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Stéphan Thomassé Ecole Normale Supérieure de Lyon

χ-bounded classes



Triangle-free graphs χ-bounded classes VC-dimension Segment graphs

Triangle-free graphs with high
chromatic number
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Mycielski Graphs

M2 M3 M4

Mk has chromatic number k .
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Random Graphs

Let G random with n vertices and n1+ε edges.

There are o(n) triangles.

The stability α(G ) is o(n).

Deleting o(n) vertices leaves G triangle-free with χ at least
n/o(n), hence arbitrary.

Arbitrary girth can be achieved.
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Borsuk Graphs

Let ε > 0 small and d integer.

Vertices are the points of the d-dimensional unit sphere.

u and v are joined if near antipodal (angle at least π − ε).

In dimension 1 (circle), odd cycles give χ = 3.

Any d + 1-covering of the d-sphere by closed sets contains
two antipodal points in the same closed set. (Borsuk-Ulam)

Chromatic number is d + 2.
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Stéphan Thomassé Ecole Normale Supérieure de Lyon

χ-bounded classes



Triangle-free graphs χ-bounded classes VC-dimension Segment graphs

Line Graphs of transitive tournaments

Let n be an integer.

Vertices are couples (i , j), with 1 < i < j < n.

Edges are all (i , j)− (j , k).

Triangle-free by construction.

If n� k, any k-partition of the pairs of integers contains a
monochromatic set on 3 elements. (Ramsey)

Chromatic number grows with n.
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The case ω = χ

G is perfect if all its induced subgraphs satisfy χ = ω.

No odd induced cycles with length at least 5.

Nor their complements.

Definition of Berge graph.

Theorem: (Chudnovsky, Robertson, Seymour, Thomas)
Perfect graphs are precisely Berge graphs.

Light version of SPGT?

Stéphan Thomassé Ecole Normale Supérieure de Lyon

χ-bounded classes



Triangle-free graphs χ-bounded classes VC-dimension Segment graphs

The case ω = χ

G is perfect if all its induced subgraphs satisfy χ = ω.

No odd induced cycles with length at least 5.

Nor their complements.

Definition of Berge graph.

Theorem: (Chudnovsky, Robertson, Seymour, Thomas)
Perfect graphs are precisely Berge graphs.

Light version of SPGT?
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Gyárfás’ Conjectures

A class C of graphs is χ-bounded if there exists f for which χ(G ) is
at most f (ω(G )) for all G in C.

Triangle-free graphs of C have bounded χ.

Easy proof that Berge graphs are χ-bounded?

Conjecture: Odd-holes free graphs are χ-bounded.

Conjecture: Tree-free graphs are χ-bounded.

Conjecture: Long-holes free graphs are χ-bounded.

All open. Last two even for triangle-free.
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Gyárfás’ Conjectures

A class C of graphs is χ-bounded if there exists f for which χ(G ) is
at most f (ω(G )) for all G in C.

Triangle-free graphs of C have bounded χ.

Easy proof that Berge graphs are χ-bounded?

Conjecture: Odd-holes free graphs are χ-bounded.

Conjecture: Tree-free graphs are χ-bounded.

Conjecture: Long-holes free graphs are χ-bounded.

All open. Last two even for triangle-free.

Stéphan Thomassé Ecole Normale Supérieure de Lyon

χ-bounded classes



Triangle-free graphs χ-bounded classes VC-dimension Segment graphs
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Stéphan Thomassé Ecole Normale Supérieure de Lyon

χ-bounded classes



Triangle-free graphs χ-bounded classes VC-dimension Segment graphs
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Scott’s Conjecture

Theorem (Gyárfás): Pk -free graphs are χ-bounded.

Proof: Every vertex in a connected triangle-free graph is the
origin of a path of length χ− 1.

See handwaving.

Theorem (Scott): Excluding all induced subdivisions of a fixed tree
T gives a χ-bounded class.

Implies previous theorem when T is a path.

