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FOREWORD

In order to avold unnecessary repetition, 1t seems
approprilate fo cecllect here some of the symbolism and
terminclogy used fthroughout this thesis.

The symbols X, Y, and Z will designate normed linear
spaces, while A and B will dencte open subsets of X and Y,
respectively. The symbol En will denote the n-dimensicnal
Euclidean sgpace of n-tupleg of real numbers. The symbol O
will be used to denote all zero elements, regardless of
the space in which they lie. The preclse meaning of each O
In any particular expression should be clear from the
context.

The term scalar will mean real number and the term
functional willl mean an operator whose range 1s a subset
of the real line. The ferms integrable and summable will
be used interchangeably to mean that the integral of a

function over some set ig finite.

If f: X —-Y and g: X —aEl, then the symbolism

£{t) = o(g(t)) as ©t -0

will mean
lim E%%% = 0,
t—0 &

where the limit i1s understood in the sense of the normin Y.
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SUMMARY

This study is concerned with several notions of
differentiabllity which are useful in the theocry of oper-
ators on hormed linear spacegs. In addltion to the fa-
miliar notions of Fréchet and Gateaux differentials [33],
the notions of quagi-differential [8] and strong differ-
ential [23] are defined in Chapter I. Various implica-
tlon relationghips among these differentials are obtained
and sufficlent conditions for the existence of these
differentlals are established. TIn particular it is shown
that if £ is Lipschitzian and has a linear Gateaux varla-
tion, then f is quasi-differentiable. It 1s further shown
that the guasi-differential satisfies the chain rule pro-
perty. A theorem of Hsser and Shisha [11] concerning
strong differentials of real-valued functions is generalized
to normed spaces in what appears to be a new theorem., It
is also shown that a continuous Fréchet differential is a
strong differential.

In Chapter IT a detailed procf of a theorem due to
Rademacher [27] is presented, a corollary of which agserts
that every Lipschitzian operator mappilng En into El is
Fréchet differentiable almost everywhere., A4 generallzation
of Rademacher's result, due to Rado and Reichelderfer [28],

proves the same result when the range is E_. The question
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concerning a similar statement for infinlte dimensilional
8paces remaing open.

Chapter IITI 1s devoted to a brief discusgsion of
differentiabllity of convex functionals on normed spaces.
This topic is the subject of recent investigations [5,25]
which would fall beyond the scope of this study. The main
result of this chapter 1s that a convex functicnal pos-
sesses a cne-sided GAteaux variatlon at each point of 1ts
domain. It ig further shown that thls one-sided Gateaux
variation 1s itself a convex functlonal.

In the last chapter, the concept of smooth operator
iz develcped as a generalization of smceth function, &
topic studied by Zygmund and others [32,37]. The differ-
entlapility propertiles of smooth operators are investigated
and a new theorem, which provides an immediste connection
with results on Gateaux differentiability from Chapter 1,
is proved. The final result, a collection of several pre-
viocus results, shows that a continuous, c¢onvex, and smooth

function is differentiable.



CHAPTER I
SOME NOTIONS OF DIFFERENTIABILITY

The purpose of this chapter ls to define several
notions of differentigbility in general analysis and tc
study some of thelir propertles. The notions of Gateaux
variation and differential, Fréchet diiferentlial, and strong
Frachet differential are deflned for operators and impli-
cation relationshlips among these are studied. Sufficlent
conditiocns for the existence of These differentlals are

also established.

Definition 1.1. Let J be an cpen Interval of the real

1ine. A mapping ¢: J — X 1s salid to have a first deriva-

tive at the point tO € J if

(t)-g(t,)
im Y c i = L 91 (v, (1)

Uﬁto IR

exliste, where the 1imit i1s understcocod in the sense of the

norm in X,

It is evident that whenever @’(to) exists, it 18 a

unique element of X,

Definition 1.2. ILet f: A =Y and let x. and h be fixed

O

elements of & and X, respectively. Since A 1s an open set,




there exlsts an interval J = (-5,58) such that if t € J,

then XO + th € A, If for each h e X

ne=

d l .
Tt fx +th) Vf[xo, h]

exists, then f 1is saild to have a Gatesux variation or to

pe weakly differentiable at x,. If it exists, Vf[XO; h]
is called the Gateaux variation (weak differential, first
variation, directicnal derivative) of f at X with

increment h.

If f has a Gateaux variation at Xqs then Vf[XO5 -]

is a unique operator mapping X into Y.

Theorem 1.1. If f has a Gateaux variation at XO’ then

Vf[xo; -] is homogeneoug of degree one; that is, for any

scalar a, Vf[xo; ah] exists and
Vf[xo; an] = a Vf[xo; hl
for all h € X.

Proocf: If @ = 0, the proof is trivial. If o # O, then

lim t_l[f(x +tah) - f(XO)]

ah ]
NG O

Vf[xo;

a 1im T_l[f(x +th) - f{x.)]
0O 0O
>0

Il

where 17 = Qt,



Therefore,
Vf[xO; ah] = « Vf[xo; hl.

In the remainder of this chapter the task of deter-

mining when a useful approximaticn to f(xo+h) - f(xo)

exigts and the accuracy of such an approximation will be
investigated. Some insight can be galned fthrough a
therough examination of the problem In the one dimen-
sicnal case.

Let J be an open interval and let Xy € J. Supposge
that f: J —E. If f'(xo) exists, then f(xo+h) - f(xo)

can be approximated for small h by £/{(x.)h. The nature

o)
of this approximation 1s well known. In fact let

R[xo; hl & f(xo+h) - f(xo) - f’(XO)h
and let daf[xy; hl ) £'(xy)n. Then
f(xyth) - £(x,) = af[xy; h] + Rlx ;5 h] (3)

where Rlx 5 h] = o( [h|) as h - 0.

The following specilal properties of df[xO; h] are

important:
(&) df[xo; h] is linear in h; that is,

. o+ — . .
df[xo, a h, a2h2] ay df[xo, h] + «a df[xo, h_]

1 1} 2 2

for each pailr of scalars a d. and elements hl’ hg.

1’ 72



(B) df[xo; h] is bounded in h; that is, there

exists a finlte constant M, independent of h, such that
|ar{xgs bl | <M |n|

for all real h.
(C) df[xo; h] is continuous in h; that is, 1if

1lim hn = h, then

P L)
lim 37 [x; th = daf[x.; hl.
T30
(D) If £ is defined in some neighborhood of X

OJ

g 18 defined In some nelghborhood of yo = f(xo), and if
dflxy; -1 and dgly,s -1 exist, then defining h(t) = glf(t)],
it follows that dh[xO; *] exists and

1
dh[xo; -1 = dg[yo; df[xo; -](.

This is called the chain rule property.
(E) If df[xo; +] exists, then f is continucus at Xy
(F) The condition

]f(x0+h) - f(x,.) - df[xo; h]| =o(lh|) as h =0

o)
1s satisfied.

The objectlve now 1g fo use conditions A through F
as a basis for defining generalizations of the classical
differential, which apply to operaters on normed spaces.

The Gateaux variation may 1n general fall to have any

of the properties A through F. One natural approach seems



to be to add these properties to Vf[xo; -] either one at
a time cr in groups, and to investigate the resulting

concepts.

Definition 1.3. Suppose that £ has a Gateaux variation

Vf[xo; -] at X € A, IFf Vf[xo; -] is continuous and

linear, then it is dencted by Df[xo; *] and £ is said to

be Gateaux differentiable at KO with Gateaux derivative

Df[xo5 -]. The Gateaux derivative, when it exists, is an

operator mapping X into ¥. For h € X, Df[xo; h] is calleg

the theaux differential of f at XO with increment h.

By defining Gateaux differentiability in thils way,
it is evident that a Gateaux differential is a Gateaux
variation and that if both exist, they must be the same.
This further implies unigueness of the Gateaux differential
whenever 1t exists.

The next two theorems deal with necessary and suffi-

cient conditions for Vf[xo; ] to be a Gateaux derivative.

Theorem 1.2. Let f: A —Y wilth X4 € A. A necesgsary and

sufficient condition for Vf(xo; ] to be a Ga2teaux deriva-

tive 18 that fthere exists a continucus, linear operator

L[XO; -]: H - Y such that for each h € H,

f(xgth) - fxg) = Llxy; h] + Rixgs hl (4)

where
H={heX |xo +h e A}



and
| Rlxgs th]l I =o({t{) as t —o0. (5)
If such an operator L exists, it 1s unique and for h € H,
L[XO; h] = foxo; h] = Df[xo; hi. (6)

Proof: (Necessity) Suppose that Vf[xo; +] is a Gateaux
derivative. Then Vf[xo; -] 1is continuous and linear and
by Definition 1.2,

1im | 67 e (x+th) - t(xg )] - Velxgs nl =0

t~>0

for each h ¢ X,
Thus

lim || t"l{f(xo+th) - fx

- velxys thll 1= 0. (7)
-0

o)

Now define

R[XO; th] & f(xo+th) - fxy) - Velxgs thl,
Then (7) becomes
I Rlxgs th] [ =o([t]) as t —»0. (8)

Thus the representation {(4) exists where

Llx.; hl] = Vf[xo; hl.

0’

Tt follows that L ig unique and (6) is satisfied.



(Sufficiency) Suppose that the representation

(4) exists. If h is replaced by th in (4), it follows that

-1

t'l[f(xo+th) - £lxy)] = Llxys n) + 670 Rlxgs snl. (9)

o)

Thus, in view of (%), f has a GAteaux varilatlon at x. and

0

furthermore
Vf[xo; h] = L[xo; h]

for all h € H. This proves that L[XO; -] is unique and

{6) is satisfied since L is linear and continuous.

Definition 1.4. The operator F: A —» Y satisfies at the

point Xy & A a weak Lipschitz condition if for each h € X

there exists 65(h) > O such that if |t | <« &(h), then

I F(xy*+th) = F(xy) [l < ¢ Il en [l

0

where C 1s a positive constant independent of h.

Theorem 1.3. (See [341]) Suppose that F has a Gateaux

variation VF[XO; -] at Xy € A. Then VF[XO; .1 is linear
and continuous 1if and only if F satisfies the following
two conditions:

1. F satisfiles a weak Lipschitz condition at Xp

2
o, || A th F(XO) | =o(|t]) as t =0
1 2
where
2 A
Ay F(XO) = F(xo+h1+h2) - F(Xo+hl) - F(xo+h2) + F(xo).



Proof: {Necessity)  Suppose that VF[XO; -] is linear

and continucus. Then VF[XO; +] is bounded;
I VElxgs -1 1l =M < .

