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SUMMARY 

Statistical analysis of hydrologic data is an important part of 

the solution of hydrologic problems. While standard statistical 

techniques are very useful to the practicing hydrologist, certain 

differences between the requirements of hydrologic analysis and the 

assumptions of classical statistics often require the hydrologist to 

seek new methods of statistical analysis more suited to the problems 

with which he must contend. This research was concerned with the 

exploration of the method of nonlinear least squares as a means of 

estimating statistical parameters, with particular attention being 

given to the utility of the method when applied to problems of fre­

quency analysis of hydrologic data. 

The use of least squares to estimate statistical parameters 

involves fitting, in the least squares sense, a theoretical frequency 

distribution function to a data histogram by adjusting the parameters 

of the distribution function. The difference between the number of 

observations in a given histogram class interval and the expected 

number of observations for the same class (obtained from the density 

function) is called the class error. When these errors are normally 

distributed with zero mean and constant variance, then the method 

of least squares is an application of the method of maximum likelihood. 

Specific techniques were developed and collected from the litera­

ture which are of use in the application of the method of least squares 
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to a wide variety of problems. In addition, methods are presented by 

which confidence regions for estimated parameters may be computed for 

various levels of confidence. A method is described by which such a 

confidence region may be used to calculate statistical tolerance limits. 

Numerical experiments were conducted to determine the properties 

of the least squares estimators of the parameters of a two parameter 

gamma distribution. By forming data histograms of different class 

widths from the same samples and estimating by least squares the popu­

lation parameters from each histogram, it was found that the properties 

of the estimators are not highly dependent upon the width of the class 

interval used to construct the histogram. By progressively adding 

empty classes to the right end of histograms and then estimating the 

population parameters, it was shown that it is sufficient to use the 

range of the sample as the range of optimization. Consideration of 

samples of different sizes revealed that the variance of an estimator 

multiplied by the sample size is approximately a constant. By con­

sidering sums of weighted squares of error terms, it was found that 

the properties of the least squares estimators were dependent upon 

the weights, and that by adjusting the weights, the properties of 

the estimators may be adjusted to suit the requirements of the problem 

at hand. These experiments showed that the least squares estimators 

were less efficient than likelihood estimators in the sense that the 

variance of the least squares estimator of a parameter will in general 

be larger than that of the corresponding likelihood estimator. It was 

found that by a proper choice of weights this inefficiency could be 



practically eliminated. 

The two parameter gamma distribution was fit to annual flood data 

and annual rainfall data. In the course of these fittings, it was shown 

that the least squares estimators are quite insensitive to outliers 

which may occur in the sample. That is, the parameter estimates obtained 

from a given sample containing outliers are not substantially different 

from the estimates obtained from the same sample with the outliers re­

moved. This fact is of importance in the statistical analysis of samples 

which may contain outliers, since if the analysis be done by least 

squares, then the results will not depend upon the identification and 

removal of the outliers. 

The method of least squares has been shown to yield results close 

to those of maximum likelihood under most conditions, and to yield better 

results when the sample being analysed contains one or more outliers. 

Therefore, the method of least squares should be considered a useful 

method of statistical analysis of hydrologic data. 
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CHAPTER I 

INTRODUCTION 

Hydrologic data such as streamflow and precipitation measurements 

are important in the design, construction, and management of hydraulic 

structures. In the form in which such data are originally acquired, 

they are scarcely more than a collection of numbers conveying little 

meaning and less understanding of the phenomenon under observation. It 

Is the duty of the hydrologist to attempt to bring order out of this 

chaos, to judiciously expand and contract the original collection of 

data in such a way as to eliminate or classify those characteristics 

of the data due to chance, and to so condense and order the data as to 

allow rational interpretations of those events represented by the 

existing data and the logical extrapolation of the data to include 

events not represented in the original data but of significance to the 

problem at hand. 

As a matter of practicality, if not of necessity, the reduction 

of data is universally accomplished by the expedient of making a_ priori 

some statement regarding the behavior or order of the world, and then 

utilizing the available data to adjust the statement to allow the fullest 

possible accommodation by the hypothesized world to the available dc.ta, 

which presumably are a consequence of the functioning of the real world. 

Such hypothetical statements regarding the workings of the world are 
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generally called "models", and the use of observations of past events to 

adjust the model is called" fitting" the model to the data. The appro­

priateness of a model is judged by its ability to explain the salient 

portions of the data, to ignore the trival portions of the data, and to 

accurately predict or describe events post-dating the fitting of the 

model. 

Models are typically described as deterministic or probabilistic, 

or as a combination of these two types. A deterministic model is one 

which, from a given initial state, may and must arrive at a unique sub­

sequent state which is dependent solely upon the initial state. A pro­

babilistic model is one which, from a given initial state may arrive at 

more than one subsequent state, and thus whose future behavior can be 

inferred only generally, and not for a particular instance. It is 

customary to regard a probabilistic model as an expression of incomplete 

understanding of the phenomenon being studied, and one expects, with 

Democritus, that as knowledge of the physical processes governing a 

particular phenemenon increases, then the attributes of the phenomenon 

which must be regarded as indeterminant will decrease, until at last 

the totality of the event may be understood, and thus predicted. 

The physical processes forming the subject matter of hydrology 

range from large scale atmospheric phenomena to the microscopic details 

of soil-water interactions and movements occuring in spaces and channels 

which may be only a few microns in diameter. Inasmuch as the typical 

problem in hydrology will encompass or be affected by processes of such 

large and small scales, it is not surprising that much of the science 

of hydrology is based upon probabalistic models, and that little in 
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the way of deterministic information is available. Thus, it is seen 

that, at least at the present state of hydrologic art, hydrologic 

phenomena must as a practical matter be regarded largely as the result 

of random processes and must be analyzed and studied as such. Methods 

of statistical analysis have been developed for the study of such random 

phenomena, and the past few decades have witnessed a growing awareness 

by hydrologists of the power and utility of statistical methods as 

tools to aid in the solution of hydrologic problems. 

