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SUMMARY

We present automatic tools for configuring and deployingtiatabot networks of
decentralized, mobile robots. These methods are tailorédtetdecentralized nature of the
multi-robot network and the limited information availaltteeach robot. We present meth-
ods for determining if user-defined network tasks are féasibinfeasible for the network,
considering the limited range of its sensors. To this enddefne rigid and persistent
feasibility and present necessary andfisient conditions (along with corresponding al-
gorithms) for determining the feasibility of arbitrary,arsdefined deployments. Control
laws for moving multi-robot networks in acyclic, persistdormations are defined. We
also present novel Embedded Graph Grammar Systems (EGG)dadinating and de-
ploying the network. These methods exploit graph represiemts of the network, as well
as graph-based rules that dictate how robots coordinaitecibrgtrol. Automatic systems
are defined that allow the robots to assemble arbitrary;desimed formations without any
reliance on localization. Further, this system is augnetimedeploy these formations at
the user-defined, global location in the environment, dedjpnited localization of the net-
work. The culmination of this research is an intuitive sa@ftes program with a Graphical
User Interface (GUI) and a satellite image map which allosersito enter the desired lo-
cations of sensors. The automatic tools presented herenatitally configure an actual

multi-robot network to deploy and execute user-defined agiwasks.

XV



CHAPTER 1
INTRODUCTION

This work originated with a National Aeronautics and Spadevistration (NASA) project
to implement a wireless sensor network as a multi-roboesysi he premise is that NASA
scientists will use a sensor network composed of mobiletofmalledSnoMoteksto take
meteorological sensor readings across ice shelves in &itar These sensor readings
will be used as data points to validate global climate moert$to better understand the
impacts of global climate change.

Working in Antarctica is extremely hazardous and expensitech makes the use of
robots a viable alternative to the use of humans. The NASAnsisits should not need to
know how to use mobile robots to perform coordinated nawogat-urthermore, manually
configuring each robot for each network task becomes expersith in terms of time and
personnel. Automatic methods for configuring and deployiregSnoMotes are required.

According to specifications, the sensor network should be mbautomatically con-
figure and deploy itself to take sensor readings with usénele spatial resolution, and to
report back relevant measurements using communicatiomelf&a Also, the robots should
be lightweight from a sensing and communications pointie®w. The network should be
a decentralized system that requires neither global conwation nor global information.
Rather, each robot will use its local information in such annex that allows the entire
network to achieve desired network tasks.

In this work, we the present automatic tools for deployindtirrobot networks. Since
we desire for our methods to be applicable for a variety ofvngts (and since the Antarc-
tic sensor platform itself has not been finalized), we cagrslidgh-level models of the
multi-robot network and its sensor, communication, anafooction abilities. We define

the control systems for the mobile sensor network such HeaiNASA scientists can use



the network with little knowledge of robotic control. Givenmulti-robot network capa-

ble of sensing, communication, and mobility; its sensingnmunication, and mobility

parameters (sensor and communication range, maximumityeketc.); and a desired net-
work task, the tools automatically configure the networkdbieve the network task. This
includes tools that allow multi-robot networks to autoroaliy assign individual robots

unique roles for the network tasks and to perform them atiBpémcations in the environ-

ment. The culmination of this research is an intuitive safisvprogram with a Graphical
User Interface (GUI) and a satellite image map which allosersito enter the desired lo-
cations of sensors. The automatic tools presented hereyooafa prototype multi-robot
network to deploy and execute these tasks.

In Chapter 2, we introduce the problem in more detail. We pissent previous related
work in multi-robot systems and multi-agent network cohtand present our model of the
multi-robot network. We show how many tasks for sensor ngte/gan be described as
formation problemsWe define formations and deployments of multi-robot neksoiVe
also discuss graph-based control, where the topology ofahg&ol laws for the network
are represented withetwork graphs Further, we discuss control systems basedmph
grammardgor representing multi-robot networks and their contrelda

Chapter 3 presents preliminary work towards implementewpedtralized, graph grammar-
based systems for assembling triangulations of robotsppeaaing in [1, 2, 3]. Using
a preliminary network ofSpiderMoterobots, an automatic control system is defined for
achieving triangulations with the robots. This include§irdgons for their decentralized
control laws, as well as how they switch from one control lavanother.

For our multi-robot network, each robot has only limited wihedge of the environ-
ment. In fact, each robot can only estimate the relativetjposof other robots in a local
area around it. Therefore, given a desired geometry for éteork to achieve, we must
determine whether or not the desired geometry is achie{ablgeasiblg for the network.

In Chapter 4, we present methods for determining if speaifimétions are feasible for



the multi-robot network, given the limits on its sensinglidiless [4, 5]. These methods
take into consideration the fact that robots can only egd@rtize relative position of other
robots within a specifiproximity range The definition of this proximity range and the
desired formation geometry determine if the formation &sfble. Further, these methods
automatically generatpersistent network graphsPersistent network graphs have many
desirable properties which are presented and discussaxseTraphs can also be assem-
bled usinggraph operationsWe present graph operations for assembling these fornsatio
that respect the limited perception of the robots.

Control laws for formations of multi-robot networks withrgestent network graphs are
presented in Chapter 5 [6]. These control laws assume a rletywvaph generated using
the methods in Chapter 4. Using these control laws, robotsestimate their “correct”
position in the network using only the local formation getrp@nd the relative position
of two other robots in the network.

While the control laws in Chapter 5 allow the networkn@intaina formation with
little initial error, they do not provide a method for assdimdp formations. Therefore, an
automatic system for assembling formations is defined inp@heb [7, 8]. The system
uses the network graphs and graph operations from Chaptet 4 graph grammar-based
system similar to the one in Chapter 3 for assembling feasdsmations for the network.

The methods in Chapter 6 assemble a desired formation anitied location of the
network. However, for many network tasks, we desire the agtwo navigate to a location
of interest in the environment before the formation is asgdecth This task is complicated
if only specific network members have localization abilite(, the ability to estimate their
location in the environment). In Chapter 7, we show how, degpe lack of localization
across the network, robots with localization ability caaderobots without localization
ability to satisfy a desired network task [9].

The demonstration in Chapter 7 presents an implementatiat of the results from

the previous chapters of this work. Starting with a desi@thtion and a definition of



the network’s sensiigommunication proximity range, the methods from Chapteret a
used to determine that the formation is feasible and to gémexr network graph for im-
plementing the formation. The methods in Chapter 7 are usaeduigate the robots to the
initial location for the formation. Then, the multi-robo¢twork implements a formation
assembly as defined in Chapter 6. Once the formation is asséntive network navigates
while maintaining formation using the control laws from @kexr 5. The conclusion of this
chapter includes experimental data from the prototypeirmafiot network used to verify
these methods.

Finally, Chapter 8 concludes this work.



CHAPTER 2
BACKGROUND

In this chapter, we discuss the problem of coordinating aplaying multi-robot systems.
We also discuss previous work concerning multi-robot systa formations.

Many network tasks that the NASA scientists will requesuisgithe multi-robot sys-
tem to be “spaced” at certain intervals to achieve a deseada@ resolution. For example,
measuring the energy across a field of ice at 1 m resolutiannesjeach sensor to be posi-
tioned within 1 m of its nearest “neighboring” sensors. $anly, defining specific locations
for multiple sensors in the environment implicity defines tklative geometry of the sen-
sors to each other. Therefore, many network tasks can beaséermation problemsin
which the goal for the multi-robot system is to achieve sfgetigeometric relationships be-
tween the robots at a location of interest. Formations otimnobot systems have received
much recent attention (see [10, 11, 12, 13, 14, 15, 16, 17980, 21, 22, 23, 24, 25] for

a representative sample).

2.1 The Multi-Robot System

For the multi-robot network, we define € IN : n > 2 as the number of robots in the
multi-robot network. This defines an index $¢t= {1, ..., n} for the network. Thus, robot

i is the robot indexed by e N. We consider the network over an interval of time defined
by T = [0, o).

Networks of mobile robots are complicated systems, andyhamics of mobile robots
varies from one robot to another. We are concerned with tinepéexity of multi-robot
networks at a high-level. Therefore, we use a kinematic mndepresent the multi-robot
network. Since these are planar robots, the positions abibats are modeled by states in
two dimensions such thatj € N, x, : T — R? represents th&rajectory of roboti, and,

VYt € T, x(t) is location of robot at timet. We represent the control for each robot as a
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Figure 2.1. Multi-robot network . Each robot is representedas a point in R?.

single integrator such tha¥j € N, u, : T — R? is the control for robot and,Vi € N,
Xi(t) = ui(t).

The entire network is represented byhaetwork trajectory X: T — R?" such that,
Vt e T, X(t) = [xl(t)T,...,xn(t)T]T. For all pairs of robotsi(j) € N x N, the distance
between robotsand j at timet € T is represented blfx(t) — x;(t)||, where]|. .. || denotes

the Euclidian norm. Figure 2.1 depicts an example multbtatetwork.

2.2 Desired Formations and Deployments
Qualitatively, we say that a solution to a formation taskdaretwork of mobile robots has

three goals:

1. Assembly: To control the network to achieve a state suahdhch robot satisfies

desired, relative geometric relationships with the othedwork members.

2. Maintenance: Once the network has assembled the form&tianaintain the forma-
tion. This includes maintaining the formation as the neknooves from one place

to another.
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Figure 2.2. Formation positions. The “shape” of adesired formation is defined by a set ofpositions in
R?. This is an example formation for the multi-robot network in Figure 2.1.

3. Deployment: To control the network such that the robotsfas given, relative
geometric relationships with each other at a desired looatf interest. This may be

a static location in the environment, or a location that ¢gfesnwith time.

To define a desired formation, we defindormation positionsndexed byN such that
positioni is the position indexed bye N. The positions of the formation are also modeled
as points in two dimensions such thdt,e N, p; € R? is positioni. The entiredesired
formationis represented b2 € R such thatP = [5{ ce EI]T. Figure 2.2 depicts the
shape of an example desired formation.

The geometric relationship between the formation positidefines the “shape” of the
formation. Note that positionneither defines a desired location for rolponor is it re-
quired that robot is assigned to positioin for this would reduce the problem to stabilizing
each robot to its corresponding desired position. Ratlwegraplishing formation assem-
bly involves assigning each robot a position in the forntaind controlling the robots such
that the shape of the network matches the shape of the désiredtion. In other words,
there must exist an assignment functmn N — N that maps each robot to a unique

position. Further, the robots’ control laws must be definechsthat,¥(i, j)) € N x N,
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Figure 2.3. Formation assembly. The goal of formation asselty for the multi-robot network in Figure
2.1 with the desired formation in Figure 2.2.

%) = x;®|| = ||Pagy — Pacip|| @st — oo. Figure 2.3 depicts the assembly of the desired
formation depicted in Figure 2.2 by the multi-robot netwdsdpicted in Figure 2.1.

A desired deploymerdescribes the location in the environment where the network
members should be placed. To this end, we maddeployment positionsmidexed by
indicesN such thatyi € N, p; : T — R? models the desired location of a network member.
In other wordsp;(t) is the location where a unique network member should benattte T.

We assume that{i € N, thatp; is continuously dierentiable. Further, we assume that,
Y(i, J,t) € NxNXT, that|[p;(t)— p;(t)ll is constant (i.e¥,(i, j, t) € NxNXT, [Ipi(t)—p;{t)ll =
Ipi(0) — p;(O)Il ). These deployment positions define the netwodeployment trajectory
P: T — R such thaP(t) = [p()..... pn(t)T]T. The deployment trajectory describes
both a desired formation shage £ P(0)) and the desired location of the formation in the
environment, which may be a function that varies with timigiuFe 2.4 shows an example
trajectory in which the network traverses an area of intesbde in formation. Figure 2.5
shows the network performing the desired network task.

Note that a network deployment can be defined in a variety gswkor example, the

NASA scientists themselves can explicitly specify the tawss that the network should
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Figure 2.5. Deployment implementation example. This figureahows a network accomplishing the net-
work task defined by the deploymentin Figure 2.4. In Figures 5(b) and 2.5(c), the dotted lines indicate
the previous positions of the robots.



satisfy as a function of time. Alternatively, the sciergisbuld specify the network to
“track” a specific, moving feature in the environment withpesific relative formation. In

this example, the motion of the feature defines the netwopkogenent.

2.3 Sensing and Communication Limitations

As discussed in Chapter 1, the robots in the network havedtions on their sensor and
communication abilities. Here, we present the sensor amhamication limitations of the

network.

2.3.1 Localization Limitations

We describdocalization ability as the ability of a robot to estimate its position in the
environment. For example, a robot with a GPS sensor, anahagvigation system, and
rotary encoders on its wheels can estimate both its locattmhheading relative to the
earth, as well as to a reference location and heading.

If all network members have localization ability, then thelgem can be solved by
assigning each robot a unique deployment position andligiabi each robot to its cor-
responding deployment position. However, such an apprbastdrawbacks. First, since
the method hinges on localization, such a method is not impleable with a multi-robot
network in which any network members do not have localizati®his also implies that
the loss of localization of a robot results in the failure lodtt robot; it cannot participate
in any formations that require it to be at dfdrent location. Secondly, synchronizing a
multi-robot network such that the robots follow a specifajectory simultaneously is dif-
ficult with large networks. Finally, it is unclear hovtectively the inter-robot geometry is
preserved in the case of sensor noise and errors, sinceltbis ngould ignore their relative
geometry during the execution.

As an alternative, we consider many real-world examplesoahétions in systems
which have no localization ability (for example, flocks ofds, formations of airplanes,

etc.). In these systems, formations are deployed using thelyelative positionsof the
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network members. This implies that multi-robot networks aasemble formations even if
localization ability is denied to some or all of the network.

For the multi-robot network we consider here, we assumedhigta proper subset of
network members have localization ability. This can be duwelight-weight design, for we
show that many network tasks can be accomplished with éttieo localization. This can
also arise out of network failures ( e.g., the failure of tbealization sensors of a subset
of robots). We do not want such limited sensor failure for apgr subset of robots to
imply complete network failure (the inability of the mulobot network to accomplish any
network tasks). Therefore, the methods in this work comdideted or no localization for

the multi-robot network.

2.3.2 Proximity Sensor and Communication Limitations

For our multi-robot network, we assume that there are linmtserms of which robots
can sense and communicate with each other. We also assuntleish@rresponds to the
relative geometry of the robots in the network. Therefdne,densor and communication
limitations are modeled by proximity functionF(i), defined such that(i) € N is the set

of indices of robots that robatcan sense and communicate with. Note that the definition
of F is determined by the sensing parameters of the multi-robtark in question, and
can vary from network to network.

The sensors that robots use to estimate the relative pasitionearby robots are com-
plex. Often, robots use a variety of sensors simultanepaalyh with its own parameters.
Again, since we are concerned with the complexity of mubtat networks at a high-level,
we use a simplified proximity function. For the network we sioler here, groximity

rangeA > 0 is defined such thgte F(i) at timet € T if and only if || (t) — x;(1)I| < A.

2.4 Decentralized Control

Due to the limited sensor and communication abilities ofrtit@ts, the sensor network is

implemented as decentralized systemas stated in Chapter 1. For multi-agent systems,

11



centralized control strategiegre strategies in which a centralized control agent plans fo
and controls all robots in the system. It has been shown thahpd, centralized control
strategies for multiple-robot systems are computatigngilificult, even when assuming
that the robots themselves are the only dynamic featuredretivironment [26]. Also,
centralized control strategies typically require globetwork information to implement.
This information may be unavailable orfiiicult to obtain, especially considering the sen-
sor limitations of the network we consider here. Therefoneich attention is given to
decentralizeccontrol strategies, in which each robot makes decisionseas local in-
formation in a manner that allows global goals to be achiev@dcentralized strategies
have also received much attention (e.g., [15, 22, 26, 2722B, Such control strategies
are often described as employingarest neighbor rulet® achieve their global objectives.
These nearest neighbor rules define the control laws for ageht based on their nearest
neighbors.

Decentralized strategies are inspired partially fromdmatal systems, such as flocks of
birds and schools of fish, which achieve advantageous glmdeviors without the pres-
ence of any centralized intelligence. In [27], methods aesented for simulating the
behavior of flocks of “boids,” where the control for each “thbis determined by the spa-
tial relationship between each of its “nearby flockmatetsdldo combines several flocking
behaviors (collision avoidance, velocity matching, andkloentering) to produce the indi-
vidual control for each “boid”. When implemented, a globahbvior emerges that greatly
resembles a flock of birds in flight.

Some of the earliest results in multi-robot formation cohare included in [10], in
which robots are modeled as spheres in three-dimensioaaks@nd a set of points in
three-dimensional space represents a formation patterfiOl, several strategies for for-
mation movement are proposed, including nearest-neigtitacking and multi-neighbor
tracking, as well as leader-based formations. Work suci@sgnd [27] laid the ground-

work for [30], in which several formations used by US Army stare implemented with
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a team of four robots. The contribution of [30] is the comltima of formation and nav-
igation behaviors that allow robot teams to navigate to &ifipdocation while avoiding
hazards and maintaining formation. However, these mettiod®t consider the sensor and
communication limitations we consider in this work. Alslketmethods in [30] implement
specific example formations used in military applicatiohs such, it does not address how

to automatically handle arbitrary, user-defined formatifmn the network that we consider.

2.4.1 Graph-Based Control
As previously mentioned, decentralized control straegieplemented with multi-agent
networks frequently feature robots using nearest neighlies, in which each agent has
specific relationships with a proper subset of other agdifitsrefore, it is often convenient
to usegraphsto represent these networks. Specifically, graphs are wssgptesent the
topology of the control laws, as well as the information &lae to each agent. Graph-
based modeling of decentralized control strategies hasvet much recent attention (for
example, see [13, 14, 17, 18, 28, 29, 31, 32, 33, 34]).

In this work, the network control law topology is modeledmgnetwork graph @) =
(V, E(t)). Here,V is thevertex setandE(t) is theedge set We use a notation that, for
a graphG(t) = (V, E(t)), V(G(t)) = V, andE(G(t)) = E(t). For a network withn robots,
IV(G(t))| = n. As suchV(G(t)) is indexed by indicesl such thav/(G) = {vi, ..., V,}. Each
vertex is associated by index to its corresponding roboh shat,Vi € N, v; € V(G(t))
is the vertex of robot. Each edge € E(G(t)) is an ordered pair such that= (v, V) €
V(G(1)) x V(G(1)). As suchG(t) is adirected graph In this exampley; is thetail of edge
e € E(G), andyv; is theheadof e. The existence o, v;) € E(G(t)) indicates a control
law relationship between robotsand j (i.e., the control laws for robatare a function
of the position of robot). Also, E(t) is a function of time, as robots may break grd
establish control law relationships as the system evolvesnotational clarity, we “drop”

the explicit time dependence Gi(t) when it is not relevant, describing the network graph

as simplyG.
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If there is a directed path from € V(G) tov; € V(G) in G, we say that robot is a
predecessoof roboti, and robotj is asuccessoof roboti. Similarly, if there exists edge
(vi,Vj) € E(G), we say that robatis animmediate predecessof robot j, and robotj is an
immediate successof roboti.

Each robot is modeled as a hybrid automaton that is in a specifdeat a given time
t € T. Therefore, the topological model of the network is augreénb avertex-labeled
graph In these graphs, a label &&is defined corresponding to all the possible modes of the
robots, and : V(G) x T +— X is alabeling functiorthat indicates the mode of each robot at
timet € T. In this manner, a labeled network graph is a quadrup(e: = (V, E(t), X, I(t)).
The double G(t), X(t)) models both the network topology, the modes of the rolents,
network geometry at timee T. Figure 2.6 shows an example network graph. Each edge
(vi,vj) € E(G(t)) is depicted as an arrow between stateand x;. The vertices are also
labeled by mode, where each mode corresponds to the geothetrpbot must satisfy
with its adjacent neighbors.

In this work,R* defines the set of strictly positive real numbers. The gafthand the
network trajectoryX(t) define dength functiors : V(G(t)) x V(G(t))x R?" — R* such that,
V(vi, V) € V(G(1) x V(G(1)), 6(vi, vj, X(1)) = [IX(t) — x;()Il. We defines;; = (v, vj, X(1))
for simpler notation. Thus, each edge ¥;) € E(G(t)) has an assigned weighij, andG
is aweighted graph

In order to model the topology of the information availaldetch robot at a high level,
we use an undirectegroximity graphG(t) = (V, E(t)). Note thatV(G(t)) = V(G(t)), the
vertex set in the network graph. Thits; € V(G(t)), vertexv; corresponds to robot In the
proximity graph, an edger( v;) exists inE(G(t)) if and only if j € F(i) at timet, implying
that roboti can sense and communicate with rolpoFigure 2.7 shows A-disk proximity
graph, where an edge exists between each pair of vertices) (€ V(G(t)) x V(G(t)) if and

only if [|x(t) — x; (Il < A.

14



VAVAN
A/

Figure 2.6. An examplenetwork graph is represented by placing vertices at the locations of the fwts
and placing edges between the vertices. These edges reprédbe topology of the control laws. The
label setisZ = {a, b, ¢, d, €}. In this example, each label corresponds to each robots’s rde based on the
geometry it must satisfy with its neighbors.
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Figure 2.7.A-disk proximity graph G(t). The circle around x; represents the area in which robot 1 can
sense and communicate with other robots. Dashed lines indite edges inE(G(t)), corresponding to
pairs of robots that can sense and communicate with each otheRobot 5 is too far away to sense or

communicate with any other robot.
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2.4.2 Consensus Problems

While such a system is fully described by its equations,\shglthe topology associated
with these systems has yielded very useful results. Theakcéegi of the adjacency matrix
of multi-agent system graphs has been extensively exgi¢stee [13, 18, 28]). Both [13]
and [18] describe how the eigenvalues of the Laplacian oatljacency matrix can show
the stability of systems with nearest neighbor control lawms[28], the properties of the
Laplacian are exploited to model the system presented ihg@d prove the convergence
of the velocities of the boids. Both [27] and [28] are examspéconsensufor agreement
problems in which the goal is to achieve convergence to a common Valueach agent
in the network. Another such consensus problem is rendeszwuwvhich the goal is con-
vergence to a common location. The rendezvous problem leséoglored heavily (e.qg.,
[29, 31, 34, 35]). It has been shown that formation controbpgms can be expressed as
consensus problems in which the formation error is definee@dch robot, and the goal is
for each robot’s formation error to stabilize to zero [29].35

A variety of consensus and formation control problems haentsolved if generous
assumptions are made concerning the information avaitabéach robot. For example,
[28] assumes that the control topology is connected “fratjyeenough” to allow for suc-
cessful convergence, and [29] assumes that the contrdbigps modeled as a connected
graph. However, due to sensor and communication limitatithese assumptions are not
guaranteed for the multi-robot network that we consider.

In this work, we assume that a robot cannfieetively execute a control law without
the information required to implement it. Therefore, amotipoal for the system is guaran-
teeing that there exists an edge E(G(t)) if there exists the same edge= E(G(t)). This
is often described amaintainingor preserving connectivity

In [13, 18, 31], necessary andfBaient connectivity conditions are established for the
stability of multi-agent systems for consensus problemsweVer, these works do not

suggest methods for guaranteeing these connectivity tonsli Other work has been
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done to develop methods to preservéisient connectivity, if it is initially present (see
[32, 34, 35]). However, these methods often hinge on broalti-agent cooperation [32]
andor localization [34, 35]. In [32], it is assumed that all atgeooordinate their choice of
control values across the network in order to guaranteeamivity, an approach that does
not scale well with large networks. In [34, 35], it is assuntleat the agents in the multi-
agent system have an “agreement” as to their orientati@tivelto a common reference
frame, as well as the desired orientation of the formatiahat frame. For our multi-robot
network, this implies that the robots can estimate theiation angor heading relative
to some common reference frame corresponding to the emagot) which is beyond the
abilities we assume for the network. Other examples of mhssembling formations have
been recently presented, (e.g., [15, 25, 36]), but thesbadstalso require either global
communication ability, global network information, netikewide localization, antbr cen-

tralization to implement.

