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SUMMARY

The purpose of this study is to develop a synthesis
method for a class of measurement systems. A method has been
developed which is applicable to the design of systems with
multiple design requirements and constraints, and to the de=-
sign of systems with both stochastic and deterministic inputs.
Application of the method results in the determination of the
structure and parameters of the synthesized system.

The synthesis problem is formulated as a problem in
the calculus of variations. To do this, it is necessary to
first develop a mathematical model for a measurement system.
This model describes the dynamic behavior of the specified
unalterable system elements, the systeﬁ inputs, and the sys=
tem disturbances. It is also necessary to state the various
design requirements and constraints mathematically in terms
of a system performance index, The synthesis problem is then
poﬁed as the variational problem of determining the structure
and parameters of the system which is optimum with respect
to the performance index, subject to the system dynamic con=-
straints. A dynamic programming approach to the calculus of
variations is employed to determine the optimum system.

The system mathematical model is defined, using state
variable notation, as a vector differential equation, The

state vector associated with this vector differential equation
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contains the elements necessary to completely specify the
mathematical model.

It i1s assumed that the specified system dynamic ele-
ments are linear so that they are readily represented by
linear differential equations., A large class of determinis-
tic input and disturbance signals can also be represented
as solutions to appropriate differential equations,

In the more general case where some of the input and
disturbance signals are stochastic, it is necessary to incor-
porate e mathematical model for a random process into the
system model. This is accomplished by showing that the first
two statistical moments of any stationary or nonstationary
random process can be represented as the output of a linear
filter excited by white noise., The mathematical model for a
random process is then obtained by determining the vector
differential equation which defines the linear filter, This
differential equation is determined from the first two stat=-
istical moments of the given random process.

The system design requirements and constraeints are
stated mathematically in terms of a system performance index.
The performance index is defined as the integral over the
measurement interval of a system error functional which is
a measure of the instantaneous deviation of the system per-
formance from the ideal, The error functional is different
for different system applications and depends largely upon
the physical intuition of the system designer. General mathe=-

matical restrictions, which must be satisfied by usable error
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functionals, are determined.

Since the systems considered are in general stochastic,
the system performance index can be optimized only in a stat-
istical sense. The synthesis problem then becomes one of
determining the system which minimizes the expected value of
the performance index, subject to the dynamic constraints im=-
posed by the system mathematical model. Application of the
dynamic programming formalism to this problem ;esults in a
functional equation which relates the minimum of the expected
value of the performance index to the parameters of the opti-
mum system, The limiting form of this functional equation
is a partial differential equation. This equation is solved
for two important classes of performance indices; a squared
error index, and a final value index, In these cases, it is
shown that the optimum system is a linear feedback system

with time varying feedback gains,

It is necessary to investigate system stability in or-
der to determine the conditions under which the synthesis
procedure results in a stable system. This is done by em-
prloying methods of Lyapunov stability theory. In particular,
it is shown that the synthesis procedure results in a stable
system, 1f the solution to the functional equation is bounded
from above, when the measurement interval is infinite. It
is also shown that system stability 1is automatically guaran-

teed for the cases of minimum squared error and final value

performance indices,
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Example problems are presented to illustrate the steps

inveolved in the synthesis method.




CHAPTER I

INTRODUCTION

Problem Outline

The problem considered in this study is that of syn-
thesizing a class of measurement systems. A "measurement
system” is defined as a system whose function is to produce
an output which is an estimate of the state of the system in-
put, Included in this definition are instrumentation systems,
servomechanisms, and tracking systems. The design of such
systems frequently involves the necessity of accommodating
several design requirements and constraints simultaneously.
Further, it may be required to measure several inputs which
are in general time varying and may be either random or non-
random., Since it is necessary to provide physical outputs
to convey the measurement information, specified dynamic out-
put elements must be included in the measurement system. In=-
clusion of such elements imposes several physical constraints
upon the problem which must be considered in the system de-
sign. Additional constraints may enter into the problem in
the form of unwanted disturbance signals. As a result of
these various constraints, system design by means of conven-
tional analysis techniques becomes impractical, Therefore,

synthesis techniques capable of accommodating the imposed

constraints are required.



The design of measurement systems, such as those under
consideration here, has been considered éxtensively from an
analysis point of view., Conventional system analysis tech-
niques are presented in the books by Truxal (25) and Laning
and Battin (26). Hammond (1) presents an approach to measure-
ment system analysis which is useful in formulating synthe-
sis procedures,

