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SUMMARY

Standard cost systems are widely used in cost accounting. Differ-
ences between reported costs and the corresponding standard costs are

known as cost variances and are considered valuable, though incomplete,

indicators of abnormal conditioms.
In additiom to the cost variance analysis literature treating de-
composition of costs, control charts and elementary statistical procedures,

there is a literature on cost-variance investigation treating the problem

of inferring amounts of managerial investigation economically justified
by cost variances of various sizes. This literature declined abruptly
after 1969, when papers by R.S5. Kaplan and T.R. Dyckman established that

the appropriate model was that of the partially observable Markov process,

a model which at that time presented insurmountable computational burdens
for problems of practical size.

Partially observable Markov processes also arise in engineering
contexts, and computational progress stemming from Edward Sondik's "One-
pass Algorithm" has “een striking enough to warrant reconsideration of
implementing these models in cost accounting systems.

In this thesis. the One-pass Algorithm is applied to formulation
and solution of cost variance investigation problems.

Computability znd efficiency of the algorithm are demonstrated by
applying it to the models suggested by Kaplan and Dyckman, and by applying
it to extensions of these models that allow less severe data requirements

at a cost of additiomnal computational load.
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An extension of Dyckman's procedure for estimating Markov transi-
tion probabilities is presented. Dyckman's procedure is a modification of
traditional estimation methods, to allow for using a partially observable
historical record, but applies to systems with only two states. The ex-
tension allows arbitrary numbers of states.

A heuristic modification is presented which eliminates some of the
calculations necessary in the One-pass Algorithm. The modification is
found to contribute to computational efficiency.

Finally, a fully documented Fortran computer program 1s presented
for the solution of partially observable Markov processes by the One-pass
Algorithm. It includes both the finite-horizom and infinite-horizen ver-
sions of the algorithm, it allows arbitrary numbers of states and deci-
sions, and it is written so as not to be restricted to the cost-accounting
context, It is believed to be the first implementation of the algorithm

to be made available in the open literature,



CHAPTER I

INTRODUCTION

In management, a widely used tool is the standard cost system
wherein a standard or budgeted amount is specified for the next period
for each of the processes in the system. A cost variance cccurs when an
actual cost differs from the corresponding standard cost.

Very small cost variances are ignored. Very large ones are in-
vestigated. An investigation will at least include decomposition of
costs into components such as direct labor, direct materials, factory
overhead, etg,, to icentify the specific abnormality so as to allow ef-
fective managerial intervention if needed. In the conventional two-
factor analysis, for example, the total cost variance is subdivided under
the assumption that the cost is a product of two factors--a unit price or
cost, and a quantity or usage [1,5,9]. At its most elaborate, a cost
variance investigatiox can go far beyond these routine techniques and in-
volve studies consuming months of effort.

The absolute o proportional size of a cost variance, or even its
statistically normalized size, can provide only a rough measure of its
true significance to management, since this significance ultimately de-
pends on the prospective net benefit of managerial action taken in re-
sponse to the variance. A large or surprising variance is not necessar-
ily gignificant unless it indicates a situation that is profitably con-

trollable by management.



One responsibility of management, the one addressed in this thesis,
is the responsibility to make control decisions based on the assessed
significance of cost variances that are neither small enough to ignore
nor large enocugh to be certain that action is called for.

The usual nature of the control decision is, first, whether to in-
vestigate the cause, and then whether to take corrective action. ZXaplan
[14] provides a complete survey of cost-variance investigation literature
up to mid-1975.

Several investigators have dealt directly with the problem of ob-
taining control decisions [2,6,7,8,13,17,18). In general, they have con-
sidered the problem to be one 1n which a process can be in one of two
states, In-control c¢r out-of-control. A process is said to be in control
when a cost variance, if present, is caused by a factor not controllable
by management; otherwise, it is said to be out of control. However, the
actual state of the system is seldom known with certainty and must be in~
ferred from the reported costs. Each of the several cost-variance inves-
tigation models is a procedure which uses the available knowledge concern-
ing the state of the system to determine investigative policies.

In particular, several authors [7,8,13] have presented the problem
as a partially observable Markov process, where the decision to investi-
gate is a function of the probability that the process 1s operating in
control, the cost of an investigation, and the cost of allowing an out~of-
control situation to continue.

In the theory of Markov processes, a discrete~time, finite-state,
stationary Markov prccess, for which the state cannot be determined with

certainty is a partially observable Markov process [21,22,23,25,26,27]. A



state~related variable is observed, and the probabilities of the under-
lying states are estimated after each observation using Bayes' equation.
In cost—-variance investigations, the observed variable is the end-of-
period reported cost, for which a known conditional probability distri-
bution is assumed to exist.

Unfortunately, a partially observable Markov process implies that
the underlying discrete state space becomes continuous due to the uncer-
tainty about which state the system is in. This continuous representa-
tion of the discrete state space consists of probabilities of state oc-
currence, and it must be discretized in some manner to allow computationm.
A promising approach has been that of Soundik [26], whose method avoids
arbitrary discretizing of the state space. By computing boundaries with-
in which a given decision is optimal, Sondik's method obtains a finite
set of regions equivalent to individual states for computational purposes.

This thesis has the following objectives:

1. Formulate the cost-variance investigation decision problem, for
both a finite and infinite planning horizon, as a partially observable
Markov process.

2. Apply Sond:k's algorithm to solve the problem using simple
finite and infinite horizon examples.

3. VWrite a documented Fortran program employing the algorithm
developed in (2) above to solve the sample problems.

4. Demonstrate implementation of the algorithm by developing a
test problem using hypothetical data and parameter values, with character-
istics similar to those likely to be encountered in an actual decision

situation.



5, Unify cost-variance investigation models in the accounting
literature and extend these models (for example, to consider additional
states beyond in-control and out-of-control) where the capabilities of
Sondik's algorithm make extensionsg feasible.

6. Derive a procedure for estimating the probabilities in an N-
state transition matrix.

The remajnder of this thesis is organized along the following gen-
eral lines. Chapter II is a brief survey of the major articles in ac~-
counting dealing with cost-variance investigation. In Chapter IITI the
basic cost-variance investigation problem over a finite horizon is des-
cribed, the notation is defined within the framework of a partially ob-~
servable Markov process, and Sondik's algorithm is presented. The cost-
variance investigat:ion problem over an infinite horizom is treated in
Chapter IV. Solutions of finite and infinite horizon problems using
Sondik's algorithm are illustrated in Chapter V with some simple numeri-
cal examples, This chapter also includes discussion of the test problem
and some extensions to the basic model. Chapter VI presents conclusions

and indicates additicnal areas which would be worthy of further research.



CHAPTER II

OVERVIEW OF METHODS

The traditionil accounting control model using standard costing is
simple. The decision to investigate a variance, favorable or unfavorable,
is solely determined by the absolute or relative size of the cost variance.
For an example, see Juers [12]. The determination of standards and deci-
sion criteria are bazed on the experience and judgement of management.

The strength of this model lies in its ease of application, but it ignores
objective information that can be obtained from past observations; there
is no explicit consideration of the cost of investigation or of the cost
of failing to detect an out-of-control situation.

The classical Shewhart model is the first attempt at contral based
on classical statistizs [24]. It is assumed that distinct probability
distributions generat:s the reported costs for the system, conditional on
the state of the system, Tt is customary to assume that the reported
costs are normally distributed. The parameters (mean and standard devia-
tion) of the in-control probability distribution are estimated from past
observations when it was known that the system was operating in control.
It is assumed that as long as the system continues operating in control
that observations will conform to this probability distribution. When
the process moves to &n out-of-control state, the parameters are assumed
to change.

For normally distributed cost observations, Shewhart's test is



designed to indicate a shift in the mean wvalue of the distribution, u.
With this procedure, an investigation is called for whenever the current
cost observation falls outside a predetermined statistical range of val-
ues, U *no, where n is a predetermined value and ¢ is the standard devi-
ation when in contreol. Shewhart suggested using a 39 limit for most
applications and justified it empirically, finding that it results in a
reasonable balance beétween unnecessary investigations on the one hand,
and undiscovered trouble on the other. This procedure is equivalent to
investigating the worst 0,135 percent of cost variances encounterad. As
with the traditional procedure, the decision to investigate considers
only the current cost observation and fails to Incorporate the cost of
investigation or the -<ost of failing to correct an out-of-control situ-
ation.

There are a nunber of variations to the Shewhart control chart
procedure which attempt to detect more quickly any shifts that have oc-
curred in the probability distribution. For a summary of these varia-
tions, see Roberts [2(:]. An example is one where investigative action is
called for when a run of observations falls outside the 10 or 20 level.
Another example is the moving average test. An average of the last k
observations is established and investigative action is called for if the
average falls outside ut ch/k, where Lk is a predetermined value.

The idea of incorporating rewards and éosts associated with an in-
vegtigation into a control decision is the major contribution of an arti-
cle by Bierman, Fourak:r and Jaedicke (BFJ) [2], The BFJ model assumes
that management can es:imate the probability q of being in control for

every given cost obgervation, €. Given that the system may be in one of



two states and that there are two courses of actilion available in each
state, a two-dimensional cost structure is established. 1In Table 1, C
is the cost of an investigation and L the estimated present value of the

cost savings from correcting an out-of-contrel situation.

Tabla 1, Cost Structure in the BFJ Model

State Investigate: aj Do Not Investigate: as

In-control: X; C 0

Out-of-
control: X;

The expected cost of each-action is as follows:

E{(ay) = Cq + C(1-q)

il
01

E(az) = 0q + L(1-q) L(1-q) .
Therefore if C<L(l-q), or q < (L-C)/L, an investigation is warranted. If
C2ZL(1-q), an investigation should not be made.

The major difficulty with this model lies in trying to estimate
the value of L, which depends on how often the samé situation may be ex-~
pected to recur and hew permanent an effect the management action may be
expected to have.

In all these mcdels, knowledge of the state of the process is



based solely on the current cost observation. The following Bayesian
models are attempts to overcome this shortcoming by combining current and
prior cost observations to develop state probabilities.

Dyckman [7] proposes a model with the same cost structure as the
BFJ model, but extended in that it uses Bayesian updating of state prob-
abilities, so that all information available since the last investigation
is incorporated into the knowledge cf the true state. It is assumed in
Dyckman's model that the true state of the process undergoes transitions

according to the following matrix P,

B l-g
0 1

so that an in-control process has a l-g probability of going out-of-
control each time perilod, subsequently remaining out of control until
the process is reset by management action. Dyckman indicates that the
estimate of g is obta:ned by estimating the mean number of periods
(passage time) before going out-of-control, which equals 1/{l-g) for
this process. See Aprendix A for a more complete discussion of estimat-
ing the parameters in the transition marrix.

Dyckman's model assumes that the probability density function of
cost, fi(e), for each state i is known. See Figure 1. Because the ob-
served cost is determined by a large number of additive factors, the
cost observations will often be assumedlto be normally distributed, but
any known distribution can be used in the model.

In addition, the model makes the following assumptions:
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Figure 1. Cost Density Functions in Dyckman's Model

1. Stationarity: The transition probability matrix remains the
same each period; that 1s, each entry is a function only of the state the
system now occupies and the state it will occupy during the next time in-
terval. Also, the cost of investigation 1Is a constant, or its expected
value is constant,

2. Beginning-of-period transitions: When the system makes a tran-

gition from one state to another, it does so at the beginning of the
period or sufficiently early in the reporting period to effect the outcome
of the period. Also, once the decision to investigate is made, the in-
vestigation and any necessary correction is assumed to take place immedi-
ately and to be fully effective.

At the beginning of period n, the state probabilities are given by
Pn(Xl) and Pn(X2)=Zl - Pn(Xl), where X, represents the iIn-control state
and X, the out-of-control state. Assume that these probabilities are
such that at the beginning of period n, no investigation is called for;

that is,P_(X)) 2 (L-C) /L.
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During the period a tramsitiom to another state may or may not
occur. At the end cf the period, a cost report is received. However,
there is no assurance as to the state of the system, because a system
operating in contrel can report a somewhat high cost or a system operat-
ing out of control can report a relatively low cost. As an example, a
high cost observation for period n will increase thé probability that the
system will be out of control at the beginning of period n+1l. The state

probabilities for period n+1 are found through Bayesian updating:

g£1(9)P_(X1)
P = B, 0le) = o (VP _(Kp)+52(8) [1-gP_(Xp) |
P () = P (X(8) = 1-P_ . (X)

£2(8)[1-gP_(X1)1
gf: (e)Pn(Xl)-'-fz(S) [1-gP_(X1)]

An investigation is warranted if Pn+l(X1) < (L-C)/L; otherwise, if
Pn+l(X1) Z {(L=C)/L, no action is taken.

Dyckman explores some variations in the assumptions of this model,
some of which will be discussed later in this thesis.

Another model very similar to Dyckman's except with respect to the
cost structure is fornulated by Kaplan [13]. Instead of summarizing all
cost information about the future in one parameter L, Kaplan's model uses
dynamic programming to compute optimal policies that minimize discounted

future costs. The assumptions of this two-state model are the same as
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Dyckman's, except thet end-of-period transitions are assumed, with cost
observations obtained prior to transitions. The updated probabilities

are.:

8f1(9)Pn(X1) .
Prap (R = B, (X1]8) @) (R, OF_(K)
Pa®) = 2 (X8 = 1-7 . &)

(1-g)£1(O)P (X +£2(8)P_(Xp)
fl(e)Pn(X1)+f2(e)Pn(X2)

In establishing the recursive equations necessary for the dynamic

programming sclution to the problem, Kaplan first defines

gf1(8)q
£1(8)q+f2(8) (1-q)

T(q|9)

where q is the probability of presently being in control and T is the
operator which updates the probability q after receiving cost observa-
tion 6. Let Cn(q) be the minimum expected cost that can be achieved
given that the system initially has probability q of being in control
and that an optimal policy is followed for the next n periods. Since
there are two courses of action, there are two possible values for the
expected cost. In the first case, where there is an investigation with

cost K, the expected one-period cost is:

K+ ] [0(s£1(8) + (1-g)£5(8))]
9



i2

where [g £,(6) + (1-g) f,(8)] is the unconditicnal probability density
function for €.
In addition 0 the expected one-pericd cost, the expected future

cost for the remaining n-1 periocds is given by:

81c (109 [8£1(8) + (1-)£2(8)]

G

where 0 <R <1 is the single-period present-worth discount factor. The
value Cn_l[T(g|9)) represents the minimum expected cost when there are
n-1 periods until termination, and the updated probability of being in
control is T(g|0). Therefore the total expected cost incurred if an in-

vestigation is under:aken is
K + g 8+ pc__ (Tel®)1(gf1(8) + (1-g)£,(8))

If the action chosen is to do nothing, then the expected one-

period cost is given by
g [6faf1(0) + (1-q)£2(8))]
and expected future csst is
Bé ¢ _1{T€a[®)] [af1(8) + (1-q)£2()]

Thus the optimal total expected cost is
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K+ g[% gc__, (TCal9))1(ef1(8) + (1-8)£2(8))
Cn(q) = min

{10+ 80, (1(a[)1{af1(8) + (1-0) £2(8))

and the optimal policy is dictated accordingly. For an infinite planning
horizon, the optimal policy 1s found from the same set of recursive equa-
tions by letting n increase until the state probabilities approach limit-
ing values.

The assumption of having only two states for any given process is
a feature of nearly all the formal models for investigating cost vari-
ances, although, in practice, processes may tend to move gradually away
from a state of being in control rather than suddenly jumping to a single
out~of-contrel situation. An approach which relaxes the two-state assump-
tion 1s suggested by Duvall [6]. He considers a process having a continuum
of states where the state of the process 1s the level of the controllable
part of a cost variance. Every cost variance x is made up of two compo-
nents--a non~controllable component w arising randomly and a component y
generated by off-standard performance. The assumptions of the model are
as follows:

1. The probability distribution of the non-~controllable part of
the cost variance is normal with uw==0 and standard deviation Uw’ deter-
mined from past data collected while in control.

2. The probability distribution of the controllable part of the
cost variance is normal with mean uy and standard deviation GY-

3. The contribution of controllable and non~controllable parts of

the cost variance are :ndependent. Therefore the estimate of the mean of
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the controllable part of the cost variance is the mean value ux of ob-

served cost variances over several pericds of time.

The relationship of the standard deviations can be expressed as

g2 = g2 + g2
X v W

The correlation of the observed cost variance and the cost variance due

to out-of-control performance is

D
i

ol/ag o
y' Txy

= cy/cx

When a cost variance is observed, the distribution of the variance
due to out-of-control performance is revised according to the formula pro-

vided by Duvall.

—
[}

v|x Hy + DGy(K-HX)/GX

uy(l-pz) + p%x

and

c = g V1 - p2

y|x y

In order to determine if an investigation is warranted, the costs
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and benefits must be known., As with Dyckman, Duvall summarizes future
cost savings in a single parameter for each state. He assumes this re-

lationship to be linear;

ki vy~ ¢ it vy > 0
L{y) =
-(kogy + ¢ ify 20

where C 1s the cost of an investigation, k; is the present value of ad-
ditional future prof:lts per dollar of favorable cost variance not ex-
pleoited, and ko is the present value of additicnal future cost per dollar
of unfavorable cost variance not corrected. The expected profit V cam be

determined from the equation

0
E(V) = f (kZY"" C) /*/-Z_TFO'YI x} exp(—(y—uyl X)Z/ch’lx} dy

-0

[=:]

+ ‘[0 (kly ~C)/V2m Cryl x] exp (_(y—“yl x) 2/203271}‘} dy
If E(V) is positive, an investigation would take place; otherwise, no
action would be taken.
The work revieved in this chapter covers the major techniques
currently available to determine when cost wvariances arising in a stand-
ard cost system shoulc be investigated. The basic assumptions and some

of the limitations of these procedures have been identified.
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CHAPTER IIT

COST VARIANCE INVESTIGATION DECISIONS AS A
PARTIALLY OBSERVABLE MARKOV PROCESS (POM)

This chapter extends the two-state Dyckman and Kaplan cost~variance
investigaﬁion models {7,13] to a finite number of states, 1,2,...,NS,
where the states are assumed ordered according to desirability with state
1 most desirable. The new model parallels Dyckman's with respect to the
basic assumptions but treats future costs within a dynamic programming
formulation. The depzrtures from Kaplan come mainly in the ordering of
events and the redefirition of the state space,

This medel has the following properties:

1. Transitions between states are in accordance with a stationary
Markov process and occur at the beginning of the period.

2. The cost of investigation and correction remains constant from
periocd to period. Let Ki be the cost incurred if the process is in state
i. It is assumed that an investigation and possible correction take place
immediately and are fully effective, thus returning the system to state 1.

3. The process is characterized by a finite operating time.

4. The action set consists of two elements, A = {aj,a;}, where a;
is investigate and a; is do nothing.

5. Cost observations, received at the end of the period, are sam-
ples from discrete, state-related cost distributions. It is assumed that
a reported cost, 9, is from a finite set of M possible cost observations

and that elements in thz set are not necessarily one-to-one with the states.
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Later in the thesis, items (3) and (4) in the list above will be
modified. Specifically, an infinite planning horizon will be considered

in Chapter IV and an expanded action set will be examined in Chapter V.

Detalls of the POM Model

At the beginning of period n, management must make a control de-
cision based on the cost report received at the end of the previous period
along with all past knowledge of the process, but without necessarily full
knowledge about the current state of the system. A control alternative,
a€A, is selected so as to minimize discounted expected total cost over the
entire planning horizon., After a decision is made and implemented, the

- , a
process undergoes a :ransition represented by the NS ] NS matrix P .

’-— a a a
p%, I, ... By
Pa = . ) »
a a a
PNS,I PNS,I - PNS,NS_J

where Pij is the probability that the process makes the transition from
state i to state j, given that alternative a€A was selected.
At the end of the period, a cost report is received where the

probability of a particular cost being reported is given by the stochas-~

tic probability cost matrix, R.
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— —_
T Ty, +oc s Tpy

R = ' .
rNs,l rNs,l " TN M

. —l

Each element of R, r, , is the probability that the reported cost is B,

8
given that the true state of the process is j. Note that the set of
possible cost observations is independent of the alternative selected,

a property not necessarily belonging to a partially observable Markov
process in general.

