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SUMMARY

Ultrasound has emerged as a novel modality for the treatment and imaging of brain

diseases. When enhanced by circulating microbubble agents, which scatter sound and

vibrate in response to the incident ultrasound, it can enable a range of new therapeu-

tic interventions and open new possibilities for imaging. Despite these advancements,

the skull remains a major challenge both for therapy and imaging. This work pro-

poses methods for fast, frequency-selective passive reconstruction of the acoustic �eld

through human skull with applications including improved targeting for exploitation

of nonlinear acoustic e�ects in the brain, controlling the microbubble dynamics, and

super-resolution imaging.

�Robert Hooke, Posthumous Works(1705)

xv



Chapter 1

Introduction and Background

The use of ultrasound as a medical imaging modality has become nearly ubiquitous

in the last half-century, largely due to its large tissue penetration depth, low cost,

and use of non-ionizing radiation.1 More recent work has also demonstrated the util-

ity of higher intensity ultrasonic �elds for therapy, exploiting mechanisms as ther-

mal ablation,2 shock-wave pulverization,3,4 and cavitation-aided liquefaction.5 While

ultrasound-mediated imaging and therapeutic techniques have seen broad clinical

adoption, their use toward diagnosis and treatment of central nervous system dis-

eases is signi�cantly more limited due to the brain's robust and relatively impervious-

to-sound encasement: the skull.

Through signi�cant technological advancement in the last two decades, use of fo-

cused ultrasound (FUS) has enabled successful pilot studies toward the treatment of

central nervous system diseases in humans.6 Some techniques exploit controlled de-

position of thermal energy,7�11 while in others, stabilized microbubble contrast agents

are used to induce localized mechanical forces to disrupt temporarily the blood-brain-

barrier (BBB) with the aim of improving delivery and uptake of therapeutics.12�14

Moreover, with current methods for corrected focusing through the skull, only a small

part at the center of the brain can be treated. Hence di�erent aberration correction

methods that will potentially allow to expand the treatment envelope of current FUS

systems are urgently needed in order to utilize the potential of this technology to

the treatment of brain diseases. Additionally, to ensure treatment safety and e�cacy,

monitoring and control of the acoustic �eld is paramount.

Extant active acoustic imaging methods are largely ine�ective for trans-skull appli-

cations: the impedance contrast presented by the skull has required workarounds such

as thinning of the bone;15 restriction to only the thinnest region of the skull (temporal

window);16 craniectomy to create an acoustic window;17 or use in infants whose skulls

are not fully formed.18 Passive (i.e., listen-only) acoustic mapping methods have, at

the cost of degraded resolution, demonstrated successful imaging through the skull.

1



However, current approaches19,20 are computationally expensive, and have yet to be

demonstrated with su�cient speed for real-time imaging, a necessity for therapeutic

guidance. Therefore, e�cient methods for imaging of the acoustic �eld through the

skull are needed.

Addressing these challenges requires considered manipulation of ultrasound in

the highly heterogeneous and complex acoustic environment represented by the skull.

Thus, the immediate task is to understand and predict the propagation of these pres-

sure waves. While full-waveform modeling21�23 has made great strides in recent years,

the size of the skull (� 10 cm) is very large compared to the wavelength at the mega-

hertz frequencies of interest (� 1 mm). Thus representing the full geometry with sim-

ulation the requisite grid sizes�especially for realistic 3D environments�becomes

intractable without recourse to specialized computing resources. Spectral approaches

have been proposed to enable fast prediction24 and reconstruction25 of the acoustic

�eld, but their derivations assume a homogeneous medium.

The central innovation of this work is extension of the frequency domain angular

spectrum approach to account for heterogeneity of the medium�i.e., the presence

of the skull in the region of interest. Following the derivation of the heterogeneous

angular spectrum approach in Chap. 2, several applications to existing challenges

in brain imaging and therapy are explored. Speci�cally, �rst the improvements en-

abled for focusing (Chap. 3) and passive acoustic mapping (Chap. 4) are evaluated.

Next, given the relatively low resolution of passive maps, complementary methods

based on recent techniques for improving the e�ective resolution are investigated

(Chap. 5). Finally the feasibility of the improved focusing method is discussed to-

ward targeted, low-frequency applications through exploitation of nonlinear acoustic

phenomena (Chap. 6).
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Chapter 2

The Heterogeneous Angular Spectrum Approach

2.1 Introduction

Most generally, the angular spectrum approach (ASA) is a method of solving the wave

equation in the spatial frequency domain.26 It may be considered a decomposition of

the harmonic �eldy into plane waves that travel with a continuous spectrum of direc-

tions, with appropriate phases and amplitudes such that their summation yields �elds

of arbitrary spatial distribution. 27 Plane waves are mathematically convenient, as the

propagation through space of each component may be modeled with a simple phase

delay. Coupled with fast Fourier transform (FFT) algorithms,28 the method enables

exceptionally e�cient computations and is naturally suited to real-time applications.

