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SUMMARY

It is known that for axisymmetric case, torsional modes of
vibrations of cones are uncoupled from other modes of vibration. This
simplifies the problem of axisymmetric torsional vibrations of cones;
yet, little work has been done on the problem,

The axisymmetric free torsional vibrations of a thick, hollowed
conical frustum which is cantilevered at the small end are studied. The
limiting case of this is an annular plate fixed at the inner radius and
free at the outer radius.

The basic vector equation of motion is transformed into three
equations of motion in an orthogonal conical coordinate system. The
equation for torsional motion is solved for eigenfrequencies using the

finite difference technique. Thin shell theory predicts that the tor-

sional frequencies are independent of semivertex angle. It is shown

that the frequencies for thick cones inecrease with increase in semi-
vertex angle. This rate of increase is greater for thick cones than for
thin cones. However, frequencies are independent of thickness when semi-
vertex angle is 90 degrees, i.e.; for the case an annular plate which is
fixed at the inner radius and free at the outer radius. It is also shown
that frequencies decrease as the cone approaches completeness. It is

shown that the frequencies decrease with increasing thickness.

It is noted that the displacements are greater on outer face than
for the inner face of the cone. However, the difference in displacements

between the outer face and inner face decreases as semivertex angle



increases, and the displacements are constant throughout the thickness
of the cone when the semivertex angle is 90 degrees, i.e.; for the

limiting case of an annular plate.

ix



INTRODUCTION

The frustum of a cone is used in wide-ranging applications such as
aerospace vehicles, exhaust nozzles of jet engines and loud speakers.
The emphasis on increased performance of aerospace vehicles, with minimum
weight, has accelerated research in sophisticated methods of structural
analysis. The goal of this emphasis is to alleviate or obviate struc-
tural failures in thin cones due to aerodynamic flutter and acoustic
fatigue,

A shell can vibrate in the following modes or its combinations.

(1) Extensional and Flexural (bending)

(2) Torsional

Nash (1 and 2) has compiled bibliographies on the vibrations of
cones, for the period prior to 1957, Hu (3) for the period 1957 through
1963. Gros and Forsberg (4) have also compiled a partially annotated
bibliography on the subject covering the period from 1957 through March
1963. A review of the references listed in the above bibliographies and
other literature (see, for example, references 5 through 18) show that
the extensive theoretical and experimental research is done for the com-
plex problem of extensional and flexural vibrations of a truncated cone.
In contrast, the relatively simple problem of torsional vibrations of

truncated conical shells has received little attention of researchers.

*Numerals in parentheses refer to the corresponding items in
Bibliography.



The only significant work dealing with the subject is the result proved
by Garnet, et al. (19) that the frequencies are independent of semi-
vertex angle for the case of axisymmetric free torsional modes of vibra-
tions of thin conical frustums. Then the natural question arises as to
the behavior of thick conical frustums. It was also expected that the
frequencies would decrease as the completeness of the cone increased.
However, a gap in the knowledge exists about the effect of thickness,
cone semivertex angle, or '"conicity" and cone completeness on the axisym-
metric free torsional vibrations of thick, hollowed truncated cones.
This study examines the effect of these parameters on the axisymmetric
free torsional vibrations of thick, hollowed conical frustum, which is

cantilevered at the small end.



SCOPE OF THE PROBLEM

The effect of the following three parameters on the axisymmetric
free torsional vibrational characteristics of a thick, hollowed conical
frustum which is cantilevered at the small end, is found in this study:

(1) Cone thickness parameter

(2) Cone completeness parameter

(3) Cone semivertex angle or "conicity"

The equation of motion for the axisymmetric torsional modes of
free vibration is solved using the finite difference technique. The
finite difference equations are solved by means of a high speed digital

computer.



FORMULATION OF THE PROBLEM

The equations of motion are given by

+ X, = pu, ; i=1,2,3 (1)

where

cij = Stress tensor components

Xi = Externally applied body forces
-p;i = Inertia forces

p = Density of mass

u, = Displacement components

Equation (1) can be transformed, as follows, to arrive at a system of
three equations for the unknown displacements u, .