Since many of the cost values for one state are usually also pos-
sible for one or meore other states, the true state of the process is not
known exactly. If there existed a perfect correspondence between states
of the process and cost observations, then the true state would immediate-
ly become known. The problem would reduce to a completely observable
Markov process with i:s solution determined using Howard's policy itera-
tion algorithm [10]. Since this is not the case, the decision made each
period is conditioned on the probabilities that the process is found to
be in each of the states rather than on the states of the process them-
selves. These probabilities are updated each period by Bayesian methods
so0 as to include the effects of both the Markovian behavior of the pro-
cess as well as the information available through the cost report. This
is an example of a partially observable Markov process, as described by
[22,26].

The underlying discrete~time, finite-state Markov process is modeled

as a discrete-time, continuous-state Markov process. The state is the
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probability vector T := [ﬂl,ﬁz,...,ﬁNS], where T is the probability that
the current state 1s . The value T is sald to be the state of knowledge
of the underlying process.

For example, in a three—-state process the state of knowledge may
be represented as a pcint in the simplex shown in Figure 2. The i-th

coordinate of the poirt indicates the perpendicular distance from the

point to the side oppcsite the i-th vertex.

(0,0,1)

T = ('ﬂ'l ,TT2,1T3)

(1,0,0)//

(0,1,0)

Figure 2. The Set II for a Three-state Process

Given that the probability vector at the beginning of period n is
T, and a cost of B is cbserved after implementing alternative ae€A, the up-
dated probability vectcr at the beginning of period n+1 is ﬁ'=[ﬂi,ﬂ£,...,

'] where
n

5 T2, L m.P2, r,

T - 1 11:;1 L . i _1ij *19 (1)
DR S Prialm, a}
i J 11) j
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For simplicity, define T as the operator which updates 7 by equa-

tion (1), given © and aeA,

=]
W

T(7[6,a)

In matrix notation,

ﬂPaRe
LA CIC Y]

where Re is an Ns x Ks diagonal matrix, the values on the diagonal being
the values in the €-column of R.

In determining the optimal policy it is necessary to first calcu-
late the immediate expected cost for the process for each available de-
cision. When the decision chosen is to investigate, a cost of Ki will
be incurred if the process 1s in state i. Ki may be théhght of as an ex-
pected cost of invest:gation and correction for state 1.

Since an investigation guarantees a return to state 1, the transi-
tion matrix under thi: alternative has rows which are all identical. Each
of these rows is the same as the first row in the transition matrix for
the do~nothing alternative. Thus the immediate expected cost of investi-

gation when in state i 1s given by

ES] a
Yi = Ki + Z Pi; T
3,6

50 °®

where a; is the decision to investigate.

The immediate expected cost when in state i for a do-nothing
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decision 1s given by

where a; indicates that no action is chosen,

In general, Ya is the vector of immediate expected costs under
alternative a€A. If 7 is the current probability vector, then the immed-
late expected cost is found by WYa.

Define Cn(ﬂ) as the minimum discounted expected total cost given
that: (1) there are n periods remaining until termination of the process,
(2) the state probability vector at the beginning of the current period
is ™, and (3) an optimal policy is followed for the next n periods. It
can be shown that C°(T) satisfies the recursion:

C“(ﬂ) = mgn{g W1Y§ + R Z wing %rjecn"l(T(ﬂie,a)}}

i,]
which is equivalent to
() = min{my® + 87 Pale|m,aic™  (1(rle,2))} (2)
0

The One-pass Algorithm

The recursive equation (2) must be solved in order to determine
optimal policies regarding the investigation of cost variances. For two-
state problems, equation (2) can be expressed in one unknown, since the
probabilities of the states sum to one, and its solution is relatively

straightforward using »ackward recursion. In problems with greater than
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two states, finding the solution to (2) is more difficult, One method is
to divide the probatility state space into a grid and solve (2) by con-
ventional methods, such as Howard's policy iteration algorithm. Unfor-
tunately, this suffers from the "curse of dimensionality" in that the
amount of computational work increases exponentially as the underlying
gstate space increases.

Sondik [26] has developed a technique, called the One-pass Algo-
rithm, which is used to solve partially observable Markov processes. The
algorithm enables a significantly larger size problem to be solved than
by the usually encountered procedure of discretizing the probability
state space by means of a regular grid. With the One-pass Algorithm, as
the underlying state space, NS, increases, the amount of computational
work increases at a rate proportional to (NS)I where I is between two and
four.

Properties of the Cost Function

In situations where there are only a finite number of periods until
termination, there exists an important property of the function ¢ (o)
which allows its solution to be expressed in a simple form. This property
states that over the set [, C'(*) is piecewise linear and concave [26].
See Figure 3, The pizcewise linearity causes the probability state space

, . n _n n %
I to be partitioned into a finite set of regions {RI,RZ,...,R (n)}' Due
5

n .
to this property, C (T) can be rewritten as

cUm = min(ma®  kel,...,s® (3)
k k

+ Whenever the superscript n appears on a variable, n is the number of
periods until termination.
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where aﬁ is an a~vector from the set {a?,ag,...,an(n)}. Each a~vector
S

corresponds to one of the RE regions of the probability state space and

can be thought of as the slope of Cn(w) at T, Associated with each of

the a-vectors is a decision alternative which is the optimal decision for

all values of 7 that lie in that region.

For example, in Figure 3, assume that T lies in regiom RE. Asso-

. o, .
ciated with Ry is g-vector aE which gives
ch(my = 7 GE

- n . . n . . ‘o
The decision a=4§,, associated with o, is the optimal decision for Te RE.

Figure 3. Cost Function for a Three-state Process

The c~vectors and their associated decision rules are determined
by applying Sondik's On:-pass Algorithm for partially observable Markov

processes. Once the se: of d-vectors has been found, to determine the

. . n
optimal decision for a given T, find ak such that



(n)

¢™m = minmal  j=1,...,S
3

n
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.. , n . X , s <
The decision alternative, Gk, associated with ak is the optimal decisiom.

To see how th2se n-vectors are calculated, recall equation (2).

For a specific 7€ RE

¢®(m = min{m® + BZ Pal8]m,alc" T (T(r|8,a)))
a 3
From (3),
" Hrris,) = mgnclee) IR PP

Substituting this inte (2),

c™(m = min{my?® + BZ1nin{8|ﬂ,a}T(nIG,a)a?-l} .
a g ] 3
1=1,...,8770
Since
TP R,
1192 = pTETT,aT
then
¢*(m = min{m® + 8ZminTPR Al
a g J J
j=l,qnq,s(n—l)

(2)

(4)
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Let a* be the minimizing alternative for (4). Then for TrGRE,

ak * - -
al = ¥* 4+ 8fminP* R a?l 5 j=1,...,S(n D

(5)

Therefore, given the set of C-vectors for n-1 remaining time
periods, the entire set of a-vectors for n remaining periods cam be cal-
culated using (4) and (5).

However, an O-vector cannot be explicitly calculated for every
point in the set I, since Il is an infinite set. One possible method for
calculating the G-vectors from the given information is to divide the
probability state space into a regular grid. The a-vectors from this
finite set of T-values can be calculated and a list made of different
o-vectors. There is, however, no guarantee that all of the a~-vectors for
a particular time period will be found.

In the One-pass Algorithm, the partitioning of the probability
state space induced by the piecewise linearity of the cost function is
used directly in calculating the t-vectors. In each region of the parti-
tion, Cn(ﬂ) is a linear function of 7, and this finite set of regions
forms a one-to-one correspondence with the set of a-vectors in the final
solutien.

The Initial Step of the Algorithm

Assume that the number of remaining time periods is n2 1l and that

- - o on-1

the set {o° 1,...,un(; 1)} has been determined. For n=1, the set {u? 1
is the terminal cost vector, For each Te€ll , the mapping function

d(m,0,a) is defined as the minimizing subscript in the equation
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-1
d(m,0,a)

minT P2 R u‘j"l ;

a
TE Rea 1 5

n-1

3-1,...,s@D

That is, for a given m, d(w,8,a) maps the pair (0,a) onto the set of the
n-1 -~ .

o ~=-vectors.- Thus Z (W) can be written as

n-1 }

N, .\ . a a
C(7) = min{ry +8ITP Read(wr,e,a)

a 8
To begin the &lgorithm, choose an initial my, say mg=(1,0,...,0).
For my, determine the mapping for each pair (8,a) and calculate Cn(ﬁg).
n a a n-1
= 6
c(m) min{woy +8§Tr0P Rg ad(%,e,a)} (6)

For the region containing 7,, let the minimizing alternative be a*.

The associated d-vector is 0%, where

ax = y2 4+g 5 p?”

n-1
; Rg ®a(mg,6,a%)

Determining the Region Containing Ty

The next step of the algorithm is to determine the region in II for
which &* is the appropriate G-vector. As a preliminary, consider Figure
4, an illustratiom of a two-state process. Figure 4 shows the minimum

cost function at time n-1., Assume the set of G-vectors at time n-1 con-

' . n-1
sists of only two elements. The two linear segments correspond to Ty

n-~1
and T, .
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n-1
-1 mo
Tl ;//,/::::::::::;7~‘hﬁﬁiiﬁﬁ\“
”/// n-1
(

C ™)

(1,0 (0,1)
Figure 4. Cost Function for a Two-state Process at Time n-1

For a specifi:z alternative a€A , define

. a n-1
fa(w‘ei) = m;n B P Rei aj

where fa(w|8i) is one of the terms under the summation on the right hand
side of equation (4). Figures 5-a and 5-b show fa(ﬂlel) and fa(wiﬁz),
respectively, Note that sinece there are only two linear segments in
Cn_l(ﬂ), there can only be two linear segments in fa(ﬂlei). Figure 5-c

illustrates Zfa(ﬂle) which represents the total future cost for the re-
8

maining n- 1 periods.

(1,0) (0,1
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ﬂ’—’f”’##~’,,,f”’fifziifix\\\\\\\\
(1,0) (0,1)
5-b
zé £, (ri8)
(1,0 (0,1)
S~¢

Figure 5, Future Cost for a Two-state Process at Time n

. n . .
Define Ca(ﬁ) as the cost function for alternative aé€A.

n-1

n a a
Ca(n) = Wy +RBITP Read('rr,e,a)

6
Figure 6 shows CZ(TF), the sum of the two functions mra and Zfa(ﬂ'|6).
8
Note that.Cz(ﬁ) has the same piecewise linear, concave characteristics

as Cn(ﬁ).



29

Ty -~
(1,0) —t— ——{Osl)
R} R3 R3

Figure 6. Cost Function for a Two-state Process at
Time n for Alternative a€A

C%(W)

|
{
|
[
a b c I(O 1)

l 3
|
|

—

|
| T, m
(1,0)
: 1 ! 1
n
} Ry’ : Rg’ ! Rg’l Partition of C?(W)
l 1
! n,2 I mn,2 :
! R;? : Ry’ | Partition of Cg(ﬂ)
I
t ]
l n ! n n : n
| Ri : Ro I R3 | Partition of C {m)
— |
| o I R, lon | 0 !
6 lwlw k| e

Figure 7. Cost Function for a Two-state Process at Time n
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Consider Figure 7. This is an example of a two-state problem
which has two available decision alternatives. The cost function C?(n)
partitions the probability state space into three reglouns, Cg(ﬂ) parti-
tions it inteo two regions. The minimum of C?(W) and Cg(w) is Cn(w) and
partitions the state space into three regioms. Let the union of the
boundaries of the partitions induced by the three cost functions form a

Ny wn %
new partition, K~ = {R?,Rg,...,R%}.

Each of the regions in in differs
from an adjacent region in one of the following ways:

1. The adjacent region has the same minimizing alternative, the
same G¢~vector, but a different set of mappings, for example, adjacent
regions E? and ﬁ?.

2. The adjaceat region has the same set of mappings but a differ-
ent minimizing alternitive and therefore a different d-vector, for example,
adjacent regiofs ﬁg and ﬁ?.

3. The adjacent region has the same minimizing alternative, a
different Oa-vector anc. a different set of mappings, for example, ﬁﬂ and
RE.

At this stage of the algorithm the region in ﬁn containing Ty 1s
defined by finding all adjacent regions., To find these regions, first
consider the region in Il which contains the initial point Ty, denoted ﬁ?.
Consider moving away f:rom T; until some T is reached which is on the
boundary of an adjacen: region. There are three ways for this to occur.

In the first case, some T is reached such that the adjacent region
has characteristic (1) as described above. For some alternative a# a*,
one item in the given set of mappings {(8,a) = a?_l} changes for some 9;

that is, d(my,9,a) # d(m,8,a). Point T in Figure 7 illustrates this.
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Thus points in the region containing mg satisfy

a n-1. < a n-1
TP Read(wo,e,a) = TP Reaj H

i=1,2,...,8% D)

j%d('ﬂ'o :Bsa)
for all &

or

a, - n-1 _ 40l <
TP Ry @yimg,8,a) "% ) = O

j=1,2,...,s%°D

j#d(my,8,2)
for all &

In the second case, some T is reached such that the adjacent re-
gion has characteristic (2) as described above. For the given set of

mappings, the minimizing alternative in equation (6) changes; that is,

a* a* n-1 > a a n-1
TY +BnéP Read('rro,e,a*) Z Ty +BTI'§P RBad(ﬂ’o,e,a)

Point ﬂb illustrates this occurrence. Points in the region containing

Ty satisfy

m*-wua S0 for all a#a”
where
' _ .Aa a n~1
o =Y + R g P R@ ad('rro,ﬁ,a)

In the third case, scome T 1s reached such that the adjacent region



32

has characteristic [3) as described previously. For alternative a*, one

item in the given set of mappings {(6,a%) ~ a?-l} changes for some 9; that
is, d(wp,0,a*) # d(r,0,a%). Point 7, illustrates this. Points in the
region containing Ty satisfy

ak =1 < a% n-1

TE Ry %a(mg,8,a%) 8%

s=1,...,8D

j% d(WOse’a*)
for all 9

or

n-1 _ n-1
d(wo,e,a*) j

*
mpd RB {a

i=1 s (a-1)
j#d(ﬂg,e,a*)

for all &

Setting up the Linear Program

The region containing My is a convex region formed by the set of

constraints

n(a* - aa) S for all ag¥a* (N
a -1 _ a0l <
TI Re (ad('rro,e,a) aj Yy S 0 (8)

for all af#a%
for all &
for all j#d(my,9,a)
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a

TP *Re Chvh =y < g (9

d(WO:B)a*) - aj

for all &
for all j#d(mg,8,a*)

along with

=3
v
(=]

Some of these constraints are unnecessary in that they are not
part of the convex hull formed by the set of constraints. In order to
find the convex hull of these constraints, let each of the constraints,
fi, in (7), (B), and (9) be, in turn, the objective function to the

linear programming problem:

s.t.: T(a*x - aa) S0 for all a#a%*

for all af#a¥
for all 8
for all j#d(my,8,a)
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ak

P Re ( n-1 n-l) < 0

(1 - O =
d(ﬂo,e,a*) h

for all ©
for all j#d(my,0,a*)

=3
v
o

If, at optimali:y, the objective function equals zero, then the
corresponding constraint is part of the convex hull forming the convex
region which contains 7y. For each constraint determined teo be part of
the convex hull, an adjécent region has been found. If it is a constraint
from (7), the new region has the same set of mappings, but the d-vector
changes to aa and the ninimizing alternative is a. 1If the constraint is
from (8), the new region has the same G-vector, the same minimizing al-
ternative, but one item in the set of mappings changes from d(mg,6,a) to
j. For a conmstraint from (9), the new region has the same minimizing
alternative, the new C-vector is Pa*Rea?_l; and one item in the set of
mappings changes from ¢(7py,0,a*) to j. Each time a new region is found,
it is only necessary tc record its minimizing alternative, its a-vector
and its set of mappings.

The algorithm thus continues in the same fashion by considering
any new region and its descriptive characteristics. The set of con-
straints asscociated with the region are formed and additional regions

located. The entire set of d-vectors will be found by this method be-

cause the state space Il will be searched completely.
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Recall that the objective of the algorithm is to find the set of
g-vectors corresponding to the regions in thé partition formed by Cn(ﬁ).
This is done simply by listing all the different G-vectors found in the
above procedure, ignoring any differences in the mappings.

In summary, the major steps of the algorithm are as follows:

1, Choose ar. initial point myp.

2. Determine Cn(wo). This establishes a*, a* and the set of
mappings.

3. Place a*, a*, and the set of mappings of the first region on
the list of regioms to be searched.

4, Choose a region to be searched. Stop if the list is empty.

5. 8Set up th= 1inear-programming problem corresponding to that
region and find all adjacent regioms.

6. Add any new regions and their characteristics to the list and

return to step 4.
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CHAPTER IV

COST VARIANCE INVESTIGATION DECISIONS:
THE INFINITE HORIZON CASE

The model presented in Chapter IIT for the investigation of cost
variances is now extended to congider an infinite planning horizon. Sit-
uations in which the cperating time until termination is unknown and
where it 1s assumed tc be large are in practice modeled as having an in-
finite number of time periods to operate., Kaplan {13] examines this ex-
tension and the solution by allowing the number of remaining time periods
to increase until a steady state sclution is found. However, this is a
very inefficient approach for problems having more than two states and
practically unusable where there are five or more states.

The assumptions for the infinite-horizon cost variance investiga-
tién problem are identical to those of the finite-horizon case, except
for the operating time. As with the finite case, the true state of the
process is unknown each time period except immediately following an in-
vestigation. The process is modeled as an infinite-horizon discounted
partially observable Markov process where the state space is I, repre-
senting knowledge of th2 true state of the underlying process.

Recall that Cn(ﬂ) is the minimum cost for a process which has n
remaining operating periods and terminal cost C%(m). Define §%(m) as the
optimal policy with n remaining periods. Therefore

n
YcS (m)

cAmy = T + BI P{9|m et (mIc® T (n|e,8%(m) ]
B
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where 0 < B £ 1.
Define C*(T) as the minimum expected cost of a process which has
an infinite number of periods to operate. It can be shown that C*(m

satisfies the following recursion:

c*(m) = min{ry®+ BI Pa{8]w,alcx[T(x|8,a)]} (10)
a€A : B

Let the sequence of policy rules for the infinite horizom policy
be represented by {8%,61,...}. If the policy rule is constant for each
time period, the policy is stationary and is denoted by & =1{68,5,...}.

Sondik's [26] algorithm for the infinite horizon problem with dis-
counting can be used tc solve cost-variance investigation problems over
an infinite horizon. 4s with the finite case, the algorithm efflciently
handles problems having a large number of states. The remainder of this
chapter is a discussion of Sondik's algorithm for the infinite-horizon
discounted partially observable Markov process, applied to the Ns‘state

cost-variance investigation problem.

Preliminaries

Certain well-knoun properties of the optimal control policy for
the infinite-horizon problem with discounting are now presented. Proofs
af these following results can be found in Sondik [26]. '

1. The minimum discounted expected cost, C*(m), of operating a
process over an infinite number of time periods does exist.

2. The value of C*(7) is the limit of C"(7) as n approaches in-

finity; C*(m)} = lim Cn(ﬂ).
o macs]
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3. C*{(m) is independent of any terminal cost, CO(W).

4, The optimal control poliecy is a unique stationary policy, de-
noted (S*)w.

5. The total discounted expected cost of any stationary policy,
8%, is a well-defined function and is denoted by C(W]G).

Since the optimal policy is known to be stationary, a reasonable
choice for a policy rule would be (Gn)oo for some large n, where 8" is
the policy that would be chosen given n periocds to operate. The problem
is to determine n large enough sc that C(FIG) is close to C*(m). Sondik

[26] has shown that

n 28"
sup | C(m|&™) - ¢cx(m) | < i3 @
7 =
where
_ max a
Q = a,i l Yi |

Thus, for a given £ > 0, where £ is chosen so that

sup l C(F|5n) - C*{m) l S e |,
T

then

n
%%g Q £ ¢

or
e(1-8)
n 2 zn[ﬂné ]



39

For values of B close to 1, the value of n becomes increasingly large.
For example, if ¢=3, 8=0.9, and £=10"3, then n >105. For B=0.98,
nz 625.

As this illustrates, repeated application of Sondik's One-pass
Algorithm is not a very practical method for the infinite-horizon prob-
lem.

The algorithm for the infinite horizon problem uses the One-pass
Algorithm but in a different fashion from straightforward repeated appli-
cation. The One-pass Algorithm is used in a variation of Howard's policy
iteration algorithm for the completely observable Markov process. First
the total discounted expected cost for a given stationary policy is found
{(value determination), then this cost is used in the One-pass Algorithm
to seek a stationary policy with a lower cost (policy improvement). This
is then repeated until a policy is found which is €-optimal: that is, for

some constant £€>0, sup | C(w[§) - c*(m) | < «.
T

Value Determination

In the value determination part of the algorithm, the total ex-
o0
pected cost, C(W|6), is found for a given stationary policy, § . Because

the policy decision rule is stationary, the cost function is written
S {(m)
c(m|8) = mvy + 3L Pa{8]m,83C(T(m]6,8)]8] (11)
8

Although Cn(w|6) is piecewise linear, C(m|8§) is not necessarily so. This
means that Sondik's algorithm as developed in Chapter III is not directly

applicable.

