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ABSTRACT 

The objectives of this study are to investigate the effects of 

finite fins, surface heat transfer with finite fins, and the spatial 

dependence of the Seebeck coefficient, electrical resistivity, and 

thermal conductivity on the optimum performance of a thermoelectric 

heat pump. 

The first portion of the investigation presents analytical 

solutions for the steady-state temperature difference, heat pumping 

capacity, and coefficient of performance of a thermoelement used as 

a thermoelectric heat pump with finite hot and cold junction fins. 

The latter three expressions are also optimized with respect to the 

electrical current. The longitudinal surface of the thermoelement is 

insulated, the surface heat transfer coefficient over the hot and cold 

junction fins being arbitrary. A numerical example is worked in which 

performance curves are compared for cases of infinite and finite fin 

conductance at the junctions of a simple thermoelectric heat pump. 

A method of augmenting device performance by realistic fin design is 

shown; or, conversely, a method of economizing, on fin size and the 

anticipated decrease in device performance is shown. 

The second phase of the analysis presents equations for the 

steady-state temperature distribution, optimum heat pumping capacity, 

optimum coefficient of performance and optimum no-load temperature dif­

ference for a single element thermoelectric heat pump with constant 

properties. Part of the longitudinal, surface of the thermoelement is 
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convectively cooled; fins of varying size exist at the hot and cold 

junctions; and three different surface heat transfer coefficients can 

be arbitrarily selected, one for the hot-junction fins, one for the 

fins at the cold junction, and one for the surface of the thermoelement. 

It is shown that surface heat transfer can be used to substantially in­

crease the heat pumping capacity and, in some cases, the coefficient 

of performance is improved. The effect of fin size at the junctions 

of the thermoelement on performance is shown. An example is presented 

in which optimized performance curves are compared for devices using fins 

with infinite and finite conductances and where the thermoelements have 

varying amounts of surface heat transfer. The results are presented in , 

dimensionless form so that they apply for many different conditions. The 

results show that gains in heat pumping capacity of the order of 300 

percent to 400 percent are possible. 

The third phase of this research ascertains quantitatively how 

the spatial dependence of the Seebeck coefficient, electrical resistivity, 

and thermal conductivity affect: the optimized no-load temperature differ­

ence, optimized coefficient of performance and the optimized rate of heat 

removal of thermoelectric heat pumps. The longitudinal surface of the 

thermoelement is insulated. The fin conductance at the hot and cold 

junctions is infinite. The effect of the spatial dependence of each 

property on the performance criteria is analyzed individually and then 

in physically appropriate combinations. It is shown that certain small 

linear variations in the Seebeck coefficient and the electrical resistivity 

act to increase all the performance criteria. However, small linear vari­

ations in the thermal conductivity (consistent with the variations in the 
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Seebeck coefficient and the electrical resistivity) decrease the perform­

ance criteria. In addition, it is shown that the spatial dependence of 

the thermal conductivity is not nearly as important as the dependence of 

the electrical resistivity and the Seebeck coefficient„ Therefore, a 

net increase in the performance criteria should be possible through the 

use of controlled spatial property dependence. Finally, all three 

thermoelectric properties are assumed to have a small, linear spatial de­

pendence (consistent with the physical principles governing their inter­

relationships) and analytical equations describing the performance cri­

teria of a thermoelement used as a heat pump are developed. These equa­

tions may be used to compute the performance criteria of a thermoelement 

with inhomogeneous thermoelectric properties over a wide range of param­

eter values„ 
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CHAPTER I 

INTRODUCTION 

The thermoelectric effects are concerned with the direct conver­

sion of electricity into heat; and conversely, the direct conversion of 

heat into electricity. Most of the factors entering into a consideration 

of thermoelectric effects have been known for over a hundred years. Not 

until the recent development of semiconductor materials did it become 

possible to utilize thermoelectric effects to fabricate thermoelectric 

heat pumps and thermoelectric generators that have important practical 

utility. Thus, in the past several years there has been a renewed in­

terest in thermoelectric principles and completely new products based on 

these principles are being developed. For instance, in regions where 

electricity is plentiful, cooling or heating living areas by the direct 

conversion of electricity to a thermal effect by a thermoelectric heat 

pump is a distinct possibility. In the electronics industry, small 

battery operated thermoelectric refrigerators may be the answer to the 

cooling of electronic components,, 

For a period of several years., much research has been carried out 

for the purpose of improving the performance of thermoelectric devices. 

This research is generally divided into the categories of developing 

better and cheaper materials or making the greatest use of existing ma­

terials. This analysis will be concerned with both areas of research. 

The first part of the analysis is an attempt to determine: (1) if a 
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more effective design can be achieved by the use of direct heat trans­

fer between the longitudinal surface of the thermoelement and its en­

vironment (2) a realistic design that will indicate how much the perr 

formance of a device is impaired by use of finite fins. The second 

phase of this analysis is an attempt to determine if the spatial de­

pendence of thermoelectric properties can be used to improve the perform­

ance of a thermoelectric heat pump. 

The behavior of a thermoelement subjected to heat transfer along 

its longitudinal surface has been investigated previously. But these in­

vestigations were made with boundary conditions that are not entirely 

realistic and the effect of finite fins on device performance was not 

considered. The effect of spatial property dependence on device perform­

ance has not been investigated to the author'sknowledge. In fact, spa­

tial property dependence has generally been considered undesirable under 

any condition of operation. 

At this point, it might be expedient to briefly review the thermo­

electric effects and their application to thermoelectric heat pumps and 

thermoelectric generators. 

Thermoelectric Effects 

The term, "thermoelectric effect," implies the reversible pheno­

mena which occur at the junctions of dissimilar metals and throughout 

the bodies of conductors in which finite temperature differences exist. 

The principles and theory underlying thermoelectric effects were not es­

tablished by one man at one time, but by several scientists working over 

a span of many years. The three thermoelectric effects are the Seebeck 

effect, Peltier effect and Thomson effect. 
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In 1821 Thomas J. Seebeck observed the first of the reversible 

thermoelectric effects. Seebeck discovered the existence of thermo­

electric currents while experimenting with the electromagnetic effects 

associated with bismuth-copper and bismuth-antimony circuits. He dis­

covered that when two dissimilar metals are connected to form an open 

circuit, as shown in Fig. la, and one of the junctions is at a higher 

temperature than the other, an emf (called the Seebeck emf) exists. 

This may be described mathematically by 

AV = -S , AT (1-1) 
a b 

Where S is a coefficient of proportionality called the Seebeck co-
ab 

efficient. This is more commonly., but erroneously, called the thermo­

electric power. The relative Seebeck coefficient, S is defined as 
ab 

c c — c — Limit Av .._ dV /i o\ 
ba - bb - bab " AT-_̂ 0 3J - 35 ^ A > 

The Seebeck coefficient depends on the choice of materials a and b and 

represents for a given material combination, the net change in thermal 

emf caused by a unit temperature difference. The change in potential 

may be either positive or negative in. the direction of the temperature 

gradient. Therefore, the magnitude and sign of, S , are both important. 
ab 

It is expedient to assign an absolute Seebeck coefficient to all materials 

relative to an arbitrary reference material (usually lead) such that the 

Seebeck coefficient of the junction of two materials is the difference 

between the two absolute Seebeck coefficients of the material. It is 

well to distinguish between, the Seebeck effect, which refers to the net 



T-hAT 
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t t. t t 
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current 

c) Thomson Effect 

Fig. 1. Thermoelectric Effects 
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conversion of thermal energy into electrical energy with the appearance 

of an electric current and the Seebeck emf, which refers to the net 

thermal electromotive force set up in a thermocouple under zero current 

conditions. 

In 1834 Peltier discovered unusual thermal effects when he intro­

duced small external electric currents in Seebeck's bismuth-antimony 

thermocouple. He found that when a current is passed through the junc­

tion of two dissimilar metals in one direction, heat is absorbed, and the 

junction is cooled (i.e., it acts as a heat sink). When the current is 

reversed, the junction is heated, (i.e., it acts as a heat source) and re­

jects heat to the surroundings. The Peltier effect, then, refers to the 

reversible rejection or absorption of heat which usually takes place 

when an electric current crosses a junction between two dissimilar metals. 

Peltier observed that for a given current the rate of absorption or lib­

eration of heat at the junction of the materials is proportional to the 

current and depends on the materials forming the junction. Thus, in 

Fig. lb, the rate at which Peltier heat is absorbed is given by 

Qab = IIabI -: (1-3) 

where I is the current and H is a coefficient of proportionality known 
ab 

as the Peltier coefficient. Note that ̂  is the reversible heat which is 

absorbed or liberated at the junction when current passes through the 

junction in unit time; it has dimensions of voltage. The temperature of 

the junction and the materials comprising the junction determine the di­

rection and magnitude of the Peltier coefficient; however, n at one junc­

tion does not depend on the temperature of the other junction. Thus 



(similar to the relative Seebeck coefficient S ) as shown in reference 
ab 

(3), a relative Peltier coefficient is defined as 

nab - D a - n b a-*> 

such that n of the junction of two materials is the difference between 
ab 

the absolute Peltier coefficients of the materials a and b respectively. 

William Thomson, later known as Lord Kelvin, realized that a re­

lationship should exist between the Seebeck and Peltier coefficients. 

In 1857, Thomson attempted to derive such a relationship and collaterally 

conducted an experiment which demonstrated the existence of a thirdthermor 

electric effect, now called the Thomson effect. Thomson passed an electric 

current through a closed circuit formed b)r a single homogeneous conductor 

2 
which was subjected to a temperature gradient„ He found the I R heat to 

be slightly augmented, or decreased., from the cold junction to the hot 

junction, or from the hot junction to the cold junction, depending upon 

the direction of the current and the material under test; this discrepancy 

was due to the third effect. The Thomson effect refers to the reversible 

absorption or liberation of heat along a conductor with a temperature gra­

dient when an electric current flows through the conductor. Thus, in 

Fig. 1c, the rate at which Thomson heat is absorbed is 

q - T .r-ijl (1-5) 
â a dx 

where q is the rate of heat absorption per unit length of material a, 
3. 

dT/dx is the temperature gradient, and T is a coefficient of proportion-

ality known as the Thomson coefficient depending on the properties of 
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material a only. Note that T represents the fate at which heat is ab­

sorbed, or liberated per unit: temperature difference per unit current. 

Kelvin was first to demonstrate that there is a definite relation­

ship between the three reversible thermoelectric effects. He assumed 

that the irreversible I R and heat-conduction effects could be disregarded 

in a thermodynamic derivation of the relationship between the three re­

versible coefficients. Although Kelvin's relations are correct, his 

analysis is not considered rigorous. A rigorous development of these same 

relations is accomplished using irreversible thermodynamics (see for 

example Callen). The first and second Kelvin relations are, respectively, 

n = T S (1-6) 
a a a 

T = Ta ££a (i-7) 
a a

 d T 

These relations are important, since they express the Peltier and 

Thomson coefficients in terms of the more easily measured Seebeck co­

efficient. 

Thermoelectric Devices 

Thermoelectric effects are utilized in two basic types of thermo­

electric devices: 

1. A thermoelectric heat: pump is a. device which utilizes an elec­

trical energy input to pump thermal energy across a temperature gradient. 

2. A thermoelectric generator is a device which converts thermal 

energy into electrical energy. 

This analysis will be concerned exclusively with the performance 
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of a thermoelectric heat pump. However, for the sake of completeness a 

representative device of each type'will be described briefly. 

Thermoelectric Heat Pump 

A typical heat pump is shown in Fig. 2a. Notice that the heat pump 

is an assembly of three basic components with distinctly different func­

tions; (1) the thermoelements through which the heat is pumped; (2) fins 

or heat exchangers generally made of copper or aluminum; (3) the power 

supply equipment (represented by a d-c battery) necessary to transform 

and rectify the commonly available high-voltage a-c electric current to 

a low-voltage d-c supply to the heat pump.. By the use of a P-type 

thermoelectric element and an N-type thermoelectric element in a d-c 

series arrangement, heat may be pumped from source to sink. When electri­

cal power is delivered to the circuit, Peltier heat is liberated at the 

hot junction and absorbed at the cold junction, and therefore a temperature 

difference is established between the junctions. Thomson heat is absorbed 

and liberated along the length of the elements. 

At the cold-junction fin heat from the source to be cooled is trans­

ferred to the junction and made available for transformation into electri­

cal work; the temperature of the cold-junction fin must be lower than the 

temperature of the heat source and this temperature difference is an im­

portant design variable. Similarly, the temperature of the hot-junction 

fin must be higher than that of the heat sink, which is usually either air 

In the remainder of this analysis the word "thermoelectric" in 
reference to a heat pump or generator will be omitted frequently for 
brevity. 
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or water. The net effect of the operation of the heat pump for a given 

electrical power input is a certain rate•of heat removal from the source, 

and a higher rate of heat rejection to the sink. The thermoelectric 

heat pump is classified as a refrigerator (or cooling device) if the 

primary purpose is to remove heat from the heat source. At the same time, 

however, there is always the possibility of operating the pump as a 

warming device. For a given thermoelectric heat pump, three major design 

criteria are of interest: First, the. maximium temperature difference that 

may be established with the cold junction thermally insulated from the 

cold environment. Second, the maximum amount of heat that may be pumped 

from the cold environment. Third, the maximum attainable ratio of heat 

pumped to electrical power input:. This ratio is defined as the co­

efficient of performance. 

A typical thermoelectric generator is shown in Fig. 2b. When 

a heat source is applied to the hot-junction fin, the Seebeck effect 

causes a current to flow through the electrical load. The Peltier heat 

is absorbed at the hot junction and liberated at the cold junction, 

and the Thomson heat is liberated or absorbed along the length of the ele­

ments. In designing a given generator, two problems are of interest; 

First, the maximum thermal efficiency, Second, the maximum electrical 

power output, 

As stated before, only the thermoelectric heat pump is considered 

in this investigation. However, the temperature distribution equations 

derived in Chapters IV and V in this dissertation apply equally well to 

the thermoelectric generator problem,, Thus, it is possible for future 

researchers to determine the effect of surface heat transfer* and finite 

Surface heat transfer is used in this paper to denote heat trans­
fer from the longitudinal surface of a thermoelement. 
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fins on the performance of a thermoelectric, generator by changing the 

junction boundary conditions given in this dissertation and using the 

temperature distribution equations derived herein. 

Objectives 

The objectives of this investigation are: 

1. To determine the effect of finite fins on the optimum per­

formance of a thermoelectric heat pump. 

2. To determine the combined effect of finite fins and surface 

heat transfer on the optimum performance of a thermoelectric heat pump. 

3. To determine the effect of spatial property dependence on 

the optimum performance of a thermoelectric heat pump. 

In each of the three objectives, the effect in question is 

measured by comparing the optimum performance criteria of a heat pump 

embodying the effect in question to the corresponding optimum perform­

ance criteria of an idealized heat pump'; that is, a heat pump with 

constant properties, infinite hot and cold junction fins, and zero sur­

face heat transfer. Throughout this dissertation, the performance cri­

teria are optimized with respect to the electrical current input I; that 

is, I is adjusted to optimize the desired useful effect for a given 

set of conditions. Comparison of optimum performances is made because 

it is the most desirable criterion for measuring the effects being in­

vestigated. 

However, adherence to the most desirable comparison procedure 

places severe restrictions upon the type of mathematical models that may 

be solved and compared analytically. It becomes extremely difficult to 



12 

obtain analytical expressions for the optimum current and therefore for 

the optimum performance, even for physical systems with relatively simple 

mathematical expressions describing the temperature distribution. For 

most of the mathematical models analyzed in this dissertation it is 

possible to obtain analytical expressions for the optimum p.erforman.ce..-

All exceptions are clearly indicated,. 

orman.ce
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CHAPTER II 

PREVIOUS RESEARCH 

Historical - General 

The discovery of the scientific principles that form the basis of 

the development of the thermoelectric heat pump was followed by a long 

period of inactivity. Then, in 1911, the first mathematical analysis of 

a Peltier heat pump Was published by Altenkirch (1). Unfortunately, the 

technology received no impetus until the last decade when semi-conductors 

were developed with thermoelectric properties that are superior to those 

of the metals and alloys that were used previously. As a result, the 

next analysis of a thermoelectric heat pump published by Gelhoff, et al. 

(2) in 1950 followed almost: 40 years after the initial analysis and about 

150 years after the discovery of the thermoelectric effects. In 1957 

Ioffe (3) published the first book devoted solely to thermoelectrics. 

Since publication of Ioffe's book, there has been a rapid and continuing 

development of a thermoelectric technology. Most of the research effort 

in the thermoelectric area has been directed toward the development of 

new materials with a much smaller portion of the effort being directed 

toward device design. The research effort in this dissertation is pri­

marily directed toward device design,, 

Insulated Thermoelement with Finite Fins 

In applications using thermoelectric heat pumps, space, weight, 

and cost considerations make it essential to limit the size of fins 
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that are used to transfer heat between the device and its environments. 

However, such limitations inherently reduce the amount of heat pumped 

and the coefficient of performancec It is desirable to know how much 

the performance of a device is impaired by the use of finite fins. 

An investigation by Brandt (4) considered a nonlinear mathematical 

model of a thermoelectric power generator. The model had an infinite hot-

junction fin and finite cold-junction fin, Brandt (4) considered only a 

radiative energy exchange between the cold-junction fin and its environ­

ment; he did not specifically evaluate the effect of the finite cold-

junction fin on generator performance. 

An investigation by Rollinger and Sunderland (5) evaluated the 

effect of a finite hot-junction fin on•the performance of a thermoelectric 

generator. The analysis assumed the cold-junction fin was infinite, and 

did not consider the effect of finite fins on the performance of a 

thermoelectric heat pump. An analysis by Crosby et al. (6) investigated 

a thermoelectric heat pump with finite hot and finite cold junction fins, 

The investigation was concerned primarily with optimizing Peltier heat 

pumping with respect to the length-to-area ratio for a given current, It 

did not consider the effect of finite hot and finite cold-junction fins 

on the coefficient of performance, 

A paper by Zito (7) considered a physical model of a thermoelectric 

heat pump that had finite fins. Zito assumed that the finite fins could 

exchange energy with their environments by convection and/or radiation. 

He did not evaluate the effect of the finite fins on the performance of 

the heat pump. Furthermore, the analysis of Zito did not consider or 

evaluate the effect of finite fins on the optimum performance of a heat pump. 

An analysis by Ybarrondo and Sunderland (8) investigated the effects 
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of finite fins on the optimized performance of a thermoelactiriii-genexator. 

The analysis indicated that finite fins could significantly affect the 

performance of a generator. 

A very interesting discussion on thermoelectric heat exchangers was 

given by Mackey (9); his paper was a feasibility study. He discussed heat 

transfer surfaces, feasibility of natural convection and radiation, and-

forced convection insofar as these factors are related to the heat ex­

change between a thermoelectric device and its surroundings. His analysis 

showed that the hot-junction fins of most thermoelectric heat pumps with 

•& — ̂  r% — 1 

a "figure of merit" (S) less than or equal to 3X10 K will probably 

be water-cooled or will be cooled by air blown over a compact heat ex­

changer with extended surfaces. In addition, cooling the hot-junction 

fin by natural convection and/or radiation will prove practical for most 

thermoelectric devices only when the figure of merit approaches 5X10 °K 

Thermoelements with Surface Heat Transfer and Finite Fins 

This section of the analysis will be concerned with making the 

greatest use of existing materials, specifically the optimum utilization 

of existing materials relative to the thermal system. As mentioned, the 

first analysis.of a heat pump was made by Altenkirch (1) and more refined 

solutions were given by Gehlhoff et al. (2), loffe (3) and others. Many 

simplifying assumptions were made in these analyses. Of particular in­

terest here is the assumption neglecting all external heat transfers ex­

cept those at the hot and cold junctions. External heat transfers were 

See nomenclature for an explanation of this symbol. 
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neglected because it was assumed that thejr would have a deleterious 

effect on performance; it has been demonstrated analytically that sur­

face heat transfer can be utilized to substantially improve the per­

formance of thermoelectric devices. 

