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Abstract— This paper considers the problem of coordinating The agreement protocol (or consensus equation) has by
multiple pendula attached to mobile bases. In particular, now emerged as a standard way in which to achieve agree-
the pendula should move in such a way that their motion  ment among agents in a distributed network. It can be
is synchronized, which calls for two problems to be solved . . . .
simultaneously, namely a constrained optimal control protem utilized fqr anythlng from agreement in _embedded physical
for each pendu|um, and a constrained agreement prob|em SyStemS like mobile robots or UAVS, to distributed Computer
across the network of pendula. A novel way of manipulating networks, e.g. [7], [8], [9]. And, as the final value of
the initial conditions in the consensus equation is preseati that  agreement is dependent on the agents’ initial conditiaris, i
will SO"t’eﬂﬁ '?“er of ﬂt]etfue pr.ogl.le.{ns'fatrk‘]d S'm”'at'og reslts arhe not overly surprising that this dependency can be employed
presented that support the viabiity of the proposed appro@h. ¢, oh that the final agreement state is guaranteed to satisfy

certain constraints.
l. INTRODUCTION Relevant work on agreement for systems with constraints

In this paper we consider the problem of controlling ar oscillating dynamics include [10], where the stability o
collection of pendula in a coordinated fashion. In particul the Kuromoto model of coupled nonlinear oscillators was
their mobile bases are to be controlled in such a way that, mivestigated, and [11], [12], where constrained consenwsiss
some specified terminal time, they move in unison (with theonsidered. However, in the former case, no constrainte wer
same frequency and phase) at a fixed inter-pendula distanpeesent, and in the latter case, the proposed solutionrestjui
This should be achieved using only local information, ibe t that the consensus update law be modified over time. In
control actions are only to be controlled based on inforamati contrast, this paper will present a simple, static update la
from neighboring pendula. for achieving agreement while satisfying the constraints.

The motivation behind this work comes from recent efforts The outline of this paper is as follows: In Section 2, we
to develop robotic marionettes [1], [2], as shown in Figuréntroduce the networked pendulum-cart system, followed by
1. There, the ambition is to have the marionette execute discussion in Section 3 about the optimal control design
sequences of motions in such a way that the transitiomgeded to synchronize the system if complete information
between different modes of operation are graceful and,eat tifabout all pendula) is available to each individual pendu-
same time, reflect the original play script. For this to wark, lum. In that section we also introduce our solution to the
is paramount that the different limbs on an individual puppeconstrained agreement problem, followed by the simulation
are coordinated. If multiple puppets are acting togethss, t results, in Section 4.
coordination issue becomes even more important. However,

to reduce the computational burden, it is important that Il. PENDULUM DYNAMICS
the coordination can be achieved while only taking into .
A. Dynamics

account the relevant, local information [2]. This paper is . .
a manifestation of that idea and it provides the first basic The dynamics of a single cart-pendulum system (referred

building block needed to pull off this endeavor. to as an agent) can be derived using Lagrange’s Equations
In this paper, we will let each pendulum solve an initial(e.g. [13])

optimal control problem based on local information. The d og og

output of the optimal control problem is a desired final state E(a_q) ~ 9 =Q, L=T-P,

as well as a final state associated with neighboring pendula.
The problem then becomes that of ensuring that, after avhereT is the kinetic energy of the systerR,is the potential
agreement on the final states ovai pendula has been energy of the pendulund) is the parameterized forces acting
reached, the agreed upon states satisfy the constraints. Aon the system, ang is the Lagrangian.

it turns out that even though running the standard consensusie can define the kinetic and potential energy as well
equation (e.g. [3], [4]) — or versions of the gossip algarith as the parameterized forces acting on the system. Based on
[5], [6] — will result in an agreement, the agreed upon stateSigure 2, the only parameterized fora@, on the system

do not satisfy the constraints. However, what will be showis the force,F’, applied in theP, direction. This force will

is that one can manipulate the initial conditions in order tde the control inputy, to the system. No damping force is
satisfy the constraints. considered in this model as pendula can be approximated as



(a) Puppet in initial configuration. (b) Puppet in wave motion. (c) Puppet starting a walk. (d) The final step in the walk
mode.