Let h be a fixed element in X. Then by Definition 1.2

I
11 || < #lxgeen) - Flxy) | | = 1 velxgs B 1< 052 ln

s 0 O

Thus, there exists &(h) > O such that if C0 < |t | < &, then

I |
“ { (x, +th) - F(XO)} ( < (M+1) || n ||, (10)
But (10) implies that
| F(xytth) - Flxg) | < (M+1) I sh | 1f 0 <[t ] < 8(h).

Thus F gatisfies a weak Lipschitz condltion at Xy -

By linearity of VF[XO; -1, it follcws that for

hysh, € X,

VF[XO; h.-+h.] - VF[x

110, o Byl = VFIxg;

But by Definition 1.2,

- — _1 —
VF[XO, h1+h2] - o =t [F(x0+th1+th2) F(XO)1,

VF[xg; hyl - @, = t_l[F(xo+th1) - F(xo)},

and

VF[XO, h2] - ag = t_l[F(xO+th2) - F(XO)}



where

Now

1[F(xo+th +th

1 2) - F(x +thl) - F(x

0] o

+th } o+ F( 1 H

= || VF(XO; h1+h2) - a - VF(xO; hy) + a, - VF(XO; hz)-+ aq [
=1 a. + a, - a, |
2 3 1
g||a1H+Ha2H+|\a3||.
Thus
I a2 | =o(|t]) ast -0
th,,th :
17772
This completes the proof of necessity.

(Sufficiency) Suppose first that F satisfies a
weak Lipschitz condition at Xy Then for h € X, there
exists 5(h) > 0 such that

-1 ‘I
t F(xo+th) - F(x ) ﬂ <cllnll 1ifro<it]<sln).
(11)
Then take the limit as t - 0 in (11) and it follows that
| VFlxp; hl h < ¢l nfl (12)

for each h € X. Thus VF[XO; *] 18 a bounded operator

gince C 18 independent of h.
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By an argument identical fc the one used in the

proof of necessity, it is c¢lear that for hl,h2 e X,
I VF[XO; h1+h2] - VF[XO; hl] - VF[XOj h2] I
| |
-1
< } t [F(xo+thl+th2) - F(xo+th1) - F(xo+th2) + F(xo)] ’
+ | ap - Gy - ag 1|
1| .2 I
— F + - - a .
Now since
[y F(x,) Il = o(|t]|) as t»0
thl,th2 0 ?

the right-hand side in (13) has 1limit 0 as t - 0, by the

way in which the ai were defined. Thus

| VFlxg; ny+h,) - VF[x ; bl - VFx 5 h,] || = 0.

This proves that VF[XOj *] is additive but VF[XO; -] is
also homogeneous by Theorem 1.1. Thus VF[XO; +] is linear

and bounded. This completes the proof of sufficiency.

In general, properties E and F are not satisfied by
the Gateaux differential. Note that Theorem 1.2 provides
a condition similar to property F but not as strong since
the 1limit there 1s essentlally taken alecng a fixed direc-
tion, Thie restriction can be removed by assuming the
1imit in (7) is uniform in h for |lhll = 1. More precisely

we have
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Theorem 1.4, Let f be Gateaux differentiable at x..

0
Define
Rlxy; h] A f(xq+h) - £lxg) - Dflxgs hl.
Then the condition
I'Rlxys thl Il =o([t]) as ¢t -0 (14)

uniformly in h for || h ||

i

1 ig necessary and sufficient

for the condition
I Rlxgs bl I = o(llnll) as |lr]l = o. (15)

Proof': Suppose that (14) holds. Then given £ > O, there

exists & > O such that if 0 < | £ | < &, then

“r%fr I Rlxy; thl |l < e (16)

for all h with HhH = 1. Choose any element k € X with

0 < x|l « 8. Then

k A
k = ||kl L trpe
Mell =
where 0 < | %t | < 6 and |Inh'll = 1. Thus relation (16)

holds feor £t = t7, h = h'. Hence

1

k!

But (17) holds for all k with 0 < |kl < 8, sc that

I Rixgs k11 < e. (17)

(15) holds. This proves sufficlency.
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(Necessity) Suppose condition (15) holds. Then
given € > 0, there exists 5§ > 0 such that if 0 < |lhll < s,
then
IR [xy; hlll
TV < gL (18)
Now consider the subset of X whose elements are of
the form tk where |lk|| = 1 and |t |< 8. Clearly (18)
must be valid for all these elements. So if 0 ¢ |t | < B,
then

IR[xys tklll

< E
|t

for all k, with ||kll = 1. Hence condition (14) holds and

the procf 1s complete.

The following definition takes advantage of

Theorem 1.4,

Definition 1.5. If f is Gateaux differentiable at xq

and 1f condition (15) holds, then f 1s sald to be Fréchet

differentlable at Xq - The bounded linear operator

. .14 A

is then called the Fréchet derivative of £ at XO and for

h € X, the element df[xo; h] is called the Frechet differ-

entigl of f at X4 with increment h.

Fréchet differentiablility clearly impiies Gateaux

differentiavility but the converse 1s in general false,



Example 1.1. Tet

I Z Z
i 1 2
Zl + Z2 +T—2 if (Zl’z2) # (OJO)
; z. + =z
1 2
£{zy,2,) =
{O if (zl,zg) = (0,0)
\

Consider, for h = (hl,hg) £ (0,0)

f(O+th1,O+th2) - £{0,0)
1im T
0
f(thl,thg)
= 1im T
t—-0
th%hg
= 1im hl+h2+—?-zr-——é
£t—0 thy + hg_
=hl+h2.
If (hl,hg) = (0,0), then the limit is 0O so that Vf£[(0,0);

exists and

Ve[(0,0); h] = h, +h,

for all h € E,. The operator vel(0,0); -] is linear and
continuous so that f is Gateaux differentiable at (0,0)

and

I
=
+
=2

Dr[{0,0); h]

13

-]
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But irf
R[(0,0); h] £ £(n) - £(0) - DE[(0,0); nl,
then
R{(0,0); h] —HESEE-
2 k) - hl + hg
and
3
lim IR[(O’O)5 nJ l = l1lim I hlh2 .
Inlo ] Ialso|(ny + n3) (nT + 03 )2

But if this 1imit 1s evaluated along the path h, = hf, then

- | R[{0,0); R]|_ 1
1 = =.
Hhﬁﬂo Th]] 2

12
h2—h1

This proves that f 18 not Fréchet differentiable at (0,0).

AT thils point it is clear that the Fréchet derivative
satisfies properties A,B,C, and F. It fturns ocut that procper-
ties D and E are also satisfied. The proof of D is a
corcollary of Theorem 1.9, a more general result, Property E

igs the subject of

Thecrem 1.5. If f is Fréchet differentiable at X s Then

f 1s continuous at XO.

Proof: Fréchet differentiability implies that
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f(xo+h) - f(xo) = df[xo; hl + R(xO; hi
k||
= df'[xos h ] +m R[xoi h ]
Thus
lim [f{x.+h) - f ] =0
i [etxgth) - £lxo)

since df[xo; -] is continuous at O and

. 1
lim — R[x.; h] = 0.
heoO Inl 0?

The definition of Fréchet differential provides
gufficient conditions for 1ts existence. Another set of

sufflclent condltions is given by

Theorem 1.6. If f has a Gateaux derivative in some neigh-

borhood of Xq and if Dfx; +] is continuocus in x at x =X

OJ
then df[xO; -] exists and

df[xo;-] = Df[xO; - 1.
Proof: (See [33])

Two additional notions of operator differentiagbility
will now be presented. FEach has some interesting connec-

ftions with those differentials slready introduced.

Definition 1.6. (See [8]) Let f be a continuous mapping

cf A into Y and let Xy € A. The mapping f 1is said tc be

guasi-differentiable at Xq iff there exists a linear




mapping u(-): X = Y such that for any continuous mapping

g: [0,1] - A, for which g(0) = x,. and g'(0+) exists, the

O
mapping

H{t) & £lg(t)]

is differentiable (Definition 1.1) at t = o7 and

H (07) = u<gr(o+)>.

16

The mapping u(*) is called the quasi-derivative of © at Xg -

A connection between quasi-differentiability and

the notions already introduced 1is readily avallable in

Theorem 1.7. If f is quasi-differentiable at x, € A,

then f is theaux differentiable at XO.

Proof: Suppose that u(*) is the quasi-derivative of f
at Xpy - Let h € X. Then since A is open, there exists a
number & > O such that if 0 { t ¢ &, then x, + th € A,

0
Define the mapping g as follows:

| x., + th (0 <t < B),
1
e(t) = |
! g(5) (68 <t <1).
Then g: [0,1] - A, g{0) = Xy, £ 15 continuous on (0,11,

and furthermore g'(0+) = h. Thus

& rlg(t)] = u(n).
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Now let € > 0 be given. Then there exists a number r,

O <r < b6, such that if 0 ¢« £t ¢« r, then

< e (19)

|
e rte(e)) - etxg) | - utn)

But if t < &, then
g(t) = x. + th

so this substitution can be made in (19) and hence if

O <« t ¢ r, then

However (20) implies that f has a GAateaux variation at x

)] - un)

)| < E. (20)

t—l{f(xo+th) - f(x

0
and that

Vf[xo; h] = u(h).
But u(:) is linear by definition and continucus [8], so
that u{-) is the Gateaux derivative of f at X

Corollary 1.8. If £ is guasi-differentiable, the quasi-

derivative 1is unique,.

The conversge of Theorem 1.7 1s false and the mapping

of Example 1.1 provides a counterexample, In that example,

Df[(0,0); h] = h, + h,.
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Suppose that f is quasi-differentiable at (0,0) with

quasi-derivative u(-). Then

by Theorem 1.7. Now define

g(t) = (£,85)  for t e [0,1].
Then

g{c) = (0,0) and g’ (0") = (1,0).
But

H(t) = rle(t)] = t° + g %
so that

o (0%) = 32

but

and this is a contradicticn. Hence f is not quasgi-
differentiable at (0,0).
The fellowing theorem shows that the quasil-derivative

satisfies the chain rule property (D).

Thecrem 1.9. suppose that f: A—Y. Let %, € A and

O

v = flxy) € BRC v, If f ig quasi-differentiable at x, and

g: B — Z is quagi-differentiable at Yo2 then the composite
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mapping h(:) = g[f(.)] is quasi-differentiable at Xy and

f'urthermore
Dh[xo; -] = Dg[yos Df[XO; ‘]}-

Proof: Let A, C A be an open neighborhood of X, such

that h: AO - 7Z. Now let 9 be a continuous mapplng of

[0,1] into A such that 9(0) = x. and m'(0+) exists.

0° 0
Then © maps [0,1] intc A& and since f is quasi-differentiatble

at X5 the mapping P defined by

is differentiable at ¢t = 0 and

Pr(0") = pflxys 9 (0")1.