Nonetheless, there is a class of statiomary policies, called
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finitely transient policies, for which the minimal expected discounted
cost is in fact piecewise linear.

A policy is finitely transient if and only if there exists some
positive interger, ng» such that, after ng transitions, there ig no state
m€Il which will lie in the set of states for which two or more distinct
policies are optimal.

To amplify, define DG as the smallest closed set in I for which
the policy is discontinuous. For example, if for a two-state process,

the policy rule is

v

0.4 6 = az

then D; = {(.4,.6)}. TFor the three-state process illustrated below, the

policy rule is
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The set DS consists of the set of points which lie on the boundary separ-

ating A and B.
Congider a sequence of transitions for a value w€Ill. The defini-

tion of the operator T for the policy rule dm is as follows:

T(7|8,8)

=
1l

W?GRG

Pri{g|m,81

For two transitions, the iterated use of the operator T is defined as

(2)

m

T(7|01,85,8) = T[T(r]8,,8)(8,,8]

For n6 transitions

7 (ng) T[T...[T(wlel,a)|ez,a]...|en6,s}

(ng)

where T is the wvalue in I which is the result of ng transitions,

=2}

having received a sequence of cost observations, {81,62,...8n T. If 8
§

is finitely transient with index g s then for every mell,
(ng)
m fDa

Finitely transient policies are useful for two reasons:
1. The cost of a finitely transient policy can be readily calcu-
lated using nearly the same method of computing the cost as for a com-

pletely observable Markov process.
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2. Any stationary policy has properties closely resembling a
finitely transient policy; thus its cost can be approximated by using
the finitely transient peolicy closely resembling it.

For every policy which is finitely transient, there exists a finite
partition V = {Vl,VZ,...,VM} of the probability state space induced by the
policy 8 . This partition is the key which allows Howard's policy itera-
tion algorithm to be applied to the infinite horizon investigative problem,

To establish the partition, define the set D1 as follows:

' = [m:T(n]9,8) € D, ]

That is, D1 is the set of values m€ Il such that their transition is in

DG' In like manner, define D? as

D¢ = [m:T(m|8,5) € D!}

Clearly, for m € D? and sequence of cost observations, {61,851},

T(w|81,82,6) '3 D6

In general,

[7:T(r|6,8) € "]

[}
]

After n6 transitions

ps

[7:7(r]8,8) € D™}

is empty.
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A partition is formed for the policy & by finding the sets DG,
Dl,Dz,...,Dna_l, which can be identified as boundaries of regions in the
probability state space. A detailed discussion of the formation of the
partition is found in Appendix B.

Given that Sw is finitely transient, the finite partition V=={Vj}
satisfies the following properties.

1. If m; and Ty € Vj’ then §(my) = &§(mp) = Sj; that is, any two
states in the same region have the same actiom.

2. A mapping V exists for the policy & such that, for a given 8,
if T e Vj’ then T(W]G,G) € Vﬁ(j,e); that is, all states in region j, for
a given 6, map into the same region Vv(j,e) after one transitién.

The result of this property is that for a given T€Il, C(ﬂlﬁ) can

be written.

c(rn|8) = maln|8) (12)

where the vector a(m|8§) is the unique bounded solution to the equation

§(m)

a8y = v*M +grp Ry a[T(r[0,8)]6] (13)
3

For n'er, define a(ﬂ[G) = aj. Then for 8(m) = Gj, equation (13)

is

§, &, :
., = YJ+BZPJRGOLV (14)

1 8 v(j,8)

Thus

c(n|8) = T (15)
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for every TEYV Therefore it follows that C(n|8) is piecewise linear.

5
For a more complete discussion and proofs of the properties of fimitely
transient policies, see Sondik [26].

The partition V = {Vl,...Vﬁ; and the piecewise linearity of the
cost function are illustrated in Figure 8. This is similar to the illus-
tration of the finite horizon case shown in Figure 3, with the exception

that the cost function for the infinite horizom problem is mot necessar-~

ily continuous.

Figure 8. Cost Function over an Infinite Horizon

Equations (14) and (15) show that the cost function has a simple
form, which leads to the development of a procedure for the calculation
of C(m|§). Each region Vje V has an a-vector associated with it from
the set {al,az,...aM}, where the set of d-vectors is calculated from (14).

As an example, in Figure 8,if M€ V3, if T(W|81,6)e Vy and T(w]@z,ﬁ)e'vz,
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then from {14},
a3 = Y63 + B(P63 Relou, + % Rezaz)

and one of the recursive equations necessary for the complete solution of
the set of 0-vectors has been formed.

In setting up the entire set of recursive equations to solve for
the set of a-vectors, it is only necessary to know (1) the number of re-
gions in the partition of the probability state space, (2) the decision
alternative Sj associated with each region, and (3) the mapping v(j,9)
of each pair (ﬁj,e) onto the set of regions in the partition, for ome
point in each region Vj.

In matrix form the set of recursive equations can be written as
a = Y+8Pa (16)

where o, Y and P have the following definitions. Note that (16) has the
same form as the matrix equation for expected cost in a completely ob-
servable Markov process.

Given M regions in the partition, let & be an M‘NS vector such

that
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Let — -
§
Y 1
)
Y 2
Y = )
§
Y M
Let
[~ ]
A1l Ay ALM
A21  Ap A x
P =
TR ) A, M
where Ajk either equals PGjR8 if v(j,8) = k, or is a matrix of zeros if
v{i,0) # k.

As an example, assume that the given policy is finitely transient,

having six regions in the partition. There are two 6 wvalues and two de-

cision alternatives. Let the mapping, v, be as follows:

V(j 382)

hi Gj v(1,81)
1 2 3
2 2 3
3 2 6
4 2 1
5 % 1 3
6 | 1 1
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Thus P is given by

0 0 P2R; PRy, O 0
0 0 P2R; 0 P?R, 0
_ 0 0 0 0 PR, PR,
T p? 0 0 0 0 0
0 Plr, Pl 0 0 0
PlR, Plr, 0 Q 0 0

From equation (16),'5 is calculated as

x = (I-8P)-'¥

where o is the vector of a-vectors. This establishes the gsaolution for

the total discounted expected cost for finitely transient policy ﬁm.

Policy Improvement

Given the total expected discounted cost for a stationary policy,
o0 (=]
§ , the next part of the algorithm is to seek a new policy (31) " which
has a lower expected cost than the previous one. If C(w{ﬁ) is contin~-

uous and concave, this could be accomplished by finding

c(n|8) = min{ny®+E Pa{e|n,alciT(n]|8,a)|8]
a 8

Even though C(7|8§) is piecewise linear, it may not necessarily be con-
tinuous. However, there always exists a concave hull,'E(wlé), of C(Wié)

which is a continuous function. An example of the concave hull of a non-
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continuous function is shown in Figure 9.

Figure 9. Concave Hull of a Non-continuous Function

The concave hull'E(ﬁIG} may be calculated from the set of a-vectors

for C(NIS), without explicit reference to T.

TG|8) = minimd  k=l,....M
K

Thus a new controel policy (61)co can be calculated frém E{n\ﬁ) using the
One-pass Algorithm. The policy (61)m 1s represented by a new set of
d-vectors.,

To determine if optimality for the process has been reached closely
enough for the iterative procedure to be terminated, an error bound must
be established. Optimality is not guaranteed after a finite number of
iterations for this partially observable Markov process, since the state
gpace is infinite. Sondik [26] has shown that the upper bound on the
difference between the cost of the concave hull of the stationary policy

and the true optimal policy is the following:
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sup[C(n|6)-cx(m| < 7z sup|T(r|8)-C(m|sh) | (17)
™ T

Therefore every time a set of G-vectors for a new policy has been found,
>
the stopping rule given by (17) is used. When IEE sup,C(W|6)-C(ﬂ|61)|
e o7

is sufficiently small, the iterative procedure ends,

Sondik's Approximation Method

The entire procedure presented above can be used even when policies
are not finitely transient. An approximate sclution can be found by re-
placing the given stationary policy with the finitely transient policy
which closely resembles it. Assume that a pértition Vk has been calcu-
lated for policy é” from a sequence of sets DS’ Dl,Dz,...,Dk. 1f Dk=¢,
the empty set, then policy Sw is finitely transient. If Dk#é, then it is
still not known whether & is finitely transient or not. Assume Dk#Q.

The partition Vk can be used for approximating the cost function of the

~

o0
policy 8§ . Given the partition, an approximation mapping, Vv, can be de-

.

termined. For each V| ¢ Vk, choose a state T« V? and define the mapping

joqly Y

5 if T(m|8,8) ¢ VE, then v(j,8) = £. However, since
k

[o.]
Vk is an approximate partitiom for §, there will exist, for some V? eV,

as follows. For TmeV

a state m) such that

T(m1]6,8) g 505.0)

An approximation of C(ﬁ|5), denoted E(whﬁ is calculated from Vk and V.
Thus E(H{S) = w&j for m tV?, where &j is found from the set of recursive

equations
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~ _ (5. (S ~
{aa = YJ+BngReaG(j,e)}
Since e(wlﬁ) is an approximation to C(m|8), a bound on the differ-
ence must be established., This difference has been shown [26] to satisfy

~ B -~
Suplc(nla)—c(wlﬁ)l < m{s::‘pgpﬂ.{elTY,(S}T(TT'@,(S)[O'.M[T(W|6,6] -

T
&G(j,ﬁ)]}

where p[T(ﬁIB,G)] is defined as the index of the set Vk which contains
T(%|8,8). If the policy 5 is finitely transient and Vk is the equiva~

lent partition, then
WIT(|8,8)1 = (3,8)

Before the partition Vk can be determined, the value of k, the
index of approximation, must be chosen. It is possible to establish
values of k so that the error on the difference between the approximate
and the exact cost is guaranteed to be within given limits. However,
Sondik suggests choosing k equal to 3 or 4, claiming that it leads to a
fairly good approximation. After the set of vectors {&1,52,...,&Mk} has
been calculated, the error can be determined and if it is too great then
k can be increased by 1 and the procedure repeated.

The basic steps of the algorithm are as follows:

1. Choose an initial control policy Gm; for example, the policy
which gives the minimum immediate expected cost.

2. Establish k; for example, let k=4, Find the partition Vk and
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the mapping v.
3. Calculate the cost function E(ﬂ]ﬁ) = W&j for ﬂ'cvﬁ, where
A G s~ ~
, =Y J+ JROA Ly - >0, if - < gy,
oy =y BgP Re%5(4,0y" FOT €1 i s#plc(ﬂlé) c(m{&)] < g1, go to
step 4. If not, increase k by 1 and return to step 2.

4. Find a new control policy 8! from

c(n]8) = minfm®+BIPa{8|r,a}(T(r]8,8) 6]}
a 8

where C is the concave hull of C. For £>0, if sgp[ﬁ(wld)—C(ﬂlél)[ < g,
stop. Policy (8!) is e-optimal. Otherwise let dm=(61)m and return to

step 2.

A Modified Approximation Method

The implementation of Sondik's algorithm can be simplified even
beyond his claim of choosing k equal to 3 or 4, by eliminating the step
of finding and using the partition, Vk. Instead use the simple parti-
tion v°=={v?,v3,...,v§0} induced by the policy rule & . Unless the
policy happens to be finitely transient with index n6==l, the partition
v0 will not be equivalent to the policy Gm. Therefore the mapping,
G(j,B), of each pair (ﬁj,e) onto the set of regions in the partition vo
will be approximate. An approximation of C(w|6), a(ﬂ|6), is calculated
from the recursive equations using V? and J. YNo error checking procedure
is performed at this point as with Sondik's method.

A new control policy 6! is now calculated in the policy improve-
ment routine and optimality is determined by using the stopping rule (17).
Stop if 6! is optimal; otherwise repeat the procedure using &1 unless
cycling has occurred.

In using V%, the phenomenon of cycling between two non-optimal
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policies may be encountered. To break from the cycle, apply the One-pass
Algorithm once to the policy 51 to yield a new policy. This, in effect,
creates the partition V! = {VI,VI,...,Vél}. Repeat the steps of the al-
gorithm with & replaced by the new stationary policy. If cycling con-
tinues after the first application (i.e., a second time), the One-pass
Algorithm must be applied twice to break the cycle. In general, continue
to increase the number of applications of the One-pass Algorithm to §! by
one until the cycle is broken.

Briefly, the argument for using this procedure over Sondik's ap-
proximation method is that even though the optimal policy might be ob-
tained in a few iterations, a significant amount of computational work
is required at each iteration of the algorithm; the search procedures
are the most time consuming part of the computer routine. With the mod-
ified method, a greater number of iterations is usually required, but
gince the number of search procedures is reduced in eliminating the full
treatment of the partition, the overall computer time is reduced. It
must be recognized, of course, that this modification to Sondik's algo-
rithm is a heuristic and has net been proven in general. Furthermore,
the computational efficiencies realized in limited testing may not be
achieved in all problem settings.

The basic steps of the modified algorithm are as follows:

1. Choose an initial policy & . Let k=0.

2. Find the partition V% and the mapping 9.

3. Calculate the set of &~vectors using v0 and G.

4, Find a new control policy §! from

cersly = m;'n{ma+sié‘.m{eln,a}é"[ﬂﬂe,a]a]
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where C is the concave hull of C. For €>0, if sup|C(Tr|6)—C(1T|61)| < g,
™

then stop., Policy 81 is e-optimal, If cycling has occurred go to step

5. Otherwise let 8 =4! and return to step 2,

5. Let k=k+ 1., Find a new control policy (Sl)k, by applying the

One-pass Algorithm k times to 8!, Let &= (61)k and return to step 2.
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CHAPTER V

RESULTS

Finite Horizon Example

As an illustration of the finite horizon algorithm, consider the
following cost wvariance investigation problem. The process can be in
one of three states, (1) an in-control state, (2) an intermediate state,
and (3) an out-of-control state. The end-of-period cost report is one
of two values, 0 and 3. There are two decision alternatives available,
(1) investigate and (2) do not investigate. The cost of investigation
is constant for all states, K=1. The transition probabilities, the

cost observation probabilities and other parameters are given in Table 2.

Table 2. Parameters for a Three-state Cost Variance
Investigation Problem

a1: Invegtigate as: Do not Investigate
.8 .15 .05 .8 .15 .05
Pl = .8 .15 .05 P2 = |0 .8 .2
.8 .15 .05 0 4] 1
.8 2
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a]
The immediate expected cost vectors are y> = [Yi] , where vy, = K+

da
z P, .r,ee and Yi2= I Pi.r.e € . Therefore
1,6 77 3,6
1.81 .81
vyl =]1.81 and y? =]1.56

[
| 1.81 .00
There are 10 periods remaining until termination.

Since the terminal cost for n=0 1is 0 for all states, the Q-vec-

tors for n=1 are the immediate expected cost vectors. Therefore,

0.81 1.81
o, = |1.56] ;8] = 2 and oy = | 1.81];8; = 1
3.00 1.81 |

Graphically, the solution to the problem.for n=1 is as follows:

0.81 |
1 1 1
(0,0 1D Rl:al = 1.56 1 61 = 2
| 3.00 |
[~ -
(54,0, .46 1.81
1 1
R i, = 1.81 ; 62 = 1
(0,.83,.17) | 1.81]

R1

(1,0,0) (0,1,0)
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To calculate the a-vectors for n=2, first choose an initial

2 . .
mp = (1,0,0) for region R;. For each pair (8,a) determine the mapping
1 1 1 . a n-1
d(my,0,a) onto the set of a-vectors, o = [d;,a;] from minﬂgP Reuk .

The mapping is

B
a 8] 3
a 1 1
as l 1

C2(mp) is found from

ciemy) = mi“{“DYa+BgPaRe“;(wo,e,a)}
= min{wga?:f,a=l’ ﬁoa?:i,a=2}
where
i B “071+BgPlRe°‘é<no,e,1)
d(mg,8;,1) = 1
d(wg,8s,1) = 1
and
ajar ™ = et = M SIE Ry g

d(mp,0;,2) = 1
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d(m,80,2) = 1
2.739 1.739
€2(my) = min{mp(2.739|, mg/3.223
2.739 5.700
Therefore,
C2(my) = 1.739
and
1.739
af = of? = [3.223 ;8 = 2
5.700

2
. The reglons adjacent to R, are found using the following set of

constraints in a linear programming problem.

(a) m@i-l S o
(b) TPlR (al-a3) S O
() melRy(aj-a3) £ 0O
(d) TE2R,(ay-a;) S O
(e) szkz(ui—a%) <00
;ﬁi = 1
T, 2 0

i

Using each constraint (a) - (e) in turn as the objective function
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to the above set of constraints, it is found that only constraint (e)

is tight. Therefore one new region R% is found and is described by

- -
1.843
2,2 2
Oy = O = a1+B(P2R2aé—P2R2a1) = | 3.081 :
4.629
2 e —t
§, = 2
The mapping is
e
a 0 3
a; 1 1
ag 1 2
2.739
The non-optimal alternative is a=1 and ag’l = 2.739
2.739

Region Rg is searched for its adjacent regions using the following

set of constraints.

(8) mi-l’) £ 0

(b) wPlR;(aj-a3) S O
1 1
(¢) mPlR,(a1-a5) S O
2 1 1y <
(d) =P Rl(al—az) = 0
» 11
(e) TP*Ry(op~0y) = O
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iw, o= 1
L%y

v
(=]

.,
i

Constraints (a) and (e) are found to be tight. Constraint (a) yields a

2
new region R, for which

"2.739
2,1 2 .
Gy = a = 2.739 ;
2.739
2
63 = 1

2 2
The mapping for R3 is the same as for R2. The non-optimal alternative

is a=2 and

1.843
a2? = ]3.081
4.629
Coﬁstraint (e) yields a region with
1.739
2 2 1
o = ozt B(PZRZa%—PZRZal) = 3.223 :
5.700
2 _
§2 = 2

and mapping
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8
a 0 3
ai 1 1
as 1 1

, . i1 . 2
That is, however, the same set of characteristics describing region R1

and is discarded. Therefore, the search of RS yvields only one additiomal
region.

2 s .
The search of R; is accomplished using constraints

(a) ﬂ(a%- a%’z) 0

I
(=]

11
(b) WPIRy (oy-0p)

A
(o]

11
(c) TPIR,(a]-03)

(d) TP2R;(ay-a3) S O )

(e) TP2R,(az-a1) £ 0
im, o= 1
2 pR
1
>
ni 2 0

Constraints (a) and (d) are tight. Constraint (a) returns to
region Ré, thus yielding no additional information. Constraint (d} lo-
cates region R&. Note that even though the alternative associated with
constraint (d) is a=2, the optimal alternative for the region being
searched is a=1. Therefore the a-vector describing region Ri is the

same as the region being searched.



2.739
2
ab = [2.7390; 60 = 1
2.739
The mapping is
8
a Q 3
al 1 1
az 2 2

The non-optimal alternative is a=2 and

2.439

2 :

an’® = o3'% 4 BPER (az-a;) = | 3.189
4.629

2
The search of region R, yields no new regions. Thus the entire

set of g-vectors for n=2 is

(1.739 )

oF = [3.223( ;685 = 2
| 5.700 |
, \
1.843

o = |3.081| ;85 = 2
 4.629

61
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2.739

2
as = | 2.739| ; 63

]
|

2.739

Note that there are only three distinct regions in the final solu-
tion as opposed to four regions following the search procedure., This is
due to the fact that in the optimal solution for each time period, it is
not necessary to distinguish between regions that differ only with res-
pect to their mapping.

Graphically the solution for n=2 is

]
1.739
2
il = a3 fl;8f = 2
5.700
1.843
R3:as = |3.081|; 82 = 2
(4.629 |
(1,0,0) .54] [.28] (0,1,0) ) .
42 .72 2739
0 0 )
R3:a3 = |2.7390; 8% = 1
(2.739 |

Table 3 gives the complete solution to the example for n=1

through n = 10.



