-Ic and Hy -are assumed to be-equal**-and they range in value from 5 te

500, H_ = 5 corresponds to a high thermal resistance across the fin and

C

H, = 500 corresponds to a very low thermal resistance across the fin.

Note that the entire fin surface is assumed toc be at a constant

*See reference (22), page 393, table 13.1-1, for the physical
significance of these:h walues.

**Chapter IV discusses the effect of unequal fin sgizes on the
optimum performance of an insulated heat pump.

I




60

temperature equal to the corresponding jﬁnction-temperature°
For the conditions mentioned above, the perfommance criteria of

the thermoelement were calculated and divided by the . correspending maxi-

..mum values, ‘The maximum values are'abtained-byhconsidering-a-fully'in-

.sulated element with infinite fins. These values are obtained from the
given3performance-equations by setting u = uL_and-Hc = Hh =co , The
results are (Q:)max'= -0.875, (C;O.P.)max-= 0.321, and (GNL.)max = -1.511.
The optimum heat pumped, the heat pumped for the condition of op-
timume C,0.P,, the optimm C,0,P., the C.0,P. for the condition of opti-
mum heat pumping, and the optimum no-load temperature difference were cal-
culated for.'-_qL =1, 3, 5, and 20. The resultsmafe-giﬁen-in Figs;.lé
through 21, The dimensionless fin ﬁonducthnce Hc - Hh is used as a
parameter-iﬂ-these figures. The end point of each curwve where-uv/uL,- 1

represents :the -performance of a fully insulated element and serves as a

"~ convenient reference for two comparisons., First, when compared with

any other point along the :same curve, the end point- iliustrates the gain
or decrease in performance attained by using surface heat transfer.

Second, when compared with the point where the ordinate and abscissia

are both one (1), the .end point of any given curve illustrates the predicted
'performanée-for a fully. insulated element wiﬁﬁ:equal finite fins relative

‘to a fully insulated element with infinite fins.

Analysis of Results

There are two modes of operation to consider in the design of

thermoelectric heat pumps. The device may be operated to obtain the
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Table ‘1. Heat Transfer Coefficients h(W/cm2-°K)
for Several Values of u and L

L

w L.=0.635 cm L.=:1.27 cm L=191cm
2] 4=0.635 cm d=0,635 cm d= 0,635 cm
1 0.00591* 0.00148 0.0b0654
3 10,0531 ©0.0133 0.00591

5 0.148 0.0369 0.0164

20 .2.36 0,591 0.262

*(1761.1 B/hreft2-°R = 1 w/cmz_;QK)
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ogtimum*.rate'of heat transfer from the cold junction or it may be
- operated under conditions that will give -the optimm C,0,P, Fig., 13 .
.shows how the rate-of heat'pumping depends on the fraction of the element
insulated.aqd the fin conductance, with.uL =1, an& for both conditions
of operation. This value of u is considered very low and would be ob-
tained uging a short element with low Heat transfer coefficients. With
such small values of u;, it can be seen that no-appreciablesgainlin the
‘heat pumping capacity -can be achieved by using surface heat transfer.
..Fig..13 shows that considerably moere heat can ‘be pumped when the .device
- ‘is operated at the optimum heat pumping capacity as compared to.opera-
. tion at optimum C.0.P. The variation of the rate of heat pumped with
fin conductance ;an also be observed from Fig. . 13,

Fig. .14 -shows how thé C.0.P, depends on fin conductance and sur-
_féce-heat transfer for the-same-ponditions considered in Fig. 13, For
values of fin conductance -exceeding about 10, for the conditions consi-
-dered, the -C,0,P, is much larger when the device 'is operated under condi-
.tions that give the optimum C.0.P. as coméared ﬁiﬁh:operation-at op t imum
‘heat pumping. It can also be seen that for W = 1, only small improve-
ments in the C.0.P, are possible through the use of surface heat transfer,
If the fraction-of the element-insuiated (uvfur) is 0.6 and if the fin
.conductance 1is 10, the optimum C.0.P, remains unchanged compared with a
fully insulated element. However, if the device-is.operated under condi-

tions giving optimum heat pumping, then .the rate of heat pumping is

* .
- The optimum rate of heat transfer from the cold junction is used

‘here -to refer to the maximum rate of heat transfer from the cold junction

‘of a device utilizing finite fins. An analogous definition is used for
the optimum C,0,P,
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increased by about six per geht through the use. of surface heat transfer.
Figs. 15 and 16 givé the same type:of results showm in Figs. 13
and .14, except'uL‘=-3. -Itﬁcan be saén_from_Fig,.IS that for this larger
value of qt, Significant improvements in.the rate*of-heatrpumﬁing-can
'.;be;achieved_th;ough_the judicious use of surface heat transfer. Gains
‘in performance will be achieved omnly if part of the element is insulated.
For exaéple, for a device with a fin conductance of 10, if it is operated
-under cénditions of-optimum:heat-pumping,isﬁrface heat transfer will be .
‘beneficial only if uv/qLD'.OOIZ. In Fig. 16, it can be seen that im-
-provements in.é.O.P. can be achieved by using surface heat transfer if
the fin conductance is around 10. or less. For example, consider a circu-
.-iar'element 0.635 cm jong with g dismeter of 0.635 em. -If part of the
~surface of the element is exposed to forced-convection-with a gas, the
‘heat transfer coefficient could be around OwOSQ'W/cm%QKuénd u = 3. If
the fin. conductance H'is 5, the ratio: of fin-surfﬁc; area to the cross-
-sectional area of the fin will be 2.2. TIf the elemﬁnt is operated to ob-
tain the optimum C.0,P., Fig. .16 shows-surface heat transfer will in-
crease the optimum-C,0.P, if qv/uL > 0.36. Specifically, if uv/qu--O.GG,
the optimum C.0.P, will be nearly twice the value of the optimum-C,O,P.
for a corresponding fully insulated element. At the same time, Fig. 15
shows the heat pumped at optimum C,0.P, will be nearly three times the
-value for a corresponding fully insulated element with ﬁc'a Hh = 5,
Thus, it is pessible to substantially increase both the:0ptimum-C,O,P;
and the heat pumping capac¢ity at eptimum C.0.P, by using surface heat

transfer.
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Figs. 17 and 18 give the rate of heat pumping ahd C.0.P, for
- 5. This value of uL could be5eaSily.obtained; for example, by

‘using ‘a cylindrical element 1.27 cm'ldng witﬁ-a-0.635 cm diameter and

by exposing it to free convection with a liquid so that h = 0.0369 W/ em2-9K.

Under these conditions, if the fin' conductance H is 50, the ratio of the
fin-surface area to the cross-sectional area of the element is about 16.
- Ef the device is operated under conditions giving the optimum heat
pumping and if u*/uL-=-0,25, then the rate of heat pumping will be in-
-creased by 61 per cent compared with the heat pumping capacity of a fully
_insulated.element. Furthermore, the rate of heat pumping will be ‘37
per cent aBove-the-rate for a fully insulated element-with infinite fin
conductance. The increases in heat pumping capacity for the case con-
.gidered will be acccméanied by decreases in the C,O.P;_which can be ob-
served in Fig. 18, | |

figsf i9 and 20 show the changes in performance thaf.result by
using surface heat transfer-with:uL.-'20. Jt can be seen from Fig. 19
that the heat pumping capacity can be increased by as much as-a\factbr
of five over the capacity of fully insulated elements. Fig. 20 shows
that ‘substantial reductionms in C.0,P, occur if the device is operated
unider conditioné giving the greatest gain.in the heat pumping capacity.
From Table 1 it can be gseen that values.of u; as large as 20 can be ob-
tained either by using elements with large values of L/A or by using a
-system that would give very large values of the heat transfer coefficient.
Due to considerations invoelving cosf, fabrication and performance,.it is
generally considered.desirable to use elements with small values of L/A.

Therefore, in order to obtain the maximum benefits from using surface

I
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héat tfansfer, it would be desirable to.designeafsystem that would pro-
vide*large-heat.transfgr-coefficients. If a portioﬁ_of the thermo-
.elemant is-exposed'to ﬁonvection-with.a boiling;liquid (éuéhuas freon),
it is possible to obtain values of the heat transfer coefficient in the
range 0.1185 to 11.85 W!cﬁzJQK (see reference_22),

: Fié. 21 . shows the optimum no-load:temperature difference as a
function .of the fraction of the element insulated for various values of
uL-and H*. This figure shows the effect of vy, and dimensionless fin con-
.ductance-on-(QNL)OPt. AS'QL.increases the influence pf the dimensionless

-fin conductance on (BﬁL)opt-decreases,.

'Conclus;ons

 The analysis presented can bé used to;predict fhe'performance of
thermpele&tric heat ‘pumps that have finite fins .at the hot and cold.junc;
tions and are Eully;or'partially'insuléted. The results show that sub-
.stantial gains;in heat pumping capacity and C.0,P. can be achieved when
‘the thermoelement has insulation extending.aJspecified-disténce-along
‘its surface from the cold junction. The effeét:uf fin.condu&tance on.
performance 1s also shown. One of the intere%ting éspects of the
analysis is -the significance of the wvalue up As uL increases, the
gains realized from surface heat transfer increase greﬁtly and vice
versa, Fﬁr w = 1, surface heat transfe? offefs no 1mprovgments in per-~
formance compared to devices using fully insulated elements. However, for
1&32 3, large improvements in petfqrmance can result through the uge of
surface heat transfer. The results show that for u = Jor 5 if H is

‘low (say 5 or 10), it is possible to use surface heat transfer to provide

*Note the suppressed zero for the ordinate.
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large increases in ﬁoth C,0.P, and the rate of heat pumped. For wvalues
of H greater than about 50, surface heat transfer can be used to give
greatly increased values of the heat pumping capacity, but ‘this is often
accompanied with large decreases in -the C.0.P.. .This.serious disadvan-
tage-méy not be so important in applications where efficiency require-

ments are of secondary importance. It would also be possible -to design

‘a device in such a manner that the ‘elements normally -would be fully insu-

Jdated, and exposed to surface heat transfer only to meet peak demands,

Under normal conditions, the exposed surface qf-the-elementé could be in-
sulated with a stagnant gas and the device could be operating near the
maximum :C,0.P. For peak demand conditions, a specific portion of the

surface of the thermoelements could be “exposed to forced convection with

-a liquid or-a gas. It would, of course, be important to prevent elec-

trical current from passing through the ‘liquid.

The-improveménts in-perforﬁance, resulting from the ‘use of surface
heat transfer predicted in this analysis, are conservative for two réasons,
First, it is assumed that thermal and electrical contact resistance at
the junction of the elements are negligible. Second, it is assumed that
the fins used at the -hot and cold junctions are isothemrmal. Thus, the
actual benefits gained by using surface heat transfer should be-soiewhat

greater than those predicted by this analysis.
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CHAPTER VI

EFFECT OF SPATIAL PROPERTY DEPENDENCE ON THE PERFORMANCE ‘OF A HEAT PUMP

1. Introduction to Spatial Property Dependence

The ‘purpose of this section is to consider in detail the effect
of spatial dependence of the thermoelectric properties p(x), k(x) and
S(x) on the performance of a heat pump. More specifically, this analy-
gis seeks to determine if the spatial dependence of thermoelectric
- properties can be used to soﬁe-advantage ;nder certain conditions of
operation. These properties are also temperature dependent but the pur-
‘pose here is to first isolate the effect of spatially dependent-propef~
ties.

