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NOMENCLATURE AND SYMBOLS

The following terms and symbols have been used in this thesis.

uniform disk a disk of constant thickness with or without holes

solid disk a disk with no holes
filled disk a given disk modified so that all noncentral holes are
filled in

conical disk & linearly tapered disk with knife-edge periphery, taper
starting from the axis of the disk
noncentral holes (or eccentric holes) holes not located at the center

of the disk

Whenever simply "tapered disk" is mentioned, it is to be understood that

r

reference is made to the linearly tapered disk. Simple mention of "holes'

means circular holes.

a outer radius of the disk

Ay Ag constants in the solution of conical disk

An’ Aé constants in the infinite series of the stress function
@cl(r,e)

Gya 8 FPourier coefficients in cosine series

b radius of the circle on which the centers of the noncentral

holes are located
b Fourier coefficients in sine series
B, B arbitrary constants in the infinite series of the stress

function & (r,8)
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% radius of the noncentral hole

Co’ Ch Fourier coefficients of a cosine series

Cys Co, Ca arbitrary constants in the stress function éo{r)

cis’ Cés arbitrary constants in the stress function ch(r,e)

d inner radius of the disk, i.e. the radius of the central hole

dn Fourier coefficients of a sine series

E Young's medulus

F % w®R®

£ photoelastic material fringe value

g acceleration due to gravity

G shear modulus

h thickness of the tapered disk at any radius r

k number of noncentral holes

K as defined by equation (53) in Saito's solution

Moo Mo M, Mm as defined by equations (99, 100, 101, 102)

m =10 Ly 25 & % & 5y k=l

n fringe order in photoelastic analysis, also used as an index
of the infinite series

P = (1_X)cro

Py (x); Py (x)

By (x)
Pi1s P2y B3
9y, 92, HYs

Q(x)

complementary functions of the hypergeometric differential
eguation

particular integral

radial stress coefficients

tangential stress coefficients

= (l-x)ceo
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R radius of the tapered disk extended to the knife edge
r dise radial coordinate
Sl(x) infinite series solution of the hypergeometric differential

equation in x
§1(x) logarithmic sclution of the same differential eqguation
Se(t) infinite series solution of the hypergeometric differential

equation in t, where € = l-x

B (t) logarithmic solution of the same differential equation
t = (1-x) in Martin-Bisshopp's solution
t width of the calibration member in photoelastic analysis
u radial displacement in the disk
Uo real part of W,
u real part of W
S 5
v tangential displacement in the disk
v peripheral velocity of the disk in Saito's solution
Wo complex harmonic function
5 ]
W Sth derivative of W, defined as D 4 We , where b is
s (s-1)! __s
db
the location radius of the noncentral holes
X _r
R
: ig
Z = complex variable = re
A a nondimensional parameter
y welght density of the material
w angular speed in radian per second
6 central angle on the face of the disk, degrees or radians

(p,p) polar coordinates referred to the center of a noncentral hole



C = pei¢

v Poisson's ratio

8 (r), @cl(r,e}, @ca(r,e) stress functions

@C(z), wc(z), @m(%n), mm(gm) analytic functions in Saito's solution

symmetrical case defined as the case of rotating disk without noncentral

holes and in which the stresses and strains are functions of

r only
€. radial strain
e radial strain in symmetrical case, e =g [#)
To To To
€g tangential strain
€ tangential strain in symmetrical case, e, = e, (r)
90 GO eO
shear strain
Yrg
o. radial stress
o radial stress in symmetrical case, 0. = o_ (r)
Yo To To
g tangential stress
o tangential stress in symmetrical case, g, = o, (r)
6o %o 6o
shear stress
Trg
|k gamma, function

Symbols not occurring in this list are defined wherever they are

introduced.
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SUMMARY

This thesis presents an original method by which the stresses
around a noncentral cirecular hole in a linearly tapered rotating disk
containing a central hole and a ring of symmetrically placed noncentral
holes can be reliably calculated under the condition of zero traction on
the hole boundaries. It also presents an original theoretical analysis
for the stress field of a rotating uniform disk with a similar arrange-
ment of holes.

The determination of the stresses tangent to the boundary of a
noncentral hole in a linearly tapered rotating disk is accomplished by
utiliging, in part, solutions which are either known or available in the
literature. The following steprs outline the method.

l. First it is imagined that all the noncentral heoles in the
tapered disk are filled solidly with the disk material. The disk result-
ing is called a filled disk. Martin-Bisshopp's sclution is employed to
determine the tangential stresses at points in the filled disk corres-
ponding to points of interest on the hole boundaries in the original disk.

2. Next, the original tapered disk with all of its holes is re-
placed by an equivalent uniform disk with noncentral holeg only. Saito's
solution is employed to determine the stresses along the periphery of a
noncentral hole of this modified disk. A stress-concentration factor is
then defined as the ratio of the hole boundary's tangential stress as
determined by Saito's uniform-disk solution to the tangential stress at a

corresponding point in the filled uniform disk. Based on this definition,
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a set of stress-concentration factors around a noncentral heole is calcu-
lated.

3. PFinally, the stress-concentration factors as determined in
step 2 are multiplied with Oy stresses in the filled tapered disk obtained
in step 1; this product yields stresses tangent to the boundary of the
noncentral hecle in the original tapered disk. It is noted that the posi-
tion of the maximum stress around such boundary depends upon the relative
hole size.

A photoelastic frozen stress analysis is used to verify the stresses
obtained by the method described for three different relative hole sizes.
The stresses obtained from both analyses are found to be in excellent
agreement throughout.

