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SUMMARY

The Generalized Graded Unfolding Model (GGUM) is an unfolding item response
theory model that produces single-peaked, nonmonotonic item characteristic curves
consistent with a proximity-based response process. The model can be applied to binary
or graded item responses, or a mixture of the two. This paper proposes a modification to
the GGUM estimation procedure, referred to as the Generalized Graded Unfolding Model
with Response Times (GGUM-RT), which includes response time as collateral
information in estimating model parameters. The inclusion of response time data
illustrates how (a proxy for) cognitive processing relates to the latitude of acceptance
construct from social judgment theory. It is also demonstrated to improve the precision of

model parameter estimates obtained from the standard GGUM.
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INTRODUCTION

1.1 Background (Unfolding Item Response Theory)

The principle of an ideal point response process operates under the assumption that
a person will prefer a stimulus (i.e., an item) to the extent that it is located near the
individual’s position on a latent continuum (or more generally, in a latent space). As the
distance between a person and an item location increases, the probability that the person
prefers the stimulus decreases. This principle is rooted in the measurement of attitudes, and
its origin can be traced back to Thurstone’s (1928) approach to collecting agree-disagree
responses to statements to estimate a person’s attitude. In this context, an individual is
expected to agree with a statement on an attitude questionnaire to the extent that it is located
near the individual’s position on an underlying latent attitude continuum. As the distance
between the statement and the individual increases, the probability of the individual
agreeing with the statement declines. While it was not formally stated in Thurstone’s
(1928) work, his method of analyzing responses operates by assuming that responses to
attitude statements result from an ideal point process (Coombs, 1964). This unique form of
response data is appropriately analyzed using unfolding models, where the probability of
agreement with an item is calculated as a function of the distance between a person and an

item on the underlying continuum.

The unfolding model proposed by Coombs (1964), also referred to as a “distance

model” for preferences, operates as if a person arrives at a response to an item by



comparing the location of the item in a latent space to their own location (i.e., their ideal

point) in the same space:

6ij =fdiy) =f ([zk(xik - xjk)z]%> 1)

where
6;j = the strength of person ;’s preference for item i,
d;; = the distance between points i and j,
X;, = the location of item 7 along dimension £,

Xj, = the ideal point coordinate for person ; along dimension £,

and f(d;j) is a monotonic transformation of distance.

Unfolding response processes are most famously illustrated by Carroll’s (1972)
tepid tea example. In his example, he discusses an experiment requiring preference
judgments for several cups of tea. Each cup of tea was described along two dimensions:
the temperature of the tea (ice cold, cold, lukewarm, hot, steaming hot) and the amount of
sugar in the tea (no sugar, half a teaspoon, one teaspoon). Subjects presumably rated the
degree to which they preferred each cup of tea using their own personal preference (their
“ideal point” along the two dimensions). For example, a subject with a preference for half
a teaspoon of sugar in their tea might rate the cups of tea with no sugar or one teaspoon of
sugar poorly—in one instance, the tea would not be sweet enough for their liking, and in
the other, it would be too sweet. Responses also varied depending on the temperature of
the tea: a cup of tea with an ideal amount of sugar with a less than ideal temperature would

be rated lower than a cup of tea closer to a subject’s ideal along both dimensions. This



example demonstrates that preferences can be modeled by considering an individual’s ideal

location in a latent space relative to the locations of stimuli.

Over the last 50 years, unfolding models have been applied to a number of different
fields in psychology, including an extension to multidimensional scaling known as
multidimensional unfolding (Kruskal & Carroll, 1969; Carroll, 1972; Davison, 1983), and
unfolding item response theory (Van Schuur, 1984; Cliff, Collins, Zatkin, Gallipeau, &
McCormick, 1988; Bartholomew, 1992; Post, 1992; Andrich & Luo, 1993; Hoijtink &
Molenaar, 1994; Roberts, 1995; Andrich, 1996; Roberts & Laughlin, 1996; Roberts,
Donoghue, & Laughlin, 2000). These models follow similar principles posited by
Thurstone (1928) and Coombs (1964), and vary both in terms of their (non)parametric form
as well as the types of response data they are designed to analyze. The most popular
unfolding model in present day is the generalized graded unfolding model (GGUM;
Roberts, Donoghue, & Laughlin, 2000), a parametric item response model that allows for

the analysis of either binary or graded responses. It is the subject of the next section.

1.2 Generalized Graded Unfolding Model (GGUM)

The generalized graded unfolding model (GGUM; Roberts et al., 2000) produces
single-peaked, nonmonotonic item characteristic curves consistent with a proximity-based
(i.e., ideal point) response process. The GGUM has been applied to the measurement of a
number of different topics, including smoking cessation, attitudes, emotions, physical
attraction, and personality (Noel, 1999; Roberts et al., 2000; Roberts & Sparks, 2015;
Roberts, Barrett, & King, 2016; Crowe, Sleep, Carter, Campbell, & Miller, 2018).

Additionally, the GGUM has also been applied to personality measurement and the



measurement of developmental processes (DeMars & Erwin, 2003; de la Torre, Stark, &

Chernyshenko, 2006; Carter et al., 2014).

The GGUM is defined by its category probability function, which is defined as:

P(Z; = z|6;) =
(2)
EXp(“i [2(9;' - 5i) — k=0 Tik]) + eXp(ai[(M - Z)(ej - 5i) — k=0 Tik])
fV:o [exp(“i [W(ej - 5i) — Yk=0 Tik]) + eXp(ai[(M - W)(ej - 5i) — k=0 Tik])]
where
Z; = an observable response to the i item,
z=0,1,2,...,C; z=0 corresponds to the strongest level of disagreement and z =

C refers to the strongest level of agreement,
C = the number of observable response categories minus 1,
M =2C + 1 = the number of subjective response category (SRC) thresholds,

6; = the location of the /™ individual on the latent continuum,

&8; = the location of the i item on the latent continuum,
a; = the discrimination parameter of the i’ item,

i, = the k™ subject response category (SRC) threshold for the i item.

The value of t;, is defined as zero, and the remaining SRC thresholds are assumed to be
symmetric about the item points, 8; — §; = 0. These thresholds are not forced to be ordered

and are not constrained to be constant across items.

1.2.1 Estimation of GGUM Parameters



Estimation procedures for item response theory model parameters can be
categorized in three ways: procedures that estimate person parameters, procedures that
estimate item parameters, and procedures that simultaneously estimate both. The most
widely used estimation procedures for item response theory model item parameters are
marginal maximum likelihood (MML; Bock & Aitkin, 1981) and the Bayesian estimation
procedure marginal maximum a posteriori (MMAP) estimation (Mislevy, 1986). These
item estimation procedures are commonly paired alongside expected a posteriori (EAP)
estimation (Bock & Mislevy, 1982) to estimate person parameters. Other procedures that
jointly estimate both person and item parameters include joint maximum likelihood (JML;
Lord, 1974, 1980) and Markov-chain Monte Carlo (MCMC) methods (de la Torre et al.,
2006). These procedures, along with several others, have been used to obtain estimates for
GGUM parameters over the past 25 years. The first published version of the GGUM, a
constrained version known as the graded unfolding model (GUM; Roberts, 1995; Roberts
& Laughlin, 1996), used a joint maximum likelihood procedure (Lord, 1974, 1980)
combined with a grid search algorithm to estimate both the item and person parameters.
Since that time, GGUM parameters have been estimated using MML/EAP (Roberts,
Donoghue, & Laughlin, 2002), MMAP/EAP (Thompson, 2014), genetic algorithms
(GA)/EAP (Williams, 2017), Metropolis-Hastings Robbins-Monro (MHRM)/EAP (King,

2017) and MCMC (Roberts & Shim, 2010).

1.2.1.1 Joint Maximum Likelihood Estimation

Joint maximum likelihood (JML) is an iterative procedure that estimates item and
person parameters simultaneously (Lord, 1974, 1980). The algorithm proceeds in two

alternating stages. In the first stage, the item parameters are treated as fixed and known,



and then maximum likelihood estimates for the person parameters are found. Then, in the
second stage, the item parameters are estimated by using the estimated person parameters
as fixed and known values. Starting values for item parameters must be supplied on the
very first iteration, and these are generally derived from the item responses without the use
of an elaborate method. The process of estimating person parameters while treating item
parameters as fixed and then estimating item parameters while treating person parameters
as fixed continues until there is little change in item parameters from one iteration to the

next.

The JML procedure limited the applications of the GUM, as simulation studies
demonstrated that parameter estimates typically did not converge to the true values as the
sample size increased (Roberts & Laughlin, 1996). This finding was in line with JML item
parameter estimate inconsistencies seen in other IRT models (Andersen, 1973; Wright &
Douglas, 1977; Swaminathan & Gifford, 1983). The algorithm also frequently struggled
with converging on “local maxima” in the likelihood function — scenarios where the
likelihood function has not truly been maximized, as the estimator has gotten “stuck” on a
smaller peak rather than the absolute peak. This implied that it was less likely the

parameters estimated were close to truth, leading to inaccurate and misleading results.

1.2.1.2 Marginal Maximum Likelihood/Expected A Priori Estimation

The full GGUM was estimated by Roberts et al. (2000) using an MML approach to
estimate item parameters and an EAP procedure to estimate the person parameters.
Marginal maximum likelihood integrates the person parameters out of the likelihood

function using the prior probability density function and solves for item parameters in the



resulting margins of the likelihood function (Bock & Aitkin, 1981). The general marginal

likelihood function takes the following form:

]
L= [ ][] @ = x10)9 0. 523)as)| G)

J=1

where

X;; 1s an observable response to the ith item for the jth individual,

ij
P(Z i = Xij |9j) indicates the model probability of a particular response to item /,
g(6;|p, 0%) is an arbitrary prior distribution for 8; with the population mean y and
the population variance o2.
This method does not typically suffer from the same problem with inconsistent item
parameter estimates associated with JML procedures, and perhaps most importantly, it
greatly makes the local maxima in the likelihood function with respect to person parameters
moot during the item parameter estimation. With the item parameter estimate determined,
the estimates of the person parameters are then obtained by using EAP estimation. This
method is derived from Bayesian statistical principles and refers to the expected value of

the posterior probability distributions of person parameters. The posterior probability

distributions are obtained with the equation:

L(X;10)g(0;|1 ) 4
P(X;)

P(01X;) =

where L(Xj|9) is the likelihood of the response vector for individual j. This method

requires the specification of prior distributions for person parameters which is usually the



same as that used in the MML procedure but is sometimes derived empirically. The mean
of the posterior distribution is the EAP estimate for a given person, and thus, this technique
makes the presence of any local maxima in the posterior of a particular theta parameter

moot with regard to estimation.

