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SUMMARY

For a first order (deterministic) mean-field game with nonlocal couplings, a classical solution is
constructed for the associated, so-called master equation, a partial differential equation in infinite-
dimensional space with a nonlocal term, assuming the time horizon is sufficiently small and the
coefficients are smooth enough, without convexity conditions on the individual Hamiltonian. The
couplings, albeit smooth, are not assumed to derive from a potential, which makes the result
currently the most general one for short time horizon. The approach to obtain the master equation
is inspired by that of Gangbo and Swiech [GS15] for the problem in which the Hamiltonian is
quadratic and the couplings derive from a potential, but we use a non-variational method and
require further results of the calculus on the Wasserstein space that has been advanced recently by
Gangbo et. al. |[GC17; |Ganl§|.

Chapter dependence:

Chapter 6



Chapter 1

INTRODUCTION

1.1 General background

One of the first economics models featuring an uncountable number of players was introduced by
Robert Aumann in his paper [Aum64]. He argued that, under the conditions of perfect competition, a
market economy should be modeled with a continuum of traders, rather than with a finite number of
them. In broad terms, the rationale behind this is that, in the presence of a large number of players,
the actions taken by a single player should be negligible, much in the same way that modifying the
value of a function at a single point of its domain does not alter its Lebesgue integral. As Aumann
pointed out, this idea had long been at the core of statistical and fluid mechanics, where, despite
being clear to the physicist that there are finitely many particles in a gas or fluid, the aggregate
effect of the massively high number of them makes the subject of study, for all practical purposes,
no different from a continuum. This, in turn, forces the particle elements of the fluid to be treated
as indistinguishable, a concept which, as we shall see, features in a fundamental way in the theory
of mean field games (in shorthand: MFG). Furthermore, the negligibility of a single player’s actions,
mentioned above, must have the logical consequence that its choice be dictated not by the decision
of any particular peer, but by the whole of them.

These ideas were picked up by Guilherme Carmona and others (see [Car04] and its references) in
the early 2000s, and then, in a series of papers (see |[LLO7| and its references) by Pierre Lions and
Jean-Michel Lasry, formulated in terms of partial differential equations (PDEs), thereby essentially
founding MFG as a proper branch of mathematical research which at its core encompasses notions
from deterministic and stochastic control theory, convex analysis, PDEs and, as this thesis tries to
explain, optimal transport theory.

We will now move on to a more explicit description of some of the key concepts in MFG theory.

1.2 N-player games

Even though this thesis is not about game theory, we find it necessary to introduce some of the
terminology that is ubiquitous in the MFG literature. This will also help pave the way towards a
more concrete discussion of the problem that concerns us. The following discussion, however, is
not fully rigorous, but is intended to motivate interest in the problem and provide some context.
Every game involves a set of players or agents, who, according to the previous paragraph, can
be represented by points in some d-dimensional manifold, which, in this work, is going to be the



d -dimensional torus T?. There is a set of strategies, or controls, available to the players and a
cost function, assigning a number to each player that depends on his strategy and, in general, on
the states or strategies of the other players. Each player, naturally, wants to minimize the cost
associated with his strategy, and, given the choice between two strategies, he will act according to
the one that leads to the least cost (this is what is known in game theory as the rationality of the
agents). Let us fix some s > 0 and agree to denote the positions of N players at time ¢ = s on the
torus by ¢i,...,qn. Each player, say, the j-th player, is free to choose his own velocity §;(t), so

long as g;(s) = g;, i.e.

() =6i(t), 0<t<T,
G = G0 o
45(s) = g,
j=1,...,N and T is some fixed positive number larger than s. The velocity is the player’s strategy,
or control.
Problem 1. To each choice of control, let us assign the cost:
S
C(Bj) = L [L(q;(t), B;(t)) — F(q;(t), o¢)]dt + g(q;(t), o0), (1.2.2)

where oy, 0 < t < s is a certain parameter whose meaning we don’t yet specify, and L, F, g are some
given functions.

Find the strategy B; that gives the minimum cost in , subject to and the fixed

parameter oy, 0 <t < s.

Note that the cost functional here C'(f;) is the same for every j, given L, F, g and o. Let us set

U(s,q) == int{C(8) | () = B(#),0 <t < T,q(s) = q.} (12.3)

If g, F are bounded and continuous, and L = L(q,v) is continuous and has superlinear growth in
the v variable, i.e., L(q,v)/|v] — o0 as |v| — oo for any g, then, 1) by elementary control theory
(see, e.g., [FM93; Dac08]), the solution to the Hamilton-Jacobi-Bellman equation (HJB)E|

oV (t,q) + H(qg,VyV(t,q)) + F(g,00) =0 in (0,7) x T, (1.2.4)
V(0,q) = g(0,00) on Tda (125)
if smooth enough, provides a minimizer for (1.2.3) in the form g(t) = V,H(q(t), V4V (t,¢(1))),

where H = L*, the Legendre transform of L (see Chapter . To be clear, this means that the
solution to the ordinary differential equation (ODE)

Q(t) = Vo H((), VoV (ta(t), 0<t<s, als)=aq, (1.2.6)

determines the minimizer in (1.2.3)). This is known as a feedback control. Moreover, 2) V (s, q) is the

minimum in ([1.2.3)), that is,
Vi(s,q) = U(s,9)-

Note that in our setting time is reversed with respect to the traditional control theory formulation that gives rise
to a HJB with terminal value condition, instead of initial value.




In such a set-up, then, all the players follow the same rule, prescribed by the solution to (1.2.411.2.5)).
This is, then, essentially a one-player problem, in which the player “interacts” with the parameter o.
It should be emphasized that, for this very reason, the solution to this game (i.e., “solve (|1.2.4H1.2.5)")
is independent of N. Now let us modify Problem 1.

Problem 2. Consider, instead, the cost

Ji(B5; {Br}rrs) = °(4;(0) — qx(0))
[y
+f (L0, 55(0) ~ 5 X 6lat) — g, (127
0 k:#j
where ¢ and ¢g' are even functions, j = 1,..., N. Now the cost for the j-th player depends on

the other players’ strategies, or, equivalently, on the other players’ states, because of . The
notation J;(B;; {Bk}i-;) is justified because the order of the ), with k # j is irrelevant. This means
that for the j-th player, all the other players are indistinguishable. In this game, each player tries to
minimize his cost, still subject to the condition . Expecting that all players can minimize
their cost simultaneously is too much. More precisely: in general, there is no collection (Bl, . ,B N)
such that, for each j € {1,..., N}, (Bj, {Bk}k;ﬁ]) is a minimum of J; over all possible collections of
strategies. One is hopeful for another type of settlement, that of Nash equilibrium: the collection
(Bl, B ~N) constitutes a Nash equilibrium if

for every j € {1,..., N}t Ji(Bji {Brres) < Jj(Bji {Brtrwy) for all B;.

Thus, what characterizes a Nash equilibrium is that an agent cannot lower his cost by choosing
another strategy while all the other players’ strategies remain the same. Such an equilibrium is
similar to a saddle point, rather than a global minimizer.

Find a Nash equilibrium for the game played with costs , subject to .

Looking back at Problem 1, we may ask ourselves whether Problem 2 has an associated differential
equation or a system of equations, that would allow one to synthesize a Nash equilibrium. This is
indeed the case, and has been known for a long time (see, e.g., [Fri75; BF83|, where this is discussed
in the stochastic setting): it is the Nash system

drv ’](5 q) +H(QJ7quU ( .q))
+ ) VpH (g, Voo ¥ (5,9)) - Voo™ (s,9) = =FN(g)  in (0,T) x (TN, (1.2.8)
j#k
vN7(0,9) = g™ (g)  in (TT)Y, (1.2.9)
whereq = (q1,...,qn), FNJ(q) = N T Zk;&j ¢(qr—qj), and g™ is analogously defined, j = 1,..., N.
Claim. Fix (q1,...,qn) and suppose that a smooth solution (v NJ) ;of (1 l ) exists. For
each j e {1,..., N}, set B;(t) = ¢;(t), where §;(t) solves

G (t) = VpH(4(t), Voo N (,4(1), 0<t<s, ¢(s)=aqj.



Then (31, B ~) is a Nash equilibrium for the game .

Proof. Fix j e {1,...,N}, let B; be arbitrary and put ¢;(t) = g; —i—S Bj(r)dr. Let q_;(t) the
result of replacing the j-th component of the vector ¢(t) by ¢;(t). We will drop the superscrlpt N
from v in the following computation. We have, at 0 <t < s,

dp; ' _

Gl a0 - | [Hae.a ;jcb 7) = gi(r)dr] =
= 2 (0,45 (6)) + V0! (6,4,(0) - 53(0) + Z Voo (645 (0)) - Bu(t)

k#j
L0, 65(0)) — 57— 30 (a5 (0) — (1)
k#j
< 0 (0,450) + H g0, Voo (105 0)) + 3 Tt (1.5 0) - B®) + 57 3] 6(a5(0) — du(0)]
k#j k#j

= 0w (t,4_;(8)) + H(g;(t), Vv (t.4_;(2)))
£ 0 Vo (44 5(0) - VpH (@(6), Vo (1.5() + PY (@ 5(1)
k#j
=0,

where the inequality is due to the fact that H = L* and the last equality is due to v/ being a
solution to the Nash system. Taking into account, furthermore, the initial condition ((1.2.9)), and
q_;(s) = q, integrating from ¢ = 0 to ¢t = s we are led to:

v (s,9) < J;(Bj {Br}ies)s
and, if we repeat the computation with ¢(¢) instead of g_;(t), we obtain the equality to 0 (see the
section on Legendre transform in the Preliminaries). Thus,

Ji(Bii {Brtiers) < J5(Bi3 {Br i),

and j was arbitrary, so this proves the claim. QED.

1.3 A continuum of players

However, conditions are not known under which the system would have a solution,
let alone a smooth one, despite the fact that the foregoing statement shows that this should be
the correct system to find Nash equilibria of the game (|1.2.2]). Nevertheless, if N is very large,
one should expect, and this is one of the key ideas in MFG theory, that a continuum version of
Problem 2, in some sense the limit as N — o0, would provide a good approximation to the game
with large N, and be solvable. Heuristically, we can proceed as follows. Let ¢; = ¢, the position
of the j-th player at time ¢t = s, and 3; = 3 his strategy. At this point we will switch to Eulerian
coordinates for the velocity, meaning that the strategy 5 of the player who starts at q at time t = s
is equivalently described by v (q):



The fact that g' and ¢ are even functions allows us to rewrite (1.2.7) as

T(v( (@), e™) = g(q(0), 05V + fo [L(q(t), vila(t)) — Fla(t),o™)dt,

where a,gN) = < 2k Ogu(t)s 0 <t < s, and &y, (4) is the Dirac point mass at gx(t). We can relate

this now back to expression (1.2.2) and say that the domain of the functions g and F is T¢ x 2(T%),
where 2(T?) is the space of Borel probability measures on T?. Formally, then, in the limit, his cost
functional becomes

S

J@o@%ﬂ=ﬂﬂ@ﬂ@+][Mﬁmw@@D—F@@JMﬁ, (1.3.1)

0

where ¢ is a path in 22(T¢) and describes the evolution of the mass distribution of all the agents
(we normalize the total mass to be 1, so that it can be represented by a probability measure): indeed,
if the measures o4 have no atoms, the “distribution of all the other agents (except ¢(t))” is the same
as “the distribution of all the agents”. This leads us to:

Problem 3. Suppose there is a continuum of players on T¢, and the distribution of players at
time t = s is p € Z2(T9). Each player seeks to minimize the cost of his trajectory ¢(+), and
this cost depends on the evolution of the distribution o; of the players. If each single player takes
oy as given, then he can resort to the HJB (1.2.4{1.2.5)) and move with the velocity given by (1.2.6).
However, the parameter o; will now only make sense as the distribution of players if, upon taking
the same course of action, the resulting players’ trajectories will have precisely the distribution oy.
This means that, if each player solves his minimization by moving with velocity given by ,
the evolution of the agents’ distribution, &, should be given by

ooy + div(V,pH(q, VU(t,q))ot) = 0.
Therefore, we seek solutions to the (first order) mean field game system
atU(t) Q) + H(Qv \4 U(t Q)) + F(Qa o

) =
Oror + div(VpH(q, V,U)oy)
u(o,-)

0 in (0,s) x T¢,
0 inD'((0,s) x TY),
9(+,00),

Os = [

Since it is not immediately clear what type of equilibrium is achieved by solving the MFG system,
we will just say that Problem 3 is:

Solve the MFG system .

In Section [6.3} after our work constructing a solutlon to the master equation is done we Wlll explain

the questlon that is answered by a solution of (L.3.2}[L.3.)), in terms of the game (1.2.2).

To attempt at a clearer picture of what happens When N — o0, one should also heuristically
pass to the limit as NV — o0 in the Nash system ([1.2.841.2.9). The reader may refer to Section 7 of
[Car12| or the Introduction of [Car+19] for this. The idea is that for any fixed ¢; = ¢, the functions



vV (t, ¢, {qk }k-;) approach a function u defined on [0, T) x T¢ x 2(T%), u = u(t, g, 1), which should
satisfy the so called master equation (ME, for short) of first order mean field games, namely,

(5,00 + [ s, a.0)(e) - T, H (o Vs, )l

+ H(q,Vqu(s,q,p)) + F(q,pn) =0 in (0,7) x T% x 2(T%),
w(0,q,p) = g(g,))  on T x 2(T9).

(1.3.6)

The meaning of V,u is explained in the Preliminaries. We will show, in Section that substituting
an average of Dirac masses for p in (1.3.6) yields the first order Nash system (1.2.8}{1.2.9).

Before we say more about @ and in the next section, we need to say a few
words about the second-order case, as this introduction cannot be complete without it.

Second order MFGs

Second order, or stochastic, mean field games, come about when we allow noise in the dynamics of
the particles; for instance, instead of (1.2.1)) we may have the SDE (stochastic differential equation)

dX; = b(t, X;)dt + \/2¢ dB,
Xo = X,
where (By)>0 is a standard d-dimensional Brownian motion on some probability space (€2, F,P),

€ >0,and X € L'() is a random variable independent of the Brownian motion. In this case, the

cost function ([1.3.1]) should be changed to
T
J(b(y(X),0) = E[g(Xr,07) + f [L(X-,b:(X;)) — F(X-,0.)]dt],
0

The associated mean field game system is

—eAU — U (t,q) + H(q,V,U(t,q)) + F(g,0;) =0 in (0,T) x T%
—eAoy + o0y — div(V,H(q, V,U)oy) = 0 in D'([0,T] x T,
oo = K,
U(T,q) = g(q,01).

(1.3.7)

and the second order master equationﬂ is

~Agulta. ) = g, )+ | Viulta. () - Vo, Vyult, ) ada)

- ﬁrd div, V u(t, ¢, p) (x)p(dr) + H(q, Veu(t,q, 1)) + F(g,p) =0  in (0,T) x T¢ x 22(T?),

w(T,q,p) = g(q, ;) on T x P2(TY).

2More precisely, this is called the master equation without common noise. We warn the reader that in [Car+19),
the authors call this one a first order master equation because the highest derivative with respect to the measure
argument is still of order 1.




1.4 Prior knowledge

Since its simultaneous introduction by Lasry and Lions [LL07| and, in the engineering community,
by Huang, Caines and Malhamé [HCMO7], the system , and similar second order systems,
have been extensively investigated and conditions for existence and uniqueness are well understood.
Existence of smooth (classical) solutions over arbitrary time horizons (i.e., no restrictions on T) is
typically guaranteed by regularity of the couplings in both spatial and measure variables, convexity
of H(q,p) in the p variable, and a quadratic growth condition on H (g, ). Uniqueness is obtained
under the condition of monotonicity of the couplings:

Ld(F(q, 1) — F(g, 1) (1 — 1) (dg) = 0, er (9(g, 1) — (g, 1)) (1 = p')(dg) = 0 ¥ p,p’ € 2(TY.
One of the reasons that MFG systems have garnered so much interest in the mathematical community
is that they presented a new challenge in the form of a coupled system of a forward HJB and a
backward continuity equation (Fokker-Plack equation). First-order HJB equations on arbitrary time
horizons generally call for the notion of weak solutions. Moreover, in most works on MFG systems,
the measure of the termina]lﬂ condition (o5 = p) is usually assumed to be absolutely continuous
with respect to Lebesgue measure. Over the years since their inception in [LL07|, everal significant
modifications and refinements have been obtained, e.g., existence and uniqueness of weak solutions
in the case of local couplings [CG15], first-order [CPT15; LS17; Sanl8] and higher [GM18] Sobolev
estimates of such solutions, with different growth conditions of the Hamiltonian H, whose convexity
in the momentum variable is always required, and growth conditions on the couplings linked with
those of H; all the approaches in these developments work for arbitrary time horizons. A full book
on regularity theory for mean field games has been written |[GPV16|, while the recently published
two volumes by R. Carmona and F. Delarue [CD18]| constitute the most complete reference work on
mean field game theory.
This is a good moment to break the only bad news to the reader, namely, that

the results of this thesis are valid not for arbitrary time T, but for a sufficiently small T, in a way
that depends on the coefficients H, F, g.

(Alternatively, we could keep T arbitrary but impose smallness conditions on the coefficients.) In
the course of our work towards the first order master equation (ME), we obtain classical solutions
for small T' of the system ([1.3.211.3.5)), with the conditions on the coefficients H, F, g stated in
Section [2:2] From a theoretical point of view, the master equation presents a stronger challenge
because the equation itself is written in an infinite dimensional space, which is “not flat”, inviting
techniques from non-linear analysis. The body of work published on MFG master equations is
considerably thinner than that on MFG systems. Furthermore, many models are cast as MFG
systems, but it is not clear what the corresponding master equations are, or how to solve them.
Most available literature on mean field game MEs has dealt with the higher-order variants [BFY 15}
BFY17;|CD18; |(CD14]. The recent paper by Pierre Cardaliaguet et al. [Car+19] includes proofs
of existence and uniqueness of classical solutions for the master equations of second-order MFGs,

3We remind the reader that most works in MFGs are reversed in time with respect to ours, so they would say
initial when we say terminal.



such as (|1.3.211.3.5)) and rigorous characterizations of master equations as limits of (second order)
N-player Nash systems as N — 0.

1.5 Our contribution

As for the first-order master equation , the first major step was achieved by Wilfrid Gangbo and
Andrzej Swiech in [GSI5], where short-time strong solutions to both the MFG system
and the ME are obtained for H(q,p) = |p|?/2 and regularizing couplings (i.e., smooth enough with
respect to both variables) that derive from a potential. The same result was later re-proved by Bessi
[Bes16] using the language of random variables. In [May18], we keep the smoothness assumptions of
the Hamiltonian and the couplings, but we do away with the convexity of H in the variable p (and,
in particular, no growth condition is imposed). The main appeal of the Gangbo-Swiech approach is
that it is intrinsic, working in the metric space of probability measures, which seems like a natural
setting for mean-field theory, since, for example, an average of n Dirac masses is the same measure
regardless of the order in which the point masses are taken, reflecting the interchangeability of
players that is a core assumption in MFGs.

We use similar ideas and techniques to arrive at the ME, but our route to the MFG system is
different. Let us explain the differences with [GS15|. Given H, F, g as in Section and given
0<s<T,pe P(T?%), we prove that, granted T is small, there are functions X! : [0,T] x T¢ — T¢,
$2:[0,T] x T¢ — R? that solve the Hamiltonian system

axt = V,H(SN,2?), %% = -V H(S',5?) — VF(S, Shp) (1.5.1)
with initial and terminal conditions
220,9) = Veg(£1(0,9), 210, )yp),  E'(s,9) = 4,
providing us with a path in 2(T%) given by
t— oy = Etl#u
and prove that there is a function U : [0,7] x T¢ — R such tha
v, U(t, %)) = X2 (1.5.2)
On the other hand, we have that the velocity vector v; driving the path o, satisfies
o(t,5}) = 0%y,
and the first equation in implies
VpoH(q,V,U(t,5})) = 0,54 (1.5.3)

Comparing ([1.5.3) and 1) we see that they are the same if H(q,p) = %|p\2, which is the
Hamiltonian in [GS15|, and, indeed, in that case, ;X! = X2, with V,U(t,-) coinciding with the

4We follow the convention, common in this field, of using the subindex ¢ to mean “at time ¢”, and thus a shorthand
for (t,...) rather than the time derivate.



velocity vy (a posteriori from (1.5.2))). Thus, the function X2 is not present in [GS15], with ;%
taking its place, while the relationship V,U(t,X}) = ;%] is obtained via the link of the MFG
system with a variational problem: if L(z,v) := £|v[?, and having shown that the pair (o,v) is the

unique minimizelﬂ of

U(s, 1) = (inf) { JSJ (L(q,v¢(q)) — F(ot)oe(dq))dt + G(og) | 05 =, 0 € AC?(0, s; W(Td))},
o,V 0 JTd

(1.5.4)
where F,G : Z(T%) — R are functions whose Wasserstein gradients are F and g, the minimality
of the norm of v; then follows, leading to the symmetry of V,uv(g), which is used to establish the
Hamilton-Jacobi equation in . In the case of a Hamiltonian with superlinear, polynomial
growth (see condition [2.2.2)), even though it is still true, as Chapter [4] will show, that the pair (o, v)
is the unique minimizer of , it is no longer clear how this approach can give us ; if the
growth condition is given up, then the minimality of (o, v) is no longer known.

We encourage the reader to refer to the beginning of Chapter [ for a more detailed explanation
about why we had to take a different approach and how it resulted in a good generalization.

We turned, instead, to a more direct procedure (Lemma that also helps to shed further
light on how the equations are the characteristics of . This optic allows us to
present a sort of uniqueness counterpart (Theorem to the existence result, namely, that if
a solution (U, &) is in W23 ((0,T) x T?) x AC?(0,T; 2(T%)), then it must coincide, at least for
a shorter time T, with the pair (U, o) constructed from (X!, ¥2). With this approach we manage
to circumvent the specific potential forms for F' and g. In [May1§|, these assumptions are added
for the theorem on the master equation, with the purpose of working out the differentiability of
> in p through the same discretization approach used in [GSI5], a short description of which we
have included in Section [I.5.1] It turns out, however, that it is not necessary to assume that the
couplings are convolutions or that they derive from a potential. We instead provide some general,
albeit strong, regularity assumptions on F' and g that also lead to the regularity of ¥ in the measure
variable, and under which we still obtain the required first order Taylor estimates of the composite
functions that enter the representation formula for u in . This is an additional improvement
to [May18| and is first published in this thesis.

1.5.1 Summary of main results

We collect here the main statements of the thesis. Let H, F, g be as in Section

Statement 1. (Theorem If T is sufficiently small, in a way that depends only on the
coefficients (H, F, g), then, for every 0 < s < T, pe 2(T?), the MFG system admits
a classical solution (U,o), in the sense of Section |2.4. Moreover, (U,a) € W3%*((0,T) x T?) x
AC?(0,T; 2(T%).

Statement 2. (Theorem If (U,5) e W23%((0,T) x T%) x AC?(0,T; 2(T%)) is a classical
solution to the MFG system , then, at least during a possibly shorter interval [0,T] than
h

the one in the previous statement, the pair (U,5) must be the pair constructed for Theorem

®See also [Ghol7] for a recent connection between value functionals such as (1.5.4) and Hopf-Lax formulae on the
Wasserstein space.
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Statement 3. (Theorem[6.2.7]) Let H, F, g be as in Sections[2.2.1 and [2.2.4 If T is small enough,
in a way that depends only on the coefficients (H, F,g), then the master equation admits a
classical solution in the sense of Section [2.5

The following statement was proven before all the previous ones, and is not necessary for them,
but at the beginning of Chapter [4] we explain why we have included it.

Statement 4. (Theorem and Lemmal[].2.5) Let H,F,g be as in Sections[2.2.1 and[2.2.5).
Let U be defined as in ,and oy = (S})pp, v = X1 o (B}) 71, where ¥ is the solution to the
Hamiltonian system . Then the pair (o,v) is the unique minimizer for U(s, i), and

vuu(su H) = qu(S7 Q))
where U is the solution to (1.5.2)1.5.)).

The discretization approach Let X'[s, u], ¥2[s, u] be as in (1.5.1)), i.e., the pair is a solution
to 1) below. For an average of Dirac masses u® := %Z}Ll 0z; T € (T, let M(t,s,q,z) =
Y[s, u](t, q) (see Definition [6.1.1)); note that the number of coordinates in the domain of M depends
on n, the number of particles. Some calculations give us (Section [6.1.1)) that

1 1 . Ty... .
V2, Moo = (), [V3,,, Ml = O, while [V2, M|y = O(—) i i # .
This is precisely what is needed to obtain formula (6.1.21]), namely,
1
n|Va,M(t,s,q,y) — Vo, M(t,s,q,x)| < \/gC(]yj — Ti|pa + W (1", 1) + ﬁ)’ (6.1.21))

which means, glibly speaking, that nV, ) X[s, 1*(™M] acquires a Lipschitz estimate in the limit as
n — o0. This allows us to extend nV,, ) 2[s, 11*(™] to the full infinite-dimensional manifold 22 (T%)
(Corollary [6.1.9), becoming the Wasserstein gradient of ¥ in p (Lemma |6.1.10)).

This thesis is organized as follows. In Chapter [2, we present the theoretical framework, notation,
and technical facts that will be needed in the main body. We introduce the various assumptions on
the coeflicients of the equations for the results, and define the notions of classical solution for the
MFG system and the ME. In Chapter [3| we solve the Hamiltonian system that can be interpreted,
in a sense, to be the characteristics of the MFG system. Chapter [] is not necessary to obtain either
the solution to the MFG system of the master equation, but it is interesting in its own right, and
its first paragraph clarifies how we managed to end up with a non-variational result for the first
order mean field game. In Chapter [5| we used the solution to the Hamiltonian system to construct a
solution to the MFG system. Finally, Chapter []is devoted to the regularity estimates and chain
rules that lead to the final theorem, Theorem [6.2.7] on the existence of a classical solution to the
master equation.
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Chapter 2

PRELIMINARIES

In this chapter we will make a brief presentation of optimal transport, list a few facts (some with
proof) that will be used along the way, and then present the conditions on the coefficients of the
equations that will be held in some or all parts of the work. Finally, we will explain what we mean
by classical solutions to the MFG system and to the master equation.

2.1 Theoretical framework

Since the theory of optimal transport is not commanded by every expert in the field of partial
differential equations, or, more generally, by every student or professional with an interest in
continuum differential games, we deem it convenient to set forth the bare minimum of the principles
of optimal transport that are necessary for this thesis. Among the general references on this theory
are [AGSO0§| and [Sanl5].