Analyses by Harmon et al„, (10) and Kaganov et al. (11) have in­

cluded convective surface heat transfer between a thermoelement and its 

environment. However, both these analyses were concerned primarily with 

establishing a theoretical basis for the accurate measurement of thermo­

electric properties arid were not concerned with using surface heat trans­

fer to augment device performance. An analysis by Parrott (12) consi­

dered surface heat transfer along the entire length of a thermoelement. 

However Parrott did not indicate the effect of surface heat transfer 

on performance. Parrott's ana^sis was not an attempt to determine if 

surface heat transfer could be a useful mechanism for improving perform­

ance. He was only concerned with establishing an accurate theoretical 

model for comparison of experimental data. 

The investigation by Brandt (4) considered the effect of surface 

heat transfer on the power output of a power generator. His work covered 

surface heat transfer b̂r radiation; for the conditions he studied, sur­

face heat transfer had a deleterious effect on the efficiency. He did 

not report the effect surface heat transfer had on the power output of 

a generator or on the performance of a heat pump. Furthermore, his model 

did not include finite fins. In a paper by Ybarrondo and Sunderland (8) 

analytical expressions were given for predicting the improvements in 

performance of a power generator that could be attained using surface 

heat transfer; the analysis also assumed finite fin conductances at both 
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junctions but did not consider applications involving heat pumping.. 

An analysis by Nottage et al. (13) attempted to determine if 

surface heat transfer could be a useful mechanism for improving genera­

tor performance. However, the authors came to the conclusion the 

"system" efficiency could be increased if the surface heat loss from the 

thermoelement was used to power a thermodynamic conversion process which 

was more efficient than the thermoelectric generator with zero surface 

heat transfer. No attempt was made by the authors to explicitly deter­

mine how surface heat transfer affected the performance of the generator 

itself; but this effect could be deduced from their work for one condi­

tion of operation; the authors model did not include finite fins. A 

paper by Rollinger and Sunderland (1,4) presented results which showed 

how the performance of a heat pump could be improved through the use of 

surface heat transfer. The analysis assumed a fixed temperature dif­

ference between the hot and cold junctions and an infinite cold-junction 

fin; it did not consider the effect of finite fins on the performance of 

a heat pump. 

Thermoelements with Spatially Dependent Properties 

The thermoelectric properties electrical resistivity p(x), 

Seebeck coefficient S(x), and thermal conductivity k(x) of a semicon­

ductor can be made spatially dependent by appropriate doping (CuBr is a 

typical doping agent). For the sake of simplicity, it is assumed the 

resulting spatial dependence is axial only. 

The effect of spatially dependent properties on the performance 

of a thermoelectric heat pump has never been investigated to the author5 
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knowledge. This may be due in part to the fact that semiconductor ma­

terial is assumed to be homogeneous; homogeneit)^ is generally controlled 

during preparation. However, the fact that: semiconductor materials are 

not or may not be homogeneous has been mentioned by several authors. 

In a paper by T. C. Harman, et al. (15), the positional dependence of 

electrical resistivity was shown as a function of several preparation 

techniques. An excellent paper by Domenicali (16) derived differential 

equations for the positional dependence of p, S, and k in three dimen­

sions. Domenicali did not solve these equations, discuss the effect of 

spatial dependence of properties on device performance, or indicate a 

method of using spatially dependent properties to. advantage. It should 

be added that he intended only to present the basic principles of thermo­

electricity. 

An analysis by'W.-H. Clingman (17) indicated the possibility of 

spatially dependent properties. The principles of irreversible thermo­

dynamics and the calculus of variations were <3;mployed; to derive an ex­

pression for the optimum coefficient of performance that is valid for 

positional dependent properties. However, Clingman considered the thermo­

electric properties to vary with position only across a given cross-

section of the thermoelement; he did not consider the property values 

to vary along the longitudinal axis of the thermoelement. The expression 

for optimum coefficient of performance presented by Clingman was not 

evaluated for his type of spatially dependent properties - only for con­

stant properties. Further, the analysis did not consider the effect of 

spatial dependence or attempt to use this dependence to advantage. A 

recent analysis by B. Varga et al. (18) solved the dynamical equations 
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governing the performance of thermoelectric and thermomagnetic heat 

pumps and compared the maximum no-load temperature difference of the 

two types of pumps for several operating conditions. The authors 

assumed that S, p and k were independent of position whenever magnetic 

field effects were present. In the absence of a magnetic field the 

authors assumed p and k were independent of position but allowed S to 

be spatially dependent, *The authors showed that this dependence leads 

to an increase in the maximum no-load temperature difference; the effect 

of a spatially dependent Seebeck coefficient on the heat pumping capacity 

and coefficient of performance was not discussed. 

Summary of Previous Research 

This brief review of previous research indicates rather clearly 

that there are three problems that have not been investigated adequately. 

The effect of a finite hot-junction fin and a finite cold-junction 

fin on the performance of a thermoelectric heat pump has not been ade­

quately treated. 

While the advantageous use of surface heat transfer has been con­

sidered previously, an adequate mathematical model of a physical system 

utilizing both surface heat transfer and finite fins has not been 

developed. 

Finally, the possibility of using positional dependent thermo­

electric properties to improve heat pump performance has not been in­

vestigated. In fact, inhomogeneity of thermoelectric properties has 

generally been considered undesirable«, 
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CHAPTER III 

CHARACTERIZATION OF THE PHYSICAL -SYSTEM 

Description of a Thermoelectric Device 

A basic thermoelectric device is shown in Fig. 3. This device 

consists of two thermoelectric semiconductors to which electrical and 

thermal connections are made by means of metal straps. By the use of 

a P-type thermoelectric element and an N-type thermoelectric element 

in an electrical ds-c. series arrangement heat may be pumped from source 

to sink. 

For simplicity it is assumed that the electrical, geometrical, and 

thermal properties of the P and N elements of the device are identical 

except for the absolute thermoelectric coefficients which are assumed 

opposite and equal. Thus, only one half of the physical model has to 

be considered in the analysis (see Fig.-4) and the mathematical model 

will be simplified considerably; the element removed is assumed to be 

replaced by a perfect electrical conductor. 

Before proceeding with a discussion of the nomenclature in Fig. 4, 

there are several basic assumptions which must be mentioned. It is as­

sumed that the hot and cold junction fins have negligibly small elec­

trical resistance and Seebeck coefficient. In addition, the electrical 

resistance, thermal resistance and Seebeck coefficient of connecting 

wires between the thermoelement(s) are assumed negligibly small. Both 

these assumptions are reasonable because the fins are made of copper or 



2Q, 

x=0 

x=L 

o 
H 

w u 
(U !=> 

S5 U 

w 
CO 

COLD-JUNCTION FIN AT T. 

o 
H 

SB s l 
i O 

PL* O 
M 

a 
w 
CO 

HOT-JUNCTION FIN AT TV 

V h 

Fig. 3. A Basic Thermoelectric Heat Pump. 

Pi 

x=0. 

x=L 

COLD-JUNCTION 
FIN AT T_ 

oi 
o 
H 

pa u 
9* 5 
HI Q 

IH 55 
I O 

5=5 CJ pa 
CO 

HOT-JUNCTION 
FIN AT T,_ 

1 J 
Fig. 4. A Single-Element Thermoelectric.Heat Pump. 



22 

aluminum and the wires of copper almost exclusively. Within the thermo­

element, it is assumed that fluxes of heat and electric current normal 

to the longitudinal axis of the thermoelement are negligible. Because 

the cross-sectional area of the•thermoelement is considered constant 

throughout this analysis, the assumption of one-dimensional electric 

current flow is reasonable. This analysis will consider thermoelements 

that are convectively cooled along a portion of their longitudinal length. 

Thus the assumption of a one-dimensional heat flux (along the longitudinal 

axis) will be true only if the heat flux through the longitudinal surface 

is not significant. In defense of this assumption it should be noted 

that the use of a one-dimensional mathematical model for studying the 

heat transfer characteristics of fins with constant cross-sectional area 

leads to analytical results which agree very favorably with experimental 

data. 

For the sake of simplicity, it is assumed that the entire cold-

junction fin is at a temperature T and the entire hot-junction, fin is 
c 

at a temperature T,_; that is, both fins are isothermal. In regard to 

this last assumption note that the fins of the thermoelement are generally 

made of copper or aluminum. Since this is a steady-state analysis, the 

assumption of isothermal fins is a good assumption. Furthermore the 

temperature distribution in the fins would be very small for steady-

state operation and would certainly be a second order effect. Hence 

there is little reason to believe that the results of an analysis with 

a simplified model (neglecting second order effects) will not be effectively 

reproduced by a more refined model as long as both models include all 

the first order effects. 
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The reader will find the following explanation of basic nomen­

clature more meaningful by referring to Fig. 4. The rate at which 

heat is transferred to the cold-junction fin is designated as Q0. The 

temperature of the isothermal cold-junction fin is the same as the 

temperature at x = 0 and is always designated as T . The temperature 
c 

distribution in the thermoelement is designated by T(x) . The tempera­

ture of the isothermal hot-junction fin is the same as the temperature 

at x •'= L and is always designated as T .. The rate at which heat is 

transferred from the hot-junction fin is designated as Q . The electric 

current, I, is defined as positive in the positive x-direction. The 

source voltage, V, is defined such that the rate at which electrical 

energy enters the system is given by the product of the voltage and 

the current. 

Differential Equation for the Temperature Distribution 

The general partial differential equations which describe the 

steady-state temperature distribution in an inhomogeneous, anisotropic 

thermoelement have been derived from the principles of irreversible 

thermodynamics by Domenicali (16)„ In shorthand notation these equations 

can be written 

'J2-. fk.. |3I) - T / » (S.. J . ) .+ P. . J , J . = o (3-1) 
dx± \ ijaxy ox. y i j jy ,ij i j 

where i , j = 1 , 2, 3 

In Eq. (3-1), k is the thermal conductivity matrix (for zero 
ij 

electrical current), p „. is the isothermal electrical resistivity matrix, 
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S is the Seebeck matrix, J O J J is the electrical current density 
ij i j 

and T is the absolute, temperature. Equation (3-1) is non^linear be­

cause •k.., P ..,.and•S.. are generally functions of temperature; they 

also depend on position. The general solution to Eq. (3-1) has not 

been found. However many special cases of Eq. (3-1) have been solved, 

In this analysis, only isotropic thermoelectric elements will be 

considered which means that P = k„ = S = 0 for i ^ j. Furthermore, 
ij *J ij 

the assumption that heat and current fluxes only exist parallel to the 

longitudinal axis means that k == k = k = k , P = P = P 2 2 = P . , 

and S -'S„, = S = S„„„ Unfortunately the differential equation for 
11 22 33 J 

the one-dimensional temperature distribution in a thermoelemerit with 

convective heat transfer along a portion of its longitudinal surface can 

not be obtained by reducing Eq„.(3-1). This results from the fact that 

the convective heat transfer effect is accounted for as a boundary con­

dition in the multidimensional case whereas it appears in the differentia 

equation in the one-dimensional case,, 

A derivation of the one-dimensional partial differential equation 

for the non-steady state temperature distribution in a thermoelement 

subjected to convective heat transfer is given in Appendix A„ Assuming 

steady-state conditions, the resulting ordinary differential equation 

(A-15) is 

_d_ 
dx 

dT 
k(x,T) A (x) dx* IT -22. 

dx -«f dT 
3x" 

x 

•hP(x)(T-T') + T PCX?T) = 0 (3-2) 
A(x) 
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In Eq. (3-2), the first term represents the gradient of the heat con­

ducted in the element; the second term, represents the "Volume Peltier 

it 

effect" ; the third term,.represents the usual Thomson effect; the 

fourth term represents the convective heat transfer from the longitu­

dinal surface of the element; and the fifth term, represents the Joule 

heating effect. 

Although Eq. (3-2) is a considerable mathematical simplification 

of Eq. (3-1) it is still non-linear and very difficult to solve. Of 

course, there are a large number of special, cases of Eq. (3-2) which 

may be solved. 

For instance Gray (19), Parrott (12), and Norwood (20) have all 

studied the effect of temperature dependent S, p , and k on the performance 

of a fully insulated homogeneous thermoelement used as a heat pump. Their 

results generally concur with the conclusion that the assumption of tempera­

ture dependent properties introduces second-order effects. These second-

order effects do not seriously affect the results arrived at by using 

temperature independent properties - when the heat pump is operated at 

a value of electrical current less than or equal to the optimum electrical 

current for a given performance criteria. The analysis of Norwood (20) 

is particularly interesting because besides illustrating graphically 

the veracity of the above statement, his results illustrate the effect 

of the temperature dependence of S, P, and k individually. 

Several interesting special cases of Eq. (3-2) have been solved 

by Brandt (4) and Rollinger (21),, In particular both these authors 

have studied the effect of variable cross-sectional area and surface 

*See Domenicali (16)., page 108, Eq. 94. 
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heat transfer on the performance of thermoelectric devices. For the 

conditions he studied, Brandt: showed that shape by itself does not 

affect the power output and thermal efficiency of a generator under 

matched load conditions; Rollinger reached analogous conclusions for 

the heat pump. In addition, Brandt showed that a conical shaped element 

together with surface heat transfer reduced the efficiency of a generator 

Rollinger derived optimum expressions for the performance of a heat 

pump with surface heat transfer and an arbitrary cross-sectional area; 

he did not evaluate the expressions. 

In view of the objectives of this dissertation and considering 

the "special cases" mentioned in the last two paragraphs, it is assumed 

that all thermoelements in this analysis have temperature independent 

S, p, and k and a constant cross-sectional area. These assumptions re­

duce Eq. (3-2) to 

' • & 

k(x) te - IT ™ - hP.(T--.T') + L ^ ' = 0 (3-3) 

This differential equation forms the basis for the analyses in the fol­

lowing chapters; additional simplifications are made as indicated in 

each chapter. 

Thermal Boundary Conditions 

The purpose of this section is to give the reader an insight and 

a physical understanding of the boundary conditions that will be used to 

solve various forms of Eq. (3-3) in the following chapters. It has been 

the experience of the author that the thermal boundary conditions fre­

quently cause a great deal of difficulty. 
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Referring to Fig. 4, it is noted that the thermoelement has 

three boundary surfaces? the longitudinal surface of the thermoelement 

and the radial surfaces at x = 0 and x - L., In this analysis, the longi­

tudinal surface is assumed to exchange energy with its environment by 

convection only. As mentioned previously, the effect of convection 

along the longitudinal surface of the thermoelement is taken into ac­

count in the differential Eq. (3-3) and does not enter into the boundary 

conditions. 

The Peltier effect occurs at the radial surfaces at x = 0 and 

x = L because these surfaces are the junctions of two different conduc­

tors. At each of these junctions an energy balance relating the various 

ick 
energy fluxes is made and gives the usual boundary conditions 

Q. = IS(0)T - k(0)A$ 
i c ' dx 

x=0 

Q = - ISCDX 4- k(L)A ~ 
o h dx x=L 

2 
I r.A 

l 

•+ I r A 
o 

(3-4a) 

(3-4b) 

In Eq. (3-4a), the first term is the Peltier heat absorbed; the second 

term is the heat conducted into the junction through the element; and 

the third term is the Joulean heat produced by electrical contact re­

sistance in the junction. 'The sum of these terms, Q , is the heat ab-
i 

soirbed from the environment at the cold junction; a completely analogous 

statement applies to Eq. (3-4b). 

See Carslaw (23) p. 21 for a discussion of radiation heat trans-
his boundary. 

See Parrott (12) or Rollinger (21). 

fer at this boundary. 
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In this analysis two modifications of Eqs. (3-4a) and (3-4b) are 

made. First, electrical contact resistances at the junctions are negr 

lected; that is, r. = r =-0. This is a very good assumption if reas­

onable care is exercised in assembling the heat pump and the length to 

cross-sectional area ratio is small. Second, as a matter of personal 

preference Q„ and Q are both considered positivei some authors consi-
• • ^ 1 o r 

der the heat removed from the hot junction, Q , as negative. With 

these two changes, Eqs- (3-4a) and (3-4 b) become 

Q. = IS(.0)T 

Q = IS(L)TU .-

k(0)A £T 
dx 

k(L)A ^ 
dx 

x=0 

x=L 

(3-5a) 

(3-5 b) 

where Q and Q are both positive quantities. 
i o 

In some of the following analyses, the effect of finite hot and 

finite cold junction fins on performance is considered. For these 

analyses Eqs. (3-5a) and (.3-5b) take the form 

Q . = h A ( T * • • - T ) ••= l e c c c 

% - h h V T h - T h > 

IS(0)T - k(0)A i l 
c dx 

IS(L)Th - k(L)A-g 

x=0 

x=L 

(3-6a) 

,(3-6b) 

For an explanation of the additional symbols in Eqs. (3-6a) and (3-6b) 

see the Nomenclature, 

In Chapters IV and V,, Eqs, (3-6a) and (3-6b) are used as boundary 

conditions. However in Chapter VI, a specified cold junction temperature 
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T together with Eq, (3-5a) are used as boundary conditions, 
c 

Summary of As sump tions 

In formulating the mathematical description of the thermoelectric 

heat pump shown in Fig, 4, the following basic assumptions have been 

made: 

1. The electrical, geometrical, and thermal properties of the 

P and N elements in Fig. 3 are identical except for the absolute thermo­

electric coefficients which are assumed equal and opposite; this allows 

analysis of the simplified pump in Fig. 4. 

2„ The cold and hot junction fins have negligibly small electrical 

resistance and Seebeck coefficient. 

3. The electrical resistance, thermal resistance, and Seebeck co­

efficient of connecting wires are negligible. 

4e Fluxes of heat and electric current normal to the longitudinal 

axis of the thermoelement are negligible within the thermoelement. 

50 The cross-sectional, area of the thermoelement is constant. 

6. The hot and cold junction fins are isothermal. 

7. The thermoelement is an isotropic material and the Seebeck co­

efficient, electrical resistivity, and thermal conductivity are not func­

tions of temperature. 

8. The electrical contact resistance at the hot and cold junctions 

is negligible. 

Generally speaking, most of the assumptions in this chapter have 

been made because it is felt that their inclusion would only introduce 

second-order effects. These effects would needlessly complicate the 
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desired analytical solutions or entirely preclude the possibility of an 

analytical solution to a realistic first-order effect. In addition, it 

is felt that the assumptions made will provide an accurate mathematical 

model of the physical system while providing analytical solutions yielding 

a better physical insight into the effect being investigated. 
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CHAPTER IV 

THE EFFECT OF FINITE HOT AND FINITE COLD JUNCTION FINS 

ON THE .PERFORMANCE OF A THERMOELECTRIC HEAT PUMP 

The purpose of this chapter is twofold, First, the quantita­

tive effect of finite hot and cold junction fins on the performance 

of a thermoelectric heat pump is determined. Second, the performance 

of a heat pump with finite fins at the hot and/or cold junction to the 

performance if one or both fins are infinite is compared. 

In this chapter analytical solutions are given for the steady-

state temperature distribution, no-load temperature difference, heat 

pumping capacity and coefficient of performance of a thermoelement 

used as a thermoelectric heat pump with finite fins. A numerical exampl 

is worked in which performance curves are compared for cases of infinite 

and finite fin conductance at the junctions of a simple thermoelectric 

heat pump. 