Techniques for the synthesis of measurement systems
are based on the theory of system optimization, Using this
theory, a system performance index is defined and then an
effort is made to determine a system which is optimum with
respect to the performance index. Such techniques originate
in the literature with the basic work of Wiener (2) on opti=-
mal filter theory. Using conventional calculus of variation
techniques, Wiener showed that optimal filter theory problems
lead to the Wiener-Hopf integral equation. Wiener was able
to solve this equation and determine the parameters of an op=-
timal filter in the case where the system input and distur-
bance signals are stationary and the measurement interval is
infinite., Bode and Shannon (3) presented a simplification
of Wiener's method by developing a model for a stationary
random process in the form of a linear time invariant filter
excited by white noise, Various extéﬁsions of Wiener's method
to include systems with nonstationary input:s and finite meas-
urement intervals appear in the literature (4 - 11). The
methods presented by these authors involve various techniques

for the solution of the Wiener-Hopf integral equation,



Application of optimal filter theory techniques to the
deaign of systems with specified dynamiclsystem constraints
is limited due to an inherent difficulty in treating such
constraints with the formalism of the classical calculus of
variations., Bellman (12) has developed an alternate approach
to the calculus of variations which facilitates consideration
of these dynamic constraints, This approach, called dynamic
programming, has been applied by Bellman to a variety of op-
timization problems in engineering and economics (12, 13).
Merriam (1l4) has applied the dynamic programming formalism
to the design of a class of automatic control systems with
deterministic inputs, The dynamic programming formalism,
however, has not been extended in any general manner to the
optimization of continuous stochastic systems, The work of
Levy (15), on the representation of Gaussian random processes,
enables the model for a random process presented by Bode and
Shannon to be extended to a more general class of random pro-
cesses in a form which is compatible with the dynamic program-
ming formalism,

The purpose of this study is to present a synthesis
method which is applicable to the design of systems with mul-
tiple design requirements and constraints, and to systems
with both stochastic and deterministic inputs and disturbances.
The treatment of stochastic systems 1s not restricted to
stationary random processes, nor to infinite measurement in-
tervals. The method is developed using the dynamic program-

ming techniques. The extension of this technique to include



stochastic systems is facilitated by using a model for a ran-
dom process which is based upon the work of Levy.

Stability criteria, based upon the work of Bertram
and Kalman (16), and Bertram and Sarachik (17), are estab=-
lished for the synthesized systems.

Examples which illustrate the synthesis procedure are

presented.



CHAPTER II
PROBLEM FORMULATION

In this chapter a general physical description of the
problem is given, The general cl#ss of systems to be consid-
ered is defined, and the necessary assumptions are discussed.
The design or synthesis problem is formulated and an outline
of the synthesis procedure is given, The last section of the

chapter is concerned with the matter of notation.,

System Deseription

The class of systems to be considered in this study

can be repreéented by the block diagram shown in Figure 1.

In this figure, the double lines are used to call attention

to the fact that the block diagram is an abstract representa-
tion which indicates the flow of state variables in the sys-
tem, Each state variable is a collection of one or more phy-
sical quantities. In the case of a single input - single out-
put system; the double lines in Figure 1 could be replaced

by single lines representing the single variable physical
quantities.

In Figure 1, the input procesé is to be measured over
some finite time interval of duration T. The plant is the
output subsystem and consists of specified dynamic eléments
such as meter movements, servo motors, etc., which are neces-

sary to produce the required physical outputs. The plant is
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in general subject to disturbance signals which for instance
might consist of electrical noise or random lcad disturbances,
The estimating system is an unspecified subsystem to be deter=
mined by the design procedure. The estimating system func=
tions as a transducer which accepts thelsystem inputs and
produces the signal necessary to act#ate the plant, The de=
termination of the estimating system parameters is to be done
in such a manner that the over-all system performance is op=
timum, Optimum system performance is defined in terms of a
preassigned system performance index. The performance index
for instance might be a measure of the error between a single
input variable and a single output variable, or between a
collection of inputs and outputs each weighted in a preas-
signed manner.

The design or synthesis problem associated with this
class of systems can be formulated as the problem of determin-
ing the parameters of the estimating system such that system
rerformance is optimum, subject to the dynamic system con=

straints imposed by the plant and by the disturbance process,

Physical Considerations and Assumptions

It is assumed that the dynamic behavior of the plant
can be adequately described by a system of linear differen=-
tial equations., This assumption is made only in the interest
of simplifying subsequent calculations and is not a restric=

tion on the general synthesis technique,



It is assumed that onfy limited energy is available
to the plant and that the energy consumed by the plant is a
quadratic functional over the plant inputs X{t)o A mathe=
matical statement of this assumption will be incorporated
into the system performance index to be discussed in Chapter
IV,

The input and disturbance processes are in general
random processes, It is assumed that the first two statisti-
tal moments for each random variable are known, and that the
random variables can be adequately described in terms of the
first two moments. Higher statistical moments can generally
be neglezted since in most practical engineering systems cnly
average and mean square deviations of system performance from
the ideal are of interest,

Finally, it is assumed that the disturbance process
enters into the state of the plant in an additive fashion.

That is, multiplicative disturbances are not considered.

Qutline of the Synthesis Procedure

The synthesis procedure involves essentially the fol=
lowing steps,

(1} A mathematical mcdel is constructed which ade=
quately represents system dynamic behavior.

{2) An index of system performance is defined which
provides a measure of quality of system design.

{3) The synthesis problem is posed as the variation=-

=

a. problem of optimizing system performance with respect Lo



the performance index, subjJect to the constraints imposed by
the dynamic system model.

(4) The variational problem is attacked by means of
the dynamic programming method. Application of this method
results in a functional equation which relates the parameters
of the estimating system to the optimum value of the perform-

ance index.

