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SUMMARY

This thesis broadly concerns the usage of techniques from algebra, the study of
higher order structures in mathematics, toward understanding difficult optimization
problems. Of particular interest will be optimization problems related to systems
of polynomial equations, algebraic invariants of topological spaces, and algebraic
structures in convex optimization.

We will discuss various concrete examples of these kinds of problems. Firstly,
we will describe new constructions for a class of polynomials known as hyperbolic
polynomials which have connections to convex optimization. Secondly, we will describe
how we can use ideas from algebraic geometry, notably the study of Stanley-Reisner
varieties to study sparse structures in semidefinite programming. This will lead
to quantitative bounds on some approximations for sparse problems and concrete
connections to sparse linear regression and sparse PCA. Thirdly, we will use methods
from algebraic topology to show that certain optimization problems on nonconvex
topological spaces can be turned into convex problems due to a phenomenon known
as ‘hidden convexity’ Specifically, we give a sufficient condition for the image of a
topological space under a continuous map to be convex, and give a number of examples
of this phenomena with practical importance. This unifies and generalizes a number
of existing results. Finally, we will describe how to use techniques inspired by the sum
of squares method to find new variants of gradient descent which converge faster than

typical gradient descent on smooth convex problems.
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CHAPTER 1
INTRODUCTION

1.1 High level overview

Modern large scale algorithmic decision making problems have led to a recent explosion
of mathematical problems related to optimization. These ask the question of how to
best utilize some limited collection of resources or else how to make good decisions
under complicated constraints. This thesis will describe how these questions connect
naturally to ideas from algebra and in particular, the study of polynomial equations
and algebraic invariants in topology.

The appearance of algebra in optimization has a similar underlying cause to that
of convexity in optimization: both are ways of enforcing a global structure on an
optimization problem. This global structure is important in cases in which some
property of a solution is a hard requirement but difficult to enforce. In real world
examples such as the management of a power plant or an aircraft, mistakes may not be
acceptable. In these cases, mathematical guarantees that they will not fail in normal
operation are needed, and such guarantees cannot be provided by heuristics or local
optimization methods. These guarantees are also needed when these applications
are then applied to other areas of formal mathematics, which require rigorous proof
of correctness for these solutions. Algebraic methods offer these kinds of global
guarantees.

From a mathematical perspective, interesting questions come about from consider-
ing computational problems with complicated constraints which arise from geometric
or physical considerations. Much of our discussion will concern the interplay between

convex optimization and algebraic geometry. While these subjects may seem vastly



different, in a sense, they can both be understood as different generalizations of linear
algebra, which we may think of as the study of linear equations. Convex geometry
can be understood loosely as the study of linear inequalities, while algebraic geometry
can be understood loosely as the study of higher degree polynomial equations. For
this reason, many higher order concepts from linear algebra such as matrix groups
or the spectral theorem can be understood through an algebraic geometry lense or a
convex geometry lense. Many such connections will play prominent roles in various
parts of this thesis.

To give an explicit example of the type of work described here, we will give a
high level overview of the results of Chapter 5. This chapter concerns a method for
minimizing a class of functions using gradient descent. For a function f starting at

some point xy, the method iterates the update rule

Ty =1 + e V(zi21).

Here, the choice of step size sequence h; does not depend on the function f and is fixed
in advance of the algorithm. While different methods for performing this minimization
have been discovered, within this class of optimization methods, it was not known
how to asymptotically improve on the sequence of step sizes where h; is constant, in
which case the gap in the value of f to the minimum shrinks at a rate of O(%) The
basic issue is that if h; are too large, then this method may begin to diverge, while
steps that are too small will lead to slow convergence.

The ‘meta-optimization’ problem is therefore to find the choice of h; so that this
iteration converges to the minimum as fast as possible, and it is necessary to alternate
between larger steps that move toward the minimum quickly and smaller steps that
correct errors that the larger steps may introduce. Therefore, in order to improve the

asymptotics of this method, global considerations are necessary due to the fact that



the objective value may not be decreasing at every iteration. For this, we consider
the set of L-smooth convex functions, a natural class of functions which satisfy the

inequalities that for any z,y € R"”,

F@) ~ F) 2 (V). ) + 5 [V F (@) = VW)

These are polynomial inequalities in terms of the values of f and its gradients,
and while they are individually not very hard to prove, by taking combinations of

these inequalities, we are able to find a new sequence of step sizes achieving a rate of

O( t11+e) for € > 0. Once an appropriate combination is found, elementary algebraic
manipulations can be used to derive the appropriate inequalities showing the desired

convergence rate.

1.1.1 Summaries of chapters

We will summarize the contents of the individual chapters here, though some terms
have yet to be defined fully.

Chapter 2 concerns hyperbolic polynomials, a class of polynomials which have arisen
in a number of different contexts ranging from differential equations to combinatorics.
These polynomials can be viewed as satisfying a generalized version of the spectral
theorem from linear algebra, and they have associated to them convex cones known as
hyperbolicity cones which generalize the convex cone of positive semidefinite matrices.
This chapter will primarily be focused on some new constructions of such hyperbolic
polynomials which may have utility in future applications, though this chapter is
primarily focused on their mathematical structure.

Chapter 3 concerns sparsity in semidefinite programming. There are a variety of
different notions of sparsity. One notion concerns situations in which the input to some

optimization problem uses far fewer parameters than a general input instance, and



how to exploit that structure to improve efficiency. Another notion concerns situations
in which the output to be found is desired to be sparse in the sense of having many
zero entries. This chapter describes a framework for understanding sparse structures
in the context of a particularly prominent kind of optimization known as semidefinite
programming. This offers both structural and quantitative analysis of these sparse
problems and gives applications to sparse versions of linear regression and PCA, as
well as some interesting optimization problems regarding eigenvalues of certain classes
of matrices.

Chapter 4 concerns hidden convexity. These types of results reduce complicated
optimization problems over nonconvex domains to convex optimization problems which
are often tractable. In particular, the perspective taken in this chapter shows how to
prove that the images of certain topological spaces under continuous maps are convex
using algebraic topology. This proves both new results and unifies and simplifies a
number of existing theorems concerning hidden convexity in the context of Lie groups.
We also give an application to the problem of finding a rotation matrix that maps one
set of points to another subject to a linear constraint on that matrix.

Chapter 5 concerns accelerating gradient descent using long steps. Here, we consider
the problem of choosing step sizes in a common iterative method for minimizing a
convex function. We show that by occasionally taking exceptionally large steps, it is
possible to achieve faster convergence rates to the optimum than is possible using steps
of constant size. These results are shown using the algebraic technique of combining a
number of simple inequalities regarding our function class in somewhat complicated
ways.

Next, we will give some basic definitions that are common to a number of the

chapters in this thesis.



1.2 Preliminary notions

1.2.1 Algebraic geometry

Algebraic geometry for our purposes will concern the study of polynomial equations and

their solution sets. We will use k[x, ..., z,] to denote the vector space of polynomials in
n variables with coefficients in a field k. Given a collection of polynomials py,...,p, €
klxy,...,z,], we let

V(pi,--ypm) ={x € k" :p1(z) =0 and pa(x) =0... and p,,(z) = 0}.

A set of this form is said to be Zariski closed, and it is noteworthy that any Zariski
closed set has the property that its complement is either empty or dense.

We will say a polynomial p is nonnegative if p(z) > 0 for all x € R", and we will
denote this by writing p > 0.

We will not require much detailed theory from algebraic geometry here, though we
will recount some varieties of particular interest to us. We will define R"*" to be the
vector space of n x n real matrices. We will also define RY ™ to be the vector space of

symmetric matrices. We define

SO(n) ={X e R"": XTX =, and det(X) = 1}.

Here, I denotes the identity matrix.

1.2.2 Convex geometry

A convex set C' is a subset of R” with the property that if z,y € C then the line
segment joining x and y is also contained in C'. Equivalently, a convex set is the set
of points satisfying a (possibly infinite) collection of linear inequalities of the form

(v,z) > ¢ for some v € R" and ¢ € R. The convex hull of a set of points S C R”" is



the intersection of all convex sets containing S, and we will denote this by conv(.S).

A convex cone is a convex set which has the property that if x € C', then Az € C
for A > 0.

An extreme point of a convex set C' is a point x which is not of the form x =
(1 — AN)z1 + Azo, where 21,20 # z and A € [0,1]. Similarly, we say that if C' is a
convex cone, and x € C, then z spans an extreme ray of C' if z is not of the form
x = (1 — X)z1 + Azy for linearly independent z; and zs.

Particularly important convex cones include the nonnegative orthant R} = {z €
R":2; > 0fori=1...n} and the positive semidefinite (PSD) cone

S ={X eRl:":forallveR" v"Xv>0}.

sym

If X € ST*", we will write X > 0.
We will often refer to conical optimization problems, which for a given convex cone

C' are optimization problems of the form

max |(z)
st. A(x)=0b (1.2.1)
reC.

Here, | : R" — R, A: R™ — R™ are linear maps, and b € R™.

A conical optimization problem over R”} is a linear program, and one over ST™" is
a semidefinite program.

A convex function is a function satisfying the property that the epigraph {(z,y) :

y > f(x)} is convex, and a function is concave if its negative is convex.



1.2.3 Convex linear algebra

Here, we will recount some convexity properties of the eigenvalues of symmetric
matrices, some of which we will need for our analysis. In some places, these historical
results will serve as a backdrop for our further exploration of the connections between

convex geometry and algebra. We will begin by recalling the spectral theorem.

Theorem 1.2.1. If X € R, then there exists some U € SO(n) and a diagonal

matriz D € R™™ ™ so that

X=UDUT.

Equivalently, X has n real eigenvalues (counting multiplicity) and the eigenspaces

associated to distinct eigenvalues are orthogonal.

While this theorem does not appear to have much to do with convexity, it can
be seen to underlie the fact that the set of symmetric matrices with nonnegative
eigenvalues is a convex set using the theory of hyperbolic polynomials described in

Chapter 2. We will typically denote the eigenvalues of a symmetric matrix X by

A (X) € Ma(X) € oo € A(X).

When referring to the largest or smallest eigenvalues of a matrix X, we will sometimes
use the notation Ay, (X) and A\pq.(X) to avoid confusion.

The spectral theorem is also closely connected to many other convexity results in
linear algebra. For example, using the general theory of hyperbolic polynomials, the

following can be shown (though other proofs are available):
Theorem 1.2.2. The polynomial log(det(X)) is concave on ST™".

Using this, we can show the Hadamard inequality (this proof was communicated

to us by James Saunderson in private communication). For X € R"*" we will use



the notation diag(X) € R" to denote the diagonal of X, and for € R", we use the
notation Diag(z) to denote the diagonal matrix whose diagonal entries are the entries

of x.
Theorem 1.2.3. If X € SU™", then det(X) < T, Xii.

Proof. Let x = diag(X). We have the following formula, which can be proven by

considering the sum entry by entry:

1
Diag(z) = — ) Diag(s) X Diag(s).
se{-1,1}n

By concavity, we have that

log (ﬁ Xu‘) = log(det(Diag(x)))

i=1

= log (det (2171 > Diag(s)XDiag(s)))

se{-1,1}n

Zin Z log (det (Diag(s) X Diag(s)))

se{-1,1}n

= log (det (X)) .

Here, we have used the fact that det (Diag(s)XDiag(s)) = det (X) when s € {—1,1}".

This shows the desired result. O

We will now recall the Schur-Horn theorem. For a permutation 7 € &,, and a
vector v € R™, we will write 7(v) to denote the vector where 7(v); = v-1(;). We will
also need to define the variety of symmetric matrices with fixed eigenvalues. That is,

for 4 € R™, we let

R nxn . 3
M, ={X e R} : The eigenvalues of X are y}.

sym

To see that this is in fact an algebraic variety, notice that it is Zariski closed, as it is

8



precisely the set of symmetric matrices X so that

det(X —t1) = (t — py)(t — pa2) ... (t — pn),

and by comparing the two polynomials coefficient-by-coefficient, one obtains a set of
polynomials whose vanishing defines M /ﬂf. To see that it is irreducible, notice that it
is the image of the irreducible variety SO(n) under the the polynomial map sending

U to UDiag(u)UT.

Theorem 1.2.4. The image of ME under the linear map diag is precisely conv{m(p) :

T e G,}.

We will give related ‘hidden convexity’ theorems in Chapter 4.
We also recall the Cauchy interlacing theorem. If S C [n] and X is an n x n matrix,

then the principal submatrix of X indexed by S is the |S| x |S| matrix given by

X|S = (Xij)i,jes-

Theorem 1.2.5. Let X be an n X n symmetric matriz, and let Y be a principal

submatriz of X. For each1=1,... k,
Ai(X) < A(Y) < Xk (X).

It is known that in fact, the Cauchy interlacing inequalities completely specify how
the eigenvalues of a principal submatrix of a general matrix relate to the eigenvalues
of the whole matrix. In Chapter 3, we give a sort of converse inequality where if the
eigenvalues of all of the k x k principal submatrices of the matrix X are constrained,
then in fact the eigenvalues of X are constrained in a way that is not given by the
interlacing inequalities.

We will end this section with two related facts that are corollaries of the Cauchy



interlacing theorem, one of which appears to be new. Firstly, we recall that the
Hadamard product of two n x n matrices is the matrix X - Y where for each i,j € [n],

(X -Y)y = XYy

Theorem 1.2.6. If X and Y are symmetric matrices, then

Amin(X - Y) > min A(X)A;(Y),

i,j€(n]
and in particular, if X and Y are PSD, then X -Y is as well.

Proof. Notice that while min; jep,) Ai(X)A;(Y) is invariant to change of basis in both
X and Y, X -Y is highly basis dependent. For this reason, it is natural to relate X - Y
to another, larger matrix which has better basis independent properties.

Consider the Kronecker product X ® Y, an n? x n? which represents the tensor
product of the linear maps associated to X and Y. In coordinates, we may index the

entries of X ® Y by ordered pairs, so that

(X ®Y) ko) = XiwYe-

It is possible to explicitly construct a basis of eigenvectors of X ® Y to show that the
eigenvalues of X ® Y are precisely those real numbers which can be represented as
Ni(X)N(Y) for 4,5 € [n].

Now, note that X - Y is the principal submatrix of X ® Y obtained by restricting
to rows indexed by pairs (ii). The eigenvalue bounds then follow from the Cauchy

interlacing formula. O]

Secondly, we will recall that the Schur complement of a matrix X with block

decomposition

10



with respect to the k x k principal submatrix A is X/A = D—CA~'B. More generally,
if S C [n], we denote by X \ S = X|gc — Xgc sX|sXssc. Here, Xgr denotes the
(possibly nonprincipal) submatrix of X indexed by the sets S and 7. We will first

note a formula for the entries of X \ A, which is cited in [1] and which we found in [2].

Lemma 1.2.7. Suppose X € R™™ and S C [n] satisfies that X|s is nonsingular. For
any i,j € S,

1
(X \ S)ij = m det(XSuLSUj)-

Next, we will show an analogue of Theorem 1.2.6, which to our knowledge is novel.

Theorem 1.2.8. If X is a symmetric matriz, and S C [n] is of size k, then

1
Amin(X \ S) > ———— min i (X).
( \ ) det(X|S) |:/?g,[£]_1il€_£ ( )

In particular, if X is PSD, then

S I \i(X)

AV 2 e )

N1 (X).

Proof. Here, we make use of the notion of a wedge power of a matrix, which is correctly
defined in terms of exterior algebras. For us, if X is an n X n matrix, we define the
matrix A*X to be a (") X (") matrix, whose entries are indexed by subsets of [n] of

k k
size k, and for S, T C [n] with |S| = |T| =k,

(/\kX)ST = det(XgT).

While it is not clear from this coordinate focused definition, in fact, this wedge
power satisfies AF(XY) = (A*X)(A*Y), and it can be shown by explicitly constructing
eigenvectors that the eigenvalues of A X are precisely the possible values of [T;cq Ai(X)

as S ranges over sets of size k.

11



Next, we note that X \ S is precisely the principal submatrix of det&‘s) AL X
corresponding to those sets of the form S Ui for ¢ € S¢ by the previous lemma.

Therefore, the theorem follows from Cauchy interlacing. ]

12



CHAPTER 2
HYPERBOLIC POLYNOMIALS

2.1 Preliminary notions

2.1.1 Definitions

The main subject of this chapter are polynomials which have real rootedness properties

with interesting connections to convex optimization.

Definition 2.1.1. A homogeneous polynomialp € R[xq, ..., x,] is said to be hyperbolic

with respect to v € R™ if p(v) # 0 and for every x € R", the univariate polynomial

pz(t) = p(x + tv)

has only real roots.

Example 2.1.1. If we let X be a symmetric matriz of indeterminants, then the
polynomial det(X) € R[X] is hyperbolic with respect to the identity matriz I € RL".
This follows because the univariate polynomial det(X + tI) has roots equal to the

—A1, ..., —An, where the \; are the eigenvalues of X, and these are real by the spectral

theorem.

A related class of polynomials are stable polynomials, which are polynomials
p € Clz,...,2,] with the property that p(z1,...,2,) # 0 when z; are all complex
numbers with positive imaginary part. A homogeneous polynomial p € Rz, ..., z,]
is stable if and only if it is hyperbolic with respect to every vector in the positive
orthant.[3] Hyperbolic polynomials have been used in proofs of deep results in a variety

of fields ranging from differential equations to combinatorics [4, 5, 6, 7, 3].
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Associated to a given hyperbolic polynomial is a closed convex cone with nonempty

interior known as its hyperbolicity cone.

Definition 2.1.2. Let p € R[xy,...,x,] be hyperbolic with respect to v € R™. The

hyperbolicity cone A,(p) of p is defined in any of the following equivalent ways:
1. Ay(p) ={x € R" : p(z + tv) > 0 when t > 0}.
2. Ny(p) is the set of x where all roots of the polynomial p(x — tv) are nonnegative.

3. Ny (p) is the closure of the connected component of R™\ V(p) containing v, where

V(p) is the set of x for which p(x) = 0.

4. Ny(p) is the set of points where the coefficients of the univariate polynomial p,(t)

are nonnegative.

In addition, if u € A,(p), then p is hyperbolic with respect to u and v € A, (p).
It is not hard to see using these definitions that the hyperbolicity cone of the de-
terminant polynomial is precisely the cone of positive semidefinite matrices. The
success of semidefinite programming has lead to analogous interest for hyperbolicity
CONE Programming.

For a given hyperbolic polynomial p, a hyperbolicity cone program is an optimiza-

tion problem of the form

max (¢, )
st. Av=b (2.1.1)
x € Ny(p)

Here, c € R", A € R™*™ and b € R™. Such problems have been studied extensively [8,
9]. Of particular note is the fact that the function — log(p) serves as a self-concordant
barrier function for the hyperbolicity cone of p [10], which enables interior point

methods to be applied to this problem.

14



2.1.2  Hyperbolic optimization and polynomial nonnegativity

One application of such hyperbolicity cone programs is towards certifying the non-
negativity of polynomials. In [11], it was shown that A,(p) is a slice of the cone of
nonnegative polynomials. Explicitly, if we let D,p denote the directional derivative of

p with respect to the vector u, then
Ay(p) ={ueR": D,pD,p— pD,D,p > 0}.

Here, the polynomial A, ,p = D,pD,p — pD, D,p is known as the mized derivative of
p.

This was further extended in [12], which shows that a matrix known as the
Bézoutian of p, denoted B, (p) is positive semidefinite for all . They use this to define
the notion of a hyperbolic certificate of nonnegativity in such a way that a polynomial
is a sums of squares if and only if it has a hyperbolic certificate of nonnegativity where

the underlying polynomial is the determinant.

Remark 1. It is not hard to show that every sum of squares polynomial can be written
as Ny wp(fr,s ..., fx) for some quadratic polynomial p and polynomials f1,. .., fi, i.e.
that every sum of squares polynomial has a hyperbolic certificate of nonnegativity in a
certain sense. This is because it suffices to show that for each k > 1, the polynomial
Sk 22 can be written as Ay wp for some hyperbolic polynomial. In this case, we may

take

p=2zw+ (z+w)> i+ Y ziT.
i=1 itj

15



This polynomial is stable, which can easily be checked becausep = | z, | A (z w T

Tn

where A is a matriz with nonnegative entries and exactly one positive eigenvector,
and it is known that all such polynomials are stable [3]. Moreover, we have that
%pa%p — pa%%p = Y& 22, This construction is unsatisfying, because it does not

give any insight as to how to find a sum of squares decomposition of f.

While it is true that for any polynomial p hyperbolic with respect to v, the
mixed derivative A, ,p is nonnegative, the converse is not always true. However, it is

noteworthy that there is a partial converse, which we will prove here for later reference.

Theorem 2.1.3. Suppose that D,p is hyperbolic with respect to v, and also that A, ,p
is globally nonnegative. Also assume that there is some x so that the polynomials p,(t)
and %pm(t) are square-free (i.e. nonzero with no root of multiplicity greater than 1).

Then p is hyperbolic with respect to v.

Proof. We wish to show that for all x, p,(t) is real rooted. Firstly, because the property
of being real rooted is closed in the set of univariate polynomials, it suffices to show
that p,(t) is real rooted for a dense set of x. Because there is some x satisfying the
condition that p,(t) and %p,(t) are square-free, and the set of z failing this condition
is Zariski closed, a dense set of x satisfies this condition.
We now note that for any fixed =z,
) ) d ? d?
Do+ 10) = (D) = D)o +10) =  Gra)) =0 el

Therefore, for each fixed x, the mixed derivative of p,(t) is nonnegative.

It remains to show that if g(¢) is a square-free univariate polynomial with a square

16



free derivative; % g(t) is real rooted, and the mixed derivative of ¢ is nonnegative, then

g is real rooted. For this, we note that

<jtg(t)>2 - g(t)cji;g(t) = —9“)2515 (%ﬁ?) |

Consider the rational function ‘“?t()), and note that it vanishes at the d — 1 roots

of £g(t), since g(t) and £g(t) have no common zeros. Also note that there are 2

d
additional 'zeros’ of this function at co and —oo, in the sense that lim;_ 4 d;?t(; ) — 0

by considering the degree of this rational function. Let r and s be two consecutive zeros

of %g( ), i.e. zeros of this polynomial so that there are no zeros in the interval (7, s).

d
If ‘“? were differentiable on the interval (r, s), then because —g(t)? <jt d;ft()t)) >0,
o)

. Would monotonic. However, a monotonic function on [r, s] that vanishes at r

and s would be identically zero, which is a contradiction. We can conclude that e P t()t )

must have a pole in the interval [r, s], implying that ¢g(¢) must vanish in this interval.

There are d intervals of this form, so we conclude that g(t) must have at d real

roots, as desired. O

Remark 2. Note that the example g(t) = t* — 1 has a real rooted derivative, and
its mized derivative is 4t*(t* + 3) > 0, but g has nonreal roots. This shows that the

additional requirement that %px(t) be square-free for some x is required.

2.1.3 Hyperbolicity preservers

We conclude our historical remarks on hyperbolic polynomials with some facts about
hyperbolicity preservers. It follows from Rolle’s theorem that if p is a real rooted
univariate polynomial, then %p is real rooted. Similarly, if p is hyperbolic with respect
to v, and u € A,(p), then D,p is also hyperbolic with respect to v.

Motivated by this example, we consider the following definition of a hyperbolicity

preserver:
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Definition 2.1.4. Let U C Rxy,...,2z,] and V C Rly1, ..., ym] be linear subspaces,
and let w € R™ and v € R™. We say that a linear map T : U — V is a hyperbolicity
preserver if for every p € U that is hyperbolic with respect to w, T (p) is hyperbolic

with respect to v.

We will also refer to univariate hyperbolicity preservers. It is not hard to see that if
¢g(t) is a univariate polynomial, then g is real rooted if and only if the homogenization
of g, denoted here by ¢"(s,t), is hyperbolic with one of the two coordinate vectors.
Similarly, if R[t],, denotes the vector space of univariate polynomials of degree at
most n, then a linear map 7' : R[t], — R[t]4 sends real rooted polynomials to real
rooted polynomials if and only if T" : R[s, t],, — R[s, t]; preserves hyperbolicity in a
coordinate direction in the sense of the previous definition. For this reason, we will
also say that the map 7" : R[t],, — R[t],, is a hyperbolicity preserver.

We will say that a linear map T : R[t],, — R[t]q is diagonal if there are constants
7; so that T(t"~%) = ~;t¢% for each i < min{d,n}. An important result of Schur
and Polya in [13] characterizes hyperbolicity preservers T': R[t],, — R[t]; which are

diagonal.

Theorem 2.1.5. Let T : R[t], — Rlt]q be a diagonal linear map. Then T is a

hyperbolicity preserver if and only if T((t — 1)™) has real roots, all with the same sign.

We will also recount the theory of stability preservers developed by Borcea and
Brandén in [6] for completeness. Fix some x € N" and let R[zy,...,x,], denote
the vector space of polynomials where the degree of z; is at most k; for each 7. If
v € N", we then say that a linear map 7" : R[zy, ..., 2, = R[z1,. .., x,], is a stability
preserver if the image of every stable polynomial is also stable. We may extend T’
to a linear map 7" : Rz, ..., %y, w1, ..., Wy, = Rlzq, ..., 2,], by treating the w; as
constants, i.e. we let

T(w®2%) = w*T(2").
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Here, if @ € N", we denote by w* = w{"* - --- - wi" and z* = 7" - - -+ - 2.

Theorem 2.1.6. T : Rlzy,..., 2, — Rlzy,...,2,]y s a stability preserver if and

only if either the image of T is 1-dimensional and spanned by a stable polynomial, or

T((z+w)")

1s stable.

2.2 Symmetric hyperbolic polynomials

A polynomial p € R[zy, ..., x,] is symmetric if it is invariant under permutations of its
variables. A well known class of symmetric polynomials are the elementary symmetric

polynomials, defined as

eni(z) = Y ]

SCln] i€S
|S|=k

We will often suppress the dependence of e, ; on n when it is convenient. These
polynomials generate the ring of symmetric polynomials in n variables, i.e. every
symmetric polynomial in n variables can be written as g(e,1(x), ..., €, n(z)), where ¢
is some polynomial in n variables.

The elementary symmetric polynomials are hyperbolic with respect to the vector
of all one’s, denoted by 1. We will generally be interested in symmetric hyperbolic

polynomials, which are symmetric polynomials that are hyperbolic with respect to 1.

Definition 2.2.1. A polynomial p is symmetric hyperbolic if it is symmetric and it is

hyperbolic with respect to 1.

Symmetry in this context has been exploited in the past to understand hyperbolicity
cones, notably in [14], as well as in [15, 16]. The main goals of this section will be to

characterize the symmetric hyperbolic polynomials of degree 3, and give connections
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between symmetric hyperbolic polynomials and hyperbolicity preservers for more

general degrees. The content of this section was originally proven in [17].

2.2.1 Hook-shaped polynomials and 0-sum hyperbolicity preservers

Definition 2.2.2. We will let R[t], o denote the subspace of Rlt], consisting of
polynomials where the coefficient of t"~' is 0. If T : R[t]n0 — R[t]ao is a linear map,
then we say T" is a 0-sum hyperbolicity preserver if T' sends real rooted polynomials
to real rooted polynomials. We say that T is diagonal if T(t"~") = ;4% whenever
d=0,2,...,min{n,d}.

We will say that a symmetric polynomial p € Rz, ..., x,] is hook-shaped if it is
of the form

d
p= Z aier(z) e (),
i=1
for some coefficients a;.

Definition 2.2.3. If p is a hook-shaped polynomial, then its associated operator is
a map T : R[t],.0 = Rt]ao defined as follows: if g(t) € R,[t] is a polynomial which
factors as a(t —ry) ... (t —ry) forry,...,r, € C, then we let T'(g) be a polynomial so

that

T(g) = ap(r —t1),

where 7 denotes a vector whose entries are rq,...,r,. We then extend this definition

to all elements of R[t],.o (including those of degree less than n) by continuity.

The fact that the T above in fact sends polynomials with real coefficients to
polynomials with real coefficients follows from the fact that if a symmetric polynomial
is evaluated at the roots of a polynomial with real coefficients, then the result is real.
Perhaps more surprisingly, if p is hook-shaped, then T is in fact a diagonal linear map.

We show this in the next theorem.
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Theorem 2.2.4. If p is a hook-shaped polynomial, then its associated operator is a
linear map, and moreover, the map sending p to its associated operator is linear and
invertible. p is symmetric hyperbolic if and only z'fp(f) = 0 and its associated operator

is a 0-sum hyperbolicily preserver.

Proof. We can perform a direct computation to show that the associated operator

is linear and diagonal. Fix a hook-shaped p of degree d in n variables. It will

be convenient to write p in terms of the elementary symmetric means, defined as
ei(z)

éi(xr) = 0k It is clear that because p is hook-shaped, then there exist coefficients

ai,...,aq so that
d
P = Z azécll_zéz(I)
i=1

Let g(t) € R[t], 0 be monic with roots ry, ..., r, € C. We may write g(t) = [T}, (t—

Ti) =Y, (Z) cit"™", where ¢; = 0. In this case, we have that ¢; = (—1)€;(r1,...,7,).

Now, the definition of associated operator gives that

— —

It follows from a Taylor expanding &;(7—1t) in t that & (F—1t) = 3%_,(—1)"7 (;) é;j(r)t.

In particular, because é;(7) = 0, we have that & (7 — t1) = —t.
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We may compute
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That is, T(g) = 3%, v,¢;t97, where 7; = é(—l)d YL i(—1)* (;) a;. This clearly
implies that T'(g) is the linear map sending 77 to ;277 so that T is a diagonal
linear map as desired. Moreover, the 7; are the image of the a; under an upper
triangular linear map with nonzero diagonal entries, and so the linear map sending p
to its associated operator is invertible.

We now want to show the equivalence of p being symmetric hyperbolic and 7'(g)
being a 0-sum hyperbolicity preserver. For this, note that if p is symmetric hyperbolic,

then for any monic g € R[t],, o with real roots 71, ..., ,, we have that the polynomial

is real rooted, implying that 7" is a O-sum hyperbolicity preserver.
On the other hand, if 7" is a 0-sum hyperbolicity preserver, then for any x € R"”,

we have that

T((t—x1)(t —x2)...(t —x,)) = plx — 1t)

is real rooted, showing that p is hyperbolic. O
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2.2.2 Extendable linear maps

This theorem gives a bijective correspondence between symmetric hyperbolic poly-
nomials which are hook-shaped and a certain class of linear hyperbolicity preservers.
One can then apply Theorem 2.1.5 to obtain a recipe for constructing a hook-shaped
symmetric hyperbolic polynomials of degree d from real rooted polynomials of degree
d as follows: We may begin with any real rooted polynomial g € R[t]; with roots of
the same sign, and then find the unique diagonal linear map 7" : R[t],, — R[t]4 so that
T((t+1)") = g. Theorem 2.1.5 then implies that T is a hyperbolicity preserver, which
then restricts to a O-sum hyperbolicity preserver, T': R[t], 0 — R[t]s0. We may then
find the unique hook-shaped polynomial whose associated operator is 7', and this will

be symmetric hyperbolic by Theorem 2.2.4.

Example 2.2.1. We may take as an example the univariate polynomial with only

nonnegative real roots
g(t) = (t —1)(t —2)(t — 3)(t — 4) = t* — 10£* + 35t> — 50t + 24.

By Theorem 2.1.5, the unique diagonal map sending (t — 1)* = ¢" — 443 + 612 — 4t + 1
to g(t) is a hyperbolicity preserver.

If we let T be this diagonal map, then

T((t —1)%(t+3)) = t* — 35¢* + 100t — 72.
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We would therefore want to find a hook-shaped polynomial p so that

1 1
1 1

p —t = t* — 35t + 100t — 72.
1 1
-3 1

Letting

~4 ~2 ~ ~ ~ ~
P = a1€; + g€ + az€i1€3 + aqéq,

we may solve for ay,as,as,as and find that

p = —66] + 29676, — 466,65 + 24¢é,,

Our theorem then implies that p is symmetric hyperbolic.

A natural question is whether or not this recipe in fact yields all hook-shaped
polynomials which are symmetric hyperbolic. The only step in this construction which
is not obviously bijective is the step of restricting a hyperbolicity preserver to R]t], 0.
We will make the definition that a map 7" : R[t],, 0 — R[t]a, is extendable if there exists
a hyperbolicity preserver T': R[t], — R[t]; that equals T on the subspace R[t],,.

We can give an equivalent condition for T" to be extendable in terms of the value
of T((t+mn —1)(t — 1)"1). For this, we need to consider a map 4, : R[t], — R[],
which is defined so that it is equal to the unique diagonal map sending 0, ((t — 1)") =

(t—n+1)(t— 1)

Definition 2.2.5. Let d,, : R[t],, — Rl[t],0 be the diagonal linear map defined by

Sn(t"F) = —(k — 1)t"*

for all k € [n].
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For any diagonal map T : R[t],, — R[t]s, T(0,(g)) = d4(T(g)), since the coefficient
of 6,(t"™*) does not depend on n. For this reason, we will abbreviate §,, as § where

there is no ambiguity in its domain.

Lemma 2.2.6. A linear map T : R[t], 0 — R[t]ao is extendable if and only if there
exists some g € R[t],, with real roots of the same sign, so that §(g) = T((t —n+1)(t —
1)n1.

Proof. Suppose that T((t +n — 1)(t — 1) ') = §(g) for some g with real roots of
the same sign. We claim that the unique diagonal map 7' = R[t],, — R[t], satisfying
T((t — 1)) = g extends T and is a hyperbolicity preserver. The fact that 7" is a
hyperbolicity preserver follows from Theorem 2.1.5. The fact that 7" extends T follows

because

T((t+n—1)E—1)"") =T(6((t—1)"))
=5(T((t—1)")
=4(g)

= T((t+n—1)(t—1)").

Here, we make the observation that a diagonal map 7" : R[t], 0 — R][t]40 is uniquely
determined by the value of T((t +mn — 1)(t — 1)*71).

On the other hand, if T is extendable by a map T, then it follows from the same
sequence of equalities that 6(T'((t — 1)) = T((t +n — 1)(t — 1)" 1), so the result

A

follows from setting g = T'((t — 1)"). O

Next, we will show that all 0-sum hyperbolicity preservers 1" : R]t], 0 — R[t]3 o are

extendable.

Theorem 2.2.7. For any n € N, every diagonal 0-sum hyperbolicity preserver T' :

R[t]n0 = Rlt]s0 is extendable. Moreover, a diagonal linear map T : R[t], 0 — Rt]s0
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is extendable if and only if

T(t+n—1)t—-1""1

1s real rooted.

Proof. Note (t +n —1)(t —1)" ! € R[t],0, so if T is a 0-sum hyperbolicity preserver,
then T((t +n —1)(t — 1)"1) is real rooted.

Now, suppose that ¢ = T((t +n — 1)(t — 1)"!) is real rooted. By Lemma 2.2.6,
to show that T is extendable, it suffices to show that ¢ = §(g), for some g with real
roots of the same sign.

We have therefore reduced the problem to showing that for any real rooted
polynomial in R]t]30 is the image under § of some polynomial with roots of the same
sign.

To show this, we will use the facts that 6((t — 1)%) = (t — $)%(t + 1), 0(¢%) = t3,
and 6((t — 1)%) = (t — 1)(t + 1)t. We will define H3 C R[t] to be the set of
hyperbolic polynomials of degree at most 3 with nonnegative real roots of the same
sign. Also note that the set of univariate polynomials with nonnegative real roots is
path connected (as it is the image of Ri under a polynomial map), and in particular,
there is a path 7 : [0,1] — Hs 1 so that 7(0) = (¢ — 1)® and 7(1) = (¢t — 1)(¢ + 1)t.
Also note that without loss of generality, we may assume that 7 does not intersect
{at® — bt? : a,b € R} C Hs 4, since this is a codimension 2 subset.

Next, let Hso denote the set of real rooted, degree 3 polynomials in R[t]3o. We
will need to define a continuous function E : Hsp \ {at® : a € R} — [0,1] as follows.

If g € Hap \ {at® : a € R}, with roots 71 > 75 > r3, then we let

(8]

3

E(g) = min{| -], |2

bl

1

Note that E(g) is well defined for any g € Hspo \ {at® : a € R} since any such
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polynomial must have a nonzero root, and since the sum r; + ro + r3 = 0, this implies
that it must have a positive and negative root. We also clearly have that E(g) € [0, 1],
and it is continuous because the roots of a polynomial are continuous functions of the
polynomial.

Note that if ¢g,q € Hsp, then E(g) = E(q) if and only if there exist a,b € R so
that ag(bt) = q(t) for all t € R.

Suppose now that there is some g € Hs so that g(¢) is not in the image of 6. We
see that because g(t) is not in the image of 0, neither is ag(bt) for any a,b # 0, the
image of 4 is invariant under these operations. We further see that g(t) cannot be ¢
since that is in the image of 4.

Finally, we have reached a contradiction. As E(7(0)) =1 and E(7(1)) =0, so by
the intermediate value theorem, there is some ¢ so that E(7(t)) = E(g), contradicting

the fact that ¢ is not in the image of 4. m

Using this, we can obtain a characterization of cubic symmetric hyperbolic polyno-

mials.

Corollary 2.2.8. Let b be a coordinate vector, and let p be a cubic symmetric
polynomial. Then, p is symmetric hyperbolic if and only if p(1) # 0 and p(b — t1) has

real roots.

Proof. For this, note that p is symmetric hyperbolic if and only if its associated
operator is a hyperbolicity preserver. In turn, if T is its associated operator, then

T preserves hyperbolicity if and only if T((t + n — 1)(¢t — 1)*71) is real rooted. In
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conclusion, p is symmetric hyperbolic if and only if

—n+1
1 1 T
T(t+n—1({t—-1)""")=0p —t1
1
1
0 t—1)-
I DR R
n
0
has real roots, which is clearly equivalent to p(b — Tt) having real roots. O

The paper [17] generalizes some parts of this argument and shows using a more
complicated topological argument that in fact, all diagonal O-sum hyperbolicity pre-
servers T : Rt], 0 — R]t]s0 are extendable. This also leads to a characterization of
the degree 4 hook-shaped symmetric hyperbolic polynomials, which we will not prove

here.

Theorem 2.2.9. For any n € N, every diagonal 0-sum hyperbolicity preserver T :
R[t]no — R[t]ao is extendable. Moreover, a diagonal linear map T : R[t], o — R[t]40

is extendable if and only if

T(t+n—-1)@t—-1)"1

has real roots, of which 3 are of the same sign.

However, there is an example of a diagonal 0-sum hyperbolicity preserver T :

R[t]n.0 — R[t]5,0 which is not extendable, which we discuss next.
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Theorem 2.2.10. Let

P = 450065 - 2206164 + 76%63 S R[ZL‘l, PN ,1'5]5

Then, p is symmetric hyperbolic, but p’s associated operator is not extendable.

Proof. We will note that the associated operator of p satisfies

T((t+4)(t —1)%) = =750(t + 6)(t — 1)*(t — 2)*.

To show that p is symmetric hyperbolic, we will use Theorem 2.1.3.

To see that Dyp is symmetric hyperbolic, we note that the associated operator of
Dyp sends a univariate polynomial g to %T(g), so it is easy to check that Dip satisfies
the conditions of Theorem 2.2.9.

We next check that Ajpp is nonnegative. In fact, using computational methods,
it is possible to show that this polynomial is in fact a sum of squares, immediately

implying nonnegativity.

Finally, we note that p,(t) and Zp,(t) are square free when = = [ [, so that we

may apply Theorem 2.1.3.

On the other hand, to see that T is not extendable, we use the following fact from
[17]:
Theorem 2.2.11. Let g € R[t] be univariate. If §(g) has a root of multiplicity k > 1

at r > 0, then g must have a root of multiplicity k + 1 at r.

Therefore, if —750(t + 6)(t — 1)2(t — 2)* = §(g) for some g with real roots, then g

must vanish at 1 and 2 with multiplicity 3, but this is a contradiction as ¢ is a degree
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5 polynomial. O]

Remark 3. This polynomial p has some rather remarkable properties, for example,
it is not SOS-hyperbolic, as can be seen by computing As,p, where u = (6,1,1,1,1).
Moreover, it can be shown that if p is written in the &; basis, then in fact, the

hyperbolicity of p is independent of the number of variables.

2.3 Linear principal minor polynomials

A family of polynomials which are closely related to the elementary symmetric
polynomials are what we will refer to as the characteristic coefficients. These are
sometimes also called the k-determinants. For a symmetric matrix X, these are defined
by

(X)) = ) det(X]sg), (2.3.1)

SCn]
|S|=k

where the sum runs over all principal submatrices of X of size k.
Such characteristic coefficients are directly related to the elementary symmetric

polynomials, in the sense that

Cn k(X)) = enr(M(X), ..., (X)),

where the \;(X) are the eigenvalues of X.

As a consequence of the fact that e, is hyperbolic with respect to I, Cnk 18
hyperbolic with respect to I, the identity matrix. In fact, ¢, is hyperbolic with
respect to all matrices in the PSD cone. Motivated by this, we make the following

definition:

Definition 2.3.1. A polynomial p € R[X;; : i < j < n] is PSD stable if it is hyperbolic

with respect to I and A;(p) contains the PSD cone.
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Amongst the set of stable polynomials are those which are multiaffine, meaning
that the polynomial is of degree at most 1 in each variable. Such multiaffine stable
polynomials arise as generating functions in combinatorics. A homogeneous multiaffine

stable polynomial of degree d can be written in the form

p(z) = Z aSHxi.

SC[n] i€S
|S|=d

Comparing the representation of the elementary symmetric polynomial as a sum of
monomials to the representation of ¢, as a sum of principal minors, we are motivated

to consider polynomials which are generally of the form

P(z) = ) asdet(X|s).
SC[n]
|ST=d

We will refer to these as linear principal minor polynomials (LPM for short).
Formally, there is a linear map ® from the linear subspace of R[xy, ..., x,] spanned
by square free monomials to the linear subspace of R[X;; : i < j < n] spanned by
principal minors of X sending [];cq z; to det(X|s). Throughout, we will use lower
case letters to denote multiaffine polynomials and upper case letters to denote the
corresponding LPM polynomial, so that for example, if p is a multiaffine polynomial,
then P is ®(p). Note that ® has an inverse map, since p = P(Diag(z1,...,z,)).
Given the example of the characteristic coefficients, it is interesting to ask when

LPM polynomials are PSD stable. We may characterize these polynomials naturally.

Theorem 2.3.2. An LPM polynomial P is PSD stable if and only if its corresponding

multiaffine polynomial p is stable.

This theorem was first proven in [20]. One direction of this theorem is clear;
if P is PSD stable, then p = P(Diag(xy,...,x,)) is stable because p(z + tv) =

P(Diag(x) + tDiag(v)), and the right side is real rooted for all z and v in the positive
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orthant. Thus, we are mostly interested in showing that if p is stable, then P is PSD
stable.

Before we go on, we need the following fact about hyperbolicity cones that can be

found in [3].

Lemma 2.3.3. Let p € Rxy,..., 2, be a homogeneous polynomial and K C R"™ a

cone. The following are equivalent:
1. p is hyperbolic with respect to all a € K, and
2. p(v+ia) #0 forallveR" anda € K.
We now make an observation

Lemma 2.3.4. Let P € R[X;; : i < j < n| be a homogeneous polynomial. Then P is

PSD-stable if and only if the following two conditions hold:
1. P(A) # 0 for all positive definite matrices A;

2. P(Diag(xq,...,x,) + M) € Rlzy,...,x,] is stable for every real symmetric

matriz M.

Proof. First assume that P is PSD-stable and let A be a positive definite matrix.
Because A is in the interior of A;(P), we have that P(A) # 0. Also, if for some M,
P(Diag(x1,...,x,)+ M) is not stable, then there is also some ¢ € C" so that for each

1, the imaginary part of (; is positive, and

P(Diag((y,...,C) + M) =0.

However, consider the univariate polynomial

P((Re(Diag(Ci, ..., Cn)) + M) + tIm (Diag(¢y, ..., G)))-
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This clearly has a root when ¢t = ¢, so that P is not hyperbolic with respect to
Im (Diag(¢i,...,¢,))). This is a contradiction, as Im (Diag((y,...,(,))) is positive
definite, and therefore in the hyperbolicity cone of P.

For the other direction we first observe that condition (2) implies that P is
hyperbolic with respect to the identity matrix. We then see that because P(A) # 0
for A > 0, the connected component of Ry "\ V(P) containing I must contain all

positive definite matrices, so that A;(P) contains the positive definite cone. n

Proof of Theorem 2.3.2. Let p € R[x] be multiaffine, homogeneous and stable. Then
by [18, Thm. 6.1] all nonzero coefficients of p have the same sign. Without loss of
generality assume that all are positive. Then P = ®(p) is clearly positive on positive
definite matrices since the minors of a positive definite matrix are positive. Thus by

Lemma 2.3.4, it remains to show that

o 0 0

—_— ., —
0xy’ Oxa oz,

P(Diag(zy,...,x,) + M) = (p* ( )) det(Diag(z1, ..., z,) + M)

is stable for every real symmetric matrix M. The polynomial det(Diag(xy, ..., z,)+M)
is stable as well as p* by [18, Prop. 4.2]. Thus the polynomial P(Diag(zy,...,x,)+M)
is also stable by [19, Thm. 1.3]. O

The consequences of this result are explored in greater detail in [20]. In particular,
various analogues of the Hadamard-Fischer theorem are given relating the values of P
and p within their hyperbolicity cones.

We will highlight one consequence of this result here: a particular cubic polynomial
p in 6 variables which is hyperbolic with respect to some vector v, but with the

property that A,,p is not a sum of squares for some u,v € A,(p).

Remark 4. In [12] Saunderson constructs a hyperbolic cubic in 43 variables whose
Bézout matriz is not a matrix sum of squares, and noted that at the time, it was not

known whether or not there existed such cubic polynomials with fewer variables. The
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polynomial we construct below in particular has this property, as Au,p is one of the
diagonal entries of the Bézout matriz of p. For all higher degrees, it is known precisely
for which n all hyperbolic polynomials of that degree with n variables have a Bézout

matrix that is not a matriz sum of squares.

Consider the complete graph K, on 4 vertices. We define the spanning tree

polynomial of K, as the element of R[z, : e € E(K,)| given by

tK4<x) = Z H Le

T €eEcT

where 7 C E(K,) ranges over all edge sets of spanning trees of K;. The polynomial
tx, is multiaffine, homogeneous and stable [18, Thm. 1.1]. Let T" be its corresponding
LPM polynomial. Finally, let p be the polynomial obtained from 7" by evaluating T

at the matrix of indeterminants

12 13 14 23 24 34

zz 0 0 0 0 0

) ) jan) ) o
S
o
&
=
o

Thus p is hyperbolic with respect to every positive definite matrix that can be obtained

by specializing entries of A to some real numbers. In particular, the polynomial

op Op *p

W = . —p-.
8:61 81'3 b al’laﬂfg

is nonnegative. We will show that it is not a sum of squares.
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Theorem 2.3.5. The polynomial W is not a sum of squares.

Proof. Explicitly,
1
ZW = a®b® + a*c® + b’c* + ¢ — Sabewy + 223 + 20%2

We first note that if W were a sum of squares, then it is the sum of squares of quadratic
forms. Indeed, by examining the Newton polytope of W, we see that if W were a sum
of squares, then it would necessarily be a sum of squares of polynomials in the linear
subspace

span{ab, ac, axs, be, by, ¢*}.

The idea of considering the Newton polytope in finding such sum-of-squares decompo-
sitions was first discussed in [21].
W can be written as a sum of squares from elements in this subspace if and only

if there is a PSD matrix A so that
W =T Av, (2.3.2)

where

ab
ac
axo
bc
bl‘g

C2

Suppose that such an A existed. Expanding out Equation (2.3.2) in terms of the
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entries of A, we obtain that A must be of the following form:

1 Asvac  Aabazs  Aabpe  Aabpes  Aabe
Aab,ac 1 Aac,axz Aac,bc Aac,bmg Aac,cz
Aabﬂxg Aac,axz 2 Aaxz,bc Aar27bx2 Aamz,cz
Aab,bc Aac,bc Aawg,bc 1 Abc,b:cg *’4bc,c2

Aab,b:pg Aac,bxg Aaxz ,bxo Abc,bxg 2 Abxg ,c2

/4(11),02 Aac,CQ Aaa:z ,c2 Abc,c2 Abxg ,c2 1

and also satisfy the property that A.z, pc + Aacpz, = —4
Here, we index the entries of A by the pair of monomials corresponding to that
entry of A.

Counsider now the matrix

30 0 0 00

0120 0 90

00 8 9 00
B =

0 0 912 0 0

09 0 0 8290

0 0 0 0 03

This matrix is positive definite, and also satisfies the property that for any A of the

above form, satisfying Aqu, be + Aac b, = —4,

Tr(AB) = —10.

This is negative, contradicting the fact that A was positive semidefinite. This implies

that W is not a sum-of-squares. O]

Remark 5. The matriz B that certified that W was not a sum-of-squares can be found-
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ing using general semidefinite programming techniques. We used the SumOfSquares.jl

Julia package [22, 23] for this problem.

Remark 6. In the terminology of [12] this shows in particular that h is neither
SOS-hyperbolic nor weakly SOS-hyperbolic.
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CHAPTER 3
SPARSITY IN SEMIDEFINITE PROGRAMMING

Many problems in optimization have a natural ‘sparse’ structure, meaning that either
many of the entries of the input or the expected output are zero. In combinatorics for
example, many inputs are graphs which have much smaller than the maximum number
of edges possible for their number of vertices. Optimization problems associated
to these graphs can inherit this sparse structure, as in the case of the Goemans-
Williamson relaxation of the MAX-CUT problem which we discuss in more detail
below. We may want to solve such sparse problems more quickly or with less memory
than dense instances of the same problems.

A different situation where such sparse structure appears naturally is in sparse
linear regression, known in the literature as the subset selection problem. This problem
has as input a matrix A € R™*" a vector b € R™, and a sparsity parameter k € N,
and asks to find

min{||Az — b||3 : ||z]lo < k}. (3.0.1)

Here, ||z||p is the number of nonzero entries in z. This problem is of fundamental
interest in data science and optimization, but is very difficult to solve with rigorous
guarantees. This problem is known to be NP-hard even to approximate [24, 25] in
general, so typically guarantees are more often sought after in special settings. Other
problems involve finding solutions to optimization problems which have few nonzero
entries.

To distinguish between the two types of sparse structure above, we may refer to
these two situations as having ‘input sparsity’ and ‘output sparsity’ respectively. The

goal of this section is to discuss an interesting structural framework that captures
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aspects of these questions in the context of semidefinite programming. Section 3.1
defines various convex cones which are related to these questions of sparse semidefinite
programming, and motivates how an understanding of these cones can lead to practical
implications for problems possessing both input and output sparsity. Section 3.2 derives
quantitative bounds on approximations to certain semidefinite programs with input
sparsity. Finally, Section 3.3 connects these sparse semidefinite programming questions

to hyperbolicity cones and problems with output sparsity.

3.1 Preliminary notions

Fix some collection of subsets A C [n], and consider the set of A-sparse vectors in R",

X(A) ={z € R" : supp(z) € A}.

Here supp(x) = {i € [n] : ; # 0}. It is natural to assume that A has the property
that if S € A, then for any 7" C S, T € A, as this implies that X'(A) is closed. Indeed,
for a simplicial complex A, the set X(A) is a well known type of algebraic variety,
known as a Stanley-Reisner variety. The connections between the algebraic structure
of such Stanley-Reisner varieties and the topological properties of A are well known
and are discussed, for example in [26, Chapter 1].

Given a simplicial complex A, we may define the convex cone

M(A) = conv{zaT e R}"" :x € X(A)}.

sym

Let G(A) = {S € A : |S| < 2}, which we may regard as a graph where the one
element sets are vertices and the two element sets are edges. If we let G = G(A), then

M(A) is a full dimensional cone inside of

RE ={X e R”": X, =0if {i,j} & G}.

sym
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The case in which A = <[Z]), the set of all k-element subsets of [n], is especially well
studied. In this case, M(A) is known as the factor-width k cone, which we denote by
Frk,

We can express sparse quadratically constrained quadratic programs in terms of

the cone M(A), as in the next theorem.

Theorem 3.1.1. The following two optimization problems have the same optimal

values, assuming Ay is PSD.

min  xTApz min  Tr(A4pX)
st oTAxr=1 (3.1.1) st Tr(A4,X) =1 (3.1.2)
supp(z) € A X € M(A)

One optimization problem captured in this framework is the sparse PCA problem,

defined for a given symmetric matrix A as

min zTAx
st. 2Tx=1 (3.1.3)

lzflo < k-

The sparse linear regression problem defined above can also be captured in this

framework for a given A and b as

min  Tr(AThbTAX)
st. Tr(ATAX) =1 (3.1.4)

X € M(A).
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3.1.1 Nonnegative quadratic forms and sparse semidefinite programming

There is a dual vector space to R, R which we may think of as being as being
‘partial matrices’, i.e. matrices where the entries which correspond to nonedges of
G(A) have been forgotten. To be more specific, a given X € R%* assigns a value Xj;
for every {i,7} € A, but does not assign a value to other entries. Equivalently, we
can think of an element of R¥(®)* as being a quadratic form on X(A), in the sense
that if 2 € X(A), then we may define 27Xz = ¥, ;cqa) Xijziz;. We may think of an
element S € A as indexing a submatrix of X where all of the entries are specified,

which we denote X|s.

100 0 1070
0100 0107
%

0010 7010
0 001 07?701

Figure 3.1: An example of the projection of a matrix onto the edges of a cycle graph.
This image was originally shown in [27].

Example 3.1.1.

There is a natural dual cone to M(A), which is also a full dimensional cone inside
REA)* - We will denote by P(A) this dual cone, and we may think of elements of
P(A) as being nonnegative quadratic forms on X' (A). Equivalently, a partial matrix
X isin P(A) if and only if for each S € A, X|gs = 0.

Inside of P(A) is another natural cone, the cone of PSD-completable matrices,

which we denote by X(G(A)). That is,

£(G) = {X € RY: 3X = 0 where Vi, j € G, X,; = X.,}.
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These correspond to quadratic forms on X (A) which are sums of squares of linear
forms on X (A).

It is natural to ask when X(G(A)) = P(A). This question was answered in different
terms in [28], when the complexes are restricted to being cliqgue complexes. The clique
complex of a graph G, x(G), is the set of all subsets of the vertices of G which induce
a clique in G. ! For clique complexes, the results in [28] showed that if G is a graph,
then X(G) = P(x(G)) if and only if G is chordal in the sense that G contains no
induced cycles of length greater than 3. In [29], it was shown that this is a consequence
of a more general fact about the differences between sums of squares and nonnegative
quadratic forms on algebraic varieties using a result of [30]. As a consequence of
this more general fact, it can easily be shown that in fact for any simplicial complex,
Y(G(A)) = P(A) if and only if A is the clique complex of a graph.

The fact that 3(G(A)) = P(A) when A is the clique complex of a chordal graph
is in fact extensively used in the study of semidefinite programs with sparse inputs.

Given a semidefinite program

min  Tr(A}X)
st. Tr(AIX)=0b;fori=1,....,m (3.1.5)

X =0,

we may define the joint sparsity of this semidefinite program to be the smallest
graph on n vertices so that A; € RY for each i = 0, ..., m. In this case, rather than
optimizing over the set of all positive semidefinite matrices, we can instead optimize
over %(G). When G is chordal, the fact that 3(G) = P(x(G)) implies that indeed
we can equivalently optimize over P(x(G)). To be concrete about the advantages

of this replacement, we note that a partial matrix X is in P(A) if and only if for

'In category theoretic terms, this is a right adjoint to the functor sending a simplicial complex to
its underlying graph.
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every maximal element S € A the fully specified submatrix X|g is PSD. When G is
a chordal graph, the number of maximal cliques of G is at most linear in the number
of vertices, and so it is possible to check if a partial matrix is in P(x(G)) in time
O(nw(G)?), where w(G) denotes the size of the largest clique of G. In cases in which
w(G) is much smaller than n, this can make algorithms for semidefinite programming
much more efficient.

An example of a type of semidefinite program with joint sparsity are the Goemans-
Williamson relazations for the MAX-CUT problem, first given in [31]. The MAX-CUT
problem is an optimization problem which takes in as input a graph G, and asks
for a set of vertices of G, S, so that the number of edges with one vertex in S and
the other in S¢ is as large as possible. This problem is NP-hard, but by making S a
uniformly random subset, it is easy to obtain a %—factor approximation. Goemans and
Williamson in their breakthrough work show that the following semidefinite program

achieves an approximation factor of at least 0.878.

1- X,
max Z —
{i,j}eG
st. Xy=1fori=1,...,n (3.1.6)

X = 0.

It is clear that in this case, the joint sparsity of this problem is G. We might therefore
be interested in getting faster algorithms in cases where G is sparse than when G is
dense. Indeed, various authors [32, 33] show that it is practically useful to take G to
be a somewhat larger chordal graph and to instead optimize over P(x(G)).

We will describe how we can extend this algorithmic value beyond the chordal

case using quantitative analysis of the difference between P(A) and X(G(A)).
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3.2 Approximate positive semidefinite completions

The results in this section were first described in [34].

It is desirable to extend the theory that allows us to work with chordal graphs to
more general settings. Some noteworthy work in this direction are [35, 36], which show
that if A is the clique complex of a series parallel graph G, a partial matrix X € P(A)
is in X(G) if and only if for every cycle C' contained in G, the partial submatrix X|o
is in (C).

In the cases in which X(G(A)) # P(A), it is natural to ask how different are
these two cones? From an optimization perspective, there may be cases of inequality
where it still may be computationally preferable to optimize over P(A) instead of
Y(G(A)), for example the number of elements of A and the sizes of the elements of
A are small relative to n. Therefore, we might ask how much we stand to lose by
replacing X(G(A)) by P(A) in an optimization problem.

To measure this gap, we first say that for a given element X € R%, the minimum
eigenvalue of X is A\ (X) = —min{e € R: X + el € ¥(G)}, where [ is the image
of the identity matrix inside of RY. This definition coincides with the minimum
eigenvalue of a matrix X in the cases where G is the complete graph, and clearly,
Amin(X) > 0 if and only if X € ¥(G). We then define the gap of a simplicial complex

as follows: let P(A) ={X € P(A) : Tr(X) = 1}.

e(A) = —min{ i (X) : VX € P(A)}.
We have that £(A) > 0 with equality if and only if A is the clique complex of a chordal

graph.

We can also define this quantity in terms of X € M(A):
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Theorem 3.2.1. For any simplicial complex A,

e(A) = max max{e: X +el € M(A)}.
XeRG(A)
X0
Te(X)=1

Proof. Suppose there is some X € R%®) such that X = 0 and Tr(X) = 1, and so
that X + €(A)I € M(A). Then by convex duality, there must be some Y so that
Y € P(A) so that (Y, X + ¢(A)I) < 0, and we may take Y to have trace 1. We then

have that

YV, X +e(A)) =Y, X)+e(A)Tr(Y) = (Y + e(A)], X) < 0.

However, this is a contradiction, as this implies that Y + €(A)I cannot have a PSD
completion, which is a contradiction of the definition of €(A).

Applying this sequence of equations in reverse gives the other direction. O

If e(A) is small, then we can optimize over P(A) as a substitute for optimizing over
Y(A) without too much difficulty. To formalize this, we will say that a semidefinite
program with a maximization objective is of Goemans-Williamson type if it has joint
sparsity GG, the identity matrix is feasible with nonnegative objective value, and if every
feasible point has trace n, so that for example, the Goemans-Williamson relaxation of

MAX-CUT is of Goemans-Williamson type.

Theorem 3.2.2. Let o denote the value of a Goemans- Williamson type SDP, and let
o' be the value of the SDP obtained by replacing 3(G) by P(A), for some A where

G(A) contains G. Then
1

- /< < /‘
l—l—s(A)na <a<a

45



Proof. To be explicit, the Goemans-Williamson type SDP is of the form

max  Tr(AyX)
a= gt. Tr(AX)=0bfori=1,....m (3.2.1)

X = 0.
where each A; € R®. We can equivalently write this as

max  Tr(AyX)
a= st Tr(A4X)=bfori=1,...,m (3.2.2)

X € 3(Q).
If G(A) contains G, then we may relax this to

max Tr(A4pX)
o = st. Tr(AX)=bfori=1,...,m (3.2.3)

X e P(A).

Because P(A) D X(G), we have that o/ > «a. On the other hand, if we let X*

maximize Equation (3.2.3), then by definition of £(A), we have that

X* 4 ne(A)] € 3(G).

Because I and X™ satisfy the linear constraints, so does 1Jrn;dA)(X * 4+ ne(A)I), so

that m(X *+ ne(A)I) is feasible for the original problem. Therefore, because we

have found a feasible point, we must have that

1 1 ,

a>Tr (AO(X* + ne(A)[)) > Tr(AgX™) = ma

1+ ne(A) ~ 1+ne(A)
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Here, we have used the fact that the objective value of I is nonnegative. O]

Here, we will show some results about this quantity for specific complexes, specifi-
cally cycles and the clique complexes of series parallel graphs. More results about this

quantity can be found in [27, 34].

3.2.1 Gaps of cycles

We begin by describing how to compute £(C,,), where C, is a cycle with n vertices,

i.e. as a simplicial complex,

Co={{i}:ien]}U{{i,(i+1 modn)}:ie[n]}.

Theorem 3.2.3. Forn >3, ¢(C,) =1 ( e 1).

n \ cos(%)

We will require some lemmas before proving this theorem.
Firstly, we say that a given X € P(A) is locally rank 1 if for every S € A, X|g is
rank at most 1. We also say that a complex A is locally rank 1 if every extreme ray

of P(A) is locally rank 1.

Lemma 3.2.4. Every graph (in the sense of being a simplicial complex where every

element has size at most 2) is locally rank 1.

Proof. Let G be such a graph, and let X be an extreme ray of P(G). Suppose that
for some S = {i,j} € G, X|g has rank greater than 1. Because every element of C,,
has size at most 2, we have that X|s would then have rank 2 and be positive definite.

We claim that if D € R has the property that D;; = D;; = § > 0 sufficiently

small, and Dy, = 0 for all other {k,¢} € G, then

X+ D eP(G).
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To see this, note that if S € G but S # {i,7}, then (X + D)|s = X|s. So we can
conclude that for every S € A, (X + D)|s = 0 as long as § is small enough that
(X £ D)l = 0, and there exist positive such d because X|y; ;3 is positive definite.
This implies that X is not an extreme ray, as desired, since X = %(X + D) +
$(X — D), and X cannot be a multiple of D, since D, —D & P(G). O

It is not hard to see that clique complexes of chordal graphs are also locally rank 1.
In [37], many other complexes besides these examples are shown to have this property,

which leads naturally to other calculations of £(A) for various other complexes A.

Lemma 3.2.5. The minimum of Ay on P(C,) is obtained at some X which is

locally rank 1 and with exactly one negative entry.

Proof. Note that the function \,,;, is concave, and therefore maximized at an extreme
point of P(C,,), which by our previous lemma is locally rank 1. Now, let X’ be such
a locally rank 1 maximizer. We note that if D is a diagonal matrix where all of the
diagonal entries are either 1 or —1, then D is unitary, and hence, conjugating a matrix
by D preserves its eigenvalues. Given A, an extreme ray in P(C),,), we can conjugate
it by an appropriate diagonal matrix D so that A has a minimal number of negative
entries. There are two cases: either A can be conjugated so that all of its entries are
nonnegative, or so that exactly one pair of entries is negative. If A can be conjugated
so that all of its entries are nonnegative, then in fact, it is the projection of a rank 1
PSD matrix, and so, it is PSD completable. The only important case then is the case

when A has exactly one pair of negative entries, and we will call this the normal form

of an extreme ray A. O

Lemma 3.2.6. If X € P(C,), then X has a rank 2 PSD completion if and only if
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there are some a; € {1,—1} so that

i a; arccos < Xii1 ) = 2km, (*)
i1 VXivV Xit1ie1

for some integer k.

Proof. We make a sequence of reductions to prove the result.
In terms of vector arrangements, X is completable to a PSD rank 2 matrix if and

only if there are vectors vy, ..., v, € R? so that for each i

[vil|? = X,

(% Uz‘+1> = Xiit1-

For the sake of notation, let X; = WXix\/ﬁ If we renormalize these equations

to make the v; lie on the unit circle, we can equivalently ask for v; € R? so that

In this case, we will think of a; arccos(X;) as the angle between v; and v;,;; the
equation is equivalent to the condition that the sum of the angles between the vectors
on the circle is a multiple of 27.

Formally, for each v; € R? so that (v;,v;) = 1, we can express v; in polar coordinates.

This implies that there are some 6; so that

v; = (cos(0;),sin(6;)).
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In this case, these equations reduce to the equations

COS(QZ‘_H - 91) = Xz

To see the necessity of the equation (%), note that if there exist 6; satisfying the
previous equation, then using some basic facts about the cos function, there exist

some a; € {—1,1} and ¢; € Z so that

0;11 — 0; = a; arccos(X;) + 2ml;.

Letting k = —>_"" ; ¢;, this implies that

n n

> (041 — 0:;) = (a; arccos(X;) + 27¢;)
i=1 i=1
& Xiit1 >
= a; arccos — 2km
; (\/Xii\/Xi-i-li-i-l
=0.

which clearly implies equation (k).
To see the sufficiency of equation (x), suppose that there exist a; and some k so

that equation (x) holds. Then, set #; = 0, and for each 1 <i < n, set

0;11 = 0; + a; arccos(X;).

Then, clearly, for ¢ < n, we have the desired result that

cos(0;11 — 0;) = cos(a; arccos(X;)) = X;.
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and for ¢ = n, we see that

n—1
0, = Z a; arccos(X;)

= Z a; arccos ( Kiit1 )
' \/ 'V z+1z+1
= 2km — a,, arccos (Xln> .
" V Xll V Xnn

Therefore,

Xln
cos(0y — 0,,) = cos | 2km — a,, arccos | ————
& ) ( (VXllenn>>

as we desired.

O
The previous lemma has particular application to a partial matrix in normal form.

Lemma 3.2.7. If X € P(C,,), and X is locally rank 1 with exactly one negative entry
(say X, 1 <0), then X + el,, has a rank 2 PSD completion if

¢ VX Xit1i
> arccos (\/ amas ) = .

Xii +evXijripn +€

51



Proof. This follows from lemma 3.2.6: after considering the sum

n—1
Z arccos X — arccos Xin
i=1 VXii +ev/Xijri41 + € VX +evXa, +e
ni:l VXiiXitti VX1 X
= arccos — arccos | —
VXii +ev/Xijrip1 + € VX +evXomte
_ i ( VX Xit1it1 >
= ) arccos -
i=1 VXi +evXijrip1 +¢

=0

where we have used the equation arccos(—x) = m — arccos(x), and the hypothesis of

the lemma.

The last, somewhat mysterious fact we will need is the following:

Lemma 3.2.8. For any € > 0, the function f.: R2 — R given by

_ VY
fe(z,y) —arccos(\/x__i_g\/m)

1S convez.
Proof. We prove this by computing the Hessian matrix of f..

02 52

| 8227 dzdy fa
H(f) = |
0xdy fs TyQ 5
This evaluates to
e2y? (52+E(5x+y)+ac(4:c+3y)) &2
3/2 - 3/2
et @) (55 ) Ao/ 2+ vag( Sy )
&2 22 (52+s(x+5y)+y(3m+4y))
- 3/2 3/2
et e+ 2Vvai(EET,) T A ) @ (S )

Note that if €, 2,y > 0, then the diagonal entries of this matrix are nonnegative.
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Consider the Hessian determinant of this function if z,y > 0:

e(e(z +y) + 3xy)
det(H = :
(H(f2) dry(e +x)%(e + y)?(e + z + y)
This is also nonnegative on this domain.
These two facts about H(f.) are enough to determine that it is positive semidefinite,

and so f is convex. O

Proof of Theorem 3.2.3. Fix some X in normal form. We wish to show that there is

some € < L(— — 1) so that X + ¢, is completable to a PSD matrix with rank 2.

cos(Z)

We want to apply the condition in lemma 3.2.7. Consider the function

. VXiXit1
g(e) = arccos ( mlas > .
i=1 VXii +ev/Xigrip1 + €

Lemma 3.2.7 implies if € is such that g(¢) = m, then in fact there is a rank 2 PSD

completion of X + eI,. We will show that g(0) = 0 and g(1(J= — 1)) > 7, so

cos(Z) -
that by the intermediate value theorem, there must be ¢ € [0, %(Fl(l) — 1)] so that
g(e) = m, yielding the result.

First note that if ¢ = 0, then

- Xii Xit1i "
ZarCCOS < m ) = Zarccos(l) — 0 < T,
i=1 VXii +evXijrip1 + ¢ =

1

Now, we want to show that if e = ;(ﬁ(l) — 1), then g(¢) > 7. We use lemma
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3.2.8 and the fact that Tr(X) = 1 to see that

"1
gle) =n)_ gfs (Xiis Xit1i41)

i=1

1 & 1 &
>nfe| -2 Xi,— D Xii
11
=0/ (o)
n'n
= narccos( )

=n arCCOS(COS(ﬁ))

:ﬂ',

as desired.

Thus, there is some € < +(—+= — 1) satisfying the condition of lemma 3.2.7.

n \cos(7)

To see that this value of ¢ is in fact attained for some X, we can use the matrix X

where X;; = % for each i, X5 = —%, and each other specified off-diagonal entry is %
This matrix can be verified to have Ay (X) = £(1 — ﬁ(z)) using the cycle conditions
found in [36]. O

We note that asymptotically + (COS%W) — 1) is O(%).

n

3.2.2 Extensions of Theorem 3.2.3

We conclude this section by noting some extensions of Theorem 3.2.3 to other complexes.
We will say that a graph G is cycle dominated if e(x(G)) = maxe(C,,), where the
maximum is over all induced cycles with at least 4 vertices contained in G.

It is a clear consequence of the the cycle completability results that if G is series
parallel or chordal, then G is cycle dominated. In fact, [27] shows that a much larger
range of graphs is cycle dominated beyond just these classes. This suggests that there

may be some sense in which the requirement of being chordal is too stringent for use
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in these semidefinite programming contexts, at least as far as approximation results

are concerned.

3.3 Connections to hyperbolic polynomials

We will conclude this section on approximate PSD completions with some results

concerning specifically the set A = ([ZD, all sets of size at most k in [n]. We will

make the notation FF = M((@)) and S™F = P((@)). Explicitly, S™* is the set of

matrices in RE7" with the property that every k x k principal submatrix is positive
semidefinite.
We will study this cone, and in particular, how it relates to the hyperbolicity cone

Ar(cn ) defined in Equation (2.3.1).

Theorem 3.3.1. For anyn > k > 1, we have that
S™% C Ar(en).
Proof. We first show that for any X in the interior of S™*,
Cnk(X) > 0.

For this, recall that

ka(X) = Z det(X|5),
SClnl:|S|=k

If X is in fact in the interior of S™*, then for every S C [n| with |S| =k, X|s = 0,
and so det(X|g) > 0. Because each of these summands is positive, we have that
Cnk(X) > 0.

Therefore, in particular, we have that ¢, x(X) does not vanish on the interior of
S™*F Now, we note that I is in the interior of S™*, and because S™* is convex and

connected, it follows that the interior of S™* is contained in the connected component
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of R2*"\ V(¢,x) containing 1.

sym
By Item 3, the interior of S™* is contained in As(enr), and since S™F is full

dimensional, and Ar(c, ) is closed, we must have that S™* C A;(c,). O

Remark 7. It is not hard to modify this proof to show that in fact, S™* is a subset

of A;(P) for any PSD-stable LPM polynomial P of degree k.
We can use this fact to characterize the gapof this complex explicitly:

Theorem 3.3.2. We have that

In words, for any X € S™* with trace 1, Apin(X) > né‘,;_”l) and there is some X € S™*

with trace 1 meeting this inequality with equality.
Proof. To see that z—:(([z})) > JT__’“I), we first exhibit a matrix X € S™* so that

Amin(X) = % We then let

k 1 - =
— _ T
G(n, k) n(k—l)]n n(k—l)ln T

Here, we use the subscripts to emphasize that these matrices are of size n X n. Note
that Tr(G(n,k)) = 1, and that

Amln(G<n7 k)) — n(k — 1) — n(k; — 1))\max(fn1;|;) - m

To see that G(n, k) € S™*, we note that any k x k submatrix of G(n, k) has the form

k 1 ..
I, — 1,17
nlk—1)" nk-1""

which has minimum eigenvalue 0.
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Now, we need to show that for any X € S™* with trace 1, Apin(X) > n&__”l). We

can in fact show that for any X € Af(c,x) with trace 1, Apin(X) > nf];_"l). Suppose

for a contradiction that X € A;(c, ) with trace 1 and Ay, (X) < % Let X denote

the vector of eigenvalues of X in ascending order, so that Xl = Anin(X). We now

claim that X € Az(enr). For this, we use the fact that
eniX+ 1) = cpp(X +t1).

Therefore, if X satisfies Item 1 in the definition of membership in A;(c, ), then X
satisfies Item 1 for membership in Ag(e, ).

Now, we consider the following minimization problem:

min M

st Y =1 . (3.3.1)

=1

X € Af(en,k)

This is a convex optimization problem, and because P= Ar(eny) and Y7 XZ =

k—n

Tr(X) = 1, we have a feasible solution where X; < nD

Now, we note that this

problem is symmetric with respect to the last n — 1 variables, in the sense that if X

—

is feasible and 7 is a permutation of [n] so that (1) = 1, then 7()) is also feasible.
Therefore, we may consider the symmetric solution 3= cs, .r(1)=1 W(X) is feasible with
the same objective value. We conclude that there is an optimal solution to this

program satisfying X = Xj when n > 1,7 > 1. Making the replacement a = A and

b= 71:{ be the common value of XZ for e = 2,...,n, we have therefore reduced this to
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a 1 dimensional optimization problem:

min a
st. a+(n—1b=1 : (3.3.2)

(a,b,b,...,b) € As(enr)

We see that this must have a solution on the boundary of A;(e, ), i.e. we must have

that at an optimal a, b,

—1 —1
enk(a,b,b,....b) :a<z_ 1>bk1 + (n i )bk =0.

That is, (Zj)a + ("gl)b = 0. Solving the resulting linear system of equations for a

and b yields
kE—n (n—=1)k
nk—1)" " n(k—1)

a =

This contradicts the fact that there is a feasible solution with an objective value

smaller than né‘};_"l) : O]

Remark 8. Various extensions of this result are discussed in [38]. For example, the
same proof can be made to work if the constraint that Tr(X) =1 is replaced by other
convex constraints that are invariant under orthogonal change of basis. Moreover, it
can be shown that in fact, G(n, k) is the unique minimizer of Ay, (X) for any such
constraint.

This follows from the more general fact, shown in [38] that if X € S™* is nonsin-
gular, but has the property that all k x k submatrices are singular, then X must be of
the form DG(n,k)D for some diagonal matriz D. Note that if X is on the boundary
of Ar(cng), then c, 1 (X) =0, and for X € 8™*, this can only occur when all k x k

submatrices are singular.
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3.3.1 Connections to sparse quadratic programming

We conclude this section by describing how the containment S™* C A;(c, ) can be
used to produce heuristics for sparse quadratic programming (which is defined in the
introduction to this chapter). This work was originally conducted in [39].

If A, is positive semidefinite, the conical optimization problem

min  Tr(AX)
st. Tr(A41X) =1 (3.3.3)

X e Frk

has a dual given by

max ¢

(3.3.4)
st Ay — At € 8™,

We denote the common optimal value of these programs by «.

We may consider replacing S™* by A;(c, ) in the definition, to obtain a value o’
so that o/ > o. We may interpret this value as ensuring that there is some X € F™*
which obtains an optimal value of at most «o’.

We will note though that the value of this program can in fact be easily computed

in terms of the roots of univariate polynomials.

Theorem 3.3.3. If A; = 0, then the optimal value of the program

max ¢t

(3.3.5)
s.t. Ag— At € A](Cn,k).

is given by

max{t : ¢, (A1t — Ag) = 0}.

Proof. We note that because A; is positive definite, A; is in the interior of A;(c,x)

59



and —A; is not in A;(c, ). We conclude that for ¢ large enough, Ayt — Ay € Ar(cnr),
and for ¢ a sufficiently small negative number, Ait — Ay & As(cnr).

Therefore, the value of this problem is bounded, and its value is obtained when
Ayt — Ay is on the boundary of the hyperbolicity cone of Aj(c, k), which implies that
Cnk (At — Ag) = 0 when ¢ is at its optimum. To see that it is the largest value of
t so that this is the case, note that if X € A;(c, ), then by the definition of the
hyperbolicity cone, for all ¢, (X 4+ tA;) # 0 for t > 0, and if we let X = At — Ay,

then this implies that there are no larger roots of this polynomial. O

We may apply this relaxation to some of the standard problems we listed above.
For example, if we consider the sparse PCA problem, we obtain that the largest

k-sparse eigenvector of A is

max{vTAv : |[v|la = 1, ||v|lo < k} > max{t: ¢, (It — A) = 0}.

Compare this to the formula for the maximum eigenvalue of a matrix A, which is

max{t : det(/t — A) = 0}.

We can give even nicer expressions for the sparse linear regression problem:

Theorem 3.3.4. Let A have rank at least k, then for the sparse regression problem in

Equation (3.0.1), the lower bound arising from Theorem 3.3.3 is

pAT(I +bbT)A)
p(ATA)

Proof of Theorem 3.3.4. We consider the univariate polynomial

q(y) = cur(ATAy — ATHTA) = 0.
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Notice that when y = 0, we obtain ¢(y) = c¢,x(AT6bTA). Now, notice that
X = ATbbT A is rank 1, and therefore, det(X|g) vanishes to order k — 1 at this point.
Because ¢, is a linear combination of determinants, ¢, , must then have a root of
multiplicity at least £ — 1 at 0.

Because ¢, ;(ATA) # 0, and ATA is positive semidefinite, we have that any root of

this polynomial must be nonnegative, so we have that
cn(ATAy — ATWOTA) = v Hay — b) = ay® — by !

for some a,b > 0. Hence, the maximal root of ¢, ; must be 2

We can compute a and b explicitly. Notice that

. Cok(ATAy — ATOHTA)
lim —

Yy—00 yk’

= e k(ATA) = a,
and that

Cnp(—ATA — ATHOTA) = (—1)Fc, 1 (ATAy + ATOBTA) = (—1)%(a + b)
From this, we obtain that

b con(ATAy + ATHOTA)

— 1
a Cnp(ATA) ’

as desired. 0

Remark 9. The quantity described in Theorem 3.5.4 can also be interpreted as
the expected value a random wvariable representing the loss resulting from first ran-
domly choosing a set of k columns of A from a determinantal point process and then

performing regression using those columns.

We will conclude by asking some questions: is it possible to algorithmically find a
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set k-sparse vector z meeting the bound described by Theorem 3.3.37 Perhaps more
importantly, is it the case that this bound is in fact useful?

In fact, it is possible to find this value in polynomial time, as described in [39], but
this bound by itself is not useful. Fortunately, the methods described here typically
returns a sparse vector which has much better loss than what was originally stated.

For this, we will need to define a new class of polynomials, which we refer to as

conditional polynomials. For a fixed, n, and S C [n] with |S| < k, we let

ka’s(X) = Z det(X\T).
SCTCn]
|T|=k

This polynomial can easily be seen to be PSD stable using Theorem 2.3.2, and
8™k C Aj(cpp.s) for any S with |S| < k. The proof of Theorem 3.3.3 also shows that

an upper bound for the optimal value of Equation (3.3.4) is given by
max{t : ¢, s(A1t — Ay) = 0}.

If we let ng = max{t : ¢, s(A1t — Ag) = 0}, then we can show the following:

Theorem 3.3.5. Fiz any S with |S| < k, and for any i € [n] let S; = SU{i}. Then,

there exists i € S¢ so that

ns; S ns.
Proof. We show this by noting the algebraic identity that if S; = S U {i}, then

1
k=S

Cnk,5(X) > s (X).

1€S¢

This follows by considering each summand of ¢, ; s(X) and noting that it appears in

precisely k — |S| polynomials in the sum on the right.
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Therefore,

1

Cnk,s(Ains — Ag) = k—7|5| Z Cnk,s; (A1ns — Ap) = 0.
iese

There must therefore be some i so that ¢, s,(Ai1ms — Ag) < 0. Fixing this ¢, since
limy 00 Cn ks, (A1ms — Ap) > 0, we have by the intermediate value theorem that there

is a root of ¢, 5,(A1t — Ap) which is at least ng, as desired. O

We can also compute this polynomial efficiently using the notion of Schur comple-

ments, which was defined in the introduction of this thesis.

Lemma 3.3.6. We have that

ka,S(X) = det<X|S)Cn,‘5|7k,|S|(X \ S)

Proof. We recall the Schur complement lemma, that for any S C [n], det(X) =
det(X|g) det(X \ 9).
It is not hard to see from the definition that for any 7" C S¢, (X \S)|r = X|7us \ S.

Therefore,

Cn’k“g(X) = Z det(X|T)

SCTCln]
T |=k
TCSe
IT|=k—|S]
= > det(X|s)det(X|sur \ S)
TCSe
|T|=k—|5|
=det(X|s) Y. det((X\S)|r)
TCSe
IT|=k—|S5]

= det(X]s)en—is) 5151 (X \ 5).
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]

Putting these ideas together, we reach the greedy algorithm, Algorithm 1, for

finding a good solution to the sparse quadratic programming. By carefully performing

Algorithm 1 The Greedy Conditioning Heuristic

T+ o
fort=1...k do
J < argmaxnry;
T+T+j
end for
return T

the linear algebraic manipulations needed to compute the nr, it is possible to obtain

a practically efficient algorithm for finding these values, as was done in [39].
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CHAPTER 4
HIDDEN CONVEXITY AND ALGEBRAIC TOPOLOGY

We use the term ‘hidden convexity’ to refer to situations in which the image of a
nonconvex set under a possibly nonlinear map is unexpectedly convex. While this
phenomenon may seem rather esoteric, there are a wide range of examples occuring
in the literature, and such results have been impactful in the study of nonconvex
optimization.

There is a vast literature on the convexity of sets known as the generalized numerical
ranges of a collection of matrices, which we will attempt to outline in Section 4.1. Our
goal will be to give a proof of these results in a unified framework that involve facts

about the algebraic topology of homogeneous spaces of Lie groups.

4.1 History and preliminary notions

There is a vast literature on the convexity of sets known as the generalized numerical
ranges of a collection of matrices. These results generalize the well known Toeplitz-
Hausdorff Theorem [40, 41, 42]. The Toeplitz-Hausdorff Theorem states that if A is
an n X n hermitian matrix with n > 3, then the numerical range of A is convex, where
the numerical range of A is defined as {z*Ax : 2"z = 1}. Some generalizations of this
result consider the image of the sphere under a larger number of quadratic maps [43,
44, 45]. Others regard more complicated domains such as the set of symmetric or
hermitian matrices with fixed eigenvalues [46, 47], or even more generally, the orbit of
an element of a Lie algebra under the adjoint action of an associated Lie group [48].

Such theorems have consequences related to the well known S-lemma in optimization

[49].
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4.2 Summary of results

We summarize our new approach as Theorem 4.3.1, after stating some definitions. We
will also give a few examples of explicit applications of Theorem 4.3.1 to generalized
numerical ranges. The main advantage of this approach is that once the framework is
set up, specializing to the above examples requires only recalling some well-known
theorems. In this way, our proofs help show how these hidden convexity results
are really consequences of basic geometric and topological properties of the relevant
groups.

As an application of Theorem 4.3.1, we give a common generalization of two known
theorems, Theorem 4.2.2 and Theorem 4.2.1, in Theorem 4.5.1. While we will defer
the statement of Theorem 4.3.1 until we have built up some more generalizations, we
will state the two theorems which we aim to generalize here.

Theorem 4.2.1 concerns higher dimensional analogues of the Toeplitz-Hausdorff
Theorem. To state it, we will need to recall that an eigenvalue of a matrix X is
nondegenerate if its corresponding eigenspace is one dimensional. Following [50], we
say that a subspace of R{ " is noncrossing if every nonzero matrix in that subspace

has only nondegenerate eigenvalues. we say that a subspace of R{7" is k-weakly

noncrossing if every nonzero matrix has the property that its k largest eigenvalues are

all nondegenerate.

Theorem 4.2.1 (Theorem 5.1 of [45]). Let Ay, ..., A be nxn symmetric or hermitian
matrices with n > 3, with the property that every nonzero matriz in their linear span
has a nondegenerate maximum eigenvalue. Then, {(zTAix,. .., 2T Agx) : ||z|| = 1} is

convex.

Note that [45] shows more; rather than requiring that the maximum eigenvalue
be nondegenerate, they only require that the corresponding eigenspace have constant

dimension in the span of Ay,..., Ag.
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Theorem 4.2.2 is a generalization of Toeplitz-Hausdorff Theorem involving the
set of symmetric matrices with fixed eigenvalues. For a field F which is either C or
R, we let F?*" denote the vector space of symmetric and hermitian n X n matrices

sym

respectively. For A € R™, let M} denote the set of matrices in [, m whose eigenvalues

are the entries of A (counting multiplicity), in some order.

Theorem 4.2.2 (Theorems from [46, 47]). Fiz some A € R™. Let T : R%" — R? be

sym

linear with n > 3, then T(MY) is convex. Similarly, let T : CX" — R3 be linear (as a

sym

map of real vector spaces) with n > 3, then T(MY) is conver.

The gist of Theorem 4.5.1 is that as long as Ay, ..., Ay € F"*" span a noncrossing
subspace, then T'(M7) is convex, as long as Op(n) satisfies some homotopy theoretic
conditions. These conditions are easily shown to be satisfied when specialized to these
two cases.

We will also give another proof of a result from [48]. Fix some R € R™™, and let
Sk denote the orbit of R under the action of SO(n) x SO(m), i.e. Sg ={UTRV :U €
SO(n),V € SO(m)}.

Theorem 4.2.3. Let n,m > 3, then for any linear map T : R™™ — R? T(Sg) is

convex.

This result also generalizes a result in [51] stating that the image of SO(n) under
a linear map into R? is always convex.

The layout of this chapter is as follows: in Section 4.3, we define the notion of
continously maximized functions and prove our main theorem. In Section 4.4, we give
some examples of such continuously maximized functions. In Section 4.5, we show
the aforementioned hidden convexity theorems. Finally, in Section 4.6, we give some
applications to optimization over the set of rotation matrices which were originally

discussed in [51].
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4.3 Continuously maximized functions

Let X be a compact path-connected topological space and let S* denote the unit
sphere in R¥+*1. We say a continuous function f : X — R¥lis continuously mazimized
by a continuous function ¢ : S¥ — X if for every v € S*,

max (v, f(x)) = (v, f(¢(v))).

zeX

We say f is continuously maximized (omitting the dependence on ¢) if it is continuously
maximized by some continuous function ¢. The function

h(v) = max (v, f(z))

zeX

is the support function of f(X), and is closely related to the convex hull of f(X).
We will let ,,(X, x) denote the m! homotopy group of the topological space X
with basepoint zy. In cases in which X is path-connected (as it will be in all of our
examples), we will omit the dependence on the basepoint. We will use 0 to denote the
trivial group with one element, and say that a group homomorphism is nonzero if its

image is not 0.

Theorem 4.3.1. Let X be a compact path-connected topological space. Suppose that
there is some m so that 7, (S*) # 0, but there are no nonzero group homomorphisms
from m,(X) to mn(S*). Let f : X — R*¥ be continuously mazimized. Then the

image f(X) is conver.

A special case of Theorem 4.3.1 (which follows immediately) is when m = k, in
which case m,(S*) = Z, and it suffices for the abelianization (X )’ to be finite for

the homotopy theoretic conditions to be satisfied.

Corollary 4.3.2. Let X be a compact path-connected topological space, so that mp(X)'

is finite. If f : X — RFL is continuously mazimized, then the image f(X) is convex.
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The approach used in the proof of this theorem is similar to that of [45], which
also considered the support function, though here we use the homotopy groups of X
more explicitly. We next show some useful lemmas about continuously maximized
functions, which we will use in our proof of Theorem 4.3.1 in Section 4.3.2.

Also, while we use homotopy groups in the statements of these theorems, the proof
of this result can easily be modified to use homology or cohomology groups, which
may be easier to calculate in some circumstances. We mostly appeal to homotopy
groups in our settings, as we will only be considering spaces whose homotopy groups

are already well understood.

4.3.1 Preliminaries On Continuously Maximized Functions

Recall that the convex hull of a set S C R¥, denoted conv S, is the intersection of all
convex sets containing S. It is well known that if S is compact, then so is conv S, and
for any w € R¥, max,cg (w, 2) = max,cconys (W, 2).

We use the notation Y° to denote the topological interior of Y.

Lemma 4.3.3. Let f : X — R*' be continuously mazimized by ¢. Let Y =

conv f(X). ThenY is either a single point, or it has nonempty interior.

Proof. Suppose for contradiction that Y° is empty and that Y is not a single point.
Because Y is convex, Y is empty if and only if there is a v € S* so that the value of

(v,y) is constant for y € Y. Because Y is not a single point, there is some w € S* so

that
max(w, y) # min(w, y) = —max(-w,y).
Consider the curve y(e) = ”5123” which is well defined on the interval [—d,d] for

9 small enough. Note that if € > 0, then  maximizes (y(€), f(x)) if and only if =

maximizes (w, f(x)). Similarly, if z maximizes (y(¢), f(x)) for e < 0, then  maximizes

<_w7 f(l‘)>
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By continuity of ¢ and ~, we have that

max(w, f(x)) = lim (w, f(¢(7(€)))) = lim (w, f(¢(v(€)))) = —max(-w, f(x)),

reX e—0 e—0— reX

which is a contradiction, as this implies that max ey (w, y) = — maxyey (—w, y)

]

Our next lemma concerns properties of the function f o ¢, when f is continuously

maximized by ¢.

Lemma 4.3.4. Let f : X — R*! be continuously mazimized by ¢, and let Y =
conv f(X). Lety = fo¢. Then for anyy € Y°, and any w € S*, (w,(w)) > (w,y).

Proof. The definition of continuous maximization implies that

max (w, 2) = max {(w, {(2)) = (w, f($(w))) = (w, b(w)).

zef(X) xeX

On the other hand, for y € Y°, max,ey (v, 2) > (v,y). This shows the result ]

Our next lemma is the main technical component of our homotopy argument.
Intuitively, if we consider ¥ = f o ¢, we would like to argue that this defines a ‘nice’
parameterization of the boundary of conv f(X). This is in the sense that for any y in
the interior of conv f(X), the map 1 in fact defines a homotopy equivalence between
the sphere and R**!\ {y}. If this is the case, then it is visually intuitive that if the
map ¢ turns out to be contractible for homotopy theoretic reasons, then y will be in

the image of f.

Lemma 4.3.5. Let f : X — R¥! be continuously maximized by ¢. Let 1) : S¥ — REF!
be the composition of ¢ and f. Let Y = conv f(X). For anyy € Y°, ¢ is a homotopy

equivalence between S* and R*1\ {y}.
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Proof. Fix a y € Y for the remainder of this argument. For z € R**!, we will denote
[z] = 157 € Sk which is clearly continuous on R*¥1\ 0.

We define the map 7 : R¥1\ y — S* by letting 7(z) = [x — y] € S*. This map is
clearly continuous on its domain.

To show that v is a homotopy equivalence, it suffices to argue that ¢ o 7 is
homotopic to the identity on S* and 7 o 1 is homotopic to the identity map on
RE+1\ 4.

First, we show 7 o v is homotopic to the identity on S*. Consider the function

h: S* x [0,1] — RF defined by

h(v,t) =tv+ (1 —t)((v) — ).

Then define the normalized map g : S* x [0,1] — S* by g(v,t) = [h(v,t)]. To see
that ¢ is well defined and continuous, we only need to show that h(v,t) # 0 for any

v,t € S* x [0,1]. For any v € S,

(v, h(v, 1)) = t(v,v) + (1 = )((v, ¥ (v)) = (v,9)).

Now, (v,v) =1 for all v € S*, and (v,9(v)) — (v,y) > 0 for all v € S* by Lemma 4.3.4.
In particular, (v, h(v,t)) > 0 for all v € S*¥ and t € [0,1], so h(v,t) # 0 for any
v,t € S*x[0,1].

Since g(v,0) = 7(¢(v)), and g(v, 1) = v, g is a homotopy from 701 to the identity
map on S¥.

Now, we want to show that 1) o 7 is homotopic to the identity on R**1\ y. To see

this, let

gla,t) = tw + (1 = t)((r())).

Again, we need to show that this is well defined in the sense that g(z,t) # y for any
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x,t € (RF1\ y) x [0,1]. Consider

(x—y.g(x,t)—y) =tz —y,z —y) + (1 = t){z — y,¥(7(x)) — y).

Now, note that (x —y,z —y) > 0 for z € R\ g, and

(r =y, por(z) —y) = [z —yl((r(z), ¢ o 7(2)) = (7(2),9)) >0,

where we apply Lemma 4.3.4 to the vector 7(x).

We conclude that (z —y,g(x,t) —y) > 0 for all x,t € (R*1\ y) x [0,1], and
so g(z,t) # y, as desired. g(x,t) is also clearly continuous on its domain. Since
g(z,0) =1 or7(z) and g(z,1) = x, we conclude that ¢ is a homotopy from 1 o 7 to

the identity. O]

4.3.2 Proof of Theorem 4.3.1

Let Y = conv f(X) be the convex hull of f(X). We will show that f(X) =Y.

Clearly, if Y is a single point, then the result holds. We can thus apply Lemma 4.3.3
to say that the interior Y is nonempty. Now, suppose that there is some y € Y so
that y ¢ f(X), so that we may think of f as a map from X to RF*1\ {y}.

If ¢ = f o ¢, then the following diagram of continuous maps commutes:
Sk

| ™

X - RkJrl\y
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This translates to a commutative diagram of homotopy groups

T (X) *f»? ﬂm(RkJrl \y)

where h* denotes the map on homotopy groups induced by the continuous map h. Now,
we make a few notes on this diagram: 1 is a homotopy equivalence by Lemma 4.3.5,
so ¥* is an isomorphism; in particular it is a nonzero map since m,,(S*) is nonzero.
However, this is a contradiction, as 1* = f* o ¢*, and f* : m,,(X) — 7, (RFFL\ y) =
T (S*) is the zero map by our assumption that ,,(X) has no nonzero homomorphisms
to mm(S*).

We conclude that f does not define a map to R¥*1\ g, i.e. that y must be in
the image of f. This implies that Y° C f(X), and by compactness, this implies that
the closure of Y is also contained in f(X). Since Y is compact, convex, and has

nonempty interior, Y is the closure of its interior, so f(X) =Y, as desired.

4.4 Examples of continuously maximized functions from noncrossing sub-

spaces

Here, we will give some examples of continuously maximized functions arising from
noncrossing subspaces, as defined in [50].

Firstly, let us give notation for some familiar objects from linear algebra. Recall
that Fg 7 denotes the space of n X n symmetric real matrices when F = R and the
space of n x n hermitian matrices when F = C. Let Og(n) denote the orthogonal
group when F = R and the unitary group when F = C. For matrices A and B of the
same dimensions, we let (A, B) = Tr(A'B).

For x € Fy o, let A\(x) € R™ be the vector of eigenvalues of x (counting multiplicity)
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in descending order. Fix p € R™ with entries in descending order, and let

ME = {z e F**" . \(z) = pu} = {UDiag(p)U' : U € Ogp(n)}.,

sym

where Diag(u) denotes the diagonal matrix whose diagonal entries correspond to those
of u.
A linear subspace L C F7*" is noncrossing if every nonzero matrix in L has

sym

only nondegenerate eigenvalues. More generally, we will say a linear subspace L C

Fom is k-weakly noncrossing if every nonzero matrix in L has the property that

its k largest eigenvalues are all nondegenerate. The Von Neumann-Wigner crossing

rule[von1993verhalten]| (which we found referenced in [50]) states that a generic

nxn

sym 18 noncrossing, and that a generic 3 dimensional

2 dimensional subspace of R

subspace of C{ 1%

is noncrossing. Higher dimensional noncrossing subspaces are not
common, and noncrossing subspaces of dimension greater than 2 only exist for certain

values of n due to Adam’s theory of linearly independent vector fields on spheres [50].

Lemma 4.4.1. Let n € R™ be a vector with entries in descending order so that pu; = 0
fori > k. Let Ay,..., Ag1 € F2X" be linearly independent elements of a k-weakly

sym

noncrossing subspace of F"*™  then the function f : ME — R defined by

flz) = (A, 2), ..., (Agg1, 7))

s continuously maximized.

Proof. For v € S* let A(v) = S5 v, A;.

Because the A; span a k-weakly noncrossing subspace, the largest k eigenvalues
M (A(w)) > -+ > M\ (A(v)) are nondegenerate on S*. This implies that if we let v;(v)
be any unit norm eigenvector of A(v) with eigenvalue \;(A(v)), the rank 1 matrices

Vi(v) = v;(v)v;(v)T are continuous functions on S*. !

While this fact is standard, it can be seen explicitly by noting that \;(-) is a continuous function
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We then define
k

¢(v) = ;MVz(U)-

Note that ¢(v) € ME. ¢ is also clearly continuous because each V; is.

We want to argue that f is continuously maximized by ¢, i.e. that

(v, f(¢(v))) = max (v, f(x)).

zeME
To see this, first note that
k+1
<U7 f($)> = ZU1<A“$> = <A(U),.’L‘>
i=1

Because M) is invariant under Op(n),

Q{Q%M(v),x) = g%m(v%x),

where A(v) = Diag(A1(A(v)), ..., A(A(v))). It follows from the Schur component of
the Schur-Horn that this is maximized when z is a diagonal matrix with ascending
diagonal entries, i.e.

max (A(v), z) = (A(v), Diag(p)) = (v, f(6(v)))-

xeME
]

We will also want to consider analogous concepts for singular values, rather than
eigenvalues. For this, we say a subspace L C F™*™ is k-weakly singularly noncrossing
if the k largest singular values of every nonzero matrix in L are nondegenerate.

Let SO(n) be special orthogonal group, consisting of the elements of Og(n) which

on F{ " and that V(v) = mX(v), where X is the adjugate matrix of A(v) — X\;(A(v))1.
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have determinant 1. Let R € R™™, and let
SR = {UlRUZT U, € SO(TL),UQ € SO(’ITL)}

That is, Sk is the orbit of R under the action of SO(n) x SO(m) by multiplication
on the left and right. The uniqueness properties of the singular value decomposition
of a matrix implies that there is a unique element D € Sk which is diagonal and so
that D1y > Doy > ... Dy 1,1 > |Dpa|, and we call these numbers the special singular
values of the matrix R.

We will need a lemma regarding optimization of linear functions on Sg, which is

an easy corollary of [52, Corollary 3] or [53].

Lemma 4.4.2. Let A, R € R™™ with n < m. Suppose that the special singular values
of A are ay > -+ > |ay|, and that the special singular values of R are ry > -+ > |ry].
Then,
.
)I(nax Tr(ATX) Z a;T;.

Lemma 4.4.3. Let R € R"*™ be diagonal so that R;; =0 fori > k. Let Ay, ..., Ag1
be linearly independent elements of a k-weakly singularly noncrossing subspace of
R™ ™ Then the map

f:Sp— R
defined by f(x) = ((A1,z),...,(Aqr1, ) s continuously maximized.

Proof. As in the proof of Lemma 4.4.1, for v € S*, we let A(v) = S5 v, 4;.

Because the A; span a k-weakly singularly noncrossing subspace, the largest k
singular values a;(A(v)) > -+ > 0,(A(v)) are nondegenerate on S*. Let u;(v) and
w;(v) be, respectively, the left and right unit singular vectors of A(v) associated to

the singular value 0;(A(v)). The nondegeneracy of these singular values imply that
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the functions

are continuous functions on S*.

We then define

Note that ¢(v) € Sk because its special singular values are those of R. ¢ is also clearly
continuous because each Vj is.

We want to argue that f is continuously maximized by ¢, i.e. that

(v, f(¢(v))) = max(v, f(x)).

TESR

This follows because

k+1

(v, f(2)) = 3 vi{Ai,z) = (A(v), 2).

i=1
We may then apply Lemma 4.4.2 to see that

n

max(A(v),z) = > 0;(A(v)) Ry = (v, f($(v))).

TESR i—

4.5 Some Hidden Convexity Theorems

Now that we have given some examples of continuously maximized functions, we can
now see how to apply Theorem 4.3.1 in a few examples.
We start by stating the implication of Theorem 4.3.1 in light of Lemma 4.4.1. The

proof of the following theorem is immediate given these two results:

Theorem 4.5.1. Let p € R™ be a vector with entries in descending order so that

7



pi =0 fori > k. Let Ay, ..., Ay € Fg0 be linearly independent elements of a

k-weakly noncrossing subspace of F™ ™. If, for some m, m,,(S?) # 0, and there are no

nonzero group homomorphisms from m, (M) to m,,(S?), then
{({(A1,2),... (A, z)) 1z € M}

1S convez.

First, we reprove Theorem 4.2.2 using our language.

Proof of Theorem 4.2.2. Fix p € R™. Whether F = R or C, it suffices to show the
result for a dense set of choices of the linear maps 1" and vectors p, since the remaining
cases follow easily from continuity.

We start with the case in which F = R, so that we may write T': R}" — R* in

the form

T(X) = (<A17X>7<A27X>)7

so that by Von Neumann-Wigner, a dense set of pairs Ay, Ay € Rf " span a noncrossing
subspace, so that by Lemma 4.4.1, we have that T : ME — RR? is continuously
maximized for a dense set of T'.

Assuming that T is continuously maximized, we are in position to apply Theo-
rem 4.3.1. It remains to show that Wl(ME) is finite. This can seen quickly, as M 5 is
acted on transitively by SO(n), and when p has distinct entries, the stabilizer of a
point is finite, which implies that ME{ is a finite quotient of a topological space with
finite fundamental group. This implies that the fundamental group of M, E is finite.

We consider the case in which F = C, so that we may write T": Cl" — R? in the

form

T<X) = <<A17X>7 <A2>X>’ ) <A3’X>)7
so that by Von Neumann-Wigner, a dense set of triples A;, Ay, A3 € C"*" span

sym
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a noncrossing subspace, so that by Lemma 4.4.1, we have that T : ME — R3is
continuously maximized for a dense set of T'.

Assuming that T is continuously maximized, we are in position to apply Theo-
rem 4.3.1. For this, we will show that m4(MS) = 0 for n > 3, while my(5?) = Z, ([54]),
so that Theorem 4.3.1 applies.

Note that M, E is acted on transitively by Oc¢(n), and therefore is homeomorphic
to O¢(n)/Oc¢(n),, where O¢(n), denotes the stabilizer subgroup of . If the entries
of p are distinct, this stabilizer is O¢(1)", the group of diagonal matrices in O¢(n).
Therefore, M7 is homeomorphic to the flag variety, Oc(n)/Oc(1)". We then have

that M f can be thought of as a fiber bundle
Oc(1)" = O¢(n) — My
There is a long exact sequence of homotopy groups one of the entries of which is
0= m4(O¢(n)) — 7r4(ME) — m3(Oc(1)™) 0.

Here, the isomorphism 74(O¢(n)) = 0 for n > 3 can be found in [55][Table 6.VII,
Appendix A.] (for these dimensions, this lies in the ‘stable range’, which implies it
is the same for all n larger than 3), and m3(O¢((1)") = 0 is due to the fact that

m3(O¢ (1)) = 0, and homotopy groups commute with products. O
We also reprove Theorem 4.2.1 here:

Proof of Theorem 4.2.1. In our language, we may take Ay, ..., Ay to be linearly inde-
pendent elements of a 1-weakly noncrossing subspace of F7*". By [56], we have that

sym*

k<n.
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Let u = € R". Let 7: 5% — M} be such that 7(z) = z27. Note that

{(zTAyx, 2T gz, ... 2T Ag) : ||z]] = 1} = {({Ay, x), (A9, ), ..., (Ag,2)) 1z € ME}

Now by Theorem 4.5.1, since m;_1(S*™!) = Z, it suffices to show that there are no
nonzero group homomorphisms from Wk(MlI;&) to Z. Note that 7 is a double covering,
so that m,_1(M)) is finite, since 7_1(S™) is finite. Therefore, this homotopy theoretic

condition is satisfied, and we may conclude the theorem. O]
Next, we prove Theorem 4.2.3.

Proof of Theorem 4.2.3. Without loss of generality, we may take n < m. By combining
Lemma 4.4.3 and the Von Neumann-Wigner theorem for singular values, we may take
T to be continuously maximized, as the set of such maps are dense. We may also
assume that R is generic, so that R has distinct singular values. It remains to show
that m (Sg) is finite.

For this, let St,, ,, denote the Stiefel manifold, consisting of m X n matrices whose
columns are orthogonal (and if m = n, we let St,,,, = SO(n)). We may think of Sk as
being the quotient of SO(n) x St,,, by a finite group action. Specifically, if we let D
denote the diagonal matrix of special singular values of R, then we have a covering

map ¢ : SO(n) x St,,,, — Sk given by
(U, V) = UDVT.

Because of uniqueness properties of the singular value decomposition, c¢(U,V) =

c(U’, V") if and only if there exists a signed permutation matrix P in SO(n) so
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that U’ = PU and V' = PV. From this, it follows that Sg is a finite quotient of
SO(n) X Styn, so it has finite fundamental group if and only if SO(n) x St,,,, does.
We then note that 71 (SO(n) XSty ,,) = m1(SO(n)) 71 (St »), and that 71 (SO(n)) =
Zs for n > 3, and that when m,n > 3, m(St,, ) is either Zy or trivial.
We conclude that Sk has finite fundamental group, so that the result follows from

Theorem 4.3.1. OJ

Remark 10. Note that there are likely other hidden convexity theorems that can be
obtained about linear images of Sr than what was stated in Theorem 4.2.3. However,
it is unclear what applications there are of such theorems, as singularly noncrossing

subspaces are less well studied than noncrossing subspaces.

4.6 Application to orientation finding

The contents of this section were originally proven in [51]. As an application, we will
discuss constrained variants of Wahba’s problem, which was first discussed in [51].
To set up Wahba’s problem, imagine that a satellite in space wants to determine its
relative rotation (with respect to a reference rotation) given the observed direction of
some number of far-away stars (or other objects).

Formally, we are given a set of (unit) vectors vy,...,v, € R?, corresponding
to the known directions of the k stars in the reference rotation, and (unit) vectors
Ui, ..., u; € R, corresponding to the observed directions of the k stars in the satellite’s

frame. Our goal is to find a rotation minimizing the observation error

k
min Z | Xu; — vz||§
i=1 (4.6.1)

st. X €8S0(3)

In [57], it was observed that this is equivalent to a linear optimization problem over
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SO(3)

k
max (Y uw], X)
i=1 (4.6.2)

st. X €850(3).

This problem can be solved using a singular value decomposition (SVD) computation, in
the following sense: The special singular value decomposition of A is a decomposition
A = UXVT, where X is a diagonal matrix with at most one negative entry, and
U,V € SO(n). It is easy to compute the special singular value decomposition of A
given its usual SVD. Then if A € R™*" has special SVD given by A = UX VT, then
the maximizer of (A, X') for X € SO(n) is given by VUT. For a given matrix A, we
will denote by str(A) the maximum value of (A, X) for X € SO(n).

Now, suppose we are given additional information about the true rotation X*. We
will incorporate this additional information as hard constraints into Wahba’ problem
to get a constrained optimization problem over SO(3).

For example, we may know that the true rotation X* is within some angle, ¢, of

another rotation X, € SO(3). In this case, we would need to solve the problem

k
max (Y wuw], X)

=1

st (Xo, X) > 1+ 2cos(d) (4.6.3)

X € 50(3).

In general, we will consider the constrained version of Wahba’s problem, which for

matrices A, B € R™*" is given by

max (A, X)
st. (B, X)€[ab] (4.6.4)
X € S0(n).
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The observation that we will make that makes this tractable is that if we let
[ R™™ — R? be given by f(X) = ((A, X), (B, X)), then Theorem 4.2.3 implies that

f(SO(n)) is in fact convex. Then, Equation (4.6.4) is equivalent to

max T
st.  y€la,b (4.6.5)

(z,y) € F(SO(n)).

We can then solve this convex problem using the ellipsoid algorithm. If C' C R"”
is a compact convex set and x ¢ C, then there is a hyperplane that separates x
and C'. This separating hyperplane is given by a nonzero vector y € R" so that
(y,z) > max{(y,c) : c € C'}. A e-weak separation oracle for C' is an oracle that on an
input = € R”, either correctly declares x € C' 4+ B, (0, €), or outputs y € R™ so that y
is a separating hyperplane between z and C. Here, B, (a, ) is the ball of radius 7 in
the Lo, norm centered at a. The algorithmic equivalence between weak separation
oracles and approximate optimization over convex sets is outlined in [58].

The ellipsoid algorithm as described in [59] provides the following guarantee for

optimization in R2.

Theorem 4.6.1. Suppose we have access to an e-weak separation oracle for closed
compact C C R?, we are given a R € R so that C C By(0, R) and C includes a ball of
radius at least €. There is an algorithm that optimizes a linear function with unit Lo
norm over C within an additive error of € using at most O(log(£)) calls to the weak

separation oracle.

We now describe how the ellipsoid algorithm applies in this setting. Let [|A]|y,

denote the sum of the singular values of A.

Theorem 4.6.2. Letn > 3, A, B € R with ||A||r, = ||B||ly, = 1. Here || || ts the

trace norm, defined as the sum of the singular values. Let X* be the optimal solution
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to (4.6.4). We can compute (A, X*) and (B, X*) within an additive error of € in time

1 2
@) <n3 log <> > )
€
Here, n® is the time complexity of computing the SVD of an n x n matrix.

Moreover, we will return o, 5 € R so that |a| +|5| =1 and
(0A+ BB, X*) + e > max{{aA+ B, X) : X € SO(n)}.

Remark 11. Let «a, § denote the quantities returned in Theorem 4.6.2. While
Theorem 4.6.2 does not directly return a minimizer of (4.6.4), we believe that any

element of

argmax(aA + 6B, X)
XeS0(n)

should be a good approximation of a true minimizer under mild conditions. Such an

element can be computed from aA + BB in the time of a single SVD decomposition.

Theorem 4.6.1 implies that to show Theorem 4.6.2, it suffices to provide a weak
separation oracle for the set C'= m(SO(n)) N {xs € [a,b]}. As the second constraint is
trivial to separate over, we focus on separating over the convex set 7(SO(n)).

We denote by f*: R? — R™" the dual map to the map f defined above. It will

be useful to have a subroutine for minimizing h(y) over the unit ¢;-ball in Ry, where

h(y) = str(f*(y)) — (y, x).

Lemma 4.6.3. Given x € R? with ||x|| <1+ €, we can construct § with |||, =1
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so that

h(y) — e < minth(y) : [lyll = 1}

using at most O (log (%)) evaluations of h and additional computations.

Proof. We note that {y : ||y||1 = 1} is a union of 4 line segments, so minimizing h on

this set can be done by minimizing the following 4 univariate functions on [0, 1]:
Go100 () = h(o10,09(1 — @) = str(o1aA + 03(1 — a)B) — o1z — 09(1 — a)za,

indexed by oy, 09 € {£1}. Each of the four functions ¢, ,, is a one-dimensional convex

function with Lipschitz constant bounded by
[All g + [[1Bllg + 2]l <4+ 2.

For each o109 € {£1}, we may use golden section search [60] to find a &,,,, € [0,1]

such that

Go102(Qoy0y) < MiN go 0, () + €.
a€(0,1]

Each application of golden section search requires O (log (%)) evaluations of ¢,,,, Or

equivalently, evaluations of h. O

Lemma 4.6.4. Let n > 3 and A, B € R™" with ||Al|x, = ||B|lp = 1. There is a

weak separation oracle for the set f(SO(n)) that runs in time O(n®log(+)).
Proof. Suppose we are given A, B € R™" and x € R?. If ||z|| > 1 + ¢, then in fact,

x & f(SO(n)) +B(0,€) as, by Holder’s inequality,

X €50(n) = max{[(A, X)|, (B, X})|} < [|X|[op max{[|All, , [ Bll . } <1,
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where the last step was by our assumption [|A||q, = ||B|lq, = 1. Therefore, in this
case, we may immediately terminate with one of (£1,0) or (0,+1) as a separating
hyperplane. For the remainder, we assume that ||z||, < 1+ €.

A nonzero vector y € R? defines a separating hyperplane between z and f(SO(n))
if and only if

(y,z) > Xgé%>§n)<y,f(X)>-

Recalling the definition of str(-), the expression on the right can be written as

max (y, f(X)) = max (f*(y). X) = ste(f*(y)).

XeSO(n) XeS0(n)

Thus, a nonzero y € R? defines a separating hyperplane if and only if i(y) < 0. Note
that we can compute h(y) for a given y using a single SVD. As h is 1-homogeneous,
such a y exists if and only if one exists with |ly[|; = 1.

Now, we apply Lemma 4.6.3 to compute 3 approximately minimizing h(y) on the
unit ¢; ball.

If h(y) < 0, then we may output 7 as a separating hyperplane. For the remainder
of the proof, suppose h(y) > 0. By Lemma 4.6.3 and 1-homogeneity, h(y) > —e
for all y € B;(0,1). We claim that z € f(SO(n)) + Bo(0,¢). If, to the contrary,
x & f(SO(n)) + B (0, €), then by the separating hyperplane theorem, there would be

some ¥ so that

(y,z) > max{(y,c+0) : c € f(SO(n)),0 € Boo(0,€)}

= max{(y,c) : ¢ € f(SO(n))} + ellyls-

In particular, there would be some y with ||y||; = 1 such that

h(y) = str(f*(y)) — (y,7) < —¢,
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which is a contradiction.
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CHAPTER 5
LONG STEP GRADIENT DESCENT

5.1 Introduction to long step gradient descent

This work was originally put forward in [61], and has since been modified with the
coauthors Ben Grimmer and Alex Wang.

We will consider minimizing a L-smooth convex function f: R" — R via gradient
descent. A function is L-smooth if it is continuously differentiable, and its gradient is

L-Lipschitz. We will specifically consider iterations of the following form:
h;

with (normalized) stepsizes h; > 0 starting from some o € R". We assume a minimizer
x, of f exists.
Our main goal is to show that there exists a sequence h; € R” achieving the

following rate (which we will state loosely here, and more precisely in Theorem 5.2.1):

fon) = 1) = 0 (7 ) (512

where the O hides constants related to the starting point x.

The main tool that we will be using for this is a collection of quadratic inequalities
that characterizes first order information associated to a smooth convex function
at a finite set of points. Formally, we will note the following basic inequalities for

smooth convex functions: if f is L-smooth, and || - || denotes the ¢ norm, then for
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any z,y € R",

F@) ~ FW) 2 (V)2 — ) + 5= 95@) = V)

The idea of systematically using these inequalities to analyze the convergence of
gradient based methods was is proposed in [62]. In fact, a strong converse to this set

of inequalities was proven in [63]:

Theorem 5.1.1. Let xy,...,z, € R", let f1,....fmn € R and let ¢1,...,9n € R™.
Then, there is an L-smooth convex function f so that f(x;) = fi and Vf(x;) = g; for

all i € [m] if and only if for each i,j € [m],
1 2
fi= 15 2 (g5 @i = z5) + 57 llgi = g5l

The main idea we will be using to prove our convergence rates is taking nonnegative
combinations of these inequalities. In the rest of this section, we will note prior work

on the subject and then give our step size sequence.

5.1.1 Prior work

When utilizing constant stepsizes, until recently, the best known guarantee was the
textbook result [64] that fixing h; = 1 ensures f(z7) — f(z.) < LD?/2T. This was
improved by the tight convergence theory of Teboulle and Vaisbourd [65], showing a

rate of
LD?
4T

fler) = f(z,) <

when the stepsizes h; = 1. Utilizing nonconstant stepsizes monotonically converging up
to 2, they further showed a rate approaching LD?/8T. These coefficient improvements
were first conjectured by [63].

By utilizing nonconstant periodically long stepsizes, Grimmer [66] showed improved
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convergence rates are possible outside the classic range of stepsizes (0,2). We refer
to steps with h; > 2 as long steps since they go beyond the classic regime h; € (0,2)
where descent on the objective value is guaranteed. Their strongest result, resulting
from a computer-aided semidefinite programming proof technique, showed repeating a
cycle of 127 stepsizes hy, . . ., h1og ranging from 1.4 to 370.0 gives a rate of

2
min f(z,) — f(2.) < —=2

< —— 1 0(1/T?.
T < 5a3agzr TOWT)

Note, bounding min;<r f(x;)— f(x4) (or a similar quantity) is natural for such long step
methods as monotone decrease of the objective is no longer ensured. By considering
longer and more complex patterns, increasing gains in the coefficient appear to follow.
However, the reliance on numerically solving semidefinite programs with size depending
on the pattern length limited this prior work’s ability to explore and prove continued
improvements in convergence rates. Grimmer conjectured at least a O(1/T log(T"))
rate would follow if one could design and analyze (algebraically) cyclic patterns of
generic length.

Das Gupta et. al. [67] produced numerically globally optimal stepsize selections
via a branch-and-bound procedure for gradient descent with a fixed number of steps
T € ]0,25]. By fitting to asymptotics of their numerical guarantees [67, Figure 2],
they conjectured a O(1/T"17®) rate may be possible and may be best possible. Our
work leaves open the gap between our O(1/T1:%%1) rate and their conjecture, as well
as the gap between their conjecture and the known lower bound for general gradient
methods of O(1/T%) [68].

At the same time that this work was released, Altschuler and Parrilo [69, 70] also
showed an accelerated rate through the inclusion of long steps. In their second work
in this series, they showed an improved convergence rate of roughly W

Stronger guarantees for gradient descent with variable stepsizes are known in
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specialized settings, like p-strongly convex minimization. Classically, gradient descent
with constant stepsizes h; = 1/L produces an e-minimizer in O(x log(1/¢)) iterations,
where K = L/p.

In the further specialized case of minimizing strongly convex quadratics, the
optimal stepsizes were given by [71], which attain the optimal O(x!/?1log(1/¢)) rate.
For nonconvex optimization, exact worst-case guarantees for gradient descent with

short steps hy € (0, 1] were given by Abbaszadehpeivasti et al. [72].

5.1.2  The Proposed Stepsizes

In this subsection, we will define the step sizes which we will prove achieve accelerated
convergence for smooth convex functions. Before we do this, we will need some
preliminary definitions.

A quantity which appears prominently in our work (as well as that in [70]) is the
silver ratio, defined as p = 1++/2. We will also define the numbers 3; = 1+ (1++/2)""".

For i € N, we let v(i) be the largest k so that 2% divides 7 with the convention
that v(0) = oco. This is sometimes also known as the 2-adic valuation. For ¢ > 0, let
70 € R¥~1 be the vector where er) = By, with the convention that 7 =], the

empty sequence. We list the first few vectors 7 for concreteness:

7Y = @ is the empty vector,
ﬂ-(l) - [60]7
7T(2) = [60761760]7 and

7T(3) - [607 Bla 5(% 627 /807 /617 60]

This was shown to be a good sequence of step sizes for gradient descent in [70]. The
step sizes we will consider are somewhat more complicated.

We will also need to define two sequences, a; and y; in a mutually recursive fashion.

91



For ¢ > 0, define

i—1 1—2
=23 g+ 227 - 1B+ 1.
=0 =0

Here, we say that the empty sum is 0, so that o =1, and p1 = 209 + 1. In general,
1; only depends on ay for £ <i— 1.

We may then inductively define

«; ‘= the unique root larger than 1 of

gi(r) = 2(x — 1)° + ps(x — 1) = p'ps. (5.1.3)

Note that ¢;(1) = —p'u; < 0, so that ¢; has a unique root larger than 1 and «; is
well-defined.

We will finally define our sequence h*) € R*~! inductively as follows: h) = [3],
and for k > 0,

h(k) — [W(k—l)’ o1, h(k—l)}.

Here, if vy, ..., v are vectors or numbers, then the notation [vy,. .., vg] denotes the
concatenation of these vectors. We also use the convention that h® is O-indexed.
As a historical note, the original version of this work in [61] considered a somewhat
different sequence, which was discovered after extensive computer search. This original
sequence satisfied a condition called ‘straightforwardness’, originally proposed by [66],
which streamlined this computer search. Since then, this original sequence has been
truncated and a neater proof of its convergence properties have been discovered, which

we will give here.
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Following this construction, the first four sequences are, for example, given by

r3
1 _ |2
b _2} ,

o) — fzﬂ———f+ W ViV Ve

In Section 5.3, we will give algebraic equations relating these various constants
and sequences. We will also provide bounds on how the quantities «y and . grow

asymptotically.

Lemma 5.1.2. For all k > 1, it holds that

Br < o < B,

2(1+vV2)% < .

From this, we see these building block patterns not only have exponentially large

steps occur periodically, but also have exponentially large average stepsizes.

5.2 Proof of convergence rate

To state our convergence theorem, it will be helpful to have defined yet another

sequence. We will let ¢ e R?" be defined as follows: ¢; = (1 1) and for k > 1,

1 1
W = [—rV ——f, e ],

ViR

We will show the following:

Theorem 5.2.1. Fixz f : R" — R to be a 1-smooth convex function with a global
manimizer x,, and let ro € R". Fixz some k > 1, and let x;11 = x; — hgk)Vf(:ci)

fori = 0,...,28 — 2. Also define a sequence y; as follows: yy = xo and y;y1 =
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Yi — ﬁ/ukcgk)Vf(xi). With these definitions, we have that

1P = llyoe—1 — 2.

24,

[0 — . I

fror_q) = f(zs) <

Remark 12. The minimizer x, can be chosen arbitrarily amongst all minimizers; we
only use the fact that V f(x.) = 0. In particular, we may choose the x, minimizing
I

|xo — x«||* amongst all minimizers.

Remark 13. The sequence y; is not quite the result of a gradient descent procedure
with different step sizes, as the updates are made using the gradients of f at x; and
not y;. Nevertheless, it is interesting that the gap between f(xqr_1) — f(x.) improves if
I

|l yar_1 — x.||? is large. In particular, it is guaranteed that either f(xqor_y) is especially

close to f(x.), or yar_y is close to x. in Fuclidean distance.

Because our sequences have length 2", if we let T' be the number of steps in this
sequence, then ju, = O(T082(4V2)) where log,(1 + v/2) = 1.27.

As we have stated, we will prove this by combining the basic inequalities on the
values of 1-smooth convex functions.

Fix some T. For each i € {0,...,T}, we will let z;,¢; € R® and f; € R be

indeterminants. We will define quadratic polynomials for ¢ # j € {0,..., T},
1 2
Qi = fi— fi = {952 =) = 5ll9i = gilI” € Rfi. [, 93: 95, i, ],
We will also define quadratic polynomials
1 2
Qis = fi — J+ — §||Qz|| , and

1
Qui = fo = fi = (9, T2 — T3) — 5”92”2 € R[fs, fi, gis wes i)

Now, if f is a 1-smooth convex function, zy,...,zr € R" and g; = V f(z;) for each
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i €{0,...,T}, then inputting these values into some ();; will result in nonnegative

= hig; for some constant h € RT~1 as

numbers. If, moreover, we set x; = 1y —
is the case when the z; are the iterates arising from gradient descent, then @);; is a
polynomial in just f and g variables for i # j € {0,...,n}, while Q.; and Q. are
polynomials in the f variables, g variables and x, — xq.

If we set x; = zg — ZZ;& h;g; for some fixed h € RT~!, then we may then de-
fine the conical hull of these polynomials to be the set of all nonnegative linear
combinations of the @);; for i,j € {*,0,...,T} (thought of as being polynomials in
R{f1, s fa, 15«5 Gns T — To]). We will denote this conical hull by Q(h).

In this context, we will define y; = x¢ — ;;B \ /ukcgk) g;- Our main theorem can be

shown to be equivalent to the claim that

s = @ol1® = llyzs—1 — 2|
241,

2
+ fo — for € Q(H).

To prove this, we will need to first construct an auxiliary polynomial in Q(h*)).

k:

Z_O )

1 2k—1 (k)
(¢i”girys — 3)
vV Hk ;

2k_1 (k) (k)\2

G (Ci ) 2

+ - lgill*-
; (Wuk 2 )

F
+

Lemma 5.2.2. For any k > 1, d;, € Q(h®).

Before we prove Lemma 5.2.2, we will show how we can use it to prove Theo-

rem 5.2.1.
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Proof of Theorem 5.2.1. Consider

2k 1

ap = Z Cgk)Q*z
=0

1 2k—1

k
—5 2 & lail?

1=0

From this representation, it is clear that a, € Q(h™*)), since the entries of ¢*) are all

nonnegative. We also have from Lemma 5.3.4 that (Z?igl k) ) = /lk-

7

Consider /pray + ppdy, which is

2l (k) 22 () ()2
i (fe = for1) = D0 (VG giyi — x2) — Y ——lgill* > 0.
1=0 =0

Now, note that |, /ukcgk)gi = Y;+1 — Vi, so that

2k _1 2k_1

k 1 k
> (Ve gy = v+ 5 30 (Viwe) lailF =
i=0 i=0
1 2k_1
=5 > 2Wir1 — Yir Y — va) + Y1 — yill?)
i=0
1 2k 1
=3 ((Wit1 — Yo, 20 — 22.) + WYir1 — Yir Yir1 — Vi)
i=0
1 2k _1
= B Z (Yi1 — Yir Vi1 + Yi — 22,)
i=0
1 2 2 2
= B (lyirr = zll” = llys — 2l7)
i=0
_ Nlyo — @l — llyoe—y — 2.
2
o — @2 = flgssos —
2
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We conclude that for any 1-smooth convex function f, with minimizer z,,

I” s

- H?JQLl — Ty
24,

2o — .

fxor_y) — flzs) <

Clearly, this implies Theorem 5.2.1. O

The remainder of this section is devoted to the proof of Lemma 5.2.2

5.2.1 Proof of Lemma 5.2.2

In order to prove Lemma 5.2.2, we will need to define an auxiliary polynomial.

1 22 k—1

P
be=— S 7 (fi = fry) — — 3 7@ = 0)]|gi)l? = (0" = D)llgoe |-
P i 2p i 2

Lemma 5.2.3. For any k > 1, by € Q(7™¥).

Proof. We will prove this using induction. For notational convenience, we will let
T =28 — 1, the length of 7® and note that 27 + 1 = 251 — 1 is the length of 7+,

Firstly, as a base case, we have that

by = ;Wél)(fo — f1)

1 g 1
=g, (@ = Dllgol’* = 300 = Dl

ifo _ £f fngon?

I*

\/—Hgl

1
= (fo— fi— (91,00 — 1) — §||91 — g0l?)
1 1 )
+ ;(f1 — fo— (g0, 21 — zo) — 5”90 —a1]%)
1
= Qo1+ —Q1p-
p

It is important to note that because the first and last 7" steps in 7#*+1) are the

same as 1 S T then this implies that p € T and that the shift o
®_if p € Q(r*)), then this implies that p € Q(7**1)) and that the shift of
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p, defined by adding 2* to the indices of all variables in p, is in Q(7**V). We will
denote this shift by Sip.

Next, for k > 1, we claim that
bk+1 = bk + stkbk + A,

where

o1
> ﬂ-’gk—’_l)(QTi + Qors14) + Qrars1 + 0 Qarga 1.
i=T+1

Note that by + p?Spbr € Q(7**Y) by induction and our remarks about shifting.
Therefore, if this equality holds, then b,,; € Q(7**1), and the inductive step holds,
and so does the conclusion of the theorem.

We expand as follows, using the observation that 7ri(k) = WEHI) = WZ(_I:,CI) for

i={0,....,T—1}:

T-1 1 T— k—1

1 k+1 k+1) k: 1) P
e p2Sibe =2 3w (= f) = o 3w Y = Dllgil® = S = Dllgr
1=0 =0
(k+1) P <l (k+1) (_(k+1)
+p Z m O (fi — forg1) — 9 >oom — Dllg:l?
i=T+1 i=T+1
k41

5 (Pk - 1)||92T+1||27

and
2T 1
> 75D (fr+ farsa — 2f5)
i=T+1

2T
. | |
- > 7T§ +1)(<9i, Ty + Topg — 22;) + §HQT —gill* + §H§]QT+1 — gl
i=T+1

+ (fr — fors1 — (9or41, @0 — Topy1) — §HQT — gors1l]?)

_ 1
+ 0" (fors1 — fr — (g7, Tar1 — 27) — §||92T+1 —grll®)
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We note the following about this expression: xp + xory1 — 2x; = Z;;T j(kﬂ) gi —

o7 (k+1)
j =1 ] gla S0

2T i—
Z Wz(kﬂ)@i,xT + ZTor41 — 21’i> = Z Z (k) (kH) 9z79y>

i=T+1 i=T+1 j=T
U (k+1) _(k+1)
Z ZW T (915 95)
i=T+1 j=i
21 (k+1) (k+1) < (k+1)
2 2
= (> m gumr Cgr)— > (m )l
i=T+1 i=T+1

We also note that

2T 2T
S 7 g — grl? + llgares — gl = Y 7Vl + gzl + llgeral?)
i=T+1 =T+1

Z 7T Qw gr + Gors1).

i=T+1

Note that EQTH M, (k) gi = x7 — xory1. Combining and noting that the expressions of
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the form (g;, Tor_; — Tox-1_1) cancel, yields that

2T
> 7 (fr 4 forn — 2f5)

i=T+1
— (T — Tapy1 — 7T(T )gT, ) + Z kH) 12
i=T+1
k;
-5 Z Vgl + llgrl® + llgarsall?)

i=T+1

)gTagT + gor11)

+ (1 — Torg1 — 7T(T
+ (fr — fors1 — (gor41, T1 — Tapg1) — §||9T — gor1|)?)

_ 1
+ 0" YN fora — fr — {97, Tor i1 — 1) — §HQ2T+1 —grl]?)

2T 2T
= ( > w1 —p’“) fr+ ( > w1 +p’“) forsa

1=T+1 1=T+1
1=T+1 i=T+1

2T
2% (D) f (1 + o+ Z R ¥ L 1)) lgr|?

i=T+1 1=T+1

1 _ 2T k k k
_2<1+pk S ) gl + > (r VY =) (gl

From Lemma 5.3.4, and the fact that z(i;i)l = 7T(k) for i € {0,...,T} makes this

expression equal to

A= (p ) (fr — fors1) — 2 Z kH) — fory1)

i=T+1
1 k k
=5 (P A 2 1) fgr
Cn ([ (k1) (k+1) o Loy oaa )
+ 3 (@WEEEE D) gl = 5 (0 6 llgara I
i=T+1
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Finally, we combine, apply the fact that p — 2 = %, and see that

T-1

1
bt = b+ P Sibi + A = = S 7 (fi — fr) + (o
=0
2_: k+1

-

+(p—2) Z

i=T+1
2T
P

S <ng+1)(

%
i=T+1 2

(7
2

k+1

2

(k+1)

(2

1
(1)

ZW — fr) %

Pk k41 2

- E(P 1 —1)||gor ]|

= bk+1-

Here, we have noted that (pk — pk_l) (fr — fors1) =

applied Lemma 5.3.3.

1
+=(p*

7T(k+1) (fl .

k- Pk_l) (fr — for+1)

D)l
_ k k
U ) D () 1>) Lozl
f2T+1)

=1 = (m Y -

D)) llgl?

1 _
0 =10+ 5 (0 +07) ) loara

2T

S a1

=0

Mgill”

LT o w Y (fr = farsn), and

Next, we will prove our main result of this subsection.

Proof of Lemma 5.2.2. We will show this by induction.

D Z

=c¢;’ =1, so that y; = x¢ — 2¢o.
(fo —fi) —

We recognize this as Qo1 € Q(hV).
From here out, we let 7= 2% — 1, the length of

the length of h*+D.
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One important note is that because the last T step sizes in the h*+1) sequence
are the same as h®), we once again have that if p € Q(h®), then Sip € Q(h*+),
where S, is the shift operator that adds 2* to all indices of variables. Also, because
the first 2% — 1 steps in the H**+1) are the same as 7¥), we have that if p € Q(7*),
then p € Q(h*+1),

We then claim that

P 1 1
dy, 1:Skdk+bk+< - )Ak,
" ME+1 VHE Pkt
where
2T+1
Ak = Z Cgk)QTZ
i=T+1

By the inductive hypothesis, Lemma 5.2.3, and the fact that A is clearly in Q(h*)),
the conclusion will follow. This finishes the inductive step, and thus implies the
conclusion of the theorem.

To apply the shift operator, we will need to expand the definition of y; in dj_1:
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Shifting, we obtain

Skdy, = F Z = fr)

i=T+1
s k+1 = (k+1) f)(-kH)

+ > (e D D e = K0
i=T+1 j=T+1 ’ v Mk

27+1 (kr+1) (C(k+1))2
+ > = : lgal*.
=141 2

k)

Here, it is important to note that the last 2% entries of ¢**1) are the same as ¢® | so

we may substitute c ) for ¢! k;k , for i € [2¥71 2% —1]. A similar situation holds for
similarly for h*+1.

We will also recall

T-1

P b = ! Zﬂgk)(fz—fT)_

1
Hk41 Hk+1 ;=0 23 Hk+1
k( ok
(Pt - 1) 2
T

\/Mk+1 i—0
VAR
2ftp41

(k)
Here, we make use of the facts that cng) = :r/lﬁ if i €{0,...,2F1t -2}

We next expand Ag:

2T+1
Z C§k+1)(fT — fi = {gi, v — 27))
i=T+1
12T—|—1 (k41) )
—5 2 & lgr — il
i=T+1
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We note that x7 — x; = Zj;lT hgkﬂ)gj, so that

2T+1 (b+1) 2T+1 (b+1) i—1 (b+1)
Z ¢ (9, Ti — 1) = — Z G <givzhj 9;)
i=T+1 i=T+1 §=T
2T+1 i—1
_ Z Z<C§k+1)gi; h;k—l—l)g‘j).
i=T+1j=T

We also note that, since Y711, D = r cl(k) =/ by Lemma 5.3.4,

7

2T+1 (hs)
2 2
> a lgrl® = 2{gr, i) + llgill*) =
i=T+1
w1 a1
Virlgrl® = 2(gr. 3 e Vg)+ 3 gl
i=T+1 i=T+1
. : (1) _ () , . :
Finally, we will note that c; = s T e when j < T, and so in particular,

we can write

23451 ® min iil:,T—l ®) f)('k)
0= <Ci i, ¢, — / >
i=0 =0 ’ V Mk
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Combining, we have that Sy

- k+1 fT)

VHE =711

g D) e S e, pi+
+ > (Vg > g —L=19)
i=T+1 j=T+1 ’ vV Pk ’

(k+1) (C(k+1))2 ,
- Gi
NI 5 el
T—-1
chk-&-l)

+
AN I~
Mt

/

O

1 T—-1 (k+1)
+ = W (% qai) S s N TPATE
N 25 Y=
_ pk(pk - 1) ||QT||2
2(pk41)

— , (k+1 k
Z(cg * )gm [35' +1)9j>

i=T+1j=T

_ (1 _ )(anTn g S c"“w)

1=T+1

]_ < 1 ]. ) 2TZ+1 (kJrl) H HQ

S |l—=- gl
2 o Hk+1 i=T+1

Carefully combining terms shows that this expression is dy1, as desired. O]

5.3 Equations and bounds related to constants

Lemma 5.3.1. For any k,

2k72

Proof. In ©®), there are 2¥~! entries which are equal to [, entries which are

equal to 81 and so on, so that

2k 1

k-1 k
Z 7TZ(k) _ Z gh—i-lg _ Z 9k=i(pi=l 1 1),
i=0 i=0 i=0
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This sum is a geometric series, which can be easily computed. O]

Lemma 5.3.2. For any k > 1,

pe = pr—1 + 2(e—1 + p* — 1)

Proof. 1t follows quickly from the definition that

Wi — Mk—1 = 201 + 2,0]"’ — 2.

Lemma 5.3.3. For any k > 1,

20" + 1tk = e

Proof. This is equivalent to

pr—1pe = (e — 2" 1)%

We note that it is clear from the definition of py that ug_1 + 2(ap + pF — 1) = .

Applying this identity results in

pie—1 (e + 2(ag 4 p" = 1)) = (1 + 2(cr — 1))°

Rearranging this identity yields

0=2((ar = 1)* + p—1(a — 1) = p*pa).

This is the defining equation for . O
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Lemma 5.3.4. For any k > 1,

2k 1 N
> = Vi
=0

k)

Proof. We will show this by induction. As a base case, note that Z?ial cl( = /lp =

For the inductive step, note that

ok+1_1 2k+1_q

k_ k
Z D) Z%:ol ﬂ-z( '+ Br+1 4 Z RO
i=0 ’ V ME41 =2k ‘

We have that Zfigl 771(’6) =pF —1, Bey1 = p¥ + 1, and ZQHI_I P

=2k i

2k+l_q

Z C(k—i—l) _ ka‘i‘\//ﬁ_k
i=0 ’ vV HE+1

This is equivalent to Lemma 5.3.3

Finally, we prove the asymptotics stated in Lemma 5.1.2.

= /I, so that

Proof of Lemma 5.1.2. First we verify oy < Ori1. The defining equation of «y is that

oy is the unique root larger than 1 of ¢;. It is clear that Sx,; > 1, thus to show

ar < Bry1 suffices to show that qx(Skr1) > 0. We compute

G (Brs1) = 2(Brr1 — 1)% + 1 (Brsr — 1) = (Brr — Dt = 2(Bregr — 1) > 0.

We next note that

k—2

e > 0228 =18 = V25 — 1) — 2k

£=0

Next, we note that f; < oy, which follows because v2 = 8, < a; = %, and for
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a(Br) = (Be — 1)? + p(Be — 1) — pFpu
206-1) _ /3,51,

< p(k_l)((l —20)p" 1+ 24 2V/2k)

which is negative.

This leads to the improved lower bound that

2k 1

=2 3 =2t - 1)
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