Physical System and Relevant Assumptions 

The physical system considered in this analysis is a single-

element thermoelectric heat pump (see Fig..5). At the cold junction, 

fins are exposed to a cold environment at the temperature T8. At the 

hot junction, fins are exposed to a hot environment at the temperature 

TB. The longitudinal surface of the element is perfectly insulated. 

The surface heat-transfer coefficient: is denoted by h for the cold-
c 

junction fin and h, for the hot-junction fin* 
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It is assumed that the cross-sectional area A, the Seebeck co­

efficient S, the electrical resistivity p and the thermal conductivity 

k are constant. Thermal and electrical contact resistances are neglected. 

Further, it is assumed that the electrical leads that complete the cir­

cuit have zero thermal conductivity., Seebeck coefficient and electrical 

resistivity. Finally it is assumed that the flow o.£ heat and electricity 

in the thermoelement is one-dimensional and that the fin surfaces are iso­

thermal. 

Temperature Distribution 

The differential equation for the steady-state temperature dis­

tribution in the thermoelement is reduced from Eq. (3-3) to 

kA £ l ., •••!?£ == o (4-1) 
dxZ A 

Equation (4-1) is subject to the following boundary conditions 

T(0) == T (4-2a) 

T(L) === Th (4-2 b) 

Since the temperatures of the environmentsTJ and T° are specified. 

the junction temperatures T, and T are not known. In order to find T, J • v h e h 

and T , it is necessary to take an energy balance at the hot and cold 
c 

j unc t i on s. Th us, at th e co 1 d j unc t ion, 

dx x==0 
+ ISTC = :hcAc(Tj - Tc) (4-3 a) 

at the hot junction, 
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kAil 
dx 

+ ISTh = hh\ ( Th- Th> <4"3b) 

x=L 

If boundary conditions (4-2) and (4-3) are applied to the general solu­

tion (4-1), the unknown temperature distribution may be solved explicitly, 

Before determining this relationship, it is helpful to reduce the number 

of parameters by defining the following dimensionless quantities. The 

dimensionless temperature 9, position u, and parameters a, 0, R , and 

H are defined by 
h 

(4-4 a) 

(4-4 b) 

(4-4 c) 

(4-4(1) 

(4-4 e) 

(4-4 f) 

A = 
T - T' 

c = 
m If _ BTI 9 

c h 

u := 
X 

L 

y = ISL 
kX 

a - 1 
Z(TB - T;> 

c h 

0 = 
T" 

c 0 = 
(T" - T;:) 

c h 7 

H c = 
h A L c c 

kA 

\ = JlJL. (4-4 &> 
11 kA 

Utilizing the dimensionless quantities, equation (4-1) becomes 

? 
<L® + y

2a = 0 (4-5) 
du 
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The boundary conditions (4-2) and (4-3) become 

9(0) - . e 

0(1) == et 

(4-6a) 

(4-6 b) 

d0_ 
du 

u=0 
+ y ( e

c + J6) = - H c 0 c = Q„ (4-6c) 

•M 
du 

+ y(6h .+ 4) = H^ (9 .+ i) = Q 
-* 

(4-6d) 

Solving equation (4-1) subject to boundary conditions (4-6a) and (4-6b) 

give s 

u2 + {e. .- e + -^2} u •+ 
^ h c 2 J 

(4-7) 

Equation (4-7) gives the temperature distribution in terms of § and ® 
e h 

as well as other parameters. By making use of equation (4-6c) and (4-6d), 

the following expressions may be determined for the hot and cold junc­

tion temperatures 

{y2a/2 - .y*} {l fl^ - y} - {H^ - y2°</2 - yt} 

Hh-+'Hc-+,(Hc..+ .y)(Hh - y) 
(4-8) 

{y2a/2 - yrf} - {i^ - y2a/2 - y(>} { ij. + Hc. 4 Yj 

H h '.+ H c .+ (Hc + y) (Hh - y) 
(4-9) 

Equations (4-7) - (4-9) can be used to determine the steady-state tem­

perature distribution in the thermoelement for any value of y, H , H ,°C 
c h 

and 6. 



36 

Performance-Criteria 

The no-load temperature difference, heat pumped, and coefficient 

of performance are the important performance criteria of a thermoelectric 

heat pump. The no-load temperature difference,9 , is defined as the 
v NL' 

temperature difference between the hot-junction environment and the 

cold-junction (T* - T ), when the cold junction is insulated from its 
h e 

environment. Letting H = 0 in equation (4-8) and applying the above 

definition gives 

- (9 + 1) = 0 
c NL 

(a/2)y3 + 1 - a - 4 - (a/2)H. 
h_ 

y + H U - l)y 
h 

- y + H, (y •+ 1) 
(4-10) 

The rate of heat pumped from the cold environment equals Q. and can be 

determined by combining equations (4--6a), (4-7), (4-8), and (4-9). Thus 

^ (aH /2)y3 - Hc h + a(l + H^/2) y2 + |6H Î y + fl 1^ 

- y 
+ (\ ~ Hc)y +-Hh(Hc+l) + 

(4-11) 
H 

The coefficient of performance (CO.P.) is defined as the ratio of the 

heat pumped to the total electrical power input; it is given by 

C0..P, 
•h. A ( T f -..T •)• c c c c 

IS(T, T ) + I'-pL/A' 
(4-12) 

By combining equations (4-8), (4-9), and (4-11), it can be shown that 

(4-13) 

C O . P . = 
( a H c /2)y- HJ_/ + HI + \tyy2 + ^hHcy + HhH( 

(°(/2)(Hh - Hc)y3-+ [CHh •+ Hc>(j& + a ) . + Hh(<*Hc- 1)J y2 - HhHcy 
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For any given set of conditions, in order to find the value of 

current y that will optimize any given performance criterion, the first 

derivative of equations (4-10), (4-11), and (4-13) with respect to y 

can be set equal to zero. Thus, the optimum value of the current y 
opt 

that will yield the optimum no-load temperature difference can be shown 

from equation (4-10) to satisfy the following equation 

y4 - 2 V 3 + W - 1)y2 

4Ht 
1 - |6 - a < i + ._£. 

Hi hi 
2H^ (̂  - 1) 

- = 0 (4-14) 

For the optimum heat pumped from equation (4-11) y must satisfy 

y 4 - 2 ( 1 ^ - H c )y 3 V 1 " V + H c i 5 + 4 H h + ¥ 

Hh - {* + a (l .+ M KH!;(H_ + 1) + H J 
2 / J L h c J 

+
 23L \ ' Hc H. (II •+ 1) + H hv c ' ( = 0 (4-15) 

From equation (4-13), for the optimum value of C.0,Po, y must 

opt 
sat isfy 

2 U + i) + f (Hh + Hc) - 1 H c + - * (Hh .- H, 

- + 

A - a 

(a.+ rf) tH-c - ^(Hh - EJ -•+Hh lfHe(l/2 - «S) + *} 

•+ 2 a < H c - H h ) y 2 - 2 (Hh .+ -H(;)(j4 + a) 

i+ H ^ - 1) 
y - + H h H c • • • ° 

(4-16) 
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Each of the equations (4-14) and (4-15) has only one real positive 

root. Equation (4-16) has two real positive roots; however, the larger 

is physically insignificant. For the values of the parameters used in 

this analysis, the real positive roots of equations (4-14) - (4-16) are 

between 0 and 1. 

Equations (4-11) - (4-16) are sufficient to determine the optimum 

performance of a completely insulated thermoelement with unknown hot and 

cold junction temperatures, arbitrary hot and cold junction fin surface 

areas, and arbitrary surface heat-transfer coefficients over the hot and 

cold junction fins. Unfortunately, owing to the complexity of the equa­

tions, it is difficult to interpret the quantitative results in a general 

manner. Therefore in order to evaluate the effect of finite fins on 

the performance, specific numerical examples are used. The following 

constants are used in the examples: 

S = 212 x 10"6V/°K 

p = 1.0 x 10 ohm-cm 

k = 15.0 x 10"3W/cm-°K 

Z = 3.0 x 10"3/°K 

T' = 273° K c 

T£ = 300° K 

L = 2.54 cm 

A = 0.317 cm2 
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In dimensionless form, these values give i> = - 10.11 and °( = - 12,34, 

The dimensionless fin parameters H, and H. are not assumed exjual and 

are allowed to vary in the following combinations: H = 4 , with 

1^ = 1,2,..., 300; H =10, with .H. = 1,2,...300; H =20, with 

H, = -1,2,..., 300; H ==200, with HL =1,2, ...300; and H =300, with 
n c h c 

1^ 1,2,...300. 

For these conditions, the performance criteria of the thermo­

element were calculated and divided by the corresponding maximum possible 

values*; (9 ) =-2.801, (Q*) .•=-•3.145, (C.O.P.) =1.134. 
NL max i ma* max 

Expressions from which these maximum values may be obtained are given in 

Appendix B. The results are given in Figs. 6 through 10, The effect 

of the thermal-fin conductance on optimum no-load temperature difference, 

optimum heat pumped and optimum C,0(lP€ is shown in Figs. 6, 7, and 9, 

respectively. Fig. 8 illustrates the variation of the Co0oPo With 

thermal-fin conductance for the condition of optimum heat pumped; 

Fig. 10 shows the variation of heat pumped with thermal-fin conductance 

for the condition of optimum Ce0„Po 

Analysis of Results 

It is helpful to discuss the results of this analysis with some 

idea of typical values for the hot and cold junction fin conductances. 

It is shown in Appendix B that a 0„635 cm by 0.635 cm thermoelement has 

a fin conductance (H or H ) of about: 50 for natural convection in air 
c h 

In this chapter and in Chapters V and VI, note that the word 
"maximum" refers exclusively to the optimized performance criteria of a 
completely insulated homogeneous thermoelement with infinite hot and 
cold junction fin conductances. 
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and about 250 for forced-convection in air,. 

Fig, 6 illustrates that increasing H, beyond about 35 will not 

significantly increase the optimum no-load temperature difference. 

In addition, it shows that the assumption of an infinite hot-junction 

fin can be reasonably accurate for an H of about 35 or greater, 
h 

Fig. 7 shows that for a given H , increasing "H, beyond about 

50 does not increase the heat pumped appreciably. For example, if 

H = 200 and IL =50, the heat pumping capacity would be increased 

only 5 per cent by increasing H to 200, This increase in H could be 
h h 

accomplished by either increasing the fin surface area by a factor 

of 4, or by using forced convection instead of free convection in air. 

Similarly, for a given H , only a small increase in heat pumped is to 
h 

be gained by increasing H from 20 to 200. 
c 

Fig, 8 shows that the Co0oP„ for optimum heat pumping is vir­

tually independent of the hot and cold fin conductances for VL about 

5 or greater. It should be noted that in this figure the heat pump is 

operating under conditions that will give the optimum possible heat 

removal from the cold environment. 
Fig. 9 shows that for a given H , increasing H, above 50 does 

not increase the•C..0.P,, appreciably. Similarly for a given H only 
h 

a small increase in C.O.P. is obtainable by raising H from 20 to 200, 
c 

It can be seen in Fig. 10 the heat pumped for optimum C.0cPo is vir­

tually independent of the hot and cold fin conductances for IL > 10, 

Conclusions 

An analysis has been presented that can be used to predict the 
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performance of a completely insulated thermoelectric heat pump operating 

with finite fins at the hot and cold junctions. The results show that 

the performance of an element may be altered significantly depending on 

the values of the dimensionless parameters, H, and H . The results were 

applied to a numerical example. For the set of conditions considered, 

increasing the fin conductances H and E to a value greater than 20 would 

improve the performance by only a small amount. For other design appli­

cations curves similar to those presented in this chapter can be con­

structed, and, from these curves, the amount of fin surface area needed 

can be determined* 
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CHAPTER V 

OPTIMIZED'.PERFORMANCE OF A THERMOELECTRIC HEAT PUMP 

WITH SURFACE HEAT TRANSFER AND FINITE FINS 

The purpose of this chapter is to capitalize more fully on the 

gains in performance that can be attained through surface heat trans­

fer; determine the quantitative effect of finite fins on the perform­

ance of a thermoelectric heat pump using surface heat transfer; and 

compare the performance of a heat pump using surface heat transfer and 

having finite fins to the performance of a completely insulated heat 

pump with infinite fins. 

In this chapter, equations are presented for the steady-state 

temperature distribution, optimum heat pumping capacity, optimum co­

efficient of performance, and optimum no-load temperature difference 

for a single element thermoelectric heat pump with constant properties, 

Part of the longitudinal surface of the thermoelement is convectively 

cooled; fins of varying size exist at the hot and cold junctions; and 

three different surface heat transfer coefficients can be arbitrarily 

selected,, one for the hot-junction fins, one for the fins at the cold 

junction, and one for the surface of the thermoelement„ The effect of 

fin size at the junctions of the thermoelement: on performance is shown,, 

An example is presented in which Optimized performance curves are compare 

for devices using fins with infinite and finite conductance and where the 

thermoelements have varying amounts of surface, heat transfer„ The result 
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given are presented in dimensionless form so that they apply for many 

different conditions. 

Physical System and Relevant Assumptions 

The physical system considered in this analysis is a single-

element thermoelectric heat pump (see Fig, 11), At the cold junction, 

fins are exposed to a cold environment, at the temperature T°•; at the 

hot junction, fins are exposed to a hot environment at the temperature 

T/.. The longitudial surface of the thermoelement'is divided into two 

parts; one part of length v, is perfectly insulated; the second part 

of length (L-v), is exposed to convection with the hot environment. The 

fraction of the surface insulated can be arbitrarily varied. The sur­

face heat transfer coefficient h is not assumed to be the same through­

out the system. 

It is denoted by h for the cold-junction fin, h in the region 

v < x < L, and h, for the hot-junction fin. It is assumed that the 

cross-sectional area A, the Seebeck coefficient S, the (isothermal) 

electrical resistivity p, and the thermal conductivity k (for zero elec­

trical current) are constant. Thermal and electrical contact resistances, 

as well as the Thomson effect, are neglected,, It is also assumed that 

the electrical leads which complete the circuit have zero thermal con­

ductivity, Seebeck coefficient, and electrical resistivity. Finally, 

it is assumed that the flow of heat and electricity in the thermoelement 

is one dimensional and the fin surfaces are isothermal. 

Temperature Distribution 

The differential equations for the steady state temperature 
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d i s t r i b u t i o n in the two p a r t s of the thermoelement a r e ; 

d T 2 
kA . _ I + I J1 = 0 0< x < v 

d x z A 
(5-1) 

• d \ I2P 
kA — ~ - hp(T9 - T?) •+ ™ = 0 v < x < L dx' •2 *V A 

(5-2) 

In filiation (5-2), the first term is the result of heat conduction; the 

second term results from the heat transferred by convection; the third 

term results from Joule heating,, These differential equations are sub­

ject to the following boundar}? conditions % 

\(0) 

T, (v) 

T2(L) 

T2(v) 

dT 

dx 

= T 
h 

dT 

x==v 
dx 

(5-3a) 

(5-3b) 

(5-3c) 

(5-3 d) 

x=v 

Because only the cold and hot junction environment temperatures, 

Tf and T,', are specified, it is necessary to take an energy balance at 
c h 

the cold and hot junctions to determine the junction temperatures T and 

T . Thus, at the cold junction, 

- kA •fl3 
dx 

+ 1ST 
x=o 

h c A c ( T ; - T C : (5-4a) 

At the hot junction, 
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dT0 
kA — 
** dx 

4IST h - h ^ ^ - i ; ) (5-4b) 
x=L 

In equation (5-4a), the first term is equal to the heat conducted from 

the thermoelement to the cold junction; the second term is the Peltier 

heat absorbed at the junction; the sum of these two terms equals the 

energy convected to the cold-junction fin by the environment. It should 

be noted that the entire surface of the fih at the cold junction is 

assumed to be at a temperature equal to the cold-junction temperature; 

similarly, the entire hot-junction fin surface is assumed to be at a 

temperature equal to the hot-junction temperature. 

If boundary conditions (5-3) and (5-4) are applied to the solu­

tions of equations (5-1) and (5-2), the unknown temperature distributions, 

T- and T2, may be determined. Before solving for the temperature dis­

tributions, it is helpful to reduce the number of parameters by defining 

the following dimensionless quantities. Thus, the dimensionless tempera­

ture Q, the dimensionless position u, and the dimensionless current y, 

are defined by 

rn rn • 

c 
TB '•- T' 
c h 

(5-5) 

1 
x /hpL2^ 2 ., ,. 

u =
 L- \uTj (5"6) 

ISL 

y = k£L (5-7) 
.L 

Making use of the above definitions, equations (5-1) and (5-2) become 
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d2e 
.__JL + y

2a = 0 0 < u < u 
du'-

(5-8) 

1 - 0.. + w2 
dû  

n + yza- 1 == 0 u < u < uT (5-9) 

The boundary conditions (5-3) and (5-4) become 

e l ( 0 ) = ec 

e.j-CUy) = -®2<Uv> = 9 V 

2 (UL> - 0
h 

(5-10a) 

(5-10b) 

(5-10c) 

d9 
] 

du 
u=u, 

de 

du 
u==u,, V 

Qi - - H c e c = uL( e
c + 6)y -

d6 

L du 

H h ( G h + l ) = U L ( 6 h + ^ ) y -
d 9 2 

UL a^r 

u=o 

u=u, 

(5-10d) 

( 5 - l l a ) 

( 5 - l l b ) 

The general solutions of equations (5-1) and (5-2) are 

GlyZUZ 

2 " + F 1 U + F2 » 0 < u < u. (5-12) 

»2 = F3e
u + F4e"

u + y2a - 1;( U y < u < uL (5-13) 

where F (m=l,2,3.,4) are constants of integration. Solving equations 

(5-12) and (5-13) subject to boundary conditions (5-10a) - (5-10d)s 

yields 
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n uz + 
2 

_i_ u^ -|-0 
2 v v ZL- + 

UV 

53 

0< u < u (5-14) - - v 

V 
(e_{l ..- . 1) +Q

h(J
l -1) + 2 {l - cosh(u)} (y'%- 1) 

u u 
2 sinh(u)(e - e V) 

2 sinh(u) 

+ yza - 1 uv < u < i^ (5-15) 

The temperature distributions, 6 and 6 , are given in terms of 0 , 0 , 

and Q, as well as other variables. By making use of equation (5-10d), 

the following expression can be determined for 0 . 

_y2etu {(1^/2) + t:anh(u/2)J + i^ 1(eh/sinh(.u» - tanh(u/2)!_ + 

1 + u coth(u) v 
(5-16) 

Applying boundary conditions (5-lla) and (5-llb), and solving for the 

cold and hot junction temperatures, 

(y a E3 - yuL0 + E4) (Hh - yuL - D-L) + E2(y
 aD 3 - yuL0 

l i r ^ ^ u ^ T ^ H H ^ ^ . Dl) - D2E2 
EhL 
(5-17) 

(-y2aD3 + yuL0 + D4) (Hc + .yi^ + E ^ - IX^y
2^- yu^ +-E^ 

<Hc + y UL + V (Hh - ^L • V - D2E2 
(5-18) 

The terms Em and D (m=l,2,3,4) depend on the distances L and v as shown 

in Fig. 11; expressions for these terms are given in Appendix C 



54 

Equations (5-14) - (5-18) can be used to determine the steady-

state temperature distribution in the thermoelement for all values of 

a> 0» u
v> ^L* H c Hh» a n d y-

Performance Criteria 

The heat pumped, coefficient of performance (G.OsP.) and no-load 

temperature difference are the important perforraance criteria of a thermo­

electric heat pump. The rate of heat pumped from the cold environment, 

Q., can be determined by taking an energy balance at the cold junction, 

This has already been determined in dimensionless form in equation (5-11 a) 

Using equations (5-14), (5-16), (5-17), and (5-18), the following ex­

pression for Q^ can be found. 