The advantage of applying this MML/EAP approach to the GGUM over JML
parameter estimation was more accurate results, particularly when large sample sizes (e.g.,
750) were available for datasets consisting of approximately twenty 6-point items (Roberts
et al., 2002). Further, parameter estimates were found to be accurate with several different
prior distributions specified for the person parameters, regardless of whether the true

distribution matched the prior distribution.

1.2.1.3 Marginal Maximum A Posteriori/Expected A Priori Estimation

The parameters for the GGUM have also been estimated with a marginal maximum
a posteriori (MMAP) and EAP approach (Roberts & Thompson, 2011). The Bayesian
MMAP procedure, developed by Mislevy (1986), has conceptual similarities to MML in
that the person parameters are integrated out of the likelihood function. Prior distributions
are specified for each item parameter and these distributions provide a second source of
information to produce a posterior distribution. This approach yielded item parameter
estimates that were typically more accurate than estimates produced by the MML
procedure. The superior accuracy of MMAP as compared to MML is noticeable only when

the number of response categories is 4 or less (Roberts & Thompson, 2011).



1.2.1.4 Markov chain Monte Carlo estimation

Another popular approach to GGUM parameter estimation is the Markov chain
Monte Carlo (MCMC) approach (de la Torre et al., 2006; Roberts & Shim, 2010; Roberts
& Thompson, 2011). MCMC procedures are a class of fully Bayesian methods used to
estimate model parameters through repeated sampling from a joint posterior distribution
(Patz & Junker, 1999). Although this joint distribution may be extremely complex, some
MCMC algorithms can sample from far more simple distributions and systematically reject
some draws in order to ultimately reflect a sample from the joint posterior distribution. The
flexibility and accessibility that the MCMC approach offers for estimation has brought
increasing attention to utilizing this method to estimate models across the psychometric

literature (Fox, 2010).

Within the context of IRT parameter estimation, the general MCMC estimation
procedure begins with the specification of prior distributions and starting values for the
model parameters. Then, computational software constructs a Markov chain from an
MCMC algorithm like the Metropolis-Hastings sampler (Hastings, 1970), the Gibbs
sampler (Geman & Geman, 1984), or the Metropolis Hastings within Gibbs sampler
(Metropolis, Rosenbluth, Rosenbluth, Teller, & Teller, 1953). Parameter values are then
repeatedly sampled (or drawn) from a distribution that eventually converges to the joint
posterior distribution of model parameters after a large number of repetitions. It is common
for researchers to discard a number of the initial draws of the procedure prior to
convergence, referred to as “burn-in” states. Once convergence to this stationary
distribution is achieved, the means of further generated samples for each parameter can be

used as parameter estimates (i.e., expected a posteriori estimates).



MCMC as an estimation approach has grown more prevalent in psychometrics
literature due to the accessibility of several open-source estimation programs, including
OpenBUGS, JAGS, and STAN (Lunn, Thomas, Best, & Spiegelhalter, 2000; Plummer,
2003; Carpenter et al., 2017). However, despite MCMC estimation’s increasing popularity,
the approach can be time consuming: this estimation approach can take anywhere from
minutes, to days, to upwards of a week to converge on a solution depending on the
complexity of the model specified, the number of items, the number of response categories
for each item, and the number of respondents (i.e., the total number of parameters
estimated) in addition to the computer software and hardware choices that are

implemented.

de la Torre et al. (2006) found that an MCMC approach produced estimates and
standard errors that were typically more accurate than MML in cases of extreme GGUM
items with few response categories, though a degradation in the accuracy of parameter
estimates was still present. In a more recent study, Roberts and Thompson (2011) also
found that MCMC produced results that were more accurate than MML estimation,
particularly when the number of response categories was small (i.e., two or three);
however, they posited that MMAP/EAP was a superior approach, as they found that the
MMAP procedure generally produced more accurate estimates than MCMC. The MMAP
procedure took seconds to converge relative to the hours typically necessary to reach a
solution using GGUM item responses with OpenBUGS. Despite the substantial differences

in convergence speed, MCMC is still commonly used.
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1.2.2  Collateral Information for Parameter Estimation

Traditionally, item response theory models, including both cumulative and
unfolding models, are estimated using information obtained from item responses, starting
values and prior distributions for model parameters (if required by the estimation
procedure). Collateral sources of information, including demographic information and
response time data (Kuncel, 1973; Mislevy & Sheehan, 1989; Roskam, 1997; van der
Linden, Entink, & Fox, 2010) have been proposed to assist in inferences made about model
parameters and to improve the accuracy of parameter estimation in these models. This
additional information has been modelled both separately and simultaneously alongside
IRT parameters using hierarchical processes (van der Linden et al., 2010), simultaneous
series of equations (Kuncel, 1973), and mixed IRT models (Smit, Kelderman, & van der
Flier, 1999). While many types of external data may be of interest to researchers for
inclusion in their item response theory models, response time data is an intuitive source of
collateral information for psychometricians to leverage in many cases as it is typically an

easily obtainable variable when data collection is performed via computers.

1.3  Analysis of Response Time Data in an IRT Framework

The inclusion of response time data in item response theory models is a relatively
new concept in the field of psychometrics. These two forms of information were initially
considered to be two different constructs that were typically modelled separately
(Scheiblechner, 1979). To this end, there is a lot of discrepancy in the literature around
how to best incorporate response time in item response theory models. The relationship

between IRT parameters and response time parameters has been measured using several

11



different joint modeling methods (De Boeck & Jeon, 2019). Many of these methods have
treated IRT parameters as separate from, but related to, response time parameters. For
example, van der Linden et al. (2010) proposed a hierarchical approach, where a
multivariate distribution for response time parameters and response parameters are
assumed to be related, but not identical. Other approaches have included diffusion models
(van der Maas, Molenaar, Maris, Kievit, & Borsboom, 2011) for cognitive test taking and
race models: process models that capture cognitive processes “racing” toward a finish line
(Rouder, Province, Morey, Gomez, & Heathkote, 2015). In a different arm of the quickly
growing literature on this topic, other researchers have followed the assumption that the
same underlying construct (e.g., the signed distance between a person and an item along a
latent continuum) drives the change in both response time parameters and response

parameters (Ferrando & Lorenzo-Sava, 2007).

The presumed distribution of response times has also varied across the literature
according to the type of data used and the IRT modeling approach implemented. Response
times are typically modeled log-normally, although other distributions such as the
exponential and gamma distributions have been proposed to model response times
(Scheiblechner, 1979; Maris, 1993). Some researchers have suggested that the lognormal
distribution provides a better fit to response times than other distributions proposed (Storms
& Delbeke, 1992; van der Linden, Scrams, & Schnipke, 1999). In contrast, however, it has
also been demonstrated that response times modelled with other distributions have
typically yielded parameter estimates that are nearly the same as estimates obtained using

the lognormal distribution (Storms & Delbeke, 1992).

12



The definition of the principles underlying response time differ across psychological
domains, but similarities can intuitively be found between them to drive future research. In
the measurement of personality, response time has been defined according to the “nearness
hypothesis” coined by Kuncel (1973) which suggests that a latent driver of response time
defined as “response difficulty” increases as the distance between item and person
locations on a latent continuum decreases. This hypothesis has intrinsic similarities to an
accepted psychophysics finding suggesting that the uncertainty of detecting a stimulus is
greatest when the item is near a person’s absolute threshold (Guilford, 1954). The closest
proxy to measuring this uncertainty, or response difficulty, in a latent space is response
time. These findings can both be joined to modern psychometrics by linking response time
to response variability. In a 1-PLM or 2-PLM IRT model, the variability of a binary item
response is greatest when the person-item distance is equal to zero. In other words, when a
person absolutely does or does not know the answer to an item, the variability decreases,
much like the relationships found between response difficulty and person-item distance in
personality measurement, and uncertainty and detection thresholds in psychophysics.
Studies performed on personality data have found a consistent (although weak) negative
relationship between response time and person-item distance (Kuncel, 1973, 1977;
Ferrando & Lorenzo-Sava, 2007; Molenaar, Rozsa, & Ko, 2021). These studies used the
following IRT parameters based on the 2-PLM (or a more constrained version of the 2-

PLM where a; is set to unity) to construct a weighted person-item distance:

2
8= Jai(6; —b;) )
where

13



6;; = A measure of person-distance for person j to item i,
a; = the item discrimination parameter for the i item,
6; = the location of the /™ individual on the latent continuum,

b; = the location of the i item on the latent continuum.

In the model proposed by Ferrando & Lorenzo-Seva (2007), the estimated person-distance
measure is used in a regression equation to reflect the inverse relationship of person-item

distance and response time:

ln(tij) = ,u+wj+}/i+,86ij+gijl€ij~N(0'O-2) (6)

where

f = a regression parameter reflecting the inverse relationship of person-item
distance and response time,

u = a numerical constant indicating general response time,

w; = an effect parameter for the slowness of the /" respondent,

¥; = an effect parameter for the response time required for the i item.

This modeling approach was applied to binary personality items following a dominance
response process and was estimated with two separate procedures, first with the
MMAP/EAP procedure and again with MML using the expectation-maximization (EM)
algorithm. These procedures shared two common points: First, item parameters of the 2-
PLM were estimated from item responses using the MML/MMAP estimation procedure
and were treated as known values. Then, the regression parameters and the person
parameters were estimated in two separate stages, the calibration stage and the scoring
stage. In the calibration stage, only the parameters used in describing response time were

estimated. In the scoring stage, person parameters were estimated from item responses and

14



response times. These steps were repeated until the estimates of i, w, y, g, and § stabilized.
The approach yielded modest improvements in the precision of model parameters over

traditional item response theory methods.

van der Linden, Entink, and Fox (2010) proposed a hierarchical approach to IRT
model building using response times and dominance-based responses to test items. In
contrast to the model proposed by Ferrando and Lorenzo-Sava (2007), their approach
assumed that responses and response times followed separate models, each with a different
set of item and person parameters. These separate models were defined as first level models
and were combined for response and response times with second level models for the joint
distributions of item and person parameters. The first-level model of response data used
the three-parameter normal-ogive (3-PNO) model:

P(UU = 1, Hj,ai,bi, Ci) =C + (1 - Ci)CD (al(ej - bl)) (7)

where
®(-) = the normal distribution function,
6; = the ability parameter for the /™ test taker,
a; = a discrimination parameter for the i'" item,
b; = a difficulty parameter for the /" item,

¢; = a guessing parameter for the i item.

Response times were modelled as lognormal with individual and item parameters
that were different from those from the 3-PNO for scored item responses. Specifically,

their lognormal response time model was given as:

15



a;

tijVZT[

1
(b 00 B) = —=exp =5 [anty; = (6~ )} ®)

where
t;; = the RT of the j test taker,

7; = a speed parameter for the /™ test taker,

B; = a time intensity (i.e., demand) parameter for the /" item,

a; = a discrimination parameter for the i" item.