Fig. 1. An image sequence of the a robotic marionette exaguiwave followed by awalk mode.
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0 C. Assumptions

Throughout this paper, some assumptions will be made
and here we gather the assumptions for the sake of easy
reference. We first assume that each cart-pendulum system
can measure its own cart position, cart velocity, pendulum
) ) ] ) angle, and pendulum angular velocity. It is also assumed tha
zero damping systems. The resulting equations of motion afgqujum angles and angular velocities are small enough so

that the linearized dynamics can be used to model the system

Fig. 2. Pendulum Diagram

6 = —&cos(o) - gsz‘n(t?) 1) behavior. _Dampi_ng is also. assumed to be small enough
L - to approximate it as exerting zero forces on the system.
5 mlo mio* u The network topology used in this paper is restricted to a
Pe = M+ mcos(@) * M + msm(@) * M + m(Z) static line graph tgpolgéy. This assumppt?on follows frora th
mechanical set-up of the robotic marionette. As such, it is
B. Linearization also assumed that each agent can measure the state values of
_ ) ) . adjacent agents only. Adjacent agents can also communicate
These dynamics can be linearized about@he 0, 0 =  giaie estimates with each other.
0, P, = 0 equilibrium point, giving the single pendulum
system asi;(t) = A;zi(t) + Bu,(t), where: [1l. COORDINATED SYNCHRONIZATION CONTROL
A. Two Pendula Control
P, 0 1 0 0 0 . .
P)- 0 0 0 0 1 Given a sy;tem comprlsed_ of two planar pendulla,
T = g_’l Ai= g ¢ 0 1l Bi= f\g . a control law is sought to drive these two pendula in
9'1- 0 0 —(Mimg 1 such a way that they achieve identical angles, angular
t M1 Ml velocities, and cart velocities while maintaining a set
distance, d, between the carts. Therefore, a control
Note that this pair(A;, B;), is completely controllable. law is desired to enforce the terminal constraints
For a N planar pendulum system, the system can b&,1(T) — Pp2(T) = d, Ppu(T) — Poa(T) = 0,

written as(t) = Axz(t) + Bu(t), where 01(T) — 0o(T) = 0, 0,(T) — 02(T) = 0, i.e. Ca(T) = k,



where which implies that

1000 -1 0 0 0 d AT _ {e““T AOT} (14)
c_|01 00 0 -1 0 0] 10 0 e
0o 1o 0 0 =1 0} 0 is block diagonal. In fact,
0001 0 0 0 -1 0
1 T 0 0
The associated minimum energy, point-to-point transfer . _ |0 1 0 0 (15)
control problem becomes 0 0 coswt) Lsin(wt)|’
- 0 0 -—wsin(wt) cos(wt)
min J(a(t) = [ [lu(t) ©
u 0 wherew is the natural frequency,/ (M;\}T)g .
such that In fact, one can show that the controllability Grammiam,
) W, as well as), are block diagonal as well. From (12), we
o(t) = Az(t)+ Bu(t) @) can writezr, , as
opt
CC(O) = "To (5) _ —1 710/ O 710/ 710 —1
(E(T) = ar, (6) TTopt = (_Q + Q ( Q ) Q ) '

- _ (=2eTW g+ Q7IC(CQTIC) Tk (16)
where we assume that satisfies the constraints, i€@xr = o
k. The solution to this optimal control problem is by plugging in R.
Now, sinced; = A, and B; = B,, block diagonality

A(T—t -1 AT
ugpt(er) = B'eMTIOW ey —etTag),  (7) implies (after some calculations) that
where the Grammiami}/, is invertible and positive definite 1 [eA1T  pAIT 1,
due to the controllability of the system. Plugging,:(zr) Tlope = 5 [eAlT eAlT} o + 5 C'k. 17)
back into the cost gives
I (uopt(27)) = Substituting the value far1” andk into (17) now gives that

)/e—A/TW—le—AT(eATxO —27). 8) the cart velocity for each pendulum is equal to the average

of the initial velocities, i.e.
Since xp is not unique, the goal now is to find ther 1

that minimizes (8), which can be formulated as a quadratic P.i(T)= §(Pm71(0) + P, 5(0), i=1,2.  (18)
programming problem

= (exy — g

]
1
min ~27.Qxr + Rar 9)
e 2 Now, this approach can of course be extended tohe
such thatCzr = k, where pendula case as well. This direct extension, however, regui
CA'Trr—1 — AT complete initial state information for the computation loét
Q = 2 W™e (20) : . . .
v 1 AT optimal termma] state. In the next section, we will see how
R = 20,W= e, (11)  to overcome this problem.