,v2-

1 

(yza E 3 - yu;[0 +. E4) \(Hh - yuL - -D^ 

Q: 
L^UL+ El J " D2E2 

(Hc + yuL + E1)(Hh - yu^ - D^ - D2E2 

(y2a D3 - yuL0 - Vj E ^ ^ 
•+ yuT 0 - E, - y aE 

(Hc + yuL.+ E1)(Hh.. y^.- D p - D ^ 3 

(5-19) 

Before continuing the development of the performance criteria 

equations, it is important to discuss briefly the convective energy flux 

to or from the element along its longitudinal surface. This can be ac­

complished with the aid of Fig. 12 which represents a typical tempera­

ture distribution in a thermoelement. It is clear that energy will, be 

convected from all parts of the element in the region v ^ x < L only if 

T < T' (5-20a) 
v h 
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or, in dimensionless form, if 

9 < -1 (5-20b) 
v " 

Thus, the distance v along the element should not be less than the value 

of x where T° = T (or 9 = -1) if energy is to be convected from the de­
li v y ' bJ 

ment. The increased heat pumping capacity that may be attained by re­

moving insulation from the surface of the element is more readily under­

stood by referring to Fig, 12 and equation .(5-4a) „ If energy is removed 

from the surface of the thermoelement (T <T"), the temperature distri-
v ~ h 

bution in Fig. 12 will tend to lose the hump, i.e., the temperatures in 

the region v <• x < L will be smaller, In addition, the gradient at 

x=0 will become smaller. If the gradient at. x=0 becomes smaller, 

equation (5-4a) clearly shows more heat can be pumped than if the element 

is completely insulated. This discussion is based on the assumption 

that the cold-junction temperature can be maintained relatively .constant; 

this is a realistic assumption if the fin sizes are sufficiently large. 

It is also possible to remove some insulation from the surface of the 

element near the cold junction so that additional energy may be convected 

to the element from the cold environment. A preliminary analysis by the 

author indicates that the amount of insulation that may be removed is so 

small that it has a negligible effect: on performance. 

The CO.P. is defined as the ratio of the heat pumped to the total 

electrical power input; it is given by 

d Tl 
IST- " dx~ °̂  

T ̂  T in? L 

±E± + IS(Th - Tc) J _ + IS(Th . Tc) 
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The first term in the denominator is the electrical energy dissipated 

in Joulean heat; the second term is the power dissipated in overcoming 

the Seebeck voltage due to the temperature difference across the element, 

Combining equations (5-17), (5-18) and (5-19), equation (5-21) becomes 

Q : 

G.O..P. = . i _ — — (5-22) 

yXa.+ .yV©h.-
 9c) 

The no-load temperature difference, 9 , is defined as the tem­

perature difference between the hot-junction environment and the cold 

junction (T^ - T ), when the cold junction is insulated from its environ­

ment,, Letting H = 0 in equation (5-17) and applying the above defini- , 

tion, 

9 := _/9 + I) 

NL K c ^ L) 

(y2a E3 - yuL0 + E4) (Dx+ yuL - Hh) + E2 (D4 + yuL0 - y 2 ^ ) 

^—^^"-"r'- v . 1 ^ 'l 

(5-23) For any given set of conditions, in-order to find the value of 

the dimensionless current y that will, .optimize any given performance 

criterion, the first derivative•of equations (5-19), (5-22), and (5-23) 

with respect to y must be set equal to zero. Thus, the optimum value of 

the dimensionless current, y , that will optimize the heat pumped can 

be shown from equation (5-19) to satisfy 

4 _6 3 (W3e5 + W2 g6 + 3 W1 Z7) * 
y £5 ' W1 B5 

(equation continued) 
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2(W2V+-W
 y ,-V6-W3g7 n 

Wlg5 " Wl*5 
(5-24) 

From equation (5-22) , for the-optimum CO.P.-, y must satisfy 

y -»- — y 
W l 

6 2W2 5 LW2(R2 + Q "LV + -3W3'<R1 " a UL25 ) " W1 (R3 + a " L V J 4 

2LW3 (R2 + a ULg6 ) " 'W1R4+ 2 W4 ( R1 •" a "LV 
W-CR- - a u_2c.) 

I I L J 

+ L W * a U L ^ ) " W2R4 + 3 W + " UL*6>J y ? 

W 1 ( R 1 - a U L * 5 ) 

2W4(R3 + a .u L 2 ? ) y W,R, 4 4 
W1 ( R1 " a ' W W1 ( R1 " Q U L S 5 : 

= 0 (5-25) 

From equation (5-23), for the optimum value of ®Nr , y t must satisfy 

22 

S5 

12, , g14(uL * B2> , 3g15 
: 2-2 % 
1 1 5 5 " 

- 2 
r B15(UL -. V . + !l3 

2 2 
1 5 

1 

2 S - % 2 
y + JLLIJ. 12 15 = 0 (5-26) 

Zl85 

Quantities comprising part: of the coefficients of the y terms, R 

(m=l,2,3,4), W (m=l,2,3,4), and ?§ (m=l,2,.„„e15), are listed in Appendix 

C The number of positive real roots in each of the equations (5-24) -

(5-26) may be determined by evaluating the coefficients in these equa­

tions and using Descarte"s rule. For the values of the parameters used 
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in this analysis, it can be shown that the physically significant real 

positive roots of equations (5-24) - (5-26) are between 0 and 1. 

Equations (5-19) - (5^16) are sufficient to determine the optimum 

performance of a thermoelement subjected to convection along a portion 

of its length if the temperatures of the hot and cold environments are 

known. The hot and cold junction temperatures do not have to be given, 

and the device may have arbitrary hot and cold junction fin surface areas, 

and arbitrary surface heat transfer coefficients. 

Results 

The steady-state temperature distribution in a thermoelement with 

finite fins and with convective heat transfer between a portion of the 

surface of the thermoelement and the hot environment can be determined 

from equations (5-14) - (5-18). The heat pumped, coefficient of per­

formance, and no-load temperature difference can be obtained from 

equations (5-19), (5-22), and (5-23), respectively. Using equations 

(5-24) - (5-26), it is possible to evaluate the CO,, P. for optimum heat 

pumping; and to evaluate the heat pumped for the condition of optimum 

CO.P8 These equations are long and therefore have not been solved in 

a general manner. The quantitative effect of varying conditions of sur­

face heat transfer and finite fins on optimum performance can be deter­

mined best by discussing several examples. It must be emphasized that 

the examples to be discussed are not restricted to any one material, 

geometry, environmental temperature difference, or heat transfer coeffi­

cient because of the dimensionless character of the equations. The fol­

lowing material properties are assumed for the sole purpose of giving a 
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physical frame of reference for the examples,, These properties are 

typical of commercial materials and are 

S = 212 xlO"6 V/°K 

p = 0.001 & - cm 

k = 0.015 W/cm .- °K 

The environment temperatures selected are T', = 250° K and T£ -.» 300° K. 

From these properties and temperatures it can be easily shown that 

a = -6.67 and 0 = -5.00,, Table 1 gives several values of LL for vari­

ous heat transfer coefficients* for thermoelements With equal circular 

cross-sections and varying lengths. It can be seen that u = 3 corre-
JL 

sponds to an element of length 0.635 cm, diameter 0.635 cm and heat 

o 

transfer coefficient equal to 0.0531 W/cm -°K. This heat transfer co­

efficient could be obtained by forcing a liquid over the surface of the 

thermoelement. The same value of u could be obtained by increasing the 
Ju 

length of the element to 1.91 cm and forcing a gas over the surface of 

the element so that h = 0.00591 W/cm'"-°K. 
The dimensionless length of the element insulated, u , varies 

J V 

from zero, when the entire eslement is convectively cooled; to u_., when 

the element is completely insulated. The dimensionless fin parameters 

•fejfe 
H and Hi are assumed to be equal and they range in value from 5 to 

500. H = 5 corresponds to a high thermal resistance across the fin and 

Hc = 500 corresponds to a very low thermal resistance across the fin. 

Note that the entire fin surface is assumed to be at a constant 

See reference (22), page 393, table 13.1-1, for the physical 
significance of these h values. 

Chapter IV discusses the effect of unequal fin sizes on the 
optimum performance of an insulated heat pump. 
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temperature equal to the corresponding junction temperature, 

For the conditions mentioned above, the performance criteria of 

the thermoelement were calculated and divided by the corresponding maxi­

mum values. The maximum values are obtained by considering a fully in­

sulated element with infinite fins. These values are obtained from the 

given performance equations by setting u = tu and H = H, = °° , The 

results are (Q*) = -0„875, (C.O.-P.) = 0,321, and (9m.) = -1.511. 
l max max NL max 

The optimum heat pumped, the heat pumped for the condition of op­

timum C,0.P., the optimum C.O.P., the C.O.P,, for the condition.of opti­

mum heat pumping, and the optimum no-load temperature difference were cal­

culated for u .- 1, 3, !>, and 20. The results are given in Figs. 13 
Li 

through 21. The dimensionless fin conductance H = H, is used as a 
c h 

parameter in these figures, The end point of each curve where u /u = 1 
V Li 

represents the performance of a fully insulated element and serves as a 

convenient reference for two comparisons. First, when compared with 

any other point along the same curve, the end point illustrates the gain 

or decrease in performance attained by using surface heat transfer. 

Second, when compared with the point where the ordinate and abscissia 

are both one (1), the end point of any given curve illustrates the predicted 

performance for a fully insulated element with equal finite fins relative 

to a fully insulated element with infinite fins. 

Analysis of Results 

There are two modes of operation to consider in the design of 

thermoelectric heat pumps,, The device may be operated to obtain the 



Table 1. Heat Transfer Coefficients h(W/cm2-°K) 
for Several Values of u and L 

Li 
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"L 
L = 0.635 cm 
d = 0,635 cm 

L = 1,27 cm 
d = 0,635 cm 

L = 1,91 cm 
d = 0.635 cm 

1 0.00591* 0.00148 0.000654 

3 0.0531 0.0133 0.00591 

5 0,148 0,0369 0.0164 

20 2.36 0*591 0.262 

*(1761.1 B/hr-ft2-°R.» 1 W/cm2 -°R) 
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optimum rate of heat transfer from the cold junction or it may be 

operated under conditions that will give the optimum C.O.P. Fig. 13 

shows how the rate of heat pumping depends on the fraction of the element 

insulated and the fin conductance, with u = 1 , and for both conditions 
J-J 

of operation. This value of u is considered very low and would be ob-
Li 

tained using a short element with low heat transfer coefficients. With 

such small values of u-r, it can be seen that no appreciable gain in the 

heat pumping capacity can be achieved by using surface heat transfer. 

Fig..13 shows that considerably more heat can be pumped when the device 

is operated at the optimum heat pumping capacity as compared to opera­

tion at optimum CO.P. The variation of the rate of heat pumped with 

fin conductance can also be observed from Fig..13. 

Fig. 14 shows how the C.O.P. depends on fin conductance and sur­

face heat transfer for the same conditions considered in Fig. 13. For 

values of fin conductance exceeding about 10, for the conditions consi­

dered, the CO.P. is much larger when the device is operated under condi­

tions that give the optimum CO.P. as compared with operation at optimum 

heat pumping. It can also be seen that for u •== 1, only small improve-
j -i 

ments in the C.O.P. are possible through the use of surface heat transfer. 

If the fraction of the element insulated (u/ur) is 0.6 and if the fin 
v v 1/ 

conductance is 10, the optimum C.O.P, remains unchanged compared with a 

fully insulated element. However, if the device is operated under condi­

tions giving optimum heat pumping, then the rate of heat pumping is 

°k 

The optimum rate of heat transfer from the cold junction is used 
here to refer to the maximum rate of heat transfer from the cold junction 
of a device utilizing finite fins. An analogous definition is used for 
the optimum C.O.P. 
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increased by about six per cent, through the use of surface heat transfer. 

Figs, 15 and 16 give the same type of results shown in Figs. 13 

and 14, except uL = 3, It can be seen from Fig. 15 that for this larger 

value of u , significant: improvements in the rate of heat pumping can 

be achieved through the judicious use of surface heat transfer. Gains 

in performance will be achieved only if part of the element is insulated. 

For example, for a device with a fin conductance of 10, if it is operated 

under conditions of optimum heat pumping, surface heat transfer will be 

beneficial only if u /u > 0.12, In Fig„ 16, it can be seen that im-
V ,L 

provements in.C.O.P.. can be achieved by using surface heat transfer if 

the fin conductance is around 10 or less. For example, consider a circu­

lar element 0.635 cm long with a diameter of 0.635 cm. If part of the 

surface of the element is exposed to forced convection with a gas, the 
heat transfer coefficient could be around 0,053 W/cnP°K and u = 3 . If 

L 

the fin conductance His 5, the ratio of fin-surface area to the cross-

sectional area of the fin will be 2.2. If the element is operated to ob­

tain the optimum C O , P0, Fig.. 16 shows surface heat transfer will in­

crease the optimum C O . P. if u /u > 0.36. Specifically, if u /u. =0.66, 

the optimum CO.P.. will be nearly twice the value of the optimum C O . P. 

for a corresponding fully insulated element. At the same time, Fig. 15 

shows the heat pumped at optimum C.O.P, will be nearly three times the 
value for a corresponding fully insulated element with H = H * 5. 

c h 

Thus, it is possible to substantial!}?' increase both the optimum C.O.P. 

and the heat pumping capacity at optimum C.O.P. by using surface heat 

transfer, 
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Figs, 17 and 18 give the rate of heat pumping and Co0.Po for 

u = 5, This value of u, could be easily obtained, for example, by 
L L 

using a cylindrical element 1,27 cm long with a 0,635 cm diameter and 

by exposing it to free convection with a liquid so that h =0,0369 W/cm -°K. 

Under these conditions, if the fin conductance H is 50, the ratio of the 

fin-surface area to the cross-sectional area of the element is about 16. 

If the device is operated under conditions giving the optimum heat 

pumping and if u /u = 0,25, then the rate of heat pumping will be in-
v L 

creased by 61 per cent compared with the heat pumping capacity of a fully 

insulated element. Furthermore, the rate of heat pumping will be 37 

per cent above the rate for a fully insulated element with infinite fin 

conductance. The increases in heat pumping capacity for the case con­

sidered will be accompanied by decreases in the C.0oPo which can be ob­

served in Fig, 18. 

Figs, 19 and 20 show the changes in performance that result by 

using surface heat transfer with u =20, It can be seen from Fig, 19 
JJ 

that the heat pumping capacity can be increased by as much as a factor 

of five over the capacit}/7 of fully insulated elements. Fig. 20 shows 

that substantial reductions in CO„P. occur if the device is operated 

under conditions giving the greatest gain in the heat pumping capacity. 

From Table 1 it can be seen that values of % as large as 20 can be ob­

tained either by( using elements with large values of L/A or by using a 

system that would give very large values of the heat transfer coefficient. 

Due to considerations involving cost, fabrication and performance, it is 

generally considered desirable to use elements with small values of L/A. 

Therefore, in order to obtain the maximum benefits from using surface 
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heat transfer, it would be desirable to design a system that would pro­

vide large heat transfer coefficients., If a portion of the thermo­

element is exposed to convection with a boiling liquid (such as freon), 

it is possible to obtain values of the heat transfer coefficient in the 

2 
range 0,1185 to 11,85 W/cm -°K (see reference 22), 

Fig, 21 shows the optimum no-load temperature difference as a 

function of the fraction of the element insulated for various values of 

JL, 

VL and Ho This figure shows the effect of Uj and dimensionless fin con­

ductance on ( ® ) « As u. increase! 
v Nl/opt L 

fin conductance on ( NL) o p t decreases 

ductance on (",_) .. As u. increases the influence of the dimensionless 
.lN.li o p t L 

Conclusions 

The analysis presented can be used to predict the performance of 

thermoelectric heat pumps that have finite fins at the hot and cold junc­

tions and are fully or partially insulated. The results show that sub­

stantial gains in heat: pumping capacity and C.O.P.. can be achieved when 

the thermoelement has insulation extending a specified distance along 

its surface from the cold junction. The effect of fin conductance on 

performance is also shown. One of the interesting aspects of the 

analysis is the significance of the value u-. As u increases, the 

gains realized from surface heat transfer increase greatly and vice 

versa. For u = 1, surface heat transfer offers no improvements in per­

formance compared to devices using fully insulated elements. However, fo 

u ^ 3, large improvements in performance can result through the use of 

•1» 

surface heat transfer. The results show that for u- = 3 or 5, if H is 
low (say 5 or 10), it is possible to use surface heat transfer to provide 

Note the suppressed zero for the ordinate 

lN.li
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large increases in both CO.P. and the rate of heat pumped. For values 

of H greater than about 50, surface heat transfer can be used to give 

greatly increased values of the heat pumping capacity, but this is often 

accompanied with large decreases in the C0„P,> This serious disadvan­

tage may not be so important in applications where efficiency require­

ments are of secondary importance,, It would also be possible to design 

a device in such a manner that the elements normally would be fully insu­

lated, and exposed to surface heat transfer only to meet peak demands. 

Under normal conditions, the exposed surface of the elements could be in­

sulated with a stagnant gas and the device could be operating near the 

maximum CO.P. For peak demand conditions, a specific portion of the 

surface of the thermoelements could be exposed to forced convection with 

a liquid or a gas. It would, of course, be important to prevent elec­

trical current from passing through the liquid, 

The improvements in performance, resulting from the use of surface 

heat transfer predicted in this analysis, are conservative for two reasons, 

First, it is assumed that thermal and electrical contact resistance at 

the junction of the elements are negligible. Second, it is assumed that 

the fins used at the hot and cold junctions are isothermal. Thus, the 

actual benefits gained by using surface heat transfer should be somewhat 

greater than those predicted by this analysis. 
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CHAPTER VI 

EFFECT OF SPATIAL PROPERTY DEPENDENCE ON THE PERFORMANCE OF A HEAT PUMP 

1. Introduction to Spatial Property Dependence 

The purpose of this section is to consider in detail the effect 

of spatial dependence of the thermoelectric properties p(x), k(x) and 

S(x) on the performance of a heat pump. More specifically, this analy­

sis seeks to determine if the spatial dependence of thermoelectric 

properties can be used to some advantage under certain conditions of 

operation. These properties; are also temperature dependent but the pur­

pose here is to first isolate the effect of spatially dependent proper­

ties. 

The analysis is composed of three basic parts. First, only one of 

the three properties is considered a specified function of x; the other 

two are considered constant. This procedure rotates until the effect of 

the spatial dependence of each individual property has been analyzed. 

Second, k is considered constant and S(x) and p(x) vary with position in 

such a manner that the figure of merit Z defined as Z = £j2(x)/p(x)k re­

mains a constant. Third, all three thermoelectric properties vary with 

position in a predetermined manner. 

Before proceeding further, it is expedient: to digress briefly and 

discuss some of the factors which cause a thermoelement to be inhomo-

geneous (not necessarily in a prescribed fashion) and hence to have spa­

tially dependent properties. The following treatment is by no means a 
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complete explanation of the physical principles that govern the con­

struction of a thermoelectric material and is intended only to give the 

reader a better physical insight into the problem at hand; see reference 

(24) or (25) for a complete treatment of the following discussion. 

Fig. 22 is taken from Xoffe (3) and illustrates the dependence 

of the Seebeck coefficient S, electrical resistivity p, and thermal 

conductivity k on carrier concentration n. In Fig. 22 note that the 

1 
electrical conductivity, T , can be increased by increasing the number 

of charge carriers; this may be effected by the use of appropriate doping 

agents or a variation in chemical composition. Conversely, the Seebeck 

coefficient decreases with increased carrier concentration. As a result, 

o 
the product S /p passes through a maximum at a carrier concentration of 

19 -o 
about 10 carriers/cm-3. 