2.5 Rigidity, Persistence, and Henneberg Sequences

A source of inspiration towards maintaining and assembbngations of robots under our
assumptions of limited sensing and communication is the@ginofpersistencewhich is

closely related toigidity. Here, we define and discusgid and persistent networks

2.5.1 Rigid Networks

In arigid network a formation of robots is maintained tirectly maintaining only a
subset of inter-robots distances, but in a manner whichepres all inter-robot distances.
The concept of rigidity has received much attention (see §® 38, 39, 40]). Rigidity
was first studied as it pertains tameworkgstructures of flexible joints) which are also
modeled with graphs. In a rigid control strategy, given amoek graphG, each edge
(v, vj) € E(G) models aconstraintfor robotsi andj, implying that they must maintain their
inter-robot distancéx;(t) — x;(t)ll. The network trajector¥X is edge-consistent and only

if the inter-robot distances corresponding to edges are preserved, i.€|xi(t) — x;(O)Il =
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Figure 2.8. A rigid network. We assume thatO < t; < t;. Here, robots maintain the inter-robot

distances corresponding to the edges in the network graph. his preserves the formation, allowing
only translations and rotations of the formation.

1X:(0) — X;(O)Il Y((vi,V;),t) € E(G(t)) x T. The network trajectory is rigid if and only
if all inter-robots distances are preserved (whether ortimey correspond to edges), i.e.,
IX(t) — x;®I = [1%(0) — x;(O)l Y(i, j,t) € N x N x T. The network itself igigid if all
edge-consistent trajectories are rigid trajectorieshdfrietwork is not rigid, it iglexible

Rigid networks can maintain their formation by maintainomgy the inter-robot dis-
tances corresponding to the edge s&birThis suggests a useful strategy for maintaining a
formation by onlydirectly maintaining a proper subset of inter-robot distances. reigus

shows a trajectory of a rigid network.

2.5.2 Persistent Networks

A rigid network must preserve the constraints in the netwaevkich correspond to the
edges in the network graph. As such, rigidity itself doesaurtsider the direction of the
edges in the network. In@ersistent networfd0], these directions are important. For each
pair of robots whose inter-robot distance is to be directintained, the responsibility
of maintaining the distance is delegated to a single robdhefpair. Hence, each edge
e € E(G) is an ordered pair such that= (v, vj), representing aonstraintof roboti only
(not of robotj). In this case, robot has a constraint with robgt and roboti attempts

to maintain its distance from robgt Such a constraint does not imply anything for the
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Figure 2.9. An example of constraint inconsistence. We asswe thatt; > 0. If robot four performs
circular motion around robot three, agent two cannot satisf all three constraints.
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Figure 2.10. An example of constraint consistence. We assenthatt; > 0. If robot two performs
circular motion around robot three, robots one and four can gill satisfy their constraints

control laws of robotj. In a persistent network, each robot has constraints witbf ais
immediate successors in the network graph.

Qualitatively, a network i€onstraint consisterit the directions of each edge are ori-
ented such that no robot can satisfy its constraints in a Bramhich forces another robot
to violate a constraint [40]. The constraint consistenca nétwork is determined by the
out-degree of the vertices in its network graph (see [40fonore thorough treatment).
Figure 2.9 shows a constraint inconsistent network, whidgife 2.10 shows a constraint

consistent network.
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Figure 2.11. A persistent network. We assume thad < t; < t¢. The robot at the tail of each edge is
responsible for maintaining the corresponding inter-robad distance.

The network in Figure 2.8 is rigid, but not constraint cotesis. A persistent network
is both rigid and constraint consistef0]. Figure 2.11 shows a persistent network. Rigid

and persistent networks are discussed in more detail int€hdp

2.5.3 Previous Results with Persistent Networks
Control laws for persistent networks have been demonsthaf{@ 6, 20]. In these strategies,
for each robot, assume thal(i) is the set of all immediate successors of rab@te., J(i)
is the set of indiceg € N such that ¥, v;) € E(G)). For a minimally persistent network
in two-dimensions, this implies thal(i)| < 2 [40]. For a desired formatioR andVi € N,
dynamics of robot are defined in [16, 20] et al. as

% = > = (I = x; @I = 15 = pill) (x0) = x(1)). (1)

jed()

Stability analysis reveals that these control laws are a$gtically stable at two equi-
librium points for each robot except when the locations bftlalee robots are collinear
[16, 20]. However, many formations can only be satisfied dhe@bot stabilizes to a spe-
cific equilibrium point. These dynamics do not guarantee réiqudar equilibrium point,
and it can be shown by example that a network can start in ftembut “lose” its forma-

tion if sufficient error is introduced. Such an error can occur when thedtion is moving
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from one location to another. This can result in a network benaves as a flexible net-
work despite its rigidity. Also, these dynamics do not addrthe issue of assembling or

maintaining the formation with the sensor limitations that consider in this work.

2.6 Embedded Graph Grammar Systems (EGGS)

A source of inspiration towards assembling formations esEmbedded Graph Grammar
(EGG) [41, 42], a formalism that encodes dynamic, geometric, agtvork properties
of a multi-agent system in a unified manner. At the core of tl&GHs the notion of
a graph grammarthat takes as inputs vertex-labeled graphs, and produbes wértex
labeled graphs according to a given rule set. Through thicaipn of the rules in the rule
set, edges may be removed or added to the graph, and the hadaéék may change.

In an EGG system, a set gfaph transition rulesb defines how the network graph can
change topology and labeling, which represents how thetsabdhe network can change
modes and their control laws. Each rule @ is defined as a pair such that (L — R),
wherelL is a vertex-labeleteft graphandR is a vertex-labeledght graph When a label-
preserving induced subgraph isomorphism exists betweshethgraphL of a rule and
the network grapit, the induced subgraph @ can be replaced by the right graphof
the same rule. This rule application involves adding/ancemoving edges and changing
labels, corresponding to robots changing their controlrgationships and their modes.

Each rule also has an associatpegard function g which evaluates térue or false
depending on if the states associated with the induced apbg@fG satisfy certain (often
geometric) constraints. These guard functions are use@tehiimitations on when a rule
can be applied, and typically model the sensing limitatiohthe robots. For example, in
this work, the guards are defined to evaluatd &dseif the robots’ locations are too far
apart, indicating that the robots cannot sense and comiaieniith each other.

EGG systems are non-deterministic in that, at any given,timatiple rules can be

applied simultaneously. EGG systems insist, however, ribatobot can be involved in
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simultaneous rule applications. In other words, the setslodts in each simultaneous rule
application must be disjoint.
As an example, consider the rule set

aa— b-b (ro),

O = b C (2)
/ N

b a c—c (r),

with the network depicted in Figure 2.12(a). Assume thatcibrerol laws ofb andc are
defined such that each robot stabilizes to a state that issandesd > 0 away from any
adjacent robot in the network graph. Assume that all robotseEnse and communicate
with each other, and that the guards are always satisfiech ither; in (2) can be and is
applied, producing the network graph shown in Figure 2.1Z{he robot labelet attempt
to make their distanog, and ruler, in (2) is applied, producing the network graph in Figure
2.12(c). The robots attempt to set all inter-agent distauad, and eventually stabilize to
an equilateral triangle formation, as shown in Figure 21.2(

EGG systems have been defined that solve a variety of assamibbjoverage problems
[41, 42]. However, few of these systems have been implerdenité real robotic systems.
In Chapter 3, we present an implementation of an EGG systeanactual multi-robot

network.
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Figure 2.12. An Embedded Graph Grammar (EGG) example to assable an equilateral triangle for-
mation. In these figures, thelabels are displayed, showing the mode of each robot. In Figure 2.13),
each robot starts out with labela. In Figure 2.12(b), two robots apply the first rule in (2), andogous to
assembling one side of the triangle. In Figure 2.12(c), theesond rule in (2) is applied. Figure 2.12(d)
shows the final equilateral triangle formation.
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CHAPTER 3

MULTI-ROBOT COORDINATION WITH EMBEDDED GRAPH
GRAMMAR SYSTEMS (EGGS)

As mentioned in Chapters 1 and 2, we employ many graph-basébats for automati-
cally configuring and deploying the multi-robot network.this chapter, we discuss work
towards implementing Embedded Graph Grammar (EGG) systétinga multi-robot net-
work. A variety of EGG systems have been proposed, but feve batually been imple-
mented on actual robotic systems. Here, a preliminary moltot network is introduced,
composed oSpiderMotesa precursor of the SnoMotes. The SpiderMotes are desgribed
as well as methods for implementing EGG systems with them. pi¥sent an féective
communication protocol that allows EGG systems to be implaed on decentralized
systems. We show that th&ective design of an EGG system for a network of robots is

directly related to the design and abilities of the robotthanetwork.

3.1 Mobility Platform: The SpiderMotes

As stated in Chapter 1, the robots in the multi-robot networNASA must be integrated
sensofactuation platforms that combine communication and sgnsapability with mo-
bility. Such integrated platforms allow for controlled ositioning of the sensor devices
such that measurements at desired spatial and temporhltresa@an be achieved. Based
on NASA’s specifications, the attributes that must be inetlich the robots’ design are the

following:

e The translational and rotational velocities of the robetarfdw) must be control-

lable.

e Each robot must possess a communication channel such thas ithe ability to

receive and transmit information to other robots.
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Figure 3.1. A SpiderMote robot. The robot on the left shows the chassis with equippeddrdware. The
robot on the right shows the color-coded cover, allowing otéar robots to sense and identify this robot.

e Each robot must possess a sensing channel such that it habilibeto verify the

presence and location of other sensor nodes within the mietwo

e Each robot must have on-board computation such that it aaetiin independently

and does not require a centralized host for decision-making

This generic definition of a the network member allows us tneéethe network without
being limited to the utilization of specific robotic hardwarcommunication, or sensing
technology. Figure 3.1 depicts our rendition of a robot | $kensor network that qualifies
under this definition: thé&piderMote The SpiderMote is a custom-made platform that
consists of a hexapod chassis, CMUCam?2 vision sensor,egge&lommunication module,
and controller.

The skeletal body of the platform has dimensions & k26.5x24] cm. The controller
and battery pack are mounted on the rear of the chassis, thkilgireless communication

module is mounted to the front. The CMUCam?2 is mounted on am%oom. Also,
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Figure 3.2. Control system overview. For each robot in the nsvork, the EGG system generates the
appropriate translation velocity v and angular velocity w for the robot.

each robot is equipped with a color-coded tetrahedral ¢ovieich is mounted below the

camera. Figure 3.2 presents a system overview of the SpaterM

3.1.1 Communications

The wireless communication module is capable of tranamgjtind receiving a single 10
byte message at any given time. There are two types of messaggiests and responses.
Because messages could potentially be lost, requestsadirengted after a timeout period
until the appropriate response is received. This allowsSihiderMotes to exchange infor-
mation and coordinate their behaviors. These are used teimgmt the communication

protocol presented in Chapter 3.2.
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3.1.2 PerceptioiSensing

To allow the robots to perceive each other, each SpiderMuaiggnizes others by color and
estimates their positions based on image data. Each rahatssis is tagged with a specific
color, such as red, blue, and green. The relative distant@@agle is estimated based on
the location of the colored pixels representing each roffébte that this choice is made
to facilitate an easy algorithm for identifying adjacenbots, but more robust schemes can
certainly be envisioned.)

The CMUCam2 has a field-of-view (FOV) ef 0.287 rad, centered in the direction of
the robot’s heading. When the camera is set to track a speaific, it returns a tracking
data packet in the form of an 8-tup|@mx, my, X1, Y1, X2, Yo, pixelcountconfidencé; which
represents information about the tracked pixels, whictpatels in the camera image that
match the color being tracked. The pam(m,) represent the center-of-mass of the tracked
pixels in the image, while the pairgy( y;) and ., y,) represent the corners of the smallest
bounding box that contains all tracked pixels, as shown guie 3.3. Thepixelcount
represents the number of tracked pixels. Thefidencas a ratio between the pixel count
and the number of pixels in the bounding box. These valuassa@to estimate the position
of robots in the field-of-view with an accuracy ©f10 cm.

The SpiderMotes serve as a platform for implementing thevoided control algo-
rithms needed to solve the sensor coverage problem, as svethars. Next, we discuss

how EGGs are implemented on the SpiderMotes.

3.2 Implemented Embedded Graph Grammars

As presented in Chapter 2.6, Embedded Graph Grammars (Ee&sathematical models
that produce non-deterministic trajectories. They do sstiene any particular communi-
cation architectures. When an embedded graph grammar lenmepted on a real system,
a low-level protocol that implements the grammar must bégaes!.

Since the label and adjacency information is distributadssthe network such that
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Figure 3.3. Example camera view, showing center-of-mass dibounding box coordinate locations.

each robot has immediate access only to its own label andexdjg information, the label
and adjacency information corresponding to other robotsardy be obtained through
communication. For an EGG to be successfully executed,aheank must change labels
and adjacency information in a manner defined by the EGG eSimis is a decentralized
network, this implies that robots must negotiate rule aggions in a manner consistent
with the EGG. Itis necessary to ensure that each robot apgpsyrule has exclusive control
of the local network graph information of each robot invalwe the rule application; if not,
then it is possible for robots to modify the graph informatin a manner inconsistent with
the rules in the rule set.

Before we move on to actually defining the protocol, we no&t ith many cooperative
control methods, topology switches are deterministicerofletermined by geometry, e.g.
[33]. Oftenin these systems, the robots may switch theitrobmodes independently. Em-

bedded graph grammars do not fit into this category due toitiferent non-determinism.
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Figure 3.4. Graph inconsistency example. Figure 3.4(a): Térule can be applied by robot pairs

{(1,2),(1,3)} € N x N. Figure 3.4(b): The rule is applied with robot pair(1,2). Figure 3.4(c): The
rule applies also with (1,3), producing a network graph not ntended by the rule.

This is easy to see by considering the graph in Figure 4(a),tla@ corresponding EGG
system from Chapter 2.6:

a a — b - b (rl)’
O = b C 3

b/ a - c—c (rp).
In Figure 3.4Yi € N, roboti is labeled as a double;(label) wherelabel corresponds to
the label of vertex; in the network grapl@. In Figure 3.4, the solid lines correspond to
the edges in the network graf) dashed lines correspond to edges in the proximity graph
G. Suppose that without agreeing, robots 1 and 3 apply the yideb from (3) with robot
2 as shown in Figure 3.4. The resulting graph transformattown in Figure 3.4(c) is

inconsistent with the valid trajectories of the grammar. 34k this agraph inconsistency

A protocol that allows groups of robots to comesaigreemenbefore applying a rule is
required. We briefly contrast peer-to-peer protoceiglicit agreementwith simple token

protocols (mplied agreemeit We then present axtended tokeprotocol for the network.

3.2.1 Single Token and Peer-to-Peer Protocols
The question ofleadlockarises in any system requiring agreement. Deadlocks odoeinw

the communication protocol does not allow any rules to bdiegeven though some rules
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Figure 3.5. Deadlock example. If all the robots try to apply he rule r; € ® shown in (3), the network
can deadlock.

are applicable. Consider a protocol where each robot irmbgrely attempts to apply the
ruler, € ® defined in (3), and then communicates a request for rule@gifmn to the other
robot in the rule application. Further, assume that a robmt then either accept or deny
the request, and will always deny a request if it is in the psscof sending one. Suppose
for the graph in Figure 3.5, robot 1 identifies robot 2 for rapgplication, robot 2 identifies
robot 3 for rule application, and robot 3 identifies robot hck robot will send a request
to the counterclockwise robot and deny a request from itskeltse robot, resulting in
deadlock despite the fact that multiple applications assjixde.

The question of deadlock has a rich literature. One simplaoakto avoid deadlock is
a single token architecture where the robot possessin@kiea is the only one capable of
deciding which rule to apply and updating the network. Treshitectures often initialize
with some form of leader election algorithm.

Contrast this with a rule application protocol appropriftie peer-to-peer communi-
cation. In such a protocol, random communication requesthésh temporary links be-
tween pairs of robots. The pairs of robots pass messagesdbaeleader, who requests
label information from the other robot in the pair and thenided if the rule is applicable.
Since multiple pairs may identify and apply rules indepentiyethe result is highly par-
allel rule processing. However, the search is not complatesany cut of the graph does

not examine all possible pairings. Thus, no rule may be admven though some rules

30



are applicable. The peer-to-peer protocol reduces theespaaplexity for large systems
since a vertex only needs to maintain its local topologitfimation and not a copy of the
entire graph. However, the communication complexity is@ased since messages must
be passed to elect the leader and share the local topology.

We capture some of the parallel processing abilities of ger{o-peer architecture as
well as guarantee@eadlock-freevaluations of the rules in an architecture cabietended
token-based rule protocolThis protocol takes advantage of the “broadcast” capsdsli
of the system to distribute processing among the robotdtiegun a nearly concurrent

system.

3.2.2 Extended Token-Based Rule Protocol

Rather than having the robot with the token single-handeduate the rule set and apply
a rule before then passing the turn to another robot, weadstenstruct a type of token
that distributes the rule evaluation. We call taidended token-based rule protacBigure
3.6 shows an example iteration of this protocol.

An extended tokenonsists of a random sequence of network indices. This d&ten
token determines the order in which robots are allowed tdyapies. We can express an
extended token of a network witihrobots astf) where @) is a sequence of the network
indicesN. For example, ih = 5, a token could be (5% (5,4, 2,1, 3).

Also, the network has ased setwhich the robots use to keep track of what robots have
been used in recent rule applications. Each robot keepls tfaihe used set by network
broadcasts. By updating the used set and avoiding the afiphoof rules involving robots
in the used set, we guarantee that graph inconsistenciesaicked.

We describe this protocol as aerative protoco] in which a new extended token is
generated for each iteration. Initially, we designate @lsimobot to generate the first
extended token and broadcast it to the network. We alsalizi¢i the used set of each robot

to empty. This begins the first iteration. During each iteratthe following takes place:
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Figure 3.6. An Extended token-based rule protocol examplédération. We define the rule set as in (3).
The rule r; € @ is initially applicable for every pair of robots. Figure 3.6(a): Initial setup. The used
list is empty, it is robot 5’s turn to apply a rule. Figure 3.6(b): Robot 5 appliesr; with robot 4. The
network graph edges are updated, as well as the used set. FiglB.6(c): Robot 2 can now apply a rule.
It applies ry with robot 3. Figure 3.6(d): Robot 1 cannot apply any rules, i broadcasts itself as used.
Figure 6(e): The token iteration is complete. Robot 3 now gegrates a new token and broadcasts it to
the network. This clears the used set, and another iteratiobegins. Figure 3.6(f): Robot 2 applies rule
r, € ®. No more rules can be applied.

32



1. Allrobots clear their used set such that it is empty.
2. All robots consider all previous network graph infornoatout-of-date.

3. Each robot concurrently searches the partition of the sahrch space that includes
itself and the robots that follow it on the token, requestipgated information from

those robots.

4. The robot with the lowest index in the extended token wischiso not in the used

set attempts to apply any applicable rules involving itaslfollows:

e If a rule is applicable and none of the involved robots arehim ised list, it
applies the rule, changing the adjacenciegamidbels in the network graph. It
then broadcasts the robots involved in the rule applicatahe network, who
add them to the used set. Since it can only apply a rule thdiesdp itself, it

broadcasts itself as used.

¢ If no rules are applicable, it broadcasts itself as used, eawth robot in the

network adds it to the used list.

5. The last robot in the extended token generates a new raeatended token, and

broadcasts it to the network. This begins a new iteration.

During each iteration, the robot whose turn it is to applesuk always the robot with the
lowest index in the extended token who has also not been usawdhe current iteration.
Thus, robots take their turn as the used list updates areltast Since this guarantees
that there is never more than one robot actively attemptregdpply rule, the vertex sets
of their rule applications are always disjoint (i.e., noatdbare ever involved in multiple,
simultaneous rule applications in the same iteration).s Higo guarantees that deadlock
is avoided, since the robots take turns having exclusivé&rabof the network graph infor-
mation. In other words, if we assume that the vertex setsefile applications are not

disjoint, or that deadlock is occurring, this would violate definition of the protocol.
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Since all graph information is “thrown away” by each robotle beginning of each
iteration with the cleared used set, and since the used sebided for all rule applica-
tions during each iteration, this ensures that graph instargies do not occur, since this
guarantees that the robots involved in any rule applicdiare not changed their labels or
adjacencies since the rule was evaluated as applicabl¢hén words, if we assume that a
graph inconsistency takes place, this implies that a rabatrnule application changed its
graph information after its graph information was obtain@this implies that it is in the
used set, which violates our definition of the protocol.

Finally, the search of the rules is “complete” only when ntesuare applicable. For
every token, ifanyrule is applicable, at least one rule will be applied. Thelltesy imple-

mentation exhibits nearly concurrent behavior.

3.3 Experimental Results

To implement an EGG system on a networked system ef 3 SpiderMotes, we first
describe how we model the SpiderMotes, their control laws, the implemented EGG

system. Then, we present the results of executing the EG@rsysy the SpiderMotes.

3.3.1 Dynamics and Control Laws

The robots are indexed by index 96t = {1,2,3}. Each robot in the network can be
described by the unicycle model such théite N, (x,y)" € R? and¢; € [-r, x) are the
position and orientation of robat Also, Vi € N, v € R* andw; € R are the controlled

translational and rotational velocities of robatuch that

X = Vi COS(h),
Yi = Vi sin(g),
éi = wi.

For all (, j) € N x N, we define the angle of robgtto roboti asp;; = tan‘l(%).

Sensor information from the camera provides the robots Wiéhrelative displacement
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between robots within its angular field of view e = n/7 rad centered aroung Vi € N.

Therefore, the information available as control suppareiach robot is given by the pair

bij :\/(Xj = X)? + (yj = Yi)?

6 = pij = i,

whered;; € R* represents the distance between rohatadi, andé;; € [-r, 7) represents
the relative angle of robgtto the heading; of roboti. This implies thaty(i, j) € N x N,
robot j is perceivable by robatif and only if|6;;| < ©. To accurately represent the network,
the control laws of each robot must be a function only of tHatree position of robots it
can perceive.

In order to decrease the distance between all robots, thareteasing the possibility of
robots being able to perceive and communicate with each,@tle®ntrol law for bringing
robots closer together was developed for robots with lichfterception. For all € N,
we define the proximity functiof¥ such thafF(i) = {j € N : |6;j| < 9}. In other words,
F(i) is the set of indices corresponding to robots in the FOV bbte. The positions of
these robots define a centroid with a distasféeand relative angle™® to the position and
orientation of robot such that

D 6ijcosb) i PIIELCD) 2

550 _ |10 0]

i () TR

Z 5”‘ Siﬂ(@ij)
QF(') :tan_l L
i .
Z 5”‘ COSGij)

J€F(i)

We define upper bounds on the allowable error in position amehtation ase; and e,
respectively. There are derived experimentally, basedhenatcuracy of the robots in

moving and estimating the relative locations of other reb&tor alli € N, we define the
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(a) goT a initial setup (b) goTa complete

Figure 3.7.9goT oexecuted outdoors
control law {4, w;) = goT di) such that

Vo- 60 if F(i) # 0 ands ) > e,
0 otherwise
g0 if B(i) 2 0 ands; ¥ > ¢ and|g”| > e,

wi =40 ifFGQ)#0ands” > ¢ andd| < e,

wo otherwise

wherei is the vertex of the robot performirgpT oandv, andw, are positive constants. If
no robot is perceived by robatroboti stops and rotates until a robot is perceivable. Figure
3.7 shows robots performingpTa Figure 3.7(a) shows three robots at their initial setup.
During all experiments such that three robots execute tmsral law within perception
range of each other, the distances between each robot dearetil they are directly next
to each other, as shown in Figure 3.7(b).

To allow a robot to achieve a desired distance to a specifiotyahe control mode

(vi, wj) = setDistanc@, j,d) is defined as
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V0(6ij —d) if jeF(®i) andléij —d > e,
0 otherwise
6;; if j € F(i) and|6;j| > €,

wi={0 ifjeFi)andltl<e -

wo If j ¢ E() (i.e., otherwise)

wherei is the vertex of the robot performingetDistancevy, wq, €, ande, are the
previously defined constantd;is the desired distance; ands the index of the robot that
roboti is trying to achieve a distanakto. If robot | is not perceivable, then robbstops

and rotates until robajtis perceivable.

3.3.2 EGG System Definition

The EGG used for the assembling triangular formations igjtlagruple Go, @, F, u).

1. Go: The initial network grapl(0) = Gy is defined such that there are no edges and

each vertex has a labal

2. ®: The rule set is defined as in our example:

a a— b-b (r)

O = b (4)
VAREYAN

b a ct—c (ro).