Note that the parameters defined in the response time model are similar to those for the
scored data IRT model, but not identical in function or interpretation. The population model
specifies the joint distribution of the person and item parameters, where analogous
parameters across response and response time models can covary. In other words, the
person parameters from the two models can covary, as can the item parameters. It is at this
second step of the procedure that the method can link information between models and
allow one set of estimates to inform the other. The results to test items from van der Linden
et al. (2010) mirrored that of results from work done on personality data (Ferrando &
Lorenzo-Sava, 2007), indicating that the inclusion of response time can improve the

precision of model parameter estimates.
1.4  Research Hypothesis

Item response theory models offer researchers a wealth of information about people
and test items; however, none of this information can be relied upon if the accuracy of
estimates is poor or the model fails to adequately portray the data. To that end, researchers

should strive to use an IRT model that matches the psychological process which ultimately

16



leads to an item response. Additionally, they should continue to investigate ways to
improve parameter estimation in IRT models. These two goals provide the thematic

structure for the study outlined below.

This paper proposes a novel way to estimate item response theory parameters using
the GGUM with response time and response data simultaneously. It is hypothesized that
the inclusion of response time data may lead to more precise item and person parameter
estimates, particularly in extreme regions where degradation in parameter estimates has
previously been seen (Roberts & Thompson, 2011). Response times are, at best,
underutilized by psychometricians using unfolding IRT models. However, this information
is readily available whenever items are administered with computers and could potentially
provide valuable information when estimating GGUM parameters. The proposed study
will examine the accuracy of an MCMC parameter estimation procedure for GGUM
parameters that includes item response time as an additional observed variable with one

that does not include it. These research questions are formalized as follows:

R1: The amount of time taken to respond to attitude questionnaire items & is, at least
partially, a function of the distance between the location of an individual and an item along

a latent attitude continuum.

R2: Simultaneous incorporation of item response time and item responses within an
unfolding IRT framework like the GGUM increases the precision of item and person

estimates beyond that of an unfolding IRT model estimated solely using item responses.

17



METHOD

2.1 Modifications to the GGUM

It was hypothesized that the introduction of response time data can assist in
estimation of GGUM parameters. Specifically, it was assumed that item response times are

a function of the squared distance between a respondent’s location (6;) and an item’s

location (6;) on a latent continuum. This function was expected to take the form of a

polynomial regression equation, and can be expressed as follows:

f(t;]6,6) =

2 9)
exp [bO + bl(gj - 5i)2 + b2 (9] - 6i)2 + gij] lgij ~ N(O,O'Z)

where
t;; = the response time of the /™ individual on the i item,
by, by, b, are polynomial regression parameters,
6; = the location of the /™ individual on the latent continuum,
&8; = the location of the i item on the latent continuum,

g;; = random error for the /M individual and the i item.

ij

This equation is consistent with the assumption that response times for item responses
which follow from an ideal point process likely operate in a bimodal manner that deviates
from the person-nearness hypothesis formed from dominance-response measures. In
particular, it was anticipated that responses to items located in close proximity to an
individual’s own location on a latent continuum will result in short response times, items

located slightly farther (in either direction along the continuum) will result in long response
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times, and items located extremely far away will result in short response times, relatively
speaking. This hypothesized relationship is illustrated in Figure 1. It should be noted that
item response variability under the GGUM also exhibits a similar bimodal shape as a
function of the same distance between the locations of an individual and an item. By
squaring the distance between person parameters and item parameters, the relationship

between response time, theta, and delta can be modelled using Equation (9).
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Figure 1 - Expected relationship of response time with GGUM parameters

This proposed addition into the MCMC estimation syntax for the GGUM allowed
the person and item location estimates to use information from item response times
simultaneously with item responses themselves. With the proper specification of the
relationship shared between response time and the squared distance between person and
item locations, it was posited that the estimates of both person and item location
parameters would be more precise (i.e., have smaller standard errors) when this second

source of item-level data is incorporated into the GGUM than when it is ignored. For the
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remainder of this document, the resulting system of simultaneous equations will be

referred to as the GGUM with response times (GGUM-RT) modeling process.

2.2 Parameter Recovery Simulation

2.2.1 Experimental Design

A simulation study was performed to assess the improvement in the accuracy of
parameter recovery when using the proposed GGUM-RT modelling process. This
investigation examined the effects of three factors on parameter recovery. These three
factors, total sample size (500, 2000), number of items (10, 30), and number of response
categories (2, 6), were fully crossed, resulting in a 2x2x2 between-subjects experimental
design with 8 cells. Ten replications were conducted within each cell, resulting in a total
of 2x2x2x10 = 80 observations. To compare the GGUM-RT modelling process’s
performance against the traditional GGUM, the simulated responses across all replications

for this design were first estimated using the GGUM and then again with the GGUM-RT.

2.2.2 Data Generation

2.2.2.1 True Parameter Values

True person parameters, 6;, were generated by randomly sampling from a standard
normal distribution. Item parameters (a;, §;, T, ) were randomly sampled with replacement
from a set of unidimensional GGUM item parameter estimates obtained from abortion
attitude items (Roberts & Thompson, 2011). The unidimensional item parameter estimates

described by Roberts and Thompson (2011) were divided into five intervals across the

latent continuum. To ensure adequate information across the unidimensional continuum,
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each of these intervals was then equally sampled (with replacement) to obtain true item
parameter values for this simulation. By sampling from a set of previously defined
unidimensional GGUM estimates, this generation method encouraged realism in the
population of items and the correlations between item parameters. Each cell and replication

within a cell was sampled independently.

2.2.2.2 Response Generation

The simulated theta and item parameter values were used along with the GGUM
(Equation 2) to calculate the probability of a response in each of the item response
categories. The calculated response category probabilities were used to form a multinomial
distribution. Observed responses were obtained by sampling from the resulting

multinomial distribution.

2.2.2.3 Response Time Generation

Response times were simulated (in milliseconds) to operate as a function of the
distance between an individual and an item using Equation 9. For this design, b, was set
to 4500, b; was set to 400, and b, was set to -20. This equation operates such that an
individual would respond faster to an item when it is located very close or very far away
from the individual’s location on the latent continuum. However, there exists locations
between these regions where an individual’s response time is at its maximum, and the
peakedness of the distribution of an individual’s response times is assumed to be dependent
on the width of an individual’s latitude of noncommitment, or the range in which an
individual perceives items to be neither clearly acceptable nor objectionable. This latitude

is primarily a function of discrimination and SRCs associated with a given item (Roberts,
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Rost, & Macready, 2010). The amount of noise (e.g., error) added to the model was
determined from descriptive information obtained using the real data example described in
section 2.3. Error was randomly sampled from a normal distribution with a mean of 0 and
a standard deviation of 500ms. Response time was truncated at 200ms to remove unrealistic

outliers.

2.2.3  Parameter Estimation

2.2.3.1 Starting Values

Starting values were obtained for GGUM parameters using methods previously
implemented for the GGUM and the MGGUM (Thompson, 2014; Roberts & Sparks, 2015;
King, 2017). Specifically, starting values for item location parameters (4;) and person
parameters (éj) were obtained by performing a detrended correspondence analysis (DCA;
Hill & Gauch, 1980) on the item responses and retaining the item and person locations on
the first dimension as starting values. Starting values for item discrimination parameters
(@;) were set to one for all items. The starting values for thresholds (%;;,) were obtained
using a regression equation developed from previously documented estimation procedures
for the GGUM (King, 2017). The values associated with the thresholds for item i, except
for T;, which is set to zero, were a function of the origin constant O; and the interthreshold

distance constant A;:

0; = 1.002 + 0.449|4;| — 0.093V; (10)

A;=0.921 + 0.058|5;| — 0.129V; (11)

22



where
V; = the number of response categories for the i item,
8; = the starting value of the i item obtained from DCA.
The initial values for the k™ threshold of the i item were then calculated from the

following equation:

Tie = 0; + A (C; — ky) (12)

The starting value for the C™ threshold, ;¢ (the threshold closest to the point, 0, —6; =

0), was the origin, 0;. The starting values for each following threshold were calculated by
adding the interthreshold distance (4;) to the starting value for the previous threshold. In
instances where the value of T;;, was less than 0.1, this value was arbitrarily set to 0.1 to
ensure that the starting value was positive and not equal to zero. After the estimation of the
traditional GGUM, the person and item results were used as the starting values for the

person and item parameters for the GGUM-RT.

Given the novelty of this work, the starting values for the polynomial regression
parameters for the GGUM-RT were obtained after the initial GGUM estimation was
completed. A polynomial regression model was fit to the person and item parameters
obtained from the GGUM and the resulting intercept and slope parameters were used as
the starting parameters for the GGUM-RT. This was completed for each replication within

a cell independently.

2.2.3.2 Prior Distributions
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Regression parameters were estimated with an MCMC technique using
uninformative prior distributions: by~ N(0,10000), b;~ N(0,1000), b,~ N(0,100),
g;j ~ N(0,100). These priors were selected due to the novelty of the GGUM-RT. Person
parameters, item location parameters, item discrimination parameters, and subjective
response category parameters were estimated using the following prior distributions:
6; ~N(0,1), 6; ~N(0,4), a; ~ N(0,0.25), and T, ~ lognormal(,urik, 1), where pi;, is

derived by King (2017) for the GGUM using the starting value for threshold 7;:

1
ey =My — > (13)

2.2.3.3 Software

A program written in R (R Core Team, 2020) was developed for constructing true
item and person parameters, generating item responses, generating item response times,
and calculating model start values. This dataset was read into JAGS (Plummer, 2003) for
the MCMC estimation of GGUM and GGUM-RT parameters. Finally, scripts in R were
written using the psych package (Revelle, 2019) and the multitude of packages subsumed
by the tidyverse (Wickham et al., 2019) for calculating parameter recovery statistics and

creating plots for this paper.

2.2.3.4 Analysis

The GGUM and GGUM-RT procedure were evaluated by assessing MCMC
diagnostic information provided by JAGS to determine if the MCMC algorithm had

converged to the target joint posterior distribution of all model parameters. The Gelman-
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Rubin index (Gelman & Rubin, 1992), a convergence diagnostic that computes the
potential scale reduction factor (PSRF) to indicate convergence, was used to determine if
samples of a given parameter converged to a stationary level. Values between 1.0 and 1.2
are considered to be acceptable for convergence, with values closer to one indicating model
convergence (Brooks & Gelman, 1997). It was anticipated that the MCMC procedure
would need to sample from the Markov chain at least 10,000 times to achieve reasonable
convergence; however, given the complexity of the proposed model, more iterations were
sometimes required to complete the burn-in period. In instances where the Gelman-Rubin
index was greater than 1.2, the MCMC procedure was run for another 5000 cycles and re-
evaluated for convergence. Sample trace plots were also referenced to assess model

convergence.