Insulators Semiconductors Metals 

Fig. 22. Dependence of the Seebeck Coefficient, 
Electrical Resistivity and Thermal 
Conductivity on Carrier Concentration. 



78 

The thermal conductivity k of the thermoelement is seen to be" composed 

of two components; k , • which is the lattice contribution to the 
phonon 

thermal conductivity and is due to the propagation of energy in the form 

of atomic vibrations along the lattice; and k , . . which is the 
& ' electronic 

electronic component of the thermal conductivity and is due to the pas­

sage of charge carriers from a "hotter" region to a "colder" region. 
Fig. 22 illustrates that k , „ increases with increased carrier 

• electronic 

concentration and that k is independent of carrier concentration. 
phonon 

Thus, Rig. 22 shows that the Seebeek coefficient, S, and the electrical 

resistivity, p, both decrease with increasing carrier concentration while 

the thermal conductivity, k, increases with increasing carrier concen­

tration. It is interesting to note that in the region of interest here 

(semiconductors) the variation of S, p, and k with carrier concentration 

is roughly linear. In addition, in the semiconductor region, it can be 

seen from Fig. 22 that a change in carrier concentration brings about a 

larger change in S, andp than in k. 

As mentioned earlier, changes in carrier concentration may be pro­

duced by the use of appropriate doping agents or a variation in chemical 
composition. Thus, it is desirable to determine whether improvements in 

' > • 

the performance of thermoelectric devices can result by judiciously con­

trolling carrier concentration such that predetermined spatially dependent 

properties result; such an analysis on a heat pump will be presented. 

2. Physical System and Relevant Assumptions 

The physical system to be considered in the following sections will 

be a single-element thermoelectric heat pump as shown in Fig, 23, It is 
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assumed that the cross-sectional area is constant; material properties 

are temperature independent and spatially dependent; the longitudinal 

surface of the element is insulated; steady-state conditions prevail; 

the electrical leads which complete the circuit have zero thermal con­

ductivity, Seebeck coefficient, and electrical resistivity; the flow of 

heat and electricity in the thermoelement is one-dimensional; and the 

hot and cold junction fins have zero thermal resistance (h - h, =oo). 

The assumption of infinite fins is justified because this analysis 

seeks to determine the quantitative effects of spatially dependent 

properties on the performance criteiria and is not concerned with the 

qualitative effects. 

The differential equation describing the physical system above 

is obtained by applying the above assumptions to Eq. (3-2) and is 

d_ 
dx k (x) A f TT-JS I2 P(x) _ 

- 1 T dx + — j " - - 0 (6-1) 

Equation (6-1) is subject to the boundary conditions 

Q. == IS(0) T - k(x) A^[-
> *~ dx x=0 

(6-2a) 

T(L) (6-2b) 

where T and T, are specified constants. Equations (6-1) - (6-2) form 

the mathematical basis for the analysis in sections 3 through 8b. 

In order to make the solutions of the system of equations (6-1) 

through (6-2) concise and general, two schemes are employed. First, most 

solutions to follow are obtained by using the Green's function (see 



81 

reference (26) or (27); a detailed solution of a differential equation 

using the Green's function is given in Appendix D. Second, all solu­

tions are presented in non-dimensional form„ 

3. Effect of Spatially Dependent p(x) on the 
Performance Criteria: S and k Constant 

The purpose of this section is to examine the effect of a linear 

variation in p(x) with axial position on the no-load temperature difference, 

the heat pumped, and the CO.P. The Seebeck coefficient and thermal 

conductivity are constant. The electrical resistivity, p(x), is assumed 

to vary linearly such that the average electrical resistivity p* remains 

the same for all cases considered. Effectively, this section illustrates 

the effect of redistributing the electrical resistivity. Under these con­

ditions, the resistance can be expressed by 

A„ T 
POO = p + -jf (x - f) (6-3) 

Graphically Eq. (6-3) appears as shown in Fig. 24. 

The physical model to be studied in this section is shown in 

Fig. 23. The differential equation describing this system subject to 

the assumptions of this section is obtained by reduction of Eq. (6-1) 

and is 

& . -Jh&i. (6-4) 
dx2 kA2 

Equation (6-4) is subject: to the boundary conditions (6-2a) and (6-2b). 

Before solving for the temperature distribution, it is helpful to re­

duce the number of parameters by defining the following dimensionless 
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quantities. Thus, the dimensionless temperature 0, the dimensionless 

position u, the dimensionless current: cc and the dimensionless resistivity 

change Y > are defined by 

T(x) - T 
li (6-5a) 

u •= X 

L 

a = 
ISL 

TEA 

TP = 4J1 

(6-5 b) 

(6-5c) 

(6-54) 
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Making use of the above definitions, Eq, (6-3) becomes 

p(u) = p 1- + Y (u - -t) (6-6) 

Equation (6-4) becomes, 

— == _ f(u) 
du 

(6-7) 

and Eq„ (6-2) becomes, 

Q* = o((0 + i ) . 
du 

u=0 
(6-8a) 

.0.(1) == 0h = 1 (6-8b) 

where 

f(u) = —' 
l 2 L i ~ < s 
EA2.^ P(U> 

Q(2 

F T 
h 

i + rp(u - i) 

Note that the notation F means the figure of merit is defined using the 

average values p>S,and k, Clearly the notation S and k is redundant at 

this point since they are both constant; however, it will prove con­

venient in correlating the various sections in this chapter, 

Using the Green's function as outlined in Appendix D, the dimension-

less temperature distribution ©(u), may be written as, 

9(u) = 
(of •- °()(i - u) 

G(u,e) f(e) de + 1^-^I.L L (6-9) 
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where 

G(u,e) 

r (1 " e)d + °<u) 
1 + oC 

(1 - U)(l ,+ efe-) 
1 + o( 

0 < u < e 

e < u < 1 

and f (e) = f (u) 
u= e 

It is interesting to note that Eq. (6-9) is actually the solution for the 

temperature distribution for any one-dimensional variation of electrical 

resistivity with position. In addition, the effect of a spatially de­

pendent resistivity is conveniently confined to the first term in Eq. 

(6-9). Using the variation of p(u) assumed in this section, Eq. (6-9) 

may be integrated to yield 

0(u) = 
<* 

2 2 T, h. 
2 

V 

1 •+c*u\ / 1 - Y 

«TT -, 
CQ: - °O<I - u) 

+ L - . ' . (6-10) 
1 + o( 

3a„ Optimized No-Load Temperature Difference for P(u) = P 1-+V»- 2> 

As mentioned previously, the dimensionless no-load temperature 

difference Qm , is defined as the dimensionless temperature difference 

that results between the hot and cold junctions when the cold junction 

is insulated from its environment so that Q* = 0. Letting Q* = 0 and 

u = 0 in Eq« (6-10) gives 

NL 2"f T. z ('" 5")] (6-11) 
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where, by definition, 0 ?- - 0(0) = - 0 . The optimum no-load tempera­

ture difference occurs if 

W - ° <6- i2> 
The current which yields the optimum value of 0 is 

r — 
I 2 % T 

(C<)opt = /l + — ~ - 1 (6-13) 

\/ i - la 

Substitution of Eq. (6-13) into Eq. (6-11) gives the optimum value of 

9 N L a S 

\ v^M'p " V 
( 0 ) = ..;_„ £ _ _ ^ ( 6 . 1 4 ) 

NL o p t <Pp 

where 

* p " 2 « \ I <! " J»> 

In order to determine the effect of the spatially dependent P(u) on 

(0 ) , it is expedient to compare (0 ) as given by Eq. (6-14) with 
NL opt' v > v NL opt s ; ' M 

(0 •) for constant electrical resistivity. Equation (6-14) gives 
NL max 

(0™-) f°r constant electrical resistivity by letting Trt = 0. Thus, 
NL max P 

(0NL^max " ^NL^opt 
^ p - 0 

= ( yjl + 2 % Th - l)
2 / 2 S Th (6-15) 

Equations (6-14) and (6-15) can best be compared by assuming specific 
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values of the parameters § and T, , for various values of' Y.. For Z = 
h r 

3 X 10'3 °K_1 and T = 300° K, Fig. 27 illustrates the effect of a 
h 

spatially dependent resistivity on the optimum no-load temperature dif­

ference (normalized with respect to (9„T) . ) . Fig. 27 shows that the 
NL max' 

effect of the assumed variation in P(u) is always to increase ° 

Thus, a predetermined redistribution of electrical resistivity -- even 

though small --acts to increase the optimum no-load temperature dif­

ference. It is important to note that a practical variation in P(u) 

is confined to approximately TD <' 1. Based on Eq. (6-6), variations 

of 9 much greater than one (1) are not presently feasible. The region 

Tp ̂  1 is included primarily for present interest and possible future use 
3b. Optimized Heat Pumped for P(u) - p 1 + T (u - -) 

P 2J 

In this section the effect of spatially dependent resistivity on 

the optimum amount of heat that a thermoelement can pump across a speci­

fied temperature difference is determined. The energy balance at the cold 

junction, Eq. (6-2a) has the form 

Q: = °<(e + i ) - -j^-
L c du u = 0 

(6-2a) 

or by letting u = 0 in Eq, (6-10) 

(0) = 
c(2 

2 2 T, 
f-L-Vl - I ^ ^ l (6-16) 

Solving for Q„, 

* =?. 
Q. = o((9 + i) + e -
i c c 2 % T ( 

T, 
1 + (6-17) 
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Inspection of Eq. (6-17) shows that the heat pumping capacity 

Q., increases as Y increases. In Eq. (6-17), the first term is due 

to the Peltier effect and is positive; the second term is due to heat 

conduction within the element and is negative; and the last term is due 

to Joule heating and is negative. Furthermore, only the last term contains 

the effect of variable p(u). For positive Y^, as Y increases, the Joule 
r y 

JLi 

heating term decreases thus augmenting Q... 

The optimum heat pumping occurs if 

aq* 
_ i = o (6-18) 
3°( 

nJL, 

The current which yields; the optimum value of Q. is 

S T 
(oc) = "—&?- <e + i ) (6-19) 

opt i£ c 
1 " 6 

Substitution of Eq. (6-19) into Eq. (6-17) gives the optimum value of 

(Q*) as 
l opt 

WPopt • h Y < e c + - 1 > 2 + 8 c ( 6 - 2 ° ) 
2( 1 " -r2) 

6 

Again, inspection of Eq. (6-20) shows that (Q ) increases as Yn in-
i' opt v 

creases; the same conclusion is reached by inspection of Eq. (6-17). 

The value YQ = 6 does not have any practical significance because its 

existence implies a negative electrical resistivity at the cold junction. 

The general effect: of the assumed spatially dependent P(u) on 
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•if -
(Q ) was determined by inspection. However, it is interesting to 
i opt 

"ft "&' 
compare (Q ) as given by Eq. (6-20) with (Q.) for constant elec-r i opt 1 max 

trical resistivity; that is, let YQ = 0 in Eq. (6-20) and obtain 

£ T 
(Q*) = - _ h (9 + I) 2 .+ 0 (6-21) 
ii max 2 c c 

Equations (6-20) and (6-21) are easily compared by assuming specific 

values of 2, T and ,T, .v For T = 250° K, Tt == 300°: K and £" = 3 X lO"
3^"1 

c h c •' h 

Eig. 28 quantitatively illustrates that a spatially dependent resistivity, 

as given by Eq. (6-6), significantly increases both the optimum heat 

pumping capacity and the; heat pumping capacity for the condition of op­

timum C.O.P. (dotted curve labeled P(u)). Note that (Q*) is nor-
l opt 

JL 

malized with respect to (Q.) . Thus it has been shown mathematically 
l max 

and illustrated graphically that a judicious redistribution of electrical 

resistivity -- even though small -•• acts to increase the heat pumping 

capacity of a thermoelement. 
3c. Optimized CO.P. for p(u) == P 1 +Y p(u - \)j 

It is of interest to determine the effect of a spatially dependent 

resistivity on the optimum coefficient of performance. 

As defined previously, the CO.P. is the ratio of the heat pumped Q„ to 

the total electrical power input P . That is,, 
i 

\ 
CO.P. == ~ (6-22) 

i 

But 
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T2L 
IS(T - T ) + '±-i 

h c A 
p(u) du (6-22a) 

0 

The first term in Eq. (6-22a) represents the electrical power dissipated 

in overcoming the Seebeck voltage which occurs because of the tempera­

ture difference across the element; the second term is the power dissi­

pated in Joule heat. Using Eq..(6-6), 

2 ~ 
P. = IS (T - T ) + ~& 
l h c A 1 + To(u - 7) du (6-22b) 

By definition of p(u), its integral over the element is P. Thus, 

•- , N I2PL 
P. = IS (Th - T c ) + » ~ (6-22c) 

Hence one may write, 

Q< 
c.o.p, 

L'J-L H- I S (T, - T ) 
A "• c 

(6-23) 

Multiplying the numerator and denominator of Eq. (6-23) by L /k A T 
/ h 

and applying some of the dimensionless quantities defined previously, 

yields 

C.O.P 
Q* 
l 

« " • • > • • (6-24a) 

I' T 
- o© 

By making use of Eq. (6-17), there results 
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o ( ( 0 •+• 1 ) + 9 v c c 
of 

C O s P * = 
2 S2 T , ) 

J 
2 T. 

.- o(0 

The optimum v a l u e of t h e C O . P . o c c u r s i f 

( 6 - 2 4 b ) 

a°c 
( C O . P . ) = 0 

and i s g i v e n by 

<b<) 
o p t 

*K+) + 1 

,I + S '^T( I +¥! + i + . i (6-25) 

The validity of Eq. (6-25) may be easily checked by allowing Xp = 0, 

When this is done, Eq. (6-25) reduces to 

<pQ 
opt 

2(T, - T ) 
h c 

T + T 
c h si 

T + T \ 

i + a v •—r^j + i (6-26) 

which is the usual expression for the optimum current in a constant pro­

perty infinite fin thermoelement operated at maximum C.O.P. 

Eq. (6-25) may be substituted into Eq„ (6=24b) to obtain an expres­

sion for C.O.P.) . However, such a substitution yields a rather long 

opt 

equation that does not easily contribute additional insight into the 

physical situation. Therefore, a computer program was written that first 

calculated (cQ from Eq. (6-25) and then substituted this value into 
- opt 

Eq. (6-24b), to obtain (CO.P.) . To implement this program, it was 
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assumed, as before that Th = 300° K, Tc = 250° K and Z = 3 X ID"
3 °K~l; 

Y was used as the argument. Fig. 29 illustrates the effect of a spa­

tially dependent resistivity on the optimum coefficient of performance 

normalized with respect to (CO.P) ; that i s , y r t = 0 „ This figure 
max P 

shows that the assumed yari 

(C.O.Po) . Hence, even a small predetermined redistribution of elec-
opt 

trical resistivity acts to increase the optimum coefficient of per­

formance. Notice in Fig. 29 that if the thermoelement is operated at 

the condition of optimum heat pumping (dotted curve labeled P(u)) the 

C.O.P, is virtually independent of the variation in Y . On the other hand, 

Fig. 28 shows that if the thermoelement is operated at the condition of 

optimum Co0oPo (dotted curve labeled p(u)) the heat pumping capacity in­

creases as Y increases. 

P 

4, Effect of ̂ Spatially Dependent k(x) on> ther; — * 
' - • • • ' • -« - " • - i - • - • • ' i •• i - i » i t ' fan • I I C ' i l l n i i niA i ifi i iin J i i r i . t i m i ' m hi > • * • • > - • > • • • • 

Performance Criteria0. 0 and S constant 

The purpose of this section is to examine the effect of a linear 

variation in k(x) with axial position on the no-load temperature dif­

ference, the heat pumped, and the C„0oPo; pand S are considered to re­

main constant. The thermal conductivity, k(x) is assumed to vary linearly 

such that the average thermal conductivity k remains the same. Essen­

tially this section illustrates the effect of redistributing the thermal 

conductivity. Using the k(x) assumption, 

k(x) = k + -~ r | - xj (6-27) 

Graphically Eq. (6-27) appears as shown in Fig. 25, 
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Distance along Thermoelement, cm, 

x=L 

Fig. 25. Assumed Spatial Dependence of k(x), 

The physical model to be studied in this section is shown in 

Fig. 23. The differential equation describing this system subject to 

the assumptions of this section is obtained by reduction of Eq. (6-1) 

and is 

dx 
k(x) ^ 

dx 
= =&. (6-28) 

Eq. (6-28) is subject to the boundary conditions 

Q == 1ST - k(x) A ~ 
i c dx 

x=0 
(6-2a) 
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T(L) - Tv (6-2b) 

When most of the dimensionless definitions introduced in section 3 are 

applied to the above equations, Eq. (6-27) becomes 

k(u) i + rk(j - u) (6-29) 

where y = Ak/k. Eq. (6-28) becomes 
k 

_d 
du [(^»)€ = 

where T* = Y,/(l + Y./2) and f = 

pi) 

(6-30) 

Equation (6-2) becomes 

* 
Qi 

(1+f) P^) 
m(e c + D + n - 4» 

du 
u=0 

0(1) = ^ = 1 

(6-31a) 

(6-31b) 

Using the Green1s function as outlined in Appendix D, the dimen­

sionless temperature distribution 6(u), may be written as, 

G(u) = G(u,e)(f)de +• \1 - Yt / (6-32a) 

Y 
fk 

1 + Yk In ( 1 - Y£) 

where 
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In 
1 - YkA 

V' In 
(1 - T 'u) ^ 1 

k 0 < u < e 

G(u,e) = 

In 

In J 

1 - Tv "' 
X ^ k • 

(1 ri? «*\ 

In 
(1 " m*7\ 

e < u < l 

In (i - rp «/Yk 

Yr 

It is interesting to note that Eq. (6-32a) can also represent the 

solution for the temperature distribution in a thermoelement with a spa­

tially dependent electrical resistivity in addition to the assumed k(u) 

variation; this may be accomplished, by simply replacing f by the desired 

f(e) in Eq. (6-32a). 

Performing the indicated integration in Eq. (6-32a) yields the di-

mensionless temperature distribution in the following form 

ecu) = 

(u-i) + £ ^ 1 1 ln(1 . T ru) .,S^H l n (1.Y.)l + ( Q * ^ l n f i ^ 
' k k J ^*1- k • 

r 
k 

1 - In (1 -Y') 
. Yk k . (6-32b) 

where 

o( 
< 

Yk 
1 + — 
1 2 

4#. Optimized No-Load Temperature Difference for k(u) = k 1 + Tv<T--«) 

In this section the no-load temperature difference, as previously 
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defined, is examined. Letting Q. = 0 and u - 0 in Eq. (6-32b) and 

applying the definition of 9 gives 
NL 

o(' ,2 

* l n ( 1 " Yk} • r r 
•A I n U ^ 

rl 
NL 

Y - 2 l n ( l - Y') - 1 
LYk k ] 

(6-33a) 

The optimum value of ",_ occurs if 
jNi-J 

ae 
/NL (6-33b) 

The dimensionless current which yields the optimum value of 0._ is 
J r NL 

Y 
(<*) opt In 

C 2 + Y k ) 

where 

1 - 1 -

V V 
(6-34) 

1—1 
2 + Y, 

= • • ( ! - . r * > 

Substitution of Eq. (6-34) into Eq. (6-33a) gives the optimum value of 

NL (a^ter considerable algebra) as, 

,/l -cpv - 1 J 
V NL'opt — 

9k 

(6-35) 
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where 
7( 2 -

cp 

% T, in" . _ 
h \ 2 _ _ _ _ ± i i Z . 

k y + A . ̂ \ . /2 - Y 
k Y k 

In order to determine the effect of the assumed spatially de­

pendent k(u) on (p ̂ TT ) , it is expedient to compare (@ ) . as given 

by Eq. (6-35) with ( GL-.) for constant properties; this latter ex­

pression is given by Eq. (6-15).. 