In spite of the proven usefulness of traditional statistical 

methods in hydrology, the practicing hydrologist is often plagued by 

the subtle differences between his situation and the assumptions under­

lying classical statistics. For example, most hydrologic problems begin 

with small amounts of data, and hope to end with statements concerning 

the characteristics of large amounts of data; in other words, the 

hydrologist must work beyond the range of his data. A practicing 

hydrologist rarely has the opportunity to design or supervise the 

collection of his data in such a way as to adapt the collection scheme 

to facilitate the solution of a particular problem. Because of the 

large amount of time required for the collection of much hydrologic 

data (for example, annual flood peaks), the hydrologist is denied the 

opportunity to examine multiple samples, and must content himself with 

one sample, be it representative or no, which grows by the addition 

of new observations which may very well be influenced by changes in 

the environment over which he has no control, and quite often no know­

ledge. Upon such a data base, the hydrologist is required to make 

estimates which may be used as a basis of design for very expensive 
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structures whose failure could have serious physical and economic con­

sequences. Not surprisingly then, the requirements of the hydrologist 

are somewhat different from the assumptions of classical statistics. 

Whereas the latter is primarily concerned with the most efficient 

estimation in the sense of minimizing the variance of the estimators, 

the hydrologist is properly willing to sacrifice some efficiency in 

his estimators in order to gain some protection against making unusually 

bad estimates based upon samples which may contain one or more records 

of rare or extreme events. The hydrologist, in other words, must 

follow the time-honored engineering adage "to err is human; to err on 

the side of safety is divine". 

In this spirit of seeking statistical methods with particular 

advantages in dealing with the problems of hydrology, Snyder [1] in 

1972 proposed that population parameters of probability density func­

tions might be estimated by the technique of least squares. As 

envisioned by Snyder, the essence of this method would consist of 

grouping a given set of data into a frequency histogram, and then 

fitting by non-linear least squares the selected probability density 

function to this histogram. Several advantages apparently would accrue 

from this method of parameter estimation. First, the least squares 

estimates would not be unduly influenced by the presence of data 

representing rare events in a small sample (i.e., outliers). This 

question of the proper identification and treatment of outliers has 

traditionally been a bane to hydrologists, and the method proposed by 

Snyder promised at least a partial solution to the problem. Second, 

the least squares technique offered a convenient method to choose 
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simultaneously the parameters of a transformation of data and the 

statistical fit of a given density function to the transformed 

data. Hydrologists frequently find it necessary to transform 

data for one reason or another; they take the logarithm of annual 

flood data in an attempt to eliminate skewness; they take fractional 

powers of data for the same reason; in fact, Chow [2] gives a 

list of over one hundred references dealing with various data 

transformations which have been used by hydrologists. Thus it 

is apparent that the ability to specify the parameters of a data 

transformation while at the same time specifying the statistical 

parameters of the transformed data is a decided advantage. Again, 

while the computations involved in the least squares estimation 

of parameters are laborious, the nature of the computations is 

such that they are readily adapted to solution by digital computers, 

and furthermore the computations are for the most part identical 

for any distribution, and so once a computer program were developed, 

it would suffice with only minor modifications to fit any data 

to any distribution. 

This study was undertaken to develop upon and to extend these 

initial concepts of Snyder by a systematic investigation of the tech­

niques of least squares estimation of parameters and of the statistical 

properties of the estimates so obtained. The plan of the study was 

to attempt first to understand the theoretical basis and implications 

of parameter estimation by least squares, and from this knowledge to 

attempt to develop specific techniques necessary to apply the least 
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squares method In a more or less optimum manner. Using these techniques, 

a systematic study of the statistical properties of the least squares 

estimators for a two parameter gamma density function was made, wherein 

the strengths and weaknesses of the method were identified. A second 

study was then made in which the basic method was modified in an attempt 

to overcome certain weaknesses of the method of least squares which 

were uncovered in the earlier investigation. 

The presentation of the results of this study follows closely 

the above outline. In Chapter II are presented the necessary theoretical 

aspects of least squares estimation in general and least squares esti­

mation of statistical parameters in particular. Chapter III provides a 

specialization of the ideas of Chapter II to the two parameter gamma 

probability density function, deals with certain problems implicit in 

least squares estimation of statistical parameters, such as the grouping 

of the sample into a histogram, and provides an outline of the numerical 

experimentation undertaken to examine the properties of the least squares 

parameter estimates. Chapter IV gives detailed accounts of the various 

numericc-L experiments and analyses of the results of these experiments. 

Chapter V gives a brief account of the results obtained from the fitting 

of the two parameter gamma distribution to real hydrologic data by the 

method of least squares. Chapter VI summarizes the results of this 

study and provides an analysis of these results along with certain 

conclusions to which these results appear to lead. 
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CHAPTER II 

SOME THEORETICAL CONCEPTS 

In this chapter certain theoretical concepts upon which the work 

in later chapters is based are collected and explained. Since many 

of the techniques presented in this chapter are applicable to any 

problem involving least squares estimation of parameters, an attempt 

has been made to state these techniques in a rather general form. 

In most cases the application of these techniques to the problems 

considered in the later chapters is immediate and obvious. Where 

the application of a technique to these problems is not obvious, or 

requires the technique to be reformulated, then the specialization 

is deferred to the chapter in which the technique is required. 

The following definition is central to the proper interpretation 

of the remainder of this chapter, and all statements are made with 

tacit assumption of the terminology of this definition being made. 

DEFINITION: By an observation is meant a set of two N-tuples of knovm 

data (x , x„,....,x^) and (y.. , . ,.,y ). It is assumed that the 

N-tuple yN is related to the N-tuple x ̂ in the following manner 

Y. = f (x., &) 2.1(a) 
1 1 ~ 

w ±
1 / 2 (y - Y ) £ N(0,<T2) 2.1(b) 



s 

1/2 
where the form of f is known, 9 is some m-tuple of parameters, w, is 

a positive weighting function which may depend on x., 8 , or both. 

1/2 
Equation 2.1(b) says that the product w (y - Y.) is normally dis-

2 
tributed with zero mean and variance qr which does not depend upon x. 

