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SUMMARY

An assembly line balancing problem is to minimize the number of
stations along an assembly line to perform a given set of elehents without
exceeding the ecycle time for the station and satisfying the precedence
relations between the elements. Several approaches have been proposed
to solve the above problem. The objective of this thesis 1s to develop
a computationally efficient integer programming method for the assembly
line balancing problems,

In this report the zero—one integer programming formulation of
Bowman and White is modified to reduce the number of constreints and
varisbles, Geoffrion's integer programming algorithm is then applied
to the revised formulation. This formulation has a special structure
which will permit the elimination of certain steps and simplify some
others if augmentation {s done in & particulsr manner.

A computer program based on the proposed aigorithm has been tested
for a number &6f problems up to 45 aelements. The results indicate that
the proposed algorithm is considerably faster than the method of Held
et al. which 18 considered the best method at present among the exact

methods, The proposed method alseo reduces computer storage requirementa.



CHAPTER T
INTRODUCTION

Although assembly line methods have been used in industry from the
turn of the eentury, the first published article on the assembly line
balancing problem, by Salveson (31), appeared only in 1953, In an assembly
line balancing problem, a set of elements, thelr performance times, the
precedence relations batween them and the cycle time for the work statioms
are given. The problem is to assign the elements to a sequencea of work-
stations such that the required numbers of workstations are minimized.

The assembly line balancing problem has been attacked by different
approaches. In this thesis we present an efficient metho’ of solviog
asgembly line baiancing problems by implicit enumeration approach to
integer programming.

We will now give a general description of the assembly line
balencing problem and ites importance. The following assumptions are made
in formuleting this problem.

(1) Elements: It is a rational division of the total work content
in an assembly process and is further indivisible for the problem con-
sidered. The performance time of an element is constant., The performance
time of a set of eleménts is given by the sum of performance times of
individual elements beloanging to the set.

(41) Serial line: Each assembly preoduct is processed at the

workstations in a definite order and no two workstations operate on the



same product gimultanecuely. Thus the total assembly line 13 considered
to be serisl with no "feeder' or "parallel’ assembly lines.

(111) Precedence Relations: All restrictions on the order of
execution of elements may be expressed by precedence reletions of the
form "element 1" must precede "element 3" for which we use the notation
Jyg << Jj, The elements are mumbered in such a way that 1if J1 << Jj’ then
i<},

(iv) Cycle Time: The interval of time between the completion
of products is a constant C called the cycle time. C = W/D where D is
the demand rate and W i the actual working time in which D units are
required.

(v) Station: The location on the assembly line where a2 given
amount of work is performed by an operator 18 called a station. The sum
of performance times of elements assigned to a station must be less than
or aqual to the cycle time. All the statione are i{dentical and any
element can be a candidate for a station provided it satisfies the
precedence requirements. In other words we do not consider zoning
constraints which restrict each element to be performed in certain work
stations only.

Following Gutjahr and Nemhaugser (13) we define the assembly
1ine balancing problem as follows: Given a finite set Oof clements
A -'{Jl,....JN} and their associsted performance times tj,t,,...ty,
the cycle time C and a partial ordering << defined on A, find a sequence

of subsets (Al,Az,....AM) satisfying the following conditions:



@ vy A = a,
1) Ana =0 (the empty set), 1 ¥ i,

(111) t(a,) = EJJEAitJ <C, i=1,,..,M,

(iv) 1if Jy << Jm and I ehy and Jm;Ar, then { < r

v) z‘i‘ , (€ - t(A) ) 18 to be mintmized.

Next we consider the industrial importance of the assembly line
balancing problem., Assembly line methods are used in a large number of
industries, prominent among them being the automotive, electronic and
applience industries. A survey conducted by the Yllinois Institute of
Technology Research Institute reveals that assembly costs amount to 267
of the total mamuiactuzring costs in the above Iindustries (29). Another
aurvey conducted by Wester and Kilbridge (34).indicates that the American
automotive Industry wastes on the average about twenty five percent of
the assemblers' time through uneven work assignments. Hence one can see
the scope and necessity for using analytical methode to solve assembly
line balaneing problems.

A variety of analytical methods have been proposed to solve the
assembly 1ine balancing problem. These approaches are bhased on integer
programming, dynamic programming, network, Branch and bound or heuristics.
In Chapter II the important methode in each approsch will be diacussed.

The algorithm proposed in this thesis 1s based on the implicit
enumeration appreoach to the integer programming problem. In Chapter III
we will discuss the integer programming formulations of assembly line

balancing problem by Bowman (5) and White (35) and the modification herein



proposed to the asbove to reduce the number of constraints and variables.
Chapter IV deals with the implicit enumeration approach of
Geoffrion (9) to the integer programming problem and the modifications
that can be made to take advantage of the special structure of the assembly
1ine balancing problem, The computational results of the algorithm for
a number of problems ranging from 7 elements to 45 elements, collected
from published litarature are given in Chapter V. The comparisoms with
other algorlithms are indicated wherewer such results are available.
The computer program written for UNIVAC 1108 in FORTRAN V and the
apecimen inputs and outputs for an assembly line balancing problem sre

given in the Appendix.



CHAPTER 11X

LITERATURE SURVEY

The various methods for solving the assembly line balancing problem
can be grouped under the following categories: (1) exact methods which
assure an optimm solution in all cases (11) approximate methods which
may yield an optimum solution in some cases but whose main o¢bjective is
to treat large sized problems with special constraints. The approaches
of integer programming, dynemic programming network methods and branch
and bound methods sre exact methods where as a number of heuristie
techniques fall in the category of approximate methods. The integer
programming formulation suggested in this thesis is an exact method and
it will be more appropriate to make comparisons with other exact methods.

Hence in this chapter while discussing varicus methods we devote
greater attention to the exact methods and in particular to the computa-
tionally efficient dynamic programming approach of leld et al. (14).
0f the approximate methods we discusgs the sequencing method of Arecus (1)
which yields near optimum solutions in many cases with leas computing
time than other methods, The ranked positional weight technique of
Helgeson and Birnie is also outlined here since we use it to generate
a good starting solution in the method suggeated in this thesia. Only
the methodology of various approaches is dfscussed in this chapter.

The computational aspects of various methods and a comparison of their

computing times are presented in Chapter V.



Exact Methods

We first discuss some of the exact methoda of solving a line
balancing problem.

Integer Programming

Integer programming formulations have been given by Salveson (31)
and Bowman (5). In Salveson's formulation, the variables represent the
various combinations of elements to form a station. Since all combi-
nations are required to be created at the start of the procedure itself,
the number of variables become too large and hence 1is not considered
practical for problems of even modest size.

Bowman (5) has suggested two integer programming formulations.

Both the formulations are discussed in Chapter III. His first formulation
is modified in this thesis to reduce the number of constraints and is
found to be better compared to the second formulation.

Dynamic Programming

Jackson (19) proposes a8 dynamic programming algorithm in which
the stations are the stages, the elements are the stage variablas and
the objective 1s to reduce the number of stations which are not empty.

He uses certain dominance properties to reduce the mmber of sequences,
which are more suited for hand calculations for small problems than
computer solutione for moderate sized problems.

Held, Karp and Shareshian (14) offer a dynamic programming formula-
tion which has baen found to be computationally most efficient among the
exact methods., To understand this method a few definitions are essential.
A subset 8 -'{Jil, Jiz""Jin} of the elements is said to he a Feasible

¢S, Thus the elements of

Set 1If JjeS and Jy << Jj imply that Ji



a feagible set may be performed in some order without the prior completion
of any other element and without violating any precedence constraint: A
Sequence (ordered set), o = (Jil'Jiz""Jin(o)) is said to be a Fezasible
Sequence 1f for all 1 < q < n(U),'{Jil’Jiz""Jiq} ia a feasible set.
There is a natural correspondence between feasible sequences and feagihle
sets defined by two mappings: i1if g = (Jil’Jiz""Jin(a)) is a feasible
sequence, F(0) = {Jgy,J4,,...04 , \}; 1£ § 18 a feasible set, F 1(5) =
1 2 n(g)

{o[P(c) = S}.

