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IX 

SUMMARY 

The objective of this research is to develop and investigate a 

procedure for synthesizing slowly time-varying filters which generate 

Gaussian random processes for use in simulation studies. The procedure 

has application in many physical problems which require laboratory simu­

lation in lieu of expensive live tests. The class of stochastic 

processes for which the synthesis procedure is valid are those in which 

only the first and second statistical moments are of interest. It is 

known that the first two moments of any stationary or nonstationary 

random process can be represented as the output of a linear filter whose 

input is stationary Gaussian white noise. The synthesis procedure pro­

vides a technique for approximating prescribed stationary Gaussian random 

processes that depend only on a position parameter. The position param­

eter dependence on time allows the generation of the random process in 

the time domain. The slowly time-varying filters are implemented by use 

of conventional analog computer components, e.g., amplifiers, integrators, 

multipliers resolvers etc. 

The Gaussian random process g(x) to be simulated is specified by 

its first two statistical moments, the mean M and the autocovariance 

function r . These statistics are specified in the position parameter 

x. In addition, the position parameter time dependence x(t) is assumed 

known. Application of the procedure accomplishes the shaping of the 

output of a stationary Gaussian white noise source with an appropriate 

analog computer network. The prescribed statistics and the position 



parameter time dependence are used in the procedure to determine the 

structure and the inherent parametr's of the shaping network. Since 

the required random process is stationary in the parameter x, an 

appropriate network transfer function is obtained by factoring the power 

spectral density function of the process. The parameters of the network 

are modified by the position time dependency to provide a time-varying 

filter whose output is in general nonstationary in time. The resulting 

output random process is an approximation to the composite random 

process g(x(t)). The position time dependency used in the procedure is 

the velocity v(t) and is related to the position parameter x(t) by its 

first time derivative. 

The computer network has two inputs; the first is stationary 

Gaussian white noise, and the second is the velocity profile v(t). The 

use of the velocity as a controller or auxiliary input is advantageous 

since the effects of the random process on a vehicle translating through 

it may be observed in simulation studies with many different vehicle 

velocity profiles without redesigning the basic network. The external 

generator is all that need be modified. The output of the computer net­

work is a Gaussian random process that is stationary in the position 

parameter x and, in general, is nonstationary in the time parameter t. 

The output is an approximation of the composite random process g(x(t)) 

and hence its statistics are approximations of the prescribed random 

process statistics. 

In some cases the synthesis procedure results in a computer net­

work whose output is an exact representation of the composite random 

process. In general, however, the output random process is an approxi-
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mation. When the velocity, x(t) = v(t), is constant the synthesis 

procedure yields an exact result. The" general restriction on the class 

of velocity profiles in order that the procedure yield a close approxi­

mation to g(x(t)) is that the first time derivative, x(t) = v(t), have a 

small value. Experimental and analytical examples of both exact and 

approximate representations of g(x(t)) are presented. 

In an application of the synthesis procedure, a simulation study 

is to be made of a random process known to be an active random disturb­

ance in a particular region. The statistics of the process are stationary 

in the spatial coordinate x of the region. A vehicle translates through 

the region in time and experiences the effects of the random disturbance. 

The synthesis procedure produces a mechanization system whose output 

simulates the effects of the prescribed random disturbance on some sensing 

element on the vehicle body whose variable location is specified by the 

position parameter x. The prescribed random process is g(x) . Since the 

position of the sensing element is specified by x(t), the instantaneous 

effect of the random disturbance g at a particular time t is given by 

g(x(t )), which is recognized as a composite function. The random dis­

turbance for all time t is given by g(x(t)). Thus the mechanization 

system generates the composite process g(x(t)) when one input is sta­

tionary Gaussian white noise and the second input is v(t) = —rr— = x(t). 

When x(t) is constrained to have a small value the procedure yields a 

good approximation to the composite function g(x(t)). 

The approach used admits constraints on the class of prescribed 

random processes which can be generated. 

1. The prescribed random process is stationary in the position 
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parameter x, hence the statistics are independent of the origin of the 

parameter x. The random process may become nonstationary as position 

x of the sensing element translates in time. 

2. The random process is specified by its autocovariance function 

r (x,,x ) and its mean value M . Without loss of generality the proce­

dure presented is concerned with the realization of random processes g(x) 

with mean zero. Random processes having nonzero mean can be realized as 

the sum of the random process generated by this technique and the output 

of a source having output numerically equal to M . For random processes 

with mean zero, it is sufficient to specify the autocorrelation function 

R (xn,xn) since it is equal to the autocovariance for this condition. 
g 1 * 

Nonzero mean random processes are first translated to zero mean processes 

and the procedure is continued as before. The nonzero mean is then 

added back to the output random process generated by the procedure. 