The analysis i§-composed of three basic parts, Fitst, only one of
the three properties is considered a specified function of-x; the other |
two -are considered constant.. This procedure rotates until the-éfﬁect of
the spatial dependence of each individual property has been analyzed.
Second,;k'is-ﬁonsidered constant and S(x) aﬁd p(x) vary with position in
-such‘a-manner-that'the figure of merit Z defined as & ='32(x)/p(x)k re-
mains a constant. Third, all three thermoelectric preperties vary with
‘position in a predetermined manner.

Before'proceeding further, it is expedient to digress briefly and
discuss some of the factors which cause a thermoelement to.be inh0mo-
geneoug.(not-necessarily in a prescribed fashion) and hence to have spa-

'_tially'dependent'properties. The following treatment is by no means a
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complete explanation of the physical principles that govern the con-

st;uctioh-of a thermoelectric material and is intended only -to-give the

‘reader a better physical insight into the problem at hand; see reference

(24) or .(25) for a.complete treatment of the following discussion.

Fig. 22 is taken from Ioffe (3) and illustrates the dependence

‘of the Seebeck coefficient S, electrical resistivity p, and thermal

conductivity k en carrier concentration n. In Fig. 22 note that the

_ 1 '
-electrical conductivity,f; » ¢an be Increased by increasing the number

of charge carriers; this may be effected by the use of appropriate doping

agents or a variation in chemical composition. Conversely, the Seebeck

.-coefficient decreases with increased carrier concentration., As a result,

the ‘product 82/p passes through a maximum at a carrier concentration of

about'lolgcarriers/cm3.

Sy

TInsulators Semiconductors Metals

Fig. 22. Dependence of the Seebeck Coefficient,
Electrical Resistivity and Thermal
Conductivity on Cartrier Concentration.
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The thermal conductivity k of the thermcelement is seen;to-befcbﬁposed

of two camponentsf k which 1is the lattice contribution to the

: phonon

thermal conductivity and is due to the propagation of energy in the form.

of atomic vibrations along the lattice; and k -which is- the

electronic
electronic component of the theyrmal conductivity and is .due to the ‘pas-
.sage. of charge carriers from a "hotter" region to a. 'colder" region.

Fig. 22 illustrates that k

. iIncreases with increased carrier
‘electronic -

..concentration and that k is independent of carrier concentration.

phonon
Thus, Fig. 22 shows that the Seebeck coefficient, 5, and the electrical
resistivi;y, 9, both decrease-ﬁith increasing carrier concentration while
the thermal cpnductivity,.k,-increaseé with increasing carrier concen-
tration. It is interesting to note that in the reéiOn.of interest here
‘(semiconductors) the variation of S, P, and k with carrier concentration
is-rdughly'linear. In addition, in the'semicpnductor region, it can be
seen from Fig. 22 that a change in carrier concentration brings aboqt a
‘larger change in S, andp than in k.

'As mentioned earlier, éhanges in carrier concentration may be pro-
.duced by the use of appropriate doping agents or a variation in chemical
compogition., Thus, it is desirable to determine whether  improvements in
-the performance of thérmoelecttic-devices-can neéult'by“judicious;f-con-

trolling carrier concentration such that predetermined spatially dependent

‘properties result; such .an analysis on a heat pump will be presented.

2, Physical System and Relevant Assumptions

The physical system to be considered in the following sections will

be a single-element thermoelectric heat pump as shown in Fig. 23. It is
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/. /m?////

INHOMOGENEQUS THERMOELEMENT

Fig. 23. An Insulated Inhomogenecus Thermoelement Used as a

Heat Pump.




80

agsumed that the cross-sectional area is constant; material prOPertiés
.afe.tempera;ure'independent and spatialiﬁ*dépeﬁdént;.the-longitudinal_
surface of the eélement is insulated; steédy«stat§ qpﬂdifions.prevail;
the electrical leads which bomplete-the-cireuit~have-zefo!ﬁhermal con;
~ductivity, Seebeck-coefficient, and electriﬁal fesistivity; thg flow of
.ﬁeat;and electricity in the -thermoelement is one~dimensiﬂ&a1;vand~thé
hot and céld junction fins have zero thermal resistance (hc-=_hhhfcn).
.Iheﬁaésumption of infinite fins is justified because'tﬁis analysis
seeks to determine the quantitative effects of spatially dependent
properties on the performance criteria and is not concerned with the
-qualitative effects.

The differential equation describing the physical system above

‘is obtained by applying the abdve assumptions to Eq. (3-2) and is .

d . 4dT das 72
T [rk () & a’;c:l - g+ E o (6-1)

Equation (6-1) is 'subject to the boundary conditions

Q = TI8(0) T, - k(x) & -3-:& (6-2a)

*x=0

W = T ERCEL

whérg T, and T, are specified constants. Equations (6-1) - (6-2) form
the'mathematicﬁl.basis for the analysis in sections 3 through 8b.

-In order to make the .-solutions of the -system of -equations.(6-1)
“through (6«2) concise and general, twe schemes.are-émployed. -First, most

solutions to follow are obtained by using the Green's function (see
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reference (26) or (27); a detailed solufion of a differential equation
using the Green's fumction is given in Appendix D. Second, all solu-

tions are presented in non-dimensional form.

3. Effect of Spatially Depeundent p(x) on the
' Performance Criteria: S and k Constant

The purpose of this section:is to examine the effect of a linear
variation in p(x) with axial position on the no-load temperature difference,
the heat pumped, and the C,0.P. The Seebeck coefficient and thermal
conductivity are-constant. The electrical resistivity, p(x), is assumed

to vary linearly such that the average electrical resistivity J remains

the same for all cases congidered., Effectively, this section illustrates
the effect of redistributing the electrical resistivity. Under these con-
ditions, the resistance can be expressed by

A '
P = P (x- P (6-3)

Graphically-Eq.'(6-3) appears as shown in Fig. 24,
The physical model to be studied in this section is shown in

Fig. 23, The differential equation describing this system subject to

the assumptions of this section is obtained by reduction of Eq. (6-1)

and is

2 2
d°T T p(n . .
5 = - =B €6-4)
dx .k.A .

Equation (6-4) is subject to the boundary conditions (6-2a) and (6-2b).
Before solving for the temperature diétribution, it is helpful to re-

duce the number of parameters by defining the following dimensionless
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Electrical Resistivity, p(x), ohm-cm.

%x=0 x=L/2 *=L

Distance along Thermoc¢lement, cm.

Fig. 24, Assumed Spatial Dependence of p(x):

quantities. Thus, the dimensionless temperature 0, the dimensionless
position u, the dimensionless current @ and the dimensionless resistivity

-change Yp’ are defined by

T(x) - T

8 = “T’E (6-52)

h

u = % (6-5b)
L

a4 = _.Il'. (6-5(‘:)
EA .

v = 4. o (6-5d)
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Making ‘use of the above definitions, Eq. (6-3) becomes

— .: _ 1 _
p(w) = p [1-+Yp(-u- -f)] - (6-6)
Equation (6-4) becomes,
12—92- = - £(u) (6-7)
du
and Eq. (6-2) becomes,
Q* =« +1) -&8 (6-8a)
{ c du :
81y = 8, =1 o (6-8b)

where

ka FT

122 T &2 .
f(u) = Lkz-,i,"' p(e) = —— [1 + Y'p.(u - 'é];)]
h h =

Note tﬁat the -notation"E means the figure o_f merit is def-:i.ued using the
average valueg ‘E,E,and E Clearly the notation‘ s and E is redundant at
this point since they are both constant; however, it will prove con-
venient in correlating I-th_e various sections in this chapter.

‘Using the Green's function as ocutlined in Appendi}ﬁ'D, the dimension-

less -temperature distribution B(u), may be written as,

1
* . o)(1 -
o) = [ Gwe) £6) e + L7 i‘l » (6-9)

5 ST o




et e e

‘where

RUICES It LS R T T

. 1+ < .
Gluse) 1 - WA+ )
1 + g<u<il
and £(&) = £(u)
' u= €

It is iﬁteresting to note.that Eq. (6-9) is actually the solution for the
temperature distributioﬁ-for any one-dimensional variation of electfical
resistivity with position, In éddition, the effect of a spatially de-
pendent resistivity is conveniently confined to the first temm in Eq.
(6-9). Using the variation of P(u)-assumed in this section, Eq. (6-9)

may be integrated to yield
O(u) = -—-2— u? Y -1 - IEE.
28T ‘QE ' 5

*(1 +°(-u> ('1? _ Yﬂ)J Q-0 -w -
1+ 3 T = (6-10)

3a., Optimized No-Load Temperature Difference for P(u) = E’:1.+ Yp(u -'l)

2

As mentioned previously, the dimensionless noe-load temperature
difference GNL,.is defined as the dimensionless temperature difference
that resulte between the hot and cold junctions when the cold junctiem
is insulated from its enviromment so that Q§'= 0. Letting Qf'= 0 and

v'=0 in Eq. (6-10)_gives

. N v i
_eN'L' 1+ X l:.l"zzfrh (1'.32)] (6-11)

a1
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where, by definition, GNL $-06(0) = '.ec‘ The optimum no-load tempera-

ture difference-oqcurs if

o

el 0 (6-12)

The current which yields the optimum value . of GNL-is

2 8
Th

>
1-1p
6

(c'()opt = 14 -1 . (6-13)

Substitution of Eq. {6-13) into Eq. {6~11) gives the optimum wvalue.of

O | D |
. p .
. T o
@ ) = . (6-14) ;
NL Opt q:lp ;

where

- ¥
3 = 2a'rh/(1-.gn)

‘In order to determine the effect of the spatially dépendent P(u) on

(eNL>opt’ it is expedient to compare (GNL)Opt

(eNL)max'for constant electyical resistivity. Equaéion (6-14) gives

as gi@en by Eq. (6-14) with

(GNL)max.for constant electrical resistivity by 1etting Yp = {3, Thus,

. = (JI+ 2E T -2 /2% T, (6-15)

(QNL)max = '(eNL)Opt L
- 1%

. Equations .(6-14) and (6-15) can best be compared by assuming specific
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values of the parameters 2 and T ; for various values of- Tp. For & =

3 }{'10'3 °K"1 and Th = 300° K, Fig. 27 illustrates the effect of a
spatially dependent resistivity on the optimum no-load temperature dif-
ference (normalized with respect to (GNL)-max)" Fig. 27 shows that the
effect of the assumed variation in p(u) is always:to..increasesNL.

Thus, a predetermined redistribution of electrical resistivity -- even

. though small -- acts to increasé the optimum neo-load. temperature dif-

ference. It is important to note that a practical variatien in P(u)
ig confined to approximatelpr < ‘1, Based on Eq. (6-6), variations
‘of & much greater than one (1) are not presently feasible, The region

Yp 21 is included primarily for present interest.and possible future use.

3b, Optimized Heat Pumped for PF(u) = E[l + Yp(u - %‘-)]

In this section the effect of spatially dependenﬁ resistivity on
.the optimum amount of heat that a thermoelement can pump across a speci-
fied temperature difference is determined. The energy balance at the ceold

junction, Eq..(6-2a) has the form

* ge.c)

Q-i = .,0((8c + 1) - -&—u- (_6-28)
. Ju=20

~or by letting u= 0 in Eq. (6-10),

' : o2 1 Ty Q‘}' -
= 8 = : - + P -
9 (0) ¢ 2 7 T, (1 + q)( -éﬂ) 1+« (6-16)

Solving for Q:.i,

o
]
A
n@
+
s
p—
+
fon
1

| ol Y -
P . _E -
c 2B T (1+6) (6-17)
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Inspection of Eq. (6-17) shows that the heat pumping capacity
Q:, increases. as TP increases, 1In Eq. (6-17), the first term is due
to the ‘Peltier effect and is positive; the second term is due to heat
conduction within the element and is negative; and the .last term is due
to Joule heating and is negative. .Furthermore, only the last term-contains
:the effect of variable p(u). For positive-Yp,-as Yp.incfeasés, Ehe Joule

heating term dectreases thus augmenting Q:.