Scott’s Conjecture: Excluding all induced subdivisions of a fixed
graph F gives a χ-bounded class.
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Stéphan Thomassé Ecole Normale Supérieure de Lyon

χ-bounded classes



Triangle-free graphs χ-bounded classes VC-dimension Segment graphs

Scott’s Conjecture
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A generic result

Let G be

a triangle-free graph,

with arbitrary high χ,

write your favorite hypothesis here,

Then G contains an induced 1-subdivision of a graph H with
arbitrary high average degree.
Theorem (Mader): If H has average degree � t, it contains a
subdivision of Kt .

If χ� t, G contains an induced subdivision of any fixed graph F
on t vertices.
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Extra hypothesis

Any of the following fit in the previous statement

Kr ,r -free. (Kuhn and Osthus)

linear minimum degree (following  Luczak and T.)

diameter two (Bousquet and T.)

Cover ”sparse” and ”dense” aspects of Scott’s conjecture.
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VC-dimension
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Transversal and Packing

T ⊆ V is a transversal of a hypergraph H if it intersects every
hyperedge of H.

The transversality τ(H) is the minimum size of T .
The packing number ν(H) is the maximum number of disjoint
hyperedges of T .

(
2n

n

)

τ = 3 τ = 3 τ = n + 1

ν = 2 ν = 1 ν = 2

ν ≤ τ . The difference is the duality gap.
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(Dual) VC-dimension

The VC-dimension of H is the maximum number of hyperedges of
H forming a complete Venn diagram.

Theorem (Vapnik, Červonenkis): When VC-dimension is bounded,
the integrality gap is bridged, i.e. there is a function f such that
τ ≤ f (τ∗).
The 2-VC-dimension of H is the maximum number of hyperedges
of H such that any pair of hyperedges share a vertex which is not
in the other.
Theorem (Ding, Seymour, Winkler): When 2-VC-dimension is
bounded, the duality gap is bridged.
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Stéphan Thomassé Ecole Normale Supérieure de Lyon

χ-bounded classes



Triangle-free graphs χ-bounded classes VC-dimension Segment graphs

Extra condition: Linear degree

Let G be a triangle-free graph with arbitrary high χ and minimum
degree c.n.

Goal: Find in G an induced 1-subdivision of a graph with high
average degree.

Form the neighborhood hypergraph H of G .

τ∗ is at most 1/c.

If τ is bounded, G has bounded domination, hence bounded
chromatic number.

Thus VC-dimension is arbitrarily high.

G induces all bipartite graphs of fixed size.
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Extra condition: Diameter two.

Let G be a maximal triangle-free graph with arbitrary high χ.

Goal: Find an induced 1-subdivision of a high average degree
graph.

Form the neighborhood hypergraph H of G .

ν is at most 2.

If τ is bounded, G has bounded χ.

Thus 2-VC-dimension is arbitrarily high, say t.

G contains a 1-subdivision of Kt . Call it (A,B) with |A| = t
and |B| =

(t
2

)
.

A is a stable set. B contains a stable set S superlinear in t.

G [A ∪ S ] is our induced 1-subdivision.
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Segment graphs
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Recent News

Conjecture (Erdős): Triangle-free segment intersection graphs have
bounded χ.

Would follow from Scott’s conjecture. Indeed K5 subdivided
once is not a segment graph.

Theorem (Kozik et al.): Triangle-free segment graphs are not
χ-bounded.

Scott’s conjecture does not hold for 1-subdivision of K5.

Graph similar to counterexample for 3D axis-parallel boxes.

Representable by special intersection model for 2D boxes.

Scott’s conjecture does not hold for 1-subdivision of K4.
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Conjecture (Erdős): Triangle-free segment intersection graphs have
bounded χ.

Would follow from Scott’s conjecture. Indeed K5 subdivided
once is not a segment graph.

Theorem (Kozik et al.): Triangle-free segment graphs are not
χ-bounded.

Scott’s conjecture does not hold for 1-subdivision of K5.

Graph similar to counterexample for 3D axis-parallel boxes.

Representable by special intersection model for 2D boxes.

Scott’s conjecture does not hold for 1-subdivision of K4.
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Open questions

What about graphs with no long holes?

Scott could reduce to graphs with radius 2.

True for graphs with diameter 2.

Is fractional chromatic number bounded?

Equivalently is α(G ) linear in the number of vertices?

Does the neighborhood of an induced path have bounded χ?
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