3. The random process is stationary m the position parameter 

x, hence the power spectral density of the random process is found by 

the direct Fourier transform of the autocorrelation function. The power 

spectral density is constrained to be real, non-negative, an even func­

tion of frequency, and expressible as a ratio of polynomials in 

frequency UJ. 

4. In all cases the synthesis procedure yields an exact repre­

sentation of the composite process when the second time derivative of 

position x(t) is zero. In some cases the synthesis procedure yields 

an exact representation of the composite process when x(t) is arbitrary 

except that x(t) is not allowed to change sign. In general, however, 

the second time derivative of position x(t) must be restricted to small 
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values for the synthesis procedure to yield a good approximation of the 

composite random process. * 

As an outgrowth of the study, a more general synthesis procedure 

established by Webb, Hammond, et ai., was extended to provide an exact 

representation of the composite random process g(x(t)). This state 

variable approach extension yields an analog computer mechanization 

system whose output is exactly the composite random process with the 

constraints (1), 4.2), and (3). The position x(t) is arbitrary except 

that x(t) is not allowed to change sinn- The extension of the general 

synthesis procedure is called "the parallel x>rocedure" throughout this 

study. It is used to provide the exact nth order differential equations 

which are used to perform a comparative analysis with the nth order 

differential equations derived by the approximate synthesis procedure. 

The parallel procedure is much more involved mathematically and 

leads to a more complex analog computer mechanization than the approxi­

mate synthesis procedure, First and second order analytical examples 

are presented with the comparative analysis made between the tWO proce­

dures where significant. The complexity of the parallel approach is 

certainly offset when precise representation of g(x(t)) is required for 

a simulation study« 

The measurement system which outputs the experimental data is 

presented. The measurement system and the mathematical calculations 

are not unlike those made by Bendat and Bryan. Several velocity pro­

files are used in both the first order and second order examples» The 

theoretical and experimental, data for the autocovariance function are 

illustrated for each example„ The process mean and standard deviation 
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with their respective confidence level error boundaries are illustrated 

for each example. The analytical and experimental examples present the 

salient features of the approximate synthesis procedure. 

The main advantage of the approximate synthesis procedure is its 

* 1 * * 4 - *-*-li,*J» * * "1 J * J -+» V ' ' • ^ * ^ * 4. 

simplicity with ITs principal disadvantage Deing its restriction to sta­

tionary processes in the position parameter x. On the other hand the 

parallel procedure is attractive in that it applies to stationary or 

nonstationary processes in which the autocovariance function r (x ,x ) 

can be expressed as a finite sequence of terms which are separable in 
the xn and x„ variables, i.e., 

1 2 

. I 
1-1 

rg l'X2 I $j^x^;Yj^x2' • 

It has the main disadvantage of being quite complex mathematically and 

leads to an involved analog computer mechanization system. 
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CHAPTER I 

INTRODUCTION 

In this chapter the objectives of the research are stated. The 

need for analog computer simulation studies of certain physical problems 

which occur frequently in flight tests, environmental tests, quality 

control, etc., is presentedt An approach for the synthesis of time-

varying filters adaptable for mechanization on an analog computer which 

can perform laboratory simulation of tine physical problem is stated and 

some of the many possible areas of application are indicated. Previous 

and current work by other authors that is related to the research project 

is cited and summarized, 

Statement of the Problem 

The objective of the research is to develop and investigate a 

procedure for synthesizing slowly time-varying filters which generate 

nonstationary Gaussian stochastic processes. The time-varying filters 

are mechanized on analog computers using conventional analog computer 

elements such as multipliers, resolvers, amplifiers, integrators, etc. 

The procedure has application in many physical problems which require 

laboratory simulation studies in lieu of expensive live tests. 

In a certain class of physical, problems a vehicle experiences a 

random disturbance g as a function of its position parameter x. The 

statistics of the random disturbance in the parameter x are known. The 

translation of the vehicle through the random disturbance is given by 
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the position time relationship x(t). However, the position time rela­

tionship is not specified a priori. "The simulation task is to generate 

a nonstationary Gaussian random process in the time domain which char­

acterizes the random disturbance g(x) as x varies with time, a variation 

not previously specified. In the general problem the random disturbance 

g is a stochastic process that may depend on several position parameters 

as well as time given by g(x,y,z;t). In the problem of this research g 

is taken to depend only on x. The random process g(x), specified by its 

autocovariance function r (x ,x9) and its mean value M , represents the 

random disturbance on the vehicle at each position x. The composite 

function g(x(t)) then represents the random disturbance on the vehicle 

at each instant of time t. Since the composite function g(x(t)) depends 

only on the time parameter t it can be simulated by an analog computer 

directly in the time domain. 