2.1.1 Optimal transport basics

The set of Borel probability measures on the Euclidean space R? is denoted by #(R%). For p > 1,
we define

PR = pe PR | | [olPn(da) < o),

the set of probability measures with finite p-moments. Given two measures u, v € Z,(R%), which
may describe, say, two different mass configurations in the space R, the starting question of optimal
transport theory is how to “transport” the mass p to v with “minimal cost”: a transport map of u
to v means a Borel map S : R — R¢ such that Syp = v, ie.,

v(B) = u(S7Y(B)), for every Borel B c RY,

equivalently,

f@viy) = | foS@ldr)  ¥f e LLRER),
Rd R
and the associated cost of the transport is

SN i= | lo = Sa)Putda);
Rd
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the M stands for Monge, who was the first to formulate this problem. Even for the simple case
=70y v= %5311 + %5@,2, where x,y1,y2 € R?, there is no transport map of p to v. A relaxation of
this problem is achieved by allowing the mass to “split”. One seeks then a transport plan of u to v,
which is a measure 4 on the product R? x R%, such that

YA XRY) = p(4), (R x B) =v(B),

for all Borel subsets A, B c R%, that minimizes the cost:

e (N (p,v) = de |z — y[Py(dx, dy),
where the K now stands for Kantorovich, who came up with this idea. A minimizing ~ for

Wy (i, v) := inf{c) (v)(n,v) | v € D(p,v)},

where I'(u, v) is the set of all transport plans of p to v, always exists (see, e.g., [AGS08, Chapter
6]). Moreover, W), thus defined, constitutes a distance on ,(R%), making ,(R%) a metric space.

Since our MFG and master equations are written in the torus T¢ and the space of probability
measures on it, & (Td), we need to explain what we mean by this. However, for full details on the
theory of optimal transport and the Wasserstein space of probability measures on the d-dimensional
torus T? := R?/Z?, we refer the reader to [GT14]. The set T¢ is the set of equivalence classes on R?
with respect to the equivalence relation:

T~y iff there exist integers nq,...,nq such that 2 — y(j) =nj, j=1,...,d
where (), y() are the j-th coordinates of z, y. If 2,y € T¢ then,
|z — y|pa := min{|z’ —3/| ’ z,yeRY 2/ ~ 2,y ~ y}.

If 41, v are Borel probability measures on R?, we already said what an optimal plan of u to v is, but
the following notation is most common: 7'('31‘#’7 = p and 77%&7 = v, where 7!, 72 : R x R? — R? are
the first and second coordinate projections, respectively, where the subindex 4 again stands for the
pushforward operation. For p,v € Z,(RY), p > 1, we define

1/p
o) = (_int [ e latdedn)) (2.1.1)
vel'(p,v) JRd xRE

and let Tg(p, v) denote the set of optimal transport plans v between p and v, i.e. those for which the
infimum in is attained (this set, of course, depends on p, but this won’t cause any problems
for us). We will denote

W o= Ws.

With the equivalence relation

o~ iff ddp = J pdv for all ¢ e C(T?)
R4 R4

13



on Z,(R%), where C(T?) are all real-valued continuous functions ¢ on R? such that ¢(z) = ¢(2')
whenever x ~ 2/, it is true that # (u,v) = # (¢',v') whenever y ~ p/ and v ~ /. In this way,
#,, in formula is defined on the set of equivalence classes, which we henceforth denote by
2 (T4). Moreover, #,, is a metric on Z?(T?), with respect to which &2(T?) is compact. There is no
ambiguity in the absence of a subindex in 2(T?) because it can be shown that, unlike in the space
of probability measures on R?, all the metrics #,, p =1, on the space of probability measures on
T¢ are equivalent. It should be further said that the only portion of this thesis where we will allow
p # 2 is in Chapter [4] which is independent of the rest.

By a mapping F : T — S, where S is any set, we mean F : R? — S such that F(z) = F(z)
whenever © ~ 2. Likewise, a mapping F : #(T%) — S is a function F : Z(R?) — S that takes
constant values on the equivalence classes of #(T%). Furthermore, a function F : T — T¢ is to be
understood as a function F : R* — R? such that F(z) ~ F(y) whenever z ~ y.

If 2 = (21,...,2,) € (RY)", then pu* € P(R?) denotes the measure p* = %2?21 dz;- Such
measures are called averages of Dirac masses.

If f,g: R? - R? are Borelian, and p € Z5(R%), then, estimating through (f x g)#v one obtains

Wa(fur, gun) < |f = 9lr2wa - (2.1.2)

Let p € P5(RY). Then L2(T% ;1) denotes the completion of C(T?) with respect to the L?(R%, )

— 12 Rd,
norm: L?(T% u) = C(T%) ( *) At the same time, we define the tangent space to 2(T%) at p,
7,2 (T, to be the L*(RY, j1)-completion of the subspace of L?(T%, 1) consisting of gradients of
smooth periodic functions on R%:

- d
7,2(T%) := VOR(TLR) - - H),

Naturally, since L?(T?, 1) is a Hilbert space, if we have &, € L?(T%, ), and n € 7, 2(T9), then
L@ nu(de) = | &(x) - n(x)p(dx), (2.1.3)
where ¢ is the projection of & onto .7, 2(T%).
Wasserstein distance between average of Dirac masses. If ju,v € P(R?) are such that p = p® =

%Z}Ll 0z; and v = p¥ = %Z’;:l dy;, where x; # xy,y; # yx for j # k, then there is a permutation
p:{l,...,n} — {1,...,n} such that

1 n
_ Yp(s) xA’2d.
”E:: p(5) JiT

This fact will be used quite often in this work. For instance, if we consider v € T'o(u®, u¥), where
p* and p¥ are as above, and we want to bound a certain expression by another that involves
W (u®, 1Y), thanks to this fact we can always assume that the coordinates of = = (z1,...,z,) and
y = (y1,-..,yn) are already sorted in such a way that

13
EZ (zj,95)
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because, certainly, the measures u* and p¥ do not change regardless of the order in which these
coordinates are taken. The following fact will also be crucial.

Density of average of Dirac masses in P(T%). Let u € P5(RY). As it is well known (see, for
instance, [Bog07, Ex. 8.1.6]), the set of average of Dirac masses is dense in Z5(R%) with respect to
narrow convergence. In 2 (T%), this convergence coincides with convergence in % . Thus, there exists
a sequence {u(n)} = Po(RY), with u(n) = %Z?:l 0z;(n)> an average of Dirac masses, such that
W (p, u(n)) — 0 as n — c0. Moreover, this sequence can be chosen so that each x;(n) € supp(u),
where supp(u) is the support of the measure p.

2.1.2 Absolutely continuous paths in the Wasserstein space

We denote by AC?(0,T; 2,(T?)) the set of all paths g in 2,(T¢) for which there exists m € L?(0,T)

such that
to

Hilpe ) < [ mir)ar

t1

whenever 0 < t; < ty < T. We say that a time-dependent velocity vector field v; : T — R% is a
velocity vector field for the absolutely continuous path py if v; € LP(T%, 1),

T
| ], @ ntanar < o
0 Jrd
and the continuity equation is true:
Oepe + div(vg) =0 in D'((0,T) x TY),
which means that for every ¢ € CX((0,T) x T%):

T
L LW [Orp(t,q) + Vo(t, q) - vi(q))]pe(dg)dt = 0.

A path g in 2(T%), 0 <t < 1, is said to be a constant-speed geodesic if

Wty s Poty) = |t2 — t1|# (po, 1),  t1,t2 € [0, 1].

Given a path 1 in 22(T9), a velocity vy for py is in L?(T% 1) but it may or may not be in Z,, 2(T%).
However, if u; is an AC2(0,T; 22(T9)) path, a velocity field of minimal L?(T¢, y)-norm always exists,
and it belongs to .7, 2(T%). This is the content of [AGS08, Theorem 8.3.1].

Remark 2.1.1. Let p,v € Z(T%), v e To(u,v). For each 0 < 7 < 1, let
W= [ = )+ e,
Let w™, 0 < 7 < 1, be the velocity vector field of minimal norm for p”.
(i) For 0 <7 <1, [w|p20umy) = # (1, v).
(ii) For every f e C(T%RY), every 0 < 7 < 1,

f f(A=7)z+7y) w (1 —7)z + 7Yy)y(de, dy) = f f(A =7z +7y) (y — 2)y(dw, dy).
Td xTd Td xTd
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iii) Furthermore, fix 7 € (0,1), and let v" € I'g(L, . en, for every f1, fo € ; ,
(iii) Furth fi (0,1), and let ¥™ € T (u, 7). Then, f f1, fa € O(T% RY)

f Uﬂy%uf@)—fﬂ@~w%xﬂfﬁhﬂw)=J‘ o) — fi(@)] - L7 (da, dy).
Td x Td Td x Td T

Proof. The third fact is justified as follows. The optimal plans along geodesics are characterized by
[AGS08, Chapter 7.2]:

f B(z,y)y" (dz, dy) = J B(z,(1 — 1)z + 72)y(dz,dz), (2.1.4)
Td xTd Td x T4
0 <7 <1,BeC(T% x T?). Therefore, the left-hand side of (iii) is equal to

|, el =na ) 0 (1= D +72) = f(w) -0 @h(da.d2)
(i) J [f2((1 = T)x +72) — fi(2)] - (2 — 2)y(dz, d2)
Td x Td
= J’ﬂ‘ded[fQ((l —T)x +712) — fi(z)]- %((1 —7)x + 72 — x)y(dr,d2)
- [f2(y) = fi(z)] - ?’W(dm,dy),

which is the right-hand side of (iii). O

2.1.3 Differentiability in the Wasserstein space

Let W be a real-valued function on 2(T%) and let p € P5(R%) be fixed. For & € L*(T% pu),
ve Py(RY), v eT'(u,v), define

e(v,€,7) == W(K) - W) - f £(x) - (y — x)y(de, dy).
R x R4

We have chosen to present this section with a notation similar to the one found in the paper [GT18],
which unifies the different notions of differentiability on £25(R?) used in the literature. If r > 0, set

el¢,r] = sup sup { e, &)

| 2
|t — 72y <
~vel (p,v) ve P25 (R%) HTr H ‘ T }

and

v, &,
Oerl= swp sup ([{ABEIL ey oy
~velo (u,v) ve P5(RY) Hﬂ- H

Definition 2.1.2. With the preceding notation, we say that W is differentiable at p if

lim €'[¢,r] = 0. (2.1.5)

r—0+

The set of all £ € L*(T%, u) for which holds is denoted OW(u).
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Lemma 2.1.3. If & € OW(u), then so is its projection & onto & onto %@(Td), which is then the
unique element of minimal L?(T?, p)-norm in OW(u) and is denoted by

VW ().
We will call it the Wasserstein gradient of W at pu.

Its proof can be found in [GT14].

Remark 2.1.4. The following is an alternative characterization of a vector field ¢ € L?(T?, 1) that

satisfies (2.1.5):

W(v) —W(u) — sup j &(x —x)y(dx,dy) = o(# (u,v)). (2.1.6)
Y¥€Lo (p,v R Rd

Likewise, & satisfies

Timefé,r] =0
if and only if
W) - W) — sup f £@) - (y— 2(de,dy) = o (v)). [
veF(uW)Rded

The following lemma will be used in the final section.

Lemma 2.1.5. With the foregoing notation, if W : 2(T%) — R is differentiable at p, then

lim e[V, W(u),r] = 0.

r—0t+

By Remark|[2.1.7), this is the same as

W) W) = s [ W) - 5 e dy) = o0 ()
vel (v R4 x R4

Proof. We begin by noting the following. Let u,v € 2(T%), and v,7 € I'(4,v). Then, for any

p e C¥(TY),

i Iw! = 12 + | — 22
|, Vo) =2 - 3)(de.dy)] < = Vil (217)
X

Indeed, Taylor expansion gives a Borel function 7 : T¢ x T¢ — [—1,1] such that

|z —y?

P(y) = p(x) = V(@) - (y = 2) = r(2,9) [Vielo—;

Integrating both sides of this equality over R% x R? once with respect to « and then with respect
to 7/, remembering that v and + have the same marginals i and v, and substracting one of the
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resulting expressions from the other, yields (2.1.7). Fix now u € 2(T%). Let v € Z2(T%) and
veTolu,v), ¥eT(u,v). Let o e CP(T9). Write

e(v, ViW(n),v) = e(v, Vi, v) — JRded(VuW(u)(x) — V() - (y — z)y(dz, dy),

and the same expression which holds with 4 in place of . Substracting one from the other and
taking absolute value gives, using Holder’s inequality,

le(v, VuW(p),7) — e(v, VW (), 7)| < le(v, Vo, 7) — e(v, Vi, 7))
+ VW (1) = Vol gy (I7* = 7ty + 72 = 7t 5).
Now, |2 = '], < |72 — 7[5, and, using (13,
le(v, VW (1), 7) = e(v, VOV (), DI < 7t = 725 (I = 75Vl + 21V, W (1) = Vgl 12 -
Dividing by |7? — 7!|5 and once again because |7% — 7|, < |72 — 7!|5, we obtain

’6(1/7 VMW(M)7 5/) ’ < ‘Q(V, VMW(:U’
[t — 725

):7)

s |+ (I7" = 7?51 V20le + 2|V, W (1) = Vel 12(,)).
|t — 2],
This holds for any v € 2(T%), v € To(u,v), ¥ € T'(i,v), p € C°(TY). Fix r > 0, and, on the
right-hand side, fix 7 € I'(i, v) such that |72 — w!||5 < r. Take then the supremum on the left-hand
side over v € 2(T%), 4 € T'(u1, v) such that |72 — 7|5 < r, to obtain

v, VuW(p), vy
0V V) 19200 + 209,00 — Vel )

[t — w2,

e[V W(n),r] < ‘e

holding for any v € Z(T?), v € I'o(p,v), p € C*(T9). Taking now the supremum on the right-hand
side over v € Z(T4), v € To(i,v) such that |72 — 71|, < 7, and then letting » — 0" on both sides
yields

lim e[V, W(p),r] < Tim eo[V,W(p), 7] + 2|V W (1) = Vel 12 = 21V WV (1) = Vol L2,

r—0t+ r—0+t

by the hypothesis, for any ¢ € C*(T?). By the fact that V, W (p) is an L?(u) limit of gradients of
smooth periodic functions ¢, the conclusion follows. ]

Twice differentiability

In [GC17], the notion of Hessian of a function on the Wasserstein space is defined. We will follow
the same framework. Let p, e be moduli of continuity, with p concave. We will say that a function

V:T¢x 2(T¢) - R
is twice differentiable at (g, p) if the following hold:

e the mapping x — V,V(q,v)(x) exists and is differentiable for every v in a neighbourhood of
1, with its derivative denoted by V?WV(q, v)(x);
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e the gradient V,V,V(q, u)(z) =: VgHV(q,,u)(:z) exists;
e there exist a Borel, bounded matrix-valued function A4,,, : (T9)? — R¥*? such that

s IV V(@ v)(y) = V(g m)(@) = V5, V(g 1)) (@ —q) — Py ul(g, z,y)]
YELo(p,v

<o(lg—aql) + (# () + |z = y|) (o(# (1,v)) + €|z — y])),

where

P lul(a.2.) = VAV @)y =)+ [ Aula.z,a)(6 = o)1 (da, ).

Without loss of generality, we may suppose that A,,(¢,z, ) € 7,7 (T?) for all ¢, 2. We put

VZMV((],M)(,) = Aﬂu(qa'v')7 qe€ Td'

Chain rules

Let I be an open interval, y, t € I an absolutely continuous path in 22(T¢) defined on I, and vy
the velocity of minimal norm of j;. If the function W : 2(T?) — R is differentiable at p,, where
to € I, then

,llif(l) W(Mto+h)h— W (it _ Ld VoW (a1 ) () - vty () ptg (diz).

A simple proof can be found in [Ganlg|. Due to (2.1.3), the conditions can be weakened: the
formula holds if v; is not of minimal norm, because V, W (yu,) € 7, 2(T%). Or, if v; is of minimal

norm, but & is merely in 0W(j,), the formula also holds (with £ in place of V, V).
We are also going to need the following.

Proposition 2.1.6. Let V : T¢ x 2(T%) — R be twice differentiable, in the sense explained above.
Let h — ¢", h — 2", be differentiable paths in T¢ defined on an interval I, and puy € AC?(I; 2(T%)),
with vy, a continuous in h velocity vector field for uy,.

(i) There exists a set J < I, of equal measure to that of I, such that, if hg € I, then the function
h— V(q", un)(z") is differentiable at ho and

d
%[Vuv(qh7ﬂh)(xh)]’h:ho =
= V2V (", 1no) (@")(@") |n=no + V2RV (@), 110y (@) (@) e
[ T ) 0", ) ()
(ii) If VZHV, Vwa, VZuV are continuous, and the paths h— x h — ¢" are in C1(I), then
b b b d h h
V@)@ = TV i) @) = [ ) e
for any a,be I.
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Proof. (i) Let us invoke Proposition 8.4.6 of [AGSO08|, to say that there exists a subset J € I whose
measure equals that of I, such that, for every V e C(T? x T%), hg € J, we have

— X

. Y
1
iy | Ve

Td xTd

Pl dy) = [ VG )y ) (218)

where vy, is the velocity vector field of minimal norm for uy at ho, and {7y} 5>¢ are optimal plans
between pp, and pp,+n. Let then hg € J. For h such that hg + h € I, let v, € To(pihgs ho+n)- By
the twice differentiability of V, we have
IV V(@™ phg ) (@) = V.V (0", iy ) (20)
h, hoy(h _ _h ho .ho ,.ho+h
= VoV (d", i) (@) (¢" = ¢") = Py [ ) (g™, &0, a0 )]
< o(jg" " — g™)

+ (W (ihos tino+n) + 12" = 2)) (p(F (1hgs g +n)) + (™ Hr —2P0])). (2.1.9)

Let vp, be the projection of vy, onto 7, 2(T9). Since

V2,V (q", ) (=", ) € T, P(TY,

(2.1.3) and (2.1.8)) give us

h—
lim V2V (g™, ) (@0 7)o (dry dy) = | V2,V (0", ) (2, 7)o () pang ().
h—0 Jd «d e h Td e
Therefore, dividing both sides of inequality (2.1.9) by h, and passing to the limit as h — 0, we
obtain the desired formula.
(77) Under those conditions, the formula for %VuV(qh, pn)(x") is continuous in A, and the claim
follows. O

2.2 Assumptions on the coefficients of the equations

We call the triple (H, F,g) the coefficients of the mean-field game equations. The first list of
conditions, below, are for the entire thesis. They are enough for the two theorems of Chapter
[] —the chapter on the MFG system. The second list, [2.2.2] below, is more restrictive on F' and g,
implying the conditions in the first. They are sufficient for the theorem of Chapter [6 —the theorem
on the solution to the master equation. The third list, [2.2.3] is meant only for Chapter [4]

2.2.1 Permanent conditions

1. Let H € C3(T¢ x RY), H = H(q,p). In this manuscript, VqH(-,-) will always denote the
gradient of H with respect to ¢, evaluated at (-,-). Similarly for V,H(-,-), and higher-order
derivatives.
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2. Let F = F(q,p), g€ T? pe 2(T?), be continuous in the p variable and of class C2 in ¢, and
let k > 0 be a constant such that

IVoF (1), Ve, F(a, )], V3, Fla,p) <k, qeT pe 2(TY.

Suppose, moreover, that V,F' is k-Lipschitz on T? x 2(T%), meaning that

IVoF (g1, 1) — VF (g2, p2)| < 5v/|ar — @2 + #2(p1, p2),  @1,92 € T pua, po € 2(T7).

3. Furthermore: we require that the vector field V,F'(q, p) is differentiable with respect to every
u, at every ¢, and

VuVeF (g, p)(x) =: Vi, F(q, p)(x)

is continuous in (g, u, ) (hence, uniformly bounded).

4. Let g = g(q,p), g€ T¢, pe 2(T%), and suppose g satisfies exactly the same conditions asked
of F.

An identical statement is assumed for g.

2.2.2 Conditions for the master equation

In addition to the previous set of conditions, here we suppose that the functions
(q,p) — F(q,p), (q,1)— g(q,n) are twice differentiable
in the sense explained below in Section and that
V. F, V?I“F ) meF ; V?WF are continuous in all its variables

(and, therefore, uniformly bounded). We suppose an identical statement holds for g.

2.2.3 Conditions for Chapter

We will assume there that
V2, H(q,p) >0, (2.2.1)

ie., Vng(q,p) is strictly positive-definite, for all ¢ € T, p € R? and that there exist constants
co >0, c; >0, r>1, such that

¢ lpl" = 1 < H(g,p) < co(lpl” + 1) (2.2.2)
Additionally, suppose that we are given U°, U, ¢ in C3(’]I‘d), with the latter two being even, and
|éllos(rays 210°Ncsrays 21U gamay < &,

and that for any ¢ € T¢, any p e 2(T9),

F(q,p) = ¢*plq), F(u)= » %cb  ((y) p(dy),
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so that
VAF()() = VaF (o 0) = V65 )
and
ola.n) = V@) + U =l G0 = | (U0 + 50" = )t

so that
VuG(q) = Vag(q, 1) = VU (q) + VU * pu(q).

It is not difficult to verify that these instances of F' and g are a particular case of the conditions of
Section 2.2.2]

2.3 Definitions of classical (strong) solutions

Let T > 0, and F, g : T¢ x 2(T%) — R be continuous; let H : T x R — R be continuous and
differentiable in p. The following fixes our definitions of classical solution to the MFG system

(1.3.211.3.5)) and the master equation (|1.3.6).

MFG system Let 0 <s < T, pe 2(T?%. We say that the pair of functions U : (0,7) x T% — R,
o:(0,T) — P(T%) is a classical solution to the first-order MFG system (1.3.241.3.5) on T with
coefficients (H, F, g) and parameters s, p if the following hold:

m UeCH(0,T) x T?);
m the path o € AC%(0,T; 2(T%)) and (1.3.3)) is true in the sense of distributions, i.e., for every
e CX((0,T) x TY):
T
|| | et + Vett.a) - 9,10, VU o)t =
0

m equation (|1.3.2) is satisfied pointwise, along with the condition (1.3.4)) at time ¢ = 0 for U and
the condition (|1.3.5)) at time ¢ = s for o.

We will often refer to the function U in (1.3.2)) as the value function.

Master equation We say that the function v : (0,7) x T¢ x 2(T?%) — R is a classical solution
the master equation of first-order MFGSs (1.3.6) with coefficients (H, F, g) if:

m v is differentiable in s, with dsu(, -, 1) continuous at every u e Z2(T%);

m v is differentiable in ¢, with V, u continuous in all three variables;

m v is differentiable in p (see the following section), and u satisfies pointwise.
We will refer to the function u in as the full value function.
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Chapter 3

THE HAMILTONIAN SYSTEM OF CHARACTERISTICS

In this chapter we obtain a unique solution to the system

aQ(t.q) = VpyH(Q(L. q), P(t. q)),

oP(t,q) = — VeH(Q(t,q), P(t,q) — F(Q(t q), Q(t, ) ),
Q(s,9) = g,
P(0,9) = g(Q(0,9), Q(0, ) ),

where s < T, and p € Z(T%), whose solution we will denote by ¥ = (X!, £2), ©! standing for Q, X2
for P. The solution is unique, provided 7" is small enough. This system of ODEs is the corresponding
Hamiltonian system of the Euler-Lagrange equations for the action

[ 12@ua) e ~ F(@i(a). (@0t + 5(Q0. (@) ),

0

where L = H*, which relates to (1.3.1) in the introduction. In Section [3.2] we prove some regularity
properties of ¥ that will be then used in Chapter [5] to obtain the solution to the MFG system.

3.1 Fixed-point argument
For T > 0, we will denote by M the space of continuous functions
Z=(Q,P):[0,T] x T — T x R?,
endowed with the uniform norm,
|Z]lec = max |Z(t,q)| = max{(|Q(t,q)* + |P(t,q)|)"* | t € [0,T],q € T}

That is,
M = C([0,T] x T% T x RY).

Similarly, let
M= C([0,T] x T4 T, M?:=C([0,T] x T4 RY).

Definition 3.1.1. Let § € R, and fiz pe 2(T%), s € [0,T].
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1. (Fized point operator) Define the operator m** : M — M, m = ((m*#)L, (m®*)2) as follows:

IfZ = (Q,P) e M, then m™"(Z) = (m*")(Z), (m*")2(Z)), where:

) (Z)(t,q) =g+ Jt VpH(Q-(q),0P-(g))dr, (3.1.1)
(5 (2)(1,0) = 5V 49(Qola), Qo) - f Vol (Qr(0),0Pr(0)) + VoF (Qr(a), Qryp)dr
(3.1.2)

0 <t <T, qce R In equalities and . Q-(q) == Q(1,q), Pr(q) := P(1,q),
€ [0,T],q € R%

2. (Coefficient bounds I) For B > 0, let

(B) == max {V2[VH(q,0p)| +|VeF(q,m)l},
qeR%,|p|<B,
ue 2 (T4)

hB) = max {V2IV2H(g.0p)| + V2IV'H(q.0p)] + Vi F(g.10] + Vi F(a.10)]}.
q 7p\ kl
ue 2 (T9)

¢ := max{d, k}.

Thus, for a fized B, the numbers [(B), h(B),c depend only on the coefficients (H, F, g).

Notes. (1) Since @, P are periodic in ¢ (ie.,, ¢ € T9), if ¢ ~ ¢ then (m**) (Z)(t,q) ~
(m>M)(Z2)(t,q), so (M) (Z)(t,-) is indeed a mapping into T?, in the sense explained in the
Preliminaries.

(2) Both the fixed-point operator m** and the coefficient bounds depend on the value of 6.

(3) Throughout this text, |VH(q,p)|> = ] 1 }6(11(3)) (q,p)! + ZJ 1 ‘a(pO DB (q, p)‘ , and the

norms of second order derivatives are defined similarly, i.e., we are using quadratic norms. }/

Suppose that the operator m** has a fixed point (Q, P), so on the left-hand side of (3.1.1)) and

(3.1.2) we would see Q(t,q) and P(t,q) respectively. Set Q := Q and P := §P. Then Z := (Q, P)
satisfies

2Q(t,q) = VpH(Q(t,q),P(t,q))  in[0,s] x T*,
0 P(t,q) = — VeH(Q(t,q), P(t,q)) — VoF(Q(t,q), Q(t,)#p) in[0,s] x T,
a (3.1.3)
Q(s,q) = on T
P(0,9) = Vq9(Q(0,q), Q(Ow)#u) on T

We will refer to the system (3.1.3|) as the Hamiltonian ODEs with parameters s and pi.
Definition 3.1.2. If T > 0, A1, A2, B, E, Eq, Ey > 0, define

MO(A17A2aBaE7E17E27T) oM
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to be the subset of those Z(-,") = (Q(-,-), P(-,-)) such that:
(i) Z(-,-) belongs to W*%%°([0,T] x T¢; T¢ x R?);
(ii) the following bounds hold:
[0:Qlpe < A1, IVeQleo.r7xmesmaxTay < ALy [VagQllo(or xmameaxray < At
|0:Plpz < A2, [VoPloorxramrixray < A2, [VogPllogoryxmireaxray < Az (3.1.4)
|Plme < B; -

IV4Qollc (T4;Td x Td)> vaqQOHC (Td;T2dxTd) < B

(iii) |02.Q|m < E1, |03 P|m <

Here W22%%([0,T] x T%; T4 x ]Rd) is the Sobolev space of functions periodic in ¢, taking values
in T¢ x R?, with essentially bounded second-order weak derivatives in ¢ and second-order weak
gradients in ¢. Since functions in W15 are Lipschitz, Mo(A1, Az, B, E, By, B3, T) is indeed a
subset of M. The following is a standard fact, but we will sketch its proof.