Associated with each feasible sequence 15 a "cout" Z, = (r—l)C+T(r)
where r 18 the number of stations required to perform the elements in
the given order and T(r) iz the sum of the performance times of elements
assigned to the rtﬁ station. If a feasible sequence ¢* is formed by

adjoining an element 31 to the end of o then Za* = 2yt A (Zo,tz) where

o
e, 161 4 ey <o,

A(zu’t ) = <
* <]C - () + ¢, otherwise.

(.
Out of the number of Feasible sequences that can he formed from
the elements of a feasible subset the one with a minimm cost 18 used to

represent the cost of the feasible subset, i.e.,

Z(S) = min {Z(5 ~ Jp) + & [2(5 - Tp), £, ])
J,e8

(s - Jz) feasible



where (5§ - JL) is the set obtained by deleting Jl from S. Held et al. (14)
uses the above relation recursively to determine z({Jl, 12,...JN}).

The approach given above involves only feasible sets which are
far leas numerocus than feasible sequences. Further at any time only the
feasible sets and their costs are to be stored. Even then memory require-
ments increase with the number of elements because of the rapid increase
in the mumber of feasible sets. Hence the authors use an approximation
procedure in which they subdivide the set of N elements into amall groups
of elements when N is large. These groups replace the individual elements
in thelr recursive relationship.

Network Methods

Klein (21) has shown how a line balaneing problem can be formula-
ted as an assigmment problem or as a shortest path problem in a directed
network when the order of operations is specified. When partial ordering
only 1s given it i necessary to enumerate all feasible ordering of
operations and apply the above method repeatedly.

Gutjahr and Nemhauser (14) formulate assembly line balanecing as a
single ahortest path problem. In their network formulation the nodes
represent feasible sets Si defined earlier. A directed arc exists from
node Sy to Sj if sicsj and t(Sj)—t(Si)‘g C where t(Sy) = Jkisitk’
k=1,...,§, i=1,...,r, where r 1a the total number of feasible sets.
The ""distance' of arc 1j is given by C ~ [%(Sj) - t(Siil. The solution
to the assembly line balancing problem is given by the assignments along
the shortest path from node So to Sr where 8o = » i.e., a null get and

Sy = {Jy5...Jy}. In this problem the arc lengtha are such that it is



sufficient to find any path from the origin to the destination node con-
taining a minimal number of arcs. A procedure 1s also described in (13)
for selecting the arcs of the sabove network such that a path from node
S, to any other node will have the least number of arcas possible.

Branch and Bowmnd Methods

Jaeschke (20) has proposed a branch and bound method in which the
given set of elementa‘{Jl,...Ju} are divided into a sequence of aubsets
(Al”"Ak""Aﬂ) subject to the conditions (1) and (v) in Chapter I.

Assoclated with subset Ay is a lower bhound

Zk = kC ~ It
jthl’!ll ,A1<
of the objective function representing idle time. The procedure may be
summarized as follows. From the starting node of the tree diagram nodes
Ail""Alpl’ are created where p, represents the number of nodes at the

first level and Ali represents a particular combination of assigning
wizazute to the first station, Nodes at the kth level of the timm

diagram represent the various combinations of assigning elements to kth

station and are denoted by Ay Ak2' Ake""akpk’ and

2 =k C-~ it €8
ke 3
JjEAlil’Aziz"..’Ake

where Alil""Ake represent the particular sets along the branch leading

up to node A, . Branching is done from the node having the minimum
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lower bound. A feasible solution is obtained when the subsets along a
branch contain all the elements of the assembly line balancing problem.
The Branch and Bound method proposed by Mertens (26) is very much
gimilar to that of Jaeschke (20) discussed above. For node (ke) the
lower bound of the objective function representing number of stations

needed is estimated as

zke-k-!-[!:tj /c ]R (2)
J4 ¢A111,A212,...,gke
where notation [g]R indicates the lowest integer > g. The equations (1)
and (2) express lower bounds on the total idle time and number of statidns
respectively for a particular node. The two bounds are equivalent and
henece computationally one method does not have an advantage over the

other.

Approximate Methods

We now consider a few of the approximate methods. They mainly
cater to the neede of previding good approximate solutions and treating
1ine balancing problems with special constraints such as Zoning Con-
strainte, 'two-man" tasks, variable performance times and multimodel
sequencing etc. Approximate methods have been proposed by Kilbridge and
Wester (21), Tonge (32), Hoffman (17), Mansoor (24), Moodie and Young (28),
Arcus (1) and Helgeson and Birmie (15). The method of Helgeson and
pirnie is presented here because it is used in the algorithm presented

in this thesis. The method of Arcus is summarized as it has achieved
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good computational efficiency, For a discussion of the other heurilstic
methods we refer the reader to review articles (7), (18), and (33).

In the Yanked Positional Weight method of Helgeson and Birnie,
priority ia given to elements on the basis of their positional weights.
The positional weight of element Jk is W = ¢t + jsé?ﬂ) where V(k) =

‘{leJk << Jj}. The elements are ranked in the order of their positional
weights, the element with the largest weight coming £irat, One proceeds
to assign elements in the order of racking. If an element takes longer
tiian the time remaining in the station or violates precedence relations
it 1s passed over and the next elemeni 13 tried. Thia process is
continued until no more elements can be assigned to the station. The
computational effort in obtaining the solution is minimum and it gives
fairly good solutions. Hence this method has been used to provide good
initial solution in the procedure used in this thesis.

In the technique developed by Arcus (1) called COMSOAL {Computer
Sequencing of Assembly lLine Balancing) the essential idea is the random
generation of feasible Bequences. For any given partial sequence there
are certain elements which can be selected next on a probabiliatice
basis. These probabilities are spacified by several heuristic rules and
are modified as the solution procedure progresses. As the sequence is
being generated, elements are assigned to stations. A large number of
sequences (1000 in his program) are generated in this way and those which
give the fewest number of stations are chosen. Certain amount of duplica-

tion of sequences occur since many sequences yield the same combination

of elements for the stations.
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CHAPTER III

ZERO-ONE INTEGER PROGRAMMING FORMULATION OF

ASSEMBLY LINE BALANCING PROBLEM

Integer Programming is one of the exact methods which has been
proposed to solve the agsembly line balancing problem. Bowman has given
two formulations for this problem, The first formulation uses general
integer variables and is discussed below. The second formulation is a
mixed integer formulation and is treated later in this chapter. White (35)
has modified Bowman's first formulation by using zero-one integer variables
thereby reducing the number of variables and constraints. Yet Ignall (18)
and saveral others consider these formulations as impractical even for
moderate sized problema. In this chapter we present some modifications
to the formulation of Bovman-White which reduces the number of conatraints
greatly and enables preoblems to be solved in computer requiring leas
computing time compared to other exact methods,

First we consider the Bowman-White's formulation. Let

fi if element JJ is assigned to station Ay,
b &

‘0 otherwise,

~

t, = performance time of element Jj,

C = gycle time,

N R
M, = minimum number of stations required given by[;z tjfc] ,
=]
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where notation |3|R indicates lowest integer > g,
M = upper limit on the number of stations,
1(q) #l{pIJp << J  and there is no element J, such that J << J
and J, << Jq}. t.e., J; 18 an immediate predecessor of Jq,
Hq = the number of elements in Ilq).