The lack of a priori knowledge about x(t) requires that the ana­

log computer mechanization have two inputs. The first is stationary 

Gaussian white noise w(t). The second, the auxiliary controller, is 

dependent on x(t). For the procedure presented in this research the 

dependency used for the auxiliary controller is the velocity function, 

related to x(t) by 

, . dx(t) 
d(t) 

(1 i ^ 

or by 



3 

x(t) = / 
t 

t 
v(u)du + x(t ) . (1-2) 

o 

This choice of dependency has direct utility in the physical problems 

of interest since a velocity sensor output from a vehicle translating 

through a random disturbance is perhaps more likely to be available 

than position information. Figure 1-1 illustrates a system block dia­

gram of the problem. Figure 1-2 illustrates a typical sample function 

of the random process g(x). It is not unlike a sample function from 

more familiar random processes in the time domain. 

The procedure is restricted to random processes g that are sta­

tionary in the position parameter x, but g(x(t)) may become nonstation-

ary in the time parameter t depending on the nature of the position 

time relationship. The procedure yields in general a random process 

which is an approximation of the composite random process g(x(t)). 

In some cases, however, the procedure yields an exact result, i.e., 

identically g(x(t)). Analytical examples of both approximate and exact 

results are presented in Chapter III. 

Applications 

The need for simulation of nonstationary random processes arises 

quite naturally since in nature most physical systems experience non-

stationary disturbing phenomena. Laboratory simulation of various ran­

dom processes provides a means of eliminating the expensive live tests 

when trying to prove a system response in a random disturbance environ­

ment. 



w(t) 

WHITE NOISE 

AUXILIARY CONTROL 
v(t) 

1+ 

e(t) = g(x(t)) 

COMPOSITE PROCESS 

Figure 1-1. System Block Diagram. 

g(x) 

Figure 1-2. Typical Sample Function of the Random Process g(x). 
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The precise simulation of a specified random process is sometimes 

mathematically involved and requires availability of extensive analog 

equipment. A simplified procedure for simulating approximately a specie 

fied random process lends itself toward a reduction of analog equipment 

required for the simulation. 

A study of possible applications of the procedure indicates that 

the mechanization procedure has substantial potential usefulness. Many 

different physical processes conceptually might be represented as random 

processes depending on a position parameter. In all of the suggested 

areas, the sample functions of the random process represent some type 

of random irregularity whose value is dependent only upon the position 

with respect to a spatial coordinate system„ Two areas of application 

are suggested with a brief explanation of each. 

Vibration Studies 

The sample functions might represent the random surface variations 

on an airport runway, a superhighway, or a railroad roadbed. The air­

plane, automobile, or train would experience the random disturbance as 

it translated over the surface„ For a wide range of velocity profiles, 

the effects of the random surface irregularity upon the translating 

vehicle could be studied in a laboratory simulation of the random process 

by once designing the time-varying filters and simply changing the veloc­

ity profile generator. 

Quality Control Studies 

In quality control studies, the sample functions might represent: 

1. random surface irregularities in a channel or tube that is 

guiding the flow or movement of a liquid or gaseous substance; 
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2. random variations in the density or hardness of a solid 

material being processed by a machine tool, i.e., lathe, mill, saw, 

drill press, etc; or 

3, random variations in the width or thickness of a long ribbon 

of material subject to a rolling operation in an industrial plant, i.e., 

textiles, steel, paper, etc. 

In all of the cases mentioned, the sample functions represent 

some type of random irregularity or disturbance whose value is dependent 

only upon the position of some sensor with respect to a spatial coordi­

nate system. The effects of the disturbance could be studied as a 

function of the rate of movement of the material or substance. 

Related Work 

The related work is reported in four subdivisions of the field 

and a reasonably extensive bibliography is included at the end of this 

research presentation. The research project presented is part of a 

larger study that has been sponsored by the Simulation Branch of the 

Computation Laboratory at the George C. Marshall Space Flight Center 

in Huntsville, Alabama, under Contract No. NAS8-2473 to the Georgia 

Institute of Technology. 

Several technical reports related to the general problem of the 

generation of nonstationary Gaussian random processes are now briefly 

summarized. 