The control laws for these labels are defined in Table 1.

3. F: In this network, the members have global broadcast abiliherefore, the prox-
imity function captures the limited visual perception oéttobots. The proximity
functionF spawns a proximity graplt such that a directed edge,(;) exists in
E(G) if and only if robot | is in the FOV of robot, i.e. j € F(i). Since the network
has global communication ability, the proximity gra@has an undirected edge be-

tween each pair of vertices . The guard for rule; € ® requires that a directed
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Table 1. Control Laws for Mode by Label

LABEL I(i) | MODE

a (vi,w;) = goT i)

b (vi, w)) = setDistancé, j, dp)

c Hybrid control law in Figure 3.8

and undirected edge exists between the correspondinge®riG for the rule to be
applicable. The guard for rulg € @ requires that all robots in the rule application be
fully connected with undirected edges. Further, the rolbgleda in the left graph

be able to perceive one of the robots labdbeid the network graph. This implies
that there is a directed edge@between the vertices corresponding to the robot in

modea and one of the robots in modiefor the rule to be applicable.

4. u: The locally implementable mode controllerfor each robot is a function of
the label associated with the corresponding vertex G. The control modes by
label are defined in Table 1. The control law for mades goT qi). For modeb,
setDistanc§, |, dy) is executed such thatis the index of the robot paired with the
roboti as in the right side of rule, in (4), and the constarmk, represents the desired
distance to maintain between robots adjacent robots ldbelEhis brings two robots
in modeb to the distancel, from each other. The control law for modés a hybrid
one shown in Figure 3.8 that alternately perforaetDistanceon robotsj and k
adjacent to the robot in question in the right side of the ryle @ from (4). Once

the distancel. is achieved for one robot, it switches to the other, and tepeats.

3.3.3 Execution
Here, we describe two executions of the defined EGG. The fiestugion uses two robots,

while the second execution uses three.

3.3.3.1 “Bar” formation in a two robot system
Two robots as described previously are configured to exebatdefined EGG. We define

the length of the “bar” to bd, = 1.5 m to allow the execution to be easily photographed.
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|6ij — del < &

setDistanc, j, d.) setDistanc@, k, d;)

0k — de < &

Figure 3.8. Hybrid control law for mode c.

Each robot begins with the labaland begins performingoT oin control modea. Since
they begin without being able to sense another robot, thginlsearching for a robot by
rotating and processing sensor data from the camera, anshéigure 3.9(a). Since each
robot can communicate with each other, they begin the tddesed rule execution scheme,
transmitting tokens, as well as label, adjacency, and pdmeinformation. Since no robot
can sense the other,there are no sensing edges in the pyoghagh. The guards prohibit
any rule for being applied.

Eventually, one robot is able to sense the other, creatiegsirsg edge in the proximity
graph, as seen in Figure 3.9(b). Since now the guard is satiafid the robots match the
left side ofr, € @ in (4), the rule can be applied. The robot whose turn it isenity in the
token-based rule protocol communicates the rule apptindd the other. This creates an
edge in the network grapB, indicated by the solid line in Figure 3.9(c). The robotsibeg
executing the labdd control laws, and eventually settle at a distadgéom each other, as

indicated in the same figure.

3.3.3.2 Equilateral triangle formation in a three robot s

Three robots are configured with the defined EGG, as showrngur&i3.10(a).We define
the length of the triangle sides to lobg = d. = 1 m in order to easily photograph the
execution. Each robot begins with the labeind begins performing thgo T ofrom control
modea. As in the two-robot EGG, two robots are relabele@dnd an edge is added to the

network graph, shown in Figure 3.10(b). However, now a rdabeleda is available to
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(a) Initial setup: communication edge exists (b) Robot 2 can sense robot 1. A sense edge exists in
the proximity graph, indicated by the dashed arrow.

(c) The rule is applied, each robot is relabeled ‘b’,
and an edge is added in the network graph, indicated
by the solid line.

Figure 3.9. Two robot system performing “bar”.

complete rule, € ®. Each robot is relabeled(Figure 3.10(c)) , and two edges are added
to the network graph. While the blue and green robots (toprigid in Figure 3.10(c)) can
perceive other robots, the red robot (left in Figure 3.10¢annot. Therefore, it rotates left
in the same spot, while the blue and green robots rotate godtdbeir distances to each
other and the red robot. By the time the red robot can perastirer of them, the robots
have achieved a triangle with edges of approximate ledgthl m. During all executions,
the approximate triangle was formed (Figure 3.10(c)). Alsm inconsistent trajectories

occurred.
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(a) Initial setup.

(b) Red rotates left, looking for robots, while blue and gradjust.

(c) Robots have formed equilateral triangle with sides of.1 m

Figure 3.10. Three robot system performing triangle.
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CHAPTER 4

RIGID AND PERSISTENT FEASIBILITY AND FORMATION
GRAPH GENERATION

Chapter 3 presented methods and experiments for sucdgasiplementing EGG systems
with a small network of robots. In this chapter, we presenthoes for choosing a suitable
network graph for the desired formation. We defirferanation graphas a desired network
graph for implementing the desired formation with the mudtbot network.

The number of potential formation graphs for the networkigrexponentially with the
network size. Therefore, we need dhaent way to choose a “good” network graph for a
given desired formation.

We would like a network graph such that the network, when mmétion, is arigid
network. However, since the network has a proximity range thaximum range at which
robots can senggmmunicate with each other), this implies that networkstnts that
are longer than the proximity range cannot be maintaineds uhclear, under the sens-
ing and communication limitations we consider, how a midbot network will maintain
constraints that are longer than the proximity range. Thggsests that certain formations
are feasiblewith rigid and persistent network graphs, and certain fdioms are not. In
this chapter, we present a method for determining if a deédwemation isrigidly and
persistently feasiblevith respect to the proximity range of the network.

In Chapter 4.1, we review the concept of rigidity. This ird®g a discussion afgid
graphs network graphs such that the network is rigid for (pradlygall network states.
We also define theigid feasibility of a desired formation. Given the proximity range of
the network, a desired formation is rigidly feasible if, Veéhin formation, the network
graph can be a rigid graph whose edges are less than or egtred fmoximity range.
Otherwise, we say that the desired formatiorriggdly infeasible We also present an

algorithm for dficiently determining the rigid feasibility of a desired foation for the
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network’s proximity range. This is anfficient algorithm that generates a rigid network
graph that respects the network’s proximity range. Spedificthe generated network
graph is a rigid graph with edge lengths less than or equdld@gtoximity range of the
network.

Chapter 4.2 reviewpersistences it pertains to multi-robot networks. This also in-
cludes a discussion gkrsistent graphsnetwork graphs such that the network is persistent
for (practically) all network states. Further, we define pleesistent feasibilitpf a desired
formation. Given the proximity range of the network, a dediformation is persistently
feasible if, while in formation, the network graph can be asfgtent graph whose edges
are less than or equal to the proximity range. We show thag fpecific proximity range,
all rigidly feasible formations are also persistently fbées Also, the same algorithm for
generating a rigid graph for the network also generatessigtent graph that respects the
network’s proximity range.

Graph operations for assembling persistent network graphgresented in Chapter
4.3. For these operations, we start with an initial graplhwito vertices and one edge.
Each graph operation adds vertices and edges to the graphk, &kequence of these graph
operations generates a sequence of graphs such that thedpistis the desired, persistent
network graph. Also, each intermediate graph in the sequena persistent graph. We
present graph operations for assembling persistent nketgraphs that respect the prox-
imity range of the network. We also present an algorithm fdomatically generating a
sequence of graph operations for a persistent formatigrhgra

In Chapter 4.4, we definstably, persistently feasiblgesired formations. These are
persistently feasible formations that can be realized whth network using an acyclic,
persistent network graph that respects the network’s pribxirange. Such acyclic, per-
sistent graphs are callatiable, persistent graphand facilitate the automatic definition of
control laws for stabilizing the network to a desired forroat We present an algorithm

for determining if a desired formation is stably, persigiefeasible, given the proximity
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range of the network. We also present an algorithm for gé¢ingra sequence of graph
operations for assembling a stable, persistent formatiaphy Stable, persistent formation
graphs and their corresponding sequences of graph opesatie used for defining control
laws for persistent networks (Chapter 5), as well as in imglisting an EGG system for

formation assembly under range constraints, presentetiapt€r 6.

4.1 Rigid Feasibility and Rigid Graph Generation: The Modified “Peb-
ble Game”

Here, we present rigid feasibility in terms of range constg First, we present rigidity
as it has been defined in previous work. Then, we define rigisilfidity under range con-
straints and provide an algorithm for determining if a degiformation is rigidly feasible

for the network.

4.1.1 Rigidity

Here, we examine the potential rigidity of a network givenesiced formatiorP and a
network graphG. Recall our multi-robot system model from Chapter 2, andsater a
multi-robot network with network grap@ that is initiallyin formationsuch thaty(i, j) €

N x N, [Ix(0) — x;(O)Il = llpi — pjll. For a network initially in formation, an edge-consistent
trajectory is a network trajectory such thalt((vi,v,-),t) e E@G) x T, ||x@®-x@) =
|| — pj||- A rigid trajectory is a network trajectory such that(i, j,t) € N x N x T,
%@ - x; @) = || - pj|| (i-€., the network stays in formation during the entiredcapry).
For a given formatiorP and network grapls, the multi-robot network is rigid if and only
if all edge-consistent trajectories of the network are aiigidl trajectories. Otherwise, it is
a flexible network. The rigidity of the network in a desiredrfmtionP with network graph
G implies that the target formation can be maintained by guarang that the constraints
represented bi(G) are maintained. Figure 4.1 gives examples of a flexible odtywvhile

Figure 4.2 gives an example of a rigid network.
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Figure 4.1. A flexible network. We assume that; > 0. The line from x4 represents circular motion that
robot 4 can perform and still satisfy its constraint with robot 3. Robot 4 can move in a manner that
changes its distance to robots 1 and 2.

X1
[ ) -
.%2 .X3 | > X3
®

M

@t=0 () t =t

)

v
v

Figure 4.2. A rigid network. We assume thatt; > 0. If all constraints are satisfied during continuous
motion, then the network geometry does not change.
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4.1.2 Infinitesimal Rigidity
Here, we review the concept of infinitesimal rigidity as @net®d in [37, 38, 39]. The
infinitesimal rigidity of a network is a stronger conditidman rigidity in that all infinitesi-
mally rigid networks are rigid. While some rigid network® aot infinitesimally rigid, the
infinitesimal rigidity of a network is a much easier conditim both test for and guarantee
through our choice of network graph.

We assume tha;(t) is continuously dferentiablevi € N. Since we have defined an
edge-consistent trajectory such thé&ly;, v;) € E(G), the distance between pointgt) and

X;(t) remains constant all along the trajectory, this impliﬁ,th((vi, Vj), t) e E(G) x T,

0. (5)

%(”Xi(t) - Xj(t)||2) = (xi (t) - X; (t))T (Xa () - X, (t))

Since we assume that the network is in formation, we can assuthout loss of generality
thatx(0) = p; Vi € N. Under this assumptioij € N, the assignment of constant instanta-
neous velocities; € R? such thaty(vi, v;) € E(G), %(0) = u; andX;(0) = u; satisfies (5)
is described as ainfinitesimal motiorof the network [39]. LetU € R?" be defined by the
infinitesimal motion such thdl = [uI e UHT. Then (5) is represented in matrix form
Y(vi, V) € E(G) as

M(P,G)U =0,

whereM(P, G) is known as theigidity matrix [39]. The rigidity matrix has$E(G)| rows and
2n columns. For each edge (v;) € E(G), each ronm; of M(P, G) represents the equation

for that edge as a 2n-vector of the form

m; =(,....,(p - p)".0,...,0,(p; = )" ..., 0)

Here, @ - p;)" is in two columns for vertek (p; — pi)" is in the columns foi, and zeroes
are elsewhere [39]. A network with> 2 points inR? and in formatiorP is infinitesimally
rigid if and only if rank(M(P, G)) = 2n — 3 [38, 39].

Infinitesimal rigidity implies rigidity, but rigidity doesot imply infinitesimal rigidity
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[37]. Sitill, the rigidity matrix is an &ective way to demonstrate infinitesimal rigidity, and

thus rigidity, based on the desired formation and netwoapQr

4.1.3 Generic Rigidity
The rigidity of a network depends both on the topolo®) &nd the state of the network
(X(t)). A generically rigid graphis an network graph for which there exists a formation
P € R? such that the network is infinitesimally rigid when in fornoe. Note that generic
rigidity is a property of a network graph. Therefore, we rdéegenerically rigid graphs as
rigid graphs If the network graplt is rigid and the network is infinitesimally rigid while
in formationP € R?", we say thaP is ageneric formatiorof G.

If G is rigid, then the generic formations &f form a dense, open subset®f" [38].
This implies that, for any generically rigid gra any desired formatio® can be well-
approximated by a generic formatidhsuch that the network, when in formation, is in-

finitesimally rigid and, therefore, rigid.

4.1.4 Rigid Feasibility and Rigid Formation Graph Generation

The proximity rangeA € R* of the network limits the maximum length of a constraint
in the network. It is unclear, without further assumptiohey a pair of robots would
maintain a distance greater thAarfrom each other, since they would be outside their sen-
soycommunication range. Given a desired formatiRyrwe want to determine if, while in
formation, the network can have a rigid network graph suelh &l edges of the network
graph are less than or equal to the proximity range. To thds we defineigid feasibility

as follows:

Definition 4.1 For a multi-robot network with re IN : n > 2 members and proximity range
A € R*, a desired formatiof® € R?" is rigidly feasible if and only if there exists a network

graph G* such that @ is rigid and, (v, v)) € E(G*), || - pj|| < A.

Adding edges to a rigid graph cannot cause it to lose rigidigy, it will stay rigid).

A minimally rigid graphis rigid but does not remain rigid after the removal of anygten
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edge. By Laman’s theorem [43], a network with robots defimeR?3 with n > 2 vertices is

minimally rigid if and only if
1. ithas 21— 3 edges, and
2. each induced subgraphmwf< n vertices has no more tham’2- 3 edges.

To generate minimally rigid graphs, we utilize ttpebble game” algorithm[44]. The
pebble game algorithm constructs minimally rigid graphgha worst case performance
of O(n?) [44]. In the pebble game, each vertex is represented asdnawb pebbles, each
pebble representing a degree of freedom for that vertegel#ble coveringexists if each
edge can be covered by a pebble from a vertex incident to tige.eTo keep track of
pebbles, the pebble game works with a directed graph, whdirected edge(, v;) € E(G)
indicates that edgev(v;j) is covered by a pebble from vertex € V(G). For a given
v € V(G), the pebbles of can only cover edges whose taiMs

The pebble game starts with a directed graph with no edgestaampts to add each
potential edge one at a time to the pebble covering in a mahaeensures the second part
of Laman’s theorem is satisfied. Since the pebbles of ea¢bximit the number of edges
directed out of each vertex, this is accomplished by modgthe directions of both the
edge to be added and the other edges already in the graphrt B pALaman’s theorem
is satisfied, we say thatvalid pebble coveringpas been found. If a valid pebble covering
of 2n — 3 such edges is found, then this implies that the first partash&n’s theorem is
satisfied and the graph is minimally rigid. For more detailtio& implementation of this
algorithm, see [44].

To test for a minimally rigid graph that satisfies Definitiord 4Awe modify the pebble
game algorithm so that it only considers edges of length tleas or equal taA. The
modified pebble game is described in Algorithm 1.

The following Theorem 4.2 states thifextiveness of the modified pebble game to test

for rigid feasibility.
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Algorithm 1 ModifiedPebbleGan{®, A)
Require: P € R?"is a formation ofn positions such that/i € {1,...,n}, p € R?
Require: A € R" is the proximity range of the network
Initialize networkG*such thatv(G?) := {vi,..., vy}, E(G?) := 0
Initialize rigid := false
for all possible edges = (v, v;) € V(G?) x V(G*) such that; # v; and||p - pj|| < A,
andwhile rigid = false do
E(G*) := E(GY) ueg
Rearrange edge directions to try to find a valid pebble cogeri
if a valid pebble covering isotfoundthen
E(G*) = E(GY) \ &

end if
if |E(G*)| =2n- 3 then
rigid := true;
end if
end for

return (rigid, G*);

Theorem 4.2 For a multi-robot network with ne IN : n > 2 members and proximity
rangeA € R*, a desired formatio® € R®" is rigidly feasible if and only if the algorithm

ModifiedPebbleGan{®, A) returns a minimally rigid graph.

Proof: Definition 4.1 is satisfied for formatioﬁ_only if there exists a rigid grap8” such
that,¥(vi, v;) € E(G?), ||pi - pj|| < A. This implies the existence of a minimally rigid graph
with the same properties. Assume tidtexists (with all edges of length less than or equal
to A), but thatModi fiedPebbleGan(®, A) fails to return a minimally rigid graph. Note
from [44] that the unmodified pebble game always generat@gdagraph, and does so by
considering each edge and adding it to a flexible graph urtécomes minimally rigid.
Therefore, the failure oModifiedPebbleGan{®, A) implies that no such graph can be
generated considering only edges such that their distaribe inetwork would be less than
or equal toA. Since the unmodified pebble game always returns a minimigliy graph
[44], this implies that, for any rigid grapB, 3(v,v)) € E(G) : ||pi - pj| > A. However,
this violates our assumption th@t exists. Therefore, the formation is rigidly feasible only

if Mod fiedPebbleGan{®, A) returns a minimally rigid graph.
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When the modified pebble game produces a minimally rigidly@tpsuch thaty (v, v;) €

E(G%), ||pi - bj|| < A, then the conditions of Definition 4.1 are satisfied. n

4.2 Persistent Feasibility and Persistent Formation GraplGeneration

Here, we present persistent feasibility in terms of rangestraints. First, we present per-
sistence as it has been defined in previous work. Then, wesdedirsistent feasibility under
range constraints. Further, we demonstrate that rigiddiig and persistent feasibility
are equivalent. We also show that the modified pebble ganoeitdm generates minimally

persistent graphs.

4.2.1 Persistence

To discuss persistence, we must first presenstraint consistencénformally, we say that
constraint consistence means that all constraints argfisdtias long as all robots satisfy
their individual constraints, i.e., no subset of robots satisfy their constraints in a man-
ner which prevents another robot from satisfying a constraConstraint consistence is
determined by the number and orientation of the constratiggire 4.3 shows a constraint
inconsistent network, while Figure 4.4 shows a constramnsestent network. For a more
rigorous definition, see [40]. A network is persistent if amdy if it is rigid and constraint
consistent [40], as in Figure 4.4.

We say that a graph generically constraint consisteritall of its vertices have an out-
degree less than or equal to two [40]. Thus, we refer to gealgriconstraint consistent
graphs agonstraint consistent graphs

Similar to generic rigidity, we say that a graphgsnerically persistenf it is generi-
cally rigid and generically constraint consistent. Likengac rigidity, generic persistence
applies to graphs, not networks. Therefore, we refer tomeally persistent graphs as per-
sistent graphs without confusion. A persistent graphiramally persistenif it is persistent
and if no edge can be removed without losing persistence ifiis constraint consistent,

but no edge can be removed without losing rigidity) [40].
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Figure 4.3. A constraint inconsistent network. We assume tht t; > 0. Here, robot 4 can perform

circular motion around robot 3. If robot 4 moves, robot 2 cannot move in a way that preserves the

distances between robot 2 and robots 1, 3, and 4.

Figure 4.4. A persistent network. The network graph is rigid and constraint consistent. We assume
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that t; > 0. If robot 4 satisfies its constraint, the other robots maintan formation during continuous

motion.
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4.2.2 Rigidity, Constraint Consistence, and Persistenceugimary

To summarize the topological notions of rigidity, consttatonsistence, and persistence
and their relations, see Table 2. Rigidity tells us whethremai we have sfiicient edges
in our graph to guarantee that the formation is maintainedrdy maintaining its edge
lengths. Therefore, in Table 2, Graph 1 is flexible (i.e. mgith), while Graphs 2 and 3 are
rigid. Note that rigidity does not depend on the orientatbthe edges.

Unlike rigidity, constraint consistencgoesdepend on the orientation of the edges.
While Graph 1 in Table 2 is flexible, it is constraint consmfesince all vertices have an
out-degree less than or equal to two. This implies that thetsocan maintain these edges
regardless of how robots 2 and 4 satisfy their constraints kbot 3. Still, the formation
may deform, since the graph is flexible. On the other handplG&is rigid, but not
constraint consistent. While the maintenance of the edgegdypreserve the formation, it
is possible for robot 4 to satisfy its constraint with robalgh that robot 2 cannot satisfy
all of its constraints, as in Figure 4.4.

Of the graphs in Table 2, only Graph 3 is both rigid and colstr@onsistent, which
makes it the only persistent graph example. The maintenafribe edges ensures that the
formation does not deform, and all robots can, in fact, namnthese edges during any

continuous motion.

4.2.3 Persistent Feasibility

We definePersistent feasibilitas follows:

Definition 4.3 For a multi-robot network with re IN : n > 2 members and proximity range
A € R*, adesired formatiof € R?" is persistently feasibl# and only if a exists a network

graph G* such that @ is persistent andy(vi, v;) € E(G*), ||pi — pj|| < A.

For any minimally rigid graph, it is possible to assign dtreas to the edges such that
the obtained directed graph is minimally persistent [23]jefEfore, we have the following

Theorem 4.4 describing necessary anffisignt conditions for a target formation to be
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Table 2. Rigidity, Constraint Consistence, and PersistereExamples Table

Graph 1 Graph 2 Graph 3
X1 X1 X1
() [ ()
X2 X3 )(2/ \ X3 X2 X3
() [ [ () () [
X4 \ / \ /
() [ ()
Flexible Rigid
Constraint Consistent Constraint Inconsistent Constraint Consistent
Not Persistent Not Persistent Persistent

persistently feasible.

Theorem 4.4 For a multi-robot network with proximity rang& € R*, a desired formation

PeR?is persistently feasible if and only if it is rigidly feasgol

Proof: If P is rigidly feasible, then, by Definition 4.1, there existsigid graphG* that

is rigid and,Y(v;,v;) € E(G%), |||5I - |5,|| < A. This implies the existence of a minimally
rigid graph such that{(v;, v;) € E(G%), ||5| - 5,|| < A. The directions of the edges of this
minimally rigid graph can be assigned such that it is a mitiynaersistent graph [23],
implying that Definition 4.3 is satisfied and the formatiorpersistently feasible. Since a
graph is persistent if and only if it is rigid and constraiansistent, the is not persistently

feasible if it is not rigidly feasible. n

Theorem 4.4 shows that the modified pebble game tests forrigadrand persistent feasi-

bility.
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4.2.4 Persistent Graph Generation

Here, we show that the pebble game algorithm also generat@satly persistent graphs.
A graph is minimally persistent if and only if it is minimallygid and no vertex has

an out-degree larger than two [40]. We denote the out-degfreevertexv by deg (v).

Note that the pebble game produces a directed g&iphvhere each edgei(v;) € E(G*)

is covered by one of two pebbles from vertexe V(G*). Thus, we have the following

theorem:

Theorem 4.5 The pebble game and modified pebble game algorithms genmanait@ally

persistent graphs.

Proof: Assume thatz® is a rigid graph successfully generated by the pebble game. |
[44], it is shown that the pebble game generates a minimaig graph. Since each di-
rected edge\, v;) € E(G*) represents the edge being covered by one of two pebbles from
vertexv; € V(G%), this implies that,yv € V(G%), deg(v) < 2. This implies thatG*

is constraint consistent. Sin€*" is constraint consistent and minimally rigid, it is also

minimally persistent. This also holds for the modified peldphme. n

4.3 Persistent Graph Operations

Given a minimally persistent formation gra@hfor the network, eHenneberg sequence
[45] of graph operationgan be defined for assembling it. These sequences start thut wi
an initial,leader-first-follower graph @such thav/(G,) has two vertices ané(G,) has one
edge between them. If there are more than two vertic®4@), the first graph operation
in the sequence adds a vertex and two edges t&theroducing a new graphGs. The
next graph operation adds vertices and edgé3stoln this manner, a sequence of graph
operations and an initial grapB, defines a sequence of grapla,) = (G, ..., G,) such
thatG, = G, the final graph in the sequence. Furthermore, each inteateegraphG; :

2 <i < nis also minimally persistent.
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Here, we describe traditional graph operations. We inttedew graph operations for
assembling minimally persistent graphs that respect ity range of the network. We
also present an algorithm for automatically generatingiseges of these graph operations

for assembling a given, minimally persistent graph.