The Method of Least Squares 

Let the observation x^, £ be given, and suppose it is required 

to utilize this observation to deduce a "reasonable" value for the 

parameter vector 0 . The method of least squares defines the "best" 

value of Q to be that value for which the sum of the squares of the 

weighted residuals is a minimum. In the notation of Equation 2.1, 
SI 

the least squares estimate 0 of 0 is chosen so that 

E2 = 2 1 V y i - V 2 2-2 

i = 1 

is a minimum. As an alternative to the least squares procedure, it 

may be desired to estimate 9 in such a way as to maximize the pro-

1/2 
bability of observing the residuals w. (y, - Y.). This may be 

accomplished by utilizing the following argument. Let 

e =„.1/2 ( y t - V 

Then by Relation 2.1(b), e is normally distributed with zero mean and 

2 
constant variance <T • The probability of observing a particular N-tuple 
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L=TT ^ exp (-ijjl 2.3 
i=i ^V27 z ^ z 

N 
where the symbolTT" [•••] indicates the product of the N quantities 

i = 1 

within the brackets. To maximize L, it is sufficient to maximize the 

logarithm of L, since L is a positive quantity and the logarithm is a 

monotonically increasing function of its argument. Thus, 

1 
In L = -N In ( /3ffo) - j - ? ] £ e±

z 2.4 
1=1 

N 
2 An examination of Equation 2.4 shows that ln(L) is a maximum when ̂ ^ e-

i=l 
is a minimum. But, 

N N 

2 e i2 = Z wi (y± - V 2 = E2 2-5 

i=l i=l 

Equation 2.5 shows that the principle of maximum likelihood is equivalent 

to the principle of least squares. 

The equivalence of maximum likelihood and least squares demon­

strated above is of great importance because there exists a large body 

of knowledge regarding the statistical properties of maximum likelihood 

estimators Bo£ the parameter 0 (Kendall [3], and Cramer [4]), and these 

estimators are known to have very desirable statistical properties 

(Kendall [3]). In particular, maximim likelihood (and thus, least 
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squares) estimators are consistent (although they may be biased), they 

tend to a normal distribution for large N, they have minimum variance 

in the limit as N increases, and the form of the covariance matrix of the 

multivariate normal distribution of the estimators is known for large N. 

The following expression for the covariance matrix of the esti­

mators is derived in Kendall [3]. Let g(e,0) be the frequency function 

of the weighted residuals e, Then by virtue of Relation 2.1(b), 

t'&'mr^-i*^ 2.6 

Then if Q be estimated using Equation 2.2 (or equivalently, Equation 

2.A), 

A j k 
N cov(e , ek) = 2 .7 (a ) 

where 

A -

vO 

2 In & , 2 In c-^> ( h gCe,e») de 2.7(b) 

and A.. is the minor of the jth row and the kth column of A, and Q0:s 

the "true" value of the parameter vector. As N approaches infinity, 

the joint probability function of the maximum likelihood estimators 

of & tends to the form 
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,z, Ul1 /2
 - ( 9 - Q ^ T A<a-s^ 

P ( §) = ^77 e x P — ^ 9 — 
( 2 T T ) n / / ^ 

2 . 8 ( a ) 

where 

A«= I~-rf\. ( T f > t •<••*> -

and Q denotes the transpose of 0. Possible uses of Equations 2.8 

will be discussed later in this chapter. 

Finally, it should be noted that the minimization of Equation 2.2 

provides a viable method of estimating & even if the assumption of 

normality of the weighted errors expressed by Relation 2.1(b) is net 

appropriate. In this case, however, such use of Equation 2.2 must be 

motivated by intuition or other considerations rather than by an appeal 

to the properties of maximum likelihood. Thus, failing the appropriate­

ness of Relation 2.1(b), the properties of the least squares estimator 

of c? will, at least in the general case, be unknown. 

Confidence Regions in Least Squares 

If an estimate 0 of the parameter ©_ is made from an observation x^, 

A 

y j then 0 is dependent upon the random characteristics of the observa-
A 

tion, and so it is unlikely that the estimate 9 will agree exactly with 
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the true, but unknown, value of 0. Thus, one is often interested in 

>* 
estimating the probable magnitude of the difference between 0 and 6. 

2 A 

More specifically, one seeks a 2m-dimensional region R^ in Gx& space 
ss. 

for which the probability of a given point (0,0) falling within this 

region is equal to -5L (recall that m is the number of components in 

the parameter vector ©). If p1 (©!©) is the probability density of 

observing Q given a particular value of & , and if p (£) is the 

probability density of 9, then the probability of a point (0,©) being 

in the region R . is given by 

P(R2) = \ P ( e | G ) P(0) d? de = ~ 2.9(a) 

JR2 X 2 

Let the probability space of ( 0 S 0 ) be denoted by E x E . If one fixes 

the value of B at some value (say) 0o, then 

) 
p c e l e . ) d | = i 2.9(b) 

E2 

and hence a region £_ CL E_ may be found for which 

^ ) 4 - f e 
E 2 ^ 

The region E_ represeix:.s a cross-section in E x E corresponding to 
c&o -L 2 

the fixed point 0 O in E- . If such a set E- be chosen for each point 
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9, in E.| , the union of these sets will be a 2m-dimensional subregion 

in E x E . If one now considers cross-sections R̂  of this subregion 

A 

formed by the intersection of the plane B = constant with the sub-

region U E H , then these cross-sections Rw represent the d percent 

iXT ^ •*> * 
A 

confidence regions for & corresponding to the fixed value B = con­

stant. It should be noted that no claim is made that the probability 

that R^ contains 0 is equal to o(, but instead it is claimed that if 

a large number of Q be computed from different observations xN,yH, 

and if for each such©, the corresponding region Rtf be computed, then 

the statement 0-eR^may be expected to be true in oC percent of these 

cases, (von Mises [5]). If the Relation 2.1(b) is valid, and if N 

Is large enough for Equation 2.8 to apply, then the confidence region 

Rw may be found approximately by using Equation 2.8 to construct the 

region U E _ , and then finding the particular cross-section of this 
hCY Z*-fc 

,A 

region corresponding to the estimate 8 based upon the observation 

xM,y^ of interest. Such a procedure is actually not very difficult 

in the case m = 1. In the case m = 2, the procedure is apt to 

be very difficult, and in the cases m /• 2, only the faintest hope for 

success may be extended. 

