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SUMMARY

One of the more important aspects of the many-body problem in Quantum
Mechanics is that of determining the properties of a Bose system of particles
with repulsive interactions. Several investigators have treated this par-
ticular problem using newer perturbation metheds in the formalism of second
quantization., The presence of formal complications when conventienal per-
turbation methods are applied to many-particle systems has led to the develop-
ment of newer different perturbation methods. More recently, the same problem
has been considered dealing directly with the wave functien in cenfiguration
space, using the théory of cluster expansions first introduced in statisti-
cal mechanics. In these latter treatments the ground state wave function
is expressed as a product of pair functions. The problem of evaluating
the expectation value for the energy then becomes analegous to evaluating
the classical partitien function for an imperfect gas, expressed in terms
of Mayer's cluster integrals. By considering only contributiens to the
energy from the ring cluster integrals; a tractable expression for the
ground state energy at low densities is obtained. Then a cheice for the
pair function is made and subsequent variation with respect to a parameter
in the chesen trial function has been shown to yield a ground state energy
guite clese to the exact asymptotic expression obtained frem perturbation
theory in the formalism of second quantizatien, where the contributioen te
the ground state energy from pair excitatiens was calculated exactly.

Now one might naturally ask how this cluster integral methed in cen-

figuration space is related to the perturbation theery calculation using
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momentum-gpace eigenfunctions. An analegous situation exists for the
calculation of the partition function of an ideal Bose gas, where there
iaAa cluster integral develepment which is completely equivalent te the
more usual sum-over-states. One might expect that here as well, the pair
spproximation perturbation theery sheuld have its exact counterpart in a
configuration space cluster integral treatment. The primary purpese of
the present investigation is te shew that this expectatien is indeed
fulfilled. The cluster integral calculatiens previeusly made are net
directly comparsble te the perturbatien theory calculatie;s simply
because the class eof ring integrals which were taken as contributing te
the groeund state:energy de net correspond teo the pair appreximatien of
perturbation theory. This pair spproximation ylelds a ground state which
in configuration space has been shown by Lee, Huang, and Yang to have
the form
N
o = e [1 + f(rij)]
1cj=1
where the prime denotes that in the expanded product for all terms
with repeated particle indices are omitted: The prohibition of repeated
particle indices is essential for the pair excltation spproximation,
since the Fourier transform of a term with one repeated index, such as
f(r12) f(r23) shows that this term refers to excitation of three particles
having momenta _1_:_1, _152, 1_:3 with _1514- ;521- .153 = 0. The previous cluster
integral treatments do not impose this constraint of non-repeated indices
in the ground state wave function. As a result, they include (but only
partially) excitations of three and more particles in addition to the

pair exclitations. The net effect is to give an spproximate expression

for the ground state energy which is in the same sense as the perturbation



vii

theory calculation, and hence, not directly comparable. With the constralint
of non-repeated indices, the cluster integral development becomes equivalent
to the pair excitation gpproximation perturbation theory, and the solutién
of the variational problem for the pair function f(ri,j) and ground state
energy yields again the same results as perturbation theory.

Prior to the demonstration of this, the cluster integral formalism is
introduced and a critical review is presented of both the previous cluster
integral treatments and the pailr excitation perturbation theory. Then the
characteristics of the ground state for Bosons wlith repulsive interactions
is obtained by a variational method in the approximation of single palr
excitations to show the connection with the perturbation theory method at
an early stage., This is followed by tﬁe detailed demonstration of how the
cluster integral formalism may be treated to produce results equivalent
to those obtained from perturbation theory. This involves the gpplica-
tion of the implications of the constraint of non-repeated indices.

Interest in the equivalence is not so much in presenting the cluster
integral development as an altermative to the se;:ond guantization proce-
dure; as employed in this investigation at least, the cluster integral
formalism gppears consgiderably more cumbersome, but proceeding in con-
figuration space does have intuitive advantages, however. Of greater
interest, perhgps, is the underlying reason for the possibility of making
an exact asymptotic calculation for the ground state energy in the two
procedures. In the second quantization formalism, the pair excitation
gpproximation reduces the Hamlltonian operator from a complicated quadri-
_li_near form in the plane wave creation and destruction operators to a

simple bi-linear form, which can then be disgonalized by a csnonical
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trangsformation to new operators. The cluster integral formalism without
the equivalent of the palr approximation is also quite intractible because
of the complicated nature of admissible grephs contributing to the palr
distribution function. The equivalent of the pair excitation approximation,
namely the restriction to non-repeated indices, selects out of the original
hierarchy of graphs only certain ring integrals. These have a particularly
simple structure which endﬁles the exact evaluation of their contribution
to the palr distribution function. This fact, utilized previocusly in, for
example, tﬁe Debye-Huckel theory of electrolytes, the Kehn-Uhlenbeck treat-
ment of the perfect Bose-Einstein gas and the Born-Green theory of liquids,

here again forms the basis for the possibility of the present calculation.



CHAPTER I
INTRODUCTION

As the name implies, the quantum mechanical many-body problem is
concerned with the behavior of a system of a large nmumber of interacting
particles for which quantum effects are important.

The difficulty of the~many-body problem is apparent already for
more than two bodies as well as for a large number. The inherent in-
seperability of the problem is the deterrent. Even the two-body problem
is tractable only through those symmetry properties that allow its reduc-
tion to the one-body relative motion problem. For three or more inter-
acting particles, no such simplifying feature e#ists, and one must resort
to spproximate treatments. One such approach is the Hartree-Fock spproxi-
mation whereln each perticle is treated as moving independently in an
average potential provided by all the others. The usual Hartree-Fock
gpproximation involves writing the N-body wave function as a product of
single particle functions. Other approaches include that of normal coordi-
nates wherein the search is for independent functions which describe the
collective motion of the system. These functions depend upon the particle
coordinates.

For particles which obey Fermi-Dirac statistics (Fermions), typical
problems include those of nuclear matter, the finite nucleus, the elec-
tron gas, 1liquid helium three, etc. A group of atoms is a system of
particles obeying Bose-Einstein statistics (Bosons) for which investiga-

tion of quantum effects is important. It is truly a “"quantum liquid"



desplte expectations to the contrary. The weak nature of the attractive
forces between the closed shell atoms would lead to the suspicion that the
helium four atom could be closely approximated by the classical hard
sphere. Its behavior, however, is very different from that expected from
a classical system of hard spheres. Included among 1ts properties is
that of superfluidity (1) (2) ( 3).

Landau's (L) explanation of the thermodynamic properties of liquid
belium four in terms of elementary excitations was Justified by Feynman
(5). To do this, Feynman used a wave-function which was dependent upon
knowledge of the liquid structure factor empirically. This phenomenologi-
cal foundation for the theory of the thermodynamic properties can only be
overcome by solving the Schrddinger equation to determine the energy eigen-
values and the eigenfunctions for the system. This is one reason for
interest in this particular type of the gquantum mechanical many-body prob-
lem, namely that of & system of a large number of strongly interacting
Bosons. With the eventual aim of understanding liquid helium four, a
number of such systems with various characteristics have been studied.

The properties of a Boso system of particles with repulsive inter-
actions using the formalism of second quantization has been treated by
several investigators. In particular, Boguliubov and Zubarev (6)(7)(8)
have considered this problem in the 1limit of weak coupling, i.e. weak
repulsive forces. An important contribution from this work was that a
finite fraction of particles in the ground state causes a linearization
of the Hamiltonian in first approximation. Lee, Huang, and Yang (9) (10)
have used the method of pseudopotentials to consider the case of a dilute

collection of hard spheres. Brueckner and Sawada (11) consider the



problem for a less dilute system (i.e. at higher densities) using the
"Brueckner t-matrix” method. This procedure obtains the actual wave
function by operating with the t-matrix operator on the wave function
for the ideal Boson gas, i.e. plane waves. More recently (12) (13)

the same problem has been considered dealing directly with the wave
function in configuration space, using the theory of cluster expan-

sions Pirst introduced in statistical mechanics (14}, In these latter
treatments the ground state wave function is expressed as a product of
pair functions. The problem of evaluating the expectation value for the
energy then becomes analogous to evaluating the classical partition
function for an imperfect gas, expressed in terms of Mayer's cluster
integrals. By considering only contributions to the energy from ring
integrals, a tractable expression for the ground state energy is ob-
tained. Then a choice for the pair function is made and subsequent vari-
ation with respect to a parameter in this trial function has been shown
to yleld a ground state energy quite close to the exact asymptotic expres-
sion obtalned in the work of lee, Huang,'and Yang and Brueckner and
Sawada mentioned above where the contribution to the energy from pair
excitations was calculated exactly.

Now one might naturally ask how this cluster integral method in con-
figuration space is related to the perturbation theory calculation using
momentum-space eigenfunctions. An analogous situation exists for the cal-
culation of the partition function of an ideal Bose gas, where there is a
cluster integral development which is completely equivalent to the more

usual sum-over-states (15). One might expect that here as well, the



pair approximation perturbation theory should have its exact counterpart
in a configuration space cluster integral development. The purpose of
the present work is to show that this expectation is indeed fulfilled.
The cluster integral calculations previously made are not directly com-
parable to the perturbation calculations simply because the class of
ring integrals which were taken as contributing to the ground state
energy do not correspond to the pair spproximation of perturbation theory.
In Chapter II, the formalism of the cluster development is introduced
and the details of the previous ring integral treatments are discussed.
The important approximation which allowed an exact perturbation theory
calculation in the pair approximation is briefly recalled and its impli-
cations for the cluster method are discussed.
In Chapter III, the connection between the perturbation theory cal-
culation in the pair spproximation and the cluster expansion method is

demonstrated.



CHAPTER II

CLUSTER EXPANSIONS AND THE GROUND STATE OF

BOSONS WITH REPULSIVE INTERACTIONS

The approach used to investigate the preperties of the greund state
of a system ef Besens will be a variational ene. In particular, inter-
est will be centered on the greund state energy and the variatienal
effort will be teward obtaining the best appreximation te it. The greund
state energy will be obtained by varistien ef the expectatien value of

the Hamiltenian,

2 N
o 2 N
Iq,* -= zi: v, +i€:j-:1 V(rg )| @ar
) = - (1)
{H I‘D*‘D =

where dr' = dry drp...drg. In this expressien for (H) , it is assumed
that the interactien energy V(r,N) may be expressed as the indicated sum of
pair interactiens. Furthermere, the system under consideratien is a
system ef N nen-relativistic Besen particles centained in a velume V.
Interest will eventuslly be centered on the case N -»x and V —» o but
N/V=p remains finite.

The greund state wave functien ¢ will be written in the ferm

Ty -1 L1+ ey ] (2)
d = r = 1 T °
f<J=ll|) 14 iﬂj?l 1



The use ¢f this particular ferm fer the greund state wave functien fer
Bosens with repulsive interactiens seems te have been first suggested by
N. F. Mott and used by R. B. Dingle (1). It was subsequently used in s
cluster develepment fer the expectatien value of the energy by R. Jastrow (2).
It sheuld be neted that such a preduct ef two-bedy wave functiens is nec-
essary te describe hard-sphere interactiens. A preduct ef single particle
wave functiens will net vanish inside a hard cere, i.e. for V(rij) B
© Ty 3 <a
The pair functien 1 (ru) er f(riJ) will be determined by the varia-

0 Ty > &
s @ (rl“rN) mist equal zere whenever r, <a.

tien of the expectation value of the Hamiltenian, i.e. the variatien ef
equation { 1) with § the trial function of equation ( 2).

General Cluster Formulation.--To a&pply the cluster expansion techniques

to this problem, it is necessary to rewrite the expectation value of the
Hemiltonian in a suitaeble form. Using equation (2 ) for ¢ in equation
(1),

. B2 o2, e N N
Lot |8 3005 ) S
(8= - k<ol (3)
2 N
( ar
/ 1B Y Tyg)
Define the quantities
N
™ 151 brgy) (4)
(13) # ({m)

and



- dI ...dI
elryp) = IUEL) [B2 -ty (5)
P g 2(y )d.rN
1<,j=1¢ 13
N 2
& '0.dr
Cnrey  [ad? Ty
) Pa 1.!)2(1'12) N 2( )
I T 4)Ar. .. edr
1<3=1¢ 137 N
Then
0% y2ryp) olryp) = W(N-1) Blryzy) = a(z,zy) ()

where P(_gl,ga) dr, dr, is the probability that particles one and two are

simultanecusly in the volume elements d;_’l ,d;a centered on r. and r

1 2
respectively, The quantity n(;l ,;2) is the quantum mechanical snalogue
of the classical pair distribution function. (H) 1is now written as the

sum of {T) and ¢V) and

(v) = : (7)
is examined first. As it consists of the indicated sum over palrs and
the N(N-1)/2 integrals involved are all of the same value then,

W =22 [ Wy Fryy) olrydar, ar (8)

Transforming to the variebles r, and r;,, this becomes

= -29 J V(rle} ¢2(r12) C'(rlz) L= PN (9)



If

2 N 2 N N
-5 | 1 9(ry 5) [; VkJ 12;:1 ¥z y) &
{r) = - (10)
I ar
I:L<:j=1 Fry e

magy also be written as a sum over palrs, a similar reduction to that

for V) may be effected. Noting that

N
Zk ﬂ(lt—i— ¢(r£n)= Z [Vk 1“,)(rﬂn)] kﬂﬁn (11)
and hence

N N
2 _ 2 .