But P(t) maps [0,1] into B, where BO(; B and B, is an

open neighborhoed cf Yo Furthermore,

and

"
=
o
o

o
o
o
.y

exists, so letting
Q(t) = glp(t)],

then the quasi-differentiablility of g at Yo Implies that

Q'(O+) exists and
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Q’(0%) = pelyy; Pr(07))]
= Dg[yos Df [ w'(0+)]].
But
a(t) = gl £lo(6) 1] = nlp(e)]

and since Dg(yo; Df[xo; ']J is linear, this proves that

h is quasi-differentlable at x. and that

G

Dhixy; -1 = Dg[yos Df [x43 -]1.

The following theorem, important in its own right,
also implies that the Fréchet derivative satisfies property

(D), a claim made earlier but not proved.

Theorem 1.10. If £ is Fréchet differentiable at x. € A,

¢

then f is guasi-differentiable at x. and the two differ-

0
entials are identical.

Proof: Let g be a continuous mapping of [0,1] intc 4,

for which g(0) = Xy and g'(O+) exists. For t € [0,1], let

H(g) = £lg(t)]

and consider

£ 1 E() - H(C)]

It

t‘l[f[g(t)] - f[g(O)l]

o Marlegs e(t) - £(0)]

+ Rf[xO; g(t) - g(O)]}
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since f is Fréchet differentlable at g(0) = Xy But

df[xo; -] is homogeneocus, so

£ H(E) - H(0)] = daf [x,; £ e(t) - 2(0))]

+ 671 ReMxgs g{t) - g(0)]. (21)

Now

1im aflxg; & (e(t) - g(0))] = arlxy; g’ (0%)]
£-0"

since df[xo5 -] is continucus. Consider

7 I Relx s g(8) - g(0)] |l

IRE x5 e(t) - &(0) I lg(e) - e(0)l
lg{c) - g(0)ll v

and let € > O be given. Then there existe 5 > 2 such that

if 0 < Ikl ¢ &, then

IRE [ 3 x 1
el

< E, (22)

But g is continuous so given & > 0O, there exists r > J

such that
| g(t) - g(0) ll <8 (23)
if 0 ¢ t < r. Combining (22) and (23)

IRf (x5 g(t) - g(o) ]l
le(t) - g(0)ll

< €
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1f 0 <« t < r. This proves that

IRf[xy; g(t) - g(0) ]Il
1im =0
t— 0t lg(t) - g(0)]l

and since |le’{07)|l is finite, it follows that

He(oh) = 11m 71
t—{#

H(t) - H(0)] = af[x; gr{0")]

Hence f 1s guasgi-differentiable at x. and the quasi-deriva-

0
tive of f at x, is df[xog - 1.

The followlng theorem gives sufficlent conditions
Tor the exlstence of the quasi-derivative 1in terms of the

Gateaux variation.

Thecrem 1.11. Let f: A Y and suppcse that f satils-

fies a Lipschitz condifion on A; that is, there exists a

constant M such that for each pair cf points x, y € 4,

e(x) - (Nl < mlix-yll.

Suppose also that f has a linear Gateaux variatlion Vf[xo; - ]

at X € A, Then f is guasi-differentiable at x

o
Prgof': Let g be a continuous mapping of [0,1] into A,

for which g(0) = x. and g'(0+) exists. For t € [0,1], let

0

H(t) = rlg(t)].
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Then

I e~ () - H5(0)] - vrlxgs g7 (0*)1 |

< e hele(s)] - £lxg + g’ (07)1) |

+ e e lxgree (09 1 - ()} - velxgs &7 (0F) |

< Mt | g(t) - g(0) - tgr(cT) |

Q

- +
e e legrer (00) ] = £(x)) = VElxgs g/ (0™)]
Now let & > O be given. There exists 61 > 0 such that
-1 ' + . ! +
o7 e lxyttgr (07)] - £xy)) - VElxg; g/(07)] Il < /2

if O € £ ¢ 5. and there exists 62 > 0 guch that

1
£ Il g(t) -~ g(0) - tgr(0%) || < e/om
if 0 €t « 62. Hence if
0 <t < min(6y,5,) 5s

then

I =™ [8(s) - H(0)] - Velxgs g (0D ] I < .
This proves that
)

E'(07) = velxy; g/ (0M)1,

and since Vf[xO; *] was assumed to bhe linear, then f is

quasi-differentiable at x. and Vf[xos *] is the quasi-

O
derivative of f at Xy
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Corollary 1.12. Under the hypotheses of Theorem 1.11,

f is Gateaux differentiable at XO.

Until now, none of the notioconsg of differentisl has
been stronger than the Fréchet differential. However
Leach in [23] has defined a differential which implies

the Fréchet differential.

Definition 1.7, Let f: A Y ard let Xy € A, If there

exlsts a continucus linear operator dF*fxo; -l X Y

such that for each e > 0, there exists r > 0 where

I ely) - £(z) - af*[xg; y-z] I < el y-z |l

for each pair of points y,z with Hy—XOH L r, ”Z—XO” L r,

then I 1s said to be strongly differentiable at X5 and the

operator dF*[xO; *] 1s called the strong derivative of f

at XO.

Clearly if f is strongly differentiable at x then

0?
£ is Fréchet differentiable at x,.

The next theorem is a generalization of results
obtalned by Esser and Shisha [11] for real-valued functions
of real variables. This theorem doesg not seem to appear 1in
the literature.

TLet F:' A->Y. Let D! denote the subset of A on
which F is Fréchet differentiable and let D* denote the

subset of A& on which F isg strongly differentliable, Then
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clearly D*¥ (C D’ and 1n general either or both of these

sets may be empty. If x; € D', then the symbol dF[xlg -]

will denote the Fréchet derivative of F at x. and if

1

x, € D¥*, then dF*[xe;'-] will denote the strong derivative
of F at e
Theorem 1.173, If F is strongly differentiable at a € 4,

then for each h € X,

lim dF*[x; h] = 1im dF[x; h] = dF*{a; h] = dF[a; h]
Xx—Aa X—a
XED* xeD!

whenever both limits are meaningful.

Procf: Let € > 0 be given. 8Since F is strongly differ-
entiable at a, there exists 5 > O such that Hxl—aH < B8,
sz—aH < 8, and X, 2 X, together imply that x ,x, € A

and also that

| Fx,) - Flxy) - aF*la; x,xy ) | < e lxymxyll. (22)

Let x € D’ where ||x-al < g. Then X 1s a permissible
value for x; In (24). Now let h be a fixed nonzerc element

of X. Then if

2|lnl

1t follows that

I xathea | < lx-a [+ eh [l <2 +2 =5



and hence x + Th 15 & permissible value for X5
provided
5
LT < o
| 2{n]
Thus 1if
e
Fan <3
then

in (24)

| F(x+th) - F(x) - aF*[a; th] || < e || th ||,

26

(25)

But since dF*[a; -] is homogeneous, (25) is equivalent to

”TylfF(X+Th) - F(x)] - dar*[a; h]l ||l < e |l

from which it follows that

| VF[x; h] - aF*[a; h] |l < e Il h
But x € D’ so that dF{x; h] exists and
VF[x; h] = dF[x; hl.

Thus

l aF[x; n] - aF*[a; h]l |l < e |l n |l
if x € D' and

| x-a || <

Mlen

This proveg that

hl

(26)

(27)

(28)
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lim dF([x; +] = dF*[a; -]
—=a
xeD’
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L o] - gF*[a: . _ llaF [x; h] - aF*[a; hll|
I ar{x; -1 - daF*[a; -] | fiig{ T }

Thus for each h e X,

1im dF([x; h] = aF*{a; nl.
X—4a
xeDf

Now assuming that 2im dF[x; h)] exists,

since dF[-; -]

now it follows

since D* (C D’.

X—a
xeD*

1im dF*[x; h] = 1im dF{x; h]
X—a Xx—a
xXeD* xeD*

and dF*[+; +] are identical on D*.

that

1im dF[x; h)] = 1im dF[x; n]
X—a X—a
xeD* xeD?

But

The combination of (29) and (30) gives

the desired result.

The following theorem provides a sufficlent condil-

tion for a Fréchet derivative to be a strong derivative.
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Thecorem 1.1k, Let a € A and suppose that F is Fréchet

differentiable In some neighborhood N of a. If dF[x; -]

is contlnuous In X at X = a, then F 1s strongly differ-

'
5

entlable at a.

FProof: Let € » O be glven and 1let Xl € N, x2 € X. Let

F;(') = dF[x; -]

and consider

f

I Flxy) - Flxy) - F (xmxq) i

< I F(x,) - Flxg) - By (xmxq) I

r

+ F;l(-) O N NERA (30)

.
gince a Frechet derivative is s bounded operator.

)
Now since Fx(') is continucus in x at x = a, there
exists a number 57 > O such that if Hxl—aH < &", then

x. € N(a) and furthermore

1

IF, (-) - F

: £
1 () 1l < (31)

a

Thug (30) and (31) both are valid if Hxl—aH < 8",
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But F is Freéchet differentiable at x g0 there

1,
exists 5’ > O such that ”XE—XIH < B' implies that

I Flxy) - Flxp) - F}’Cl(xg-xﬂ < £ 1 %y, NI (32)

Thus 1f llx;-all < 8” and [lx,-x;ll < 8/, then (31) and (32)

together imply that

' £ E
” F(Xg) F(Xl) - Fa(X2 Xl) ” _g "é H Xg_xl ” + § ” X2_X1 ||
=& | xymxq (33)
Now let
& = 1 . [ n}
=5 min{&7,5

and suppose that

I'x-a Il < 8, I x;-a [l < . (34)

Then

Ihx-x I <28 < 87,

2

Thus {(34) implies (33) and the theorem is proved.

Since strong differentiability implies Frechet
differentiability, one might expect that strong differ-
entiabillty at a point would imply more than Jjust con-

finulty at that polnt.



30

Theorem 1.15. (See [22].) 1If F is strongly differentiable

at x then F gatisfies a Lipschitz condition in some

OJ
neighborhood of Xy

Proof: By definition there exists r > O such that
I F(y) - P(z) - aF*[xq; y-2] Il < [l y-2z || (35)
if ¥y and z are in
N(xg; r) = {x € X | [lx-x i < r}.
Now by the triangle ineguality, (35) implies that

L Fly) - Flz) I <Ml y=z [l + M y-z [
where
Iam*[xy; -1 (1 < M.
Thus
I #(y) -~ #(z) I < (u41) N y-z |

for all y,z € N{x.; ).

0?

A discussion of the next topic has been purpcsely
postponed until now to avold needless confuslon.

When dealing with arbitrary normed linear spaces,
it must be pointed cut that the differentiability pro-

perties of an operator may depend on which norms are used
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In the range or domaln spaces. Thils can best be 11lus-

trated wilth an example.

Example 1.2, Let C’[0,1)] be the linear space of all real-

valued continuous functions x defined on [0,1] such that x’

is continuous and x(0) = x(1) = 0. Now for x € C'[0,1],1et

4
f&):j ¢Qhﬂthx%w>m
0
where © 1s contlnucus and has continuous second partlal
derlvatives wlth respect to each of its arguments. If we
let

=l = 02221 | x(t) |,

then Vf[{x; hl exists and

"3
Vilx; hl ZJ {@Xh+¢x,h'}dt.
0

Furthermore Vf[x; h] is linear in h but not necessarily

continucus in h. 8o using ||']l;, only a linear Gateaux

13
variation is implled for f.
However, letting
= ll, = sup (lx(e}], {x/(¢) [}
0<t<l
i1t can be shown that f is Fréchet differentlable at each
x € C’[0,1]. This of course implies that f is a continuous

functional with respect to H-HQ.
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This problem, however, does not exist when both
the range and domain of the cperator are finite dimen-
sional spaces, It i1s well known that a2ll normg in a
finite dimensicnal space are equivalent. The problem also

doeg not exist when equivalent norms are used in infirite

dimensional spaces.



CHAPTER 11
DIFFERENTIABILITY OF LIPSCHITZIAN OPERATORS

This chapter 1s concerned primarily with the differ-
entlabillity properties of Lipschitzian operators.

A brief introduction fo Lipschitzlan operators 1s
presented for the sake of completeness. Then 1n a series
of theorems, some significant known results are presented.
These results are known only for operators whose domains
and ranges are subsets of the Cinlite dimensicnal Euclidean
spaces {En}. It is of course out cof the question to ex-
pect theorems implylng differentiabllity everywhere for
guch operators, for counterexamples ars well known.

Very strong results, however, of the almost every-
where type are known, The maln result of this chapter 1s

a theorem of Rademacher [27], a corollary of which states

that Lipschltzlan operators mapping En into E1 are Fréchet
differentiable almost everywhere, Rado and Reichelderfer
[28] have extended Rademacher!'s result, although under

slightly meore restrictive hypotheses.
The question of differentiabllity of arbltrary

Lipschitzian operators remains unanswered.

Definition 2.1. Let @ X and let f: Q@ — Y. If there

exists a finife positive constant M such that for each pair

of polints X,y € Q@ the Inequality
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Hely) - £ Il < w1l %=y |l

holds, then f is said To satisfy a Lipschitz condition on Q
or f is said to be Lipschiftzian on @, If M ¢ 1, then f is

called a contraction on Q.

Clearly if f is Lipschitzian on @, then © 1ig uni-
fermly continuous on Q.

The following results concerning differentiability
of Lipschitzian operators, whose domain and range are both

subsets of E are well known.

1}

Theorem 2.1. Let f: [a,b] - E,. Suppose that on [a,b]

f gsatisfiles a Lipschitz condition. Then f is Fréchet

differentiable almost everywhere cn [a,b].

Proof: Since f satisfies a Lipschitz condition on [a,b],
then f is absclutely continuous on [a,b]. This implies

that f/(x) exists for almost all x € [a,b]. (See [29].)

The fcllowing theorem is a generalizaticn of
Theorem 2.1 in two ways. First the domain space 1s allowed
to be En and second the Lipschitz assumption 1is weakened
slightly. However in Thecorem 2.3, where the range space
is allowed to be Em, the stronger Lipschitz hypothesis is

again used.

Theorem 2.2. {See Rademacher, [27].) Let f be a contin

uous mapping of G infto El’ where G i1s a bounded open subset
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of En' For each fixed z € G, let

. | £{z+h) - f(z) | .
Wf[z, p] A Sup{ Z o z h € En and 0 < |Inl <« p} .

(1

Let

Lo(z) & 1im Wolz; pl. (2)

Ir Lf(z) is finite for each z € G and if Lf(z) is Lebesgue
summable over G, then f is Frechet differentiable almost

everywhere on G.

Proof': Since the proof of this theorem 1s rather lengfthy,
we shall proceed by making a few observaticns and introduc-
ing some functions which will be crucial to the proof. We
will then break up the proof intc a sequence of lemmas.

We filrst remark that Wf[z; p] is nonnegative and
furthermore W.lz; p] decreases as p decreases. Thus the
limit in (2) exists but ¢this 1limi¢ may not be finite in
general.

It i1s clear that £ is measurable on G since f 1is

continuous on G. Thus Wf[z; pl and Lf(z) are also measur-

ahble functions.

Let ej be the vector in En which has jth component 1

and all others O. Then if

X = (xl,xg,...,x ) = (x.) € G,
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then

X + key = (Xl’XQ""’Xi—l’Xi+k’x'

FRPRRRYS: )

n

f'or real k. Usling this notation, the vector

(Xl’KE’""Xi—l’t’xi+l"'"Xn)

can be written simply x + (t—xi)ei.

Now let x = (Xi) € G and define the 1" nrincipal

upper partial derivate of f at x, Bif(x), as Collows:

_ f(x+kei) - £(x)
D.f(x) = 1im sup{ r
- p—>0+

o<lk|<p} (3)

for 1 = 1,2,...,0.

It will now be shown that 5if(x) i1s finite for each x € G.

Let
fx+ke,) - £(x)
S={ elk O<‘K‘<p}:
| £(x+ke,) - £(x) | 3
slz{ 1|k| 0<1K|<p},
and

[ | £lx+h) - £(x) |
2~ { In

H heE and 0 < lhl < p}-

Then by well known propertles of suprema,

| sup 8 | < sup 8, < sup S,,
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s0 that
- sup 8, < sup S < sup S,. {(4)

Furthermore, since sup S, sup S1 and sup 82 all decrease
as p decreases, the 1limit can be taken in (4) to get

- 1im sup S

< 1im sup 8 < 1lim, sup S,. (5)
p-aO"’ + 2

2 p—0 + p—0

But (5) is equivalent to

and (6) implies that

1D,8(x) | < Lo(x). (7)

This shows that 5if(x) is a finite number for each
X e G and for 1 = 1,2,...,n. Furthermore 5if(x) is a
measurable function on G and (7) implies that Bif(x) is
also summable over G.

From now on, whenever any statement is made which
concerns the subscript 1, it is to be understood that 1
can be any Integer from 1 to n, 1Incluglve, unless sgtate-
ments to the contrary are made.

Similarly the ith principal lower partial deri-

vate of f at x, gif(x), is defined as in (3) except that

"sup" is replaced by "inf". Furthermore finiteness,

measurability, and summability also hold for Qif(x).
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The first cbjJective is to show that the n partial
derivatives of f exist simulfaneously almost everywhere on G.

Let y = (yl’y2""’yn—l) be a fixed point in E__..
For each real t define

i
A
Yt = (yl.’yg."' °in_11t)yi.'- --:Yn_l)-
Next define
1 i
B, = {X € G|x = y, for some real t}‘

Furthermore define
1 i} i
T, = {t € E; |yt € G}.

Only those sets E; which are nonempty need be consldered.

Define functions g; as follows:

g (t) = £yy)

for each t € T;. Then for those y and t such that - g;(t)
exists, it is clear that the ith partial derivative of [,

written f also exlsts at yi. The plan is to show that

1)
this is the case for "almost all" y%, where "almost all"
will be made preclse shortly.

1
Hence, by a theorem of Fubini [Appendix, Theorem 1], the

Now gince E;(: G, then D,f is summable over E;.

Inftegral
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ls finite for almost all y; that 1s, except pessibly for
an n-1 dimensional null set, since y ¢ En—l'
Now let y be such that | I,(y) | < =. Then since
Eif(x) is finite for each X ¢ E;, it follows from another
theorem of Fubini [Appendix, Theorem 2] that for almost

all y, the function g; is absolutely continuous on T;.

But this implies that for almost all y, g% g;(t) exists
for glmeost all €.

However

a 1 N i

and hence for almost all y, fi<y%> exists for almost all t.
This conclusion is valid for 1 = 1,2,...,n, but the null
sets on which the conclusgion faills may depend on 1.

Now define a subset Pi as follows:
P, = {x € 6 |D,1(x) ;Apif(x)}_

The set P.l is c¢learly measurable. The first objectlve will
be achieved when it is shown that Pi is a null set 1in En'

So for y € En-l such that E; is not empty, let
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and let

-

l l 1 il
S =<t ¢ T € P .
y { y iyt v

Then S; is that subset of T; for which fi<y%> does not

exist. Hence S; must be a null set in El for almost all
vy, by previous results.

At this point, another theorem of Fubini [Appendix,
Thecorem 3] can be used to conclude that Pi itgelf 1is a
null set in Rn' But Pi repregsented the subset of G on
which fi failed to exist, so that fi exists almost every-

where on G. By a standard argument, it follows that all

fi exist simultaneocusly almest everywhere on G. Let

K =1{x¢€aG |fi(x) exists for 1 = 1,2,...,n).

Then mK = mG.
New let A > O be given. The next obJective 1s to

show that there exists a subset EA of G such that

mEA > mG - 3K

and  1is Fréchet differentiable on Ek' This will be accom-

plished by a sequence of lemmas.

Lemma 2.3. There exists a subset H of X and a finite

constant M(2) such that

mH > mK - » = mG - A



L1

and for z € H,

Lolz] < M(3).

Proof of Lemma 2.3. By hypothesis, mG < o sc that mK < o«,

and since Lf is summable over K, then

1im m{z € X| L.[z] > n] =0,
Nn—o

by a well known continuify theorem for descending sequences

of sets. Then there exists an integer M(A) such that

m{z € K| Lalz] > M) ] <2,

Let
H=XK - {(z € K|Lf(z)21\’{(?\)}.
Then

mH = mK - m{z € X |La{z) > M7} > mK - X =mG - X

and for =z € H,

La(z) < B(M).

Lemma 2.4. Let H be as in Lemma 2.3. Then there exlsts

a subset S of H such that

mS > mK - 2\ = mG - 2X
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and the n + 1 limits

lim W.[x; pl = L.(x)
pﬁ0+ £ £

and

f(x+hei) - f(x)

lim — =, (x)
h-s0 n +
hold uniformly on 3.
Proof' of Lemma 2.4: The lemma follows from n + 1 appli-

cations of the Egoroff theorem [31] which 1s valid since
mK < . AT each gtage a subset of measure smaller than

)St

is extracted from H until at the (n+l stage, the

_A
n+1

subset S emerges with mS > mH-A.

Lemma 2.5, Let 8 be as in Lemma 2.4 and let M(2) be asg

in Lemma 2.3. Thenh there exists a positive number po(k)

such that if 0 < p < py(%), then
Walz; pl < 2M(2)

for all z € S,

Proof of Lemma 2.5: By Lemma 2.4,

lim W.lz; pl = L.(z)
p90+ £ r



43

holds uniformly for z € S. So given M{2) > 0, there exists
a number po(k) > 0 such that if 0 < p < po(m), then for

all z € S,
| Welz; pl - Lo(z) | < M(h). (8)
But for z € G,

Wolzs pl > La(2)

so that the absolute value is redundant in (8). Hence

if 0<p < po(k), then for all z € S,
Wolzs pl <M(N) + La(z) < 2M(2)

by Lemma 2.3, This completes Lemma 2.5.
Now let € > O be given. Then by Lemma 2.4, there

exists a number ho(k; g) > O such that for all x € S,

- B - f{x) | <e (9)

if 0 <lhl< ho(k; g). It should be clear how one number
ho(k; ) can be chosen to make (9) valid for all
i=1,2,...,n.

The uniform convergence of Lemma 2.4 also implies
that each fi is continuous on S. But since S 1s a measur-

able set of positlve measure, there exists a compact sub-

set T of S guch that
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mT > mS - X > mG - 3N, (10)

(See [6, p. 288, Theorem 12].) But since T is compact,
f1 is uniformly continucus on T. Hence there exlsts

h(e) > 0 such that if x,y ¢ T and |lx-yll < h{e), then

| £, (x) - £.(y) | < e, (11)

Now for z € T and r > ¢, def'ine

>

glz; r] {x = (x;) € G |zi - 3<% <7yt g,

Then clearly

m{Slz; r]l]

1l
R

Lemma 2.6. Let

[ . '
B, =4z ¢ 7| 1ip LT f\i[z, r]l _ 1}.
r—0 r

Then mEK = mT.

Prcof of Lemma 2.6: Define the set function v as fcllows:

vR = m(R (1T)

for each R{C G. Then v is additive and absolutely contin-

uous with respect to m. Furthermore by [26, vol 2, p. 97],



v(8{z; rl}

1im -

r—0 r

exists for almost all z € G,
Now let X be the characteristic function of T.

Then if R C G,

f Xp = m(R ()T) = vR.

R

Since X is summable over G, it follows from [26, vol 2,

p. 102] that

11m’2i§lé%_£ll = XT(Z)

r—0 T
for almost all z € T. Thus

1iq Yi8lz; rl} _ 4
n
r—0 r

for almest all z € T. But
vislz; rl} = m{T (18[z; rl)

and hence

1y 0(8(z; r] a7 _
I
-0 r

for almost all z € T. This proves that mE% = ml and

Lemma 2.6 1s complete.
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Now Lemma 2.6 implies that, given any fixed point
z € E, and integer N > 1, there exists rN(z) > O such that

if 0<r« rN(z), then

mslz; p] OT) 5 _ 1

e A (12)
But mT < = and mT = mEm so that
m{(T-E,) (\8[z; r]} =0
which implies that
m(T {18(z; rl} = n(E, (18(z; r]].
Thus (12) implies that if O < r < rN(z), then
m(E, {18lz; r]) s1. 1
rn Nn.
Now choose Ty > 0 so that
ry < i min[ho(a; ), n(e), rN(z)}. (13)

Then choose y = (yi) € 5[z; 2r.] with the following pro-

0
pertleg:

(1) y, =2z, +h

5 1 1 cos ai where h1 > O and

n
2 _
E: cos ai = 1

i=1
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(11) 0 < lly-all < B5* =,

(N-1)p,(n)
(111) 0 < lly-zl < o
n
Then oy (1), lly-zl = h,, and by (1i),
2(N—1)1~O
0 < Ehl < N -

so that by (13),

Now by (12),

. 51 1
n n
2Nhl> N
N-1
and hence
n, n I
2Nh 2 ho (N -1)
1 1
m{E r]S[z; J} > . (14)
A N-1 (N-1)0

Lemma 2.7. From the definition of y, 1t follows that

2h1 QNhl
S(Yi ﬁ?i] C-S[Z5 N—l}




4g

Proof: Let

Then for 1 = 1,2,...,n

hy iy
Vi "1 < by <yt s (15)
put |ly-zll = h; so that
| vy-2z; 1< by
or
zy - hy <y; <2y + 1. (16)

Now combining {(15) and (16), it follows that

Nh Nh

1 1
73 TRe1 S Yy £2y g
2Nh1
and this implies that t «€ S(z; —N:j]. This completes
Lemma 2.7.
Now
[ 2h1] 2"h]
ms| yi =1 =
N-1 (N"'l)n

20 that
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n, n n n n
. 2Nh, . 2h11 2 hl(N ~1) 2'hy
E}\mS Z 3 N1 + m3| y; ﬁjj) o + 7
- - ] (N-1) (N-1)
. 1n,n
2 th B - 2Nhl
=———'—'-r—] = m3 Z s Ti .
(N-1) - |
2Nh1
Thus the sum of the measures of two subsets of S(z; N—l]
. g L

2Nh
1s greater than the measure of S(z; —N?i] itself. This

is pessible only if

{52 Nefos sl et

has positive measure. So let u = (u,) # v be a point in
2h
N..

o

|

1 and hence

F_l

this intersection. Then u € S(y;

—1/2

_1/2
n ] n ho\2 JE n,
lwr =] ) evp?| < [) GR)| = St
1 1=1 .

i=1

(17)

We are now ready to show that f is Fréchet differentiable
at z, where z is any fixed polint in E%.
To thils end, congider the difference quotlent

f(y) - £(z)

fq

By addition and subtraction of proper terms, this
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quctient can be written as the sum of n + 1 terms, two of
which must be estimated separately and the remaining n - 1
terms can be estimated by considering only a typical one.

S0 we write

+ f(u) - f( 1,1.12, Jun)

h

1
N f( l’u2’ :un) (ZlJZ23u3J :un)
by
+
N £{ 12%002 270 ER _1Jun) - f(zls 124 )
q

f(zl,...,zn_l,un) - f{z)
h

1

The first and last terms are the cnes which must be esti-
mated separately.

By Lemma 2.5, (17) and (iii),

f(y) - £(a) ‘z | £(y) - #(u) | lly-ull

hq ly=ull h

wf(u- Vr-hlw
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Thus
fly) - £(u) ="
h1 Q
where
o —
Iyl ¢ 22 (19)

Now let h2 > 0 and 51,62,...,Bn hbe congtants such that

u; =z; +h, cos B (20)
and
n.
2
}J cCos Bi = 1,
i=1
Then
| u-z || = h, (21)

and this will be used in the estimation of the n - 1
"middle terms" of the expansion (18). A typical one of

these terms has the form

252500002y 75Uy00y s

Note: For i = 1, the abcove form is not exactly

correct since there should be no zi at all in the
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first fterm of the numerator. This, however, does

not affect the proofl,

Using (20), 1t follows that

f(zl, "Zi—l’ui""’un) - f(zl"“’zi’ui+l"" N
hy
) h,cos Bi [f(zl,..,zi_l,ui, ,un) - f(zl, 2Z55Us 415 ,unﬂ
- hl u, - 2
1 1
(22)
but
J/n h
hy = u-z <l uw-y il + Il y-z | <=5 + 0y (23)
V7 ) N-1
S\FTT Y)W Yo
by (ii1) and hence
— hy(2; €)
vn-1
h, <1+ == vy < 2ry <q_ (24)
hie)

if N is chosen sufficiently large. Now by (20) and (24),

so that by (9), it must be true that
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f(z.l,...,zi_l,ui,...,un)- f‘(zl,. v Zi’ui+l""’un) o ( )
T— EETACITERIT AT NI PETTA < E .

i i

(25)
Furthermcre since

H (zl"..ajzi,ui'i'l’.--,un) - 4 H S ” Uu-z H = h2 < h(E)

it follows from {11) that

| fi(zl’""Zi’ui+l""’un) - fi(z) | < €. (26)

Putting (25) and {(26) together, 1t follows that

f(zl’“"zi—l’ui""’un)— f(zl’”"zi’ui+l""’un)

u. - 2.
1 1 1

where |ﬂl | < 2e.

Thus (27) gives an estimate of the last factor in (22).

The complete estimate of (22) requires an estimate
h

of _2 and of cos B..
h1 1

From (23),

NERS!

ny, - hy $7FCT

and from similar reasoning it is also true that

Jn hy
hy - hy < —z77



g0 that

which implies that

Eg -1 JLE_
iy L v
and hence
h n
- v
e 1 + 17, where |ﬂ2 | < NoT

Now to estlmate cos ﬁi, consider

_ i
| cos B, - cos ail = =

hju;-hyz,-h,y,

+h,.z,

hyh,

But by (29), h,

into (30) to give

hlui_hlzi_hl

(1+ﬂ2)yi+hl(1+ﬂ2)zi

54

(30)

= hl(l + ﬂ2) and this can be substituted

| cos B, - cos ail

h1h2

Ug-y =Ty Hlszy

hy
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| ui—yi | |n2 H Zi_yi I

s -+
hy hy

”u_yﬂ N |n2 l HZ_yH

h2 h2
Thus
\/nh hl
| cos B, - cos a, |< T___Th +N, | A, (31)
hl
In order to proceed from (31), an estimate of I 18 needed.
2
So from (28),
— h pa—
ynoo 2 VAL
R 5 R R A5
and hence
&)
G >gh <h\1+ (32)
But for N sufficiently large, the quantity ﬂqmlj:~— is
_VE
. N-1
positive so (32) can be divided by 1 — to glve
N
1 - 53
vn
h 1+ %1
0 < hy < — < h, —= (33)
n n
l_‘\/n l_'\.é._
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Now divide inequality (33) by h, to get

The right-hand term of (33) is of no further use.

Using (34) 1in (31) it follows that

v \ 1 _1\?“—[:[ 2 /n
N= ]_+|n I) < - =
TRAUNNE VAN S SRV
N

| cos B,-cos a, [ <

which implies that

cos Bi = cos a, + n3 (35}
where
5 /i
75 | < ——— V1
N-1- /n

Now putting (3%), (29), and (27} together, the left-hand

side of (22) is Just

(£.(z) + ﬂl)(1¥ﬂg)(cos ai¥ﬂ3) (36)

1

where

2./n

A1

My T<2e, [N, 1<% and | T
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We now expand (36) to get

fi(z)cos ai-kfi(z)ﬁecos ai+fﬂ3ﬁ+ﬂ2ﬂ-+ﬂl[i¥ﬂ2]%xm ai+ﬂ3]

and using (37) and (22), it follows that

vl u )

Ziige wagZ, yllaeesyd =Tl 7. ,.0.,7,,U, .
( 1’ L )- R S & K !

n
h,
L

- fi(z) cos o

< |fi(z) |E§§i (1) + . N/__(} +\§:;>J + 25[1 + ] ( Nzii;” }

(38)

Chocse N so large that (24) and (33) are valid and

also ~4Zﬁ

N-1-./n

< €. Then having € and N, r, can be chosen

so that 1f

N-1 po(h)(N“l)
0<h <m in{ =, - ,
VI

the left-hand side of (38) is less than or equal to

| £.(z

1 )| le+2e(1+e)] + 2e[1+e][1+2¢]

= | fi(z) '[38+2€2] + 26 + 6e° + 4e3, (39)

This clearly implies that the left-hand side of

(38) equals



fi(z)cos a, + 6 (h

(a5 a)) (40)

where IQi | -0 as h, — 0 uniformly in a,.

This completes the estimate of the middle (n-1)
terms of the expansion (18). We now consider the last

term in (18):

f(ZlJ--oJZn_l:un) - f(Z) [f(zl,"-JZn_lJun) - f(Z)] (un_zn)

1y U, T Zp fy

It

/f(zl,...,zn_ruh)—f(z h,cos Bn
& u_ - z hl *

n n

(51)

But (29) is still valid and (35) surely holds if i = n.

Furthermore by the same type of argument which led to (25),

it fcllows that

flz.,...,z su ) - f(z)
1 n-1"r-n

— - fn(z) < E (42)
n n

and hence

flz,,...,z ,u ) - f(z)

1 -1
unn_ znn = fn(z) + T,  where ‘HA | < e.

By reasoning similar to that which led %o (40), it follows
that
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f(zl,...,zn_l,un) - f(z}

!

a ) (44)

= f (z)cos a + Qn(hl, "

n

where |6 |- 0C as h; — 0 uniformly in @

Now combining all of the Intermediate estimates,

we have

f(y) - £(z)
fy

il
Dt

n
fi(z)cos a, + ZJ 6.{h,a,) + 7N
i=1

fi(z)cos a, + @(hl’al""’an) (45)

1]
Hines

where | ® | =0 as h, = 0 uniformly in all a, .

1

To complete the procf let

Ay = hjcos a,. (46)

Then if A = (xi), i1t follows that y = z + A and Al = hy -

Then (45) becomes

Flz4r) - £{z) \ 2loos o = @
e 121 £,(z)oos o = S(Inl)

or equivalently, using (46)
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where
ler(Ixl) | =0 as Il 0.

This proves that £ is Frechet differentiable at z since

n
the quantity E: fi(z)%i is well known to be contilnuous
i=1

and linear in X. But silnce z was any vector 1in E Then

7\.’

f is Fréchet differentiable everywhere on E, for each

A
A > O,

Now let A = % for n > 1 and conslder the corre-

sponding sequence {ER }. Then
n

mE, > mGé ~ 3/n (47)
n

and £ is Fréchet differentiable on E} for eachn > 1,
n

Let

Then f is Fréchet differentiable on E*. Now since E¥ C G,
it must follow that mG = mE¥ + 8 where 8 > 0. But

mE% < mE*¥ for each n > 1 so that

n

ms - mEk > mG - mE¥ = 8 > O
n

for each n > 1. Thus mE, < mG - & for each n > 1. This
n
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clearly contradicts (47) and thus f is Fréchet differ-

entlable almost everywhere on G.

Cerecllary 2.8, Let f: G —aEl where G 1ls & bounded open

subsget of En' Suppose that f satisfies a Lipschitz condi-

tion on G. Then [ 1s Fréchet differentiable almost every-

where on G.
Proof: suppcse that for x,y € G,

le(x) - £(y) <™ |l x-y |l.

Then for h € En such that f(x+h) is deflned, 1t follows that

| f(x+h) - £(x)
IIn]|

< M.
Hence,

Walxs; pl < M
and

Lelxl < M.

Thus Lf[X] 1s finlite for each % € G and furthermore Lf[xj
ls summable over G, Thus the conclusion of Theorem 2.1

follows.

Theorem 2.9. (See [28].) Let D bte a bounded open subset

of En and let f: D ->Em. If £ satisfies a Lipschitz condi-

ticn on D, then f is Fréchet differentiable almost every-

where on D,
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Proof: Since all norms in a finite dimensional space are
equivalent, the norm

=l = max | x
i

1|

wlll be used 1In this proof for 1ts computational advantages.

Let f = (f.,f ..,fm) and let x = (xi), y = (y,) €D.

1272 i

By hypothesis there exists a finite constant M > O such that

I £(x) - £(y) I <™ |l x-y 1.
Then for all 1 = 1,2,...,n,

.

| £,

(&) - I lielx) ~ o(y) g M [l =z-y

This proves that each fi 1s Lipschitzlan on D, with
Lipschitz constant M. But each fi l1s real-valued and hence
Corollary 2.8 applies. Thus for each i = 1,2,...,n,

dfi[x; *] exists for almost all x € D. By a standard argu-
ment, it can be shown that all dfi[x; ‘] exist simultane-
ously almcst everywhere on D.

+ ] exists

Let x. be a polnt in D sguch that df

o 1 xg3
for 1 =1,2,...,n. Then define a mapping L from En into
E as follows:

m

L(h) = (dfi[xo; hl), for h e E

Now let & > O be given and consider
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(g + 1) - £l - L(w) | mEx | £,(xg+h) - £,(x) = afy [x5 nll
Inl] B Thl
_ l fj(XO_'_h)_ fj(XO) ar [XO, h] l
IInl|
(48)

for gsome J, 1 < J < m. But since fj 1s Fréchet differ-
entiable &t Xq0 there exists a & > 0 such that if
0 < |lhll <« 8, then the right-hand side of (48) 1s less than

e. Thus 1f O < |lh|l < &, then

lf(x~+h) - f - L
1) - flxg) - Ll
Il
Furthermore
| L(n) I = miX[ |afy[xgs RI[J< K il bl

gsince each dfi 1s a bounded operator. Hence f 1s Frechet

differentiable at x. and df[xO; h] = L{h) for each h € E_.

O

But by the choice of x this impliles that f i1s Fréchet

OJ
differentiable almogt everywhere on D.

This completes the dilscussion of dilfferentiability
of Lipechitzian operators on finite dimensional spaces,
The question of differentiability of Lipschitzian cperators

on arbltrary normed gpaces remaing open.



CHAPTER II1

DIFFERENTIABILITY OF CONVEX FUNCTIONALS ON NORMED SPACES

Throughcout the literature there seems to be
several isolated resulfs in the field of differentiability
of' convex functicnals. For recent results on subdiffer-
entiabllity of convex functicns, the reader may refer to
Brgnsted and Rockafellar [5] and Moreau [25].

The strongest results are obtalned when the domain
of the convex functional is a subset of the real line,
If the domain is allowed to be an open gubset of an arbi-
trary normed linear space, weaker results have been found.

The first part of this chapter 1s devoted to some
Introductery definitions which help to keep this thesis
substantially self-containad.

Some known results on differentiability and con-
vexity are presented. Then several of these results sre

combined to form an apparently new theorem.

Definition 3.1. ILet £ be a linear space and let S be a

subset of £. The get 8 1s called convex if for each palr
of points x,y, € & and real number A, with 0 < » < 1, the

point Ax.+ (1-2A)y is also in 8.

Note that the whole space £ and the empty set @

are convex sets.
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Definition 3.2. Let £ be a linear sgpace and let 8 be a

convex subsef of &, A functional £ with demain 8 is said
to be convex on & if for each pair of points x,y in 8
and real number A, with O < » < 1, the following condi-

ticn holds:

In Definiticn 3.2, the set 8 was assumed to be
convex so that the point Ax + (1-2}y would automatically
fall in the domain of f. If this assumption is drocpped,
the concept of g convex functionsl can stlll be made

meaningful.

Definition 3.3. Let £ be a linear space and let S be

any subset of £. A functicnal f with domain S 1s said to
be convex if for each pair of points X,y in 8 and real
number A, with C ¢ A < 1, such that xx + (1-A)y € 8, the

condition (1) holds.

Note that Definition 3.3 designates f as "convex",

and not as "convex on S".

Theorem 3.1. [26, vol. 2] Let f be a continuous con-

vex functional defined on the finite real interval (a,b).
Then f satlsfies a Lipschitz conditlcn on each closed

subinterval of (a,b).
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Proof: Let ¢ € (a,b). Then the ratio

£(x) - £(c)
S (2)
ig an increasing function of x for x # c¢. (See

[26, vol. 2].)

Now let [p,a) be any cleosed subinterval of (a,b).

Let %,y be fixed points of [p,a] and let m = $E2. Then

gince q < b, it follows that
y<a<m<hb. (3)

Thus

and by a triangle inequalilty,

£(y) - £(x) fm) | + ] £(x)
yy—x <l ml—ql l . (5)

But £ is continuous on [p,q) and hence bounded on [p,q]
20 that

fly) - f(x)
m - X

< = K (6)

where K 1s a constant 1lndependent of x and y.

Now let
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Then

O<n<ps{’;}gq<m<b

and hence

n - x < f(y; = i(x) : (7)

But £ 1s bounded below on the c¢losed interval [n,m] and
hence there exists some finite number B such that £(t) > B

for ¢t € [n,m]. Thus
f(n) - B> f(n) - f(x)

and since n - x ¢ 0, 1t follows that

Now since
C>n-p>n- x,
it follows that

1 1
o < mx <O (9)

and since

it follows also that

(10)
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Now combine (7), (8), (10) to get

where 1. is a constant independent of x and y.

So let
M=max{ [L |, |K]|]

and then from (6) and (11) follows

fly) - f{x)
- < M, (12)
where M depends only on p,d,a8, and b and not on x or y.
Thus (12) must hold for each x,y in [p,q] and hence f
satisfles a Lipschitz condition on [p,q]. But [(p,q] was
an arbitrary clcosed sublinterval of (a,b) and the theorem

1s proved.

The conclusion of Theorem 3.1 is the best that
can be obtained In the sense that the conclusion  "f
satisfies a Lipschitz condition on (a,b)" is false. Con-

glider

Example 3.1. Let

Then



69

and for | x| < 1,
rr{x) > 0.

Hence by a known result [12, p. 24], £ is convex on (-1,1).
Now suppose that f satlsfies a Lipschitz condition
on (~1,1). Then since f is differentiable on (-1,1), f*
must be bounded on (~1,1). But f* is clearly not bounded
on (-1,1). This is a contradiction and hence f does not

satisfy a Lipschitz condition on the entire interval (-1,1).

Theorem 3.2, Under the hypotheses of Thecorem 3.1, [ 1is

differentiable almost everywhere on (a,b).

Proof: Let

Then by Theorems 3.1 and 2.1, f is differentiable almost
everywhere on In for each integer n > 1. The result now

follows from the identity

and the well known fact that the union of a countable

collection of null sets is a null set.
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The next theorem 1s & special case of a more gen-
eral result to be established later. However, fto prove
that mocre general result now would cnly Interrupt the
present sequence ¢f thecorems. Thus proofs for both the
special case and the more general result wlll be glven.
This theorem has a slightly strcnger result than that of

Theorem 3.2.