N
R w I Hj, 1.e., the total number of immediate precedence
1

J-

relations.

and ¥ -'{jlj*I(q), g=1l,...,N} i.e., 5et of elements having no followers.
The requirement that the total time of elements assigned to a work-—

station be lesa than the cyecle time is expressed as

I t ¢, 1=1,.,..,M. (3):
Pl et

The constrainteg below assure that all the elements are performed:

M
Ioxgy =1, Jel,..N (4)
=l

The precedence relation between Jp and Jq wvhere JpcI(q) is expressed

by

k
xkq é 1!:1 Hp, k-'l. L] ’Hg (5)
L)
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Thus to express R precedence relationships MR equations will be required.
Equations (3) through (5) represent M + N + MR constraints of the
problem,

The objective function (to be minimized) of this linear program

takes the form:

M N
minimize == L L co:%p4s
jui gy WU
(1-M,-1)
where -t I ot +1 y 1 =M +1,...,8,  (6)
°13 = % [m‘k J Yo

and jeF,

= (0 otherwise.

The purpose of the above objective function is to make later stations
exceadingly costly and to agsign the elements to the earliest station
poesible on the assembly line. Stations 1,...,Mb must certainly be used
and need assume no cost. Only elements with no followers need positive
costs in the objective function, 1.e., they may be last on the line. The
nature of cost explosion is to make one unit of a later assigrmment more
coatly than the sum of all preceeding station assigmments,

It is observed from Equation (5) in order to express the precedence
relationship between the two elements, as many equations as the nuwber
of stations are used. We will show below that only one equation is
adequate to express the precedence relationship between two elements,

greatly reducing the total number of equations required.
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it JpaI(q), then the precedence requirement can be completely

gpecified by

i=M
T X, - x > 0 7
=1 (uip 1p “1q 1q) & » ( )

where Mips My, are nonnegative numbers satisfying

>
Mip & Miq > Mggy,p » IoheeeeoMs and iy p 2 0 ®

We will now whow that sets of equations (3), (4) and (7) completely

specify the restrictions of the problem.

Remark 1: Given a solution X = [;13], i=l,...,M, I=1,...,N, zij =0 or 1
to equation (4), then equation (5) 1s satisfied iff equation (7) is

satlisfied.

Proof: We first prove that Equation (7) implies Equation (5). Suppose
k

the kth equation in (5) is not satisfied, i.e., 151 xip < g’

Noting Equation (4), this implies that Xqp ™ 0, i~1,...,k, and Xeq ™ 1.

Henca noting Equation (4) and Equation (8),

M M
oGy, x, - ¥ )= I u X, - M
my ap7p T Mage? T e Map¥ip 7 Vg

h uk+1:£ = g < 0, which violates Equation (7).
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On the otherhand Equetion (5) implies Equation (7). Suppose Eq.
(7) 18 not eatisfied. Noting (4) and (8) this implies xrp = 1 and
xkq = 1 for a specific r > k. Now considering the kth equation of (5),
we Ret

k
T x, - xkq =0 ~1<0, g contradiction.

=1 1P
This completes the proof.

It may be noted that the solution to Equation (8) is not unique.

A convenient set of values  would be the location of the atation
counted from backwards i.e., "13 mM~41441, In this case Hey is
independent of the elements Jj and depends only on ssation 1.

With the modifications discussed above the total number of
equations to completely state an -agsembly 1ine balancing problem reduces
from N+ M+ MR to N+ M+ R, If it is assumed that the average number
of elements per station denoted by K remains constant even when the
total number of elements increase, then M is approximately equal to N/K.
The total number of Iimmediate precedence relations is of the same order
as N and can be expected to be less than 2N (and this was empirically
checked for a few problems). Eence the number of constraints in the pro-
posed formulation increases linearly with N whereas in Bowman-White for-
mulation it increases approximately to the square of the number of elementa.

Next we consider a method to raduce the number of variables.

From the maximum number of stations and the precedence relations, we

can determine the earliest station Ek and the latest station Lk for an
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alement Jk as follows.

R
w (( = + t,.)/C .
" [_ isP?ﬁ) i }

F
= M- |( Lty +¢t )lé}
" [ iaV(%) k ’

where P(k) = {jIJj << Jk}’

v(k) = {3]3, << Jj}.
[ﬁJR » the lowest integer > g,

and [g]F = the highest integer x g.

Hence the number of variables required cuv describe the assigmment
of element Jk to & station ia L, - Ek 4+ 1, and the total number of

variagbles regquired to express the problem iz reduced from MY to

N
I (L, - E + 1).
k=] L k

An exsmple for the above method is presented in Appendix II,
The number of variables required to deacribe an 11 elemﬁnt problem drops
from 66 to 42. In general the number of variables required to describe
the problem will depend upon the maximem number of stations and
pracedence relations.

The above method of reducing the number of varisbles has not been

incorporated in the computer program used to solve assembly line balancing
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problem, The main utility of the sbove method is to reduce the memory
capacity rather than the overall computation time,

We will now consider the second formulation of Bowman where an
asgembly line balancing problem is expresaed as a mixed integer program-
ming problem. Comparison of the number of equations and wvariables with
the formulation presented earlier will be indicated later. ILet

N

T= I ty,
:}-1j

Vj = the starting time of element Jj,
a c¢continuous variable,

11f Jie is started first,

Teqa ™
] 0 1f Jj is started first,

where Jk and Jj are elements such that neither Jk << Jj nor Jj << 7, and
k

uj = gn integer variable
such that 1f uy = k then element Jj ias performed in the k + 1th gtation.
The precedence relations are specified by the following comstraints:

vy + L om Yy, 1e1(y), 31 = 1,...,N.

To prevent two elements not ordered by precedence relations (i.e.,

neither Jk << Jj nor Jj << Jk) from ueing the same clocktime, the

following constraints are required.



T+ (L-y )+ v -v) 2 .

The following set of constraints ensure that the atations are not
overloaded and one element i3 not split between stations but assigned to

one workstation only.
+ < + an » C“ -
Uj tj - C(UJ 1) d vj - j, j lgolu’N

The objective function is to minimize a (continious) variable d
representing the clocktime at the completion of the last element in the
sequence. Clearly we must impose the following restriction on all

elements without any followers whieh we have already denoted by a set F.
vyt oty Sd, JeF.

In the above mixed integer programming formglation there are
2N + Q + 1 variables .and R + 2Q + 2N constraints, where G is the total
number of unordered pairs of elements for the given problem and R ig the
total mumber of immediate precedance relationships defined earlier in
this chapter,

For N elementq the maximum number of unordered pairs can ba
N{N - 1)/2. Let p = QI[ﬁ(N—l)/ZJ . In assembly line balancing problems

encountered in practice the value of p ranges between 0,15 to 0.85.(25),

19

Since Q 1s large compared to N, the nuwber of variables in Bowman's second
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formulation is given by Q= p N{(N-1)/2 = p N212 neglecting small order
numbers, Let K be the average number of elements per station. Then
M~ N/K and the number of variables (l1.e. MN) in our formulation is
approximately N2/K. Bowman's second formulation 1s likely to have more
varisbles compared to our formulation if Kp > 2, which 1s usually
satisfied for most of the problems. The number of constraints in
Bowman's second formulation are much larger compared to ocur formulation
since 20 + 2N + R > M+ N + R. For a 45 element problem (33) Bowman's
second formulation requiraes 655 variables and 1275 constraints compared
to 450 variables* and 117 constraints for the formulation proposed in

this thesis.

#This does not consider the reduction in number of variables by the method
suggested earlier in this chapter.
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CHAPTER 1V
SOLUTION PROCEDURE

In the previous chapter an improved gzero-one integer programming
formulation has heen suggested for an assembly line balancing problem.
There are a number of algorithms reviewed in (12) for solving zero-one
integer programming problems. The algorithm used ip this thesis follows
basically the Balas' additive algorithm as modified by Geoffrion (9).

In this chapter we summarize the above algorithm and discuss the various
simplifications made in its various steps to take advantage of the
special atructure of the problem and thereby reduce computation time.

A zero-one integer programming problem can be written in the form

N
min I cjxj

a-t- bk + 521 aijj >0, kewl,...,m, (P)
xj = 0orl, j=l,...n.