Table 3. The Solution for the Finite Horizon Example
Through Ten Time Periods

Time
1 Decision 2 1
o~vectors . 810 1.810
1.560 1.810
3.000 1.810
2 Decision 2 2 1
a-vectors 1.739 1.843 2.739
3,223 3.081 2.739
5.700 4,629 2,739
3 Decision 2 2 1 2
g-vectors 2.713 2.738 3.713 2.787
4,673 4.234 3.713 4,173
7.166 5.465 3.713 5.465
4 Decision 2 2 1 2
a-vectors 3.599 3.632 4,599 3.655
5.592 5.127 4.599 5.100
7.918 6.341 4.599 6.341
5 Decision 2 2 1 2
' g=-vectors 4.403 4.435 5.403 4,446
6.393 5.927 5.403 5.916
8.707 7.139 5.403 7.139
6 Decision 2 2 1 2
g-vectors 5.125 5.158 6,125 5.163
7.113 6.649 6,125 6.644
9.425 7.862 6.125 7.862
7 Decision 2 2 i 2
g~vectors 5.775 5.808 6.775 5.810
7.763 7.299 6.775 7.297
10.076 8.512 6.775 8.512
8 Decision 2 2 1 2
a-vectors 6.360 6.393 7.360 6.394
8.347 7 .884 7.360 7.883
10.661 9.097 7.36Q 9.097
9 Decision 2 2 1 2
a-vectors 6.886 6.919 7.886 6.920
B.874 B8.410 7.886 8.410
11.188 9,624 7.886 9.624
10 Decision 2 2 L
g-vectors 7.360 7.393 8.360
9.348 8.884 8.360
11.661 10.098 8.360
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Infinite Horizon Example

To illustrate the algorithm for the infinite horizon, consider the
example problem presented in the preceding section. The parameter values
are the same as for the finite horizon which are shown in Table 2.

Let the initial stationary policy correspond to the minimum im-

mediate expected cost. Therefore,

.81

]

s3] 1.56 H 51 = 2
3.00
and

1.81

(03] 1.81 ’ 62 = 1

1.81

Graphically the partition induced on the probability state space:

is as follows:

.81
(0,0,1)

[l
[ o]

1.56 3 61

V0

. 3.00

(.54,0,.46 1.81

1
=

1.81 | ; &,

Vordp
(0,.83,.17)

1.81

(13090) (O’l’o)
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To calculate the O-vectors, first choose a point in each region,

find the transformed value for each 6 and determine the region in which

the transformed value is located.

For the given policy, this is:

m T(T[81,6) [ch,eu T(1]62,6) V(3,82)
|
v, | (1,0,0) (.877,.123,0) 1 (.593,.222,.185) 1
v, | (.539,0,.461) | (.877,.123,0) 1 (.593,.222,.185) 1
To set up the recursive equations, form Y and P.
.81
1.56
- 3.00
Y
1.81
1.81
[ 1.81
F—.a 15 .05 0 0
0 .8 2 0 0
_ P2 0 0o 0 1 0 0 |
P = = !
p! 0 15 .05 0 0
.15 .05 0 0
L'8 .15 .05 0 0
@ = (I-3P)71%



Therefore

19.699
24.857
30.000
20.699

20.699

20.699
Thus,

19.699
a4, = | 24.857 | ; 8, = 2

30.000
and

20.699
oy = 20.699 ;3 6 = 1

20.699

Graphically, the solution is

(0,0,1)

Rz

(.903,0,.097)

(1,0,0) (.806,.194,0) (0,1,0)

R
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Policy Improvement

To find an improved pelicy, apply the One~pass Algorithm to the

~
above set of g-vectors. The resulting new set of a-vectors is

19.200 20.200 19.439
a; = | 21.985 ay = | 20.200 a; = | 20.189
| 21.629 20.200 21.629
\
5 = 2 §, = 1 §, = 2
Graphically:

(.588,0,.412)

‘/Rl (0,.992, .008)

(1,0,0) (.833,.117,0) (0,1,0)

8)

To check for the largest difference between the two policies, find
the regions, through a search procedure, which are the result of the in-

tersection of the regions from the separate policies.
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(0,0,1)

(.588,0,.412 (.599,.083,.3%8)

(.903,0,.097)

(1,0,0) (.806,.194,0)
(.833,.117.0)

(0,.992,.008)
0,1,0)

Then check for the maximum error within each region. For this problem,
the maximum error is 1.261 and occurs at the point (.903,0,.097). This
is too large an error so the steps of the algorithm are repeated.

Value Determination

The policy under consideration is the most recently found set of

g-vectors. The mapping for this policy is

T T(1]81,8) G(j,el)[ T(m{8,,8) V(§,85)
Ry (1,0,0) (.877,.123,0) 3 (.593,.222,.185) 3
Ro (0,.833,.167) (.877,.123,0) 3 (.593,.222,.185) 3
Rz | (.597,.084,.319) | (.802,.198,0) 3 (.182,.120,.698) 2



The set of

81

|

FaY
g~vectors is

11.625
13.612

15.926

Policy Improvement

< |

3.00

1.81

.81

12

Oy = 12.

12,

.625

625

625

69

Applying the One-pass Algorithm to the above set of vectors re-

turns an identical set of vectors (to three decimal places).

Therefore

there is no further improvement and the above set of a-vectors is the

optimal policy.
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Implementation of the Algorithm

The sample preoblems of the preceding sections were simplified in
allowing for only two cost observations. This is not realistic in that
typically a large number of cost observations is possible, approximating
a continuous distribution over a wide interval. To illustrate the im-
plementation of the algorithm, consider the following hypothetical ex-
ample of a cost variance investigation problem for a manufacturing plant.
Cost outputs from an operation in the plant are received on a weekly
basis and management decisions related to the operation are made on the
basis of a weekly cost report. Assume that the company has been in
existence for a sufficient amount of time to have acquired satisfactory
sample data for determining the parameters necessary for the cost vari-
ance investigation model.

The company has identified four distinct states of the operation,
(1) excellent, (2) moderately good, (3) inefficient, and (4) unprofit-
able, The problem facing management each week is to decide whether the
cperation is in state 1, and if not, then whether it is profitable to
take action to find the cause, or to continue operations unchanged at
least for another week.

Consider the following weekly cost report received in one produc-~

ing department of the plant.

Actual Cost Standard Cost Variance
57625 $7450 $175

Assume that the distribution of the amount of the variance in each of
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the four states is constant from week to week, even though the standard
cost will vary with the level of activity. In an actual setting, the
state-~conditional distributions of cost variances would be derived from
historical cost data. For purposes of the hypothetical example, these
distributions are assumed to be normal.

Since this cost variance investigation model is equipped to handle
only a discrete number of cost observations (whereas the underlying dis-~
tribution is continuous), the possible cost variances are separated into
intervals. Intervals of $200 have been arbitrarily chosen for this ex-
ample. Table 4 shows these intervals and the related state dependent
probabilities. Assume that for this example, the remaining parameters,

given in Table 5, were estimated from historical data.

Table 4. State-dependent Cost Probabilities
for Experimental Problem

Amount of

Cost Variance Pri{8|x;} Pri{glxs} Pr{6|x3} Pr{6|x,}

(500) .0228 .0026 .0002 0
(500)-(300) L0923 .0202 .0024 .0002
(300)-(100) .2295 .0923 .0202 .0024
(100)-100 .3108 .2295 .0923 .0202
100-300 .2295 .3108 .2295 .0923
300-500 .0923 .2295 .3108 .2295
500-700 .0202 .0923 L2295 .3108
700-900 0024 .0202 .0923 .2295
900-1100 .0002 .0024 .0202 .0923
1100-1300 0 .0002 0024 .0202

1300 0 0 .0002 .0026
Mean D 200 400 600

g 250 250 250 250



Table 5.

a;: Investigate
.05

.8 .15
.8 .15
Pl =
.8 .15
.8 .15
)
350 |
350
vyl =
350
350
\ J

In the final

tors are simply the

period remaining until operations cease, the a-vec—

.05

.05

.05

8

0.98

as:

Do Not Investigate
.05

K

R

.8

.15

50
260

420

580

immediate expected cost values.

1
6

50
260
420

580

350
350

350

350

Parameters for Experimental Problem

.15

.5

300

.25
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With two periods remaining, the a-vectors are

2 2 2 2 2 2
‘0.1 Qo 3 Qy s Cg
r 3 7 W ' 1 ( W # Y ” ~
148 148 149 154 448 177
554 552 546 540 448 544
846 841 826 802 448 779
1126 ) 1109 ; 1062 J 997 448 949 J
§2 =2 83 = 2 53 = 2 82 =2 §2 =1 53 = 2

Assume that at the beginning of the period in which the cost
variance report of $175 is received, the state of knowledge is given
by m = (1,0,0,0). No investigation is undertaken. After receiving
the cost report, the revised probability vector is 7' = (.794,.201,
.005,0). The revised probability vector is then multiplied by each
of the g-vectors, {a%,...,aé}; the o~vector corresponding to the mini-
mum product identifies the optimal decision, In this case, the minimum
of 232 is given by 7' °a§,[=(.794,.201,.005,0) + (149,549,826,1062) ],
and with two pericds remaining, an investigation is not warranted.

Consider the situation where management has acquired specific
additional knowledge about the state of the process which is not re-
flected in the received cost report., On the basis of this additional
information, one may feel justified in revisging the posterior prob-
ability vector from the last period.

Let the posterior probability vector remain the same as before
where w' = (.794,.201,.005,0). Assume that the information management

has received prompts a revision of the probability vector to " = (.425,
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.150,.250,.175). As before, to determine the optimal decision with two
periods remaining, this newly revised probability vector is multiplied
by each of the a-vectors, {aﬁ,...,aé}. The minimum product is 448 and

2 . . . . .
is given by 7" *a5. This signals a need for an investigation.

Extensions to the Basic Model

To this point, it I1s assumed that an investigation always reveals
the state of the process and is successful in correcting any problems,
A complete investigation, however, may be so costly that it is rarely
undertaken. Another less costly alternative, such as an exploratory
investigation, might be considered. An exploratory investigation is
defined as one which will always be successful, In other words, the
probability of successfully detecting the cause of being in state 1 is
hi’ with hi< 1. 1Its cost, K', however, is significantly less than the
cost, K, of a complete investigation.

To incorporate this into the model for the investigation of cost
variances, the only additional information necessary is the probability
transition matrix for this decision alternative. The transition matrix
is found by multiplying the following matrix H by the transition matrix

for the do-nothing alternative.
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Therefore at the beginning of each period of operation, the de-~
cision set consists of a do-nothing action, a full investigation, and
an exploratory investigation. When a full investigation is made, the
state and its cause will be found and the system is reset to state 1
through corrective action. If an exploratory investigation takes place,
however, it may not be successful. The system will be reset to state 1
if success is achieved; otherwise operations continue unchanged.

Consider the example given in the first section of this chapter,

with the exploratory investigation included as an additional altermative.

Let
1 }] 0
B = A .6 0
.6 0 A
- _

The parameters associated with the third alternative, the exploratory

investigation, are shown below.

— e

.8 .15 .05 1.010
pP3 = .32 .54 J14 v = 1.460 K' = .2
.48 .09 .43 1.886

With three periods remaining, the a-vectors are calculated to be
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a? o5 Gg aa Cg
3 4 W r At h' f 3
2,599 2.799 2,858 3.599 2.888
4.185 3.750 3.753 3.599 3.705
5.796 4,077 3.995 3.599 4,131
J L / \ J P, \ J
53 =2 83 = 3 53 =3 8o = 1 §3 =3

Compare these with the set of t-vectors for three periods remaining in
the example having only two decision altermatives, calculated in the

finite example in the first section.

3 3 3 3
o3} Co o5} Gy
2.713 2,738 3.713 2.787
4.673 4,234 3.713 4.173
7.166 5.465 3.713 5.465
§3 =2 83 = 2 §3 =1 82 = 2

Notice that when an exploratory investigation is available, the
maximum expected cost is 3.599. This is a reduction in the maximum ex-
pected cost of 3.713 when no exploratory investigation is available. 1In
this case, the addition of the third alternative leads to only a 3% re-~
duction of the maximum expected cost. This reduction, which is known in
advance, may not be significant enough to justify maintaining the explor-
atory investigation as a viable alternative. The likelihood of conduct-
ing an exploratory investigation increases as the hi's increase and as

K' decreases.
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A more general treatment of the exploratory investigation is
given by Kaplan [14] who discusses briefly the situation where the
amount of money to be spent on the investigation is a continuous vari-
able, z. The decision is, therefore, two-fold: first, whether to in-
vestigate and second, the amcunt to spend on the investigation. The
probability of detecting the cause of being in an out-of-control state
1 is a function, hi(z), of the amount of money spent on the investiga-
tion, where hiGD =0 and lim hi(z)=]ﬂ and hi(z) is non-decreasing.

Z>00

This expanded or 'continuous' exploratory investigation can
easily be integrated into the present mcdel by choosing several dis-
crete values of z to replace the underlying continuous distribution.
The modeling as an exploratory investigation then proceeds, except that

there are as many decision alternatives as values of z, with z=0 cor-

responding to the do-nothing alternative.

Budget Constraints on Investigative Activities

Since the amount budgeted for managerial control activity usually
limits the number of investigations that can be performed, it may be
necessary for the firm to select that set of possible investigations
which will minimize total expected cost. As long as the budget period
is the same as the cost reporting period, the following integer program
which selects the optimal set of investigations is applicable. Since
this formulation is a one-period integer program, its solution on a
period-by~-period basis would only roughly approximate the solution to a

complete multi-period dynamic programming formulation of this problem.



78
+ Y2 min ol + Y3 min T ot
i, i i

S
SE ] R +EIRD S oM

yl+y2+7y3
1 1 1

i
[

Yi, Yi, Yi = 0 or 1

where s is the number of operating segments,
M is the budget constraint,
m is the state of knowledge,

K, is the cost of a full investigation for operation 1,

i
Ki is the cost of an exploratory investigation for operation i,
a% is the jth g-vector for operation i.
I; the value of Y; is 1, then a full investigation takes place
for the i-th operating segment. A wvalue of 1 for Y? indicates that an

i

exploratory investigation takes place and Y§==l indicates no investi-
gation of operation i. The first constraint is the budget constraint
and the second and third constraints assure that one and only one de-~

cision is made concerning operation 1i.
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CHAPTER VI

CONCLUSIONS AND RECOMMENDATIONS

Cost accounting procedures are useful in helping management ana-
lyze and control operations. When a reported cost differs from the cor-
responding standard cost, it is necessary to decide whether the cost
variance is significant in the sense of justifying an investigationm of
the underlying process. To assess this significance, many procedures are
available, ranging from rules of thumb, to control charts, to the approach
outlined in this thesis.

This work has contributed to cost variance investigation analysis
in several ways. The apprecach employed in this thesis is a method which
combines and extends features from the existing work in this field. Pre-
vious research is basically limited to cost variance investigation prob-
lems in which the underlying process is assumed to be in only one of two
possible states, in control or out of control. The present research han-
dles problems characterized by a larger number of states with relative
ease. Of importance is the relatively small increase in the amount of
computer time as the number of underlying states increases. For example,
computer time needed for two different problems each for 10 time periods,
each having two cost observation values and two decision alternatives,
one with four states, the other with three states, was approximately two
seconds for each.

In addition, previous research which was capable of generating
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values over an infinite horizon did so only by repeated iterations of the
finite time method. The infinite horizon algorithm discussed here does
not handle problems in that fashion; computer time is not a function of
the number of iterations needed until a steady state situation is en-~
countered, For example, in the three-state problem given in the first
section of Chapter V, the computer time using the finite horizon method
until steady state values were found was eight seconds, whereas running
the same set of data using the algorithm for the infinite horizon, the
run time was only 0.4 seconds. Since most firms are ongoing concerns and
cost variance problems often arise within the context of an unknown ter-
mination time, the infinite-horizon algorithm would be recommended.

It has also been shown in this paper that these two algorithms
allow additional considerations to be incorporated into the model with
ease, thus increasing £lexibility. Extensions to the basic cost variance
investigation problem that fit this model include allowing for (1) tran-
sitions to occur at the end of the period following the receipt of the
cost report [13], (2) a delay in time, say, one time period, from the be-
ginning of an investigation to the conclusion of the correction [14], and
(3) the additional decision of not preparing a cost report at all during
a time period [11]. Another possible extension involves recognition that
there may be multiple causes for being out-of-control. To model this ex-
tension, one would simply increase the number of underlying states where
each state of the process is a particular combination of being in-control
or out-of-control with respect to each of the causes,

Computability has generally not been a problem in the currently

available models for cost variance investigation. For this model the
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algorithms presented in Chapters II1 and IV have been thoroughly dis-
cussed and their computability has been demonstrated. 1In Chapter V, the
implementation of the algorithms is illustrated both through simple
numerical exercises and a more complete experimental problem. In ad-
dition, Sondik's infinite horizon algorithm has been simplified and the
computer program for both algorithms made available. A completely docu-
mented listing of the Fortran program for the finite horizon is found in
Appendix D and for the infinite horizon in Appendix E.

Data requirements are quite often the cause of a model being
discarded and something else used in its place. Even though the approach
presented here requires a larger quantity of data than more primitive
methods, the data and parameter requirements are of a more fundamental
nature. The parameters can be estimated using data provided by the his-
torical record of the operating system. The procedure for estimating the
transition probabilities developed in Appendix A is a case in point. Less
judgement and experience are required here than, for example, in a model
using the variable labeled L in Dyckman's treatment which requires, in
effect, an advance knowledge of when investigations will occur in the
future,

It has been shown that the approach in this thesis is flexible,
accommodating a large number of variations. However, there are other
extensions to the cost variance investigation problem to which the real-
evance of this model is vet to be demonstrated. As one illustration,
consider again the additional alternative of an exploratory investiga-
tion. An important question is whether the model utilizes all the in-

formation it generates. Other articles that have dealt with this matter
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indicate that after an exploratory investigation is performed, if the
cause for being in a less than desirasble state has not been detected,
the state probabilities should immediately be revised. Then, before
operations resume, the decision of whether to conduct a full investiga-
tion should be made based on revised probabilities. There are times
when this is a wvalid question. However, since it does not seem to fit
readily into this model, an area for future study is to ascertain the
conditions for which the alternmative of a full investigation following
an unsuccessful exploratory investigation would never be chosen.

In this context, there are two properties of the probability
state space that always exist. They are (1) that the revised probability
for state 1 following an unsuccessful exploratory investigation never
decreases; that is, ﬂi'z Ty, and (2) that the investigation region is
convex. The result of (2) is proved in Appendix C.

It would be interesting to know if, for example, the existence of
these two properties along with some restrictions related to the cost
data would lead to the class of preoblems mentioned above, for which a
full investigation is never chosen following an unsuccessful exploratory
investigation.

Another area for future research is to study the implications of
restrictions placed on the transition probabilities. Consider, for ex-
ample, the determination of optimal replacement rules in a complétely
observable Markov process setting. Derman {4] has shown that when cer-
tain monotonicity-preserving conditions are imposed on the transition
probabilities, the optimal replacement rule is te replace if and only

if the observed state is one of the states i,i+l,...,L for some i, the
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states being ordered from 0 to L with state 0 the most desirable.

In cost variance investigation problems, it seems that, if the
same conditions are imposed on the tramsition probabilities, optimal
decision rules could be easily characterized. In other words, it may
be possible to separate the region in which investigation decisions are
optimal from the do-nothing regions by means of a hyperplane. When this
is possible, computational requirements would be drastically reduced as
only the separating hyperplane would need to be determined.

In conclusion, the approach to the investigation of cost variances
developed in this thesis has many advantages over other methods proposed
in the literature. WNevertheless, more complex problem situations con-

tinue to exist and can be the subject of future study.
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APPENDIX A
THE ESTIMATION OF TRANSITION PROBABILITIES

One set of the required parameters of the model is the set of
probabilities in the state transition matrix. These values are seldom
known with certainty and must be estimated, usually from past records of
the process.

When available, historical transition frequencies are the best
means of estimating transition probabilities [15,16]. That is, if a
historical record of the state at each time peried is available, Pij is
estimated by the number of transitions from i to j divided by the number
of visits to i. When historical records do not contain transitions but
only proportions of time in various states, the methods of Bryant (3]
are applicable.

In the cost-variance investigation analysis situation, however,
neither of these kinds of data are normally available, because the true
state is known only when an investigation is made. Thus the estimation
methods must be modified to take into account that the historical record
is of the state of knowledge, 7, not the underlying state.