The unique solution,

r,, = Q H—R +C'(CQ™C)Hk + CQTIR)), (12) B. N Pendula Control with Consensus

As a consequence of the previous sectiof,,, needs
to be specified in order to be able to compute the control
opt (x7,,,) = B'eX T OW V(g —eATxg).  (13)  law. But, what if this (global) terminal state is only palja
known to the agents through a local estimate? The challenge,

.It should be noted that the pendula converge to a _Sﬁ]ien, is agreeing on a global terminal state using thesé loca
distancel apart and have equal .a.ngles and angular Ve_loc't.'eéstimates in a way such that the constraints are satisfied. To
They also have equal cart velocities; however,. these \l&bep! begin with, we will let each agent solve the constrained poin
are not guaranteed to be zero. The foIIowmg_p_r_0p03|t|0£b_p0int transfer problem defined only over the adjacent
states that they converge to an average of the initial Velocégents. As a result, agenwill have obtained what it believes

ies. - i . . . to be the best final states for itself as well as for its neighbo
Proposition 1: The final velocity of a linearized two (Gi—1andi+1ifi=(2 N—1),2ifi=1,andN —1

pendulum-cart systerad, B), using point-to-point transfer ¢ ; _ N). In fact, we will denote byX; ;, the terminal state

_opt;]mal control V}"tu a t_e_rn|1|nall I|r_1§ar constraiotrr = k, value that agent thinks the agentj should have, as the
Is t IeDav?.rage 0 ”t ﬁ |n]|ct|a ve OC't'eS'd | outcome of the optimal control problem. And, for the two
roof: Recall that for a two pendulum system, pendula case, we observe that we can rewrite the constraint
. A 0 B B, 0 ma_trixC asC = [I —IJ, which implies thatX; ; has to
0 As|’ 0 Bsl|’ satisfy

gives the control,



Here,~v € R is a constant that needs to be determined.
(1 -] {Xlal] =k, (19) In other words, the final state estimates for agents not
adjacent to a boundary pendulum are initialized to the
adjacent agent’s final state estimate. Final state estiatiate
agents not adjacent to non-boundary agents are initiatzed
} =k, (20)  the same final state estimate as the adjacent agent closest to
it. The following notation will be used to denote all agents

fori=2.... N, estimate of agent
Xi i—1 m,: (t)
I —-I 0 ; k
{o I —I} N M ' (21) mt)=1 1 | (35)
- 7,141 - nN,z(t)
Note that these constraints are only enforced locallythere
is no reason to believe that; ; = X, or that they are It is well known that (23) is globally asymptotically stable
globally satisfied, e.g through for connected graphs (e.g. [14]) and that the agreemese, stat
X11 e 1S
M L =0, (22) . 1'17:(0)
XN,N e = / : , (36)
I I 0 ... ... 0 ) 1'nn(0)
Mo o— o r - o .. 0 b— |: wherel represents a vector withis in each position. Since
e .. R n. € RY, the plan now is to use it as the terminal state in
o ... ... 0 I —I k the point-to-point transfer problem.

Th bli b . is th h To verify thatn,. does in fact satisfy the global constraint

€ enabling o servation now is that we Fan use t&n? to determine, plugr. into the constraint (22) foX; ;,
consensus equation to update each pendulum’s estimates o '
the global final state. This way, a final state may be found

