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SUMMARY

In this reseerch, the conditions for shifting some zeros of
reactance funections to desired locations and at the same time lesving
the remaining zercs in their originsl locations have been investigated.
The reactance paramater z . (or the susceptance persmeter y22) ig

chosen for convenlence.

The necessaery and sufficient conditions for the proposed zero
ghifting are the functions of the redian frequency values of original
and desired zero loecatione, the radisn freguency values of the poles,
and the residuee in the poles. Ae s prelude to finding the more genersl
conditione, the proofe of the conditions are given for two cases of
zll’ each of which has two palrs of purely imeginery zeros. A simple
matrix equation is given to determine the component functions which
are to be removed in the zero shifting procees., 'This method is ex-
tended to ineclude the general case of shifting i peirs of zeros to
degired locations and leaving the others the same. Two spplications
of these methods to synthesize transfer functions by means of a pl or

parallel ladder network are considered, These are s modified zero

shifting synthesis and & parallel ladder synthesls,




CHAPTER 1
INTRODUCTION

The problem of the gynthesis of transfer functions with grounded
twQ port networke ls of considerable lnterest o network as well as
control syetem designers. In particular, the pl network consisting of
two kinds of elements 1s worthy of considerstion, inasmuch as the syn-
thesis problem has been solved in verilous ways,

A convenienf nmethod of synthesls for the ladder networks, with-
in a constent multiplier, of a given transfer function is exemplified
by & two-step zero shifting-zero producing technique (3,#,5)*. Firet,
a pet of parameters (for exemple, 2y, end Z,, Or y,, and yle) is de-
termined from a given transfer function. These parameters must satisfy
conditions for physicel realizability (10). Second,'zllfor y22) is
gynthesized ag & driving point function having proper transmission
zeroe in series and shunt arme, The series and/or shunt elements are
datermined in the ierc shifting-zero producing processes.

An area of investigation which has not been pursued actively
heretofore 18 th&tiof qbtaining_desired;tr&ngfer-ch&racteriétics by
means of & pi or teé network insteed oféan extended lsdder network.

The synthesis of transfer functions wit§ the pl or tee network requires

that all zero shifﬁing be conducted simﬁltanaously in one step leaving

% Numbers in parentheses denote entries in the List of References.,




the remainder of the network with the desired transmission zeros. This
research deals with this problem,

The objectifee consldered in the research are listed helow.

(a) Formilate a method to shift one pair of reactance functions
to the desired locatlions, leaving the others the same, and extend the
method to inelude the shift of i zeros.

(b) Develop conditions for realizability by method of (a).

(c) Investigate methods asnd procedures for applying the results
of (a) and (b) to the synthesis of transfer functions.

The transfer functions that wiil be considered are K(s) = Ee/El’
with the network arrangement in Fig, 1. This is one of the most

commonly used response-to-gxcitation transfer functions(T).

<)
N
o}

Ey (p Zy Zp Ey

-0 o

Fig. 1 Grounded Two-Port Pi(m) Network

Thie discuseion of the transfer funetions and the network para-
meters will be given in terms of LC-networks. However, it is known that
by meens of simple fr&quengy transfopmations(lo), the results in the

LC-case can be made applicable to networks containing any two kinds of

alements.




It is assumed that the realizablility conditions of the reactance
parsmeters and suséeptance parameters are satlsfied.

In the synthesis of a two-port network for a given transfer
function, the related network pasrameters are found from established
relations and then a network is realized having these parameters. For
the network arrangement in Fig. 1, the transfer function used for the

pl network is a voitage ratio described as

. E z,(s)
: 2 P 2
Km”ﬁ“ﬁ%’%w+@w (2-1)

The susceptance parameters can be obtalned by considering the
network arrangement of Fig, 2 which is a duasl of Fig. 1. The transfer

function used for the tee network in Fig. 2 is a current ratio, that is

* I P'(s) Y,(s)
. B 2 - - 2 .
AR A O B A OEF A0 (2-2)
> Ip
Or Yl Yé L
Ty CD Y3
0 ' .

Fig. 2 Grounded Two-Port Tee(T) Network




The ratio, P(e)/Q(s) or P'(8)/Q'(s), is assumed to be in factored form

and will be chogen to be

B(s) _ P(e)/H(s) P'(s) _ P'(s)/A'(8) (1-3)
Q(s)  Q(s)/H(s) y  Q'(s)  Q'(s)/E'(s)

and

2+w2

20 veeeen(8®?)

p(s) (or P'(s) ) = A(s + mil)cs e

(1-4)
Q(e) (or Q'(s) ) = (32-!- w§2) ...--..-...(82+ wgn)

vhere A 18 a proportionality constant.

Since IC ladder networks are to be used, only those tranefer functibns
with finite zeros and poles on the imeginery exis will be considered
here. One method of synthesizing & given transfer function K(s) in the
form of (1-3) with an IC network errangement as depicted in Fig. 1 is,
first, to choose proper H(s) such that both P(s)/H(s) and Q(s)/H(s) in
(1-3) are in the form of realizeble IC fuz_:ctions, secondly, to extrect
Zs(s) from Q(s)/8(2) to obtain Ze(a) which has the form of P(s)/H(s),

and then reslize Z.(s) by either Foster's or Cauer's reduction method.

o
H(s) chosen in this procedure must be an odd function &nd will be chosen

to be

2

H(e) = &( 8%+ w;?l) ( 62+ mae) cesssf e+

wfm) (1-5)

Then, the parsmeters zg(s) and Z3( 8) can be identified as

22(8) _B(s) _ A (32+ wfl)(32+ wfa).....(ae-i- mflg_)_ (1-6)

H(s). s(s§+ ‘"51)(324' 2

wa2) .o ..(sa+ u::m)




and 22(3) + 23(5) - s) (1-7}

H(s)

The equations {1-6) and {1-7) yield

2,3(3) - s) _B(s) (1-8)

H(s) H(s)

The procedure depicted in {1-8) requires simmltaneous zero shifting
processges., It also requires simultaneous zero retaining processes, 1f
P{s) and Q(s) have common terms. Therefore, Z3(s) corresponds to a
zero shifting section, while Zz(s) corresponds to a zero producing
section. In thigz sense, the zeros of ZQ(S) can be termed "transmission
zeros." By a procedure similar to that given for reactance parameters,

the agsociated susceptance perameters are

Y (s) = 248 | (1-9)
27 mr(e)
and Y ( ) = Q'(S) = P'(S) (1_10
3 7 (e)

The cholce of 23(8) (or Ys(s} ), a& will be discussed in Chapter
IT and III, determinas whether or not a particular network configuration

is realizeble. No attempt will be made to minimize the number of ele-

ments of ayntheaizéd networks.,




CHAPTER II

A METHOD FOR SHIFTING ONE ZERC OF A REACTANCE
TO A DESIRED LOCATION AND LEAVING THE OTHERS THE SAME
One way of specifying a typical reactance function (except for
a constant moltiplier) is shown in Fig. 3, which represents the zero-
pole distribution on the positive real frequency axis.

71, (30)
0

© —>¢ S ¢ & Do )

Y1 Y%; %2 P

Fig. 3 Zero-Pole Distribution of Reactance Function

The zeros and poles are indicated by circles and crosses, respectively
and these are denoted by the frequencies, wBl, W12 Wgor Wyps crevs
ﬁh’ qﬂn, +e» The analytic expression for this function and tramsfer

funotion, 12(3)’ can be written in factored form as follows,

(32 2 )(S + UJ ).....(S + wg )
2. (8) = K — B2 Ba_ (2-1)
1 s{ s+ ;z )(s + W 2 ).....(52+ w2 )
2 2.,.2 2 2 2
2 ,(8) = X' (7 wpy)(s™ F"Tei””"( ) (2-2)

)....(82+'w§m)

2 2 2
s{8™+ mal)(s + W

o2




< a8
0 wBl < Wy1 < u.;B2 < wa2 < < L. < wﬁn’

(2-3)

O<w ., <w
r

< < re €W
Tl L *

2 3 Tk’

m=n=-.1

It is assumed that zll(s) and zlz(s) have identical denominators and
the polee of zlg(s) are the poles of zll(s). It 1s also assumed that
‘eritical frequencies of zero and infinity are poles of zll(s) and
zlz(s). The admittance functions are slso chogen to have the seme

forms a8 the impedance functions and are written

(e®+ o268 0120 unnn (85 0 2)
7..(8) = H Bl B2 B (2-4)
22 s(se+ w'2)(32+ w 2) (52+ '2)
ol - Dom
12 2 2
(52+ ® )(32+ W )......(924- © )
le(B) = H' S Tl:g e 1‘2’2 5 T]:EQ (2-5)
s(8"+ wal)(s + wae).....(s 4+ “’Qm)
and
0<C® . <®. <, << <w <
BL S Tl T T2 S Va2 T S P < “gn,
(2-6)

t t t St
0<w <w <0.'[ <on|o¢sv'¢¢
Tl " 2 " w3 “rk ’

men-=-1

If the chosen perameters are not in the ssesumed forms, & eimple trans~

formation ig required to make them in proper form. There are three

other cases that need to be consldered;




(a) When z_.(s) hes an odd numerator of one degree higher than

11(
the denominator, remove complete residues of zll(s) about infinity and
take the reciprocal of remaining zll(s). The resultant funetion turns
out to be in proper admittance form.

(b} When z__(2) has an 0dd numerator of one degree lower than

11(
the denocminator, take the reciprocal of zll(s). This function becomes
an admittance funetlion in proper form.

(e) When z..(s) has an even numerstor of one degree lower than

ll(
the denominator, the removal of complete residues in any finite pole of
zll(s) gives the remaining function in proper form.

The partial fraction expansions of zll(s) and, yEQ(B) have the forms

ko kl & k2 8 (2

le(s)gkns'l's__ + T‘-?—“" —é—‘-—é—"" [ E R R NN "'T)
g+ W 8+ w
ol ol
h h B h 8
y22(3) ﬂhs"'"—"— + "-2"—'1'-‘ + m"' [ ENEE NN N NN (2"8)
rxl og2

vhere, kn, ko,'kl,:.... and hn’ h hl, sessss 8re all positive, resl

nutbers.

2,1 Conditions for Realizebility by Zero Shifting Techniques with
Given Network Conflgurations

The reactance function and susceptance function in (2-1) and
(2-4) can be represented &s in (2-9) end (2-10), and their plots on the

positive freguency axis msy be shown in Fig. L.

2, (39) w3 x(w) (2-9)




Topld ®) = 3 B, (w) (2-10)

vhere X {®) and B.{w) are real values which are evaluated on the
% 1

positive frequencies, w.

(w'g))

Xl(w)4k i I

I ]

(8, ()] | !

! I

| l

T — ’:{u W * X o

i1 B2

I

!

I

I

Fig. 4% DPlot of Reactance Function versus Positive Frequency

X, (0)
(B, (o))

S

e — -

+ —

fg. 5 Graphical Illustration of Zero Shifting Technique #1
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X (a) }

: i
|
(B (w)) | i
i ]
I |
P S % ~ ~ w
ey l i i
! ! '
7 /o T
LU | ! | t
I ) : ( 1
) L |
Yth St Se— X

Pig. 6 Graphical Tllustration of Zero Shifting Technique #2

Xl(w) A
(B, (w))

I

|
|
!
— = -
I : I /
| y i
| ] i
% ! bl
} ! ! |
| ! | |
l I | i
| ! | ]
| i ! I
’l‘ e 2Kk =

Fig. 7 Graphical Iliustration of Zero Shifting Technique #3

consider-neﬁ the problem of zero shifting techniques (3,7,8).
There are altogethér three sets of zero shifting techniques which are
sumarized in Fig¢:5, 6 end 7. These are called "zero shifting tech~
nique #1, #2 and #3." PFig. 5 shows the zero shifting technique by

means of partial removal of the residue in the pole at s = oo, In
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actual synthesis, a series inductance or shunt capacitance is used for
the zero shifting technique #1, as shown in FPig, 8. These networks
are termed "Type I sections" for convenience.