For small N, and as an alternative to the above procedure for 

large N, Halperin [6] and Hartley [7] have devised a method by which 

the confidence region R^ may be constructed. The method is based 

upon known results from linear regression theory, where m 
y,- = S ***©.. + e , 2-io 
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2 
and the e. are a set of N independent errors from N(0,<T ) with €~ 

unknown. Equation 2.10 may be rewritten in the form 

y = X& + e 2.11 

where it is assumed that the matrix X is of rank m. The least squares 

estimate of & is then 

G = (XTX) 1 XTy 2.12 

A frequently used method of constructing confidence regions in this 

linear case is to decompose the sum of the squares of the errors e. 

into two components, namely 

T 
e e = reg(e) + res(e) 2.13(a) 

where 

reg(e) = (XTe)T (XTX) l (XTe) 2.13(b) 

and 

T 
res(e) = e e - reg(e) 2.13(c) 
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The first component of Equation 2.13(a) has rank m, the second component 

has rank N-m and is independent of the first. Thus, the ratio of the two 

components reg (e)/res (e) is distributed as Snedecor's "F" statistic with 

m and N-m degrees of freedom. The ck percent confidence region for B is 

then given by 

R = \ Q . imS&L < _ E _ F ( _ « L . m N_ ra)] 
K* [ <? • res(e) - N-m ^100' m' ;J 

2.14 

For the more general relation 

y± = f ( x ± , e ) + e± 2.15 

Equation 2.14 may still be used to determine the ^-percent confidence 

region for 0. However in this case the form of the decomposition o:f 

T 
e e into the components reg(e) and res(e) is no longer obvious. Hartley 

[7] has proposed a decomposition, based upon the use of Lagrange's inter­

polation formulae, to obtain a quasi-linearization of the regression 

function f. Halperin [6] has proposed a decomposition of the form 

reg(e) = (FTe)T (FTF) 1 (FTe) 2.16(a) 

where 



lb 

Df(x1,9) 
F = ( f- ) = (F ) 2.16(b) 

J 9 A i J 

These results are immediately applicable to regression of the system 

defined by Equation 2.1, for Equation 2.1 may be written in the form 

1/2 1/2 1/2 
w, y. = z. - w / / Z f ( x . , 0 ) + w / / e, - G ( x . , 6 ) + E. 2 .17(a) 

l i i l 1 " 1 1 l *• 1 

E . £ N ( 0 , ( T 2 ) 2 . 1 7 ( b ) 

In this case, Equations 2.16 may become quite complicated, especially if 

the weights w depend upon 0. 

Tolerance Limits 

In the case where the function f is a probability density func­

tion, then instead of seeking information about the probable range of 

values of the population parameters, one is often interested in the 

probable values of a given percentile of the population. If some "best" 

estimate 0 of 6 be deduced from an observation x , y , then by defini­

tion the "best" estimate of the Y percentile of the population based 

upon x^,y is that number v for which 

p(v; g ) dv = V 2.18 
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However, in the same way that the estimate © of the population para­

meters is dependent upon the vagaries of the observation from which it 

was estimated, so also is the estimate vy of the Y percentile of the 

population dependent upon the observation, and the number Vy computed 

from Equation 2.18 may be expected to vary from observation to observa­

tion. Thus, one is led to the concept of tolerance limits as a means 

of making a statement about the probable range of Vy. Since, at least 

as defined above, the quantity Vy is a random variable, then v y itself 

has a distribution, although in general this distribution is unknown. 

Thus, there exists a number v, such that for v^ based upon a large 
»# Y 

number of observations, o( percent of these Vy may be expected to be 

less than v, . This number vy cannot, of course, be computed unless 
f/x {& 

the distribution of Vy be known. 

Motivated by the above discussion, one may define a tolerance 

limit as a random variable v v », which is a function of the observa-
* A 

tion x ,y , the percentile point Y", and the confidence level o(, which 

has the property that for large number of observations the inequality 

(vv) < v . 2,19 
i true — /,<* 

wnere (vY) t is the actual but unknown Ypercent:ile point of the 

population, may be expected to be true for at least o( percent of the 

observations. (Note that this definition is actually a definition 

of an upper one sided tolerance limit. Similar definitions can be 

made for lower one sided and for two sided tolerance limits. See, 



for example, Bowker and Lieberman [8].) 

The following important points of the above definition should 

be noted: 

a) The tolerance limit Vy, ̂  is a function of the observation 

upon which it is based. 

b) There is no reason to expect that the definition of the rand 

variable Vy** should be unique, and thus there may be many 

tolerance limits Vy,. based upon the same observation. 

c) The difference between the random variable "vy,̂  and the 

quantity Vy,^ defined above is emphasized. In particular, 

it should be noted that ^v*^ is a constant independent of 

any particular observation, while v^,^ is a function of 

the observation from which it is computed. 

In view of the above discussion, it is obvious that if one has 

a means of constructing a confidence region R^ for the population 

parameters 6 for any observation, then one may immediately define a 

(upper one sided) tolerance limit vy,^ to be the random variable 

v = _max 
* '* Qe R 

v: I p(r; ©) dr = \ i 2.20 

where 0 is any point in R^. In words, Equation 2.20 says that Vy,^ 

is the largest v such that 

J dr = Y 
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as 0 varies over all values in R^. It is clear that Equation 2.20 

defines a tolerance limit, since by the definition of R^, & is 

included in << percent of the R^ computed from a large number of 

samples, and thus, for at least these o( percent of observations, 

C vV 5 true : % " > * 2.21 

which is the definition of an upper one-sided tolerance limit 

Estimation of Parameters in Non-Linear Regression 

The solution of the least squares equation 

2 
E = minimum 

is based upon the necessary conditions for a minimum in the form 

3E2 

= 0 , j = 1, ..., m 2.22 ie 

If the regression function f(x., 6) be linear in the parameters 9 , 

2 
then E is a quadratic form in 0: , and the solution to Equations 2.22 

usually offers little in the way of serious difficulty, leading rather 

routinely to the so-called normal equations given by Equations 2.12. 

Furthermore, since E is a quadratic form in 9* , there will be at 
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most one solution to Equations 2.22 and so any solution to these 

equations which is found is known to be unique. The estimates Q* 

obtained as a solution to Equations 2.22 in the linear case are known 

to be the "best linear unbiased estimators" of the parameters (Hartley 

and Booker [9]). 