To understand the Balas' algerithm certain definitions are useful. A

partial solution S is defined as an assignment of binary values to a

subset of the variables. Any variasbles not asaigned a value are called

free. An element j(~j) of § indicates that x4 takes on the value 1(0)



in the partiael solution. The order in which the elements of S are written
is used to represent the order in which the elements have been generated.
A completion of a partial solution 8 is defined as a solution that is
determined by § together with a binary specificetion of the values of the
free variables, An element belonging to S may or may not be underlined.
The significance of an underline at the Ktk position (ecounting from left)
is that all completions of the partial solution up to and including the
kP element complemented (i.e., multiplied by -1) have been accounted for.
A partial solution is said to be augmented when a free varigble is
asgigned a fixed value,

For a given partial solution it may be possible to find a feasible
completion that minimizes the objective function among all feasible
completions. Secondly it may be possible to determine that the partial
solution has no feasible completion better than the current best known
feasible solution. In either case we say that the partial solution has
been fathomed. Onece a partial solution is fathomed, the impliecit
enumeration echeme backtracks to a partfal solution which will allow
further augmentation. When this occurs attempt is made to fathom the
new partial solution.

The feasibili{ty tests usually include tests for binary infeasibility
and conditional binary infeasibility, A constraint is said to be binary

infeasible if it has no binary solution and ie said to be conditionally

binary infeasible if its binary feasibility is contingent upon certain

of the varisbles taking on particular binary values, It is easily
verified thet B8 +Ejujxj 2z 0(>0) 1is binary tnfeasible 1ff8 + Zj nax

{0, a;} < 0(g0); and B + I, max {0, a,} - |u ‘I < 0({g0) implies
b k| h| 3



xj = 0 or' 1 according as ujG < ora e 0, in any binary solution of
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g+ Zjajxj z 0 (>0).

Associated with eny partial solution S5 is an integer program (PS)

involving the free variables only.

: s
Min Z 4+ T  e,x {(r)
is 13 5
subject to bks + jis aijj 20, x.1 =0orl

where notation jeS(§5) refers to the fixed (free) variables,

S- S-
z z cjxj and bk bk + I aijj

jes jes

The flow chart for Geoffrion's algorithm is given below which 1s
basically the diagram given in (9) except that step 2z has been added.
This step corresponds to the conditional binary infeasibility tests
where certain free varisbles are required to be zero or one to ensure

feasibility.

23
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‘ ' Yaeb-
k=l,...m//
“no
1b : 1
Put TS={j free: 254 cj< 7. and A 5 > 01
for some k such that bi < 0} ‘
lc t

S .
* M« {
/b.K + szTsndx_o,akj} <0 \_ Jes

Q
\\some k such that bﬁ <ty

/

no

2 L

. 8 4

then set
. x.‘—

jo ], .
1 if akj < 0,

0 if akj > Oc‘

for k=1,..,mn." If any variable has

been set cqual to 1, go to la. Other=
wise proceed to Zb.
(b) Augment S by joETS which maximizes

m
b mih{bﬁ + a, +,0} over all jeTd,
_ J

k=1

Go to la.

Figure 1.

if ZS < Z, then
7 + ZS and
§ < §

3

Locate the right most
element of S which is

not underlined. If none
axists, terminate,
otheirwise replace the
element by its underlined
complement and drop all
elements to the right.

Flowchart of Geoffrion's Algorithm
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It may be observed that the above algorithm requires that the
constrainte be in inequality form whereas the formulation discussed in
Chapter III involves equality constraints. PFPurthermore the problem has
certain speeial structure which can be taken advantage of. After a
discussion of these aspects below we will then develop a simplified
version of Geoffrion's algorithm to solve an assembly line balaneing
problem.

y In the formulation presented in Chapter III, Equation (4), 1.e.,

I =44 =~1, J=1,...,N, are equality type constraints. Balas (2)
i=]

suggests replacement of equality constraints by nnequality constraints

giving Equations (9) and (10) below in place of (4).

¥
1- £ x,,20 , 3=1,...,N, 9
1wy 1
and
M
1- I x50 , 3=1,...,N. (10)
1=1

The following remark enables us to substitute the constraints in

(10) by a single constraint

M N
N- & T Xgq & 0 . (11)
i=] 4=l

Remark 2: Given X = [?ij}’ X4y Oor1, i=1,,..,4, j=1,...,N, satisfying
Equation (9), then Equation (10) is satisfiediff Equation (11) is

patisfied.
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Proof: We first prove that LCquation (11} implies Iquation (10). Suppose

Equation (10) is not satigfied. Then

M

1- I xi>0
1=l 3

for some § = 3,. From Equation (9), we have

M
I (1- = xij) 20 .
jnjo im]l
On adding,
N M
N~ E B >0
4=1 im1 4

which contradicts Equation (11). Hence Equation {11) implies Equation
(10). On the otherhand adding Equations in (10), we find that
Equation (10) implies Equation (11).

Thus the following constraints fully describe the assembly line

balancing problem.

(12)

M (1-M°-1)
Min z z - I t,. +1
1=M 41 JeF M5 [k:F k ]
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subject to
N
C - z t4X z 0 1-1,...,M (13)
j-l j ij » L]
M
1 - E xij z 0, j-lguou,N, (1&)
i=]
M
L M-1+41 - >0, I 15
A ( ) (g xiq) 2 pel(q) (15)
q=1,....,N,
M N
and N+ I L om0, (16)
i=]l 4=l

lLetting m = M+ H 4+ R+ 1 the above equations can be written as,

M N
Min E b e, ,X
im] im] 13743
M N
.'tc bk + E 5 x z 0. k-l,.--,m.
ja1 ge1 ®k14%14

In the above equationa, k=l,...,M, refer to (13), k=M + 1,.., M refer
to (14) and k = M+ N+ 1,..., M+ N + R refer to (15) and k = n, refers
to Equation (16).

We notice that the matrices [bkl and [‘kij] have special structure
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in the integer programming formulation cof the mssembly line balancing
problem., This ie summarized Iin Table I. The cost coefficients of the
vﬁridbles are such that only few of them are positive and the rest are
all zeroc. Now we will discuss the modifications of Geoffrion's algorithm
to take advantage of the special structure.

Given a partial solution §, we have already defined

5
by = b, + T x s
kT Py (1,1)eS Bea4™14

go that we must have

s
by + b x, . 20,
IV TERL S

Under the augmentation procedure adopted (discussed in detail later) we
would like to show that 1f bs + Bgs < 0 for gome k = 1,..., m~-1, then
k ij
x4 must be equal to zero for feasibility.
For showing this we first prove the following remark., The terms
partial solution and completion used in this remark have already been

defined earlier in this chapter.

Remark 3: Consider Equations (17) and (18) below in binary variables

Xi§ ,

M
1- 3 >0 ,  4=1,...%, an
w1 1
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——— e s o
Equation k bk ‘uij s Iml, ... M,
j'l,..-,m.
4
01241 4k, all §
LO---K C’B -
.k” ' < 0 otherwisa.
1, g=k-u, all s
mlivlam 1 %
.kij LO othervise
| lf Mg+l , § = p 4q
? ML, . MR 0 %44 w< ~(U-14i), § = q
_ o b + g
Henece ’kip - ‘kiq > .k1+lp- _'k,i-l-l,q
a ~N

'nij =1, a1}l t,].

Table I. Coeffietents bk and Gy i for the Integer Progrsuming

FTornulation of Assembly Line Balancing Problem.,
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M N

z z x,, >0, (18)
f=1 ge1 KA1

((M"i""l))(‘, I=p .

8gey * ﬁ 0. i4r.9, (19)
i~(M-141) <0, J=gq.