The 0ptimum.heat'pumping occurs if

&

B

e ¥

= 0 o ’ {6-18)

The current which yields the optimum value of QI is

() = h_ 0 +1) (6-19)
opt 1 - €

ok’

Substitution of Eq. (6-19) into Eq. (6-17) gives the optimum value of

&
(Qi)opt as

* | g Th. 2 ' .
(.Qi)wt = 1o I.g) (6, +1) + Gc (6-20)
6

p

creases; the same conclusion is reached by inspection of Eq. (6-17).

Again, inspection of Eq. (6-20) shows that (Q:)opt increases as Y _ in-

The -value 'Tp-= 6 does ‘not have any practical significance because -its
existence implies .a negative electrical resistivity at the cold junction..

' The general effect of the assumed spatially dependent Au) on
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(Q?) g was determined by inspection. However, it is interesting to
1. op _ .
* Lo . %
-compare-(Qi)opt.as given by Eq. (6-20) with (Qi)max"for constant eleg-

.trical resistivity; that is, . let YP=-O in Eq. (6~20) and obtain

g1 '
(Q*-) = B (0 + .1)2 + 6 (6-21)
i max 2 c ¢

Equations (6-20) and (6-21) are easily compared by assuming specific

values of &, T, and T, For T = 250° R, T, = 3007 K .and Z =3 x 1037,

Fig. 28 quantitatively illustrates that a spatially dependent resistivity,

.as.given by Eq..(6-6), significantly increases both the optimum heat

pumping capacity and the heat pumping capacity for the condition .of op- .

timum C,0,P., (dotted curve labeled p(u)). Note.that'(QI .'is;nor- i

)0pt |

malized with respect to (Q Thus . it has been shown mathematically

%
i)max'
- and illustrated graphically that a judicious redistribution of electrical
resistivity -- even though small -- acts to increase the heat pumping

capacity of a thermoelement.

~3c., Optimized C.O0.P, for P(u) = [-F.’- 1 +Tp (u - %)]

It is of interest to determine the effect of a spatially depen&ent
resistivity on the optimum coefficient of performance.
As defined previously, the C.0.P. is the ratio of the heat pumped Qi to
the total electrical power input Bi. That 1is,

Q.

C.0,P, = -P-i (6-22)
i

But
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1
_ E4L .
P‘i = IS(Th --T_c) + = J. p(u) du (6-22a)
0

The first term in Eq. (6-22a) represents the electrical power dissipated
in ‘overcoming the Seebeck voltage which occurs because of the tempera-

ture difference across -the element; the second term is the pbwar-dissi—

-pated in Joule heat. Using Eq. (6-8),

1

p, = 1§ (T ~T )-+'L2L-E 1+ Yo(u -3 d (6-221)
1 " e A -+ Tplu = 3) u o (6-22
0 _

By definition of p(u),.its integral over the element is f. Thus,

™
- -LIPL .
-Bi = 18§ (Th ~.Tc).+ A (6-22¢)
"Hence one may write,
| Q
C.OP, = - (6-23)
"ﬁEL.+1§(T -.T)
A h e

Multiplying the numerator and denominator of Eq. (6-23) by LKKE A Th

and applying some of the dimensionless quantities defined previously,

yields
= i -
CoooPo T (6 24&)
= . .C
8T
" h
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C:0:P; = g h (6-24Db)
B Th
The optimum value of the C.0.P. occurs if
3
'aTx (CaOoP.) = 0
and is given by
- A | . [e. T\
(::()opt =-z ~ 1+E:51_';- 1+_E%.-+1 + 1| (6-25)
—25 (1 + —g—) + 1 ] .

The validity of Eq. (6-25) may be easily checked by allowing E, =0,

When this is done,Eq. {6-25) reduces to

2(T, - T) (T + T')
= h ') — e h
(oc)oPt ——-————_Tc T 1+ 2 --—-—-.2 + 1 (6-26)

which is the usual expression for the optimum current in a constant pro-

‘perty infinite fin thermoelement operated at maximum C.0.P.

Eq. (6-25) may be substituted into Eq. (6-241b) to obtain an expres-
sion for C.O.P;%Pt. However, such a substitution yiélds a rather-long
equation that does not easily contribute additional insight into the
physical situation, Therefore, a computer program was written_that first
calculated (ﬁoopt from Eq. (6-25) and then substituted this value into

Eq. (6-24b), to obtain (C°°°P°)op£° To implement this program, it was
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'assumed, as before that T, = 300°K, T, = 250° K and Eﬁ=:3 X;IO-B 1

oK 3
Tp.waS'used as the argument. Fig. 29 illustrates the effect of a spa-
tially dependent resistivity on the optimum coefficient of'perfdrmance
notmalizéd with respect ‘to (C°0'P)mai; that-is,Yp.= 0 . This figure
-w~§h9?$,tP4Fv;hewﬂﬁ§?@%4¢Y§I1§£ien;19»9&9)w§LW@ygréquﬁe$@gpmincrease@inww-
(C.O.P.)Opt. Hence, even a small predetermined redistribution of elec-
ttrical'resfstfvfty'acts to increase the optimum coefficient of per-
formance, -Notice in Fig. 29 that if the thermoelement ié operdted at
the condition of optimum heat pumping (dﬁtted curve -labeled P(u)) the

"C,0.P, is virtually independent of the variation in Y On the other hand,

p-
Fig. 28 shows that if the thermoelement is opejrated at the condition of
optimum C,0,P, (dotted curve labeled p(u)) the heat pumping capacity in-

creases as Y, increases.,

p

.........

The purpose of this section is to e#amine the effect of a linear
variation in k(x) with éxial position on the no-load temperature dif-
ference, the heat pumped, and the C.0.P.; p and § are considered to re-
main constant, The thermal conductivity, k(x) is assumed to vary:iinearly
such that the average thermal cnnductivityti rem#ins-the same. E;sen-
tially this section fllustrates the effect of redistributiﬁg the thermal

conductivity. Using the k(x) assumption,
N A : '
k() = E+op (%_ x) (6-27)

Graphically Eq. (6-27) aﬁpears ag shown in Fig. 25.
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Thermal Conductivity,k(x), Watts/cm-°K

x={) .  x=L/2 . S x=

Distance along Thermoelement, cm.

Fig. 25, Assumed Spatial Dependence of k(x).

The physical model to be studied in this section is shown in
Fig. 23. The differential equation describing this system subject to
the assumptions of this section is obtained by reduction of Eq. (6-1)

and 1is

v

d ar | -1 |
EE’[ k(x) 5 ] = -;53 - (6-28)

Eq. (6-28) 1is subject to the boundary conditions

- 4T
Q, IST - k(x) A

o (6-2a)

x=0

—l
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W o+ T, (6-2b)

When most of the dimensionless definitions introduced in section 3 are

applied to the above equations, Eq. (6-27) becomes

k(uw) = i [1 + Y-k(% - u)] (6-29)

where T = Ak/k. Eq. (6-28) becomes

d db
a [(l - Yl'(_ -U) 'ai‘:] =« I | (6'30)
. ;iz
where T]:t = Yk'!(l + ka2) and £ = T (

2T

TN\ - Equation (6-2) becomes’

Q: ~ o« d .
N + 1) - ' 6-31a)
B(1) = eh = 1 _ (6-31b)

"Using the Green's function as outlined in Appendix D, the diméﬁ;

sionless temperature distribution e(u), may'be-writtén as,

1 (Q§-°<>-1n(.;;léi‘.\
O(u) = I G(u,_s)(f)de + = - Yie (6-32a)
0

Y Y vy
kil+ Y 1n (1 Yk)]

where
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‘k
N Y.
nl e k
(1 - Yé) qJYk
1- ?' u)
1n ] In e <cu<l
(T-—Yﬁ— {(1 - Yl:a)afYk} Bous

{ e }v{c
In i Y
(-Yn Tk
e

It ig interesting to note that Eq. (6-32a) can also represent the

| (1 -'Yés>_ .
1n — In
1-7 (1 - viw A

. G(u, &)y =

solution for the temperature distribution in a thermoelement with a spa-
tially dependent electrical resistivity in addition to the  assumed. k(u)
variation; this may be-accomp1§shed'by simply replacing £ by the desired
f(e) in Eq.. (6-32a).

-Performing the indicated intégration.in Eq. (6-323) yields the di-

mensionless temperature distribufion'in the following form

£ [(u-l) + SR 0 -ty R ln(l-Y,;)J'+ (@9 1a
L : k ' ﬁ

O(u) = k .
¥ |1 - o= 1n (1 <7D L
: . (6-32b)
where
ql _ of
. e
. L+

44, Optimized No-Load Temperature Differencé for k(u) = & [1 + Tk(%'--- -u)l

In this section the no-load temperature difference, as previously

ik




95

defined, is examined. Letting Q?: =0 and u = -0 in Eq (6-32B) and

applying the definition of eNL gives

Z [ In(l -t
: -7') - 1+ ek
| - 1n(l Y-k) ﬁ [1 + Y{C ]
8. = ' | (6-33a)

NL _
Y | X1 -1y -1
_k[Yk n(1 - T

The optimum -value of eN’L occurs Lf

a6
) ' (6-33b)
The dimensionless current which yields the 0pt1’.ﬁlmn value of B'NL is
| 2 X
T 111'2 (_..1.‘_.)
(9 = Tk 1 1 b 270k
2 =1 - T Y 2 -
Bt a2k N+ (1 e L) Tk
2+ Ty ' 2 2+,
(6-34)

where

2=y

=Y

‘k .

Substit‘-utioﬁ of Eq. (6-34) into Eq. '(6-33_8) gives :the optimum value of

GNL (after considerable algebra) as,

- y2 o o
- {Jl -Px -1 } (6-35)
Px '

() opt =
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-pendent k{u) on é

not ‘compare the variations in (6

‘wvariation in k(u) decreases (6 )Op
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where '
2 =Y
k
BT do (2+T )

P = v+ (14 k 2-Yk
2+Yk

In~ordef to determine the effect of the assumed spatially de-

. . . _ _ 8 o
NL)opt"it is expedient to compare ( NL)Opt as :given

by Eq. (6-35) with-(qu)max;for-canstant-praperties; this latter ex-

‘pression 'is given by Eq. (6-15).