For an absorbing two-state model, the only parameter which needs
to be estimated is g, where l-~g is the probability of a transition from
in-control to out-of-control. Dyckman [7] has provided a method of es-
timating the mean time between visits to the out-of-control state, whose

reciprocal is an estimate of the transition probability.
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For this method, consider a series of n past cost observations,
{61,82,...,8n} received between two successive perfect investigations
which revealed an ocut-of-control situation. Given the record of the
control decision chosen at the beginning of each time period of the
series of cost observations under consideration, the state of knowledge,
m{t), at each time t, 0< t<$n, can be determined by Bayesian methods

where
m(t) = [m(e),ma(t)]

If an investigation took place at some time nj <n where an in-control
situation was found, then 7(t) = [1,0] for all tZ<n;.
Define Qk as the probability that the process made a transition

to the out-of-control state during period k, 12k<n,.
Qk = mQ)m(2)...ma(k)... T (n)

Let Sk be the conditional probability that the process made a
transition to the out-of-control state during period k, given that an

out-of-control state existed at time n. Then

&%
I
=1£

Define E(T) as the expected time for the process to move to the

out~of-control state for this series of cost observations. Then
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Given E(T) for each of several series of cost observations, an
average ﬁ(T) can be obtained, where E(T) is the estimate of the mean
passage time to an out-of-control state. The estimate, 1-§, is the
reciprocal of E(T).

The development of the parameters for a general probability matrix
is more difficult. The following discussion, whilch is an extension of
Dyckman's derivations, is a means for estimating the transition probabil-
ities for processes having more than two states.

Consider a series of past cost observations, {91,82,...,8n}, re=-
ceived between any two successive perfect investigations of a process
having NS states. At the beginning of period 1, the period when 6 was
reported, the process was known to be in state 1 for an investigation
and correction had just occurred. Following the receipt of Gn, an in-
vestigation took place which revealed that the process was in state j.
There are (Ns)n-l possible events that could lead to state j at the end
of period n. Let Ei be one of the (Ns)n_l possible events., The prob-

ability of event Ei is given by

P)L{Ei} = ‘nyl(l) 'rryz(_Z) ee. T, (n)

3

where Yo is the state of the process at time m for event Ei.

Define Z as the probability that the process is in state j at the
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end of period mn.

n-l
(N)

z = ] Pr{E,}
1=1

Let Wi be the conditional probability of event Ei occurring given
state j in period 1.
PriE.)

i Z

The element, Prg? in the trénsition matrix, is the probability of
a transition in the process from state r to state s. In estimating Prg?
let Ci be the number cof times a transition from state r to state s occurs
in event Ei. Let Tih be the number of periods for the h-th transition
from state r to state s for event Ei' The expected passage time from r

to s for the series of cost observations is given by

(Ns)n—l
where z CopWp is the expected value of the total number of changes
£=1

from r to s in the n time periods.
The mean passage time from r to s, E(T(r+s)), is obtained from
the average of E(T(r*s)] for several series of cost observations. Thus

1
rs B(T(r+s))

o >
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APPENDIX B
CONSTRUCTION OF THE PARTITION

To determine if a policy is finitely transient, a refined parti-
tion for the policy rule Gm must be constructed., For problems having
only NS==2 underlying states, the determination of the partition can be
readily expressed graphically; for NSZ 3, the partition, V0=={VO,...,V§0},
induced by a given stationary policy 8" is first constructed. This par-
tition is usually well-defined by a set of a-vectors, where each Vg is
associated with uj. 1f meVY, then ﬁaj==minwak, for all k. Associated

3

with each aj is a control decision &(w) =3§. For example,

'JTEV?_, 61=l

]
[y

TTGV%, (52

[}
~

a
TEVy, &3

The partition V! is next formed. Its boundaries are the sets D!

and Dé’ where D6 is the smallest closed set in II for which the policy is

discontinuous and

pl = [m:T(x]6,8) € D]
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To see how D! 1s formed, consider the transition of the set II for some
8 using control altermative a=1 as illustrated below. This illustration
is similar to that above in that each region is represented by an G-vec-

tor, denoted by a; 5 where

’j,

The boundaries of the above regions are denoted by Ba,e and are used in
forming pl. Since a=1, the control alternative for region V?, a partial
construction of D! 1s the part of Ba,e which lies in region V? from the
first illustration. The dashed line above indicates the position of V?

relative to Ba g Therefore a partial construction of V! is as follows:

ol 01,07 s
a,z2,8 r
G}



The procedure is repeated for each 8 and for each region Vg to obtain a

complete formation of yl,

Algebraically, the complete construction of v! involves finding

90

all vectors of the form al | =PaReuj for each a ¢A, for each 8, and for

a,j,o

each j. Each set V;e vl is defined by a set of Ne-kl vectors, {aé,a;’el,

1 1 1
ot N } where wev! if
3362’ ? j’eNe J

Tal = minTa for all k
b k k
and for a=5j, if
1 o s 1
T “j,e min w aa,ﬂ,@ for all £
i £ i ,
for all i

The procedure for defining all the regions is a search technique

similar to that used in the One-pass Algorithm in Chapter III. Begin

with V1 =V} and initial point mp=(1,0,...,0). Calculate al for g

where woai =mlj:n Ty oy - For a=48(mp), find all vectors of the form

1 = PR ap for all £
a
for all &

1
For each Bi determine oy 5 such that
,0,
i

1 =
‘ﬂ'gotl 9 = Tpd

1 , 1
min T G
] i 0 !‘e’e

a’j)ei £

This completely defines V%.

To find adjacent regions, set up a linear programming problem of
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the form

max: f.
1
s.t. Tal - T Oy 0 for all kfl (a)
ral | - mal < 9 for all £ ®)
1,8, a,£,9, ~
i i except for
1 = L
a =0Q
I,Bi a,ﬂ,ﬁi
for all i
ym.o o= 0
1
T, 2 0
1

where each constraint in (b) must be used as the objective function fi'
If fi is equal to 0 at optimality, then a new region is found. The new
region is identified by the same Ne-+l vectors as the region being

searched except that a becomes o . This continues until all
1,8 a,K,Gi

i
the regions are searched. If the number of regiong in v! is the same as

in V%, then the poliey is finitely transient and the partition is com-
plete. If the number of regions in vl ig greater than in v?, then V% is

2 2
constructed as follows. Begin with Vj==V1, Ta=(1,0,...,0) and a=46(mg).

1 al a2
1,607 "%, 6y,°%1 8,
2 } where o’ is defined by ﬂ0a2 =min mePoR ai

- 0 .
1,0y, 1,0, Le, TH8,0 Fe e,

To search adjacent regions, the linear prograsming problem is es-

1
Identify the region by a set of 2Ny +1 vectors, {a] '

P 4

tablished as follows:

max; f



v

for all k#1

for all k
except for
I __a
®1,8.7F Rg %
i i

for all 1

for all k

for all 0

except for
2

i
for all 1

~ 1
a ,ei”PaRe.“k,e

i
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(a)

(b)

(c)

Each constraint in (c) is in turn used as an objective function.

If at optimality, fif=0, then a new region has been found whose identify-

ing set of vectors is the same as the region being searched except that

2

1
o becomes P2 R .
1,8, 8, ak,%

The construction of a refined partition continues in like fashion

until it is found that the policy is finitely transient.
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PROOF OF THE CONVEXITY OF THE ‘'INVESTIGATE' REGION

Consider any two points T; and T, in the investigate region.

Cn(Trl) = 1T1Yal+BZminTr1PalReaE"1
5 k
and
Cn('rrz) = Trzyal+BZminTT2Pal Reaz-l

8 k

where a; is the 'investigate' alternative.

Let

T = Amp+{l-A)ms

where

A
—

0 < A
Since the rows of P?! are all identical,
a)

m %l = m,P%l = gp

This implies that

3 =1,...,S(n—1)

: k=1,...,5(0=D

d(m,0,ay) = d(my,0,a;) = d(r,8,a;)
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Thus



Therefore

and

Let

and

where

Cn(ﬁl)

Cn(ﬁz)

Cn(ﬂl)

Cn(ﬂz)

%
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aj a n-1
m Y ©+T) BgP Read(n',e,al)

a) a) n-1

T +m, RLP R, O

2 25 6 %d(m,6,a;)
Wld*

Ty a*

ay a1 n-1
YO EBEET Ry % (m,6,a))

Thus, a* is one of the o~vectors in the total set of g~vectors and

At the same time

c?(m)

c™m) S max '¢h)

2 Achmy) + (1-2) ¢ (my)

from the fact that the cost function is piecewise linear and concave.

Therefore,
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Cn('n) 2 ATy ak+ (1)) o ak
= TQ* (2
Together, (1) and (2) imply that

Cn(rr) = ok

and 7 belongs to the same region as ®; and ;. Therefore, the region 1s

convex,



APPENDIX D

FORTRAN PROGRAM FOR THE PARTIALLY OBSERVABLE
MARKOV PROCESS OVER A FINITE HORIZON
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PROGRAM MAINC(INFUTQUTPUT» TAPES=INPUT, TAFPES=0UTPUT)
LIMENSION F(4r4rs33rR{4,15y3)GAMMAC4,3) »ALFOLD(4,40) rALFNEW(4,50)
DIMENSION I0PT(40}

K038 00 000 2K 80020 0K K 03K 0 KK 330000 30 KK K 0K KK KK KK K K KK K K K K

THE FOLLOWING IS THE COMPUTER PROGRAM OF THE ALGORITHM FOR THE PARTIALLY
OBSERVABLE MARKOV FROCESS OVER A FINITE HORIZON DEVELOPED IN
EDWARD J., SONDIK:"THE OPTIMAL CONTROL OF PARTIALLY
OBSERVABLE MARKOV PROCESSES»"PH.D. DISSERTATIONs DEFARTMENT OF
ENGINEERING-ECONOMIC SYSTEMS, STANFORL UNIVERSITY. STANFORD.
CALIFORNIArs JUNE 1971,
SEE ALSOr
R.D.SMALLWOOD AND E.J.SONDIKs*THE OFTIMAL CONTROL GF PARTIALLY
OBSERVABLE MARKOV FROCESSES OVER A FINITE HORIZON,* OFERATIONS
RESEARCH, 21 (1973),1071-1088.

2 K 330 30 KK 303500 0 K006 0K 3 K 00K KK K KK 3R KK KOR K R KK KKK

THE FOLLOWING IS A DESCRIPTION OF ALL ARRAYS AND MAJOR
VARIAELES USED IN THIS PROGRAM.

ARRAYS v vvvnvvrssrene

F=ARRAY 0OF STATE TRANSITION PROBABILITIES OF SIZE (I X I X K)
WHERE I IS THE NUMBER OF STATES AND K IS THE NUMEBER OF DECISION
ALTERNATIVES.

R=ARRAY OF COST PROBARILITIES OF SIZE (I X J X K; WHERE I IS
THE NLMBER QF STATES: J IS THE NUMEER OF COST OBSERVATIONS
AND K IS THME NUMBER DF DECISION ALTERNATIVES.

GaMMAa=ARRAY OF IMMEDIATE EXFECTED COSTS OF SIZE (I X K) WHMERE
I IS THE NUMBER OF STATES AND K IS THE NUMEER OF DECISION
ALTERNATIVES.

ALFOLD=AFRAY OF FREVICUS PERIDD ALPHA-VECTORS OF SIZE (I X M)
WHERE I IS THE NUMBER OF STATES AND M IS THE ESTIMATED
NUMEBER OF REGIONS IN THE FROBABILITY STATE SFACE.

ALFNEW=ARRAY DF FRESENT PERIOD ALFHA-VECTORS: SAME SIZE AS
ALFOLD ARRAY .

I0FT=ARRAY RETURNED FROM SUBROUTINE ONEFPAS(ONE-FASS) s INDICA-

TING OFTIMAL LECISION ALTERNATIVE FOR CORRESFONDING ALFNEW.
ARRAY 15 OF S51IZE HM» WHERE M IS THE ESTIMATEL NUMBER OF .
REGIONS IN THE FRORABILITY STATE SFACE.

VECTOR=ARRAY OF SIZE I WHERE I IS THE NUMEBER OF STATES. 1IN
ONEFAS AND COSTFI» VECTOR IS USED IN COMFUTATION OF PROLUCTS
OF ARRAYS.

ARRAY=ARRAY DOF COEFFICIENTS OF CONSTRAINTS AND QOBJECTIVE
FUNCTIONS DEVELOFED IN SEARCH FROCEDURE. RIGHT HAND SILE IS
IN LDCATION *IR' OF EACH ROW.

ISERCH=ARRAY DESIGNATING WHETHER OR NOT A REGION HAS BEEN SEARCHED
FOR ADJACENT REGIONS.

IF ISERCH=0s THE REGION HAS BEEN SEARCHED.
IF ISERCH=1, THE REBION HAS NOT BEEN SEARCHED.

IDES=ARRAY USED IN SUBROUTINE ONEFAS TOQ INDICATE THE HAFPING
OF THE PAIRS (DECISION ALTERNATIVE.COST OERSERVATION)

ONTO THE SET OF FREVIOUS FERIOD ALFHA-VECTORS. THE ARRAY

I5 OF SIZE Ny WHERE N IS THE NUMBER OF COST OBSERVATIONS TIMES
THE NUMBER OF ALTERNATIVES, WHERE THE COST OESERVATION INDEX
VARIES MOST RAFPIDLY:

IND=ARRAY FOR STORAGE OF MAPFINGS FOR ALL REGIONS FOUNL IN THE
PRESENT FERIOD.

ALFJA=ARRAY OF ALFHA-VECTOR VALUES FOR EACH ALTERNATIVE.

.. ——ALFPR=2ARRAY OF VECTOR UVALUES_FORMEL HY THE MINIMUM _DVER THE PREVIOUS

GOoOOGoOOOO0NDO0OGOnoNaOnoOoONoOnOoO0O000000ao0O000No00No0Noo0Ce0000

OO0 0
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ra

_PERIDU ALPHA-VECTORS OF THE PROLDUCT OF Fr FOR ALTERNATIVE
*A*y TIMES DIAGONALIZED R FOR ALTERNATIVE "aA* AND COST OBSER-
vaTION THETAr, TIMES THE FREVIOUS FERIOD ALFHA-VECTOR.

CEASIC=ARRAY OF VALUES OF STATE VARIABLES FOR CORRESPONDING
OBJECTIVE FUNCTION IN LINEAR PROGRAM AT OFTIMALITY.
JND=ARRAY INDICATING STATWS DOF EACH OBJECTIVE FUNCTION IN LINEAR
FROGRAM .
IF JNL=Gs THEN OPTIMALITY HAS NpT KEEN REACHEDN,
IF JUND>0Or THEN OFTIMALITY HAS BEEN REACHEL.

IRASIC=ARRAY INDICATING BASILC VARIABLES.
MAJOR VARIABLES +vrsvvrsvrrrnees

NSTATE=NUMBER OF STATES.-

NTHETA=NUMBER OF FOSSIELE COST OHSERVATIONS.

NALTER=NUMEER DF DECISIDN ALTERNATIVES.

NALFHA=NUMBER OF ALPHA-VECTORS IN THE PREVIOUS FERIOE.

MTERM=NUMEER OF TOTAL REMAINING TIME PERIODS.

BETA=FRESENT VaLUE DISCOUNT FACTOR.

MCOUNT=NUMBER OF ALFHA-VECTORS IN THE FRESENT FERIOL.

NUM=NUMEBER OF OBJECTIVE FUNCTIONS IN THE LINEAR FROGRAM.

NUM1=POSITION OF THE CONSTRAINT THAT THE SUM OF THE FRORABILITIES
TOTAL TO ONE.

IB=FOSITION OF RIGHT HAND SIDE OF LINEAR FROGRAM.

MUMEON=TOTAL NUHMBER OF LINES IN LINEAR PROGRAM.

ISLAK1=FOSITION OF FIRST SLACK VARIAELE.

ISLAKZ=POSITION OF LAST SLACK VARIAEBLE.

NROW=FIVOT ROW

ICOL=FIVDT COLUMN

ICON=0NJECTIVE FUNCTION ROW FPRESENTLY BEING OFTIMIZEL.

IRDW=INDEX OF BHASIC VARIABLE.

5230 40508000 50K 00 33 0 30 80000 30 0 00K 3 30 30003 3K 3 303 33K o 00 K 83K K 3R KK K

NOTE: THE FPARAMETERS IA AND ID CORRESPOND TO ESTIMATED
DIMENSIONS FOR VARIDUS ARRAYS. THROUGHOUT THE FPROGRAM THE ARRAYS
ARE TESTEL FOR DVER-INDEXING. THE PROGRAM WILL ARORT IF OVER-
INDEXING QCCURS AND A& CORRESFONDING MESSAGE WILL BE RECEIVEL.
WHEN INCREASING IAr CHANGE THE VALUE OF TA AND THE LIMENSIONS
OF THE FOLLOUWING ARRAYS! ARRAY(IA»TA)sCRASICC(I TA)+»JINL(IA)r
IFASIC(IAY. WHEN INCREASING ID+ CHANGE THE VALUE OF ID
ANID THE DIMENSIONS OF THE FOLLOWING ARRAYS: ALFOLLI(IsIA):»
ALFMEW({I»IAY » IGFT(IA+ ISERCH(IA) » INDC(NsIA).

THE ONLY PURFOSE OF THE MAIN PROGRAM IS TO INECREMENT THE TIME
FERIGIE ANL TO WRITE THE VALUES OF THE ALFHA-VECTORS AND THEIR
CORRESFONDING OPTIMAL DECISION ALTERNATIVE FOR EACH TIME FERIOL.

READ(Sr X INSTATEsNTHETAr NALTER » NALFHAs NTERM» BETA

REAT(Sr kY (P (MeNs I s N=1 yNSTATE Y rM=1 /NSTATE) » I=1 s NALTER)
REALG(S s kY ( ({R(MsKyI)sK=1yNTHETA) rM=1 ,NSTATE) r I=1,NALTER)
READ{S» %) ((GAMMA(M» I) »M=1rNSTATE}»I=1sNALTER) "

READ(S sk ((ALFOLD{(I»J)rJ=1rNALPHA) »I=1sNSTATE)

D0 1 N=1,NTERM

CALL ONEFAS(FPsRyGAMMArALFOLD/rNSTATE:NTHETA Y NALTER » NALFPHA BETAS
1 ALFNEWy IQPTMCOUNT)

FPRINT %s" THME NUMBER OF PERIODDS REMAINING UNTIL TERMINATION IS *sN
WRITE(S»2Y(I0OPT(JrJ=1,MCOUNT)

FORMAT(13I10)

DO S I = 1,NSTATE

WRITE(&r4) (ALFNEW(IrJd)sJ=1,MCOUNT)

FORMAT(13F10.3) '

COAMTTNUIE . . . - - . . e e e e e e e e
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WRITE(&:3)
FORMAT(1X s 1HX s 3IXr 1HRKrIX s IHX, IX s 1HX)
NALPHA=HCOUNT

DO & I=1rNALFPHA

DO & M=1,NSTATE
ALFOLD(MsI)=ALFNEW(MrI)

CONTINUE

STOF

ENDI

SUEBRDUTINE ONEPAS(PrRrGAMMArALFOLDyNSTATEsNTHETAsNALTER NALFPHA,
BETArALFNEWrs IOFPTMCOUNT)

DIMENSION P{4+4,3)rR(4r15,3) rGAMMA(4+3) rALFOLD(4,40)

DIMENSION ALFNEW(4+6Q) yIDFT(40) rVECTOR(4) s ARRAY(2007200)
DIMENSION ISERCH(&0)IDES(45),IND(45,60)ALFJA(4,3)

DIMENSION ALFFR(4,435)CHASIC(4,200)

THE PURFOSE OF THE SUBROUTINE ONEFAS(ONE-FASS) IS TO CALCULATE
THE ALFHA-VEETORS FDR THE FRESENT PERIODD.

Ia=200

Ir=60

Call COSTRI(Fr'R/GAMMArALFOLDNSTATENTHETArNALTER,
NALFHABETArIOPT(1),IDES)

INITIALIZE FORk REGION NUMBER ONE.

MM=NTHETAXNALTER

0O 1 M=1.MM

IND(Ms1)=IDES (M)

HCOUNT=1

ISERCH(1)=1

FICK A REGION TO BE SEARCHED.

0O 2 I=>1,MCOUNT

IF(ISERCH(I).EQ.0)G0 TO 2

ISERCH(I)=0

GO TO 3

CONTINUE

G0 TOo 353

JALFHA=T

NUH=(

FOR GIVEN REGIONr, ASSIGN MAPPING VALUES TO IDES.
MM=NTHETAXNALTER

- DO 12 M=1,MM

[ —

IDES(H)=IND(Hs I}

FOR GIVEN MAPFINGs COMPUTE VALUES OF ALFJA FOR EACH ALTERNATIVE.