Simulation 

The first area of effort in the field of stochastic processes 

and the one primarily related to this research is the field of simula-
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tion.. The references of current import follow: The work of VIebb, et 

al. (1), presents a synthesis method for the generation of nonstationary 

time parameter random processes having prescribed first and second sta­

tistical moments. The autocovariance function is expanded into a finite 

series from which the coefficients of a differential equation can be 

found to characterize a time-varying filter to generate the process. 

This work was also presented by Webb (2). This particular approach is 

extended in Chapter IV of this presentation to include The composite 

function and to provide an exact solution for the analytical examples 

investigated by the approximate procedure. 

The work of Finn (3) presents a special class of stochastic proc­

esses designated as partially stationary stochastic processes. The 

class is potentially useful in the development of methods of generating 

nonstationary stochastic processes for simulating the random wind dis­

turbances which affect a rocket during flight. The work of Finn and 

Yates (4) is a prelude to the comprehensive details of this research 

material, which presents the problem of the generation of random proc­

esses in a position parameter. The work of Johnson (5) and Johnson 

and Loftin (6) is also related to the specific problem of generation of 

random processes for simulation purposes. Other authors in this cate­

gory are Korn and Korn (7, 8, and 9) and Bendat (10). 

Analysis and Measurement 

The second area of effort in the field of stochastic processes 

is the area of statistical analysis and measurement of random processes. 

This category includes techniques and data processing schemes both ana­

log and digital used to analyze and measure random processes, i.e., to 
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determine process statistics, to determine stationarity and nonstation-

arity, to apply parametric curve fittings techniques, etc. These tech­

niques have been applied to many types of random processes whose sources 

are quite varied, i.e., flight dynamics, acoustic research, seismology 

recordings, structural vibration data, etc. Directly related to the 

techniques used in this research for the measurement and analysis of 

the generated random processes is the work of Bryan (11). The Measure­

ment Analysis Corporation of Los Angeles is also very active in this 

area. Some of the current work by Bendat et al. (12,, 13 14, and 15), 

is related to the analysis techniques of this research. 

Stochastic Control Systems 

The third area of effort in the field of stochastic processes is 

the area of stochastic control system theory. This is a relatively new 

approach to design and analysis of control systems using state variable 

techniques in the time domain rather than in the conventional frequency 

domain. Some of the authors that have contributed in this area are 

Laning and Battin (16), Zadeh and DeSoer (17), Leondes (18), Solodov-

nikov (19), and Webb (2). A current contribution that presents the 

application of state variable theory to analog computer systems is 

authored by Hammond (20). This particular work backgrounds the deri­

vation and presentation in Chapter IV. 

Filter Optimization Techniques 

The fourth area of effort in the field of stochastic processes 

is the area of filter optimization theory and techniques. This work 

largely presents techniques and considerations which extend the basic 

optimum filter theory of Wiener (21) to include filter systems with 
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nonstationary inputs. Authors mentioned in this category are Zadeh 

(22), Davis (23), Lampard (24), Urkkwiit (25), and many oothrs iincuded 

in the "other references" section of the Bibliography. 

General Approach to Problem 

The general approach to the study and investigation of the re­

search problem previously stated is as follows: 

First, the relationship between the specified random process 

statistics and the approximating physical analog mechanization system 

establishes the synthesis procedure. 

Second, several applicable examples are investigated analytically 

and experimentally to determine the validity of the mechanization system 

employed. 

Third, a parallel approach is developed and extended which pro­

vides an exact representation of the specified random process statistics 

and the analog computer representation for tnis approach is determined. 

Fourth, a comparative analysis is considered which presents the 

approximate procedure in comparison with the exact parallel procedure. 
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CHAPTER II 

PHYSICAL PROBLEM FORMULATION 

In this chapter a general physical description and a summary 

mathematical description of the physical problem are given. The 

physical restrictions and mathematical assumptions are stated. The 

synthesis procedure is outlined, and the class of problems for which 

it is applicable and useful is indicated. The relationship of the 

procedure to another more involved approach is discussed and some of 

the limitations of each approach are presented. 

Mathematical Statement and Assumptions 

The concept of the problem is made quite precise by identifying 

all of the constraints, assumptions, and definitions that pertain to 

it. To show specifically the nature of the problem, one of the areas 

of application presented in Chapter I is selected and detailed. The 

physical problem that frames the remainder of this research presenta­

tion is that of a vibration disturbance. The Gaussian random process 

g affects a vehicle in the position parameter x as the vehicle translates 

across the region where the random process is active. 