In addition to the above, a theoretical development of a stress
function for a rotating uniform disk with central and noncentral circular
holes is presented. This stress function is constructed by superposing
three particular stress functions. The first of these is related to the
disk with a central hole only and is associated with the body forces due
to centrifugal action; the second introduces pericdicity to the stress
field in the disk with a central hole only; and the third introduces ap-
propriate singularities at the centers of the noncentral holes. These
particular functions are each chosen with enough arbitrariness to admit
the introduction of an equilibrating system of stresses along the free
boundaries. The entire analysis pertaining to this is reported in Chap-

ter VIII of the thesis.



CHAPTER I
INTRODUCTICN

The present trend toward higher rotation speeds and complex
geometry in many types of machinery increases the difficulty of designing
various rotating parts of such machines. In particular, rotors subjected
to high angular velocities develop in themselves very high stresses which
are frequently difficult to analyze. Flywheels, turbine disks, grinding
wheels, gears, and rotary valves are Just a few examples of such parts.

The stresses in a uniform rotating disk, with or without a central
hole, are determined by relatively simple equations (37); but, if the disk
is given a taper, the problem is considerably more difficult. When non-
central holes are introduced in any rotating disk, even more difficulty
is encountered. Holes in rotating disks are frequently desirable, or
even required, to accomplish a specific objective such as reduction of
weight, axial flow, contrel of fluids, or dynamic balancing.

The case where a disk has a straight conical taper and also con-
tains noncentral holes is especially difficult to analyze. Such a disk
design has been used in a modified Tesla turbine (2) as well as numerous
other applications.

The present work is concerned with a study of such a problem and
presents an original methed of predicting the stresses tangent to the
boundaries around the noncentral holes in a rotating disk with linear

taper. A photoelastic analysis which confirms the results is included.



The method may be extended to any type of tapered disk for which the solu-
tion without the noncentral holes 1s known.

A theoretical analysis of the stress field in a uniform rotating
disk with central and noncentral holes is included. Such an analysis,
it is believed, has not been developed heretofore. Because of the compli-
cated nature of the resulting equations, no closed form solutions could
be reported. Nevertheless, this analysis provides a good beginning for

the problem and future investigation along this line is recommended.



CHAFTER TIT

REVIEW OF LITERATURE

In 1895, Chree (7) first studied the stresses in a rotating
ellipsoid. Included in this classic work is the solution for a flat
disk spinning about its own axis. He demonstrated that the error intro-
duced in the stresses is of the order of five percent when a thin ellip-
gsoid is substituted for a flat disk having the same overall dimensions.

The most outstanding works of stress analysis in rotating disks
started in 1905 with Stodola (26) and in 1912 with Donath (9). Stodola
included solutions for rotating disks having hyperbolic profiles. His
work and the work of many others are contained in his two classic volumes

"Steam and Gas Turbines.'" Donath was the first to suggest that an ap-
proximate solutiocn for the conical disk could be obtained by using a
series of flat annular rings each of different thickness approximating
the conical shape. Grammel (12) later (1923) showed that Donath's ap-

roximate solution for conical disk could be extended to disks with arbi-
trary profiles.

Martin (25) in 1923 presented a solution for the conical disk in a
power series obtained from the hypergeometric differential equation in
terms of stress. At the same time, Honegger (16) in Germany solved the
same problem independently in terms of displacement, by using a series
solution. In Martin's solution, numerical evaluation of the stress coef-

ficients corresponding to the values of the argument near which these



series converge slowly or diverge is laborious, and in some cases asymp-
totic approximations are necessary. Bisshopp (6) in 1944 reconsidered
Martin's problem and, by introducing logarithmic solutions, obtained a
set of four series which converge much more rapidly. Bisshopp suggests
approximating a disk of arbitrary profile by means of a series of concen-
tric annular rings, each having conical taper. He provides a table of
stress-coefficients by means of which specific solutions for simple coni-
cal disks are accomplished quite rapidly. Both Martin's and Bisshopp's
solutions are covered in greater detail in Chapter III. Their combined
solution is used as a preliminary step in the development of a solution
for the problem under consideration in this work.

The problems of stresses in thin rotating disks with thickness
variation as a power function of the radius have been discussed by Sen (33),
Kumar and Jogarao (21), and many others. Lee (23) has developed an in-
teresting solution by a stress function method for the case where the

disk has a profile of the form
h=c exp(krs)

where ¢ is the "hypothetic" thickness where krs is zero, k and s being
the parametric constants. When k and s have different signs, h decreases
with r and this case is of more practical significance so far as the ro-
tating disk 1s concerned. On the other hand, the case in which k and s
have the same signs may be found useful in the design of flywheels, since
h then increases with r.

The state of stress in a rotating disk with no plane of symmetry



perpendicular to the axis of rotation has been investigated by Hodge and
Papa (15) in 1955. In addition to the usual radial and tangential forces,
bending moments were taken into account because of variation in centroidal
heights with respect to the radius in the derivation of the equations of
motion. The equations of motion are uncoupled, one for centrifugal
stresses and the other for the bending moments and were solved by means
of a stress function approach. The disk profile was assumed to be a power
function of r.

Samanta (32) in 1963 presented a solution to the problem of a non-

homogeneous rotating disk in which the modulus of elasticity is considered

as

keeping the thickness of the disk and Poisson's ratio constant. Both the
displacement formulation and the stress formulation were employed in con-
structing two solutions, and the solutions so obtained were found to check
each other.

Sengupta (34), probably, was the first to analyze the stresses in
cylindrically aeolotropic rotating disks of hyperbolic and exponential

profiles with the following stress-strain relations.

€, = 8,0, + B n O

€g = 8419 * %29,

Sz - alacb * F2a O
Yre = asaTI‘G



where ay1, 8z, « » » etc. are the elastic constants.