In addition to generating speci�c �eld patterns, of particular interest for the ASA here

is the recovery of the volumetric wave �eld from a surface measurement of the phase

�eld (i.e., boundary condition), a process known as holography.29

However a major limitation of the ASA for biomedical acoustics is the assumption

of a homogeneous medium. While the method is relatively robust to weak heterogene-

ity (density and compressibility changes on the order of a few percent) its performance

in more complex environments, including that represented by the intervening skull,

su�ers from distortion caused by signi�cant refraction and attenuation of the acoustic

energy�e�ects not accounted for in its formulation.

In this chapter, a governing equation for the ASA in a heterogeneous medium

is derived, and solutions are presented with general numerical algorithm, and an

analytical result valid for a strati�ed medium. To prevent distraction from the through

line of the derivations, the bulk of the evaluations and low-level details have been

relegated to Appendix A; see there for full details.

yFor linear acoustic propagation, the restriction to a single frequency does not sacri�ce generality, as
arbitrary �nite duration time series may be written as summation of their Fourier series.
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2.2 Canonical Formulation

Notation Convention Throughout this thesis, a negative time convention is used.

That is, a harmonic function f ¹tº = f0 cos! t will be written f ¹tº = f0e� i ! t , where the

real part of f is to be taken implicitly. The choice is arbitrary, but dictates the sign of

the kernel in the temporal and spatial Fourier transform pairs. Thus herein

F » � ¼ �
¹ 1

�1
¹ � ºei ! t dt (2.2.1)

F k» � ¼ �
º 1

�1
¹ � ºe� i ¹kx x+ky yº dx dy (2.2.2)

Results for the positive time convention/ exp+ j ! t can be obtained from the pre-

sented results via the substitutioni ! � j .

The acoustic pressurep of interest is taken to be governed by the homogeneous

wave equationy

r 2p �
1

c2
0

@2p
@t2 = 0; (2.2.3)

where c0 is the (constant) small-signal sound speed. Since linear propagation is as-

sumed, it is su�cient to consider a single frequency pressure wave, as arbitrary time

series signals may be assembled from these harmonic components. Taking the tem-

poral Fourier transform of Eq. (2.2.3) and use of the fact thatF »@2p•@t2¼= � ! 2 ~p z

gives the homogeneous Helmholtz equation

¹r 2 + k2º~p = 0; (2.2.4)

where ~p = F »p¼and k � ! •c0 is the wavenumber. The ASA is derived by applying

yEquation (2.2.3) is valid for small-signal (linear) pressure waves in a lossless, inviscid, homogeneous
medium. This chapter speci�cally address the latter requirement; restrictions imposed by the other
assumptions are discussed in Sec. 2.7.

zNote that p may be written as the inverse transform

p = F � 1»~p¼=
1

2�

¹ 1

�1
~p e� i ! t d! ;

so that

@p
@t

=
@
@t

�
1

2�

¹ 1

�1
~p e� i ! t d!

�
=

1
2�

¹ 1

�1
� i ! ~p e� i ! t d! = F � 1» � i ! ~p¼:

Taking the forward transform of this expression givesF »@p•@t¼= � i ! ~p, i.e., that time derivatives of
p become multiplications by� i ! in the frequency domain.
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Figure 2.1: (a) Geometric interpretation of the wavenumber directional
components.(b) Propgation of the �eld via multiplication by a transfer func-
tion in the spatial frequency domain.

the spatial Fourier transform F k to to yield an ordinary di�erential equation for its

angular spectrumP¹kx; ky; zº = F k»~p¼

d2P
dz2 + k2

zP = 0; (2.2.5)

where k2
z = ¹! •c0º2 � k2

x � k2
y.

By application of the temporal and spatial transforms, the multivariate partial

di�erential wave equation [Eq. (2.2.3)] has been transformed to an ordinary di�erential

equation in z [Eq. (2.2.5)]. Note however that there is no computational advantage to

this transformation in principle; while Eq. (2.2.5) is simpler to solve, a solution must

be found for all temporal frequencies! and for each set of spatial frequencies¹kx; kyº

corresponding to that frequency, and then their inverse transforms superimposed.

However, in many applications, only a small band of frequencies are of interest and

thus only a small subset of the data must be processed. This reduction comes at the

cost of performing a Fourier transform of the data, but the ready availability of fast

Fourier transform (FFT) implementations makes this an attractive trade-o�.

The term �angular spectrum� is used since the transformation from ~p to P is

mathematically equivalent to writing the �eld as a continuous distribution of plane

waves with a spectrum of wavenumbers¹kx; kyº. From the identity ¹! •cº2 = k2
x+k2

y+k2
z,

each of these wavenumbers are associated with an angle, which describe the direction

of propagation of the plane wave component, i.e.,cos� i = ki • k0 as shown in Fig. 2.1(a).