Summing over k and interchanging the order of the summation,

N N
32t L S e m) o

N
k=1 <n=l  k

However, V, (rp,) = O unless k={ or kx =n, so

2 ¥ _ N o ,
Ve g, Wrg) = 2 k};l[vﬂ Vo + Ry ¥ g k] ()

[\/Jz

w
-

Thus, utilizing equation (14), {T)» becomes



r> _ Ap
¥-=-5/ { (402 ) 72 9(x,p) elryp) (15)

+% W ) wlrgp) 'Yc(rle)} ar,,)

The expectation value for the Hamiltonian can now be written, using

equations (9 ) and (15)

2
L -3 [{2 (102 VP 4m1)] olryg) - Eiep) wlmp) oty

Sm 2
+ ;é V(rlz) 1 (rlz) c(rlz)} dr,, (16)

It is now in the desired form for the use of cluster expansion tech-~
nigues. C(Rla) will be expanded in a cluster expansion originally
developed for the analogous two-body correlation function in classical

statistical mechanics. The expansion of the classical two-body correla-
tion function

P
m T klr
1<i<jeN
B j:... fdr3...uN e (17)
F2(1,2)— N2 o
v ey

in powers of the density is well known (18) (19). In equation (17),

U(ri J) is the two-body interaction and the configuration integral Qy
is given by

-1 U
B b UG (18)

Q = vy fdrl...drN e
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The expansion is made under the assumption that N, V —» =, but N/V== p
remainsg finite. C(rl2) is suitable for a cluster expansion in powers
of the density

C(rp) = 1+ p" £ (r,) (18)

n=

where

1 Il
£ (r1o) = ff£ Tl bl ) dz ...z o (19)

h(ri.j) = ¢2(r13) -1= 2f‘(ri.j) + f2 (rij)

En%

and the integrand TI' h(ri J) indicates the sum of all connected
products for which each particle of the set n im conmnected to particles
one and two by an independent path. %(rla) is often called a "general

1,2-irreducible cluster integral”™ (19). An alternate prescription for

En) gn%
]Th(ri J) is that indicates summation over all possible "general

1,2-irreducible" cluster diagrems that can be formed with the singled

out points one and two plus n-given field points. A'"general 1,2-irredu-
cible" cluster diagram with n-given field points is one in which each of
the on-given points lies on at least one continuous path going from one
to two without passing any point more than once (19). The link connecting

i and J corresponds to the function h(r "General 1,2-irreducible

i,j) *
cluster diagrams" are illustrated in Figure 1 for (a) n=1, (b) n =2
and (c) n = 3. A number of these cluster diagrams differ in the order-

ing of the field particles but lead to integrals of the same numerical
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value. To illustrate the procedure, the diagrams and the corresponding
integrals will be examined for n = 1 and n = 2. For n =1 (See Figure

i{a).)
) = [ amy nleyg) ey (20)

For n = 2 (See Figure 1(Db).)

ge(rle) = % ‘/‘(31-36.1«ll {h(rlB)h(r3h)h(ru2) [2 (21)

+ ey, ) + n(ryIn(hy)]

+ h(rl3)h(r32)h(rlh)h(r2h)}

or
to(r1a) ® 37 [argdn, Blryg)hlrg)n(n,) 2 +n(ry,) (22)
2
h(r,; )h(r 23)J +1/2 1 [El(rla?]

An alternsate cluster expansion of c(rlz) may be made in terms
of the "simple 1,2-irreducible" cluster integrals (19). Expressed in

terms of these, the function C’(rlz) is

Clr ,) = exp {';:B)a (r,) p)ﬁ} (23)
=1

where

£
By (ry5) = %rf %‘H’h(rﬁ) drge..dx , (24)
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where Zim)’ﬂ?h(ri J) indicates summation over all possible "simple 1,2-
irreducible" cluster diagrams that can be formed with the singled-out
points one and two plus [ -given field points. A simple irreducible
cluster disgream is a "general 1,2-irreducible"” cluster diagrem with

-given field points with the restriction that there is at least one
continuous path passing through neither point one nor point two and Jjoin-
ing any two field points. In the illustrated "general 1,2-irreducible
cluster diagrams" for the cases n = 1,2, and 3 in Figure 1, the diagrams
to the left of the dotted lines in each case are "simple 1,2-irreducible
cluster disgrams.”

Using the expansion given in equation ( 23) for C(r12) in equation

(15), the expectation value for the energy becsme

2 0
@\ = - %;‘J-f v Py exp {- Z " Bn(rla)} (25)

n=1l

1 - . n |
*5 WP Vexp { z: p Bn(r12>}
n=1l

- 2
22 V(r12) W2 exp (- : o Bn(rlz} .,

Ii=

or
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The sbove represents an alternate expression for (H) to that in equation
(15). There are thus two cluster expansions which may be used for c(rl2)’
namely those of equation (18) and equation (23). The expansion of equa-
tion (18) was used in the work of Aviles (20) which will be discussed in
the next section. Its use in the next chapter 1s explained by the: require-
ments imposed there.

The variation of {H) , given in equation (1) for HN) will yleld

the Schrodinger equation. The variation of 5—%2 » glven in equation (16)

with respect to V(r;p) yields the Euler equation:
\V/ U - 1l/av =0
H(z) + B~ (z) - 1/av(z) o(z) (27)

where for C(r)# O ,

bVCy (Vo) ) - 4y {2 V? (r) ;‘?é ') “’(r)'w’(r%:ﬁg v

4c(z) y (r)

U(zr) =

ol

(28)

and C(x;,) is given by either equation (18) or equation (23).
This Buler eguation for the two-body wave function 14:(_:'_12) is similar

to the Schrodinger equation for two particles in a potential 1/2V(r) - %(r)

The "effective potential"” U(r) represents the effect upon the pair of
particles under consideratien ef the remaining p N-2 particles.

The Approach of Jastrow and Aviles.--With the expectation value for the

Hamiltonian in the desired form for the use of cluster expansion techniques,
and presented by equation (16), it is necessary to recognize that the prob-

lem in its present form is still somewhat intractable. The varistion of
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<8 with respect to (rl2) yielded the Euler equetion of equation (27),
v2 o(r) + % {U(r) - 1/2V(r)} $(r) = O where the “"effective potential®

U(r) is given by equation (28).. The solution of this equation yields
the minimizing {(r). One method of solution of this equation is by
iteration, i.e. start with some approximate ¢ (r), say v (r) which sat-
iasfies the boundary conditions the v (r) must satisfy and insert it into
U(r). Call this U(r), Uo(r) and solve equation (27), for ¥(r) with
U(r) replaced by Uo(r). This solution will be called Y,(r). Repeat
the preceding process. This will generate a sequerce of ¢i(r). If the
process is convergent, there will eventually be a \l{k( r) such that
¢k(r) = th.“_l(r). Then P(r) will be the solution of the integro-dif-
ferential equation. Ome difficulty with this procedure is that the
calculation of U(r) involves the function C(r). For the procedure to
be other than purely formal, it must be known whether C(r) in terms of
the series prescription of equation (18) is convergent for every ¢i(r).
Even formally, the calculation of the clugter integrals ¢ ,j(r12) is quite
difficult for most prospective 1 i(r) .

Instead of proceeding directly to obtain +(r) and the minimal S%Z
by a direct variation of %2 , Jastrow (21) suggested as a first spproxi-
mation the use of a trial function 11)0 (r). This function would satisfy
the boundary conditions expected of 1V (r) and would contain a single
variable parameter. Instead of being used, as in the procedure Jjust dis-
cussed as a first iterate of the variational equation, it would be inserted
in the expression for S%Z and variation would be made with respect to
its parameter. For the hard-sphere interaction, Jastrow used as his

single-parameter trial two-body wave function
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¢O(r)= 0 , r<a

1-2 e-e(r-a), rza

where a is the hard sphere dismeter and ¢ is the parameter. It should
be noted that this function vanishes inside the core and approaches one
for large.R.

For the problem of dilute hard sphere bosons, Jastrow made the
further gpproximation, although unordered arbitrary and with uncontrolled

error, that

C(rla) =1 . (30)

From the viewpoint of the cluster expansions, they were terminated after
the first term. In terms of the definition of c(rla), one has from

equation (16) that

2
P(z,,r,) & dr, = ki (rla_lvg(rlz) ar,dr, (31)

where P(;l,gz) d;ldga is the probability that particles one and two are
simultaneously in the volume elements d;l, dr, centered on r; and I

respectively. For c(;lz) =1,

2
- P (rlg)
P(I.l:,l_'z) d£1d£2 = T d_I_.‘l d£2 .

Thus, for r12< 8,

P(z )d£1d£2=0'

REV

But for r,, > a, P(;_l,gz) is not affected by the presence of the other

particles, except as they influence 1 (ryp).
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With C‘(rla) = 1, equation (16) for S.%Z becomes

2
® ﬁ—f{z WD TR () + B i) xbg(r)} a (32)

Note that this eliminates the troublesome VY-VC term. For the hard sphere

interaction and the sphericslly-symmetric 1 c)(r), this becomes

@:
i

¥,

_L - bo(r) v2 yo(r) [bm? ar]

For the xbc(r) of equation (29), xpo(r) =1 - %‘ e-E(r-a), equation (33)
becomes
2 -&r-a) -2¢(r-a)
g-%'z 4 )-ﬂ-TTPh f(_agZ) {_ e - +ae rz ] r26r (34)
or
2 [ o]
<§> - lmapnah 2 ja: [re-s(r-a) _ae-ae(r—a)_] ar (35)
Integrating,one has for ¢ #0 ,
{H) _ hnp ah® ac
¥ - om 1+F] . (36)

Examining equation (36), one sees that the minimal value of 54%2 occurs

for ¢=0 , i.e.

(37)
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However, equation (36) was calculated for ¢ # 0 . For € = 0,
[t
a}bov ll)ér dr = 0 .

This contradiction is resolved if one realizes thet the correct expression

2
for the kinetic energy is % f lwfa &" and that the transformation

2
to - Pa_n f ¢V2¢ ar was invalid for ¢ = 0,and hence } = 1 outside

the core. Evaluation of f ,V 11)0, 2 2 4r leads to
a

B (38)
N 2
hﬂpa% ;, E =0 .,

Thus the previous conclusion that the minimal value of 4%2 in this
spproximation is Lllpa %a'.? (the Lenz term (22) ) and occurs for ¢ =0,
is true.

Aviles (25) extended the work of Jastrow by including more terms of
the cluster expansion of C(rla)., In particular, from the cluster expan-
sion given by equation (18) and equé,tion (19), only the set of cluster
integrals arising from those diagrams which are chain connected are in-
c¢cluded. As illustrated in Figure 2, for arbitrary order m, they have

neither internal connections nor more than one path leading from particles

one or two. For the illustrated sef m, the cluster integral is

&, chatn = al,- fmz B(r) J(rg) + o BTy 2) dmgdmyeeedryp (39)

" ,
Jastrow reported the minimizing value to be 4n(pagf) l/,Q . (23),



Figure 2,

Ring Cluster Diasgram of Order m
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Define the Fourier transform of h(r) as

o(x) = [n(x) e EE & . (40)
The Fourler transform of Em,ch ain (rl2) is
— -1k-ry
T (k) —»fzm,c] o (T10) © 2 a5 (41)

= fo .o cj h(rlS)h(rSh') e 'h(rm+2,2) e-i&nzla u3dz—‘l‘-' i "'m"'2d:212

But Ijp=1 -Ip

=Il—£3+£3+£3-£ +E)++ eee = T +rm+2"£2

b “m+2

s [ (k) becomes

rm= [ [[nge B3] biry)e E .. ()

[h(rm+2,2) e 1EIn2, 2] drydry, ... dry H8r ,= [o(x)] m+1

Hence

%, chadn(712) = (—21'1173/ [o ()] ™™ e ET12 g (43)

The cluster expansion for the chain terms,

- n
Cehatn (r12) =14 2: P” &n,chain (r12) (44)
n=1

becomes
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6. (r) =1+ 1 S L[ [p)™eE T g (49)
chain‘~12 (2n)3 nz_; pf[ J

Formal interchange of summation and integration ylelds

2
= k -ik-r
Conatn(T1p) =1+ (23 flqiqu(;);) e 12 g (45)

where ,pq) (k)| <

Aviles mskes the ayproximﬁtion C(rla) = Cupain (r12) and uses the
same single parameter wave function ,(ry5) of equation (29) for the
hard sphere interaction. Retaining only terms of lowest order in the

parameter ¢ , Aviles finds for %Z s

1
2 3\2 3
SE2 kel 11+s(1+-11-"——a) -
N 2m 2 8roa3
1+,/1 —-P-g—
€

The ¢ which minimizes this expression is ¢~ 3 mp a3 » Thus, the

minimal%l is

%2 hnpa [ 10 4/-5-;T-\(p ] .