A problem of similar nature has been discussed by Bert and Nieden-
fuhr (5) who analyzed stretching of a polar-crthotropic disk of varying
thickness under arbitrary body forces by a stress function method. The
type of orthotropy considered by them is illustrated by the following

stress-strain relationships.

€ T el
6 ek
T
Yrg = T e
where
_ tangential modulus
- radial modulus
and
_ €k
¥ oa

A problem consisting of an annular disk with stiffness varying as a power
function of r was solved to illustrate the method.

All of the problems discussed in this chapter down to this point
are relatively simple in nature, in view of the fact that they all involve
solutions of differential equations in which r is the only independent
variable.

In cases where the stress and strain fields depend on both r and 6,
and the disk profile varies in some manner other than a power function of
r, the mathematical structure of the problem becomes extremely involved.

In such cases, either an approximate theoretical solution or an experi-



mental analysis is generally resorted to.

In 1938 Mindlin (26) solved the problem of an eccentrically rotat-
ing disk of constant thickness using bipolar coordinates. In 1949 Udo-
guchi (38) presented a rigorous theoretical analysis of centrifugal
stresses in a rotating disk containing an eccentric hole, by use of bipolar
coordinates. In 1951 Barnhart, Hale, and Meriam (4) developed an approxi-
mate solution for the stresses in a uniform rotating disk with noncentral
holes. Their method involved three steps, each fairly simple in itself.
These were:

1. solution of stresses in a solid uniform rotating disk;

2. using stress concentration factors for stresses around a circu-
lar hole in an infinite plate to modify the stresses determined in step one;
3. a further modification of the stresses to account for the
stress gradients was made by using the solution for the stresses around
a hole in an infinite plate under pure bending in its plane.

A photoelastic frozen stress analysis showed that the stresses obtained
experimentally agreed very closely with those obtained through their
analysis.

Saito (29,30) made & series of studies concerned with stresses in
rotating disks both experimentally and theoretically. In 1954 he pre-
sented a theoretical solution for stresses in a uniform rotating disk
containing a ring of equi-spaced holes. The disk did not have a central
hole and eccentric holes were of the same radii. His solution is based
on a complex variable technique in plane elasticity using both polar and
rectangular coordinates referred to the center of the disk and to the

center of the noncentral holes, respectively. This solution by him is



discussed in detail in the next chapter.

In 1965 Saito and Honma (31) analyzed the stresses in a tapered
disk with noncentral holes experimentally by using bonded-wire strain
gages. In this case also the disk considered did not have a central hole.
No theoretical work was included in this paper.

In 1963 Green, Hooper, and Hetherington (13) presented an interest-
ing numerical solution of the stress distribution in rotating circular
disks containing a central hole and a symmetrical array of noncentral
holes. Particular attention was given to an annulus with a width of ap-
proximately eight hole diameters containing the holes in which the full
two dimensional equations were solved. The region outside this annulus
was treated as radially symmetric and the stresses there were determined
from a simple one dimensional model. ©Stress distributions were reported
for uniform disks of fixed geometry containing 10, 20, and 45 holes.

There have been a number of experimental studies on circular disks
containing noncentral holes by the stress freezing technique of photo-
elasticity. The work of Barnhart, et al. (4) and Newton (28), in this
context, are worth mentioning. These investigators mounted their disks
on face plates using pins passing through noncentral holes to provide the
turning moment. Such a situation is not usually encountered in practice.
Armstrong (1) found that rotating a disk in this manner produces a stress
pattern somewhat different from that produced when the disk is held and
rotated by means of a central shaft. Armstrong, in his analysis of
stresces in a rotating, linearly tapered disk with a central hcle =nd
containing an array of six nconcentral holes, introduced for the first

time the phenomenon of 'spoke effect,” which allows the outer annulus



of the disk to expand somewhat more than would the corresponding portion
of a disk having no noncentral holes. He has analyzed the stresses along
a radial line passing through one of the noncentral holes for both uniform
and tapered disks.

The problem of rotating disks with noncentral holes resembles in
many respects the problem of a plate with holes under a biaxial stress
field. When a plate is regarded as extended infinitely in all directions,
the solution of the stresses around an isolated single hole in it is well
known. The presence of other boundaries near the hole usually introduces
great mathematical complication. Jeffery (20) using bipolar coordinates
obtained the solution of a semi-infinite plate containing two holes of
any radii and center distance. The problem of an infinite strip perforated
by a circular hole, symmetrically placed between the edges, was solved by
Howland (17). An analysis of stresses in a plate containing an infinite
row of uniformly spaced holes of equal radii was also obtained by Howland
using the complex variable technique. Following the same technique, Ling
and Wang (24) solved the problem of a plate under radial tension, per-

forated by a ring of circular holes.
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CHAPTER ITT

DETAILED DISCUSSION OF THE SOLUTIONS OF MARTIN,

BISSHOPP, AND SATITO

Martin (25) in 1923 developed a thecretical solution for stresses
in rotating disks of conical profile. He formulated the problem in terms
of the radial stress eliminating the tangential stress from the differen-
tial equation of equilibrium with the help of the equation of compati-
bility. The resulting equation was a hypergeometric differential equation
of exponent difference two, which yielded a solution in the form of two
infinite series and a particular integral due to centrifugal body force.
Numerical evaluation of these geries at values of the argument near which
they diverge or converge very slowly was found extremely difficult.
Bisshopp (6) in 1944 reconsidered this problem and constructed solutions
by employing linear relations between the hypergeometric functions of
arguments x and (1l-x) and two other expansions in terms of the same argu-
ments which inveolved logarithms.