4.3.1 Leader-First-Follower Pairs

For a minimally persistent grapB, we define adeader-first-follower pairas a pair of
robots corresponding to adjacent verticesy;) € V(G) x V(G) such thadeg (v;)) = O,

deg(v¢) = 1, and3(v¢, V) € E(G). We say that vertekis theleader, and f is thefirst-

follower. In such a network, all remaining robots are simply cafi@dtbwers(all robotsi

such that € N\ {I, f}).

The leader robot has no constraints, and thus has two degjireesdom, implying that
the persistent formation will follow the leader robotIRf. Similarly, the follower robot
has one constraint, and thus one degree of freedom, impliyatghe persistent formation
will rotate around the leader robot as the follower robofgrens circular motion around
the leader. Thus, the leader and first-follower establighpbsition of the formation in
the environment, in terms of both translation and rotatibor a persistent graph, edge-
reversing operations can make any pair of adjacent rob@adet-first-follower pair with
the graph remaining persistent [23]. A leader-first-fokmpair is demonstrated in Figure

4 .4 with robots 3 and 4.

4.3.2 Traditional Persistent Graph Operations
In a multi-robot network, achieving a persistent formatiequires robots with (initially)
no constraints to interact and establish constraints. wsgguence of robots interactions,
if successful, results in a persistent formation, withrisrtgbot distances corresponding to
the target formation.

Graph operations are used to represent such a sequencebimabactions. In [23],

graph operations are presented for assembling and moglipgrsistent graphs. Initially,
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Figure 4.5. A vertex addition operation. In this figure, the 1aded area represents a minimally persis-
tent graph before the operation. The resulting graph is alwgs minimally persistent, as well.
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Figure 4.6. An edge-splitting operation. In this figure, theshaded area represents a minimally persistent
graph before the operation. The resulting graph is always miimally persistent.

a leader-first-follower seed graph is formed, with lead®otd, first-follower robotf, and
graphG; such tha/(G,) = {v;, v¢}, andE(G,) = {(v¢, W)}.

In [23], directed vertex addition and edge-splitting opierss are presented. Consider
a graphG; in a Henneberg sequence such that 2 < n, {v;,v;,V,} € V(G)), (Vp,V)) €
E(G)), andv ¢ V(G;). A vertex addition consists of adding to V(G;) and adding edges
{(vk, Vi), (Vk, vj)} to E(G;j), producing the next graph in the sequenGg;, with one new
vertex and two new edges. Figure 4.5 shows a vertex addigieration.

An edge-splitting operation consists of addipdgo V(G;) and adding edge{Svk, Vi), (ks v,-)}
to E(G;), while also removing edgev{, v;) from E(G;), producing the next graplt;.;.
Figure 4.6 shows an edge-splitting operation.

Any minimally persistent graph can be assembled from a refiadé-follower seed
graph and a sequence of vertex additions and edge-splapegations, along with edge

and path reversing operations [23]. Additionally, eacleimtediate graph is persistent
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Figure 4.7. An example network where performing an inverse ége-splitting operation introduces a
new edge whose length is greater than all pre-existing edgebhis new edge could violate the proximity
range of the network.
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[23]. These sequences of graph operations to build a degregzh are typically defined
by performing inverse graph operations on the desired grdgliming a reverse sequence
of graphs until the last graph is a leader-first-followerdsgeaph: G, ..., G,). However,
these methods are completely graph based, and do not tak@dobunt the proximity
range for the multi-robot network. Consider Figure 4.7. sThetwork has a minimally
rigid, persistent graph. An inverse vertex addition carm®performed. Also, note that
any inverse edge-splitting operation will introduce a nelgesinto the network which has
a length longer than any other edge. This new edge couldtgitie proximity range of
the network.Therefore, given a formation and a proximity range limit bie £dge lengths
of a network, certain network graphs cannot be assembletédsettraditional operations

without introducing a constraint that violates the proxiyniange.

4.3.3 PersistentA Operations
To construct persistent graphs under proximity range caimss, we present two new graph

operations. These, combined with traditional vertex adidjtallow any persistent graph
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(a) (b)
Figure 4.8. A single-vertex addition. The shaded area repients a minimally persistent graph before

the operation. A single vertex with an edge is added to grapl®y, producing the next graph in the
sequenceGy,1.

with a leader-first-follower pair to be constructed withasing any edges that are not con-
tained in the final graph. We call this set of three graph djpmrapersistentA operations

Each operation is represented by a doulgpe= (V, E), whereV(op) = V is a set of
vertices to add to the graph, akfop) = E is a set of edges to add to the graph.

A vertex additionis a persistent operation defined as in Chapter 4.3.2. A vertex
addition is represented asrtexAdditiov;, vj, i) = ({Vi}, {(Vi, Vi), (Vi Vj)})-

Consider a directed grapBy such that 2< k < n, vi € V(G), v; ¢ V(G). Single-
vertex additionconsists of adding a vertex to V(Gi) and adding edgev(, vi) to E(Gy),
producing the next grapBy,; in the sequence. A single-vertex addition is represented as
singleVerteg,v;) = ({v;}.{(v;,v)}). Note that this operation doe®t preserve persis-
tence. In fact, it guarantees a loss of persistence, sine@&éw vertex has one degree of
freedom. Figure 4.8 shows a single-vertex addition.

Consider a directed grapB such that 2< k < n, (v,v;) € V(Gy) x V(Gy) and
(vj,vi) ¢ E(Gy). Edge insertiorconsists of adding edge;(v;) to E(Gy), producing the
next graplGy,; in the sequence. An edge insertion is represented@sinsertiotv, vj) =

(0, {(vj,vi)}). Figure 4.9 shows an edge insertion operation.

4.3.4 PersistentA Sequence Generation
Here, we describe how persistentperations can be used to construct any persistent graph

with a leader-first-follower pair.
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(a) (b)
Figure 4.9. An edge insertion operation. As before, the shaxl area represents a minimally persistent

graph before the operation. A single edge is added to grap, producing the next graph in the
sequenceGy,1.

If Gis a minimally persistent graph adlfv;, v;) € V(G) x V(G) such thatleg (v;) > 1
and vertexdeg (v;) < 1, then there is a directed path frafrto v; [23]. If (v, v¢) € V(G) x
V(G) are a leader-first-follower pair, respectively, théne V(G) \ {v, v¢}, deg(v) = 2

[40]. This leads to the following lemma:

Lemma 4.6 Let G be a minimally persistent graph such thageWw (G) is the vertex of the
leader and y € V(G) is the vertex of the first-follower in a leader-first-followgir. This

implies the existence of a directed path from all vertices\M{(G) \ v, to \.

Proof: Since robotd and f are a leader-first-follower pair, this implies that therésex
a directed path fronv; to v; and thatdeg (vj) < deg(v;) < 1. This implies thatyv €
V(G) \ {u, v¢}, deg (v) = 2. Then there is a directed path fronto v; andyv,. This implies

that there exists path from all vertices\igG) \ v, to v. n

This leads us to an algorithm for constructing a sequenceagfgoperations to con-
struct a minimally persistent graph. We definkeader-first-follower seeds a graplG,
such thatvV(G,) = {v, Vv¢} andE(G,) = {(v¢,V|)}. Here, vertex is the leader vertex, and
vertexv; is the follower vertex.

Any minimally persistent graph can be constructed from ddedirst-follower seed by
a sequence of persisteitgraph operations. First, given a minimally persistent fation

graphG#, a graphG is initialized to the leader-first-follower seed such t@at G, using
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Figure 4.10. A sequence of Persistemt-operations constructing a framework. 4.10(a): The initial
leader-first-follower seed. 4.10(b): Two vertex additionsare performed. 4.10(c): No more vertex ad-
ditions are possible. Three single-vertex additions are péormed. 4.10(d): Three edge insertions are
performed, one for each single-vertex addition.

the leader and follower vertices &". Until all vertices and edges @& are present i,

the following process is performed:
1. Generate each possible edge insertion.
2. Generate each possible vertex addition.
3. If no vertex additions were performed, generate eachlgessngle-vertex addition.

The condition for single-vertex addition is due to the fdwttsingle-vertex addition does
not preserve persistence. Directed vertex addition doésrefore, these are preferred.
Edge insertions are necessary to complete the graph aftgesiertex additions are per-
formed. After this process, each of the generated grapratipes is executed on the graph
G. This process is repeated until all vertices and edges hese édded to the graph, im-
plying thatG = G*. Algorithm 2 describes this process. In Algorithm 2, we esant
concatenating elemesto the end of sequen&by S - s.

Figure 4.10 shows a resulting sequence of this algorithm. heee the following

theorem for the fectiveness of this method:

Theorem 4.7 For a minimally persistent graph Gwith a leader-first-follower pair, the
persistentA generation algorithm will generate a sequence of graph apens that con-

struct G* from a leader-first-follower seed.
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Algorithm 2 PersistenAGeneratioriG*)
Require: GraphG? exists such thaB” is minimally persistent with leader-first-follower
pair 4, vi);
Initialize G, such thawv(G,) = {v, vi} andE(Gy) = {(vs, W)};
G =Gy
Initialize S such thatS is a sequence of zero graph operations;
while |[V(G)| < [V(G?)| or [E(G)| < |E(G?)| do
Initialize set of graph operatiorss.= 0;
forall (vi,v;) e V(G) x V(G) do
{Generate all possible edge insertipns
if (vj,vi) € E(G3) and {;,Vi) ¢ E(G) then
s:= sU edgelnsertio(v, vj);
end if
end for
vertexAdded= false
for all vy € V(G*) such thaty ¢ V(G) do
{Generate all possible vertex additipns
it (v, Vj) € V(G) x V(G) such that; # Vi and{ (v, vi), (Vi Vj)} € E(GA) then
S := sU vertexAdditiovi, vj, W);
vertexAdded= true;
end if
end for
if vertexAdded- false then
forall vj € V(G?) such thav; ¢ V(G) do
{Generate all possible single-vertex additipns
if 3v; € V(G) such thaty;, vi) € E(G3) then
S:= suU singleVerteg, v));
end if
end for
end if
for all operation®pe s do
{Perform all determined graph operatipns
V(G) :=V(G) U V(op);
E(G) := E(G) U E(op);
S:=S-op
end for
end while
return (G, S);
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Proof: Assume thaG* exists, with (, f) as the leader and first-follower of a leader-first-
follower pair, and thaG is the initialized leader-first-follower seed such tkat G,. If
G has only two vertices, the graph is constructed.

If there are more than two vertices, then, by Lemma 4.6, tbgigts a path from all
vertices inV(G*) \ {w} to vertexv;. This implies that there exists a pair of vertices \;)
such thatv; € V(G*),v; ¢ V(G), v € V(G), and ¢;,vi) € E(G*). This implies that a
single-vertex addition is possible (there may also be xeatilitions possible, but this is
unnecessary for the proof).

Assume that a single-vertex operation is performed, irsingathe size oV (G) and
E(G). Note thatG always has the leader-first-follower pair. Therefore, gréhare re-
maining verticesy € V(G?) such thatv ¢ V(G), then Lemma 4.6 also shows that more
single-vertex additions are possible. In fact, more sivglgex additions will always be
possible until there does not exist & V(G*) such thav ¢ V(G). Since we have not added
any verticess ¢ V(G*) to V(G), this implies that, at this point/(G*) = V(G).

For all edgesy, vi) € E(G*), either {;, vi) = (v¢, vi),the leader-first-follower’s edge, or
it does not. If ¢;, vi) is the leader-first-follower’s edge, then it was adde&¢G) when the
leader-first-follower see@®, was initialized. If it is not the leader-first-follower edg®te
that we have already proven that all vertiag$*) are added t&/(G) such thatv(G*) =
V(G). This implies that, for any remaining edges not added byexeor single-vertex
additions, there exists a pair of vertices, ¢;) € V(G) such that {;,v;) € E(G*) and
(vj,vi) ¢ E(G). These edges are added by edge insertions.

Since the algorithm uses these conditions to search folesirggtex additions and edge-
insertions, all such operations are performed, guarargekatV(G*) = V(G) andE(G?) =
E(G). =
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4.4 Stably, Persistently Feasible Formations

In Chapter 4.2, we describe how to determine if desired ftiona were persistently feasi-
ble given the proximity range of the network. While all rijideasible formations are also
persistently feasible, some rigidly feasible formatioaguire minimally persistent graphs
that contaircycles Cyclic formation graphs can result in instabilities whadpend on the
initial state of the network, and areflilcult to identify before their implementation on the
network [15, 16].

Directed graphs that are minimally persistent and acy@ierbeen calledtably rigid
graphsin other works (see, for example, [16, 20]). A graph is stalgid if and only if it
can be assembled from a Henneberg sequence composedyasftireitex additions [20].
This implies that these graphs are also minimally persig&3j. Therefore, we call these
graphsstable, persistent graphs

It has been shown that not all persistently feasible foromgtican be assembled with
only vertex addition operations [4]. However, all persihgfeasible formations that can-
not be assembled by vertex additions must contain cyclesteftre, we present a method
to determine if a persistently feasible formation can besdded only with vertex addi-

tions. We define stable, persistently feasible formatia®bows:

Definition 4.8 For a multi-robot network with re IN : n > 2 members and proximity range
A € R*, a desired formatio® € R?" is stably, persistently feasible if and only if there
exists a network graph Gsuch that G is persistent and acyclic and(vi, v;) € E(G"),
I3~ il <&

To determine if a formation described Byis stably, persistently feasible, we present
the StablePersistentDeltalgorithm, shown in Algorithm 3. This is a polynomial time
algorithm that attempts to assemble such a graph using edgits defined by5. For
each potential pair of leader and first-follower robots, #tgorithm attempts to build a
minimally persistent graph using only vertex additions addes with lengths less than

If successful, this algorithm also defines a leader-firBofeer seed graph and a sequence
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of vertex addition operations for assembling an acycliqyimally persistent graph. This

algorithm has a worst-case performancé¢f®).

Theorem 4.9 A desired formatiorP is stably, persistently feasibler a multi-robot net-
work with proximity rangeA € R* if and only if the StablePersistentDelta algorithm

successfully returns a minimally persistent graph.

Proof: From Definition 4.8 and [20], a desired formatiBris stably, persistently feasible
if and only if there exists a minimally persistent networkajpin G* such thatG* can be
assembled entirely from directed vertex additions, at{d, v;) € E(G*), IIpi — pjll < A.
From Algorithm 3, theS tablyRigidDeltaalgorithm first finds a pair of positions withif
to be the leader and first-follower pair. Then, it attemptfrid vertex additions to add the
remaining vertices to the graph using vertex additions widljes less than. The final
graphG? is only returned when afi vertices have been added, implying t@&tis, indeed,
a minimally persistent graph assembled totally from vegdditions. ThusP is stably,
persistently feasible if th8 tablePersistentDeltalgorithm is successful.

To show that this is necessary, assume that, for our giverimity rangeA, G* exists
such that it is a stable, minimally persistent graph, butStablePersistentDeltalgo-
rithm fails to return such a graph. This implies that a leaatet first-follower pair cannot
be chosen such that a sequence of vertex addition operatiodsices a minimally per-
sistent graph whose edges all have a length less shaklowever, this contradicts the
assumption thaB? exists and is a stable, minimally persistent graph. Theeefis sta-
bly, persistently feasible only if th8 tablePersistentDeltalgorithm successfully returns

a minimally persistent graph. n

The StablePersistentDeltalgorithm is used to automatically generate stable, pergis
formation graphs for the network. In subsequent chaptethignwork, given a desired

formationP and the formation grapB2 generated by th8 tablePersistentDeltgorithm,
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Algorithm 3 StablePersistentDel{R, A)
Require: ne€ IN : n > 2 is the network size;
Require: P € R?"is a formation ofn positions such that/i € {1,...,n}, pi € R?;
Require: A € R*;
Initialize graphG* such thav/(G*) = 0 andE(G*) = 0;
Initialize graphG; such thav/(G,) = 0 andE(G;) = 0;
forall ae Ndo
Nagd := {a} ;
Vadd = {Va} ;
V(GY) :=0;
E(GY) :=0;
forall be N\ {a} do
if |lpa— poll < A; then
Nadd := Naga U {b} ;
Vadd := Vadd U {Wb} ;
Eadd := {(Vb, Va)};
V(G2) = {Va, W};
E(Gz) = {(Vb, Va)};
Initialize S such thatS is a sequence of zero graph operations;
while |V(G%)| < nandVagq # 0 do
V(G?) := V(G*) U Vaqd;
E(G*) := E(G*) U Eaud
Vadd :=0;
Eada =0 ;
forall ke N\ Nagq; do
if H(Vi,Vj) € V(GA)XV(GA) such that/i F Vi, ”F_)k - 5,” <A, andllp_)k— 5]” <
A then
Nadd := Naga UK ;
Vadd := Vadd U {Vi} ;
Eadd := Eada U {(Vi, Vi), (Vi Vj)}
S := S - vertexAdditioivi, vj, W);
end if
end for
end while
if V(G| =n;then
return (G*,G,,S);
end if
end if
end for
end for
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the pair P, G%) represents atably persistent formationThe rest of this work describes

how to achieve our formation goals with these formations.
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CHAPTER 5

CONTROL LAWS FOR MULTI-ROBOT NETWORK
FORMATIONS WITH PERSISTENT NETWORK GRAPHS

In Chapter 4, we presented an algorithm for determining ifeairgd formation is sta-
bly, persistently feasible given the proximity range of thelti-robot network, as well as
efficiently, automatically generating a stable, persistennédion graph that respect the
network’s proximity range. Since these graphs are acyuleecan automatically define
control laws for their implementation while avoiding insiiities that are diicult to predict
[15, 16]. These graphs can also be assembled entirely frotexvadditions, as presented
in Chapter 4.4.

In this chapter, we present control laws for multi-robowatks with stable, persistent
network graphs. In Chapter 5.1, we review some relevantgstigs of stable, persistent
graphs. We review the definition of a network deployment imthr 5.2. How robots use
their local geometry and the relative positions of othemwtslio estimate their deployment
is discussed in Chapter 5.3. Chapter 5.4 defines controlfawsulti-robot networks with

stable, persistent network graphs. Simulation resultpaegented in Chapter 5.5.

5.1 Stable, Persistent Graphs

In this chapter, we assume that the network already has ke sfavsistent network graph
G, and that each robot is aware of its local topology. Sincendte/ork graplG is a stable,
persistent graph, it has several useful properties. Asiomd in Chapter 4.4G is a
Directed Acyclic Graph (DAG), and can be assembled entirelyn vertex additions from
a leader-first-follower seed graph. In this chapter, we rasstinat the leader robot is robot
1, and the first-follower robot is robot 2. Therefore, robdtalk no constraints, robot 2 has
one constraint such thaty( v;) € E(G).

For all robotk such thak € N\{1, 2}, there exists\(, v;) € V(G)xV(G) such that; # v;
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and{(w. vi), (v, vj)} € E(G). This implies that robotsand j are immediate successors of
robotk. There is also a directed path from every verte¥ii®) to the leader and first-
follower [23]. Thus, all such followerk are predecessors of the leader and first-follower
in the network. This implies that we can order the indicesawaspond to a topological
order of the network graph such th&f(v;,vi) € E(G), i < j. In this chapter, in order to

facilitate future developments, we assume that the netigaridexed in this manner.

5.2 Network Deployment

Recall from Chapter 2.2 that a network deploymennabbots is defined by a set of
deployment positionsuch thatYi € N, p; : T — R? represent the desired trajectory for
the robot assigned positian These deployment positions define tietwork deployment
P: T~ R?suchthatyte T, P(t) = [pl(t)T, . pn(t)T]T. For the deployment to be valid,
Y(@i, j,t) € Nx N xt, [[pi(t) — pj®)Il = lIpi(0) — p;(O)I (i-e., all inter-position distances are
preserved for the entire trajectory). In this manmegaptures both the desired formation
(P = P(0)) and the desired location of the formation in the envinent as a function of
time.

We assume that the leader and first-follower robots havedtveank deployment avail-
able to them, and that they can estimate their relative ipogio the network deployment.
This implies that we can define the leader’s contrphs a function of X; — p;) and the
first-follower’s controlu, as a function of X, — p,). In Chapter 5.4, for all other robots,
we define their control laws as a function of the desired fdimneP and its constraints in
the network and the relative position of the correspondatpts. Since this is a persistent
formation thenyk € N\ {1, 2}, 3(i, j) € N x N such that # j and{(v, vi), (W V;)} € E(G),
and we defineg = u as a function ofk; andx;.

These assumptions imply that the control laws we presemt drer applicable in a va-
riety of situations. For example, if the NASA geologists kifly define a deployment as

the positions in the environment that the robots must satisén these assumptions and
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control laws imply that only the leader and first-follower shbe aware of the deployment
P, and that only the leader and first-follower require locaiian ability (i.e., the ability to
estimate their position relative to the environment). Feritest of the network, each robot
successfully navigates with only knowledge of the desicedllgeometry defined iR and
the relative positions of its immediate successors in theork. Therefore, if the leader
and first-follower coordinate and decide to deviate fromplam, the rest of the formation
will follow.

The latter situation (where the leader and first-followeside to deviate from the plan)
corresponds to a special case where the leader-first-feflpair of robots decide where the
robots should position the formation. For example, assinaigthe leader robot determines
a deployment for the network and defines it based on its ovatilart. IN this casex; = py,
and the leader coordinates with the first-follower to deppas a function op,. Thus, our
approach to defining these control laws is applicable to nségtions, without requiring

localization, and with little or no planning required.

5.3 Local Geometry and Circle-Circle Intersection Solutions

Here, we describe how each follower robot estimates itsegédcation and dynamics in
the formation. This involves determining a velocity thaisfées the deployment using the
desired formatiorP, as well as the positions and velocities of its adjacenthimags in the
network graph.

In this chapter, we assume that the deployment positionsnakexed in the same
manner as the robots assigned to them such thag N, roboti is assigned position
i. The desired formatio® and the network grap® definedesired edge weighter all
(i, V) € E(G). Thus, we define desired length function dV(G) xV(G) x R* - R* such
that,V(vi, v;) € V(G) x V(G), d(v, vj, P)=llp - pjll. For each pair\, v;) € V(G) x V(G),
we defined;; = d(v,v;, P) = |Ip - pjll for simpler notation. Hencel assigns a desired

weight to each edge in the network graph.
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Recall from Chapter 2.4.1 that the network grapland the network trajectoriX(t)
define a weight function such that(v;, v;) € V(G) x V(G), 6;j = 6(vi, vj, X(t)) = lIxi(t) —
Xj(t)ll. The network graph is persistent such that, when initiallformation, the network
maintains the formatioff, V(vi,v;) € G, ¢ij = Ix(t) — X;(t)ll = d;j Yt € T. However, there
may be some initial formation error, implying that simply imaining the initial inter-
robot distances corresponding to the network graph mayatisty the desired formation.
Further, if error is introduced into the formation, we woulok desire for the control laws
to attempt to maintain the error. We must control each robatisfy its unique, local
geometry with its adjacent neighbors in a manner such tleaglibbal network geometry
satisfies the formation and the deployment.