Description 

A stochastic process (or random process) g(x), defined for 

_ m <L x < °°9 is an indexed collection of random variables. The random 

process may be characterized as an ensemble of sample functions with 

an associated probability measure. The sample functions of the random 
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process g(x) are dependent on the position parameter x, Sample functions 

of the vibration disturbance random 'process under consideration might 

typically have an appearance as illustrated in Figure 2-1. The sample 

functions represent conceptually the value of the random disturbance as 

a function of the position x. A particular point on the vehicle body 

houses a velocity sensing element. As the vehicle translates across 

the random process g(x) the position of the sensing element is repre­

sented by the position coordinate x. The sensing element experiences 

the irregularity of the random process g(x) at each position x. The 

sensor position time variations can be described as a deterministic 

function of time x(t), i.e., the instantaneous location of the sensing 

element is x(t). Hence, the effect of the random process g on the sensing 

element at the instant of time t is completely described by the composite 

random process g(x(t)). A typical sample function for the random process 

g(x) is shown in Figure 2-2. An assumed position time relationship x(t) 

for the sensing element is also illustrated. The position parameter 

process g(x) is then transformed into a time parameter process g(x(t)) 

by the composition of x by g. The effect of the random disturbance at 

position xf is given by g(xf) and the instantaneous effect of the dis­

turbance at the time t' is given by g(x(t')). 

The fact that the composite process g(x(t)) is dependent only 

upon the time parameter t provides the potentiality that the effect of 

the random process g(x) on the sensing element having position x(t) 

may be simulated by an analog computer system operating directly in the 

time domain. 
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Figure 2-1. Sample Functions of a Random Process 
Depending on a Position Parameter. 



,g(x(t')) 

x ( t ' ) 

Figure 2-2. Transformation of a Position Parameter Process g(x) 
into a Time Parameter Process g(x(t)). 
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Characterization and Constraints 

The generation of a stationary Gaussian random process g(x), 

specified by its mean M and its autocovariance function r (x ,x 2), is 

of interest. The mean M of the random process g(x) is defined as the 

expected value of the random variable generated by the random process 

g for each fixed position x and is written as 

M = E{g(x)} , (2-1) 

where E{«} denotes the expected value operation. The autocovariance 

function r (x.,x ) of the random process g(x) is defined as the expected 

value of the product of the random variables generated by the random 

process g about its mean at two fixed positions x and x„, written as 
1 i 

r (xl'x2) = E{[g(Xj) - Etg(xl)}][g'U?) - Elg(x2}}]} . (2-2) 

The asterisk denotes the complex conjugate (see Davenport and Root (26, 

page 59)); however, only real random processes are of interest so Equa­

tion 2-2 is written as 

r (x ,x ) = E{[g(x ) - E{g(x )}][g(x ) - E{g(x )}]} . (2-3) 

Equation 2-3 reduces to the following expression 

r (x 9x ) = E{g(x )g(x )} - E{g(x )}E{g(x )} . (2-4) 
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The autocorrelation function of g(x) is given by 

R (x ,x ) = E{g(x )g(x )}. , (2-5) 

which is the first term on the right hand side of Equation 2-4, hence 

the autocovariance is written 

r (x ,x ) = R (x ,x ) - E{g(x )}E{g(x )} . (2-6) 

The random processes of interest are wide-sense stationary in 

the position parameter x, hence the first two statistical moments, the 

mean and the autocovariance function, are independent of the origin of 

the parameter x (see Davenport and Root (26, page 159)). For the wide-

sense stationary process g(x) the mean value is constant, i.e., 

M = E{g(x)} = constant, (2-7) 

and the autocovariance function depends only on the difference of the 

two positions x and x , i.e., 

r (x ,x ) = r (T) = R (T) - M , (2-8) 

where x - x = x . 

There is no loss of generality when the constant of Equation 2-7 

is zero. If a process with a nonzero mean is specified a new variable 

g(x) is defined where, 
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g(x) = g(x) - M (2-9) 

The random process g(x) is generated and the output or a source whose 

value is equal to the mean M is added back into the random process 

g(x), thus yielding the original random process g(x). For zero mean 

processes the autocovariance function is equal to the autocorrelation 

function. For nonzero mean processes the autocorrelation function is 

determined from Equation 2-8. 

A Gaussian random process is uniquely determined by its mean and 

its autocorrelation function (see Davenport and Root (26, Chapter 8)). 

Hence, the generation of a Gaussian random process with mean M and 

autocorrelation function R is sufficient for the purposes of this 

research. 