Fig. 27 illustrates the effect of a spatially dependent'thermal

conductivity on ® -Before discussing Fig. 27, it 'is very important

NL)opt'

‘to consider two facts. First, the:region of practical variation in k(u)

is approximately confined to‘Yk<< 1; the same as for ¥ Based on Eq.

pc

(6=-29), variations of v, much greater than one (1) are not pfesently

k
feasible, However the region‘rk > 1 is included for present interest

and possible future use. Second, one must recall {(see Fig. 22) that spa-
tial wariations in thermal conductivity are not as great as the spatial |
variations in the Seebeck coefficient and the electrical resistivity for

a given change in carrier concentration. .Therefore in Fig. 2?,;one-mﬁ%i_
NL)opt at a specific value of the absciééé,
p? because for a given change in carrier concentration Tk'will
be -less than Yp, the degree of discrepancy wclmld have to be calculated for
a specific case. In the region (Yk -1), Fig. 27 shows that the assumed

say Tk = Y

t’

~4b. Optimized Heat Pumped for k(u) = & E_"' Y-lc(%" '-i_l

In this section the effect of a spatizlly dependent resistivity
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on the optimum amount of heat that a thermoelement can pump across a
-specified temperature difference is determined. The energy balance at
the cold junction as given by Eq. (6-3la) can be obtained readily by
letting u = .0 in Eq. (6-32b) and solving for Q?. Thus, the dimensionless

heat pumped at the cold junction is given by

8
& _ : Yk c
Qf = =4 Oc +1) -

)
2+7
2.4+Y 2 .Y
21 +(m) » (7))
2 ?'k 2 +"fk

- - (6-36)
2 =Yy
e SN
The optimum value of Qf occurs if
Wi 0 6-37)
T : (6-37)
The current which yields the optimum value of Q: is
| | 2
_ " g Th (9c + 1) 1n(i§f;1?;:)
D opr = XN 27, (6-38)
2.[“’( 2%, ) WA\TFT, ]

Substitution of Eq. (6-38) into Eq. (6-36) givés the optimum value of

(Qf)opt as
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. 2 - ¥

= 2 k
ET (6 + 1) 1In (——)
n ‘e 2+ Y
| | k Y O,

CHIIE o 7Y N - vy (6-39a)
; ¢ [1 ”k) (2 e 2”k)

-

By arranging Eq. (6~3%a2) in another form the effect of‘l’k-on Q:

may be estimated, Thuz, one may write

ET (9, + 1) oy, 8
., = B¢ . k_c (6-39b)
i‘opt 'k 2 e 2 -Yk -
In| ————
. 'k 2 _+Yk

where

_ 2 -Y
W)
k= 247,
(10 () o ()]

For very 'small variations in Tk’ say as ‘r'k"+ 0, i+t may be shown that
. . '.2 -

- .. _ , - : . k. _ .

e_k + 1,0 from below., In '31-:111:1:i.1::i.or1\",k / ln(-z-—;q?:) b 1.0, Hence

‘when Yk is very small Eq. (6-39.b) is multiplied by a quantity '(e'k) which

is less ‘than one (1). Therefore .for small Ykl -(near zero) it is -reason;ble
‘to assume that ‘the heat pumping caﬁacity.'is ‘reduced. 'F.ig. 28 shows quan-
.t’itat‘-ively ‘the -variations in (Q;;‘:)Opt énd Q‘; that maf be expected for
various Y‘;; ‘in addition Fig. 28 substantiates the mathematical analysis
above and illustrates th_é expected decrease in (Q,‘:)opt for various Yk
values, Thus it has been shown mathematically and illustrated graphically

that the assumed redistribution of the thermal conductivity acts to




decrease the optimum heat pumped and the heat pumped for the condition

{ of (C°0‘P')0pt (dotted curve labeled k(u}).

4c. Optimized C,0.P. for k(uw) =K El +y_k(% - uﬂ

This section is concerned with determining the effect 0f a spa-

tially dependent conductivity on the optimum coefficient of performance..
Using a development -almost ‘identical te that in the variable resistivity

‘section, the C,0,P, may be written as

-
«(6 + 1) kec o2
¢ . 2 -, 2 BTy ey
2 F Y
C.O.P. = 2 . - (6-40)
=4
— O(Bc

‘The optimum value of the €.0.P. occurs if

a N o= -
& (©.0.R) | 0 (6-41)

The current which yields the optimum value of the C.0.P. is given by

(6-42)

where

d | i Y I

JL




(dotted curve labeled k(u)) the C.0,P, is virtually independent of the

‘mined with p and k constant. The Seebeck coefficient, S(x) is assumed to
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'Substitution of Eq. (6-42) into Eq. (6-40) gives the optimum value. of

(C.O.P;)opt-as

h k ‘e -
1+ _
b 9 [1+ 1+_B_’ b
k ¢ k
. N 3
(C,O.P,) . .= - =— (6-43)
opt 2€k . ET . _
1+ ——h
-3 Th
ﬁk [1+ -1.+T:|

Fig. 29 1llustrates the effect of a spatially depéndent thermal
conductivity on the optimum C.0.P, and on the C.0.P, for optimum heat !
punping. This figure shows_that'the-general effect of tﬁe assumed varia-.
tion.in,k(u) is to decrease (C.O.P.)opt until approximately Tk =.0,6.

For Tk 2 0.6 there is a slight increase in ‘C'O'P‘)0p£:1n the range of
Tk.that'is of practical interest; that is, Yk <1, Notice also that if
the tﬁermoelement is operated at tﬁe condition of optimum heat pumping

variation in Tk.for Yﬁ < 1; this same result was obtained for p(u).

5. Effect of Spatially Depéndent S(x) on the
- Performance Griteria: p and k constant

In this section the effect of a linear variation in 5(x) on the

no=load temperature difference, the heat pumped, and the C,0.P. is deter-

vary ‘linearly in such a manner that the average Seebeck coefficient re-

mains the same. Essentially this section illustrates the effect of
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redistributing the Seebeck coefficient. ‘Using the above S(x) assumption,
s(x) = 5+2 (x -’=) (6-44)

Graphically Eq. (6-44) appears as shown in Fig. 26.

x=0 T %=L{2 - ==L
-Diétancefalong Thermoelement, cm.

" Fig. 26, Assumed Spatial Dependence of S(x).

- The physical model to be studied in this section is éheﬂn in
‘Fig. 23, .The differential equation describiﬁg thig system subject to
the.assumptionS'of this section is obtained by reduction of ‘-Eq. (6-1)

and is

dx2 K a \dx k.

2 :
S S | 1&) T = -..ﬁ (6-45)
A2
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Fquation (6-45) is subject to the boundarj conditions

= dT
Q = IS T, -kag: (6-46a)

x=0
and

T(L) = Th (6-46b)

When most of the dimensionless definitions introduced in sectioun 3 are

applied to the above equations, Eq. (6-44) becomes

S(uw = § [1 +Tg (u- %):I _ (6=47)
where
= As/3
YS s/s
'Eq. {6-45) becomes
926 - (6-48)
du .
where
: x4' o
f = 3 - X
Z Th YS
Eq. (6-46) becomes
2
* o2 A de '
Qi Y-"- (ec +1) - a; . (6”493)
5 u=0

8(1) = o0 (6~49b)
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The additional dimensionless quantities A and Tg have been introduced
because they help to simplify some of the following equations; they are

defined as

£ g (6-50a)
J= v

-
fil

Y /(1 -1 (6-50b)
S 2

wh
1]

A good reason for the assumed spatial dependence of S5(u) becomes

- apparent by examination of the forcing function f in Eq. (6-48). With

the variation assumed the effect of the Joule-heating K4)§ ThYg is op-
-poséd by the contribution of the linear variation in S(u) represented
by i?. Obviougly a linear variation of S(u) with a negative slope in
Fig. 26 would be undesirable.

- Using the Green's function, the dimensionless temperature distri-

bution ©(u), may be expressed as,

1
o = [e(ue) £ae -
0

2
( ? "%T [}anh(k) cosh(Mu) - sinh(ku)]
S

(6-51a)

N [1 + .:;? tanh(x)]
S

where
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o
l:tanh(?\) cosh(Xr€) - sinh ()u-:)] [%— sinh(Au) +.cbsh(7\'ﬁ)]
_ . s . _ Dcuc e
A [1.+-%Z tanh(k)]
G(u’ S)-'<
[tanh(x) cosh(hu) --sinh(ﬁu)] [%%-sihh(hﬁ) + :cosh(KE)]
. I S ._
)‘ . e <ugl
A []. + ¥ tanh(}f)]
L-— s

‘It is interesting to note that Eq. {(6-5la) can.also'represent-the
“solution for fhe temperature-distributian.in a thermoelement with a spa-
tially dependent electrical resistivity in addition to the assumed S(u)
variation. \ ' | !

Performing the indicated integration in Eq. (6-5la), the dimen-

sionless temperature distribution is

B(u) =

£ [( - %)) (%) + W (1 - c:osh(?ui)) sinh(X\) -[1 - .cosh(h)] sinh(?\u)}-

A
;\[1 + tanh(’\)]
s

(Q’f - [tanh(n cosh{ u) - siﬁh(?\u)]
+ NP |

(6-51b)

?\[1 -+ %. tanh.(}\.)]
s
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5a. Optimized No-Load Temperature Pifference for S(u) = §=|1 + ﬁk(u_- l%]

In this section, the no-load temperuture-différeuce; as preﬁiously
defined, is examined. Letting Qf = 0 and u =0 in.Eq.- €6-5lb) and ap-
i

plying the definition of 6 gives

2 : T\ -
[\ -.1) (sech(k) -_1)-&'- ?&(1 .-'1)' ganh(l)

! h § --{
; -QNL - (6=52)
_l_ -1 '
1+xl ¥ " F ) tanh(})
S5
The optimum v;]..ue. ofﬂBN.L oceurs if
a6 _
S| A . (6-53)

‘; B

A transcendental equation results whenfone-attempts to satisfy Eq. (6-53).
0f course, this transcendental eqﬁation-can.not be solved explicitly for.

}bpt; therefore, it.is necessary to employ a numerical technique to deter-
mine)~@pt.l The mechanics of the numerical technique-ﬁsed are explained.in
Appendix E., It should be added that ;his optimizing procedure was checked -
by recalculating the optimum values in sections 3a. through 3¢ which had

_F already been determined in closed form; the results agreed to five decimal -

places.

For various values of Yo, Eq. (6~52) was optimized with respect to

the dimensionless current ». The results are given in Fig. 27. This
figure represents the effect of a spatially dependent Seebeck coefficient

on (eNL)Opt' Fig. 27 shows that.the asgumed variation S{u), acts to in-

crease (9 ) pt-in the TS region of practical interest ( YS < 1); -Thus,

NL o
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a predetermined redistribution of electrical resistivity -- even though
small -- effects an increase in the optimun no-load temperature differ-

ence,

5b. Optimized Heat Pumped for S(u) = F [} + Té(u -'%ﬁ}

The purpose -0f this section is to ascertain the effect of a spa-
tially dependent Seebeck coefficient on the optimum amount of heat that
a thermoelement can pump across a specified temperature difference. The
energy balance at the ﬁold juncfion as given by Eq. (6-49a) can be ob-
tained readily by letting u = 0.in Eq. (6-51b) and sqlving-fof'Qf. Thus,

the dimensionless heat pumped at the cold junction is given by

' 2
I _--- Al
(6-54)
The optimum value of Q: occurg for the value of A which satisfies
0 |
T 0 (6-55)

Az in the previous section, a transcendental equation results when one
attempts to satisfy Eq. (6-55). However, Eq. (6-54) may be optimized
by employing the numerical technique discussed in Appendix E.

Equation (6-54) was optimized with respect to the dimensionleSS
eurrent A -using YS as the argument.  The results of this optimization
are illustrated in Fig., 28, This figure shows quantitatively the

-variations in (Q:)opt and Qf (the heat pumped for the conditioen of
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optimum C;O.P:) that may be expected for various Y values. In the
-range ' of practical interest (Y <1), Fig. 28 indicates that (Q )opt and

Q’: may both be ‘increased.