The leader and first-follower robots attempt to satisfy thysstabilizing to their de-
ployment positions. As stated in Chapter 5.2, we assumetlieateader robot 1 and
first-follower robot 2 have direct access to their deploytmaositionsp;, and p,. Re-
call that, since each additional robot (i.e., each follonsbot) is added by a vertex ad-
dition, then,vk € N\ {1, 2}, there exists\(,v;) € V(G) x V(G) such thaty, # v; and
{(Vi, Vi), (W, Vj)} € E(G). In this case, robotisand j are immediate successors of rokot

To determine how to satisfy their local geometry, each feHiorobot employs solutions
to the circle-circle intersection problem to estimate ttlteployment positions and their

dynamics, shown in Figure 5.1. We define

0 1 0 -1
Ql = > QZ = s
-1 0 1 0

and choos&)y € R>? such thaQ, = Q; or Q,. Given this choice o), two circles whose

centers are at;(t) € R? andx;(t) € R? with radii of dy anddj respectively intersect at the
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Circle-Circle Intersection Solutions

I I I
-15 -10 -5

Xor

Figure 5.1. The circle-circle intersection solutions for pbot 3 with x; = [-5,0]", x» = [5,0]", and
d31 = d32 = 10. Here, 01 = fk(X]_, X2, d31, d32, Ql), and O = fk(X]_, X2, d31, d32, Qz) Since the circle-circle
intersection problem typically has two solutions defined bytwo equations, it is necessary to definé to
correspond to the correct equation for each robok and its geometry in the formation.

point defined by

N®+M®+
2

Xlﬁ( (d'i B djzk) (Xj - Xi(t))+Qk (Xj ) - Xi(t)) \/((dik + djk)z - 5121)(55 _ (djk 3 dik)z))'

(6)

The choice ofQ selects which intersection point is desired, since thexdtsipically) two

fil(Xi(t), X; (1), dix, dj, Qi) =

solutions to the circle-circle intersection problem. Facle follower robok, the appropri-
ate equation is used to defirfig Sincefy is defined to choose the appropriate circle-circle
intersection point, thev{(i, j,k) e NxNxN :i # j # Kk}, px = fu(pi, pj, dij» dik, Q«). Also,

if [Ix(t) — x;OI = lIpi — pjll, thenx(t) = fi(xi(t), x;(t), di, djx, Qi) satisfies the same local
geometry withx;(t) andx;(t) as doeg with p; andp;. Thus, the robot assigned position
k can determine its desired position without using any laedion ability. Each follower
robot can determine its desired position based only on ttieated range and bearing of
its adjacent neighbors in the network graph. In this worksaex, = fi(xi, X;) for simpler
notation to define these circle-circle intersection solusi

Note that, when operating or(t) andx;(t), there is a discontinuity whex(t) = X;(t)
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(i.e., when the circles have a common center). There arecalsplex solutions when
2 2
I + | < [[xi® = %0

or
2 2
I = " > i ®) = x|
The first condition indicates that the centers of the cirakestoo far apart to intersect. The

second condition implies that one circle is inside the oftethat they do not intersect.

5.4 Multi-Robot Network Control Laws with Stable, Persistent Net-
work Graphs

Here, we define control laws for multi-robot networks witlatde, persistent network
graphs. First, we define the formation error. Then, we ptesamtrol laws for two cases.
In the first case, we assume that each robot has access tpltyment position. While

this involves more knowledge for the follower robots thanpweviously assume, it is use-
ful for setting up the second case, where only the leader estefdllower have knowledge

of their deployment positions.

5.4.1 The Formation Error

Since the deploymem represents the desired network trajectory, we can define kiwgve
error of each specific robot as= x;—p; Vi € N. Thenetwork errorX : T — R?"is defined
such thatX(t) = [il(t)T, cee, )?n(t)T]T. These error definitions are useful for characterizing
how the formation error behaves given the control laws ohgigvork.

We always assume that the leader and first-follower havesadoetheir deployments.
We define persistent control strategies for two cases. Irfitbiecase, we assume that
Yk € N such that distinct roboisand j are immediate successors of rokptollower robot
k has access tp andp;, and can thus derivie = fi(pi, p;). Here, the robots are controlled
with knowledge of their specific deployment positions angirtlynamics. In the second

case, we assume that each follower robaian only estimatgy by the actual positions
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of the other robots apc "= fi(X, ;). Here, the robots are controlled by estimating their

deployments and dynamics using sensor data.

5.4.2 Control With Knowledge of the Deployment Positions ad Their Dynamics

We assume that the leader robot 1 and the first-follower r@ldwve access tp, and p,

and can share them with neighboring robots. For our firstaatgnwe assume that, if

n > 3, robots 1 and 2 communicatp,( p1, p2, p2) to robot 3. This implies that robot 3

can calculate botlp; and p3, and can share those with its adjacent neighbors. In general

we assume thatk € N \ {1, 2} such that distinct robotisand j are immediate successors

of robotk, robotsi and j share f;, pi, pj, p;) with robotk. This could be accomplished

by robot sharing these as explicit functions of time, or camivating these values as the
ofy

formation is executed. Then, robkican derivep, = fi(pi, p;) andpx = I (pi, p,-) b +

% (pi, p,-) pj. We can define each robots’s control based on its desirezleatdtthe desired
state’s dynamics.
For alli € N, we define robot’s control byu; = p — Kipi, where—K; € R?? is a

Hurwitz matrix. This implies that the error dynamics are

X =X-p=u-p=p-KSX-p=-KX.
The systen¥, = —K;% has a globally exponentially stable origin. Further, themoek
error is described by the syste)f(n: —KX, where—K € R?™® js a Hurwitz matrix with

-Ki,...,K, on its diagonal. Therefore, the network error has a globaXyonentially

stable origin. Hence, lim., X(t) = 0.

5.4.3 Control Without Knowledge of the Deployment Positios and Their Dynamics

In the previous case, we assumed that the leader and filstvéol robots where sharing

their deployment positionp, and p, with their adjacent neighbors. Without localization
ability, robots sharing this information must come to aneggnent about their locations
in a common frame of reference before such communicatedidmsaand velocities are

meaningful. This suggests that either all robots have ipatbn ability, or that each edge

73



in the network graph implies a high level of coordinationvbetn those pairs of robots.
The in-degree of stable, persistent network graphs is oobpnted byn — 1. Since the
robots have limited computation and communication ab#itithis could be problematic
for a robot who is the immediate successor of potentialyl robots in the network.

As an alternative, we now consider the case of estimated letigy® of the deployment
P. We assume that the leader robot 1 has accegs, tand the first-follower robot 2 has
access t@,. However, follower robot& with immediate successorsand j do not have
access to eithgp, p;j, or px.

For all robotk such that robotsand | are its distinct, immediate successors, we assume
that robotk has access to the local geometry that must be satisfiedgi.@;, andpy), as
well asx andx;, as in the case where robloestimates the relative positions of robots
and j through sensor information. For all robots N, we define itestimated deployment
i : T — R2. For all follower robotk with distinct, immediate successarand j, robotk
estimates its deployment position py = fk(>q, x,-) and f)k = % (xi, x,-) X + % (xi, x,-) X;.
Since the leader and first-follower robots still have act¢egs andp,, thenp; = p; and
P, = p.. We also define an estimation of the desired deploymeit a§ — R? such
thatP(t) = [py(1)7, ..., Pa(t)T]T. Similarly, Vi € N, we define arestimation of the erroof
roboti asx = x — f, and theestimated network erraasX = X — P.

For alli € N, we define robot’s control law byu, = bi - K%, where-K; € R>?is a
Hurwitz matrix. This implies thak = —K;% Vi € N, which has a globally stable origin.
This implies that theestimatechetwork errorX has a globally, exponentially stable origin
and lim_. X(t) = 0.

If, Yk € N such thaf(vi, vi), (v, vj)} € E, we assume that lim., %(t) = lim.. Xj(t) =
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0, then this implies that
lim (B (1) - P () = lim (fic(% (0. %5 ©) - (P ©). p; )
= lim (fi(pi () p; ) ~ (P O P )))
=0.
Also,
lim %(t) = fim (4 () - P (®)
= lim (%(t) = Be(®) + Pi(t) - pe)
= lim (% (1) + Pi(t) - pe(t) = 0.

Note that, by our assumptiong; = p; andp, = p,. This implies that lim,., X (t) =
lim_. %(t) = 0. Recall that the network graph is a directed, acyclic gsydh that the
leader and first-follower are successors to every othertriobine network. Then, by the
topological properties of the network graghand induction, this implies thatk € N
such thak > 3, 3(i, j) € N x N such that # J, {(v,v), (V. Vj)} € E, i <k, j <k, and
iMoo %(t) = lim_ X;(t) = 0. Hence, limL. X(t) = 0.

However, the equations fdy are nonlinear. As discussed in Chapter 5.3, there can be
discontinuities or imaginary components of the solutiothi& presence of specific errors.
Further, sincé;; appears in the denominator of (6), this implies that theevatay approach
infinity as ¢;; approaches zero. Therefore, we have dabal stability provided by these
control laws. In order to befkective, we must firsassembleéhese formations to with a
suficiently small initial error before we employ these contralv such that we operate

within a suficiently tight neighborhood dP. This is part of our motivation for a strategy

for formation assembly, presented in Chapter 6.

5.5 Deployment Simulations

Here, we present simulation results for the control stsatesgng estimations of the desired

states presented in Chapter 5.4.3. First, we present argzehthe NASA project. Using
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a Graphical User Interface (GUI) for entering formation ipoas, we assume that the
geologists specify a hexagonal formationmof 7 robots to track a moving terrain feature
with their sensors. A minimally persistent network gra&pls generated such that, for each
edge ¥, V) € E(G), dj = 10 m. The software automatically configures the robots wiéh t
control laws in Chapter 5.4.3 and the network gr&hrhe robots then implementing the
control laws begin collecting data. Initially, during thatd collection, the terrain feature
begins moving with a velocity of [11]". The leader and first-follower begin moving in
order to track this motion, defining a desired velocitypf="[1,1]", Vi € N. For each
roboti, we define-K; = —I and implement the control laws in Chapter 5.4.3.

The simulation results for this motion are shown for threedent initial error assump-
tions. First, it is assumed that the initial error of eachatals bounded to within 2 m of
pi(0) Vi € N. Then, we perform two simulations to test the “robustnedshe control
laws when the conditions discussed in Chapter 5.3 occumdénsamulation, it is assumed
that all the robots are initially very close to the initialsited state of the leader such that,
Y(i, j) € N x N, x(0), x;(0) are within 10°° m of each other. In the last simulation, we
assume that the initial position of each robot is within 20 fithe initial desired leader
state, but allow large initial formation errors. These tasi scenarios allow dticient error

to produce complex results for the circle-circle intergecsolutions.

5.5.1 Simulation Results
Figure 5.2 shows the resulting network trajectory when tineref each robot is initially
bounded to 2 m. In this figure, dashed lines represent theedesajectory, while solid
lines represent the actual trajectory. Arrows between tdies correspond to the edges of
the network grapi.

Figure 5.3 shows the errors of each robot in the network. rei§u3(a) shows the error
of each robot with respect to their desired states, whichagmh zero as — . Figure
5.3(b) shows the errors of each constraint of the networkchvhlso approach zero as

1t — oo.

76



. s~
e e
20 e 201 e
// //
7 e
5 e 15 S, /// .
10 —0r P
E E|
> X, > X,
of of .
/ ‘/’, 4
[ rr— o X;(m)‘o e R ™ ETI— o Xé(m)‘o W %
(@) t=0sec (b) t=1sec
P
e
20 /// 20
151 15
—~ok ~—o|-
£ S
N—r” N—r
>5— >
o - -7 o 7
/// 7 :
ETa— o Xé (m)‘o 5w % B
(c)t=5sec (d)t=15sec

Figure 5.2. The network trajectory. In this figure, dashed lines represent the desired deployment, while
solid lines represent the actual trajectory. Arrows betwee the states correspond to the edges of the
network graph. Here, we define an initial error of 2 m for each robot. As the robots move, each robot
stabilizes to its deployment.
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Figure 5.3. The network error and constraint errors. Here, we define an initial error bound of 2 m for

each robot. As the robots move, the error in the formation appoaches zero ag — . Figure 5.3(a)
shows the formation errors of each robot, and Figure 5.3(b)lsows the errors of each robot in satisfying
their constraints. All errors stabilize to zero ast — .
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Figure 5.4. The network trajectory. In this figure, dashed lines represent the desired deployment, while
solid lines represent the actual trajectory. Arrows betwee the states correspond to the edges of the
network graph. Here, each robots initial state at timet = 0 to be within 107%° m of p;(0). As the robots
move, each robot stabilizes to its deployment.

In the next simulation, we force each robot’s initial statéraet = 0 to be within 10°
m of p,(0). This can produce complex results, large errors in thimasion of the network
error, and, thus, large errors in the early portions of thenfdion trajectory. However,
the errors still stabilize to zero as— . Figure 5.4 shows the corresponding network
trajectory of this scenario. The robots still stabilizeheit desired deployment.

Figure 5.5 shows the corresponding errors for each robetedisas each constraint in
the network. The errors still approach Otas .

To further test the robustness of the dynamics defined lmhen it produces complex
results, we enlarge bound on the initial error of each rob@& m. Figure 5.6 shows the

network trajectory for this scenario. As— oo, the robots still stabilize to their desired
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Figure 5.5. The network error and constraint errors. Here, each robots initial state at timet = 0 to
be within 10°%° m of p;(0). As the robots move, the error in the formation approaches z@ ast — .
Figure 5.5(a) shows the formation errors of each robot, and igure 5.5(b) shows the errors of each
robot in satisfying their constraints. All errors stabiliz e to zero agt — oo.

deployments.

As seen in Figure 5.7, this produces large initial errorsywali as complex results.
However, using these dynamics, the errors still stabilizestro ag — oo.

These simulation results shows us that we need an alteena#dthod to assemble a
persistent formation before these control laws are imptegete This is the subject of the

next chapter.
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their constraints. All errors stabilize to zero ast — oo.
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CHAPTER 6

FORMATION ASSEMBLY WITH EMBEDDED GRAPH
GRAMMAR SYSTEMS (EGGS)

In Chapter 5, we present control laws for deploying mulbebnetworks with stably per-
sistent formation graphs. While these control laws featur@que equilibria for each robot
in the formation, they were only locally stable. As suchytshould only be used in de-
ploying formations with sfiiciently small initial error. In this chapter, we present aywa
of assembling formationsuch that we can bound the initial formation error beford@ep
ment.

As a starting point, we assume that the NASA scientists emtstiably, persistently
feasible desired formation as a set of points in a GraphicarUnterface (GUI), given
the network’s proximity range. We assume this GUI prograrpléements the methods
from Chapter 4, generating a stable, persistent formatiaptgG2, along with a leader-
first-follower seed grapls, and a sequence of vertex addition operations for assembling
G2 from G,. Figure 6.1 shows an example of this GUI, with desired fofomaP and
corresponding stable, persistent network gréph

In this chapter, we present a method for automatically geimey Embedded Graph
Grammar (EGG) systems for assembling formations usingthedex operation sequences.
This involves defining EGG rules and control laws for cooatiimg leader-first-follower
pairs and performing vertex additions.

In Chapter 6.1, we present control laws for implementinglésdirst-follower pairs,
as well as performing vertex additions. Chapter 6.2 showstoadefine an EGG system
given a stably, persistently feasible desired formafoa leader-first-follower seed graph
G,, and a sequence of vertex addition operations that asserstable, formation grap®*

from G,. This EGG assigns each robot to a position in the formati@hpaovides control
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Figure 6.1. The Graphical User Interface (GUI). This program implements the methods from Chapter
4 to generate a stable, persistent network grapie®.

laws that allow them to achieve the correct relative geoyrsgiecified in the desired forma-
tion. A method for allowing unassigned robots to navigateulgh the network to locations
where they can apply vertex additions is presented in Ch&e In Chapter 6.4, we show
that we can arbitrarily bound the final error in the formatixmsembly. Chapter 6.5 presents
our methods for implementing the resulting EGG system oewliealized networks, where
decision-making is distributed across the network. Thislves the presentation of decen-
tralized EGG rule evaluation. Simulations results for gésscale network are described in
Chapter 6.6. Two scenarios with a prototype multi-robotwoek are presented in Chapter

6.7.

6.1 Control Laws For Assembling Persistent Formations
Here, we present control laws for building the leader-fioibwer seed graph and perform-
ing vertex addition operations. We define control laws faeasbling these formations that

satisfy the proximity range constraints and the maximunogigf constraints, and prove

their stability.
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Recall from Chapter 4.4 that, given the desired formatiahtae network’s proximity
range, theStablePersistentDelteeturns a stable, minimally persistent formation graph
G, along with a leader-first-follower seed gra@h and a sequence of vertex addition op-
erations. These vertex addition operations, when perfdrong,, result in a sequence of
graphs G,, ..., G,) such thaG, = G2, the desired stable, minimally persistent formation
graph. The pairR, G%) is apersistent formationwith a desired geometry specified By
and a desired network graph specified@y

First, we define control laws for a leader and first-followairf robots to establish
the leader-first-follower seed graph. Then, we presentrablatws for robots performing

vertex addition operations.

6.1.1 Leader-First-Follower Control Laws

In order to assemble the leader-first-follower seed graghmust navigate a first-follower
robot such that it satisfies the distance define® inith the leader robot. The following
theorem presents control laws that accomplish this whapeeting the limitations of the

network.

Theorem 6.1 For a multi-robot network with proximity rang& € R*, consider a stable,
persistent formatioﬂ:_’, G%) with leader and first-follower positions, and py,, respectively.
Assume that robot a is assigned positio; and that robot b is assigned positign in
desired formatiorP. For a proximity rangeA € R* and a maximum velocitydy € R,

robot b’s control laws are defined by

ab = [1Pa = Poll; (7)
Po = dabﬁ + Xa, 8)
K = e, ©)
Up = —=K(Xo — Po) = —K(l— ”X;j%bxa”)(xb—xa). (10)

We assume that,(t) = 0 Vt € T. Then, for every initialization of the pair such that
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0 < [1%(0) = Xall < A,
e X, is continuously dferentiable,

e pp(t) =0Vte T, and p is a globally, exponentially stable equilibrium point gf x
o limeq [1X%(t) = Xall = dap,

o IX(t) - Xl <AVteT,

o [|up(t)]l € UmaxVt € T, and

e Xy is Lipschitz continuous.

Proof: First, we show thaky(t) # X, Yt € T, andx, is continuously dierentiable. By our
assumptionsy,(t) is a constan¥t € T. Also from our assumptiong,(0) # X,, andd,, > 0.
By (8) and (10) x, is continuously dierentiable if we can guarantee thgft) # x, Vt € T.

To see the behavior difk, — X3/, note that

d%(%llxb - Xa||2) = (% = %) (%6 = %a) = (% — Xa) " Up.

Substituting (10) into the previous yields
—[ZiIx. — = _Kl1- —=2 _ - -
(2||Xb Xall X — X (X — Xa)* (%o — Xa)

dt
dab ) 2
- K (1= —2 % — X2
( T

This implies that
d(1 :
I (§||xb(t) - xa||2) > 0if [[%p(t) = Xall < da. (11)

Equation (11) implies that the distance between rob@isdb is always increasing if their
distance is less thamy,. Thus, if we assume that, for sorhe T, that||xy(t) — X4l = O,
we always have a contradiction. tif= 0, then this violates our initial assumption that
1%(0)-Xall # O. Ift > 0, then there exists sore> O such that, < t, & (% [1%(t) — xa||2) <

0, and||xy(t1) — Xal| < dap. In other words, this implies that there exists a time befavhere
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the distance between the robots is decreasing and theandesis less thad,,. However,
this violates (11). Thereforeg(t) # x4 Yt € T, andx, is continuously dierentiable over
T.

To see thapy, = 0, from (8) and the quotient rule, we have that

Bu) = (M + xa)

dt \[[Xp(t) — Xall

(Xo(t) = %a) 1%6(t) — Xall = (X6(t) = Xa) S (1%(t) — Xall)
= dab

[1%o(t) — Xall?

U0 — Xall - () — %) Syt
s 1%6(t) — Xall?
_ O Lo 06 = Xa) (Xe(t) = Xa)T
~ oD — xall? (”Xb(t) l Xe(t) — %l )Ub(t)'

Substituting (10) into the previous gives

_dabK (l _ dab
1% (t) — Xl [1%6(t) — Xall

Po(t) = ymm—m—um%&mza

Hence,pp(t) = 0Vt € T, andpy is a constant.
To see thapy is a globally, exponentially stable equilibrium pointxf, consider the

translated system

By (10), this implies that
Xo = Xp — Pp = —K(X — Po) = —KXp,

This implies thatx; has a globally, exponentially stable origin, and tpats a globally,
exponentially stable equilibrium point af.
Note from (8) thapy(t) € R? is a pointd,, away fromx, and in the direction ok, from

Xa. Therefore, we have from (8) that
im [1X5(t) = Xall = lim [1po = Xall = Cap.
To see thalix,(t) — Xall < A Vt € T, note that the control laws of, imply that

Xo(t) = Po = €7 ((%6(0) — o)) - (12)
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Therefore x,(t) = e*'(x,(0) — py) + Pu, and the range af;, is the “straight” line segment
Xp = {X(0)s+ (1 - 9)py : s€ (0, 1]}

Let BA[X,] define theclosed ballof radiusA centeredx,. From our initial assumptions,
1%(0) — Xall < A, andx,(0) € Ba[X.]. SinceP describes a stably, persistently feasible
formation for proximity range\, thend,, < A. From (8), this implies thatp, — XJl| < A,
andpy, € Ba[X3]. SinceX, is a line segment betweeg(0) andp,, and{py, X,(0)} € Ba[Xa],
then the convexity oBA[X,] implies thatX, c Ba[Xa]. Thus,||[Xp(t) — Xl < AVt e T.

To prove that|u,(t)|| < Umax Vt € T, we definep, € R? such that

_ 2 %00) = %
1%(0) = Xall

In other wordsp, is a pointA distance away from,, in the direction of,(0) from x,. Let

Pa + Xa.

R\ be the “straight” line segment such that
Ry = {XaS+ (1 - 9)pa: se[0,1]}.

Sincellpa — Xll = A, thenR, describes a line of length. Since py(0) is a pointdy,
away fromx, in the direction ofx,(0) from x5, thenp,(0) € Rs. Since||x,(0) — Xal| < A,
then x,(0) € R,. SinceR, describes a line of length and {x,(0), p,(0)} c Ra, then

[1%:(0) — Pu(O)| < A.
Equation (12) implies thatt € T,

1%(t) — Poll < [€7™11(X(0) = Po)ll < 11%(0) — Pol.
By the control laws in (10)Yt € T,
U@l = Il = K(X(t) = Po)ll < IKII[%(0) — pull.

Since||%,(0) = po(O)ll < A, then,Vt e T,

u
lup(O)1I < [KII1%(0) — poll < IKJA < ZaXA < Umax

Sinceu, is defined ovell and||uy(t)|| bounded byumax Yt € T, thenx, is Lipschitz contin-

uous. |
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6.1.2 Vertex Addition Control Laws

Once the leader-first-follower pair are assembled, all reim@ robots must “attach” to
the formation using vertex addition operations. In ordedéfine a unique position that
satisfies the geometry defined i we utilize solutions to the circle-circle intersection
problem, presented in Chapter 5.3. The following theorefinds control laws that use

this estimation.

Theorem 6.2 For a multi-robot network with proximity rang& € R*, consider a stable,
persistent formatiorqﬁ, G%), along with three robots i, j, and k. We assume thét) u=
uj(t) = 0Vt € T. We also assume that apd = fx(p;, p;) as described in Chapter 5.3. For

a maximum velocity sk € R, robot k’s control laws are defined by

P = fi(Xi, X)), (13)
K = “TX, (14)

~Unapid =BG () = Bl > A,
Uk(t) — MaX] x4 (t)— P K (15)

—K(x(t) — px) otherwise.
Then, for every initialization of;xx;, and % such that|x«(0)— x(0)|| < A, [1%(0)— x;(0)|| <
A 1Pk = Xill < A 1Pk = Xl < A,and 3(pi) = 0,

. bk(t) =0Vt e T, andp is a globally, asymptotically stable equilibrium point af, p
e X is continuously dferentiable,

o [IX(t) = %ll < Aand|Ix(t) - x| <AVteT,

o (Il < UmaxVte T,

e Xy IS Lipschitz continuous.

Proof: Sincex(t) = X;(t) = 0Vt € T, this implies thatp(t) = 0 ¥t € T. We define the

translated system



Equation (15) implies that

- . _Umax_):(k if ||)’Zk|| > A,
R = X = 1%l
—K X otherwise.