Iwamoto also obtained this result (12). Comparison with the exact result

of lee, Huang, and Yang for the first two terms

<D i 128 3 5‘J
~—% = Wnp a N ( 8 )
N P E [ 154w P
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reveals that the coefficient of the term ( p a3)% in equation (47) is
larger, namely L4.824... compared with 4.81%.... This leads Aviles to
conclude
"Fhe closeness of the two solutions shows that the trisl function

of(r™) =1 ¢(rij) with 1p(rij) glven by equation (29) provides & rather
accurate description of the low density behavior of the hard sphere boson
system in the ground state" (25). When meking such a comparison with
the exact results of Lee, Huang, and Yang (26), it is important and
instructive to review those facts and features which made their calcula-
tion possible.
Basic Approximation.--The crucial point in treating the system of Bose

particles with repulsive interactions is that one expects a finite frac-
tion of particles in the free particle ground state, even with the inter-
actions turned on. This allows an essential simplification in treating
the off-disgonal matrix elements of the two body interaction V(r; j) between
plane wave states expressed in terms of the occupation number representa-
ti;an. These matrix elements describe transitions in which two particles

of moments lga and k, collide and go into states lgu and k, with k +

B o
kg =gtk -
k, Its value is

v
-g”— [n‘I n (np +1)(n, *+ 1)]& (48)

vhere the n's are occupation numbers, 2 is the containing volume, and

Vau = f v(r) elBa - BT g e largest contribution comes when
two of the four momenta involved are zero, the matrix element being pro-

portional to n,/Q , n  is the mumber of particles in the free particle
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ground state, and noN N, the total mumber of particles. If only one
momentum is zero, the matrix element 1s mmaller than this by a factor of

order N -1/2

, and i1f none of the four moments are zero; the matrix ele-
ment is smaller than this by a factor N1, Thus it isva good spproxima-
tion to consider only the off diasgonal elements of the interaction matrix
giving the largest contribution, 1.e., excitation and de-excitation of
pairs of pafticles with equal and opposite moments. It was this spproxi-
mation which enabled an exact calculation of the energy eigenvalues and
elgenfunctions of the reduced Hamiltonian for hard spheres.

The equivalent gpproximation in configuration space will now be made.

The ground state wave function i1s written in the form of equation ( 2)

N
I 1+ £(r, . (49)
i<3=1 [ (ria)]

N
®= I

oz, ) =
g ! 13)

where the product is over all pairs and the pair function f(ri J) = i’(r'j i)
1s to be determined by varliation of the expectation value of the Hamil~

tonlian,

* _ % h2 2 N N
[o¥ oaf @= [¢" |- & Z:vi+:v(rij)¢>a.; (50)
13571
N _
vhere dqr = dr; d};a.‘_..dgN. If the interaction V(rij) were absent, f\rij)
would be zero, and CH) = 0, with all N particles in the free particle

ground state. The spatial Fourler transform of f(ri J)o

_ o1 1ke(ry-r4) 1 ik-(ri-r;)
ey = 0 T g S o o [rea e
ko (51)
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shows that the moments of the pair (i,j) are equal and opposite. The

expanded product for ¢ yields

o =1 +';f(rij) +Z Z f(rij) f(rk£)+ (52)

KJ k<

The terms in this expansion refer successively to all particles in the
ground state, excitation of single pairs, and, in keeping with the cru-
cial spproximation, the succeeding terms should represent multiple exci-
tation of pairs, each pair having equal and opposite moments. This will
not be true, however, unless in equation ( 49 all terms with any index
repeated are omitted. The Fourler tranaform of & term with one repested
index, such as f(rla) f(r23) shows that this term refers to excitation

of three particles with ky +kp + kg = 0 (27). Since this corresponds

to the neglected class of off dlagonal elements of the interaction matrix,

these terms must be omitted, and the ground state wave function taken as

¢ = 1? (1 + £(xy4) )
i<j=
the prime denoting omission of all repested indices.
As this discussion indicates, the cluster integral calculations pre-
viously made are not directly comparable to the perturbation theory cal-
culations simply because the class of ring integrals which were taken as
contributing to the ground state energy do not correspond to the pair
approximation of perturbation theory. Not imposing the constraints of

non-repeated indices in the ground state wave function, causes these pre-

vious calculations to include (but only partially) excitations of three



and more particles in addition to pair excitations. The net effect is
to give an gpproximate expression for the ground state energy which is

not ordered in the same sense as the perturbation theory calculations,

snd hence, not directly comparsble.

25
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CHAPTER III

CLUSTER EXPANSIONS AND THE GROUND STATE OF BOSONS
WITH REPULSIVE INTERACTIONS: PAIR EXCITATION APPROXIMATION

The important approximation which allowed an exact perturbation theory
calculation in the pair spproximation ;rill be used. in this chapter to show
that the cluster expansion formalism can be hand.le;l so that it is com-
pletely equivalent to the perturbation theory treatments.

Preliminary to its application in the general cluster formalism, the
major contribution to the ground state energy, from aingle pair excitstions
will be evaluasted by direct methods. ¥ This treatment is forma;lly similar
to the direct evalustion of the second virial coefficient for imperfect
gases (29). It has the advantage of showing the connection with the per-
turbation theory method at an early stage, before the full formalism of
the cluster development is introduced. From this, one can already see
how the cluster expansions must be handled to count only contributions
from pair excitations. |

Direct Evaluation of the Ground 8tate Energy: Single Palr Excitations.--To

evaluate <H> by direct methods, those terms representing the excitation
and de-excitation of one palr, and the interaction of an excited pair with
the medium formed by the unexcited particles will be counted. As shown
by Brueckner and Sawada (30), these terms give the major contribution to

the ground state energy, the higher order terms describing simltaneous

*A preliminary report of this calculation has been made (28).
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excitation of many pairs contributing only about 4% to the energy. The
contribution of these latter terms will be included in the later discus-‘
sions of this chapter.

First conslider the normalization integral IN’
IN=_[- o*o ar (54)

Since the pair function f(ri :j) has no zero momentum components the inte-

gral f f(r)d; is zero. Then the normalization integral is

N
N, oN-1 2 N-2 e
L« Q74.Q ff (ri,j)dfijr" “ Z ff (ri,j) dry 4
ig)= 1<y k<1

ffe(rk'ﬁ) d£k£+ eoe

The terms in this series in increasing powers of f £2(r)dr refer successively

(85) .

to no pairs excited, one pair excited, two pairs excited, etc. The ath
term is a sum over products of n pairs with the number of terms in the sum
equal to

(N-2n) In! BB

The integral IN is 'then given by

I = g N! x
N tn:o (§-20) 'n! &0 (57)

where p is the demnsity, and
. = £
X = 2'/f2(1') d.E A (58)

For large N and Q, Iy has the asymptotic value (31)
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-1
Iy = ol .[‘b—;i—ﬁ—— Ex'lJ exp [é% (1+4x - M1+8x )] (59)

For x ' <<1, this reduces to

N (60)

The indicated exponential dependence of the normalization integral will
be cancelled by a similar Pactor in the kinetic and potential energy
integrals. Thus the energy expectation value for the N particle system
will be proportional to N (as of course it mmst).

Next consider the kinetic energy integral I'I' »

2
=3 [*V o (61)

With the ground state wave function given by equation (93), this becomes

2 .
e {; Eogg) Vi 2(ry o+ S [elny )2(ay)
i

13 k<

2 : /2 i
fo(rij)f(rk'ﬁ)dgn+ } =—%—-ff(r)vzf(r)d; c(n)o ' 2

n=.
ﬁz(r)dr:ln-l (62)
where C(n) is the number of waye of writing the product of n functions

f(‘rSt) such that no index sppears twice and index number 1 sppears once,

| _ (N-1)
oln) = (N-2n)! (n-1): 22-1

Terms containing f V2 f(r)dr are zero, since f£(r) has no zero-momentum
components, and therefore do not appear in equation (62). Then the

kinetic energy integral is
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2 2
= :I.g; Q¥ p[f(r)v2 £(r)ar %

nEL

(N-1): 21 (64)
(N-2n)! (n-1)! E©

For large N and small x, the sum goes like eHx’ but dividing by the nor-
malization integral gives a kinetic energy proportional to the total

nmumber of particles.

Ip -h2 2 va N! xP
<P> = - = —5& f(r) f(r)ard.- 1 L
Gy - f(r)V (r)dx r og nzzo (3-20) tnl 10

2
el f £(r) U2 £(r)dz. (65)
The integral for the potential energy is

Iy = ﬁg-—llf o V(r; ) oar (66)

In its evaluation the following types of contributions to the energy are
encountered. First there is the integral f V(rla) d.gl d.;_'a. This repre-
sents interaction between the unexcited pair (1,2) and is represented
graphically in figure 3(a) . Next is the integral jfv(rla)f(rlz)d;l dga,
represented by (b) in Figure 3. This term refers to excitation and de-
excitation of the pair (1,2) from or to the free particle ground state.

In Figure 3(c) is shown the dlagram for the integral [f(r;p)V(r12)f(r,)ar dr,,
representing the interaction between the excifed pair (1,2). This term can

be neglected since one can show that in the final result, it contributes

to the energy in a higher order. Figure 3(d) represents the integral
ff(rlj)v(rla)f(raj)d.g_l dr, d;J. This describes interaction of an excited
pair (say 1,)) with one particle, 2, in the "medium" of unexcited particles,

resulting in de-excitation of 1 and excitation of 2 into the pair (2,3).
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In the subsequent variation of <H> with respect to f'(ri ,j)’ this term pro-
vides an effective potential due to interaction of a pair through the medium
of unexcited particles. In Figure 3(e) to (h) are represented terms which
will be neglected in this direct calculation, but included in the general
ring cluster integral method in the next section. The first of these
represents the contribution to the energy from the transition from one
excited palr to two excited pairs. The next represents the interaction

of the two excited palrs with the medium. Figure 3(g) represents the
excitation from two to three psirs, etc. The evalustion of <V>, the ex-
pectation value of the potential energy from the terms indicated above is

straightforward. Details are given in Appendix A. The result is
<V> = F.%E +Np fV(r)f(r)d_J.: + Npaff(r“)V(r)f(I;ﬂ:' |yag ax* . (67)

where g = f V(r)dr. Supposing V(r) is of short range, one can spgroximate

the last integral representing interaction of excited pairs with the medium,
[ vz 4rilar a2 g feAn)ar © (e8)

For the total energy, the expectation value is

2
{E)= N—gg - .I%hT, ff(r)vgf(r)d.g-ﬁ- N pr(r)f(r)d;_-!- Npagffa(r)d; (69)
Variation with respect to £(r) yields

2 -
—%Vaf+pgf=—%l:l (70)

and

(1) = y%ég- + %E fV(r) £(r)dr (71)
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These results may be spplied to the case of hard spheres if one utilizes
the concept of the pseudopotential, introduced, in this connection by Lee,
Huang, and Yang (32), and discussed in Appendix D. Here it is essential,

in order to remove spurious Infinities, to use the correct pseudopotential,

V) =g (x) Z (x), g= HIEED (72)

where a is the hard sphere dismeter. Actually, one can use the form
V(r) = g 5 (r), and switch to the correct form given in equation (72) at

the end of the cslculation. Then the solution of equation (0)is given by

(r) = -% exp [— JBrpa 1'] - (73)

and the ground state energy, from equation (71) is

(}1)-.2."_1‘122]9_ [1+;/8_n (pa3) ] (74)
m

This is the same result that follows from perturbation theory if only the
excitation of single pairs is counted (33). The multiple pair excitations
8o far neglected will be included in the following section in which the

ground state energy is cbtained as

. 2
R [l*‘r——-(pa)% (75)

This is the result previously obtained from perturbation theory (34),
(35). Comparison of equation (22) with equation (21) confirms the remark,
made earlier in this gection, that the single pair excitations make a .
contribution of 96% to the coefficient of the second term in the asymp-

totic expansion of the ground state energy.
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The Fourier transform of £{r), which from equation (51) is given by

v (k) = f £(r) o~iET 3 = . “lir 8 e
kX“+8rap

is the probability amplitude for an excited pair of momentum k and -k, and
through the factor 8map in the denominstor, includes the interaction of
the single excited pair with the medium.

Multiple Pair Excitations.-~The aim now is to evsaluate the ground state

energy by variatioun of (H), the expectation value for the Hamiltonian of

the Bose system of N interacting particles, given by equation (1)

fd* F’é ivia+i V(rij)] o ar"

_ =T 1<j=1
(@) = - -
f ¢ ©ar

where d;N = dry...dry, V‘(ri J) is the twbnbody potential energy and the

ground state wave function ¢ Wwill be written in the form of equation (53),

¢ = i<15=|1 [1 * f(riJ):l o

This form for ¢ was discussed in the last chapter. Also in the last

chapter, ¢ was written as a product of pair functions with no constraint,

N N
© = I 1+£(x,,) = a (r;4) (77)
ie¢j=l [ rij] 1<j=l Vi

and the cluster integrals were introduced by first reducing the multi-dimen-
sional integral in eguation ( 1) to an integration over the relative dis-
tance between any pair of particles, say particles 1 and 2. This gives,

for the expectation value of the energy per particle, equation (16)
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® o8 [ ) 02 by | ey

"";' 912} yolryp) - Velrp)

m 2
T2 V(rjp) Sryp) Clrpp) parg,

where the function C(r;p), defined by

N
v 2
N{N-1) f1<3=1 ki (rié) dr3...dry (78)

uf ]? afr’ ) dar ar.
i<J=1 'Ll) i'j _1000 =N

is related to the psair distribution function n2(r12) by
2 2 _
P 1']" (r]_a) C( I"12) - na( rlz) e

As Indicated in Chapter II, the function C(rla) can be expressed in a

formal cluster expaﬂsion in powers of the dengity

lryd =145 p7 6y () )79)

n=1

-2 i
where I (ryp) = = f§ " Oh(ry) drge..dr o

B(rg,) = $3(ry)) - 1 = ar(r, )+ £2(r, )

and the integrand E Tfh(rij) indicates the sum of all connected
products for which each particle of the set n is conmected to particles
cne and two by an indepsndent path. Now the potential energy contribu-

tion to {H) is given by
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-%Q—: % fv(rlg) ¢2(r12) c(ryp) ary, - (80)