(5) The functional equation is solved, The solution
results in a specification of the configuration and parameters

of the estimating system.

Notation

State variable notation® is used throughout this thesis,
Using this notation, a dynamic system is described at any time
by the value of its state vector. A state vector is denoted
by a character underlined by a bar. Thus, E{t) denotes a state
vector, and xi(t) denotes the ith' scalar component of the vec=
tor, 1In general; lower case symbols which are not underlined
are used to denote scalar quantities. Capitalized symbols
are used to represent matrices., Thus, A(t) is a matrix with
elements aiJ' The superscript T is used to denote the trans-

pose of a vector or matrix, Thus, if

*See, for instance, Kalman (11),
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The scalar or inner product of two vectors is referred to as
a dot product. Thus; x°y = 5? Y is the dct product of the
vector x with the vector y and x°y = y°X.

The symbol E[x] is used to denote the expected value
of the vector x and expected value is defined as the ensem=-

ble average over all possible values of x at fixed time t.

That is,

]

Elx(t)]

The covariance of the n vector x is defined by

Blafty ), elo.dl = efafe dxle, 171

an nxn matrix.

The norm of a vector is denoted by norm x = lx|| where

roj -

L
2

Ixll = [x% + x2 ccc + x2]% = [x-x] o

A more detailed discussion of the state vector nota-

tion and its relationship to more conventional notation is

-

given in Appendix I,



CHAPTER III
A MATHEMATICAL MODEL

In this chapter a general mathematical model is de=-
fined which is applicable to the class of systems represented
by Figure 1, The mathematical model for the entire system
defined here consists of a combination of subsystem mathe=
metical models which represent the behavior of the plant and
of the input and disturbance processes, The model for the
entire system takes the form of a vector differential equa=
tion,*

The estimating system is initially unspecified and is
described only in terms of its output vector z(t)g an ini
tially unspecified state vector. The plant is given as one
of the design constraints so that its parameters are known,
Thus, the plant output vector can be related to its input
vector which is the same as the estimating system output vec-
tor, This relation constitutes a mathematical mcdel for the
internal system dynamics associated with the plant and esti=-
mating system. The input and disturbance processes are in
general random and a mathematical model must be defined to
represent these random proccesses, The combination of the
models for the input and disturbance processes with that of

the plant results in a mathematical model for the entire sys=

tem.

¥See Appendix I.
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The Plant and Estimating System

The estimating system is initially unspecified, and
its parameters are to be determined by the synthesis proce-
dure. The dynamic behavior of the estimating system is
described by its output state vector y(t) so that the esti-
mating system is specified once y(t) is determined. Since
the plant is specified, its parameters are known, By assump=
tion, in the absence of external disturbance, the plant out-
put vector can be related to the estimating system output
vector by linear differential equations. In conventional no=
tation, the plant outputs would be related to its inputs by
a set of n®P order linear differential equations. More conm=
pact notation is possible using the concepts of state vectors
and vector differential equations, as discussed in Appendix I.
Thus, in the absence of external disturbances, the plant out=-
put vector x(t) is related to the estimating system output

vector y(t) by the vector differential equation

x(t) = aA%(t)x(t) + c,(t)y,(¢) (3.1)

where

x(t) 1is an (mxl) state vector
zl(t} is an (mxl) input vector
A*¥(t) is an (mxm) matrix

Cl(t) is an (mxm) matrix.
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The superscript on the matrix A*¥(t) is used to denote the

fact that the matrix is associated with the state variaeble

X

All quantities in equation (3.1) are specified except
the plant input y(t), which is to be synthesized, The m com-
ponents of the plant state vector x(t) represent the instan-
taneous values of the quantities necessary to completely spec-
ify the plant dynamic behavior. In genersal, if an analog
simulation of the plant is constructed, the m components of

x(t) are the integrator outputs.

A Mgthematieal Model for a Random Process

As mentioned above, the input and disturbance process=-
es are in general random, It is the purpose of this section
to define an appropriate mathematical model for these random
processes, The model used here is similar to that used by
Bode and Shannon (3), but is not restricted to stationary ran-
dom processes,

Subject to the previously mentioned assumption that
only the first two statistical moments are required to desribe
the random processes, a theorem by Doob (18) enables any ran=-
dom process to be represented by an appropriate Gaussian ran-
dom process. Doob's theorem states that for any random pro-
cess with given mean and covariance, there exists a Gaussian
random process with identical mean and covariance., More spec-
ifically, if w(t) is a centered random variable, there exists

a Gaussian random variable w(t) such that
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E(w(t)] = E[w(t)] = 0

Elw(t)w(s)] = E[w(t)w(s)] .

Using this result, it can be shown that any rendom
variable can be represented, insofar as its first two statis-
tical moments are concerned, as a component of a vector ran-

dom variable w,(t) which satisfies

£,(8) = A¥(t)g, (¢) + By(£)a(s) (3.2)

vhere
gi(t) is an (qix 1) state vector
Ag'is a (qyx q4) matrix
B, is a (qix 1) matrix
u(t) is a scalar stationary whife noise process.