LO 4 I=1sNALTER

[0 5 M=1rNSTATE

ALFJA(H:I)=0,

FOR GIVEN MAPFING» COMPUTE VALUES OF ALFPR FOR EACH FAIR,
(COST OBSERVATION,DECISION ALTERNATIVE).

DO & K=1,NTHETA

NN= (K~1)NALTER+1I

KK=IDIES {NN)

II=(I-1)¥NTHETA+K

DO 7 M=1sNSTATE

ALFPR(M,II)=0.

VECTOR (MY =R (Ms K» I)KALFOLD (MrKK)

DO & M=1sNSTATE

DO & N=l:NSTATE

ALEFR(MrITy=ALFPR(My IT)+P (MrNs 1) RVECTOR(N)

DO 4 M=1:NSTATE

L0 8 K=1sNTHETA

II=(I-1)%XNTHETA+K

ALFJA(Ms I)=ALFJA(HyI)+ALFPR (M, II)
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ALF JA (My T3 =ALFJA (Hr 1) KBETA+GAMMA (M, 1)

Cmm=mm SET UF LINEAR FROGRAM.

fF---——FORMATION OF COEFFICIENTS FOR NON-SLACK VARIABLES.
LD 9 I=1,NALTER
IF(I.EQ.IOPT(JALPHAYIGO TO 9
NUM=NUM+1
IF (NUM.GT.IAX60 TO 401
DO 10 N=1,NSTATE
10 ARRAY (NUM» N) =ALF J& (N IOFT ( JALFHA) ) —ALF JALNY 1)
v CONTINUE
DO 11 IalyNALTER
DO 11 K=1/NTHETA
NN= (K=1)XNALTER+I
KK=IDES (NN
IT=(I-1)ANTHETA+K
U0 13 L=1,NALPHA
IF(L.EG.KK)BO TO 13
NUM=NUM+1
IF(NUM.GT.IA)G0 TO 601
00 14 N=1,NSTATE
ARRAY (NUMrN) =0,
14 VECTOR(N)=R(NsKrI)RALFOLD{N,L)
DO 15 Mw1,NSTATE
DD 15 N=1sNSTATE
15 ARRAY (NUM s M 7 =ARRAY (NUM s M) +P (My N» I ) KVECTOR(N)
DD 1é N=1,NSTATE
16 ARRAY (NUM» NI =ALFPR (Ns I1) -ARRAY (NUM s N)
13 CONTINUE
11 . CONTINUE
IF(JALPHA.NE,1)GD TO 17
DO 18 N=s1,NSTATE
16 ALFNEW(N» 1) =ALFJA (N, IDPT (1))

=== COMPLETE FORMATION OF LINEAR FROGRAM.
17 NUM1=NUM+1
IF(MUML.5T.IAYGO TO 601
IB=NSTATE+NUML

IF(IB.GT.IAYGO TO 601
NUMCON=NUM1+NUM

IF (NUMCON.GT.I4560 TO 601
ISLAKISNSTATE+]
ISLARD=IE~1

00 19 I=1sNUM

IO 19 J=ISLAK1,IH

i? ARRAT (I J)=0.

O 20 I=ir NSTATE
20 ARRAY {NUM1,1)=1,

0O 21 I=ISLAK1sISLAKZ
.21 ARRAY (NUML1.15=0.

ARRAY (NUML» IR)=1,

0 22 I=1rNUM

Do 22 J=1+IR

ARRAY (T+NUML » J)=ARRAT (I, D)

De 23 I=1,NUM

ARRAY (ITNUM1,IR) =0,

23 ARRAY (I+NUML » I+NSTATEY =1,
CALL LINEAR(ARRAY rNUM NUMCONs IBr ISLAKL»ISLAKZ,
1 NETATE,CRASIC)

+J
3

Commme CHECK FOR BINDING CONSTRAINTS.

g 24 M=1,NUM
J42=0
IF(ARRAY(M»IB)+:BT.1.E-62B0 TO 24

Cmwe—— IDENTIFY THE VARIAHBLES USED IN THE FORMATION OF THE

CONSTRAINTS,
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-B0 25 I=1rNALTER
IF(I.ED.IOFT(JALFHA) GO TD 25
J2=02+1
IF(MJEG.J2)GO0 TD 34

25 CONT INUE
B0 35 I=1,NALTER
D0 35 Kei,NTHETA
MN=(K=1)KNALTER+I
KK=IDES (NN)
II=(I-1)¥NTHETA+K
DD 36 L=1rNALPHA
IF(L.ER.KK)BD TO 36
J2=J2+1
IF(M.EQ.J2>60 TO 37

36 CONTINUE

33 CONTINUE

£

Cmmmm= BINLING CONSTRAINT IS OF TYFE 1: FORMED FROM FRESENT PERIOD
C=——=~ ALPHA-VELTORS.

c

34 NN=MTHETAXNALTER

C-——- DETERMINE IF NEW-FOUND REGION IS5 ALREALY IN LIST OF REGIONS.

U0 38 J=1MCOUNT
DD 39 N=1r/NSTATE
IF(ABS(ALFJA(N, I)=ALFNEW(NsJ) ) .GT.1.E-4)G0 TO 38
3% CONTINUE
BO 40 N=1sNN
IF(IDES{(N) NE.INI(N:J})GO TO 3B
a0 CONTINUE
60 TO 24
38 CONTINUE
Cmmomm INCREMENT NUMEBER OF REGIONS IN LIST.
MCOUNT=MCOUNT+1
IF(MCOUNT.GT.IDXGO TO 404
ISERCH(MCOUNT )=}
IOPT(MCOUNT)=I
DO 41 N=1,NSTATE
41 ALFNEW (N, MCOUNTY=ALFJA(N-1)
0D 42 N=]1,NN
42 IND(NsMCOUNT)=IDES (N}

G0 TO 24
[
Lo BINDING CONSTRAINT IS OF TYPE 2! FORMED FROM PREVIOUS PERIQD
C—=——=~ ALPHA-VECTORS.
c
37 J2=NTHETAXNALTER
IF(MCOUNT JEQ.IDYGO TO 604
C—=—— DETERMINE IF REGION IS ALREADY IN LIST OF REGIONS.

DO 48 N=1,J2
48 IND(NsMCOUNT+1)=IDES(N)
IND(NNsHCOUNT$1)=L
IF (I,NE.IOPT (JALFHAY) GO TO 43
C-----DECISION ATERNATIVE OF NEW REGION IS SAME AS REGION BEING SEARCHED.
D 44 N=1,NSTATE
ALFNEW(NsMCOUNT+1)=20.
44 VECTOR(N)=R(NsKs I} KALFOLD(NsL)
DO 45 J=1,NSTATE
D0 45 N=1,NSTATE
45 ALFNEW(JrMCOUNT+1)>=ALFNEW(JsMCOUNT+1)+P < JrNs T)RVECTOR(N)
D0 52 J=1,NSTATE
ALFNEW(J s MCOUNT+1)=ALFJACJr I +BETAX(ALFNEW (Js MCOUNT+1)
1 -ALFFR(J,1I))
S2  CONTINUE
51 DO 46 J=1rMCOUNT
DO 47 N=1,NSTATE
 IF{ABS(ALFNEW(N+MCOUNT+1)~ALFNEW(Ns 1)) .6T.1.E-6)G0 TO 46
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47 CONTINUE
DO 49 N=1sJ2
IF(IND{(NyHCOUNT+1) .NE. IND(Ns L} )GD TO 44
49 EONTINUE
650 70 24
44 CONTINUE
Comwmw INCREMENT NUMBER OF REGIODNS IN LIST.
MCOUNT=MCOUNT+1
ISERCH(MCOUNT )=1
IOPT(MCOUNT)=IOPT (JALFHA)
GO YO 24
Cuomw=w DECISION ALTERNATIVE OF NEW REGION IS DIFFERENT FROM REGION
C=—=~= BEING SEARCHED.
43 DO S0 N=1sNSTATE
50 ALFNEW(Ns MCOUNT+1)=ALFNEW(Nr JALPHA}

GO TO 51
24 CONTINUE
GO TD 26
Cmm=—m FORM NEW LIST DF REGIONSs DIFFERING WITH RESPECT TO ONLY DECISION
o ALTERNATIVE AND ALFHA-VECTOR.
53 MM=MCOUNT
MCOUNT=1

[0 S4 N=2r4M
DO 55 M=1,MCOUNT
D0 56 I=1,NSTATE
IF(ABS(ALFNEW(IsyN)~-ALFNEW(I-M)).GT.1.E-4)GD - TO 55
=1 CONTINUE
GO TO 5S4
35 CONTINUE
HCOUNT=MCOUNT+1
DO 57 I=1.NSTATE
37 ALFNEW(I yMCOUNT ) =ALFNEW(IsN)
IORPT(MCOUNT )=I0FT(N)
49 CONTINUE

RETURN
401 FRINT Xr"INCREASE IA*
STOP
504 FRINT *r»"INCREASE ID*
STOP
END
c
c
SURBROUTINE LINEARC(ARRAY »NUMs NUNCON» IBr ISLAKLrISLAKZyNSTATE Y
1 CBRASIC)
DINENSION ARRAY (200,200} 2CBASIC{4,200)sIBASIC(200} s JNII(200)
c
c THE FURFOSE OF THE SUBROUTINE IS TO FIND THE QOPTIMAL VALUES
c FOR THE LINEAR FROGRAM.
c
Co—mmm INITIALIZE,
LINES=NUMCON-NUM
NUM1=NUM+1
DO 1 TI=lr,NUM
1 JHE(I)=0
NROW = NUM1
c
Crmr—— USING THE EXFANDED DUAL SIMPLEX ALGORITHM.
C
Cn—=——8TEP 1! BASIS-SEEKING STEFP. ROW NUM1 HAS NO BASIC VARIABLE.
Comme= PIVOT ON ROW NUM1 AND COLUMN ICOL. COLUMN ICOL IS CHOSEN SO
Lo THAT RATID AC1:1)/7A(NUM1,I) IS SMALLEST.

RATIO = -1000000.

BQ 20 I=1,NSTATE

B = ARRAY(1,1)/ARRAY (NRQWrI}
IF{BE .LE. RATIO) GG TO 20
RATIO = B
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T1coL =10

16

&g

&1

&7

&9

70

7i

CONT INUE

IBASIC(1)=ICOL

II = NROW =_1

Lo 16 I=1s11

B = ARRAY{I,ICOL)

IO 16 M=1i,IB

ARRAY (L s M) =ARRAY (L M) -RXARKAY {NROWs M)
II = NROW + 1

U0 17 I=1IrNUMCON

B = ARRAY(I»ICOL)

D0 17 M=i,IE

ARRAY { I r M) ZARRAY (I +4) ~BHARRAY (NKOWr M)
00 18 I=2,LINES

IRASICC(I) = NSTATE + I-1

103

STEP 2; FEASIFILITY-SEEKING STEF. FIVOT ON ROW NROWs COLUWN ICOL,

NROW IS ROW HAVING THE MOST NEGATIVE RIGHT HAND SIDE. ICOL

IS COLUMN HAVING NEGATIVE ELEMENT IN FPIVOT ROW WITH MOST
FAVDRAELE FATIO ACL.I)/ACNROWsI)
B = -1,E-6
DO 63 I=NUM1sNUMCON
IF{ARRAY(IsI®) GE. B) GO TO &5
F=ARRAT (I IE)
NROW=I
CONTINUE
IF(B,GE.-1,E-$)60 TD 22
J1=0
RATID=G.
0 60 I=1sISLAKZ
IF{ARRAY (NROWsI}.LE.-1.E-6)G0 TD &1
CONTINUE
D0 5% I=1rNUM
ARRAY (I, IE)=1G00000.
RETURN
DO 47 I=1,ISLAK2
IF (ARRAY (NROW» I3 45T .~1.%1,E=6)60 TO 47
IF(ARRAY(1,I).LT.1.E-6)80 TO 47
IFCARRAY (19 1)/ARRAY (NROWe1).GE,RATIOIGO TO &7
RATIO = ARRAY(1rI)/ARRAY (NROWsI}
Ji=1
1COL=I
CONTINUE
IF(J1.EG.1)60 TD 4B
RATID=1000000.
[0 6% I=1»ISLAK2
IF (ARRAY (NROW»I).GT.-1.%1,E-6)60 TQ &%
IFCARRAY (1»I)/ARRAY (NROWsI).GE.RATIDIGO TO &9
RATIO=ARRAY (191)/ARRAY (NROW,I)
1coL=1
CONTINUE
IROW=NROW-NUM
IBASIC(IROW)=ICOL
B=ARRAY (NROWs ICOL)
DD 70 M=1,1F
ARRAY (NRO » M) = ARRAY (NROW s M) /B
II=NROW-1
D0 71 I=1,rII
E=ARRAY (I, ICOL)
D0 71 M=1,IB
ARRAY (I+H)=ARRAY (I sH) ~EXARKAY (MROW»H)
II=NROW+1
IF(ITI.GT.NUMCONIGO TQ 15
DO 72 I=II,NUMCON
E=ARRAY (I,ICOL)
0 72 M=1,IB
ARRAY (I ,M)SARRAY (I+M)-BAARRAY (NROWeM)
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~--STEF 3! OPTIMALITY-SEEKING S5TEF., FIVOT RULES ARE IDENTICAL
~— TO SIMPLEX ITERATION.

L0 19 I=NUML NUMNCON
IF(ARRAY(1+IB) +LT+Q+ IARRAY(I»IEK)=0,
CONTINUE

J1=Q

--AaN OBJECTIVE FUNCTION., PREVIDUSLY OPTIMIZELD, IS NOT AFFECTED
-— BY ADDITIONAL PIVOTS.

DO 23 M= rNUM

IF(JIND(M).EQ.1)60 TO 23

J2=0

DO 24 N=1,ISLAKZ2
IF(ARRAY (MsN) . LT.1.E-4)GD TD 24
Ja=1

IF(J1.,EQ.1)60 TO 25

ICON=HM

Ji=sl

GO 7O 25

CONTINUE

IF(J2.EQ,1)6D TO 23

JNL(HM)=1

B0 34 I=1,HSTATE

CBASIC(IrM)>=0,

DO 35 I=1,LINES

IT=1IPASIC(I)

IF(II.GT.NSTATEIGD TO 35
CBASIC(IIrH)=ARRAY(I+NUMrIB)
CONTINUE

CONTINUE

IF{(JL.EQ.0)GO TO 99

AOPT=1,E~&

DO 26 N=1,ISLaKY

IF(ARRAY (ICONsN).LT.ADPTYGD TO 26
ADPT=ARRAY (ICON'N)

JCOL=N

CONTINUE

RATIO=1000000.

DO 29 N=NUML,NUMCON

IF(ARRAY (N+ICOL).LT.1.E~4) 6O TO 29
IF(ARRAY(NrIB)/ARRAY (NsICOL) .BGE.RATIO)GO TO 29
IROWaN—NLUM
RATID=ARRAY(NsIB)/ARRAY (NyICOL)
CONTINUE

IBASIC(IROW)=ICOL

NROW=NUM+IROW

K=ARRAY (NROW,ICOL)

D0 30 HM=1.IR

ARRAY (NROW» M) =ARRAY (NROW: M} /B
II=NROW=-1

DO 32 I=1,II

IF{(I.GT.NUM)GD TO &2
IF{JND(I).EQ.1)G0 TO 31

B=ARRAY (I,IC0L)

DO 33 M=1,1E

ARRAY (I »M)=ARRAY (I + M) —BXARRAY (NROW+ M)
CONTINUE

IT=NROW+1

IF(II.GT.NUMCON)GQ TO 28

D0 32 I=IIsNUMCON

B=aRRAY (I,IC0OL)

DO 32 M=i.1E

ARRAY (I +M)=ARRAY (I + M) -BXARRAY (NROW, M)
80 TO 22

RETURN

END

104



nooOon

31}

L]

SUBROUTINE COSTPI(P»R»GAMMA»ALFOLD/NSTATE/NTHETArNALTER »NALPHAY

1 BETA»IOPT,IDES?

DIMENSION FI(4)sF(4r4:3)rR(Ar15¢3)rGAMMA(4r3) rALFOLD(45480)

DIMENSIDN IDES(45),VECTOR(4)

THIS SUBRDUTINE RECEIVES THE INITIAL DAaTA EACH TIME FERIOD AND
RETURNS THE OFTIMAL ALTERNATIVE AND THE MAFFING ONTO THE
FREVIOUS FERIGD ALPHA-VECTORS AT THE POINT (1,0s...90).

PI(L)Y = 1.

00 8 M = 2,NSTATE
FI{H} = 0.

£ = 10600060,

D0 1 I=1rNALTER
TSUM = 0.

DG 2 K = 1,NTHETA
SMIN = 1000000,
0 3 M=1sNSTATE
VECTOR((M) = @,

IO 4 Nel,NSTATE

VECTOR(M) = VECTOR(MI+FI{MNIKP(NsMrI)

VECTOR (M) = VECTOR(MIXR(MrKsI)
DO 5 N=i1,NALPHA

SUM = 0,

DD & M= 1sNSTATE

SUM=SUM +VECTOR (M)®%ALFOLD{(M»N)}
IF(SMIN .LE. SUM) GD TOD 5
SMIN = SUM

MM={K—1)XNALTER+I

IDES(MM) = N

CONTINUE

TSUM = TSUM + SMIN

TSUM = BETAXTSUM

UM = 0,

DO 7 N = 1sNSTATE

SUM = SUM + PI(N)XGAMMA(N»I)
SUM = SUM + TSUM

IF(C .LE. SUM)Y GD TDO 1

I0FPT = I

C = SUM

CONTINUE

RETURN -

END
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APPENDIX E

FORTRAN PROGRAM FOR THE PARTTALLY OBSERVABLE
MARKOV PROCESS OVER AN INFINITE HORIZON
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FROGRAM MAIN(INFPUTQUTPUT, TAPES=INPUT TAFE4&=QUTFPUT)

FHIMENSION P(4+4¢3)sR(4r1593)»GAMMA(4»3) s ALFOLD(4240) s ALFNEW( 4, 50)
DIMENSION IDPT(40)sFI(4:60)VECTOR(4)sARRAY(125,12%)

DIMENSION ISERCH(40)rIREG(15,40)sCBASIC{4s125)

DIMENSION GAMMAZ(ES) rPHAT(45,E5) rPHAT2(65145) rWKAREA(SES)

FORA KR KKK KK A3 SR 3K K3 KAk JOK AR IOK KKK K KKK K KK Kok K Kk K

THE FOLLOWING IS THE COMFUTER PROGRAM OF THE ALGORITHM FOR THE FPARTIALLY
DESERVABLE MARKDYV PROCESS OVER AN INFINITE HORIZON DEVELGPED IN
EIWARD J. SONDIKy'THE OPTIMAL CONTROL OF PARTIALLY
DESERVABLE MARKDV FROCESSES,'PH.D. DISSERTATIONe DEFARTMENT OF
ENGINEERING-ECONOMIC SYSTEMS, STANFORD UNIVERSITY: STANFORIr
CALIFORNIAY JUNE 1971,
SEE ALSO»
E.Jd.SONLIKs"THE OPTIMAL CONTROL OF PARTIALLY OBSERVAELE MARKOV
FROCESSES OVER THE INFINITE HORIZGN: DISCOUNTED COSTS.* OPERATIONS
RESEARCHy 246 (1978}, 282-304.

250300 200G 00336 2206 0 000000 00 00 00 0 333 3 203K 0 300 0 03 0K K 0K 0 6 K 0K 2 3K K

THE FOLLOWING IS A DESCRIPTION OF ALL ARRAYS AND MAJOR
VARIABLES USEL IN THIS PROGRAM.