As the discussion cf Chepter II indicates, the evaluation of the integrals
in equation (79) corresponding to clusters of considerable numbers of
particles becomes prohibitively difficult without the restriction of
non-repeated indices on the ground state wave function. However, the
non-repeated indices requirement on the wave function uniquely selects
out of this original set of cluster integrals a simple subset of so-
called ring integrals. To show this, first denote by Cv(rla) the C func-
tion for the potential energy part of {(H) mcdified by the hypothesis

of non-repeated indices. S8ince ¢(rid) =1+ f(rij)‘equation (80) can

be written in the form

F- %f {V(rla) Oy (7yg) + BW(ryp) (1) Ory(r,5) (81)

+ V(ryp) £5(r12) cv3(r12)} a5

Examine first the formal cluster expsnsion of Cy(ryn):

[o0]
Coalryp) = 1+ 5 p® Ty (rp0) (82)
=
where
_
En1(ryp) = E_gf§ ' Oh(rgy) drze..dr o (83)
(1)
and the integrand Hh(riJ) indicates the sum of &ll cornected pro-

ducts for which each ﬁﬁrticle of the set n is connected to particles one

and two by an independent path and only those connected products are
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allowed which are consistent with the sassomption of non-repested indices
in ¢. As a first consequence of the latter, only ring connected products
are allowed. Those connected products with internal connections are not
involved. For example a ring preduct such as illustrated in Figure

is alloved, whereas & product with an internal connection (such as is
illustrated in Figure 4(a) would imply the existence of repested indices
in @. Furthermore it should be noted that the £(f, ;) term in h(r,,) is
eliminated by the sssumption cf non-repested indices. In the cluster
expsnsion where repested indices ars allowed, the factor 2f(ri J) in
equaticn (79) for h\;{ri j) indicates that there are two places in any
cluster from which each f(rij) may come, i.e., from & or *. In the
case of non-repested indices, this particular degeneracy is not present.
For example, a ring of order n = 3 contains the product f(r13)f(3,+)f(r,+5)
£( 52)V(r12). The pair functions f(r13) and f(r,ﬁ) mgy come from ¢ while

f(r3,_‘_) and f(r52) mist then come from & . Thus,

e 3 [T g g (o8

All the connected ring products illustrated in Figure 5 are allowed,
but except for those in the first row they may be shown %o contribute in
the final result to a higher order. As a resuli; only those connected
products illustrated in the firast row of Figure 5 are included in the
present calculstion., All the connected products in Figure 5 are con-
tained in the complete Hamiltomian for pair excitations which is treated
in the next section. It should further be remembered that the connecting
liqk between particles 1 and j in the connected products is now f(ri .j)

and not the previous 2%1'13) + fg(f13)°



) n+l b ) n+l
n+2 3 n+2
1 :
V12 V12
a b

Figure 4. Certaln Connected Products

(a) A typicsl ring connected product (b) A comnected product
which vanishes for non-repeated indices.
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1

gt



39

To evaluaste £ ni(r12)9 note that permuting the n particles produces
n! similar configurations, while there are &lso two ways of drawing the

configuration frcm ¢ and d)*. Hence
Z nf(ryy) = 2(nl) £(ry5) £(rgy) e 2ty n40) £(rp,p o) (85)
and
£a1 (T1p) = 2 f £(ry3) #(rgy)ee tlry,p o) Ageeedry,p (86)
Intrcduce y(k), the Fourier transform of f(r)
Yie) = f £(z) o1ET ar (87)

Then the function %, (rle) becomes

i = oy [ ] 77 e e
and thus
Gy (r10) =1+ F%. : f Eﬁkﬂ o+l ikeryp dk (89)

Interchanging the order of summation and integration, if I py (k) | <1,

one has

vl (I“lz) =1+ 2—;95? 4.)._ ikerip dk (90)

1- py(k)

Next consider the second term in {V? /N given in equation (81); i.e.,
V(ryg) 2f(r,,)cpalr, o) (91)

Note that C o may also be expanded in a cluster expension,



Cv2= 1+ Z pn Eng (Z"lg) (92)
nel
where
Ena(rl2) - %rfz Hf{rij) ®3oood_l:n+2 (93)
' (2)

in gccordance with the previcus remarks in disussing the expansion of

Cvi{rio}. As befere, the integrand % Hf(ri :l) indicates the sum of all
(2
connected preducts for which esch particle of tbhe set n is connected to
particles one and two by an independent path snd cnly those connected
products sre allowed which are ccnsistent with the assumption of non-
repeated indices in ¢ . In this case, terms of the form V(r;,) (éf(rlal)nf(rﬁ)

are under coasideration. Evaluation of ? of(ry J) will be made for the
2

casesd of n odd and even. Consider the example for n odd i.e.; =3,

illustrated in Figure 6(a) . If f(rla) came from ¢ , then the hypotheses
of non-repested indices reguires f(rl3) and f(r52) $o come from ©%. But
this would imply that both f(rBh) and f(rh‘j') must come from ¢ , which con-

tradicts the assumpticn. Henze
; Hf(rij) =0 for r odd (94)
e

For those conrected ring products for which n is even, terms of the type
v(ryp) 2r(r12) Hf(rig) are to be examined under the hypothesis of non-
repeated indices. Noting the example illustrated in Figure 6(b) , for

n = 4; one observes that if f(ry,) csme from @ , then f(rls) and f(rgy) must
come from ¢, f’(rBh)y f(r56) mist come from © , and f(r,_l_s) mist come

from O, Similarly ore may have such a connected ring product if £(r,,)
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Figure 6. Graphs Representing the Successive Contributions fo <V> from the
term V(rla) f(rla) Cvl(rlZ)' a) vanishes for non-repeated indices.

™
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came frem ®*} This i3 the slgnificance of the factor two in the term
\ ? P
V(rla) Ef‘rlaﬂ Hf(rié)slme.

*
there are two ways of drawing the configuration, from © and from @ ,
In aiiition, permuting the n psrticles produces n! similar conflgurations.

Hence

z Hf(rij) = n! f(rlS).oof(rn+gyg) for n even (95)

@

Thig gives the result for Eng(r‘z)p

0 n odd
n2lr2) = 1 [ ]h+1 1ker (96)
Y (k) e =12 ¥ n even
(an)? f B
and, 1f | 0% v2 30| < 1,
2 .
C,p{ryp) = L+ = f ,;3,(3‘) JET12 4 (97)
i a3 v 107 v (x)
The last term in <V) /N is
2
V(rla) f (rl2) cvs(rle) o (98)

The hypothesis of non-repeated indires reguires that Cv3(r12) = 1. This
means that products which connect particles one snd two are impossible,
inasmuch as one f(rla) in eguation {98) must come from & and the other
from ®*n In the present caleulgtion, both this term and the second
term in egquation (97) are dropped, since they may both be shown to con-

tribute to & higher order in the final result for the energy. Together
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with the disgrams in Figure 5 which were omitted earlier, they will be
included in the celenlstions of the next section. Combining the above
regults yields the expectetion value for the potential energy per par-

ticle as

2
k.
¥-% f"(r’le) 142p(r 0+ 2L (L (k) HEeF12

. 2 (99)
(am)3 J 1= p() -

The first term in the integral on the right side of eguation (99) represents
the interaciion bebtweesn tnexcited particles one apd two and is shown graph-
ically by the first term in the first row of Figure 5. . The next term
refers to the exclitation and de-excitation of the pair (1,2) from and to
the free particle ground staete. The third &nd last term repregsents the
sum of a&ll contributionsg depicted by the remaining graphs shown in the
first row cf Figure O, corresponding to multiple pair excitations and
their interaction with the unexcited psrticles. The inclugion of only
the integrgl cbtaired from the first term in the series for this sum,
i.e., single palr excitabicns and their intersastion with the ground state
was nade in the direst celeulation, in the first section of this chapter.
The disgrsms contributing +to equation (99) for <V> /N are shown in
Figure 7.,

Now for non-repeated indices the expectstion value for the kinetic

energy per particle is from egusbion (15),

- 12 .
& - *'a%‘f Weyd Vi) opli) g,

2 o
" { [ £lrp2]] enileg) +[Firsa) Vrtrsg) CTa(rlé)} T



O

12

2

- ¢ o »
O, , 2 1 1 2
V2 Vi2 V12

Figure 7. Cluster Diagrams Contributing to Equation (99) for DN
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It is important to notice the sbsenceof a term Y £.YC. Such a term

arises from products such asz [f(rla) f(rl3) f(rh_5)J

W - [B(ryg) £(x,0) Vielryp) + £(ryp) £(ryg) Vip(ry3)] , (100)

= [0/ #(x10)) £(ry3) 2lx,5) + £lryy) £lmys) VE(r )
+2f(rh5) vlf(rlz) ° vlf (r13) -

But such products are missing in ¢ , due to non-repested indices.
In a similar manner to the treatment of (V) /N, 8 cluster expansion

n&y be made of c‘I‘i(rlz) of the form

Cpg (rp) = 1+ 5 p% g(rp)  1=1,2 (101)
n=1
where
Eni (rla) = El'!' Z Hf(rij) ﬂ:_?_suo- Tn+2 )102)
(z,)

ons r IIf(r s @n 80 rsg or Se connectea pro 8 Ior
Conside f(iJ) d do first for tho ted ducts P

(T1)
which n is odd. The example n = 3 18 shown in Figure 8 . For ch terms

2
of the form V f(rl:?) Hf(rij) are involved. Since f(rlz) comes from ¢,
then f(rl3) and f(r52) in the illustrated example, must come from 0¥,
Thus f('r31|-) and f(rh‘)' must come from ¢ .which contredicts the assumption

of non-repeated indices. In general, the conclusion is that

; n‘f(rij) = 0 for n odd. (103)
T1) :



Figure 8. Graphs Representing Contributions to the Kinetic Energy
' 2
from the term V f(rlz) crl(rlz). (a) A term with odd n,
(n = 3) which vanishes for the non-repeated indices. (b) A

term with even n (n:h) which gives & non-vanishing contribution.

Al
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Next nf(ri J) is exsmined for those connected products for which n is
T1)
even. The example n = 4 is shown in Figure 8(b), This exsmple is the term

Vaf(rla) [f(rl3) f(r3h) f(rh5) f(r56) f(r62ﬂ . Since f(rla) comes from
®, then f(rl3) and f(r62) mst come from 0%, f(r3h) and f(r56) must come
from ¢, and f(th) must come from Q*, 8ll required by the hypothesis of
non-~-repeated indices. There is only omne ﬁw of drawing the configuration
for sz(rla) Hf(ri;j) from ¢ and o since £(r p) mst cc;me from o . Pgr-
muting the n particles does produce n! similer configurations. The general

conclusion is

;} Df(rij) = n! f(r13) f(r3h) eee B(T n+2, 2) for n even. (104)

This gives the result for the function

£y (T1) = HZZ NE(ry 4) drgeeedry,p (105)
(T,)

[ ]

A

0 » nodd
Enl (rl2) = < (106)

3_[[Y( )]h*l kx £12 gk, n even

~(2)
Performing the sum over n, after interchanging the order of integration

and summation, leads to the result

ik-r
Cpp (Typ) = 1+ (%)3f - Y(k) e ="t gy (107)

£ [o2y2] <|.
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Now consider ? Hf(rij) In this case terms ¢f the form
T,)

f(r )V2 f(rlz) Hf(rl J) are involved. As the sssumption of non-repeated
indices requires one f(rla) to come from ¢ while the other must come from
o *, it also implies there sre no additional connections in the product.

Hence

Z m{r,,) =0  wnd G, (rjp) = 1. (108)
(T5)

With the results of equation {107) for C Tl(rlE) and equation (108§ for

CTa(rlz) , the expectation value for the kinetic energy may finally be
written as

& | ppf f 2

- = 5 | VY f(rla) 1 +2(r,,) (109)

3 {%o
(k) e:Llg f12 dk » dr
(21T)3 f 162 (k) ’} 12

The expectation value for the erergy per particle in the present approxi-
mation is then obtained by adding eguation (99) and equation (109.

To make connection with the results from the perturbation theory
calculation for herd spheres, the pseudopotential shown by Iee, Huang, and
Yang (36) to be applicable to this interaction st the low densities con-
sidered here is now used for V(r). As pointed out in the last chapter,
they have shown that it is essential, in order to remcove spurious infini-

ties, to use the correct pseudopotential,

2
(I‘ g_hﬂ'&h

) B (110)

v(r) = g3 (x) 5?.
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where a is the hard sphere digmeter.

V(I‘) =

Actually, one can use the form

g 5(r), and switch to the correct form given in equstion (110) at

the end of the calculation. In addition, the expression for {H) is

considersbly simplified by transforming the pair function f(rle) to momen-

tum space. As shown in Appendix B, the result is

2
<{HY 1l K Y t &yt p8 v (
A= A - 111)
v m (T 7 f dk
{ (2”)3 1- p2 42
where g; = 8ma. Varying <HY /N with respect to v(k) yields the Euler

equation:

g p2¥2 +2(g, p+#®) + g

=0 (112)
(1-02v3)%

Its solution for v(k) is

2
pr(k) = - ( I;gl>+ -—-]-‘-i :\/kz +2pg; (113)

where the + sign is chosen in front of the radical to satisfy the condi-

tion that | pY(k)l < 1. Bubstituting for Y(k) in equation (111} one obtains

CEY _ 2man, Lim 1ker
22 - 2w 1+ -a-;;rfv(k)e ak (114)

Evaluating the integral yields the result

2
5= <= 2t [, 2 (o &3]

— 5/ (115)

which is the result previously obtained from perturbation theory (37), (38)

Using the solution for (k) from equation (113), the neglected terms in the
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development for the potential energy are easily shown to contr:@.bute to the
energy 1n the order paa,h, and hence in a higher approximation. Calcula-
tions of other ground state characteristics such as the depletion factor

are also in agreement.