In the more general case in which f(x,,d) is non-linear in the 

parameter 0, the routine nature of the problem of solving Equations 

2.22 disappears. Apart from the often arduous task of finding any solu­

tion to Equations 2.22, one is faced with the possibility that a solu-

2 
tion, once found, may not yield an absolute minimum of E over the 

allowable region of B. Problems associated with finding solutions to 

Equations 2.22 have been discussed by Levenburg [10], Snyder [11], 

Hartley [12], Marquardt [13], Anderssen and Osborne [14], and Decoursey 

and Snyder [15], among others. Problems associated with the possi­

bility of multiple solutions to Equations 2.22 have been treated by 

Hartley and Booker [9J. 

The favored approaches to solving Equations 2.22 begin with a 

Newton-Raphson iteration scheme. 

Write 

H 
E 2 = 2 w.(y.-f(xi)?))

2
 223 

1=1 

In the development that follows, the weighting factors w. are omittad 

since they add essentially nothing to the discussion and their retention 
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would introduce a great deal of unnecessary confusion to the desired 

results. 

Assuming independence of the parameters oL 

N 
2E 

-= 2 S <y± -
 f(V§>(- ^ f ( Xi ? - Y j = 1, ..., m 2.24 ^ - 'i i ^ - - ^ — 

Thus 

N N 

^<9j i=i i *>0j i=i x P<9j 

In Equations 2.25, let f (x-̂  0 ) be approximated by the first order 

terms in d0, in the Taylor series expansion of f, where 

9 = & + dO 2.26 

and C70 i s some p r e - s e l e c t e d poin t i n 0 - s p a c e . 

Thus 

^r ^>f<v&> 
f(x , 9 ) ^ f ( x ,gp + 2 ^ ~ dB, 2.Z7 k = l Jek " ' k 

and so 



N ^ f ( x , g 0 ) N i f ( x . , 9 D ) 

i = i < ) S j J > I < ) 9 j 

A m } f ( x e 0 ) ^ f ( x fi0) 

i = l k=l e ) 6 j <j)9k k 

Simplifying, one ob ta ins 

m N 3 f ( x . , 0 o ) J f ( x , 0 J N } f ( * , , & ) 

§ (S - 5 * 7 — ^ r de* • S <v<v*> ~ i i r • 
j = 1 , . . . , m 2 28 

Equations 2.28 are a set of m linear equations in the m unknowns d0.,, 

and are solved recursively to obtain the solution to Equations 2.25. 

Thus, starting from an initial parameter estimate 0Q) one computes 

from Equations 2.28 initial values of d Q , and sets 
* • 

BL1- a+d©1 
xe> xo 

Q is then used as the new value of Q0in Equations 2.28, and the pro­

cedure is repeated. After n cycles of the above procedure, one obtains 

n _ 1 J J A " 2.29 9o = %T + d§ n 

The procedure is terminated when the length of the vector dQ falls 
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below some preselected value. 

The above scheme has a particularly elucidating geometric inter­

pretation if the parameter Bis considered to be a real variable. The 

Newton-Raphson iteration scheme in this case consists of approximating 

the function f by the line tangent to f at the point B# The inter­

section of the tangent line and the #-axis is then computed, and the 

value of By is used as a new approximation of the desired root. (See 

Figure 2.1.) 

An inspection of Figure 2.2 reveals that the choice of the initial 

point G0 may be non-trivial, since an improper choice of this value could 

cause the algorithm either to diverge or to converge to the "wrong root." 

While existence and convergence theorems exist which in theory allow one 

at least to select an initial estimate 90 which will guarantee conver­

gence of the iterative scheme (Saaty and Bram [17]), the forms of the 

function f encountered in practical application are often so complicated 

as to make the theorems very difficult to apply. In addition, since 

the Newton-Raphson method provides only a solution or solutions to 

Equations 2.22, such theorems cannot indicate whether a given solution 

2 
minimizes E . Thus, in cases where one has little or no previous 

experience, it may be necessary to scan the parameter space, find all 

solutions to Equation 2.22, and choose from among these solutions that 

2 
value for which E is a minimum. 

It is important to realize at this point that information from 

other sources, notably the understanding of the investigator, may be 
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Figure 2.1 The Newton Raphson Method in One Dimension 
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profitably used to limit the extent of this search. Thus, if it is 

known that the value of a certain parameter must, because of physical 

considerations, lie between 0 and 10, then only this range need be 

scanned for minima. In this way an understanding of the physical 

situation can be utilized to reduce the amount of work necessary to 

obtain a solution in a given situation. 

Hartley and Booker [9] have addressed the problem of local minima 

and have developed an alternative procedure which avoids the exhaustive 

scan of the parameter space. Their method yields estimates B which are 

asymptotically 100 percent efficient as the size of the sample becomes 

large. An outline of this procedure may be given as follows: 

i) Let it be assumed that the sample size N is an integral 

multiple of the dimension of the parameter space, say 

N = km, 

and that the observation x^, y„ may be partitioned into k subsets Xiy> yw ; 

h = l,..,m,V= 1,.., k , where the convex closures of the x are dis­

joint. 

ii) Write 

1 k 
Yh = k 2" yhy 2.30(a) 

and 
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1 k 

f ( V $ > = k ? f ( x h y , § ) 2 , 3 ° C b ) 

and find the s o l u t i o n 0* for which 

Yh = f ( x h , 0 ) , h = 1, . . . , m 2.31 

(This solution, for example, may be found by using the Newton-Raphson 

method to find a solution to Y,-f(x, ,0)= 0 as was previously discussed) 

iii) Using §* as an initial estimate, perform one step of the 

standard Newton-Raphson iteration to find 0, or alternatively using 

0* as an initial estimate, carry the standard Newton-Raphson method 

to convergence to find 0 . 

It can then be shown under rather general conditions on f that 

both Q and C7 are asymptotically 100 percent efficient estimators of 

Q as N becomes large. 

It is informative to illustrate the above procedure with the 

simple cases of linear regression with one and two unknown parameters. 

For the first case, Equations 2.30 and 2.31 apply in the following 

form. The observations y. are averaged to yield y, and the function 

it — 

f(x.,8 )=0x. is averaged to yield x .0 is then computed as "y/x. In 

the case of two unknown parameters (say Q and 0 , where y= Q x + 8 ), 

the observations are partitioned into two groups (x y ,y ) and 

(x_ y ) } y sa i} ...t k, where there is some value x such that 
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X1Y * xc * X2Y 

for all Y . As in the first example, averages of the dependent and 

independent variables are computed for each group, and one then writes, 

from Equation 2.31, 

5, - BX*\ + e2* 

Y2 = B^2 + &,* 

A * 

from which values of & and & may be computed. 