In equation (3.2), the first component of Ei(t) is a realiza=
tion of the Gaussian random variable ;i(t), and G(t) is a
stationary white noise process which will be discussed below.
The elements of the matrices A:(t) and Bi(t) are determined
from the first two statistical moments of the given random
process by methods outlined in Appendix III,

Equation (3:2) represents a description of a time vary-
ing filter excited by a stationary white noise process., Since
the filter is time variable, the filter output w(t) is a non=

stationary random process.
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The white noise process u(t) is formally the deriva-
tive of the elementary Gaussian process considered by Doob
(19). Let u(t) denote Doob’s elementary process, then u(t)

has the properties
E[u(t) = u(s)] =0
Elu(t) = u(s)]? = o2 [t=s| .

Also, the u(t) process has independent increments. That is,

if ti‘tzoooactn, then the
bu, = [u(ti+1) - u(ty)] (1 = 1,2,000,n-1)

are mutually independent random variables, With probability
one, u(t) is a continuous process. However, u(t) is not of
bounded variation on any finite time interval so that %% is

undefined, However, for any continuous f(t), the Stieltjes

sum

T
f f(s) du (s)
to

exists and has the properties

t
E [ £f(s) du (s)

=0
t
o
t t
E[[ f(s)du(s)]? = 02 [ £2(s) ds . (3.3)
t, tg

Formally, du(t) can be written as du(t) = u(t) dt, and the

Stieltjes sum as
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t ]
| £(s)u(s)as 5

t
o

Then from (3,3) it follows that formally
Efd(t)u(s)] = o026(t=-s) (3.4)

vhere 6(t) is the dirac delta function., Thus, u(t) has the
properties of a stationary white noise process with spectral
density o2,

Although undefined rigorously, the d(t) process will
be used throughout this presentation as a formal device to
avoid dealing with Stieltjes integrals. The white noise pro=-
cess is employed in a manner analogous to the use of impulse
functions in deterministic systems,

As is shown in Appendix II, the Gaussian random varia-
ble w(t) can be represented as a linear transformation of the
white noise process of the form

t
w(t) = [ G(t,s)u(s)as (3.5)
t

o]
where G(t,s) is defined by equation (A=2.17). The random

variable G(t) is then the output of a linear filter with im-
pulse response G(t,s) excited by the stationary white noise
process u(t), Since G(t,s) is a time varying impulse re-
sponse function, w(t) is a nonstationary random variable.

As is known*, the integral equation (3.5) is equiva-

lent to an appropriate linear differential equation. For the

*Coddington and Levinson (20), pg. 193.
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purposes of this work, it is expedient to convert the inte=
gral equation (3.5) to an equivalent differential equation
representation in terms of the vector differential equation
(3.2), In Appendix III, a procedure is outlined for perform-
ing the conversion from the integral representation to the
differential equation., Using the methods of Appendix III,
the matrix coefficients Agft)g and Bi(t} of equation (3.2)
are specified, thus defining the model for a random process
represented by equation (3.,2). Explicit apecifiéation of the
matrices is given following equation (A=1.13) where the ele=-
ments of Az'and B, are determined from equations (A=1,15),

i
and (A=-3.16), respectively.

The Complete System Model

The complete system model consists of a combination
of the subsystem models previcusly defined. Let 3¢5t) be the
plant disturbance process state vector, w,(t) be the system
input process state vector, and x(t) be the plant state vec-

tor, Then
¥, (t) = AV(t)w,{t) + B, (t)u(t) (3.6)
w,(t) = Aj(t)w,(t) + B,(t)i(t) (3.7)

and sgince it is assumed that the disturbance process enters
the plant state in an additive manner, the plant state in the

presence of the disturbance process is specified by
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x(t) = A%(t)x(t) + Dlejw,(t) + Cc,(tiy (¢ (3.8

where D(t) is an (mxq,) matrix., Then by use of the defini=

tions
X o | |Y;3
a(t) = |u, B(t) = .Bil x{z) = |o
32 ’le 0 i
A* D o ‘cﬂ 0 0
A(t) = [0 A O | c(t) = |0 o0 o0 ;
0 0 Ag 0 0 0

equations (3.6), (3.7), (3.8) can be combined into the single

vector differential equation
z(t) = Alt)z(t) + B(t)u(t) + clt)g(t) . (3.9)

In equation (3.9);, z is an (n=m+q_£-fqzx 1} state vector which
represents the dynamic behavior of the complete system. Egqgua=
tion (3.9) then is a mathematical model for the system shown

in Figure 1. 1In case all system parameters are deterministic,

then B(t) = 0 in equation (3.9).



CHAPTER IV
SYSTEM PERFORMANCE INDEX

In Chapter III, a mathematical model for the class of
systems represented by Figure 1 was defined in terms of the
vector differential equation (3.9). In equation (3.9), y(t)
is an unknown vector function to be specified by the synthe-
sis method. However, before a synthesis procedure can be
formulated, it is necessary to define a system performance
index which serves as a measure of the quality of the system.,
Various specific performance indices have been discussed in
the literature, for instance the mean square error criterion
introduced by Wiener (2). This chapter is devoted to defin-
ing a general class of performance indices applicable to the
prsblem at hand. Necessary mathematical restrictions on the
general class of indices are discussed. The synthesis prob=-
lem is then posed as the variational problem of finding a
x(t) which results in system performance which is optimum with
respect to the performance index, subject to the system dy=-

namic constraints imposed by equation (3.9).