Proposition 3.1.3. For any A1, As, B, E, E1,Es, T > 0, Mo(A1, Az, B, E, Eq, Ey,T) is closed in
M.

Proof. For simplicity, let us just show that
{Qe Wl;OO(T%Td) ’ quQHLoo(Td;RdQ) < A}

is closed in C(T%; T¢). Suppose that {Q,}¥ is a sequence in W5®(T?; T¢), and that Q, — Q in
C(T%; T%), that is, Q,, converges to @ € C(T¢; T?) uniformly, and quQnHLOC(’]I‘d-Rd2) < A, for every

n. Then the sequence {V,Q,}{ is also bounded as a sequence of functionals in (L!(T¢ R%))*. By
Alaoglu’s theorem, there exists Q' € L*(T¢; Rdz) and a subsequence {V,Qp, };2_; such that

ViQu 7, @ weaks in (LH(THRT)

and | Q| o (pagary < A. Then, if ¢ € C2(T4RY),

f ViQni(q) - p(9)dg — | Q'(q) - v(q)dg. (3.1.5)
Td k—0o0 Jd
On the other hand, from uniform convergence, we have that if ¢ € C%(T¢%; RdQ), then
jd Vapla) - @nla)da = | Vaela) - Qla)dg (3.1.6)
Since each Q,, € WE®(T4; T%), (3.1.5) gives us
[ w0 Qi — [ @@ v (317
—00 Td

Lines (13.1.7|) and (|3.1.6|), since they hold for arbitrary ¢ € C%°(T¢; RdQ), imply that Q € W% (T4, T9)
and V,Q = Q'. The proof for W1%% is obtained by taking a sub-subsequence {atvqunkl 12, and
proceeding in similar fashion. O
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Lemma 3.1.4. Let 6 > 0 of Definition be arbitrary. There exist Ay, Ay, B,E, E1,Ey > 0,
and T > 0, such that m®* maps Mo(A1, Az, B, E, Eq, Es, T) into itself, for any s € (0,T) and
pe P(T4). The numbers Ay, Ay, B, E, Ey, By, T depend only on the coefficients and 6.

Proof. Observe that]

(8 2(2)(1,0)| < 51V40(@ola), Q)] + 5 sup [[94H(@r(a),0PH(0))] + [V, F(@r (), Qr )]

0<7<t

o+ 2)0. )| < 19, H(@la)- 0P
2(E2)(1,0)| < 5VeH(Qu(@), OPA)] + 5V F(Qu(@), Quyro)]

IVo(m**) (Z)(t,q)| < Vd +J V2, H(Qr(q),0P;(q)VQr(q) + Vi, H(Q+(q), 0P (q)0V ¢ Pr(q)|d7 ;

IVq(ﬁls’“V(Z)(t,q)l
\qug( 0(q), Qo) VQo(q)| + ;L V2, F(Qr(q), Qryn)VqQr(q)|dr
5 [ 192H(Q00).0P.0) V.00 @) + V3, H(@: ). 0P ()69, P

The previous lines are inequalities for the moduli of @), P, and their derivatives. Let us also compute
second-order derivatives to find:

Ve (@ N(Z)(t,q)|

f| aapH ), 0P:(q))V qQT(Q)‘Fngp (Q+(q),0P-(9))0V ,Pr(q))V,Q-(q)

+V2,H(Q (Q),GPT(q) Q- (q) )

)
+ (Ve H(Q T(Q),GPT(Q)) Q+(q) + V3, H(Qr(q),0P-(¢))0V ¢ Pr(q))0V ¢ Pr(q)
+ V2, H(Q-(q), 0137(61))9V2 (.

q \dT

"We make a convention here and in the rest of the paper that in the application of the classical chain rule, and
only if are concerned solely about estimates, juxtaposition is enough, i.e., we will not pay attention to the order of the
factors or whether they are properly transposed.
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for the first component of m, and, for the second component,

V2,00 (2) 1, a)
< 2 1(319(@0(0), Q¥ @0(0)) Vo @0(a) + T2,9(Gola)s Qo) Vi, Gola)

b5 [ 1t Po(0) Va@r(@) + ViggH (Qr(a). 0P (0))0V, P (0)) V., @r(0)
+ Vi H(Qr(a),0P-(a)) V3,Q-(a)
+ (V2 H(Q-(q),0P;(9)VQr(q) + Vi, H(Qr(q), 0P;())0V o Pr(q))0V o Pr(q)
+ V2, H(Qr(0), 0P ())0V2, Pr(g)|d7
f ‘ qqq QT#U) qQT(Q))quT<Q) + vgqF(Qr(Q), QT#M)ngQT(q)‘dT.

We deal with Ay, Ay, B, E,T first. Let Ay, Ay, B, E, T be for the moment arbitrary positive
numbers. Suppose that Z € My, that is, Z = (P, Q) satisfies (3.1.4). From the latter inequalities
we see that:

(a) ¢/0+Th(B)/0 < B implies |(m**)*(Z)| < B
(b1) UB) < A implies | (m**)!(Z)| < Ay
(b2) I(B)/6 < Ay implies |0;(m¥*)2(Z)| < Ag;

(c) ¢+ Th(B)(A; +0A43) < Ay implies |V, (m**)!(Z)] < As;
T- _
(d) cB/0+ 5h(B)(A1 +042) < A; implies |V, (m**)?(Z)| < Ag;

(e) c+Th(B)(A; +0A3) <E implies |V,(m*>*)'(2)||._, < E;

Ht=0 =

(f1) Th(B)(A1 + 0A3) (A1 + 042 +1) < Ay implies |VZ (m**)1(Z)| < Ay;
(f2) Th(B)(A1 + 0A3)(A1 +0Ay +1) < E implies |V (m**)'(2)||,_, < E;

1 T- T-
(g) 5cE(E +1)+ 5h(B)(A1 +0Az)(A1 + 042+ 1) + gh(B)Al(Al +1) < A

implies |V2( SM(Z)| < As.

We need to set Ay, As, B, E,T so that the above inequalities hold simultaneously. First choose
B > ¢/6. The number B now depends only on the coefficients and 6 (through c¢), and thus I(B), h(B)
depend only on the coefficients and @, through B. Let T be small enough that ¢/8 + (T/6)I(B) < B
(i.e. T < (0B — ¢)/I(B)). This gives (a). Choose E to be any number such that E > ¢, and pick
A1, As such that

Ay > max{l(B), E, c}, (3.1.8)
Ay > max{(eB), %CE(E +1)}. (3.1.9)
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This gives (bl), (b2). Making T" possibly smaller by letting

T<R: mln{a_B_c,_ E—c ,
I(B)  h(B)(A; + 64,
AQ—CE(E+1)/9 FE }
(1/9)B(B)[(A1 + HAQ)(AI + 60Ay + 1) + Al(Al + 1)]’ iL(B)(Al + 0142)(141 + 0Ay + 1) ’

(3.1.10)

we make sure that: (e) holds, and, consequently, (c¢) holds because A; > FE; (g) holds and therefore
(d) as well; and (f2) holds, hence, (f1) is true. Finally, let us answer the existence of the constants
E1, Ey. We compute 0% (m**)}(Z)(t,q) to be

op (@) Z)(t, q) = Vi, H(Q1(q), 0Pi(q))0:Q:(q) + 0V, H(Q1(q), 0P.(q))0: Pi(q)

and, thanks to the conditions in Section by arguing as in Proposition to address the
time derivative of V,F(Q+(q), (Qt)xp), we get for 2 (m**)%(Z)(t, q):

i

5 VaH(Qi(a), 0Pi(0))0:Qu(q) + V3, H (Qu(0), 0P.(a))01Pi(9)
1

~ 5P (@) Qrp)dQul) = | Vi F(Qua). Quipr) Qu@)2 Qi)

O (m™)*(Z)(t,q) =

Therefore, it is enough to choose F1, E5 large enough such that
h(B)A; + 0h(B)Ay < E1/V?2,
1- - 1 1
GMB) AL+ h(B)As + SeAr + éuvﬁunwAl < Ey/V/2.

O]

Proposition 3.1.5. (Contraction property) Let @ > 2. Then there exist positive numbers Ay, As,
B, E, Ey, T such that for any s € [0,T], p e 2(T?), the operator m>* maps Mo(A, B, E,Ey,T)
into itself and is a contraction.

Proof. We run the previous lemma to obtain the numbers A;, Ao, B, E, E1, and T, and decrease

T, if necessary, so that
_ 2k

T <mindl o s 19/9) il

where R is the number defined in (3.1.10). Let Z = (Q,P),Z' = (Q', P') € My. Let s € [0,T],
pe P(T9) be arbitrary. We have, for the first component of m**, that

(@) Z)(tq) — (51 (Z') (¢ )| < |s — 8| max [V, H(Q(0), 0P+(a)) — VyH (@) (a), 0P4(a)) .

(3.1.11)

Since H is C?, we can write

Vo H (Q+(a),0Pr(a)) — VpH (Q7(q), 0P (a))| < M7l Z(m,0) — Z'(7,q)],
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where

Myy = max [V(VyH)[(1 = N)Qr(g) + AQ7(9), (1 = )OPr(q) + MPr(q)]].

For the second component of m we apply (2.1.2)) to get
[(m>)(Z) (¢, q) — ( S22 9)

< 5/1Q0la) — Q@ + Q0 — @hlZag,) + gt max [1V4H(@r(a),6P-(@) — V(@ (a), 0P (a)

+ 4/1@r(0) = Q@) + Qs — @;Hiz(m ]

< VRE(U+ 017 = 2 + 5 max |V H(Q- (), 0P+ () — Y, H(@,(0). 0PL@)),

with
IVH(Q-(q),0P;(q)) — VaH(Q(q), 0P (q))| < M2 | Z(7,q) — Z' (7, q)],
where

M2, = mmax [V(T,H)I(1 = V@ (0) + AQ@), (1 = NP (a) + 6PHq)] |

But, since My is a convex subset of M, it is true that M} , M2 < h(B), (,q) € [0,s] x T It
follows that

(@) 2)(t,q) — (@) (2t @) <|s—th(B)|Z = 2|0, 0<t<s, qeT?
and
(@HP(2)(1,0) — @ (Z)(1,0)| < VEG( 4 D7~ Zos + gth(B)IZ ~ 2]

Consequently, since 0 < t,s < T, we obtain

[mS*(Z) — w**(Z")| e < V2Th(B) +\F\F§ R(1+T) + Th( WZ = Z'| o

0
2 - 1 2 - =
= [§+T(h(3)\/§(1+ )+ ?’i)]uZ—Z’HOO. (3.1.12)
Due to (3.1.11]), the expression inside the square brackets in (3.1.12) is less than 1. O

It follows now that the operator (3.1.143.1.2)) has a unique fixed point in My(A1, A2, B, E, F1,T),
where A1, A, B, E, E1,T are as above.

Definition 3.1.6. Fiz u € 2(T%), s € [0,T]. Define the operator m** : M — M, m =
(m>M)1, (m*>*)2) as follows:

If Z = (Q,P) e M, then m**(Z) = (m*")}(Z), (m*>")%(Z)), where :

(o) (Z)(tq) =g + J Y, H(Q+(q). Pr(q))dr. (3.1.13)

() (2)(t.) = Vag(Qola). Quyn) - j VL H(Qr (@), Po(a)) + Yy F(Qr (@), Qrpp)dr, (31.14)

0<t<T,qeT
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Corollary 3.1.7. (i) For any T >0, s€ [0,T],u€ Z(T%), 6 > 0, the operator m has a unique
fized point in My(A1, As, B, E, E1, E5, T) if, and only if, m has a unique fixed point in
Mo(A1,0A2,0B,E, E1,0E5,T).

(ii) With 0 > 2k, fix s € [0,T], u€ P(T9). Let Ay, Ay, B, E, E1, Eo, T be as obtained in Lemma
3.1.4. Then m®* maps My(A1,0A2,0B, FE,E1,0E>,T) into itself and the system has
a unique solution in Mo(A1,0A2,0B,E, E1,0E,,T).

Proof. (i) Suppose m®# has a unique fixed point f)[sl p] = (s, ], 2[5, u]) that satisfies the
bounds of Definition with Q = ! and P = £2. Define
S2[s,p] =S s, 1], B2[s,p] == 0[5, pl. (3.1.15)

Then it is straighforward to check that X[s, u] = (X![s, p], £2[s, u]) is the unique fixed point
of the operator m®* such that the inequalities of Definition are true for £, 2 with the
new constants A4y, 0B, F, in place of Ay and B, E, respectively, that is, such that Q = !,
P = ¥? satisfy

(10:Qlper < A1, [VeQlleoryxmemaxtay < A1, [V, Qllo(orxrameaxtay < At

[0eP | pmz < 0A2, [VePloqor)xrarixrey < 042, vaqPHC([O,T]de;R“de) < 0As;

11 Plme < 0B;

IV4Qolloraraxray, | VigQolloramzaxrey < E,

[07.QIm < En, [07P|m < 0Es.

(3.1.16)
The sufficiency part of the statement is equally easily verified.

(i) We take Z = (Q, P) € Mo(A1,0A5,0B,E, E,0F>,T), and evaluate m** at Z = (Q, P) where
Q=Qand P=P/0, Z e My(A1, Ay, B,E, Ey, E>,T). Then, by Lemma
m*H(Z) € Mo(Ay, Az, B, E, Ey, B>, T). But (m**)}(Z) = (m**)}(Z) and (m*#)?(Z) = 3(m*")1(Z),
thus, m**(Z) € Mo(A1,0A2,0B, E, E\,0E,,T). Furthermore, Proposition [3.1.5] provides a
unique fixed point X[s, u] of m in Mq(A1, Az, B, E, Ey, B>, T). Defining X[s, 1] as in (3.1.15),
then, by (i), X[s, u] is the unique fixed point of the operator m** on My(A1,0A2,0B,E, E1,0F>,T),
so it is the unique solution to in My(A1,0A49,0B,FE,E1,0E>,T).

O

We stress that, as long as T is as in (3.1.11]), we have a solution X[s, u] to (3.1.3) for any
pe P(T?), and 0 < s < T, and moreover, its Q and P components ¥![s, u] and %2[s, u] satisfy the

bounds of Definition with 0 Ao, and 0B, OF, in place of A, B, 0 F5 respectively, independently
of p, with solutions being continuous and differentiable in ¢ and q.

These solutions will always be denoted by X[s, ] = (B'[s, u], L2[s, u]).

Remark 3.1.8. The preceding proofs make it clear that 1" can be assumed to be smaller if necessary
at each following step, without affecting the validity of the previous statements. We choose to refer
back to this remark in later stages instead of imposing tighter bounds on 7' than above
that would make their purpose unclear at first reading. We may sometimes just say “7T" is small”,
having this remark in mind. }/
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3.2 First regularity properties of the solution

Lemma 3.2.1. For any fired Z = (Q,P) e M, t € [0,T], g€ R?, and ue 2(T9), the function
s — m>*(Z)(t, q)

is continuous. Likewise, for any fized Z € M, t € [0,T], g€ R%, and s € [0,T], the function
= mH(Z)(t, q)

18 continuous.

Proof. Continuity of s — m®*(Z)(t, q) for fixed t, ¢, p is immediate from Definition (formulas

(3.1.13]) and (3.1.14))). Looking at the same definition for the continuity with respect to p, note
that for each 7, 0 < 7 < T, the function ¢ — Q,(¢) is Lipschitz. This implies (see, e.g., [GS15,

Remark 3.3]) that the function y +— Qr,p is Lipschitz from P(T%) into itself, with the same
constant. Furthermore, since the mapping (7, q) — Q(7, q) is Lipschitz, the Lipschitz constants of
the functions ¢ — @Q-(q) are bounded with respect to 7, 0 < 7 < T These facts, combined with the
Lipschitz continuity of V,F' and V,g, show that

pn — pin 2(T) = w**(Z)(t,q) - m**(Z)(t,q)
for all Z e Mo, t,s e [0,T], ¢ € R% O

We will need the continuity and differentiability of the fixed point X[s, ;1] with respect to s, and
its continuity with respect to p. This is addressed in Lemmas and below. Before that, let
us name the coefficient bounds that will appear in the calculations.

Definition 3.2.2. (Coefficient bounds II) For B > 0, let

(B) = max 3 IVH(p) + [VeF(gpl
q€R?,|p|< B,
pe2(T?)
h(B) := o V2|V2H (q,p)| + V2IVPH (q,p)| + [V, F(q, 1)| + Vi F g, )]
q ;1P D,
pe 2 (1)

Unlike the coefficient bounds I(B) and h(B), here [(B) and h(B) are independent of the number
6. However, if, say, (Q, P) € Mo(A1,0A2,0B,E,E,,0E5,T), then |V,H(Q(t,q), P(t,q))| <1(0B).

Definition 3.2.3. For any D = (D1, Ds), D1, Dy > 0, define:
(i)
MG p(A1,0A2,0B, E, E1,0E,,T) « WH%%([0,T] x [0,T] x T% T x RY)
as the subset of those Z(-;-,-) such that, for each s € [0,T],
Z(Sa ) ) € MO(Ab 9142’ 0B7 Ea E17 9E2> T)7

and
10sQ (85, loo < D1, [0sP(85+5 )| < Do (3.2.1)
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wherever 0,Q), 0sP are defined;
(i)
Q5 p, (A1,042,0B, E, By, 0B, T) « WH3%([0,T] x [0,T] x T T7)
as the subset of those Q(+;-,-) such that, for each s € [0,T],

(Q(S, B ')7 O) € Ms(Ah 91427937 Ea Ela 9E27T)’

and
10:Q(s8;+, ) oo < D1

wherever 0,Q is defined.

By an argument similar to that of Proposition the sets M§ and Qf just defined are closed
subsets for the uniform convergence of C([0,T] x [0, T] x T¢; T4 x R?) and C([0, T] x [0, T] x T%; T¢)
respectively.

Lemma 3.2.4. For fized € 2(T%), using the same notation of Definition and 0 > 2kK:

(i) There exists a pair of positive constants D = (D1, D3) such that, if
Z e M§ p(A1,042,0B,E, E1,0E,,T), then the function

(S,t, q) e ms,,u(z(S; K] ))(t>Q)
belongs to M§ ,(A1,0A2,0B, E, Ey,0E>,T) for any ju € P(T9).

(i1) The mapping
s — X[s, u](t, q)

is differentiable in s a.e. on the interval 0 < s < T, for every u € P(T?), t € [0,T], and
g€ T?, and it satisfies

1052 5, 15 Ml oqoryxmasrey < D1y 05325, 1] ) eo,ryxramay < D2

for a.e. s [0,T], ue P2(TY).

Proof. Given a function Z € Mg (A1,042,0B, E, E1,0E,,T), define m*(Z) € C([0,T] x [0,T] x
T4 T x R%) to be the first function displayed in the statement.

(i) Let us show that m*(Z) € M&D(Al, 0A9,0B,E, F1,0FE5,T) for an appropriate D. Indeed,
that m#(Z) is continuous is evident. For a.e. s € (0,7,

t
05sQ'(s;t,q) = =V, H(Q(5;5,9), P(s;5,9)) +f [V, H(Q(s;7,q), P(s;7,9))0sQ(s: 7, q)
+ V2, H(Q(s;7,q), P(s;7,9))0sP(s; 7, 9)]dr,

SO
[05Q" (55, ) oo < 1(6B) + Th(0B)(D1 + Ds).
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Put Q(s;7,-)gp =: 0%, 0 <7 <T. Then, for a.e. s€ (0,T),
0sP'(s5t,q) = (05)(9(Q(s;0,4), 05))
- [ W H @ . Pl e
+ Vo, H(Q(s;7,q), P(s;7,9))0sP(s;7,9) + (05)(9(Q(s57,9), 03)) | dr.
By the joint Lipschitz constants of g and F' being bounded by &, we obtain
0,P (5, )| < 26Dy + T(26Dy + h(9B)(Dy + D2)).
Thus, if D; > [(0B), and Dy > 2kD;, we refer to Remark and assume that

Dy — 1(0B) Dy — 2Dy }
0B) (D, + Ds)’ 26D; + h(0B)(D; + Dy)

T<min{h(

to obtain [05Q’'(s; -, )|eo < D1 and [|0sP’(s;+,)|leo < Da.

The fact that m*(Z)(s;-, ) € Mo(A1,0A2,0B, E, E1,0F,,T) follows from Corollary

(ii) Let Z° € Mo p(A1,0A42,0B, E,E1,0E2,T) be arbitrary, with D from part (i). Define
inductively Z¥ = m#(Z*"1), k = 1,... Then {Z*}¥_, is a sequence in MG p(-++), and for each
s€[0,T], Z¥(s;-,-) = m**(ZF~1(s;-,-)), so for each fixed s € [0,T],

Zk(sa K ) - E[Sv N](? ) uniformly in MO(Ab 9142’ GB, Ea E17 9E27T)7

by the fixed point theorem. We thus have pointwise convergence of Z*(-;-,-) to Z[-, 1] (-, -). We call
on the equicontinuity, uniform boundedness of the sequence and the periodicity of the functions
(i.e., they are defined on [0, 7] x [0,T] x T¢) to conclude that this convergence is actually uniform.
The closedness of the subspace M(’i p(--+) with respect to uniform convergence now ensures that
X[, p] (-, ) belongs to this subspace, so it is differentiable with respect to s for a.e. s € [0,T] and

satisfies (3.2.1)). O

In the following, the constants D7, Dy will always be as in Lemma, The next remark will
not be used before Section [6.1l

Remark 3.2.5. If Z = (Q, P) and Z = (Q, P) are related as in the proof of Corollary 3.1.7((ii),

that is, @ = Q, P = 0P, then Z € M{ ,(A1,042,0B,E, E1,0E,,T) if, and ounly if, Z €
MSD(Al,AQ,B,E,El,EQ,T), where
D = (Dl,Dz), Dl = Dl, DQ = D2/9 //
Definition 3.2.6. (Master map) The mapping
M :[0,T] x [0,T] x T¢ x 2(T¢) — [0,T] x [0,T] x T¢ x 2(T%)

given by
M(t,s,q,1) = (t, 5,2 [s, 1] (t,q), 1)

will be called the master map.

33



Lemma 3.2.7. Let 0 > 2x. The master map MM is continuous, and for any fived p € P(T9),
M(-, -, -, 1) is a C1 diffeomorphism.

Proof. Let {ux}, be a sequence in Z(T?) converging to u € P(T¢). Consider the sequence
{3, k] (-, )} and an arbitrary subsequence {3![-, fk; 15 ) 521 Being in QF 5 (A1,0A42,0B, E, E1,0E,,T),
the latter is equicontinuous and uniformly bounded, so there is a sub-subsequence, which we still
index with j, converging to S for some S € Qf 5(--+) as j — c0. For each s € [0,7], on one hand,
Ss, @b (-, ) e S(s;+,+). On the other, since, by Corollary |3.1.7|and Lemma |3.2.1 the mapping

(5,2, ) — m*>*(Z) is a continuous mapping of [0,7] x Mo(A1,045,0B,E, E1,0F>,T) x 2(T%)
into Mo(A1,0A92,0B, E, E1,0E5,T) (because the Lipschitz constant of m*# is independent of s and
i), we have

S s 1)) = () (2, 1B ) — () (S (53 ).

J—®0

Therefore, for each s € [0,7], S(s;-,-) = (m!)*#(S(s;-,-)), that is, S(s;-,-) is a fixed point of
(m1)®#, so, by uniqueness, S(s;-,-) = Z[s, u](-, ) Thus, every subsequence of {3'[-, ] (-, )}¥ has
a subsequence that converges to 21[ () € Q 0, o p(A1,0A49,0B,E, E1,0E5,T). Hence,

El['nuk]("') - El['a:u]('v') uniformly,

and this implies that 991 is continuous.
The second assertion of the lemma will be an immediate consequence of Lemma [3.2.8] O

Lemma 3.2.8. Let 0 > 2k, 0 < s < T, u € P(T%). The mapping q — X[s,u](t,q) is a C!
diffeomorphism, for 0 <t < T, with

% < det VS st )y (VoS s u](t @)Y < 41 + Vd)™ Y, (3.2.2)

provided T is sufficiently small.

Proof. We know the mapping is already C' because W% mappings are continuously differentiable.
To prove invertibility, put O(t, q) := £(t,q) — ¢. Computing V,0(t, q), we have

IV,O(t, q)| < |s — t|(Ay + 0A)h(6B) (3.2.3)

because ¥ € My(A1,0A2,0B, E, E1,0E>,T). By Remark this means the function g — O(t, q)
has Lipschitz constant strictly less than 1. Therefore, the function ¢ — g + O(t,q) = X1(t,q) is
injective, for 0 <t < T.

To prove that ¢ — ¥'(t,q) is onto, note that sup,ga |¥*(t,q) — q| < TI(0B) < 2T1(0B), for
0 <t <T.Let y be a point in the ball of radius R — 2T1(#B) in R centered at the origin, where
R > 1> 2T1(6B). Then for all ¢ on the boundary of Br(0) —the ball of radius R in R? centered at
the origin— we have: ¥!(t,q) # y, for 0 <t < T. Therefore

f(t) := deg(Z4, Br(0),y), 0<t<T,
the topological degree of ¥} is well defined at y € B r—211(6B)(0). This counts the number of “signed”

solutions (see, e.g., [FG95]) x in Br(0) of the equation X} (x) = y. Since f is a continuous function
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taking on integer values only, we conclude that f(t) = f(s) = 1. This means that the range of X}
includes Br_ory(g B)(O). Since R > 1 is arbitrary, we conclude that the range of ¥} is R%.

We will denote the inverse of ! by X, so
X[s,ul(t,q) = [2']s, 1] (6)] " (a),

for0 < s <T,0<t<T qgeT! ue P(T9. Next, note that for 0 < t < T, ¢ € T
IV 2 (q) — L] < T(A1 + 0A2)h(0B) < 1, since T is small, where I, is the d x d matrix with 1’s
in the diagonal and 0’s everywhere else. This implies that V,%}(q) is an invertible matrix, for
0<t<T,qeT? By the inverse function theorem, X; is differentiable. Moreover, since

VoXi(a) = [VoZi (Xe(@)] 7, (3.2.4)

and g — Vthl(q) is continuous, continuity of matrix inversion gives that the mapping g — VX¢(q)
is continuous; this means that X is C! in q.
To show , we may use the fact tha the determinant function det : R%” — R has derivative
V det satisfying
|V det()] < 2/¢[*!, £eR”

and the inverse matrix formula

& (Vdet &),

" deté

where the superscript ¢ denotes transposition. By the mean-value theorem, there is 7 € [0, 1] such
that det(ly + £V40) —det Iy = Vdet(lg + 745V,0) - £V,0, where VO abbreviates VO(t, q) at an
arbitrary (t,q) € [0,T] x T<. Hence, by the aforementioned fact,

S S S S S _
|det(ly + 7 V40) — det L] < [Vdet(la+75V40)[[Vy0| < Z2/Ia + vaq@w Hv,0|
<2(Vd + |V,0))? Y V,0| < 2(1 + Vd)I I T (A, + Ay)h(B)
1

A
|

)

by (3.2.3)) and because T' is small enough that

1

D U V)1 (4, + 0A9)h(08)

Since Iy + V,0(t,q) = V,Z(t,q) and det I; = 1, we obtain the first inequality in (3.2.2). Using
the inverse matrix formula and the inequality |V det(€)] < 2/|¢|4"! once more, we have

VX (t,q)| = [(Ia + V¢©) | = |(det(Ig + V40)) [V det(Iq + V,0)]']
(1++Vd)? !