Saito (30) in 1957 presented a solution for a uniform, rotating
disk without a central hole, but containing a ring of equal sized circular
holes symmetrically placed arcund the center of the disk. His method of
solution was by means of the complex variable technigue in two dimensionatl
zlasticity. He constructed four harmonic functions, two of which were
referred to the polar coordinates (r,8) at the center of the disk; the

other two were referred to (p,p) coordinate system at the center of an
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arbitrary noncentral hole. The second set of functions was designed to
provide singularity at the center of the noncentral holes. The general
stress field in the disk was obtained from the combination of these four
functions so as to satisfy the appropriate boundary conditions.

The purpose of discussing, in some detail, these solutions in this
chapter is to present their results which will help in constructing a
theoretical solution for the determination of the stresses around the non-

central holes in a linearly tapered disk presented in Chapter IV.

Martin-Bisshopp: Solution of a Conical Disk

The equation of dynamic equilibrium for a conical rotating disk is

given by

— (hr a, ) - ho, = - % hw® r® (1)

The equation of compatibility in this case is

dee
S = r —=2
ro 690 ST (2)

which upon rewriting in terms of stress becomes

A
g =-vo, =-— (ro

%5 6, dr - V- o, ) (3)

6O o]

The disk thickness is expressed by
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T
; B —— |
J—/itﬂf Let X =%
L—~—~ s
* Then  h = H(1-x) (L)
R
Now, equation (1) in terms of x, and in view of equation (4), becomes
d_ | e = - T 2 =
e [cfo x(1-x)] - ceo(l x) = - F x°(1-x) (5)
where
F=2YPR (5a)
g
Likewise equation (3) assumes the form
(U - NGO ) = g— (}{O’ = VXg ) (6)
ro Go dx GD l"o

Eliminating o, from equation (6) with the help of equation (5), the fol-
o

lowing governing . equation results

w10 S5 (1) o, + (320 & (1) o, + (1V)@W) o, (D)

= - (3+y) F x(1-x)

I
2]

Letting (L-x) %y o

1§
o

(1-x) o



one obtains from equation (5)

E (Bx) + F 2®(1ex) (9)

™

Equation (7), in view of equations (8) and (9), reduces to

x(1-x) Eﬁg + (3-2x) L (1-v) P= - (3+v) F x(1-x) (10)
X dx dx N
the left hand side of which 1s recognized to be of hypergeometric type,

such as
w(1-x) 2 4 (¢ - (arbs1) x] L~ abp = 0 (11)
dx® dx

Upon comparing the cozfficients of equation (11) with those of equation
(10) one finds: 3-2x = ¢ - (a+b+l) x and (1l-v) = - ab, i.e., ¢ = 3, (a+b)
= 1, ab = v-1. Introducing t = 1l-x into equation (11) the following hyper-

geometric eguation is obtained.

d°Pp : ; &P .
t(1-t) = + [a+b+l - ¢ - (a+tb+l)t] - - abP= 0 (12)
The general solution of equation (10) is
P(x) = A P (x) + AgBy (%) + By(x) (13)

where Py (x) and P, (x) are the complementary functions, and P, (x) is the

particular integral. In fact
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By (x) = 3tV [4%2 = giiv il %ﬁ% x g%;] o (14)

The roots of the indicial egquation associated with equation (11) are O and

-2. The integral corresponding to the root O is

. a.b a(a+l) b(b+l)
Pl b, 3:x) = 8, (%) = 1 = T3t 1.2.35& X+, .. (15)
in which the coefficient of x is
ala+n-1) . . . a (b+n-1) . . . b
nl (n2)!

The remainder after m terms as given by Bisshopp is

(m+2) " sin an
R < 5
m TTm

which shows that there is a value of m > Ny for [x| = 1 which makes the
sum of almost all of the terms in the series (15) arbitrarily small, and
hence proves the convergence of the series, both absclutely and uniformly.
It has been shown in reference (6) that the series derived from equation
(15) is also absolutely and uniformly convergent in the interval ]xi = 1.
Next, the integral belonging to the exponent two is, for convenience,
obtained from equation (12) which is equation (11) transformed to use the
variable t. Thus

2t% [ab+2 N (a+2)(a+l)(b+2)(b+l)t

=2 % Ty
t?F(at+2,b42,3,t) = 85(t) = 5 | > 11 31

p (a+3)(a+2)(g+l)(b+3)(b+2)(b+l) 2 b J (16)
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in which the coefficient of £ (of the terms within the square bracket)
il

(nta+l) . . . (a+l)(n+b+l) . . . (o+l)
n! (n+2) !

and the remainder term is (reference 6)

sin am m

r £t 7
Rm < T ab(l-t) Lm N Tj%J ¢

This series evidently diverges when t=1. As would be expected, the diffi-
culties are increased for the derivatives of the infinite series for
values of x or t near unity. In view of this, two more series with loga-
rithmic solutions are introduced. These new series converge rapidly when
x and t are near zero. As a consequence of the relation l-x = t, the
logarithmic series may be used to construct a convenient form of the func-
tion for calculation. Bisshopp has indicated that restricting the values
of x and t between O and % in all four series and their derivatives is
sufficient for numerical calculation.