Le
t 1
1'o—fTTx L 02" 1 o o 2

zll(s)

1
z,,{(8) P o v
1 YQ2(j = Jogats)
o —0 2 1l Qmed | : -0

Fig. 8 Type I Sections

In the synthesis of a two port network with Type I sections, 1t is
necesgary that the sections be removed in a proper order. To estab-
lish the proper ordering, the minimum element value at transmizsion
zeros must be removed first (6).

The minfmum element value is defined as

L, = mintmmm (z,,(J @)/ J o ) (2-11)
Gy = mintmum (yp,(J @ )/ J o ) (2-12)

Since only reactance parameters ure coneldered, the instanteneous slope

of xl(w) or Bl(fw) at any positive frequency, @ = w,, becomes

?‘i-) | >0 (2-13)

UJ“'UJJ_
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9 By (%) >0 (2-14)
o0 w = a

But a zero shifting section which is made up of Type I sections has

component functions with positive slopes as follow;
zl(s) =d, s
. w = w =] E
or  z,(d W) = 34, (2-15)

vhere dl 18 & posltive, real number.

By extracting zl(j-w) from zll(j W), the imaginary impedance level of

remainder function, zil(J w), ie reduced and new zerce are shifted away

from the origin. Therefore, when the fregquency value of a transmission

zero 1s less than that of the zero shifted, zero shifting technique #1

cannot be used, Hence, the condition 1:

Condition 1; Necessary conditions for realizebility with Type I sections
are

J w w . .a
for zll(a), g <Y <Byy 1iw1,2,3

t t t
for YEE(a)’ wsi < @ < w1 1w 1,2,3¢s,
é t '
vhere, wT_gr-wT 18 the frequency value of transmission zerocs.
In Pig. 6 zero:shifﬁing isz&one:by-ramoving & partial residuve in the
pole at 8 = (. mﬁis:can_bezrealized by-tha networks in Plg. 9, vhich

will be called "Tyﬁe IT sections" for convenience.
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lo I —o02 1 o] 02
C
b

1 -

1
(s
z..(8) ' ) yéeisi Yoo )
11 zll(s
10 I —c2 10— 05

Fig. 9 Type II Sections

In Type IT sections, zero chifting 1s achieved by a series capacitance
or by a shunt inductance. The minimum element values in this case are

defined ag

2
]

minimum { j @ zll(j wT) ) (2-16)

minimm (39 y,,(3 6_) ) (2-17)

Ly

In this case the zero shifting section has component functions of nega-

tive slopes.

d
z,(s) = S1
a
or zl(j w) = -3 1 (2-18)
W

. T
The remainder functiom, 211(3 w), which is cbtained by extracting

zl(j @} from zll(j ®w}, has a higher imaginary impedance level than the

original zll(J ®w). This results in all the zeros of zll(s) being
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ghifted toward the origin. For this reason, zero shifting technique

#é is available oniy when the value of a transmission zero is less than
the one of the original zero to be shifted. This fact is also appli-
cable for the admittance parameters as well.

Hence, the condition 2:

Condition 2; Necessery conditions for realizability with Type II

sections are

UJ i = - .
for zll(s), © g <Y< wﬁi+l s 15 1,2,3500400

. L 1 3
<8 - . e rpe
for yee(s), W <Y < wBi+l s 1=1,2,3,.

1
where wT or wT is the frequency value of transmission zeros.
Zero shifting techniques by partial removal of finite pole residues
deseribed in Fig. 7 yield the resultant networke shown in Fig. 10.

These networks will be called "Type III sections.”

r— le( S) s 5;.

Fig., 10 Type III Sections




The component functions of zero shifting sections in this case become

d, =
1

z.(8) =

S
Jdlw

or Zl(J w) = 5 = (2-

W, - W
ol

t
Depending upon the -cholce of W,4s nevw zeros of zll(s) are shifted

The W

toward or away from the origin. ol

15

19)

» which is the frequency wvalue

of the pole in a compenent function, is called the "control frequency.”

To choose appropriate control frequencies, two general rules must be

obeyed.
Rule 13 For Xl((DT) > 0, that is, wBi <w o<W,
choose a higher adjoining pole for the control fregq-
uency. The higher adjoining pole is the pole at
8 =3 wo:i'
Rule 2; For xl(wT)<o, that 1is, ® i< < wBi’

choose a lower adjoining pole for the control freg-

uency. The lower adjoining pole 1z the pole at

s T d “ol-1"
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xﬂ//choose this pole

* < 2% e %
Y1-1 %oi-1 Y1 Y “wm

choose this pole

% © = o3
i1 Wyi-1 ¥r Tpr Oy
Fig. 11 Examples for Rule 1 and Rule 2

W o W w w4
When B1 T< i and oL is chosen for a control frequency, which is

the case of Rule 1, the camponent function in (2-19) evalvated at
’ t
£ = J wﬁi has a positive imaginary value snd the value of =z, (3 wBi)

will be negative, imaginary. Therefore, the zero at s = j wBi will be

shifted away from the origin and the desired zero shifting is achieved.
The -converse statement also holds true.

When wa. < WT < @ and is chosen for a control frequency, the

W
i-1 Bi ai-1

value of component funetion in (2-19) evaluated at s = j &_, is negative,

pi
imeginary and the zero at s = j wBi will be shifted towsrd the origin.
‘This is the case of Rule 2. Therefore, both Rule 1 and Rule 2 are
Justified. A simiiar get of rules holds for the edmittance funetion.

It is noted that there is no festriction on the location of transmission
zeros when Type III gections are used for synthesizing a reactance

function, providedzthe appropriate control frequencey is chosen. The pro-

cedures for reallzing e two port network with Type I, II and III

seetions can be found in the references (3,7,8).
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2.2 & Method for Shifting One Zero Only

Description of Problem. In Art. 2.1, the zero shifting techniques

imposed upon Type I, II and III sections were considered. In this
section, the problem of shifting one zero of a reactance function to a

proper location and leaving the others the same will be discussed.

wBi
o Fand Fn
= * ? BN Ao
LN | ; v '
A I | 1
| \ | 1
| \ y | H ! t
t ) i ! t ! [
—% ¥ e o e W
T

Fig. 12 Original and New Zero-Pole Distributions

Fig. 12 shows a set of zero pole distributions of a reactance function.
In that figure original and new zeros are denoted by circles and tri-
angles, respectively. These can be achieved by utilizing the combined
zero shifting techniques discussed in Art. 2.1. Because of the simi-
lerity between impedance and admittance functions, only impedance

function will be discussed here.

Procedure

Congider now'fhe problem of shifting one zero alone along the
§081tive frequency axis in 2-z, 3-z and n-z functions. The term
"n-z function" meané the reactance function which has n peirs of
imaginary zerocs, thgt is, n zeros on the positive frequency axis, and

will be used throughout this paper. The network structure of Fig. 13

i# made up on a predicted configuration of particular building blocks.
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Fig, 13 Predicted Network Structure for Shifting One Zero Alone

The zero shifting section in Fig. 13 is composed of several component
functions; zo(s), zl(s), zg(s),......and zn(s)i These component funct-
long cen he grouped into three types; Type I-like, Type II-like and
- Type III-like sections, It is assumed thaet zn(s) and zo(s) ere Type
I«1ike and Type II-like sections and all the others (zl(s), ZQ(B)""’
zn~1(8) ) are Type IIT-like sections. 'Then, the component functions of

garo shifting section become

ZO(S) TR ovmteaand

Zi(S) 3 i = 1:2,3,«1:, n“l (2"20)

:I

B
=
@w

zn(s):

The component funetions m@sé be properly chosen and arranged such that

&) has one zero at & desired location and all

the remainder function zli

the other zeros at the sane loestion se zll(s). Thus, the problem is
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reduced to determining do’ d, and dn end to choosing proper W For

i ol
the successful synthesis of zll(s) by this procedure, the following two

requirements must be met:

{a) d , d, end 4 must be positive.

(v) d <k, d <k andd <k mustbe satisfied. (2-21)

k , k, and k ere taken from {2-7).

i

The first reqpirement shows that no negative elements are allowed in
this process, while the second one comes from the fact that the remain-

der funetion must be positive real.

Procedure for 2-2 functions

For a Z-z fudction, the ilmpedance function zll(s) hae the form
(s + 0P )(s v w2 )
z. (8) = K pL B2 (2-22)
IRRata 9(32 v 0 )
ol

There are three poies that are avallable for control frequencies; poles

et 8 =20, 8 =] @ ; and 8 = 00, There are als0 four situations for

ol
the locatien of w on the positive real frequénéy axia, 0 < w < mBl’
w w w w w W W . .
a1 < < a1’ ‘o1 < < wB2’ and g2 < . < oq. Since the cholce of
control frequenciaa 1is. aifrEreﬁt 1n each aituation, they will be dis-

cugged separately.

Case 1; 0 < w < w

Bl

From the proposed problem that the remainder function z ' s) has
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zZeros at s = j wT and & = J @ ., the following two relationships are

g2

known.

1
o

2039 ) (2-23)

I
O

23(3 %) = (2-24)

Since only two known conditions are avallsble, at most two poles cen be

chosen for control fregquencies. To choose appropriate control freg-

uencies, the effect of extracting each posaible component function must
be examined. If a pole at £=0 is chosen for & control freguency in the

zero ghifting section, the zeros of z..(s) will be shifted toward the

ll(
origin as in the zero shifting technique #2 in Art. 2.1, Because of

‘the characteristics of Type I sections, the displacement of the zero at

B2 is small compered to that of the zero at s = jJ wﬁl' If the

B2 is compensated by the other com-

ponent function, the proposed objJectlve can be achleved. If & pole at

S=JUJ
displacement of the zero at s = J w

8 = j wal is chosten for a component function, the zero at s = J ® 1 will

P
be shifted away fr@m the origiq and the zero at s = jJ wB2 will be
shifted towar&:theforigin¥as éhowﬁ.in.Fig. T. This requires two
&&&itfoﬁai.caméoﬁéét'ﬁﬁné%;onsftg_campénsate the displacements from
bo-tia the new -zergfa.é ’c 8 ==:l w,rand 5 =5"3:?Q$2’ ‘But only two component
functions can_be.dé£é;mipeq hf_tVO_kqﬁwn éonditiqna, and the pole at
s=J@, cahnOttﬁgﬁéhbééﬁjfgﬁ & component function. If & partial
residue in the pole at s & oo 1s removed from original function zll(s),E

then all the zeros of z..(s) will be shifted away from the origin as

11

depicted in Fig, 5. TFrom the characteristics of Type I sections, the
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displacement of the zero at s = J @ . is smell compared to that of the

Bl

iero at 5 = j mag. .This can he, therefore, utilized to compensate the
-ﬁero disturbance resulting from removal of & partial residue in the pole
at s = 0, From the above investigation, it is easily seen that the best
éhoices of component functions are the poles at s = 0 and 8 = 0o. (nce
proper -component functions are chosen, the mathematical procedure for
finding the conditions for realizebility for each choice of component

functions follows. From the previous discussion, the following com-

ponent functions were selected.