Fig. 27 illustrates the effect of a spatially dependent thermal 

conductivity on (9 ) .. Before discussing Fig. 27, it is very important 

to consider two facts. First, the region of practical variation in k(u) 

is approximately confined to Y t < -1; the same as f or Y . Based on Eq. 

(6-29), variations of y, much greater than one (1) are not presently 

feasible. However the region Xy- ̂  1 is included for present interest 

and possible future use. Second, one must recall (see Fig. 22) that spa­

tial variations in thermal conductivity are not as great as the spatial 

variations in the Seebeck coefficient and the electrical resistivity for 

a given change in carrier concentration. Therefore in Fig. 27, one must 

not compare the variations in (6,.„) at a specific value of the abscissa, 
r NL opt r ' 

say X, - X , because for a given change in carrier concentration Y will 
K P K 

be less than Y ; the degree of discrepancy would have to be calculated for 

a specific case. In the region (Y, < 1), Fig. 27 shows that the assumed 

variation in k(u) decreases (@ „ ) 
NL opt 

4b. Optimized Heat Pumped for k(u) = k i + r f c ( i - u> 

In this section the effect of a spatially dependent resistivity 
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on the optimum amount of heat that a thermoelement can pump across a 

specified temperature difference is determined. The energy balance at 

the cold junction as given by Eq. (6-31a) can be obtained readily by 

letting u = 0 in Eq. (6-32b) and solving for Q.. Thus, the dimensionless 

heat pumped at the cold junction is given by 

QJ = « •+ I 

Y e 
k c 

'.2 - Y 
ln( 
\ 2 + r 

41+(^r) ln(^). 
* T, In 

/ 2 -Y 

h In V T+7 

(6-36) 

* The optimum value of Q. occurs if. 

= 0 (6-37) 

The current which yields the optimum value of Q is 
i 

(°0 
2 T (9 •+ 1) In I 

h c 

2 - \ \ 

"2 + Y J 
o p t 

1 + ( 2 T k
k ) ln C 2 + Y k ) J 

(6-38) 

Substitution of Eq. (6-38) into Eq. (6-36) gives the optimum value of 

»*> (Q7)rt . as vxi7opt 
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* Th < e c + i ) 2 In (-
\ 2 

1A) 
Tt, e 

(Q*) v v i y o p t 2"̂ f) ln(rT^)J l n ( ^ ) 
(6-39a) 

JL, 

By arranging Eq. (6-39a) in another form the effect ofY , on Q 
K i 

may be estimated. Thus., one may write 

(Q*) = £ , 
v x i y o p t k 

I T, (G •+ 1 ) ' Y . © 
k c 

In 
( 2 + Y J -

(6-39b) 

where 

In (LH±) 
\2 + r k ; 

.1 + 
( 

, 2 + Y k \ 

r^7) 
In (L2±X\ 

\2 +Y.lc.yj 

For very small variations iriY,, say asY^"4 0, it may be shown that 

/ ' • 2 - Y l r \ 

e •**" + 1.0 from below. In a d d i t i o n Y, ./ l n l V x y ^ j ~* - 1.0. Hence 
K. 

when Y is very small Eq. (6-39b) is multiplied by a quantity (ei_) which 
k K 

is less than one (1). Tlierefore for small Y. (near zero) it is reasonable 

to assume that the heat pumping capacity is reduced. Fig. 28 shows quan-

titatively the variations in (Q.) and Q. that may be expected for 

various Y, ; in addition Fig. 28 substantiates the mathematical analysis 

above and illustrates the expected decrease in (QjL)OT3t for various Y^ 

values. Thus it has been shown mathematically and illustrated graphically 

that the assumed redistribution of the thermal conductivity acts to 
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decrease the optimum heat pumped and the heat pumped for the condition 

of (C.O.P.) t (dotted curve labeled k(u)). , 

4c. Op timized C.O.P. for k(u) = k 1 + YkV J "
 u 

This section is concerned with determining the effect of a spa­

tially dependent conductivity on the optimum coefficient of performance. 

Using a development almost identical to that in the variable resistivity 

section, the C.O.P. may be written as 

^ e 
<*(e + i) 

c ' f2' rA 2 z Th ek 

C.O.P. = — 

Z Ti 
- o© 

(6-40) 

The optimum value of the C.O.P. occurs if 

JL (C.O.P.) = 0 (6-41) 

The current which yields the optimum value of the C.O.P. is given by 

&) opt k c 

2 T, 
1 + / .1 + 

\! 

(6-42) 

where 
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Substitution of Eq. (6-42) into Eq. (6-40) gives the. optimum value of 

(C.O.P,) t as 

(C.O.P.) 
opt 

J, 
2e k 

2 % T e, (9 + 1) 
h k c 

% T 
il + 

I T 
I + /i.+ _ 

V P. 
k 
'] 

(6-43) 

Fig. 29 illustrates the effect of a spatially dependent thermal 

conductivity on the optimum C.0.PB and on the C.O.P. for optimum heat 

pumping. This figure shows that the general, effect of the assumed varia­

tion in k(u) is to decrease•(C.O.P.) until approximately Yi =0.6. 

opt K 

For Y >0.6 there is a slight increase in (C.O.P.) in the range of 
k opt 

Y that is of practical interest: that is, T < 1. Notice also that if 
k k 

the thermoelement is operated at the condition of optimum heat pumping 

(dotted curve labeled k(u)) the C.O.P. is virtually independent of the 

variation in T^ for Y, ^ .1; this same result was obtained for P(u). 

5. Effect of Spatially Dependent S(x) on the 
Performance Criteria: p and k constant 

In this section the effect of a linear variation in S(x) on the 

no-load temperature difference, the heat pumped, and the C.O.P. is deter­

mined with p and k constant. The Seebeck coefficient, S(x) is assumed to 

vary linearly in such a manner that the average Seebeck coefficient re­

mains the same. Essentially this section illustrates the effect of 
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redistributing the Seebeck coefficient. Using the above S(x) assumption, 

S(x) * S + & / L Y 
-{*•-.) 

Graphically Eq. (6-44) appears as shown in Fig. 26 

(6-44) 
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Fig. 26. Assumed Spatial Dependence of S(x). 

The physical model to be studied in this section is shovjn in 

Fig. 23. The differential equation describing this system subject to 

the assumptions of this section is obtained by reduction of Eq. (6-1) 

and is 



Equation (6-45) is subject to the boundary conditions 
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Q. = I S(o) T - k A - ~ x c dx 
x=0 

(6-46a) 

and 

T(L) = T (6-46b) 

When most of the dimensi.onless d e f i n i t i o n s i n t r o d u c e d i n s e c t i o n 3 are 

appl ied to the above e q u a t i o n s , Eq. (6-44) becomes 

S(u) 1 + Y . S ( « - ; ) (6-47) 

where 

Eq. (6-45) becomes 

Y g = ^S/S 

d © 2 

—7 - -\ e = -f 
duz 

(6-48) 

where 

f .a 
X 4 

¥ T h Y S 

- X " 

Eq. (6-46) becomes 

. * = \ 77 < e c + D 
d§_ 
du 

u==0 

(6-49a) 

(1) = 0 (6-49b) 
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The additional dimensionless quantities X and Y1 have been introduced 
S 

because they help to simplify some of the following equations; they are 

defined as 

zsfi Y. 

Y» = T /(I - % 
S S 2 

(6-50a) 

(6-50b) 

A good reason for the assumed spatial dependence of S(u) becomes 

apparent by examination of the forcing function f in Eq. (6-48). With 

the variation assumed the effect of the Joule heating ^ 1% T Y is op-
h S 

posed by the contribution of the linear variation in S(u) represented 

2 • ' , 

by \ . Obviously a•linear variation of S(uj with a negative slope in-

Fig. 26 would be undesirable. 

Using the Green's function, the dimensionless temperature distri­

bution 9(u), may be expressed as, 

e(u) = G(u,e) f d£ 

(Qt - 4 ) tanh(X) cosh(^u) - sinh(̂ -u) 

(6-51a) 

1 + 1T tanh(X) 

where 
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[ tanh ( X.) cosh ( X e) - sinh (\e) - ~ s inh(^u) + cosh(Xu) 

- Y S 

1 + \ tanh(X) 
Yc: 

0 < u < e 

G(u, e) = 

tanh(^) cosh( \u ) - sinh(Xu) •rr sinh(Xe) + cosh(Xe) 

1 + y r tanh(K) 

s 

e < u ^ l 

It is interesting to note that Eq. (6»51a) can also represent the 

solution for the temperature distribution in a thermoelement with a spa­

tially dependent electrical resistivity in addition to the assumed S(u) 

variation. 

Performing the indicated integration in Eq. (6-51a), the dimen-

sionless temperature distribution is 

0(u) = 

cosh(Xu) 
cosh (X) YgCOsh(X.) 

j(l - cosh(Xu))sinh(X) - 1 - CO sh(X) sinh(Xu) 

1 + __. ta.nh(x) 

Y< 

+ 

* 
r1' s 

tanh(X) cosh(^ u) - sirih(Xu) 

1 •+ T r tanh(>) 

(6-51b) 

ĵacv̂  
W :,> -J 
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5a. Optimized No-Load Temperature Difference for S(u) = S i * r , < - . { > ] 
In this section, the no-load temperature difference, as previously 

defined, is examined. Letting Q* = 0 and u == 0 in Eq. (6-51b) and ap-
i 

plying the definition of 6 gives 

2 

( i T ^ ~ 0 (8ech(X) " \ ) + x ( V " 0 ts,nh(X) 
h S 

NL =  (6-52) 

/!- A 
1 + M "V 2 J tanh(x) 

The optimum value of \ _ occurs if 
• NL 

ae 
_JSi = o (6-53) 
8\ 

A transcendental equation results when one attempts to satisfy Eq. (6-53). 

Of course, this transcendental equation can not be solved explicitly for 

X ; therefore, it is necessarj^ to employ a numerical technique to deter-
opt 

mine ̂  . The mechanics of the numerical technique used are explained in 
opt 

Appendix E. It should be added that: this optimizing procedure was checked 

by recalculating the optimum values in sections 3a. through 3c which had 

already been determined in closed form; the results agreed to five decimal 

places. 

For various values of Yg , Eq. (6-52) was optimized with respect to 

the dimensionless current^. The results are given in Fig„ 27. This 

figure represents the effect of a spatially dependent Seebeck coefficient 

on (6m-.) ^. Fig„ 27 shows that the assumed variation S(u) , acts to in-
NL opt " x ' * 

crease (9 ) in the T_ region of practical interest ( Y„< 1)„ Thus, 
NL opt S ° * v S 
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a predetermined redistribution of electrical resistivity -- even though 

small --effects an increase in the optimum no-load temperature differ­

ence. 

5b. Optimized Heat Pumped for S(u) = S 1 + Ys(tt-"f)j 

The purpose of this section is to ascertain-the effect of a spa­

tially dependent Seebeck coefficient on the optimum amount of heat that 

a thermoelement can pump across a specified temperature difference. The 

energy balance at the cold junction as given by Eq. (6-49a) can be ob-

tained readily by letting u = 0 in Eq. (6-51b) and solving for Q.. Thus, 

the dimensionless heat pumped at the cold junction is given by 

< = \ — ( 2 , - Y J ( 0 + 1) + — 4-rvr + 
L 2YS S / v c tanhT^T 

1 - =: 8 T h Y i 
tanh fe) 

(6-54) 

The optimum value of Q, occurs for the value of X which satisfies 

TK U (e-m 

As in the previous section, a transcendental equation results when one 

attempts to satisfy Eq. (6-55). However, Eq„ (6-54) may be optimized 

by employing the numerical technique discussed in Appendix E. 

Equation (6-54) was optimized with respect to the dimensionless 

current X using T as the argument. The results of this optimization 

are illustrated in Fig. 28. This figure shows quantitatively the 

•JU - ̂ t* 

variations in (Q.) and Q. (the heat pumped for the condition of 
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optimum C.O.P.) that may be expected for various Y values. In the 

ju * 

range of practical interest (Y < 1 ) , Fig. 28 indicates that (Q.) and 
r \ig / © v^l'opt 

~k 
Q. may both be increased. 

5c. Optimized C.O.P. for S(u) - S 1 + Ys(u - i) 

This section is concerned with determining the effect of a spa­

tially dependent Seebeck coefficient on the optimum C.0.Pa Employing 

the definition of C O . P . given previously one may write 

C.0..P. = .-Q* 
p3F 
i 

(6-56) 

JL, 

where Q. is given by Eq. (6-54). The dimensionless electrical power 

input P. is defined as 
l 

>-4 . j W 
Z T h Y | 'Ys 

0 
i + V«-i) du (6-57) 

By definition the value of the integral is one (1). Substitute Eqs. 

(6-54) and (6-57) into Eq. (6-56) to obtain a more explicit form. 

2^(ec + i)(^r8).+-^+(i--f 

C.O.P. = 
z T, ri 

h S 

•X 

tanh(2) 

r x 
Z T, Y 

h S 

9 1 l̂ 
s J 

(6-58) 

Next it is desired to optimize Eq. (6-58) with respect to V . The value 

of X which optimizes this equation must satisfy 
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a(c»°rL.l = 0 (6-59) 

a\ 

Again a transcendental equation results when one attempts to satisfy 

Eq. (6-59). Therefore the numerical technique discussed in Appendix E 

was employed to optimize the C.0„P» The results of this optimization 

are shown in Fig. 29; Yr is used as the argument, Figure 29 shows that 

the effect of the assumed variation S(u), is to increase (CO.P.) 
opt 

Notice, however, that if the thermoelement is operated at the condition 

of optimum heat pumping (dotted curve labeled S(u)), the C.O.P. is vir­

tually independent of the variation in T . This latter effect is also 

present for a variable electrical resistivity and is discussed later. 

6a. Effect of a Simultaneous Variation of S(x) and P(x) on the 

Performance Criteria; k constant 

At this point a brief discussion may give the reader a clearer 

physical insight into the purpose of this section. In sections 1 and 

4a, it was pointed out that the thermal conductivity does not change 

its spatial dependence In the same proportion as the Seebeck coefficient 

and the electrical resistivity for a given change in carrier concentra­

tion. In addition, the theory of thermoelectric device performance 

(as set forth in reference (3) for instance) indicates that the magni-

7 tude of the figure of merit, Z = S /pk, is a guide to the performance 

capabilities of a device* The performance increases as Z increases. 

The veracity of this last statement: is readily checked by referring to 

Eq. (6-15) or Eq. (6-21). From the. definition of Z, it can be seen 

that variations in S have a distinct effect on'Z. It is shown in 

the section on variable electrical resistivity that small predetermined 
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variations in the electrical resistivity can significantly increase de­

vice performance. On the other hand, small variations in the thermal 

conductivity are not as important. 

In view of the above discussion, the purpose of this section is 

to examine the performance criteria^for the case of the simultaneous spa­

tial dependence of the Seebeck coefficient and the electrical resistivity; 

the thermal conductivity is assumed constant,, As before, both P(x) and 

S(x) are allowed to vary linearly such that; their respective average 

values p and S remain the same over the length of the thermoelement. 

The equations describing P(x) and S(x) are the same as before and are 

given by Eq. (6-3) and Eq. (6-44) respectively.. 

The physical model to be studied in this section is shown in Fig. 

23. The differential equation describing this system is obtained by 

reduction of Eq. (6-1) and is 

d2T 

dx2" "kAl dx T = lii^si 
k A2 

(6-60) 

Equation (6-60) is subject to the boundary conditions 

Q. = IS(o)T - k A -P xi v 7 c dx 
x=0 

(6-61a) 

T(L) (6-61b) 

Utilizing the dimensionless quantities, Eq. (6-60) can be expressed as 

— 7 \ 6 = - f (u) 
duz 

(6-62) 
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where 

p = ( i - k ) /zThrl (6-63a) 

and 

f (u) = X4 p (1 + YpU.) - X-2 (6-63b) 

In dimensionless form, the boundary conditions become 

< 
^ 2 Q 

- < e c + • i ) 
jciG 
du u=0 

(6-64a) 

and 

6(1) = 0 (6-64b) 

One advantage of the Green's function solution is illustrated 

rather clearly at this time. One should notice the only difference in 

Eq. (6-48) and (6-62) is that Eq. .(6-62) has a variable forcing function 

f(u) because of P(u); the boundary conditions for these two equations 

are the same. Hence the Green's function or the kernel LG(u,e)J is the 

same for both differential equations. Therefore, the dimensionless tem­

perature distribution 6(u) for this section may be written down by in­

spection and is 

' \2\ r 

(u) = G(u,e) f(e) de + i _ ± i ± 

tanh(X) cosh(Xu) - sinh(X-u) 

1 + 77 tanh(x) I 
(6-65) 
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where 

f (e) = f (u) 
u==s 

The kernel G(u,s) is the same as for Eq.. (6-51a). Observe that Eqs. 

(6-51a) and (6-65) appear almost identical; the variable forcing 

function f(e) is the only difference; but it: is an important difference 

When the indicated integration is performed, Eq„ (6-65) may be written 

as 

e(u) = 

(x2p-i) 
1 +' —v sinh(Xu) 

Y TS cosh(X) 
- cosh( 

\ CO 
- L — + 2L tanh(X) 
sh(\) Y^ •) 

1 + yT tanh(X) 

+ X^Y* 
u -

CO 
CO 

sh(̂ -u) cosh(^u) /. , /\v ,. ,/v N\ , X / u/w' sinh(Xu)\ _A_yZ + ^ L ^ t : a n h ( X ) . taDh(Mi)J + ?r^utanh(X) - c o s h ^ / j 

1 + ~ f tanh(X) 
' c: 

+ (Qi " 7r) 
s 

tanh(^) cosh(Xu) - sinh(Xu) (6-6-6) 

1 + --r tanh(X) 

.* 6b. Optimized o , Q , and C.0.Po for Variable p(u) and S(u) 
NL i 

In this section, the performance criteria., as previously defined. 

.* are examined. To determine the expression for u , let Q = 0 and u - 0 
NL i 

in Eq. (6-66) and apply the definition of 0 to obtain 
NL 
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(1 - ^ 3 ) J cosh(\) -a. 
% ] 

cosh( X.) *2P£ 
t a n h ( X) _ 

X 
1 

*2P£ 
t a n h ( X) _ 

X c o s h ( ^ ) 

i+A- t a n h ( X.) 

+ ^ tanh ( X-) 
Y' 
S 

(6-67) 

The heat pumped across a specified temperature difference is the next 

performance criterion of interest. The energy balance as given by Eq. 

(6-64a) can be obtained readily by letting u=0 in Eq. (6-66) and solving 

for Q.. Thus, the dimensionless heat pumped at the cold junction is 

given by 

\ \9c  
v"1" + tanh(\) 
S 

1 + _̂ r tanhOO 
T 
S 

- X(pX- 1) tanh(j) 

- ) . ' ^ \ |tanh(\) - — T T T T tanh(X.) v ' cosh (A.) 
(6-68) 

Finally, it is desired to determine the effect of the simultaneous vari­

ation in p(u) and S(u) on the coefficient of performance. Employing 

the definition of C.O.P. given previously, 

C..O.P. == -4 (6-69) 

where Q is given by Eq. (6-68). For the given conditions, the dimen-
i 

'V 

sionless e l e c t r i c a l power input P. i s defined as 

Xc 

Z T J 2 

h S 

1 + ^fu i> 
^ n 

du - —£ 1 + T
s ( u * > du (6-70) 
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By definition, both integrals are equal to one. Substitute Eqs, (6-68) 

and (6-70) into Eq. (6-69) to obtain a more explicit form. 