5c. Optimized C.0,P, for S(u) = 8 I:l + Ys(u - %):l

This section is concerned with determining the effect of a spa-
tially dependent Seebeck coefficient on the optimum C.0,P., Employing

the definition of C.0,P, given previously one may write
- (6-56)

where Q:" is given by Eq. (6-54). The dimensionless.electrical power

input P’;: is defined as

l—l

P: = .ET)\T
h S s 0

[1 + g Cu - %)] du (6-57)

By definition the value of the integral is one (1), Substitute Eqs,

(6-54) and (6-57) inte Eq. (6-56) to obtain a more -explicit form.

o _
)\2 by

G+1 2. -7, "'—_"'K""‘ 1l =~ e——— | tanh
YS( )( S) nh (™) ( ZT Yg) mh(2)

|>»

2
€.0.P, = . h
' [ N 8
}\ ="——.z -__] _
B T, YS Ys (6-58)

Next it is desired to -optimize Eq. (6-58) with respect to » . The value

of » which optimizes this equation must satisfy
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o

e a!C.O.Pol = 0 : (6-59)

Again a transcendental equation vesults when one attempts to. satisfy
Eq. (6-59).“ Therefore theinumericel tedhnique*discussed in Appendix E
was empioyed to optiﬁize the C.0.P. The results of this -optimization
are shown iﬁ”Eig. 29; YS is used as .the argument. Figure 29 shows that
the effect of the assumed variation S(u), is to increase (C.O.P.)opt.
Notice, however, that if the thermoelement is operated at the condition

of optimum heat pumping (dotted curve  labeled S{u)), the €.0,P,. is vir-

_tually indépendent of the variation”in YS. .This latter effect is also

present for a variable electrical resistivity and is discussed. later.

"6a. Effect of & Simultaneous Variation of $(x) and P(x) on the

‘Performance Criteria: 'k constant

At this point -a brief discussion may give the reader a .clearer

physical insight inte the purpose of this section. In sections 1 and

4a, 1t was pointed out that the thermal conductivity does not change

"its spatial dependence in the same proportion as the Seebeck coefficient

and the electrical resistivity for a given change in carrier concentra-

tion. In addition, the theory of thermoelectric device performance

-{as set forth in reference (3) for instance) indicates that'the'megni-

tude .of theefigure-of-merit,.z = Szlpk, is a gulde to the performance
capabilities of a device. The performance increases as 2 increases,
The veracity of this last statement is readily checked by referring to
Eq. (6-15) or Eq. (6-21). From the definition of 3, it can be seen
that variations 'in S have a distinct effect on 3. .It is shown-.in

the section on variable electrical resistivity that small predetermined
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~variations in the electrical resistivity can significantly increase de-
vice performance. On the other hand, small variations in the thermal
conductivity ‘are ‘not as important. |
| In view of the -above discussion, the purpose -of this section-is
“to examine the performance criteria fér the case of the simultaneous spa-
t£31 dependence of the Seebeck coefficient and the electrical resistivity;
the themmal conductivity is assumed constant. As before, both Ptx) and
§(x) are allowed to vary linearly such that their respective average
values .E and.g remain the same over the length of the-thermoelement.
The equations describing P(x) and S(x) are the -same . as before -and are
given by Eq. (6-3) and Eq. (6-44) respectively.
The physical model to be studied in this section is shown in Fig.
23, The differential equation describing this system is obtained by

reduction of Eq. (6-1) and is

-d2T | 1_[ds o I%px e
o2 ﬁ(z;; T = -§a (6-60)

Equafion-(6-60) is subject to the boundary conditions

q = IS()T, - K A%—E (6-61a)
=0
1) = T, (6-61b)

Utilizing the dimensionless quantities, Eq. (6-60) can be expressed as

a%

-d—u-z = XZG = - flu) : (6-62)
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where

Y - 2 -
- 2B -
- /21 1g (6-63a)

-
1l

and

[}

£ (u) A B+ Ypu) - A2 | (6-63b)

"In dimensionless fdrm, the boundary ¢onditions become

* A2

= B 4 6-6
Qi Yé ( c + 1) du | o (6-642)
and
8(1) = 0 (6-64b)

? One advantage of the Green's function solution is illustrated
l rather clearly at this time, One should notice the only difference in
Eq. {(6-48) and (6-62) is that Eq. (6-62) has a variable forcing functiom

£(u) because of p(u); the boundary conditions for these two equations

are the same. Hence the Green's function or the kernel [C(u,e)] is the

game for both differential equations. Therefore, the dimensionless tem-
-perature distribution 6(u) for this section may be written down by in-

-spection .and is

' 2
. -1 (Qi - ;\.—,' [tanh(}s) cosh{hu) - sinh(?\._u)]
0w = [ G(s,e) £(e) de + 8 (6-65)

0

X [1 + 31'_>: tanh@i'
S
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=

where

£(e) = f£(uv)
umE
The kernel G(u,£) is the same as for Eq. (6-~5la). Observe that Eqs.
(6;51a).and (6-63) appear almost identical; the.variablé forcing
function £(£) 1s the only difference; but it is an important.difference.
When the indicated integration is performed, Eq. (6-65) may be written

as

B(u) =

A . . 1 _ by \ _ S
1+ 7r sinh(l_u)[l m] cosh( .u)(m + ?é. tanh(?\))

(2-1) S
[1 + f}—s.-::anh(x)] '

A 'y X . N —
, |- oL + cehw) (tanhm - tanh(xu)) + ﬁ(m:amhoo T
+ ﬁ*r;} .
[1 + 2 tanh(n)
Y ] [
@ < {t—a"*"m sosh () - S_.i'nh(}*.ul} (6-66) .
5 X[l +'$r tanh(?\.):|

S

6b, Optimized eNL’ Q:,.and C.0.P, for Variable p{u) and S(u)

In this section, the performance criteria, as previously defined, '
are examined. To determine the expreséidn for eﬁL’ let Q: =0 and u =0

in Eq. (6-66) and apply thedefinition.of GNL to obtain
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2 . :
(1 - 2B 1 cosh(n) - 1} _ tanh(?\) - 1 A tanh (M)
{ cosh(}) } S BF [ cosh(x)]-‘- Yé

1+ —r tanh(}\)
e o (6-67)

o -

The heat pumped across a specified temperature difference is the next
performance criterion ‘of intereSt. ‘The energy balance as glven by Eq.
(6- 643) can be obtained readily by letting u=0.in Eq. (6 66) and solving
for Qi' Thus, the dimensionless heat pumped at the cold junction is

given by

2 '
* X A8 N A
Qi = Y_r + t&—nﬁ&m [ 1 + Y_; tanh()\):l - }\(ﬁk- 1) tanh(z)

]

A %pY : — 6-68
- Eggﬁ%xj-[tanh(h) - cosh(h)] ( )

Finally, it is desired to determine the effect of the simultaneous'éari-

-ation in p(u) and S(u) on the coefficient of performance. Employing

the definition 'of C,0.P, given previously,

C«oOoPo = (6-69)

th x-l l-i-oal-

where Q:_is.given by Eq. (6-68). For the given conditions, the -dimen-

sionless electrical power input P? is defined as

1 1 :
4 ' AD '
p¥ = A . -”.l'. - ¢ Y - _1.. -
P¥ o= A f[1 Y fu 2)] du | [1 + ¥ (u 2)] du  (6-70)
h s ¢ : 0
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By definition, both integrals are equal to one. Substitute Eqs. (6-68)

and (6-70) into Eq. (6-69) to obtain a more explicit form.

x[e + .1] B '_ 2 Y A28y A :I
. : ) - B - d A)y -

. ,cYé -+ tanﬁ(k) O ﬁ_ I)Fanh(I) _;tanh(h) tgnh( ) cosh (M)
C.OCP. = N ] J.2

A [ N 9]
Ys LETyg  F) (6-71)

For any given set-oflconditioné, in order to find the value of
current » that optimizes any given ﬁerfafmancéJcriterion;‘the first de-
rivative of Eqs. (6-67), (6-68), apd (6-71) with respect to : can be set
equal to . zero. - In each case a transcendental equation results. Thus

it is not possible to solve for M\ t-explicitly. The ‘numerical technique
op

‘discussed in Appendix E is employed to optimize Eqs. (6-67), (6=68), and

{6-71); during this optimization, assume that Yg =Yp.:f0r the -sake of .

simplicity. The effect of the equal simultaneous variation of P{(u) and

. * g
S5{u) on (eNL)opt’ (Qi)opt’ and (C.O.P.)Opt is shown :in Figs., 27 through

‘29 respectively; in addition, Figs, 28 and 29 give the heat pumped at

‘opt imum C.O,P. and the C,0,P, at optimum heat pumping respectively.

Fig. 27 shows that the assumed spatial dependence of P(u) and

. . ] : : Y _ =Y. .
S(u) significantly increases (,NL?opt even for small S p'valugs

Fig. 28 illustrates that the optimum heat pumped may be sub-
stantially augmented by the assumed simultaneous variation of A(u) and
S{u). It also predicts an improvement in heat pumped for the condition
of operation at optimum C.O0.P.

Fig. 29 indicates that the assumed simultaneous variation of

p(u) and S(u) substantially increases the optimum C,0.P, On the other
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1.4 : ,
S(u) = 5 [1 + vg(u - 1/2)]
(v =75 [L+ vy (u- 1/2)]
k(u) =K [1+ Y (1/2 - w] \p,s
1.3— Z = 3.0 x 10-3 og-1 |
T, = 300° K ' /
s * 021 // o e
1.2 _ —
1.1 : ' /
1.0 - _ :
\____._——""'/(k( :loat 2.0}
0.8 '
AN
1 1 1 1 |
0.0 0.4 0.8 1.2 1.6 2.0

Dimensionless Variation in S(uw), p(u), and k(u}: v_ )y, and ¥,
Raspectively 57p k

Fig. 27. Effect of the Distribution of S(u), p(u), and k(u)

with Position on the Optimm No-Load Temperature
Difference.
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s(w) = S[1+yg(u - 1/2)]
e = p[1+Y, (- 1/2)]
k(u) = k[1 +Yk(l/2-u)]
Z = 3.0 x 10-30g-1

T, = 3000K, T, = 250°K

Optimum Heat Pumping

— Heat Pumped for Optimum C,O,P,
"Pq /

<

0. e e —

0.0"

0.2 0.4 0.6 0.8 1.0 1.2 1,4 1.6 1.8 2.0

Dimensionlegs Variation in S{u}, p{u), and k(u}: Y Yp, and

Yk Resgpectively

Fig. 28. Effect of the Distribution of S(u), P(u}, and k(u:

with Position on Heat Pumping,
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S(u) = T [1 + vg(u - 1/2)] o
_ p(w) = p [1+ y (u-1/2)] B—
k(o) =K 1+ p/2-w]

. % =3.0 x 103 og-1
o T, = 300° K, T, = 250° K
(C.O.P.) . = 0.321

S

—— — C.0,P, for Optimum Heat Pumping
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Fig. 29. Effect of the Distribution of S(u), (u), and k(u) with

Position on the Coefficien: of Perfomnce.
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hand, it shows the C.0.P. for the condition of optimum heat pumping is

virtually independent of YS and Yp.in the region of practical interest

(s Yg <1).

7a. __Performance Criteria and the Variation of S(x) and g(x) such_that

£ Remains Constant -

Strictly speaking, the analysis to be considered in this section

ig .a special case of the previous séction'(ﬁa); although, it is inti-

mately related to the other sections 6f the chapter also. In section

6a, it 1s pointed out that the three performance criteria § , and

k]
NL’ Qi

C.0.P. are all functions of 2. In fact_: as 2 :i.ncre__ase‘g,.it is easy to

show that the values of the performance criteria become more favorable.