Stress-deformation relationships are given by equation (Bl) of

Appendix B and is

= t = €
cij 2u€ij + léije, e Kk (2)
in which

Wy A Lamé constants

sij Strain tensor components
i=3

c AN

ke - L S

i=1



([l for i = j

& 4 Kronecker delta, i.e. 6i'=i
J . "

0 for i + i

The Lamé constants A and L are expressible as follows

VE E

A= ) (1-29) b= 20 (3)
where

E = Young's modulus of elasticity

v = Poisson's ratio.

The constant p is also referred to as shear modulus or modulus of rigidi-

ty. Expressing the deformations in terms of displacements, i.e.

1
eij =3 (ui,j + uj,i) (4)

and using relationships of equation (2) and (4), equation (1) can be

written as

uui,jj + (J\+p,)uj’ji + Xi = pu;; i=1,2,3 (5)
or, in vector form
WG + aiygrad div o & Bw pe (6)
since
: - — 2—
grad div u = curl curl u + Vu . (7)

Equation (6) can be represented in either of the following forms:



(H2) 720 + (Myeurl curl © + X = pu (8)
(A+2u)V(9°8) - uVx(Vx38) + X = pit . (9)

For free vibrations, the term X representing external force vector

vanishes.



COORDINATE SYSTEM

The equations of motion given by (6), (8) and (9) are in vector
form, and are independent of the coordinate system. The selection of
the following orthogonal curvilinear system of coordinates simplifies

the solution of the problem under consideration.

Figure 1 Cone Geometry and Coordinate System.

Two nondimensional parameters K (kappa) and T (tau) are used



S
throughout this study. The parameter K = gz is the completeness of cone
o
parameter (0 <K < 1), The cone is complete if K = 0 and is completely
T
truncated if K = 1, The parameter T = e is the cone thickness param-
o

eter, where T is the thickness of the cone (0 < T £ ®), Obviously, T has
an upper limit for any cone semivertex angle other than o = g, this limit
bei erned by T = K ta .
eing gov Y Toax n o

The following three equations of motion in the (s, r, 9) coordinate

system are obtained by using the relationships derived in Appendix A.

s Direction:

2
N i tn” o
(k+2 )Lu + (31naju _ sin " sin®cosqy i ]
V) 8, SS h9 s,S h 2 s h 2 T
8 8

, u
_ (l+3&) sing U o £ (}i&) [ g,6s ) (cosQD u i ]
; r,s r,rs

b h92 o hg hg
Ys. 09 cos -
vu 42238 (L050), .0 (10)
s,rr 2 he 8 F b S
h
g
r Direction:
A2 cos cos2 sinC®cos® u |
(2 e - (g -, o ]
v r,rr hg / £yx h 2 x h 2
6 6

-

u Z
i (h+3&> cose " (A+u) 9,6r g (SLn@) . 4+ j
1 hez 0,6 V) hg hg s,r §,8T

u, b B0 (eumdy 2y (11)



6 Direction:

o : i
(h+2p) 8,80 M (l+3p)[(sina . _ (cosa>u J
W 2 1 2/7s,0 2/ °r,©

hg hg hg

l+u) us,se ur,r@? (sinON
* ( V) h ¥ h ¥ ue,ss * uG,Ir Ll o )“e,s

e 0 6

05y Y9 poLe

¢
'(he)“e,r'}';“u“e ; (12)
In the above equations,

h, = s sin¥ - r cos@ .

e

It is observed from the above equations that

(1) Equations in r direction can be obtained from equations in s
direction by interchange of r and s and sing, cosa by -cosy, -sing,
respectively.

(2) Equations of motion in s and r directions are coupled for the
case of axisymmetric vibrations.