Since g(x) is wide-sense stationary, the power spectral density 

S (a)) can be related to the autocorrelation function R (T) by the direct 

and inverse Fourier transform relationships 

S (hiJ = J R ( x ) e d x , 
_ c o g — CO 

(2 -10 ) 

and 

CO 

R ( T ) = —— / S (OOE dw , 
2TT 

—cc 

( 2 - 1 1 ) 

respectively (see Davenport and Root (26, page 104), and Papoulis (27, 

page 338)). 
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Of subsequent interest is the reduction of the power spectral 

ip 

density S (u) to the following form 

S (to) = H (p)H (p) , p = ju> . (2-12) 

This is accomplished by spectral factorization. The transfer function 

H (p) that results is restricted to be a ratio of polynomials. To 

satisfy this requirement the power spectral density is constrained to 

be real, non-negative, an even function of frequency u, and expressible 

as a ratio of polynomials in frequency co. Any autocorrelation function 

whose direct Fourier transform is a power spectral density meeting these 

constraints is an admissible autocorrelation function. Some of the 

allowable autocorrelation functions for which the procedure is appli­

cable are given in Chapter III. 

Another constraint that arises in Chapter III is a direct result 

of the technique used for mechanizing the time-varying filter. This 

constraint is that the position time relationship x(t) be restricted 

to have a non-negative first time derivative and a small second time 

derivative. 

A summary of the constraints that have developed in the charac­

terization of the problem are: 

First, the random process g is wide-sense stationary in the 

position parameter x. 

Second, a specified random process with nonzero mean is trans­

lated to a new random process with mean zero. The nonzero mean is 

added to the new random process generated by the procedure. 
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Third, the admissible autocorrelation functions are those whose 

direct Fourier transforms are even, real, non-negative, and expressible 

as a ratio of polynomials in frequency w . 

Fourth, the position time relationship of the vehicle translating 

through the disturbance g must have a non-negative first time derivative 

and a small second time derivative. 

Mechanization Procedure Outline 

The steps involved in using the approximating procedure are out­

lined. Details of each step with assumptions, and limitations are dis­

cussed in Chapter III. The infozonation available from which the mechani­

zation system is developed includes the autocorrelation function R (T) 

(determined from the autocovariance function given by Equation 2-8), the 

mean M , and the set of velocity profiles v(t). 

Step One: The power spectral density S (in) is determined from 

the autocorrelation function R (T) by the direct Fourier transform. 

Step Two: The power spectral density S (w) is factored by 

spectral factorization to determine the transfer function of a fixed 

parameter linear filter H (p). 

Step Three: The transfer function H (p) is translated in gain 
g 

and in bandwidth to a translated transfer function H (p). The trans-
v 

lated transfer function H (p) is expressed as a ratio of polynomials. 
v 

Step Four: H (p) is considered as the ratio of the Laplace 

transform of the output e(t) to the Laplace transform of the input w(t) 

of a fixed parameter linear filter. The differential operator p = — 
a— 

is applied to the ratio of polynomials to determine in general an nth 

order differential equation. 
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Step Five: The nth order differential equation is reduced to n 

first order differential equations. 

Step Six: The equation(s) are implemented by a generalized 

analog computer mechanization wherein the v of Step Three is used as 

an auxiliary controlling input and is allowed to vary with time. The 

set of v(t) are then generated by function generators and applied as 

J • *#**. ,- ,„.& dx(t) .. ,.. 
the second input to the filter. When v{t) = —-7-— the output e(t) 

approximates the composite function g(x(t)). 

A Parallel Approach 

In parallel with the approximating procedure, an exact approach 

is developed in order to provide a means of comparison and evaluation 

from the viewpoints of mathematical complexity, equipment usage, and 

utility. The exact approach is an extension of the work of Webb (2) 

and of Webb, et al. (1), tt oinclde eth ecomposit funncton gg(x(t)) 

The parallel approach is more general than the approximate ap­

proach and indeed the approximate approach could be considered a special 

case of the parallel approach. The parallel approach is mechanized to 

provide the same flexibility with respect to having no a pviovi. knowl­

edge about v(t) as with the approximate approach. The parallel approach 

applies to the class of physical problems discussed in Chapter I. 

The principal restriction of the parallel procedure is that the 

autocovariance function r (x ,x ) must be expressible as a finite series 

of terms 

n 
rg x i 'x2 i = 1 W x l 

(xn)y,(x0) 
• 

(2 13) 
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The approach is more general in that the restriction of stationarity 

in the position parameter x is not required. 