The second solution of equation (11) involves logarithms because
the difference of the indicial roots is an integer, the other conditions
of the general theory being fulfilled. Thus the logarithmic solution of
equation (11) is

- b(ab+2 ’ 1 ab+2
5,00 = - 2B 5 () Logx + 5 - 2 5, () (17)

[

x

in which
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[+ 2]
Y (nta-3) . . . (a-2)(ntb-3) . . . (b- 2) (n-2)
54(K) = L n! (n-2) ﬁ
1 1 1 1 1
b= sEt it tEEt c tEas - L5
1 1 1
R - =
. 1 1 1 1
ngﬂm ﬁn = ke b 2 e o i B 2y(a) - m cot am

y = Euler's constant = 0.577,215,665 .
“(a+l) c 1
I (a+l 1
Yia) &SPy s v % T ) (am—")

where the "prime" indicates differentiation with respect to the argument.
Similarly, the second solution of equation (12), which is a loga-

rithmie solution, is

= -a(a+l) b(b+l)

2:(t) = 5 85 () log t + 8.01) (18)
where -
B , (n-1+a) . a(n-1+b) . . . b .n
85(t) = L - abt - Ei T N v 8,
n=2
T 1 i 1 5
én =fatrrFomate?t el CEEgE v ¥
i 1 1
"m2 "tz -3

. 1 i
llgﬁm én =2[Z -y - y(a)] - m cot am

The details concerning the convergence of the series in equations
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(17) and (18) and of the series derived from them are discussed thoroughly

in reference (6).

The four solutions, equations (15), (16), (17), and (18) are line-
arly dependent, since they satisfy two second order differential equations
(11) and (12) which are related by the linear transformation, 1l-x = t, in
the same interval of convergence [0,1]. Therefore, the general solution
involving S;(t) and S,(t) is equivalent to S, (x) in the interval between

zerco and unity, 1.e.

P(t) = CoSs(t) + G 8a(t) = & (%)

where C; and C; are determined by the following conditions (reference 6)

2 sin am (20)

11@q0 P(t) = 11$ﬁ1 g fx) = — ]

P(E) = 8y(x) & 1 (21)
b X0

Equations (19) and (20), in view of the equations (15), (16), and (18)

yield

2 sin afr {22)

% = hab (abe2)

In an analogous manner, it has been shown in reference (6) that

Gy = g—E%E—EE [% - v - y(a)] - cos am, Yy being the Euler's constant.

Equations (13) and (19), together with the relation 1-x = t give
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APy (x) = A8 (x) (23)

1

Ay {Ca85(1-x) + C;S5(1-x)) (24)

Equation (23) converges very rapidly near x=0, whereas equation (24) does
the same near x=1. By using each of these equations in its range of rapid
convergence, P, (x) is computed very easily numerically. The second solu-

tion is treated in an analogous manner and is found to be

1

Ay Pp (X) Agsa(l-x) (25)

Il

Ay {Ca8, (x) + 8 (x)} (26)

and is very convenient for numerical work, both at x near zero and unity.
The derived series from equations (23), (24), (25), and (26) also
exhibit similar behavior of convergence with respect to x near zero and
unity.
From the relationship between P and @ defined by equation (9), one

obtains

d

Q}_ = A% (P]_K)
QQ = g'—)z (PQX) (27)
By = %E (Byx) + F x°(1l-x)

Then the "stress coefficients" as defined by Risshopp (6) are
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_ P __9 )
L O QT (1=
_ P -
Ie = = T %2 1-x%
> (28)
_ 3+ [ 3 4 2ENY 37
Ps = T LY T e F T 5l

3+ [- 1+3v  » 5 1+2v " 3

B 7 T L 3 ° 5rv ' By

These express the stresses o, and g in the following form because of
e} e}

equation (13).

= Mp; + Apps + F s (29)

Q
|

ceo Ajgy, + Apgy + F ga

Numerical values of the stress coefficients for a wide range of
values of v are given by Bisshopp corresponding to positive values of x
between zero and unity. Table 1, which is reproduced here from reference
(6), gives the stress coefficients for v=0.3 at intervals of x=0.0l between
zero and unity.

The equations (29) and (30) for a rotaling conical disk can be con-
veniently employed to calculate the centrifugal stresses in any concentric
annulus cut from it. In other words, the stresses in a rotating disk with
a central hole and a linearly tapered profile can be obtained with the
help of these two equations once the constants A; and A; are evaluated

from the known tractions prescribed on the boundaries of the disk.
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Saito: Sclution of a Uniform Rotating Disk Containing

a Symmetrical Array of Noncentral Holes

The following geometry is used in Saito's solution for a uniform
rotating disk without a central hole but containing a symmetrical array
of noncentral circular holes.

With reference to Figure 1, (x,y) are the rectangular coordinates
referred to the center of the disk as origin; (r,8) are the corresponding
polar coordinates. (Xm, Ym), (XM, Ym) are the rectangular coordinates re-
ferred to the mth hole as origin; (pm,g&) are the corresponding polar co-
ordinates. (p,yﬂ are the polar coordinates referred to Oy, the center of

the "zeroth' noncentral hole, as origin.

Figure 1. Coordinate Systems Used in Saito's Solution
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The radius of each noncentral hole is taken as b) with the hole

centers uniformly spaced around the circumference of a concentric circle

of radius b at points represented by

=% eEimn/k

where
k is the number of noncentral holes
and m= 0;1,2,0 « &« ,(k-1)
A is a dimensionless parameter
. i6 .
z = X+ly = are” , a complex variable

From Figure 1, one can easily see that

bgm =Xm + i¥m = bpm

b( = z-b = bp e ¥

omrri /k

G- G
Also using the relation

bg; = z-b e

one obtains from transformation (34)

gé = 1+( -

and in view of transformations (35) and (36), gm can be written as

_2imm/k

e2imﬂ/k

(32)

(34)

(35)

(36)
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e-21mﬂ/k N e-—2:Lmrr/k o (37)

Gy = €

Introducing a new variable

Um - 1_, e2imﬂ7k (38)

equation (37) is rewritten as

€= (39)
m

On purely physical ground, the following restrictions must hold in order

that the boundaries of the holes and of the disk should not overalp.