Plane waves are exceptionally convenient mathematically, as their value at any point

in space can be found via a simple phase shiftk � r , wherek � kxex+ kyey+ kzez. Thus,

if the pressure �eld is measured at some reference planez = 0 (i.e., at the transducer

face), and its angular spectrum at that planeP0 = P¹kx; ky;0º is computed. If there
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are no backward-travelling waves, then Eq. (2.2.5) has the solution

P = P0 eikzz : (2.2.6)

The full acoustic �eld in any plane may then be reconstructed with Eq. (2.2.6) and

evaluation of the inverse transform.

The e�ciency of the ASA toward biomedical ultrasound applications compared

to, e.g., delay-and-sum beamforming methods (see Chap. 4) lies in the fact that the

shift and sum operation represents a convolution that is converted to a multiplication

in the frequency domain. Additionally, the spectral selectivity means that only the

frequencies of interest need be manipulated, rather than the entire time series for

every receiver channel.

2.3 General Heterogeneity

Equation (2.2.6) is derived in the case thatc0 is a constant material property. In

the case that the sound speedc¹r º changes slowly compared with the wavelength,y

propagation may be described by»r2+ ! 2•c2¹r º¼~p = 0. Then application of the spatial

transform yields

d2P
dz2 + k2

zP = � � P : (2.3.1)

In Eq. (2.3.1), � = F k
�
k2

0¹1 � � º
�
, k0 = ! •c0, � = c2

0•c2, c0 is a reference (average)

sound speed, and� denotes a 2D convolution over the wavenumber componentskx

and ky. Comparing with Eq. (2.2.5), the heterogeneity appears as a source term in the

governing equation. In the general case, the implicit solution of Eq. (2.3.1) may be ob-

tained with a Green's function technique30�32 to give, for the same source conditions,

P = P0eikzz +
eikzz

2ikz

¹ z

0
e� ikzz0

¹� � Pº dz0: (2.3.2)

yThe speci�c requirement is that jr � • � + 2r c•cj¹! •cº � 1; see Appendix B.1. Thus while strictly it
is independentlyrequired that the density varies slowly, the density and sound speed are intrinsically
related through c2

0 = K• � 0, whereK is the bulk modulus of the �uid.
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While Eq. (2.3.2) remains implicit, approximation of the integral with a �rst order

Riemann sum may then be used to computeP at arbitrary z via

Pn+1 � Pneikz� z +
eikz� z

2ikz
¹Pn � � º � � z; (2.3.3)

wherePn = P¹kx; ky;n� zº. The use of the �rst-order approximation to replace the inte-

gral imposes restrictions on the choice of step size� z. Fundamentally, it is governed

by the gradient of the medium heterogeneity with respect to the wavelength. A more

detailed consideration is given in Appendix A.3.1, but as a general rule use of� z less

than 1/6 of the wavelength will give reasonable results.

2.4 Strati�ed Heterogeneity

In the special case of a strati�ed medium, i.e., one whose sound speed is a function

only of the axial coordinatez, then the convolution in Eq. (2.3.1) may be evaluated33,34

to give

@2P
@z2 + k2

zP � � P = 0; (2.4.1)

where � = F � 1
k »� ¼= k2

0¹1 � � º. Assuming a solution of the formP = A¹kx; ky; zº eikzz

(WKB method35), and retaining only �rst-order termsy the solution for the angular

spectrum is then

P = P0 exp

"

i

 

kzz �
k2

0

2kz

¹ z

0
1 � � ¹z0ºdz0

!#

: (2.4.2)

Note that for a homogeneous medium, then� = 1, and the uniform case [Eq. (2.2.6)]

is recovered.

2.5 Comparison of Results

Reference 36 presents a general forward simulation scheme that includes nonlinearity

and attenuation. In the absence of these e�ects, Eq. (12) of that reference becomes

yDiscarding the second derivative term speci�cally requires thatj¹k2
0• k2

z º¹1 � � ºj � 1; see Ap-
pendix A.3.2. Thus for k0 � kz (paraxial approximation), this requirement is that � � ¹ 1 + c0•c0º� 2 '
1 � 2c0•c0 � 1, i.e., that the relative magnitude of the sound speed changes should be small. Thus the
strati�ed correction is more restrictive than the general case, as it is valid when the speed of sound
changes are both gradual and small. The general case requires only the former condition.
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(with the present notation)

M = F k

nh
k2

0

�
1 � c2

0•c2
� i

� ~p
o

= � � P : (2.5.1)

Substitution of this M into Eq. (11) of Ref. 36 recovers Eq. (2.3.2) obtained here,

indicating the consistency of the results.