Complete Multiple Pair Excitations.--In order to calculate the complete

ground state Hamiltonian for pair excitstions using the wave function in

configuration space
® = I' (1 +£(r ) (116)
1J

and the cluster expansion spproach, those diagrams which are consistent
with this wave function and were omitted from the expectation value of

the potential energy per particle, ( V) /N 5> in the cluster expsnsions

of the last section must now be calculsted and thelr contributions in-
cluded. Those disgrams which were included in the last section sre shown
in Figure 7 and their contribution to <V> /N is given by equation (99).
The omitted disgrams will be discussed and their contribution will

be calculasted in this section., The expectation value of the kinetic energy
per particle, {T) /N was calculsted for the wave function of eguation (116)

in the last section, using cluster expansions., From equation (110)

2
% ;.eé%_fve £(ry ) {1 + 2(r ) (117)

v 3 (k) ikoryp
dk dr
(2“) fl - & Yo (x) ) -]

or, with f(rlz) transformed to momentum space by

£(r )= [rmE T2 g - (118)

)3
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one hes, from Appendix B, equations ( 216)-(218 ) that

() @ 2.2, ak‘?’ N
oA (2")3f( 1‘P2Y = e

-
=

an (211)3 fl‘P

Indicating by [ﬁ%).] 17 that part of J<—§—> s determined by those diagrams

in the cluster expansions which were counted in the last section,one has

from equation (99)

[%2.11 = %_[{v(rIE) + &v(ry,) £(r),)

2V(r ) ikor
12 f =12 3k ? ar
T k( dry,
pY

With f(rla) transformed to momentum space by equation (118) and V(rl2)

trangformed by
V(r,,) = f yx) e T12 g (120)

this expression is considerably simplified. As shown in Appendix C, the

result is

9], - o 25 [ {00 2
1

g v(k) v (k)
T o }"5

= gxgo! 1 Ijkz .

The part of SF which is determined by those diagrams which were

omitted in the last section will be designated by [%2] . These dlagrams .
2
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correspond to interactions between excited pairs. They arise from the
cluster expansions of the functions T (r,,) and (r.) in
equation (81). To calculate the contribution of the previously omitted
diagrems, the cluster expansions of the C, functions will now be examined.

2
Consider first the term in izt involving cv3( rla) s

[ite) ) or (e ez, - (122) |

From the discussion of equation (98), CV3 1. Hence equation (122), after
£(r1s) and V(rle) have been transformed to momentum space in accordance

with equation (118) and equation (129

. _ig r
f vir,,) fa(rlz) arp= f v(r ) [( ;)3 f (k) e - T2 d.g_]'
T

= 1 vk-k* s '
-(f;n-;gf[(kk)v(k)ﬂk)-dgag

For the purposes of the eventual summation, this contribution is entered
diagrammetrically in the first row afd first column of Figure 9 . Next,

consider the term in %2 tavolving Cy_ (rp), iee.

[y [2er,)] C, (71) dryp - (123)

As determined in the last section, one has from equation (97) for the

cluster expansion of cve(rla) ’

2 o
Cyp(Typ) = 1+ (2 3 .[1 é(g) “(x) e=H12 g0, | F P |<a
' " -0y
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With this expression for cva(rla) s, equation (123) becomes
[vz,) [2ex, )] cve(rla) ar (124)
) o° 3 ‘r
= [z \ - F12 (k) STl
Jrmaetnante,) (2)3 I P2rP (k) it

The first term in the integral on the right was included in the last
section and hence in [S%Z] » equation (99). The remainder of this
1

integral, after transformation of f(rla) and V(rlz) to momentum space, is

2 et . E:g*r3 k] .
(—;ﬂ?f{v(kk) (k') 1. pg‘;%(k) }djﬁd-.k.

or, since ¥(k)= v (-k)

W f {v(k°k ) k') (k) Z [ Yg(k)]n
+ wk-k*) (k") i[pa Y?(k’)]n Y(k)} 'dk

n=1
In the sbove, the geometric sum was reexpanded and k and k' relasbeled;, for
the group of terms. Diasgrammatically, these terms are entered in the
remaining places of the first row and first columm of Figure 9 .

) in W is

The term involving C -

a2l (r12

f V(ryp) Gy (ryp) dr), (125)

From the cluster expansion of cvl(rle), only those terms depicted in the

first row of Figure 5 were included in l:ﬂ « The remaining terms to
1 .

be examined are shown in the other rows of this figure. They are con-

nected products for which each particle of the set n is connected to



Figure 9,

Cluster Diagrams Included in Equation (1h43)
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particles one and two by an independent path. This is in accordance with
the defining prescription, which accompanied equation (79). These con-
nected products are of the "separable” type. The meaning of this will |
soon become clear. Consider now several typical ones of the connected

products involved. First, for n =2

& f ST #(ryg) 2lrgp) £ry,) £(myo) drar, - (126)

Permuting the two particles does not produce a new configuration, but
there are two ways of drawing the configuration from ¢ and ®*. Thus,

equation (126) becomes

%ff(rn) f(r32) f(rlh) f(rh_a) d.:_c_3d£h. (127)

But the integrsl involved separates, so that one hsas

Uf(rls) £(r3p) 553] [ff(rlh) f(rha)dzh] (128)

The connected product is thus separabed into the product of the connected
product for the particle sbove an imaginary line Jjolning perticles one
gnd two and the connected product for the particle below.

For n = 3, the hypothesis of non-repeated indices eliminates g con-
nected product such as illustrated in Figure 10(a). In genmeral, there will
be no connected products with an even number of particles sbove the imagi-
nary line and an odd number below it or vice-versa. This means that for
n odd, there are no separable comnected products. For n = k4, there are

two different types of the connected products remeining to be counted.
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First, as illustrated in Figure 10(b), there is

= f 3 tlryg) 2(ry,) 2(wyp) £lryg £lrgs) £rg))drydr, drsdrg  (129)

Permuting the four particles produces twelve new configurations. There are
also two ways of drewing the configuration from ¢ and o¥*, As e result,

equation (12) becomes

%i—-a- 2(ry3) f(rg,) £(ry5) fryg) £lrgs) £lrs) dr dry dr drg (120)

This connected product separates into the product of the connected products

for the two upper psarticles and the two lower ones, i.e.

[ff(r13) f(r3h) f(rha) d_33d£u:| Uf(rl5) f(r56) f(r62)d£5d£6] (131)

The remaining type of connected product for n = 4 is illustrated in

Figure 10(c). This product is

);l'g f Z 2(ry3) 2(rgy) £(ryg) £(rgy) T(rpg) £(rgy)dradrydrodrg (132)

In this case, permuting the n = i particles produces n! = I! new configu-
rationg. This is in contrsst with the previous one where there was an

equal number of particles both @bove and below the imsginary line. There
are gtill two ways of drawing the configuration from ¢ snd ¢F. In view

of this, eguation (132) becomes

&ﬁ% Jff(rls) 2(rg),) £lry) £(rsp) £(rye) £(rgy)dradr, dr drg (133)

or when separated



Figure 10. Certain Cluster Diagrams

(a) Vanishes for Non-Repeated Indices, while (b) and (c¢) do mnot.
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2 [ f £(ry3) £(rg,) £(rys) f(rsa)d;_r__g)dghd{; [ f £(r1g) f(r62)d£6] (134)

1

Tt thus separates into the product of the connected products foi' three
particles sbove the line and one below, or vice-versa.

Of course, the integrals into which the comnected products separate
are of the faltung type discussed previously and hence, in terms of the

transform (k) of £(r) a typical one becomes

[e(z13) £xyy) 2in0) f(rsz)d£3dzhdzszﬁ_§ Ii [Y(k)] b T

The contribution of the connected product illustrated in Figure 10(c) and

separated in equation (131) to QNQ. is

oo 2] ot 5 ) ] [ 2,

or (135)
ph f v(k-k') v3(k) v3(k') » ax’dk (136)
(2% Y ==

Those connected products with an equal number of particles gbove and
below the imaeginary line Jjoining particles one and two are entered along
the diasgonsals in Figures 9 and 11. In particolar, those connected products
with an even number above the line and an equal even number below are
entered in Figure 9, while those with an odd number above and an equal
odd number below the line are entered in Figure ll. Those connected
products with an unequal number of particles above and below the imgginary
line are entered in the off-disgonal places in the disgrams of Figure 9

and Figure 1l. 8Since these connected products have a weight of two as
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Figure 11.

@ ®
Cluster Diagrams Included in Equation (1L47)
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compared with those on the diagonal, they will be entered with a weight
of one in both the ij'® position and the symmetric jitP position. If a
connected product has an odd number of particles both above and below
the imaginary line joining particles one and two, the numbers being
unequal, it is entered in the appropriate off-diagonal positions in
Figure 11. If it has an even number of particles both gbove and below the
imaginary line, the numbers being unequal, the connected product 1is
en'l;ered. in the appropriste off-disgonsal peositions in Figure 9 . By this
procedure, all tﬁose connected products which are consistent with the
hypothesis of non-repeated indices and were omitted in the last section
are depicted with equal weight in either Figure 9 or Figure 11.

With the aid of these disgrams, the contribution of those connected
products may be summed. First consider Figure 'I9. Summing formally the
contribution of the elements of the first row to (V) /N and transforming

to momentum space, one has

oo

'22_[{"(1'12) f(rla) [f(r12)+ Z Pnff(rl3)..f(r 2’2)- (137)

n=2;k;...

dr3...d_:g‘n+2 }d:_r_l2

(—;)-6 ﬁfv(k-w)v(k){v (x) + 2 i [mk{)]“*l ak 'k

n=2,h,,..

\

1 t
= (x-k*) v (x) Yk') _ axwax
(&)E%Iv I ES S

Summing formally the second row of Figure 9 , one has
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1 B (yv(k-k )2 (x rik') ik Yk (138)
——-6(27) 5 )PY()l’p & ke dk

Similarly, the remaining rows when summed yield respectively,

1 2 k-k* by 5( y(k’ dk dk (139)
(2m)® 2fV( )pv.,k)l”p Y - o
1o [y T ) (140)
@ 2R ST T e
1 p v(k)
20 k) ©F (k dk Nk (141)
@ 2/° PY ) T A

ete.

Now, suming formally the contributions of the rows, i.e., adding equa-

tions (137), (138), (139}, (140), (141}, etc. yields

(217) fv(k-k"){ k) + Fr(x) + oty 2 (k) + } (142)
dk

©

k')
2 .2 4 ak
1 -p7 Y (k)
1

= —= (ke t) —4% )
(2m) %fv 1- %k 1-p Yz(k')“'

Thus the contribution of the terms depicted in Figure 9 to %’TZ is

(aTY3 f{(aﬂ)}v(k'kq)l £ @}__%%Ldk

Y (k) 1-p"Y (k)

A similar procedure may be spplied to summing the contributions of the

diegrams in Figure ll. Formally summing the first row gives

(143
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£ (—i-;gfv(k-k“)pv 2(x) { (k) + P ) (144)
+ p 5Y, 6(k")+- .} dk__ndE
= 1 2 [y (rkt) e vR0) Y'(ku -
(2Tr)E 2f 1 - Ya(k) -
The second and succeeding rows yield
"""'6 f\’(k-k) B K atd dk “dk (145)
(2m)® 2 1- 60 Yy
g g [ ) @ ) — ) gea (146)
-p v (k%)

etc.

When the results for the rows are formally summed (eguations (144 ,(145),(146),

etc.) one has for the contribution of the cluster disgrams of Figure 11 to
<V /§,

16 £fv(k-k"> {pv(k)«r e v (k)+,..}._L_L.2_ dkidk  (147)

(2m) 'PY(k)

1 e et p*r2 k! pvf_(g:l dk
(2m)3 2[ {(2 )3 f\(k * ) T (k")} 1-02¥%x)

[1]

The sum of equation (143 and egquation (147) yields [5-%)-]2 s the previously
omitted contributions to S%Z . Tt is

e G o f{[ o 2 @] e
ak

. Y(k) + [fv(k-k“) - ék;

l-pY(k) 1-p v (k" ]
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The sum of equations (119), (121}, (143), snd (147) is the complete

Hamlltonian for pair excitations:

(H) _ 1 1 Y (k) 1

5 =3 o) * (217)3j p(k) T ~TE) dk + 73 (149)
12 2, 1 K st 30 e

f \{ > % (23 pvii-k') - pe Yéf(k,,) =(1. 2 o dk

s L. 1_ k) eeXCE') dk“~—-I;2§—]5L——
(gﬂ)f”f{ g«izm)jf"(kk)l”p*kg "}\l- Ya(k)d&

Alternately this msy be written ss

L. §oorr s fovw i w (120)

1 W 2, p pyP (k) :
—_ = K4 =
* {f[an E+z I (k)] - 2w &

()’
' f § e 1- :2;%1%(1:) dl—:}
or
® _1 1 ([2f 2, e i) (151)
¥ -3 Pvlo)+ (%BBI[E
+§ 1 (k)] ) dk
25 18w
+ (x)+ £ 1,0k x (k) ak
(2-”)3 f[PV 2 1( )] 1 p{Ya(k) =
where
1l § /
I (k) = ——z K-k Tk ax (152
1) (2,,)3f ) 1-p% vkt o)
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and

2
IV(lz«’k?) py (k') ' (153)

I,(k) =
2 2 2:, .
l-p Y(k’)

1
2r)3
Varying i%z with respect to y (k) yields the Euler equstion

[w(::) +p11(k)] [1+p2 r%)] +2 p[ﬁé ¥y pv(x) +p12(k)] e

[1 - pg Yz(k}] 2

Its solution is the following non-linesr integral eguation for y(k)