\ + 1 
ILSLI^A . . "c . (X-2p- .l)tanhd) -^ii?Ii 

Ys tanh(\) l > tanh(\) 
C.O.P. = — : • " _ _ — y _ 

tanh(\) -
cosh(X)-

JL 
Yc 

\ 
2 Vs (6-71) 

For any given set: of conditions, in order to find the value of 

current X that optimizes any given performance criterion, the first de­

rivative of Eqs. (6-67)., (6-68), and (6-71) with respect to X can be set 

equal to zero. In each case a transcendental equation results. Thus 

it is not possible to solve for \ explicitly. The numerical technique 
op t 

discussed in Appendix E is employed to optimize Eqs. (6-67), (6-68), and 

(6-71); during this optimization, assume that Y =Y Q for the sake of 

simplicity. The effect of the equal simultaneous variation of P(u) and 

S(u) on (ejNL)opt, (Q*)opt> and (C.O.P.) t is shown in Figs. 27 through 

29 respectively; in addition, Figs. 28 and 29 give the heat pumped at 

optimum C.O.P. and the C.O.P. at optimum heat pumping respectively. 

Fig. 27 shows that the assumed spatial dependence of P(u) and 

S(u) significantly increases (Q„.r) even for small Y = Yn values. 

YNL opt S P 

Fig. 28 illustrates that the optimum, heat pumped may be sub­

stantially augmented by the assumed simultaneous variation of P(u) and 

S(u). It also predicts an improvement in heat pumped for the condition 

of operation at optimum C„0(>P. 

Fig. 29 indicates that the assumed simultaneous variation of 

p(u) and S(u) substantially increases the optimum C.O.P. On the other 
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Fig. 27. Effect of the Distribution of S(u), p (u), and k(u) 
with Position on the Optimum No-Load Temperature 
Difference. 



S(u) = S [ 1 + Y s ( u - i / 2 ) ] 
p(u) = p " [ l +Y (u - 1/2)] 

k(u) = k [ 1 +Yk(l/2 - u)] 
I = 3.0 x 10-3oK-l 

Th = 300° K, Tc === 250
6 K 

Dimensionless Variation in S(u), P(u), and k(u): Y ,Y , and 
Y Respectively ^ 

Fig, 28. Effect of the Distribution of S(u), P(u), and k(u) 
with Position on Heat Pumping, 



S(u) = 3 [l + rs(u••- 1/2)] 

p(u) = pr [1 + Y (u.- 1/2)] 

k(u) = k" [l + Ykd/2 - u)] 

IT = 3.0 x ID"3 °KTl 

T, = 300° K, T = 250° K 

<C-°-P'>max - 0.321 

0.2 0.4 0,6 0.8 1.0 1.2 1.4 1.6 1.8 2.0 

Dimensionless Variation in S(u).,p(u), and k(u): Y , Y , and 
Y,,Respectively ^ 

Fig. 29. Effect of the Distribution of S(u), (u), and k(u) with 
Position on the Coefficient of Performance. 
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hand, it shows the'C.O.P. for the condition of optimum heat pumping is 

virtually independent of Y, and y in the region of practical interest 

V rs <1J:-

7a. Performance Criteria and the Variation of S(x) and o(x) such that 

Z Remains Constant 

Strictly speaking, the analysis to be considered in this section 

is a special case of the previous section (6a), although,, it is inti­

mately related to the other sections of the chapter also. In section 

6a, it is pointed out that the three performance criteria 9 , Q , and 
NL i 

CO.P. are all functions of Z. In fact as K increases, it is easy to 

show that the values of the performance criteria become more favorable. 

Consider for a moment the definition of p(u) and S(u) from section 6a. 

Using these definitions3, and assuming Tc =T - Y , Z may be written as 

-2 
S 

Z = 
1 + Y(u - \)_ 

P k 1 + Y(U - T ) 
= Z 1 + Y(u - -) 

2 
(6-72) 

J 

Certainly the average value of the figure of merit, Z, over the length of 

thermoelement is Z. However, over approximately one-half of the thermo­

element (u > — ) , the value of Z is greater than Z. It is clear that Z 

is also less than Z over approximately one-haIf of the thermoelement 

(u <•—). But one could legitimately claim that"the improvement in the 

three performance criteria shown thus far is due to the increase in Z 

over one-half of the thermoelement and not to the judicious redistribution 

of the thermoelectric properties; that is, one could legitimately make 

this claim in the absence of an analysis to the contrary. 
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The purpose of this section is to examine the performance cri­

teria when the Seebeck coefficient and the electrical resistivity vary 

such that Z is constant; the thermal conductivity is assumed constant. 

The objective of the problem at hand is to show that even if p 

and S are chosen such that Z is a constant it is still possible to 

augment the performance of a device. To accomplish this end, it is not 

necessary to use the formalism that has been used up to now. Specifi­

cally, a linear variation in a property is selected such that the in­

tegral of the variation over the length of the thermoelement is equal 

to the average value of the property. For the following analysis, it 

proves just as rigorous and easier to assume that S(x) has the variation 

S(x) = S(0) +"^-.x (6-73) 

and P(x) has the var ia t ion 

-£? {z\ 
P(P)VL/ 

p(x) = p(0) + 2AP(|) + ±±L (-2 ) (6-74) 

S(0), P(0) represent the values of the respective properties at the 

cold junction (x=0) and S(L), P(L) represent the values of the respective 

properties at the hot junction (x-L)„ As a first approximation it may 

be assumed that 

r = A ? — = _^L, (6-75) 
S(0) p(0) 

Inspection of Fig. 22 indicates that this is a good assumption. Em­

ploying this approximation allows Eq, (6-73) and Eq„ (6-74) to be 

ie 
The author is aware that such a variation has physical significance 

only for small values of Ap ; nevertheless it is extremely convenient for the 
present analysis. 
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w r i t t e n r e s p e c t i v e l y as . 
S(u) = S(0) 1 + T u | (6-76) 

r -(2 
p(u) = P(0) 1 + Y u (6-77) 

Now i f one s u b s t i t u t e s Eq. (6-76) and Eq. (6-77) i n t o the d e f i n i t i o n 

of Z, 

S2(0) [ l + T u ] 2 _ S2(0) 
kp(0) f l + Y u l ^ kp(0) (6-78) 

Thus for the property variations assumed in this section, the figure of 

merit Zj is a constant independent of u andY. 

The physical model to.be studied in this section is shown in Fig. 

23. The differential equation describing this system subject to the 

assumptions of this section is identical in form to Eq. (6-62). However, 

two changes must be made for Eq. (6-62) to be applicable to this section. 

First, eliminate the subscripts in Tr, and Yn . Second, define a new 

forcing function as 

4 f(u) = — A _ n +^u 
Z T Y 2 

2 2 
- \ z (6-79) 

The boundary conditions for this section are exactly the same as Eqs. 

(6-64a) and (6-64b) if Y ' is replaced by T in Eq. (6-64a). Thus, the 

differential equation and boundary conditions from section 6a. are 

similar to the governing differential equation and boundary conditions 

for this; system. Again, the advantage of the Green's function solution 

is apparent because by inspection the dimensionless temperature distri­

bution 9(u) for this section may be written as 

to.be
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\ (Q* - ±- J 
0(u) = G(u,e ) f (e) de + V i T / 

tanh(fy) cosh(Xu) - sinh(Xu) 
(6-80) 

X 
1 .+ - tanh(X) 

Y ] 
The kernel G(u,e) is the same as for Eq. (6-514)• The forcing function 

f(0 = f (u) 
u=a 

is given, by Eq. (6-79). 

7b. Optimized 9 , Q , and C.0.P„ for variable S(u) and p(u) and constant Z 
NL i ; _____ 

The performance criteria as previously defined are derived and op­

timized in this section.. To determine the expression for 6 : perform 
h NL F 

it 
the indicated integration in Eq. (6-80); let: Q. = u = 0; and apply the 
definition of 0 to obtain, 

NL 

1 - cosh(X) 

NL 

X 
Y2 

2X * -\2 
~~ + 2 - Z T - — sinh(X) + —L£_I—L 

•X 
Z Th 4 cosh (X) + — sinh(X) 

+ tanh(̂ ) 

Y 1 + '—- tanh(X) 

\ 

(6-81) 

The next performance criteria to be determined is the heat pumped across 

a specified temperature difference. The energy balance as given by 

Eq. (6-64a) (with Y1 replaced by Y) can be readily obtained by performing 

the indicated integration in Eq. (6-80) and letting u = 0. Solving 

JL, 

for Q., gives the dimensionless heat pumped at the cold junction as 

Q* = X 
i 

X_ 

U Z .T. 
- t + 2 - Z T \ tanh& + -* - l i £ l ± _ 2 
T h ) v2y Y Ysinh(X) 

X© 
+ £_ 

1 +-— tanh(X) 

tanh(X) 
(6-82) 
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Finally, it is desired to determine the effect of the assumed variation 

of ps(u) and S(u) on the C.O.P. Utilizing the definition of C.O.P. 

given previously, one may write 

Qj 
C.O.P. = -i (6-69) 

where Q. is given by Eq. (6-82). For the given conditions,, the dimen-

•jf 

sionless electrical power input P is given by 
i 

x r 2 x"Qc r 

J (1 + Yu) du-- ~ 7 ~ J (1 +Tu) 
B V ^ 0 0 

du (6-83a) 

When the integration is performed, one may write 

>A 

z Th r 
(.•r--$.^(»f) (6-83b) 

A more explicit form for the C.O.P. may be obtained by substituting Eqs 

(6-82) and (6-83b) into Eq. (6-69) to obtain 

C.O.P. = 

Z T, ( 
— + 2 

r . ) 
Z T. ) tanh(i) •+ % - ¥S11£± 

h/ V T Ysinh(X) 
' + 

1 •+'- tanh(̂ ) 
» I -tanh(X) 

HrTr(-^)--('^)j z T r 
h 

(6-84) 
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The three performance criteria above may be optimized with re­

spect to the current X by equating the first derivative of Eqs. (6-81), 

(6-82), and (6-84) with respect to X equal to zero. As in section 6b, 

a transcendental equation results in each case. Thus, it is not possi­

ble to solve for X explicitly. The numerical technique discussed in 
op t r 

Appendix E is employed to optimize Eqs. (6-81), (6-82) and (6-84). The 

effect of the assumed variation of p(u) and S(u) on (0-.,) , (Q.) ,.* 
N ' v ' VNI/opt v V o p t s 

and (CO.P.) is shown in Figs. 30 through 32 respectively; in addi-
opt 

tion, Figs. 31 and 32 give the heat pumped at: optimum C.O.P, and the 

C.O.P. at optimum heat pumping respectively. 

Fig. 30 shows that the assumed spatial, dependence of P(u) and 

S(u) significantly increases ' ((W) Y even though the figure of merit 

Z remains constant. 

Fig. 31 illustrates that both the optimum heat pumped and the 

heat pumped at optimum C.O.P. are substantially increased by the assumed 

spatial dependence of p(u) and S(u). 

Fig. 32 indicates that the assumed variation of P(u) and S(u) aug­

ments the optimum C.CP. In addition, it shows the C.O.P. for the con­

dition of optimum heat pumping is virtually independent ofT. Thus 

Figs. (30-32) indicate that all three of the optimized performance cri­

teria increase even though the figure of merit Z remains constant. 

8. Simultaneous Variation of S(x), oOc) , and k(x) 

In this section equations describing the combined effects of the ^ 

spatially dependent thermoelectric properties p(x), K(x), and S(x) on 

the performance criteria are presented and discussed. The equations are 
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S(u) = S(0) [1 + Yu] 

p(u) = p(0) [1 + Y*]* 
"g = 3.0 x 10-3 OK"1 

T, = 300° K 
h 

(0m.) NL' max 
== 0.251 

1.2 

1.1 

1.0 

0.9 

V 

°-° 0-1 0.2 0.3 0.4 0.5 0.6 0.7 0,8 0.9 1.0 

Dimensionless Variation in S(u) and p(u)j 

Fig. 30. Effect of the Distribution of S(u), and p(u) with 
Position on the Optimum.No-Load Temperature Difference 
when S2(u)/p(u) = Constant. 
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S(0) [ l + yu] 

p(0) [ l + y u l 2 

3.0 x 10" 3 °K"1 

300° K, T c = 250° K 

0.146 

0 .1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 

Dimensionless Va r i a t i on in S(u) and p (u) , Y 

1.0 

Fig. 31. Effect of the Distribution of S(u) and p(u) with Position 
on Heat Pumping When S2(u)/p(u) = Constant. 
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Fig. 32. Effect of the Distribution of S(u) and p(u) with 
Position on the Coefficient of Performance when 
S2(u)/p (u) == Constant. 
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developed using the spatial property dependence for p(x), k(x), and 

S(x) given by Eqs. (6-3), (6-27), and (6-44) respectively; or in dimen-

sionless form, by Eqs. (6-6), (6-29), and (6-47) respectively. The 

differential equation describing the physical model (see Fig. 23) is 

given by Eq. (6-1) and is subject to boundary conditions (6-2a) and (6-2b). 

Making use of dimensionless quantities defined previously, Eq. (6-1) beeomes 

h[ (1 " ̂ k U) dZ - x29 = X2 - X4|31(l + r'u) (6-85) 

where 

Y« \ . 
= (1 - -£) (1 + -r) / z T 

The boundary conditions Eqs. (6-la) and (6-lb) become 

< = ^ < e c + i ) - | | (6-86a) 

u==0 

9(1) - 0 (6-86b) 

Equation (6-85) is solved by standard techniques rather than by use of 

the Green's function. The solution of Eq. (6-85) is not apparent by 

inspection. However, by an appropriate change of the independent 

variable; one may transform Eq0 (6-85) to a special case of the familar 

Bessel differential equation. The transformation is 

" * 
2i \Jk2(l -r£u) 

r = _L__JL_ (6-87) 

This transformation may be deduced from Eq. (la) on page 440 of 
Reference (28). 
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Application of the Eq. (6-87) to Eq. (6-85) leads to the differential 

equation 

£fl + i iS + 8 -
dr r dr 

\ 2 p t 

i ^ i 

•i .+ h V JL (6-88) 

The homogeneous portion of Eq. (6-88) is the well-known Bessel dif­

ferential equation of zero order. Since the argument is imaginary the 

modified Bessel functions of the first and second kind are more conven­
ts 

ient in expressing the solution to the homogeneous portion of Eq. (6-88) 

Using the principle of superposition, the general solution of Eq. (6-88) 

i s 

V p Yk . 2 
e(r) = W^ + C 2 K 0 ( r ) + _T~~ ( r ' 4 ) + X P l + 2* • ^PlXi . 1 ( 6_8 9 ) 

r; 

Using the defini t ion of r , Eq. (6-89) may be wri t ten 

6(u) = Vo 
2 ^ 2 ( l - Y^u)' 

Y i 
+ C„L 2 0 

f 2>/^T- Y'u)l 
rk 

•+ ^ P X C I + Y M - P J ^ Y W - i 

(6-90) 

where C-, and C are constants of integration and L and K are modified 1 2 6 0 0 

zero order Bessel functions of the first and second kind respectively. 

Solving Eq. (6-90) subject to boundary conditions (6-86a) and (6-86b) 

allows the constants of integration C. and C,? to be determined; they are 

written on the following page. Equation (6-90) in conjunction with 

Eqs. (6-91) and (6-92) is sufficient to determine the steady-state 

temperature distribution in the thermoelement for any specific set of 

conditions. 

JL 



i + P 1 Y ' Y ; A \ ( I + Y - ) k^it -"<$}[* +\-2p - L i . 1 fx2_ 
P Tc •YX)f][Ko ' 2 x ^ k 

^k 

ift 
! \A^ ' 

(6-91) 

»<#-^J-[ffiIMM)] 

fa^ifc • " ^ 2 - r ;Y i : 4 l f i 0 ^^3M-
L \ YL. J 

l + P . r i r ' - ^ n+v.' 
i P k 1 — ' D' I I r i 01 YT;- " - U Y i | | pJLrs v -v 

^(S^)]KK°(tW(f) ^yi^ 
-̂ (̂Dr̂ d)] 

(6-92) 

to 
00 
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8a. Performance Criteria for variable P(u), k(u), and S(u) 

The no-load temperature difference, the heat pumped, and the 

coefficient of performance are the performance criteria to be examined. 

Letting u = 0 = Q* in Eq. (6-90), and applying the definition of Q> 

gives the no-load temperature difference as 

0 
NL = 1 + Pi(Y'Y^ - X2) - C 

&>(%)-'<**>$) 
(6-93) 

:ice The quantities C1 and C« are given by Eqs. (6-94) and (6-95); not] 

that these quantities simply represent C, and C_ evaluated for Q = 0 
1 2 i 

respectively. 

c i 

C2 

= C-

= c, 

Q*=0 

* 
Q,=0 

(6-94) 

(6-95) 

The rate of heat pumped from the cold environment, Q. (dimensionless) can 

be determined by evaluating Eq. (6-86a). Using Eqs. (6-90), (6-91), 

(6-92), (6-94), and (6-95), the following escpression for Q. can be found 

ec + i +P x Vi - x \ - ^ ( f ) " c2Ko(|)_ 
(6-96) 

:o( ^)K°(f) "^(""T^Kf 
where 
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T 0 11 

/^Ji~-H\ 
°\ Tk / K<f )-«•(!)] 

- -K, AA-^iMV P^XM-MS)] 
As in previous sections the C.O.P, in dimensionless form is given by 

C.0..P. = _i (6-97) 

In this section, the dimensionless power input P., is given by 

1 rs\ 2JL * \ r s "9cJ (6-98) 

Thus, the dimensionless CO.P. is given by 

C.O.P, = 
T 0. Ŝ i 

H) Y-^T 
2 T. r 

h ' S 

.* 

(6-99) 

where Q is given-by Eq.. (6-96). Equations (6-93), (6-96), and (6-99) 
i 

are sufficient to determine the performance criteria for any given set 

of conditions. 

In order to find the value of the dimensionless current X that 

optimizes any given performance criteria, the first derivative of 

Eqs. (6-93), (6-96) and (6-99) may be set equal to zero. Inspection 

of the above equations shows that it is not feasible.to solve the 
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resulting extremum conditions explicitly for ̂  . It is clear that 

^ could be obtained by using the numerical, technique in Appendix E. 

Subroutines for the required Bessel functions are not available at the 

Rich Electronic Computing center. Furthermore,, the parameters to be 

used are of such a nature that the customary approximating relation­

ships for Bessel functions of very small or very large arguments may 

not be used. 

In the opinion of the author, the actual optimization of Eqs. 

(6-93), (6-96) and (6-99) would only serve to further substantiate 

the results of the previous sections. A greater physical insight into 

the quantitative effects of spatial property dependence on the per­

formance criteria would not result; although it must be admitted that 

more qualitative results would be feasible because of the more accurate 

model. The latter fact was not the purpose of this chapter. 

8b. Summary of Results 

In this chapter, the effect of spatial property dependence on 

the performance of a single-element thermoelectric heat pump has been 

analyzed. The summary of the results is clearer if the three principal 

parts of the analysis are reiterated in their order of presentation. 

First, only one of the three properties is considered a specified 

function of x: the other two are considered constant. For this condi­

tion the performance criteria are derived and optimized. This procedure 

rotates until the effect of the spatial dependence of each individual 

property is analyzed. 