Let S define a partial solution which does not violate FEquations (17)

or (18) and let

If for some (1,, 9)4S,

then x

14

(+]

8
b, = X Ry, . (20)
BT g 9)es fe15%13
(1) b4 apy g <0 (21)
k kioq ’
1 xg $1forall 1>1 , (22)
(111) (1,3)eS for 1 <1 - 1 and all j , (23)

= 0 in any completion of 5 satisfying Equations (17) and (18).
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Proof: Suppose xiq = 1 for some i + i,. Then obviously xiaq = (0 to
satisfy Equation (17). Hence we need to consider only cases where

X4q + 1 for all 1. Note that in general
% $ 1 implies xgq = 0, 41if (i,§)e8 - (24)

Now, since Xiq + 1, noting Equation (19), we get from Equation (20) ,

s
b, = b
BT (g,pyes AP P

But from Equation (21) and (19), by < - Betpq ™ Yrop FoRCe Xy 1 for
1 <1 since Equation (19) implies &ip > P q41,p0 BUt I $1,
for 1 > 1 from Equation (22). Hence xip +1, t.e., xyp = 0, (1,p)e8
from Equation (24) giving bﬁ = g,

Now suppose xioq = 1. Then obviously wa do not have a feasible

completion if

8
k" Rt g m”‘[(i’j)es 1y 13:|

8
But bk = 0 and akioq - - (M -~ io 4+ 1). Further from Bquation (19),
a4 0 only for {1 = p, and Xy = 0, 4 <1, from Equation (23) and our

proof that Xyp = 0, (1,p)eS. Hence noting Fquation (17), the last term
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in Equation (25) is less than or equal tﬁ ak,1°+1,p - (M—io). Hence
inequality in (25) is satisflied and hence we must have xioq = 0, This
complets the preof.

Our solution procedure discussed later ensures that the hypothesis
of Bemark 3 is satisfied. ience b: + akij < 0 for some k = M¥NHL,.,.,
MHN4R, implies x11 = (3. Furthermore the solution procedure ensures
bz %0, ke=l1,...,m»]l, at every stage and akij &£ 0, kml,...,M#N, i=],...,M
and j=1,...N., Obviously then if b: + akij <, kel ... ,HHN, we muat
have xij = 0, since otherwise there is no way to get a feasible completion.

It may be noted that in equations k = #1,,..,MN, 1f some
xidj = 1, then xij a 0 for all i + i,+ Since this rule of sugmentation
is very simple and augments several varisbles at a time these constrainta
have been treated logically rather than use the conditional binary
infeasibility tests. Incidentlly this reduced the storage requirements
for solving the problem by about 25%.

It may be further noted that for some k, if bg 2 0, then

S

bk + akij < 0, only 1if akij < ., From Table I, akij <0 only for 1 = k

in the set of equations from k = 1,...,M, and for H A equations among

q
kw1, . . . ,MHHR, where Hq is the number of eclements which immediately

precedes any given element q and

as defined earlier in Chapter III.
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We will now show that certain other steps in Geoffrion's algorithm
ghown in flow diagram 1 can be eliminated or simplified. In step la,
gince we always maintain b: a2 0, kml,...,m-1, only the last equation
needs to be tested. Step 1b is designed to select variables for which
2% + ¢y < Z and a4y > O for some k with by < 0. In our algorithm
bE <0 for only ¥ = m and Y 1 for all {1 and j. Hence the selection
of varisbles reduces to testing ZS + 44 < Z. Agein in step lec,

usually
]
> bm

I a
(1,3)¢s ™1

(except when a large number of Xq4 are set equal to zero in Step 3» and
3¢ of the proposed algorithm discussed later). Hence the test is
saldom effective and is not included in our algorithm. As discussed
earlier we have simplified the conditional binary infeasibility test
given in step 2a.

Now w2 coneider gtep 2b of Geoffrion's algorithm. We have

§
k

infeasibility teat, we have set already Xy 0, for wvarisbles which

b + 844 & 0 k=1,...,m-1, for all 1,3¢S since by the conditional binary
violated the sbove condition. For kem, by + a_, g b5 + 1 for al2
(1,3)&5. Thus the test failas to discriminate among variables in the
extent by which infeasibllity 18 reduced. Hence the test is not used
in our proposed algorithm.

In addition to the simplifications discussed above in the various

steps of Geoffrion's algorithm an additional step for calculating a
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lower bound on the objective function of the fessible completion is added
in the proposed algorithm, This is obtained by first finding the
revised estimate of the minimum number of stations needed, denoted by

12. The lowar bound i3 then computed from

= ZS +c

est

where tjf « min t i.e., ij is the element without followers and with

jeF ¥’
the least performance time. This will ensble us to fathom a partial
solution wven when a few variables have been assigned binary values.
We will now describe the algorithm, Initially b: 20,
k=l,...,m~1, and bi < 0. The following sequence ¢ is used in the

sugmentation steps 1 and 3a below,

a:(xll, le""xlﬂ; 321""’x2N;"';xM1""’xHN)

Procedure:

Step 1: Start from an initial feasible partisl solution So and Z cbtained
by a heuristic method satisfying Equations (22) and (23) of Remark 3 where
(1°q) is the left most free varisble in sequence o. Go to stép 7.
(Otherwise one can start from 8, = ¢, Z = E g Ciq In such a case, set

10 «1, i, = 1 and proceed to step 3b.)

Step 2: If bg 2 0, go to step 6. Otherwise go to step 3a.

Step 3a: Select the left most free variasble in sequence ¢, say xiljl' % 4
1, = 1,, set jo = j; and proceed to step 3b, If i, > 1, proceed to step 4.

Step 3b: If 25 + ciojo > % or bi + akioj < ( for some k=1,...,m~1, then
o
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set X 3 = 0 and return to 3a. (Note: As discuseed earlier only 1+H
olg

equationg have akioj < 0 and need to be checked.) Otherwise proceed
[+]

q

to step 3c.
Step 3c: Set Xiojo = 1 and xijo = 0, for all 1 ¢ 1, and (i, jo) §s.
Return to step Ja,

Step 4: FEstimate the minimum number of stations iz given by

R
i. =1 + (% ¢t /C
2 ‘o [;BP h| J

P -'{jlxij $ 1, for any 1} .

where

S min
- -+ = . .
Estimate the lower bound Zest b4 cizjf and tjf jeF tj Go to step 5
Step 5: If Zogt * Z, then go to step 7. Otherwise zet 10 - 11 and

return to step 2.
Step 6: 1If 75 < E, then aset Z = ZS and store the corresponding partial
solution as §. Go to step 7.
Step 7: Locate the rightmost element 2049 of S which 1s not underlined.
If none exists terminate. Otherwise replace the element by the underlined
complement and drop all other elements to the right. Set 1, = 1; and
return to step 2.

The above steps are represented in a flow diagram shown in Figure
2. 1In step 1, of the procedure, an initial feasible sclution is obtained
by a simple heuristic method of Helgeson and Birnie (15) described in
Chapter II, Their technique iz executed basically with the same steps

as described ahove except that the element numbers are replaced by the
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ranks of the elements which are based on thelr positional weights. Since
we do not have a good bound 7 at the beginning we omlt steps 4 and 5 while
executing the above method. The steps in the above heuristic method are
such that the partial solution representing the initial feasible solutlon
patisfies the conditions Equations (22) and (23) of Remark 3 where we

let (ioq) to be the left most free variable in sequence g. We have

not represented the details of the heuristic method in the flow chart
given in Figure 2.

Block 8 in the flow diagram represents the reading of data for
asgembly line balancing prohlem. Block 9 represents the cileulations
made to get the coefficients bk’ cij’ and akij for the integer program-
ming problem,

We now consider the usefulness of surrogate constraints to the
integer programming formularion of the assembly line balaneing problem.