that satisfies the constraint for the entire network. We use M7, =

7;,;(t) to denote agents estimate of what agerjts terminal 1'n1(0)
state should be, at time t. If we |€Y; represent the set of _ iM :
neighbors to agent, the consensus equation becomes ,
17N (0)
Hij(t) == > (i (t) =Mk (t)) fori=1,...,N. (23) I 11 1/71(0)
keN; 1/772 (O)
The question now is what initial conditions to use? Since _ 1 :
agenti only has access t&; ;_1,X; ;, and X; ;1 (provided N ',
. _ . i ) i 1 ’I]N_l(O)
i=2,...,N—1), it seems clear (but not actually correct as I —I 1x(0)
we will see) thaty; ;(0) = X;; for j =4 —1,4,i + 1. But - nN/(
what about the other values? In fact, what we propose is to (1'm1(0)) — (1'12(0))
let the initial conditions be given by :
(Boundary Pendulum: end of line topology) _ % (1/1:(0)) — (11i51(0))
m1(0) = X1, (24) :
m2(0) = X1z, (25) L(1'nx—1(0)) — (1'nn(0))
nl,l(o) = 771-,1*1(0) for [ = 37 ) Na (26) _’}/k =+ ’Yk =+ (7’]371(0) — 7732(0))+ T
<o+ (nn,1(0) — 0
mnx(0) = A Xnw. (27) () =20
nvn-1(0) = vXnnN-1, (28) '
i) = v iea(0) for I =1 N -2, (29) (71:(0) = 11,i41(0)) + ...
" o v ’ +(1i-1.6(0) = mi-1,i41(0))+
(Non-Boundary Pendulum) far=2,...,N — 1 _ 1 +vk + vk+
N | FA(Mig2,i(0) = Mig2,i+1(0))+
maa(0) = X, (20) T
7i:(0) = vXig, (31) 7 : 7
i, +1( ) YN i1 . ( ) (7717N_1(0) _ 771,N(0)) 4.
i1, (0) = 1i,41(0), forly =1,...,i-2, (33) +(n—2.8-1(0) — ny—2.n(0))+
771',12(0) = 771',12_1(0), forlo =i+2,...,N. (34) L vk 4+ vk ]




We now note that for agent not adjacent to agent, control law is needed without the consensus equation. The
n;:; was chosen in (24)-(34) to equa} ;+1, so the terms results of this case are shown in Figure 4.
(n;,: —nj,i+1) above equal zero. Also note that for aggnt It can be seen for both cases that at 20 seconds, the
adjacent to agent the terms(n; ; —n;,;+1) above equalk. distance between adjacent pendula is closeé tn, as pre-

Hence, scribed, while the velocities, angles, and angular vakgit
vk + vk ~k L are identical for all the pendula. The animations of these
_ scenarios are given in Figure 5.
1 : 2 |- : I e
Mnc — N ’Yk _|_ ,yk — N 'Yk — k — b7 (37) s Position vs Time 06 Velocity vs Time
. & 04 7/55\:\\3\\
E e £ ~
vk 4+ vk vk k 5 // S \\
by settingy = . & 5/ g
Therefore, all the pendula meet the global terminal . o
constraint for the entire network. The consensus equatiol ° 0 ime @ 2 % 0 10 ime 9°° %
up(_jates the global terminal state_estimate for (_each pendqu (a) Position. (b) Velocity.
which then can extract the terminal state estimates offitsel Theta vs Time Ang Velocity vs Time
and the adjacent agents;, by letting ! =
(Boundary Pendulum: end of line topology) g §
g g
_ nll(t) 38 " ;g
X1 |:7712 (t) ) ( ) B g_lc
Yy = |:77N7N_1(t)} (39) 0 o (5)20 30 0 o © 20 30
nv.n(t) |’ (c) Angle. (d) Angular Velocity.
(Non'Boundary PendU|um) far=2,...,N -1 Fig. 3. 5 Distributed Pendula Result.
Niyi—1(t)
Xi - ni7i (t) ’ (40) Position vs Time Velocity vs Time
ni7i+1(t) 6 0.15
Now, each agent: can calculate its control at timg for -~ @ “k B
n=1,... N, T § 0.05 ‘;ti‘y‘f’v‘“ wm”i\,/ﬁv
1 Al (T—t) —1 A,T ?2/§/ $ ° JVVJ Pl
un(Xn(t)) = Bpe™ " "W (t) 7 (xn(t) — e 2a(t)). (41) . > 005
Here, A, and B,, are the corresponding two or three % 0 20 30 Y 0 20 30
pendula state space models, depending if it is a boundary Time e Time ©
(a) Position. (b) Velocity.

pendulum or not.W,(t) is the Grammian for the pair

(A, B,) from time ¢t to T. z,(t) is the current state of ) Theta ve Time 1o 1" Velocty vs Time
the agent and its adjacent agents. We now have a control
that drives the entire network to a terminal state that asis
the terminal constraint.
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IV. SIMULATION RESULTS
-1 -10