%
rs) = =
(2-25)
z (s} = , s

The remeinder function zli(s) obtained by removing the component

functions in (2-25) becomes
231(8) = 2,(8) - 2,(8) - z,(s) (2-26)

But, from the two known conditions in (2-23) and (2-24), equatien

(2*263 yields
2,03 w}ji; ZQ£; wf)';'#2(j wT) = 0 (2-27)
211(J &ééjf_.zO(j wéé) - ;é(j WBQ) = 0 (2-28)

Substituting (2-25) into (2-27) and (2-28) gives

. d
zll(j wT)_+ 3 EE— -3dye =0 (2-29)




ez

(2-30)

W. ...

L g (Ju)+ 2(dw) ]
A

(h)cdﬁliﬁonent Functiona
(Zero ghifting Fun-
ction) :

k'l(w)')? |

{¢) Remainder F’unc?;-i.on

Fig. 14 Graphical Interpretation of the Procedure for Case 1
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Flg., 15 Hetwork Structure for Case 1
But, since wﬁg is & zero fregquency of zll(s),

zll(j wﬁa) =0 (2-31)

and the equations (2-29) and (2-30) are expressed in matrix form as

Y \
. - “Eis:: .UJT do Xl(w'r)
N . = (2-32)
- 'EJ'B”Q “g2 ds 0
. ’
Let
(1 e (Jw) w )
gl g (RS
= det. Al = deto |
- ""'3%“" _— s : 0] w$2 \
N g2 B s 4 - J
o ;o - ~
: i : :
S x0e)
AQ = det. : (2-‘33)
- 1
% ©
p2




2

Then, by Cramer's rule, do and d2 yield

2
P N Xle) e v, (2-34)
SN 2 a2 3
B2 T
AQ -)C.l.(w‘T) m‘T
Wgp = 0

The network elements in Fig, 15 are determined uniquely.

w —UJ2

B2 T
c = (2-36)
o 2

B l(wT) wT wB2

-X(w)w
L, = —p—Tpt (2-37)
w - W
g2 T

The neceessary and suffieient condition for realizsbility by this

procedure is

(2-38)

Q<cw <w
T

Bl
The proof for this condition will be given later.

The graphical interpretation of this procedure 1s shown in Pig. 1h,
In that figure, the imaginary impedance level of 2,,(8) evaluated at
8 = j wT and that of the zero éhifting function evaluated at 5 = J w_

are the same, The Zero df'zli(é) at s = J 5 18 also the zero of zero

G
shifting function. 'Therefore, by removing the zero shifting section, the

remainder function has zeros at s = J Woand 8 =3 w »s Which completes

B

the procedure.
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| An alternate method for evaluating d, end d, which 1s often
¢onvenlent for solving for d  and 4, in (2-29) and {2-30) by computer
- progregming is presented. The remainder function in this case is
- assumed to have a form as
: (52_'_ w2)(52+ w2

)
z.i{(s) =M T B2 (2-39)
11 (2 + o))

. : '
From eguation (2-26), zll(s) was defined by

~ a1 (6) = 213(5) = 2(6) - 2(9) (210

Substituting zll(s)', zofs) and zz(s) in equations (2-22) and (2-25) to

(2-40) yields
2, 2y,.2 2 2
(s%+ wSY(s%+ w2 ,) (s-+w )(s+w } a
M — B2, _x Bl B2’ _ 2 -as  (e-h)
s (s°+ wal) 5 (s + wrxl) s
Multiplying (2-41) by 3(=5+ “’21) glves
. ; 2
M( s%+ "-‘E)‘(Se"" “’gg) = K(s™+ wgl)(52+ m§2) - do( A wgl)
2.2 2 _
s. (s°+ w c'!1_) (2-k2)

In equation {2- 1&2) Q all the para.meters except M, d_and 4, are known.

To solve for the unlmown paresieters in (2-42), let 32-4 cual, then

2
T

- o? )( wpm ) = Klab) - a Ny aly)

M{w




: 2 2
or M = K( Bl wa'l)
(0 - aor)
T ol
Let s+ 0 1in {2-42), then
2 2 e 2 2
2 2
or I e Y i
O _ 2
Dyl

Again, let 8% - ‘-’Jf in (2-42), then

0 = K(wBl"'wT)(QBQ—'wT) + db(qyl" wT) + d2(*wT)(wal- wT)

2 2,2 2 2 2

- or 4 - K(wbl' wT)(wBE- wT) + do(qwl- wf)
2 C P (LD
Wy MWy~ Wy

From (2-43), (2-44) and (2-45), M, d  end 4, are

2

2 2

2 25

£
1}
A

which determines the network elements CO and L2 in Fig. 15,

26

(2-43)

(2-h)

(2-45)

(2-16)

(2-47)

(2-48)
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This method .can be applied to any 2-z function and also to higher order
functions. The results in {2-47) and (2-48) are essentially the same

'as the previous ones if -@éir"wf>(w§2--wf) is substltuted

Xi(wT) =

2 2

=iﬂ;(2336) and (2-37).

| The.choice of econtrol frequencies in this procedure is unigue
because all the combinations of control frequencies other thaen the one
of the poles at s=0 and s=00 become unrealizable, For example, suppose
that the poles at s=0 and s=j ®,1 are -chosen for control frequencies.

Then, the component functions chosen in this case are

o

zo(s) = » (2-h9)
dl B

2,(8) = —F——rs— (2-50)
57wy

1 ]
Sinee the remainder function zll(s) has zeros at s=j w_ and s=] Wa o2

the following two relationships must be satiafied.

zll(s) - z (&) --zl(s) =0 (2-51)
s=) w,

zll(s) —-zo{s) --zl(si' =0 (2-52)
; R B%é QBQ

Substituting (2~h9§ aﬁd:(QSSQJHin.(2e511 aﬁd (2-52) leads to the matrix

equation
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= {2-53)

Solving for do and dl yields

2 2 2
. %Efcﬂal- -wT) X_L(m,r)

2 F oy

(2-54)

o lwis uy)osy- w2 %la)
= 5B N . (2-55})
wal(wBQ- UJT)

But
X (w) <0 (2-56)

and O<wT<wBl

Therefore, d, in (2-55) has a negative value and this procedure is

1
not realizable. _
The other case, that 1s to chodse tﬁe.;;'polies at s=} W and

s=00 for control f:r_'eg;encié-s , also 'b_e'e?_:i#iés unrealizahle because the

Case 23 wa;l <w‘r< wg

By analogr with C‘éaﬁzﬂ;é:_-l,-ij-ﬁhe two lmown copditions are

2(3w) =0 (2-49)




zl]‘_(,j agp) = O (2-50)

The conditions described above are imposed because the remsinder

function 2 s) has zeros at s=] W, and s=j Wgp after removing zZero

'
ll(
shifting sections. To choose the proper component functions (or control
frequencies) for the zero ghifting section, the effect of removing each
possible component function must be investigated, There are three
possible control frequencies; poles at s=0, s=] W, and s=00. One
of these three control frequencies may not be taken for a control fre-
quency, since only two known conditions are available.

Of the three zero shifting techniques discussed in Art. 2.1,

removal of Type T and II1 sections shifts the zero at s=j ., away

Bl
from the origin. Again, Type I and IIT sections are identified as
zero shifting sections which have control frequencies at s=oo and

8=] u%df The partial removal of the residue in the finite pole at

s=] Wy1 results in shifting the zero at s=} Wgo towards the origin.
This can be compensated for by removal of Type I sections to retain
'the.zero at s=] wﬁe' If a Type II sectlon which h&s.&IQOBtrol fre-
quency at £=0 1s removed for the proposéd objective).twb #dditional
component functions are required and they cannot be determined. Thus,
‘two control frequencies st s=00 apd §=J @ are chosen for Case 2 and

their component fuﬁctiOns are

S a8
21(8) = ~—5——~ (2-51)

+
=T Un




22(8) =d, s
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(2-52)

Now, the problem 1s to determine proper values of d, and 4, in (2-51)

- and (2-52) such that the remainder fumction has the desired zeros.

From the two known conditions in (2-49) and (2-50), two equations which

must be satisfied are

zll(s) - zl(s) - 22(8) =0

z..(8) - z.(8) - z,(8) =0
11 1 2 0pn

Substituting (2-51) and (2-52) in (2-53) and (2-54) gives

d
J w0,

1 -
211(3 w¢) - F s -4, We T 0

(Do,l = (.DT

2300 mgp) - 55 - § 4y wgp = O
Yol ~ Yg2

o4

(2-53)

(2-5%)

(2-55)

(56
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Fig. 17 Network Structure for Case 2
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But, since zll(s) is a pure reactance function and hag a zero at

s=] ‘”32’
le(:’ U.}T) = J )L"_(UJT)} le(nj UJB2) = 0

The matrix form for (2-55) and (2-56) is

P

- w *j N N
T
=z ¢ ||% % ()
Wl = Op
» =
B2
Z _z “ga| %2 0
Q ol B2 / . .

A\ = aet. A\ = aet.

(2-57)

(2-58)
fxl(wT) w, )
Lol

(2-59)
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By Cramer's rule, d, and d2 become

1
2 2 2 2
Py (0, = w Moz, = w )
d, = L _ ;T wﬁ_g Tal” Xl(u: ) (2-60}
A LU,I_(UJBQ = w,‘,) T
2 2
AN (w, - w)
d.-2 = 2 = 'a:(l" 5 T s Xl(w'l") : (2—61)
UJT wBE = 'UJT

The network elements in Fig. 1T are determined as

2 2

¢ = - (2-62)
P g - e gy - ehy) Xl
(2, - D2, - o5y o
w"‘l’ mctl(wBQ - w"r
(o) - 0
L2 = = _Q']é - T.g. Xl(wrr) (2-6]4-)
mT(wBQ = UJT

1
The remainder funetion le

'.
.ze(s) with known d, and d, from Z.ll(s)’ and this zll(s) has zeros at

(s) can be obtained by subtracting zl(s) and

8=i W, and s=]) WBQ; The procedure for Case 2 is completed., The nece~

ssary and sufficient ccndition for realizebility by this procedure is
s e e 2-65)
gy T 07 Wy (2-65)

The proof for this condition will be given later.

The graphieal interpretation of this prdcedure is shown in Pig. 16.
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In that figure, the zero shifting function has the same impedance level

as ;ll(s) at s=] o8 and hae a zero at s=j g The zero shifting funet-

| CES
jon is composed of two component Punctions zl(s) and ze(s). By remov-
. t

ing the zero shifting section, the remainder function zll(s) hag zeros

at s= 0, and s=j y.., which completes the procedure.

82
An alternate method of determining d. and 4, can be applied to

1 2
this case with a scheme similer to the one discussed in Case 1.

Also, the unigueness of choice of control frequencies is gusran-~
teed since the other choiees are not realizable. For example, if poles
at =0 and s=o00 are chosen for Case 2, from (2-34) amd (2-35), Xi(wT)< 0
is required to make both d  and d, positive. But for Case 2, Xl(wT)> 0

and the procedure with control frequencies at $=0 and s=o0o is not

realizable.

Case 33 < W, < @

Lol B2
The proposed problem in this case is to shift a zero at g=]j Wgp
to s=j W, and to retain the other zero location at s=j wﬁl the same,

Thus, two relationships in (2-23) and (2-24) are changed to
S
511(;;; ".’S-l)' =0 (2-66)

2de) =0 (2-67)

where z., (s) is a,remainder'functian.

To ehoose proper control freqpenﬁies, each zero shiftlng techniqpe in

Art, 2.1 must-b' xﬁminﬁd; & Type ITIT section, which was defined by

the partial removal of the residue in the pole at s=} 0,12 gives not

only the shiftings of a zero at s=) o toward the origin but also the
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shifting of a zero at s=j y 1 2vey from the origin. In order to retain

B
the zero at s=] wBI; angther component futiction for a zero shifting must
be used to eompensste the displacement of the zZero at s=j wBl which is
ocoewrred by removing a Type IIT zection. Since the partial removal of
residue in the pole at s=0 shifts all the zeros toward the origin, a
Type II section .can be used to readjust the locations of new zeros.
However, since removing Type I sections.gives zero shiftings awey from
the origin, a pole gt infinity may not be taken for a control freguency.

For these reasons, poles at s=0 and s=} Wy1 are chosen for control

frequencies. Then, component functions with chosen control frequencies

are
s |
o
zo(s) = — (2-68)
dls
Zl(s) = —'2—-—2 (2"69)
s <+ wozl

By a similar procedure as in Case 1 or Case 2, a matrix equation to

determine ¢ and 4, in (2-68) and (2-69) for this case becomes

s 1) (2} (o O
_ o
wBl wafl 'wsl
P A T (2-70)
T S . B B N
o, wy e ) M % ()

From (2*70}, dbian@;dl ggé;@étermiﬁﬁ@jﬁgiqymly;&nd,thﬁ procedure is

completed. The conditlion to be realizeble for this case can he found

in Table 1.
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Case %5 o, < @ < 00

B2
The same procedure given in Case 3 can be applied to Case U4 with

the exception of choosing control frequencies, By similar reasoning

to that of Case 1, poles at s=0 and s=00 can be chosen for control fre-

IZQpencies. The reaiiz&bility condition for this -case can be found in

Teble 1.
Table 1 Control Frequencies and Conditions for
Realizability in s 2-Z Function
Conditioﬁs-for
Cases Control frequencies realizability
1 ~Polee at :zo . 0 < W, < wﬁl
=00
2 Poles at s=3 y
ol Waq <w_< @
5200 Bl T ol
3 Poles at 8=0
=J w1 Wy1 < Wp < Wgo
L Poles at s=0
8=00 | Wgo < _ < 00

Ag ghown in Table 1, shifting any zero of a 2.z reactance
function and leaving the other zero the same is always possible pro-
vided the frequency of the zero to be shifted 1s not the same as that

of the pole of z s) itself., This can be achieved only through proper

11(
choice of control frequencies, Therefore, the success (or failure) of

this procedure depends upon the proper choice of control frequencies.
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Pfocedure Tor 3-z Functions

- For a 3-2 funmction, the impedance function zll(s) has the form

(% wgy)(s™ wfp)(s% ulo)

2 2 s 2 8
s (B + wal)(S + wae)

2,,(8) =K : (2-71)

There are four poles that are available for control frequencies; poles
at 8=0, s=j W12 B=] W0 and s=00. There are also slx positions at
which W, can lie on the positive real frequency axis; 0 < w, < wﬁl’
<
g1 W < Wy < Wy < Wgor Wan < W S W0 Wyo < W < g3 and
< < Q0.
w, < ©

Because of the simllsarity between procedures for each situation,

only the case of Wg2

e found in Table 2,

<@ _ < g, will be discussed; the other cases can
T oe

Now, consider the case of wﬁg < W, < Wy The proposed problem

in this case is to shift a zero at &=J .. to 8=] @, and leave &all the

R2

other zeros the same., Thus, after removing zero shifting sections, the
. ¥

remainder function zll(s) mst have zeros at s=j wg1? s=] w,_ and

s=] wﬁB’ which can.be expressged analytically as

S E: S
511(3 wﬁl} =0 ’ 211(3 UJT)'.-:" Q and
| | (2-72)

‘Since three known conditions are availsble as in (272}, at most three

component. functions (or comtrol frequencies) mmust be taken for this

procedure, otherwise they are not determined. There are altogether four
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possible combinations of control frequencies to be encountered; poles
at, 8=0, s=] W1 and g=]) W03 poles at s=] 9,07 8=] Wy and s=003; poles
gt 8=0, s=J_wal and s=00; poles at s=0, s=] g2 and s=00. Each combi-
nation will be examined separately.

(a) If poles at s=0, s=J w and =] w o Bre chosen for control
frequencies, a zero af s=} g3 will be shifted towsrd the origin;and an
additional control frequency is required to shift the zero back to
original location., This additional component funetion cannot be speel-
fied, since only three conditlons are svailable.

(v) 1If poles at 8=] @ 1, 5= w_, 8nd 8=00 are chosen for control
frequencies, a zero at s=j.w81 will be shifted away from the origin and
also an additional control frequency is required, whose component funct-
ion ecannot be specified.

() If.poleé at s=0, :J'qdl and s=00 are chosen for control
frequencies, a ZerQ at s=j wgo tends to be shifted toward the origin
rather than away from the origin. Thus, component functionsg with
those .control frequencies are often-ﬁnrealizable.

(4) If poles at s=0, e=] W,p 8nd 8=00 are teken for comtrol fre-
quencles, the proposed zero shif%ings=can be achieved if the partial
rezidues to be reméved areprpperly-selg_ctedf
From the above-fou% qbséffétiéngg poieé at s=0, s=§ oo and s=00 are

chogen for contruléfraqﬁéhéiés~aﬁd ﬁhéi%heampoﬁent £uﬁ¢tibn$ are

R T
a,(s) = —= (2-73)
<3




39

i) = (2-74)
al
and
z3(s) = d3 s {2-75)
Thus, the remainder function zli(s) is defined as
]
zll(s) = zll(s) - zo(s) - 22(5) - 23(8) (2-76)

From {2-72) and (2-76), three equations which must be satisfied are

21303 wgy) - 2500 wgy) = 2503 wgy) - 2503 wgy) = 0 (2-77)

le(J:wT) - ZO(J wT) - ZQ(J wT) - 23(3 wT) =0 (2-78)

0 (2-79)

zll(j G)B3) = zo(tj UJBB) = 22(j wB3) = 2'3(5' UJ'B3)

substituting (2-73), (2-74) and (2-75) inmto (2-77), (2-78) and (2-79)

gives
a d.
3 o petp - 3 iy = O
ﬁl w&?— - mal
d, w _ :
2 .
2003 @ ) +§ == - = ~ddye =0 (2-80)




Since
z_il(j wT) = j Xl(wq-) ; the three simultaneous equations in

(2-80) can be expressed in a matrix form as

X, (w)

{a) Original Punction

(b} Zero shifting Function 3
(Component Functions)

(¢} Remainder Function : *

Fig. 18 Graphical Interpretation of the Procedure for s 3-2 Function
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1o ] L—”L:J " ”
2

z__i-(f)

———O 2

. Fig. 12 UWetwork Structure for & 3-z Function

e
- 1 wBl \ r‘d 3 /O A
: 2 Wa1 o
" - B
Bl Oyo = Wg1
} 1 , w - o |« |4 = Xl(“’T) (2-81)
uJ"I' Wde = '(DT
1 w a O
- UJBB 2 E B wBB N 3/ . /
~ wa,g - UJB3 o
Let &, &, B, and A, be denoted as
r 1 ! N
- 2 2 1
1w, - w1 '8
. 1 W i 82)
= T. ) 2 i . P2 )
A\ = et e o, - W& T (2-82)
e, ®




4o

- ® A
0 Bl
3 = gl
wQ’E = wBl
' w
Al = det. X.L(w'r) g—jT W , (2-82)
Wo = Wy
o waa W
w ) -
o g3 y
- - ® N
A P P S - S
w Bl Weq 2 2
_ gL Bl w05y
\ = . - 1 %
AQ = det. LDT Xl("""r) UJT A3 = det. |- E 2-'—2 Xl(wT)
| LDQ,2 UJT
.1 0 W Lwﬁg"
“g3 83 Tw, 2.7 °
~ o “\ B3 wcv2-w83 .
(2-82)
Then, do, d2 and d3 are determined by Cramer's rule.
A'II_ AQ
a = d =
o FAN ’ 2 AN »
o =23 (2-83)
RN
The d's in (2-83) déefine the component functions and the remainder
. :
function zll(s} can be obtained as
1
zll(s) = zll(s) - zo(s) - 22(3) - 23(5) (2.84)

which has zeros at s=J wy» &=J w_ and s=j y

g B3”
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~ An alternate method to evaluate do’ d2 and d3 is presented. By analogy

1

with Case 1 in the 2.z function, the remainder function zll(s) is assumed
to be \ (5% o5 (% o) o)

2. (8) =M — (2-85)

" s(=% ul (5% uby)

Yol o2
By (2-84), Zli(s) was defined as
T
zll(S) = zll(s) - zo(s) - zg(s) - ZB(S) (2-86)

Substitution of zll(s) in {2-11), zo(s) in (2-73), zg(s) in (2-74), and

23(5) in {2-T5) into (2-86) gives

2, 2,2, 2.2 2 2, 2.2 24,2 2
M_(s + wbljcs + u%}(s + m53)=.K (s%+ wbl)(s + mBe)(s + ub3) ) d
8 (32+ 2 )(sg+ 2 ) s (524- 2 )(52+ 2 } 8
_ Pl v Y1 Cor2
des
-W -d38 (2—87)
(7724

Multiplying (2-87) by 8(524 wil)(52+ "’22) yields

2 2., 2 2,2 2. 2 2.,2 2. 2 2
M(s"+ "”el)(s + o ) (s %3)-1{(5 + wBl)(ﬁ- + wﬂg)(s + ws3)
- fio( 52+ wgl)(82+ wgg) - dgse( 52+ wil)

2, 2 2 2, 2 :
- d3s (s+ qal)(s + qwe).......“ {2-88)

In equation (2-88), all the parameters except M, d,, d, snd d3 are

known. To solve for the unknown parameters in (2-88) step-by-step,




bl

2 2
lei? 8= - w s then

2

2 2 2 2 2 2 2 2 2
M (wBl = 'wal)(w,r - 'wal)(mas- 'wal) =K (wal'wal)(UJB2"u}al)(wB3'wa’l)

o ( 2 > )
Cmex ) (2-89)
(o - uy) -

Let 5770 in (2-88), then

WP 22 2 2 2 . o2 2
wBl w,l. wBS = mﬁl UJBE wBB o wal U}a2

2 2 2 P 2 3
e K - M 2=
or . Wy Wgp Wo3 Wgy ©p W33 (2-90)
o} 2 2
Wo1 ®o2

Let 5% - ng in (2-88), then

2 2
M (g, wop) u- -mge)(mgs" -wjg) -k <m§1- -mze)(wge- mgg)(mgs- wop)

2 2 2
= d2(-wa2)(wa1- UJQ'E)

)[ (ww 2 K(w o™ wQQ)]

ds

= Y _2
- ot e (@51

Again, let 52—* - mf in (2-88), then

%)

K(mBl m)(m32 m)(wﬁ3 w) d_ (wl m)(w2 m

- a5(- )= o) - (- - D)o WD)
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ar

i} do(mil- wf)(gﬁz- mg) - 4, wa(wel--wg)-K(wal W ) ug g2y 2w’ Wg3 wf)

a

3 0202~ 62 (apm 6P

cessrrecaenes (2-92)

From (2-89), (2-90), (2-91) and (2-92), M, d,s Gy end d, are

2 2
M=K EE%Q—J;311 (2-93)
(w - wal)
2w,
d =K —Bl ﬁﬁéw - gg (2-94)

aE(w w1

2 2 2 2 2 2
(wﬂl- wQE)(wB'S- wua)(wsg- wT)
' 2

D o (2’95)
uEE(wT- QQI)

(w2 - w2 )

W, = o,
which determine the network elements in Fig. 19.
A necessary condition for realizaebility by this procedure is

U}s2 < UJT < ma’2 (2'97)

The Justification of statement in (2-97) follows:




By contradition, if any of the inequalities in (2-9T7) 1s not satis-

fled, from ( 2—95) ‘and (2-96),

d, <0 and d3 < 0. (2-98)

Since only passive elements are allowed in this process, component
functions with negative d2 and d3 are not realizable. Therefore, in
order for this procedure to be realizable, the condition in (2-97) must
be satisfied.

A graphical interpretation of this process is shown in Fig. 18.
In that figure, the zero shifting function, which is composed of three
camponent functions, has zeros at s=) wﬂl and s=j wB3 and also has the
| gaige - impedance levél at s=j_wT as the original function zll(s). By
removing the zero ahifting section from zll(s), the remainder funetion
zll(s) hes zeros at s=] wg12 8=J w,_ and s=] g3 which completes the
Irocedure,

Fig. 2.17 shows the network structure for the proposed object-

ive. In that figwore, each network elements can be determined by

Co=t / dy?
2 2’ Ho T Tal Wapr

vhere, d_, d, and 4, are taken from (2-83).

3
For the sake of brevity, the relationships between the value of

W, and the control frequencies in the 3-z function are sumarized in




bt

- Table 2.

Table 2 Relationships between Values of g and
Cantrol Frequencies for a 3-z Furdtion

- Cases Values of W, Control Frequencies

1 . -0 < < Poles at s=0
Ur = Y1 _
S_j wae
8=00
2 e wBl < W < W1 Poles at s=] %Y
S=J -I; W ae
8=00

3 Wyp < 0y < Ogp Poles at ::g
Wo1
8=00

: < ==
k Wy <w, < wp, Poles at §=g
wae
8=0Q0

5 w0 < o < wB3 Poles at siO
S—j w Q’l

8=] W0
< g < 00 Poles at s=0
T

5=] W,1

2=00

In Table 2, it 1s noteble that the value of w, 1s also the
necessary condition for realizability with the chosen control fre-
quencles. The -choice of eontrol frequencies is unique since the pro-

cedure with other control frequencies is not realizable. From Table 2,

the following observations can be made:




| .(a) When the value of ®, is larger than that of the zero to be
.-ghifted, all the poles except a lower adjacent pole are chosen for con-
- trol freguencies.

i (b) When the value-of W, is smaller than that of the zero to be
-ghifted, all the poles except & higher adjacent pole are chosen for con-
trol frequencies. The definitions of a lower and higher adjacent pole

-can be found in Rule 1 or Rule 2 of Art. 2.1.

Procedure for n-z Functions

For a n-z function, the impedance-function.zll(s) has the form
2 2 2, 2 2 g
(S + UJB].)(S + wﬂg).....--.(s + an)
z,(8) =K ' - (2-100)

2 2 2 2 2 2
s(s“+ wal)(s + wae).....(s + wan-l)

zll(s) in (2-100) has n zeros and n+l poles including the extreme fre-
quencies (s=0 and s=00). From the previous discussion for 2-z or 3-z

functions, it is well to emphasize that the mmber of control freguen-
cies for zero shifting sections is equal to the total number of zeros,
that is, one less than-thé total pumber of poles. Thus, for a n-2

' functiong n@édﬁtfﬁf;dfequencies ‘are needed for the;propoaed zera

X frequency. 0n the basis of the

observations made for a 3~z funation case, the rules for choosing

‘control freqpenciea will be ganeralized.for a N~z caser

: =@ehoaae 411 the pales exeept & pole at

=) w,, _, Tor control frequencies. (2-101)

w
(b) For ;I» < 1, choose all the poles except a pole at
g1




kg

8=] Wi for control frequencies. (2-102)

.ﬁﬁi indicates the frequency value of a zero to be shifted to s=] w -
: _ﬁﬁis set of rules can be applied to the poles at the extreme frequencies
as well. Rules.ing(Z-IOl) and (2-102) are restatements of the obser-

-vatioﬁs given for 3=z functionlcase and become cobvious with reference to
the Rules in Art. 2.1. The component functions with proper control fre-
quencies chosen aceording to two rules in (2-101) and (2-102) belong to

three cetegories and will be assumed to be

d
z (s) = —= (2-103)
=3
4,
Zi(s) = ""5"“‘i—'é— i= 1,2’3ooaoonc (2-‘101&)
zn(s) = d s (2-105)

Type I.secﬁiOn.zn(é) in (2-105) always appears in component functions

if the value of y_1is lerger then u_ or is smsller then g If the

fn "gn-1°

value of wT-is.sucﬁ that g . < 0, < walé then & Type IT section or

g1
z@(s) may not be t@ken-for a component function, Onece component fun-
‘etions are chosen, the next step is to form & matrix equstion to deter-

.-ﬁdne do’ di and dn;in the component functions. Consider now a matrix

eguation as

A. 2 = E (2—106)

——

In equation (2-106), A, D, and B are assumed to be nx{an + 1), (n + 1)x1




and nx 1 matrices and will be denoted as
2, | a, b
10 arll 12 LN B I B B IR I B R aln

5 &

20 21 .aneeooncoooao‘r....aen

. F F R B SN R A s s kbR e RS NS E LN RSN

LR I I L I I I I I A R N

a a - a ..0.!...0.-.‘.&
2 :

q no nl s} nn

Y.

fei.(2-108) B = : veees(2-109)

. Ll

The subscript a,, of matrix A in (2-107).15 defined as follows: the

ij
‘upper subseript i indicates the desired new zero, and the lower sub-
script J indicates the jth component function. If the kth pole is not
chosen for s contrai frequency, then the column vector B of A, vhich
has the lower subscript of k, must be deleted. After deleting one

- column vector, A becomes nxn matrix. A element 8 5 of matrix A is

 defined as

1
a,, === (2-110)
io w |w= mbi

w
&ij = ;'QT ) (2-111)
ol

I wl © = o (2-112)

Bi

In case shifting a zero at s=juw

a1 to S=_ is required, the row vector

becomes

21
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1
"0 " o lo=wu (2-113)
T
W
a5 = uo2 - . (2-114)
oy~ ® T e

The column vector é is composed of n + 1 elements, one of which must be
deleted. If the kth pole is not chosen for a component function, the
~kth row of D must be deleted.

The column vector B is composed of all zero elements except for
one element of the value of Xl(wT). In case shifting a zero at s=) w

Bl

to s=] @ is desired, then bi

elements are identically zero.

is defined as KL(“’T)’ and all the other

For an illuéﬁration, assume that shifting only one zero at
zséj:a%g to 8=) w ;é desired, and the value-of_u# satisfies
wh2.< o < ® o Then, according to the rule for choosing control fre-
queneiés depicted in (2-101), a pole at s=j w, B8y not be chosen for
a control frequency. All the other poles in this case are taken for

control frequencies. The matrix form to determine component functions is

AD=3,
vhere 4,D and B are defined as
N . L o _ . \k
1 0
w, . Bl
81
' 1
A== . (2-116)
. |




~

Then, the values of D are evaluated by

a5

= (2-119)

vhere, &> is the determinant of matrix 4 and & 4 is the subdeterminanmt
of A. PFach di obtained from (2-119) defines a component function and

1
the remzinder function z becomes

12(%)
;1i(s) = 29(8) - z2,(8) - 2.(8) - z(s) - ouiss -z (5)  (2-120)

Thus, the zli(s) i@ (2-120) has the desired zeros, and the procedure is
complete.

This procedure can be justified by induction. -TheﬁchoiCB-of
.e©ﬂ¢rol freqnencies in this process is ﬁnique, since-othar*ehoices~giv&
ﬁnrealizable networks; The steps for this procedure are summarized as

(a) Select approyriate conxrol freqpencies from ‘poles of the

-ariglnal functien ﬁy'77 _;'E'given in. (2-101) and (2—102) The

umber of'ccntrwl frequenmieS*is'n fbr'a nez function which Bas n + 1
poleg. Thus, one of the poles is not taken for a control fregquency.

3 (b) Formulate a mstrix equation in (2-106) and specify each
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element by-considering=camponent functions with proper control fre-
quencles chosen in {a). One of the column vectors in A, vhose lower

‘subseript is the same as the pole that is not chosen for a control

frequency, must be delebéd.. Algo, one of the column vectors D must be

deleted. Then, identify each element of B by assigning zero to all

elements except the one element of xi(wT) which appears in the row that

. enters.
wT

(c¢) Evaluate each element of D by Cramer's rule from the matrix

equation.fonmulated in (b). Realize each component function with known

rezidue di and econnect the component sections in series.

. 1
(4} Obtain the remainder function zll(s) as in (2~120). This

zil(s) has the proposed zeros.

& predicted network structure for the n-z function with the pro-

poged zero shifting is shown in Pig. 13.

2.3 Proofs of the Conditions for Realizability by Simultaneous Zero

 Techniques in.a 2-z Function

The £irst proof will be given for the condition in (2-38).

The necessity of the condition, given in (2-38), can be proven by

contradiction as follows: assume that the procedure for Case 1 in 2-z

function is realizable if the condition

O<y <uw (2-121)

81

From (2-47) and (2-18), d, snd 4, become



Since o, was assumed to be positive, only the situation of W, >uw

considered.

[

For w

For W, > W2 dO >0 and

Bl < Wr

54

(w5 )

a (2-122)
° (w2 o™ %o %)

(- o)
a, = K Bl (2-123)

2 2

Bl 18
<wys d, <0 and 4, < 0 (2-12h)
d, >0 (2-125)

But, since only passive elements ere allowed in this procedure, (2-124)

gives unrealizable networks.

On the removal of comporient functions, the remainder function

.
zll( s_) becomes

. From (2-226), for _>

2 (%)

wa,l,

=.zll(s) - zo(s) - 22(5)

It

‘ (% wgl)(f_% ‘”22) 2(:0 1 W )‘ (w 51 w %) |
s{s"+ ‘”a»l) (wa,-_,_ W, ) (w ERE )
(- wgy) (5% wD)(s% ul))

5 0 > (2-126)
(“’af -w,r) 8 (87 “’al) :
(w 1)

K el TPl _ (2-127)

2

( 2
Wol™ W
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1
Then, 211 is not positive real and becomes unrealizable.

' Therefore,. if the condition 0 < u% < w,, 18 violated, the procedure for

Bl
Case 1 in 2-z function becomes unrealizable, which contradicts the
sssumption.

The sufficiency proof may be established by induction.

For & 2-z function, 2,,(5) has the form
= (s2 )(s +ol)
z1,(8) =K “51 B2 (2-128)
- 8 (s + w )
vhere, 0 < wBl < ma1.< wBQ
( ® )( w_ 2)
Since Xi(w Y= - Bl BE » 4 and d, in {2-34) and (2-35)
T ] W (UJ - w ) o 2
become
a =x-EBL T (2-129)
(ubl- wT)
2 2
{w o - )
_ a1l T
dy = K 5 (2-130)
i

which are the same as in (2-47) and (2-48),

From the two requirements for the successful synthesis'by this proced-

ure depicted in (2-21),
do » 0 and &ég> o

For d_ > 0, from (2-129),

(2-131)
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> 0, from (2-130),

Also for de

o8 < o {2-132)

Bl

To make the remainder function positive real,

M=K ——“-1--——&]{— >0 {2-133)

From {2-133),

o <@, (2~134)

From (2-131), (2-132) and (2-134), the inequality becomes

0 < W, < Gy (2-135)

which is the sufficient condition to be realizable by this method for
Case 1.

The second ﬁraof will be given for the condition in (2-65).
The necessity of the -condition given in (2-65) mlso will be proven by
contradiction as follows: assume that the procedure for Case 2 in 2-2

-function is realizable if any inequality of the condition

W

61 <w <w (2-136)

ol

s violated.

By pérfbrming the procedure for Case 2 as in Art. 2.2, dl and d2 are

‘obtained from (2-60) and (2-61) as




2
(65~ @) (g o)

But since Xi(wT) =-K » 4 and d,, in (2-137) and

w (w2 - wg)
T ol T

(2-138) become

(e B MR- o)
K _EEE Co /1 Oy %81
2

w
T

2
w
= -1
dy =X (1 - 5= )
w’[‘

Now, consider two cases that violate the condition in {2-136): one
that violates the lower inequality, and the other that violates the
upper inequality., If the lower inequelity in (2-136) is violated,
thaﬁ is, w < a1 d; and d, in (2-139) and (2-140) have negative

_ #alues. The component functions in the zero shifting section become
unréalizable.

On the rempﬁal of zero shifting seetion, the remainder function

has a form
z,,(s) = 2.,(8) = 2,(8) - 2,(s) (2-141)

After expsnding zll(s) into the form in (2-7) and extracting residues
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of component functions from the ones of zll(s), equation (2-141)

becomes
k (k, - 'd.l)s
., fe} 1
211(3) = A + ——é--—-é—— + (ke" de)S (2-1}4-2)
85 W
1
Each residue of zll(s) in (2-142) must be positive. This requirement

. 1
comes from the fact that zll( 8) be poeitive real as was stated in

(2-21), Mo find the residue k) of z,,(8) at the pole of &= W, (11),

o°r wil
Ky = lim. ( —_=) zll(_sD
2 2
B = W
2 2 2 2
= (wﬁ2 wﬂl)(wa’l w@l) (2-114'3)
Pa1
Also the residue k, of zll(s) at the pole of s=o00 becomes
1 ; )
kp = Mo GT) zll(sD
g = 0O
=K (2-1hk)

If now the upper limit of comdition in (2-136) ie violated, that ie,

@ > @, d in (2-139) becomes

a1 91
; 2 2
- 1 2 2 1 -
Gy = K (ugom w2 - ;;L) > K (4= wy)Q2 - ;g:) =K, (2-185)
- “r o

_ 2 2
since Woq 1 for ® > u:al.
<
uae W,
T &l
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The inequality in (2-145) violates the requirement for positive realness

of z, (s) and zll(s) camnot be realizable.

Tor both casges of the uppér or the lower inequality of the con-
Gition in (2-136) being violated, this procedure for Case 2 of the 2-z
function becomes uﬁrealizable, vhich contradicts the assumption. There-
fore, the necessity of the condition in {2-136) is proven.

The sufficiency proof will be established by induction.,

Again, two requiremente for the successful synthesis by this method are
al, 4,5 k, and k, obtained from (2-139), (2-140), (2-143) anq:(a-lhh)

must satisfy the following inequalities:

4, >0,

T
4y <k, _ (2-1k5)

From (2-139) and (2-140), 1t can be easily seen that d, and d, are
positive if and only if

w > 1 (2-146)

: -73'Comparing ¢; in (2-139) and k, in (2-1#3) snd utiliziﬂg'the gecond re-

quirement 1n (2~ 145) yields

(wgg. )(w

_97_

Sinte K (wgg- uﬁl) > 0, equation (2+147) becomes




which requires

w_ <@ (2-148)

Fram {2-146) and (2-148), two inequalities can be combined to give

(2-1k9)

o

Bl

< <
UJT wal

1
which makes all the residues satisfy the requirements in (2-145). Thus,

the inequality in (2-149) is the sufficient condition for this process.

-2}# Humerical Examples

For the first example, consider the problem of shifting a zero
at 5=) 1 to s=} 2 and leaving the other the same in the 2-z impedance
function

(% 1}(s%+ 6)

(2-150)
5(52+ 5)

2)3(8) =

In aceordance with the procedure given in Art. 2.2, each of the para-

meters can be identified as

2 2 2 2
= 1"wﬁl =1, ®= 5s wB2= 6 and.w&-f i (2-151)

‘The - component functions in the zero shifting section are chosen as

dls
2.(8) = — (2-152)

8+ 5
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and
z,(8) = a, s (2-153)
Tﬁe matrix form-in.(2-58) becomes
2 A I A CENTEEN)
5 . 22 el I - G
. - (2-154)
6 JZ
— /6 d 0
56 2
. Evaluating d, and d, by Cramer's rule gives
YaSl
R~
(2~155)
0, -2 3
2~ A B

From &, and d,, in (2-155) the component functions are defined to be

2,(5) = Mre (2-156)
8+ 5
z,(8) = 3/b s (2-157)
The remainder function zl;(s) vields

2,,(5) = 2,(8) = 2,(s) - 2,(s)

/4 (s%+ 4)(s% 6)
8 (32+ 5)

(2-158)

. r

(s) in (2-158) has zeros at s=) 2 and s=J V6 that are desired,
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ﬁﬁ&.the resultant network for this example 1s shown in Fig. 20.

YT 3/4 o
R | 3;{/20 “f SRR ——— O
]
4/3 ,
zll(s:

(henrys, farads)

} i e e * T
Fig. 20 Realized Network for Example 1

For the second example, consider the problem of sghifting a zero
at s=j /3 to s=} 2 and leaving all the others the same in a 3-z imped-

ance function

3y = (85 (% 3)(s% 6) (2-159)

211( . (524- 2)(52+ 5)

By the rules for choosing control frequencies in {2-101), the poles at

8=0, Sﬁifgnand g=go are chosen for comtrol frequencies, The component

functions are
: d
z(s) = -So (2~160)
22(63.”':i ” (2-161)
'”.:'“1%3(5) f %é B |  (2.162)

The matrix form in (2-81) can be used to determine the values of d_,

&_ and 4

2

5 in (2-160), (2-161) and (2-162).
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(1 1 1fa) (o)
1 5-1
. S, 2140 - | 32 (2-163)
2 5.4 | 2
1 6 d
- —— 6 2 0
. 6 5-6 J N

Evaluating the detérminant and subdeterminants of (2-163) gives

A -:25,/'6_/8 A =-15¥6/8

It
n

1

&, =- 5B/ A, =-2506/16,

Il

and do’ d2 and d3 become

Op-'
]

[= ]
ro
1]

- = (2-164)

u
I

DLE? blp PP

The residues d_, d, and d3 in (2-164), in twn, determine the compon-

.. ent funetions as

2 (5) = 3/5 (2-165)
2,(8) = ?%:— (2-166)
8

1/2 8 (2-167)

tl

z(s)




6l

1
The remainder function zll(s) in this case will have the form

[}

zli(s) zll(s) - zo(s) - z2(s) - z3(s)

_ 1/2 (s5 1)(s5+ 1)(s% 6) (2-168)
s (s2+ 2)(52+ 5)

which has zeroe at s=jl, s=j2 and s=jd@r.

The component functions obtained by this procedure can be realized as

in Fig. 21.
1/2
o (1 2/25 AbA ——o
ZENN ST
| - '
g 2,(8)
-

(henrys, farads)

——o0

Fig. 21 Realized Network for Example 2
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CHAPTER IIT

A METHOD FOR SHIFTING i1 ZEROS OF A REACTANCE FUNCTION
TC DESIRED LOCATIONS AND LEAVING THE OTHERS THE SAME
| The problem that will be considered is to find a method to

shift 1 zeros to proper locations and leave the others the same in
a reactance function. Because of the complexity, a method to shift
two zZeros to the desired locations (s=iji) in & 2-z funetion will be
consldered in the beginning. Generalization of this method in a n-z
Ffunction will be investigated, but this requires repetitive use of the

'procedures outlined in Chapter II.

3.1 Procedure for 2-z Funciions

The problem that 1s considered here is shown in Fig. 22.

o0
0 X
'L u:c. A o w
1 F) BQ

N 4
B g i Doy

- 4? , # .qﬁi : | -¢ - : xéc

7 H—A
1 Yu %2
Fig. 22 Original and New Zero-Pole Distributions

-
QE

In Fig. 22, the zero at s=jm31 and/or the one at s=jwBg is shifted to
Béju%l andfbr s=3w;2, respectively. It 1s assumed that frequency values

of new geros satisfy the following inequalities;

%1 < Uy < %y

< (3-1)
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There ére three pchible choices*Df control frequencies in this case;
peles at s=0, S=3ahi or poles at S=de13 8=00 or poles at s=0, s=Jub,,
s=a0. Two contrbigfrequencies are to be chosen. However, the limi-
tations on ® 3 become more striet than in the single zero shift case.
On the other hand, the choice of three control frequencies eliminates
the limitations on the value of Oy but repetitive use of the single
zero shifting (discussed in Chapter IT) is required.

First, consider the case of choosing poles at S=Jwal and s=00

for control frequencies. Then, the component functions will have the

forms
dl 8
21(5) s =z (3-2)
8 +ow
al
zg(s) =d, § (3-3)

Removal of the component function zl(s) in (3~2) shifts the zero at
s=3ub1 away from t?e origin and the zero at s:JwBe toward the origin.
This aids the desired shift of zeros. The - component, function ze(s)
in (3-3), however,iproduces a Pype I section, which shifts all the
geros away from the origin. Thus, removal of ZQ(S) in (3-3) aids

the shifting of the zero at s=j to s=ju%1 but prevents the shift

W

of the zero at g=] to SijTe. If the residue d2 in ZQ(S) is smmll,

uhe
then the proposed zero shifting mesy be achieved by these control fre-
‘quencies. By analogy with the procedure #iven in Chspter II, the

remainder function zll(s), after removing zero shifting sections,

must satisfy the fbllowing relations.
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Zli(Jle) =0

zli(ju%e) =0 (3-1)

The conditions in (3-U4) are imposed because the zll(s) must have zeros
at s=ju_, and s=3w+2, But, since the remainder function can be obtained
by extracting component functions from the original function zll(s),

equations in (3-%) becomes

Il
o

2y, (s) - 2,(s) - zg(s)l (3-5)

S=Jm¢l

23(8) = 2,() - 2,(s) (3-6)

O




(a) Original Function .

1
=7~ Lzy(
F

{b} Zero Shifting Function
{Component Functions)

(e} Remainder Function

0 2

- Fig. 24 Network Arrangement for a 2-z Function




Sybstituting comtrol frequencies in (3-2) and (3-3) into (3-5) and

(3-6) yields

Jd, e
1 "7l
2pldeny) - 55— -44

wal Tl

Ja w
1 2

22(dup) - Z .z
ol Cro

- g, = (3-8)

Since zllfjuﬂ =3 Xi(w), equations (3-7) and (3-8) can be put into the

matrix form as

- W e N
C Tk : :

1.w2 2 _ ) Xi(le) .

ol Tl

(DT o

- r2 J ?\Xz(‘”-re) )

W .- -UJT2

Evaluating 4, and d, in (3-9) by Cramer's rule gives

(B B o)
e [ng ) w’rlxl(wrr2)] (3-10)

Wr1%r2 Fr2 Y1

g 2 2 2 2
- X (a ) (e - wy) . Ko ey- o)
o (w2 - ) o (we - )

T2 :T2 TL TV 12 9l

5 (3-11)

The-remainder'funﬁtion 1s defined by known component functions as
B
gll(s) = zll(s) --zl(s) --zE(s) (3-12)

which has proper zeros at s=jw¢1 and B:Ju%e.




T0

In order for this procedure to be realizable, dl and d2 in

(3-10) and (3-11) must be positive. The residue d; in (3-10) 1s posi-

tive, since the values of wTi are assumed to be constrained as shown

in (3-1). But the equation (3-11) requires more constraints on thee
values of Wy in order to make d2 positive, that is,
2 2

{w ) W= W
_ Ale) < gl ;l-- (3-13)

Xl(le) m‘rE- w‘rl

Therefore, necessary conditons by realizability by the procedure with
control freguencies at s=j w1 and s=oo for the proposed zero shifting

a2 illustrated in Fig. 22 are

_ 2 _
- i(fﬁ_ < N ® . (3-1h)
X (eg)

Fig. 23 shows the behaviors of the original function, component
fuﬁction and remainder function. In that figure, the impedance levels
of the zero shifting function.at s_Jm and e=ju, , are made ﬁo-be the
fsam& ag the ones of arigin&l function at smjw and s=gmu By re-
_m@vlng the zero shifting function

functions, the imgeﬂance evéls‘at s=jw and Sajwkg.baeamawidentically

Secdndly, three control frequenciés are chosen to improve the
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limitations for realizability. If all of the poles of _zll( g) are chosen

for combrol frequencies, the component functions sre defined as

a .
z (8) = —=° (3-15)
dl 8
21(8) = 5= (3-16)
s+ w
al
22(5) = de 5 (3"17)

Sinece only two known conditions are avallable as in (3-4), there is no
way to speeify all. three component functicons simultaneously. But, the
repetitive use of the procedure for shifting one zero to a desired
docation and leaviﬁg the othersg the same can determine the residues of
all three component functions. This involves two steps:

(&) Consider the problem of shifting & zero at B=jubl t0
s=ij1 and leaving the other the same. DPerform the procedure dis-
cussed iu Chepter IT. The remainder function in this step will have
zeros at s=jw

rl

(b) Apply mgain the procedure to shift the zero at s=jm62 to

s=jw 2_and.1eave_the other zero the same, This step gives the re-

and s=jw82.

mainger functian which hag zeros at sujm and Snjw%E and the proposed
ZETD shlfting is achieved |

: The first step inyolveé.the samé procedure as one for Cese 2 in
Chapter II. Hawever, tha seaond step lnvolves the same procedure as
one for Case 3 in Chhpter II and also requlres a knowledge of the re-

-mainder funetlion resulting from the first step. Each step requires

i
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two component functions. Decomposition of zl(s) in (3-16} into two

parts yields

U}

zl(s) zla(s) + Zlb(s)

d s d..s
— 1s. + 1b ( 3-18 )
524- we 32+ 2
o Pl

The first step is to find the values of d,  and d, in (3-18) anad (3-17).
For the seke of brevity, the matrix equation in (2-58) will be given
without discussion. The detailed explanation was given in Chapter II.

For w

< w.< @ ., the matrix equation hecomes
BL" Tl Tol

1 M N ’ ~
2.2 Y| % X (e)
al Tl :

N N P 0
. - 8 L2 J

\ ol TR2 -~ ~

The next step 18 to find d_ and d;y in {3-15) and (3-18). Let the re-
H
mainder function zll(s) be definéd as
t
zll(s) = zll(s) - zla(s) - zg(s)

and zli(Jw) = j X;(w) (3-20)

" By the similar procedure as the first step, the matrix equation to de-

termine the values of cl,O and dlb becomes
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- ~
1 1 7o) ¢ \
- a 0
® 1 2 2 0
T Yo1” “r1
. = (3-21)
1 1 '
To, 2.2 Y % o))
N7 ol” Y2 N 4 >

" The matrix equations (3-19) and (3-21) determine Ay dq.5 4py ond 4,
which in turn specify the component functions. After finding the
values of dla and dlb’ they are combined to be realized by one compon-
ent network.

d, =d,_+a (3-22)

For the procedure with three control freguencies, there is no
aaditi_onal limitation on the value of w_other than (3-1). Since this
proce&ure is sim@ly & repetitive use of the one in Chapter II, each step
has no limitstion @ﬁ the values of W, other then the assumptions of its
own and therefore, this whole procedure will have no limitations.
Thus, - the method to shift two zeros to proper loecations for 2-z function
is always possible with three control frequencies provided that the
proPér locations are not the same as the poles of itself.

The network structure for this procedure is shown in Fig. 25.

o 1; 4 r— ———0
& MHE
Cl [ 3]
27(8) l_> 214(5)

Fig. 25 Network Arrangement for a 2-z Function Reallzed
by the Procedure with Three Control Frequencies
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The procedurs with control frequencies at s=0 and s=Jubl can be

found in T8ble 3; it requires more strict realizability constraints on

the values of u%i than the one in (3-1k). The procedure with control
R frequencies at $=0 -and s=00 becomes unrealizable, since it requires

.'nﬁgative residues of component functions.

Table 3 Relationships Between Control Frequencies and
Conditions for Realizability in a 2~z Function

;. Contrel Frequenciés Conditions for Reallzability
Poles at s=0 Unrealizeble
=00
Poles at s=0 wBl< wTI< @1’ wal< wT9< wae
s=jw ' 2 2
al AT < U2 B

Poles at s=jw

ol
5200
oles at s=0 f ' - <
Pol ; L mﬁfz. mTf: ® 42
8=y |
s=00 . . “hi< WeoS o

3.2 Procedure for n-2 Functions

The problem that is considered here is to shift 1 zeros to desired




loeations and leavé'the others the ssme, To avoid the limitations on

~ the values of w »y for realiZability, the procedure given in Chapter II

iz made use of repeatedly for 1 times. .In.general, all the pole fre-

quencies are chosen for-control frequencies and thus n + 1 coamponent

functione sre needed for the procedure in a n-z function, Then, i

.mﬂtfii*eqnations are

LI I N N A I A

274

[

In-é&eh step, the fem&inder function must be obtained in order to

. inftiate the next step. Each dJ determined from (3-23) is a partial

or whole residue cf d eqmponent funetion., I'f:dj is a part of the

ts are combined to get a whole residue of

residue, then all the dJ

each component function. The remsinder function in the ith step

becones

gli(s) = z11(5) - (sum of component functiogs) (3-2%)

vhich has the pragg ”';_ation aleng the positive

freqpency axis. The pr@aadnre for an n,z function can be summarized

NOR Chaose eny zero at #ﬁdéj'félﬁé'shifted to”s=3u%j and per-

form the procedure to shift the zero at s=3ubj to s=,ijJ and leave the
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é_::ther-s the same as 11’1: .Cha.pﬁer II. Formlate a matrix equation to de-
termine cdni?ponentf f‘unctﬁ:ans. Zoa? Z1g? Zpgrve++s 8nd solve for each
residue of the component function. Define a remainder function by the
.equation as in (3-?4).
| (b} Choose the next zero at sa‘ngk ‘to be shifted to s=jw .
Proceed with the same procedure as in step {a).
(¢) Repea.t: step (b) until all the zeros are shifted to the
‘proper locations,
In.genera.l this procedure is tedious but reallizability Iis
" -gugfanteed_ since each step is always realizable provided that the

value of w, is not the same as that of a pole in the n-z function.

i

3.3 Mumerical Examples

Consider the problem of shifting a zero at s=Jl to s=J2 and the

_6‘bher 'zerb at s=) JlO to s=33 in a 2-z function

() - (% 1)(s% 10)

2
11 .S_(82+ 5)

Two methods glven .in Table 3 are available for the proposed zero
shifting. |

| First, the ;procedube with control frequencies at s=3J5 and
.séoo: is discugsed.: A11 the -paran_ze.t;ei's., in this cé.se.,. are identified

-1

w. =2,
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o see if the conditions in Teble 3 are fulfilled,

Xl(w'rl) 9

XE(Q%Q) = - 2/3

- .}E(“’Te)/ X (o y) = 2/et

0.12- 2
ol” 1 .wTE _
2 2 -

W2 wa-l- le

3
i

Cbmparing {3-27) with {3-28) gives

2 2
( W - W .
Xl le Oro™ 1 ®r1

which satisfies the~condition for realizability with control freguencies
at a=3 5 and oo infT&ble 3.
| The com@oneﬁt functions with cgntrol frequencies at s=j\/§-and
8=00 are

d s

; (s) ——-—-——-

S-!-S

gé(s) =d, s

The matrix equa‘bioﬁ" i (;3—9} can be utilized to find the. velues of d,.
and d, in (3—30) w;iuﬁgga;).ééSubstituﬁkng each parameter values in

(3-26) into (3-9) yields




gives

‘Evaluating {3-32) for d; and 4,

4 = 34/9

13/18

which define the component function in (3-30) and (3-31) as

34/9 s
z.{8) =

2 2
22(5) = 13/18 s

The remainder fupctlon le(s) becomes

23(8) = 5,(8) = 2(8) - 2,(s)

5 (se+ h)(s?+59)

5 (2 5) | (3-37)

which has the proposed zeros.

The network structure realized by the procedure with control frequen-
cies at 8=3/5 and s=oo is shown in Fig. 26(s).

Secondly, by-the procedure with three control frequencies, the
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-camponent functions are

[}

z (8) = —= (3-38)
2, (5)

and | ZE(S) =

| Bécamposition of zi(s) yields

2)(8) = 2 (&) + 2, (s)

d, s d.. s
= 219- 1ib ( 3_}4_1)

8 4+ 5 _52 + 5

“Tb:determine the values of d , d,_, dy, end dé, two matrix equations
_afezréquired.

| (Step 1) Consider the problem of shiftiﬁg & ﬁero at s=jl to
8=j2 and leaving tﬁe other zero unchanged. The same matrix equation as
4n (3-19) can be applied in this case. Substituting all the perameter

values into (3-19) gives

rd _:f 2

| L
\5 - 10

which leads to the solutions for a,, snd 4, as

ay, = 15/4




8o

and 4y -3 (3-18)

T

ll(s) becomes

. The remsinder function 2

SHORENOREMORAE

1 (P 1)(2 10) N
Bos(sts) (34

(Step 2) Consider now the problem of enifting a zero at s=3/10
to 8=33 and ret&ining.the other zero at s=j2. 'The same matrix equation
48 in (3-21) can be:éﬁpiied in this_case; EBvwaluating each matrix

elements in (3-21) gives

-9

Solving (3-46)-f9r?@0 and d,, yields
d, = 1/5

d = 1/20

‘The remainder function for step 2 becomes

2y () = 23(8) - 7(6) - (o)

1 (5% (P 9)
s(s°* 5)




which completes the procedure.

 fhe paremeters d . in (3-33) and 4, in (3-48) ere added and can be

realized from one component network es

dl = dla * dl‘b

19/5 (3-50)

'-The_resiques d,, d; and d, in (3-47), (3-50) and (3-%%) define the

1
-component functiong and the network structure fdr this procedure is

shown in Fig. 26(Db).

s 13/18

] i

I 1
9/ 3k z,,(8)

(henrys, farads)

19/25
S

- (henrys, fareds) : |

Fig. 26 Two Realized Networks for Example (a) by the Procedure
with Two Control Frequencies {b) by the Procedure with
Three Control Frequencies.
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CHAPTER IV
APPLTICATIONS TO THE SYNTHESIS OF REACTANCE NETWORKS

The synthesia'of network structures, utilizing the techniques
-deseribed in Chapter IT and Chapter III, will now be discussed. These
 stru§tures will be made up of two sections; one is a zero shifting
seotion, and the other is a zero producing section. These additional
ﬁpproaches allow certain transfer functions to be synthesized, which
-cannot be realized{with the basie ladder synthesis technique using only
Type T and/or Type;II and/or Type IIT basic sections. This synthesis
.metho&, like zero shifting methods, is based on the following two
conditions(9):

(a) In a purely reactive ladder network, the poles of 212(5)
are simple, 'Mbreo§er, ;ll(s) and 212(5) possess these same poles.

(b} Every zero of zlg(s) of a réactive ladder network must be
a:gefd of an impedénce function of shunt element (this is an.imposed

condition). A sef of parameters (zll(s) and ;le(s), yez(s) and

-312(3)]15'assumed“ﬁa'heJknpwn fr0m (1-1) or (1~2) in Chapter I and

8lso are assumed to satisfy the physically realizable conditions. No
attempt will be made.to meximize the gain of the transfer function nor

to minimize the number of elements of the synthesized network.

b1 Modiffed Zero Shifting Synthesis

The network for the modified zero shifting synthesis method is

composed of two main sections as shown in Fig. 27.




Zero shifting
section

Zero producing
section

Pig. 27 Network Arrangement for Modified Zero Shifting Synthesie

~In Fig. 2T, the zero shifting seection 1s shown as a clear box, and the
zero producing section 1s shown as a shaded box. The serles section,
vhich shifts the-zeros of Z4 (a) to desgired locations, is composed of

_n-l or n series hranches, where n denotes the mumber of zeros of zll(s)

" 4dentical with the.driving point function.zll(s), while the other i
zeros are different from zll(s), then the procedure described in
Chapter IIT can befused to realize the zero shifting section. The
remainder function obtained by removing the zero shifting section must
have proper zeros of the impedance function that are identieal with

transmission zeros, Zeros of z 2(5) are defined as transmission zeros.