Only the equation (12) is of interest for purely torsional vibra-
tions. The terms involving derivatives with respect to © drop out for
the case of axisymmetric torsional vibrations and equation (12) is reduced

to

u
siny _ cosg .S _p=
ue,ss L uG,rr ¥ hg UB,S hg uB,r 2 Yg - @3

hg

It is noted that equation (13) for the axisymmetric torsional mode
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of vibration is uncoupled from longitudinal and bending modes of

vibration, This result is in agreement with the general result proved
by Garnet, Goldberg and Salerno (l9) that for the axisymmetric case,
torsional modes of vibration are uncoupled from longitudinal and bending
modes of vibration, for shells of revolution.

Assume the motion to be of form

ue(s,r,t) = Ue o . (14)
in which w is the natural circular frequency of free vibration, and t is
time. Then equation (13) can be time eliminated by use of relationship

in equation (1l4) and is reduced to

|58
2 sing CcoSqy 8] 2.
Sa[ue,ss * UG,rr * hg Ue,s " ha Ue,r B 2| ¥ ¥ UB =B (15)
= h

6

Where
Y:JEws
W o

is a nondimensional frequency parameter.
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BOUNDARY CONDITIONS

The boundary conditions for the problem are derived by variational
procedure as shown in Appendix C. Only the boundary conditions shown in
equations (Cl2) through (Cl4) is of interest for torsional vibrations.
Also O = 0 for axisymmetric tersional vibrations. The boundary condi-

tions for the problem of this thesis are

Ue = 0 for s = ST (fixed edge)
o, =0 for s =8 (free edge)

s6 o (16)
Gre =0 forr = o (outer face)

Ur@

0 for r = ¢t (inner face)

For the axisymmetric case, stresses 9.0 and cr in terms of displacements

¢
are obtained from equations in (B4) (see Appendix B), by dropping the
terms involving derivatives with respect to 8, then,

uesin
“0s = %0 © L'“<“e,s T Thy 0‘)

u,cos
%6 = %%y p“("19,r + hg a)

(17)
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Central differences, involving pivotal points symmetrically located with
respect to the point under donsideration, are more accurate than backward
or forward differences. Hence equation (15), written in terms of central

differences, becomes

Wl = 2Wg)y + We)y  Wedyyy = 2Wys + W)y

) &)

4 sin® (Ug)y - (Ue)j _ cosa W)y = Wiy } Ug) 4
h h B 2
i) 2y %o 25 2o\
@ = @ & ]@

" ‘Pz(ue)i “ 0 (18)

where v and & are the mesh sizes in generatrix and thickness directions
respectively.
In computations square meshes are used i.e., vy = 6, insuring that

the errors involved in either direction are of the same order of magnitude.
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COMPUTATIONS

The finite difference equations were programmed for solution by
high speed digital computer. All computations were performed by the
UNIVAC 1108 computer. Time limitations and memory capability of the
computer limited the maximum size of the grid to 210 nodes,

The determination of eigenvalues of such a large matrix requires
special care in selecting the computation method. It was observed that
the coefficient matrix is nonsymmetric and "sparse'", i.e., many of the
coefficients were zero. 1In this particular problem, at most five elements
in any row of the coefficient matrix are nonzero. Iteration methods are
suitable for the solution of eigensystems of these types of matrices.

A large number of methods are available for the calculation of
eigensystems of nonsymmetric matrices, but a high proportion of these
are very unstable except for matrices of orders less than six. Some of
the most stable methods are based on the reduction of the original matrix
to upper Hessenberg form (i.e., to a matrix for which aij =0, 1>3+1).
Once the coefficient matrix is reduced to upper Hessenberg form, the
Double Q-R algorithm developed by Francis (20) is a very effective method
for determination of eigenvalues. Computer subroutines HSBG and ATEIG
developed by IBM were used for reducing the original matrix to upper
Hessenberg form and then determining the eigenvalues. Another advantage
in reducing the unsymmetric matrix to upper Hessenberg form is the reduc-
tion by a factor of order N (N is the size of the matrix) in the number

of computations required in the Double Q-R algorithm.
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An excellent independent check on finite difference equations and
estimate of error involved in computations of eigenfrequencies is per-
formed in the following manner.