A surrogate constraint is obtained by a nonnegative linear combination

of the original constraints plus the constraint (z - cijxij) where

T
(1,1
Z ig the value of currently best known feasible golution of (P). }ore
precisely each surrogate constraint has the form U(b + AX) + (z -
(ifj)cijxij)> 0 for some nonnegative m-vector U. The strength of a
gsurrogate constraint is related to its ebility to fathom a partial
golution represented by conditions 1b and le of the flow diagram given
in Figure 1,

‘To obtain the "strongest” surrogate constraint Geoffrion (10)

solves the following linear program.
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\\\ Read‘tj, 1(3), Pw(ji“_

/s

1

. 1 . 9
Calculate Cij’ by s akij for the
integer programning problen
.

Obtain a starting feazsible solutionm, 1
Store é ~ 5%, 7 « 2%,

4

2 5 ves
b, > 0.0 -
No d
3. G 1 -
Tor left most Xij¢s of 0, say Xiljl’ if i, » If ZS < Z,set

!io’ then 2o to step 4

%. Otherwise sct j_=j,. $«5, 72«2
A | I
Set x <~ 0 4if ZS +cs 5 > Zor bS +
2 iOJO 1 1030 ‘ ©
akiojo < 0 for any k=1,...,m-1, with akioj
< 0. Otherwise set XiOJO < 1 and all xijo +~ 0,
i + io. Repeat step 3.
[
i,=1 + re, /o] R 7 |
2 o J s ! t
x;431,for all i
q Locate the rightmost element
Zast™ ‘+cizjfwhere tjf=@1n t. Xiljiof S which is not under-
JeF lined. If none exists termi-
nate. Otherwise replace iqj4
by =193y and drop all elementsto
2 the right. Set i <« il'
el i + i »-l—-—-no Lo ,yes °
o "1 “est 1
Figure 2. Flowchart for the Proposed Algorithm
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Wn 1 ukbs +Z-22+ I w
u,w kel k (1,3)¢8 1
k=m (LPS)

fubject to “15-3 zk-l Wy = Cyq 13¢s,
Wy 20, 1348, w > 0, k=l,...,m,

vhere Wy are the dual variables of the constraint x4 < 1 in the con-
tinuocus version of the problem (P).

We examine the Kuhn-Tucker equations for optimality to the Problem
(LPS) and show under what conditions in assembly line balancing problem
we do not ebtain a surrogate counstraint,

- S
In (LPg), since Z - 2 is a constent as far as u and w are

concerned it can be omitted.. Hence the Lagrangian funetion for (LPS)

becomes
K S
Flu,w,A) » I “kbk + I vy
k=1 T 1348 3
m
- E Ays (w,, - L +c, )
14 13 Y4 7 Y1y T Sy
where lij are the Lagrangian multipliers.

The Kuhn-Tucker conditions are,
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by + AT (26)
1-24,20, 1548, n
U [bi + 1§¢s lijakijJ =0, kel,.,.,m, (28)
Y {1 - "13} =0, 13¢s, (29)
¥y 121 YRyt Sy 2 05 i¢s, (30)
"13 [wij - El Wy * c”:[ = 0, 1348, (31)

llk k 0’ k-l’.ocm, Wij ] 0, xij i 0. 1.1*8.

The conditions (26),(27) are exactly the same as the conditions

of the problem (Ps) in which 11:) replaces x There is one tc one

14°
correspondence between A:l.j and X4 and hence in further discussion we
will use x:lj instead of Aij in the above equatioms.

Let x = [xij] y i=1,...M, 4=l1,...¥ be a solution to Equations (26)
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and (27). u, =0, kel,...m, w, = 0, 1i¢S, satisfies Fquations (28),

i)
(29) and (30) since €44 Z0 (Equation (12), Chapter IV). It is also a

golution to equation (31) if
cijxij = 0, 1-1’--.M, j-l,‘-lN . (32)

From Equation (12) of Chapter IV we find that cij

1> My and jeF where M, is the minimum number of stations required and

> 0 only for

¥ 1s the set of elemente with no followers. The number of variables
whoge cyq > 0 forms & small proportion of the total number of variables
and hence in many cases the solutions to the LP problem would satisfy
Equation (32). In such cases since u, = 0, k=1,...M wve obtain(Z - <3
> 0 as a surrogate constraint.

Algo the optimalvalue of the objective function v(LPS) serves
as an useful lower bound for the partial solution § in other problems.
The lower bound calculated in step 4 of the procedure déscribed earlier
18 at least as good ar better than v(LPS) gince we allow fractional
solutions to LPg but not in step 4. of the procedure, The bound
calculated by step & takes very little calculation effort unlike the
LP solution.

For a few problems tested, the results point to the ssme conclusion
obtained above. ¥Yor 4 problems (up to 1l elements) we used the above
program with and without surrogate constraints calculated by linear
programming. The results are presented in Appendix III. The computation

time without LP 1s much less than the computation time with LP. We
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obtained (Z - Q%) as the surrogate congtraint in all the iterations it
was evaluated.

The program with LP" also required too much storage to solve
assembly line balancing problems with more than 15 elements. Even
eliminating the LP subroutine was inadequate from the point of view of
obtaining good computationel results comparable to other algorithms for
assembly line balancing problems. Hence the above modifications
suggested in this chapter were incorporated. The computational results

obtained with the modified program are presented in the next chapter.

#The memory capacity in number of words required by Geoffrion's
algorithm (8) is approximately nZ + n(3m + 18) + 9000.
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CRAPTER V

COMPUTATIONAL RESULTS AND CONCLUSIONS

In this chapter we consider the computational results of the
procedure discussed in Chapter IV. A computer program based on the above
procedure has been tested for a number of problems up to 45 elements.

The computing time for those problems are presented here and compared
mainly with other exact methods. Als¢ we compare the various methods

on the basis of their solution technique, and storage capacity needed.

The results presented here indicate the proposed algorithm compares favor-
gbly with other exset methods in computing time and storage requirements.

The computer program was written in FORTRAN V for UNIVAG 1108
computer with 60,000 word capacity. It ia based on (8) though it has
been modifted considerably as indicated in Chapter IV, The input to the
computer program for assembly line balancing problem includes the per-
formance times, immediate predecessors, the total number of immediate
predecessors and the positional weight of each element, Instead of
using the conventional precedence matrix which itself requires a large
storage capacity, the immediate predecessors of each element are
identified by a small matrix a3 suggeated by Moodie and Young (28).

The output gives the list of elements assigned to various stations
and the calculation time for intermediate stepe. The computer program

can handle asgembly line balancing problems for which M'N £ 450 and
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MR+ S 75%. The computer program together with sample input and output
are given 1i. Appendix IV.

The computstional results of this algorithm for 6 different problems
taken from varfons articles are given in Table II. The results show that
smaller problems up to 30 elements require computing time of less than
a second. The 45 element problem of Kilbridge and Wester (33) is solved
in about 5 seconds of computer time. Bigger problems could not bhe
solved because storage requirements exceed the computer core memory
capacityt available,

We will now discuss the reduction of computing time obtained by
the modifications suggested to Geoffrion’s algorithm (9) in Chapter IV.
From Appendix III we find that for 7 element and 11 element problem
{cycle times = 10) the computing times for Geoffrion's algorithm without
LP subroutine Was 0,152 and 3.758 secs respectively. From Table II we
find that the computing times for the gsbove problems by the proposed
algorithim 1s reduced to 0.026 and 0.853 sees.. Hence one can see that
computing times have been reduced by a factor of about 4 by the
modifications.

Direct comparison with other techniques i3 beset with number

of difficulties. The computation times depend upon the computer,

*The storege word capacity required for a general sssembly line balancing
problem is approximately M-N (HR+12) + (FQ) + 9000, wvhere Q = MaxHg,
q=1,...%, i.e., the maximmm number of direct predecessors for any element.

+Auxiliary storage devices like magnetic tapes can be used for large
problems but comparisons of computing time with other algorithms becomes
difficult.
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programming lenguage, availability and use of peripheral dévices,
proficiency of programmers, etc. Also we could not obtain test problems
for which computation times for all other methods are available. Henece
we make an indirect comparison with various other methods particularly
the exact methods citing computation times for the problems solved
using thelr algorithms.