ARRAYS e cvsvsasssnees

P=ARRAY DF STATE TRANSITION PROBABILITIES OF SIZE (I X I X K7
WHERE I IS THE NUMBER OF STATES AND K IS THE NUMBER OF DECISION
ALTERNATIVES.
F=ARRAY OF COST FROBABILITIES OF SIZE (I X J X K) WHERE I IS
THE NUMBER OF STATES, J IS THE NUMBER OF COST OBSERVATIONS
AND K IS THE NUMBER OF DECISION ALTERNATIVES.
GaMMasarRAaY OF IMMEDIATE EXPECTED €0STS OF SIZE (I X K) WHERE
I IS THE NUMBER OF STATES AND K IS THE NUMBER OF DECISION -
ALTERNATIVES.
ALFOLD=ARRAY OF PREVIOUS PERIOQD ALPHA-VECTORS OF SIZE (I X H)
WHERE I IS THE WNUMBER OF STATES AND M IS THE ESTIMATED
NUMEBER OF REGIONS IN THE PROBABILITY STATE SPACE.
ALFNEW=ARRAY OF PRESENT PERIQL ALFHA-VECTORS, SaME SIZE AS
ALFOLD ARRAY.
IOFT=ARRAY RETURNED FROM SUBROUTINE ONEFAS(ONE-FASS)» INDICA-
TING OPTIMAL DECISION ALTERNATIVE FOR CORRESPONIING ALFNEW.
ARRAY IS OF SIZE My WHERE M IS THE ESTIMATED NUMBER OF
REGIONS IN THE PROBARILITY STATE SFACE.
PI=ARRAY RETURNED FROM SUBROUTINE ONEFAS OF SIZE (I X M) WHERE
I I8 THE NUMBER OF STATES AND M IS THE ESTIMATED NUMEBER OF REGIONS
IN THE PROBABILITY STATE SFACE. THE M TH COLUMN OF FPI IS A
FOINT IN REGION M DF THE FRORBABILITY STATE SPACE. FI IM COSTPI IS
DIFFERENT ARRAY OF DIMENSION (I,
VECTOR=ARRAY OF SIZE I WHERE 1 IS THE NUMBER OF STATES. IN MAIN»
VECTOR IS USEDL IN COMPUTION OF TRANSFORMATION OF PI. 1IN
ONMEPAS AND CDSTPI» VECTOR IS USEL IN COMPUTATION OF PRODUCTS
OF ARRAYS.
ARRAY=aRRAY OF COEFFICIENTS OF CONSTRAINTS ANMD OBJECTIVE
FUNCTIONS DEVELOFED IN SEARCH PROCEDURE. RIGHT HAND 3IDE IS
IN LOCATION "IB" DF EACH ROW.
ISERCH=ARRAY DESIBNATING WHETHER OR NOT A REGION HAS BEEN SEARCHED
FOR ADJACENT REGIONS.
IF ISERCH=0» THE REGION HAS BEEN SEARCHED.
IF ISERCH=1r THE REGION HAS NOT HREEN SEARCHED.
IREG=ARRAY DF SIZE (J X M) USED TWO WAYS, FIRSTs STORES
REGION OF TRANSFORMED FPI FOR EACH THETA IN EACH REGION.
ALS0r USED IN COMPARING OLL AND NEW POLICIES. SEARCH
PROCEDURE FINDS ALL REGIONS FORMED BY THE INTERSECTION
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OF REGIONS FROM OLD AND NEW FPOLICIES. ROW t OF IREG DESIGNATES
ALPHA-VECTOR FOR OLD POLICY. ROW 2 OF IREG DESIGNATES ALPHA-
VECTOR FOR NEW FOLICY.
CEABIC=ARRAY OF VALUES OF STATE VARIABLES FOR CORRESFONDING
OBRJECTIVE FUNCTIDN IN LINEAR PROGRAM AT OPTIMALITY.
GAMMAZ=VECTOR OF VECTORS DF SIZE (M TIMES NUMBER OF STATES) FORMEL
EY COMBINING THE VECTORS FOR IMMEDIATE EXPECTED COST FOR EACH
REGION IN THE PROBABILITY STATE SPACE.
FHAT (P-HAT) =ARRAY OF (I-BETA) TIMES F(BAR)r WHERE F(RaR) IS A
MATRIX OF MATRICES FORMED USING THE MAFPFING OF THE REGIONS QF
THE FROBABILITY STATE SFACE ONTO THE PROBARILITY STATE SFACE.
PHAT2sARRAY RETURNED FROM EXTERNAL SURRQUTINE LINVIF, THE INVERSE OF
WRKAREA=ARTIFICIAL ARRAY REQUIRED FOR EXTERNAL SUEROUTINE LINVIF OF
SAME DIMENSION AS FHAT.
IDES=aRRAY USED IN SUBROUTINE ONEPAS TO INDICATE THE MAFPPING
OF THE PAIRS (DECISION ALTERNATIVE,COST OBSERVATION
ONTO THE GET OF PREVIOUB FERIODD ALFHA-VECTORS. THE ARRAY
IS OF SIZE Nr WHERE N IS5 THE NUMBER OF COST OBSERVATIONS TIMES
THE HNUMBER GF ALTERNATIVESy WHERE THE COST OBSERVATION INDEX
VARIES MOST RAFIDLY.
IND=ARRAY FOR STORAGE OF MAPFINGS FOR ALL REGIONS FOUND IN THE
PRESENT PERIOL.
ALF JA=ARRRY OF ALFPHA-VECTOR VALUES FOR EACH ALTERNATIVE.
ALFFR=aRRAY OF VECTOR VALUES FORMED BRY THE MINIMUM OVER THE PREVIOUS
PERIODr ALPHA-VECTORS OF THE FROLDUCT OF Fr» FDR ALTERNATIVE
"A"ry TIMES DIAGONALIZED R FOR ALTERNATIVE "A® ANL COST OBSER-
VATION THETA» TIMES THE PREVIDUS PERIDD ALFHA-VECTOR.
JND=ARRAY INDICATING STATUS OF EACH OBJECTIVE FUNCTION IN LINEAR
FROGRAM,
IF JND=G» THEN OPTIMALITY HAS NOT BEEN REACHELD.
IF JND-0» THEW OPTIMALITY HAS BEEN REACHED.
IBASIC=ARRAY INDICATING BASIC VARIABLES.

MAJOR VARIABLES ssirevesasnsnne

NSTATE=NUMBER OF STATES.

NTHETA=NUMBER OF FOSSIELE COST OBSERUVATIONS.

NALTER=NUMBER OF DECISION ALTERNATIVES.

NALFHA=NUMBER OF ALFHA-VECTORS IN THE FREVIOUS PERIQD.

HETA=PRESENT VALWUE DISCOUNT FACTOR.

ERRORL=MAXIMUM ERROR ALLOWARBLE BETWEEN OLL AND NEW POLICIES.

NPART=NUMBER OF TIMES ONEPAS IS CALLED FOR ALFOLD EBEFORE
BETERMINATION OF NEW FOLICY.

MCOQUNT=NUMEER OF ALFHA-VECTORS IN THE FRESENT FERIOQL.

NUM=NUMBER OF OBRJEECTIVE FUNCTIONS IN THE LINEAR FRODRAN.

HUMi=FOSITION BF THE CONSTRAINT THAT THE SuM OF THE FPROBARILITIES
TOTAL TO ONE.

IB=FOSITION OF RIGHT HaND SIDE OF LINEAR FROGRAM.

NUMCON=TOTAL NUMBER OF LINES IN LINEAR PROGRAHM.

ISLAKI=POSITION OF FIRST SLACK VARIABLE.

ISLAKZ=FDSITION OF LAST SLACK VARIABLE.

NROW=PIVOT ROW

ICOL=FIVOT COLUMN

ICON=DRJECTIVE FUNCTION ROW FRESENTLY BEING OPTIMIZED.

IROWsINDEX OF BASIC VARIABLE.

A2 4 K 2653 K 0KKOIO K ICKOI I CIOR 0K 308K K 0OK R KKK 0K KKK XK IO RN KK Rk k-

NOTE! THE PARAMETERS IA,ID,AND 1E CORRESFOND TQ ESTIMATEL

DIMENSIONS FOR VARIOUS ARRAYS. THROUGHOUT THE PROGRAM THE ARRAYS
ARE TESTED FOR OVER-INDEXING. THE PROGRAM WILL ANORT IF OVER-
INDEXING OCCURS AND A CORRESPONDING MESSAGE WILL BE RECEIVED.
WHEN INCREASING IA» CHANBE THE VALUE OF IA AND THE DIMENSIONS

OF THE FOLLOWING ARRAYS! ARRAY(IArIA)sCHASIC(IsIA)»IND(IA),

108
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IBASTC(IAY, WHEN INCREASING IL, CHANGE THE UALUE OF In
AND THE DIMENSIONS OF THE FOLLOWING ARRAYS: ALFOLDC(I,ID),
ALFNEW(I»ID) » IOPT(ID) » ISERCH(ID) » IND(NsID) . WHEN INCREASING

IE» CHANGE THE VALUE OF IE AND THE DIMENSIONS OF THE FOLLOWING
ARRAYS: GAMMAZ(IE) rFPHATC(IEYIE) +FPHATZ2(IE,IE) sWKAREA(IE) .

ooOaoaooan

READ(Sr X INSTATE rNTHETA NALTER » NALFHA» BETAERRORL s NPART
REAL(Te XY (((F(HeNrI)rN=1/NSTATE) rM=1+NSTATE) » I=1+NALTER)
READC(S s k) (((R(MrRKr L) yK=1yNTHETA) » M=1,NSTATE) r I=1 +NALTER)
READ(Dr X)) ((GAMMA(H 1) rM=1sNSTATE) rI=1,NALTER)
REAL I rXk) ((ALFOLD(IyJ)rJmlsNALFHA) »I=1,NSTATE)
IAm125
ID=40
IE=63
28 FORMATC(LOF10.3)
97 FORMAT(1014)
c
L--——=CALCULATE NEW ALPHA-VECTORS,GIVEMN OLI ALFHA-VECTORS.
c
CALL ONEPAS(F,RyGAMMA»ALFOLDyNSTATE/NTHETAr NALTER  NALFHAYBETA
1 ALFNEW,IOFT +MCOUNTFPID
=== REPLACE OLD ALFPHA-VECTORS WITH NEW ALFPHA-VECTORS.
o5 PRINT %y *NEW FOLICY®
DO 1 I=lsMCOUNT
D0 57 M=1sNSTATE
57 ALFOLD(MrI)mALFNEW (M, I)
WRITE(Sr78) (ALFNEW (M, I) v M=1+NSTATE)
1 CONTINUE
NALPHA=HCOUNT
C=——=—=FOR A POINT IN EACH REGIONr CALCULATE THE VaALUE OF THE TRANSFOR-
Cmmm MATION OF THE POINT.
00 2 I=1.NALPHA
PRINT X*,* OPTIMAL LECISION IS "»IOPT(I}»' FOR PI = °*
WRITEC(GrPBI{(PI(MsI) M=l NSTATE)
PRINT ¥r'TRANSFORMED VALUES OF PI*
DO 3 K=1NTHETA
4 LD 5 M=1sNSTATE
VECTOR (M) =0,
DO & N=1,NSTATE
VECTOR(M)=VECTOR(MI+PI(N+ I)RP (N M IOPT(I))
VECTOR(M)=VECTOR (M)XK (M Kr IOPT(I))
B=(,
DD 7 HM=1,NSTATE
7 B=B+VECTOR (H)
IF(B.EQ.D.,) E=i.
DD 8 M=1sNSTATE

o

B VECTOR(M)=VECTOR (M) /B

WRITE(&,28) (VECTODR (M) sM=1,NETATE)
C—mm—= FOR EACH THETA» DETERMINE THE REGION OF THE TRANSFORMED FOINT
Ee==== IN EACH REGIDN.

T=1000000C.

D0 ? J=lsNALPHA

B=O.

0 10 M=1,NSTATE
10 B=R+UECTOR (M)YXALFOLD(MsJ)
IF{B.6T.T)GO TO ?
TIREG(KsI}=J
T=B
CONTINUE
CONTINUE
FRINT %+ "REGIDONE"
WRITEC(&y %) (IREG(KsI)»K=1»NTHETA?
EDONTINUE

[V}

aor

----- CALCULATE THE CDST FUNCTION ALFHA-VECTORS.



C
IF (NALPHAXNSTATE.GT.IE)GD TD 605
DG 11 I=1sNALPHA
DO 11 N=1sNSTATE

s II={I-1)%NSTATE+N

11 GAMMAZ (II)mGAMMA(NI IOPTCIN

II=NALFPHARNSTATE
bg 12 I=lsII
Do 12 J=irIX
12 FHAT(I+J)=0.
DO 13 I=1rNALFHA
DO 13 K=1sNTHETA
DO 14 J=lrNALFHA
IF(IREG{KrI).NE.J)GD TD 14
II=(I-1)%NSTATE
JJ=(J=1kNSTATE
D 15 M=1,NSTATE
00 13 N=1sNSTATE
i35 FPHAT(II+Mr JIHNI=PHAT (I1+H, JIHNI—BETAXP (MrNs IOPT(I} )RR (Ne K, IOPT(I))
14 CONTINUE
13 CONTINUE
II=NALPHAXNSTATE
DO 16 I=1,11
16 FHAT(I,I)=1+4FHAT(I I
C—====EXTERNAL SUBRDUTINE LINVIF FINDE THE INVERSE GOF ARRAY PFHAT,
L= THE INVERSE IS RETURNED IN FHAT2. IER IS AN ERROR PARAMETER
C———-— RETURNED FROM LINVLF.
CALL CINVLIF(PHAT»IIrIE,FHATZ,3rWKAREArIER)
DG 17 I=1rNALFHA
D 17 M=1sNSTATE
17 ALFNEW(HsI)=0,
JIENSTATEXNALFHA
D0 1B I=irNALPHA
II={I-1)XNSTATE
[0 18 M=1sNSTATE
L0 18 J=lrdd
18 ALFNEW (e I)=ALFHEW{M» I)+PHAT2(II+Ms 1) RGAMMAZ (1)
FRINT %, ALPHA~HAT VECTORS®
6 &1 I=1,NALPHA
WRITE(SrPB) (ALFNEW (M 1) s M=1NSTATE)

41 CONTINUE
HH=NALPHA

L--~—-FPLACE THE CALCULATED COST FUNCTION ALPHA-VECTORS IM ALFGLI.
NALFHA=1
D0 %96 I=1sNSTATE

Sé ALFOLD{I 1) =ALFNEW(I,1}

00 19 N=2Q-MM

DO 20 H=1rNALFHA

DO 21 I=1,NSTATE
IF(ARS(ALFNEW( I+ N)-ALFNEW(IrM) ) .6T.1.E~46)G0 TO 20

21 CONTINUE
GO TO 19

20 CONTINUE
NALFPHA=NALPHA+1

DO 22 I=1,NSTATE
22 ALFOLD (I »NALFHA) =ALFNEW(TsN)
19 CONT INUE
CALL DNEPAS(FsRsBAMMA»ALFDLD +NSTATErNTHETA»NALTER » NALFHArEETA,
1 ALFNEW, IOFT,HCOUNT»PI)
PRINT **IMPROVED FOLICY®
DO 42 1=1,HCOUNT
WRITE(&,98) (ALFNEW(Ms I 7 s Hal s NSTATE)
62 CONTINUE
PRINT k,*CHECKING ERROR OVER OLD FOLICY®
c )
G-—=~-FIND ALL REGIONS FROMED EY THE_INTERSECTION OF THE REGIONS
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Commwe CORRESPONDING TO THE OLD' ALFHA-VECTORS AND THE REGIONS

Ce—=—— CORRESFONLING TO THE NEW ALPHA-VECTORS.

42

30

31

37
34

NN=1
FRERCH 1) =]

IREG(2,1)=1

DO 23 I=1isNN
IF(ISERCH(I).EQ.Q)GD TO 23
ISERCH(I)=O

GO0 TO 24

CONTINUE

GO TO0 25

JALFRA=TIREG(1,I)
JIsIREG(2,1I)

NUM=G

Do 246 I=1-NALPHA
IF({I.EQ.JALPHABO TD 2&
NUM=MLIM+1

IF{(NUM.GT.IAX)GD TO 401

DO 27 M=1,NSTATE

ARRAY (NUMy M) =ALFOLL (M JALPHA)=-ALFOLD (Me I
CONTINUE

DO 28 I=1,MCOUNT
IF(I.EQ.JJ)GD TD 28
NUM=NUM+ L

IF(HUM.BT.IAYBD TO 401

DO 2% M=1sNSTATE

ARRAY (NUMrM)SALFNEW (M JJ)~ALFNEW (M 1)
CONTINUE

NUM1=NUM+1

NUMCON=NLUM1
IF(NUMCON.GT.IAYGD TO 601
DO 30 M=l ,NSTATE

ARRAY (NUMCON»MI=l .,

L0 31 I=1:NUM
NUMCON=NUMCON+1
IF(NUMCON.GT.IAYGO TO 401
DO 31 M=1,NSTATE

ARRKAY {NUMCON s M)=ARRAY (I M)
ISLAK1=NSTATE+1
ISLARKZ2=NSTATE+NUM
IB=ISLAR2+1

IF(IB.GT,.XAXG0 TO &01

10 32 I=1sNUMCON

DO 32 M=ISLAK1isIR

ARRAY (IsM)=0,

ARRAY (NUM1yIE)=1.

00 33 I=1,HUM

ARRAY (NUM1+INSTATE+I =1,
CALL LINEARCARRKRAY » NUMyNUMCONIBsISLAKL s ISLAKIsNSTATE Y
i CRASIC)

DO 34 M=1sNUM
IF(ARRAY (M»IR) .GT.1.E-4)GD TO 34
J2=0

00 35 I=1,NAaLPHA
IF¢I.EQ.JALFHAYGD TO 35
J2=J2+1

IF(M.EQ.J2)B0 TO 3&
CONTINUE

DO 37 I=1.MCOUNT
IF(I.EQ.JJ>»GO TO 37
J2=J341

IF(M.EQ.J2)G0 TGO 3¢9
CONTINUE

IREG{1sNN+1)=I
IREG(2¢NN+1)>=])
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GO TO 28
9 IREG(LsNN+1)=JALPHA
IREG(2sNN+1)=I
38 L0 40 J=1sNN
DO 41 L=1,2
IF(IREG(Ls»J) .NE.IREG(LsNN+1))G0O TO 40
41 CONTINUE
GO TO 34
40 CONTINUE
MN=NN+1
IF(NN.GT.ID)GO TO 604
ISERCH{(NN)=1
34 CONTINUE
GO TO 42

25 CONTINUE
<
(o8 FOR EACH REGION FOUND IN THE PRECEDING SECTION, FIND THE MAXIMUM
C—=—~= DIFFEREMNCE BETWEEN THE TWO POLICIES.
c
ERROR=0
NUMe L
DG 43 I=1,NN
DD 44 M=1rNSTATE
44 ARRAY (NUMr M) =aLFOLDEMr IREGC(1 I ) -ALFNEW(Mr IREG(251))
NUM1=2
NUMCON=2
DO 45 M=1,NSTATE
45 ARRAY (NUM1 M) =1.

DO 46 J=1,NALPHA
IF(J.EQR.IREG(1,1))G0 TO 46
NUMEON=NUMCON+1
DO 47 M=1,NSTATE
47 ARRAY (NUMCON » ) =ALFOLD (Ms IREG (1,12 ) =ALFOLD(HrJ)
44 CONTINUE
DO 48 J=1rMCOUNT
IF(J.EQ.IREG(2,1))G0 TO 48
NUMCON=NUMCON+1
DD 49 M=1,NSTATE
49 ARRAY (NUMCON M) =ALFNEW (My IREG (2, 1) ) ~ALFNEUW (M J)
48 CONTINUE
ISLAK1=NSTATE+1
ISLAK2=NSTATE+NUMCON=2
IE=ISLAKZ+1
L8 S50 M=1,NUMCDN
DO 50 N=ISLAKL,ISLAKZ2
50 ARRAY (M N)=C.,
ARRAY (NUM1 »IE)=1.
ARRAY (NUM, IB)=0,
D0 51 N=3,NUMCON
II=N-2
ARRAY (N» IE)==,01
51 ARRAY (NP NSTATE+II)=1,
CALL LINEARCARRAY rNUMyNUMCON) Iy ISLAKL s ISLAK2» NSTATE
1 CBASIC)
ARRAY (NUH y IE ) ==ARRAY (NUMs IB)
IF<ERROR.LT.ARRAY (NUM» IR) ) ERROR=ARRAY (NUN» IF)
43 CONTINUE
FRINT *»*ERROR = *,ERROR
IF (ERROR.LE.ERROR1)GQ TO 52

£
C-~--=CALL ONEFPAS WPART TIMES TO FORM A REFINED FARTITION.
C
N=1
&0 IF(N,GT.NPART:GO TO S5

D0 38 I=1,MCOUNT
. B0 359 Mal NSTATE

112



[p i Rely

TTALFOLD (M I)=ALFNEWCHIY
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CONTINUE
NALPHA=MCOUNT
CALL ONEFAS(PrRsGAMMAYALFOLOyNSTATE s NTHETAPNALTER Y NALFRHAS
2 BETAsALFNEW, IOFT MCOUNT ¢ F L)
H=nN+1
GO TO &0
00 5S4 I=1,MCOUNT
WRITECSs ¥XIOFT(ID
WRITE(S»PB) (ALFNEW(JrI)rJ=1sNSTATE)
CONTINUE
STOP
FRINT %r"INCREASE IA"
STOF
PRINT %r®INCREASE ID*
STOF
PRINT %»"INCREASE IE"
STOP
END

SUBRDUTINE ONEFAS(FrRsGAMMArALFOLL NSTATENTHETAsNALTER s NALFHAY
2 BETArALFNEW: IOPT rMCOUNT I PI)

LIMENSION P(4,4r30sR{4r 153 vGAMMAC43) »ALFOLD( 45400

DIMENSION ALFNEW( 4,500 IDPT(60) rUECTOR(4) s ARRAY (125,125
DIMENSION ISERCH(S0)»IDES(4T)2IND(45:40) rALFJA{4,3)

DIMENSION ALFPR(4r435)sCBASIC(4913250sPIC4Ara)

THE PURPGOSE OF THE SUBROUTINE ONEFAS(ONE-PASS) IS TO CALCULATE
THE ALFPHA-VECTORS FOR THE PRESENT PERIOL.