The System Error Functional

An instantaneous measure of the deviation of system
performance frem the ideal can generally be defined as a scal-

ar functional over the system state variables. That is, a
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system error functional e(t) can be defined by
e(t) = F(E..V_gt) 0 (l;._']_)

As an example, if a quadratic error function i1s used in con-

Junction with a constraint on plant energy, then F is of the

form
F(E,z,t) = 2°Gz + y°Qy (4h.,2)

where G, Q are given symmetric matrices which ﬁeight the
various components of the error functional. The first term
in (L.2) represents the square of the deviation of the output
state from the input and the second term is a measure of the
energy supplied to the plant.,

In order that the error functional have some physical
significance, and to insure a solution to the synthesis prob=
lem, certain mathematical restrictions must be placed upon

F(g.x,t)o In particular, if z_ represents the desired system

d
state (the state which corresponds to zero system error),

then it is required that
F(Ed’x.,t) = 0 o (hoa)

Also for z # Ed' it is required that the error rfunctional be
a monotone increasing function of the deviation of z from Ed
for both positive and negative deviations. That is, it is
required that F(z,y,t) += monotonically as [z - zd" o, In

addition, it is required that the error functional be chosen
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such that first and second partial derivatives of'F(E,x,t)
with respect to each component of z and L‘exist and such that
the first partial derivative of F(z,y,t) with respect to t
is continuous on the measurement interval [O,T]°

It should be noted that choice of the error functional
is dependent upon the use of the particular system under con=
sideration. The error functional chosen for any given system
is largely a matter of physical intuition on the part of the
system designer. However, most physically meaningful measures
of system error will conform to the general restrictions

stated above,

The Performance Index

The performance index is a measure of system perform=-
ance over the measurement interval. For this work, the per-

formance index is taken to be a time dependent functional of

the form
Ui
J(t) = [F(z,y,s)ds 0<t<T (4.4)
t

That is, J(t) is taken as a sum of the system error functional
from current time t to the end of the measurem~-* interval.
Errors for time previous to current time t are not included

in the performance index J.t) since errors which have already
occurred cannot be corrected and hence have no bearing on the
current choice of plant inputs. Equation (L4.4) describes the
general class of performance indices to be considered, For
specific systems, it is necessary to choose a specific form

for the error functional such as that given by equation (4.2).
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Optimum Performance

Since the performance index is defined as a measure
of system error, it follows that best or optimum performance
is obtained when J(t) assumes a minimum value. The choice
of the plant input vector y(t) should then be made in such
a manner as to minimize J(t)., However, the fact that z(t)
is in general a random vector precludes the possibility of
finding a y(t) which minimizes J(t) for all possible values
of z(t), A reasonable alternative is to attempt to find a
y(t) such that the probability of J(t) exceeding a specified
small value is small, That is, a y(t) will be sought which

insures that
P[J(t) > a] < b (4.5)

for some appropriate a,b. Using the Chebychev inequality?¥,

the inequality (L.5) is satisfied if
E[J(t)] < N(a,D) (4.6)

where N is some number depending upon a and b. The best hope
for satisfying an inequality of the form (L,6) is to make the
expected value of J(t) as small as possible. The synthesis
problem then becomes one of determining a particular plant
input vector y(t) such that the expected value of J(t) using
x(t) is less than for any other possible plant input vector.

min
Mathematically, the synthesis problem then becomes that of

*Davenport and Root (21), pg. 63.



determining y(t) such that
min

Lnin ~ ¥

subJect to the dynamic system constraints imposed by equa-

tion (3-9)0’
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CHAPTER V
THE FUNCTIONAL EQUATION

In Chapter IV, the synthesis problem was posed as the
variational problem of minimizing the expected value of the
performance index expressed by equation (L.4), subject to the
dynamic constraints imposed by equation (3.9). In this chap=-
ter, the minimization is attacked using the formalism of Bell=-
man’s dynamic programming method (12). The result of the
application of this method is a functional equation which re=
letes the minimum of the expected value of the performance in=
dex J(t) to the plant input vector, y(t), The limiting form
of this functional equation is a partial differential equa-

tion.