Held et al. (14) report of a 36 element problem* with 13000 feasible
setg which has been solved in 20 seconds in IBM 7090 computer®*® by their
dynamie programming method without any approximation. Computer program
based upon thelr successive approximation method has solwved the 21
element problsm mentioned earlier in an a&eraga time of 0.6 seconds
in IBM 7094%% and the 45 element of problem wentioned earlier in 60
seconds of IBM 7060 (14). It must be pointed out that their program is
written partly in Machine language and partly in FORTRAN,

Gutjahr and Nemhauser (13) using thelr network method solve a 14
element problem with 710 feasible subsets approximately in 3 secs., and
17 element problem with €320 feagible subsets in 6 minutes in IBM 7090
using FAP language. The authors remark that their computer program has

not been optimized. Jackson's dynamic programming algorithm solves 20

* Unfortunately the 36 element problem was not available for a comparative
study.

**Auerbach Copperation’s comparison data for various computers indicates
that UNIVAC 1108 is about 7 times faster compared to IBM 709C and 3
times compared to IBY 7094,
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element probleme in about 20 seconds in IBM 7094 using FORTRAN IV (25).
Merteys (26) reports that his branch and bound algorithm takes less time
compared to Held, et al, for problems less than 10 elements but his com-
puting times are not available. He also reports that his algoritim requires
too much storage capacity for problems beyond 30 elements. The same
can be said for the branch and bound method of Jaeschke (20) though no
computational experience has been reported. The approaches of Salveson,
Bowman and Klein have not been computationally tested but one can see
that they will not be comparable to any of the above exact methods.

In the approximate methods Arcus (1) has solved the 45 element:
problem mentioned earlier in approximately 32 seconds of IBM 7090
computer. The other approximate methods (16), (17), (28), and (32)
take considerably more time for some of the problems given in Table IIT
for which they have been applied.

Comparing with other methods, it can be concluded that for
problems up to 45 elements the algorithm presented here is faster by
about 307 when coumpared to that of Held et al.(l4) and is much faster
compared to the other exact and approximate methods except to that of
Arcus (1).

Row the various basic approaches to the assembly line balancing
problem will be discussed. An assembly line balancing problem is com-
binatdrhal in nature and as the number of elements incresasesthe number
of feasible sequences increasesrapidly. Ignall (18) indicates that a
rough estimate of the number of feasible sequences is given by N!/2R
wvhere R is the total number of immediate (or covering) precedence re-

lationships.
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The actual mmber of feasible sequences in any problem is determined
by the strength of partial ordering. A quantitative measure of order
strength® 1s given by the ratioc of actual number of immediate and implied
precedence relations to the maximum number of precedence relations
possible. The later is given by N(N-1)}/2. The number of feasible
sequences are inversely related to order strength.

As discussed in Chapter II Held et al.{14) made use of feasible
sets instead of feasible sequences for storing the cost values of the
solutions. The feasible sets are less mumerous compared to feasible
sequences, But even the number of feasible sets increases rapidly with
the number of elements. A procedure for calculating the number of
feasible sets for a given assembly line balancing problem is given in (14).
For a 28 element problem given in (16) the number of feasible sets is
about 3 x 10°. Gutjahr and Nemhauser (13) also use feasible sets in
their method.

Branch and bound methods (20) and (36) and the dynemic programming
approach of Jackson (19) examine the various combinations of elements
that can be assigned to a station, Held et al.({l4) compared their
method with Jacksons method (19) and stated that Jackson's method
generally requires more computational effort than their mathod using
feasible sets though for amall problems Jackson's method is better
than that of Held et al. Mertens (26) reports tﬁat for problems up to

10 elements the branch and bound method requires less computing time.

*It is given by (l-p) where p 18 as defined in Chapter III.
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compared to that required by Held et al.

In solving the assembly line balancing problem by the algorithm
given in Chapter IV, the elements of the partial solution S to the
integer program are arranged In the order in which they have been
generated. Hence this spproach is equivalent to implicitly enumerating
the feasible sequences. Though the method uses feasible sequences
directly a muber of feasible sequences are implicitly enumerated by
the estimation of a good lower Lound.

It appears that in assembly line balancing problem a large
percentagé of computing time is spent not in calculations but in the way
the information is stored and retrieved as reported by Held et al.(14)
and Gutjahr and Nemhauser (13). The method suggested by Geoffrion (9)
and adopted in our computer program for storing S seems to be very
efficient in remembering the history of enumersation. This could be one
of the factors in making the computation time of our method leas than
that required for other algorithms.

There are a few parameters of the assembly line balancing problem
which 1nfluence the computing time for an assembly line balancing problem.
The important parameters are (i) number of elements (i1) minimum number
of stations (1ii) order strength. As expected, we can see from Table II
that the computing time increasses rapidly as the number of elements are
increased as iz true with all other techniques. From the results
presented in Table 1I, it would be difficult to judge the effect of
other two factors. A systematic study of a large number of problems
similar to that done by Mastor (25) is needed to isclate the effect of

various other factors.
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For the algorithm suggested in this thesis, the storage require-
ments lncrease approximately to the thilrd power* of the number of
elements assuming thet the numbers of elements assigned per station is
about the same. Also the storage requirement 1es independent of the
partial ordering of the elements. In other worde the storage
requirement will oot wary with the number of feasible sequences,
though during the solution procedure we implicitly enumerate the
feasible sequences. This is in contrast to the methods of Held et al,
(14) and Gutjahr and Nemhsuser (13)., The storage requirement for those
methods 1is dependent on the number of feasible sets which increase as
the order strength decreases (for a given number of elements). As
Table II indicates the nusber of feasible sets increases wmuch faster
than to the third power of the number of elements. Also one is able
to estimate in advance the storage space required much more easily than
compared to other methods.

There seeﬁ to be further possibilities for ilmprovement in the
computer program particularly in the area of backtracking. Also a
suitable cholce of programming language will be beneficial in reducing
computing time and storage. An approximate solution preocedure for
bandlfng larger problems by decomposition could be attempted. It may also
be possible to extend the integer programming formulation for handling

special constralnts like zZoming constraints and multimedel sequencing.

*Storage capaclty in our algorithm is mainly decided by macrix [aki]'
The no. of elemznts in ghe matrix is approximately given by i
(4841) (MN) which {s aN”.
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APPENDIX I-A

EXAMPLE FOR TINTEGER PROGRAMMING FORMULATION

OF BOWMAN AND WHITE

Figure 3. Pracedence Diagram For 8 Element Problem Taken
From Bovman (5).

The numbers inside the eircles denote the element numbers and

the values above the circle denote the performance times of the aelements.

Cycle time = 20 units
] R
Minimum number of stations =5 tjlc
| i=1
[ .?R
w [ 75/20 =4

Maximum numbey of stations - 7

(by a rough estimate)



51

Constraints

11:11 + 17:!12 + 9x13 + orenent 33,0 <20

1l1lx,. + 17x4n + 9%p0 + cues.t+ 3x < 20
2 22 23 28 —
1 8 (33)

112714' 17!72 + 9!73 * teeeet 3!78 hd 20

(34)

- o e wm e e me e e b ww wme me s ok mm me

xls + 228 + 338 * heenest K78 - 1

271 2 X395 Xy F Roy 2 Xg9l Xyy b Xyy + Rgy 2 Xgp5..

eree3Xyy + %59 + Xay + Xyt Xgy + Xy xRy 2 Xq93

¥lg 2 Xpq8 Xp F Xy 2 Xpgi m - - - -

(35

— s mm mE dm b R e B w4 MM A ER R Em M e Em am mR Ep R Wy ke me

- am mn AR R MR R AR am Ay wm Em Em AR s mm Mm 4w am Em mm M Em me s

sane 116 + x26 L T 176 -?—'278.