-Consider for a moment the definition of p{u) and S(u) from section 6a,

Using these definitions, and assuming YS-=T

”52[1 + ¥ (u - %)]2
Ei[l + r(u - Er)]

Certainly the average value of the figure of merit, 3, over the length of

o= Y , 2 may be written as

2 =

= Z [ 1+ Y(u - -%-)] (6-72)

thermoelement is 2. However, over approximately one-half of the thermo-

element (u >-%), the value of 2 is greater than 2. It is clear that 2

is also less than & over approximately one-half of the thermocelement

(u <'%). But one could legitimately claim that“the'impfovement in the

three performance criteria shown thus far is due to the increase in 2

.over one-half of the thermoelement and not to the judicious redistribution
 of the thermoelectric properties; that is, one could legitimately make

-this claim in the absence of an .analysis to the contrary.
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The purpose of thiS'section is to examine the performance cri-
teria -when the Seebeck coefficient and the electrical resistivity vary
‘'such that % is constant; the thermal CQnducEivity is assumed con;tant.

The objective of the problem at hand is to show that even if p
‘and 8§ ‘are chosen such.that 3 is a comstant it is still possible to
_augment the performance of a device, To accqmﬁlish_this end, it-is-not
‘necessary to use the formaiism-that'has been used up to now. Specifi-
cally, a linear variation in a property is selected such that the in-
 tegral of the variation over the length of the thermoelement is equal
to_ﬁhe average value of the property. For the following analysis,_it

prdves-just-as-rigorous and easier to agsume that S5(x) has the variation

AS

s = s + P x (6-73)
and P(x) has the variation®
p(x) = P(O)-+.2&p-(§)+£‘£§. X 2 (6-74)
L DY\L

8(0), P(0) represent the values of the respec;ive-properties at the
cold junction (x=0) and S{L), P(L) represent the values of the respective
properties at the hot junction (x=L). ' As a first approximation it may

‘be assumed that

= ——-&S = _éf..- : 6-75
T 5@ T w0 - (6°73)

Inspection:of Fig. 22 indicates that this is a good'aséumption, Em-

‘ploying this approximation allows Eq. (6-73) and Eq. (6-74) to be

*The author 'is aware that such a variation has physical significance
only for small values of Ap ; nevertheless it is extremely convenient -for the
present analysis.
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written reégpectively as .,

${w)

S(0) [1 +Tu] (6-76)

[}

P = e [1+vd” (6-77)

Now if one substitutes BEq. (6-76) and Eq. (6-77) into the definition

of 2,

s2¢0) [1 +7ul 2 52(0)

k p(0) [_1 + T.u]_Z = %p(0) (6-78)

1 3]

Thus for the property variations assumed in this section, the figure of
merit 3, is a constant indePendent'of-u.aﬁd’r.

The physical model to be studied in this section is shown in Fig.
23, The differential equation describing this system subject to the

agsumptions of this section is identical in form to Eq.. (6-62). However,

. two changes must be made for.Eq. (6-62) to be applicable to this section.

First, eliminate the subscripts in ]s:and‘Yp. Second, define a new
forcing function as

4 2
flu) = —A [1+"u] -a2 (6-79)
2 .ThYz

The boundary conditions for this section are exactly the-same.as Eqs.
(6~64a)land (6-64Db) if‘Yé-is replaced by 7 'in Eq. (6-64a). Thus, the
differential equation and boundary conditions from section 6a. are
similar.to the governing differential equation and boundary conditions
for this system. -Again, the advantage of therGfeen‘s.function:solufion
is apparent because by inspection the dimensionless temﬁerature distri-

bution B (u) for this section may be written as
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1 2 [ :l
£\ . ’
sy = | ctug) £(o) de +(Qi "r“) tanh(%) cosh(h) - simh(M)] ;g4

0 A [1 + X tanh()\)]
* 3 _

The kernel G(u, ¢} is the same as for Eq. (6-513). The forcing function

f(e) = £(u) u=E is given by Eq. (6-79).

: 7b. Optimized BNL’ Q:, and €,0,P. for variable S{u) and p(u) and constant 3

The performance criteria as previously defined are derived and op-
timized in this section. To determine the expression for E%L: perform
the indicated integration in Egq. (6-80);.1et Qt = u .= 0; and apply the

“definition of SNL to obtain,

2 . - L 2 .
[}-- cosh(x)] [hf +2-3T .1- 2x ginh()\) FME+Y)
6 = T h. Y Y
L =

Z Th {cosh(?\) + %— sinh(?\)}

4+ —taoh(X)

Y[l + o tanh.(x)]

The next performance criteria to be determined is the heat pumped across

> >

(6-81)

=

a specified temperature difference. The energy balance as given by
Eq., (6-64a) (with Yé replaced by ¥) can be readily obtained by performing
the indicated integration in Eq. (6-80) and letting u = 0. -Solﬁing
for Q?, gives the dimensionless heat pumped at -the cold junction as
QI = A [;;— -__1'_{(1‘3 +2 -3 .Th) tanh(}f')' + 2 ﬁz_iﬁ} ]
. 2T U - T vainh{})
2

o e ] .
+ % 1+ v tanh(_) (6-82)
taph(k)
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Finally, it is desired to determine the effect of the assumed variation
of @(u) and S(u) on the C.0.,P, Utilizing the definition of C.0.P,
given previously, ome may'ﬁrite

C.0.P. = (6-69)

.wlp
L L

where Q:.is given by Eq, (6-82). For the given conditions,. the dimen-

sionless electrical power input Pf is given by
i

Xé 1 ._. 1
* - f 2 ?\_':__QJ‘ - ;
P* = (L + vyu)* du - Y (1 + yu) du (6-83a)
i 2T Y

' o 0

When;the-integ:ation'is'pérformed, one may write

NG i 22 I _
LR (BB (D) e

Z-Th Y

A more'explicit;forﬁ for the C.0.P, may'be.obtained'by-substituting-Eqs;

.(6-82) énd (6-83b) into Eq. (6-69) to obtain

Y vsinh(}\) ‘tanh{}\)

[z.'};.‘:‘f ('1'*'*'*% ) A (”12')]

=i

(6-84)

. A
' 1 4 - 7\]
- 5 I(}: +.2 - BT ) tanh(z),+'2h _ 220 +~f)}.+.ec [; 7 tanh (%)
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The three perfdrmancelcriteria above may be optimized with re-
‘spect ‘to the current A by equating the first derivative of Eqs. (6-81),
(6-82), and (6-84) with respect to * equal fa zero, As in section 6b,
a transcendentsal equation,results-in.each case. Tpus,.it is not possi-

ble to solve for lopt explicitly. The numerical technique discussed in

- Appendix E is employed to optimize Eqs.. (6-81), (6-82) and (6-84)., The

effect of the assumed variation of p(u) and S(u) on (QNL)opt’ (Qi)opt’
and (C.O.P.)opt-is shown -in Figs. 30 through 32 respgctively;-in.addi-
tion, Figs. 31 and 32 give the heat pumped at optimum C,.0,P. and the
C.0.P, at optimum heat pumping respectively.

Fig. 30 shows that the assumed spatial dependence of p(u)-and
8(u) significantly increases (SNL)opt even though the figﬁre-of-merit
Z remains constant.

Fig, 31 illustrates that both the optimum heat pumped.and the
heat pumped at optimum (.0.P. are substantially increased by the assumed
spatial dependence of p(u) and S(u).

Fig. 32 indicates fhat the assumed variation of P(u) and-S(u) aug-

ments the optimum C,0,P, In addition, it shows the C.,0,P, for the con-

dition of optimum heat pumping is virtually independent of Y. .Thus

-Figs, (30-32) indicate that all three of the optimized pepformance cri-

teria increase even though the figure of merit 2 remains constant,

" In this section equations describing the combined effects of the _

i

spatially dependent thermoelectric properties p(x), K(x), and §(x) on

the performance criteria are presented and discussed. The equations are

-:[I
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S(0) [1 + u]

2
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Fig. 30. Effeéect of the Distribution of S(u), and p(u) with

Position on the Optimum No~Load Temperature Difference
when 82(u)/p(u)} = Constant,
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Filg. 31.  Effect of the Distribution of'S(ﬁ) and p{u) with Position
on Heat Pumping When $2(u)/p (u) = Constant,




c,0,pP,/(C,0,P.
/(C.O.P.)max and WP/ ( )mx

opt

Normalized c¢.0.P,, (C.O.P,)
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S(u) = 5(0) [1 + vu]
1.4} p(u) = p(0) [1 + ]2
z2 = 3.0 x 10-3 okl

1.3 L T, = 300°K, T_ = 250° K
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Fig. 32. Effect of the Distribution of $(u) and p (u) with
Pgsition on the Coefficient of Performance when
5¢(u)/p (u) = Constant.
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dévelcped using the spatial property dependence for p(x), k(x),.and :
8({x) given by Eqs. (6-3), (6-27), and (6-44) respectively; or_in_dimen- .
sionless form, by Eqs. (6-6), (6-29), and (6-47) respeéﬁively. The
differential equation describing the physical model (see Fig. 23) is

given by Eq. (6-1) and is subject to boundary conditions (6-22) and (6-2b).

Making use of -dimensionless quantities defined previbusly, Eq. (6-1) becomes

4 . N | a8 2 -2 -4 |
du[(l Yie u) du] - A6 = A° - X }31(1 + Y;)u) (6-85)
where
Y Yk
= _ _E . -
po= 2)(1+-T)/z1*h
The -boundary conditions Eqs. (6-1a) and (6-1b} become

Q* ab

22
;= ¥ (6, + 1) - & (6-86a)

u=0
6(1) = o0 (6-86b)

Equation (6-85) is solved by standard techniques. rather than by use of
the Green's function. The solution of Eq. (6~85) is not apparent by
inspection. Howéver, by an appropriate chanée-of the independent
variable; one may transform Eq. (6-85) to a épecial case of the familar
Bessel differential equation. The transformation is

,'2 "
2i v{ (L -v iu)

r= — ' (6-87)
Tk

*This-transformation-may be deduced from Eq. (la) omn page -440 of
Reference (28). '
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Application-of the Eq. (6-87) to Eq. (6-85) leads to the differential

equation

a2 _ B Y Y' 2

a9, l + b= xz;al[l 5 @] ~14+ L PET (6-88)
dr 2 x : T 4

The homogeneous portion of Eq. (6-88) is the well<known Bessel dif-

ferential equation of zero order. Since the argument'is:imaginarf-the

modified Bessel functions of the first and second kind are more conven-

-ient in -expressing the solution to the homogeneous portion of Eq. (6-88).