=0 (154)

2 ¥
[ovix) + 1, (k)] pr(x) = - [% K24+ py(k) + 12(1:)}{.3;5 x* (155)

h@

v B [ode) + 1, (1)) + 2 v(K) [Th(x)

-Il(k)] + J:S (k) - 12 (k) &

The sign of the square rooi was determined by the constraint, IpY , < I
Substituting the minimizing v(k) from equation (154) into equation

(150 leads to the following minimal form of S%_Z ¢

E 1 1
=5 evlo) + o f % v(k) v(k) dk (156)
_ 1 'R . PY2
(ar)3 fz [£200) v # 315 (] 1 - 0% v%(x) =

In gddition to the energy, other parameters describing the ground
state, such as the pair correistion function D((g)) and the form factor

8(k), are of interest. D(r) is defined by
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(N 12 0 ¢) drBooo
f‘l’% ar™

For the wave function of equation (93)

o = igj“ [1 + f-f(rij)]

D(r) = Gy (ryp) + 28(r)p) €y (ry0) + fe(rlz) °v3(r12) (158)

where the functions cvl(rlz} s Cy 2((312)9 and %3(:}12) are those defined

egrlier. Summing up the terms in the cluster expansions s before, yields
D(r) =1+ BJB(;;)) + J’lg(g) + JQQ(;_) (159)

where -

J ( r)= @ dic | (160)
. &En)d f p‘% v-(k) -
r pY k olET o0 (161)
2l (Qﬂ)g f 1- p (k)) -
1 y (k) 1E°T
a,(z) = f — ak (162)

For y (k) given by egquabtion (113) of the lsst section and eguivalent
to that of Lee, Huang, and Yang (39) for the pseudopotentisl, the behavior
of D(R)} is

r) =1+0 (/*) , (r - ) (163)

Dir) = (1 - a/r)2 + o(a/r ), r<<rg, (p gl)% r, = (8np R} o=1 (164)
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In general, portions of the behavior of D(r) are indicated by
2 2
D(o) = -1 + [1 - Jl(o)] + [1+ Ja(o)] (165)

and

o oy(k)
8k

lw2p[1 - pY(O)JQ

D(r) =1- k= 0> 3 +0 (L), (r 5« (166)
r r

From this latter equation, one may see that for the +y(k) of eguation

(113), equation (163), is more accurately

D(r) = 1 - 1 L +0 (X)), (r ) (167)
Peﬁeay‘gwpa ;E ;6

Another quantity descriptive of the ground state is the form factor
S (k)
(k) =1 +p/[D(x) - 1] e Tl gy (168)
This particular quantity is of interest because it is accessible from
experimental neutron and X-ray scattering measurements (40). Using equa-

tion (159) for D(r), one has

S@) = 1+ p[[20,(x) + 52(x) + 5,2(0] & = T ar (169)

or

2 k ’
Sk) =1+ r% " _(5:_)3 J {[1 - pg%?)(k')]

[ v (k-k*) +p2[ 2 (k) ][ vo(k-k') |
)

22 5 3 2 2
1-p y (k-k) 1 - p%y (k'k")J

1-p v (¥
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(170)

= 2 py (k) P (k) y(k-k?)
Tt O (z?ﬂ)gf [1 - Y%t“)] [1 -p ¥ (k-k")]

Py
{l-‘- o© v (k') ylx-kt) ) dk

Another gquantity of interest is the number of particles in the ground

stete. As ststed in the last chapter, the cruclel point in treating the

Bose particles with repulsive interasctions is that one expects a finite

fraction of particles in the free particie ground stete, even with the

intersctions turned on. This &ids to the interest in it, The fraction
N-XN

NO- &‘go N@ _ Nk#c
is-l-f— ¥ orﬁwsl.w 5 .,Butn’k¢@

is defined by

N
k#0o _
N 'f POy o Ok snd T by

2 o
S%Z L [, x. (171)

Comparing equation (170) with eguation (119), one sees that, for palr exci-

tations,
[}
-_ 1 pY={k) (
ks 172)
e TTRTT T % v(k)
snd
'H = f dk (173)
(@rﬁ 1-,%y (k)
Thus,
N
‘1«2 = K] f (k) d (174)
fzﬂ) p ¥ 4ix)

and the density of psrticles in the ground state,
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2 .2
Py= P~ le £ f%)_ dk (175)
{2m) 1= P Y%K)

The gbove results may be compared with those obtained by field-theo-

retic methods in momentum space using the palr excitation snsatz

t Z Ak oo,k) [&% ;£ 11;_-:, 829 d>(°) (176)

,_O klooekJ¢®

with A :j( kloook j) repregenting the probability smplitude snd ak and D“k have
their usual mesning as the crestion and destruction operators-for fr:e

bosons of momentum k. This cDP differs from the unperturbed free particle
ground state, ) , by excitetion of particles from zero momentum to

only pairs of equal snd opposite momentum. Using this smsmbz (41), one obtains
for the expectation value per particle of the Hamiltonisn to be used :in

the variational spproach, an expression which is equivelent to egustion

(179 with the exception that in one place, p is replsced p .,

D | p = (x) dk
Po = P (Eﬂ)jflwpz-ﬂk) ke (177)

The resulting expression in the swme notetion a8 eguation (151) is

2
S%Z = 7‘,15 pvio) + —= 3 [%;I; K + po v (k) (178)
{2m)
t5 1 (k)] i =+r—3 /L°
BRI TR ¢ st[c’

+ I.(k Y(k)
§ 1,00 T2, ®
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In their derivation, the limiting processes N -~ o, V = «, and
N/V = p, & finite non-zerc constant,; were made and those terms yielding
no contribution in these limits were neglected. This ssme procednre‘is
implicit in the cluster erpsnsion spprosch and was mentioned earlier.
Substitution of the minimizing solution v (k) into egustion (178) leads
to the following minimal form of %2 o
v{k)

5_11-’;2=% pv (o) + @iﬁ rig-j;w v(k) dk (179)

2 .2
- 13 f : E z [pI;[(k) v(k) + 3I,(k)
(2m) 21-p v )

- 1,(c) - Iyl0)] dk

Some of the other previously calculeted parsmeters of the ground state
are in sgreement with those obtsined through field theoretic methods for
the pair-excitstion snsatz with the exception of the presence of p 0

Among these is the pair correletion function D(r), defined by

p(r) = Y1) .[ i dry--dg

. f o%® @dzn

and cslculated using the wave function o= [f [l + f(ri ,j)] and cluster
i<

expansions in equation (159). Proceeding through momentum space, Lee, Huang,
end Yang (42), snd Girsrdesu and Arnowitt (43) cbtain (in the same nota-

tion as equation (159 )

Dr)=1+2 -‘;9» i) + 5% + 3,20) (181)
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vwhere g’l(z), Ja(_{) snd J 3(}:) were defined in eguetion (160, equation (161)
and equation (162).

If the form of D{r) &= given in egustion (1) is sgain considered,
the following criticism of D(g) by Girsrdesu snd Arnowitt is importent
to note.

"One can show that D(r) > 1 - 2{ po/p )2‘. Hence it is only possible
for D(r) to become small for small r (& it must for the true ground
state if there is s strong short-range repulsicn) if p o/ P> 1B,
Furthermore, one sees that D{o) > O for ( pO/ p)< 1. We conclude thsat
for interparticle intersctions such as the hard-sphere cne, cur wave
function and pair correletion function become physically unrealistic for
small particle separstions unless (p ,/p ) ~ 1. This tendency of D(r)
to increase as r =» o seems to be & general defect of pair excitation
states (in equation (164) D(r) becomes positively infinite as r —> o,) and
can probably only be corrected by going beyond the psir-excitation ansatz
of equation (176) so as to tske intc sccount excitation of momentum-con-
serving groups of more then two particles." (44)

One is well aware of this falling when proceeding in configuration
gpace, since the wave function employed for pair excitetions
o = j‘1'[u(1 + f(ri J) can vaprish only spproximately inside the core and
hence ége pair correlation function zonstructed from it cannot be expected
to do better.

If one is now interested in cbtalning the swymptotic series for the
ground state energy utilizing either eguation (156) or ecjuation (179) and
their relﬁted egquations, it is instructive to consider first the meaning
of the pair-excitation states as the eigenstates of the system. For a

dilute system with hard-sphere interaction, Lee, Huang, and Yang (45) have
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shown that the eigenstates are of the pair-excitetion form. For a system
in the limit of weak coupling { v{k) => o), Bogoliubov (46) has shown
that the eigenstates are sgain of the pair-excitation form. With this in
mind, one is led to consider either a low density expansion or & wesk
coupling expansion of the ground steate energy cbtained f;'*om the palr exci-
tation states. To achieve the former, one may neglect the integrals Il(k),
Io(k) and o, - P, in gﬁ /N and- @cgqprg;anying expressions. Use of the

8 5 gh

pseudopotential —— 5 {x) 5% {(r, eguivalent) to the hard sphere

interaction at low densities, in these expressions leeds to

2
—&-—-8"; [1+

3,3
15V (pa)] (182)

for the first two terms of the ground-state energy per particle in a low
density expansion. The neglected terms may be shown to introduce an error
of order ( pa3) o This procedure is equivelent to that of the previous
section and of Lee, Huang, and Yang (47). It leads to the same results.
To achieve the latter type of expsnsion, one msy proceed by iter-
ating the varistional integral equations. Since py (k) approaches the

Bogealiubov solaticn

2 24
L x4 k/% 2+ pv (k)
pv (k)

pY (k) = -1 - (183)

in the limit of weak coupling ( v{k) =» o ), egquation (183 may be used

as the first iterate, py, (k). 1f (k) in equation (15¢) for ﬁ%-) is
replaced by Y’o(k)’ &n errcr of order x7/2 is caused in %2 (48) » 1is

the dimensionless coupling constant —?%?l and & is the range of the
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interaction. The fingl expansion for the ground state energy per particle,

correct to third order in the coupling constant (48) is

-
1 1 1 pvelk) 8 3/2 s5/2
5 PY(a) -3 (211)3 f ké*(—)- di + “;;'g g’ = v (o) (184)

i

1 pv (k) v(lk-k“i) vik'}) o
. f £ dk'ak

l'k"
cky e [ g o (200

(ar)” k, >

1
*z

, 8 nah
Using the pseudopotentisl Vir) = I o 5(1&"))1? {(r, for the dilute

strongly~-coupled hard-sphere system in the weak-coupling expansion leads
to the following for the first two terms of the ground-state energy per

particle

I pah® l:l Y- (o &3>1/2]
2 15 e
This is the same result as cobtained previously. It isnot too surprising
since the wesk coupling expsnsicn was based upon iteration of the vari-
gtional integral eguetion, commencing with the Bogeliubov function. The
solution of the varistional equation in low density epproach is the

2
Bogaliubov function for the potential v(k) = TB" & , 1.2, the pseudo-
potential. The weak-coupling spproach thus serves as a verification and
Justification of the previous spproach |

Cluster Expansion Disgmgs end Perturbation Diagrams.--One of the important

features of the use of perturbation theory that hes allowed so much prog-
ress to be made is the gbility to sum certain selected classes of pertur-
bation diagrams from vericus orders. These perturbation diagrams repregent

pictorially terms in the perturbation expansion for the energy, i.e.; they
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represent diagrammatically certain matrix elements. They are not Feynman
diagrems as they are to be read in the upward time sense. Excited particles
are represented by solid lines and the unexcited particles by dashed lines.
The vertices are momentum conserving. As an example,vthe diagram in Figure
12(a), represents the interaction between the unexcited particles one
and two. In Pigure 12(b), the two unexcited particles one and two interact
and are excite;i into & pair with momentum k and -k respectively.
(Remember momentum conservation st the vertices.) BSubsequent interaction
deexcites them back into the ground state. In Figure 12(c), the unexcited
particles one and two are excited into a pair state of momentum k' and
-k'. From this intermediate state they interact to go to the excited
state of momentum k and -k from which they pass back to the ground state.
In Figure 12(d), the two particles two and three are excited to states
with momentum -k and Kk respectively. Particle three interacts with
the unexcited pa,rticle-one » exciting one to have momentum k, three
being deexcited to the ground state of unexcited particles. One and two
then return to the ground atate. This indicstes the nature of the inter-
pretation of these disgrams. Figure 12(a) contributes to the first order
of the perturbation energy. Figure 12(b) contributes to the second order
and Figure 12(a) and 12(d to the third order. The number of vertices indi-
cates the order.

Typlical cluster expansion diasgrams of the type used in this chgpter
are illustrated in Figure 13. The link between particles i and J iﬁ con-

figuration space is f(ri J) or -(-;)-3- f ¥ (k) eE-T1] dk . Connection
2

between these diagrams and the perturbation diagrams may be made as fol-

lows. Make a perturbation type expansion of f(ri J) in powers of the
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interaction strength g, i.e.
tiryy) = afyir, )+ gafg(rij) - (185)

Alternately the Fourier transform of f({ri j) nmgy be 50 expanded;, i.e.