To compare the strati�ed result with the general case Eq. (2.3.3), rewrite Eq. (2.4.2)

as

P = P0eikzz exp
�

1
2ikz

¹ z

0
� ¹z0ºdz0

�
: (2.5.2)

Expansion of the exponential term (justi�ed below) gives

P ' P0eikzz
�
1 +

1
2ikz

¹ z

0
� ¹z0ºdz0+ : : :

�
: (2.5.3)

Retention of �rst order terms and approximation the integral as a left Riemann sum

gives

Pn+1 ' Pneikz� z +
eikz� z

2ikz
Pn� ¹zº � z + O

�
¹� zº2�

: (2.5.4)

In the strati�ed medium case,� � P = � P, so that Eq. (2.3.3) agrees with Eq. (2.5.4) to

O
�
¹� zº2

�
�which is the expected result as it is the �rst order solution of Eq. (2.4.1).

Use of the truncated expansion in Eq. (2.5.3) requires that

1
4

�
k0

kz

� 2 �
k0

¹ z

0
¹1 � � º dz

� 2

� 1 : (2.5.5)

In the far �eld (the region of interest for most biomedical applications), the paraxial

approximation dictates that �rst term is of order 1. Equation (2.5.5) is true then if

� � 1, i.e., for relatively weak inhomogeneity�which is the condition under which the

wave equation withc ! c¹r º is valid.37
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Figure 2.2: (a) The �rst term in the phase correction described by
Eq. (2.5.8) is due to the dilation or contraction of the wavelength due to
the change in sound speedc. (b) The second term in Eq. (2.5.8) accounts
for the distance d betweenz values for the plane wave component having
an orientation de�ned by kz.

2.5.1 Interpretation of Results

By inspection, Eq. (2.4.2) represents a phase delay� to the homogeneous medium

case of

� =
k2

0

2kz

¹ z

0
1 � � ¹z0ºdz0: (2.5.6)

Equation (2.5.6) may be thought of as accumulation of phase shifts incurred as the

wave travels through an in�nitesimal width dz, i.e., � =
¯

d� , such that

d� = ¹k2
0•2kzº ¹1 � � º dz: (2.5.7)

Since Eq. (2.4.2) required thatc0•c0 is small, � ¹zº � ¹ 1 + c0•c0º� 2 can be expanded so

that

d� '
k2

0

2kz

�
1 �

�
1 � 2

c0

c0

� �
dz

'
k2

0

2kz

�
2

c0

c0

�
dz =

�
c0

c0
k0

� �
k0

kz
dz

�
: (2.5.8)

The term ¹c0•c0ºk0 has the form of an e�ective wavenumber, accounting for the di-

lation or contraction of the wavelength due to the di�erence in sound speed fromc0

[Fig. 2.2(a)]. The second term¹k0• kzºdz is the distance between the two in�nitesi-

mally separated planes for a plane wave traveling with propagating wavenumberkz.

The extra phase then assumes the familiar form� � ke� d, see Fig. 2.2(b). With these

solutions for the ASA in heterogeneous media in hand, their application to problems in

trans-skull ultrasound are now considered; namely e�cient focusing to correct for dis-
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tortions induced by the skull; passive beamforming for source localization accounting

for aberration induced by the same; improving the e�ective resolution of the obtained

images of the vasculature; and evaluating the feasibility of nonlinear acoustic e�ects

in the brain.

2.6 E�ects of Discretization

Before considering applications of the theory, some practical details of its implementa-

tion should be addressed. The formulation of the ASA and HASA in this chapter has

thus far assumed that the full, continuous pressure �eld is known at every point in the

z = 0 plane for all time. However, in any practical application, the �eld is discretely

sampled in time (digital conversion) at a �nite number of receiver positions (due to

the limited spatial extent of the transducer and the discrete positions of each element).

The e�ects of temporal discretization are perhaps more familiar, and for which

the Shannon-Nyquisty theorem39,40 states that accurate reconstruction of a discretely

sampled function requires the continuous signal to be sampled at a rate at least twice

that of the highest frequency contained in the signal for accurate reconstruction from

its Fourier series. The spatial analog is a consequence of the same theory; namely that

reconstruction of a spatial signal with highest spatial frequencieskx and ky, must be

sampled at intervals� x and � y that satisfy41

� x �
�

jkx j
and � y �

�
jky j

: (2.6.1)

Equivalently, this requirement is that �eld is sampled at least twice per wavelength,

since jkx j � j kj = 2� • � . Note however that this statement represents a lower bound

on the sampling (i.e., any �eld with wavelength � may be reconstructed with this

sampling). But, for the transverse components of the wavenumberkx; ky / k0 sin¹� º,

where � is the azumuthal angle; thus if the received wavefronts are approximately

normal to the receiver plane, then these wavenumbers will be appreciably smaller than

yThe conventional name is used here, though as noted by Ref. 38, the naming convention rarely captures
the nuance of its development:

The numerous di�erent names to which the sampling theorem is attributed in the literature�
Shannon, Nyquist, Kotelnikov, Whittaker, to Someya�gave rise to [. . . ] discussion of its origins.
However, this history also reveals a process which is often apparent in theoretical problems in
technology or physics: �rst the practicians put forward a rule of thumb, then the theoreticians
develop the general solution, and �nally someone discovers that the mathematicians have long
since solved the mathematical problem which it contains, but in �splendid isolation.�
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k0, and the spatial variation of the �eld will be appreciably larger than� . Therefore,

spatial sampling of the �eld may be coarser than two samples per wavelength, at the

cost of reduced angular resolution.