1
A<sind  for bla<
k S i
1 + sin —
K
e 0 dor bfemo—adl
b -
1l + s8in =

As the disk is assumed to be in a state of generalized plane stress, Saiio
considered the following stress state in the disk with reference to the

(x,¥) and (r,8) coordinates.

n = 5wl P o
o, * o, =0, hggiE T W £ (1+v) zz + U4 real @c(z) W
- -2i6
g. =@ 8y = (oe = O, t el Tre) e (k0)

1l
o l=<
S
(8]
i
——
i-_l
[}
<
g
i
4
%]
()
|
W
»
P
&)
o
_!,.
=
—
[
s
—J
\\-.



2k

in which @c(z) and ¢C(z) are suitably chosen analytic functions with the

property

mn

_ v
v (éc’qlc) =By dz

The stress system referred to the (Xm,¥m) coordinates was taken to be

o (m) Gy(m) = 4 real & ()

bg

cy(m) -6 ™ 2 Txy(m) =20 8 (g)+ 4y, (¢)] (k1)

a4
16,

with ¢° @ =0, v y, = 0.

In view of relations (35) and (36), the stress system in equation (41) was

transformed into (r,G) coordinates as

\
- z _-2imm/k )
o, t g = L real @m (b e -1
2imr
. - 2i(8-2mm/k) [fE K )
Oy - g, * 2i Tl = 2 e kg e w1 > (42)
o fz -2imm/k ) {z -2imm/k )J
& | = = = -
4\ e 1] + L Kb a 1 )

Now, taking the sum of equations (40) and (42), the following stress field

for the disk was obtained.

K:-.l \

= = L Bl o5 ik ) z _-2imm/k )’
Gy * 0= =g @ £(1+v) 2zZ + 4 real [@C(z) : ;Zb @ (b e _1-”

=

(continued)



25

(equation (43) continued)

. g —s _2i8 RiB —ser v,
By = Gy + 2Ly = g @3 (1-v) Z° e + 2 e {ZQC(Z;+¢C(23
O ) y 03
k-1 e ﬂ lm.TI imm
2 N BB )[(E F N (2 F 1)
i T 7/ m k B
m=o
2imm
/7 Tk y
" \p © - 1>J ’

Next, using relation (39), the stress system in equation (41) was trans-

formed into (p,¢) coordinates as follows

1+U_C \
o +g = bk real & ( - )
p [ m Um-—l

: _ 2ip ‘
o - dp + 21 Tp? = &8 (U 1)2 L 0 =] ém (U -1 ) (J-I-J-I-)
1+U ¢, -
m ™\’
* ¥y (Um-l /J

And with the help of relations (34%), (35), and (37), the stress system in

equations (L4O) was transformed into (p,p) coordinates

o)+ g = = TV F (1)) (LGB + b Re &, (b+d()
g -o_ +2i1 =Yv®2 (1) SRR (12 (15)
» p o &8 F al e

+ P eEiF)Eb(l*E) ©; (b+b ) + ¥, (b+b()]

where v = wa is the peripheral speed of the disk.
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The addition of equation (4k4) to equation (45) led to the following stress

system which is referred to (p,p) coordinates for each noncentral hole.

o, G = - X (1+v) (D2 (L0THCD)
k-1
: 14U, -
+hore [8(0) + 8, 00 + ) 3 (=) ]
mM=1 m
. = ¥ 2ip (b z
OP P gp + 21 'TpP*- g 'VE ‘%"_, (l-\’) e (a)E (l+g)2 > (6)
Iy
+2 LT 87(0) + 4(0) + (¥ 2 (b+b)
K e 40T U ¢
o me . f
i )] L. {u Iill)2 {U -1 & \p -T )
m-1 0

where at m=0 @m(g) = &(C) and ¢m(g) = y(0).

In view of the fact that the stresses and displacements are single-
valued analytic functions in the complete disk and they are repeating with
regpect to rotation about the origin through angles ggﬁ and are even with

respect to the line of symmetry, Saito assumed the following forms for the

harmonic functions

=
]
—
]
—~—
il
>~18

AS (z/a) sk-2

w
1}
-

18

HEH
]
o]
—
Il

B (z/2)%%

v
0]
4
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and

b (0 = - K —};;n— (3-v) + SZE g . gF

5 (48)
2 (€)= -K é (1+v) + QZE Dos G

/

where A's, B's, C's, D's, and K are constant coefficients and remain to
be determined from the boundary conditions.

Now, substituting functions (L47) and (48) into the stress equations
(L3) and (46) yields the stresses expressed in power series of z and (.
Because of the presence of singularities on r = |z| = b, the expansion of
equations (43) and (46) into power series is different depending on whether
|z| <b or >b.

Saito assumed the boundary tractions in Fourier series.

_ Y
Gr = ao + 4 an cos nk6
n=1
on r=1 (49)
=]
X % 1 4
Tre = Z; bn sin nk6 |
n=1i /
and
Gp = CO + E: Cn Cos ne
=1
> on p=A (50)
= |
T = Eﬂ d sinn
pp L n » |
n=1 !

and introduced them into the series expansicrs of equations (43) and (L6).
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Then equating the coefficlents of the different powers of z and { on both

sides of those equations, he obtained the following set of simultaneous

equations.