. -
Y{E) = vy * 2y o+ Tilkle + v (k) & +... (186)

where 63590 is & Kronecker-type o .‘ Such sn expansion may be made of

the solution for (k) of equation (1%5). It should be noted that some

of the coefficients in this e¥pansion may vanish. Then the cluster dia-
gram of Figure 13(a) represents the interaction between the unexcited
particles one and two, This is aiso represented by the perturbation dia-
gram of Figure 13(a)’. The cluster diagrsm of Figure 13(b) for EV(rlg)f(rla)
represents the processes shown disgrummatically in Figure 13(b)* by the
series of perturbation disgrams, i.e. excitation of the pair one and two
and de-excitation back to the ground state plus the iterates of this
process caused by the succeeding terms in the expansion of equation (185
for f(rij). The cluster disgram of Figure 13(c) for V(rla) fa(rle) ex-
pands into the perturbation disgrams in momentum space shown in Figure_ 13
(c) « The sum of the two particle cluster diagrems Vir,), 2V(r,,) f(rla),
and V(rlg) fa(rla)) is equivalent +o the properly weighted sum of the per-
turbgtion disgrams for single psair excitabtions. These are illustrated in
Figure 14, Retention of only these two-particle cluster diagrams leads

40 & reduced Hamiltonlan

2 .
%:;;f[% |ag|®+ % ¢2] ar (187)

The solution of its Buler equation
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79 1- P
VT oplrd oz ovie) ¥z = (188)
for the repulsive sguare well of height V@ and width a is

il tarh Ca - &
r

${r) =1+

\' S
where @ = ”f -
bil

The resulting grcound state epergy per particle,

g%; - hn{gihg [& _ ".‘zf;az,n:. Q &]

sgrees with that obtained by Abe (49). He counted only single pair exci-
tation perturbgtion diasgrams. It is interesting to note that the limit
of this expression for the grocund stabe energy as Vo ~» o (i.e,, the
repulsive sguare well goes into & repulsive hard core) is just the Lenz
4 p 6h®
(50) term ”*% o
An indication of the interpretebtion of cluster diagrams for three

or morsg particles in terms of perturbation diesgrems for multiple pair

excitations is presented in Figure {15).
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to a Particular Cluster Diagram



80

CHAPTER IV
CONCLUSIONS

It has been shown how the cluster integrsl formalism may be tregted
to produce results equivalent to those obtéined from perturbation theory.
Interest in the equivalence is not so much in presenting the cluster
integral development as an alternative to the second quantization pro-
cedure; as it has been employed here at least, the cluster integral for-
malism gppears congiderably more cumbersome. Of grester interest, perhegps,
is the underlying reason for the possibility of masking an exact asymptotic
calculation for the ground state energy in the two procedures.. In thg
second quantization formalism, the pair spproximation reduces the Hamil-
tonlan operator from a complicated quadri-linear form in the plane wave
creation and destruction operators to a simple bilinear form, which can
then be diagonalized by a canonlcsl transformation to new operstors. The
cluster integral formalism without the equivalent of the palr gpproximation
is also quite intractible because of the complicated nature of admissible
grephs contributing to the pair distribution function. The equivalent of
the pair approximstion, namely the restriction to non-repeated indices,
gselects out of the original hierarchy of graphs only certain ring infegrals.
These have a particularly simple structure which enagbles evaluating exactly
their contribution to the pair distribution function. This fact, utilized
previously in, for example, the Debye-Huckel theory of electrolytes (51),
the Kahn-Uhlenback treatment of the perfect Bose-Einstein gas (52) and in
the Born-Green theory of liquids (53), here again forms the basis for the

possibility of the present calculation.
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It has been emphasized that the properly handled cluster expansion
spproach has the advantage of desaling directly with the wave function in
configuration space. This has the advantage of heightening one's intui-
tion and insight into the problem.

To proceed beyond the pair excitation gpproximation, to include
terms representing simultaneous excitation of three particles one would
expect to retain terms such as f(r12) f(r23)° As previously discussed,
such a term refers to excitation of three particles heving moments El 3
ky, 53 with k, 4 _1_:2+ 53 = 0, However, Wu (54) has shown that instead
of f(rl2) f(r23) being retained to represent a triple excitation, a term
of the form g(rl, Ths r3) mst be used. This term is not separable into
the product f(rla) f(r23) , & term with a single repeated index. The impli-
cation of this for the cluster expansion gpproach is that for these mul-
tiple excitations to be includ.ed; a modification of the classical cluster

expansions must be made to include three-body potentials in addition to

the usual two-body ones.
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DIRECT CALCULATION oF {v) FOR SINGLE PAIR EXCITATIONS

In this enddx, the result glver in egasbion (67) for ¥ ) the
9 & "il

expectation value for the pobsntigl snergy is derived, counting only

gingle palr excitabions, spd steriing from

2 % N
Iy (V) = I,=23 N(N-1) j o viry.)odg (190)

This smounts to calculabing the Inbegrel I, for the class of terms
depisted graphically in Figures 3(a) e (d. with the ground state wave
function given by egusticn (6 ), I, bizomes

I, = ln(mmmf nﬂ Daflr, )] Vir.) T (14 2(r, o)) d;N (191)

2 1¢3 13 12 3¢ ij

Contributions from terms shown in Figure 3(a) and (c) cowe from disgonal
elements, i.e., terms in the expanded product which contain the same set
of pair functions coming from < as from 0¥, call <V>ﬁ the contribution
to the potential energy from thesz terms. Consider the bt gnch term,

containing n products fg(rid)ﬂ

z 2 3
Z:f (ry ) £20r, Jeoo ¥ir ) ar™ (192)

Of the N!/(N-2n) in! 2% terms in the sum, le% C,{n) be the mumber in
which f2(r12) appesrs and cl(n) the number in which fg(rle) does not
appear

(n) = {N-2) ! (193)

C ~
[1-2-2(n-1)] (n-1)¢ 221

&}

2
Cyinjm N. - ¢ {n)

(N-2r) ing 2P
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Then this nth term integrated gives the result

, Jreoa

Q

Q" o (n)pnL [ e(r) viriel(r)ar + O ¢ (njB (194)

where B = 'J‘f&(r) dr. Swmeing over &il m, the comtribution I 4 to I_ is

N N 2 nml
Q é NI 3 -
ta® (Nw&x)x."nﬂ i N(stll jv(r)d; (195)
neo

“Nf‘ HE Y IR PV
+ - p | Flr)Virifir)dr
T Ly (w2 iin-1)l B

Dividing by the normalizetion integral IN

N/2 n
¢
T e 0¥ N. x (196)

N ‘n
TS (N-2n) In! N

gives the result

. N/2 , .n
(V)dg .&ﬂ\léll j V(r)dr + ﬁ jfa(r)V(r)dg °<’3% log t (N-I;i)}:nmn (197)

neo

With the asymptotic value for the sum given by equation (60) this becomes

(.= L fv(r) x I [ wtx) 2r) g (198)

The second term on the right of eguation (18B) referring to interaction
between excited pairs is neglected in this direct calculation becanse it
affects the ground state energy in a higher order.

To complete the calculstion of (V> s the "off diasgonal” elements,
(V)od > coming from terms represented graphically in Figure 3(b) and (d)

are needed. For the excitation and de-excitation of a pair represented in
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(b) & typicad n™® term is

[ty iz ) 37 ey 3 £2 ) e S ) & (199)

with n-{ products of function fg(r“‘I j)g and where indices 1 and 2 gppear

only in the term f&(rlg), On integration and on summing all such terms,

one has
nfz ’
jf(rlz) Viro) drydr, ¢(x) B" 1 oo+l (200)
n=l
with
- ¢
cln) = 2 (§-2): (201)

[3-2-2(n-1)] i{n-1)! Pl

The integral Ivo will bte

al
(r) £(r) “% 1A (202)
I = Vv £ dr Q 2 202
vodl o [ Vi) et 2z £ (v-2n) {n-1)im°
and
() [ viz} #izdar 2 % .t (203)
v = v Firjdr X 1 S 203
od1~ P TS 5w 8 < (N-2n) inl m“

= Np [Vi(r) £(r) az

The final coptribution will come from terms shown in Figure 3(d) . A

typicsl nth term in the expanded produnct will be

, , N
JZ £r ) Viryg) 2lry) £5(ry ) oo fg(rs ) ar (204)
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with n-1 functions fa(rij). On integrating and summing ell such terms,

one has
N-1/2
N-n-2 _n-1
J’f(ria> V(rp) flrpy) ary az, ar, Zﬁ c{n) @ B
n=1 (205)
with
¢{n) =2 7T
[N -3-2(n 1)] (n-1)° 2
The integral Ivo 42 will be
N-1/2
N 1 0= 1
I = Q" A J.f(r y{r 2)f(r )dr.dr dr. N.
vodz a2 ¢ ey el S zéml (§-1-2n) }(a-1) 1
(206)
Putting £ = n - 1 in the sum, this becomes
N-1)(N-2 )i
Tyoqe = > Q I f(rij)v(r o)z, dry dr % (207)
(m-3)¢ xt
(§-3-20) 343 N
The asymptotic value for the sum for large N and small x is
olN-3)x (208)
Thig gives the result
N 2
(M) o2 = fo- [ #izg ) virg) 2(rpy) dr dr dr (209)

Introducing relative coordingtes r =r; -rpo , r's= Ip - I 3°

(Vg o [ £l +x']) V) £(x') ar ax (210)
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Combining equation (198), (203);, and (210) gives the total contribution to

(V) from single pair excitations as

(vy= R [v(r)ar 4 ¥p [ V(2)E(z)ax + W Z[2(|x 41" |)V(x)E(r ") drar

(211)
which is the result used in Chgpter III, equation (67).
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DERIVATION OF BQUATION (111)

In this appendix, equation (111) is derived. To do this, the sum of
equation (58) and equation (67) is considered term-by-term, using for
V(r) the pseudopotential given by equation (24) and transforming the pair
function £(r;p) to momentum space

a2 = [0 512 g (212)

Equation (212) is in accordance with equation (28)

() = [ 2(ryp) e =2 gr

Considering each term of equation (58), one has

£ Jviryp) axpp= g [ eo(xy) ary, = ££ (213)

2] avtey) ) a5 [ 80 [2-2-%;—3- [w (2
1k-r,o :
o dg] i, , = ?j-fg [y (x) ax

2 L]
g j V(rl2) :TD {J' l'Y-‘- (k:(ﬂ eiE-IZlZ dJE} d£12 (215)
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Consider next the first term of equation (67). As noted in the first sec-

tion of Chapter III it vanishes, since f(rl2) has no zero momentum com-

ponents. Hence

- p B2 2
= J V2 2(x) axyy = 0

(216)
Considering the remaining terms of equation (67), one finds
-%11}— j £(ry,) v2 £(r,,) &, (217)
o - ik-r2
= (k') e = H2ar [ 1® y(k) e - dk
& J e {-—-—g(aﬁ) I R .
=‘%ﬁ" 5 [ )

p- Y (k)
- 93h2 J’ I k! Y(k')e- - =12 gk I --I--—(—)—3 k
I )6 T12 1 - 222
1k.r1, o3n 1 K ‘h(k)
i @ (23 1 - )

The summing of equations (213 through (217) results in equation (111)
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DERIVATION OF BQUATION (119)

In this asppendix, equation (119) is obtained from equation (110). To

do this V(rla) and f(r12) are transformed to momentum space by

1keXyo
£ = 1 k) e dk (219)
2= s L@ e -
and
(r,)) = —2 v(k) ei-]-‘-.f-ladg (220)
12 (2'|'r)3 J‘

Examining each term of equation (117), one has
L -
3 [Viryg) azpp= 5 (o) (221)

-2? f H(ryp) 2(r ) dr,, = (222}

ks e e g s e

= L _ |y
5 ] vw rm .

2
l% I ¥(r;,) éﬂ%‘g’{f %ﬁ"(ﬂ Ik d?‘;} &, (223)
. 2 . ik 2 ike
=?:53 f[ Tty & rlzd.,i.”j% kT2 g a,
(2n)3 I 1- py‘%‘k“}

The sum of equations (221) through (223) 1s equation (119).
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THE PSEUDOPOTENTIAL

The ap:proach of Lee, Huang, and Yang to the problem of the system
of Bose hard spheres is known as the method of pseudopotentials in con-
trast with Lee and Yang's binary collision expansion method (55) or
Bruackner and Sawada's t-matrix method (56). The use of this concept,
originally due to Fermi, is essentiai to their celculations. Applied
to the problem of the hard spheres, this method becomes a systematic pro-
cedure of expansion of the energles and wave functions of the involved
system with a, the hard-sphere dlameter 8s expansion parsmeter.

Motivation for the use of the pseudopotential concept may be ob-
tained by first discussing its role in the two body problem. For two

hard spheres of diameter the Schrddinger equation is

(V2+ %) (@) =0,r>a (224)
with the boundary condition
y(r) =0, rga

Here r is the interparticle separation and is the energy of rela-

122
tive motion. The psuedopotential may be defined as the potential in a
Schrodinger equation valid throughout all space whose solution is equal
to the solution of the hard sphere problem in the regiocn outside the
core. In other words, the hard core boundary condition of equation

has been replaced by s potential, the pseudopotential. This procedure is

analogous to the introduction of multipoles in electrostatics.
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First consider the case of the appropriate pseudopotential for the
spherically symmetric ( & -wave) solutions at very low emergy. If i (r)

extrapolated is the solution which coincides with 1 (E) outslide the core,

W2+ )i () =0  (r#0) (225)

is the equation which it satisfies. To insure that ¢ex(r) will equal
¢ (a) = 0, this equation must be altered at the origin. If q)ex(r) has

the following behavior close to the origin

lbex(r) - (1 - a/r) 5% [r q)ex(r)]r:o (r =»0) (226)

it will vanish at r = a. For 7 ex(r) to have this behavior, equation (25)

will require that

T2 Yog(r) > Lmas(z) 52,- (r $ou(r) ) (z = 0),(k = 0
(227)
In this equation 5 (r) has its usual meaning as a Dirac ©-function.