The Lyapunov functio®V(Xy) = %)‘(I)“(k is globally positive definite. Its time derivative is
V(%) = %X

—Umad| Xl If (13l > A

—K||X|> otherwise.
Therefore V(%) is globally negative definite, and the originxfi$ globally asymptotically
stable. This implies thatyis a globally, asymptotically stable equilibrium pointxf

Here, we show thak, is continuously dferentiable. Ifl|x(0) — pll < A, then (15)

implies thatx, is continuously dierentiable. For the case whepg(0) — pkll > A, (15)
implies that robotk will have a velocity of magnitudeiax in the direction ofpy until
IIXc(t) — Pl = A, at which point the control laws switch such thgft) = —K(X(t) — px).
Let us assume that this switch occurggt T such thaf|x(tr) — Pkl = A. This implies
thatx, is continuously dierentiable over [(X,). Note that the limit as — t, from the left
is

. Xi(ta) — Pk
lim ue(t) = —u —_—
oty ) = a3 B

At ty, [IX(ta) — Pl = A, and the control laws switch such that, € (tx, o), uk(t) =
—K(x(t) — px). Hence,x, is continuously dierentiable overtf, ). Also, the limit as

t — t, from the rightis

!Lrp Uk(t) = —K(X(ta) — Px)

— _Umax Xk(tA) - pk
A Txlt) - B
X(t) = B _ |

= —Umpax—————— = lim u(t).
"lta) — o <

[1Xc(ta) — Bl

Since the limit ag — t, is identical from the left and from the right, thepis continuous

overT, andx, is continuously dferentiable.
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To show that|x(t) — x|l < A and||x(t) — x|l < A ¥t € T, note that the control laws in

(13-15) imply that the range of is in the “straight” line segment parameterized by
X = {%(0)s+ (1 - 9)px : s (0, 1]}.

We defineB,[x] and B,[X;] as the closed balls of radius aroundx and x;. By our
initialization assumptiongx(0), P} € Ba[X] N Ba[X;]. The convexity ofBo[x] N Ba[X;]
implies thatXy € BA[x] N Ba[Xj]. Hence ¥t € T, [Ix(t) — Xl < A and||x(t) — Il < A.

To show thaf|uk(t)]] < Umax Yt € T, note from (15) that, ifjX(t)l]] > A, thenug(t) =

Ly XK,
maxily Ol

This implies that, wheiXq(t)|| > A,
||Uk(t)|| = Umax
When||%()]| < A, u(t) = —KXc(t). This implies that

umax
A A S Umax.

lu®I = I = KOl < [KJA <

Hence,||uk(t)ll < Umax Yt € T. Sincex, is defined andjuy(t)|| is bounded ovel by Unax

Yt € T, thenx is Lipschitz continuous. n

Theorems 6.1 and 6.2 specify how robots can satisfy theat pometry, assuming that
the robots satisfy the theorems’ initialization condisand have been properly assigned
formation positions. We next present an Embedded Graph Gean(EGG) system that
dictates how this assignment occurs, as well as how rob@®ppately “switch” control
laws when assigned positions. In Chapter 6.3, we also ddiménttial conditions and
controls laws for unassigned robots for guaranteeing ti&iritialization conditions of

Theorems 6.1 and 6.2 are satisfied.

6.2 Embedded Graph Grammars for Formation Assembly

Previously, we defined control laws for controlling the legdlrst-follower pair, as well as

each vertex addition in the Henneberg sequence to asseneatetwork graplG. Here,
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we present a method to automatically geneEatdedded Graph Grammar (EGG) systems
[41] for assembling desired formations. Through the agpyilon of the rules in the rule set,

edges may be removed or added to the graph, and the vertéx tahg change.

6.2.1 Initial Network Graph
Since the goal of the multi-robot network is to assemble arel@gormation, each robot
must be assigned a unique position in the formation and attémnsatisfy the local ge-
ometry with its immediate successors in the network grapbteXhat the network graph
G is alabeled graphwith alabeling function I: £ — V(G). For allv; € V(G), this la-
beling function assigns a label to each vengegorresponding to thenodethat roboti is
in. In this assembly EGG system, the vertex label functiassigns to each vertex &
either a position irP or the unassigned label ¢ P. It also associates a Boolean value to
each vertew € V(G) depending on whether or not the corresponding robot haheea
a location that sficiently satisfies its constraints with other robots. We ueertotation
I(v;).assigne PU {w} to denote the position in the desired formation that réfimassigned
to, andl(v)).final € {true, falsg as a flag that indicates whether or not robbias con-
verged sHiciently close to its desired destinationl(¥;).assign= w, we say that robatis
awanderer Otherwise, we say that robpis anassignedobot.

Initially, all robots in the network are wanderers. Therefave model the initial con-
dition for the network grapls(t) asG(0) = (V, E(0), lp), with E(0) = 0, and,Yv € V(G),

lo(v).assign= w andly(v).final = false

6.2.2 Embedded Graph Grammar Generation

In order to characterize how robots should navigate andbkestteand maintain constraints
with other robots, as well as the corresponding change iwar&ttopology, we define
graph-transitiomules Each rule consists of a vertex-labeleft graph L (the input to the
rule), a vertex-labeledght graph R(the output to the rule), andguardthat defines the

geometric conditions under which the rule is applicable eSéhrules define the desired
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interactions between robots and will be given to each raddog with the corresponding
control laws for each position, in order to execute the fdroma Here, we briefly review
EGG systems, as discussed in Chapter 2.6.

Assume thaw/(L) is the vertex set of the left graghof a ruler. In order forr to be
applicable to the robot network modeled Bft), some subset db(t) must “look” like L.
For this, we follow the notation in [41] and we definendtness h: V(L) — V(G) as a
label-preserving isomorphism between the vertices ofeéftegraphL and the vertices of
G(t). Witnesses formalize the notion of when two graphs “lodi€ same (including vertex
labels and adjacencies).

However, we also need that certain geometric conditionsatisfied for a rule to be
applied. These conditions are encoded throughaxd functiong H x (R? x - - - x R?)
{true, falsg, whereH is the set of all witnesses for a specific rule. In this worle, gluard
function is defined to respect the proximity range of the ioekw This implies that robots
must be sfficiently close enough to perceive and communicate with etdedr an order to
apply arule.

When a witness for a rule exists and the guard evaluateadpwe say that the guard is
satisfiedand the rule ispplicable If a rule is applicable, the subgraph®@tt) isomorphic
to L can be replaced iG(t) by the right graptRin the rule. This can involve both changing
labels angbr edges to match the right graph A guarded rule is represented by the triple
r=(L—-Ro).

As a final building block, each assignment in the vertex Ialfed. |(v).assigr) corre-
sponds to a particular control mode based on its positiomemesired formation. As such,
the robots execute specific control laws for each label.

Depending on the rule set and the network graph, multipkesraday be applicable at
the same time. As in [41], we insist that, for a specific timig multiple withesses exist,
we allow multiple rules to be applied simultaneously, bisishthat the sets of vertices in

V(G) that belong to each witness over which the rules are appliest be disjoint. In other
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Figure 6.2. Leader-first-follower rules.

words, no vertex iV(G) is allowed to be in two simultaneous rule applications.

Here, we define the specific rules and appropriate controlestitht ensure that the
desired network graph is achieved. In this work, we augmdraditional EGG system,
and describe aingle application EGG system. In this system, we also asshat each
rule in the rule set is allowed to be applied once and only ofides is another condition

that is guaranteed by our rule negotiation scheme, whicls@idsed in Chapter 6.5.

6.2.3 Leader-First-Follower Rules

In Chapter 4.3, we see that the Henneberg sequence begimawetader-first-follower
seed grapl@,. Here, assume thaf(G,) = {va, W}, andE(G;) = {(Ww, Va)}. These vertices
in V(G,) correspond to positiong, and p,. The robot assigned tp, is the leader, while
the robot assigned tg, is the first-follower. Here, we define EGG rules for assigrargir
of robots to these positions and establishing this first caim. Since we require a unique
leader-first-follower seed, we need to make sure that theeemétwork is involved in the
assignment. As such, the leader-first-follower rules imedhe entire network. Figure 6.2

describes these leader-first-follower rules.

Leader-First-Follower Position Rule
Through the leader-first-follower seed graph we defiteader-first-follower position rule
as

P _ (P P AP
ry = (L t>0t)s

92



where the left graph is given by the initial network graq‘h = G(0) and the right graph
R is given by

V(R}) = V(G),

E(R?) = {(v2, 1)},

and,Yv e V(R}),
(pa, true)  ifv=wv;
IR, (M) =1 (Pp, false ifv=\,
(w, false o.w.
Given a witness for this rule, the guarcgﬂ evaluates to true if and only if the robot
corresponding to vertelx(v;) can detect and communicate with each robot in the network.
Thus, ifh(v1) = v, then the guard is true if and only ifj € N, ||xa(t) — X (t)|| < A. Since
the left graph is the initial grap(0) where each vertex is labeled as a wander and no
edges exist, this implies that, initially, any robot withgroximity range of all other robots
can potentially be a leader, and any robot within proximagge to a potential leader is a
potential first-follower.
The control laws associated with labepg,(true) and (@, false are defined in Theorem
6.1. From Theorem 6.1, robatcorresponds th(v,) = v, robotb corresponds th(v,) =
V. As such, the leader sets its velocity to zero, while the-foBbwer begins to approach

a distance ofl,, from the leader.

Leader-First-Follower Final Rule

As the follower is approaching the its equilibrium point agtotically, we also have a
condition under which we consider the maneuver to be comgleAssume that roba

is assigned,, robotb is assigned,, andp, is defined as in Theorem 6.1. We define the

leader-first-follower final rule

f f £
e = (L = Ry )
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whose &ect is that the final label of, is changed fromfalseto true when the distance
between the leader and first-follow hagfstently converged tq, for a given threshold
valuee > 0. In other wordsl(b). final = true if and only if || Xa(t) — X,(t)]| < €. It also sets

the control laws of robab to zero.

6.2.4 \Vertex Addition Rules

The leader-first-follower position and final rules specifyashwe obtain the leader-first-
follower seed grapks, for the Henneberg sequence. In Chapter 4.3, we also de$mvbe
vertex additions generate a graph sequefge.( ., G,) such thaG, = G*. Assume that,
for graphG, : 2 < p < n, that{v, vj} c V(Gp) and a vertex addition operation adds vertex
Vi to V(G,) and edges$(w, Vi), (W, v;)} to E(Gp) to produce the next graph in the sequence:
Gp.1. Due to the directions of these edges, the robot correspgridivy is in charge of
ensuring the proper distance is maintained to the robotegonding to verticeg and

vj, defined by formation positiong, p;, andp. This vertex addition operation defines a

vertex addition position rulas
r\r/)a = (L\r/)a - pa’ g\?a)’
where the left graph is given by, with

V(LY) = {vi, V2, v3}

{(v1, )} if 3w, vj) € E(G?)
E(LV) =1 {(va,va)} if 3(vj, ) € E(G?)
0 0.W.
and,¥v e V(LD,),

(pi,true) ifv=wv;
|IO

Lva

(V) =1 (pj,true) ifv=v,

(w, fals® if v=vs.
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Figure 6.3. Vertex addition rules.

The right graph is given bR}, with

V(RY) = (v, V2, V3

E(R?) = E(LD) U {(Vs, V), (v3, V2)}

and,vv e V(R"),

(pi,true) ifv=w;

IR. (M =3 (p.true) ifv=1s

(px, false if v=vs.
Given a witness for this rule, the guardy, evaluates to true if an only if the robot cor-
responding to verteR(vs) is close enough tb(v;) andh(v,) to be able to detect them. In
other words, assuming thigv:) = vi, h(v,) = v;, andh(vs) = v, the guard is true at time
t if and only if [|x(t) — x ()l < A and|x(t) — x;(t)I < A. The control laws associated
with labels @, true) and (p;, true) and (px, false) are defined in Theorem 6.2. As such, the
robots assigne@; and p; have zero velocity, while the robot assigngdbegins to move

towards its estimate of its desired position. Figure 6.\&heertex addition rules.

Vertex Addition Final Rule
As robotk is approaching its equilibrium point asymptotically, we@have a condition
under which we consider the maneuver to be completed. Femibidefine thevertex

addition final rule

r\];a = (L\];a - R\];a’ g\f/a)’
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whose only fect is that the label at vertdXvs) = k is changed fronfalseto true when
IIBc(t) — x«()I < €, for a given threshold value > 0. Like the leader-first-follower final
rule, it also setsi to zero.

Based on the EGG rules we have defined, the robots switch tmttieol modes defined
in Chapter 6.1 and then switch out of them afteffisient convergence to their estimated
desired states, setting their control laws to zero. Thidiesghat there will be some final
error in the formation, and the amount of this error is inteity determined by how small
we definee. In Chapter 6.4, we discuss this formation error, and shawiths, in fact,
bounded by our choice @&f By boundinge to be arbitrarily small, we can also arbitrarily
bound the resulting formation error to be arbitrarily smétl Chapter 6.3, we discuss the
implementation of “wander mode” to ensure that the rule dsare satisfied, and that the
unassigned robots (the “wanderers”) will satisfy the gaafithe vertex additions as the

formation expands from the network’s initial state.

6.3 Wander Mode

Here, we presenwander modewhich allows unassigned wanderers to satisfy the guards
of available vertex addition rules. The wanderers mustgateito positions in the network
where vertex addition rules are applicable. However, eabbtris limited to perceiving
only the portions of the network that are within its proxiyniange. At any given time, the
locations in the network where vertex additions are appleaay be outside the proxim-
ity range of any wanderer. We need a way for the wanderersvigata without global
information.

To implement wander mode, each robot assigned a positioivés @ hop-counter
A, which it communicates to all assigned robots within pragmnange. We set to zero
the hop-counters of all assigned robots whose labels alh@mtto participate in vertex
addition position rules that have not been applied. Thidliesghat their labels occur in

the left graph of position rules that have not yet been agq(ighis also requires robots
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to “keep track” of what rules have and have not been appliddsume that robatis an
assigned robot that cannot participate in a vertex addgasition rule. Assume thal; is
the set of all the hop-counters of all robots within proxyniange ofi. Then we define

roboti’s hop-counter by

A= min(A;)) +1 if min(Aj)) <n (16)

n otherwise.

Since all robots with hop-counters equal to zero have besigreed positions in the desired
formation, and since each edgeGh has a length less than or equaldpthis implies that
there always exists a “path” of assigned robots with deangasop-counters that leads to
a hop-counter of zero, if such a robot exists. Wander modefisned so that wanderers
perform circular motion around the robot with the lowest fompinter in proximity range.
When a robot with a lower hop-counter comes into its peroeptit switches to circle
around that robot. This process repeats until the wanderds in assigned robot with a
hop-counter equal to zero.

Once a wanderer encounters an robot whose hop counter equal enters an exclu-
sive partnering relationship with that robot. The assigo@dner changes its hop-counter
from zero to min{\;) + 1. The assigned partner also refuses any more partnersktips w
other wanderers. As each rule is applied, the robots indalvéhe rule application reeval-
uate their hop-counters as defined in (16).

Note that each vertex addition rule has two vertices witklsthat assign a hop-counter
of zero to assigned robots. This implies that two wanderarspotentially be partnered
with different robots, but for the same rule. Therefore, if the hamter changes from
zero to another value, this signals any partnered wanderetsandon the partnership and
to follow a path to another robot with a zero hop-counterc8ithis situation only occurs
when all robots required for a vertex addition rule are pngsehen this implies that the
redundant partnered wanderer is always freed, and cangqudogvards another vertex

addition rule opportunity.
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The definition of hop-counters also implies that, when afiats that can participate
in vertex additions have partners, there may be intervatinté where there is no hop-
counter equal to zero. However, this situation guaranteasd vertex addition rule is
applied, since all assigned robots that can participateitex additions have a partnered
wanderer. Figure 6.4 shows a wanderer performing wandeemod

The following control laws are performed by the wanderersr &wanderer robow
and an assigned robat these control laws stabilize the wanderer to a circulaocigf

around robot at a distance approachingast — .

Theorem 6.3 Consider a stably, persistently feasible formation defibgdP and corre-
sponding stable, persistent network graph G, along with ia pirobots a and w. For a

proximity rangeA € R* and a maximum velocitydx € R*, robot w’s control laws are

defined by
Xw — Xa
= A2 2 4 x, 17
X = A Tl T (17)
_ Umax
KW_ 2A ’ (18)
0 1
QL= , (19)
-1 0
Unax ~ Xw — Xa
Uy = - K - X
W 2 Qlllxw _ Xa” W(XW Xw)
Unax ~ Xw — Xa A )
= — Kyl ——— | (xy = Xa). 20
PR W( w—all) ¢ ) (20)

We assume that,(t) = 0Vt € T (i.e., %(t) is a constantyt € T). Then, for every

initialization of the pair such thad < ||x,(0) — Xa(0)|| < A,
e X, IS continuously dferentiable,
L d Iimt—>oo ||XW(t) - Xa” = Aa

Os

o 1M ((t) - UQq e )

o |IXy(t) — Xl <AVLET,
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() (d)

(€) (f)

Figure 6.4. Wander mode. Assigned robots establishop-counters, which count the “hops” to an avail-
able vertex addition. By sharing these hop-counters with waderers within proximity range, wanderers
can perform circular motion and follow the hops to availablevertex additions.
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o [Juy(®)ll < UnaxVt € T, and

e X, is Lipschitz continuous.

Proof: First, we must show that,(t) # X, Yt € T. To analyze the behavior ¢k, — Xall,

note that

d

1 . .
p (EHXW(t) - Xa||2) = (Xu(t) = %a) " (Ra(t) — %a)

= (Xult) = Xa) " Xu(t).

Since Q, is an rotation matrix corresponding to a rotationZgfthen,vx € R?, Q;x is

orthogonal tax, andx™ Q;x = 0. Then, substituting (20) into the previous yields

(300 - ) = k1 )i -l e

~ Ixl®) = all
This implies thatg (311xu(t) — Xa(®)lI?) > 0 if [IXu(t) — Xa()ll < A. In other words, the
distance between robotsanda is always increasing if their distance is less tiAan

By our assumptionsy,(0) # X,. This implies thau,(0) is defined. If we assume that,
for somet > 0, thatx,(t) = X, we always have a contradiction. This assumption implies
that there exists; > 0 such that; < t, & (3lIxu(t) - Xall?) < 0, andi|x,(t) - Xa(®)Il < A.
In other words, this implies that there exists a time befaech that the distance between
robotsw anda is decreasing and their distance is less thaThis violates (21). Hence,
Xw(t) # X Yt € T, andx, is continuously dferentiable.

To show that ling,., [[Xu(t) — Xall = A, we first show the stability of the origin of, ™=

Xv — X By the quotient rule, we have that

Vel

X

(X — Xa) (X — Xa)T) .

1% = Xall = Xy
( 1% = Xall

" X = Xl
Substituting (20) into the previous yields

X, A UmaxQl Xw — Xa

- . 22
IXw = Xall 2 [[Xw = Xall (22)
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The Lyapunov functiotV(X,,) = % Xy IS positive definite. Also, from (20) and (22),

V(%) = KoK
= %1,(%w — X,)
~ A Umax Xy — Xa
=% 11— )
)‘”(( o —xall) 2 k=l
—KWXW)

Sincex,, and (, — X,) are parallel, thex[Q; (Xy — X3) = 0. Hence,
V(%) = —Ku X = —KullZll.

Thus, V(%) is negative definite. This implies that the originxfis globally, asymptoti-
cally stable. Thereforeg, is a globally, asymptotically stable equilibrium pointxf, and

iMoo (X (t) = Xall = 1Mo [1X,(1) — Xall =

Since
_ Umax~ Xw—Xa
||Xw(t) AT Un(t) = QlIIXW Xall’
thenlim_, (uw(t) - “max iR Xa“) 0. Hence, as — oo, the wander’s velocity approaches

a circular velocity around robatwith radius ofA.

To see thaflx(t) — Xl < A ¥t € T, note from (21) thatd (3lIxu(t) — Xa(®)I?) < 0 if
IIXw(t) — Xa(t)]l > A. In other words, the distance between roboand robota is always
decreasing if their distance is greater th&an If we assume that, for somee T, that
IIXu(t) — Xall > A, we always have a contradiction. tf= 0, then this contradicts are
initialization assumptions. k> 0, then this implies that there exist$;a> 0 such that; <
t, [IXw(ty) — Xall > A, andd% (%llxw(tl) - xa||2) > 0. In other words, this assumption implies
that there is a time befotesuch that the distance between role#sdw is increasing and
their distance is greater than This violates (21). This contradiction shows us that ndisuc
t exists. Hencexy(t) — Xill < AVteT.

To show that|u,(t)l] < Umax Yt € T, (20) implies that

Umax

()l < ] + Kull%a®) = X,
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Sinced|IXu(t) = X, (1> < 0¥t € T then||x(t) — X1l < I1%(0)—X;,(0)l| Vt € T. From (17),
the pointsx,, x,(0), andx;,(0) are collinear]|x;,(0) — x| = A, andx, cannot be between
Xv(0) andx;,(0). Sincel|xy(0) — X4l| < A, this implies thaf|x,(0) — x;,(0)|| < A. Hence,

umax + Umax

2 2A

umax

2

A < umax,

+ [KwlllXa(t) = X (DIl <

and|luy(t)l] <€ umax Yt € T. Sinceu,, is defined and bounded . over all T, thenx,, is

Lipschitz continuous. [

The following corollary shows that, while circling a roboatwander mode, a wanderer

will always satisfy the guard of any available vertex aduttrules.

Corollary 6.4 Consider a trio of robots a, b, and w. Assume that robot w i€etieg the
wander mode control laws as in Theorem 6.3, performing &rconotion around robot a.
We define B(xa) N Ba(X) as the intersections of threpenballs of radiusA around % and

Xp, and let B[Xs] N Ba[Xy] be the intersections of the corresponduigsedballs. For any

initialization of the trio such that B(xy) N Ba(X,) # 0, there exists atime¢ T such that

Xu(t) € Ba[Xa] N Ba[Xp].

Proof: SinceBx(Xa) N Ba(Xy) # 0, then||Xy — Xp|| < 2A. From Theorem 6.3, there exists a
timet € T such thatxs, X,, andx,, are collinear, and

N Tt

=A—— + Xy
= A = xall
Xp — Xa

SA2TTR Ly
X — %l

This occurs whem,, is in the direction ok, from X,. Since|X;,—Xa|| = A and||Xa—Xp|| < 2A,
then||x;, — Xll < A andx;, € Ba(xp). Since the origin ofx, = X, — X, is globally,
asymptotically stable, this implies that there exists atirauch that|X,(t)|| is arbitrarily
small. Hence, there exists a timavhen x,(t) € Ba(Xy). Since Theorem 6.3 shows that
Xw € Ba[Xa] Yt € T, this implies that there existstae T such thatx,(t) € Ba[Xa] N Ba[ %]
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6.4 Formation Error

Here, we define the formation error. We also show that we daitrarily bound the result-
ing formation error.

By the control laws in Theorem 6.1, the robot assigned thddeaosition does not
move. Therefore, the position of the leader establishesdnslation of the formatio® to
the robots’ environment. The control laws in Theorem 6.t atsow that the initial position
of the first-follower establishes the rotation of the forroatP to the robots’ environment.

To define the network’s formation error, we assume that, formationP, the appro-
priate EGG system is generated and executed such that dack applied once, and that,
attimet € T, each robot has completed the execution of its control |&ls.execution of
the EGG system does not insist that any particular robosigiasd any specific position in
the formation. For notational clarity, we assume that thmte and positions are indexed
such thatYi € N, roboti is assigned positiop; such thai(v,) = p;. If p, andp, describe
the leader and first-follower positions i) then robots andb are assigned the leader and
first-follower positions, respectively, as described iredrem 6.1.

Recall that the desired formatidh does not necessarily specify the desired location
of the network in the environment. Rather, the positiondhefformation define a relative
geometry that we want the network to satisfy. However, tthierr aid the definition of the
network’s formation error, let us assume without loss ofegality that the leader robot
ais at locationx, = ps, and that the first-follower robdi is navigating towards position
Pp = Pp as defined in Theorem 6.1. Thefi, e N, p; does, in fact, define the location of
zeroformation errorfor roboti. This allows us to define the formation error of each robot
such thatyi € N, % = p; — X is the formation error of robat

By this definition of formation error, we assume that the &xaalways has zero forma-
tion error (i.e.,xa(t) = pa YVt € T). Similarly, the first-follower executing the control laws
in 6.1 is always navigating to a position of zero formatioroe(i.e., py(t) = pp Yt € T).