Dynamic Programming

The variational problem posed in Chapter IV could be
attacked by the classical Euler-Lagrange variational calcu-
lus. Application of this technique would require that the
constraint equation (3.9) be converted to an equivalent in=-
tegral equation so that the Lagrange multiplier method could
be employed. Then application of the classical variational
calculus would result in the Euler=Lagrange functional equa-
tion. The limiting form of this functional equation is a

partial differential equation, the sclution of which must
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satisfy 4wo point boundary conditions., In general, the Euler-
Lagrange equation is difficult to solve and requires special
computational consideration.*®

The method of dynamic programming, as developed by
Bellman (12), provides an alternative approach to variational
problems such as that posed in Chapter IV. Application of
the dynamic programming method results in a functional equa-
tion, the solution of which is constrained to satisfy only
one fixed boundary condition, Solution of this functional
equation is conceptually much simpler than the solution of
the functional equations which result from thé Euler~Lagrange
technique,

The formalism employed in the dynamic programming me=
thod follows directly from the application of the "principle
of optimality." This principle** states that "an optimal
policy has the property that, whatever the initial system
state and initial decision are, the remaining decisions must
constitute an optimal policy with regard to the system state
resulting from the first decision.”"” In a simple geometric
application, this principle states that any portion of an op=
timal trajectory is an optimal trajectory. A mathematical
statement of this principle, as applied to the variational
problem posed earlier, results in a functional equation re-

lating the minimum of the expected value of the performance

*Sagan (22), pg. 273.
#%Bellman (12), pg. 83,
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index to the plant input vector, y(t), as will be shown in

the following.

Application of the Dynamic Programming Method

The statement of the principle of optimality involves
an initial system state and an initial optimal decision.
Thus to apply the optimality principle to the problem under
consideration, consider an arbitrary time to which belongs
to the measurement interval [O,T']o Let the system state at
this time be denoted by E(to) =2 . Assume that there exists
a x(to) which gives E[J(to)go] a minimum value. For fixed T,
the minimum value of the expected value of J(tb) given z_
is a function only of the time to and the system state z,
since the minimization over y eliminates the functional de-
pendence upon the vector y. Thus, if the minimum is denoted

by the functional ?(Eo,to), then

T
?(Eo,to) = min E{f F(E.xjﬂ)dSI Eo: @ (5.1)
L s

The functional ?(Eo,to) is the minimum of the expected value
of the performance index resulting from the initial decision,
z(to), and can be used to develop a mathematical statement of
the optimality principle.

The integral (5.1) can be expanded into the sum of two

integrals as

t0+ﬁt T
W(Eo,to) = min E{[ F(g,x,s)ds|£° + [ F(g,x,s)dS‘go} (5..2)
¥ tO to+ﬂt
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where At is an arbitrary small time increment and the mini=-
mization operation is performed over the interval [to,r]o
Referring to the differential equation (3.9), which governs
the system state, it can be seen that whatever the value of
x(to), its effect on system state on the interval [toet°+at]
is to change the state from z(t_) = z_  to z(t_+At) or for At
small enough to z(t_+4t) = z +4z, Then using the principle
of optimality, the minimization of the second integral must
be accomplished by a y(t) which is optimum with respect to
the initial z(to) and g(to)a The minimization of the second
integral then becomes a problem identical to that which led

to (5.1) so that (5.2) may be rewritten as

to+ﬁt
¥(z,,t,) = min E{/ F(z,y,s)ds +-?(Eo+ﬁzgto+dt)[go} (5:3)
L to

where the minimization operation is performed over the inter-
val [togt°+at]o Equation (5.3) is a mathematical statement

of the optimality principle in this case,

Equation (5.3) provides a recurrence relationship be=-
tween ¥(z_,t,) and T(£°+A£,to+dt)a To make this relation=-
ship more useful, the term W(Eo+a59to+at) is expanded into

a Taylor series as

Y(z *bz,t +0t) = ¥(z ,t ) + V, ¥(z5,t,)oVz + (5:4)

d

a?(zonto)

3
st + gpl(v, vz ot )eazat +
=0

it
2
- 32v(z_,t,) ,
=74 ¥(z ,t )A2°82 + = e At“ + R
B, AT e | T 2 at?
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where R is the remainder after the second variation and

aL ﬁ.loolﬂ_az-f—

321 522 ) leazn

» e 1

- 2 - - . ]
var(t) =" ; Vif(t) : .

af 32f s .azf

azn anazl aznz

From equation (A-1.17), equation (3.9) has a solu=-

tion of the form
t -1 ;
z(t) = [e(t)e(s)[B(s)u(s) + C(s)y(s)lds . (5.5)
o

Thus the difference Az = £(t°+6t) - z can be expressed as

to+ﬂt -1

Az = [ o(t_)e(s)[B(s)u(s) + c(s)y(s)las . (5.6)
t
o

Using equation (5.6), Az can be replaced in equation (5.4)

yielding
t + t
¥(z ,t,) = min{E(£°F(5,l,s)ds + ¥z ,t,) + 3113%%321¢t +
= o (547)
39, ¥(z 4t,)
[Viov(go,to) + At T, 12
to+At -1 .
[[Te(t )e(s)[B(s)u(s) + Cc(s)y(s)lds] +
t
L, t 40t =) )
[Evgov(go.to)l o(t )e(s)[B(s)i(s) + c(s)y(s)las]-
(o]
t +At -1 ,
[[7e(t, )e(s)[B(s)i(s) + C(s)y(s)las] +
t
o]
azw(go.to)
1 2
5 — AtZ + R)]go} ‘
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Then using the expected value operation in equation (5.7) re-

sults in
av(z, 5t )
-0 ¥
¥(z_,ty) = m;n{E[F(g(t;)gtl)Hgo + ¥(zg,t,) + ——bt +
(5.8)
avy ¥lz st)) ¢ 48t -

[V, ¥lz ,ty) + At—2— 1o[f%0(t )e(s)T(s)y(s)as] +
-0 o t,

- t +ot =) t #0t -1

(297 ¥(zg,t )] o(t,)e(s)C(s)y(s)as]-[[%0(t _)e(s)C(s)y(s)ds] +
(o] to to

t +At - -1 ; % ,t.)