2B - k(2)? Co + 2(1-v) K(2)? K= ag + 2 v* & (3+v) ,

: , n
A+ (nk-2) B - {(1+v) (nk+2) 0 + pn] K + a_ Cg
5=0
=]
. E: {(nk+2) "b_ - "¢} D =-a_ , nzl,
3=0 "
[5.0]
n
A +nkB + {(1+v) nk 0+ pn} K - E: a, C
5=0
5 n
+ ) (nk b - CS) Do=b, , nzl,
=g
o L==]
5 N 0O o)
2 \ 3
2By =« A2 Cy + 2(1+v] g5 K - /) B, D, + Ej Jg
=0 5=
(1+v) + & (3+v) A%},

A +§v2 CF &

e+ {23 AT+ A} K - h ) lsg D, + A
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(continued)
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The solution of equations (51) for the coefficients, namely AF, Bn’ K,

etc., yields the following.
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where

In the case where the disk

in equations (53) and (5u4).

)
I
I
B
+
L
o

3L

and the hole have free boundaries

ag=0, ¢u=0, and

forn=zl

K is calculated easily from equation (53).

For solving the system of linear equaticns (BM), Saito used the method of

perturbation in which X was considered as the perturbation parameter. It

was assumed that the arbitrary constants could be expressed in series of

A as

o

z Bo(et) h2t+2
t=0

1

(56)
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When equations (56) are substituted

sets of equations to be solved for the constants are obtained.
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(equation (57) continued)
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where the first terms in the right hand side are determined from the terms
containing % v® in equation (5L4).
It is seen that the validity of the solution by this method depends

largely upon the convergence of the series (56). 1In this context Saito
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remarked, 'To establish the convergence of such series analytically is
very difficult. However, numerical computations carried out for the case
when A is small indicate convergence of these series and seem to give
reliable values practically."

In regard to the procedure for determining the constants, one has
to adopt the following. First the case of t=0, i.e., the first approxi-
mation of the constants has to be determined. Using these values, the
second approximation (t=1) can then be found easily from equations (57)-
In this way, by repeating the calculations, the coefficients of each ap-
proximation are determined in terms of the preceding coefficients. After
several iterations the coefficients do not change appreciably and the
values obtained are taken to be the required ones. In this manner all
of the A's, B's, C's, and D's are determined, and hence the functions,

equations (47) and (48), are fully known. Upon substitution of these

functions into equations (43) and (46), the stresses o, 991 Tog and
T, %, T " are completely determined. One of these stresses, namely c;b

around the edge of the noncentral hole, is exhremely important and is
readily obtained from the first of equations (L6). Noting 0,=0 along the
bourndary of the hole, one has

2
=X ()7 § - (1) (103) - (14v) 2 cosp (58)

5 o
+2 ' gt
il Z q. AT cos ngl + 4 By + b 2 A D]ﬂ_2 cos ng
=0

1. b ; n )



This equation is used in Chapter IV in the development of the solution

for stresses around noncentral holes in a rotating tapered disk.
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CHAPTER IV

DETERMINATION OF S5TRESS CONCENTRATION FACTORS FOR NONCENTRAL

HOLES IN A ROTATING TAPERED DISK

A determination of stress concentration factors for noncentral
holes in a rotating disk with linear taper is formulated in this chapter
with the help of the results of the analyses presented in Chapter III.

One has already seen that the solution of Martin and Bisshopp presents

an analytical method of determining the centrifugal stresses in tapered
disk with a central bore, whereas the solution of Saito determines the
stresses in a rotaling uniform disk containing a symmetrical set of non-
central holes only. By suitably combining these two theories, an analy-
tical method is developed here for the determination of the stress con-
centration factors and hence the stresses along tThe boundary of a noncentral
hole.

The method so developed is limited to relatively small angles of
taper, that is, for which a plane-stress scolulion is valid. Tn addition.
it is further postulated that the stress concentration factors for a hkole
in the centrifugal field of a uniform disk will apply to a geometrically
similar hole similarly situated in the centrifugal field of a tapered disk
having the same outside diameter as that of the uniform one.

Az was showr, the tengential stress, 3., af the edge of tre non-

central hole in a uniform rotating disk is given by (Eq. 58, Chapter III)
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in which the constant coefficients B's and D's contain the term.g v® in
them. Saito defined a stress concentration factor based on the maximum
stress in the corresponding selid disk in the following manner. The maxi-

mum stress in a rotating uniform solid disk occurs at its center and it is

(Ref. 37, p. T1)

ég— é ve , where v° = (wa)® (59)

Let G equation (58), be divided by oy, equation (59) and call the quo-
tient ks (Saito's stress concentration factor). ks may be then expressed

in this form.

k, = A+ B cosp + C cos 2+ D cos 3@+ .+ . . (60)
where
__ 8% [ a1 E‘ ) (1422) - 27 4
LT T R R 1aea®) - ) e b n
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The values of A, B, C, D, etec. are obviously dependent on B's, D's, Q>
njs, nBS, ete. which in turn are determined from equations (52) and (56)
in Chapter TII. Saito has reported these values in his paper (Ref. 30)
for several values of 2, A, k, and v. Table 2 shows one such set of
values for k = 6 and v = 0.3.

For the present problem of determining stresses around the non.
central holes in a bapered disk, these resulis are wvery conveniently
employed as follows.