It should be noted that the thrust of this procedure is to 

replace a complicated optimization problem by a simpler set of m 

equations in m unknowns. This set of equations is solved to obtain 

initial values of the parameters for use in the iterative solution 

of the more complicated optimization problem. 

In addition to the problems associated with finding from among 

2 
all solutions of Equations 2.22 that solution which minimizes E , 

numerical problems associated with the linear approximation of f and 

with an interdependence of the components &*of & often induce a 

tendency for the iterative procedure of the Newton-Raphson method to 

diverge. An examination of Figure 2.3 shows (in 1-space) how the 

parameter corrections dQ computed by the Newton-Raphson method can be 

so large as to be outside the range of the linear approximation of f, 

and thus lead to divergence of the algorithm. This problem has been 
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Figure 2.3 Invalidation of a Linear Approximation 



rather well-studied, and algorithms for overcoming this tendency to 

diverge have been proposed by Hartley [12], Marquardt [13], and 

Levenberg [10], among others. 

The essence of the method of Hartley lies in the use of the 

Newton-Raphson method as described above to compute parameter 

corrections d & . The function of the real variable V, 

E2(1^) = E 2(^ 1" 1 + y(n)d0n) , 0 < ^ ( n )
1 l 2.32 

9 n 

is then examined to determine the value yj0 for which E ( # ) is a 

minimum for >7 in the interval (0,1). The n approximation 90 is 

then defined as 

ft11 = 0 r 1 + 7in )dSn 2.33 

and the process continues. 

Levenberg has considered the problem from a rather different view 

point. Realizing that the problem exists because of a tendency of the 

2 
normal equations arising from minimizing E as defined in Equation 2.23 

to yield values of d& which are "too large", Levenberg replaces the 

linearized version of 2.23, i.e. , 
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o JL' r m 2>f (x-r>&>) ~1 2 

by the related objective function 

m H = wS + S a.(dB±)
 2-35 

i=l 

where w and a., i = 1, ...-., m are non-negative weighting factors. Thus 

Levenberg at once introduces in a natural way a damping effect into the 

normal equations, and so tends to correct the tendency to compute values 

of dB which are "too large". While the values of the weights w and a. 

are arbitary and may be adapted to the requirements of the problem at 

hand, a particularly effective set of values for a large class of pro­

blems has been found to be given by 

df(x,,a,)l2 

~M ^k J a k 

where w is completely aribtrary, and may be varied from iteration cycle 

to iteration cycle. This device was used to improve convergence on 

the examples computed in this work, with w being initially set equal-

to 5 and doubled after each iteration (it should be noted that the 

2 2 
objective function H degenerates to S as w-»<*») . Using a,, and w as 

above, no tendency for the parameter corrections to become abnormally 

large was noticed. 
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The method of Marquardt is a refinement of the method of 

Levenburg. Based upon a consideration of the properties of the 

Newton-Raphson method and the steepest descent method, Marquardt has 

developed an algorithm for determining an appropriate value of w at 

each iteration to give rapid convergence of the iterative procedure. 

The method of steepest descent is a method of finding the minimum 

of a nonlinear function by choosing values of d9 in Equation 2.29 

proportional to (and often equal to) the negative of the gradient 

of E at the point QQ . The steepest descent method generally 

performs better than the Newton-Raphson method when the point 90 

is "far away" from the desired root, but the rate of convergence 

becomes very slow when the point Qa is in a near neighborhood of 

the desired root. Marquardt*s algorithm selects w so that the 

resulting correction vector d£? is an optimum interpolation between 

the correction vector obtained by the Newton-Raphson method and the 

correction vector obtained by the steepest descent method. Because 

of the success of the more simple method of Levenburg in the problems 

considered in this work, the method of Marquardt was not used. How­

ever, Marquardt's algorithm will often converge in cases where the 

more simple methods will not. 

A strong interdependence between the components of d& can cause 

the computed values of the parameter corrections to oscillate. This 

situation arises when the corrections to two dependent components 

alternate between positive - negative and negative-positive. Such 

situations can arise, for example, when the objective function is 
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such that an increase in B-^ has approximately the same effect on the 

objective function as a decrease in B • While it is not likely in a 
J 

well-conceived model that two components would have exactly opposite 

effects upon the objective function, it is possible, and indeed quite 

commonplace (Snyder [11]), for component pairs to possess this property 

to some degree. In these cases, errors introduced into the system 

either through inaccuracies in measurement of y_T or through inaccuracies 

in the computation of values of f may cause a loss in distinction 

between the interdependent parameter components. 

Motivated by the methods of principal component analysis in multi­

variate statistics, Snyder [11] has proposed an ingenious method to 

overcome convergence difficulties cause by interdependence of parameter 

components. An outline of a slightly modified version of Snyder's 

method is given in the following paragraphs. 

Equations 2.28 may be rewritten in the form 

A • b = c 2.37 

where 

N )f(x e ) 2 f ( x . , e ) 
A = (A.,) = (22 ^^ — — ) 

b = (bk) = Cd9k) = d& 

and 

N 2 > f ( x . , e ) 
c = (c.) = (£. (y.-f(x.,0)) ( i-1-)) 

J i=l X X ~ J 6. 
J 



Noting that A is a symmetric matrix, it follows (Hildebrand [18]) that 

there exists a matrix M such that 

T 
M' 

* A • M * ( \ $ ) . 2.38 

Now, letting 

b = M • Z 2.39 

and substituting into 2.37, there follows 

A • M • Z = c 

T 
or, upon left multiplication by M , 

MT • A • M • Z = M^c 2.40 

T 
But the matrix M-A*M is diagonal, and so the solution to 2.40 may be 

written immediately in the form 

Z. - P & l i 2.41 
-L 

* i 

provided that none of the ̂  are zero. It should be noted at this point 

that ̂ . will be zero if Z. may be expressed as a linear combination of 
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theZ^j k-̂j . (That is, if the parameter corrections are interdependent.) 

Snyder reasoned that even if none of the \ are zero, some subset of 
i 

the ̂ 's (say ̂ ., where j is fixed) may be very nearly zero. In this 

circumstance, while it would be possible to compute Z. from equation 
2.40, the small value of A- would tend to magnify any errors in the 

T 
value of [M c]., and in addition, fixed errors such as roundoff in the 

T 
computation of A. and [M c]. may have a significant influence upon the 

value of ~Z • Thus, for all values of A- smaller than some pre-selected 

value, Snyder abandons Equation 2.41 , and leaving Z. arbitrary, trans-

2 
forms the original m-dimensional problem of minimizing E into a lower 

2 
dimensional (usually one dimensional) problem of minimizing E (Z.). 

This transformation is made by computing Z-j by Equation 2.41 for al.l 

i such that ?l̂  is large enough, using 2.39 to compute the parameter 

corrections in terms of the known and arbitrary Z-^, and then substituting 

the as yet incompletely determined new value of Q0 into the expression 

for E 

In those examples examined by Snyder, this technique has succeeded 

in reducing the dimensionality of the problem to one, in which case 

the required value of Z needed to completely determine the n approxi-
k 

mation may be found by, for example, a linear search or some other rather 

insensitive procedure. The striking resemblance between the method 

proposed by Snyder and that of Hartley should be noted. In fact, 

Snyder's method seems to be a rather better m-dimensional generalization 

of the one-dimensional case which undoubtedly motivated Hartley, since 

Snyder has avoided the temptation to ignore the fact that in multi-
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dimensional problems an uncertainty in the proper direction of the 

parameter corrections exists as surely as does an uncertainty in the 

magnitude of the corrections. Wilson [16] in a private communication 

pointed out that there is no reason why either the methods of Hartley 

or Snyder cannot be combined with the method of Levenberg if required. 

One would expect a very stable iteration procedure to result from this 

combination. 

In his work, Snyder has often arbitrarly chosen the value of Zjj. 

to be zero, and dispensed altogether with the one-dimensional problem 

with apparent success. The modified method outlined above, however, 

is felt to be more general, and thus applicable to a wider class of 

problems. 



CHAPTER III 

STATISTICAL PARAMETER ESTIMATION BY THE METHOD OF LEAST SQUARES 

Snyder [1] has proposed that the parameters of probability densi 

functions may be evaluated by fitting the distribution function to a 

data sample histogram by the method of least squares. To accomplish 

this fitting, a data sample is organized into a frequency histogram 

of an appropriate number of class intervals, and the distribution 

function is expressed in the frequency form for the same grouping 

(see Figure 3.1). The difference between the observed frequency of 

a given class and the frequency indicated by the distribution function 

for the same class is defined as the class error (see Figure 3.2). 

The least squares procedures of Chapter II are used to estimate the 

parameters (o( >£>) of the distribution function so that the sum of the 

squares of the class errors Is a minimum. 

Such an idea is not entirely without precedent. Kendall [19] 

discusses the fitting of Gram-Charlier series to data histograms, 

although the method of least squares is not exclusively used in this 

reference. Reference [21] contains a computer program designed to 

fit an Arne Fisher Series to a data histogram by the method of least: 

squares. The primary feature of the techniques expounded in these 

two methods lies in the expansion of the distribution function in 

terms of a series of the products of the derivatives of the normal 
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Figure 3.1 The Finite Form of a Probability Density Function 
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distribution function and Hermite ploynomials. Leaving aside the 

question of the completeness of such a set of functions, such an 

expansion would in general require an infinite number of terms for a 

complete representation of an arbitrary distribution function, while 

only a finite number of such terms could be retained for purposes of 

computation. By accepting the added complications arising from the 

non-linearity of the model, Snyder avoids the necessity of approxi­

mating the distribution function while retaining the conceptually 

simple method of least squares fitting to the sample histogram, 

Before the method of least squares as proposed by Snyder can be 

accepted as a useful method for evaluating distribution parameters, 

however, it is necessary to examine the statistical and mathematical 

consequences of the least squares procedure. Initial work by Snyder [1] 

and Snyder and Wallace [27] has shown that the procedure is mathemati­

cally tractable. From results of Chapter II, it is known that, assum­

ing that the error terms arising in the expression 

h.=f(x.,B)+e. 3.1 
l x ~ l 

are normally distributed with zero mean and variance independent of x., 

the parameter estimates obtained by least squares will be equivalent to 

maximum likelihood estimates. Nevertheless, intuitively on would feel 

that these estimates may differ from those obtained from a conventional 

application of the method of maximum likelihood. In particular, it 
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appears that the method of least squares may be somewhat inefficient 

since the procedure requires that the data sample be grouped into a 

histogram before the distribution parameters can be estimated. It 

would seem that some portion of the information content of the sample 

may be lost when the sample is so grouped. For the small samples 

usual in hydrology, such a loss of information could be so serious as to 

make the method of least squares useless. Also, it would appear that 

the least squares estimates might be a function of the manner in which 

the sample is grouped, so that different groupings of the same sample 

might lead to radically different parameter estimates. 

In spite of the intuitive misgivings which the above observations 

may prompt, the method of least squares as a technique for estimating 

statistical parameters is not without appeal. Although the method is 

apt to be numerically laborious, the nature of the computations are 

quite routine and easily programable on digital computers. The nature 

of the computations are identical regardless of the type of distribution 

function being fitted, and so once a program has been developed, it 

would, with only minor modifications, be able to fit any function 

desired. The method of constructing confidence regions outlined in 

Chapter II allows the (relatively) easy construction of tolerance 

limits for any distribution function based upon any sample. In fact, 

the actual least squares fitting process may be avoided by using the 

confidence region to estimate the parameter values. Also, the method 

of least squares is easily visualized, and by employing an analysis 

of sensitivity coefficients (that is, the values of the derviatives 
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of the distribution function), the effects of the shape of the sample 

histogram upon the estimated values of the parameters may be evaluated 

(Snyder [1]). Finally, the inclusion of the arbitrary weighting func­

tion as a part of the sum of the squares of the errors makes the method 

of least squares extremely versatile and capable of emulating other 

standard techniques (for example, if w. = [f( X,,B)] > then the method 

of least squares becomes the method of minimum chi-squares) or being 

adapted to the contingencies of the problem at hand (for example, later 

in this work a weighting function is sought for which the least 

squares parameter estimates are unbiased). 