Theorem 3.3. Let © be a real valued function, continuocus

and convex on the real interval [a,b]. Then ¢ has finite
right-hand and left-hand derivatives at each point of
(a,b) and furthermore the subset of [a,b] on which f is

not differentlable 1s countable.
Progf: The proof begins with two lemmas.

Lemma 3.4. Let x,y,z € [a,b], with x < ¥y ¢ z. Then

o(y) - 0(x) _ 0(z) - o(x)
vy - X - Z - X

Proof of Lemma 3.4: There existe scme ©, O < t < 1,

such that

I

y = (1-t)}x + tz.

Then by convexity,
(y) < (1-t)0(x) + t0(z)

< ®(x) + t{®(z) - @(x)]
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and hence

(y) - @(x) < tle(z) - o(x)].

But y-x > 0 and

so that
(y) - @(x) _ ¥(z) - @(x)
y - X S z = X (13)
Lemma 3.5. et w < x < y € z where X,y,z are as 1n

Lemma 3.4 and w € [a,b]. Then

X - w <

®(x} - ®(w)  (z) - 2(y)
z -y

Proof of Lemma 3.5: Let

y = ax + (1-a)z

where 0 < @ ¢ 1. Then proceeding exactly ag in Lemma 3.4,

it follows that

®(z) - @(y)
z -y

¢(z) - ®(x) (14)

Z - X

>

But this result must also hold when x 1s replaced by w,

vy by x, and z by y. Thus

¢ - & -0
(Y& - X(X) > Q(Y; = W(W) _ (15)
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Now uging Lemma 3.4 with the polnts w,x, and y it follows

that

P(x) - @ @ - @
())(—W(W)S y-ww. (16)

Thus by (13), (14), (15), and (16) we have

Now to arrive at the conclusion of the theorem,
let x be an interilor point of [a,b]. Choose two fixed

points w; and y; in [a,t] such that wy < y; < % and let

1
h be a posltive number but small enough so that

x + h € [a,b]. Then since

w, < yl < X < x + h,

1

i1t follows from Lemma 3.5 that

®yy) - ®n) g(xem) - o(x)
yy =W < m . (18)

Thug the difference gquotient

®(x+h) - ®(x)
h

is bounded below for h > 0O and Lemma 3.4 further implies
that the cuotlent 1s an increasing function of h for h > O,

Thus by a well known result,

®(x+h) - ®(x)
h

lim
ha0+

existes and hence ® has a filnlte right-hand derivative at x.
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Now let h and k be negative numbers with h < k < 0.
Then

X +h <x +k <x

and by (14) with proper change of gymbols,

O(x+k) - D(x) 5 ¢(x+h) - ®(x)
k = h *

Thus if h is negative, the quotient

O{x+h) - &(x)
h

1s increasing.
Now let h be negative and so small that x+h € [a,b].

Then choose fixed w € [a,b] such that

22Yo
Xx +h<<x < y2 4 w2.
Using Lemma 3.5, 1t follcws that

o(x4n) - o(x)  20wp) - 2(y,)

S — .
h w2 yg

Hence the quotient is bounded above for all h < 0 and thus

O(x+h) - @(x)
h

lim_
h—0

exlsts. Thus © has a finlte left-hand derivative at x, and

hence ® has both finite right- and left-hand derivatives at
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each interior point of [a,b]. A proof that the set on

which ©/ fails to exist is countable can be found in

[17, p. 197].

The function © in the previous theorem need not
have finite one-sided derivatives at a or b. (See
Example 3.1.) This completes the section on real valued
funetions of a single real variable,.

In the next section, the domain of the functional

will be & subset of a normed linear space.

Definition 3.4. Let £ be & functicnal defined on an oapen

gsubset A of a normed linear space X and let x ¢ X. If

lim_kt_l[f(x+th) - f(x)] 2 ve (x5 n]
t—0

exlsts for each h € <X, then f 1s sald to have a one-sided

Gateaux variation at x.

Theorem 3.6. If f has a one-sided Gateaux variation at

x € A, then Vf+[x; -] is positively homogeneous; that is,

for each scalar a > 0,

Vf+[x; ah] = an+[x; hl

for all h € X.

Proof: (See Theorem 1.1.)
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Clearly if Vf+[x; +] exists and if

Vf+[x; h] = ~Vf+[x; -h}

for each n € X, then Vf[x; -] exists.

Theorem 3.7. Let f: A —aEl. If £ is convex, then

Vf+[x; + ] existe for each x € A.

EEEEE: Let x € A, v € X and keep them fixed throughout
the proof. Since A 1s open, there exists some positive
constant RO such that both x - %Oy and x + hoy are mem-
bers of A. Let h = koy. Then there exists g positive
congtant %1 < 1 such that x + Ah € A 1f 0 < XN < )1.

So let A be such that 0 < A < }1 and write x in

the following way:

Y\ S _1
X = (x-h) + e (x+rh).

Since x, X - h, x + Ah are all 1n A, Definition 3.3 im-

plies that

£(x) < T%? f(x-h) + T%i f{x+rh)

which, upon rearrangement, becomes

£(x) - f{x-h) < N [f(x+rn) - £(x)]. (19)

Similarly since x, x + h, and

(1-7)x + N(x+h) = x + Ah € D,
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it follows that
f(x+xn) < (1-2)f(x) + »f(x+h)
which becomes

2 lle(xn) - £(x)] < £x+h) - £(x). (20)

Now combining (19) and (20) we have

£(x) - £(x-n) < M Pe(x+rh) - £(x)] < £(x+h) - £(x)

(21)

for all A where 0 < » < kl. Thug the difference guotlent
in (21) is bounded.

To see that this difference guotient is also a
monotonically Increasing function of », let A’ = tA where

0 < t < 1. Then from (20) it follows that

(A )7 e(xnrh) - £(x)] = (en) Tif(x+tan) - £(x)]
= e e lx4t(an) - £(x))]
_1[

< A T [f(x+an) - £(x)]. (22)

Then (21) and (22) imply that

1lim K_l[f(x+%h) - {x)]
A0t

exists. This proves that Vf+[x; h] exists. To show that

Vf+[x; y] exists, conslder
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A e (xaay) - F(x)] = 2 1(f<x + %; h) - f(x)]
= (xo)"l<%%>_l{f<x + %; h> - f(x)]
Then
%356+K_1[f(x+ky) - £(x)] = (ay) Ve, [x; h]
Thus Vf+[x; yv] exists and
ve [x; y] = (7\0)'1 v, [x; nl.

Since X,y were arbitrary, this proves that Vf+[x; *] exists

for each x € A.

Theorem 3.8. Under the hypotheses of Theorem 3.7, the

functional Vf+[x; +] is convex on X for each x € 4.

Proof': Let x € A and let y,z € X. Since A 1s open, there

exigts a positive constant A¥ guch that if O { A A%,
then x + 2\y, x + 2xz, and x + A(y+z) are in A. Then by

convexlty of £, for C ¢ N < A%,
rlE(x+2ny) + (x+22nz) ] < Ef(x+2ny) + 3f(x+2nz)  (23)
gince

S(x+22y) + H(x+22rz) = x + A(y+z) € A.



78

Thus from (23), if 0 ¢ A < A¥, then

2f [x+n(y+z) ] < f(x+2ry) + f(x+2rz).

Now subtract 2f{x) from both sldes and multiply the result
by (2%)‘1. Thus if O < A < A¥, then
AN e [xin(ytz) ] - £(x)) < (23)  e(xHeny) - £(x)]

+ (o) e(x4onz) - £(x)].

(24)
Then take 1im in (24) and it follows that
A—0T
Vf+[x; ytz] < Vf+[x; y] + Vf+[x; z]. (25)

It is clear that (25) together wlth Theorem 3.6 imply the
result. In fact a stronger result is implied. This proof
shows that if o,PB are any two nonnegative real numbers,

not necessarily with a + p = 1, it still follows that

Vf+[x; ay+3z] < de+[x; vyl + BVf+[X; z].



CHAPTER 1V
SMOOTH OPERATORS

In this chapter a topic apparently unexplored
beyond the one-dlmensional level is presented. Thils is
the concept of the smooth cperator, generalized from the

definition of smooth function in E used by Zygmund [37]

12
and cthers.

Discussicon concerning relaticnshlps among smooth
operators and the more well known classes of cperators is
presented, including counterexamples wherever approprlate.

Then results concerning differentiability of smcoth
operators are glilven, Iincluding an original theorem which
provides an immediate connection with Theorem 1.4.

The known one-dlmensional results are not dwelled

upcn for they are readlly available in the literature.

(See (32] and [37].)

Definition 4.1, Let f: A Y and let x ¢ A. The opera-

tor f is sald to be smooth at x if

Il £{x+h) + £(x-h) - 20{x) || = ollln|l]} as h — 0.

(1)

The term "smooth" 1s a technical term and no con-
nectlon whatscever with the liferal meaning should be

asegumed,
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Example 4.1, Let

This series converges absolutely and unifcrmly on E1 since

1

L ——.
2" /m

n
cos 2°X

2" /n

Now f'ix X € E1 and congilder

11 f{x+h) + fl{x-h) - 27{x)
- h
h—0

00
- 1im E: (2 cos 2"x){cos 2"h-1)
h-0 = he /n

= n
- cos 2 2.e08 2 X 14p [cos 2 h-l]’

n=1 h—0

making use of the uniform convergence. But for each n > 1,

n
1im {cos i h—lw ~ 0
h—0 - :

so that
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This shows that f is smooth on El'

It 1s clear from Definition 4.1 that if f and g are
smooth at x, then af + Bg 1s also smooth at x, for esch
palr of scalars @,B. Furthermcre, a bounded linear opera-
tcr is smooth at each poeolint of its domain.

The function in Example 4.1 is typilcal of a wide

clasg of smooth operators.

Theorem 4,1, Let f: A —-Y and let x € A. If f 1s Fréchet

differentiable at x, then f 18 smooth at x.

Proof: Let df[x; -] denote the Fréchet derivative of f

at x. Then

| £(x+h) - £(x) - dflx; n] I = o(llnll) (2)

and
I £(x-n) - £(x) ~ dflx; -h] [ = o(lnfl) (3)
ags h -0, But
If(x+n) + f(x-n) - 2f(x)l|
= |If(x+n) - £(x) - daflx; h] + df{x; h] + £(x-n) - £(x)||
< le(xtn) - £(x) - aflx; nllh + lif(x-h) - £(x) - df[x; -n]ll

o(llnll} + o(llnll) = o(linll) as h —o0.

This proves that f is smooth at x.
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The converse of Theorem 4.1 1s false in general.