The separate issue of a spatially �nite sampling of the �eld must also be considered.

Mathematically, the e�ect of a measurement by an aperture of lengthL may be seen

by application of a window function (i.e., rect¹xº, de�ned to be unity for jxj < 1 and

0 otherwise) to the full �eld. In 1D, this becomes

P0 = F k

h
rect

� x
L

�
� ~p¹xº

i
= P � L sinc

kxL
2

: (2.6.2)

When kxL . 1 the aperture has the e�ect of introducing spatial frequencies not

present in the true signal.y This e�ect can be mitigated with the use of zero padding.

That is, L may be made arbitrarily large by assuming the �eld vanishes everywhere

outside the aperture, i.e., computationally appending 0s to the measured data; see

Fig. 2.3(a). Qualitatively, this approximation requires that any sources of interest lie

squarely within view of the aperture.

Some care must be taken in the padding, since assumption of a vanishing �eld

for jxj > L•2 may introduce sharp changes in the boundary condition. Represent-

ing this �eld in the spatial frequency domain requires very high spatial frequencies,

whose propagation may introduce signi�cant errors in the reconstructed �eld. Mathe-

matically, these e�ects are identical to spectral leakage due a rectangular apodization

function in time series analysis. To avoid such artifacts, the measured data are win-

dowed, such the pressure amplitudes decay smoothly to 0 at the ends of the aperture.

A Tukey window is typical for applications,41,42 namely,

W¹xº =

8>>>>><

>>>>>
:

1
2

n
1 + cos

h
2�
� L

�
x + 1� �

2

� io
x 2

h
� L•2; L¹� � 1º•2

�

1 x 2
h
L¹� � 1º•2; L¹� + 1º•2

i

1
2

n
1 + cos

h
2�
� L

�
x � 1� �

2

� io
x 2

�
L¹� + 1º•2; L

i
; (2.6.3)

where � is a parameter representing the fraction ofL over which a cosine taper is

applied. For � = 0, Eq. (2.6.3) gives a rectangular window, while for� = 1 gives

a cosine window, see Fig. 2.3(b). With these concerns in mind, for all results that

employ the ASA or HASA presented herein, the following processing steps have been

applied in the numerical implementation

yConversely, note that asL ! 1 , the second term approaches a delta functionL sinc kx L
2 ! � ¹kxº.

And since P � � ¹kxº = P, an in�nite aperture recovers the continuous result,
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Figure 2.3: (a) Schematic of computational domain for reconstructions
and e�ect of windowing. (b) Tukey window functions [given by Eq. (2.6.3)]
for the indicated values of� .

1. Measured data have been zero padded such that the size of the padded aperture

is four times the width of the physical aperture [Fig. 2.3(a)].

2. A Tukey window with � = 0:25 was applied to the measured data.

Thus while for simplicity P0 is taken to meanF k »~p¹x; y;0º¼, it is strictly the padded,

apodized version given by Eq. (2.6.2). The stated conditions are not necessarily opti-

mal for all cases, but represent a reasonable values to limit the number of variables

for di�erent applications, and were seen to give reasonable results for axial distances

on the order of the array aperture (i.e., forz � L).

2.7 Summary of Contributions

Presented in this chapter were two results that enable extension of the fast, frequency

domain angular spectrum approach to account for propagation in heterogeneous me-

dia. The �rst, given by Eq. (2.3.3) is a numerical approach that marches in the axial

direction z and accounts for arbitrary spatial variation of the sound speedc0, pro-

vided these variations occur over scales that are large with respect to the wavelength.

The second, Eq. (2.4.2), is an analytical correction to the phase of the angular spec-

trum, and is valid when the sound speed varies only in the direction perpendicular

to the initial condition, and when the magnitude of these changes are small (i.e.,

j¹c � c0º•c0j � 1). Coupled with considerations for their practical implementation

(Sec. 2.6), these techniques may now be evaluated for applications in several aspects

of trans-skull ultrasound.
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Chapter 3

E�cient Transcranial Focusing

3.1 Introduction

The use of focused ultrasound to manipulate brain tissue through the skull acoustically

is of signi�cant clinical interest. The potential of focused ultrasound to create isolated

regions of high temperature or mechanical force noninvasively was realized nearly a

century ago;43,44however its use for applications in brain diseases has been stymied by

the skull e�ects: namely the re�ection, refraction, and absorption of acoustic energy.45

Early approaches for FUS in the brain used a single or a few radiating piezoelectric

elements, and required removal of portions the skull near the treatment area.46�48

While single element, trans-skull focusing was demonstrated49,50 skin burns51 and

skull heating due to acoustic absorption52 prevented clinical adoption. In addition

to absorption, aberration caused by distortions of the �eld due to the skull, cause

a loss of coherence and a shifted or weakened focal region,53 a problem that also

complicates trans-skull mapping (see Chap. 4). In this chapter, current challenges

for fast calculation of focal corrections to handle the skull are introduced, and the

HASA developed in the previous chapter is evaluated for its ability to compute these

corrections e�ciently.