However, the first-follower is exponentially approachipg it never achieves it. In fact,
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based on our EGG system definition, the first-follower stopemit is withine of p,. The
remaining robots musstimatetheir zero formation error positions based on the positions
of other robots, as described in Theorem 6.2. The followireptem shows that we can

arbitrarily bound the final formation error by choosing apigpriately small epsilon.

Theorem 6.5 Consider a multi-robot network with proximity ranges R*, stably, persis-
tently feasible formatioR and stable, minimally persistent network graph G. Assurae t
the EGG system described in Chapter 6.2 is implemented hengluards of each rule are

satisfied such that each rule is applied in the network. Trhiglies thati € N,
lim [1%]| = 0.

Proof: For convenience, let us assume that the vertic€ ame indexed such that robot 1
is leader, robot 2 is the first-follower, and(v;, vi) € E(G), j > i. This is always possible
since stably, persistent formation graphs are always téideacyclic graphs, as discussed
in Chapter 4.4.

Since we assume that = Xy, this implies thaf|%|| = 0 Ye € R*. Note that the
first follower stops such thdi%|| = ||x> — poll = €. Since lim_ge = 0, this implies that
limollXal| = 0.

Note that all additional robots are added to the formatiorvéxyex additions. Ih >
3, then{(vs, 1), (V3,V»)} c E(G), and the leader and first-follower robots are immediate
successors of robot 3. Robot 3 will drive to a point withiof its estimatiornof ps such that
B3 = fa(Xq, %) = fa(py + X1, p2 + Xo). Sinceps = f3(p1, pP2), then this implies that

lim 0||I53 — pall = [If3(p1 + 0, p2 + 0) = f3(py, p)Il = O.

)?l—>0,)?2—)

This implies that lim_,q ||ps — ps|| = 0. Since robot 3 drives withia of p; before stopping,

this implies that lim_q ||Xs — P3|l = 0. Hence,

lim [|X]| = lim [|xs — psll = lim |[Xs — P3 + P3 — Psll < lim [[xs — Psll + ||ps — psll = O.
e—0 e—0 e—0 e—0
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Since 0 is the lower bound ¢k3||, this implies that lim_,q || X3]| = 0. Thus,
lim [[%]] = im [|%[| = lim [I%]| = O.

Remember that the formation graph is an acyclic graph, aaidwbk have indexed our
indices where 1 is the leader, 2 is the first-follower, afide N : k > 3, robotk attaches
with a vertex addition. Any robot attaching with a vertex aida will do so with robots
and j such that and j are less thak. Then, based on our previous results and induction,
VYik € N : k > 3}, A(vi,V;) € V(G) x V(G) such thaf(w, vi), (v, v;)} € E(G), k > i, and
k > j. This implies that

Li_r]g)lliall = Li_r]g)llijll =0.

Therefore, lim_o[Ipx — pll = 0, and lim_o [|%l = 0. Hence, lim_o X[ =0Vie N. =

6.5 Embedded Graph Grammar Implementation

Having automatically generated the set of rules and comiades defining the EGG as
discussed in Chapter 6.2, this EGG is then given to the rolbdisse task is to execute
them. As discussed in this chapter, as well as Chapter 2.&®G system requires that no
robots are involved in simultaneous rule applications, #wad robots keep track of which
rules have been applied. Here, we describe how this is adiragd with a decentralized
network. Specifically, we describe how robots negotiate aiplications and keep track of

which rules have been applied.

6.5.1 Primaries and Rule Evaluation

Since this is a decentralized network, the robots must conmicate and negotiate rule
applications in a manner consistent with the EGG defineddnBhe label and adjacency
information is distributed across the network such thaheabot has immediate access
only to its own label and adjacency information. The labed adjacency information
corresponding to other robots can only be obtained througklegs communication. For

the EGG to be successfully executed with the network, thetsoln the network must
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change modes and execute control laws in a manner definec liyGls’s guarded rules,
labels, and the corresponding control law for each labelti@EGG we have defined, this
also requires the network to guarantee that no rule is appiiere than once.

For each rule = (L — R, g), there is a vertex € V(L) that is defined as thgrimary
vertexof the rule. In each rule, the primary vertex correspondsherbbot in the rule
application that is within proximity range of every othebat involved in the rule appli-
cation. Therefore, the primary robot has enough local gmafainmation to apply the rule.
For leader-first-follower position rules, this is the verearresponding to the leader robot.
For vertex addition position rules, this is the vertex cep@nding to the wanderer in the
left graph. For final rules, this is the vertex with thalsefinal label.

When a witness exists that maps a rule’s primary vertex tdati®vertex inG(t), we
say that the robot is primary robot Robots only attempt to apply rules with witnesses
that map themselves to the primaries of the rules. Each a#tetmines whether or not it
is a primary by examining its label, the rule set, requestireggraph information of other
robots, and comparing it to the left graphs of the rules tafsaee is applicable. If so, then
the primary robots attempt to apply the rules to the netweosply by modifying the local
graph information of itself and its neighbors. This prodessalledrule evaluation

Since a witness for a rule is a label-preserving graph isphism from the vertices of
the left graph of a rule to the vertices G{t), this seems to suggest a potentially expensive
computation, especially when considering an exhaustildad) search for all withesses.
However, the definition of these rules and the decentralnsgdre of the network greatly
reduce this complexity.

The leader-first-follower position rule is a large rule, vat every vertex iri5(t) is in-
cluded in the rule’s left graph. At first glance, this may sesfgchecking every permutation
of the vertices inG(t) for a label-preserving isomorphism. However, since tliegeaph
of this rule is the initial grapl&(0), every permutation of the vertices @(t) is a label-

preserving graph isomorphism at tihe= 0, and any permutation of rules checked will
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imply that the rule is applicable. Since this rule is apploedy once and at the beginning
of execution, exhaustive searches for graph isomorphisnhkis rule are never performed.
When evaluating a vertex addition rule, a wanderer is s@agydbr two assigned robots
with the labels corresponding to the assigned labels indfiegtaph. Note that a vertex
addition rule adds all the edges from the new vertex to thecesrinG(t) that correspond
to the edges is*. Therefore, if the wanderer finds two robots whose labelsmtite left
graph of a vertex addition rule, then the edges must alssfgdlie rule, implying that the
rule is applicable. This reduces the search for a vertextiaddule witness to a search for

two robots with specific labels, which can be solved in lingae (©O(n)).

6.5.2 Prioritized Lock Negotiation

Itis necessary that each primary robot has exclusive cooftedl robots necessary to apply
arule; if not, then itis possible for multiple primary rosdb modify the graph information
in a manner inconsistent with the rules, or apply a rule moae bnce, producingraph in-
consistenciesGraph inconsistencies occur when there exists subgrdgb@)dhat are not
intended to exist by the EGG design. For example, assumétbavanderers simultane-
ously apply the same vertex addition position rule, assigbioth robots the same position
in the desired formation. This would result in a redundaiotdor one position, and a
missing robot for another position.

In Chapter 3.2, we presented a communication protocol fiwaerés with global com-
munication. However, the network we consider here does & [global communication
ability. Therefore, we present a communication scheme fewenting graph inconsisten-
cies that is applicable for networks with only local comnuation abilities. To this end,
we define theorioritized lock negotiatiotommunication scheme, shown in Figure 6.5.

The prioritized lock negotiation communication schemesgiprimaries exclusive con-
trol of other robots’ EGG information through a seriedadtk negotiations When a pri-
mary robot wants to apply a rule involving another robot,atfprms alock requestfor

that robot. We define bocked robotas a robot that is locked by a primary. We define an
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(e) (f)

Figure 6.5. Prioritized lock negotiation. When a wander wairts to apply a rule, it first acquires the locks
to robots involved, including itself. In this figure, locks are indicated by rectangles around the robots’
states, and dotted lines indicate which wanderer owns the . When a robot owns the lock of another
robot, it has exclusive control of its labeled graph informdion. Once the wander has all the locks, it
applies the rule. Once applied, the locks are released.

unlocked robotis a robot that is not locked by a primary. If the robot beirgested for a
lock is unlocked, it accepts the lock of the primary and rdsdhe primary’s index. We say
that the primarpownsthe lock on this robot. The locked robot will refuse any loeluests
while locked. Once locked, the locked robot only allows tier of its lock to modify
the locked robot’s EGG information.

Once a primary has locked the entire set of robots necessathé rule application
(including itself), it verifies that the rule is still appéble, i.e. the graph information is still
consistent with the rule, and the rule has not been appligtteSach robot has a copy
of the rule set, we exploit the locality of the guarded ruleptevent any rule from being
applied more than once. As each rule is applied, it is remdraad the rule sets of the
robots involved in the application. Also, before a primaapn@pply a rule with its locked
robots, it must first verify that each locked robot has the mlits rule set.

From the definition of the leader-first-follower positiodegueach robot in the network
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participates in the rule application. Therefore, sinceheabot removes the leader-first-
follower positions rules from their set of rules as it is ap@) this guarantees that the
leader-first-follower position rule is applied only onceim8arly, when vertex addition
rules are applied, the corresponding vertex addition osiule is removed from the rule
sets of the involved robots. However, this does not encoaihesentire network of robots.
After a vertex addition rule is applied, the remaining wanadots (which make up the
primaries in vertex additions) are not aware of previouglpleed vertex additions.

Since applied rules are removed from the rule sets of thdvadaobots, the unique-
ness of the leader-first-follower subgraph implies thavattex addition rules that apply
with the leader and follower are applied only once and resulinique subgraphs. By
induction, this comparison of rule sets implies that allteeradditions require a unique
subgraph of5(t), and this prevents all rules from being applied more thartepguarantee-
ing the uniqueness of all positions assigned by positioesturl his verification also allows
wanderers to remove rules that have been applied from theisets, preventing redundant
rule evaluations. When the primary has completed all matibas of graph information
necessary to apply the rule, including the removal of thdiegpule from the rule sets of
the involved robots, it theanlocksall the robots it has locked.

This system of lock negotiations ensures that graph instersties are avoided and that
rules are not applied more than once. However, the rule sad ciefine many witnesses,
and, therefore, many primary robots. With many primary teladtempting to lock sets of
other robots, it is possible for primary robots to lock rabimt a manner that prevents any
applicable rule from being applied. We define thiglaadlock

To prevent deadlock, we define a priority to each robot thatesponds to its index.
We say that robof has a higher priority than robatif i < j. Since each robot has a
unique index, no robots have the same priority. When a loo#ledt refuses a lock request,
it communicates the index of the primary that locked it to tbleot requesting the lock.

Based on this index, the requesting primary robot doesreithe of two things:
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1. Ifit has a higher priority than the robot that owns the latknmediately retries the

lock request.

2. If it has a lower priority than the robot that owns the lotknmediately unlocks all

robots that it owns locks for, and waits for a timéefore reattempting the rule.

We definer as a worst-case period of time long enough to altorebots to attempn rule
negotiations in series. Therefore, when robots competétis, there will always be a
lowest priority robot. This implies that, if no robot can aog a lock to all the robots
involved in a rule application, then the lowest priority cblwill always release its locks
and wait for timer before trying again. There is also always a highest prieahot, who
does not release its locks, and does not delay in reattegnfgtinacquire a lock. Even if
more robots begin attempting to compete for the same losksjelay timer is defined for
a worst-case, meaning that there is timerigule negotiations, and subsequermntlynore
robots to “drop out”, releasing its locks and delaying fogitbown r, before the delayed
robot attempts again. This implies that, in a worst-casaate, there will, at some time,
be only one robot attempting to acquire locks. Thereforenitwork cannot be constantly

deadlocked.

6.6 Simulation Results

Here, we present simulation results of our method of foromtissembly. We consider
a group of robots and a desired triangulation formation tmatesponds to a coverage

pattern.

6.6.1 Triangulation Scenario

To demonstrate the assembly of formations with the mulibtanetwork, we implement

the following scenario: We have a networkmf 2 robots with data collection sensors,
and we wish to distribute them in a triangular coverage patbeer an area of interest.

Triangular coverage patterns occur frequently, since thhete an equal distance between
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Figure 6.6. When two wanderers compete for the same locks, ddlock can occur. We assign a unique
priority to each robot; in this case, the wander on the left ha highest priority. When the robot on the
right encounters the lock owned by the higher priority wandeer, it releases its locks. This allows the
higher priority robot to acquire its locks and apply the rule.

each adjacent robot in the coverage pattern. Thereforentee a triangulation pattern of
positions in our graphical program shown in Figure 6.1.

In Chapter 4.4, a method for automatically generating stai@rsistent graphs for de-
sired formations is presented. This is used to define thenmailty persistent formation
graphG*, as well as a leader-first-follower se@j, and a sequence of vertex addition
operations that assemi® from G,.

Using the methods previously described, the EGG define@’gnd the desired for-
mationP is automatically generated. The EGG is then given to eadbtyabnd the network

is positioned in the area of interest. Then the EGG is exécute

6.6.2 Triangulation Simulation
Figure 6.7 shows a simulation of these results wite 23 robots, using a triangulation
pattern with 20 m constraints. In this simulation, a proxymange ofA = 21 m is used.

Since there are so many robots in this large scale simulatieromit explicit labeling of
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each robot (later implementation examples with smallewasgkts will show labels). In this
figure, assigned robots are incident to edges in the netwaphgwhile wanderers are not.
Figure 6.7(a) shows the initial conditions. Since there wgaader within range of each
network member, the leader-first-follower rule is applipthducing the network graph’s
first edge (see Figure 6.7(b)). While the first edge is beimgéal, there is only one robot
assigned a formation position with a final field. Thereforktree wanderers circle this
position, waiting for vertex addition rules to be appliabOnce the leader-first-follower
seed is formed, vertex addition rules are concurrentlyiegpés in Figure 6.7(c). Figures
6.7(d)-7(e) show further vertex additions being applisdyanderers use the network’s hop
counters to navigate and satisfy the guards of the remaugrtgx additions. Figure 6.7(f)

shows the fully assembled formation.

6.7 Experimental Results

Here, we present experimental results from implementiegd@8G system for formation
assembly with a multi-robot network. First, we describe rileévork. Then, we present
two experimental scenarios. In the first, the robots assembiiangulation pattern. In the

second, the robots assemble a line pattern.

6.7.1 The Multi-Robot Network

For the pre-Antarctic stages of this project, we use theopype network shown in Figure
6.8. The prototype network is designed to approximate thigark for experiments while
the Antarctic platform is developed.

For mobility, each robot has a wheeled platform base. Whisé robots are not de-
signed for snow and ice, the have controllable forward arguikam velocity, dynamically
similar to the tracked platform for the Antarctic. Each haaboard computer. Commu-
nication between robots is achieved by 802.11g wirelesswanication modules on each
robot. GPS receivers on each robot estimate the locatioaatf bot, as well as heading

information. Odometry sensors allow the robots to estirttag@ current positions relative
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Figure 6.7. Triangulation scenario simulation. Assigned obots are incident to edges in the network
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Figure 6.8. The multi-robot network. This network is used inthe pre-Antarctic stages of this project.

to their initial positions.

Each robot has sensors for odometry information, repredeas a pair of coordinates
in R?, which we refer to as the robotisdometry plane Initially, each robot assumes
it is at the origin of its odometry plane with a heading copasding to O rad from the
odometry plane’s-axis. However, since each robot is initially at neither $hene location
nor necessarily the same heading, there is no agreemerg ori¢htation of their odometry
planes.

The wireless communication module provides each robot thigHocation of the other
robots in the network. Since the network has global inforamatthis allows for a great
amount of freedom to limit what information is used by theatsh Since the actual sensor
network will not have global information or global localtzan, we define a proximity
rangeA, and allow the robots to only use the range and bearing irdoom of robots
within proximity range. In this manner, we can experimenttwva variety of formations

and proximity ranges. Also, by recording the GPS sensonsgltine experiments, we are
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able to verify and plot the results during each experimehte EGG system for formation
assembly only requires relative position estimation fa tbbots. As such, the method
presented here for formation assembly can be utilized oni+mldot networks that can

provide this information, regardless of their ability ta#dize.

6.7.2 Triangulation Implementation
To test our methods on an actual decentralized network, ridqus scenario is imple-
mented withn = 6 robots, as shown in Figure 6.9.

Since the network is small, we modify the wander control lakvstead, each wanderer
requests that the assigned robot with the lowest hop-coimfgoximity range commu-
nicate the relative position of the next robot with the lotesp-counter. In this manner,
circular motion is avoided, and the wanderers directly miogen one assigned robot to
another, looking for applicable vertex addition rules.

In this scenario, each robot is given the EGG correspondirtiget formation shown in
Figure 6.1. Here, each constraintis 5 m long. The proxinatygeA is defined such that
A=6m.

In Figure 6.9, each robot is labeled with eitherindicating that it is a wanderer, or with
its corresponding position in Figure 6.1, indicating thasian assigned robot. In Figure
6.9(a), we see the initial setup, where each robot is a wandabeledv. This implies
that the leader-first-follower position rule is applicagtded it is applied. One of the robots
is now a leader (labelep;), and the other is a first-follower (labelgd), and the follower
begins moving to reach a distance of 5 m from the leader, asrshioFigure 6.9(b).

Note that, while vertex addition operations define a segei@fsubgraphs, many ver-
tex addition rules can be applied concurrently. As showniguies 6.9(c)-(d), two vertex
addition position rules are applied simultaneously (relbabeledps andp,), before either
has been finalized. This is because these rules depend otllg pnesence of two assigned
vertices inG(t), not on the entire subgraph before the correspondingwaddition opera-

tion. In this way, this method takes advantage of concugrémaccomplish the formation
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Figure 6.9. Triangulation scenario implemented on the mulitrobot network.

task. Similarly, Figure 6.9(e) shows two concurrent verexition rules being applied.
Finally, the EGG is successfully completed, as shown in fe@uo(f).

The error in the final formation (shown in Figure 6.9(f)) isedto the errors in the
robots’ GPS sensors, which have an average error of appateiyn?2 m. In Figure 6.10,
the recorded GPS coordinates of the network during the ddgeme plotted. Despite the
noise and error in the GPS sensors, the robots accuratetiopdeemselves based on their
estimations of the relative positions of other robots.

Figure 6.11 shows the constraint lengths in the networklgespthey are established

over time. Each constraint is established at approximdatyas intended, despite the
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presence of noise and errors in the sensor data. Also, eastraimt respects the proximity

rangeA = 6 m.

6.7.3 Line Implementation
Here, we present a scenario for assembling a “straight fiorefation of six robots. Each
“link” in the line of robots represents a constraint 5 m. Theulting network graph has
constraints of 5 m and 10 m. In this scenario, we use a proxiraitgeA of 12 m. For
the filming of this scenario, we initialize a leader-firsttéaver pair before the assembly
process. Even with noise and error in the robots’ sensomselss the collinearity in the
desired formation, the formation is successfully assethiiteggure 6.12 shows the network
performing the line formation.

In Figure 6.13, we show the GPS coordinates of the networkeadrie formation is
assembled.

Figure 6.14 shows the 5 m and 10 m constraints being estellisithe network. Note

that the network respects the proximity ranige 12 m.
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Figure 6.14. Network constraints during line assembly.

This EGG system for formation assembly will be used to autemaulti-robot deploy-

ment, as presented in Chapter 7.
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CHAPTER 7

DEPLOYMENT OF HETEROGENOUS MULTI-ROBOT
NETWORKS WITH EMBEDDED GRAPH GRAMMAR SYSTEMS
(EGGS)

One of the advantages of the methods presented in Chapteis & ia that the methods
presented there can be implemented with multi-robot neédswaith little or no localization
ability. In this chapter, we assume that the NASA scientilgtine a deployment for the
network that must be satisfied in terms of the multi-robotmoek’s location in the envi-
ronment. We also assume that the multi-robot network haigedrocalization ability, in
that some robots have localization ability, while othersndd. As such, the network is
heterogeneoysn that only certain robots can estimate their locationhi@ ¢énvironment.
Such a lack of localization in a multi-robot network can arait of design, for we show
that localization ability is not necessary for all membeirshe network to achieve these
goals. However, it can also arise out of failures, i.e., tikife of the localization systems
of a subset of the network.

This chapter presents methods for automatically deplottiegheterogeneous multi-
robot network. Having a prototype multi-robot network carepd of mobile robots shown
in Figure 6.8, a user graphically enters a desitetivork deploymerfor the network. By
“clicking” with a Graphical User Interface (GUI) incorpdiag satellite imagery shown
in Figure 7.1, a network deployment is entered. This depkaymepresents the desired
locations of the robots in the environment and the specifative geometry that must be
satisfied between pairs of robots. We present a method fomaaiically configuring the
multi-robot network to deploy at the desired coordinatespite the limited localization
ability of the robots.

This chapter concludes with experimental results that sth@nmplementation of all

of the methods in this work. Given a user-defined deploymedthe network’s proximity
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Figure 7.1. Graphical User Interface (GUI) for configuring the network. A user enters the desired
deployment positionsin the GUI using satellite imagery. These positions corresgnd to the locations in
the environment where we desire the robots to be located. Oumethods automatically configure the
network to implement the formation at the desired location.

range, the methods in Chapter 4 are used to define a stablgtpatgormation graph for
the network. The EGG system for deployment presented irchi@pter is defined from the
desired deployment and this stable, persistent graph.H®(S is then given to each robot
in the network. This EGG incorporates the EGG system formabgepresented in Chapter
6 which, when extended with the control laws and rules prteskin this chapter, allow the
network to navigate to the initial deployment location asdeanble the desired formation
at the location defined in the deployment. Then, the congneslfrom Chapter 5 are used
to move the network while maintaining formation. In this man given a definition of the
desired deployment and the network’s proximity range, thetimobot network satisfies
the user-defined deployment automatically.

In Chapter 7.1, we characterize the limited localizatioititglof the network. Chapter
7.2 discusses control laws that allow robots to move to theedacations while preserv-

ing their connectivity. Chapter 7.3 presents an EGG systéimhallows robots without
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localization ability to form “chains”, following robots \h localization ability, so that the
robots can navigate to the necessary location in the ermieoh We discuss how the
robots transition from this new deployment EGG to a (sligimiodified version of) the
formation assembly EGG in Chapter 7.4. Finally, Chaptempresents a demonstration of

these methods with an actual deployment scenario.

7.1 Preliminaries

Here, we review our definition of a network deployment. Weoalsscuss the sensing
limitations of the robots. Specifically, we discuss how oalgroper subset of robots can
estimate their location in the environment. Therefore,dhablem is how to navigate the
network to the location of the initial deployment despites tlck of localization for some

of the network members.

7.1.1 Network Deployment

Recall from Chapter 2.2 we define desired network deploynvéht deployment positions
pi : T — R? Vi € N using the GUI shown in Figure 7.1. Each position correspdads
location in the environment where we desire a robot to betéacaThus, these positions
define anetwork deployment P T ~ R? such thatP(t) = [pl(t)T,..., pn(t)T]T. For
this problem, we assume there is no preference for spechmtsdo be assigned specific
positions.

We assume that the deployment satisfies a formation suchvifiat) € N x N x T,
Ipi(t) — pj(MIl = lIpi(0) — p;(0)Il. Therefore, the deployment definesoamationP € R
such tha = P(0). This also definermation positionsuch thaty¥i € N, p; = pi(0). In
this case, the formation positions define both the relataanetry of the formation as well

as the initial location of the network for the deployment.
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7.1.2 Sensing Limitations: Proximity Range and Localizatn Abilities

All robots in the network have sensors for estimatingreiative position®f robots within
their proximity rangeA € R*. The proximity range is chosen to model the sensing limi-
tations of the robots in the network. Hence, a pair of robotg € N x N can sense and
communicate with each other at tinhéf and only if [|x(t) — x;(t)| < A. Therefore, this
allows us to definei(t) as a function ok (t) — x;(t) if and only if [ (t) — x;(t)Il < A.

This network is heterogeneous in that not all robots havaliation ability. We call
a robot with localization ability a networleader This localization ability implies that
the leaders can estimate the relative position of the depdoy positions. We define the
indices of the network leaders Bisc N, and insist thaiN;| > 2 (i.e., there must be at least
one network leader). Given a specific location in the envitentp; € R?, the localization
ability of the leaders implies that, for all leader robb&sN;, we can definei; as a function
of X, — pi. The remaining robots in the network dotlowerswho do not have localization
ability. The followers cannot determine their relative pioss to any defined goal location
in the environment.