1 | |
E{OB(S)@(s)¢(to)V£bW(£o,to)¢(t°)¢(s)B(s)ds + 5 7

AtZ +

0

In equation (5.8), the mean value theorem for integrals has
to+nt

been used on the integral f F(a,z,s)ds and t; is a time be-
to

tween t, and t +At,

Now dividing equation (5.8) through by 4t, taking the
limit as At—+0, noting that

1 t0+ﬂt -i
ti303;¥ e(t )e(s)c(s)y(s)ds = A(t )z, + C(t )yl(t,)
o

and assuming that lim R =0 yields
at+0 At

0 = min[F(z ,y,,t ) + vao?(go.to)o[A(to)go #Cltg gl #

(5.9)
a¥(z _,t ) . B D azw(zo,to)
—tpi g & § § b b ]
at 2 ¥y b 35 9z i
i=1lj=1 g g m-j+l m-i+l

Equation (5.9) is a functional equation relating the minimum
of the expected value of J(t) tc the plant input vector at

time too However, since to is an arbitrary time, equation
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(5.9) holds for any time on the measurement interval [0,T].

Equation (5.9) then can be rewritten as

2(200) o mintP(zy,t) + ¥, ¥(z,1)c [A(x)z(s) + Cx)y(n)] +
9T Y
n n 32*((' ) (5010)
L Se—tZale g b }
e izljzl e

where t = T=t, The initial conditions for the partial diff-
erential equation (5.10) can be established from equation
(5.1),

Equation (5.,10) is the functional equation of the dy=-
namic programming method, By performing the minimization
with respect to y, a relationship between the plant input
vector y(t) and the functional ¥(z,t) is obtained., Then af=-
ter eliminating y(t) from (5,10), a partial differential eq-
uation involving only ¥(z,t)} results, This equation will
be used in Chapter VII to obtain solutions for specific sys=
tem error functionals.

It should be noted that for stationary systems when
the interval [0,T] approaches infinity, the pariial deriva-
tive %; in equation (5.10) becomes zero. The computation
considerations required to solve equation (5.10) are then
much simpler, In a practical situation, this case would oc-
cur when the time constants associated with the system inputs
are significantly larger than the longest plant time constant,

The fact that the functional ¥(z,7) which solves eg~-

uation (5,10) provides a unique minimum of the performance
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index can be verified by a contradiction argument, Assume
that there exists a different functional g(i,r) which is
smaller than ?(E,r)o That is, assume g(z,7) satisfies

35%%;11 = min{F(z,z,7) + V,e(z,7) [A(r)z + Cy] (5.11)

nnz
+£zz delzar)y,
=1lj= J m=j+l m-i+l
with g(z,0) = 0, and g(z,7) < ¥(z,7).
Let y = y* be the vector which provides the minimum

in equation (5.10), and Yy = ¥ be the vector which provides

the minimum in (5.11). Then from (5.10)

n n
Y F(E'x*'t) + vz\p.[ﬁi + cxl] + }.Z Z aa L b
T 1=13=1 °%1°%3 m-i+l m-g+1
(5:12)
and from (5.11)
g ;oY
= F(z,f,7) + v _g-[Az + C§] + I ) —E b b
ot z 2i= =1lJ= 1az 3ZJ m-i+l m-j+1
(5.13)
From equation (5.10), it follows that
- n n 2
Y > F(i,y,r) + Vzg-[AE + Cyl + % E X 33—%——b b
x 1=213=1°%21°%45 m-i+l m-j+1
(5.1L)
but if (5.11) holds then
n n 2
3 9y
5% > Flz,y*,t) + v, ¥ [Az + Cy*] + Lol srae b b .
1=13=1°%1°%3 m-i+l m-j+l

(5.15)
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Using these inequalities, there results

¥ _ 3 -
= = 35 2 [v,¥ - v glelaz + cgl > [V, ¥ - V,gle[Az + Cy*] .

(5,16)
To simplify (5.16), let £ = =g then (5.16) becomes
- af
vzfa[A-z- + CI] ->_ F[- .>- szo[AE_ + Cl*] (5017)
or as separate equations
9f _ v fe[Az + Cy] > O (5.18)
9T Z = -
af

- . *» .
v felAaz + cg*] < 0

r

T

But from (5.1), it follows that the minimum of the expected
value of J(T) equals zero so that f(z,0) = 0. Then since
the equations (5.18), with the equality holding, have identi-

cally zero solutions for f(g,O) = 0, it follows that



CHAPTER VI
SYSTEM STABILITY

The fact that the ¥(z,7), which furnishes a solu=-
tion to the functional equation (5.,10), minimizes the ex=-
pected value of the performance index does not by itself
guarantee that the resulting system is stable in the sense
that the system output vector converges toward the input
vector with time. It is, therefore, necessary to determine
the conditions such that a stable system results from the
synthesis procedure. As pointed out by Kalman (16), one
method for doing this is to relate the functional ¥(z,1) to
a suitable Lyapunov function, This section is devoted to
establishing system stability criteria by means of Lyapunov
stability theory. 8Since the systems under consideration are
in general stochastic, only stability in the mean or average
sense is investigated. Lyeapunov stability theory has been
interpreted for stochastic systems by Bertram and Sarachik

(17) and the following discussion is based on their work.