3.1.1 Transcranial FUS Therapy

Advances in transducer technology eventually enabled construction of arrays of indi-

vidual elements whose phases could be controlled independently, leading to methods

to correct for skull aberrations.54�56 While these corrections nominally required inva-

sive measurement,55 the use of MRI or CT for image guidance53,57�59 allowed these

corrections via simulation.60 Subsequently, hemispherical arrays,61�63 whereby tens to

hundreds of individual elements are arranged concentrically with diameters of about

30 cm, were developed. These arrays distribute the transducers over a large area, so as

to reduce skull heating, and allow implementation methods to correct aberrations, and
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thus provided the basis for the �rst clinical uses.7 Currently, these systems are in use

to treat essential tremor,9,64 and chronic pain,8,65,66while ongoing work is evaluating

its use in treating Alzheimer's disease,14 depression,67,68 and Parkinson's disease.69

While great strides have been made to date, hemispherical arrays are limited to the

central region of the brain for thermal ablation, necessitate liquid cooling of the skull,

and require expensive MRI guidance.70,71 Single element techniques have also found

uses at lower intensities for neuromodulation72 and BBB disruption with intracranial

implants12 in humans. Additionally, recent novel fabrication techniques have enabled

realization of transducers for imaging72�75 and therapy76�78 hold promise for further

innovation and enabling of US guidance. Many of these applications take advantage

of recent developments in microbubble contrast agent technology, which enable fur-

ther enhancement and localization of the mechanical and thermal e�ects of FUS.79

However, to enable adaptive focusing at the periphery of the brain and at shorter

timescales, e�cient accurate methods for transcranial focusing are needed.

In this chapter, the heterogeneous angular spectrum approach from Chap. 2 is

applied to trans-skull focusing. First, phase and amplitude shadings are extracted from

the �eld predicted with HASA. Then, with numerical simulations, the improvement in

focal accuracy, intensity, and distributions are evaluated as functions of array aperture,

and frequency. Finally, the e�ciency of the focusing technique is considered.

3.2 Theory and Methods

3.2.1 Focusing in With Phased Arrays

Phased arrays allow independent control of individual elements of the transducer, and

thus the ability to steer and focus the resulting �eld. For the case of a homogeneous

medium with speed of soundc0, the distance from each elementn to the target focus

position ¹x f ; zf º is

n =
q

¹xn � x f º2 + z2
f ; (3.2.1)

since the array is taken to be aligned withz = 0 (see Fig. 3.1). Thus, if the identical

transmitted signals for each elementn are delayed in time by

� n = n

c0
; (3.2.2)
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Figure 3.1: (a) For a desired focal target¹xf ; zf º, the travel time from each
elementn may be calculated.(b) Delaying the transmitted signals from each
element by the appropriate delay allows(c) coherent, constructive interfer-
ence at the desired focal point.

then the emissions will line up at the focus, resulting in constructive interference and

high amplitude [see Fig. 3.1].

However, in the case wherec0 varies in space, Eq. (3.2.2) is no longer valid. A

straightforward correction computes the travel time over the ray from the element to

the focal point

� n =
¹

`n

ds
c¹r º

; (3.2.3)

wherec¹r º is the spatially-varying sound speed, and̀n is the line segment between ele-

ment n and the focus. Equation (3.2.3) is equivalent to �nding an e�ective sound speed

ce� for each path, and computing the delay� n = n•ce� ;n. This technique however has

two central de�ciencies: the �rst is that di�raction is not considered. A changing

medium will result in di�raction such that the path `n is no longer a line, and so the

travel time must be computed, e.g., with ray theory.80 The second is computational

expense; the integral Eq. (3.2.3) must be evaluated for every focal target and every

array element. While parallelizable, this operation is inherently intensive and thus a

more e�cient method is desirable.

