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DERIVATION OF THE RABINOWITSCH EQUATION FOR FLOW THROUGH
CYLINDRICAL TUBES AND ITS APPLICATION TO THE
NON-NEWTONIAN FLOW OF COATING COLORS

INTRCDUCTION

Within the Institute, there has been some objection to the use of

capillary viscometry in the study of non-Newtonian flow of fluids., This is

most unfortunate since capillary flow is cne of the few techniques suitable

for studying the flow of fluids at High ghear rates. Indeed, properly

conducted experiments in capillary viscometers will yield non-Newtonian flow

curves in excellent quantitative agreement with measurements taken on

. concentric cylinder and cone and plate viscometers (1).

In discussing capillary viscometry with a number of our staff members,

we found that the main objection has centered about the belief that capillary

flow measurements must be restricted to Newtonian fluids if velocity profiles

. ..are to be obtained. Some 36 years ago Rabinowitsch (2) indicated how a plot

of momentum flux versus velocity gradient could be obtained, for any fluid, o

simply from a plot of pressure drop versus flow rate obtained from isothermal

flow through circular tubes. The Rabinowitsch results have been used by

rheologists for many years and have been tested extensively, In view of our

institutional_interest in non-Newtonian flow; we feel that it would be of

interest to present a detailed derivation of the Rabinowitsch equation and some
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experimental evidence which tends to confirm its applicability and useful-

ness in dealing with non-Newtonian liquids at high rates of shear.

DERIVATION OF THE RABINOWITSCH EQUATION

We consider flow through a cylindrical tube of length, L, radius, R,
under an applied pressure gradiant AP = Pb - PL (ﬂ;>PL) as shown in the

following diagram,

r PR - Pr, centerline

T 2

7

Fo

Flow
L

S Nah .
N g R

We will attempt to use the notation of Bird et al (2). The velocity
has the camponents Vzw Vr and Vb since we are dealing here in eylindrical
coordinates. The momentum fluxes have the components \Tgzzs T_.. Tgg Trn? TrO:

and ng The following assumptionénare made: _

1. The fluid is incompressible.

2. The flow is taking place isothermally.

3. The flowris taking place under steady state conditions.

This means that VZ » the velocity in the direction of flow,

is constant with respect to time, ~— - - - - T T T

4, The flow is laminar, i.e., Vr and Vo the camponents o# velocity
in the radial and 0 directions, are zero. |

5. There are no entrance or exit effects.

6. (VZ)R' the velocity at wall of the tube, is zero.

-
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ov

Z
7¢ 3¢ = f(Trz)- This assumption means that the viscous momentum

flux is in the direction of negative velocity, that the rate of
shear is a function of viscous momentum flux only and that it
is a function of the liquid itself and does not depend on the
radius, R, of the particular tube used in the experiment.

8. The force of gravity is neglected.

9. oz is not a function of z.

First, we derive an equation for the total volume rate of flow in
terms of the rate of shear. The linear velocity, V , at a distance r from the
. 2z

center line is given by,

r

r
0
VZ(I') =f Fl‘rz dr = f -f(Trz)dr (1)
R

R
Then the total volume rate of flow, Q, is given by

R R r
Q QJ VZ(Eﬁrdr) = 2 nj [f -f('rrz)dr rdr (2) _
© 05, R

Equation (2) can be integrated by péfﬁé bjiigtting,

r ..
g = I "f(Trz)dr and h = rdr - . - ' (3)
R :( i
in the equation of integration by parts;
J“gdh= gh - fhdg (1)
Applying these equations to equation (2), we have,
R
r2 j‘r R r r? R
Q=2n| £ -£(r, )ar " -£(r,,) 5 ar =1fj‘r2f(7 ar (5)
R o o re

0 r
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Next we must obtain a relation between r and'Trz. We proceed as
follows. The equation of motion of a fluid under general conditions is given

for the z component in cylindrical coordinates as follows,

av R avz Vg avz av oP
Ve ?’*? % t% %/
1 (6)
( T o r'r ; a’;zz)'* Dgz

In view of the assumptions made previously we can elimjinate most of

the terms in equation (6). The first term on the left is zero because of

the steady state assumption, the secgnd and third are zero because of laminar
flow and the fourth is zero because Egi = 0 is the equation of continuity of
an incompressible fluid when Vr and Vo are zero. On the righthand gide we
neglect gravity. The term -ggi is zero since there is no dependence of T oz
on 0 because of axial_symmetry. The term —825 is zero because it was assumed

that 7 did not depend on z. Hence, equation (6) reduces to,

P 1 9
0% 7 & ), @)

We next integrate equation (7) with respect to z,

Py S L
U o1

I apP-=-=- TS ‘('I"r-r-z')-~ f Az, e e o (Ef) —— e .

P 0 -

0

or,

1 -
L9 (rr ) - PoLPL - AE (9)

Integrating equation (9) with respect to r, we have,

grQAP :
rr., = 5y *t constant (10)
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The constant in equation (10) is zero since rr, =0 at r = 0. Finally, we

can rewrite equation (10), as,

TAP | (11)

Ty = 2L
and
RAP
(T'rz )R =721 (12)

and, combining equations (11) and (12),

_ g orz (13)
TR r;;é)R

We can now substitute equation (13) in equation (5) to obtain,

(r_) 3
z'R R 2
Q= n Lr g (;;;7& Trz f(Trz) Aty (1&) 1
0
We can rearrange equation (14) to give, ?
(r,) |
Q B l J" rz R 2 _ !
;;3 = . )3 5 Ty f(TrZ)dTrz = F[(TI.Z)R] (15)
rz'R - i

Since we must differentiate equation (15) with respect to (Trz)R’ we give the

Leibnitz formula (4) for differentiation needed in this case,

du. (@) - du 0 (a) E
d(géa) - gln,0) —g— - &) —— |
u, (@)
X,0) gy |
[ + - o YL L ol . L o e
uo(a) (16)
u, (a)
where ola) = J1 g (x,2) dx 17) E
u (o) ;

If we identiﬁy:? with (Trz)R' ul(oa gith ()% uo(Oo with 0, g(x,2 ) with

Trzz f(Trz) and'rrz with x we can differentiate equation (15) with the aid of

equations (16) and (17) to obtain
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(Trz)R

EEE;IEE;El = -?2_ b Jﬁ (Trz)e f(Trz)dTrz

alrr, /R Trz)R 0

(r,) 2 (28)
5 rz 'R B{T £(r )}
1 r2 Tz

—_ -0 d

' (1,z ; (Tré)R Hree e +'5r IO '

Since the last term is zero because the partial derivative is zero, equation

(18) becomes with the help of equation (15),

aFlr gl 3 Pl(r)p) + 70—y fllr_ )]

. diTrzE (TrZ)R T?;;)R (19)

Upon rearrangement, we obtain for f[(Trz)R].

dF[(Trz)R] ' ) ,
f[(TrZ)R] = 3F [(TrZ)R] + (1., )R —EK;T—j;;*‘ (20)
rz
d log F[(TrZ)R]
= 5Pl gl + Pl /) | 336510 T (21)
Thus, d log F[(r z)R]

f[(Trz)R] = F[(Trz)R] 3+ 3 Tog (T:Z)R (22)

At this point we simplify our notation and let,
(Trz)R= ™R
and (23)

d log (r_ )

= Nlrg) = W
T Tog Fl(r,,) ®

R]___

where N is the slope of a plot of log TR versus log F(TR) and is a function
of Tp in the general case. Using this notation and equation (15) we rewrite

equation (23) as,

s (03) % (B2 e
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in
Now, since the rate of shear for a Newtonian fluid is given by -Eg
3

it is convenient to rewrite equation (24) as follows,

flrg) = % (31\14;1- l) (25)

The v%%fe of N(Th) can be obtained from the slope of a plot of log TR versus

log ﬂ.1_33-01' from the slope of a plot of log 4 P versus log Q since,

RAP
2T
da lo
legTR legTR 31 TA) _d log AP - X (26)
—_— = = Ie) = = =
T Tog F(ry) = a log —% T d log Q

=

Thus, from a knowledge of R and L and a plot of 4 P versus Q one can

obtain the necessary data for a rheological plot of log TR versus log rate of

shear, log f(TR)'myutilizing equations (12) and (25).

Equation (25) also enables us to calculate the velocity distribution
in the tube as a fupction of r. Equation (1) can be written in the following

form by the use of equation (13).

R
R
v,(r) = J:, e O (27)
(ﬁ)TR
TR !
v (0) = f C)elry,) dr, (28)
R
ence,
v (r) _ 1 J f("'rz)d"'rz -‘(29)
v {0) T
’ Jﬁ : f(Trz) L
0

But by assumption 7, f(Trz) is an intrinsic property of the liquid and is

independent of the radius, R, of the tube used to obtain it. Hence,
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f(TI‘Z) = f(TR) (30)
Then, equation (29) becomes
v (r) i f(TR)'dTR
oy - 170 (31)

'R f{..) d
T T
O\J" R R
The righthand side of equation (31) is a function of (r/R) and the ratio of

integrals can be interpreted as in the following equation,

' r
Vz(r) o area under f(TR) versus T from O to (R) TR ) 2
VZ(05 B area under f(TR) versus rp from 0 to 7o = B\R 32)

Up to this point we have made no assumptions on the nature of NGrR).
If we are dealing with a power law fluid where N(TR) is a constant we can use

equation (31) to derive an analytic expression for the velocity distribution.

We have in this case,
\ . - . -
d lo S

gTR

3

= N' = a constant ', >

2 105 e o

Integration of equation (33) Yields,: e

W
log TR © N' log nR; +C (34)
) . NS L N S
or, N' C b
S - T T T R =]
R - & (35)

Then by substituting equation (35) in equation (25),

1
L | )
£rg) = C—ﬁ ) A (36)
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Using equation (36) in equation (31), we have,
r
f (TR )N' (3N'+l a
Vz(r) 1 0 = = (37)
- 37
v (0} T
z Jﬁ R TR N' 3N +1
0 LN® drg
Performing the integratlons indicated above, we have,
1
_‘.{..l
N (38)

Vz(r r
W=l'(§)

as the velocity distribution for a power law fluid in terms of (r/R)

¥

In the case of a Newtonian fluid, N' = 1, and we have,

v, (r)
. VZ(oi B

which is the parabolic velocity distribution for Newtonian fluids.

1 - (x/RF (39)

-BEHAVIOR OF CLAY.STARCH COATING COLORS AT HIGH SHEAR RATES

A series of experiments was performed with three clay-starch coating
colors using high and low shear capillary viscometers to be described below
over an unusually wide range in shear rates from 1.5 to 1.92 x 10 sec. .
These colors were strongly non-Newtonian and appeared to be good test systems

for 'both 'the viscometers and the Rabinowitsch-equation.~ --- - - - —_—
Viscometry

The high shear viscometer consisted of a 1 cc. tuberculin syringe with
a Yale Luer-lok. The capillary was a no. 24 needle with a blunt tip (the kind
used to £ill ﬁitracentrifuge cells.) The dimensions of the capillary were:

length, 2.5 cm.; inside diameter, 0,028l cm.; and, length to diameter ratio, 89.
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The low shear viscometer was essentially the same as the high shear
viscometer except that a 5 cc. syringe was used in conjunction with a no, 16
needle. The dimensions of this capillary were: length, 2,60 cm.; inside

diameter, 0,1185 cm.; length to diameter ratio, 22. !

The viscometers were mounted on a flexaframe stand and water at
25°C. was circulated around the capillary. Driving pressures for the high
shear viscometer were provided by loading the plunger of the syringe by means
of a piston arrangement which used beater weights as dead loads. Driving.
pressures for the low shear viscometer were supplied by air pressure in a
mercury manostat and by gravity at the lowest shear.rates. The experimgﬁts
were conducted in these viscometers by measuring the time required to expel

1 cc. of coating color from the syringe undef a given load.

Mineral o1l (heavy USP 340/350) of known viscosity was used in the
calibration of both viscometers. The results of measurements with this oil
showed that the viscosity was independent of shear rate up to shear rates
of 7 x 10“ sec.-1 indicating that heating.effects are not important in these

particular viscometers,

Coating Color Formulatlons

The coaéiﬁg-;olbfé,rﬁrépéred by J. D. Hultman, consisted of Starch™ ~
(Superfilm 40), clay (Sp. Hydratex), calcium carbonate (Purecal 0) and

Latex (Dow 512R}., The three colors used in this study and their exact
compositions and designations can be found in Table I. The details of the
procedures used to mix the various ingredients can be found in Notebook 2172,

pages 4u-b6,
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TABIE I

Color Mumber 1 2 —3
Special Hydratex (kaolin.clay) 150 g. 270 g. 270 g.
Superfilm 40 (starch) 27 g. 30 g. 30 g.
Purecal 0 (calcium carbonate) - 30 g. 30 g.
Dow 512R (latex) -— 15 g. 15 g.
Napco DC.104 (Calcium Stearate) —-— ——— 3.5 g.
Distilled water . 177 a. 230 g. 285 g.
Total Solids, % 50% 60% 556

RESULTS AND DISCUSSION

One is interested in obtaininé a diagram of shear stress at the
capillary wall versus velocity gradient (rate of shear) at the wall. We will
restate equations (12) and‘(25) which were used to determine the needed

quantities from data involving Q, AP, R and L.

ReP
TR= 21-_ (12)
and
bg [N+ 1
tlrg) = o\ W (25)
hg

where N(TR) is the slope of a double logarithmic plot of TR versus ;;3 + The
necessary data for plots of log Tg Versus log f(TR) for the three coating

colors found in Figure 1 are exhibited in Table IT,

It will be seen from Figure 1 that there was overlapping of data points
taken on the high and low shear viscometers in the case of coating 3. This
constitutes evidence that assumption 7.was applicable and that f(1h) is a
function of the liquid only and does not depend on the dimensions of the visco-

meter.
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Figure 1. Shear stress.versus rate-of-shear for clay-starch coating colors.
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It will also be seen from Figure 1 that a straight line relation
between log'rR and log f(rg) is obtained at high shear rates for all three

coating colors, This means that the high shear rate data can be correlated

by a power law equation similar to equation (35),

!
TR = C[f(TR)] (40)
For coating color 1,
0.
g = 17-5 [£(rg)] & (1)

2 -
where TR has the units of dynes/em, and f(TR) the units of sec. l. The

3 to 1.9 x 1D5 sec.'l.

equation is valid over a range ofrf(TR) from 1.2 x 10
Similar equations can be written for the high shear regions of the other two
coating colors. On the basis of past experience (5), it is expected that

many non-Newtonian materials can be described by equation (40). This is the

familiar Ostwald equation for pseudoplatic fluids.,

A velocity profile for coating color 1 was calculated for a shear
stress of 5 x lOLF dynes/em.2 at which the rate-of-shear at the wall was 8.4 x
101’L sec.™ L, Equation (32) and a plot of f(TR) versus r were used for this
purpose. The results are presented in Figure 2. For comparison purposes

the parabolic profile for a Newtonian liquid is also shown in Figure 2.
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Figure 2. Velocity profile for clay-starch coating color 1.
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THE HYDRODYNAMTIC BEHAVIOR OF FULLY ACETYLATED GUARAN. A TEST -
OF THE EIZNER-PTITSYN THEORY FOR THE SEMIRIGID MACROMOLECULE

BACKGROUND

The material contained in.this report is the result of several
phases of institutional researchl The experimental data on the’hyﬁro—
dynamic behavior of fully acetylated guaran in acetonitrile is the result
of the doctoral thesis work of J. V. Koleske (;). Analysis of this work
in terms of the Eizner-Ptitsyn theory (2) is the result of é éﬁrvey con-
ducted on Project 2332, "The rheology of papermaking materials'. Machine
computation of the geometric -and hydrodynamic functions arising in the . - -
Eizner-Ptitsyn theory was the result of a mutual interest in tﬁe theory

in connection with Project 1695, "Fractionation of cellulose and its

degradation products" and Project 2332,

INTRODUCTION

- — — —— e e —— vl m e e .- e — —_—— e —— o — —r = = o - P S YR e

The configuration and hydrodynamic propertles of fully acetylated
guaran (1), GTA, in acetonitrile have been examined over a range in degree
of polymerization from 171 to lE;ﬂOO. The GTA molecule exhibits a transition

from partial to . nondraining hydrodynamic behavior and excluded volume effects

[PIFIPEE—
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have been shown to be negligible. Reliable estimates of the polymolecularity
of GTA fractions are availsble so that suitable teste of current hydro-

dynemic theories are possible.

-Recently-Eizner and Ptitsyn (g) have treated the intrinsic viscosity
of semirigid macromolecules in light of the intrinsic viscosity equation
of Peterlin (3,4) and the "wormlike" chain of Kratky and Porod (5). The
hydrodynamic behavior of GTA is such that the conditions under which the
theory may be applied are fully satisfied. It is the purpose of the present
work to test the Eizner-fﬁitsyn theory and to comment on the applicability
of the theories of Kirkwood and ﬁiaeman (é), Kurata and Yamakawa (I) and of

Hearst (8).
THE EIZNER-PTITSYN THEORY

The Eizner-Ptitsyn theory (2) i1s based on the "wormlike" chain

model of Kratky and Porod. In this model the chain direction varies

continuously instead of at -specified bonds and the fléxibility of the
chain is characterized by the persistence length a&. The mean-squére

radius-of -gyration, §E, of the "wormlike" chain is given by,

P = (a2/3)(x - 1 + ™), (1)

where x = EE/E and N is the degree of polymerization and b is the length of

a monomer unit.

According to the theory of Eizner and Ptitsyn the intrinsic

viscosity of the semirigid molecule is given by,

“t
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/20 w3y v Xw/A)
[n] = (2)
! y5(2n/3Y2 b 1/2

1
3203 - 21/2) A, b X3 T(A,N) N

where [7n] is the 1ntr1nsic viscoelty in cc. /g g the limiting value of the
Flory coefficient, SD o’ is 2 186 x lO 23 mole -1 at high molecular weight (2),
Eo is the hydrodyna.mic radlus of the monomer unit and M its molecular
weight and )\ = a/b The hydrodynemic radius is related to the monomeric
friction coefficient G by, r, = g/67fno where n_ is the solvent viscosity.
The function X(E//\) is a geometric factor and ?’(N, A) is a complicated

hydrodynemic fu.nctlon .

The Flory coefficient is defined by (2),,

_?

n] M/(6 s 3/2 (3)

r ’ Lars Yy
L t
m [ - i
M "‘ ‘ =5 ) 1 v

and from the present’ theory is given by,
' .m l\
0

h527r3)l/2 2NN V- T
o T o

v 1 At
t‘ 3«,! ; ),‘.,. v ot I
e e

\ .

r;_,

CALCULATION o X (n/ A ) AND 7()\ )

. ¢ i
- “ ‘11>

The gecmetric and*hydrodynamlc functions have' been ca.lculated by
“Eizneér and Ptitsyn and ’ére'preeelclted:' in-graphical-form-by these authors- (g) R U
Unfortunately, the numericai reeults ‘of {:klelr ecalculations are not given in
tabular form so that thelr grephlcal results cannot be easily reproduced.
For this reason we have repeated thelr ca.lculation of these functions and

have tabulated the numerlcal results.

.
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The geometric function ;{kﬁ/)\) is given by,
Xiz) =1 - (32322 - 2z - 1 + o ), (5)

where Z N/A and the numerical results based on this equation are gliven

in Teable T. }

The hydrodynamic function is given by,

N -1
15(7r/3 1/2 E @ + k - Nk - 2n) ¥(x)
?9( - 2M3) )sl/g 5/2 x -1+ exp(-x)]l/2
(n/2) -1
+ Z [ (n /i)+- 21:( + Nl][;l’ ;.
kK = 1 x - exp(-x)]
where
v 2 -x -3x
Y (x) = 0.h270 + 0.5730 55+ 156x + 21k - Sh(k + x)e ¥ v 2 ¢ -

2T x-1+eX*2"

and x k/A Values of the hydrodynamlc functlon were calculated from

Equations (6) and (7) by numerical summation on an IBM 1620 computer with
Fortran II programming to avoid truncation errors. The results are given in
Table II.

EXPERIMENTAL RESULTS

INTRINSIC VISCOSITY AND LIGHT SCATTERING

e e e e e - et e e —— - - - —— -, = - e e r m e m e o e A e e mmt e m—m e o e e -

The intrinsic viscosity and light scattering results given in
Table ITI have been reported previously (l). The intrinsic viscosities are
the result of measurements conducted in a capillary viscometer of the
Ubbelohde type and where necessary corrections for non-Newtonian flow have

t

been applied ~ Values for the weight average degree of polymerization were
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. =7

* VALUES FOR THE FUNCTICN )(ggl FROM THE EIZNER-FTITSYN
THEORY FOR THE INTRINSIC VISCOSITY OF ~SEMIRIGID

MACROMOLECULES

- X

0.207
0.248
0.300
0.352
0.407

0.456
0.533
0.592
0.651
0.707

A

10.
12.
16.
20.

25.

30.
Lo,
50.
63.
80.

OO O MO

OO OO0

Bvalues calculated from Equation {(5).

Z )((g)u

100 0.971
126 0.976
160 0.982
200 0.985
250 . 0.988
300 0.999
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TABLE II

THE FUNCTION (P (A,N) FROM THE EIZNER-PTITSYN THEORY,
FOR THE INTRINSIC VISCOSITY OF ' SEMIRIGID MOLECUCULES *

A=l A=5

N A=10 A=15 A= A=30 A=50 ) =100
10 0.092 0.153 0..199 0.271 0.377 0.561
16 0.10k 0.628 0.977 1.231 1.439 1.784 2.325 3.310
25 0.348 0.937 1.400 1.743 2.029 - 2.503 3.249 4 .612
L0 0.500 1.059 1.556 1.934 2.250 2.773 3.597 5.10L
64 0.617 1.097 1.577  '1.956 2.273 2.803 3.636 5.158
100 0.699 1.093 1.523  1.877 2.180 2.688 3.489 4.952
160  0.766 1.075 1.435  1.746  2.018  2.48% 3.227 4,584
250 0.814 1.056 1.349 1.611 1.846 2.258 2.928 4.164
400, 0.854 1.039 1.270 1.480 1.67Th 2.020 2.601 3.697
640 1.026 1.206 1.526 1.808 2.293
1,000 1.018 1.159 1.413  .1.639 2.036
1,600° 1.012 1.121 1.318 1.496 1.811
2,500 1.008 1.093 1.248 1.389 1.639
L, 000 1.005 1.07L 1.192 1.30L 1.496
6,400 1.003 1.055 1.148 1.233 1.386
10,000 .002 1.043 1 1.304

T

Q17 1.301

BValues calculated from Equations (6) and (7).
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TABLE III

EXPERIMENTAL RESULTS AND CALCULATED HYDRODYNAMIC PARAMETERS
FOR GUARAN TRIACETATE IN ACETONITRILE AT 25°%C.

(], s x 107, - »x 10733,
Fraction Ew ml./g. h a4, A2, a mole
24 12,400 945 4 .00 1.35 147 2.61
2B 11,200 912 k.00 1.35 133 2.66
3 7,640 703 3.03 1.44 94 .2 2.49
4 : - 6,200 678 5.10 1.28 1.3 2.62
2c 4,770 560 4.00 1.35 56.4 2.50
5 1,970 387 12.4 1.13 20.7 2.69
6 764 179  33.3 1.04 T.47 2.05
7 532 116 : L45.7 1.03 5.07 1.64
8 11.1 1.14 1.54 1.32

171 Ll

8Calculated from Equation (12) using a persistence length of a = 57.8 A,
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calculated from light scattering molecular weights obtained in a Brice-

Phoenix light scattering photometer. The values are based on an average

monomer molecular weight"qf\'ll-32.: e

1 s
)

The polymolecularity ofnthe\GTA:f}actiohs has been estimated from

+y

! “ Sf.: Ty j‘II !
osmotic pressure and ultracentrifuge measurements. The resulis are expressed
R i ' .

in terms of the Zimm-Schulz (10) parameter _h and the number and z- average

AT 1 - 3
4

degrees of polymerization may he ca.lcula‘ted from the relation,

h h+1 h+2
- T = T : (8)
N N N
n W 2
where En Ew and N are respectively the 1number, weight and z-average

- f\ . f|. CTE '~.( v A

degrees of polymerization.: e )

MOLECULAR PARAMETERS FROM|INMRINSICYvISCOSITY ™

'

L V; I r

b 5. ..J “1 '
s .

In treating 1ntrinsic viscoaity ds.ta., Eizner and Ptitsyn rearrange

Equation (2) to yireld, B RS -
J’ ' '.‘:,u ":‘::l‘ ' ‘:'qel_. f;'. '?;::.}":’ \g:’\:‘j:w i “ ‘:\
R 32, 3wl /e s b 1
- 2 QO E . N « X((‘ﬁ.‘/ff's:r ;;g:.f(e TF) G + 1 CIO()\/N) N
3 r ¥ N2 .’ *, ?' PR N
- M0 T]] v : ,{‘i\»"é ’;"," :‘:e’r ) ,‘3.;;,# 32(é 21[2) Aro A 37 2

R ,,‘\ S o
which 18 of the form, Y/= cA\ +"BX"J:"A pLog} of Y’ 23/2 3/M }(N/(n]) X(N/)\ )
2
- = = - -versus@(_-z ‘f’(,\ N)fl should*be‘—; atralght llne providlng an-appropriate- -
2t ,,‘ K ,i
value of )«13 used. Initlal values of )\‘\\ were aSSumed and from a least

squares treatment of -the ‘,data. accorr;iing ,t’b Equatlon (9) a final value of
L Wt

A p vasB caleulated .- 'I'he‘procedure;was repea‘ted several times and & correct

— r n {*4;

value of A was determinedefrom .the 1ntersect10n of the curve relation A

- ’
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Ag with the straight line, )\i - )\f. Values of X(_z_) and P ()\,N) vere

obtained from graphs of \P(/\,_I_\I) versus N and X(&) versus Z which were

prepared on the basis of the data given in Tables I and II.

The final results are shown in Figure 1 for the correct value of
A = 11.2 based on a value of 5.15 A. for the length of the monomer unit b.
The straight line as determined by the method of least squares is given by,
= 0.194% + 0.0266X. The persistence length obtained from A is & = 57.8 A.
which is only slightly lower than the limiting value of 64 A. obtained from
light scattering (1). A value of r, = 3.04 A. is obtained for the radius

of the monomer unit, and the ratio (:/no = 67rgo is 57.3 A,

Since all important pa%ameters are known, Eduation (2) may be
used to calculate the dependence of intrinsic viscosity on degree of poly-
merization as shown in Figure 2. The circles represent experimental data
and the solid line represents the intrinsic viscosity calculated from
Equation (2). It is apparent that the agreement beiween theory and experi-

¢
ment is excellent.

THE FLORY COEFFICIENT

The Eizner-Ptitsyn theory can also be used to predict the dependence'

of the Flory coefficient on degree of polymerlzatlon accordlng to Equation

— - - — - — - i [ — —_ e - - = . - - - - - ——

(h) The Flory coefficient may also be calculated from experimental data

using the relation, (1),

5 = q [0l /(6 593/ (10)

2

where_ﬁW is the weight average molecular weight, Sz is the z-average

mean-square radius-of-gyration and gg_is a factor to correct for sample
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3.5
| 1 | I
3.0 —
O
~
j 25 —
2
| e |
fain
E% 20 —
-
i.5— —
o | | 1 |
2.0 2.5 3.0 35 4.0 4.5
_ _ _LOG_Nw. . _ .
Figure 2. Intrinsic viscosity as a function of weight average degree

of polymerization for guaran triacetate in acetonitrile.

Open circles represent experimental data. The solid line
is the theoretical Eizner-Ptitsyn curve, calculated from

Equation (2).
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heterogeneity. For a distribution of the Zimm-Schulz type, go is given
by (1—_))

a = (n+ 232 w2)/ (0 + 12 Tans). (11)

Since the persistence length of the GTA molecule is known from
hydrodynamic measurements, the radius of gyration may be calculated from

(1),
(s2) = &®L(T b/3a) - 1 + (2a/fp)(1 - (a/F D))]. (12)

Values of the Flory coefficient calculated from experimental date
are given in Table III. It should be noted from the magnitude of gn_that

appreciable heterogeneity corrections are required.

The dependence of the Flory coefficient on degree of polymerization
is shown in Figure 3. The circles represent values caslculated on the basls

i

of Equations (10) (11) and (12) and experimental data while the solid line

represents the theoretical curve calculated from Equaticn (h). Here again

the agreement between theory and experiment is good.

DISCUSSION

A number of hydrodynamlic theories are svailable and have been
tested in the cdourse of the present investigation. The extluded volume "~ °°
theory of Kurata and Yamakewa (7) has been used by Koleske (1) in his
analysis of the hydrodynamic behavior of GTA. In his work, excluded
volume effecte were shown to be unimportant so that the theoreticéi eque.-

tions of the Kurata-Yamskswa theory reduce to those of Kirkwood and

Riseman (6). -More recently, Hearst .(8) has modified the theory of Zimm (11)




Project 2332 and 1695
Report  (3) (4)
March 20, 1964

Page 13

AR
. N
* ’ ‘,k )
- - - ' { 2
- . A e a1
- . . N :s..r:“:'\ ‘{:«," ("\é‘\l
- Le RN LA
< U R
- S o bt
) N AT
- go a0y \
, . ".,naﬂ . ',~ 1
n Y 4] iy
. ety H
A 2‘ o |r\
N Sy
Fra T, o .,“I‘\,cl
r”

o -

m [

v P ey ] m-bi rw-{-;ﬂrg-—-o -t L s

N f ‘,‘ - N'!n ,.,\1 -r
i [ " ’, l.
. . s g e ﬁ.j
. 2, VA
L VA W
. +
AT Prood
- 1 .
[ o KE ;T .
* ety gt Py
- . H .y ]
R SR A Lav,
Y A A !
d D T A '
. RESTINE) 2k
R S AL 1A \
NN g AT e EIN
‘. vy W *1 (LY RN
. - P "l{’n}l N e A0
- R WL ‘!x‘ AL e,
LA [ bt #
- ‘a_ 1 LN
- N
L A . ~..l:,
. M
{ +
oo i .
. 14
" . LRI
LI [ L0
B

o) £
< =]
[T
— g T
i
Eé“
o &
203
EL)
& KO
°% 0
—< 3 8L
Ebpa
g8’
o
o 5
QO W
[
e
L
&y
'y .
—— + =
0 N
™ W
g o 1
25
12 =49
G 82 O
5%
0 o e o
s O QU KN
' J 593
o Qg .9
— EH-P
" 8¢
w5 “ GS-S-P
, g8
o309
1
B
- —~
- o= - -1 [4 N = —_
Te ) — @ o
— R
.. N v oa
- o] n o
g ® LoD
=R
0 o
oo g <]
L = O =
a v 58
3
o £33
l.nN .
('\.i 2}
e - ﬂg -
. )
|-l
=



Project 2332 and 1695

Report  (3) (1)
March 20, 1964
Page 1k

to determine the effect of partial draining on the intrinsic‘viscosity of

flexible macromolecules.

All of these theories were considered 1n the present investigation
and while they pfedict the observed hydrodynamic behavior at high molecular
weight, they fail in & quantitative sense at lower molecular welghte. At
low molecular weights a constant value of the monomeriec friction coefficilent
will not describe the observed dependence of intrinsic viscosity on molecular
weight. The Eizner-Ptitsyn theory appears to be free of this difficulty
and indeed leads to a reasonable value for the hydrodynamic radius of a

monomer unit and the persistence length.
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