1A=125

Il=60

Call COSTPI(FrRsGAMMA-ALFOLDNSTATEsNTHETAsNALTER,
i NALFHA:BETArIOFT(1)sIDES)

C————INITIALIZE FOR REGION NUMBER ONE.

27

PI(lst)=1,

PO 27 I=2,NSTATE
PI{I,15=0.
HM=NTHETAXNALTER
DO 1 M=1eMH
IND(Ms1)=IDES (M)
HCOUNT=1
ISERCH(1) =1

--PICK A REGION 7D EBE SEARCHEL.

B0 2 I=1+MCOUNT
IF(ISERCH(I).ER.0G0 TO 2
ISERCH(I)=0

50 70 3

EONTINUE

GO 7O S3

JALFHA=T

NiJM=0

C-~—-~—FOR GIVEN REBIDNs ASSIGN MAFPING VALUES TO IDES.

MH=NTHETAXNALTER
L0 12 M=1,MM
IDES(M)=IND(M,ID

--FOR GIVEN MAFPPING, EDHFUTE VALUES OF ALFJA FOR EACH ALTERNATIVE.

U0 4 I=isNALTER
DO S HM=1sNSTATE
ALFJA(MsI)=0.

-=-FOR GIVEN MAPPING» COMFUTE VALUES OF ALFFR FOR E£ACH PAIR:»
~—= (COST OBSERVATION,DECISION ALTERNATIVE).

DO & K=1,NTHETA
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Ni=(K-1)RNALTER+]
KK=IDES (NN)
II=(I-1)%XNTHETA+K
DO 7 M=1,NSTATE
ALFFR(MsII1?=0,
7 VECTOR(M)=R{MrKs 1) XALFOLI(M+KK)
D0 & M=1eNSTATE
DO & N=1,NSTATE
4 ALFPR(M» I1)=ALFPR(MsII+P(MrNe IDAVECTOR(N)
DO 4 M=1,NSTATE
DO 8 K=1sNTHETA
II=(I-1)XNTHETA+K
8 ALF JA(Ms D) =AL FJA (M I +ALFPR(MP 117
4 ALFJA(Mr I)=ALFJA(Mr 1) XBETA+GAMMA (M, I)
c
Lo SET UP LINEAR PROGRAM.
c
C=-—==FORMATION OF COEFFICIENTS FOR NON-SLACK VARIABLES.
0 ¢ I=isNALTER
IF(I.EQ.IOPT(JALFPHA)IGO TO 9
NUM=NLUM+ 1
IF(NUM.GT.IA)BO TO 401
B0 10 N=1rNSTATE
10 ARRAY (NUMsN)=ALFJA(Ns IOPTCJALPHAY ) —ALFJA(N, 1)
? CONTINUE
DO 11 I=1,NALTER
B0 11 K=1,NTHETA
NN= (K-1) ¥NALTER+I
KK=IDES (NN}
II=(I-1)XNTHETA+K
b0 13 L=1,NALFHA
IF(L.EQ.KK)GO TO 13
NUM=NUM+1
IF(NUM.BT.IAXGD TO 601
DO 14 N=i,NSTATE
ARRAY (NUMsN)>=0,
14 VECTOR(NI=R(NsK+I)XALFOLD(NsL)
DO 15 M=1,NSTATE
B0 13 N=1l.NSTATE
135 ARRAY (NUM » M) SARRAY (NUMs M) +P (MrN» 1) XVECTOR(N)
00 16 N=1sNSTATE
14 ARRAY (NUMs N =ALFPR(NsII)}—ARRAY (NUMsN)
13 CONTINUE
11 CONTINUE
IF{JALFHACNE. 16D TO 17
DD 18 N=1,NSTATE

18 ALFNEW(Ns 1) =ALFJA(N, IOPT{1))
LCommr= COMPLETE FORMATION OF LINEAR PROGRAM.
17 NUM1=NUM+1
IF(NUMY.BT.IA)B0 TD 401
IF=NSTATE+NUML
IF(IB.GT.IAXGD 7O 401
NUMCON=NUM1 +NLM
IF(NUMCON.GT.IAYGO TO 401
ISLAK1=NSTATE+1

ISLAK2=IR~1
Do 19 I=1sNUH
Do 19 J=ISLAKLI«IH
19 ARRAY (I »J)=0,
[0 20 I=1sNSTATE
20 ARRAY (NUML-1)=1.
D0 21 I=ISLANK1,ISLAKZ2
21 ARRAY (NUML1»I)=0.
ARRAY (NUM1+IR)=1,
DO 22 I=1,NUM
__ D022 JmiyIB
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Lo

1
c

Lo

M
w

ARRAY ( T4NUMI» J)=ARRAY (I J)
00 23 I=1yNUM
ARRAY (IT+NUM1,1E)=,01

ASSIGN .01 TO RIGHT HANLD SIDE DF CONSTRAINTS TO ALLOW FOR ROUNWD-

OFF ERRORS.

ARRAY (T+NUML» IENSTATE)=1.

Call LIMEAR(ARRAY rNUM NUMCON,IE,ISLAK]1ISLAKZ,
NSTATE,CBASIC)

CHECK FOR BINDING CONSTRAINTS.

0O 24 M=1:NUM

J2=0

IF(ARRAY(MrIE).GT.-. 0099990060 TO 24

IDENTIFY THE VARIABLES USED IN THE FORMATION OF THE CONSTRAINTS.

= = .
IR 254 1ab e Sl ey ve0 TO 25
J2=4241
IF(M.EQ.J2)60 TO 34
CONTINUE
DG 35 I=i NALTER
DO 35 K=1,NTHETA
NN=(K—1 ) KNALTER+I
KK=IDES(NN?
II=(I~1)XNTHETA+K
[0 36 L=1,NALFHA
IF(L.EQ.KK)GQ TO 33
J2=J241
IF(M.EQ.J2)80 TO 37
CONTINUE
CONTINUE

C—=———HINIINGE CONSTRAINT IS OF TYPE 1! FORMED FROM PRESENT PERIOD

ALFHA-VECTORS.

NMN=NTHETAXNALTER

LETERMINE IF NEW-FDUND REGION IS ALREADY IN LIST OF REGIONS.
00 38 J=1¢MCOUNT

0D 3% N=1sNSTATE
IF(ABRS(ALFJA(N, I —ALFNEW(MNrJs 1. 6T.1.E-6260 TO 38
CONTINUE

DD 40 N=1¢NN
IF(IDES (MY +NE.IND(H,J) IGO0 TD 28
CONTINUE

GO TO 24

CONTINUE

INCREMENT NUMBER OF REGIONS IN LIST.
MCAUNT=MCOUNT+1

IF(HMCOUNT LGT. ID:50 TO 404
ISERCH(MCOUNT »=1

IOPT (HCOUNT ) =1

D0 41 N=1sNSTATE
FIC(HsMCOUNTISCRASIC(NsM)

ALFNEW (N MCOUNT ) sALFJA (N, ID

L3 42 N=1sNN

IND(NSMCOUNT )STDES (N)

GO TO 24

EINDOING CONSTRAINT I3 QF TYPE 2! FORMED FROW PREVIOQUS FERIOQD
ALPHA~VECTORS .

J2=NTHETAXNALTER

IF(MCOUNT JEd. IDG0 TD 604

DETERMINE IF REGIGN I3 ALREADY IN LIST OF REGIONS.
DO 48 N=1,J2 i :

INDH{Ns MCOUNT+1) =IDESIN)
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IND(NNrMCOUNT+1) =00
IF(I.NE.IDFT(JALFHA)) BQ TO 43
C—~——-DECISION ATERNATIVE OF MEW REGIDN IS SAME AS REGION EBEING SEARCHED.
0 44 N=1rMSTATE
ALFNEW (M, MCOUNT+12=0,
44 VECTOR(N)I=R(N»K,I)XALFOLD{N-L)
PO 45 J=1sNSTATE
00 45 N=1,NSTATE
43 ALFNEW( Jr MCOUNT+1 ) =ALFNEWCJ o MCOUNTH1D +F (J s Nr 1) KVECTQR(N)
B0 52 J=1rNSTATE
ALFNEWL JrMCOUNTH1 Y =ALFJA(Jr IDHBETAX (ALFNEW (Js MCOUNT+1)
1 —-aLFPR{J,II))
CONTINUE
D0 46 J=1,MCOUNT
DO 47 N=1,NSTATE
IF(ABS (ALFNEW (N MCOUNT4 1) ~ALFNEW (N, JI ) .BT. 1 E-4)G0 TO 46
47 CONTINUE
D0 49 N=1,J2
IF(IND(NeHMCOUNT+L1) JNE.IND(NsJ)IBD TD 46

o
R

49 CONTINUE
GO TD 24

a4 CONTINUE

E=mm—= INCREMENT NUMBER OF REGIONS IN LIST,
ACOUNT=MCOUNT+1
ISERCH(MCOQUNT =1

IOPT{MEGUNT »=I0FT { JALFHA)

D0 28 N=1rNSTATE
28 FI(NsMCOUNT)I=CEASIC (N»M>

60 TO 24
C—~———DECISION ALTERNATIVE OF NEW REGION IS DIFFERENT FROM REGION
C-~=—— BEING SEARCHEN.

432 DD S50 N=1,NSTATE

50 ALFNEW{NMCOUNT+1)=ALFNEW{N, JALPHA)
GO TO S1

24 CONTINUE
GO TO 26

C——~——FDRM NEW LIST OF REGIONS, LIFFERING WITH RESPECT TO ONLY DECISION
C-=~=~ ALTERNATIVE AND ALPHA-VECTOR.
33 HM=MCOUNT
MCOUNT=1
LD 54 N=2rHMM
D0 55 M=31r,MCOUNT
D0 S5é I=1rNSTATE
IF(ABS(ALFNEW(IrN)~ALFNEW(I«4)).6T+.1.E=4)G0 TO 33
ST CONTINUE
GO TO 24
o5 EONTINUE
MCOUNT=HCOUNT+1
L0 57 I=1,NSTATE
PICI»MCOUNTY=FPI{IsN)
57 ALFNEW(I»HCOUNT Y=ALFNEW (I, N)
JIOPT(MCOUNT }=I0PT(N)
S4 CONTINUE

RETURN
601 PRINT *,'INCREASE IA*
STOF
604 PRINT %,®"INCREASE 1D*®
STOP
END
c
c
SUBROUTINE LINEAR(ARRAY s NUMsNUMCONys IE, ISLAKL ISLAKZyNSTATE
1 CBASIC)
DIMENSION ARRAY(125,125)CRASIC(4,128)IRASIC(125) » INL(125)
c :

C  _ THE PURPOSE OF THE SUBROUTINE IS TO FIND THE OPTIMAL VALUES
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€ TTFOR THE LINEaR PROGRAM. T T 7
c
E-==~—INITIALIZE.

L INES=NUMCON-NUM

NUML=NUM+1
LO 1 I=1,/NUM
1 JNOC(I ) =0
NROW = NUM1
c
C---—-WUSING THE EXFANDED DUAL SIMPLEX ALGORITHM.
c
Lo STEF 1: BASIS-SEEKING STEP. ROW NUML HAS NO BASIC VARIABLE.
Cmmmmm— FIVOT ON ROW NUM1 ANIDN COLUMN ICOL. COLUMN ICOL IS CHOSEN SO
L THAT RATIO AClrI)/ACNUML,I) IS SMALLEST,

RATIC = =1000000.
DO 20 I=1,NSTATE
B = ARRAY(1,I}/ARRAY(NRDW,I>
IF(g .LE. RATIQ) GO TO 20
RATIO = B
ICOL = 1
20 CONTINUE
IBASIC(1)=ICOL
II = NROW - 1
RO 16 Is=1.11
B = ARRAY(I.ICOL)
DO 1& M=1,1B
16 ARRAY (IsM)=ARRAY (I y¥H)-BXARRAY (NROQW,M)
II = NROW + 1
DO 17 I=II1:NUMCON
E = ARRAY(I,ICOLJ
Do 17 M=1+1IB
17 ARRAY (I rMI=ARRAY (I +HM)-EXARRAY (NRDWrH)
DO 18 I=2sLINES

i8 IBASIC(I) = NSTATE + I-1
Cmmmm-m STEP 2: FEASIBILITY-SEEKING STEF. FIVOT ON ROW NROWs COLUMN ICOL.
Cmmmmm NROW IS ROW HAVING THE MOST NEGATIVE RIGHT HAND SIDE. ICOL
C--~-— 15 COLUMN HAVING NEGATIVE ELEMENT IN FIVOT ROW WITH MOST

G- FAVORAELE RATIO A(1rI)/A(NROWsI)

&é B = -1.E-6
[0 &35 I=NUM1,NUMCON
IF(ARRAY(I,IER) .GE. B) B8O TO 45
k=ARRAY(IsIE)
NROW=1I
65 CONTINUE
IF(H.GE.~1.E=-6)68 TO 22
Ji=0o
RATIO=0,
D0 460 I=1,ISLAK2
IF(ARRAY (NROW»I)>.LE.-1.E~4)GO0 TO 61
40 CONTINUE
DO 59 I=1sNUM

29 ARRAY (L, IB)=1000000.
RETURN
&1 00 67 I=1,ISLAKD

IF (ARRAY (NROW»I) .GT.~1.%1.E~4)G0 TO 47
IFCARRAY (1910, LT,1.,E=4)C0 TD 67
IF(ARRAY {1+ 1) /ARRAY (NROWsI) . GE.RATID)GO TO &7
RATID = ARRAY(1¢1)/ARRAY(NROW,I)
Ji=1
ICOL=I
67 CONTINUE
IF{J1.,EQ. 1060 TO 48
RATIG=1000000.
DG 69 I=1,ISLAK2
IF (ARRAY (NROWrI).GT.~1.41,E-46)G0 TG 49
IFCARRAY (171)/ARRAY (NROW, 1) . GE.RATIQIGG TO 49



69
48

70

71

[ 8]
a b

Gt
b

__ B=ARRAY (NROWs ICOL)

RATIO=ARRAY (1 1)/ /ARRAY (MROWsI>

ICOL=] )

CONTINUE

IROW=NFOW-NUM

IBASIC(IRAWI=ICOL

E=ARRAY (NROLy ICOL)

oo 70 FH=1isIE

ARRAY (NROWrM)=ARRAY (NROW M} /R
Il=nkOW-1

PO 71 I=1.11

B=ARRAY{(IsICOL>

o 71 m=lr1IE
ARRAY(IsHISARRAY (I M) ~HEARRAY (NRDWsM)
II=NROW+1

IF(EILOGT.NUMCDNLGD 7O 13

DO 72 I=1I,NUMCON

E=ARKAY(Is»ICRL)

nd 72 M=1is1F

ARRAY (L rMid=ARRAYT (I M) —-BXARRAY (NRDW M)
Gl TO &6

STEP 3t CFTIMALITY-SEEKING STEF. FIVOT RULES ARE ILENTICAL

TO SIMPLEX ITERATION.
DQ 19 I=NUMIL - NUMCON
IF{ARRATVL(I»IB).LT+0.)ARRAY (I»IB)=0,
CONTINUE
J41=0

anl OBJECTIVE FUNCTIONr PREVIOWSLY OFTIMIZELr IS NOT AFFECTED

BY ADDITIONAL PIVOTS.
10 23 M=1eNUM
IFCJNDC(M EQR.L:G0 TO 23
J2=0
DO 24 N=1,ISLAKZ
IF(ARRAY (MsN).LT.L.E-6)G0 TO 24
J2=1
IF(JL.EG.L12G0 TO 23
ICON=H
Ji=1
60 TQ 25
CONTINUE
IF{J2.EQ.1)60 TO 23
JND{M)=1
0 34 I=1,NSTATE
CHABIC{(IsHI=0,
DO 35 I=1rLINES
II=IBASIC(IJ
IF(II.GT.NSTATEXGD TO 35
CRASIC(IIH)=ARRAY (I+NUMs IE)
CONTINUE
CONTINUE
IF(J1.EQ.Q0)B0 TO %%
ADFT=1,E-¢
DO 2é N=1r,ISLAKZ
IF(ARRAY(ICON,N).LT.AOPT)B0 TOD 24
AQPTaaRRAY (ICONs N
ICOL=N
LCONTINUE
RATIGC=1000000.
DO 29 N=NUM1rNUMCON
IF(ARRAY (N, ICOL) .LT.1.E~&) GO TO 29
IF{ARRAY(N:sIB)/ARRAY(N:,ICOL).GE.RATIO)GO TQ 29
IROW=sN-NUM
RATIO=ARRAY (Ns IH) /ARRAT(N+ICOL}
CONTINUE
IBASIC(IROW)=ICOL
NROW=NUNM+IROW
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DO 30 M=1.IB
30 ARRAY (NROWsM}=ARRAY (NRQWs M) /R
II=NROW-1
o 31 I=1,I1
IF(I.GT.NUMIGO TO &2
IF(JND(I).EQ.1)560 TO 31
62 B=ARRAY (IrICOL)?
DO 33 HM=1,1H
33 ARRAY (I M)=ARRAY (I s M) -BXARRAY (NROWs M)
31 CONTINUE
II=NROW+1
IF(I1.GT.NUMCONIGO TD 28
DO 32 I=IIsNUMCON
B=aRRAY (I ICOL)
LD 32 M=1.IH
32 ARRAY (I rM)=ARRAY (I rM)—BXARRAY (NROWrM)

28 60 10 22

¢ RETURN
END

c

SUBROUTINE EOSTFI(F-RyGAMMArALFOLDNSTATEsNTHETA» NALTER s NALFHA
i BETArIOPT.IDES)

DIMENSION FIC(A)yP(4r4,30,R(4r135,3)»GAMMA(4,3) rALFOLLI(4,60)
DIMENSION IDES{4S),VECTUR(4)

THIS SUBRROUTINE RECEIVES THE INITIAL BATA EACH TIME PERIOD AND
RETURNS THE OPTIMAL ALTERNATIVE AND THE MAPPING ONTO THE
PREVIDUS PERIOU ALPHA-VECTORS AT THE POINT (1+0r...50),

nnoaoOoon

PI(1) = 1.
DO 8 M = Z/NSTATE
PI(M) = 0.
C = 1000000,
DD 1 I=)1 NALTER
TSUM = 0.
DO 2 K = 1,NTHETA
SHIN = 1000000,
DO 3 M=1,NSTATE
VECTOR(M) = 0.
0O 4 N=1yNSTATE
4 VECTOR (M) = VECTOR(MI+PI(MNIRP(NeMrI)
3 VECTOR(M> = VECTOR(MYXR(MrKrI)
DO S N=1yNALPHA
SUM = Q.-
OO & M= 1rNSTATE
& SUM=SUM +VECTOR (M)XALFOLD(MrN)
IF(SHMIN .LE. SUM) GO TO S
SMIN = SUM
MM={K=1)¥NALTER+I
IDES(MM) = N
CONTINUE
TSUM = TSUM + SMIN
TSUM = BETAXKTSUM
SUM = 0.
DO 7 N = 1¢NSTATE
7 SUM = SUM + FI(N)XGAMMA(NrI?
SUM = SUM + TSUM
IF(C .LE. SUM) GO TO 1
I0OPT = I
C = SUM
1 CONTINUE
RETURN
END

m

[ SR ]
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