Another approach posits that, rather than computing the traversal time over all

paths from each element to the target focus (which ignores, e.g., multiple scattering)

the delays might be measured. The process of time reversal81,82 invokes acoustic reci-
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Figure 3.2: In time reversal, (a) signals due a point source are measured
(or recovered from a full simulation). (b) Reversing these time series sig-
nals allows focusing at the original source location. Adapted from Fig. 5 of
Ref. 81.

procity:y a consequence of which is that the measured �eld will be identical under

exchange of the source and receiver. Thus, if the signals at the transmitter locations

due to a point source at the target are known, they can then be reversed in timez to

achieve trans-skull focusing on transmit (see Fig. 3.2). Thus the problem of focusing

in a complex medium may be addressed by determining the amplitude changes and

phase delays at each element due to a point source at the target.

While robust and conceptually simple, determination of these time-domain signals

is non-trivial in trans-skull contexts. These phase and amplitude modulations may be

determined experimentally via measurement of the �eld due to an induced cavitation

source at the target location inside the skull;79,84�86 however, cavitation events in the

brain are not always desirable, and the relatively high cavitation threshold requires

additional corrections or high power arrays.87 Use of corrections based on analysis of

time domain signals measured from contrast agent microbubble emissions has been

demonstrated,88 though the location of these cavitation events cannot be controlled

precisely. Alternatively, a point source can be placed within the skull to enable e�ective

trans-skull therapy;55,89�91 however this technique requires invasive placement at the

target, which is not possible in realistic scenarios. For these reasons, several simulation

techniques have been proposed for aberration correction, including �nite di�erence

time domain (FDTD) 60,92 and k-space propagation models.7,62,93 In these methods,

yWhile a powerful fundamental result, acoustic reciprocity holds strictly only for linear, lossless prop-
agation. While the former restriction is a reasonable approximation one for trans-skull applications,
losses present a more relevant challenge83 for this method and require more sophisticated time-reversal
processes with amplitude correction.55

zThe term �conjugated� is sometimes used, since the complex conjugate of the frequency domain
pressure is equivalent to reversing the time domain signal:F � 1»~p� ¼= p¹r ; � tº.
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Figure 3.3: Illustrative calculation of focal delays. (a) Focal delays and
amplitude shading are calculated from the magnitude and phase of the �eld
projected from an initial point source at the target location. This �eld is
calculated with the HASA algorithm Eq. (2.3.3).(b) While the phase of the
computed distribution at the receiver is bounded by2� [i.e., ei ¹� +2� º = ei � ],
these values must be distinguished for �nite signals.

the simulation of the acoustic propagation due to a point source inside the brain is

used to estimate the required phases for aberration correction. While these methods

can be very precise, as they may account for a broad range of physical e�ects including,

e.g., mode conversion, viscosity and nonlinearity, there exists a fundamental trade-o�

between their accuracy and required computational complexity.94

The ASA has been applied to this problem with step-wiselocally homogeneous

approximations.62,95 While these methods o�er improved e�ciency to full simula-

tion methods, current implementations require �eld transformations at each step,95�97

whereas the heterogeneous ASA developed in Chap. 2 does not. Thus, it is next consid-

ered if the HASA may be applied to compute the requisite parameters for trans-skull

focusing in a highly e�cient manner.

3.2.2 Correcting Focal Aberration with HASA

The HASA allows the focal delays to be calculated as a function of space to enable

focusing through heterogeneous media. Consider that a perfect focal point may be

presented as a delta function at the target locationr 0

~p0 = � ¹r � r 0º : (3.2.4)

If this spatial impulse is taken as the source condition, propagation of this �eld to the

transducer locationr 0with Eq. (2.3.3) [or Eq. (2.4.2) in the case of a strati�ed medium]

will yield the phase and amplitude of the distorted �eld. Then the appropriate shading
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j ~p¹r 0ºj and crucially time delays

� =
arg

�
F � 1

k

�
P¹kx; ky; z0º

� 	

!
(3.2.5)

may be applied to each element to generate a focal spot through the complex medium;

see Fig. 3.3(a). Strictly, Eq. (3.2.5) must be evaluated for each frequency in the trans-

mitted signal's bandwidth, and the shifted sine waves superimposed. However in prac-

tice, the delay is calculated only for the center frequency! 0. Thus, for a relatively nar-

row bandwidth (fractional bandwidth . 0.1), the transmitted signal from a transducer

at r 0 would be given by

s¹r 0; tº = w¹tº �
�
�~p¹r 0; ! 0º

�
� cos! 0»t � � ¹r 0º¼; (3.2.6)

where � ¹r 0º is given by Eq. (3.2.5), and~p = F � 1
k »P¼. Here also, w¹tº is a window

function, chosen to be a Tukey window [Eq. (2.6.3)] with widthL chosen to be 40

cycles at! 0, and cosine fraction� = 0:1.

Importantly, in the case of �nite duration signals, the di�erence between the total

phase and the wrapped (or principal phaseArg ~p) must be made, as the time delays

are not equivalentmod 2� • !

arg ~p = Arg ~p + 2� n ; (3.2.7)

see Fig. 3.3(b). Thus a simple phase unwrapping, whereby large jumps in the phase are

replaced by successive additions of2� is used. While in some applications noisy phase

variations can make accurate unwrapping more challenging,98 the focusing problem,

which requires evaluation of Eq. (3.2.5) rather than experimental measurement, is

fortunately not subject to measurement noise.