Definition of Stability

System stability is a measure of the deviation of
system motion from a specified or fixed trajectory. 1If Ed(t)
denotes the desired system state {(the state which results in

zero for the expected value of system error), then the
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question of stability involves a measure of the difference
between the expected value of the system state z(t) and Ed(t).
More specifically, the following definitions of stability

apprly.

Definition 1. Stability

Ed is a stable in the mean system state if for any

€>0 there exists a 6(e)>0 such that for Hz(to)lké(e)

E[Hgft)-_d(t)"]<e t3ty

Definition 2, Asymptotic Stability

Eﬁ is asymptotically stable in the mean if it is
stable (Definition 1) and for each toe[O;N] there
exists a §(t,)>0 such that lim E[]lz(t) - Ed(t)”]+°
whenever-E[Hg(to = Ed(to)H]:;(to) t>t .

For most engineering application, the stronger asymp-
totic stability is required since stability in the sense of
definition one allows oscillation about the specified state.

The application of the Lyapunov stability thecory to
a given system consists of defining a Lyapunov function with
properties which imply the desired type of stability. Asymp=-
totic stability for the class of systems under consideration
is implied by the existence of a Lyapunov function which sat=-
isfies the following theorem,

Theorémw (Bertram and Sarachik (17))

If there exists a Lyapunov function V(E,t) such that

a. V(zg,t) =0
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b, V(Eet) is continuous in z and t and the first par-
tial derivatives of V(z,t) with respect to each component of
z and t exists,

c. Vizyt)2a(lzl)>o z # 2z

d, There exists a continuous, nondecreasing function

B(llzIl) such that v(z,t) < 8(llzll).

e,

Efgié%iil} < -g(“a") where g("g") has the properties
g("gd”) = 0, g>0 otherwise, and g(|/z]|)»» monotonically at
”E‘Ed"+“° Then, 24 is an asymptotically stable in the mean
system state,

The conditions necessary for a stable system can now
be determined in terms of the above stated theorem., The gene=
ral procedure involved in determining these necessary condi-
tions is to relate the functional ¥(z,t) discussed in Chapter
V to an appropriate Lyapunov function.

To relate the functional ?(ﬁgt) to the Lyapunov func=-

tion V(z,t), consider the differential equation

min E{QXiziil + Flz,y,t) |z} =0 . (6.1)
¥ at - 0

Since the error functional F(igzgt) was restricted in Chapter
IV to be greater than zero for z # Z4 and equal to zero for

Z = 255 it follows that the V(z,t) which solves equation (6.1)
satisfies condition (e) of the theorem, Upon integrating

equation (6.1) from t, to = there results
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V(Eo,to) = min E{f F(ESIQS)dSiEb} ‘ (6.2)
r ot

From the restrictions imposed upon the'functional'F(E,I,t)
in Chapter IV, the v(50°tc) in equation (6.2) satisfies con~
ditions (a) and (b) of the theorem. Also, since F(z,y,t) is
always greater than or equal to zero, condition (c) is also
satisfied by V(Eo,to), Since t, is arbitrary, these condi-
tions are also satisfied for any t in the interval [0,=].
It follows from the theorem then that if V(iet)-élso satis=-
fies condition (d) of the theorem, then V(z,t) is an appro-
priate Lyapunov function.

Now by comparing equation (6,2) with equation (5.1),

it follows that

V(z,t) = ¥(z,t)]| 5 (6.3)
T=e

Consequently, if the (z,t) which furnishes a solution to the
functional equation (5.10) satisfies condition (d) of the
theorem for T = o, then the system resulting from this solu-

tion is asymptotically stable in the mean,
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CHAPTER VI
SYSTEM SYNTHESI S

In Chapter |V, the error functional F(z., Vs t) has
been discussed in general terms, To design a system for a
particul ar application, however, it is necessary to select
a specific error functional and correspondi ng performance
index. In this chapter, the functional equation (5.10) is
solved for two inportant classes of performance indices
which satisfy the conditions specified in Chapter 1V, These
are a mninum squared error performance index, and a final
val ue performance index* In both cases it is assumed that

a constraint on the plant input energy exists,

M ni mum Squared Error
Consi der a system described by equation (3,9) o Let
w« "¢ the system input vector, and x the plant output vector ,
The instantaneous value of the square of the difference be-
tween the respective conmponents of + and .x can be expressed

as
T
e? = (x-w) »G(Xx- W) (Tel)
where G is a continuous symetric nmatrix which weights the
various elements of e?, For instance, if only the error be-

tween the first conponents of w, and x is of interest then