Second, based on the results of the initial analysis, it is es­

tablished that the spatial dependence of the Seebeck coefficient and 
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the electrical resistivity affect the performance criteria far more than 

the spatial dependence of the thermal conductivity. Thus, the thermal 

conductivity is assumed, constant and simultaneous variations in the 

Seebeck coefficient and the electrical resistivity are investigated. 

The results of these two parts are summarized in Figs. 27 through 32. 

All of the following discussion is relegated to values of YD, T̂ ., and 

Tg less than one. 

The results indicate that (Q ) can be improved by using spa-
NL opt 

tial property dependence except in the case of vardLable thermal conductivi 

The optimum amount of heat (Q ) , an element can pump across a specified 
i opt 

temperature difference may be substantially increased through the use of 

spatial property dependence except in the case of variable thermal 

conductivity. It should be noted that the improvement in the heat pumping 

capacity is not as large when the element is operated to yield the optimum 

C.O.P.; the heat pumped still decreases for variable thermal conductivity. 

The optimum coefficient of performance (C.O.P.) is also increased by 
opt 

using spatial property dependence except in the case of variable thermal 

conductivity. However, when the element is operated to obtain the opti­

mum heat pumping effect the C.O/P. is virtually independent of the 

property variations. 

Third, equations describing the effects of the simultaneous vari­

ation of the thermoelectric properties on the performance criteria are 

derived. These equations are derived for specific linear variations in 

the thermoelectric properties and may be optimized for any given set of 

conditions. Solutions to these general equations are not presented be­

cause a greater physical insight into the quantitative effects of 
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spatial property dependence on the performance criteria would not 

result. 
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CHAPTER VII 

'SUMMARY 

The objectives of this investigation have been to determine the 

effects of finite fins, finite fins and surface heat transfer, and the 

spatial dependence of S, p., and k on the optimum performance of a thermo­

electric heat pump. Three separate analyses were made. 

The first analysis presented analytical solutions that could be 

used to predict the optimum performance of a completely insulated themo-

element used as a heat pump with finite fins at the hot and cold junc­

tions. In addition, the equations could be applied to a heat pump with 

unknown hot and cold junction temperatures, arbitrary hot and cold junc­

tion fin surface areas, and arbitrary surface heat transfer coefficients 

over the hot and cold junction fins. The results showed that the per­

formance of an element may be altered significantly depending on the 

values of the - dimension-less parameters, HL and Hc. The results were ap­

plied to a numerical example. For the set of conditions considered, 

increasing the fin conductances H and H, to a value greater than 20 

would improve the performance by only a small amount. For other design 

applications, curves similar to those presented could be constructed, 

and from these curves, the amount of fin surface area needed for optimum 

performance could be determined. 

The analysis presented in the second phase•of this investigation 

could be used to predict: the optimum performance of thermoelectric heat 
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pumps that have finite fins at the hot and cold junctions and are fully 

or partially insulated. The results showed that substantial, gains in heat 

pumping capacity and C.O.P. could be achieved when the thermoelement had 

insulation extending a specified distance along its surface from the cold 

junction. The effect of fin conductance on optimum performance was also 

shown. One of the interesting aspects of the analysis was the signifi­

cance of the value IL. As u increased, the gains realized from surface 

heat transfer increased greatly and vice versa. For u •= 1, surface 

heat transfer offered no improvements in performance compared to devices 

using fully insulated elements. However, for u > 3 large improvements 
.Li 

in performance could result through the use of surface heat transfer. 

Improvements in performance, resulting from the use of surface heat 

transfer predicted in this analysis, were conservative for two reasons. 

First, it was assumed that thermal and electrical--contact resistance at 

the junction of the elements were negligible. Second, it was assumed 

that the fins used at the hot and cold junctions were isothermal. Thus, 

the actual benefits gained by using surface heat transfer could be 

somewhat greater than those predicted in this analysis. 

The final analysis determined the quantitative effect of spatially 

dependent thermoelectric properties on the optimized performance criteria. 

The analysis was quantitative primarily because the longitudinal surface 

of the thermoelement was insulated and both fin conductances were infinite. 

The effect of the positional dependence of each property on the performance 

criteria was determined individually., and then, in physically significant 

combinations. Results showed that a specific small positional dependence 

in S and p acted to increase all the performance criteria. However, a 
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specific small variation in ̂ (consistent with Fig. 22) decreased the 

performance criteria. Also, it was shown that the positional dependence 

of k was not nearly as important as the positional dependence of S and 

P. Thus, a net increase in the performance criteria might be feasible 

through the controlled use of spatially dependent properties. Finally, 

the properties of S, P , arid k were assumed to have a small linear 

positional dependence (consistent with Fig. 22) and equations describing 

the performance criteria of a thermoelement used as a heat pump were 

developed. Because these equations are dimensionless, computations based 

on them may be used over a wide range of parameter values. 
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APPENDIX A 

DERIVATION OP DIFFERENTIAL EQUATION FOR 

ONE-DIMENSIONAL TEMPERATURE: DISTRIBUTION 

IN AN INHOMOGENEOUS THERMOELEMENT 

In the derivation to follow, it is assumed that the thermoelement 

is cylindrical and has a negligible radius of curvature; the electrical 

current I is constant; the properties p(x,T), k(x,T) and S(x,T) are 

arbitrary functions of axial position x and absolute temperature T; and 

the element can exchange heat by convection with an environment at tempera­

ture T!. 

Fig. 33 shows a differential segment of a thermoelement of length 

Ax. The rate at which energy is convected from the surface of the dif­

ferential element is 

hp(T - T!)AX (A-l) 

The rate at which electrical energy leaves the element at x is 

(A-2) IV 
x 

The rate at which carriers transport energy from the element at x is 

1ST :(A-3) 
x 

The rate at which energy is conducted from the element at x is 
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kA ̂ T 
dx 

(A-4) 

The rate at which energy is conducted into the element at x + Ax is 

kA dj. 
dx 

(A-5) 

x + Ax 

The rate at which carriers transport: energy into the element at x + Ax 

is 

1ST 
x + Ax 

(A-6) 

The rate at which electrical energy enters the element at x + Ax is 

IV 
x + A X 

(A-7) 

The rate at which the energy of the element is increasing is 

pcA Ax £l 
It 

(A-8) 

Conservation of energy requires that 

rate of 

energy in 

rate of 

energy out 

rate of accumulation 

of energy 
(A-9) 

Substituting Eqs. (A-l) through (A^8) into Eq, (A-9) gives 

k.A ST 

x+Ax 
-wM 

Bx 
+ 1ST 

x+A: - 1ST + m , , - iv 
x x+ Ax 

- hp(T-T!)Ax 

'cAAx-^ 
at 

(A-9a) 
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IV 
x + Ax 

1ST 
x + Ax 

k Aax x + Ax 

h.p(T - T') Ax 

- T O * 

IV 
ix 

1ST 
x 

kA 
dj 
6x Xi 

Fig. 33. Energy Balance for a Differential Thermoelement. 

Next divide by Ax, take the limit as Ax -* 0, and apply the definition 

of a derivative to obtain 

9T, OT 
9s , .,. av 

^ (kA j j + is -a-; + IT ̂  +:-i ̂  - hP(T - T') PcA |^ (A-9b) 

The conjugate flows and reciprocal relationships developed by Lee and 

Sears from irreversible thermodynamics allow us to write 

3V _ T AR Q-dT 
ox ox ox 

(A-10a) 

_._JL 
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with 
x 

R = £ dx 
A 

(A-ll) 

thus, 

9V ._ l£ ,9T 
9x ax 

(A-10b) 

Substituting Eq. (A-10b) into Eq. (A-9b) gives 

^. ( k A |I) + IT |S - hp(T - T') + l|£ = pcA |T 
ox ox 9x r ' A 9t 

(A-12) 

Since it was assumed that S = S(x,T), it follows that 

9x 
9_S 
a x 

T 

9S 
9T 

9T 
"Hx (A-13) 

when Eq. (A-13) is substituted into Eq. (A-12) and the functional de­

pendence of S, p, and k is shown there results 

_9 
9x 

9T 
k(x,t) A(x) -Q— 

' 9s 
+IT"TT °x + IT-I 

9T 
x 

p. --hp(x) (T - T') 
9x 

+ 
I2p(*,T) 

A(x) 
- . ,• 9T 
PCA(X) - ^ (A-14) 

Notice that only the second and third terms in Eq. (A-14) depend on the 

direction of the current in the thermoelement., The second term is re- . 

ferred to as the "Volume Peltier heating effect" by Domenicali (16). The 

third term is the usual Thomson heating effect. If the current is reversed 

in Fig. (33), replace I by -I in Eq. (A-14) and obtain 
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2_ 
8x U(x, 

3T t) A(x) £ 3 c; - IT %± 
ax 

- IT |S 
3T 

51 - hp(x) (T - T') 

+ l!fiix*Ii = p cA(x) 21 
A(X) H at 

(A-15) 

The second and third terms in Eq. (A-15) are now referred to as the 

Volume Peltier cooling effect and the Thomson cooling effect respectively, 

Equations (A-14) and (A-15) are general expressions for the pro­

duction of energy and absorption of energy, respectively, in an inhomo-

geneous thermoelement. 
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APPENDIX B 

PHYSICAL SIGNIFICANCE OF THE FIN CONDUCTANCE AND EQUATIONS FOR 

THE MAXIMUM PERFORMANCE OF A COMPLETELY INSULATED THERMOELEMENT 

A. Fin Conductance 

In order to attach a physical significance to typical values of 

fin conductance, for generality, consider a shorter thermoelement 

0.635 cm long by 0.635 cm.in-.dia. If k = 0.015 W/cm - °K and A = 

0.317 cm2, then 

V = 6 6-8Vh 
and 

ft == 66.8 h. A 
c c c 

In air, the heat-transfer coefficient h ranges in value from 

about 0.00284 W/cm2 - °K for natural convection, to about 0.0284 W/cm2 - °K 

for forced convection. Letting A •= A = 138 cm for forced convection 
h e 

gives 

H = 262 

2 
Letting A, = A = 353 cm for natural convection gives 

H = 67 

B. Equations for Maximum Performance of a Completely Insulated Thermo­

element 
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If the hot and cold junction fin conductances are considered in­

finite, then Eq. (4-11) reduces to 

(Q*) .:=..l + .rfy - * £ (B.!) 
l. max I 

and Eq. (4-13) reduces to 

1 + j6y ~ ay 2 / 2 
(C.O.P.) = f~—2-L— (B-2) 

max ay^ - y 

In addition, if the cold junction is considered insulated from the cold-

junction environment (H^ = 0), then Eq. (4-10) reduces to 

< % > _ = ^ - ^ ; ( a / 2 ) Y ( B " 3 ) 

The expression for y for Eqs. (4-17), (4-18) and (4-19) may be ob­

tained by a corresponding reduction in Eqs. (4-15), (4-16), and (4-14) 

respectively. 
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DEFINITIONS OF CONSTANTS IN CHAPTER V 

The following definitions are given for D , E , R (111=1,2^3,4), 
m m m 

m = l , 2 , 3 , 4 ) , and 2m(m--=l,2, 1 5 ) . 

= (VG) cosh '(u) •+ u s i n h ( u ) 

D. Eo = u /G 
2 L 

D = ( V L / G ) U ^ / 2 • • + (u - G) t a n h ( u / 2 ) 

D 4 = ' \ + ( u l / G ) ( U v " G ) t a n h < " / 2 ) 

' - LU c o s h ( u ) / G 

- ( u L / G ) u 2 / 2 + | u + t a n h ( u / 2 ) }- t a n h ( u ) 
v 

c o s h ( u ) 

(u L /G) c o s h ( u ) - 1 

•- ( t a n h ( u ) + -u„) cosh (it) 

a u (E - D ) 
L 3 3 

R„ = a 

R„ = u, 

E3 ( D1 " °2 " V " D 3 ( E 1 + E2 + H c } 

E 4 + D 4 - cp(Dl - D2 - ^ - H c - E l V 
R 4 = E4 ( D 1 " D 2 - V + D 4 < E 1 + E 2 + H c > 

w, = u_ a E J 
L 3 c 

W = H c^ E (D - H ) - D E } • - u z 6 1 3 1 K 3 2 J L 

W = u (6 H (H - D + E ) f u E (H + D - 1) 
3 L c h 1 2 L 4 c 1 
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M4 
- H 

c V V V+E
2\J 

* 1 
= a u En 

L 3 

2 2 
= a E (H - D ) +o(D E + u 2 6 

3 h r 3 2 L 

*3 
= UL 

6 (Hh " V + 'Y+ i E2j 

\ = E 4 ( H h - V " E 2 D 4 

8 5 = 
2 

"L 

2 
6 

..= u (H - H - D - E ) 
L h c 1 1 

2 
7 

= (H '+ E ) (H - D ) - D E 
c 1 h 1 2 2 

2 — a u D 
8 L 3 

Z 9 
,ss "* UL " o C { D 3 ( H c + E l > ' + D

2
E

3 I 

10 = u (m + D.) 
L c 4 

11 
= D (H •+ E ) - D E 

4 c 1 2 4 

12 
.= 2 3 + U L ( E l + D l - V 

13 
= <E

4
 + V (°1 "V + E 2 ( D 4 + D 2 ) 

14 = V1^ " Dl " V 

15 
- E l 

(Hh - V " °2E2 

The quantities above were defined solely as a matter of * convenience. 

They simplified the algebra of the solution considerably and were es­

pecially useful for the computer program used in evaluating the results; 

the quantities themselves do not have any physical significance. 
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APPENDIX D 

DISCUSSION OF THE GREEN'S FUNCTION 

There are a great many textbooks that adequately discuss the 

Green's function. Therefore, this appendix is included primarily for 

the convenience of the reader and it is not intended as a mathematical 

treatise on the subject. On the contrary, the purposes of this dis­

cussion are to introduce the reader to the concept of the Green's func­

tion; acquaint the reader with the properties of this function; and to 

work an illustrative example. 

This discussion is limited to the one dimensional Green's function 

and its application to linear, second-order,, non-homogeneous differential 

equations with two associated boundary conditions. In general consider 

the differential equation 

d_ 
du 

P(u) |£ •+ q(u)6 + f (u) == 0 (D-l) 

It is assumed that P(u)., q(u), and f(u) are continuous in the closed in­

terval a ^ u ^ b; also, P(u) # 0 and neither a or b are infinite. If 

these assumptions are violated it is possible for the solution of Eq. 

(D-l) to become infinite; it is desirable to avoid this difficulty at 

present. Equation (D-l) is subject to two non-homogeneous boundary con­

ditions at the points a and b of the form 

l w w 2 du 
u=a 

= :Qt (a) (D-2) 
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P^W + P2 ff 
u=b 

= Q2 (b) (D-3) 

where °^, ̂ J '̂"i > an^ ^ ? a r e given constants. 

In order to obtain a convenient form: of the solution of Eq. (D-1), an 

auxilliary differential equation is considered. 

_d 
du [*<»> g ] + -q(.u)G + 5(u - e) = 0 (D-4) 

where &(u - e) is the familar Dirac delta function. 

Equation (D-4) is subject: to the homogeneous boundary conditions 

c< 0(a) + \ ^ 
1 2 du 0 (D-5) 

u=a 

l\ G(b) + K -i£ 
J- -̂  rin du 

(D-6) 

u=b 

First an attempt is made to determine the function G(u,e) which, for a 

given number e, is given by G (u,e ) when u < e and by G (u,e) when 

u > e and which has the following properties: 

1. The functions G.. (u, e) and G0(u,e) satisfy Eq. (D-4) in their 

intervals of definition; that is 

and 

h [*<•> g ] 

i- TP(U) f£i" 
du I du 

+ q(u) G.L = 0 when u ^ e 

+ q(u) G9 = 0 when u > e 

2. The function G(u,e) satisfies the homogeneous boundary conditions 
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prescribed at the end points u = a and u = b; that is, G,(u,£) satisfies 

Eq. (D-5) and G (u,e) satisfies Eq. (D-6). 

3. The function G(u,e) is continuous at u = £; that is,G (e,e) = 

G2(e,e). 

4. The derivative of G(u,e) has a discontinuity of magnitude 

-1/P(e) at the point u == e; that is, 

d G2 
du~" 

dG] 
du' •P(e) 

u=e u=e 

5. The function G(u,£) is symmetric; that is, 

G(u,e) = G(e, u). 

Any function satisfying the above five properties is defined as the 

Green's function G(u,£). It can easily be shown that if the function 

G(u,e), in which e appears as a parameter, exists, then the solution of 

Eq. (D-1) subject to boundary conditions (D-2) and (D-3) is 

9(u) = J G(u,e) f(e) d.e -h P(e) 
dG' dr 

G(u,e) ^ - 0(e) — 

-, e = b 

s = a 
(D-7) 

This form of the solution is valuable and concise. Notice that, for 

boundary conditions (D-2) and (D-3), Eq. (D-7) expresses the solution 

to Eq. (D-1) for all continuous f(u); that is, Eq. (D-7) represents in­

finitely many solutions of Eq. (D-1). 

The above technique is illustrated by verifying the Green's func­

tion for Eq. (6-9). The system to be solved consists of differential 
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Eq. (6-7) subject to boundary conditions (6-»8a) and (6-8b). The auxil-

liary system is given by 

d2G , . 
— ~ = -5(u - e) 
duZ 

(D-8) 

and the homogeneous boundary conditions 

By property 1, 

dG 
°<G(0) - '^ 

u=0 

G(l) 

(D-9) 

(D-10) 

G(u;,e) = 
'Au +• B 0 < u < e 

Cu + .-D e < u < 1 

where A,B,C, and D are constants to be deteirmlned by satisfying proper­

ties 2 through 4. 

By property 2, 

A = °<B and C = - D 

Therefore, 

B(oCii'+ 1) 0 < u < e 

G(u,e) = 
C(u- 1) < u < 1 

By property 3, continuity exists at x =e , thus 

B = C(e - lyC^e H- 1) 
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and 

G(u,e) = 

cj^_nj^±Jl 0 < u < • e 
°<£ + 1 

L C(u - 1) e < u < 1 

By property 4, 

.VG(u,e) 

r C°(e-.l) _ 
L " (9(e+ 1) " L 

(1 - £) gu + 1) 
1 + c<" 0 < u < e 

1IJ1-"L££ + 1) e < u< 1 
1 +°< 

Notice that property 5 is also satisfied; this is a convenient check, 

Evaluating the second term in Eq. (D-7), using P(e)= 1, and Eqs. 

(6-8a), (6-8b), (D-9), and (D-10) gives 

\ (Q* - «) (1 - u) 
0(u) = J G(u,e) f(e) d£ + — -— c( + ^ 

which is identical to Eq. (6-9). 
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APPENDIX E 

DISCUSSION OF A NUMERICAL OPTIMIZING TECHNIQUE 

The numerical technique discussed below was suggested by Dr. 

K. R. Burdy of the Mechanical Engineering Department.' In conjunction 

With Fig. 34, this method can be explained briefly as follows: 

Assume a value of X which is somewhat smaller than the expected 

^ t and calculateGL, (̂ ) ., Establish a ̂  grid: of width AX , Calculate 

NL 
( \+ AX) m "Ask" t h e compute r i f 6 m ( X + AX ) < © ^ ( M • I f t h e answer 

NL 

is false, instruct the computer to compute 0MT (̂  + 2 ^ ) , etc. until the 

answer is true. When the answer is true send the computer back several 

intervals and decrease the size of the AX grid. Repeat this procedure 

until X ^ is obtained to the desired accuracy; then calculate' (6„,) 
opt J NL opt 

It is clear that this method will only work when one has a continuous 

function and a knowledge of the location of the optimum value. 

V^opt) 

v a + & ) 

9 N L ^ > 

I I 
I 1 

X X + AX X 
opt 

Fig. 34. Illustration of a Numerical Optimizing Technique 
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