Using the principle of superposition, the general solution of Eq. (6-88)

is

.BlYL Yﬁ 2By Y :
D = T (8 + G (1) + g (x? - &) + 7B +—%-e - 1(6-89)

' Using the definition of r, Eq..(6-89)-may be -written

Bu) = ¢ I

ﬂ(l- Yiu) 220 - )
k _ : : k 2
[ ]+ c,K, [ = ]+ A B (1+~r u)- ﬁlY

k

(6-90)

zero order Bessel functions .of the first and second kind respectivély.

where C; and C are constants of integration and-I 'and-KD are modified

Solving Eq; {6-90) subject to boundary conditions (6-86a) and (6-86bL)
allows the constaﬁts.of integration C1 and Cz to.ﬁe determinéd; they are
written on the following page. Equation (6-90) in conjunction with

Eqs. (6991) and (6-92) is sﬁfficient to determine the_steady-stété

-femperature distribution in the thermoelement for any specific set of

conditions.

pk'
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'The rate of heat pumped from the cold environment,:Q:.(dimensionless) can

o I 2 2}\ 2}\ i
& - ¢ [Gc +1 +Bl~rbvk - X8y - CiTo{ 3T Yk)- CZKO(Yk)] |
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8a. Performance Cgitefia'for variable p{u), k{u), and S{u)

The no-load temperature difference, the heat pumped,.and the
coefficient of performance"are'the performance criteria to be examined.
Letting u =-0 =:Qz'in'Eq. (6-90), and applying the definition of qu;

glves the no-load temperature-differencg-as

= 1+ B1(Y vy - 2% - cf o( ‘)'- CzKo( ) (6-93)

The quantitieS.Ci and Ci-are given by Eqs. (6-94) and (6-95); notice

-that ‘these :quantities simply represent C1 and C, evaluated foer: = 0

2
respectively. {
|
[ - ' :
C1 €1 Q*=0 (6-94) . §
i
P - K . :
02 = CZ x (6-95)

be determined by evaluating Eq. (6-86a). Using Egs. (6-90), (6-91),

(6-92), (6-94), and (6-95), the following expression for Q: can be fouﬁd

i —_— (6-96)

()0 (3) o (2EE) )

where
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AL -y 12 -2h) e (25
Vel (R)

ah /1 Y .
k 2M L2\

Ko( )[__10 )+u _,,]
YS Yk _ 1 Tk

Ag in previous sections the C,0,P. in dimensionless form is given by

.Q* . .
c.o.p, = i (6-97)
*
Pi
In this section, the dimensionless power input Pi’ is given by .
2 2| | - |
Py - Z‘,(HZ)E_L!‘) cg.f - 690
‘ 5 HEST R
'Thus, the dimensionless C,0.P, is given by
Y Q*
C,0.P, = s i (6-99)
1) .
- Yk
2 (1+ % -§,(iétiii) - 8
2 T ¥ c
“h s

where Q* is given by Eq. (6-96). Equations (6-93), (6-96), and (6-99)
are gsufficient to determine the performance criteria for any given set
of conditions.

In order to find the value of the dimensioeless;current k'thet
optimizes any given performance criteria, the first derivative of

Egs. (6-93), (6-96) and (6-99) may be set equal to zero. Inspection

:of the above equations shows that it is not feasible to solve the
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resylting extremum conditions explicitly for k_-op . It is clea; that
-Kopt.could'beaobtained-by using the numerical iechﬂiquaain;Appendix;E.
Subroqtinesnfor the required Bessel functions are not available at the
"Rich Electroﬁic.Camﬁuting-center. .Furthermore, the parémeters-tq be
‘used are of such a-natufe=that the customary approximating relation-
shiﬁs for Bessel functions of very small or very large arguments;may.
‘not be-use&.

In the opinion of the ;uthor, tﬁe actual oPtimizatiap:of Eqgs.
(6-93), (6-96) and (6-99) wouldﬂﬁnly sérve to further substantiate
‘the results of the ﬁrevious sectioﬁs; A greater physical-insightéintﬁ
the*quantitativereffects of sp§t1a1 property dependence on. the per-
fofmance criteria.would not result; altﬁough it must be admitted that
more qualitative results would be feasible because - of the more accurate

_model. The latter fact was nmot the purpese of this chapter,

~-8b, Summary of Results

In this chapter, the effect of spatial property dependence on
the performance of a single-element thermeelectric heat pump has been
analyzed. The summary -of the results:is.clearer if the three principal.
parts- of ;he analysis are reiterated in their order of presentation.

First, only one of the three ‘properties is considered a specified
function ‘of ¥: . the other two are considered comnstant. .For this condi-
'tion-the performancé-critéfia are derived and optimized, This procedure
~rotates-unti} the effect of the spatial.dependeﬁce-of each individupal
‘property 'is analyzed.

-Secoqd,.based on the resuvlts of the initial analysis, it is es-

tablished that the spatial dependence of the Seebeck coefficient -and
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‘the electrical resistivity affect the performance criteria far more than

the spatial dependence of the thermal conductivity. Thus, the thermal
conductivity is assumed constant and simultaneous variations in the
Seébeck-coefficient-and the electrical resisrivity are investigated.
The resultslof these twe parts are summatizgd in Figs. 27 through -32.
‘A1l of the following discussion is relegated to values of Yp, Tk, and
Té-leés-thén;one. | |
.The results indicate that'(eNL)opt can be improved by using spa-
‘tial property dependence except in the case of variable thermal conductivity.
The.optimum émount of heqt (Q:)opt, an element can pump across a specified
‘temperature difference may be substantially increased through the use-of
spatial property dependence -except in the case ‘of variable thermal
conductivity. It should be noted that the improvement in the heat pumping
capacity is not as large when the element is operated to yiela the oﬁtimum
C.0,P.; the heat pumped still decreases for'variabienthermﬁl conductivity.
The .optimum coefficient of performance (C.O,P,)optiis also increased by
'using-spatial_property-dependence except in the case of variable.thermal

conductivity, However, when the element is operated to obtain the opti-

mum heat pumping effect the C,0,P, is viftually'independent of the

property variations.

.Third, equations describing the effects of the simultaneous vari-
-‘ation of the thermoelectric properties on the performance criteria are
derived. These equations are derived for specific ‘linear variations in
the thermoelectric properties and may be optimized for an§ given set of

conditions., Solutions to these general equations atre not presented be-

cause a greater physical insight'gnto the quantitative effects of
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spatial property dependence on the performance criteria would not

‘result,

o
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CHAPTER VII
SUMMARY

. The objectives of this investigation have'beén-to determine the
effects -of finite fins, finite fins and surface heat:transfer; and the
spatial dependence of 5, p, and k-on the optimum perfofmance~of a thermo-
electric heat pump. Three separate analyses were made.

The-first analysis presented analytical.soiutions that could be
‘used to predict the optimum performance of a completely'insﬁlated'themo-
element ‘used as a heat pump with finmite fins at the hot and cold junc-

tions. In addition, the equations -could be applied to a heat pump with

~unknown hot and cold junction temperatures, arbitrary hot and cold junc- -

tion.fin-surface areas, and arbitrary surface heat transfer coefficients
‘over the hot ‘and cold junction fins. The results showed that the per-
formance -of an-element may be altered significantly depending on the
-values of the dimensionless parameters, Hy and H,. The results were ap-
plied to a numerical example. For the set of conditions considered,
increasing the fin_conducta_nces‘l-lc and Hh to a value greater -than 20
would improve the performance by only a small amount. For other design
applications, curves similar to those presented could be constructed,
and from these curves, the amount of fin surface area needed for optimum
performance .could be determined.

-The analysis presented in the second phase of this investigation

could be used to predict the optimum performance of -thermoelectric heat
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" pumps that have finite fins at the hot and cold.jundtions.and are fully

or partially insulated. The results showed that substantial gains.in heat ..

pumping capacity and C.0.P. could be achieved when the thermoelement had

insulation extending a specified distance along its surface from the cold

junction. The effect of fin conductance on optimum performance was also
shown, One of the interesting aspects of the analysis was the signifi-

.cance of the.value-uL. As u, increased, the gains realized from surface

L
heat transfer increased greatly and vice -versa. For uL = 1, surface
heat transfer offered no improvenents in performaﬁce compared to devices

using fully insulated elements. However, for uLZ> 3. large improvements

‘in performance could result through the use of surface heat transfer,

-Improvements "in performance, resulting from the use of surface heat

transfer predicted in this analysis, were comservative for two reasons.

First, it was assumed that thermal and electrical contact resistance at

‘the junction of the elements were megligible. Second, it was assumed .

that the fins used at the hot and cold junctions were isothermal. Thus,

the actual benefits gained by using surface heat transfer could be

-somewhat greater than those predicted in this analysis.

The final analysis determined the quantitative effect of spatially
dependent thermoelectric properties on the optimized performance criteria,

The  analysis was quantitative primarily because the longitudinal surface

‘of the thermoelement was insulated and both fin conductances were-infinite.

-The effect of the positional dependence of each property on the performance

criteria was determined individually, and then, in physically significant
combinations. -Results showed that a specific small positional dependence

in 8 and p acted to increase all the performance criteria. - However, a
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specific small variation in k(consistent with Fig. 22) decreased the
performance criteria. Also, it was shown that the positional dependence
of k was not nearly as important as the positional dependence of S and

. Thus, a net increase in the performance criteria might be feasible
through the controlled usé of spatially dependent properties. Finally;
the properties of S, P, and k were assumed to have a small linear
positiohal depéndence (consistent with Fig, 22) and equations describing
-the ‘performance criteria of a tﬁermoelement uged as a heat pump were
developed. Because these-equations are dimensionless,.cdmputations based

on them may be used over a wide range of paxameter values.
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APPENDIX A

DERTVATION OF DIFFERENTIAL EQUATION FOR
ONE-DIMENSIONAL TEMPERATURE DISTRIBUTION

IN AN INHOMOGENEQUS THERMOELEMENT

“In tﬁe ﬁerivati6n to'fdlldw, it is assumed that the thefmpelemant

is eylindrical and has ainegligible-radius of curvature; the electrical

" qurrent I'is constant; the properties p(%,T), k{x,T) and S(x,T) are

arbitrarf.functionS'of axial position x and absolute temperature T; and.
the element can exchange heat by conveefion with an_envirbnment at tempera-
ture T!.

Fig. 33 shows a differential segment of a thermoelement of length

&x. The rate at which energy is convected from the surface of the dif-

ferential element ‘is

hp(T - T")dx (A-1)

-The rate at which electrical energy lsaves the element at x is

IV (A;ZJ-

X
The rate at vhich carriers transport energy from the element at x is

IST (A=-3)

x

The-rate at which-energy-is-conducted_frbm,the.element at x is
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kA 4
X

(Ack)

X
The rate at which energy is conducted into the element at x + 4x is

ka 4T

dx (4-5)

x+4x

The rate at which carriers transport energy into the element at x + 8x
is

1ST (4-6)

x + Ax

The rate at which electrical energy enters the element at x + 8x is

v . A=
Ix+ AZX (4-7)

The rate at which the energy of the element is. increasing is

BT -' _an
Pca Ax g? (A-8)

Conservation of energy requires that

rate of rate of rate of accumulation
- = (A-9)
energy in energy out of energy

Substituting Eqs. (A-1) through (A-8) into Eq. (A-9) gives

T | . o :-
kaSl - kaZ| + IST - - - -7
on . 3%l A IST X+’1%, A v < hp(T-T")ax

= ﬁcAﬁxaﬁ% (4-9a)
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hp(T - T') &x

v _ .

X+ Ax o : | IV %

: ) a st|
IsT x+ Ax . . ' : - - Ix '
—_— T —— ] B

a7
kA 0x

O Ax —

Fig. 33. Energy Balance for a-Differential.Thefmoelement.