Since all robots do not have localization ability, we carsiotply assign robots to po-
sitions and have them navigate to each. In Chapter 6, wergras®rmation assembly
EGG that respects the proximity range of the network. Howekie formations are assem-
bled using only the relative positions of the robots. Thas, formation is assembled at
the initial location of the network, and the formation is ashieved with any pre-defined,
specific orientation relative to the environment.

The stable, persistent feasibility of the desired fornratiaplies that the location and
orientation of the formation is determined by the locatidra specific pair of leader and
first-follower robots in the persistent network graph. ®fere, our strategy is to assign
leader robots to these positions in the formation. Thene ¢ine followers have been led to
the deployment positions, they can assemble the formasigmessented in Chapter 6 using

only the relative positions of other robots.
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7.2 Network Deployment Control Laws

Here, we show how to navigate a pair of robots so they alwayswgithin proximity range
of each othermpreserving their connectivityJtilizing these control laws, a robot can follow
another robot and navigate towards a common position inriliganment. These control
laws rely only on bounding the maximum velocities of the nsbd his is a very reasonable
assumption, since most systems have an inherent limit anrtfaximum velocities due to
their design. These control laws are the foundation for oethod of automatic network

deployment.

7.2.1 Preserving Connectivity Between Pairs of Robots
The following theorem describes two robots in which onedie the other. By bounding
the velocity of the robot being followed to a chosen maximuetoeity, we guarantee that

the pair of robots never lose connectivity.

Theorem 7.1 Consider a pair of robots | and f. For a given proximity range= R* and

maximum velocity kkx € R*, robot f’s control laws are defined by

umaX
K = e 23)
uf = —K (xf - x.). (24)

We assume the following about robot I:
e The velocity of robot | is bounded by,ax such that|u (t) || < Unax Yt € T.
e p € R?is a globally asymptotically stable equilibrium point of x
Then, for every initialization of the pair such that; (0) — x (0) || < A,
o |IXs()—x@M)|I<AVteT,and

e p is a globally asymptotically stable equilibrium point of x
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Proof: By our assumptionsy is Lipschitz continuous, since its first derivative is define
and its magnitude is bounded over the entire domain. From x24s continuously dier-
entiable.

First, we show that connectivity is preserved||Xt (t) — x (t) || > A, then this implies

that

T 24t
= (x - x ®)" (% © - % ©)
= (¢ © =% ®)" (=K (x¢ © - % ©) - % ©)

Um

= =1 (- % O1 - % 07 (x O - x ()

< —Umaxd!Xs (1) = X (O [l + UmandIXs (t) — X () |l

dﬂt(%nm (t) - (1) ||2) -2d ((Xf ©-x ) (x©-x (t)))

(25)

<0.

This implies that the distance between the follower and ¢laelér is always stable or de-
creasing if their distance is greater than or equal to thipnty range. If we assume for
somet € T that||x; (t) — x (t) ]| > A, we always have a contradiction. ti= 0, then the
initialization assumption is violated. tf> 0, then the continuous fllerentiability of x;
implies that, for someé, € (O,t], ||Xs (ta) — X (ta) || = A andd% (%lle(tA) - x.(tA)||2) > 0. In
other words, this implies that there is a time befoseich that the distance between robots
| and f is increasing while their distance is greater than or equ#hé proximity range.
This violates (25). Thereforéix; (t) — x (t)|| < AVt e T.

To show thatp, is a globally asymptotically stable equilibrium point ®f, we first
define the translated system = x; — p. The control laws in (23-24) imply tha = X; =
—-K(xs — x). Similarly, we define the translated system="x — p;. Substitution implies
that

Re = =K (x¢ = (% + p) = =K (% - %).

Taken togetherx;"and X; are a cascade system. This implies thaty ihds a globally
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asymptotically stable origin, then so does[46]. Since we assume that has a glob-
ally asymptotically stable origin, thexy does as well. This implies thay is a globally

asymptotically stable equilibrium point af. n

7.2.2 Navigating Leaders to Deployment Positions
To define the control laws of a leader robot driving to its ged position for formation

deployment, we implement the control law defined in the feilig theorem.

Theorem 7.2 Consider a robot |. For a given proximity rangee R*, maximum velocity

Umax € R*, and formation positionp, € R?, we define the leader’s control laws by

umax
K= ,
A

u() = ‘”Wﬂ% ()= il > & -
—K(x@®) -p) iflIxt)-pll<A

This implies the following:
e p is a globally asymptotically stable equilibrium point of x
e X is continuously dferentiable, and

e X is Lipschitz continuous.

Proof: To show thatp, is a globally asymptotically equilibrium point of, we define the
translated system = x — p; and show that its origin is globally asymptotically stabibe
Lyapunov functionv(¥) = %)?,qu is globally positive definite. Its time derivative is

o L oTé —UmaxlXll if % > A

V) =Kk=1 .
—K|I%I? if % <A
Therefore, V(%) is globally negative definite. Since the same Lyapunov tioncapplies
whenxX > A andX < A, this implies that the origin o% is globally asymptotically stable.

This implies thatp, is a globally asymptotically stable equilibrium pointxf
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If the leader is initialized outside of proximity range pfsuch thai|x (0) — p/|| > A,
note that the control laws in (26) defixg0) to be a velocity with a magnitude af,ax in
the direction ofp,. This velocity will be constant until timg,, when||x (tx) — pill = A. This
implies thatx(t) is continuously dierentiable over (@,). Note that the limit ag — t,

from the left is
X(ta) — o
IX(ta) — pill°
At ta, [[X(ta) — pll = A the control laws switch such that(ty) = —K (X(ta) — p).

t—»tA

Hence,x(t) is continuously dierentiable overtf, «). Also, the limit ast — t, from the

rightis

lim % (t) = -K (X (ta) — p)

__Unmax X(t) - Py
A [Ix(ts) - pil
X(ta) = P T

=-u — Y = = ||m t).
")~ Pl e

Since the limit ag — t, is identical from the left and from the right, thenis continuous

1% (ta) = Pl

over the entire domain, ang is continuously dierentiable. Sincgx (t)|| < Unax Yt € T,

this implies thatx, is Lipschitz continuous. n

The following corollary shows that, when following anothrbot with a constant,
bounded velocity, the relative position of the leading aokbfving robot stabilizes to a

positionA apart from each other, with the follower directly “behintietleader.

Corollary 7.3 Consider again the pair of robots | and f, with proximity r&ngy € R*.
Definell € R? as a constant unit vector. Assume that robot | has a constlotity in the
direction of 0 with a magnitude of ghx € R* such thatvt € T, X(t) = unad. Assume that
us is defined as in Theorem 7.1, and th&f(0) — x¢(0)|| < A. This implies that-Al is a
globally asymptotically stable equilibrium point Bf = x; — X;.

Proof: We definex; = x; — X + AQ. This implies that

A

Xt = Xt = X = —=K(Xt = X)) = Umad = —K(Xf — X + Al) = —KXt.
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The systenk; = —K%; has a globally, exponentially stable origin. This implieatt—AQ

is a globally, exponentially stable equilibrium pointxaf. ~ n

Corollary 7.3 implies that we should choose a “safe” proxymange for the network.
Ideally, the chosen proximity range should be well enougthiwithe actual limits of the
robot sensors to allow for the noise and potential error efsystem.

Theorem 7.1 shows us that, as long as the velocity of the teatlet is defined and
bounded by our chosen maximum velocity, the distance betweepair of robots cannot
exceed the proximity range. A corollary of Theorem 7.1 id tha state and dynamics of

robot f also satisfy the same assumptions made about tobot

Corollary 7.4 Consider the pair of robots | and f. Given the same assumpt@om ini-
tialization as in Theorem 7.1, then the velocity of the folo robot is bounded by idx

such that|us(t)|| < Umax VYt € T.

Proof: The control law for robof in (23-24) implies that

=2 (1) - XDl

llus @I = 1 = KIlIx; () — x @Ol =

Since||x¢(t) = x (Il <AVt e T, then

Upna A
llue (@Il < ”‘Aax = Unmax

Hence|us (t)| < Umax Yt € T. -

Corollary 7.4 implies that, while robot is following robotl, another robot within
proximity range of robotf could follow robotf in the same manner and never loose con-
nectivity with robotf. This suggests that we can connect robots together to feflav

single leader using these control laws in Theorems 7.1 &hd 7.
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7.3 An Embedded Graph Grammar (EGG) System for Deployment

Here, we present a method to automatically gendfatbedded Graph Grammar (EGG)
systemghat allows follower robots (without localization) to follv leader robots (with
localization). Thus, the network can navigate to a commaal gothe environment. The
EGG will use the control laws from Chapter 7.2. With this EGI& entire network can
navigate to a common location, and it requires only one rtdbbiave localization (i.e., it
requires only one leader robot). Later we describe how twotowith localization allow
the network to implement this EGG system in conjunction hign assembly EGG system

from Chapter 6 to assemble the formation at the initial dgplent location.

7.3.1 Embedded Graph Grammar System for Deployment

For the EGG we present here, we define the label set of eadtxarth that each label
has two parts: thenodeand thego flag The mode indicates what control law the robot
is implementing, while the go flag is a boolean indicating thiee or not the robot can
implement the control law. If the go flag false the robot must sets its control to zero and
stay at the same location. We use the notation lifvgtmodeis the mode of robot, and
[(v}).gois the go flag of robot.

Since this is a heterogeneous network, the leaders and llbevéos will each have
different modes. We define motleasleader mode When in leader mode, the robot’s
control law is designed to stabilize the robot to a given gasition for deployment. Thus,
[(vi).mode= L andl(v;).go = trueif and only if i € N, and roboti is moving towards its
assigned deployment location.

The follower robots initially are assigned mode which isunassigned modeThis
mode corresponds to a follower that has no one to follow, ayesdot move. Once it
has been assigned someone to follow, it changes its mdéewich isassigned follower
mode Robots in assigned follower mode have a single edge in ttveonle graph directed
towards the robot they are following. Thuéy,).mode= F andl(v;).go = true indicates

that roboti is following a leader. If(v;).go = falseg the robot does not move.
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7.3.2 Initial Network Graph

To describe the required initial conditions of this EGG syst we use g@roximity graph
G(t) = (V,E(t)), as presented in Chapter 2.3. Heve= V, the vertices in our network
graph, andi(vi,v;) € E(t) if and only if vi # v; and|x(t) — x;(t)l| < A, and we say that
robotsi and j areconnectedHence, edges in our proximity graph indicate which pairs of
robots can sense and communicate with each other.

We initialize the leader robots in mode the follower robots in mod&, and the go
flags of all robots are set thalse Thus, at = 0, the network grapks(0) has no edges. We
initially require that a path exists in the proximity gra@it0) between each follower and
at least one leader. As long as this condition is satisfiedinitial proximity graph can be

disconnected. The following describes the EGG rules fokihg” pairs of robots.

7.3.3 Linking Robots with Linking Rules

To establish constraints between leaders and followerdirstaiselinking rulesshown in
Figure 7.2. There are two linking rules. In the first linkinde, the left graph consists of
two robots. One is a leader robot, and one is an unassigniedvésl The left graph has
no edges. If they are within proximity range, the followenaavitch to follow mode and
add an edge to the network graph directed towards the leddwr.other linking rule is
identical except that, instead of a leader robot, the lefpgrincludes an assigned follower.
By repeatedly applying this rule, all unassigned followans assigned to follow either a

leader or a predecessor of a leader.

7.3.4 Moving Robots with Go Rules

Thego rulesspecify when the leaders and assigned followers can begilementing their
assigned control laws, as shown in Figure 7.3. For eithea@deleor an assigned follower,
if all its immediate predecessors havee go flags and if no robots within proximity range
to it are unassigned followers, the robot switches its gofflag falseto true and begins

implementing its control laws. These rules guarantee thatrassigned followers are
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(L orF; falsg (L orF; falsg
(U, falsg (F, falsg

Figure 7.2. Linking rules. An unassigned follower will assjn itself to follow a leader or an assigned
follower. Here, the left part of the figure indicates the left graph of the rule, while the right part
represents the right graph. This figure represents two rulesone for assigning to follow a leader, and
one for assigning to follow an assigned follower. This rule des not change the label of the robot being
followed. The guard requires that both robots are within proximity range of each other.

(Lor F falsg (Lor E,true)
N \
(F.uue)  (Fyue) (F.uue)  (Fyue)

Figure 7.3. Go rules. If, for a leader or assigned follower wth a falsego flag, all its immediate prede-
cessors have #&rue go flag, and no unassigned followers are in proximity rangetican switch its go flag
to true.

linked to follow a leader or a predecessor of a leader befaedbots within their proximity

range move.

7.3.5 Break Rules

While the previous rules ensure that robots become presiexsesf leaders, and that robots
do not leave unassigned followers behind, it is possibleraltiple followers to follow
the same robot. If that robot has a constant velocity, theml@oy 7.3 implies that the
followers will stabilize to the same location, directly lreth the leading robot. For our
multi-robot system, this is not desirable, since the robhetdd to avoid colliding. Therefore,
we definebreak rulesthat reduce the immediate predecessors of a single roba.l€fth
graph has a robot being followed by two follower robots. Ifadlthese robots are within
proximity range of each other, one of the following robotswatched to follow the other

follower. For any robot with multiple immediate predecassthe repeated application of
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(Lor E true) (L or E true)
/ \ IR
(F,t. e) (F, .rue) (F,t. €) (F,t.rue)

Figure 7.4. Break rules. This rule prevents more than one robt from following the same robot at the
same and stabilizing to the same position. If two followers @ following the same robot, one of the
followers will switch to follower the other follower. The guard function requires all robots to be within
proximity range of each other.

this rule ensures that, eventually, it will only have one iethate predecessor. Figure 7.4
represents these break rules.

When implemented with our multi-robot network, this EGGules in “chains” of
robots, as shown in Figure 7.7. In general, this EGG systerddployment can be used
with only one network leader to allow any number of followé&vsnavigate to a desired
location. Next, we describe how the desired formation igesed such that these follow-
ers are assigned and navigate towards unique deploymeitibpssdespite their lack of

localization ability.

7.4 Formation Assembly

Here, we discuss how to assemble formations as the netwavksat the deployment co-
ordinates in the environment. Recall from Chapter 6 our wdsho automatically generate
an EGG system for assembling persistently feasible foomati This assembly strategy is
based on EGG rules that correspondytaph operations In this previous work, the net-
work graph is initially unassembled, and each robot begirswandermode. An initial
edge is added betweenleader andfirst-follower pair of robots. The positions of these
robots specify the location and orientation of the fornratiothe environment. Thewer-
tex addition rulesattach wanderers to the leader and first-follower, as shavagure 7.5.
These vertex addition rules assign the robots their unigséipns. These robots then nav-

igate to the correct locations using only tredative positionsof other robots. When all
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Figure 7.5. Vertex addition rules.

vertex addition rules have been applied, the formationssmbled.

The initial conditions of the EGG presented in Chapter 6e2that all wander robots
must be within proximity range of the leader robot in the fation. While our EGG for
linking robots allows us to navigate the network with onlyedeader, we utilize two leader
robots in our current implementation. In this implemermtatiwe order the deployment po-
sitions such thap, is theleader positiorandp; is thefirst-follower position Both leaders
are initially assigned to navigate f§. When a leader has successfully navigated to this
position, it assigns its mode m such thai(v;).mode= p,. The remaining leader, when
encountering the robot assignedppwill then switch and begin converging to the first-
follower positionp,. Therefore, the network deploys as two chains, one whickarges
to the leader position in the formation graph, and one thavemes to the first-follower
position.

In order to switch followers from follow mode to wander modes employwander
rulesthat assign followers to wander mode once they have reableatkployment location.
If a follower is following a leader robot, and all its immetbapredecessors are within
proximity range of that leader, it switches to wander moadhel all its predecessors begin
following the leader or first-follower. Figure 7.6 depictamder rules. The application of
this rule implies that all wanderers are within proximitynge of either the leader or the

first-follower, which are sfiicient conditions for successfully assembling the fornratio
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(thrue) (F.true)

Figure 7.6. Wander rules. If a follower is following a robot that is assigned a position in the formation,
and all of its predecessors are within proximity range of therobot assigned a formation position, it
can break df from the chain and become a wanderer. All of its predecessotsegin following the robot
assigned a formation position.

7.5 Implementation

Here, we discuss the implementation results of the auter&&iG generated for formation
deployment. This demonstration utilizes all of the methadgresent in this work.

We implement the deployment depicted in Figure 7.1, wherses bas chosen = 5
deployment positions using the GUI with satellite imagergur test field. The GUI is able
to compare the positions with the known coordinates of egfee positions in the satellite
image to estimate the desired deployment positions for ¢iark. Using the methods in
Chapter 4 and the defined proximity raniye= 6 m, the software determines that the de-
ployment positions can be assembled as a persistent famahi stable, persistent graph
is generated for the formation, and the network membersw#mratically configured to
assemble the formation using the methods in Chapter 6. ANar& members are config-
ured to implement the EGG system for linking robots discdsseChapter 7.3. Then the
network members are given the command to deploy.

Figure 7.7 shows the network deploy and assemble the ifotiadation. Figure 7.7(a)
shows the initial state of the network. The leaders are iddeaode, labeled, and the
followers are initially in unassigned mode, labelg¢dThe robots begin applying the EGG
rules described in Chapter 7.3. The two leader robots ilyiiavigate to the leader position
p:. However, since they are in range of each other, one of tleeteabots switches to

navigate to the first-follower positiop,. By applying linking rules, two followers begin
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following the leader on the right, and one follower begintofeing the leader on the right.
Since two follower are following the right leader, the briemkrule is applicable, and is
applied, allowing the followers to follow as a “chain”, seerFigure 7.7(b).

As seen in Figure 7.7(c), the leader on the left arrives ah&tion positionp;, the
leader position for the formation. It changes to the appat@mode, allowing its follower
to switch to wander mode. Figure 7.7(d) shows this wandeiopara vertex addition,
assigning itself formation positiops. Also, the first-follower arrives gb,, and one of its
following robots “pops &” as a wanderer. The follower who previously followed the wan
derer now follows the first-follower (assigngs). Figure 7.7(e) shows the wanderer per-
forming a vertex operation, assigning itsplf Also, the last follower becomes a wanderer.
While these vertex addition operations are being comp|éiedvanderer is already within
proximity range of the leader, which has an available veatdition operation. Thus, it
does not move until the vertex addition fpg is complete. Once these vertex operations
are complete (Figure 7.7(f)), the remaining wanderer rateigthrough the network using
the hop counters, and finally performs the last vertex ofardEigure 7.7(g)), assigning
itself ps. The entire formation is assembled, as shown in Figure ¥.7(h

Figure 7.8 shows the GPS coordinates of the robots durinfpth@ation deployment.
The robots successfully deploy the desired formation.

Figure 7.9 shows how the followers respected the proxinathge as edges between
leaders and followers are created and destroyed. Noteltletges always have a length
less than the proximity range= 6 m.

Figure 7.10 shows the edges in the network graph that camelsjo the formation. All
edges stabilize to a desired length of 5 m. Also, these edgys wiolate the proximity
range ofA = 6 m.

Once assembled, the network begins following the deploynenshown in Figure
7.11. The leader begins driving “north”, as shown in FigurEl{a). The rest of the net-

work members adjust their velocities using the control & Chapter 5, and the entire
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Figure 7.7. Heterogenous multi-robot deployment. The robts use the EGG system presented here to
deploy to the initial location of the deployment and assemid the formation.
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Figure 7.8. Network trajectory during deployment. This data is taken from GPS logs of the robots and
shows their perspective of the network. The robots successly deploy the desired formation at the
correct location in the environment.

139



IN
T

length (m)

O 1 1 1 1 1 1 1 1 J
0 20 40 60 80 100 120 140 160 180

t (sec)

Figure 7.9. Follower edges. These plots show the edge lengttthe edges between followers and leaders
during the deployment. All edges have a length less thaft = 6 m.
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Figure 7.10. Formation network graph edges. These are the gds for the assembled formation. Since
these edges correspond to an equilateral triangulation, hkedges converge to a length of 5 m as the
formation is assembled. These edges do not exceed the prokiyrange A = 6 m.
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formation moves north. Eventually, the leader reachesiideaed stops, as shown in Fig-
ure 7.11(d). The rest of the network stabilizes to this nesitpm for the formation, seen
in Figure 7.11(f).

Figure 7.12 shows the GPS coordinates of the robots durafptimation motion. The
robots maintain formation, and stabilize to the desirednhition at the final location for
the deployment.

Figure 7.13 shows the network graph edge lengths duringatmeation motion. Ini-
tially, the edges are approximately 5 m long. During the fation motion, error is intro-
duced as the robots attempt to estimate their approprisdeities. Note that the proximity
range is violated by two “peaks” in the error. The largestpaalates the proximity range
by approximatelyl m. This reiterates the necessity of the proximity rangestavéll within
the operating range of the network, to account for noise arat® When the formation
stops moving, the edges stabilize back to lengths of 5 m.

This experiment demonstrates all of the methods detail#uisrwork.
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Figure 7.11. Moving in formation. The robots employ the contol laws in Chapter 5 to maintain the
formation during motion.
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Figure 7.12. Network trajectory during motion.
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Figure 7.13. Network graph edges. Error is introduced durirg the formation motion. However, the
edges stabilize back t m when the formation stops moving.
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CHAPTER 8
CONCLUSIONS

This work is part of project to deploy a multi-robot systenaasireless sensor network for
meteorological data collection in Antarctica. Automatols for configuring and deploy-
ing the network are presented. These methods are tailoréek tdecentralized nature of

the multi-robot network and the limited information avéilato each robot.

Multi-Robot Coordination with Embedded Graph Grammar Systems
(EGGs)

In Chapter 3, we present preliminary work towards implenmgntriangulations of robots
with a network ofSpiderMoterobots. These robots use an Embedded Graph Grammar
(EGG) system, which defines the control laws for each rob®tyeall as how the robots
sense, communicate, and switch modes. A communicatiowgobtor multi-robot net-
works with global communication is introduced. This allawe for the implementation of

the EGG system on the multi-robot network.

Rigid and Persistent Feasibility and Network Graph Generaton

Chapter 4 presents methods for determining if a desireddtiom for the multi-robot net-
work is rigidly, persistently andstably, persistently feasibMith respect to the limited
information available to each robot. Givempeoximity rangewhich defines the maximum
distance at which a pair of robots can s¢oesmmunicate with each other, these meth-
ods not only determine the corresponding feasibility, erieyate an appropriate network
graph for the formation. All rigid, persistent, and stabgrgistent network graphs are rigid.
Persistent and stably persistent network graphs limit theber of constraints assigned to
each robot to two or less. Stable persistent network graphe the advantage of being

acyclic. This facilitates the automatic definition of canttiaws for these graphs.
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Control Laws for Multi-Robot Network Formations with Persi stent Net-
work Graphs

Using stable, persistent network graphs generated by tkigoaein Chapter 4, we present
control laws for formations of mobile robots using thesewwgk graphs in Chapter 5.
These control laws use circle-circle intersection sohgito determine the local geometry

that they must satisfy with respect to their constrainthigrietwork graph.

Formation Assembly with Embedded Graph Grammars (EGGS)

In Chapter 6, we present a method to automatically genel@te &/stems for assembling
formations of mobile robots. These generated EGG systeljneméy on the relative loca-
tions of the robots. As such, the network does not need aaization to implement these
EGGs. Further, this EGG system respects the proximity réinggation of the network.
We demonstrate these EGG systems using a prototype netwdrgrasent experimental

results.

Deployment of Heterogenous Multi-Robot Networks with Embelded
Graph Grammars (EGGSs)

Chapter 7 presents a method for deploying heterogenous roltit networks, as well as
an experimental demonstration of all of the methods in tliekwThe network is heteroge-
nous in that only a proper subset of robots have localizalahty. We present an EGG
system that allows all the robots to navigate towards th@lrdeployment location. This
is despite the fact that some network members cannot estithair location relative to
the initial deployment location. This chapter also inclsi@gxperiments with a prototype
multi-robot network. In these experiments, we use our nugHor persistent feasibility,
automatic stable, persistent network graph generaticioonaatic assembly EGG genera-
tion, the deployment EGG, and the control laws for multiebbetworks with persistent
network graphs. This demonstrates how our methods alloviveomnie with limited sensor

and location ability to automatically achieve a feasiblsgmrdefined network deployment
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automatically. This demonstration also includes impletagon of all the methods pre-

sented in this work.
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