:f:'The ZEra producing sectlon can be realized by classical Foster's or

Cauer's synthesisi One of the precedures for realizing the zero

producing. Section.is as?f”llowa*

Step-L. Tﬁkﬁ thy reciprccal of::he'remainder function, that ie,

obtain an admittance function yll '

f

1
Yy = Yoy




i t
Step 2. Expand y_ ., into partial fractions as
_ 11

: t 8, % o 8 a; 8
yll(s) = 2 2 + 2 +‘..Dtl.l+ ‘-2_"'_2“ (-’-I--Q)

8 + 4 g + W 5 + W
Te T2 T

and realize each component function as & shunt arm shown in Fig. 28.

© —o 2'

3

€ 2

11

. Fig. 28 Zero Producing Section

The role of each shunt arm admittance function will be devoted to
p:a&ucing'a zero of zle(s).

A similar procedure of synthesis holds for y22(s) and yl2(s)
with the same netwqu arrvangement as in Fig. 27.

As an illustration,  consider the problem of synthesizing

(% 1)(s5 10)
5(52+-5)

z1,(8) =

. (e 0 o)

Zlng) 8(52*:31

The zero shifting section in this case is responsible for shifting a
”Iﬁerouat s=jl to s=32 and the other zero at s=j/i6 to 8=j3. The pro-

cedure to realize the zero shifting section was discussed in Art. 3.3.




From (3-37), the remainder function is

2 2
' 5 s+ W)(s
z4(8) =43 ( 52523(5)+ 2

To syhthesize the zero producing section in {(&-~5},

! s = 18 g 3(52"' 5)
712(%) EENETTEE)

where,

2
! T2 _
B2y (9 ) = 5= (4-8)

Therefore, the realized reactive network, within a constent multiplier,

has the form as in Fig. 29.

3ﬁfﬁ5' 13/18

. YN : o 2°
—— | Y i
9/ 34 ' i§25/72

(henrys, farads)

T

Fig. 29 Realized IC Network for Reactance Functions (4-3) and (4-4)




.z Perellel-laddeér Synthesis (3,7)

On an admittence basis, the susceptive parameters can be found by

adding each ladder network function, when J ladder networks sre properly

connected in parsllel as shown in Fig. 30.

- I

o e
Network A

(1)

with ¥iz

Network B with

2
X8

Net work T with

(n)

Yij

Fig. 30 Parallel-lLadder Network

Thus, if yiJ is the camposite network parameter and.ygd) for k=1,2,

K FRp. are-the-campnnent network parameters, then

(k)

Z YiJ

15 T

AR AR

ry ™ )

For the lossless network, the transfer admittance cen be written as




. §22(S) = M Q%E%
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o 2k o
P(B) ~ @-_0+ al$+ 323_"‘ ..-..-‘I‘&ms-

- als) B 5(32+ “é;)(32+ 2 .....(52+ uﬁm-i (4-10)

Y2

It is assumed that'y22(s) ie in factored form as

A:S :.
a2 2.2 2.2 2 2, 2
(57 wyy) (5™ @pp)(8™ pg)eneee (o™ wyy) (he1)

R

2, 2 2, 2 2 2 2, 2

The procedure for synthesizing the set of parameters given in

(4-10) and (L-11) is as follows:

(a) Decompose the composite parameters - ¥ 5 ond ¥, given in

(4+10) and (L4-11), in acecordance with (4-9). The component parameters

'_gf---ylg, yla(k) can be defined as

() al

Y12 Qls)

2y _ Ele) O (s-12)
I12 YR

LI )

(A) _Pn(s)
-‘y’ e ————rr et
12 q(s)

]

In order to realize a set of parameters with a simple IC ladder network,

it.isuﬁeeessary that transmission zeros of the component function lie
only on the imagimary axis of the s plane including =0 and s=o0o. It

can be shown that this décamposition msy be accomplished even when the

trensmission zeros do not lie on the imeginary axis, since the
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positiveness of coefficients a_ in (%-10) is assured if P(s).’ is a
Hurwitz polynomial in the varisble sE(h).

(k)

For the decomposition of Ypps the component functionms, y,n ',

can be defined as |

(1) _AI(S)

A

(2) _, 22

Vee 2 als) (4-13)
(n) _p ul®)

y22 n Q(S)

where Mk must satisfy the relationship as

Mo+ My + coveenes + M =M {&-1%)

(b) Synthesize the set of component functions, - ylgl) and

'yEgl) t0 obtaln network A in Pig. 30. This step requires simultan-

”?~fe@us sero’ shifting and zebo retaining procedures discussed in Chapter

' ;II end ITI., This synthesized network has the same form as the one
synthesized by the mcdifled zZero shiftlng synthesis method.

(c) Repeat step 2 for the other sets of component functions

5 2
) ylg )’ Yeé ): v1§3), 2£3),.....; ylgn), ygg %) and connect each

camponent networks in parallel as in Fig. 30.
(d) Determine transfer ratio K, from each synthesized network.
Each component network has the short-circuit driving fungtion yeék) and

_ fransfer function - Ki ylgk). Determine, next, the valune of K by
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éﬁsigning

: 1 = 1 + 1 -[-:......,‘..i (4*15)

(e) Adjust the respective admittance levels of component net-

works by multiplying by K/Ki'
As an 111ﬁstration, consider the problem of synthesizing

(62 1)(s2 5)

YEQ(S) = A (52+ 2) (h'l6)
+ 2 Bh
- ¥ip(e) = 9S(ng ;) (k-17)

. arith an LC network.

Decomposition of - -y_le(s) in (4-17), according to (4-12), yields

se(se+'l)'+ h(52+ 1) +5

i ylE(S) ) 5 (52+ 2)
= (s + l)(s + h) . 418
s($+2) . + +S(S s (4-18)
’Iﬂqen, ;._:..(52+ 1}[s + ’-I-)_ .. | (knlg)
o (s 2) oo T
(2)(5) e S . (h~20j

e R s(e% 2)

The - component fuﬁc%icn -ylg 1) has a xero at s—jl, which 15 the same as

one of yza(s), and the other zero at s=j2, while - ylé ) has all its

_ ezeros at infinity. To synthesize y22(s) with the transmission zeros
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of - ylél)(s), the procedure given in Chapter IT can be utilized but
on en admittance basis., The network arrangement for component network

A is shown in Pig. 31.

lo Z Zero-Producing o o
Section

Zerg-Shifting
Section

1 o- 02

Fig. 31 Network Arrangement for Component Network A

fhe . zero shifting section in Fig. 31 may be realized as follows:

Define component functions of the zeéro shifting section as

d
_ Q
v () = - (4-21)
(e - (4
and : ¥, (s} = -22)
' 1 52+ 2

gﬁy analogy with (2-70), the matrix equation needed to determine do and

(4-23)

“Solving (b4-23) for d end 4, gives
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d = 1/2
(4-2h)
The remainder function ygéﬁs) is
YQQ(S) = YEe(S) - yo(s) - yl(B)
2 2
_ {7+ 1)(s7+ l|.) (4-25)

s(s%+ 2)

To synthesize the zero producing section in Fig. 31 a partial
1 ) C
expansion of zeg(s) = l/yge(s) is required as
s(s5+ 2)
(52+ 1)(32+-h)

_;é3.s . 243 8 (4-26)
s+ 1 g8+ L

2pp(8) =

which leads to the ladder network shown in Fig. 32. By considering the

asymptotic behgvio;,

K =1 | (u;27)

1
| 1/3
: Y S o Y
1 ol ----:1/'6 _ . _ 0 2°
BT it
. _3}2 3 %2
3
- (henrys, farads}
—1/k

Fig. 32 DNetwork A




Since all the zeros of - ylegg? are at infinity, the sppropriate

' ‘continued fraction expansion of y22(s) takes the form

1
¥ (s) =g + : .
16/3 s + 1
3/20 s

and thé pertinent 1adder-netwnrk.is shown in Fig. 33. Consideration of

‘the asymptotic behavior gives

( (4-29)
3/20
fTT"

(henrys, farads)

Pig. 33 HNetwork B

| ﬁsing (l;,-is.) to de;;cermine the value of K yields
K = 1/2
Therefore,-the ad Justments of admittance levels are required as
for network R; ) KXKi = l/é R

for network B, -K/Ké 1/2 .
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. After adjusting the admittance levels, the resulting parallel ladders
are shown in Pig. 3.

1/12 1/6
—TYN— T

11 1
Hl f
3 3 N
li G : l I (-T-T.\ ’ :. G 2'
3/40 1/2
(henrye, farads) 1
/20
:E 32/3 / ] ﬁ: 2
10 ep

'Fig. 34 Network for Synthesizing a Set of Admittance
Parameters in (4-16) and (b-17).




CHAPTER V
CONCLUSIONS

This paper has given the. methods for simultaneous zero shifting
-an& zers retaining. This study alsoﬂshows“that the success {or failure)
“of these methods depends upon the propef-choice of control frequencies.
.Simple ruales were given for detenmining proper eontrol frequencies (or
;component functicns)

| The proofs of the conditions for realizebility by these methods
;wére given in Art,;2;3. ‘Tt should be pointed out that in order to
extend these methods to the RC and RL cases, frequency transformations
-are required.

The methods can be utilized in the synthesis of transfer func-

cﬁians. The modifi?d_zero shifting synthesis or parallel-lsdder syn-

-fhésis glven in cnépter IV is one of the applications of these methods,

but they can also bé applied to other synthesis methods.
As-mentioneﬂ.in Chapter III, the-method.for shifting i zeros to

desired locaticns and leaving the oth&rs the sama in a n-%. reactance

:function can alw&y. “n,

:tive elemﬁnta.ar

the proposed ze‘:5

-falues of new

those 1imitations can be dispensed w1th, but more cqmputations are

needed.
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An unsuccessful attempt was made to extend the methods to in-

‘¢lude the case of shifting zeros to proper locations and creating poles

at:désired,pcsitions simultaneously. An interesting fact is that if

one pokeé is created along the positive frequency axis, then an adjacent

Zero.is shifted toward that pole and the other zera is ereated between

“the pole to be created and the original pole. It can be shown that if

‘treation of poles is allowed for zero gshifting, then the limitations on

the value of new zercs given in Table 3 can be eliminated.

Instead of considering reactance parameters, 1t is often conven-

ient to use susceptance parameters. All the procedures in Chapter IT

'snd IIT are applic&ble to the susceptance parameters as well.

It would be;desirable to extend the conditions given in Table

1 and Teble 3 to include zero shifting for n-z functions. It would

:ﬁiSQ be desirable to extend these conditions to the case of zero

cereating apd zero éhifting.




APFENDTX
CLASSIFICATION OF CCOMPONENT NETWORKS

The component networks ofIZero-shifting.sections can take any

combination of Type I, IT and III sections defined in Art. 2.1.

On the other hand, based on the poles and zeros of a reactance
function, an orderly arrangement of minimum element networks of in-
-ereasing complexity is possible, All the possible -component networks

are gefined by'Tab;e A.l or extensions thereof.

Table 4.1 Classification of Reactive Networks

Type I IT ITI

X 03
X1233

Xi2333

M gh etc.‘are uaed ta inﬁicate,,

' resPectlvely, eaetance futictions obtained by combining Type I and II

‘gections, obtained by combining Type I and ITI sections, ete.




of

ﬁl_e_beha.viofs -of."these component functions elong the positive fre-

guency axis and thelr reactive and susceptive patterns are represented

in Fig. A.1.




Type 1 Type II

(s) 280 2{8) ———{ -

Y(__S) | T y(s) %

2(8) e T — 2(8) o] [

y(s): %% N yceoi ;___,‘?

SHLENRE T

Fig. A.1 (a) . Behaviors of Component Networks




Type IIT Type I, II, III

Z(S}.—.—-—% Z(S) j_rn\_‘l-— ”_
T

Fig. A.1 (b) Behaviors of Component Functions
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