Next divide by &4x, take the limit as 4x = 0, and apply the definition

of a derivative to obtain

8 & 3 | _ _ . ®
'?E (kA '6_33 + IS -a%-+ T -a—i + 1 —g% - hp(T - T') = Pch -6-1—’ (A-9b)

"The conjugate flows and reciprocal relationships developed by Lee and

Sears from irreversible thermodynamics allow us to write

W - p P - -
E'I% s = (A-10a)
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with x _
R = I £ dx (A-11)
0 A
thus,.
v _ Ip g8T )
7z - A" S3x (A-10b)

Substituting Eq. (A-10b) into Eq. (A-9b) gives

R N T SIS I BN v,
T (ka ax) + IT B hp(T - T') + n pcA Fre (A-12)
Since it was assumed that 8§ = 8(x,T), it follows that
28 . 88 85 oT _
W T (| T W (A-13)
. % _

when Eq. (A-13) 1s substituted into Eq.. (A-12) and the functimal de-

pendence of S, p, and k is shown there results

. _@_ . _QI . . -aS a8 | ..a'_[' _ _. 1
e [k(x,t) A(x) ax] + IT By + IT T B ‘hp(x) (T - TY)
T X
+':.[2 5D . Feax) Z (A;iaj
| A(x) Peh(x) 3¢ i

‘Notice. that only the second and third temms in Eq. (A-14) depend on the . -
-direction of the current in the thermoelement. The second term is re-;. '
ferred to as the '"Volume Peltier heating.effect?'by Domenicali (16). The
third term is the usual Thomsén heating effect. 'If the current is reversed

in Fig. (33), replace I by -I in Eq. (A-14) and obtain
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- '8 3 _ '
X N

I x,T - -k
+ = CA — A-15
p< (x) Yy ( )

The second and third terms in Eq. (A-15) are now referred to as the
Volume Peltier cooling effect and the Thomson cooling effect respectively.
Equations -(A-14) and (A-15) are general expressions for the pro-

duction of énergy and absorption of energy, respectively, in an inhomo-

.geneous thermoelement,
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APPENDIX B

‘PHYSICAL SIGNIFICANCE OF THE FIN CONDUCTANCE AND EQUATIONS FOCR

THE MAXIMUM PERFORMANCE OF A COMPLETELY INSULATED THERMOELEMENT

‘A. Fin Conductance
‘In order to attach a physical significance to typical wvalues of
fin conductance, for generality, consider a shorter thermoelement

0.635 cm long by 0.635 cm in dia. If k = 0.015 W/em - 9K and A =

0.317 cm?, then

:Hh = 66.8 hhAh

! and
H = .66.8 h A
c cc

‘In air, the heat-transfer coefficient h ranges in value from
about 0.00284 W/cmz--'QK for natural convection to about 0.0284 W/ cm? - 9K
‘for forced convection., Letting Ah = Ac== 138 ‘cm? for forced convection

gives

EE 'H = 262
-h ‘Letting Ah = A = 353 cﬁz for natural convection gives
H = 67

! B. Equations'for Maximum Performahce-qua Completelyﬁlnsulated'Thermo-

-element

S I i I . |




P

144

If the hot and cold junction fin conductances are considered in-

finite, then Eq. (4-11) reduces to

2
Q% =1+ 4y --EE- (B-1)

i max
and Eq. (4-13) reduces to

2
1+ 6y - ay?/2
_ 6§ vl (3-2)
ay® - ¥

(C.0.P,)
max

In addition, if the cold junction-is_considered'insulated from the cold-

junction envir-‘onment'(lic = 0), then Eq. (4-10) reduces to

; (b - 1) ~ (8/2)y? )
(BNL)max = . 171 v Z (B-3)

‘The expression for y for Eqs. (4-17), (4-18) and (4-19) may be ob-
opt

tained by a corresponding reduction in Eqs. (4-15), (4-16), and (4-14)

respectively.
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DEFINITTONS OF CONSTANTS IN CHAPTER V
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The following definitions . are given for Dm, Eni’ Rm(m-.l,z_,3,4),

W_(m=1,2,3,4), and &_(w=1,2,....15).

-(uil/G) [cosh'(f.t)-+ u, sinh(ﬁ)]

2 v, /6

- -(uLIG) [F%/Z-f (qv - G) tanh(ﬁf2i]
= - H‘h + (uL/G) (11'.‘.JF - @) tanh(u/2)

= - u cosh{(&) /G

= - (uL/G) [uﬁ-/z +{ u + _tanh(ﬁ/Z)} tanh(ix)] cosh (i)

= (uL/G) [c:osh(ﬁ) - 1:]

= -~ (tanh(u) + -uv) cosh(u)

= Gy (B - D)

= “[53 Dy =Dy - H)) - Dy(E, + E, + HL:)]

- u ,:E4+ D, - cp(Di - D, - B -H --E_1 -E

= '15;4 (nl - 1:’2 - H.h) + 1)4 (El. +_ E_Z.+_ Hc)

= uLaEBHc
| 2 4
- = E (D - - -
c[“{_ AURERER RS "‘.L'é]
= uw 6H (H -D +E)+uBE @M +D -1
u #H (] -D +E)+uE @ +D -1

J
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=
[}

4 1 [%4(D1 - B +'E2D4]

= [
51 _ uLEB

[ 2]
1]

E - D) +AD E_ + 12
¢ Ej(%, - D) 3By T up 8

3 = [é(ﬂh 1)+E+6E]

™
I

8, = E,(H - D) - ED,
2
&5 = oy
2 = u( -H -D -E)
6 A R R

8 = (H +E) @M -D) -DE
7 ( c 1) ( h l) 22

§-] = g-u D
8 : L3

2 _ |
3_9 = p u - c(j{- Dy(H_ + Ey)+ 02E3n}
8 =Y (éHc * Dh)

2. = D + E) - D.E
11 4 (H ) 24

812 = -83 + uL(E1-+ D1 --Hh) ?

B3 7 BT E) (0 - H) +E D, + D)
814 = W - D) - Ep
25 = B -Dp) - DE

The quantities above were defined solely as a matter of’' convenience.
They simplified the algebra of the solution considerably and were es-

peciélly'useful_for the computer program used in evaluating the results;

-the quantities themselves do not have any physical significance.

e —————
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APPENDIX D
DISCUSSION OF THE GREER'S FUNCTION

There are a great many textbooks that adequately discuss the

Green's functioﬁ. Therefore, this appendix is included primarily'for

the conﬁenience of the_reader and it is not intended as a mathematical
treatise on the subject. On the contrary, rthe purposes of this dis-
cussion are to introduce the reader to the concept of the Green's func-
tion; acquaint the reader with the properties of this function; and to
work ‘an illustrative example.

This discussion is limited to the one dimensionél Green's function
and its application to linear, second-order, non-homogeneous differential
equations with two associated boundary conditions. In general consider

the differential equation

%: [%(u)'gg] + q(u)f + £{u) = 0 (D-1)

It is assumed that P(u), q(u), and f(u) are continuous in the closed in-
terval a Su < b; also, P(u) # O and neither a or b are infinite. If
these assumptions are violated it is possible for the solution of Eq,

(D=1} to become infinite; it 1s desirable to avoid this difficulty at

present, Equation (D-1) is subject to two non-homogeneous boundary con-

ditions at -the points a and b of the form

*18(a) + <X, %f% = Q (a) (D-2)

u=a
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o +8, 2| - o o @-3)

uv=b

where %, %,, ﬂl’ andB\'2 are given constants.,

In order to obtain a convenient form of the solution of Eq. (D-1), an

auxilliary differential equation is considered.

= [?(u) g%] tae+ bu-e) = 0 (D-4)

where 3(u -~ €) is the familar Dirac délta functien.

.Equation (D-4) is subject to the homogeneous boundary conditions

o( + o 4G = | -
1 G(a) 2 0 . (D-5)
U=a
dG = =
B, G(b) + B, % o (D-6)
u=h

First an attempt is made to determine the function G(u,&) which, for a
given number &, is given by Gl(u,E ) when u < ¢ and by Gz(u,E') when
u > ¢ and which has the following properties:

N _ ‘1. The functions Gl(u,a) and Gz(u,e) satisfy Eq. (D-4) in their

intervals of definition; that is

:i!'! ’ _

¥ a [ dGq
4 | - . = . . <
I P(u) 0 + q(u) G1 0 when u < €
and F dCn ]
d 52 -
o P(u) Eﬁ__ + q{u) G, = 0 -when u > ¢

s

2. The function G(u,&) satisfies the homogeneous boundary conditions
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prescribed at the end points u = a and u = b; that is, Gl(u,e) gatisfieg

- Eq. (D?S) and Gz(u,e) satisfies Eq. (D-6).

3. .The function G{u,t) is continuous at u = €; that is,Gl(e,s)'=
-Gz(e?e).
4., The derivative of G(u,®) has a discontinuity of magnitude

-1/P(e) at the point u = &; that is,

dGZ _ dGl - - 1
du du ‘P(E)
u=g u=e

5. The function G(u,&) is symmetric; that is,

G(u,e) s G(g, u).

Any function satisfying the above five properties is defined as the
Green's function G(u,t). It can easily be shown that if the function
.G(u,¢), in which e appears as a parameter, exists, then the solution of

Eq. (D-1) subject to boundary conditioms (D-2) and (D-3) is

. b . . E=b
5 dg dc ' :
- 6 = [ e(ue) £e) & +2E) |owe) @ - 0@ F [ @D
a

"This form of the solution is valuable and concise. Notice that, for
boundary conditions (D-2) and (D-3), Eq. (D-7) expresses the solution
to Eq. (D-1) for all continuous £(u); that ié, Eq._(D;7) represents in-
finitely many solutions of Eq. (D-1).

The above technique is illustrated by verifying the Green's func-

tion for Eq. (6-9). The system to be solved consists of differential

—— A
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"Eq. (6-7) subject to boundary conditions (6-82) and (6-8b). The auxil-
‘1liary system is given by
d%g

';-E = -p(u - ¢) (D-8)
u

and the homogeneous boundary conditions

dG

%G(0) - 4 (D-9)

!
=}

u=0

G(1)

]
o

(D-10)

By property 1,

Au + B D fu<e
: G_(u:l 5) = {

Cu + D e<u <l
where A,B,C, and D are constants to be determined by satisfying proper-

ties 2 through 4,

By property 2,

& = XBand C = - D
Therefore,
B(cu + 1) 0 Luxe
G(u,e) = :
Clu - 1) e <u<l

By property 3, continuity exists at x =& , thus

B = C(¢ --1)//Cﬁa + 1)
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and

Cle - 1) (su+ 1) <
e F 1 0<uce
G(u,e) =
C(u - 1) e<ufl
By property 4,
e &L -1 _ 4
&e+ 1)

= 0§u<s
JoG(u,e) = 1+

{(1 - ey Clu+ 1)

Notice.that property 5 is also satisfied; this is a convenient check.
Evaluating the second term in Eq. (D-7), uéing P(e) = 1, and Eqs..
(6-8a), (6-8b), (D-9), and (D-10) gives

e

(’Qi = o() (L -w

f(uw) = j G(u,e) £(e) d= + C g
5 _

which is identical to Eq. (6-9).
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APPENDIX E
‘DISCUSSION OF A NUMERICAL OPTIMIZING TECHNIQUE

The numerical technique discussed below was?suggested by Dr.,
‘K. R. PBurdy of the Mechanical Engineering Department.’ In conjunction
‘With_Fig..34,.this Pethod can be explained briefly as fellows:

Assume'a-valﬁe-of>x which is somewhat smaller than the expected

?\op.t and calculatef; ). Establish a M grid of width & ., Calculate
O (M ANy, "Ask" the computer if By, (M + &) £ B ). If the ‘answer
is false, instruct the computer to compute eNL(k + 28\), ete. until the
answer 'is true. When the answer is true send the computer back several

intervals and decrease thé size of the A\ grid. Repeat this procedure

: until kopt is obtained to the desired accuracy; the§ célculater(eNL)opt.
- ‘It is clear that this method will only work when one has a continuous

function and a knowledge of the location of the optimum value.

GNLO\opt)

o+ &) = —

I

o™ |- — :

) | . I |
: _ ‘ N
+

A A

A; kopt

.Fig.:34. Illustration of ajNumerigal Optimizing Technique,
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