Equations of elastic motion in polar cylindrical coordinates
(r,8,z) are given in (22).

For torsional vibrations only the equation in 6 direction is of
interest and is,

i 1 1
42 T o, o+ Z%,0% TY%,00 % 2 “z,szJ

1 1 ] 1 1
q:? Ye,0z ~ Yo,zz e R Yo,r T Yo,rr Y W g

pig . . (19)

If motion in only the © direction is considered, then

Assuming harmonic motion
ug(r,t) = Ue(r)elwt . (20)

Equation (19) is simplified and rearranged to

2 (E 2.2 ) _
T UB,rr + rUe’r + Ue 1) wr -1)=0. (21)

The change of wvariable R =\/§ wr in equation (21) leads to
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d“vu du
g2 —2 4 g —2 @) = 0 - (22)
PY. R 6

This is Bessel's equation of order 1.
Also note that equations (21) and (22) are independent of z
coordinate.

The general solution is given by

Uy = T, (R) + Cy¥; (R) (23)
or
= 0,3y(/2 wr) + o0, (/2 wr)
Ue ClJIC/LL wr | + CZYl m wr | . (24)
Where

Cl,C2 = Constants to be determined from boundary conditions.
Jl = Bessel function of first kind and order 1.
Yl = Neumann's Bessel function of second kind and order 1.

E g org =0

Figure 3. Boundary Conditions for An Annular Circular Plate Fixed
Along its Inner Radius and Free Along Its Outer Radius.
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Boundary conditions for an annular circular plate fixed along its

inner radius and free along its outer radius are

UB =0 for r = rl
O, = EEQ - EE] =0 forr=r (25)
ro dr r 2

or

I

]
L]

o}

o) e,

Substitution of the boundary conditions, shown in (25), into equation (24),

gives two homogeneous equations as follows

2 ) (E ) -
Jl(‘/u- uK | + CZY]. m wK 0 (26)
e ) (E ) -
JZ( " w] + CZYZ m w 0 (27)
Jz = Bessel function of first kind and order 2.
Y2 = Neumann's Bessel function of second kind and order 2.
The determinant of coefficients of ¢y and 02 in equations (26) and (27)

should be zero for the nontrivial solution of equation (22), i.e.,

B ) - o (B ) w0

The correctness of the computer program is established if the
frequencies computed from equation (18), using the boundary conditions
shown in equation (16) are independent of thickness at the semivertex

angle of 90 degrees. Figures 4 through 8 show that frequencies are
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indeed independent of thickness at the semivertex angle of 90 degrees and
depend only on the cone completeness,

Table 1 shows the comparison of the first two computed eigen-
frequencies with the exact eigenfrequencies obtained by solving equation

(28) for different cone completeness parameters K.

Table 1. Comparison of Frequency Parameters at ¢ = 90 Degrees,

First Mode Second Mode

‘\\E Present : Present

KN Work Exact Work Exact
0.10 0.28739 0.28658 5.33096 5.33119
0.20 0.59568 0.59563 5.82426 5.82473
0.30 0.95250 0.95238 6.57520 6.57623
0.40 1.39210 1.39200 7.64130 7.64290
0.50 1.97320 1.97317 9.17450 9.17746
0.60 2.81029 2.80983 11.50748 11.50884
0.70 4,16531 4.16500 15.41460 15.41832
0.80 6.82512 6.82501 23.24675 23.25961
0.90 14.71645 14.71744 46.78564 46.81221
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DISCUSSION OF RESULTS

The significant results of the computations are plotted in Figures
4 through 13,

l. Figures 4 and 5 show the influence on frequency of cone thick-
ness and semivertex angle.