3.2.3 Simulations

Simulations of trans-skull focusing were performed in the open-source ultrasound sim-

ulation toolbox k-Wave23 with linear compressional behavior considered. To create a

realistic acoustic environment, the sound speed, density, and attenuation were de�ned

from clinical CT data of a human skull using a semi-empirical relationship to relate

the Houns�eld unit H (a normalized intensity value for the speci�c CT image) to the
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Figure 3.4: Data processing pipeline. The raw CT data �les are read in
from DICOM format to (single-precision) MATLAB values, which may then
be interpolated to the desired grid spacing and assigned material properties,
as with Eqs. (3.2.9) to (3.2.11)

density and speed of sound in the skull;21 see Fig. 3.4 De�ning the porosity

	 = 1 � H•1000; (3.2.8)

the sound speed, density� b, and attenuation of the skull were de�ned to be

c = 	 cw + ¹1 � 	 º cb (3.2.9)

� = 	 � w + ¹1 � 	 º � b (3.2.10)

� = � min + ¹� max � � min º	 
 ; (3.2.11)

where the b and w represent the maximum values of pure water and solid bone,

respectively; these values were taken to becb = 2500 m•s and � b = 2000 kg•m3. The

implementation of k-Wave enables a spatially dependent attenuation coe�cient� to

model power law absorption, that is

� = � 0 � f � (3.2.12)

where f is the frequency in megahertz. As the exponential dependence must be uni-

form for the entire grid, an average value of� = 1:2 was used.99 A time step of 40 ns

and spatial grid size of� x = � y = 200µm were used (CFL number 0.44) to ensure

stability of the simulations.

Additionally, much as the sharp transitions in the measured spatial distribution~p0

due to the �nite aperture may lead to the arti�cial introduction of very high spatial

frequencies (Sec. 2.6), similar e�ects were observed for numerical delta functions (i.e.,

a binary source mask equal to unity only at the point of the target focus). Instead, a

smoother cosine window (i.e., Tukey window with fractional widthL = 7 grid points
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Figure 3.5: Geometry for trans-skull focusing simulations. Focal Targets
were de�ned 40 mm to 60 mm from the array axially and±15 mm trans-
versely from the axis. Focal errors and amplitudes were then evaluated for
each as a function of array aperture and frequency.

� = 1) was centered at the target location and this was used as the source condition.

3.3 Results

The results of the trans-skull simulation for various frequencies, with and without the

correction are shown in Fig. 3.6, compared with the pure water case. The improvement

o�ered with HASA�computed delays depends on the aperture, frequency, focal target,

and array position. In the following sections, the e�ect of the correction of the focal

accuracy, amplitude, and area are evaluated.

3.3.1 Focal Spot Accuracy

First, the e�ect of the phase correction on transmit focal accuracy for various focal

targets as a function of frequency was evaluated (Fig. 3.7). For each of the �ve tar-

get focal positions shown in Fig. 3.5, the focal delays were computed geometrically

with Eq. (3.2.2) and then with corrections given by Eqs. (2.3.3) and (3.2.5). Then, the

position of peak pressure for the resulting �eld was compared with the target focal

position, and the error de�ned as the Euclidean distance between the two. Aberration

errors in focal targeting were generally larger at o�-axis focal positions. Across all fo-

cal positions and frequencies, the focal error was reduced from 2.1� 1.2 mm without

phase corrections to 1.3� 1.0 mm with the correction. The error was largest for low

frequencies, but in this case it is still sub-wavelength (e.g., at 250 kHz, the wavelength
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Figure 3.6: Simulated focal �elds (i.e., peak pressure amplitude) from a
100 mm aperture array in water (left column), through the skull with geo-
metric focusing (middle column) and with phase and amplitude corrections
given by Eq. (3.2.5) for the indicated frequency.

in the brain is approximately 6.2 mm). Importantly, the corrected case had no out-

liers. See, for example Fig. 3.8, representing focusing with and without corrections for

1.25 MHz at position 4 in Fig. 3.5. The trans-skull �eld is severely aberrated in the

uncorrected case, causing an uneven distribution with several high pressure regions.

The highest pressure is well away from the target focus (blue circle), resulting in an

uncorrected focal error was 5.1 mm [Fig. 3.8(a)]. In the corrected case [Fig. 3.8(b)], the

focal �eld varies more uniformly and has error 0.6 mm. While the phase aberrations

(and thus time delays) do not appear drastically di�erent [Fig. 3.8(c), top], they are

vital to ensure successful focusing. Additionally, the amplitude shading over the ele-

ments [Fig. 3.8(c), bottom] is important to ensure spatial uniformity of the �eld. While
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