Selection of the Density Function for Numerical Experimentation 

In order to test the feasibility of the method of least squares 

as a means of the fitting of distribution functions, a systematic 

study was made of the statistical properties of least squares estimators 

of population parameters. The probability density function chosen for 

study was the two parameter gamma distribution. This choice was 

motivated by a study by Markovic [22], which indicated that this 

relatively simple distribution function fits most hydrologic data of an 

"annual" nature at least as well as any other commonly used distribution, 

and thus the results of this investigation would have immediate practical 

applications. In addition, the two parameter gamma distribution was 

preferred because it seemed on the one hand to offer enough computa­

tional difficulty to illustrate the power of the least squares methcd 



of fitting, while on the other hand the small number of parameters 

prevented an undue amount of difficulty in establishing trends in the 

characteristics of the estimators as they might occur during the study. 

The use of the two-parameter model also avoided serious numerical 

difficulties which often arise when a model includes a so-called 

"shifting parameter", or lower bound such as occurs, for example, in 

the three-parameter gamma or the Pearson Type III distribution (Matalas 

and Wallis [23]). The use of the two-parameter model is also philo­

sophically more satisfactory when dealing with hydrologic variates 

such as rainfall or runoff, since this model imposes no bounds on the 

possible range of the variate other than bounds already implicit in the 

definition of the variate. Thus, in this sense, the two-parameter model 

provides a more symmetric treatment of large and small values than do 

models which include shifting parameters. 

The essential properties of the two parameter gamma distribution 

(henceforth referred to simply as the gamma distribution) are summarized 

in Appendix A. Appendix B develops the mathematical framework necessary 

for the specialization of the methods of Chapter II to the problem of 

fitting the gamma distribution to a given histogram. 

Properties of the discrete form of the gamma distribution may be 

obtained from the following equivalent forms of the distribution. 

Using the results as given in Appendices A and B, the gamma distribu­

tion in its continuous form may be written as 
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/ N Of 4 - 1 - 0< V 

P(v) = p ( ^ ) v e , 0 £ v < o o 3 .2(a) 

and in i t s d i s c r e t e form as 

r o 
— / a.\ \ « 0 - 1 -O^V 
P i ) r ( 0 ) V e d V ' V i - l - V i * 1 V i 3 .2(b) 

But if w = v. - v. - , then by the mean value theorem for integrals 
x x-1 J b 

(Taylor [24]), there exists a number v* in the interval [v. v.] 

such that 

p(v±*) = p(v±*) • w 3.3(a) 

or, if it be necessary to emphasize the dependence of p on o<and {3, 

F(v±*; «,(3) = p ^ * ; «,(3) • w 3.3(b) 

From Equations 3.3, it is seen that for fixed o( and B , p is a step 

function of v with finite discontinuties at the right end-points of the 

intervals [v. „ % v.]. For fixed v. p is a continuous function of the 
l-l* I 

parameters o( and & , and for positive values of the parameters, 

possesses all orders of derivatives. Figure 3.1 graphically depicts 
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the quantities described above. 

From Equation 3.2(a), the derivatives of p with respect to c( 

and & may be written as 

and 

l £ - = {£• - V) p(V; a , a ) 3.4(a) 
P * <* r 

4%-* ( " r ( A ) + l n 0 < + I n v ) p ( v s d , p > . 3 . 4 ( b ) >(» v r cp> 

By E q u a t i o n s 3 .3 and 3 .4 t h e d e r i v a t i v e s of p w i t h r e s p e c t t o ct and (S 

a r e t h u s 

<L2- = (— - v*) p ( v * ; <X ,(3 )-w 3 . 5 ( a ) 

and 

Y ^ - = C- £ T ~ Y + l n 0 < + I n v ) p ( v * ; f l < , p ) . w 3 . 5 ( b ) 

Where 

V . .. < V < V . 
1 - 1 — — 1 
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The values of p and its derviatives were numerically estimated in 

this work by partitioning the interval [v v ] into sixteen sub-

intervals and using the trapezoidal rule to approximate the integrals in 

Equation 3.2(b). An examination of the results of this approximation 

indicated it to be of sufficient accuracy for the purpose at hand. 

No serious investigation was made to determine the smallest number of 

intervals required for an adequate estimation, although it should be 

noted that in most cases no discernable difference in the results of 

fitting could be detected when only four intervals were used. Where 

differences arose, they were invariably of the form of improved 

convergence where the finer mesh was used, and not in a difference 

in the estimated values of the parameters in those cases where con­

vergence occurred for both mesh sizes. 

Using the above formulation, a computer program was prepared to 

generate random numbers from a gamma population with given parameters 

of and (3 (subject to the condition that 3 be integral) and to fit these 

samples by least squares. Included in this program were provisions to 

compute for each sample the parameter estimates obtained by the method 

of moments and by maximum likelihood. Real hydrologic data (see Chapter 

V) was then fit by the program in an effort to determine values of the 

parameters which might correspond to situations of interest in hydrology. 

(In this fitting, the technique obtained from Markovic [22] of dividing 

the real sample by its average value was used. This scaling accomplished 

the purpose of always making the maximum likelihood estimators of 0{ 

and B equal. Thus, in the later simulation work, only those populations 
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for which o< and 3 were equal were investigated, resulting in a vastly 

more efficient study without, it was felt, sacrificing any generality 

of importance in the analysis of real data.) 

The results of these initial fittings of real data indicated 

that, at least for the types of data examined in this study, one should 

expect values of population parameters ranging, say, between one and 

eleven. This parameter range was utilized in developing the simulation 

runs. 

A Description of the Numerical Experiments 

Simulation runs were designed to provide empirical indications 

of answers to the questions raised earlier in this chapter regarding 

the appropriateness of least squares as a technique for fitting distri­

bution functions. In particular, the questions addressed were as 

follows: 

1. To what extent are the least squares estimates of the 

population parameters influenced by the manner in which the 

sample is grouped into a histogram? 

2. Is there a rule according to which the class width and number 

of classes may be selected so that the data may be grouped in a 

manner which will yield optimal or near-optimal effectiveness 

of the least squares fit? 

3. Is the assumption of normality of the errors defined by 

Equation 3.1 (or, more generally, by 2.1) appropriate? 