The stated control laws are implemented in a MATLAB 0 0 e 30 0 0 e 30
simulation of the presented pendulum dynamics. Simulation
are run with the following parameterg:= 9.8 m/s, | =
030 m, M =1 kg, m = 0.2 kg, andd = 1.0 m for Fig. 4. 5 Centralized Pendula Result.
the pendulum model. It should be noted that in order for
this distributed control strategy to be effective, the eorsus
algorithm must converge to the agreement value before the
specified final time in the optimal control law, which in this This paper demonstrates how the initial conditions in the
case is 20 seconds. agreement protocol can be manipulated to produce results

In Figure 3, the results are shown for a five pendulthat satisfy linear constraints. This technique was apple
scenario using the optimal control law and the consenstise control of a distributed network of linearized penduta o
equation. As a comparision, the same initial conditiona line graph topology. We found that this algorithm, togethe
are run for the centralized case, where full network stat@ith point-to-point transfer optimal control, was able tiove
information is known to all agents, i.e. only the optimalthese linear systems to a terminal manifold. This manifold

(c) Angle. (d) Angular Velocity.

V. CONCLUSIONS



synchronizes the pendula oscillations and maintains aetksi

Synchronizing Pendulums
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(a) Initial Condition.
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(b) Distributed case After 25s.
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Fig. 5. 5 Pendula Animation.

cart formation.

Acknowledgments

This work was supported by the US National Science
Foundation through Grant # 0820004.

(1]

(2]

(3]

(4]

(5]

(6]

(7]

REFERENCES

M. Egerstedt, T.Murphey, and J. Ludwig, “Motion prograror puppet
choreography and control,” iHybrid Systems: Computation and
Control. Pisa, Italy: Springer-Verlag, April 2007, pp. 190-202.
P. Martin and M. Egerstedt, “Switched systems with aggiions
to robotic marionettes,” inWbrkshop on Discrete Event Systems,
Gothenburg, Sweden, May 2008.

R. Olfati-Saber and R. M. Murray, “Agreement problemsnietworks
with directed graphs and switching toplogy,”fnoc. 42nd | EEE Conf.
Decision Control, vol. 4, Maui, HI, Dec 2003, pp. 4126-4132.

A. Jadbabaie, J. Lin, and A. S. Morse, “Coordination obuyps of
mobile autonomous agents using nearest neighbor rdEESE Trans.
Autom. Control, vol. 48, no. 6, pp. 988-1001, June 2003.

S. Boyd, A. Ghosh, B. Prabhakar, and D. Shah, “Gossiprilgus:
Design, analysis, and applications,” froceedings |EEE Infocomm,
vol. 3, Miami, March 2005, pp. 1653—-1664.

L. Xiao, S. Boyd, and S. Lall., “A scheme for robust dibtited sensor
fusion based on average consensus,lriternational Conference on
Information Processing in Sensor Networks, Los Angeles, 2005, pp.
63-70.

H. Tanner, A. Jadbabaie, and G. Pappas, “Coordinatiomoliple
autonomous vehicles,” iRroceedings of the 11th |IEEE Mediterranean

Conference on Control and Automation, Rhodes, Greece, June 2000.

[8] W. Ren and R. Beard, “Consensus of information under dyinally

El

changing interaction topologies,” iRroc. Am. Control Conf., vol. 6,
Jun. 30-Jul. 2, 2004, pp. 4939-4944.

D. Dimarogonas and K. Kyriakopoulos, “Decentralizedvigation
functions for multiple robotic agents with limited sensicapabilities,”
Journal of Intelligent and Robotic Systems, vol. 48, no. 3, pp. 411-433,
March 2007.

[10]

[11]

[12]
[13]

[14]

A. Jadbabaie, N. Motee, and M. Barahona, “On the stgbdf the

kuramoto model of coupled nonlinear oscillators,”"Rmoc. American

Control Conference, vol. 5, 2004, pp. 4296-4301 vol.5.

K. L. Moore and D. Lucarelli, “Forced and constrainednsensus
among cooperating agents,” Proc. |[EEE Networking, Sensing and

Control, 19-22 March 2005, pp. 449-454.

A. Nedic, A. Ozdaglar, and P. A. Parrilo, “Constrainednsensus,”
LIDS, Tech. Rep. 2779, Feb. 2008.

M. W. Spong,Robot Dynamics and Control.
John Wiley & Sons, Inc., 1989.

E. A. Wei Ren, “Distributed multi-vehicle coordinatedntrol via local
information exchange International Journal of Robust and Nonlinear
Control, vol. 17, pp. 1002-1033, 2007.

New York, NY, USA:



