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DERIVATION OF THE RABINOWITSCH EQUATION FOR FLOW THROUGH
CYLINDRICAL TUBES AND ITS APPLICATION TO THE

NON-NEWTONIAN FLOW OF COATING COLORS

INTRODUCTION

Within the Institute, there has been some objection to the use of

capillary viscometry in the study of non-Newtonian flow of fluids. This is

most unfortunate since capillary flow is one of the few techniques suitable

for studying the flow of fluids at high shear rates. Indeed, properly

conducted experiments in capillary viscometers will yield non-Newtonian flow

curves in excellent quantitative agreement with measurements taken on

concentric cylinder and cone and plate viscometers (1).

In discussing capillary viscometry with a number of our staff members,

we found that the main objection has centered about the belief that capillary

flow measurements must be restricted to Newtonian fluids if velocity profiles

.are to be obtained. Some 36 years ago Rabinowitsch (2) indicated how a plot

of momentum flux versus velocity gradient could be obtained, for any fluid,

simply from a plot of pressure drop versus flow rate obtained from isothermal

flow through circular tubes. The Rabinowitsch results have been used by

rheologists for many years and have been tested extensively. In view of our

institutionalinterest in non-Newtonian flow, we feel that it would be of

interest to present a detailed derivation of the Rabinowitsch equation and some
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experimental evidence which tends to confirm its applicability and useful-

ness in dealing with non-Newtonian liquids at high rates of shear.

DERIVATION OF THE RABINOWITSCH EQUATION

We consider flow through a cylindrical tube of length, L, radius, R,

under an applied pressure gradiant AP = - PL (P >PL) as shown in the0 o L

following diagram.

PO r . 'R PL centerline

Flow I

L>

We will attempt to use the notation of Bird et al (2). The velocity

has the components Vz-, Vr and V since we are dealing here in cylindrical

coordinates. The momentum fluxes have the components \,TzzJ T rr, , Trz' TrQ'

and T Z. The following assumptions are made:

1. The fluid is incompressible.

2. The flow is taking place isothermally.

3. The flow is taking place under steady state conditions.

This means that V , the velocity in the direction of flow,

is constant with respect to time. -... - --. --

4. The flow is laminar, i.e., V and V; the components of velocity
r 0

in the radial and 9 directions, are zero.

5. There are no entrance or exit effects.

6. (Vz)R, the velocity at wall of the tube,, is zero.



Project 2332
February 22, 1965
Page 3

av
7. --~ = f(Trz). This assumption means that the viscous momentum

flux is in the direction of negative velocity, that the rate of

shear is a function of viscous momentum flux only and that it

is a function of the liquid itself and does not depend on the

radius, R, of the particular tube used in the experiment.

8. The force of gravity is neglected.

9. T is not a function of z.zz

First, we derive an equation for the total volume rate of flow in

terms of the rate of shear. The linear velocity, V , at a distance r from the
z

center line is given by,

r r

V(r) = f dr = J -f(T rz)dr
R R

Then the total volume rate of flow, Q, is given by

R R r

Q J V (2trdr) = 2 T L f(Trz)d rdr

Equation (2) can be integrated by parts by'letting,

r

g = -f(Trz)dr and h = rdr '.

R b

in the equation of integration by parts;

gdh= gh- fhdg

(1)

(2)

(3)

(4)

Applying these equations to equation

Q= 2n 2 R -f(Trz)dr
R

(2), we have,
R R 2 R

J -f(Trz)2 )dr (5)

0 0 1 0
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Next we must obtain a relation between r and T . We proceed as
rz

follows. The equation of motion of a fluid under general conditions is given

for the z component in cylindrical coordinates as follows,

O tf Vr + V + Vz - - aZ

I r 4r 2 - + e-zz- + Pg (6)

In view of the assumptions made previously we can eliminate most of

the terms in equation (6). The first term on the left is zero because of

the steady state assumption, the second and third are zero because of laminar
6vz

flow and the fourth is zero because z- = 0 is the equation of continuity of

an incompressible fluid when V and V are zero. On the righthand side we

neglect gravity. The term -Q- is zero since there' is no dependence of T Cz

on 0 because of axial symmetry. The term -z- is zero because it was assumed

that T did not depend on z. Hence, equation (6) reduces to,zz

°0=- r r -(rTz , (7)

We next integrate equation (7) with respect to z,

PL L
=- r r - - (rr z ) -- _dz ._ (8)

PO
or,

i a Po-P A(P
r'r r (rr) = (9)

Integrating equation (9) with respect to r, we have,

~r2
rTz = r2L + constant (10)rz 2L (1)
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The constant in equation (10) is zero since r T = 0 at r = 0. Finally, werz

can rewrite equation (10), as,

rAP (11)
T rz 2L

and

(Trz ) =RAP (12)
(Vrz)R =2L

and, combining equations (11) and (12),

Trz
r =R = r-

(T-;

(13)

z)R

We can now substitute equation (13) in equation (5) to obtain,

Q = rit z R ( ) Trz f(TrZ) Tz
J (zrz R
0

We can rearrange equation (14) to give,

Q 1 f(Trz )R 2

-=- T
~iR' (Trz)R 0

f(Trz)drz = F[(Trz)R

Since we must differentiate equation (15) with respect to (Trz)R, we give the

Leibnitz formula (4) for differentiation needed in this case,

d)(a) du 1() · du(o)(a)

da g(ula) a - g(uoa) 

p 1i ag (x~a) dx- -+J --S--- - ---- -- - - -1) --

u l(a)

where cp(a) =

ul(a)

uO(a)

g (x,a) dx

If we identify a with (Trz)R ul(a) with (Trz)R' u0 (a) with 0, g(x,a ) with

T 2 f(Trz) and T rz with x we can differentiate equation (15) with the aid of

equations (16) and (17) to obtain

1965

(14)

(15)

(17)
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dF[(T rz)R] 3 4 S rz )
-d7= f- C )R (Trz) 2 r(rz) z

r 2 r(T, rz)R a TrZ f (T rz (18)
- 5rr B J ra " i r

(Trz)R 0 a(rz)R

Since the last term is zero because the partial derivative is zero, equation

(18) becomes with the help of equation (15),

d F[(7 R -3 F[(T rz)R] +i ) (Trz)R] (19)
d(Trz - (Trz )R rz

Upon rearrangement, we obtain for f[(r )],
rz R

dF[(T-z)R]
f[(Trz)R] = F [(Tr)R ]+ (Trz)R -d rz- (20)

d log F[(T rz)R 
3F[(Trz)R + F[(Trz) a log ( rz)R (21)

Thus, l (z)R iog F[(TrzR ] (
L\ rzR-^ 41 + -z [ j (22)

MT I R 3 + d log F[(Trz)R 22

At this point we simplify our notation and let,

(Trz)R = TR

and (23)
d d log (rz)R = N(T) = N

d logF[( rz)R ]

where N is the slope of a plot of log T versus log F(TR) and is a functionA R
of TR in the general case. Using this notation and equation (15) we rewrite

equation (23) as,

f( n (R) N) R3 (3 + (24)
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Now, since the rate of shear for a Newtonian fluid is given by -Q

it is convenient to rewrite equation (24) as follows,

f(R) ) (25)

The value of N(T ) can be obtained from the slope of a plot of log R versus
4Q R R

log R or from the slope of a plot of log A P versus log Q since,
RAP

2L
d log TRd log 2l

109^ log 4Q d log AP = N (26)
dlog F(TR) 7 lo log = d logQ

Thus, from a knowledge of R and L and a plot of A P versus Q one can

obtain the necessary data for a rheological plot of log TR versus log rate of

shear, log f(TRI) byutilizing equations (12) and (25).

Equation (25) also enables us to calculate the velocity distribution

in the tube as a function of r. Equation (1) can be written in the following

form by the use of equation (13).
T
R

V (r) = f (R )f(T ) dr (27)

TR

Vz(O) = J ( )f(Tr) (28)

Hence, f (

7 z~ f T(Trz) drz

But by assumption 7, f(T ) is an intrinsic property of the liquid and is
in-depen orz

independent of the radius, R, of the tube used to obtain it. Hence,
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f( rz ) f(TR)

Then, equation (29) becomes

Vz(r)
zT- = 1- 0v (0

0o

F RP R^ f(TR)'dTR
(31)

TR f(TR) dTR

The righthand side of equation (31) is a function of (r/R) and the ratio of

integrals can be interpreted as in the following equation,

Vz(r)
V 0 = 1-VzT 

area under f(vR) versus TR from 0 to (r) TR

area under f(vR ) versus TR from 0 to TRTR R i
= g(R)R (32)

Up to this point we have made no assumptions on the nature of N(TR).

If we are dealing with a power law fluid where N(TR ) is a constant we can use

equation (31) to derive an analytic expression for the velocity distribution.

We have in this case,

=d 10 = N' = a constant'. (33)
d log T- R
dlog- * '7 .

n R3 
Integration of equation (33) yields, '

log R N log + 4 C Q(34)log TR = N' log nR3 + C (34)

or,

(35)

Then by substituting equation (35) in equation (25),

1
N' (3N'+1

/ = 6N)'

(30)

TR = it R3 ) N, =-K ( 3 

TR

f (TJJ = (- (36)
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Using equation

Vz(r) = 1 -

Performing the

Vz(r)

V-T =

(36) in equation (31), we have,

(r)T

o-R N' N/ +

(rN' + K ) Ir) R ^R + - f3M'41 

integrations indicated above, we have,

1- (-)'' +

(37)

(38)

as the velocity distribution for a power law fluid in terms of (r/R)

In the case of a Newtonian fluid, N' = 1, and we have,

z(r) = 1- (r/R) 2 (39)

which is the parabolic velocity distribution for Newtonian fluids.

BEHAVIOR OF CLAY-STARCH COATING COLORS AT HIGH SHEAR RATES

A series of experiments was performed with three clay-starch coating

colors using high and low shear capillary viscometers to be described below

5 -1over an unusually wide range in shear rates from 1.5 to 1.92 x 10 sec. .

These colors were strongly non-Newtonian and appeared to be good test systems

for'both-the viscometers and-the Rabinowitsch-equation.- ... ..

Viscometry

The high shear viscometer consisted of a 1 cc. tuberculin syringe with

a Yale Luer-lok. The capillary was a no. 24 needle with a blunt tip (the kind

used to fill ultracentrifuge cells.) The dimensions of the capillary were:

length, 2.5 cm.; inside diameter, 0.0281 cm.; and, length to diameter ratio, 89.
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The low shear viscometer was essentially the same as the high shear

viscometer except that a 5 cc. syringe was used in conjunction with a no. 16

needle. The dimensions of this capillary were: length, 2.60 cm.; inside

diameter, 0.1185 cm.; length to diameter ratio, 22.

The viscometers were mounted on a flexaframe stand and water at

25°C. was circulated around the capillary. Driving pressures for the high

shear viscometer were provided by loading the plunger of the syringe by means

of a piston arrangement which used beater weights as dead loads. Driving

pressures for the low shear viscometer were supplied by air pressure in a

mercury manostat and by gravity at the lowest shear rates. The experiments

were conducted in these viscometers by measuring the time required to expel

1 cc. of coating color from the syringe under a given load.

Mineral oil (heavy USP 340/350) of known viscosity was used in the

calibration of both viscometers. The results of measurements with this oil

showed that the viscosity was independent of shear rate up to shear rates

of 7 x 10 sec. indicating that heating effects are not important in these

particular viscometers.

Coating Color Formulations

The coating colors, prepared by J. D. Hultman, consisted of starch .. . -~ -

(Superfilm 40), clay (Sp. Hydratex), calcium carbonate (Purecal 0) and

Latex (Dow 512R). The three colors used in this study and their exact

compositions and designations can be found in Table I. The details of the

procedures used to mix the various ingredients can be found in Notebook 2172,

pages 44-46.
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TABLE I

Color Number

Special Hydratex (kaolin clay)
Superfilm 40 (starch)
Purecal 0 (calcium carbonate)
Dow 512R (Latex)
Napco DC-104 (Calcium Stearate)
Distilled water
Total Solids, %

1

150 g.
27 g.

177 g.
50%

2

270 g.
30 g.
30 g.
15 g.

230 g.
60%

RESULTS AND DISCUSSION

One is interested in obtaining a diagram of shear stress at the

capillary wall versus velocity gradient (rate of shear) at the wall. We will

restate equations (12) and (25) which were used to determine the needed

quantities from data involving Q, AP, R and L.

RAP
TR = 2L (12)

and
4Q

f(TR) = CR

where N(T ) is the slope

necessary data for plots

- - _ colors found in Figure 1

(25)

4Q
of a double logarithmic plot of TR versus R . The

of log TR versus log f(TR) for the three coating

are exhibited in Table II.

It will be seen from Figure 1 that there was overlapping of data points

taken on the high and low shear viscometers in the case of coating 3. This

constitutes evidence that assumption 7.was applicable and that f(TR) is a

function of the liquid only and does not depend on the dimensions of the visco-

meter. 

3

270 g.
30 g.
30 g.
15 g.
3.5 g.

285 g.
55%

3N + 

4N
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Figure 1. Shear stress versus rate-of-shear for clay-starch coating colors.
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It will also be seen from Figure 1 that a straight line relation

between log TR and log f(TR) is obtained at high shear rates for all three

coating colors. This means that the high shear rate data can be correlated

by a power law equation similar to equation (35),

TR = C[f(TR)] (40)

For coating color 1,

TR = 17.5 [f(TR)]0.75 (41)

where T has the units of dynes/cm.2 and f(T ) the units of sec. l. The
R R

3 5 1equation is valid over a range of f(TR) from 1.2 x 10 to 1.9 x 10 sec. .

Similar equations can be written for the high shear regions of the other two

coating colors. On the basis of past experience (5), it is expected that

many non-Newtonian materials can be described by equation (40). This is the

familiar Ostwald equation for pseudoplatic fluids.

A velocity profile for coating color 1 was calculated for a shear

stress of 5 x 10 dynes/cm.2 at which the rate-of-shear at the wall was 8.4 x

4 -1
10 sec. . Equation (32) and a plot of f(TR) versus TR were used for this

purpose. The results are presented in Figure 2. For comparison purposes

the parabolic profile for a Newtonian liquid is also shown in Figure 2.
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O COATING COLOR
* NEWTONIAN COLOR

R =0.0140 CM.
y R = 5 X 104 DYNES/CM?

f(rR)= 8.4 x 104 SEC.-'
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Figure 2. Velocity profile for clay-starch coating color 1.
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THE HYDRODYNAMIC BEHAVIOR OF FULLY ACETYLATED GUARAN. A TEST
OF THE EIZNER-PTITSYN THEORY FOR THE SEMIRIGID MACROMOLECULE

BACKGROUND

The material contained in-this report is the result of several

phases of institutional research. The experimental data on the hydro-

dynamic behavior of fully acetylated guaran in acetonitrile is the result

of the doctoral thesis work of J. V. Koleske (1). Analysis of this work

in terms of the Eizner-Ptitsyn theory (2) is the result of a survey con-

ducted on Project 2332, "The rheology of papermaking materials". Machine

computation of the geometric -and hydrodynamic functions arising-in the - - - -

Eizner-Ptitsyn theory was the result of a mutual interest in the theory

in connection with Project 1695, "Fractionation of cellulose and its

degradation products" and Project 2332.

INTRODUCTION

The configuration and hydrodynamic properties of fully acetylated

guaran (1), GTA, in acetonitrile have been examined over a range in degree

of polymerization from 171 to 12,400. The GTA molecule exhibits a transition

from partial to . nondraining hydrodynamic behavior and excluded volume effects
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have been shown to be negligible. Reliable estimates of the polymolecularity

of GTA fractions are available so that suitable tests of current hydro-

dynamic theories are possible.

*Recently-Eizner and Ptitsyn (2) have treated the intrinsic viscosity

of semirigid macromolecules in light of the intrinsic viscosity equation

of Peterlin (3,4) and the "wormlike" chain of Kratky and Porod (5). The

hydrodynamic behavior of GTA is such that the conditions under which the

theory may be applied are fully satisfied. It is the purpose of the present

work to test the Eizner-Ptitsyn theory and to comment on the applicability

of the theories of Kirkwood and Riseman (6), Kurata and Yamakawa (7) and of

Hearst (8).

THE EIZNER-PTITSYN THEORY

The Eizner-Ptitsyn theory (2) is based on the "wormlike" chain

model of Kratky and Porod. In this model the chain direction varies

continuously instead of at -specified bonds and the flexibility of the - -

chain is characterized by the persistence length a. The mean-square

radius-of-gyration, S , of the "wormlike" chain is given by,

S = (a /3)(x - 1 + eX), (1)

where x = _/a and N is the degree of polymerization and b is the length of

a monomer unit.

According to the theory of Eizner and Ptitsyn the intrinsic

viscosity of the semirigid molecule is given by,
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23/2 (b3/Mb ) N X(N/A)

] =45(21/3)1/2 b + 1 1/2

32(3 - 21/2) A r A 2 t(AN)

where [T] is the intrinsic viscosity in cc,.3/g., the limiting value of the
-,' 

; -1 ar . -

Flory coefficient, o, is 2:86 x 10 mole at high molecular weight (2),

r is the hydrodynamic radius ofthe monomer unit and M its molecular-O -o

weight and X = a/b. The hydrodynamic radius is related to the monomeric

friction coefficient C by, r = 9 /6K'r o where nl is the solvent viscosity.

The function X(N/ ) is a geometric factor and Y(N, ) is a complicated

hydrodynamic function.

The Flory coefficient is defined by (9),

= [l] M/(6 S)3/2, (3)

and from the present theory is'given by,

= O

Unoru atl , Lt""S1/2t' b , /2 /2
- - )7* -m0). 32(3 X (/>) (4)2

CALCULATION OF X(VI A) AND (A ,'N)

The geometric andhydrodynamic functions have' been calculated by

.. .. . .Eiiznerand Ptitsyn-and are-presented in-graphical-form-by these authors- (2). - - --- -

Unfortunately, the numerical results of their calculations are not given in

tabular form so that their graphical results cannot be easily reproduced.

For this reason we have repeated their calculation of these functions and

have tabulated the numerical results.
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The geometric function X(N/X) is given by,

X() = 1 (3/Z3)[Z2 - 2(Z - 1 + e)], (5)

where Z = N/A and the numerical results based on this equation are given

in Table I.

The hydrodynamic function is given by,

N -1

15(1T/3) 1 \ ' (k + k - Nk - 2N)'(x)
(A N) = 4(321/2) A1/2N5/2 [ x - + exp(-x)]1/2

(N/2) - 1

+ [ (N2/2) -'2k 2 + N] (x) (6)

k=l x-l+ exp(-x)]1/2 

where

(x) = 0.4270 + 0.5730 45x2 + 156x + 214 - 54(4 + x)eX + 2 e 3x (7)
27 [ x - 1 + e-X]2

and x = k/A . Values of the hydrodynamic function were calculated from

Equations (6) and (7) by numerical summation on an IBM 1620 computer with

Fortran II programming to avoid truncation errors. The results are given in

Table II.

EXPERIMENTAL RESULTS

INTRINSIC VISCOSITY AND LIGHT SCATTERING

The intrinsic viscosity and light scattering results given in

Table III have been reported previously (1). The intrinsic viscosities are

the result of measurements conducted in a capillary viscometer of the

Ubbelohde type and where necessary corrections for non-Newtonian flow have

been applied - Values for the weight average degree of polymerization were



ct
 O

N%
 M
n 

.
-
 
a

b 
Jo

O
C

b
 

0 
0 

00
0

(I
i 

0 
00

 
0

02
 

-4
Q

~
 

n
C

D
'f

a

P
I

C
C

) 
(I

, 
1-

P-

12
1

C
l--

0

*
 

C
N

 
-P

n
rR

)
w

 a 
R

 
'

IN
Ž

\M
H

 H
-H

~n 
0 

O
N

l 
T

O
 0

0 
0 

0 
G

\ 

0 
00

00
0

ki
l 

0M
np

D
N

-Q
\ 0

 
O

D
O

N

0 
00

00
0

'8
 ~

o
 ~

'g
',
 A

ON
 

'0
 

F-
I M

 
0 

-P
-

o 
ro

oo
a 

H
o

0 
00

00
0

\0
 

co
 M

r 
R

O
 O

N
 
H

IN

m
 

� C
D

�t
 C

D

1-
j 

2

2 
m

m bl
i 

N
C

-
H

 
�g k 
1 �3 H

�i 
2

V
).

H
l�

�
n co

A 
IL

"

0n
 �

g
w

 
R

H
En

I

Q
 m W

co �d 
I

" 
N

O g 
F

-1 bi li

L
xI H
i

I<
I N IN

X I L.,
I

I I

M
d

~
W

 
d

-

0 
0 H

i,
w

p
.D

- 
M H

9-
.O

N

t



t8
' 

S
'S

R
)H

 
00

00
0-

 
oh

\-P
- N

) 
H

 
H

4
~

0
M

 
ON

O
09

0 
00

 
c1

\-P
 R

N
) H

 
H

-rI
 

n 
O

N
O

\ 

0 
00

 
0

o 
o

 
l 

b
\M

n 
H

 
C

V
'O

t-
r 

rp
- 

G
'Y

\\L

H
H

H
 

F
 

F 
H

 
H

 
H

H
H

a)
M

 
W

 DN
) 

OD
'

0
0

0
0

0
b

 
R

) 
W

 
n
 
-V

-f
l 

O
'A

 \0
 

G
\ 

U
J

H
 

H
 

H
 

H
H

 
H

 
H

 
H

H
 

H

0 
O

O
O

H
H

~
4:

- 
M

n
~ -

R
~

) 
n

w.
 

'J
I0

 
L

oH
 

\l

N
 )a

 
4r

lz
n

-
"
 

zi
tC

A
) 

N
)

O
N

0 P
 M

n 
U

0 
0 

00

00
'n

, 
0 

0

\O
0
n
U

 
N

)

M
n 

M
n 

P
~

\O
 

0D
-'
1
'J

 
0 

-V
-4

 
-J

 
G

\ 
0 

--
 

N
)

H
H

H
IH

 
H

H
H

H
O

g
= , !i

tz
o

 
M

n 
U

.) 
P

4 
a

' 
M

n
M

p
--

4
 

'-
U

H
U

J

H
- 

r-
~

a
 L
 

:-
4
:'
fl
 

-rW
 H

 
H

w
. 

H
 
\0

 
0

N
'0

D

H
 

H
H

H
 

H
 

N
)

L
)a

 
4:-

 
O

N
 

0o
 

0 
ct

 
of

li 
H

 
a'

-P
 

G
 C
.'
\\
fl
 

H
 

C
T

H
 

H
H

N
)N

R
)

M
n 

b~
~ 

H
ob

~
N

) 
-J

 
-P

IH
 m

x
G

\4
:-

p
'O

N
 O

D

H
R

)

c
n
o
b

L
fl
H

f 
N

)M
N

)

N)
 

4:
- 

aN
0M

 
c

0
co

-r
w

0

m
a
'a

' -.
'-
D

m
4
:-

I
N

) 
R

oC
D

OD
 -

i 
\0

a
' 

0
'-
 

'0
 

'-0
~

\)
 

N
) 

[)
 

H
O

0

g? 
-~

4 
n

-.
 4

 N
)

--
4 

0 
0c

x-
'

L
A

J
U

J
U

J
' 

U
)U

)U
 

N 
0

0.
' ~

1 
k
) 

a'
 

U
.

w
 

\ 
-r

N
fl

 
-

Q
\'-

- 
\J

D
 M

 
--

4

U
) 

-F
 -P

 W
P

 
M

n
 M

n
 

P 
-

0

C
Y

\ 
H

 
M

n
 '-

 
H

 
H

- 
G

N
U

) 
M

n

-4
 --

I4
rN

) W
 

CD
 -

P
IN

) 
O

0 H

Iii

cn 0h

0 II1

H
-

0 0 0 0

I 
H 0 0 N

)

-C (D 0
,

C
D

P
I 0 0 0, ON

l

P
I

H H -1
4

H 0 H

Lx
i

C
Q

 p
-~

 
0 

C
D

 0
 

0 
C

~3 
C

D

-U
)

H
-

G
\



C
-)

r-
-

F-
1

0 *
0 0 bL

i

H
'

t\
)

U
,

H

tU
3

 ro
N

-4
I

H
 

4&
U

3 
H

H
'J

IU
 

P
3

H
-f

lA
J
~

 
.4

r-

H
- 

H
 

H
 

H

H
O

O
H

b
 

~
rP

-U
) 

P
~

U
)

C
D

to (D ti C
)

(D H C
D

Li

H
O

fl

0
 

~ 
.t

r-
 -4

H
 

H
r0

N
cy

~
- 

l)
H

 
N

%
)

00
00

0 

b
~o

o
o

0
0
th

) 
00

O
 P

-~
 

'u
IM H
H

)
'.
 

-.
j 

'D
 

U
) 

-r
O

N 
H

- 
Pr

~ 
U

 
-:

1
P

b 
.

.

U
)C

o ~N
0G

 
N

 
\n

 
\ 

iP
O

~ N
 

b%
tO

 
()

 
-

W
 'J

'~
O

 
0 

C
 O

\D
 o

 
N

 H
1 

F

C
)~

~
~

1
c
-I

-~
~

~
L
-

0 Li

S
o
)

w
t1

F-
i

H

~p
CD

 
~l

Q
 

i-
I'

d
 

0
(D

 
0 

0 
C

-,
.

:r
 '

1 
C

D N
)

'-
 

N
)

CT
\

Pa H
P

-'
O

I

H
 

H
 w

 
� 

0
\-

-4
 �

D
 

�o
-P

I 
F

, 
--

q 
CD

 
S�

 
--

l 
0 

H
 

-P
I

-P
I 

a"
o 

-4
 

O
D

W
 

r\)
 
�



Project 2332 and 1695
Report (3) (4)
March 20, 1964
Page 8

calculated from light scattering molecular weights obtained in a Brice-

Phoenix light scattering photometer. The values are based on an average

monomer molecular weight'qof432 '., r .

The polymolecularity. ofthe3GTA¥'fractions has been estimated from

osmotic pressure and ultracentrifuge measurements. The results are expressed

in terms of the Zimm-Schulz (10) parameter h and the number and z-average

degrees of polymerization may be calculated from the relation,

h =h + 1 h +2 (8)

n w z

where Nn, N , and N are respectively the number, weight and z-average

degrees of polymerization. 

MOLECULAR PARAMETERS FROMIINTRINSICVISCOSITY ''

In treating 'intrinsic viscosity,data, Eizner and Ptitsyn rearrange

Equation (2) to yield, ' , .

3/2' b3 N t'"> 2 1/2,, 45 *' b 1 2 I N1' 2

which is of the form; Y'A; BXt/'.Ap1 f y 2 (b3/M )(N/[TI]) /

-versus- X-=- Y N)vt'( shouldbe'a-straight-line providing anappropriate-- - -

value of X is used. Initial valued of were Massumed and from a least-' ' 1'2 >o -32 i

squares treatme of the'data according,to Equation (9) a final value of

f was calculated. 'The procedure'was repeated~several times and a correct

value of A was determined fromthe,intersection of the curve relation A to
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hf with the straight line, A i = Af. Values of X(Z) and f(%,N) were

obtained from graphs of T,(AN) versus N and X (Z) versus Z which were

prepared on the basis of the data given in Tables I and II.

The final results are shown in Figure 1 for the correct value of

A = 11.2 based on a value of 5.15 A. for the length of the monomer unit b.

The straight line as determined by the method of least squares is given by,

Y = 0.194 + 0.0266X(. The persistence length obtained from A is a = 57.8 A.

which is only slightly lower than the limiting value of 64 A. obtained from

light scattering (1). A value of r = 3.04 A. is obtained for the radius

of the monomer unit, and the ratio qo = 67r, is 57.3 A.

Since all important parameters are known, Equation (2) may be

used to calculate the dependence of intrinsic viscosity on degree of poly-

merization as shown in Figure 2. The circles represent experimental data

and the solid line represents the intrinsic viscosity calculated from

Equation (2). It is apparent that the agreement between theory and experi-

ment is excellent.

THE FLORY COEFFICIENT

The Eizner-Ptitsyn theory can also be used to predict the dependence

of the Flory coefficient on degree of polymerization according to Equation

(4). The Flory coefficient may also be calculated from experimental data

using the relation, (1),

= q ] Mw/(6 S2)3/2 (10)

where M is the weight average molecular weight, S is the z-average-w --

mean-square radius-of-gyration and q is a factor to correct for sample
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Intrinsic viscosity as a function of weight average degree
of polymerization for guaran triacetate in acetonitrile.
Open circles represent experimental data. The solid line
is the theoretical Eizner-Ptitsyn curve, calculated from
Equation (2).
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heterogeneity. For a distribution of the Zimm-Schulz type, q is given

by (1),

o = (h + 2)3/2 r(h+2)/ (h + 1)2 (h+l.5). (11)

Since the persistence length of the GTA molecule is known from

hydrodynamic measurements, the radius of gyration may be calculated from

(1),

(Sz) = a[(Nzb/3a) - 1 + (2a/Nwb)(l - (a/N b))]. (12)

Values of the Flory coefficient calculated from experimental data

are given in Table III. It should be noted from the magnitude of q that

appreciable heterogeneity corrections are required.

The dependence of the Flory coefficient on degree of polymerization

is shown in Figure 3. The circles represent values calculated on the basis

of Equations (10) (11) and (12) and experimental data while the solid line

represents the theoretical curve calculated from Equation (4). Here again

the agreement between theory and experiment is good.

DISCUSSION

A number of hydrodynamic theories are available and have been

tested in the course of the present invesdtitigation.- The excluded volume -

theory- of Kurata and Yamakawa (7) has been used by Koleske (1) in his

analysis of the hydrodynamic behavior of GTA. In his work, excluded

volume effects were shown to be unimportant so that the theoretical equa-

tions of the Kurata-Yamakawa theory reduce to those of Kirkwood and

Riseman (6). More recently, Hearst .(8) has modified the theory of Zimm (11)
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to determine the effect of partial draining on the intrinsic viscosity of

flexible macromolecules.

All of these theories were considered in the present investigation

and while they predict the observed hydrodynamic behavior at high molecular

weight, they fail in a quantitative sense at lower molecular weights. At

low molecular weights a constant value of the monomeric friction coefficient

will not describe the observed dependence of intrinsic viscosity on molecular

weight. The Eizner-Ptitsyn theory appears to be free of this difficulty

and indeed leads to a reasonable value for the hydrodynamic radius of a

monomer unit and the persistence length.
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