Consider

Example 4.2. Let

Then for h # 0,

1 .
r(0+n) + £(0-n) ~ 2r(0) _ P E T EIM TR
h = n =

and hence f is smooth at x = 0, but f is neither differ-

entiable nor continuous at x = O,

The functlon defined in Example 4.2 is typlecal of
a class of operators which are smooth at the origin. More

preclisely we have

Theorem 4.2. Let O be the zero element of X. Let

f: B - Y where B 1s some neighborhood of O and suppose

that for easch x € B,
f(x) = -f(-x).
Then f is smoocth at x = 0.
Proof: The hypotheses imply that £{0) = O and hence
£{0+h) + £{0-h) - 2£(0) = 0.

This clearly implies the result.
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The Example 4.2 shows that smoothness at a point is
not sufficient to guarantee continulty at that polnt., It
1s also true that continuity is not sufficient to imply

smoothness. To see this, cconsider

Example 4.3. Let £ be a linear space and for each x €£, let
£lx) = [ x I,
where [|*|] 18 any norm defined on £. Then f is clearly

continuous at x = O, but for h € £ with h # 0,

£(0+n) + £(o-n) - er(o) _ Mull + l-nll
Inll - lInll -

and hence f 1s not smooth at x = 0.

The norm functional f in Example 4.3 is clearly
uniformly continuous and convex on £ and furthermore, f

satisfiles a Lipschitz condition on £,

Theorem 4.3. Let f be defined as in Example 4.3. Then

f 18 not Fréchet differentiable at x = O.

Proof: By Example 4.3, £ 1s not smooth at x = O so that
£ 1s not Frechet differentlable at x = 0, in view of
Theorem 4,1.

However using Theorem 3.7, it follows that the norm
functional f has a one-sided Gateaux varlation at each

x € L, Including x = O,



84

1f, however, the domain of f is further restricted
fo be a Hilbert space, then 1t 1s easy to show that a

much stronger result follows.

Theorem 4.4. Tet H be a Hllbert space with inner product

{+,*>. Then let f be the particular norm functional which

is induced by { +,* > that is,

P(x) =<x,x % = || % |

for each x ¢ H. Then f is Fréchet differentlable at each

x € H where x # 0,

Proof: The procof follows easlly from Definitlion 1.5 and

Theorem 1.8 and will not be glven here.

Thus far, Thecrem 4.1 provides the only sufficient
condition for smoothness., 1t is natural, therefore, tc
seek another suffilcilent conditicn which is not as strong
as Fréchet differentiability. The fcllowlng theorem,
motivated partially by ideas presented in Theorem 1.4,

provides this "weaker" sufficlent condition.

Theorem 4.5, ILet Xg € X. Ir

[ f(xo+th) + f(x.~th) - 2f(x0) | = o | t]) as t -C

0

uniformly for all h with ||h|| = 1, then £ 1s smooth at Xy
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Proof': The proof 1s almost 1ldentical to that used for

Theorem 1.4, and will be omltted.

Definition 4.2. Let H(C X and suppose that f: H Y.

Then £ is said to be uniformly smooth on H if (1) holds

uniformly for all x € H.

Clearly 1f £ 1s uniformly smocth con H, then f is

smooth at each polnt of H. The conversge 1s false.

Example 4.5: Let

=

If x # 0, then f is differentiable at x and hence &mooth
at x. Furthermore by Thecrem 4.2, £ is also smooth at x=0.

Thus £ ig smooth on El' Suppose new that

11m f(x+h) + f(i—h) - 2f(x) _ 4
h—0

uniformly for all x # 0. It 18 not necessary to consider
X = 0 gince the quotlient above is automatically O in that
case, and no limiting process is involved. Then for £ = 2,

there exists a & > O such that if 0 < | h | < 6, then

f(x+h) + f(i—h) - ef(x) ¢ 2

for all x # O.
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But
1l . 1 _=
f(x+h) + f(x-h) - 2f(x) _ Xth " x-h _ x _ 2h
h h - 2 2
x(x“-h")
and hence if 0 < |h | < &, then
h
e <1
x{x“-h")

for all real x # 0. But this is impossible since the
cholce x = h = §/2 viclates the inequality. If, however,
x 1s held filxed, 1t 1s easy to choose a © small enocugh fo

avold the trouble at x = h.

Theorem 4.6. Tet H( X. If f is uniformly smocth on H,

then for each flxed z € X,

|| f{x+tz) + f(x-tz) - 2f(x) | =c(|t]) as t =0

uniformly for all x € H.

Proof: The thecorem is an obvious consedquence of Definl-

tion 4.2,

Corcllary 4.7. Let Xy € X and suppose that f is uniformly

amooth on Br where

B, ={yex|lyxll <rl. (4)

Let u,v be two fixed elements of X, with u # 0. Then



87

Hf(xo+tu+tv) + f(x0+tu—tv) - 2f(xo+tu)H = o(|t|} as t — 0.

Theorem 4.8. Let x4 € X and suppose that f 1s uniformly

gmooth on Br’ where Br 1g defined as in (4). Then for

each pailr of fixed elements hl’h2 € X,
I a2 £lx) I =o(lt]) as t -0
th. ,th 0 B *

17772
Proof': Apply Corollary 4.7 with

u = z(h;+h,)

and v = u. Then

||f(x +th +th.) + f(x +Lch

0 1 2) - 2f(x

sen )l = of [£1)

O) 0 1

as t - 0. (5)
Then apply Corollary 4.7 again but with

U = %(h1+h2)

and

Then

I £(xy*thy) + flxy+thy) - 2f(x +3thy+5th,) | = o [ &)

1) 0] 1

as t — 0. (6)
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Now combining {5) and (6), it follows that

I f(xo+th +th.) - f(x +th,) - f(x

1 5 0 1) +th2) + fx

) o) |

and hence

2
] Ath,,th f(xg) I =o(]t]) as 5 o0,

2

We can now combine Theorem 4.8 with Theorem 1.3 to

the following theorem:

Theorem 4.9, Let Xy € A and suppose that f has a Gateaux

variation Vf[xo; -] at Xy Then Vf[xo; -] is a Gateaux

derivative 1f the following two conditions are satisfiled:

1. f satlisfies a weak Lipschitz conditlon at X

ii, £ is uniformly smccth in some nelghborhood of Xy

The remainder of this chapter deals primarily with
known resulfts iIn the area of differentiablllity and smooth-

ness of real-valued functions of a single real variable.

Theorem 4.10., (See [37].) Let f be a real-valued func-

tion continuous and smooth on the interval [a,b], where
a and b are not necessarily finite. Then f 1s differenti-

able on an everywhere dense subset of [a,b].
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Proof: Let Xq € (a,b). If f has a relative extremum at

Xy then there exists a number & > O such that

and f{x.-h) - f(x

f(xo+h) - f(x 5

o/ o)

have the same sign if 0 < h <« 8. But f 1is smooth at X5 and

hence

f(x +h) - f£(x

o f(xo+h)4—f(x ~h) - 2f(xo)

0! 0

h h - h

apprecaches 0 as h - 0. Thus

f(xo+h) - f(xo) )
1lim =0 7
h—aO+ h
and
f{x.-h) - £{x.)
Q 0
1lim = Q0 (8)
ho0o' b

slnce beoth difference quotients have The same slgn and
their sum has limit ©. Clearly (7) and (8) imply that
f’(xo) exlsts and furthermore f'(xo)

The preceding is really a useful lemmz in itself,
It shows that if f is continuous and smooth on [a,b], then

£f1{x.) = O for each relative extremum Xq € (a,b).

5)
Now let [a’,b’] be a closed subinterval of [a,b]
and let L be the unique linear mappilng defined on [a’,b’]

such that



Define

Then clearly G 1g smooth on [a’,b’]. Furthermore
G(a’) = G(b’) =0

and hence since G 1s contilnuocus on [a’,b’], G must have a
relative extremum at some point Xq where a'! (¢ Xs < bt.

Thus by the first part of the proof,

But since G(x)} = £{x) - L(x) and L(x) is known toc be
differentiable for each x, it follows that f’(xo) exists.
Thus for each subinterval [a’,b’] of (a,b), there is some

point x. in (a’,b’) such that f’(x

o)

clearly forms an everywhere dense sub-

o

of such points Xq

set of [a,b]. This completes the procof.

The interval (a’,b’] in the previous thecrem could
very well be [a,b] itself. In that event, an easy compu-

taticn shows that

Lr(x) = fjb% - gja) for each x € [a,b].

Then Theorem 4.10 guarantees that there is some polnt Xqs

a < X5 < b, such that

S0

exists. The totallty



91

and hence

Thus the mean value theorem holds for f on [a,b].

Theorem 4,11, Let f be a contilnuous convex functlon de-

fined on the interval (a,b) and let Xy € (a,b). If f is
smooth at X5 and 1f f has beoth finite left- and right-hand

then I is differentiable at x..

derivatives at X5 0

Proof: Ssmoothness Implies that
f(xo+h) + f(xo—h) - 2f(xo)
lim+ h = 0,
h—0
Thus
f(x.+h) - £(x.) f{x.-h) - f(x.)
limji o = 0f y 0 - O}zo (9)
h—C
But the hypotheses imply that
f{x +h) - f(x~)
lim O i Y éf'(xg)
h—0
exlsts. Furthermore
f{x.~-h) - f(x.) fx +k) - f£{x~) _
1lim 0 h 00 _ L1inm 9 7 o _ —f’(xo)
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exists. Hence from (9) it follows that

Fa— =
f’\xo> - f'kxo> = 0.

The conclusion is now obvious.

Corollary 4.12. If £ is continuous, convex, and smooth

on (a,b), then f is differentiable on (a,b).

The reader may refer to [32] and [37] for more

extensive results on differentiabllity of smooth functlons.



APPENDIX

THEOREMS CITED IN THE TEXT

Theorem 1.

(See [30, p. 233, Theorem 21].)

Let (X,A,n)

and (Y,B,v) be two complete measure spaces and f an inte-

grable functicn on X X ¥. Then for almost all x € X,

function fX defined by

£ (y)

18 an integrable function on

the function fy defined by

£,(x)

is an integrable function on

Theorem 2.

I

Y

f(xﬁy)

the

and for almost all y € Y,

£(x,y)

(See [6, p. 597, Theorem 4].)

Let f be a
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continuous finlte-valued function defined on the interval J.

Deflne

£(x+h) - £(x) o

lim sup

-0t h

f{x).

If 5+f(x) is finite on J, except possibly for a countable

subset of J, and 1f D f(x) 1s summable over J, then f is

absolutely continuous on J.



Theorem 3. (See [6, p. 628, Theorem 3].) Let G be a

nonempty subset of En and let P € G. Since

+m

B(p_) & (P, e B |P = (PP ) cc].

Ir B(Pn) is a null set in E_for all P with the possible

oL

excepticn of a null set 1n En’ then G 1s either nonmeasur-

able or a null set in En+m‘
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