1(10::57 + 3x58) + 14 (10:67 + 3::68) + 196 (10!:77 + 3x78)
No. of constraints = 7 + 8 + (8-1) x 7 = 64

No. of variables = 56.



APPENDIX 1I-B
COESTRAINTS FOR & ELEMENT PROBLEM FOR THE PRCPOSED FORMULATION

Equations (33) and (34) of the previous formulation remain
unchanged. The precedence relations represented by Equation (35) are

modified as follows.

7x11 + 6x21 + 5x31 + 4x41 + 3x51 + 2x61 + xn

= (Txy, + 6%y, + 5%., + Axgo + 3x, + 2x , + xn) >0

71-:12 + 61{22 + 5% 2 + 4x42 + 3x52 4+ 2x62 + Xy9

3

+ 6x23 + 5x33 + 4!.43 + 3x53 + 2x63 + x73) >0

B T T T T T

+ 5"36 + 4x46 + 3x56 + 2x66 + 76

- (7:!:18 + 6xyg + 5x,0 + 4x&8 + 3xgg + 2x. o + x78) >0

X

Hence the total aumber of constraints are

=7+8+4+8=23,

Number of varlables are zame as above.



APPENDIX II

NUMBER OF VARIABLES BY PROPOSED METHOD

Pigure 4. Precedence Diagram for 11 Element Problem
from Ignall (18).

The numbers inside the circle denote the element numbers and the

valueg sbove denote the elemental times.

Cycle time = 10 units.

Maximm No. of stations - &



Element Ity §(2)+tﬁg Eja Zti i(5)+tj*ELk=M- Ly -Ep+1
Nunber | cP (k) ROV TN oy rc]”
W@ ® : W e @ o | ®
1 0 6 1 1 40 46 2 2
2 6 8 : 1 17 | 19 5 5
3 6 11 ! 2 12 17 5 4
4 6 13 ! 2 12 19 5 4
5 6 711 12 f 13 5 5
6 8 10 1 15 : 17 5 5
7 19 22 3 9 } 12 5 3
L8 110 16 2 0 [ 15 s 1 4
9 22 27 | 3 4 1 9 6 4
10 16 21 3 4 ' 9 6 4
11 b2 46 - 0 | 4 6 | 2 |
< - 1 ‘Total = 42 !

Table III: Calculation of Number of Variables Required for
Assembly Tine Balanciig Problem by Proposed Method.

The total number of variables required to describe the

problem by the proposed modification = 42
The total number of variables required by White's
formulation i.e. (MxN) = 11x6 =

Reduction in the number of variables = 24.



RESULTS OF

APPLRIIDIX IIT

ASBFMBLY LINE BALANCIHG PROBLEM USING GEGFFRION's

COMPUTER PROGRAM TOR ZLRO-ONE INTEGER PROGRAMMING

35

| With LP (once in |
No. of iCycle | No, c»f.s No. of |No. of Without LP 8 iterations)
Elements [Time Stations Variables jConst. [Computing ; Computing!
Time in | No. of Time in ¢(No. of
"N C M n m_~ Seconds® ‘Tterations Seconds* ;Tterations:
| i
5 10 1 3 15 14 0.078 ! 11 0.106 15
| |
7 10 4 28 18 ¢.152 I 29 0.964 75 ;
9 10 4 28 25 0.715 | 63 whd
11 10§ 6 36 31 {3.758 ! 223 ke

# not including time for generation of coefficients

%% exceeded the maximum time limit of 500 scconds
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APPENDIX 1V
COMPUTER PROGRAM

The:code used to obtain the computational results reported in
Chapter V 18 presented here. The present form of the code has been
obtained by modifying the code for zero-one integer programming by
Geoffrion (8) incorporating the various modifications discussed in
Chapter IV.

The program is currently dimensioned te use 60,000 words of core

in such a way that the following limits must be chbserved:

M - N < 450

M+R+1<75

If the program is to be redimensioned for any reason, such as the
availability of additional core, it will be useful to know that the

number of words required is approximately
M+ N R+12) + (N + Q) + 9000.

where M, N, R, ¢ have been defined in Chapter III,
Next we discuss the input data cards, the information required

and the formats used to solve an assembly line balancing problem.
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INPUT

The following data cards appear for each problem to be run,
{a) option parameters card
(b} problem parameters card
(¢) element data cards
(d) last elements card
(e) blank card.

Problems can be stacked by repeating cards a through e.

Option Parameters @ard

The input option parameters are:

KENUM When intermediate cutput i3 used (NOP = 0), the fraction
of all 2® possible solutions that have been implicitly
emmerated ig printed out every KENUM times that back-
tracking occurs., KENUM =20 {3 reasonsable.

MAXT Terminates calculations after MAXT seconds.

NOP If equal 1, intermedfate output will be suppressed; if equal
0, intermediate output will appear. Normally NOP will be
set at 1,

H1l,H2, Arbitrary problem identifiers.

The fields and formats of the parameter card are as follows.



Parameter: Column: Format:

KENUM 1-5 Integer
MAXT 6-10 Integer
HOP 11-15 Integer
H1l 18-23 Hollerith
H2 24-29 Hollerith

Problem Parameters Card

The problem parameters are:

NEL Nurber of elements

NRM Maximum number of predecessors for any slement in a given
problem,

ST Maximum number of stations.

MINF Number of elements without any followers.

CcT Cyela time.

The fielda and formats of parameter card ara ag follows.

Paremeter: Column: Format:
NEL 1-5 Integer
NEM 6-10 Integer
NMST 11-15 Integer
MINF 16-20 Integer

CT 20-28 Floating point
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Element Data Cards

The cards for the elements should be arranged in the same serial
orxder as the numbexing of the elements. Omne card is required to give

the detgils for one alement., The data given for each element are

J Element number
TEL{.J) Performance time of element J
PWT(I) Positional weight of element J, calculated by method

described in (15) from the Frecedence relationships (the
program given can be modified to do these simple calculations).
NPR(J) The elements which immediately precede the given element J.

NPR(NRM1) The total number of immediate predecessors for the element J.

The fields and formats of the above parameters are as follows:

Parameter: Colunm Format:
J 1-3 Integer
TEL{J) 4-10 Floating point
PRT(J) 11-18 Floating point

For NPR(J), the element numbers are represented uging I3 FORMAT i.e.,
19-21, 22-24,...,ete. until there are no non-zero values. NPR(KRM1) is
given using I3 format in columns ranging from 18 + NRM x 3 + 1 to

18 + NRM x 3 + 3.
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Last Flements Card

The numbers of elements which do not have any followers are

entered using integer format I5, i.e., in, 1-5, 6-10,...,ete.

OUTPUT

The preliminary, intermediate and final outputs are as follows.

All the input data are printed in the output.

If NOP = ( intermediate output is produced to reveal the data
generated for the integer programming problem, the inftial solution
generated by the ranked positional weight method, and the course of the
calculations,each feasible solution found, and a summary of progress
to date after each KENUM 'backtrackings', Since this information is
likely to be of little incremental value to the user over the final
input information, no detailed explanation ia given hare.

The final output gives the following: the problmm designation;
the message ‘'implicit enumeration complate' or "time exceeded"
according to whether termination did or did not oceur within MAXT
seconds; the total execution time for 0-1 integer programming problem
in seconds; the objective function value; some statistical information
on the course of the algorithm, such as the number of feaaible solutions
found, the number of iterations and the time at which last feasible
solution was found; the final solution to the assembly line balancing
problem giving the station numbers and the elements assigned to each
gtation; the time taken for generation of coefficients, the time

for obtaining initial solution and the total time for the solution
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beginning with the assembly line balancing problem dats to the final
solution.

The liberally commented program together with the input and output
data for the 43 element assembly line balancing problem taken from (33)

are given below.
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