After the burn-in period was complete, the model was run a minimum of 5000 more
iterations to obtain parameter estimates. Model parameter estimates were calculated using
the mean of the post-burn-in sample values for each IRT parameter (i.e., EAP estimates).
In order to address the influence that prior distributions had on the scale of parameter
estimates, the MCMC estimates were then transformed to the same metric as generated
theta parameters. This transformation was completed using a linear regression, where the
generated theta values were regressed on the simulated theta estimates. The intercept
parameter from these results was used to adjust the locations of the 8 and § estimates on
the unidimensional continuum and the slope parameter was used to adjust the range, or

scale, of the 6, 6,7, @, b;, and b, estimates.
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Accuracy of model parameter estimates was assessed based on the average
discrepancy between estimated and true generated parameter values using the root mean

square deviation (RMSD) statistic. RMSD is defined in the GGUM as:

ZZ=1Wt - Vt]2>1/2 (14)

RMSD =
(=%

where
7= estimated value of the #" parameter of a given type,
Y = true value of the " parameter of a given type,

T = total number of parameters of a given type in any one replication.

RMSD values were calculated for each item, response time, and person parameter
type within a given replication. As RMSD has been documented to being sensitive to
variance in the difference score between estimated and true values and the degree of
squared bias of the estimate (Roberts & Laughlin, 1996), the components of the RMSD
equation (broken out algebraically in equation 15) were also evaluated. These
components simplified to different analytical forms depending on which sets of
parameters were being evaluated. Specifically, for the GGUM parameters, the variance of
the difference between the estimated parameters and the true parameters was calculated,
and the squared difference between average estimated and true parameter was examined.
However, for the polynomial regression parameters specific to the GGUM-RT, the
RMSD equation was further simplified and had fewer components. The equation became
a function only of the squared bias for a given replication as there only existed one true

value and estimated value for these parameters across replications and they had no
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variance. As a result, no further analysis of the RMSD values for these parameters was

needed to explain the driving component behind statistically significant effects.

= X. ¥ 1
wsp = [ 57 2om 7 Gy R

where:

S]Af = the sample variance of the N estimated values for parameter y,

S¢ = the sample variance of the N true values for parameter y,

Sy, = the sample covariance between the estimated and nominal values of y,
_]A, = the average of the N estimated values for parameter y,

and

)?y = the average of the N nominal values for parameter y.

A total of four sets of ANOVAs were conducted to examine GGUM parameters,
GGUM-RT parameters, and the comparison of the two. First, four between-replications
factorial ANOVAs were conducted to examine the four GGUM parameter types
(a;, 6;, Tix, and 6;) obtained by the GGUM with respect to their RMSD. Then, seven
between-replications factorial ANOVAs were conducted to examine the four GGUM
parameter types (a;, §;, Ty, and ;) and the three regression parameters in Equation 9
(by, by, by) obtained by the GGUM-RT. As these sets of ANOVAs use results from two
distinct models, first from the GGUM and then from the GGUM-RT, the Type I error rate
was controlled within each set of analyses. For the first set of analyses examining the
results of the GGUM, the Type I error rate was set to a = 0.05/4 = 0.0125. For the second

set of analyses examining the results of the GGUM-RT, the Type I error rate for the
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seven ANOVA models was adjusted to @ = 0.05/7 = 0.007. Follow-up analyses

examining the individual components of RMSD controlled Type I error rates similarly.

A third set of analyses was conducted to compare the RMSD for a given parameter
(@i, 6;, Tix, and 6;) estimated with either the GGUM-RT or GGUM. Each of the four
ANOVA:s in the set used a Type I error adjustment equal to a = 0.05/4 = 0.0125. These
four split-plot ANOV As were run a second time using the standard error (SE) of the
parameter estimates obtained from the MCMC as the outcome instead of RMSD. These
split-plot ANOV As constituted the fourth set, and again, a Type I error rate adjustment
equal to @ = 0.05/4 = 0.0125 was used for them as well. Unlike RMSD, SE values are
obtainable from the IRT estimation of real data. As a result, it was of interest to
demonstrate the change in SEs between the GGUM and GGUM-RT models for both the

simulation and the real data analysis.

Because the power to detect effects in GGUM simulations with 10 replications is
typically high, the effect size estimate n2, (Roberts & Thompson, 2011) was also used to

determine the largest effects in each model. The effect size 12, estimate is defined as:

SS,
773‘, — SSeffect (16)
family

This estimate indicates the proportion of sums of squares within a family (within-
replications or between-replications families) tested by a given error term which is
attributed to an effect of interest. Particular effects were considered interpretable when
the calculated effect size (n2) was greater than or equal to 0.10 and the associated p-

value was lower than the adjusted alpha cut-off value.
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23 Real Data Application

The data source to be used for a real data example was an attitude measurement
study where individuals responded to a series of items developed to measure individual
attitudes towards gun control. Data for this study was collected from 2009 to 2014. For
this application, responses and item response times from 1229 respondents to 63
statements were analyzed. Responses used in this analysis were limited to those that
passed a test-retest reliability check where individual responses were correlated across 10
repeated statements (7 > 0.7). These statements are presented in Appendix A. This dataset
was collected using a six-point response scale with strongly disagree, disagree, slightly
disagree, slightly agree, agree, and strongly agree as possible responses. To promote
(although not required) SRCs that were nicely ordered along the latent continuum, the

agree and strongly agree responses were collapsed.

Prior to analyzing responses to the 63 gun control items, a principal components
analysis was first performed on the data to determine the dimensionality of the dataset by
assessing the first and second eigenvalues of the Pearson interitem correlation matrix. Any
items that were found to have a communality less than 0.3 were discarded to ensure the
variance in the final item set was appropriately explained by the underlying latent
dimension. The remaining items were then analyzed with an MML calibration step using
the GGUM2004 software. Any items that did not fit the GGUM according to the infit and

outfit chi-square values reported by GGUM?2004 were discarded. The remaining items in
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the dataset were analyzed using the MCMC approach to the traditional GGUM as well as

the modified GGUM procedure including response times.

A preliminary analysis of the data was conducted to identify any outlying cases or
unusual RT behavior that persisted after the test-retest reliability check of the response
data. There were no extreme outlying cases (e.g., cases likely due to the participant leaving
the experiment room or due to a program error) to remove from the dataset. In addition, a
number of transformations to the distribution of the empirical RT data were considered;
however, none yielded a notable improvement over using the untransformed data. Model

parameter estimates were then obtained using JAGS.
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RESULTS

3.1 GGUM Parameter Recovery Simulation

Following the estimation of both the GGUM and GGUM-RT on the simulated
datasets, the four sets of ANOVAs described in Chapter 2 were conducted to examine
GGUM parameters, GGUM-RT parameters, and the comparison of the two. It should be
noted that prior to calculating the RMSD values to run these analyses it was necessary to
match the simulated signs corresponding to a particular end of the unidimensional latent
trait continuum. Neither the GGUM nor DCA constrains the poles of the latent
continuum to represent a particular ideology, so this was done prior to calculating RMSD

values. Fortunately, reversing the continuum in this manner does not affect the GGUM

likelihood.

Four between-replications factorial ANOVAs were conducted to examine the effect
of sample size, the number of items, and the number of response categories for each of
the four RMSD values for the different parameter types in the traditional GGUM
(@i, 6;, Tix, and 6;). To reduce the probability of Type I error due to repeated testing of the
same model for each of the dependent measures, the Type I error rate was adjusted to a =
0.05/4 = 0.0125. Statistically significant effects were only retained for interpretation if
they also had an associated n? value of 0.10 or more. Post hoc paired comparisons of
interpretable main effects and interactions were not needed as no effect was associated

with more than a single degree of freedom. The results from the analysis are shown in
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Tables 1 and 2. Average RMSD components and statistical findings on these components

are shown in Tables 3 and 4.

TABLE 1 - MEAN RMSD OF PARAMETER ESTIMATES

RMSD
Effect a 5 T 0
Sample Size
500 0.414 0.243 0.266 0.266
2000 0.248 0.192 0.193 0.270
Test Length
10 0.419 0.255 0.272 0.342
30 0.243 0.180 0.188 0.194
Response Categories
2 0.543 0.269 0.234 0.318
6 0.119 0.166 0.225 0.219
Overall 0.366 0.218 0.230 0.268

Note. & = item discrimination estimate; § = item location estimate; % = item threshold

estimate; 6 = person location estimate.

TABLE 2 -n? VALUES FOR ANOVA EFFECTS

RMSD
Effect a 5 T 0
Sample Size 0.100 0.064 0.218 <0.001
Test Length 0.112 0.142 0.286 0.627
Response Categories 0.657 0.270 0.003 0.281
Sample Size x Test Length 0.003 0.002 0.002 <0.001
Sample Size x Response 0.040 0.016 0.055 <0.001
Category
Test Length x Response 0.059 0.193 0.201 0.035
Category
Sample Size x Test Length x 0.002 0.003 0.001 0.001
Response Category

Note. Values in italics were statistically significant effects at the p < 0.0125 level; values

in bold were effects with n? greater than or equal to .10.
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TABLE 3 - RMSD COMPONENTS OF GGUM PARAMETER ESTIMATES FROM THE GGUM

a k) T ]
Effect Vgriance of Squgred Vqriance of Squgred Vqriance of Squgred Vqriance of Squgred
Difference Bias Difference Bias Difference Bias Difference Bias
Sample Size
500 0.073 0.192 0.047 0.023 0.068 0.009 0.069 0.002
2000 0.020 0.077 0.029 0.021 0.034 0.010 0.069 0.002
Test Length
10 0.062 0.212 0.044 0.040 0.065 0.016 0.104 0.003
30 0.032 0.057 0.031 0.004 0.036 0.003 0.035 0.001
Response Categories
2 0.084 0.262 0.046 0.041 0.050 0.016 0.092 0.003
6 0.009 0.008 0.029 0.004 0.052 0.003 0.046 0.001
Overall 0.047 0.135 0.038 0.022 0.051 0.009 0.069 0.002
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TABLE 4 — 7?2 VALUES FOR ANOVA EFFECTS WITH RMSD COMPONENTS OF GGUM

PARAMETER OUTCOMES
@ ) £ ]
Variance Squared Variance Squared Variance Squared Variance Squared
Effect of Bias of Bias of Bias of Bias
Difference Difference Difference Difference

Sample Size 0.182 0.087 0.101 0.001 0.295 0.002 0.000 0.000
Test Length 0.059 0.159 0.053 0.253 0.207 0.264 0.611 0.461
Response Categories 0.367 0.428 0.093 0.278 0.001 0.206 0.268 0.227
Sample Size x Test Length 0.019 0.023 0.001 0.000 0.003 0.012 0.001 0.001
Sample Size x Response

Category 0.119 0.078 0.028 0.000 0.061 0.005 0.000 0.000
Test Length x Response

Category 0.048 0.139 0.059 0.237 0.134 0.191 0.073 0.132
Sample Size x Test Length x

Response Category 0.016 0.020 0.021 0.001 0.000 0.000 0.000 0.001

Note. Values in italics were statistically significant effects at the p < 0.0125 level; values in bold were effects with n? greater than or

equal to .10
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3.1.1 Accuracy of the Item Parameter Estimates

The average RMSD of item discrimination parameter estimates across all cell
conditions was 0.366. Sample size had a moderate effect on the accuracy of the estimates,
n? = 0.100, with a larger sample size resulting in more accurate estimation of item
discrimination parameters (RMSD = 0.414 & 0.248 for sample sizes of 500 & 2000,

respectively).

Test length had a moderate effect on the accuracy of the item discrimination
parameter estimates, 7% = 0.112. Longer test lengths resulted in more accurate estimation
of item discrimination parameters (RMSD = 0.243) than shorter test lengths (RMSD =

0.419).

The number of response categories in the model also had a strong effect on the
accuracy of the item discrimination parameter estimates, 72 = 0.657. Item discrimination
parameters were more accurately estimated with six response categories (RMSD = 0.119)

than two response categories (RMSD = 0.543).

The main effect of sample size had a meaningful effect on the variance of the
difference component, the main effect of test length had a meaningful effect on the item
bias component of the RMSD calculation, and the main effect of the number of response
categories had a meaningful effect on both components. This indicated that there was not

a single component driving the results found in the overall RMSD results.

The average RMSD of item location parameter estimates across all cell conditions

was 0.218. Test length had a moderate effect on the accuracy of the estimates, n? = 0.142,
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with longer test lengths resulting in more accurate estimation of item location parameters
(RMSD = 0.255 & 0.180 for test lengths of 10 and 30, respectively). However, this main

effect had meaningful influence on only the item bias component of the RMSD calculation.

The number of response categories also had a strong effect on the accuracy of the
item location parameter estimates, n? = 0.270. Item location parameters estimated were
more accurately estimated with six response categories (RMSD = 0.166) than with two
response categories (RMSD = 0.269). Only the item bias component of RMSD was

meaningfully impacted by changes in the number of response categories.

The interaction of test length and the number of response categories in the model
had a strong effect on the accuracy of the item location parameter estimates, n% = 0.193.
Specifically, although the values of RMSD remained low, on average, for item location
parameters estimated for designs with six response categories regardless of test length,
there was a significant decrease in average RMSD values for item location parameters
estimated in designs with two response categories as test length was increased from 10 to
30. The item bias component of RMSD meaningfully impacted this interaction effect. This

effect is shown in Figure 2.
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Figure 2 - Interaction plot of the effect of test length and the number of response
categories on item location parameter accuracy.

The average RMSD of subjective response category threshold parameter estimates
across all cell conditions was 0.230. Sample size had a strong effect on the accuracy of the
estimates, n? = 0.218, with larger sample sizes resulting in more accurate estimation of
subjective response category threshold parameters (RMSD = 0.266 & 0.193 for sample
sizes of 500 & 2000, respectively). This was primarily due to the effect of sample size on

the variance of the difference between estimated and true values.

Test length also had a strong effect on the accuracy of the item threshold parameter
estimates, 72 = 0.286. Item threshold parameters estimated were more accurately estimated

with longer test lengths (RMSD = 0.188) than with shorter test lengths (RMSD = 0.272). It
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was found that both the variance of the difference component and the item bias component

of RMSD were meaningfully affected by changes in test length.

The interaction of test length and the number of response categories in the model
also had a strong effect on the accuracy of the item threshold parameter estimates, n? =
0.201. Specifically, although the values of RMSD remained reasonably low, on average,
and stable for item threshold parameters estimated for designs with six response categories
regardless of test length, there was a significant and substantial decrease in average RMSD
values for item threshold parameters estimated in designs with two response categories as
test length was increased from 10 to 30. Both the variance of the difference component and
the item bias component of RMSD meaningfully impacted this significant interaction

effect. This effect is shown in Figure 3.
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Figure 3 - Interaction plot of the effect of test length and the number of response
categories on item threshold parameter accuracy.

3.1.2  Accuracy of the Person Parameter Estimates

The average RMSD of person estimates across all cell conditions was 0.268. Test
length had a strong effect on the accuracy of the estimates, n? = 0.627, with longer test
lengths resulting in more accurate estimation of person parameters (RMSD = 0.342 & 0.194

for test lengths of 10 & 30, respectively).

The number of response categories had a strong effect on the accuracy of the person
parameter estimates, n? = 0.281. Person parameters estimated were more accurately

estimated with six response categories (RMSD = 0.219) than with two response categories

(RMSD = 0.318).
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The main effect of sample size and the main effect of the number of response
categories both had meaningful effects on the variance of the difference component of the
RMSD calculation and the item bias component. This indicated that there was not a single
component driving the change in values of RMSD. Both the variance of the difference
component and the item bias component were improved with larger sample sizes and more

response categories, when each of these effects was analyzed individually.

3.2  GGUM-RT Parameter Recovery Simulation

Using results from the GGUM-RT hybrid model, seven between-replications
factorial ANOVAs were conducted to examine the effect of sample size, test length, and
the number of response categories for each of the four RMSD values for the different
parameter types in the traditional GGUM and the three regression parameters in Equation
9 (i.e., @;, 8;, Ty, 6}, by, by, and by). The Type I error rate for each of these seven
ANOVA models was adjusted to & = 0.05/7 = 0.007. It was found that all effects with
n? values of 0.10 or more were also statistically significant, which made effect size the
only criterion of interpretation in a practical sense. The results from the analysis are
shown in Tables 5 and 6. The components of the calculated RMSD values and statistical

findings on these components are shown in Tables 7 and 8.
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TABLE 5 - MEAN RMSD OF PARAMETER ESTIMATES

RMSD
] b, b, b,

IS
O
g~]

Effect

Sample Size

500 0.357  0.083 0.159  0.191 76.132 19956 1.711
2000  0.136  0.047 0.077  0.144 10.242 19.152  1.857
Test Length
10 0.235 0.077 0.120  0.177 34511 25414  2.645
30 0.258  0.053 0.116  0.157 51.862 13.693 0.924
Response Categories
2 0397  0.077 0.085 0.195 54879 23.832 2.099
6 0.096  0.052 0.151 0.140 31494 15276 1.470
Overall 0.247  0.065 0.118  0.167 43.187 19.554 1.784

Note. & = item discrimination estimate; § = item location estimate; % = item threshold
estimate; 6 = person location estimate; b, = polynomial regression parameter estimate; by

= polynomial regression parameter estimate; b, = polynomial regression parameter

estimate.
TABLE 6 —112 VALUES FOR ANOVA EFFECTS
RMSD
Effect a 5 T 0 b, b, b,
Sample Size 0.226 0.217 0418 0.078 0.284 0.001 0.005
Test Length 0.002 0.089 0.001 0.014 0.020 0.252 0.705
Response Categories 0.420 0.103 0.273 0.105 0.036 0.134 0.094

Sample Size x Test Length  0.011 0.044 0.022 0.095 0.050 0.086 0.004
Sample Size x Response

Category 0.107 0.028 0.018 0.032 0.033 0.007 0.000
Test Length x Response

Category 0.004 0.001 0.000 0.022 0.028 0.002 0.018
Sample Size x Test Length

x Response Category 0.009 0.011 0.007 0.040 0.025 0.009 0.000

Note. Values in italics were statistically significant effects at the p < 0.007 level; values in

bold were effects with n? greater than or equal to .10.
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TABLE 7 - RMSD COMPONENTS OF GGUM PARAMETER ESTIMATES FROM THE GGUM-RT

a ) £ 6
Effect Vqriance of Squ.ared Vqriance of Sqqared Vqriance of Sqqared Vqriance of Squgred
Difference Bias Difference Bias Difference Bias Difference Bias
Sample Size
500 0.056 0.152 0.005 0.004 0.028 0.001 0.043 0.001
2000 0.010 0.016 0.001 0.002 0.006 0.001 0.020 <0.001
Test Length
10 0.030 0.060 0.002 0.005 0.016 0.002 0.029 <0.001
30 0.036 0.109 0.004 0.001 0.018 0.001 0.034 0.001
Response Categories
2 0.059 0.164 0.004 0.004 0.009 0.002 0.043 0.001
6 0.007 0.004 0.002 0.002 0.025 0.001 0.020 <0.001
Overall 0.033 0.084 0.003 0.003 0.017 0.001 0.031 0.001
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TABLE 8 — 7?2 VALUES FOR ANOVA EFFECTS WITH RMSD COMPONENTS OF GGUM-RT

PARAMETER OUTCOMES
& § 7 ]
. Variance Squared Variance Squared Variance Squared Variance Squared
fect of Bias of Bias of Bias of Bias
Difference Difference Difference Difference

Sample Size 0.239 0.144 0.117 0.088 0.393 0.020 0.086 0.064
Test Length 0.005 0.018 0.045 0.322 0.004 0.091 0.004 0.041
Response Categories 0.306 0.196 0.042 0.100 0.223 0.049 0.085 0.048
Sample Size x Test Length 0.006 0.027 0.096 0.024 0.014 0.044 0.097 0.059
Sample Size x Response Category 0.160 0.130 0.032 0.024 0.068 0.060 0.044 0.043
Test Length x Response Category 0.006 0.018 0.031 0.035 0.003 0.015 0.034 0.042
Sample Size x Test Length x
Response Category 0.006 0.026 0.041 0.006 0.004 0.009 0.048 0.045

Note. Values in italics were statistically significant effects at the p < 0.0125 level; values in bold were effects with n? greater than or

equal to .10.
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3.2.1 Accuracy of the Item Parameter Estimates

The average RMSD of item discrimination parameter estimates across all conditions
was 0.247. Sample size had a strong effect on the accuracy of the estimates, n? = 0.226,
with a larger sample size resulting in more accurate estimation of item discrimination

parameters (RMSD = 0.357 & 0.136 for sample sizes of 500 & 2000, respectively).

The number of response categories in the model also had a strong effect on the
accuracy of the item discrimination parameter estimates, n? = 0.420. Item discrimination
parameters were more accurately estimated with six response categories (RMSD = 0.096)

than two response categories (RMSD = 0.397).

There was also a moderate effect found for the interaction of sample size and the
number of response categories, n? = 0.107. Specifically, although both response category
conditions benefited from increases in sample size, it was found that samples with two
response categories had a much greater increase in item discrimination parameter accuracy
with larger sample sizes compared to samples with 6 response categories. This effect is

shown in Figure 4.
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Figure 4 - Interaction plot of the effect of response categories and sample size on item
discrimination parameter accuracy

It was discovered that the main effect of sample size, the main effect of the number
of response categories, and the interaction of the two had meaningful effects on the
variance of the difference between estimated and true discrimination parameters
component of the RMSD calculation and the squared item bias component. This indicated
that there was not a single component driving the results found in the overall RMSD results.

As expected, both of these component measures decreased with increasing sample size.

The average RMSD of item location parameter estimates across all conditions was
0.065. Sample size had a strong effect on the accuracy of the estimates, n? = 0.217, with a

larger sample size resulting in more accurate estimation of item location parameters
(RMSD = 0.083 & 0.047 for sample sizes of 500 & 2000, respectively). It was found that

the variance of the difference between estimated and true item parameters component of
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the RMSD calculation meaningfully differed across sample sizes in the expected direction,

indicating that this component drove the significant RMSD effect.

The number of response categories also had a moderate effect on the accuracy of
the item location parameter estimates, 7% = 0.103. Item location parameters estimated were
more accurately estimated with six response categories (RMSD = 0.052) than with two
response categories (RMSD = 0.077). An analysis of the individual components of the
RMSD calculation revealed that this effect was largely driven by the variance of the
difference between estimated and true item parameters component, suggesting this

component decreased as the number of response categories increased.

The average RMSD of subjective response category threshold parameter estimates
across all cell conditions was 0.118. Sample size had a strong effect on the accuracy of the
estimates, n? = 0.418, with larger sample sizes resulting in more accurate estimation of
subjective response category threshold parameters (RMSD = 0.159 & 0.077 for sample
sizes of 500 & 2000, respectively). In addition, sample size had a meaningful effect on the
value of the variance of the difference between estimated and true threshold parameters

component of the RMSD calculation.

The number of response categories also had a strong effect on the accuracy of the
category threshold parameter estimates, n? = 0.273. Item threshold parameters estimated
were more accurately estimated with two response categories (RMSD = 0.085) than with
six response categories (RMSD = 0.151). It was found that the variance of the difference
component of RMSD meaningfully impacted changes by the number of response

categories.
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3.2.2  Accuracy of the Person Parameter Estimates

The average RMSD of person estimates across all cell conditions was 0.167. The
number of response categories had a moderate effect on the accuracy of the person
parameter estimates, n? = 0.105. Person parameters were more accurately estimated with
six response categories (RMSD = 0.140) than with two response categories (RMSD =

0.195).

The main effect of the number of response categories had significant effects on the
variance of the difference component of the RMSD calculation and the item bias
component, but neither had effect sizes large enough to meet the recommended

interpretation criteria.

3.2.3  Accuracy of Parameter Estimates in the Response Time Regression Model

The average RMSD for the b, response time parameter estimates in the response
time regression model across all cell conditions was 43.187. Sample size had a strong effect
on the accuracy of the estimates, n? = 0.284, with a larger sample size resulting in more
accurate estimation of this response time parameter (RMSD = 76.132 & 10.242 for sample

sizes of 500 & 2000, respectively).

The average RMSD of b; response time parameter estimates across all cell
conditions was 19.554. Test length had a strong effect on the accuracy of the estimates, n?

= 0.252, with longer test lengths resulting in more accurate estimation of this response time

parameter (RMSD = 25.414 & 13.693 for test lengths of 10 & 30, respectively).
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The number of response categories also had a moderate effect on the accuracy of
the b, parameter estimates, n? = 0.134. These quantities were more accurately estimated
with six response categories (RMSD = 15.276) than with two response categories (RMSD

=23.832).

The average RMSD of b, response time parameter estimates across all cell
conditions was 1.784. Test length had a strong effect on the accuracy of the estimates, n?

= 0.705, with longer test lengths resulting in more accurate estimation of this response time

parameter (RMSD = 2.099 & 1.470 for test lengths of 10 & 30, respectively).

3.2.4 Effect Sizes from the Response Time Regression Model

As response time was modelled using a polynomial regression equation, it was
possible to calculate the resulting R? values to determine the magnitude of the effect of the
difference between a person’s location and the location of an item and response time. The
average R? values across conditions are in Table 9. Across all conditions, the average R?
value was moderate-to-high, 0.621. An ANOVA was conducted to assist in the
interpretation of the magnitude of the differences between the R? values across simulation
conditions. The main effect of sample size and the main effect of test length were found to
be statistically significant. Larger sample sizes resulted in significantly larger amounts of
explained variance. The opposite was found for increased test length: longer tests resulted
in significantly lower amounts of explained variance. No statistically significant effects
were found for the number of response categories. Although the parameter estimates for

b, and b, were found to be more precise in conditions with longer test lengths, the overall
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effect size for the relationship between the IRT parameters and the response time

parameters decreased.

TABLE 9 - MEAN R? ACROSS SIMULATION CONDITIONS

Effect Mean R?
Sample Size
500 0.568
2000 0.674
Test Length
10 0.680
30 0.561
Response Categories
2 0.598
6 0.644
Overall 0.621

33 Comparison of the GGUM and GGUM-RT

Prior to running statistical analyses, descriptive statistics pertaining to the RMSD
values for the GGUM parameter estimates obtained from the GGUM and the GGUM-RT
model types were first examined. For each replication, the RMSD for each model was
compared, and a tally for the number of times a given model produced a lower RMSD
value was calculated for each parameter. This tally is shown as a frequency table in Table
10. Other RMSD descriptive statistics have been previously shown in Tables 1 and 5.
These frequencies offered additional context to the statistical findings and suggest that
there were instances where the GGUM-RT did offer improvements in RMSD above and

beyond the GGUM.
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TABLE 10 - COUNT OF SMALLER RMSD VALUES BY MODEL

TYPE
RMSD
GGUM GGUM-RT
a 7 73
5 1 79
t 5 75
0 7 73

Next, two sets of four split-plot ANOVAs were conducted to compare the accuracy
of the GGUM-RT against the GGUM parameter estimates with a Type I error adjustment
equal to @ = 0.05/4 = 0.0125. The first set of four used RMSD as the outcome variable
and the second set used SE as the outcome variable. Model type (GGUM or GGUM-RT)
was treated as a within-subjects factor as both models were applied to the same response
data for each replication in the design. This analysis used the same criteria for
interpretation as the previous analysis, where statistically significant effects were only
retained for discussion if the effect size was greater than or equal to 0.10. However, only
the within-subjects effects meeting this interpretation criteria were examined in detail as
the focus of this analysis is on the comparison of the two model types. Between-subjects

effects for RMSD values were described in the previous two sections.

One difference between the previous analysis and the present analysis was the
calculation of the effect size. This analysis utilized 02, which uses the total sum of

squares value for a family of effects as the denominator of the calculation. For within-
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subjects effects, the total sums of squares value was calculated as the total sum of squares
of the within-subjects effects, including the within-subjects error term. (For the between-
subjects effects, the total sums of squares value was calculated similarly, with the
exception of the sums of squares for the intercept which was not included in this sum.
However, these calculations are not pertinent in the current analysis.) The statistical

results from the RMSD analysis are shown below in Table 11.

TABLE 11 — n? WITHIN-FAMILY VALUES FOR WITHIN-

SUBJECTS ANOVA EFFECTS WITH RMSD OUTCOMES

RMSD
Effect a 5 1 6
Within-Subjects
Model type 0.173 0.732 0.647 0.463
Response categories 0.090 0.048 0.073 0.021
x model type
Test length 0.238 0.021 0.083 0.185
x model type
Sample size 0.019 0.002 0.001 0.031
x model type
Response categories x test length 0.148 0.062 0.065 0.042

x model type
Response categories x sample size 0.014 0.011 0.005 0.013
x model type

Test length x sample size 0.038 0.000 0.002 0.027
x model type
Response categories x test length 0.027 0.000 0.001 0.010

x sample size
x model type

Note. Values in italics were statistically significant effects at the p < 0.0125 level; values

in bold were effects with n? greater than or equal to .10.
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3.3.1 Estimation Accuracy Between the GGUM and the GGUM-RT with RMSD

Outcomes

The largest difference in estimation accuracy was observed for the item location
parameters (RMSD = 0.218 and 0.065 for GGUM and GGUM-RT, respectively), with the
main effect of model type accounting for 73.2% of the variation in the item location

parameter RMSDs.

The second largest difference in estimation accuracy was observed for the item
threshold parameters (RMSD = 0.230 and 0.118 for GGUM and GGUM-RT, respectively),
with the main effect of model type accounting for 64.7% of the variation in the item

threshold parameter RMSDs.

Statistically significant differences in estimation accuracy were also observed for
the person parameters (RMSD = 0.268 and 0.167 for GGUM and GGUM-RT,
respectively), with the interaction of test length and model type accounting for 18.5% of
the variation in person parameter RMSDs and the main effect of model type alone

accounting for 46.3% of the variation in the person parameter RMSDs.

The significant interaction of test length and model type for the person parameters,
shown in Figure 5, demonstrated that the GGUM yielded larger improvements to accuracy
as test length increased than the GGUM-RT, which saw relatively low RMSD values

regardless of test length.
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Figure 5 - Interaction plot of the effect of model type and test length on person parameter
accuracy.

Finally, statistically significant differences in estimation accuracy were observed
for the item discrimination parameters (RMSD = 0.331 and 0.247 for GGUM and GGUM-
RT, respectively), with the two-way interaction of test length and model type accounting
for 23.8% of the variation in person parameter RMSDs and the main effect of model type
accounting for 17.3% of the variation in item discrimination RMSDs. Figure 6 visualizes
the interaction effect. The GGUM yielded larger improvements to accuracy as test length
increased than the GGUM-RT. The GGUM-RT yielded relatively low RMSD values
regardless of test length. For test lengths of 30 items, there were negligible differences

between the two models.
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Figure 6 - Interaction plot of the effect of model type and test length on item
discrimination parameter accuracy.

3.3.2 Estimation Accuracy Between the GGUM and the GGUM-RT with SE Outcomes

The second outcome that was used to compare the GGUM and the GGUM-RT was
standard error of the parameter estimates. While RMSD is a measure of accuracy of
estimated parameters compared to their true, generated values, the comparison of SEs gives
researchers information pertaining to whether the precision of the estimates was improved
from the estimation of the first model to the second. As they are innately different
measures, the results derived with these two measures varied. Average standard errors of

parameter estimates and statistical results can be found in Tables 12 and 13.
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TABLE 12 - MEAN SE OF PARAMETER ESTIMATES

SE

@ § £ ]

Effect ~ GGUM GGUM GGUM GGUM GGUM GGUM GGUM GGUM-
-RT -RT -RT RT

Sample Size

500 0.003  0.002 0.017 0.006 0.010 0.003 0.004 0.004
2000 0.002  0.001  0.017 0.004 0.010 0.002 0.003  0.002
Test Length
10  0.003 0.002 0.018 0.005 0.011 0.002 0.004 0.003
30  0.002 0.002 0.015 0.005 0.009 0.002 0.003 0.003
Response Categories
2 0.003  0.002 0.023 0.005 0.012 0.002 0.004 0.003
6 0.002  0.001 0.01 0.005  0.008 0.003 0.003 0.003

Overall  0.003  0.002 0.017 0.005 0.010 0.002 0.004 0.003

TABLE 13 — 7> WITHIN-FAMILY VALUES FOR WITHIN-
SUBJECTS ANOVA EFFECTS WITH SE OUTCOMES

SE
Effect a 5 1 6
Within-Subjects
Model type 0.691 0.641 0.787 0.124
Response categories 0.061 0.214 0.082 0.219
x model type
Test length 0.111 0.014 0.005 0.365
x model type
Sample size 0.063 0.004 0.004 0.169
x model type
Response categories x test length 0.035 0.010 0.010 0.035

x model type
Response categories x sample size <0.001  0.001 0.004 0.000
x model type

Test length x sample size 0.004 0.001  0.000  0.004
x model type
Response categories x test length 0.002 0.001  0.001  0.003

x sample size
x model type

Note. Values in italics were statistically significant effects at the p < 0.0125 level; values

in bold were effects with n? greater than or equal to .10.
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A statistically significant interaction between test length and model type was found
for the item discrimination parameters (SE = 0.003 and 0.002 for GGUM and GGUM-RT,
respectively). The interaction effect accounted for 11.1% of the variation in item

discrimination parameter SES.

The significant interaction of test length and model type for the item discrimination
parameters demonstrated that, although the GGUM-RT provided smaller standard errors
than the GGUM regardless of the number of response categories, as the number of response
categories was increased, the GGUM saw significantly more improvement in the size of
its standard errors, on average, relative to the GGUM-RT. These results can be seen in

Figure 7.
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Figure 7 - Interaction plot of the effect of model type and test length on average item
discrimination parameter standard error.

The main effect of model type was found to be statistically significant for the item

discrimination parameters as well as the item threshold parameters. This effect accounted
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for 69.1% of the variation in item discrimination parameter SEs and 78.7% of the variation
in item threshold parameter SEs. The estimates from the GGUM-RT had significantly

smaller average standard errors than the estimates from the GGUM.

The item location parameters had two strong statistically significant effects that met
the effect size threshold for interpretation. These estimates had overall standard errors of
0.017 and 0.005 for the GGUM and GGUM-RT, respectively. The main effect of model
type accounted for 64.1% of the variation in item location SEs and the interaction of the
number of response categories and model type accounted for 21.4% of the variation in item

location SES.

The significant interaction of the number of response categories and model type for
the item location parameters demonstrated that, although the GGUM-RT provided smaller
standard errors than the GGUM regardless of the number of response categories, as the
number of response categories was increased, the GGUM saw significantly more
improvement in the size of its standard errors, on average, relative to the GGUM-RT. These

results are shown in Figure 8.
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Figure 8 - Interaction plot of the effect of model type and response categories on average
item location parameter standard error.

The person parameters had four meaningful and significant effects. The person
parameters had overall standard errors of 0.004 and 0.003 for the GGUM and the GGUM-
RT, respectively. The significant main effect of model type accounted for 12.4% of the
variation in the person parameter SEs. The interaction effect of test length and model type
accounted for 36.5% of this variation. The patterns of these effects mimicked the findings
from the RMSD results for item locations above. Lastly, the interaction effect of the number
of response categories and model type accounted for 21.9% of the variation in person

parameter SEs and the interaction of sample size and model type accounted for 16.9%.
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Figure 9 - Interaction plot of the effect of model type and response categories on average
person parameter standard error.

The significant interaction of the number of response categories and model type for
the person parameters, shown in Figure 9, demonstrated that although the GGUM-RT
provided smaller standard errors than the GGUM for cells with fewer response categories,
these differences attenuated as the number of response categories was increased. A simple
main effects analysis of these results confirmed that, when the number of response
categories was six, there were no statistically significant differences between the SEs

obtained from the GGUM and the GGUM-RT for the person parameters.

The significant interaction of sample size and model type for the person parameters
demonstrated that although the GGUM-RT and the GGUM had similar SEs for smaller
sample sizes, the GGUM-RT saw a relatively larger reduction in average standard error as
sample size was increased. This effect is shown in Figure 10. A simple main effects

analysis of these results confirmed that, for conditions where the sample size was 500, there
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was no statistically significant differences between the SEs obtained from the GGUM and

the GGUM-RT for the person parameters.
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Figure 10 - Interaction plot of the effect of model type and sample size on average person
parameter standard error.

3.4  Empirical Data Application

The results of the simulation study demonstrated that the addition of response times
into the GGUM has the potential to improve the accuracy of GGUM parameter estimates
and decrease the standard error of the estimates in a variety of conditions. In order to further
examine the applicability of this extension of the GGUM, the GGUM-RT and the
traditional GGUM were both used to model a set of real data from an attitude questionnaire

where individuals responded to a series of items developed to measure attitude towards

gun control.
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Prior to applying the two IRT model types, the dataset was first prepared using the
procedure described in Chapter 2. Although the original dataset contained 1229
respondents and 63 gun control attitude statements, the number of responses (and response
times) in the cleaned dataset was 851 and the number of attitude statements was 53.
Although several participant responses were removed on the basis of the reliability of their
responses, the check of the response times of the remaining participants revealed that all
response times were under two minutes. This suggested that all responses remaining in the
dataset were 1) reliable on the basis of the correlation check and 2) did not exhibit massive
outliers in response time due to external factors (computer errors, leaving the testing room,
etc.). Therefore, no additional responses were removed based on the response time data.
The item parameter estimates for the resulting solution using the GGUM-RT are given in
Table 14. The parameter estimates for the polynomial regression terms are given in Table

15. The corresponding item characteristic curves (ICCs) are located in Appendix B.

TABLE 14 - GGUM-RT ITEM PARAMETER ESTIMATES OF GUN

CONTROL ATTITUDE STATEMENTS

Item a 0 (2] 7, 73 Ty
Gql4 0.72 -2.73 3.27 2.89 2.48 0.91
Gag4 0.48 -2.53 293 2.07 0.51 0.28
Gql 0.94 -2.53 3.40 2.52 1.54 2.12
Gq2 0.61 -2.47 4.86 3.70 5.07 3.15
Gql7 0.85 -2.38 2.95 2.52 1.22 1.92
Gql5s 1.42 -2.34 3.82 3.21 3.08 2.32
Gql2 1.52 -2.25 3.60 2.85 2.68 1.94
Gql6 0.69 -2.19 233 2.50 1.47 231
Gql9 1.47 -2.19 3.40 3.11 2.81 2.18
Gql8 1.41 -2.18 3.67 2.94 3.19 2.11
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TABLE 14 (continued)

Gqll 1.19 -2.16 2.96 2.57 2.37 1.88
Gq20 1.55 -2.13 3.41 291 2.96 2.24
Gql3 1.42 -1.91 3.19 2.61 2.09 1.91
Gq2l 0.97 -1.56 3.43 2.55 2.49 1.81
Gq23 1.07 -1.46 2.72 2.15 1.81 1.21
Gq24 1.04 -1.46 3.05 231 2.39 1.48
Gq3 0.97 -1.39 3.03 1.65 1.88 1.23
Gq22 0.77 -1.29 2.15 1.34 1.22 0.46
Gq29 0.79 -1.28 2.17 1.42 1.24 0.28
Gq26 0.74 -1.13 2.80 1.79 1.76 0.51
Gq3l 0.50 -1.04 2.79 1.23 0.95 0.24
Gq25 0.98 -1.03 2.66 1.53 1.75 0.81
Gq27 1.01 -0.94 3.16 243 2.56 1.74
Gq30 0.56 -0.94 2.64 0.88 0.73 0.15
Gq35 1.07 -0.23 2.93 242 2.62 1.87
Gq37 1.05 -0.21 2.55 2.35 2.95 1.36
Gq36 1.12 0.01 2.15 1.50 2.34 0.80
Gqb6 0.85 0.12 1.35 1.05 0.37 0.06
Gq33 1.49 0.14 1.43 0.95 0.47 0.14
Gq39 0.50 0.15 0.70 0.70 0.30 0.25
Gg4l 1.27 0.15 1.30 0.90 0.18 0.17
Gq38 0.73 0.20 2.74 1.70 2.59 1.15
Gq5 1.34 0.20 1.32 0.91 0.73 0.42
Gq32 1.20 0.25 1.52 0.77 1.08 0.29
Gg48 0.66 0.76 1.91 1.13 0.16 0.07
Gq47 0.45 0.93 2.14 0.97 1.02 0.60
Gqg8 0.61 1.40 2.76 1.78 0.93 0.26
Gg44 0.85 1.43 2.12 1.18 0.78 0.43
Gq50 0.88 1.57 2.10 1.23 0.16 0.19
Gq52 0.78 1.78 2.40 1.34 0.39 0.19
Ga4s 0.96 1.83 242 1.74 0.71 0.46
Gq59 0.86 1.88 3.38 2.74 3.19 1.93
Gq9 0.97 1.95 3.71 2.97 3.66 2.13
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TABLE 14 (continued)

Gq49 1.13 2.05 2.77 2.04 0.99 1.01
Gq46 1.03 2.11 2.53 2.10 1.01 1.17
Gq55 0.59 2.14 3.19 3.08 4.70 2.98
Gq53 0.96 2.19 1.29 1.20 0.56 0.74
Gq54 0.91 2.20 4.01 3.30 3.81 2.80
Gq60 1.20 222 1.31 1.26 1.00 1.27
Gq58 1.06 2.24 2.34 1.92 0.78 1.28
Gq61 0.81 2.40 3.92 3.38 4.10 2.89
Gq62 0.74 2.64 4.25 3.27 4.63 3.46
Gq63 1.31 2.81 2.54 2.47 1.93 1.64

TABLE 15 - GGUM-RT POLYNOMIAL REGRESSION

PARAMETER ESTIMATES
Posterior mean 95% CI
bo 8066.891 [7331.365; 8802.417]
b -31.253 [-126.773; 64.267]
b> -0.711 [-11.577; 10.155]

The difference in the mean standard error values for the GGUM and the GGUM-
RT were evaluated to assess whether there was statistically significant reduction in the
standard errors for each parameter type due to the inclusion of response time. The average
standard errors of the parameter estimates are presented in Table 16. These averages were
calculated from the standard error values obtained from JAGs for each estimated

parameter.
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TABLE 16 - MEAN SE OF REAL DATA PARAMETER ESTIMATES

SE

a k) £ ]

GGUM GGUM GGUM GGUM-
GGUM o7 GGUM ooV GGUM T GGUM U

0.0024 0.0019 0.0254 0.0242 0.0246 0.0233  0.0049  0.0040

These difference in the standard errors were assessed with four different repeated
measures tests, one for each GGUM parameter type (a;, 6;, Ti, and 6;). For these tests,
each row of data contained the average standard error for a given parameter type for a given
replication. As a result, there were 80 data points for each test. The Type I error rate for
these four models was adjusted to & = 0.05/4 = 0.0125. Statistically significant effects were
only considered interpretable if they also had eta-squared values of 0.10 or more. These

results are shown in Table 17.

TABLE 17 — 7?2 VALUES FOR REAL DATA EFFECTS

SE

A ~

a 0 T 0
0.125 0.0002 0.0003 0.105

Note. Values in italics were statistically significant effects at the p < 0.0125 level; values

in bold were effects with n? greater than or equal to .10.
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In the current study, it was found that the gun control attitude statements fit
relatively well on a unidimensional scale. Items located towards the negative end of the
scale represented “pro-gun” attitudes, items located towards the center of the scale
represented neutral gun control attitudes, and items located towards the positive end of the
scale represented attitudes in favor of gun control. The spread of the item location

parameter estimates for the GGUM-RT model is shown in Figure 11.

Figure 11 - Estimated item locations from the GGUM- RT

3.4.1 Analysis

Out of the four parameter types that were tested, the item discrimination parameters
and the person parameters were the only two parameters that showed statistically
significant differences with effect sizes that met the interpretation criteria. The item
discrimination parameters had overall standard errors of 0.004 and 0.002 for the GGUM
and GGUM-RT, respectively. There was a moderate effect, with model type accounting
for 12.5% of the variation in item discrimination SEs. The person parameter estimates had
overall standard errors of 0.0049 and 0.0040 for the GGUM and GGUM-RT, respectively.
The effect of model type accounted for 10.5% of the variation in the person parameter SEs.
These results were similar, but not as strong as the results found in the simulation analysis,
where standard errors consistently dropped across all parameter types with the GGUM-RT

model.
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It was hypothesized that a bimodal distribution existed between response time and
the difference between estimated person parameters and item location parameters, such
that the distribution was centered around zero. This relationship is plotted using the real
data results in Figure 12. The expected relationship appears visible amongst the outliers in
the dataset (i.e., individuals who took longer to respond to the attitude statements).
However, a deeper dive examining the individuals who responded more quickly to the
statements yielded much noisier results. The hypothesized bimodal relationship was less

prevalent amongst these respondents.
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Figure 12 - Relationship of response time and the difference between estimated person
and item location parameters
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DISCUSSION

4.1  Final Thoughts on the Comparison Between the GGUM-RT and GGUM

The primary goal of this paper was to introduce a novel unfolding IRT model that
conjointly estimated model parameters using responses and response times. The GGUM-
RT successfully and consistently demonstrated its capability to increase the accuracy and

reduce the standard error of the GGUM parameter estimates in the simulated study.

The GGUM-RT was found to reduce the standard error of the estimates for all
GGUM parameters in the simulation, and the item discrimination and person parameters
in the real data application. Although the current iteration of the GGUM-RT did not reduce
enough error in the item location and item threshold parameters in the real data application
to be meaningful, it did not increase the standard error of the estimates. This suggests that
while the GGUM-RT did not statistically significantly support the shape of the
hypothesized distribution, nor did it provide unanimous improvements to parts of the
estimation process in the real data application, the inclusion of response times into the
GGUM improved SEs of some estimates and did not negatively impact any of them. These
promising simulation and real data results suggest that the GGUM-RT may indeed improve
unfolding IRT measurement in practice, and the model certainly deserves further

investigation.

4.2 Pros and Cons

The largest benefit of the inclusion of the response times in the GGUM is the

potential to increase the accuracy of the person parameter estimates and the associated
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standard errors. In many use cases, the ability to more accurately estimate the locations of
an individual’s ability or attitude on a latent continuum is extremely valuable. Further, the
additional data provided in the proposed model is of no additional cost to the researcher as
most research software records response time data by default in computer administered
tests and surveys. To that end, a GGUM that includes response times is a valuable addition

to the unfolding IRT literature.

One caveat in including response time data is that it may contain many sources of
extraneous variation. The magnitude of the effect that response times can contribute
towards the precision of item response theory model parameters is limited by the amount
of uncontrollable noise in the response time data (e.g., individual response speed,
distractions in the study room, etc.). The amount of noise in this type of data will vary by
use case, and until more research is conducted across different types of unfolding data,
preliminary analyses of response time data should first be conducted in order to ascertain

its applicability to this model.

4.3 Scientific Importance of the Current Study

This study provided the opportunity to assess the degree to which typical unfolding
IRT estimates could be improved via the inclusion of response time data. The addition of
response time data to item response data, occasionally referred to as conjoint item response
theory models, are somewhat recent in the psychometric literature and unexplored in the
unfolding model context. Evaluation of the increase in accuracy and precision for unfolding
model parameter estimates with the incorporation of response times is a novel and exciting

contribution of this work.
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The proposed procedure is a sensible extension of the GGUM that allows researchers
to supplement response data without the need to develop complicated, external methods of
data collection. Most data collection software has the capability to automatically record
response times, affording the ability to collect this data simultaneously with item responses
themselves. To that end, this project serves as a practical and valuable source of
information for researchers interested in exploring external means to better estimate

GGUM parameters.

4.4 Future Directions

Although the work in this document demonstrates strong evidence that response
times can, and likely should, be included in the GGUM, there were clear next steps
identified as possible future directions for the GGUM-RT. The most notable next step is a
revision to the polynomial regression equation specified in Equation 9. Although in the
real dataset presented in this document it was revealed that GGUM parameters could be
estimated by specifying a polynomial equation with a single intercept and two slope
parameters, there are intuitively individual differences in response times that should
likely be modelled at the individual level. To that end, future extensions on the GGUM-
RT might include regression terms that vary at the person level or, alternatively, the
inclusion of either latent classes or a form of speed parameter as described by van der
Linden (2007). Standardizing the regression weights would also simplify the starting
values and prior distributions used in the model by allowing users to plug in standard
normal priors instead of calculating sample-specific prior values for unstandardized

coefficients. Other possible next steps would be to move away from the rigid polynomial
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regression equation model altogether and instead develop a more flexible conjoint

modelling approach.

Finally, different ways of transforming RT data were not explored in this
document. Depending on the dataset and the area of research, response time data may be
handled a variety of different ways, through lognormal transformations, square root
transformations, and others. The unidimensional unfolding data accessible during this
project did not benefit from these transformations and therefore, they were not
implemented; however, depending on the type of data used and the sample of respondents
surveyed, it may be of interest to explore how different response time datasets perform
with this model and what adjustments can be made to accommodate those

transformations without sacrificing the improvements offered by this approach.
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APPENDIX A. GUN CONTROL ATTITUDE STATEMENTS

Table A.1. Gun control attitude statements

Every adult should have the right to bear arms.

The government has no right to limit a person’s access to owning a gun.

A person should retain the right to own a gun based on his or her preferences.

No one should take away the right of the people to keep and bear arms.

In order to defend our country against terrorism, we should be allowed to own
guns.

If it is against the law to own a gun, then law abiding citizens will be at a
disadvantage to those who are willing to break the law.

Every law abiding adult should have the right to own a gun because each person
has the right to protect oneself.

No person should be denied the right to bear arms.

Owning a gun is an individual matter and should not be controlled by anyone.

People should have the freedom to defend themselves with guns.

People should make their own decisions about owning a gun.

Owning a gun should be a personal choice.

Regardless of my own views on gun ownership laws, I believe others have the right
to choose for themselves.

Anyone should have the right to own a gun unless they are under the age of 21.

Everyone should have the right to own a gun unless they have a criminal record.

Owning a gun should always be legal except when the person desiring a gun has
been diagnosed as mentally unstable.

A person should be allowed to own a gun unless he or she has a previous criminal
record where a gun was used.

Gun ownership should generally be legal except for assault weapons.

An individual should have the right to own a gun unless he or she has been
diagnosed as a drug/alcohol abuser.

An individual should have the right to own a gun if he or she has received the
appropriate safety training.

An individual should have the right to own a gun unless the person is a foreign
national.

Gun ownership should not be regulated except in high crime areas.
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Table A.1. (Continued)

Everyone should have the right to own a gun unless the gun uses armor piercing
bullets.

Owning a gun should generally be legal except for people who are diagnosed as
having below-normal intelligence.

Gun ownership should only be limited when purchasing semi-automatic or
automatic guns.

My feelings about the right to own a gun are very mixed.

I cannot whole-heartedly support either side of the gun ownership debate.

My feelings about gun ownership are neither positive or negative.

The right to own a gun should be decided on the state level.

The right to own a gun has both positive and negative consequences.

There are aspects both for and against the legality of gun ownership that appeal to
me.

There are both good and bad repercussions of laws that limit gun ownership.

There are certain instances where private gun ownership should be allowed, but
there are other instances where it should be banned.

I am apathetic about the gun ownership debate.

The legality of gun ownership debate has no effect on my life.

I am indifferent about the gun ownership issue.

I am neither for nor against laws that seek to limit gun ownership.

No one should have the right to bear arms unless the gun is registered with the
government.

There should be gun ownership limitations except in neighborhoods with high
crime rates where individuals can protect themselves.

Owning a gun should be illegal, except in extreme cases, when one’s life is being
threatened.

No one should have the right to bear arms unless they receive formal firearms
training.

Guns should not be accessible unless one is using the gun for an exhibition or
demonstration.

Only members of the military and police officers should own guns.

No one should have the right to own a gun except for reasons of self-defense.

Gun ownership should generally be restricted to those cases where there are no
children in the household.

No one should have the right to own a gun except for occupational purposes.
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Table A.1. (Continued)

Gun ownership should be illegal unless one has military experience.

Privately-owned guns should be limited to hunting weapons.

No citizen should own a gun unless they are deemed mentally stable.

No citizen has the right to own a gun except when it is necessary to control the wild
animal population in nearby areas.

Owning a gun is immoral.

The government has the right to regulate gun ownership to protect its citizens.

Owning a gun is dangerous.

Owning a gun is unacceptable under any circumstances.

Guns should not be made readily available to everyone.

No one should have the right to own a gun because guns are no longer necessary
for survival.

The government should regulate gun ownership to protect innocent bystanders.

The government should have the right to restrict gun ownership so people do not
take the law into their own hands.

All guns should be banned.

Citizens should not be allowed to own a gun for any reason.

The government has the right to impose gun ownership limits on its citizens.

Limits on gun ownership are absolutely necessary.

The constitution should be amended to eliminate private gun ownership.
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