1I;+ V07! <

2 2
< - - - =
det(Iqg + V,0) det(Iqg + V,0)

<401 +Va) !,

2See, for instance, IGSIS, Remark 3.11].
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and since this holds for any ¢ € [0,T] and q € T¢, we have obtained the second inequality in (3.2.2).
Bound on V,X. Due to the formula V,X:(q) = (V,2})™! o X;(q), i.e., formula (3.2.4), the

second inequality in (3.2.2)) implies
IV X [s, 11t ) | oqragraxray < 4(1 + V). (3.2.5)
]

Definition 3.2.9. Let § > 2k. Given e 2(T?), s € [0,T], and ¥ the unique fized point of mH
mn ./\/l()(Al, 9142, QB, E, El, HEQ, T), set

ot = U(t) = Zl[&ﬂ](@ ')#Ma v[s,,u](t, Q) = alfztl [8, :u] © Xt[SaM] (Q)7 (3'2'6)
foro<t<T.

It should be kept in mind that the path o; depends on s and p. Also, the arguments s, u may
often be omitted in the notation for v, as has been done for X.

Proposition 3.2.10. The path o belongs to AC?(0,T; 2(T%)) and v is a velocity associated to o,
that is, 0o + div(ov) = 0 in the distribution sense, with v, = v(t,-) € L*(T% 04), 0 <t < T.

Proof. Using (2.1.2)),

W (01,00n) < 24— Shp e = fRd 1£Ha) — =4 (@) u(dg)

2

- J.l
< 1(6B)*h? < (J
t

Thus o € AC?(0,T; 2(T%)). Next, if ¢ € C®(T9), then

t+h
VPH(El (Ta Q)a 22(77 Q))dT

< fﬂl Vo H(E (7, q), 5%(7, q)) |dT) : 1(dq)

p(dg) < fRd
2

l(&B)dr) .

t+h

L Ve@ - ul@enlde) = | Vel [0:3f o Xy(@)](2])wp(dg) = fRd Vo (Si(q)) - 65 (q)pu(da)
= % y ©(S1(q))u(dg) = jtfRd v(q)o:(dg),

which shows that v is a velocity vector field for o. Clearly, v; € L?(T%, o) for every 0 < t < T because
v is smooth on R? and periodic. Finally, the boundedness of v; ensures that Sg Spa [ve(q)]oe(dg)dt <
0. O

Note that the definition of the field v; means that the mappings ¢ — X!(¢, q) are the flow lines
of Vt.

Remark 3.2.11. In the same way one proves that, for any p > 1, 0 € AC%(0,s; 2,(T9)), with
vee LP(TY 0y), 0 <t <T. )
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Proposition 3.2.12. Let p, — p in 2(T¢). Then
U['v ,LLn](', ) - v['v H]('? ) in C([O’ T] x [Ov T] X Td; Rd)'

Proof. Due to the uniform bound on V,X (3.2.5)), the sequence {v[-, u,](+,-)}y—; is equicontinuous
and uniformly bounded, so an argument entirely analogous to the proof of Lemma [3.2.7] yields the
conclusion. O
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Chapter 4

THE HAMILTON-JACOBI EQUATION ON #(TY)

As was announced in the Preliminaries, for this chapter only we will, in addition to the conditions
laid out in Section [2:2:1], uphold the conditions of Section [2.2:3]

We displayed equation in the Introduction, saying that it played a crucial role in the work
|GS15|. Let us remember that the case there was H(g,p) = 3|p|2. The authors showed that (o,v) is
the unique minimizer for the function %(s, u). Since L(g,v) = 3|v|?, the Lagrangian is increasing
with respect to the modulus of v. It is then shown that this implies that v is the velocity field of
minimal norm for o. As such, v; € J,,Z(T¢) and it further follows that v; is the gradient of a
function, with the consequence that Vv, is a symmetric matrix. Defining u as in , they prove
the pathwise total derivative formula , using the fact that Vu; is symmetric. The solution to
the MFG system then follows, by defining U(t,q) := u(t,q, o).

In the course of this project, we started with a convex Hamiltonian in the p variable, satisfying
(2.2.1) and (2.2.2), and we tried to follow [GS15] as closely as possible. We obtained the fact that
(0,v) is a minimizer for U (Theorem , and also that the Wasserstein gradient of ¢/ coincides
with V,U (Lemma. However, this is as far as one could go, because for a general Hamiltonian,
it will not be true that v;(q) is a gradient; moreover, it is not v;(¢q) what we now need to be a
gradient, but V;(q), which does not appear in the minimization problem. This forced us to work
directly with the MFG system and extract the desired property of V(¢,q), as we will see in the next
chapter.

Define

L(g,v) =supp-v—H(q,p), qeT%peR™
peRd

Proposition 4.0.1. The following bounds follow:

e There exists a constant co > 0 such that

IVoH(q,p)| <co(lp/ ' +1), qeTpeR™ (4.0.1)

o There exist positive constants cs, cq4, c5 such that
eslv|” = cq < Lg,v) < es(|v|” + 1), (4.0.2)

where

38



Proof. We use standard results found in the literature.

e Fix g e T% pe RY and j € {1,...,d}. Defining f(t) = H(g,p + te;), where e; is the j-th
canonical basis vector of R%, we use [Dac08, p. 51], which says there is a constant ¢’ = 0 such
that

|H(q,p + tej) — H(q,p)| < (1+ [p|" ™" + |p+ te;[ D],

from which
Op;H(g,p)| <2d(1+1p|"™"),  qeTpeR
Then (4.0.1)) follows.

e From the lower bound on H, we have

L(g,v) =supp-v—H(q,p) < supp-v+eci —c;'|pl".
peR4 peR4

It is readily verified that the mapping p —p-v+c1 — ¢y Lp|” attains its maximum value at
p = ([v]* "eor=HY =Ny, Then

T —1yp2=r I\

L(g,v) < (Jo|* "cor™")=Tv-v4c1 — ¢y (|v]* "eor )T |v|" =
% 1 __r_ _r_
=ci 4y (r T — ) u]rT

1 1 T
Setting ¢5 := max{ci, ¢~ (r” =1 —r 71)}, we have obtained the second inequality in (4.0.2)).
For the first one, note that, for any fixed v € R% and every p € R%, —L(g,v) < inf,cga H(q,p) —
D - v, SO

—L(gq,v) < inf c(|p|"+1) —p-v.
peRd

The mapping p — co(|p|” + 1) — p - v attains its minimum value at p = ([o>~"r ey )Y Do,

SO
1 1
_L(q’v) < Co(|(|v|277ﬂ7‘71661)m + 1) o (|U|27rrflcal)mv v
1 . N .
=co+cy  t(rT T — )|,
1 . )
from which the first inequality in (4.0.2)) follows, with ¢4 = cpand ¢3 = ¢y "' (—r 71T 47~ 71).
O

4.1 Minimization problem for an action on AC?(0, s; 2(T?))

Since L(g,-) is the Legendre transform of H(q,-), ¢ € T%, we know'| that L € C3(T? x R?) and that
there exists v* : [0,00) — R such that: lim;_,o v*(¢)/t = c0 and

L(g,b) = ~v*(|o])

!The essentials of the proof of this fact are in [Dac08, p. 138].
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for all g € T¢, b e R?, because L satisfies (4.0.2). Define

£lw) = | Lo w(a)ildn) - F(g)

for i e 2(T?) and w : T — R Borel such that L(-,w(-)) € L'(x). Given p € 2(T?), recall the
definition ([3.2.6)).

Remark 4.1.1. Proposition (3.2.10) showed that o € AC?(0, s; 2(T%)) for every s € (0,T). Since
P2(T?) and Z,.(T?) are metrically equivalent, we also have that o belongs to AC2(0, s; 2,.(T%))
and with velocity v. //

For any 0 < s < T, define the augmented action
S

A(s;a,0) = JOS L(o,v)dt + G(ag) = J

0

(f La, vy())a (dr) - f(&t))dt + G(50),
T
where v is a velocity field for . We are interested in the problem

inf {A(s;5,0) | o€ AC?(0,5; Pu(TY), 65 = pu}, (4.1.1)

(5,0)

in which o is a velocity field for . Here ' = r/(r — 1), as defined in Proposition Note that,
even though the distances #;, r > 1, are all equivalent on #(T?), we expect the measurement
of velocities to depend on the particular r, because the degree of integrability of v, is exactly the
same as the power chosen for the distance on Z2(T9) (', in the statement of the theorem). We are

going to prove in Theorem below that (o, v¢) given as in (3.2.6)) (see also Remark [3.2.11)), is a
minimizer of (4.1.1)).

4.1.1 The n particles case
We first solve problem (4.1.1)) in the subset of AC?(0, s; 2,.(T%)) consisting of paths of Dirac masses.

Lemma 4.1.2. Let x1,. ..z, € T%. Assume

1 &

Then the path oy = (3f)xu, which belongs to the set of Cy, consisting of @ € AC%(0,s; 2,.(T%)) of

the form
_ 1 &
7= 2 00
j=1

y;(-) € AC?(0, 5;T9), j = 1,...,n, with its corresponding velocity vi[s, 1], solves in C,, that
18,

A(s;o,v) = (ipf) {A(s;5,0) | 5 €C, = AC*(0, s; Pu(TY), 75 = u}. (4.1.2)
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Proof. The fact that o € C, is straightforward. When & € C,, that is, if ¢ = = Z] 1 5y (1), With

y;(-) € AC%(0,8;T?), j =1,...,n then for a.e. t € [0, s] the velocity field is unique and equal to
. n
vi(q) = 5e(q) == D i (Oxy,0 (), g€ T
j=1

where y : T¢ — {0, 1} is the characteristic function. Thus, in the case 7 € C,,, the action takes the
particular form

A(s;5,0) = J :LE (y;(t),y;(t :LZ )]dt +G(

Step 1. Existence of a minimizer for

3\H

2o

1 n
inf { A(s;G ~ e AC?(0, s; (T? =z},
inf { A(s;0,0 n; (0,8 (T9"), y(s) == }
where = (x1,...,2,) € (T9" is given, is obtained by standard methods of the calculus of
variations. However, as we will see below in Step 3, we do not need to assume existence of a
minimizer, because we will find one explicitly. Let o(t) = %Z?:l dy.(t), 0 <t < s be such a

minimizer. Let h(-) € AC?(0,s; (T%)") such that h(0) = h(s) = 0. Then, using the chain rule to
compute the first variation of A at y(-),

= [ X alw@1.550) — S VL 05:0) — & 32 9P 0. 90) -y -
and since h(-) = (hi(-),..., hy(-)) is arbitrary (with h(0) = h(s) = 0), we have

Vo L(y;(t), 45 (1)) = Vo F(y;(t) = %VUL(yj(t)vy'j(t))ﬁ(t)), O<t<s, j=1...n

If we require of h(-) € AC?(0, s; (T%)") to merely satisfy h(s) = 0, using the previous equality in the
integration by parts, the fact that the y;(0) can be any vectors gives us

VuL(y;(0),45(0)) = Vag(y;(0),5(0)), j=1,...n.

Thus, the minimizer 7 (t) = %Z" dy. () satisfies the Euler-Lagrange equations

j=1"Y;
Vo L(y;(t),;(t) = ;VL( (), 45 (1) + VgF(y;(t),a(t),  0<t<s, j=1,...,n;
Vi L(y;(0), 4 (0)) qg(yg(o), 0), Ji=1...,n;
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Step 2. The variables p and v that appear in H(y,p) and L(y,v) are related by

p= VUL(y,v(p)), v= va(y,p(v)).

If t — (y(t),v(t)) € (TH)" x (R?)™ is a trajectory in y-v space that satisfies v(t) = g(t), then (4.1.3)
is satisfied if and only if

i = VpH(y;(t),pi(8) » G =1,....m;
pj = = VeH(y;j(t),p;(t)) = VoF(y;(1),a(t)) , j=1,....m; (4.1.4)
yi(s) =z, j=1,...,m
pi(0) =V4g(y;(0),5(0)) , j=1....n
is satisfied. Define the path z(-) by
zj(t) =St 2y), j=1,...,n, (4.1.5)

and set
pj(t) =22t x;), j=1,...,n.
Then, since X is a solution to , we have that z1(),...,2,(:),p1(), ..., pn(:) is a solution of
" with y() = 1:() and 5-(75) = (E%)#/L’ O<t<s, p= Z?:l 6xj-
‘onclusion of Steps 1 & 2: x(-), defined by , satisfies the Euler-Lagrange equations,
; that is, z(-) provides a critical point for the action A restricted to C,.

Step 3. Now we are going to show that the critical point provided by z(:), that is, o(:) =
%Z?zl 0z,(), is actually the minimizer of A over C,. We will work it out with n =1 first, and then
generalize to n € Z*.

Case n = 1. In this case, if 7(t) = d,(), 0 <t < s, then

A(s:5.5) = fo " L(y().9(0))dt + G(5,0)).

Let h(-) € AC%(0,s;T9) with h(s) = 0, so that t Ou(t)+rh(t) 18 an admissible path, for any 7 € R.
Set
g(7) = A(8; 0y (y4rn(), () + Th(:)), TER.
We have
dg()
dr

= fo [VoL(x(t) + Th(t),@(t) + Th(t)) - h(t) + Vo L(z(t) + Th(t), (t) + Th(t)) - h(t)] dt
+ VU(y(0) + 7h(0)) - h(0),

and this equals zero atT = 0 because x(-) satisfies the Euler-Lagrange equations. The second
derivative at 7 = 0 is

2
B(h()) = LI

f: [VagL(@(t),&(1)) - k(1)) - h(t) + 2(V3 L(x(t), &(t)) - h(t)) - h(t)

+ (Vo,L(x(t), &(1)) - A(t)) - h(t)]dt
+ [V2U°(y(0))A(0)] - h(0).
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We will use Poincaré’s inequality: there is an absolute constant C! such that for any u e

Wy?(0,1; T4, 1 1
J lu(t)2dt < le o
0 0

Ifve WOI’2(0, b; T%), b > 0, letting ¥(t) = v(bt), so that ¥ € WOI’Q(O, 1; T%), Poincaré’s inequality and
a change of variable yield

b b
J () 2dt < cleJ 1o (1)[2dt. (4.1.6)
0 0
Let
h(t) h(s—t), 0<t<s,
h(t—s), s<t<2s

Then A(0) = h(2s) = 0, so h(-) € W, (0, 2s; T%). By (4.1.6),
2s 2s .
J B2t < (23)201f 1 2.
0 0

2s S s
— s 2 _ 2 _ s — 2
L |h(t — s)["dt L [h(t)["dt L |h(s — )| dt,

fo (bRt < 28201L (1) Pt (4.1.7)

Hence, since

we get

Keeping in mind that
sup{| Vo, H(g,p) | g€ T [p| < U(B)} < o,

and i(t) = V,H(x(t),p(t)), with [p(t)] < B, 0 < t < s, the fact that L € C?(T%,R?) gives us that
there is a constant 51 # 0 such that

[ (FaaLtao.ae) - ho) -ne) = 5% [ e (4.1
Since
U(l‘,p) = VpH(.ﬁU,p(l‘, U))v
we have
Vop(z,v) = (Vo ,H(z,p)) (4.1.9)
hence

Ve L(x,v) = -V,V,H

( ’p( )) = —vqu(Sﬂ,p) ) [vng(xvp)]ila
so Vi L(x(t), (1) = =V, H(x(t),p (?
| <

x

) - [VipH (x(t), p(t))]!. The mapping p — V,H(z,p) is

1mphes there is a constant (s # 0, depending only on the
2, for 0 < t < s. Using Cauchy’s inequality,

Contlnuous so the compactness of [0, s
coefficients, such that [V2,L(x(t), & (t))

f 2V2 (L(x(t),#(t)) - h(t)) - h(t) dt = —B3 (e f |h(t)2dt + 1 JS |h(t)|2dt), (4.1.10)
0 0 4e 0
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with arbitrary € > 0. As for g, since h(s) = 0 we get, from the fundamental theorem of calculus and
the Cauchy-Schwarz inequality that

S . s .
o) < [ o < i [ o)
Therefore, since |V2U?|| < &, and (4.1.8)) and (4.1.10)) hold, we get
. 1
B(h()) = =BiIh() 20, = B2 (1RO L20,0) + 1RO [22(0,0)

+ F(VﬁvL(fU(t)@(t)) ~h(1)) - h(t) dt = ks|h(-)72(0,s)-
0

To deal with V2, L, we use the fact that V2 H(x,p) and V3,L(x,v) are inverses of each other
(indeed, from p(z,v) = V,L(x,v), Vyv(x,p) = (V2,L(z,v))"! is obtained; compare with (4.1.9)).
Let
- 2 d _
Co := xﬂgl’zlagng{VppH(x,p) cw-w | we R |Jw| =1}
Setting Dy := 1/Cp, we obtainﬂ
V2, L(z(t),4(t)) - w-w = Dolw|?, weRY 0<t<s,

The constant Dy depends only on the coefficients. Employing now (4.1.7)) and the latter inequality
in the estimate of B(h) we obtain

B(h) > [(—57 - Z)(2S>2cl — B3¢ — ks + Do)l Al Fa (0

The number € can be chosen so that Dy — 3¢ > 0. But then, since s < T is small, the full coefficient
of |h]|z2(,s) in the inequality is positive, say, (2. Thus, we have

B3
5

1 1 ;
g(7) = A(byirn) = A(0,) + §B(h)7-2 > A(d,) + §T2ﬁ2|\hH%2(o,s)'

Case of general n € Z*. This is the case of n particles, which means, o(t) = 1 Z?:l Oy, (1) and

T n
v(t) =21 Y (t)Xy, (1), and the expression for the Lagrangian is

L(o(t),v(t)) = ZL(yj(t),y'j(t))Jr% 2 os(t) —uk(2)).
j=1 k=

S|~

The corresponding action A on AC2(0, s; T4*™) is

2Because
1= |w]* = w" Vi, L(z,0)Vy, H(z,p)w = (v Vi, L(z,v)w)(w’ V;, H(z, pw)

where w” denotes the transpose of the unit vector w.
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Now we let z(t) = (z1(t),...,zn(t)), 0 < t < s be again as in 1) thus, 1 i1 0 I8 a

critical point of A restricted to C,, subject to o(s) = 2?21 0g; (i, 2(s) =2 = (v1,...,2,)). Let
h e AC%(0,s; T¥") with h(s) = 0. Set

1 <
gn(7) 1= A(s; - D a0y (0 D, Ti(IXay), TER
j=1 Jj=1
Define
d29n(0)
B,(h) :=
(R) dr2
Sl ¢ 2 1 ¢
- JO [ Y V2 Llwgoig) - hy) -y + = D (V2 Ly, 5) - hy) - EZ (V2L(xj, ;) - hy) - by
j=1 =1 i=1
1 n
oz 2o (V20(mj —ax) - (hy = ) - (hy — hue)
k=1
1 n
+52(V2U°(%’(0)) h;(0)) - h;(0)
j=1
1 n
+ 55 Y, (V2UN((0) — 2 (0)) - (7j(0) — hy,(0)) - (hj(0) — hy(0)).
2n i
Using the single-particle estimate obtained above for each j = 1,...,n we get
1 <& .
Bu) 2 1 3 Blislis ~ 32 LS iy — hlao
n ( 2n ) (
j=1 Js
1 & . .
- Z ksl 720.0) — o2 Z kslhy — bl 7200
j=1 7,k=1
1 & . 201 s%k : :
> B2 720.6) o Z 17 — Bkl 72 (0.5)
j=1 Jik=1
KS KS & -
- Z 1725 £2(0,6) — on? 2 17— hill2(0.0)
j=1 k,j=1
L o 12 401’k ks 2nks\ & 9
>~ Z Bl 72 0,6) — (ng L Z 1hillZ2 0,s)
Jj=1 j=1
1 ST
= —[B* = ks(4C" s +3)] X |7 20,0,
n a

where we have used Y}, ; |hj — hul® = 3210y — hill? < X5 2010507 + [hel?) = 203, [hy)1%.
Since s is small, we have that 32 — ks(4C's + 3) is a positive number, still denoted by [3%. Since
(d/dT)g,(0) = 0 because * w 2j—102,(.) is a critical point, we have proved that

1 - 1 1 & -
Z Oy ()4 g Z 572525 Z ||th%2(0,3)-
7=1 j=1
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Putting y(-) := z(-) + h(-) and denoting by ¢¥, o® the respective paths in #(T%) defined by the
paths y(-) and z(-) in AC?(0, s; (T%)"), employing (4.1.7)) once more, we get, with 7 = 1,

. v -z B
A(s;0¥,6Y) — A(s;0%,6%) = Ans2C1 Z ly; () ‘(‘)”%2(0,8)’

holding for every y € AC?(0,s;(T9)"). This concludes the proof of (4.1.2), because the latter
inequality implies

Y YN . r T y 2/ x Yy
A(s;0?,6Y) — A(s;0%,6%) = 1201 .[0 W (o (t), 0¥ (t))dt. (4.1.11)

O]

4.1.2 The general case

Now we wish to start with an arbitrary Borel probability measure x on T?, and we are going to define
o e AC?(0,s; 2,(T%)) and its corresponding velocity field v as in . Using an approximation
argument, we are going to show that (o,v) solves . To do this, we will need the following,
general lemma.

Lemma 4.1.3. Let p € P(T%) and let o € ACQ(O s; 2,/(T%)) be a path of velocity w such that

= w. Then there exists a sequence {Um}m 1, 0Mme A6’2 0,5;Cm,) (see Lemma_for Cp,), with
carTespondmg velocity vector fields w™, m € N, and a sequence of real numbers {r,}7 < (0,1),
rm \ 0, such that

sup #/(0t,07") < Tm

0<t<s
||, paur@ner j |, Ha.wi@)ondayit + v
0 JTd Td
Here
1 & m A m
EZ Y (2) wy" = Zyj (t)xym 1)
j=1 Jj=1
SO

f ﬁrd (g, wi™(q))o"(dg)dt —f Z Ly (t), g7 (t) ) dt.

Proof. We are first going to approximate o by measures with smooth density (and w by a smooth
field). To this end, define the periodic mollifying kernel, following |[GT14], as

E(x) = Z ¥z +k), zeRi >0,
kezd

where

i (2) = —gnle/e),

46



with 1
n(x) = ()2 exp(—|z|*/4).

Set ( ) gt
WOt ) *
p% =0t * 55’ wf = T, 0';: = pﬂ[o’l)d. (4112)
t
We won’t distinguish between measures that are absolutely continuous with respect to Lebesgue
measure, and their densities. The measures and functions defined in (4.1.12)) are periodic, in the
sense explained in [GT14, Sec. 2].

Step 1. (a) We claim that
Wy (0f,04) — 0 uniformly on 0 <t < s. (4.1.13)

Since all Wasserstein distances on @(Td) are equivalent, it suffices to show (4.1.13) for ' = 2.
According to [GT14], if u, v € 2(T?), then

W2, v) = sup { fRd Clp+ fRd 0dv | ¢,0 € C(T%),C(2) + 0(y) < |z — ylka, (2,y) € R x RYY.

A calculation shows that if ¢ € C(T), then

E% x (Xjo,1ye) = 1" * ¢ (4.1.14)

Thus, one verifies that of has mass 1, by setting ¢ =1 in (4.1.14)). Formula (4.1.14]) also implies, in
particular, that

f E(r—y)dy =1
[0,1)4
for any z € R and € > 0. Let ¢,0 € C(T%). We have
C@oidn) = [ @ pilonad) = | @) [ £ @ =l
- | C@mpaloon ) = | (€ 5 o) @en(ao)
= [0 O @pntda),
Rd
by . Then
| c@oitan)+ | ooty -
Rd Rd

= ?

(0 * Q) @)or(d) + de 0y)or(dy)

7 ( —y) + 0(x)]dy) ov(dx).
]Rd R4

(y) < | —y|3q. This implies ¢(z) +6(y) < [z —y|*.

viotor< ([ [ rolbaman) =<( [ awra)
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which proves (4.1.13]).
(b) Next, we prove that

limsupf f (g, wi)og (dq)d J J (g, wt(q))o(dg)dt. (4.1.15)
e—0 Td Td
Write ‘
) - IR [ )i el
where .
gy = — )

Spa £(q—y)ou(dy)

Since SRd §(q,y)oe(dy) = 1, §5(q,-)os is a probability measure on R for every ¢ € T¢, moreover,
4%(q, ) is periodic, so j°(q, -)o; € P(T) for every q € T?. Fix q € T?. Since L(q, -) is convex, we have

L(q,w;(q)) = L(q, fw wi(y)5°(q, y)or(dy)) < fmd L(gq, wi(y))5°(q,y)or(dy) (4.1.16)

by Jensen’s inequality. For every g, the expression §z4 L(q, w¢(y))j*(q,y)o:(dt) is finite because
|L(q, wt(y))| < es5(1 + |we(y)|[™), 55 is bounded and w; € L' (o;). Observe that the function g —
§ga L(a,we(y))7°(q, y)or(dy) belongs to L (o7):

f f (g, we )| ()01 (dy)os (dg) < j f es(1+ [we(y)[")5 (g, y)or(dy)ot (dg)
R2 JRA R4 JRd

—at || el Fanatdoidn =+ || el i@ eided)

_ . wr () 55(61 y) (do\o
a 5+JIR‘1| W) J01 SRd (q— Z/)Ut(dy) pilda)or(dy)

s + JRd [we(y)[" [J[O e £%(q — y)dq|oi(dy)

)

IN

cs + CHthEr’(g )

Hence

f J (¢, we(y))5®(q,y)oe(dy)oi(dq) = J J L(q,w(y))i* (g, y)of (dg)or(dy)
Rd JR4 Rd JRA
= J,, |, Ha e @ vaaea),
Thus, integrating (4.1.16]) on both sides, we get
| Lawitanoidn < || Liawln)Ea - v)daoi(dy) (4.1.17)
Rd Re J[0,1)d

We claim that

e—0

i | f[ e L0 00D (0 = 9)dacndy) = |, B wwentan).
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being clear that from this claim follows, because of (4.1.17)), that

limsup | Lig,w))of(d) < | Lla,uila)on(da),
e—0 Td Td

which, in turn, by Fatou’s lemma, yields (4.1.15|).
Proof of the claim: We have

[, o = | 2t wiw)Ea g)da)onta)
< [ ) - L, wilo)IEa — vidaon(dy)
Rd J[0,1)d
=[] e v)daontay)
Rd J[0,1)d
where I(q,y) := L(q,wi(y)) — L(y,w(y)), ¢ € T, op-a.e. y € RL For op-a.e. y € RY, I(-,y) is

continuous and lim,—,, (g, y) = 0. Now, fix y € R?. Then

€ € 5 1 ,M
J[O U@ y)IE (g = y)da = &+ [IC y)xppaye = (1 *\l(',y)!)(y)=fRd \l(q,y)lme i=2 " dg,

)

where formula (4.1.14) has been used. Let € > 0. And let 6 > 0 be such that |I(q,y)| < €if |g—y| < 4.
Then

1 lg—y/?
g,y qu—ydq—f U )l —g5g¢ 2 dq
Jo, 0wl @t = | )l
1 _la—yl?
l — e 12 d
+ fB(MC\ (q:y)’(4ﬂ)d/26d€ =g
1 _la—yl? 1 la|?
<6+f Ug, Yl —g5g¢ *° dq=6+f Ug+y,9)l=g5¢ * dg
B(y;a)c| ( )|(47T)d/2€d B(O;E/a)c‘ ( )|(47T)d/2
1 la|?
<etlilnliemy [ e — e
=y B(0s6/2) (47)/2 e=0
Since € > 0 was arbitrary, we obtain
lim 1(q,y)|E%(q¢ — y)dg = 0.
e J0,1)4
Also,
f[ M)l = y)da <f L 2e5(1+ |wr(9)[")E (g — y)dg < 2e5(1+ [uwn(y)|”) € L (o).
0,1 s
Hence

lim f f (g, )% (q — y)dqor(dy) = 0.
ra JJ0,1)d

e—0
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This proves the claim, and, in turn, the veracity of (4.1.15]).
Step 2. The constructed o7 solve the continuity equation

orof + div(wiog) =0 in (0,s) x T¢,
because, by construction,
le(’U)tadf) = diV((UtO't) * SEX[O,I)d) = (div(wtat)) * 88X[071)d.

Thus,
oroi(q) = —oj(q) div wi(q), qeE ']Td, 0<t<s.

Step 3. Because each (o, w$) is smooth, for arbitrary § > 0 we can find 07" € AC?(0, s;C,),
o = Z] léyen #)» such that

sup W(o-t’ 5") < 67

0<t<s

HZ oo = || seuir @)oo < || D)o s

Finally, it is clear that combining the latter inequalities, together with (4.1.15)) and (4.1.13)), give
the statement. ]

Theorem 4.1.4. Let 0 < s < T, pe P(T%), o € AC?(0,s; 2,,(T?)) and its corresponding velocity

field v be as in . Then (o,v) is the unique minimizer for up to a L'-zero measure
subset of (0,s), i.e., if
A(s;o’,v') = inf {Asav | 05 = p}

O"U

then there is I < (0,s) such that £1(I) = 0 and o} = oy for every t € (0,s)\I.

Proof. Let (¢,v) be an arbitrary admissible pair for the minimization problem. Thus, in particular,
o(s) = o(s) = p. Let {a™}>_, be the corresponding sequence of approximating discrete paths
provided by Lemma [£.1.3] with the following notation:

i <t

Sup #4(64,07") < P
0<t<s

LS;EL(Z/;”(t),QT(t))dt < L LdL(q,Ut(Q))Ut(dq)dt—l—?"m,

with 7, N\, 0. It follows from this that, since F,G are k-Lipschitz,

S\H
N
VA

A(s;6™,6™) < A(s;7,0) + 77, (4.1.18)

50



for m = 1,... Define
a™(t) = Xt[s,™(s)]u0"(s), 0<t<s,

for m = 1,... Recall that C,, = AC?(0,s; Z,.(T%)) denotes the subset of paths 14 of the form
v = %27:1 dy, (1) Where yi(-) € AC?(0,5, T, j=1,...,m.
1. Note that

~m m

o €Cnm ;

,O
of = oy,

and o™ is the path obtained by following the flow lines of X! from 7, the configuration of 7™ at
time t = s. The corresponding velocity vector field for ¢ is

vt = 0% [s, 0™ (s)] 0 Xo[s, 5™ (s)],

form =1,...and 0 <t <T. Since 7" — p = o, we know, by Proposition [3.2.12] that vj* — v;
in C[T%; T?] uniformly with respect to .
2. We have

L (o, 6t — L Llow, vi)dt
- 1], paor @yortan - Fai |

[f L(q,v(q))ot(dq) — F(ov)]dt
0o Jrd

~ [ 1] s o Sils o Va)er @) - [ Lo o Silsnl@Dntda) ~ (o) ~ o]

0

S

From the uniform convergence properties shown earlier, it follows that the latter expression ap-
proaches 0 as m — 0. Therefore,

A(s;o™ 0™) — A(s;o,v)  as m — .

3. We now invoke inequality , which was obtained for discrete paths having the same
value at time ¢t = s, one of which was the Solution to the minimization problem in C,,, with n = m
there (see part 2 of the proof of Lemma which leads to this inequality). Note that, by the
equivalence of metrics # and #;., we can substltute the former for the latter in . Applying

it to o™, o™

A(s;a™, ™) — A(s; 0™, 0™) 48201 J W3 (o, &) dt.
Then, using (4.1.18]), we have
A(s;o,v) + 1™ — A(s; 0™, 0™) = 52Clj W3 (o, o) dt.
Letting m — oo, it follows that
A(s;0,0) — A(s; o,v) 3201 J W32 (04, 61)d

This concludes the proof. ]

o1



For e £(T%), consider now the problem

wf{ [ ] £6QuQontan) = F(@0) gt + 6((Qu)gin) | Qo = id. Q= ACH0,5:C(THTY},
(4.1.19)
where id is the identity map on T¢. The problem (4.1.19) is embedded in (4.1.1]), in the sense that if

we put oy 1= (Q¢)#n, then o4 is an admissible path in (4.1.1]). In other words, (4.1.1) is a relaxation
of (4.1.19). Thus, we have a unique minimizer for (4.1.19)), the one provided by the solution to

(3.1.3). Every minimizer of (4.1.19) must satisfy the Euler-Lagrange equations
d

Vo L(Qi, Q) = ava(Qtht) + VoF(Qr, (Qr)gp) in [0,8] x T
Vo L(Qo, Qo) = V49(Qo, (Qo)zp) on T
Qs = id.

Through H = L* and p := V, L(x,v), these equations are equivalent to (3.1.3)). Therefore, since the
minimizer of (4.1.19) is unique and it is X}, we have deduced:

Corollary 4.1.5. (An alternative proof of uniqueness of the fized point) The solution to
obtained in Corollary[3.1.7 is unique. The fized point of the operator m** defined therein is unique.

For s € (0,T), € 2(T?), define
V[snu](t’Q) = E%[Saﬂ] © Xt[snu](q) (4~1-20)
= ¥2[s,p] o (i[5, p]) " (q), s,te€[0,T), e P(T%), q e T

The next list of properties of the mappings (¢, s, i) — 3[s, p](+) is vital both for this chapter and
the next.

Proposition 4.1.6. Let 0 < s,tg < T, pe P(T9). Set
Tty = Sio[s, ul g
Then,

(i) For every 0 <t <T:
Sultor 015) © S [5, 1] = Suls 1], (4.1.21)

(ii) For every 0 <t <T:

Silto, X4, [t plen]  and Sy [t,u]  are inverses of each other (4.1.22)
vels, 1] = wefto, oto] (4.1.23)
St 010] 0 Sy [, 1] = SF[s, u1] (4.1.24)
0sSt[s, 1] = —VSi[s, plug[t, ov]. (4.1.25)
(iii) If 0 < 7,t < T, then
B2t oe] o (St 0e]) ™ = X2[s, ] o Br[s, ] 7 (4.1.26)
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Proof. (i) Let

for 0 <t < T, q € T By differentiating, and noting that Q(0, ) zor, = X{[s, p] 4/, one verifies that
Q@ and P defined this way satisfy the Hamiltonian ODEs (3.1.3)) with

s = t07 U= Otqy-
Since solutions to (3.1.3|) are unique, we conclude that
(Qta Pt) = (E% [to, Uto]’ E% [tO’ Uto])v

yielding

ET2).
(ii) F follows readily from (i), by setting ¢ = s. For , see [GS15, p. 6593)].
Formula is just the second component of .
By , with t = s, tg = t, we have

id = Si[s, 1] o B[t 1] = SV [s, u] (1, L[t 1))
By Lemma [3.2.4] we can differentiate both sides with respect to s:
0= 0,2 [s, 1] (1, L[t 1) (@) + Vo= [s, 1] (1, Lt 0] (@) SL [t o) (). g T
Substituting X1[t, 0¢](q) for ¢, we get

0= 0.3 [s, u](t, q) + V¢S [s, u](t, Q) 0S4 [t, oe) (S4[t, 0] )
= 03 [5, u](t, q) + VX' [s, u] (£, q)vslt, o4],

which gives (4.1.25)).
(iii) For (4.1.26)), simply use (4.1.24]) with 7 in place of ¢ and ¢ in place of ¢¢:

B2t o o (Splt, o)™ = S[s, u] 0 Befs, ] T o Br[t 0]
= 272' © (E}—[t’gt] © Et[smu])_l = E,QF[S,,LL] © 271—[5’/‘]_1'

Corollary 4.1.7. Let 0 < s < T, p e 2(T%), and, as before, set

ot = E%[Sau]#ﬂv Ut = atz%[shu] o X¢[s, p].
Then, if 0 <r < T and 5 € AC%(0,r; 22(T9)), with velocity v, satisfies

Opr = Oy,

then
A(r;o,v) > A(r; o,v),

unless ¢ = o, L*-a.e. on (0,1).
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Proof. This is a consequence of Proposition [£.1.6] Let

N
N
-

of = XHr, 0. ]udr,  vf = wfr, o], 0

By Theorem
A(r;a,0) > A(r;o*,v") (4.1.27)

unless oy = of for £!-a.e. t in (0,7). However,
of = S, 5,1y, = SHr oyl p (SHs i) = S ol (S s, 1l )
= E%[Svu]#ﬂ =0t ,

0 < t < r, where the second line follows from the first by Proposition [£.1.6] another consequence of
which is
v = vr, o] = ve[s, u] = vy

Therefore (o,v) = (0*,v*) Z!-a.e. on (0,7), and returning to (4.1.27)), the assertion is proven. [

4.2 The aggregate value function I/ and its Wasserstein gradient

For s € [0,T], u € 2(T%), we define the value function U:
(s, 1) mf{f L(7,v)dt + G(50) | 55 = p}, (4.2.1)

where the infimum is taken over the set of all pairs (&,7) such that & € AC?(0, s; 2,,(T%)) and © is a

velocity for o. By the way £ was defined at the beginning of Section U(s, i) can be interpreted

as the best average cost of displacement for the whole ensemble of players that begins at ¢t = s with

distribution p and is penalized according to the running cost £ and the initial cost G(og) at t = s.
From its definition, it follows that U/ satisfies the dynamic programming principle:

U(s,p) = 1nf J L(7,v)dt +U(r,5,) | 55 = p}. (4.2.2)

Proposition 4.2.1. Fiz s e [0,T], p € 2(T%), and set
Ot = E%[Svu]#lu’u Ut = atz%[smu’] © Xt[SJ ,LL], 0<t<T.

Then, for any r € [0,T], we have
Z/{(T, UT‘) = A(Tv g, U),

in particular, U(s, u) = A(s;o0,v).

Proof. This follows directly from Corollary [£.1.7] O
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For arbitrary vectors ¢ = (q1,...,qn) € (TN, v = (v1,...,v,) € (RY)", let p? € 2(T¢) be
pul = %2?21 dq;, and v? € L™ (T?) be v?(x) = D=1 ViX{q;) (), T € T?. Define

Lu(a,v) i= £ o) = [ L vt(a)u(da) - 12 Lgjwy) — 5 ) ook —
Td n i1 2n =1
Gn(q) == iz”: # Zn: U (g5 — ar);
j=1 k=1
"(t,q) 1nf{f ))dt + G ((0)) | 2(s) = q, () € AC*(0, s; (Td)")} .

Because of Theorem [£.1.4]
U(t,q) = Ut, p).

We want to obtain semiconcavity inequalities for U™ in the second variable, using the properties of
the coefficients L, F, G, as a way of discovering what the derivative in measure of the value function

U should be.
We need the following calculations. Since we are assuming that F, G satisfy the conditions of

Section we have:

—_

Vo Lu(a,v) = ~VeL(gj,vj) = 5 Z Vo(q; — ax) (VqL(qj»Uj) — Vo= u(g;))
= (VaDlaj,v5) — V(g5 1) (423
Vg,Gn(q) = —VUO (g5) i i — qr) 1vqg(qj,;ﬂ). (4.2.4)

Furthermore,
Vo, Ln(a,0) =0 i j £k, Vg Lu(g,0) = %WiqL(qj,vj) — V2,F (g5, 1)), (4.2.5)
V2 Enla,v) =0 ik # 5, V2, La(g,0) = ~ V3, L(g;,05), (4.2.6)
Vi, Lnla0) =0 3k £, V2, Lala,v) = -V, L(05,0) (4.2.7)
V2, Gnld) =0 it %k, V3, Gula) = ~Vig(as, ).

Lemma 4.2.2. Let se (0,T), let ¢ = (q1,...,q2) € (TH™, ¢* = (¢F,...,q*) € (TY)". Then

Uls, 1) < U(s, 1) + JWXWE?[S#(’](%)(I? z)y(dz, db) + [k(1+ s) + #2(ud, p”) - (42.8)
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UCsosi™) 2 U+ | s @) b, dh) [T =)+ 45 7 JH 2 ),

TdxTd
(4.2.9)
Here va
d
¢ = sup{|V2L(z,v)| | € T |v]| < A + ﬂ}
Proof. Define the path ¢(-) by
Evidently, ¢(s) = ¢. By Proposition m
U™ (s, q) = Uls, 1) = jo La(a(t), 4(0)dt + Gu(g(0)). (4.2.10)

Remembering that X is a solution to the hamlltonlan ODEs (3.1.3)), and the relationship between

H and L (see (£.1.3)), we have, following (4.2.3)) and (4.2.4):
Vo, Gn(a(0)) = ﬁvqg(%‘(o)aﬂq( ) = qug@ [, 19](0, 7). 5[5, n](0, -) 1)
1
= EZQ[Svuq](an]) )

Vo La(a(t), d(6)) = ~(VoL{g; (1), 65(t)) — VoF(g;(t), u9))

= Eatzz[sa Mq] (t7 qj) .

A first-order Taylor expansion gives, for any y(-) € AC2(0, s; (T%)"),

—3

Ln(y(t), (1)) = La(a(t),d(8) = D Vo, Lu(a(t),d(8)) - (5;(t) — a;(1))
j=1

+ 2 Vo Lala(8),d(t)) - (9;(t) — 45 (1))

j=1
+en(®)(ly(t) — a1 + [y () — qO[5(t) — 4] + [5(t) — 4(B)?),
where
len(t)] < max{|V2Ly (2, 0)| | (z,v) € [(a(t), 4(1)), (y(£), 9(1))]}

and [(q(t),q(t)), (y(t),y(t))] is the straight segment joining the points (¢(t),q(t)) and (y(t), y(t)).
Using (4.2.5)), (4.2.6)), (4.2.7)), then,

Lnly(1),5(0)) — Lla(0), () = 3 ~a22[5, i)t 05) - (5(0) — 05(1)
j=1
F 2 Oly(0) — P + W) — a®li0) i)
F 2@ — ()
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(z,0)| | (z,v) € [(a(t),4(t)), (y(t), ()]} + max{|V? Fyq(x, u®)| | 2 € [a(t), (y(1)]},

Let
y(t) :==q(t) + ¢ —q,
Et) G(t) and y(t) — (t) = ¢* — ¢ for all . Since y(s) = ¢*,

t))dt + G (y(0)). By (4 , we have
U (s,q7) <U"(s,q) + fo [Ln(y(t), 5(t)) — Ln(q(t), (£))]dt + Gn(y(0)) — Gnlq(0)).
i i 'a:u) =

Using the Taylor expansion above for this particular y(-), and remembering again that F'(
UY() + U % pu(+), with the C3-norms of ¢, U, U' bounded by the constant x, we

so y(-) is a translation of q(+). Then Y
we know that U" (s, ¢*) SO

S

¢ (), g(-,p) =

estimate that

U (s.0") < U"(s,0) + jo S[Z Vo Lala(0):d(0) - (65 = a5) + -+ R)lg” — a) ds

+ 2 Ve, 9(a(0), 1) - (¢ — ) + %ﬁlq* —q/?
<Us+ | 5[5 Z 0L, W)t a3) - (45— a5) + (4 wla* — a] db
;2 W10 (g = 4) + ela” gl
_ ;2 o0 (6]~ a5) + (5 + Ola” — af” + ~rla” gl

Since the inequality that we seek to prove is independent of the order of the coordinates of ¢ and
, ¢ are already ordered in such a way that

q*, we can assume that the points ¢, ...

1 S %12 2¢.q ,q*%
52!%—%\ =W, n"),
=1

so that
n
2 x) € To(p?, p? ).
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Then the latter inequality becomes (4.2.8)). For the second inequality, we begin with

T

U (T, o(T)) = fo La(g(), d(0)dt + G (4(0))
T

= [ Latatd®)de + GalaO) + [ Luta(o) o)t + " (5.0) - (5,0)

0 s

T
_ f Lo(q(t), 4(8))dt + U™ (s, q),

s

where Proposition has been applied. This time we use the auxiliary path

T—t
T—s

y(t) = q(t) (¢" —a),
which satifisfies y(s) = ¢* and y(T') = ¢(T), so, using the dynamic programming principle, (4.2.2)),
we know that

T
U"(T,q(T)) = inf {J Ly (w(t),w(t))dt + U"(s,w(s)) | w(T) = q(T)}

S

T
< j Luy(t). 9(0))dt + U™ (5,(s)).

S
Comparing this with the equality for U™ (T, ¢(T")) above, we have

T
U(s,q%) =2 U"(s,q) + f [Ln(q(t),4(t)) = Ln(y(t), y(t)]dt.

S

Note that "
. . q4; —4qj
(1) = ¢;(t) — L—2.
y;(t) = q;(t) T_ s

Therefore, using Taylor’s formula and the bounds,

:\H

U(s,6%) = U"(s,q) fZ A0 ) (50 = () + 33 05

—fTiz( t) €+n>qj—qj|2dtf Z i —al? d

s j=1

T n
s

]:

:\*—‘
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j=1
1 F R
~ [T =) +m) + e+T_]nj§rqj —qif*,
and arguing in the same way as for the first inequality, we obtain (4.2.9)). O

Now we can answer the question about the derivative in measure of the value function &/. Recall
that

Vs, ul(t,q) := 7[5, 1] o Xi[s, ] (q) ([@1:20)
= X7[s, 1] o (Sts, u]) M q), st e[0,T],pe 2(T%),qe T

Lemma 4.2.3. Let p, p* € 2(T?), vy e To(u, u*). If 0 < s < T, then

Us,i*) < Us, ) + jw  Vsal(s.0) - (= a1 (da. )

+ (k1 + 8) + OF 2 (u, 1*) (4.2.11)
s, )= Ulssg) + | Visapl(s.0) - (0= a1 (dg. )
— (T —8)(k +£)/3+L/2+L/(T — )W (1, u*) ; (4.2.12)

and for any s € (0,T), t € [0,T), there holds
VU(t,o0) = Vils, p]. (4.2.13)

Proof. 1t is easily verified that the function ¢t — L(o(t),v(t)) is continuous. Recall that o(t) =
Sts, il g, v(t) = 051 [s, ploXe[s, p]. Since U(t, u) = A(s;0,v), it follows that U(-, i) is continuous,
for any p e 2(T?). Thus, it will be enough to prove (4.2.11)), (4.2.12)), for s € (0,T). In fact, since

Als; 0,v) = f f [L(E%[s,uuq),atzf[s,u]@)u(dq)—1j 6(a — 1. 1)) a(dy)dq | dt
0 Jrd 2

Td JTd

+ f [Uo(S¢[s, 1l(q)) + ;J U'(q — St [s, 1) (v) u(dy) u(dy),
Td Td

the convergence results of Chapter [3| give the continuity of U with respect to v as well. The fact that
any measure p € 2 (T%) can be approximated by averages of point masses, implies, then, because of
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Lemma that for given u, u* € L2 (T?), there is some v € To(u, u*) such that

Us, 1*) < Us, ) + f 2[5, 1)(5,4) - (b — 0)(dg, db)

Td xTd
+ (k(1 + 8) + OW 2 (p, p*) ; (4.2.14)
Us, 1*) > Us, 1) + fw  Plsl(s.0) - (b= 01 (da. )
(T = )k + 0)/3+ /2 + €/(T — )W 2, 1¥) ; (4.2.15)

hold. Let now u, u* € 2(T?) be fixed, as in the statement, and let v € To(p, u*) such that (4.2.14)
holds. For each A € (0, 1), define u) € 2(T¢) through

f o(a)un(dg) = f O((1 — N)q + \b)y(dg, db), & Cy(T?).
Td Td xTd

According to (JAGS08, Lemmas 7.2.2, 7.2.1]), for each X € (0,1), there is a unique optimal transport

plan v, between py = p and py, so To(u, pa) = {ya}. Thus, (4.2.14)) holds for p = p and p* = uy,
0 < A < 1, for in this case existence in the previous lemma covers all (only one) optimal plans.

Letting A — 1, and using the continuity of U, (4.2.14]) is established, and (4.2.15)) is treated
analogously. If we now refer back to our adopted definition of Wasserstein gradient, we see that

(4.2.14)) and (4.2.15) mean that
vﬂu(snu’) = Zg[svu]

Choosing y = oy and s = t, the latter reads V,U(t, 01) = X7[t, 0¢]. Finally, using (4.1.24), we obtain
(4.2.13]), indeed:

E%[tv Ut] © E%[s,,u] = 2?[57:“’] = E%[tv Ut] = E?[Svu] © (Z%[Saﬂ])il = Vt[smu]'

4.3 The HJB equation for U/

This short section justifies the title of the chapter. Recall the definition of £ at the beginning of
Section .1l Define H as

H(p,¢) == sup { [ &(q)-<¢(q)uldg) — L(w, &)},

geL' (p) JT?
for pe 2(T9), ¢ e L™ ().

Proposition 4.3.1. Let ue P(T%), (e L"(n). Then

W) = [ HGa.Clatda) + (. (131)
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Proof. Since H(q,((q)) = sup,era v - ((q) — L(q, v), for every ¢ € T%, it is apparent that in (4.3.1]),
the inequality < holds. To prove the equality, fix ¢ € L"(u). For any fixed g € T¢,

H(q,¢(q)) = sup v - ((q) — L(g,v) = &(q) - C(q) — L(g,&(q)),

veR4

where £(q) is defined by ((q) = V,L(q,£(q)), that is,

&(q) = [VoL(q,)] " (¢(q)). (4.3.2)

(The inverse in exists because, if V,L(q,v1) = V,L(q,v2), let f(0) := L(q, (1 — 0)vy + Ova).
Then f'(0) = VyL(q, (1 —0)v1 +0v) - (2 —v1), and f(0) = f'(1). The condition V2, H > 0 implies
V2,L > 0,50 f” > 0. Therefore one must have v; = v.) Recall that p and v are related to one another
by the formula H(q,p) + L(q,v) = p- v, and this gives v = V,H(q,p), p = p(q,v) = V,L(q,v), so
v="V,H(q,V,L(q,v)),q€ T veRe Thus, for any fixed ¢, the mapping V,H(q, V,L(q, ")) is the
identity. Hence is followed by

§(q) = VpH(q,¢(q))-
But V,H satisfies (4.0.1)), so
IVpH (g,¢(a)]" < [e2(IC(@)" " +1)]7 < 27 (@) V427 ey = 27N C(g) 427 N en, g e T
This means that £ is actually in L (u), and this completes the proof. O

Now suppose that r = 2. In a recent work [GT18] by Gangbo and Tudorascu, it is proven
that the value function U, defined in (4.2.1]), is the unique solution in the viscosity sense to the
Hamilton-Jacobi equation

OsU(s, 1) + H(p, Vuld(s, 1)) = 0,
U, p) = G(w).
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Chapter 5

THE FIRST ORDER MEAN FIELD GAME SYSTEM

In this short but important chapter, we construct a short-time classical solution to the system

(1.3.211.3.5)), based on the solutions ¥ to the Hamiltonian equations (3.1.3]).
In what follows, we assume 6 > 2k, as in Corollary [3.1.7(ii). By 3, as always, we denote the

solution to (3.1.3), obtained as the fixed point of the operator m®# of Definition The following
statement stems from the fact that X'[s, u](-,-) € W2%%((0,T) x T%; T?); we omit its proof.

Proposition 5.0.1. For every s € [0,T], u € P(T?), the function X[s,u](-,-) is in the Sobolev
space W22%%((0,T) x T?; T9).

Let us recall the definition of V:
Vs, pl(t,q) == £7[s, u] 0 Xu[s, pul(q) = S7[s, ul o (i [s, u]) " (a), [@120)

for s,t € [0,T],n € 2(T?),q e Te. Alternatively, we may write V,[s, 1](q).

At this point it is worth saying a couple of words about the method of proof for the MFG
system. With (o,v) defined as in (3.2.6)), (o, v) satisfies the continuity equation. Suppose, for a
moment, that we have solved the system and we wish to calculate the total derivative
with respect to t of U along the trajectory of a particle given by X'. We have

@)U, 24(0) = 24U (t, 2 (q) + VU, Z¢(a)) - 05 (), (5.0.1)
and by (.3.2),
(@)U (1,51 (9))) = —H({ () VU (1, Z1(0)) — F(Zi(9), 00) + VU(t, 57 (9)) - 924 (q).
Changing from %}(q) to ¢, and recalling that ¢;%} = V,H(2}, ¥7),
(@)(U(t,q)) = —H(q,VU(t,q)) — F(q,00) + VU(t,q) - VpH(q, Vi(q))- (5.0.2)

If we revisit the old, classical method of characteristics to solve first-order PDEs and its application
to the simplest HJB equation (see, e.g., [Eval0]), we are strongly persuaded to believe that, in
our case as well, the “momentum” variable (p in |[Eval0]) in the system of characteristics should
coincide with the gradient of the solution to the PDE, that is:

SH(Xi(q)) = VaU(t,9), (5.0.3)
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i.e. formula - If we substitute this into we have:
(@)(U(t,q)) = —H(q, Vi(q))) — F(q,01) + Ve(q) - VpH(q, Vi(q))- (5.0.4)

Now, note that @ is not written in terms of U. If we take as our starting point, then,
combining with @ and again, we obtain none other than the HJB (1.3.2]). Equation
is straightforward to solve

We see then that, to solve , we should aim to obtain . That step will also follow
the idea for the analogous fact in the general method of characterlstics. We hope that the foregoing
discussion helps clarify the proof below. Let us also mention that shows that V,Vi(q) is
symmetric, a fact that is an essential ingredient to prove formula at the beginning of Chapter
(63

Lemma 5.0.2. Let T be small according to Remark s€[0,T], pe P(T9), or = S s, u](t, ) 4it,
and for each q € T?, let

U(t,q) = z(t, X[s, p](t, q)), t€[0,T],
where z(-,q) satisfies
Oez(t,q) = S2[s, pul(t,q) - Vo H (S [s, p](t, q), 2[5, ul (¢, ) (5.0.5)
- H(21[57 :LL] (ta Q)v 22[5’ :u] (tv Q)) - F(EI[S, :u] (tv (:7)7 Ut) in (07 T)’
2(0,9) = g('[s, 1] (0, ), 00)-
Then U € CY((0,T) x T and solves the Hamilton-Jacobi equation of the mean-field game system:

1.3.2
1.3.4

U(t,x) + H(x,V,U(t,z)) + F(x,0¢) = 0 in (0,T) x T¢,
U(0,-) = g(-,00)-

Proof. Since s and p are fixed, we abbreviate X[s, u](t,q) = X:(q). Observe that the right-hand
side of ((5.0.5)) is C' in ¢, C? in t, so z is C' in ¢, C! in t. Therefore, U is C! in both variables
t and ¢, because of Proposition . Moreover, since d;z(t,q) is C! in ¢, then (e.g. see [Rud76),
Thm. 9.41]) quz exists and is equal to Vgtz. Thus, the calculations below are legitimate. We have
U(t,XHq)) = 2(t,q), so d2(t,q) = 0, (U(t, X} (q)) and

—

P
—

6(t,9) = 2/(U (L, EH(9)) = U (1, () + VUL 5H0)) - 42 (q)
= U (t,5}(g)) + VU (4. 2H0) - VpH(SHa). SH0)) (5.0.6)

Now, if
VUt 2Hq) = X2(q), te(0,T),qe T, (5.0.7)

then, comparing and ( -, we get
U (t, % (q) = —H (S (9), 23 (0) — F(5¢(q), o),

and the change of variable = ¥} (q) then yields (1.3.2)), (1.3.4). We set out to prove (5.0.7) now.
Let
ox(9)

ri(t) = 2 )90 5
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i=1,...,d, where x = ¥} (q). We know that r;(0) = 0, from the initial conditions, and

d
fi(q): Z (22 (q 0_0 20 = aq —b.

ataq ¢ ot

Using the first line, 0:%}(q) = V,H (X} (q),X2(q)), in , we have

a=70 (i>8tz(t q)

d
- 2l 2 0,0 ED) P (@a(2hP(9) + (Z)P (977 1 (51 P (0)]
-1 i
Z [0, H(S1(a), £7(0)0,00 (51 (q) + 8,00 H (2 (q), £7(0)) 0y (57) D ()]
n
Z W F(Z0),00)0,0(ZH " (g),
and, by the second line in , namely, &;X7(q) = —V,H(2}(q),X2(q)) — Vo F(2}(q), o), this

simplifies to

d
= 2 [EHP (@770 (EH M (@) + (£ (@)0,0 (SH P (9)].

k=1
As for b,

d
Z (=1 (@)o,0(=HY (q))
j=1

d

Z q(z (2 )(J)( ) + (E?)(j)<Q)5§q(i)(E%)(j)(Q)],

7j=1

so a = b. Therefore r;(t) = 0, and r;(¢t) = 0 on (0,7, by the uniqueness of (5.0.5) [0,T]. Now we
differentiate U, keeping in mind that U(¢,z) = ( q); using the fact that r;(t) = 0,0 <t < T, we
have

d - d ox®) oq(d) d ox(k)
_ 0x™ 0q™ _ k) ()X (x2)()
00Ut ) 2% ) 7 a0 = RO 55 = W,
fori=1,...,d and 0 <t < T. This proves (5.0.7), completing the proof of the lemma. O

Corollary 5.0.3. By in the proof of the preceding lemma, we have

V,U(t,q) = Vs, u](t, q), te (0,7T),qe T (5.0.8)
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The dependence of U on the parameters s and p, made clear by its definition, should not be
forgotten. This corollary means that V[s, u](¢,) is the C' gradient of a function. Thus,

Vo Vs, pl(t, q) is symmetric, for every te (0,T),q€ T,
To conclude our statement about the MFG system, observe that
wla) = 2EH(ED (@) = VpH (@, V(t,0)) = VoH (a, VU (1), (5.0.9)
Hence, combining with Proposition [3.2.10] we have the following.

Theorem 5.0.4. (Ezistence of solution to the MFG system) Let pe 2(T9), T be in accordance
with Remark and Proposition 0 < s < T, and let oy, vy be as in , where
(S1s, ], X2[s, u]) is the unique solution to with parameters s, u. Then the pair (U, o), where

U is as in Lemmal[5.0.3, is a classical solution to the mean-field game system (1.3.9 in the

sense explained in Section 2.5

Note that, by Proposition the function U in the pair (U,o) constructed above is in
W22%((0,T) x T¢) x AC%(0,T; Z(T?)). The following is, in a sense, a consistency, or restricted
uniqueness, complement to the latter theorem.

Theorem 5.0.5. (The case of W23%((0,T) x T?) x AC%(0, T; 22(T4)) solutions to the MFG system)
Let (U,&) be a classical solution to the MFG system , in the sense explained in Section
such that U € W23%((0,T) x T%). Then (U,5) = (U, o), where (U, o) is the pair constructed
for Theorem [5.0.4).

Proof. Let (U, ) be a solution to the system (1.3.2}{1.3.5) with parameters s € (0,T') and p € P(TY),
according to the definition of Section and suppose, moreover, that U is Wf’?oo in gq.
1. We will prove that the characteristics of the MFG system satisfied by (U, &) must solve the

Hamiltonian system (3.1.3]). Set
(q) = 0(t,q) == VpH (g, VU (t,q)),

0<t<T,qeT Since U € W3%%((0,T)xT?) and H € C3, we have that Lip(&;, K)+sup g [0:(q)]
is bounded on [0, 7], where K is any compact subset of R? and Lip(@;, K) is the Lipschitz constant
of ¥¢| . By elementary ODE theory (see, e.g., [AGS08, Lemma 8.1.4]), if ¢ € R%, the ODE

- Pl e

21(87Q) =dq, %El(tv q) = Ut(zl(t> q)) (5010)
has a unique maximal solution in a neighborhood I(g, s) < (0,T) of s, but, since X' (¢, -) is periodic,
and therefore bounded for every t € (0,T), then I(g,s) = (0,T). Clearly, the path t — 31(¢,-)xu
solves the continuity equation with velocity o;. We can apply Proposition 8.1.7 of [AGS0§| to
conclude that

& =St ) un, (5.0.11)
0<t<T. Let

V(t,q) = VyU(tq),  52(tq) :=V(t, 5 (¢, ), (5.0.12)
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0<t<T, qeT? Then
oS (t,q) = (2Nt q) = VH (SN (1 q), 22 (t,0)), (5.0.13)
which is the first equation in . To obtain the second one, observe that
X2 (t,q) = oV(t, 5 (g, )+ Ve V(S (1.0)) 0 St q) = ViU (4, S (¢, 0) +Ve,U (4 S (1 q)) 0 (¢ q),
while, differentiating the Hamilton-Jacobi equation with respect to ¢ gives
VarU(t.q) + Vet (0, VoU(t,)) + VpH(q, VoU(t,0))V3,U(t ) + VeF(g,6¢) = 0,

which, evaluating at il(t, q) in place of ¢, and using (5.0.12)), (5.0.13|), serves to simplify the former
equality to

ati2 (t7 Q) = _qu(il(tv Q)’ 22 (t7 q)) - qu(il (ta Q)v 5t)v

which is the second equation in (3.1.3). The condition ¥2(0,q) = V,9(2'(0,¢), 21(0, ) ) follows
readily from (5.0.12)) and (|1.3.4)).

2. We prove that, for a possibly smaller T, the solutions (X!, %?) to from the previous
paragraph belongs to Mo(A1,0A2,0B,E, E1,0E,,T), i.e., they satisfy the bounds . If
T is small enough, since |%2(0,q)| = |V,9(24(¢),50)| < &, continuity implies |X2(t,q)| < & + ¢,
0<t<T,qeT?for an € > 0 such that

~ 1
52, q)] < 9% +e < 9gmax{d.r} +e = 0c/f +& < 6B,

because B in the proof of Lemma @ was chosen as B > ¢/f (in these lines we are referring
back to the proof of Lemma @L in particular (3.1.8), (3.1.9) and the paragraph preceding
those inequalities). This is the third line in (3.1.16). Since |X?| v < 0B, we have |6;:X1(t, q)| =
|V, H (X (t, q), X2(t,q))| < 1(B) (see Definition “Coefficient bounds I”) for small enough T
and all ¢, and since A; in Lemma was chosen to be larger than I(B), we obtain the bound for

10:X1 | in (3.1.16). The one for |@;%%| 2 goes in a similar way, because Ay in Lemma was

chosen larger than [(B)/f. The bounds for the second-order time derivatives are dealt with in a
similar way, keeping in mind the way E; and Fs were chosen in the proof of Lemma

From (j5.0.10), Yt q) = q + Sz v (3(7, q))dr, which makes it clear that, upon taking the
gradient in ¢, if T is small enough, the norm of til(t, q) will be only slightly larger than /d,
making it less than A;, because of . The bound for vaqfﬂH, due to V2 (¢q) = 0, can actually

be made arbitrarily small by choosing T" small enough. To address tiz and ngiz, since

Ut q) = g(g.50) + jo [H(q, Va0 (7)) + Flg,5,)]dr,

and quJQ(t, q) = ngU(t, f]l(t, q))qull(t, q), the norm of qul2 is the product of a number slightly
larger than x and one slightly larger than v/d, for small times 7. But the constant F in the proof of
Lemma is larger than ¢ = max{d, x}, and Ay > jcE(E + 1). This ensures that |V,X2| < 0A,.
Next, given that

2 y2 3
V2=V

o vly sl 2 Fro2 vl
20UV X VX + Vo UV Y
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(because U is W3® in ¢), and |ngf}1|, as already mentioned, can be made as small as needed by

reducing 7', the same argument shows that ||ng2~)2|\ is also no greater than 6 Ay, since the norm of

ngqﬁ tilvqfll is the product of a number slightly larger than x and one slightly than d. Finally,
IV, 241, vaqi(ﬂ\ < F follow from E having been picked larger than d (and, therefore, than v/d),
and taking T smaller if necessary.

Thus, the mapping (il, 532) constructed in and from (ff , &) coincides with the
unique solution (X![s, u], ¥?[s, u]) of (3.1.3)) in Mo(A1,0A2,0B,E, Ey,0FE,,T) during a possibly
shorter interval [0,7]. Consequently, by , we further have that & = o. Also, now that

V(t,q) =V(t,q), 0 <t < T, we get

0(t,q) = gl 60) jo [H(q, V(r.q) — F(x,5,)]dr

= g(z,00) - fo [H(z V(r,q)) — F(¢,0,)]dr = U(t,q).

for any t € [0,T]. Thus, (U,&) = (U, o) on the possibly smaller interval [0, T].
L]

Finally, let us stress the following. If (U, o) is a solution to the MFG system ([1.3.211.3.5]), then,
with the knowledge of formula ([5.0.8)), i.e.,

VQU(t> Q> = V[S’ 'u] (tv Q)>

we can integrate the HJB equation of the MFG system, to obtain
¢
Ult.q) = gla.0) ~ | [H(a. VU(ra)) + Flg.o0)ldr
0

= 9(a, 575, nlgn) — L [H (q, VIs, u](7,q) + F(q, 7[5, gl p)dr. (5.0.14)
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Chapter 6

THE FIRST ORDER MASTER EQUATION

In this chapter we undertake the study of the dependence of our solution U to on the

parameter p. As mentioned earlier, the theorem on the master equation does not the depend on the

main results of Chapter [4 except for Proposition which we include here again for convenience:
Let 0 < s,tg < T, pe P(T?). Set

Ut() = Etlo [S’ N]#N
Then,

(i) For every 0 <t <T':

.

—_
[\
—_

Sito, 010 0 B4, [s, 1] = Suls, 1]

(ii) For every 0 <t <T:

> [to, E%O [t,ulppn] and E%O [t,u]  are inverses of each other , (4.1.22))
vels, pu] = velto, o]
S2[t0,01,] 0 Sh [ 1] = S ]
0sXt[s, 1] = =V Si[s, plust, o).

(iii) If 0 < 7,t < T, then

Z72'[t7 Ut] © (271'[1570}])71 = 23‘[37/1’] © 2}'[37/14]71' 1.2

=
ez

The following is the definition of the function that will turn out to be the solution to the master
equation. It is given by the representation formula (5.0.14) at ¢t = s, including the parameter pu
explicitly. That is: given s e [0,T], ¢ € T¢, ue 2(T9), define

~—

u(s, q, 1) = g(q, ', 1](0, ) p) — L [H(q,V[s,ul(T,q)) + F(q, %' [s, p] (7, )sepe]dr,  (6.0.1

and, as before, o, = X} [s,1)xp, 0 <t <T.Note that (4.1.26) reads now as

Vr[t, o] = Vs, pl.
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Hence, coupled with the fact that, by (4.1.21), X1[t, 0] 0 }[s, u] = XL[s, ], 0 < 7 < T, we have

u(t,q,01) = glq, Sht, o1l wor) — L [H(q, VIt 00](r.q)) + g, St 01 (7, ) wpt) | dr

= g(q, 00) — L [H(q, VIs, (1, ) + F(q, 51 [s, ] ) |dr. (6.0.2)

Since
Vs, pl(t, = [s, p](t, @) = Z2[s, ] (¢, q),
and Y2 satisfies the second of the Hamiltonian ODEs (3.1.3), it follows, by taking the total
time derivative of V[s, u](t, [s, #](t,q)), and then changing variable from X!(¢,q) to ¢, that
V(t,q) = V[s, p](t, q) satisfies the equation
oV(t,q) + VV(t,q)VpH (g, V(t,q)) = — VH(q, V(t,q)) — VF (g, 5 4p), (6.0.3)
V(0,q) = Vqg(q, 00). (6.0.4)

If we differentiate u(t, g, 0+) with respect to ¢ in (6.0.2)), and use (6.0.3)) and (6.0.4), we get

t

Vqu(t, q,0t) = Vqg(q,00) + L [0V, 1] (7, @) + VoVs, p)(1, )V H (q, Vs, u](,9))
— VpH (g, Vs, u](7,0)V¢Vls, p](7,9)] dr.
Since V,V; is a symmetric matrix for 7 € [0,7'], only the term ¢;V survives in the integral. Hence
Voul(t,q,00) = V[s,ul(t,q), 0<t<T, qe T, (6.0.5)
Differentiating now with respect to ¢ in , and substituting into it, we conclude that
or(u(t,q,00)) + H(q,Vqu(t,q,o1)) + F(q,0) = 0. (6.0.6)
Thus, we have shown:

Lemma 6.0.1. For s e [0,T], pe 2(T¢), we have:
(i) For any (t,q) € [0,T] x T,
w0, 1) = g(,p) 5 Vault, g, 00) = Vs, ul (¢, ).
(i) The function t — u(t,q, o) is continuously differentiable and
Or(ult, q,0¢)) + H(q, Vau(t,q,00)) + F(q,00) =0, (t,q) € [0,T] x T

This lemma and formula clarify something important about the relationship between U
and u: if (U, o) is the solution to the MFG system (1.3.2}[1.3.5), then the mapping ¢t — U(t,q) is
the same as the mapping ¢t — u(t, q, oy).

As explained in the Preliminaries and the Introduction, besides the conditions of Section
we now activate the conditions of Section for ther remainder of the thesis.
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6.1 Regularity of X[s, (¢, q)

Since the solution U to the MFG system is given by an explicit representation formula, namely,
formula (5.0.14]), which is written in terms of X[s, ], if we want to understand the dependence of u
on u and s, we must investigate the dependece of X[s, u] on p and s.

6.1.1 The discretized map M

For the remainder of the paper, let
0 > max{1,5v2x}, (6.1.1)

and Ay, Ao, B, E, T, D be as in Proposition and Corollary with T being subject to
Remark The functions X[s, u], s € [0,T],n € Z(T?), as always, denote the fixed points of
the operators m®*, while S[s, u] = (E[s, u], $5%(s, p]) =: (E*[s, p], 2[5, u]) are the fixed points of
the operators m®*#; recall from the proof of Corollary The master map was defined in
Deﬁnitionas M(t,s,q, 1) = (t,5, 2 s, u](t,q), p). Let M = (M7, Ms) be the map ¥ = (X!, ¥2?)
restricted to average of Dirac masses. Namely:

Definition 6.1.1. For any s,t € [0,T], g€ T¢, z € (T)", let
M = (My, My) : [0,T] x [0,T] x T¢ x (T9)" — T¢ x R?
(t,s,q,z) — X[s, u*](t, q)
= (2'[s, u"1(t, q), 2[5, 171(t, 0))-
Note. The domain of the mapping M depends on ne Z*. //

As declared earlier, this section deals with the regularity of 3 in the measure variable u. See
Section [I.5.0] or the first paragraph of Section for the general plan. Several preliminary
smoothness estimates are set down first, before the main result is presented in Section [6.1.3] The
proofs of said estimates are rather lengthy, but do not involve more than repeated applications of
the chain rule and the bounds from the fixed point theory of Chapter

To understand the following definition, the reader is encouraged to verify the following calculation.
For g € T?, x € (TH)", let gn(q, x) := g(q, u*). Then

g(ztl [S7ﬂx](q>7 Z%[Sa/ﬁx]#/ﬁ] = gn<M1(t7 S, q?'%.)a Ml(t7 Sath)’ o 7M1(t7 van7$))'

Definition 6.1.2. (i) Forne N, Let M*, k =0,1,... be the sequence of T¢ x R¥-valued functions
on [0,T] x [0,T] x T x (TH)™ defined by

MO = (Q7 0)7 Mk+1 = ﬁls’#x(Mk("Sa '737))’

where p* = %Z?:l 82,0 @ = (@1,..., @) € (TH™. That is,

t
M (b5, 0,0) =+ | V(T 5.0.2), 031 (7,5, 0,0))dr
S
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and

_ 1 _ _ _
M§+1(t757%$) = évqgn(Mf(Ovstax)v f(O,S,.’El,.’E), U 7M{g(0753$n7x))

1t - _
- 5 [VPH(Mf(TvsaQa x),& 5(7—’87Qa l‘))
0

+ qun(M{C(tﬂSaqa x)a 7f(t737q7x1>7”' 7Mf(t787Q7$n>)]dT7

where
Fu(q,z) := F(q, "),  gn(q,2) := g(q, u*).

(i3) Let M* k = 0,1,... be the the sequence of T¢ x R%-valued functions on [0, T] x [0, T] x T x (T)"
defined by
M° = (q,0), M*1=msH (M*(. s, 2)).

Remark 6.1.3. It follows that, for every kK =0,1,...
M{(t,s,q,x) = M{(t,s,q,2);  My(t,s,q,2) = 0My (¢, 5,4, ),

t,se€[0,T],qe T z e (TH)". )

The objective is to obtain estimates on the derivatives of M* with respect to z. Using the
definition of Wasserstein gradient directly, one verifies the formulas

1 1

Keep in mind that this is, actually, a matrix equality: the entries on the left hand side are
amgj) aq(l)Fn(q, x) and those on the right are %Vw (9q<z)F(q, w*)(x;), for j, 1 =1,...,d, where VMjF(q, 1)

denotes the j-th component of the Wasserstein gradient of 6q(l>F (g, p*) at x;. Furthermore, since
VF and V,g are twice differentiable in the measure variable, we further know that

v;%jmiqun(q’ $) = %viyqu(Q) p’z)(xlv xj)’ Vijxivqgn(% .’L') = %viuvqg(% Mw)(xla SU]').
(6.1.3)
We begin with the zj-derivative of the (k + 1)-th iteration (j = 1,...,n), and in this and subsequent
calculations, we will include in the arguments of the functions only the variables that are relevant
to them.

t - — - - — —
Vo, M (t,s,q,2) = f [V2,H (M, 0M)V,, M{ + 0V2,H(MF,0M5)V,, My]dr, (6.1.4)

s
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szMé”H(t, $,q,x) = Vqun(ZM1 (q,2), MF(zy,2), ..., M{“(xn,m))vgcj]\]f(q,x)

0
+ gviqun(Mf(%x) Mf(‘rl? JI), s ,Mf(xn,$))[qulk($],x) + VCC]M{C(:E]?‘T)]
+ = Zv{qgn (Mf (g, ), Mf(z1,2), ..., M{(2n,2)) Vo, Mf (2, 2)
z;é]
1

9
1
)

= L (V2 H(M{,0M})V oy, MF + 0V, H(M{, 0M5)V,, My]dr

J;)[VQ (Ml (Q7 ) Mf(an,x),...,Mf(xn,x))vijf(q,x)
+V2 (Ml (q? ) Mf:(xlvx):"'7M1k<xn7x))[qu{€(xj7‘r)+ijM{€(xj7$)]
+ V2 Fu (M (g, 2), M (21, 2), ..., Mf (20, 7))V, M (1, )]

1#k
(6.1.5)
For the next lemma, we remind the reader of Remark [3.2.5]
Lemma 6.1.4. Fizn e Z". Using the terminology of Deﬁm’tion the following hold:
(i) For each k =0,1,... and each x € (TH™, M*(-,- -, x) € MG p(A1,042,0B,E,T).
(i) There is a constant C > 0, independent of k such that for any j =1,...,n
|V, M¥|o < % (6.1.6)

Proof. (i) Clearly, M°(-,-,-,x) € MS,D(Al,AQ,B,E,T), and by Lemma each

MFE (-, w) € ME 5 (A1, Ag, B, E,T). By Remark@ each M* (-, -, z) € M ,(A1,04,,0B,E,T).
(ii) Recall formulas (6.1.2), (6.1.3)—since V,F, Vg and their first and second order Wasserstein

gradients are uniformly bounded (conditions imposed in Section , we get

|V, BT \(*f” ﬂTAl)

0
NoT \fﬁl \/§nn—1+

+ [V, Moo ( t gt
T[2v2(1 + 6)h(B) + *g \/;’ii + \/g’mn Q)

\/3 (E+TA1) +\|V%M’“|\O®(SQ+T(2[( +60)h(B )+3ﬂ))

By (6.1.1), we can invoke Remark to obtain that the latter is an expression of the form

— a —
[V, ME o < ~t bV, Moo
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with positive constants a, b in which b < 1. This holds for every k = 0,1,... Applying this inequality
recursively (see [GS15, Remark 8.1]), we find a constant C' > 0 such that |V, M|, < C/n, for
every k € Z". Thus,

1 . . C
IV, MEZ + 15V, M 5)12 = (19, M + [V, M5) 2 < — (6.1.7)

Multiplying by 6 on both sides we get, since 6 > 1, that (| Vg, MF|? + |V, MF[*)V? < % which is

(6.1.6)) for a larger constant C. m

Regularity of M in z, ¢ and s

Corollary 6.1.5. The sequence {M*}¥ of Definition (zz) converges uniformly to the func-
tion M of Definition with M(-,-,-,x) € MS7D(A1,9A27QB7E7T) for every x € (TH™ and
M(t,s,q,x) = M(t,s,q,x) whenever T is a permutation of x. Moreover, there is a constant C > 0
such that

C .

Ve, Moo < — G =1,...,m, (6.1.8)
C L

V2, Moo < 5 i# G el n), (6.1.9)
C
C

IV, Mo <=, j=1,...,m (6.1.11)

Note. Since on W%®(T4 x T?) the mized partial derivatives VZ],M and Viix]. are equal, estimate

holds for V%qM too.
J

Proof. The proof of Lemma shows that for every x € (T4)", M*(-,,-, x) converges uniformly to
X[+, u®](+, ). Formula means that the sequence M* is equicontinuous, and uniformly bounded,
on [0,7] x [0,T] x T x (T%)™. It follows, by Ascoli’s theorem, that the convergence of M* to M is
uniform, and M also satisfies of Lemma to be more precise:

C
Ve, Ml < Pt (6.1.12)

If Z is a permutation of z then p* = p* and so M(t,s,q,x) = M(t,s,q,T). The three estimates
above will be true of the limit function M if they hold for every M¥*. Like before, we are unable
to obtain them for MF¥ directly due to the size of the constant , so we again do it for M* first.
Differentiating (6.1.4]) and (6.1.5) with respect to ¢, we get

t

V2, Mt 5, q,7) = f (V3 H(NIF,03IF)V  JIE + 03, H(NIF,031F)V 31V, MTF

+ Vo, H(M{,0M3)V;, Mf
+O(V3  H(MF,0ME)NV M + 0V, H (M, 0My)V (M), M§
+ 0V, H(M{, M5V, Myldr,
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andl]
vngM§+1(tv S, 4, 33) =

1 _ _ — _ _
= 7v2qqgn(M{€(qa :L')’ Mf(ml’ x)v cety M{C(‘Tﬂ? $))qu{€(q’ x)vaMf(q’ .T)

0
1 _ _ _ _
+ 5V2qgn(M{c(q,l‘)7M{c(iBhaj‘), e 7M{€(xn7$))vi]qM{€(qa 113')
+3 Z ag9n (M1 (¢, 2), M (21,), ..., M (2, 7))V M{ (¢, 2) Vi, M (21, 7)
I#k

+ vilqgn(Ml(Qa x)v Ml ($1, ZE‘), cee Ml (-’an x))vgszl(xlv 33')]

1 _ _ _ _ _ _
+ 5V§qugn(M1k(q,:r), M{ (z1,2), ..., MY (20, 2)) Ve M{ (g, 2) (VoM (25, @) + Vo, My (), )

1 _ _ _ _ _
+ gv:%qun(Mf(% .T), {C(xh 1‘), s ,M{C({L'n, x))[quM{C(xw .’L‘) + VZ%,M{%%J', x)]

1 t
_QJO...dT.

Using (6.1.6) and the bounds on the coefficients, we get:

|V, M* oo < 2v2T(1 + 0)h(B)(A1 + 9A2) + \FW( (1+C)+ TEC + E(E + C))

C

~ A )

\fﬁl n— \f/-ﬂ
Q(n 1+n) Gn)

1
FVIETS (A1 +0) + &

+ Vi, Mkl\oo(fT h( )+
which is an inequality of the form
— a —
[V, Moo < - bV, M¥ o0

for constants a, b with b < 1, because 6 > 4 and T is small. By induction again, increasing C' and

switching back to MF in similar fashion to , we obtain in the limit as k — 0.
Case i # j:

t
V2, NI 5, q,0) = f (73

qqp
s

H(M{,0M§)V o, Mf +0V3, H

(M{ M3) Vo, M3) Vo, MY
+ Vo H (MY 0ME)V? , M

+O(V3 H (MY, 0ME)V o, M{ + 0V5, H(M,0M5)V o M)V 5, My
+ v?)p (Mf7 GMéc)vi]leQ ]dT,

'For the second order gradients of K, we will only write the part corresponding to g, knowing that the one
corresponding to F), has the exactly the same structure, and the expression coming from H is the same as the one
just displayed, except that the last subindex in V3, is g.
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Vi zzMéﬁl(t, $,q,x) =

1 _ _
= E[vgqqgn(M ( ) (xl,l’),...,M{C(:En,l‘))vij{C(q,x)
+V§Jqqgn<M (QVT) {C(xhw)?'-wa(xnax))[qu{C(xj?x) —i—vsz{C(l'j,l')]

+ DV an(MF(q,2), Mf(21,2), ..., Mf (20, )V, Mf (2, 2) | Ve, M (g, 2)
m#j

1 _ _ _ _
+ §V2qgn(M{“(q,ﬂf),Mf(w1,w), oo M (0, 2)) V2, MY (g, @)

+ Z |: wlqgn f(q,x), 7{6(561,.%),...,M{C(aﬁn,x))ijMf(q,x)
l¢{az}

+ V?c]xlqgn(Mk( )a Mik(xla ZL‘), s ,M{C(ZL‘n,l’))[VqM{C(l‘J,ZL‘) + VIJMF(:EW:E)]

+ 3V gt (M (q,2), Mf (21, 2), ..., Mf (20, 7))V, M (2, )|V, Mf (g, %)
m#j

92,00 (W (g, 2), E o), . ST (s ) V2, N a1, x>]

1 _ _ _ _
+ 5[v3$qgn(Mf(q, J}), Mf(xla .7}), SER) M{C('rna x))ijMf(qv .T)
+ vi]qugn(Mf(q’x)’ M{C(xhx)’ s 7Mf(xn7$))[quf($jv $) + ij]\_if(xj,:c)]
+ > V8 g (M (g, 2), M (21,2), ..., M (20, 7))V, Mf (2, 7)) Vo, MY (2, )

m#i
1 _ _ _ _ _
+ §V2qun(M{€(q,£L’), M{C(xbx)a SRR M{C(mnvm))(vglef(mj’ ‘73) + Vi]sz{C(l'j,l‘))
1 _ _ _ _
+ 5[v2x,q9n(Mf(q7 .Z'), Mf(xla J?), trt M{c(l’na x))VJBJM{C(qa .7))
+ v:?c xlqgn(Mf(q’ ) M{C(xla ‘/1:)7 s va(xmx))[quf(aj“x) + vIsz(x“x)]
+ Z vxmzzqgn ( 7$)’ Mf(xl’x)7 SRR M{C(xna$))V%M{C(xﬂ%m)](qu{C(l'%:E) + VIZM{C(‘T“Q:))

m#i

1 _ _ _ _ _
+ 5vgiqgn(M{€(q7 :L'), {g(ml’ l’), R M{C("L‘m $))[viqu{€($la IL‘) + Vi]le{C(mla $)]
1 t
-3 . ..

Knowing the bound (6.1.8)), we can now estimate:

- dr.

V2,0 M oo < 70+ O[(BB) S+ 00(3) ) 4

n

B\Q

( )Hvx]szk”OC]a
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Hvzjrz kHOO
k C K C k C K -
g2 B+ )+ (n = 1)W*) + *HV?;jxiMkHoo]
k C K C Kk C,C k ,C
+[——+—(E+E)+(n—1)——]g+%( + V2
C
—)+ 9*( +[ V3,

+ 1(B) V2,4, M |cc]

;5T

c.C
(n =12 + SIVE M

M* o)

TjT;

(2 + M)

+T(1+ 9)[(h(B)g + 0h(B)

C
+T{[0n0+9n(141+ )+0

—~

k C K C k C

+ [%— o (A + C)+ (n—1)——]—+

) + 7” 5T kHOO]

C
(= + V2,0 M")

C
+n(+wwmmﬂ.

We see that 1/n? factors out from the terms that do not involve ||V3jxi]\_4kHoo, while the term
multiplying |V2 . MP¥|| is

TjT;

Kk (n—2)k kK K
87 o om0

Thus, because of the lower bound imposed on 0, we get that

k k
HvzjaclM +1HOO\ J’_bHv M +1H007

T5T;

a, b, with b < 1. The conclusion ) follows. -
Case i = j : since the formula for V2 M”“Jr1 is the same as that for V2 Mf“, except with ¢
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substituted by j, we only write out Vijxj Mf 1

Vi.z.Méﬁl(t,s,q,x) =
1 _ _
= a[vgqqgn(Ml(CL )7M (‘Tla )7 7M1(xnax))vijl(Q7x)

-i-V?I’Jqqgn(Ml(q, ),M (:L’l,a:),...,Ml(xn,x))[Vqu(xj,x) +ij]\_41(:cj,x)]

+ = Z vmqugn(Ml (q7 ) Ml ('1"17 J")v ey Ml (xnv l‘))vaMl (xia x)]vijl (Q7 :C)
z;éj

+9qugn(M1(Qa )M(xlv )7"'7M1(*73n7 ))V Ml( )

L5y
+- Z [ qmlqgn Ml(q’ l‘),Ml(iU]_,ﬂf),...,Ml(ﬂ?n,I))vijl(q,I)
l;ﬁj
+ V3 xlqgn(Ml(qv z), My(z1,2), ..., Mi(2n, 7)) [V Mi(zj,7) + ijMl(ﬂfj,SC)]
+ Z szxlqgn Ml Qa ) Ml(l‘la :E)v ce 7M1($n7$))ijMl($iv x)]ijMl(q, :E)

1#]

+ vilqgn(Ml((Lx)’ Ml(SUl,CC), sy Ml(xnvx))v?njzj]\zl(xlvx)]

1 _ _ _ _
+ g[vgqugn(Ml(q, l’) M, (xla .CL‘), co My (xn’ x))vijl(qa l‘)
+Vv3 x]qgn(Ml(q, x), My(21,2), ..., M1 (2, 2)) [V My (2, ) + ijl\zfl(xj,x)]

+ Z Vxﬂ;]qgn Ml Q7 ) Ml(l'l,ﬂf), cee 7Ml(xn7 x))vijl(xia I’)] (qul(l'ja ZL‘) + V%Ml(:z],a:))
1#]

1 _ _ _ _ _
+ 5V920qun(Ml(Q7x)7 Ml(xla l’), s ,Ml(l'n,.’ﬂ))(vngl(l'j,l') + VQ- M('xja .’L')

+ ngle(.%'], ) + vxjarle(xj7x))

1 t
B N
0 Jo
Bounding yields

IVZ,

C K C k(n—1)C
T R L + 2210

on n on
Nl & py @

n

]

)+

7”va:]xj kHOO
Kk \C

1)9 2) J’_iH ;T kHOO]
C C’

+(——+W(E+E)+(n—1)mg)(E+g)

c C
+9—(E+—+—+HV
_|_T(...).

c.,
n
(n—

=
Q
=
=
Q

M* o)

TjTj

This time, however, only 1/n, not 1/n?, factors out from the terms not involving HV%J_m_M ¥||, and
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the term multiplying HVijxj MF| is
K K K
i) .
g T g Ty T
Hence ~ a B
V2,0, M5 < & 4002, B0
n

TjTj TiTj

with b < 1, for all k € Z". Therefore (6.1.10) holds. Going through the same process once more,

this time with the operator Vng, ends up in

IV, M oo < afn+ 0 V2,, M* oo,

with b < 1, from which the estimate (6.1.11]) follows. [

Regularity of M in x and t and first order Taylor estimate

Our next step is to get an appropriate bound on the remainder of a first-order Taylor approximation
of M(-,s,-,-) around (¢, s, q, ). Since
a15]\41 (ta S, 4, .’L‘) = VPH(Ml(t7 S, 4, .’L'), MQ(tv S, 4, LE)),
atMQ(tv S,q, .ZU) = - VQH(MI (ta S,q, .T), M2(t7 S, q, J)))
- qun(Ml(ta S, 4, l‘), Ml(ta S,T1, .fL'), s 7M1(t7 S, Tp, l'))v

differentiating once more with respect to t and knowing that M(-,-, -, z) € MS’D(Al, 0A2,0B,E,T)
for every x € (T4)", we obtain

C &k
|07 M oos [VaeM oo < 2vV2(R(0B)(A1+042)+ kA1), [V3 M|w < \@(4h(93)g+ﬁ(141+20)),

(6.1.13)
for j =1,...,n. Equipped now with estimates on all the second order derivatives of M(-,s,-, ), we
proceed to obtain the Taylor estimate in the following corollary.

Corollary 6.1.6. Let M = M(t,s,q,x), M’ = M(t,s,q',2'), with the notation of Corollary|6.1.2
There is a constant C > 0 such that

IM'"—= M —o,M(t' —t) =V M- (¢ —q) — VoM - (2 — z)|
SC( —tP+1g—d)+ |z —2P).

The constant C' does not depend on n.

Note. The norm in the left-hand side of the latter inequality is the Euclidean norm on R??. j/
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Proof. Let i € {1,2}, j € {1,...,d}. Denoting t' —t = At, ¢ —q = Aq, ] — x; = Az, and
|Az| = (3], |Az;|?)!/2, the mean-value theorem implies that

’Mz‘/(j) _ Mz‘(j) _ atMi(j) (t/ . t) . qui(j) . (q/ . q) . vai(j) (l’/ . $)|

< |2MP oo AL + 2) V2, M7 oo | Al Ag| + 2 DT V2, M oo Atl| Azy] + V2, M o] Agl?
=1

qzr; ZT1Tm 1]
I,m=1 =1
l#m

+2 3 V2, M ol Al Az + D) V2 MO ool Ay | An] + Y. 1920 M oo Ay,
=1

Therefore, bringing in the estimates obtained in the foregoing paragraphs, we get
M — M — oM —t) =V M- (¢ —q) — VoM - (' —z)|
n
< |07 M ool At + 2V, M oo | Atl[Ag| +2 Y V5, Moo Atl|Azy| + [V M o] Agf?

=1
n

+2 ) V2, Ml AdllAzi] + 3 1920, M oo Al | Azm| + 3 V2,5, M oo A
=1

qz) T Tm
l,m=1 =1
l#m

< 2V2(A1 + Ao)(k + h(0B))(|At]? + 2|At]|Aq)) + 4\/5\/%%(%(93) + k)| Az||At|

C C C
+V2(A1 + A9)|Ag)? + 2nE\/§|AazHAq\ +n(n— 1)$\f2ﬁ|m\2 + ng\AxP.

Thus, there is a larger constant, still denoted by C, and not depending on n, such that inequality in
the corollary’s statement holds. O

Given z,2' € (T%)", we can reorder and shift the coordinates of 2’ = (},...,2}) so that
|z — 2|2 = #2(u*, ). Thus, the inequality of Corollary reads

|M'— M — oMt —t) =V M- (¢ —q) — VoM - (2 — z)|
<C( =t +1g—q1> + 72", u™)). (6.1.14)
6.1.2 The discretized map N (= M 1)
Let us define

N :[0,7] x [0,T] x T¢ x (TH" — T9
(t,s,q,x) —> X[s, u*](t,q); (6.1.15)

recall that X[s, u](t,-) is the inverse of ¥![s, u](¢,-). The function N takes values in T?, so it has
only one component, unlike M = (Mj, Ms). Thus, M; and N are related by

M (t,s,N(t,s,q,2),x) = q, t,s€[0,T],qe T x e (TH™.
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Let us define also

M™ 2 [0,7] x [0,T] x T? x (TH)" — [0,T] x [0,T] x T¢ x (T4)"
(t,s,q,z) —> (t,s,Mi(t,s,q,2),x),

where the superindex n now makes it explicit that n is the number of particles. The map 9"
is a “discretized” version of the master map 97 of Definition [3.2.6| By Lemma IM™ is a
diffeomorphism, with inverse

N (t,s,q,x) = (W")_l(t,s,q,x) = (t,s, X[s, u*]|(t,q),x) = (t,s,N(t,s,q,x),x)

for t,s € [0,T],q € T x € (T)™; MN” is thus the “discretized” version of the inverse of the master
map. By Corollary [6.1.5{and (6.1.13), for each fixed s € [0,T], MM"(-, s, -,-) € W22Z%([0,T] x T? x
(T4 [0,T] x T¢ x (T%)™). We are going to derive now the Lipschitz property of X[s,-](-,-) before
addressing the full regularity of the master map in the next section.

Recall estimate (3.2.5)):
“qu[SnU’](tv )HOO < 4(1 + \/g)d_la S’t € [O,T],,U, € ‘@(Td)

Differentiating the identity ¢ = X[s, u](t, £'[s, ] (¢, q)) with respect to ¢, we have

0 = 0 X[s, u](t, X' [s, 6]t 0)) + Vo X[, u] (8, 2[5, (£, ) 0% [5, ] (£, ),

from which
X [s, p](t, q) = =V X[s, ul(t, q)vls, ul(t, ), (6.1.16)
at any s,t € [0,7],q € T? ue 2(T9). Therefore

10:X[5, 1lllo < IV Xels, oo |0uls, m]loo < 441 (1 + V)™, (6.1.17)
For the regularity with respect to z = (z1,...,2,) € (T%)", we use the identity
M (t,s,N(t,s,q,x),z) =q,
which holds by definition. Taking the derivative with respect to x;, j = 1,...,n, gives
—Vu,N(t,s,q,z) = [Vqu(t,s,N(t,s,q,az),x)]flvrle(t,s,q,x) = V¢N(t,s,q,7)V,;Mi(t,s,q,T).
Thus, |V, N|o < 4(1 + \/E)d_l% which, increasing the value of C, gives

C
[Va; Nlioo < (6.1.18)

Corollary 6.1.7. Let t,t',s € [0,T], ¢',q € T¢, u,v e P(T?). Then there is a constant C' > 0 such
that

[ X[s,v1(t,¢) = X[s,p](t, )| < Ot = ¥'| + |’ — gl + # (1, v)).
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Proof. Let x,2' € (T*)", and N = N(t,s,q,z), N' = N(t',s,q¢',x'), where N is defined in (6.1.15).
By the bounds (6.1.17)), (3.2.5)), (6.1.18), and relabeling the sequence z1, ..., x, and shifting the
points so that #2(u®, u*) = 2y lmy = ]2,

n
IN(,s,q2) = N(t,5,q,2)| < [8N ot — 8] + [VNlaclg’ — ql + Y [V, Nl — 5]
j=1

Ny,
<AA QA+ VT — | + 40 + V)T — gl + ) E|gc;. —zl;
j=1

therefore, since ) %]x; — il < CX1/n)V2(Y |2 — zj|?/n)'/2, we get, by increasing C,
IN' = N| < C(It' = t| + |q — ¢'| + # (", "))

The constant C' does not depend on n. Applying the last fact in the list given in the Preliminaries chap-
ter, we now extend this to the arbitrary measure case: let u,v € 2(T%), and {x(n)}*_, {z'(n)}*,
with x(n), 2’ (n) € (T%)", sequences such that

lim # (™, 1) = 0, lim # (™, v) = 0.

n—ao0 n—ao0

Since, by definition, N(¢,s, q,x) = X[s, u*](t, q), the latter estimate means
X [s, 1™ M), q') = X[, p™ ()| < O =t + la = o | + #/ ("™, 1)),
for every n € Z™. Letting n — o0, the continuity of X in all its variables finalizes the proof. O

Regularity of the master map is obtained in the next paragraphs from the foregoing properties
of its discretized version.

6.1.3 Regularity properties of the master map

We follow [GSlS] closely here. The idea, roughly speaking, begins with introducing a Lipschitz
extension of the “discretized derivative” V., My, j = 1,...,n, that is defined at every measure
u, through an argument reminiscent of Moreau-Yosida approximation, the extension being closer
to nV,, My the larger n —the number of particles— is. When the n-particle ordered sets x" =
(z7,...,2") are chosen in such a way that 6*" — p, the extension just mentioned will reveal itself as
the Wasserstein gradient in the first-order Taylor approximation derived in the preceding paragraphs;

recall (2.1.6)).
For fixed n € Z*, let

B:=[0,T] % [0,T] x T x {(y;, ) | y = (1, -, ym) € (T)",j € {1,...,n}}
< [0,7] x [0,T] x T x [(T9) x 2(T%)].

A typical element of B is thus (¢, s, q, (yj, 1¥)) where y is any n-particle ordered set (y1,...,yn) €
(T%)" and y; is any of its component particles. If m € Z* and f : B — R™ is a continuous function,
let

|fllB := sup{|f(t,s,q, (z, u*))]| ‘ t,se[0,T],q€ T z € (Td)",j e{l,...,n}}.
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For any continuous function f = (f,..., f(™): B — R™ such that

X xr 1
|f(tvsaQa (yj>My)>_f(tasaQ7 (xinu ))’ < C(‘xi_yj‘ﬂ‘d +W(M muy)_‘_ﬁ)v (6119)
where t,s € [0,T],q € T z,y € (T9)",4,j € {1,...,n}, define

gW(t,s,q,2,p) := inf {fO(t,5,q, (y;, ¥)) + C(|z — yslga + # (u, 1¥)) | y € (T, j € {1,...,n}},
l=1,...,m,

g

g::( "‘.’g(m))’

at any fixed z € T, u e 2(T9). The function g is thus an extension of f from B to the full space
[0,7]? x T¢ x [T? x 2(T%)]. The following is [GS15, Lemma 8.10].

Proposition 6.1.8. Suppose that holds, and for any x € (TH™, je {1,...,n}, f(-,-, ", (xj, "))
is C-Lipschitz. Then

(i) g is \/3C-Lipschitz,
(i) |gls — fls < C/n.
As in [GS15], we set, for s,t € [0,T], g€ T¢, = = (z1,...,2,) € (TH", j=1,...,n,
¢"(t,8,q, (w5,u")) = nVy, M(t,s,q, 7). (6.1.20)
The periodicity of M in g and x ensures that " is well defined on B.

Corollary 6.1.9. (Extension of (") For each n € Z*, there is a function
X" 1 [0,T] x [0,T] x T% x T% x 2(T%) — R¥ x R"’
such that x™|g = (" and, with a larger value of C' than before,
(i) x™ is C-Lipschitz,
(i) |x"5— "5 < &

Proof. We check that f = (" satisfies the conditions of Proposition [6.1.8] The Lipschitz property in
t and q follows from , while, in s, from . Hence, to obtain the Corollary, it is enough
to prove that the condition is satisfied by f = ¢". Fix then 2,y € (T9)", 4,5 € {1,...,n},
s,t €[0,T], q € T¢. Since the order in which we take the n particles z1,...,z,, which make up
z € (T%)", does not change M(--- ,z), and Va,M(--- ,x) is periodic in z, it can be assumed that:

Dlak —wl? <P 0Y), g — vl = g — yilras s — y5] = | — Yyl

k+#i,j
ijM(t, 87 Q7 y) = Vle(t? 87 q7 g)? VZZM(t7 87 q7 x) = vfﬂlM(tﬂ 87 Q7 j)?

82



where y denotes the result of shifting y; and y; to the first and second positions, respectively, in the
n-uple y, and T denotes the result of shifting x; and x; to the first and second positions, respectively,
in the n-uple x. Suppose, too, without loss of generality, that ¢ < j. In view of these simplifications,

|VIJM(t’ 5,4, y)—vsz(t, 8,4, ZL‘)|
i—1
< V3 Mgy = il + 92, 0y Mool = 5]+ 3 12, g, Mol — ]

T1,Tk+2
k=1

n

j—1
+ D Vi e Mleolys = xxl + Y V2, 0y Moolyr — k-
k=i+1 k=j+1

Therefore, by the bounds of Corollary [6.1.5]

C C C
k+i,j

C C Cy/n
< n|yj—xi’1rd+ng|yi—$j|1rd+7;2f Z |y — zx|?
\/ k=i

C Vd
< — | — Lg Ia Y )
n(!yg whrd+2n+W(u 1))

where v/d/2 is the diamater of T¢. Thus,

1
[nVa, M(t,s,q,y) —nVa,M(t,s,q,2)| < \/gC(|yj — Tilpa + X (1", 1Y) + ﬁ)’ (6.1.21)
which proves property (6.1.19) for f = (™, since ¢ and j were arbitrary. O

Lemma 6.1.10. For every s € [0,T], the T% x R¥-valued map X[s,-](-,-) is differentiable on
P(T% x [0,T] x T¢, that is: there exists a mapping

V.2 :[0,7] x [0,T] x T? x T¢ x 2(T%) — R® x RY
(t,s,q,x,u) '—>@MZ[87M](t7q>$)
such that, for every s,t,t' € [0,T], q,¢ € T¢, u,ve P(T?), v e To(u,v),
‘2[57 V](t/7q/) - 2[37 :u](t7 Q) - atz[sau](tﬂ q)(t/ - t) - qu[swu’](tv Q) ’ (q/ - Q)

- f ViuS[s, ul(t,q,2) - (y — x)y(dz, dy)|
Td xTd
<C([ =t +1d —q + #*(u,v)). (6.1.22)
Moreover, the mapping @ME is Lipschitz.

Proof. First, let us define VX. Let (" be defined as in (6.1.20). Denote by x™ the extension of
¢™ furnished by Corollary By Corollary [6.1.9(i), each x™, n = 1,... is C-Lipschitz on the
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bounded domain [O T)? x (T%)? x 2(T%). The functions x™ are also pointwise uniformly bounded,
because of (6.1.12)). Thus, the sequence {x"}°_; is equicontinuous and pointwise uniformly bounded,
SO a subsequence of it converges to a C- Llpschltz mapping, which we define as the mapping V >

Let p,v € 2(T?%), and let v € I'g(u, ). Appealing again to Chapter [2| there is a sequence
{v(n)}*_;, converging narrowly to v in P(T? x T¢), such that

1 &
E Z (xj(n),y;(n))»

and for each j € {1,...,n}, (z;(n),y;(n)) belongs to the support of 7. Due to this latter fact
(see, for instance, [AGSOS Theorem 6 1.4]), for each n € Z*, the sequence {(z;(n),y;(n))}7_; is
| - [pa-monotone, and, therefore,

v(n) € To(u*™, ™), neZt.

It is also true that
lim # (p, i*™) = 0, lim # (v, i) = 0.

n—0o0 n—0o0

For each z(n) of our sequence,
C"(t, 5,0, (w5 (n), " ™)) = NV, (M (t,s,q,2(n)) = nV, ) [s, u"™M](t, q),
j€{l,...,n}. Recall the second-order estimate (6.1.14]), now with z = z(n) and 2/ = y(n):
|S[s, 1]t q) = S[s, w N, ¢') = 05 s, 1 V], ) (¢ — 8) = VoS5, 1"V (tq) - (¢ — q)
= TPl N )~ 250)
iz
Ot =t +la — o' + 72 (u"™, p™)).

Since

% 2 ¢t sy qs (), 1) - (yi(n) = 2(n)) = f C"(t, 5,4, (x, ")) - (y — 2)y(n) (dz, dy),
j=1

the latter inequality is the same as

|S[s, /™), ¢) — S[s, 1 ™M](t,q) — 0S[s, 1 M](t, @) (¢ — t) — VoS5, 1" ™](t,q) - (¢ — q)

- j ¢t 5,0, (@, 15™)) - (y — 2)y(n)(da, dy)|
Td x Td
<Ot =t + g = + 72, ™)),

The same inequality holds if we substitute x™ for (" in the previous inequality, because these
functions coincide on the set B, which includes the support of 7(n). But, since we will pass to the
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limit, we rather write
|S[s, 1 ™](t, q) — S[s, 1™t q) — 5[5, 1], q) (' — t) — VoS[s, 1*™](t, q) - (¢ — q)

- f Xt 8,4, (@, ™)) - (y — 2)y(n)(der, dy)|
Td xTd
<Ot =t + |g — 1> + #2 (=) ™))

[ s () = X s D] (5 ) () )|
Td xTd

x(n n C x(n n
< Ot =t + g — g/ P+ 972", ) + =/ (™), ™), (6.1.23)

by Corollary [6.1.9(ii) and the fact v(n) € To(u®™, v¥(™). Passing to the limit as n — oo in (6.1.23),
we prove (6.1.22)), in particular, that ¥ (and, therefore, the master map) is differentiable in the p
variable. O

We will denote by V! the first component (the T¢valued part) of V3, and V%2 the second
component (R%valued) of @MZ. Note the bar over the nabla in ?NE. We have put the bar so as to
not mislead the reader into thinking that ?HE is the Wasserstein gradient, which we would denote
by V,3; recall that, for us, the Wasserstein gradient of a function yu — W(u) is the element of
minimal norm in the set dWW(u). Lemma shows that

ViZ € A[Z[s, ] (@)] (n)-

Next, we are going to prove the analogue of Lemma [6.1.10|for X = (X!)~!, which amounts to
smoothness of 9 in the p variable.

Definition 6.1.11. Fort,se [0,T], p€ 2(T%), q,x € T, put
Vi X[s,ul(t,q.x) == =V X[s, p](t, @) VS [s, p](t, X[5, 1] (L, q), ).
Before stating and proving the lemma, we recall formula :
X[, ul(t,q) = =V X[s, ul(t, ))0S [, ul(t, ) 0 X[s, (¢, q)-

Lemma 6.1.12. For every s € [0,T], the R%-valued map X[s,-](-,-) is differentiable on 2 (T%) x
[0,T] x T, i.c., there is a constant C' > 0 such that for every s,t,t' € [0,T], q,¢' € T?, p,v e 2(T9),

v € Tolp,v),
| X[s,v](t', ') = X[s, u](t,q) — 0 X [s, (£, Q) (t' — t) — Vo X[s,](t, q) - (¢ — q)

[ Xl (- ()
Td x T4
<SC([ =t +lg—d' PP+ 7>(p,v)), (6.1.24)

where 0; X, VX, and the mapping ?MX of Definition|6.1.11], are continuous.
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Proof. The continuity of @MX is immediate from its definition, and the continuity of V,X and ;X
has been known since Lemma and formula (6.1.16]) respectively. Let us put

q=X[s,pl(t,q), ¢ =X[sv]t,¢). (6.1.25)
We write out the expression on the left hand side of (6.1.24]) and factor out V,X[s, u1](t, ¢), while
also using the fact that V,X[s, u](¢,q) and V! [s, p](t, §) are inverses of one another:
\vgﬁwwﬂﬂV@wWMu@@@+@EBMW@W’t>
- ) - o) + [ T ) (- 0|

{—%ﬂwwmhbﬂam S5, (@) — A sy ] 6 D)(E — )

— VoS s, ul(t,§)(7 — §) — Ldmd V.S s, 1 (t, G x) - (y — 2)y(dw, dy)] ‘
< AL+ VAT =t + 17 =GP+ 7 ()
= AU+ VDO — 2+ X[, ) @) — X[ 1]t I+ H2(0,0)).

But, by Corollary the term | X[s,v]|(t',q) — X[s, pu](t, q)| is bounded by C(|t' —t| + |¢’ — q| +
W (u,v)) for some C' > 0. Inserting this bound into the last expression, after expanding and raising
the value of C, one obtains (6.1.24)). O
Regularity of V

Let us look back at the definition of V), given by (4.1.20)). Set now

V.V s, p](t g, x) i= V225, u](t, X[s, 1] (2, @), ) + VoS2[s, ] (8, X[5, 1] (£, )V X5, 1] (t(,q,w),)
6.1.26
for s,t € [0,T], ¢,z € T?, pe 2(T9).

Lemma 6.1.13. For every s € [0,T], the R%-valued map V[s,-|(-,-) is differentiable on 2(T%) x
[0,T] x T?, i.c., there is a constant C' > 0 such that for every s,t,t' € [0,T], q,¢' € T, p,v e 2(T9),

v € Lo(u, V),
Vs, vI(t',q") = VIs, ] (t, q) — 0:V[s, p](t, q) (' — ) — Vo V[s, pu](t,q) - (¢ = q)

- j Vs, (0, 7) - (y — 2)y(de, dy)|
Td xTd
C( =2 + la—d P + 72, 0), (6.1.27)

where the mapping @#V, defined by , and 0V, V4V, are continuous.
Proof. We know that

VoVils, 1] = Vi s, ]V Xals, ], 0Vils, 1] = 057 (s, 1] + Vo Ei[s, 1] 0. Xe[s, ]
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Therefore, the continuity of the functions stated in the lemma follows from that of V%, VX,
0¢2, 01X, and the continuity, proved above, of V,¥ and V,X. Keeping the notation (6.1.25)),
we first write down the expression to estimate, i.e. the left hand side of (6.1.27)), and factor out

Vo22[s, ul(t, 4):
‘22 [87 V] (tlv q~/) - 22[87 :U’] (tv Q) - vq22[37 :U’] (tv (j)qu[S, N] (ta Q) (q/ - Q)
— (O[5, 1] (t, @) + VZ2[5, u(t, D)X [5, 1] (¢, 0)) (' — 1)
- Jde'JI‘d [?MZ2[S7 :U’] (tv qv .I) + qu2[37 N] (ta Q)@MX[‘S? /J,] (t7 q, .T)] : (y - x)f}/(dxa dy)|
= [Z*[s,v](¢,d) — 22[s, ] (¢, G) — V2[5, 1] (£ ) (

V,X[s. () (d' =)+ AX[supl(ta)(¥ =0+ [ 9, X[supd(ta) - (v = o)y (do ) )

o)t 0~ [ 9 al(tdn) - (- 0 (do.dy)|
Td xTd

Inside the large round brackets we add and substract ¢ — ¢ = Xy [s,v](¢") — X¢[s, 1](q), and apply
(16.1.24])), to obtain that the latter expression is no greater than

|55 [5,v1(d) — 15, u)(@) — Vi[5, 1](@) (G — @) — 8ZE[s, ] (@)(t — 1)

- Ld - V. Sils, 1] (G, 2) - (y — o)y (dz, dy)| + [VeEi[s, 1] (@)|C(1d" — a* + |t — t|* + #(u,v)),

which, in turn, by (6.1.24)), is bounded above by
C(IX[s:V](t', ) = X[, 1] (t, ) + [t =t + ¢ — af* + #*(n,v))
+0A:0(1d — af* + [t/ =t + #*(u,v)),

and, after using Corollary again, simplifying and increasing the value of C, inequality (6.1.27))
is obtained. O

Regularity of H(q,))

We finish this section by following the previous results with the regularity of what turned out to be
the second function that appears in the MFG equation ((1.3.2)), due to (5.0.8). Set

VuH (g, Vs, 1l(t, @) (x) := V,H (g, V[s, p](t,9))V,u Vs, pl(t, g, ), (6.1.28)
for s,t € [0,T], ¢,x € T, pe 2(T9).

Lemma 6.1.14. For every s € [0,T], the R-valued map H(-,V[s,-](-,)) is differentiable on 22 (T%) x
[0,T] x T?, and there is a constant C > 0 such that for every s,t,t' € [0,T], q,¢' € T, p,v e P(T?),

YE FO(M? ’/)7
[H(q", VIs,v)(t',q") — H(q,V[s, ul(t, ) — (0)(H(q, V[s, ul(t, @) (t' —t)

— (Vo)(H(q, Vs, ul(t, ) - (¢ — q) — f VuH (q,V[s,p](t, 0)(x) - (y — x)y(dz, dy)|
Td x T4
SC(t —tP+qg—¢ P +#*u,v)), (6.1.29)
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where the mapping ?MH, defined by , 18 continuous.
Proof. Let us abbreviate V = Vi[s, u](q) and V' = Vy[s,v](¢’). Since

@)(H(@,V) = Vo H(@ V)oY, (V) (H(@,V) = VoH (V) + VpH(g VIV,V,
the left hand side of is, after factoring out V,H(q,V),
[H(d, V') = H(q,V) = VpH(q,V)[ = (V' = V) + VV(d —q) + 4Vt 1)
+ J;l‘dx'll‘d VuVils, 1)(q) - (y — 2)y(de, dy)]

—VH(q,V)(¢ —q) = VpH (g, V)(V = V')
<|H(¢,V') - H(q,V) = VeH(q, V)¢ — q) — VpH(q, V) (V' = V)|
+ |VpH (g V)C(t = t1* + ¢ — al* + #7*(n,v)).

Remember now that |X?| < 0B (see Corollary [3.1.7((ii)) at any t,q, s, u; recall Definition
Therefore, the right-hand side of this inequality is bounded by

h(OB)(lq' = a” + V' = V") +1B)C(It' —t* + |¢' — q” + #*(n,v)).

To deal with the term [V' — V|2, note that Corollary is also valid for 3 in place of X, following
a similar argument. With the notation (6.1.25|),

|V, - V| = |22[‘97 V](tla q/) - 22[57M](t7 (I)| < C(|t/ - t| + |q, - (ﬂ + W(:U’a V))
Applying Corollary [6.1.7, and raising the value of C, we get
V' =VI<C(t' —t|+ g — gl + # (u,v)).

Substituting this into the bounding expression, and simplifying, one arrives at (6.1.29), for some
larger value of C. The continuity of V,H in all its variables is clear from the definition. O

6.2 Solution to the master equation

Let us recall, once again, the definition of the function w :

u(s, q, 1) = g(q, ', 1] (0, ) p) — fo [H(q,V[s, p](7,q)) + F(q, 5" [s, p] (7, ) pp]dr.  (6.0)

6.2.1 Pathwise gradients of the couplings
For any s,t € [0,7T), e T, ue 22(T9), define

N s, ul(@)(2) == = VuF(q,00) (B4 [s, 1] (2)) VoSt [5, 1] (2)
+ JW ViuF (g,00) (% [s, u) (1) ViS4 [, 1] (r) () ),
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and

AT, 1@)(2) = = Va0 (ST, 1)) T [, 0. 2)
= | Vgt o) (CH ), o) )

Likewise,

(at)(F(Qv Z% [57 M]#M)) = VMF((L Ut)(ztl [5’ :U’] (x)) ) at21 [87 M] (t) x)ﬂ(dﬂf)y

with an analogous definition for (¢;)(g(g, ©1[s, #]4p)). In preparation for Lemma below, we
are going to adopt this notation: for ¢, € (0,T), q¢,¢' € T¢, p,v e 2(T?), and 0 < 7 < 1, and
vel(pv),
tT=QQ-7)t+7t, ¢ =0-71)g+7¢, u=(A-71)7"+77%)u",
oy =X s, v](t',q), or=3[s,u](t,q), (6.2.1)
0T =Xt [s, 1" un”
Recall that, by definition, X = (X!)~!. In this context, we are going to need the following:

Proposition 6.2.1. Let u,v € P(T%), q,¢' € T, t,t' € (0,T), and let the notation be in
force. Let w™ be the velocity vector field of the geodesic .

(i) The vector field

v (y) = (' = v [s, 17 ](y) + Ld VS (5, 171 (Xir [s, 07 () ()" (2) 7 (dir)
— VoZie[5, 171 (Xer [s, 171 ()" (Xir[5, 071 (y)),  y € TY, (6.2.2)
is a velocity vector field for the path o7.
(it)
[0 2oy < Ot = t| + # (p,v)), 0<7<1
for some constant C.

Proof. (i) Fix any v € I'o(p,v) and for 0 < 7 < 1, put " as in (6.2.1). By definition, v™ must
satisfy

L oo = [ Vo) - w)o"(dy) (6.2.3
T4 Td

for every p € C*(T%) and for £'-a.e. t € (0,1). Computing the derivative on the left hand side,

% » (S s, 717, )" (dy) =
N qud %90(21[8, pT1(E,y) ' (dy) — ﬁrd(vy)[@@l[& pT(t, y)]w” (y)u” (dy),



where w” is the velocity vector field of the geodesic 7, and we have again used the definition of
velocity, since ¢ o X! is C® in y. Doing the differentiation with respect to 7 and y, we get

= o(y)o’(dy) =

=f [w<21[s,m<tiy>~(atzl[s,m]w,y><t’—t>+ f vuzl[s,ﬂ(tﬂy)(x)wT(m)uT(d@)JMdy)
Td Td

- VoS s, w17, y)) - [VX s, w717, y)wT ()] " (dy).

Since Y- [s, u"]4pu™ = o7 by definition, we obtain (6.2.2)) after writing the latter expression as an
integral with respect to 0™ and comparing against the right hand side of (6.2.3)).
(4i) This follows by Remark [2.1.1(i) and the boundedness of &;>!, V!, v, L. O

Remark 6.2.2. Tt follows that, evaluated at 3} [s, u7](y), v™ has the simpler expression:

V(S [s, 071(y) = (' = )0 S)[s, 171 (y) + JW VSt [s, 17 () (2)w” (z)p (dz)
— VSH[s, 1w (y),  yeT™ /

Lemma 6.2.3. Let t,t' € (0,7), p,v € 2(T9), q,¢ € T? be arbitrary, and put or = St [s, ] xu,
o = 4 [s,v]gv. Then there exists a constant C' such that

\F(q,o0) — F(q,00) = VoF(q,00) - (¢' — q)

- er VuF(g,00)(Si[s, ul(2)) - 05 s, ] (t, @) p(da) (¢ — 1)

- JdeTd NE s, 1l(@) (@) - (y — z)y(dw, dy)|
<SC(t' =t +|d —a* + 7 (n,v)),

for any v € To(u,v). The functions Ni¥'[s, 1](q)(z) and (0;)(F(q, X}[s, p]yn) are continuous in all
its variables.

Naturally, the same result holds for g in place of F.

Proof. Before we begin the proof, let us note that the continuity assertion follows immedi-
ately from the continuity of the functions that enter in the definition of N/ [s,u](q)(x) and
(@) (F(a, S [s, nlgh)-

Let v € T'o(p,v), and define p7, 0 < 7 < 1 as in Remark Let the notation be in
effect, so that 7+— o7 is a continuous path joining oy with o}, and Proposition holds, with w”
as defined therein. Denote by E the expression inside the bars on the left-hand side of the inequality
of the lemma.

Step 1.
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Claim 1.
er ViuF(q,00)(x) - 0% (x)oy(da) = er Vi F(g,00) (5 [s, u] (@) - 05 [s, ] () p(da) (1 — )
L Nl @) 2 dy)
Td x Td
Proof of Claim 1. Using Remark [6.2.2] with 7 = 0,
[ 9uFa.o@ - o) -

= VuF(q,00)(Si[s, 1l (x)) - 0:5% [s, ul (y) p(da) (¢ — 1)

V.S [, 1] (@) (0)w" (b) p(db) | ().
(6.2.4)

| VP o) s, u @) - [TE s ) ()00 (@) —f
Td Td

Note that

B Ld - VuF (@ 0) (55, 1)) - VS, 1) @)l () ()

Substituting this identity into , we see that
LN V,.F(g,00)(z) - v°(x)oy(dx) =
= ). ViuF (q,00) (i [s, ] (@) - 0:55 [s, ] (y)u(da) (' — 1) + » N [s, u)(a) () - w® (x)pu(dx)

Finally, we use Remark [2.1.1(ii) for the last integral in the latter expression, and the claim is proved.
Claim 2.

B = P4 ) = Fla.00) = VaF(0:00) - (4 =) = | V,Pla.0)(@) -0 @)ou(da).

Proof of Claim 2. This follows immediately from Claim 1 and the definition of E.
Thus, the lemma will be proved if we show that

|F(q',00) — F(q,00) = VF(g,00) - (4" —q) — er VuF(g,00)(x) - v° ()0 (de))|
SOt =t + | —q> + #*(u,v)) (6.2.5)

for some constant C.
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Step 2. Before we set out to prove (6.2.5)), we transform the expression for ' some more. By
the chain rule, we have that

1
F(¢,ou) = F(q,00) = L [VaF(q".07) (¢ = @) + VuF(q",07)(2) - v (z)0" (d) ]dr,

SO

1
£ [ (190" - VuF o0l ~a)
+ JW VuF(q",0") v (x)o" (dzr) — er V,.F(q,0) - vo(x)at(da:)> dr.

With our knowledge of v7, that is, from Remark , we may rewrite E as
1
b= f [(VqF(qTa 0") = VF(q,01)) (¢ —q)
0
+f VuF (o) (S5, 17 () - (51@# [s, " J(2) (¥ — 1)
Td
" j 5k s, 17 (@) (r)w (1) (dr) — Vo [s,m@)w%x))mdx)
Td
- [ vurta o0 sis @) - (asilspe -0
+ [Tl )0 utar) - 9,5t @) o) far
Td

Now, let
YT el(u,pu™), 0<71<l.

Then FE takes the form
1
b= Jo (VyF(q",07) = VF(q,01)) - (¢ — q)dr
1
T I AT T A R e A Lt
[ b s ) ) () — 9 MT](y)wT(y)>
Td
VL F(g,00) (S s, ] (@) (atz% (s, 1 (@) — 1)

+ [Tl utan) - Vs s @) @) ) | o agyar
=: E| + Es,

where

1
o f (VoF(q",07) — VyF(q.00) - (¢ — q)dr, Eyp=E— By,
0
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Step 3 (estimates). In the following, we will be making use of the boundedness of the quantities
displayed in Section With an abuse of notation, for each fixed 7 € (0,1], let 7(h) = hr,
0 < h <1, so that ¢”0) has endpoints ¢, t7, ¢") has endpoints ¢, ¢" and ¢™) has endpoints oy, o7.
The velocity vector field of the path h — v™") is 707" (see, e.g., [AGS08]). An argument similar
to the one in the proof of Proposition based on the continuity of ngF and Vin , shows that

qu(qT7UT) - VqF(Q7 Ut) =

1
_ L [TV?QF(qT(h), Jr(h))(q/ —q)+ JW TVZQF(QT(h), Jr(h))(x)vr(h) (:L,)O.T(h)(dx>]dh.

Therefore, by Proposition (6.2.1])(ii), we get
|Er| < Cld' —al(ld' —al + [t —t| + # (1,)) (6.2.6)

for some positive constant C. We break Fy down as follows:

1
Ep = J f (Bi + By + B3)y" (dz, dy)dr,
0 JTdxTd
where

B = [VuF(q,07) (S [s, 171(y) — VuF (g, 00) (St [s, 1] () ]-
(oS [s, 1T (W) (' =) = Vi [s, w7 () w (y) + de VSt [s, 17 () (r)w” (r)p" (dr)],

— OB [s, pl(2) (' = ) + VX [s, 1] (2)w’ ()

- Lr Vi [s, 1l (@) (r)w’ (r)u(dr)],

d

and
By := [VuF(q,00) (5[5, 1l(v)) = VuF(q,00) (5[5, ul () ]-

[ s, 1l () (E — £) — Vo SHs, 1] (1) () + j
']Td

Vi [s, 1) () (r)w (r)u(dr)].

To estimate S(l) S(Td)Q By~ dr, we address the first square bracket in the definition of B;. With rw™(h)
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7(h)

being the velocity vector field of the path h — w™"", we have

VuF (g7, 07) (S [s, 171()) = VuF (g, 00) (S [s, 1] (y)) =

1
-, [Tvzumqﬂh% o) (S Lo [, P W)) (0~ a)

b [TV, 0 ) S o) O e )
+ V2, F (g™ oMY (8]0 [s, TP @) [7(E = 1) S [s, 17 ()
# [ rTh s ) 0w 0 )],

SO

IVuF (a7, 07) (S5, 171(Y) = VuF (g, 00) (St [s, 1] ()]
< Clg =gl + C(1t' = t| + # (n,v)) + C(|t' = t] + # (p, v))

and thus,
VuF (g, 0T) (s, 171(y) = VuF (g, 00) (St s, 1] ()] < Ot —t] + |¢" — al + # (1))

for some constant C. Invoking the boundedness of &;%!, V,£!, ¥V, 5! and Remark [2.1.1{(i), we get

1
| [, B @edyar| < O =t + 1 =+ # ) =8+ # (). (627)
0 JTdxTd

Recall that we denote by Vin(q, p)(x) the gradient at 2 of the mapping « — V,F(q, p)(x), and
V%MF (¢, pt)(x) is uniformly bounded, by assumption. Thus,

VW F(q,00)(Si (5, 1)(y) = VuF (g, 00) (St [s, ul(2)] < [V3,F (0, 00) o[k [, 1] (y) — St [, 1) ()]
< 2”V§#F(q, O-t)”OOAl‘y - l‘|,

for any x,y € T?¢. Therefore, for some constant C,

1 1
], B @edgar] <c [ [ e ule = ol Gn) e dy)ar
0 JTdxTd 0 JTdxTd
< Clz —y|(|t' —t| + # (n,v)). (6.2.8)

Next, we are going to estimate Sé S(’]I‘d)2 BonTdr. To ease notation, let us make the abbreviations

¢ = Sp[s,17], @1 =Si[s,ul, 1= VuF(g,01) 0 1.
Then S('er)Z Boy™ (dz, dy) reads:

f 61w) - [ () (' — 1) — Yooy () + j Y a(y) (r2)” ()™ (dlr)
Td xTd Td

— (@)Y 1)+ Vaor(@)u(@) = | V(@) ()] (do. dy).
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Therefore,
|| Bertndy)] < lrlieen DI,
Td x Td
where, by applying Remark [2.1.1)(iii),
y—T

D = (0rpa(y) — 01 (x))(t' —t) — (Vy92(y) — Vgou())

" f (V,62(5) () — Vi (@) (@)= (da, db).
Td x Td T

and we are left with estimating the L!(y7)-norm of D. We write

7D = 7D + (¢2(y) — p1(x)) + (P1(z) — d2(y)),

to apply (6.1.22)), once with p=p, v=pu", t =t,t' =t", ¢ =z, ¢ = y, then with u = u", v = p,
t=1t",t' =t q=1vy, ¢ =z, and obtain:

|7D| < 20(72]75' — t\Q + TQV/Q(M, v)+ |z — y[2)

Therefore

T 1 T
f DIy (dz, dy) < 20 (7|t —t]* + 7472 (p,v) + f |z — y[*y7 (dz, dy))
Td x T4 T JTdxTd
/ 2 2 1 9.9
<20(7|t =t + 7% (w,v) + -7 W ().

Consequently, for some constant C,

1
fo L » |Bo|y" (daz, dy)dr < C(|t' —t|* + #%(u,v)). (6.2.9)
X

Step 4. Note that all the estimates derived in the previous step, namely, (6.2.6), (6.2.7)), (6.2.8),
(6.2.9), are quadratic in the increments. Hence,

Bl < C(t' —t* + ¢ — q* + 77 (n,v)),

which is (6.2.5)), for some constant C'. This concludes the proof. O

6.2.2 Gradient of u(s,q, ) and chain rule

We collect now the results on differentiability in p of the functions g, F, H(g, V) that constitute the
full value function u, with the following definition and corollary. Define the R%valued function

S

(s, 1l(g, ) = N[5, 1](a)(w) + fo [V H (g, Vils, il(0, ) + N[5, ul(@)())dt,  (6.2.10)

where s € [0,T], e T, y e RY, e 2(T9).

95



Corollary 6.2.4. The function Y, just defined, is continuous on [0,T] x T¢ x T¢ x 2(T%), and
u(s,q,-), defined by , is differentiable on P (T?), in the sense that there exists a constant C
such that

s, ) = u(ss0.0 = [ Vlsusdla) - (2 = (i do)] < OF )

for every p,ve P(T9), vy e To(pu,v), se [0,T], g T

Proof. The continuity of T is a consequence of the continuity of its parts, and combining Lemma
[6.1.14) with Lemma [6.2.3] produces the stated estimate. O

We refer back to Section for the definition of .7, 2(T?). Since we do not know whether
Y[s, 11](g, -) belongs to the L?(u) closure of {Vi | ¢ € C%(T%)}, we make the following definition.

Definition 6.2.5. Let u = u(s,q,p) be as in , for se[0,T], e T pe 2(T%), and Y be

as in (6.2.10}). At every s,q, u, by
Vu“(quvﬂ)

we will mean the projection of Y[s, u](q,-) onto 7, 2(T?).

We need to note that the velocity vector fields v[s, u](¢,-) are not necessarily elements of
Ty P (T9), even though this is true in the case H(g,p) = 3|p|* (see [GS15, Theorem 5.1]). This
leads to the following definition.

Definition 6.2.6. At every s,t € [0,T], ue 2(T9), by
1_)[87 N] (ta )
we will mean the projection of v[s, k](t,) onto T, P(T%), where oy = S} s, p] () wp-

Note that, if w € L%(T%, u) is arbitrary and w is its projection onto .7, 2(T¢), then

|, Xl g, - w@utds) = || 9yu(s,0.0)(0) - wlohulae). (6.2.11)
Td Td
This follows from (2.1.3)).

We are now ready to prove the third main statement of the paper:

Theorem 6.2.7. Let H,F, g be as in Sections and X be the unique solution to the
system obtained in Corollary[3.1.7(ii). Let u = u(s,q,n) be defined as in (6.0.1). Then:

(i) For any s € [0,T], p€ P(T9), there exists o € AC?(0,T; P(T?)) such that o, = p and the
continuity equation

Oroy + div(VpH (q, Vau(t,q,01)o1) =0 in D'((0,T) x 2(T?)

holds;
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(i) The function u is a classical solution to the master equation

Osu(s,q, p1) + er Vyu(s, g, p)(x) - VpH (2, Vou(s, z, p)) p(dz)
+ H(q, Vqu(s,q, 1)) + F(gq, ) = 0 in (0,T) x T? x 2(T%,
u(0,¢,) = g(g,p)  on T x 2(T9,

in the sense explained in Section [2.3

(T.3.6)

Again: the full value function u = u(s, g, u) is the value of the solution U of the MFG system’s
Hamilton-Jacobi equation (1.3.2]) at the time (¢t = s) at which the terminal condition o;—s = p is
prescribed for the continuity equation (|1.3.3]).

Proof. (i) Let s € [0,T], u € P(T9). Set o := i[s, u]gp. Then the statement follows from

Proposition [3.2.10] Corollary formula ((5.0.9) and Lemma [6.0.1]

(ii) The regularity of u in ¢ is the same as the regularity of U in ¢, which was discussed in Lemma
m Fix 0 <s<T,qeT pe 2(T9). As usual, oy = Si[s, u]up, and vy = 054 [s, 1] o Xi[s, ],
0<t<T. Set

Gt = (id+ (t — s)vs)pp, ¢ := (id + (t — 5)Us)p L,

where ¥ is the projection of vs to 7, 2 (T?). Through osip X 6sip, we estimate # (0syn, Gsin):

W2 (0oim Gorn) < j 1 — yP(0usn X Forn)(da, dy)
Td x Td

= f IS8 snls, 1l(y) — Sils, ul(y) — husls, wl(y) ] (dy).
Td

Note that vs[s, 1](q) = 0;X}Hs, 1](q)|¢=s, since Xs[s, u] = id. Therefore,
W(Osihs Osin) < |h|2HatQt21HgO' (6.2.12)

Let
Vi i= (id x (id + hvg))gp € T(p,Gssn)-

Since, by definition, V u(s + h,q, ) € %W(Td), we apply Lemma to write

‘U(S + h7Q768+h) - U(S + h7 q, M) - f VMU(S + ha %M)(x) ' (y - .T)’)/h(d$, dy)‘ = 0(H7T2 - 7T1H’Yh)7
Td x T4

which is the same as

(s + h,q,84n) — uls + h,q, p) — b f V(s + hy g, 1) (@) - v(@)a(da)] = o(|h]),

Td x T4
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because o(|7% — 7t|,,) = o(|h|) as can be easily checked. Recall now (6.2.11]). Formula (6.2.10)

shows that Y[-, (g, y) is continuous, so there is a modulus of continuity w such that

V(s + g )(@) - v@)n(do) = [ Tls+ hol(g.o) - 5 (@)ldo)
Td Td

—j s, 1](q, ) - Ba()u(d) + w(|B])

j s, g, 1) (@) - vy @)pu(der) + w(|hl).
Therefore
s+ B, 6vn) = (s + b ) = b | Vs, .0)(a) - on(oldo)
= o(|h|) + |h|w(|h]). (6.2.13)

Corollary shows that u(s,q,-) is s1-Lipschitz for some constant s, because [0,T] x T is
compact. Using the bound ((6.2.12]), we then have

[u(s + h,q,6s1n) —u(s + h,q,05:0)] < k1h2|0ES 2. (6.2.14)
Invoking of Lemma we write
lu(s + h, q,054n) — u(s, q, p) + h[H(q, Vqu(s,q,05)) + F(q,05)]| = o(|h]). (6.2.15)

Finally, (6.2.13), (6.2.14) and (6.2.15]) are needed to obtain:

fuls + h,q, 1) — u(s, q, 1) + h fw Vs, 4, p)() - vs(@)p(de) + h[H (g, Vyu(s,q,0,)) + F(g, )]

— Juls + by g, 1) — uls + hy g, Gusn) + hfw Vs, 4, 1)(x) - va(2)p(d)

+ U(S + h, q, 6-s+h) - U(S + h,q, Us-‘rh)

+u(s +h,q,050n) = uls,q, p) + h[H(g, Vqu(s,q,05)) + F(g, 05) ]

o([hl) + [hlw(|h]) + k1h? |05 X3, + o([h]) = o(|R]).

We divide by h, remember that vs(z) = V,H(x, Vou(s,z, 1)), p = os and let h — 0 to obtain
_asu(s7 q, ,U’) = J’ﬂ‘d Vuu(s, q, /,L)(f]f) : VPH('%'7 vqu(87 z, M))/’L(dx) + H(Qa qu(S, q, /'{/)) + F(Q7 ,U,)

Let us check the continuity of s — dsu(s,q,p). Due to (6.0.5), Vqu(s,q,u) = V[s,ul(s,q) =
¥2[s, 1] (s, q), which is continuous in s, and the continuity of H and F takes care of the non-integral
term in the formula for dsu. For the integral term, we use once again (6.2.11]). Let s’ € (0,7"). Then

[ Xl a2 su(omtdo) ~ | X1 wa,2) - o (a)uds)
Td Td
<[ Tlsnlta.) suotd) = | Vs ul(a.a) - ola)n(da)
T f s, 1] (g, z) - ()l d) — f V[ 1](g, z) - Ty (2)p(d)|
Td Td

< [Ls, (g, Mz2ollvs = Osllzagey + 1CLs, pl(a, ) = I8 s (g5 ) p2 gy 05 22 )
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By the fact that ©s, vy are the projections of vs, vy on a subspace of L?(u), we know that
105 — Vs 22(u) < lvs — vs|L2)- Letting s’ — s we conclude the continuity. The continuity of
Osu(s, -, ) is treated in the same fashion, since v[s, u](s,-) is continuous. This completes the
proof. O

Remark 6.2.8. We do not claim that the function V,u(s,q,-) is continuous on &(T¢), which is
true in the case [GS15] of H(q,p) = 3|p|>. The reason is that we have had to define V,u as the
projection of a vector field (Definition that, in general, is not in the tangent space .7, & (T%),
whereas for the quadratic Hamiltonian, Y[s, (g, ) and V,u(s, ¢, u) are the same. /

6.3 Link with the Nash system

As we said in the Introduction, we can recover the N-player Nash system if we let p = p* =
% Zjvzl dz; in the master equation. We let vV (s,q,x) := u(t,q, u"). Since

1 P
(9xij(s,q,a:) = NU(S#],M )(@5),

the integral term that appears in ([1.3.6)) becomes

N
Z ﬁzj’UN(sv(Lx) ' VPH(xja quN(Sa %‘rj))‘
j=1

Then (|1.3.6) becomes
N
as'UN(Sa q, :C) + Z axij(sv q, :U) ’ VPH(xja quN(Sa q, x]))
j=1
+ H(q, quN(s7 q,2)) + F(q,n*) =0 in (0,7) x T¢ x (TN,

u(0,q, 1) = g(g, p*)  on T x (THN,

which is essentially the same as (1.2.841.2.9).
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