The parallel approach has some inherent disadvantages in that 

it is quite involved mathematically and requires extensive use of analog 

equipment, but it maintains the advantage of exactness. This approach 

is developed in Chapter IV. 
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CHAPTER III 

THE SYNTHESIS PROCEDURE AND MECHANIZATION SYSTEM 

In this chapter the details of the synthesis procedure are 

established. One mechanization system on the analog computer of the 

time-varying filter is discussed and illustrated. 

First and second order analytical results obtained by applying 

the synthesis procedure are presented. The limitations of the results, 

stability, and errors are mentioned. 

The Procedure Details 

An outline of the procedure was presented in Chapter II. The 

steps listed are now expanded and the necessary constraints are included 

in the appropriate steps. 

o 
The specified process statistics are assumed given as the mean M 

and the autocovariance function r (x ,x ). When a nonzero mean is 

specified, the random process is translated by the assignments of Equa­

tion 2-9 with a resulting mean of zero and autocorrelation function 

determined by Equation 2-8. Steps One through Six of the procedure are 

followed, generating the translated random process. The nonzero mean is 
r 

added to the output random process yielding the specified random process. 

The general class of velocity profiles v(t) is assumed known; 

however, the individual functions need not be specified a priori. The 

procedure leads to a generalized mechanization scheme whereby the com­

posite function g(x(t)) can be simulated. 
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Step One: The power spectral density S (w) is determined from 

the autocorrelation function R ( T ) by the direct Fourier transform 

S ( CJ ) = f R (x ) e di' . 
- c o 

(3-1) 

The admissible autocorrelation functions are those whose power spectral 

density is real, even, non-negative, and expressible as a ratio of poly­

nomials in frequency w. 

A further restriction for the autocorrelation function to repre­

sent a real physical process is that the value of the function at T = 0 

must be greater than or equal to the value of the function for all other 

values of T, i.e., 

R (0) > R (T) . (3-2) 

Examples of the admissible autocorrelation functions are 

,2 -o T 
A e , (3-3) 

, 2 - a T „. I I - a t 
A e ' ' + A a | i | £ ' ' , 

! — OL 1 T j / I I rt. 

e ' 'cos(a \ t \ + 8 ) , and 

C I T I .2 i i - O I T | .2 i i -a 1 / i i 
1 • + A a T e ' ' + A a t e 'cos(.aT 

A £ + A a\ T i + O ) 

Appendix A gives the derivation of these basic terms as valid auto-
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correlation functions. 

Step Two: The power spectral^density S (u), restricted as in 

Step One, is factored by spectral factorization techniques to determine 

the transfer function of a fixed parameter linear filter H (p) (see 
g 

Davenport and Root (26, pages 171 and 227)), where 

S (to) = | H (p) |'" = H (p)H (p), p = jui) . (3-4) 

The resulting transfer function represents a fixed parameter linear 

filter whose output has power spectral density S (u>) when the input to 

the filter is white noise with power spectral density of unity. The 

transfer function of the time-invariant linear filter is expressed as 

a ratio of two polynomials as 

Hg(p) 
+ a „ + a _ 2 + + 3 0m 

a il 2 mp 

• ~bP + ... + bni bQ + b l P + b2p + ... + bnp
n 

(3-5) 

A technique for determining the a.'s and the b.'s in the transfer func-
, i l 

tion H (p) is discussed by Davenport and Root (26, page 233). The 

expression for H (p) is evaluated for two examples in this chapter. 
Step Three: H (p) is translated in gain and in bandwidth to the 

*-• 

new fixed parameter filter H (p) by the relationship 

H (p) = •- H (p/v) . (3-6) 
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The translated transfer function, representing a fixed parameter linear 

filter, is expressed as a ratio of polynomials by 

O . , .. m 
1 ao a^Pp v +a^P'vv - .. ." +a(/vv 

H n—r , , , , -.5 , , , , n ' 
/ v b + b.p/v + b„(p/v) + ... + b (p/v) 

o lr 2 n 

) 

Now if white noise of unity power spectral density is an input to a 

fixed parameter linear filter with transfer function H (p) the output 

has a spectral density of 

S (OJ) = |H (p) | | = I — H (p/v)[" = -i—r S (OJv) , p = joa > (3-8) 
^\ v) |v g 

Step Four: The differential operator p = -j— is applied to H (p) 

in order to determine in general an nth order differential equation 

written in operator form as 

L e(t) = N w(t) (3-9) 

where e(t) and w(t) are the output and input, respectively, of a fixed 

parameter linear filter. Expanding the operators L and N , the differ­

ential equation is written 

yi r , -, n , , ~ -1 de(t) d e (t K. 
b 1 d' , n 

("^-i o .1 
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n r^. n-1 dw(t) d w(t) 
= a v w(t) + a-V — T T — + ... + a . v - — . 