We define the stress concentration factor at a point on the bound-
ary of a noncentral hole in a uniform rotating disk as the ratio of the
stress tangent to the boundary at the peint of interest to the tangential

stress that would occur at the same point in a corresponding uniform solid

disk. This enables one to see the influence of the noncentral hole on the



Table 2. Values of A, B, C, D, etc. in equation (60) for k = 6 and v = 0.3

b/a A A B c D E F G H
3/5 0 1.433 0 0.305 0 0 0 0 0
0.10 1.436 -0.056 0.276 0.016 -0.001 -0.000 0.000 -0.000
.15 1.441 -0.082 O.24L 0.050 -0.004 =001 0.000 -0.000
0.156 1.442 -0.084 0.240 0.057 -0.005 -0.001 0.000 -0.000
0.20 1.450 -0.106 0.206 0.110 -0.013 -0.005 0.002 -0.000
0.243 1.4h62 -0.123 =y 1575 0.190 -0.027 -0.010 0. 006 -0.000
0.25 1.464 -0.126 0.170 0.204 -0.030 ~G01p 0.007 -0.001
0.30 1.495 -0. 144 0.136 0.339 -0.052 -0.024 0.015 -0.001
3/7 ¢ T4 T1Y ) 0.156 0 0 0 0 0
0.10 T TF -0.028 0.132 0.015 -0.001 ~0.000 0.000 -0.000
o 1,726 -0 Oh2 0.106 0.0k9 -0.005 -0.001 0.000 -0.000
020 1. 740 0,053 0077 0.112 =0.017 -0.005 0.002 -0.000
0.25 1.762 -0. 064 0.047 0.205 -0.039 -0.012 0.007 -0.001
0.30 1.798 -0.07kh 0.020 0.335 ~0.077 -0.025 0.016 -0.001
3/10 0 1.858 0 0.076 0 0 0 0 0
0.10 1.863 ~0.014 0.057 0.015 -0.001 -0.000 0.000 -0.000
0.15 1.869 -0.021 0.036 0.0Lg -0.006 -0.001 0.000 -0.000
0.20 1.879 ~0.026 0.012 0.110 -0.018 -0.004 0.002 -0.000
0:25 1.897 <0 031 0.015 0.208 ~0.043 B 011 0.009 -0.001

.30 1.922 0.037 0.042 0.337 -0.083 -0.021 0.017 -0.003
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magnitude of the stress that would exist in a corresponding unperforated
disk. Thus the stress concentrations around the noncentral hole based on

this principle is

B »
ky = m (61)

where (Ug )u = tangential stress in solid, uniform rotating disk at a
e}
point corresponding to the location where o¢ is the stress
tangent to the boundary of a noncentral hole in a uniform

perforated disk of otherwise similar geometry

By (Ref. 31, p. 71)

L B3N Y 20a ( 1+3v 2
(Geo)u =g g%e L o® 3+v aaj

Using k  from equation (60), equation (61) is rewritten as

kl = ks TO'_:O_)_ (63)

o 4

In view of equations (59), (60), and (62), equation (63) becomes

Ky = (A+ B cose+ C cos 2@+ . + . ) 7 (64)

This result will now be applied to the tapered disk in determining its
stresses around the ncncentral holes. Tnitially the disk of interest is
imagined to be replaced by a "filled" disk. That is, a disk geometrically

similar except that all noncentral holes are filled with disk material.



bs

Any central hole is undisturbed. Then by following the procedure due to
Martin and Bisshopp, the tangential stresss in this disk is calculated
using equation (30) in Chapter III. The constants Ay, Az appearing in
this equation are evaluated from the known boundary ftractions prescribed
on the outer and inner edges of the disk. Next, to determine the actual
stress at a point on the boundary of a noncentral hole in this tapered
disk, the factor k,, equation (6L4), is used to multiply the stress at a

corresponding point as obtained from Martin-Bisshopp's solution. Thus

% tapered ¥ er tapered (65)

where is the tangential stress at the point of interest in a

GGO tapered
corresponding tapered disk without the eccentric holes

and is given by equation (30), Chapter III

%, tapered AyQy + Bpqp + Foy (30)

where F, q,, and g, have their meanings defined by equations (5a) and
(28) in Chapter III. Further, g1, Qdz, and gy are obtained from Table 1.

Introducing equations (64) and (30) into equation (65) one obtains

, Ajgy + Apgy + Fg
= (A+ Bcosp +Ccos2¢ + . . . .) =14 —— 23 (66
% tapered ( 4 ik ) (l _ 3w ) e
3ty af/

From equation (64) it is obvious that k; is a function of (r,e, v).

For geometrically similar disks, if Poisson's ratio is the same, this fac-
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tor k; itself is independent of speed and mass density.

The concentration factor ks is based on the stress at the center
of a uniform rotating disk without a central hole. The factor was then
redefined as k; which is based on a local stress rather than a central
stress, but still referred to a solid uniform disk. The justification
for the application of k; to a tapered disk with a central hole lies in
an assumption that the local stress concentration will behave in the same
manner if the noncentral holes for the two cases have the same diameters
and location radii. In this way, if the actual disk contains a central
hole, the filled disk will also contain a central hole, and the effect
of such a central hole is thus included in the analysis.

A better result would undoubtedly be obtained if k, is based on a
uniform rotating disk with a central hole and containing a ring of periodic
noncentral holes. An analysis for such a problem i1s difficult because of
the algebra involved (see Chapter VIII).

As an illustration of the application of the theory developed here,
consider a tapered disk of plastic having mass density 1.152 X 10™* 1b-sec®
per in.%. The pertinent dimensions of the disk are given in Figure 2.

The speed of rotation is 1680 r.p.m.

The initial step is to obtain the sclution for a similar disk, but
without the noncentral holes, that is, a filled disk. In view of this, it
is necessary to determine first the constants A; and A; in equation (66)
using the proper boundary conditions in Martin-Bisshopp's solution, equa-
tion (29), Chapter III.

For the disk under consideration
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a=31in
b=18in
c=932in
d=025in
h =0.75in
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Figure 2. Profile of a Tapered Disk Containing Six 9/16 Inch
Di ameter Noncentral Holes