The end result is thst d:ex(;_) is 8 solution of
(v2+ kz) ¢ex(£) = bk ras(z) 5% [r ¢ex(£)] (228)

but 1is an S-wave asymptotic solution (k — O) of the original problem
for r > a. The operator on the righ{', ; belng the potential of this
Schrdtiinger equation, is called the pseudopotential. This equation 1s
not the originally sought equation whose equation 14, (r) coincides
exactly with {(r) for r > a. Its pseudopotential correspondingly is
only approximately the desired pseudopotential. To determine the desired
pseudopotential. To determine the desired pseudopotentisl, the solution

for r > a of equation (23)) will be written as
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W(z) =i +Z1 baYyn (0 #) [ 3,0m)-Cban )ny(er)], (229)
L

=0 m=-1

In this equation, (r, ©, #) are the polar coordinates for r , ng(e,;d)
is a normalized spherical harmonic, and Jfkr) and n fkr) are spheri-
cal Bessel functions. The g e phase shifts for scattering from a hard
sphere are defined by
ten ) = -i—ﬁ-ﬁﬁ"l . (230)
J (ka)

This is the solution of eguation (22) for r > a. If q)ex(g) is defined
to be equal to this expression throughout all space, then one msy show

that the equation it satisfies is

2
(V4 ) 4, = 15 2@ 2 i) (231)

© +1
¥ Z {_‘_fan% (24 - 1)1 (£ *+1)

S A 12

5{r) 247 +1
S a L+l
Y}im r];+2 Er—) (r

byn )

In this equation, 0 is defined by

L
Ib%m =jY£: (0, 8) ¢ (z) dq

The derivation shows that "in general, the solution of equation (225)
yellds the correct elgenvalues and correct asymptotic wave functions for
any potential without bound states. The hard sphere potential 1s a
particularly simple case in which the asymptotic form 1s realized as soon

a8 r >a." (57
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In this consideration of the two-body problem, the two-body pseudo-
potential replaced the hard-sphere boundary condition that  vanish
whenever ‘E'l -z, | < a« This means that | must vanish on and inside a
tube of radius a in the 6 dimensional configuration space of the two
particles. The tube axis is defined by |£1-£2, = 0. In the case of the
R-body system, this boundary condition becomes the requirement that 1
vanish whenever IEi - EJ, < & for all i and j, i different from j.

This means that | must vanish on and inside tubes of radius a, one

tube for each different pair of particles i, j in the 6N dimensional con-
figuration space of the problem. The axis of each tube is defined by

lfi - Iy| =0, the surface by rgi - I;|<ea. The collection of all
Eig:ll tubes is a tree-like hyper surface, the tubes mutually inter-
secting to form the center. A given tube, say one defined by ’.1;1 - E,j =8,
may be replaced correctly in a region removed from eny intersections by
the corresponding two-body pseudopotentisl. Thus awgy from intersec-
tions of two or more tubes the extended or extrgpolated wave function
would be a solution of a Schrddinger equation containing the sum of
.1.‘..(_1.'5_1). two-body pseudopotentials. To determine the pseudopotentisls
required by the intersection of two or more tubes would require the sol-
ution of three and more-body problems. Instead of doing this, Lee, Hnarg,

and Yang use for the N-body pseudopotential the spproximstion

8 mah?
<J

which is valid to order a.2. This spproximation amounts to using the sum

of the first term of the two-body pseudopotentials.
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ASYMPTOTIC SERIES: NOTATION AND DISCUSSION

The meaning of the O and o notatien is feund through the fellewing
definitieons:

l. If 8 is any set and f snd g are functions defined en it, then

£(s) = o [a(s)] , 8
means that there exists a pesitive number A, independent of s, such that
f(s) <A g(s) for all s
2, If £ and g are functiens defined en the real line, then

£(x)= 0 [a(x)] , (x =

means that there exists a real mmmber k such that

£(x) = o [gx)] , x (x, ).

3. If f and g are functiens defined on a set S, then

£(x) = o[ elxf], (x> x,)
meens that there exists a pesitive censtant A and a neighberheed N(x,) of X

such that
f(x) sSA g(x) for all x both s and N(xo),

4, If f and g are functions defined on a set S, then

£(x) = 0 [&(x)] , (x = x,)

means that £(x)/g(x) = 0 as X X,
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To say that h(x) is an "asymptotic formula for f(x)" er that "f(x)

and g(x) are asymptotically equivalent” [f(x)»u g(x):] means that

£f(x)/g(x) = 1 asx = X, -

The preceding definitions are now used to define what is meant by
an "asymptetic series for £(x)" or "an asymptotic expansien of f(x)."

If there exlsts a sequence of functiens h,, h,, ha, h3,... and 1f
there exists a sequence of constants CQ, Cl, Ca,o.. such that this series

of O-formmlas for f(x) holds:

#(x) = 0 [By(x)], (x> x,)
£(x) = b (x) + 0 [n(x)] , (x= x,)
£(x) = CoBy(x) + Cph, (x) + 0 [na(x)] , (x> x,)

£(x) = Ch (x)+ oo 4Cy b (x) + O[h (x)] , (x->x)
then the formal series

c@ho(X) + clhl(x)+ eoo 9 (X“") xo)
is an "asymptetic series for f£(x)" and the following notatien is used

f(x) = ceho(x)'- XX ] (x"’ xe)

and includes the set of O-fermulas. If this set has enly N members, then

it is said te be an asymptotic expansion of f£{x) te N-1 terms.



1.

10.

11.

12.

13.

1h,

15.

101

BIBLIOGRAPHY

London, F., Superfluids, New York: John Wiley and Sons, Inc., 1954,
vol. II.

Feynman, R. P., Progress in Low Temperature Physics. (c. J. Gorter,
editor) Amgterdsm: North Holland Publishing Co., 1955, Veol. I,
Chapter II.

Atking, K, R., Liquid Helium. Cambridge: Cambridge University Press,
1959. '

Landau, L. D., "On the Theory of Superfluidity of Helium II." Journal
of Physics U.S.8.R., II, (1947), 91.

Feynmen, Cp. cit.

Bogoliubov, N. N., "On the Theory of Superfluidity." Journal of
Physics U.S.8.R., 11 (1947), 23. -

Bogoliubov, N, N. and Zubarev, D. N., "The Wave Function of the Lowest
State of a System of Interacting Bose Particles.” Soviet Physics JETP

1, (1955), 83.

Zubarev, D, N., "Distribution Function of a Non-Ideal Bose Gas at the
Temperature of Absolute Zero." 8oviet Physics JETP, 2, (1956), ThS.

Huang, K. and Yang, C. N., "Quantum-Mechanical Many-Bedy Problem with
Hand-Sphere Interaction.” The Physical Review, 105, (1957) T67.

lee, T. D., Huang, K., and Yang, C. N., "Eigenvalues and Eigenfunctions
of a Base System of Hard Spheres and Its Low-Temperature Properties."”
The Physical Review, 106, (1957) 1135.

Brueckner, K. A. and Sawads, K., "Bose-Einstein Gas with Repulsive In-
teractions: General Theory," The Physical Review, 106, (1957) 1117.

Iwamoto, F., "Cluster Expsnsion of the Ground State of a Bose Particle
Systen." Progress of Theoretical Physics, 19, (1958) 597.

Aviles, J. B., "Extension of the Hartree Method to Strongly Inter-
acting Systems." Annals of Physics (New York), 5, (1958) 251.

Mayer, J. E. and Msyer, M. G., Statistical Mecheanics. New York:
John Wiley and Sons, Inc., 1950; Chapter 13.

Kahn, B. and Uhlenbeck, G. E., "On the Theory of Condensatien.”
Physica, 5, (1938) 399.



102

16. Dingle, R. B., "The Zero-Point Energy of a System of Particles.”
Philosophical Magazine and Journal of Science, London, Dublin and

Edinburgh, Seventh Series, 40, (1O49) 5(3.

17. Jastrow, R., "Many-Body Problem with Strong Forces." The Physical
Review, 98, (1955) 1479.

18. deBoer, J., "Molecular Distribution and Equation of State of Gases."
Reports on Progress in Physics, 12, (19%8-49) 335.

19. 8alpeter, E., E. "On Mayer's Theory of Cluster Expansions.” Annals

of Physics 5, (1958), 183.

2. Aviles, op, cit.
2l. Jastrow, op. cit.

22, Lenz, W., "Die Wellenfunknon und Geschwindigkeitsverteilung des
entarteten Gases." Zeitschrift flr Physik, 56, (1929) 778.

23. Jastrow, op. cit.

2. Aviles, op. cit.

25. Aviles, op. cit.

26. Lee, Huang, and Yang, op. cit.

27. Ibid., Appendix III.

28. Smith, V. H. and Gersch, H. A., "Cluster Expansions and the Ground

State of Bosons with Repulsive Interactions.” Bulletin of the American
Physical Society, Series II, 4, (1959) 386. '

29. Fowler, R. H., Statistical Mechanics. 2nd edition. New Yerk: The
Macmillan Company, 1935, Chapter 8.

30. Brueckner and Sawada, op. g_:g:_.

31. Fowler, op. cit.

32. Lee, Huang, and Yang, op. cit., p. 1135.
33. Brueckner and Sawada, op. cit.

34. Lee, Huang, and Yang, op. cit.

35. Brueckner and Sava;ia., op. _c_:iﬁ.

36. Lee, Huang, and Yang, op. cit.

37. Ibid.



38.
39.

L1,

L3,
Lk,
45,
L6,
b,

Lo,

50.

51.

52,

53.

5k,

55.
56.

5T.

103

Brueckner and Sawada, op. cit.

Lee,. Huang, and Yang, op. cit.

Golhsteinh L. and Reekie, J. "Spatial Distribution of Atoms in
Liquid He ." The Physical Review 98, (1955} 857.

Girardeau, M. and Arnowitt, R., "Theory of Many-Boson Systems: Pair
Theory.” The Physical Review, 113 (1959) 755.

Lee, Huang, and Yang., op. cit.
Girardeau and Arnowitt, op. cit.

Tvid.

Lee;, Huang, and Yang, op. cit.
Bogoliubov, op. cit.
Lee, Bueng, and Yang, op. cit.

Girardeau, M., "Weak-Coupling Expansion for the Ground-State Energy
of a Many-Boson System." The Physical Review, 115, (1959) 10%0.

Abe, R., Ground State Energy of a Bose Particle System.” Progress
of Theoretical Physics, 20, (1958) 78s5.

Lenz, op. cit.

Mayer, J. E., "The Theory of Solutions,” Journal of Chemical Physics
18, (1950) 1k26.

Kahn and Uhlenbeck, op. cit.

Born, M. and Green, H. S., A General Kinetic Theory of Liquids.
Cambridge: Cambridge University Prese, 1949, Chapter II.

Wu, T. T., "Ground State of a Bose System of Hard Spheres.” The
Fhysical Review, 115, (1959) 1390.

Brueckner and Sawada, op. cit.

Iee, T. D., and Yang, C. N., "Many-Body Problem in Quantum Mechanics
and Quantum Statistical Mechanics,"” The Physical Review, 105, (1957)
1119.

Buang, K., The Many Body Problem, edited by ¢. DeWitt. New York:
John Wiley and Sons, Inc., 1959, p. 606.




104

VITA

Vedene Hollet Smith, Jr. was born in Syracuse, New York on April 19,
1935. He was an honor graiduate of Leon High School in Tallahassee, Florida
in 1951. He received the degree of Bachelor of Aris with major in Mathe-
matice from Bmory University in 1955. At Emory, he received the Sigma Pi
Sigma Physics Award. From the Georgia Institute of Technology in 1957,
he received the degree of Master of Science in Physics. He has been
associated with the School of Mathematics, the School of Physics and the
Engineering Experiment Station. He was President of the Graduate Student
Senate in 1957-58. He is a member of the American Physical Society and
the honor societies Alpha Epsilon Upsilon, Phi Sigma Iota, Sigma Pi Sigma,

Pi Sigma Alpha, and Pi Mu Epsilon. He was elected a full member of Sigma

Xi in 1959.



	Page 1
	Page 2
	Page 3
	Page 4
	Page 5
	Page 6
	Page 7
	Page 8
	Page 9
	Page 10
	Page 11
	Page 12
	Page 13
	Page 14
	Page 15
	Page 16
	Page 17
	Page 18
	Page 19
	Page 20
	Page 21
	Page 22
	Page 23
	Page 24
	Page 25
	Page 26
	Page 27
	Page 28
	Page 29
	Page 30
	Page 31
	Page 32
	Page 33
	Page 34
	Page 35
	Page 36
	Page 37
	Page 38
	Page 39
	Page 40
	Page 41
	Page 42
	Page 43
	Page 44
	Page 45
	Page 46
	Page 47
	Page 48
	Page 49
	Page 50
	Page 51
	Page 52
	Page 53
	Page 54
	Page 55
	Page 56
	Page 57
	Page 58
	Page 59
	Page 60
	Page 61
	Page 62
	Page 63
	Page 64
	Page 65
	Page 66
	Page 67
	Page 68
	Page 69
	Page 70
	Page 71
	Page 72
	Page 73
	Page 74
	Page 75
	Page 76
	Page 77
	Page 78
	Page 79
	Page 80
	Page 81
	Page 82
	Page 83
	Page 84
	Page 85
	Page 86
	Page 87
	Page 88
	Page 89
	Page 90
	Page 91
	Page 92
	Page 93
	Page 94
	Page 95
	Page 96
	Page 97
	Page 98
	Page 99
	Page 100
	Page 101
	Page 102
	Page 103
	Page 104
	Page 105
	Page 106
	Page 107
	Page 108
	Page 109
	Page 110
	Page 111
	Page 112
	Page 113
	Page 114