It is noted that frequency increases with increase in cone semi-
vertex angle if the cone completeness parameter and thickness parameter
are constant, This can be attributed to increase in inertia of the cone;
for as semivertex angle increases with all else held constant, the inertia
of mass elements increases. The rate of increase of frequency with
increase in semivertex angle is greater for thick cones than for thin
cones. However, frequencies are seen in Figures 4 through 8 to be inde-
pendent of thickness at the semivertex angle of 90 degrees, as was shown
earlier. Figures 4 through 8 all show that frequency decreases with in-
creases in cone thickness. This can be explained by the fact that the

stress cr acting across the cone thickness has a retarding effect on

g?
frequency, and the thicker the cone, the greater this effect will be.
Also, frequency tends to be independent of semivertex angle as the cone
approaches thin shell theory range, as can be seen in Figures 4 through 8.
This result is in agreement with general result proved by Garnet, Gold-
berg and Salerno (19) that the natural frequencies of axisymmetric tor-
sional motions are independent of semivertex angle for thin cones of

revolution. The present results show that significant errors result at

small semivertex angles if thin shell theory is used for computing



frequencies of thick cones.

2., Figures 9 and 10 show the effect on frequency of cone complete-
ness parameter for constant thickness parameter and constant semivertex
angle, It is observed that frequency increases with decréase in cone
completeness, if thickness parameter and semivertex angle are constant.
The same conclusion can be derived from Figures 7 and 8. This was
expected since as K # 1, the cone approaches a ring of rectangular cross
section, fixed on one of its four faces, which is much stiffer than a
nearly complete cone. Note that the cone is complete if X = 0 and is
completely truncated if K = 1. It is observed that semivertex angle or
thickness does not have an appreciable effect for short cones, i.e.,
those with K near unity.

Figure 9 shows that, for semivertex angle equal to 90 degrees, the
frequency approaches zero as cone approaches completeness. 1In other
words, frequencies approach zero as an annular circular plate approaches
solid circular plate. This means that only rigid body motion is possible
for a solid circular plate. This is due to decrease in an annular area
resisting the motion as an annular plate approaches solid plate.

3. The first three mode shapes using the normalized midsurface
displacements are plotted in Figure 11. The displacements are normalized
with respect to the largest displacement occurring on the outer face of
the cone. The normalized displacements for the outer face, midsurface
and inner face are shown in Figures 12 and 13 for the first two natural
modes of vibration. The displacements for the outer face, as expected,
are larger than those of the inner face. However, it was noted that the

difference in displacements between the outer face and inner face



decreases with increase in semivertex angle. The displacements are

constant throughout the thickness of the cone when the semivertex angle
is 90 degrees; this is equivalent to the case of an annular circular plate

fixed at the inside radius and free at the outside radius.
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RECOMMENDATIONS

The problem studied is the axisymmetric free torsional vibrations
of a thick, hollowed, conical frustum which is fixed at the small end
"and free at the large end. The existing computer program can be modified
and extended to study the effect of different boundary conditions and
various types of loads, causing both static displacements and forced
vibrations. Another logical extension of the present work would be to
study the bending vibrational characteristics of truncated cones using
the finite difference technique. The present study should also be
extended to study vibrational chracteristics of anisotropic, laminated
shells. Shells of this construction are becoming more prevalent in
space vehicles. Analytical techniques for their analyses, with experi-
mental verification, have not kept pace with the present and future

expected usage of composite shells.



APPENDIX A

DERIVATION OF EQUATIONS OF MOTION

IN ORTHOGONAL CONICAL COORDINATES

Figure 14. Coordinate System.
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The relationship between (x,y,z) and (s,r,8) coordinates is given

by
-
x = (s sin ¢ - T cos @) cos B
y = (s sin o - T cos w) sin B i (Al)
z =~ (s cos ¢y + T sin )

The dimensional relationship between (s,r,8) and (x,y,z) coordinate
systems is given by hs, hr and he called Lamé parameters.,
The three parameters hs’ hr and he are obtained from the following

expressions:

2 2 2
@ @@ b

2 2 2
n = @+ (@ (@)

In this particular set of coordinates,

(A3)

=
il

9 s sing - r cos«
Let

u=ue + u_e ¥ uee8 (A4)
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— — —
where esr e, and e are unit vectors in s, r and 8 directions

respectively.

The following relationships exist,

de de de
s r _ g -0
ds ds ds
de ) aer _ Bee )
or ar ar
de =
% = sing ey Y (A5)
3¢, .
—X = - cosa e
o6 8
de
—e_ . . — + 3 =
3 sing e cos e J

Now,
(V-u) = div u

1 0 3 e 7
= oy Lo (et +a (g + 35 (b | (40)

1]

V(v-u) = grad div u

= hi ‘o% (v-'J)(?s + hi % (V-)e (v-ﬁ)e“e (A7)
5

I -*i(hrhe a_% L2t A | o aﬁ’) i
Y = bbby LS\Th, 3/ T a\h_ r/ B\ v, %/ -
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APPENDIX B

DERIVATION OF RELATIONSHIPS BETWEEN STRESSES

AND DISPLACEMENTS IN ORTHOGONAL CONICAL COORDINATES

If the material is assumed to be homogeneous, isotropic and
linearly elastic, then stresses in terms of strains are given by Hooke's

law and are

cij = 2“€ij + lakk 5ij (Bl)
where
Gij = stress tensor components
eij = strain tensor components
Ay = Lamé constants
i=3
e - N = +
Bk ™ L Sur T faa Bt e
i=1
1 for i=j
61. = Kronecker delta i.e., §,, =
] tJ 0 for it+j

For the case of small deformations, the relationship between strain com-

ponents and displacements in an orthogonal conical coordinate system is

5,8 Yy Y
L (h h )hs,r T (h h )hs,e (B2)
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6e h

o = LT(%) o) ] )

rs B LEAR B \h - (
r s ,r s r ,s

o KD, + o) ]

rb 2 hr he r he hr 6

. =1["s ) +hefi‘ﬁ) 7

s 2 Lh,\h h \h J
6's" ,6 s ©,s /

The values of hs’ hr and h, for the orthogonal conical coordinates

8

are given in equation (A7) and are

=
I

§ sin® - T cosw

Substitution of the above values of hs’ hr and he in equations

(B2) yields the expressions for the six strain components in orthogonal

conical coordinates,

(B3)



ge

rs

rf

Os

EE (us sina - u_ cosa + ug B)
1

4 (us,r * ur,s)

1 ( ug cosa A 8)
=\ + + 3

2 \"8,r he he

1 (u ) Uy sin N 5,8)

2 \'8,s he he
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(B3)

Stresses in terms of displacements are obtained by substitution in

equation (Bl), the expressions for strains obtained in equations (B3).

Then expression for stresses are

58

rr

66

rs

rf

8s

It

]

L]

]

( u_  sing u_ Ccosg ue N
(Zpi-h)us’s + h\ur,r + o - 0 + 5
6 5} 5]
u_  sin& u_ cosq ue 6
(2u+ A)u + k(u + + - )
r,r s,S he h@ h8
u_  sing u_ cosgy u
] T 0,9
(2p~kl)( + . ) + A(u + u
he he he 5, ¥y
l'i'(us,r: * ur,s)
M(u . Ug coso . u ,8)
6,r he h8
u. sing u
6 0
o0 - 5
g,s he 5

>. (B4)
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Expressions for stresses and strains for the axisymmetric case can be
obtained from the corresponding general equations by dropping the terms

involving derivatives with respect to €,
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APPENDIX C
DERIVATION OF BOUNDARY CONDITIONS

The boundary conditions for the problem are derived using a

variational procedure,

The total work of deformation U, is given by

p= [ © dv . (c1)
volume

Where

® strain energy of deformation per unit volume

dv differential volume of an element.

Strain energy of deformation per unit volume, ¢ is equal to

1 : A ;
= O..€.. in which Uij and eij are stress and strain tensor components

2 "ijij
respectively.

Expressions for Uij and eij are given in equations (B3) and (B4)

of Appendix B.

The differential volume of an element in an orthogonal coordinate

system is given by

dv = h_h hydsdrds . (C2)

As shown in equation (A4) of Appendix A, h_ = hr = 1 and

h, = s sin @ - Tt cos @,

6
Then
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dv = he dsdrdb

Then the expression for strain energy of deformation in the present

orthogonal conical coordinate system is

i o + 0 +0 o
iolume ( ssess rrerr 99688 + rsers

(o]
0
M=

<] \
+ creere + Gseese)he dsdrd 7 (C3)

The technique of obtaining the equations of motion and boundary
conditions using the variational procedure is shown in detail using the
O _, and its corresponding strain e_,.
stress O g4 p g 0

From equations (B3) and (B4) of Appendix B

i ( 8 r,B)
€9 =3 ue’r g + (c4)
8 3]
u, cosv u
0 T, )
%0 = # (v, * Thy T Thy / -

Then total strain energy of deformation, Ure due to stress Gre and

strain € is
rb

1
By =5 %re€ro
volume
woprp ue cosy ur 6 2
- JI (ue,r + o + 5 ) he dsdrdf . (C6)
ST 6 8

Taking the first variation yields
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E J"‘J COSQ‘ I.l..r 9 UBCOS
8U_o = .g 4 == )(a(u ) + 6(————3
he hy o,r hq
Y. 0 : .
+ 8 -—-'—h hedsdrd_e § cn
6

Using integration by parts, the above equation becomes

n ugcosa ur 5
Ug =3 {g (ue’r + i + he )heéue dsd®
. r limits
-8 rpr [g(u , + 2220, Zi80) | oosg u, _Jbugdsdards
2 44 o\"e,rr h, “6,r ¥ Thy 8,z]%%
M II ugcosa U g
+ coso( + 2 )6u dsdrd©
g 9 T 8 h8 6
T ugcose u_ o
+3 II (ua’r + he + hg )Sur ds dr
st 6 limits
" ( cosw Yr 88) d
7 s‘:J:‘lE “o,r6 T Thy, 6,0 T Thy B pdEdEds (8)

Similar expressions can be obtained by taking variation of strain

energy due to other stresses.

Then the boundary conditions for the torsional vibrations can be

obtained by collecting area integral terms involving variation with

respect to u,. These terms when grouped by the same boundaries becomes
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r limits
u uecosﬂ
5 4J he(“e,r L “r,e) dai 19 | (c9)
sf r limits
s limits
us 6 uesind
S he( o e ue,s) dr do (C10)
xf a B s limits
6 limits
.[ ussina u_cose ug g ]
Il (2u+x)( e " T h + he ) + Mg +u )| drds (C1l)
s 8 limits

Using equations of (B4) in appendix, the above expressions can be written

4as

r limits

1 .
2 ig hy O_g|dsd® (Cl2)
r limits
s limits
L4, o ldeds (C13)
2 ig 6 “os|*
s limits
6 limits
jj'oeeidrds : (Cl4)
rs

© limits
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Expressions (Cl2), (Cl3) and (Cl4) are equal to zero for the free
vibrations. It may be noted that, collecting all volume integral terms

involving first variation with respect to u, will give equation of motion

5]
in 6 direction.

Similarly boundary conditions for flexural vibrations can be

obtained and are as follows:

r limits
1 s
J‘h o__|dsde = ] hy o__|dsde (C15)
I rr r limits 2 sB 0 rsr limits
s limits
%j_g 60 | drde jg o0, | arde (cl6)
T s limits T s limits
0 limits
1 1
= J_f o |drds 541 es‘drds ’ (C17)
limits rs 8 limits

Expressions in (Cl5), (Cl6) and (Cl7) should be set equal to zero
for free vibrations. Also terms having © limits or expressions in equa-

tions (Cl4) and (Cl7) drop out for axisymmetric vibrations.
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