o 1 at n-1 j n-1 

Here it is assumed, without loss of generality, that m = n - 1 and that 

b =1. 
n 

Step Five: The nth order differential equation in Step Four is 

reduced to n first order differential equations. A set of equations 

which is equivalent to Equation 3-10 for fixed positive values of v is 

e (t) = e(t) (3-11) 

de.(t) 
—jt— = v|v" (e (t) + a ,w{t) - b _-,/17T e (t)) 

de (t) 

dt 
= v(e_(t) + a ~w(t) - b „/|[l e, ( t ) ) 

n-2 . 1 v[ K,e 

n-2 ' ' 1 

de (t) 

dt 
= v(e (t) + a _qW(t) - b __ /|vT e,(t)) 

Q c l ( t ) 

^t v(en(t) ax-w(t) - D ^ / | V | e^t)) 

de (t) 
T— = v(a w(t) - b / I v l e . ( t ) ) 
at o o ' ' 1 
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Step Six: The n first order equations are implemented by a 

generalized mechanization scheme discussed in the next section of this 

chapter. The set of v(t) are developed by function generators and 

become the auxiliary controlling input for the filter described by H (p). 

When the velocity profile is related to position by 

or 

v(t) «= X 

t 
x(t) = J v(u)du + x(t ) 

t 
I o 

(3-12) 

(3-13) 

the output e(t) of the filter closely approximates the composite function 

g(x(t)). The representation is valid for all positive velocity profiles 

and the quality o,t the approximation in most cases is dependent on the 

value of the second time derivative of x(t). The representation is exact 

for velocity profiles whose first derivative is identically zero and it 

is expected to be a good approximation for those velocity profiles whose 

first derivative is small numerically. 

The Mechanization System 

The generalized mechanization system to implement the n first 

order differential equations is presented. The development that led to 

the general system that approximates g(x(t)) is described. In general 

the function of time x(t) should be constrained to have a small second 

derivative with respect to time in order for the output e(t) of the 

mechanization system to provide a close approximation to the composite 
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random process g(x(t)). This is to say physically that the vehicle or 

sensing element should have a small acceleration. 

To develop the mechanization system, consider the stationary 

Gaussian random process g(x) where x is replaced by t. The time 

dependent process g(t) can be realized by the application of Gaussian 

white noise of unity power spectral density to a fixed parameter linear 

filter whose transfer function magnitude squared is 

2 
S (ai) = |H (p) | , p = jo) . (3-14) 

Such a transfer function is expressed by Equation 3-5. It may be re­

alized in a variety of ways by the use of conventional analog computer 

elements (references 7, 8, and 28). Specifically, H (p) may be realized 

by any appropriate mechanization of the differential equation shown in 

Equation 3-15 

K eft) + K ^ ) L K - SLL£2 + + K d e(t) 
b b at 2. j — b ^ — 

t^ ,2 ,,, 

,. . dw(t) d w(t) 
3m , . 
d w(t) 

ao wt a ix d t - 2— 2±— " •*' m— mtm 

(3-15) 

The output of a linear filter having the transfer function 

H (p) with a Gaussian white noise random process input w(t) having a 

unity power spectral density is a Gaussian random process e(t) having 

power spectral density S (w) given by Equation 3-IM-. The corresponding 
g 
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R (t-st0) = R (t - t_) = R (T) 
1 g 

(3-16) 

is given by the inverse Fourier transform of S (u>) 

^2 = "2TT / s (<*)}£ " dd) . (3-17) 

Thus the filter output e(t) is a realization of the random process 

g(x) where x is replaced by t. It is clear that e(t) thus represents a 

realization of the composite random process g(x(t)) where the position 

of the sensing element is described by the function x(t) = t. Figure ' 

3-1 depicts the mechanization of the transfer function H (p). 

This approach is now extended to include the mechanization of 

g(x(t)) when x(t) is given by x(t) = vt + x(0) . The quantities v and 

x(0) are assumed to be arbitrary constants. It is noted that v is the 

first derivative of x(t) with respect to time. Again the mechanization 

is accomplished in a straightforward manner by applying Gaussian white 

noise w(t) with a unity power spectral density to a fixed parameter 

linear filter having an output e(t). The output is to be given by 

e(t) = g(x(t)) = g(vt + x(0)) . (3-18) 

The autocorrelation function of the output is R (t1,t2), but since the 


